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Chapter 1                                                                                       
Introduction 

 

 

This dissertation consists of two parts.  The first part is related to a study of the 

failure mechanisms of gas metal arc welds.  Chapters 2 and 3 constitute the first part of 

the dissertation.  The second part of the dissertation is related to the development of a 

computational model for simulations of representative volume element (RVE) specimens 

of lithium-ion battery modules under in-plane constrained compression.  Chapter 4 

constitutes the second part of the dissertation.  All of the chapters were prepared as 

independent papers.  

 

1.1. Part 1:  Failure of gas metal arc welds in lap-shear specimens 

For the automotive industry, the performance of discontinuous gas metal arc 

welded joints is of significant interest.  By minimizing the length of the discontinuous 

welds, significant cost savings can be gained due to reduced cycle time and reduced 

usage of equipment and consumables.   However, improperly sized welds can result in 

the loss of structural integrity near the welds in service.   

In chapter 2, the failure modes of gas metal arc welds in single lap-shear 

specimens of high strength low alloy (HSLA) steel are investigated.  The effects of weld 

geometries and the mechanical properties of discontinuous gas metal arc welded joints of 
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HSLA340 steel on the failure modes of notched lap-shear specimens are investigated 

under quasi-static loading conditions.  For lack of further information, the residual 

stresses due to the welding process are not considered in this investigation.  Notched lap-

shear specimens were cut from the middle portions of the wide lap-shear specimens of 

various weld lengths.  Quasi-static tests were conducted in order to determine the failure 

modes of the welds.  Three-dimensional finite element analyses were also conducted with 

consideration of micro void nucleation and growth.  The locations of the higher void 

volume fractions from the finite element analyses are compared to the failure locations 

observed in experiments.  Further finite element analyses were conducted in order to 

understand the effects of the weld geometry and the mechanical properties of the weld on 

the load-displacement responses and the predicted failure locations of the lap-shear joints.  

Finally, conclusions are made. 

In chapter 3, the mode I and mode II stress intensity factor solutions for the pre-

existing cracks near gas metal arc welds in lap-shear specimens are investigated by the 

analytical stress intensity factor solutions and by finite element analyses.  Analytical 

stress intensity factor solutions for the welds in lap-shear specimens with idealized weld 

geometries were derived based on the beam bending theory.  Two-dimensional, plane 

strain finite element analyses were carried out in order to obtain the computational stress 

intensity factor solutions for the realistic and idealized weld geometries.  The 

computational solutions are compared with the analytical solutions based on the beam 

bending theory.  Further finite element analyses were carried out in order to obtain the 

computational stress intensity factor solutions for the realistic weld geometries with 

dissimilar sheet thicknesses.  In addition, the distribution of the stress intensity factor 
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solutions for continuous idealized welds and discontinuous idealized welds were obtained 

by three-dimensional finite element analyses.  Finally, some conclusions are made. 

 

1.2. Part 2:  Development of a computational model for simulations of 

representative volume element specimens of lithium-ion battery modules 

Lithium-ion batteries have been considered as the solution for electric vehicles for 

the automotive industry due to their lightweight and high energy density.  For automotive 

applications, an understanding of the mechanical performance of lithium-ion batteries is 

of great importance for crashworthiness analyses.  Computational models are important 

tools for the efficient and cost-effective design of battery cells and modules.   

In chapter 4, a computational model is developed for simulations of representative 

volume element (RVE) specimens of lithium-ion battery modules under in-plane 

constrained compression tests.  The computational results from the model under quasi-

static and dynamic loading conditions are compared to those from experiments.  An 

additional finite element analysis is performed in order to validate the results of the 

model under quasi-static loading using the explicit solver.  A further finite element 

analysis is performed in order to investigate whether the computational time of the model 

under dynamic loading conditions could be reduced further.  Lastly, a finite element 

analysis is performed in order to determine if the increase in the nominal stress at which 

buckling begins in the heat dissipater under the dynamic loading conditions is due to the 

different buckling modes observed in the results of the finite element analyses of module 
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RVE specimens under quasi-static loading conditions and under dynamic loading 

conditions.  Finally some conclusions are made. 
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Chapter 2                                                                                       
Failure Modes of Gas Metal Arc Welds in Lap-Shear Specimens of High Strength 

Low Alloy (HSLA) Steel 
 

2.1. Introduction 

Recently, many investigations on the strength of gas metal arc welded joints have 

been conducted.  Investigators have reported failure locations near weld roots and near 

weld toes under quasi-static and cyclic loading conditions.  For example, Yan et al. [1] 

conducted experiments to examine the performance of gas metal arc weld joints under 

quasi-static and cyclic loading conditions.  Experiments were performed on single lap-

shear and double lap-shear specimens of HSLA350, DP600, DP965, M900, and M1300.  

Most non-martensitic specimens tested under quasi-static loading conditions failed near 

the weld root while most martensitic specimens failed near the weld toe.  The failure 

mode of the non-martensitic specimens under cyclic loading conditions was mainly near 

the weld toe under low load levels but mainly near the weld root under higher load levels.  

The failure mode of the martensitic specimens under cyclic loading conditions was 

mainly near the weld toe under low load levels but the specimens exhibited both failure 

modes under high load cyclic loading conditions.  Feng et al. [2] investigated the 

influence of HAZ softening on the quasi-static and fatigue performance of HSLA590, 

DP, martensitic, and boron steels in single lap-shear specimens.  The failure mode under 

quasi-static loading conditions was observed near the weld root.  Both failure modes, 
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near the weld root and near the weld toe, were observed in the specimens under cyclic 

loading conditions.  Joaquin et al. [3,4] studied single lap-shear joints between coated and 

uncoated mild steel and DP600 sheets under quasi-static and cyclic loading conditions.  

Failure under quasi-static loading conditions was observed mainly near the weld root 

whereas under cyclic loading conditions failure was observed near the weld toe and near 

the weld root.   

Koganti et al. [5] investigated the effects of different material configurations on 

the fatigue and quasi-static strength of single lap-shear joints of DP600 and boron steels.  

The failure mode under quasi-static loading conditions was observed near the weld toe 

when the bottom sheet was the DP600 steel sheet and near the weld root when the top 

sheet was the DP600 steel sheet.  The failure mode under cyclic loading conditions was 

observed near the weld toe when the bottom sheet was the boron steel sheet and near the 

weld root when the top sheet was the boron steel sheet.   Koganti et al. [6] studied DP780 

single lap-shear joints under quasi-static and cyclic loading conditions.  Their results 

indicated that the weld geometry did not affect the quasi-static strength of the joints but 

played an important role in the high-cycle fatigue life and the failure locations of the 

joints.  Angotti et al. [7] studied DP780 coach peel joints under quasi-static and cyclic 

loading conditions.  Their results showed that the weld power setting and the gap 

between the top and bottom sheets affected the quasi-static strength and the fatigue life of 

the joints.  Kapustka et al. [8] investigated the effects of manufacturing variations on the 

quasi-static and dynamic strengths of DP780, DP980, and TRIP780 single lap-shear and 

butt weld joints.  They reported the failure of the lap-shear specimens near the weld root.  

Bonnen et al. [9] examined the fatigue lives of SAE1008, HSLA420, DP590, DP600, 
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DP780, TRIP780, boron, and DQSK steels using single lap-shear, double lap-shear, start-

stop, butt weld, and perch mount specimens.  The failure modes of the lap-shear 

specimens under quasi-static loading conditions were mainly near the weld toe.  The 

failures observed in the double lap-shear specimens under cyclic loading conditions were 

near the weld toe.  The failure mode of the single lap-shear specimens under cyclic 

loading conditions was near the weld toe under low load levels but near the weld root 

under higher load levels.  In certain cases, under quasi-static and cyclic loading 

conditions, the lap-shear specimens failed in the base metal, away from the weld region. 

The main fracture locations observed in recent investigations of lap-shear specimens 

under quasi-static and dynamic loading conditions and under cyclic loading conditions 

are summarized in Tables 2.1 and 2.2, respectively.   

For the automotive industry, the performance of discontinuous gas metal arc 

welded joints is of significant interest.  By minimizing the length of the discontinuous 

welds, significant cost savings can be gained due to reduced cycle time and reduced 

usage of equipment and consumables.   However, improperly sized welds can result in 

the loss of structural integrity near the welds in service.  In order to examine the weld 

strengths of the discontinuous welds, wide lap-shear specimens of HSLA340 steel sheets 

with various weld lengths were made.  The specimens have a width of 60 mm, 

thicknesses of 1.5 mm, 2.0 mm, and 2.5 mm and weld lengths of 10 mm to 40 mm.  

Some of these specimens are shown in Figure 2.1(a).  Quasi-static tests of the wide lap-

shear specimens were carried out under displacement controlled conditions.  The 

normalized weld strengths (per weld length) for specimens of various thicknesses are 

plotted in Figure 2.1(b).  The figure shows an increase in the normalized weld strength in 
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general as the weld length decreases.  However, the reason for the effect of the length of 

the discontinuous welds on the weld strength is not clear.  In this investigation, as the first 

step, the end effects of the discontinuous welds are excluded and the failure at the mid-

sections of the welds is studied.   

In this chapter, the effects of weld geometries and the mechanical properties of 

discontinuous gas metal arc welded joints of HSLA340 steel on the failure modes of 

notched lap-shear specimens are investigated under quasi-static loading conditions.  For 

lack of further information, the residual stresses due to the welding process are not 

considered in this investigation.  Notched lap-shear specimens were cut from the middle 

portions of the wide lap-shear specimens of various weld lengths.  Quasi-static tests were 

conducted in order to determine the failure modes of the welds.  Three-dimensional finite 

element analyses were also conducted with consideration of micro void nucleation and 

growth.  The locations of the higher void volume fractions from the finite element 

analyses are compared to the failure locations observed in experiments.  Further finite 

element analyses were conducted in order to understand the effects of the weld geometry 

and the mechanical properties of the weld on the load-displacement responses and the 

predicted failure locations of the lap-shear joints.    

 

2.2. Experiments 

2.2.1. Un-notched lap-shear specimens 

In this investigation, lap-shear specimens of HSLA steel sheets with a thickness 

of 2.0 mm were robot welded together using the gas metal arc weld process.  A filler 



9 

 

metal of ER70S-6 with 0.035 inch wire diameter was used.  The short circuit metal 

transfer mode was used with 75% argon and 25% carbon dioxide shielding gas.  The 

weld travel speed was 55 cm/min and the power settings were 125 A and 22.5 V.  No 

heat treatment was carried out after the welding process.  The grade of the steel sheets 

was SAE J2340 340XF.  The Type X in the material specification refers to HSLA steels.  

The Sub Type F in the material specification denotes that the steel is sulfide inclusion 

controlled.  This specification is used for steels which will be used in unexposed 

applications and which will undergo forming operations [10].  The chemical composition 

of the steel sheets was measured using spectrochemical analysis.  This test was conducted 

using a Leco SA-2000 Surface Analyzer.  The chemical composition is given in Table 

2.3. 

60 mm wide sheet specimens with the weld lengths varying from 10 mm to 40 

mm were made as shown in Figure 2.1.  Un-notched lap-shear specimens were then 

machined from the middle portions of the wide welded specimens using a CNC milling 

machine.  Figure 2.2(a) shows a schematic of an un-notched lap-shear specimen.  The 

weld zone is schematically indicated as the shaded area in the figure.  The weld root and 

weld toe are labeled in the figure.  As shown in the figure, the specimen has a width w  of 

15 mm and a length l  of 30 mm.  The specimen has a thickness t  of 2.0 mm.  Two 

doublers were used for aligning the load application through the center of the specimen.  

The loading direction is indicated by two bold arrows on the right and left sides of the 

specimen.  
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2.2.2. Quasi-static test of the un-notched lap-shear specimens          

Quasi-static tests of the un-notched lap-shear specimens were carried out under 

displacement controlled conditions.  These tests were conducted using an Instron testing 

machine at a constant cross-head speed of 25 mm/min.  Three specimens, cut from 

welded sheets with the weld lengths of 30 mm, 35 mm, and 40 mm, were tested.  An 

extensometer, with an initial gauge length of 2 inches, was used to measure the change in 

length of each specimen.  The extensometer was centered on the test specimen.  As 

referring to Figure 2.2(a), the right end of the bottom sheet of the lap-shear specimen was 

trimmed in order to avoid interference with the extensometer.  Doublers were included 

within the grips to align the load application through the interfacial plane of the two 

sheets of the specimen.  The failure location of an un-notched specimen cut from a wide 

specimen with the weld length of 35 mm is shown in Figure 2.3.  The failure occurred in 

the base metal, away from the weld region.  The necking/shear failure mechanism of the 

base metal sheet occurred before the failure near the weld could take place due to the 

higher yield strengths of the weld metal and the heat affected zone.   

 

2.2.3. Notched lap-shear specimens 

In order to investigate the failure mechanism in the vicinity of the welds, and to 

avoid the failure of the specimen due to the necking of the specimen sheets far away from 

the welds, notched specimens were machined from the middle portions of the wide 

welded specimens using a CNC milling machine.  Figure 2.2(b) shows a schematic of a 

notched lap-shear specimen.  The weld zone is schematically indicated as the shaded area 
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in the figure.  The weld root and weld toe are labeled in the figure.  As shown in the 

figure, the specimen has a width w  of 15 mm outside of the central portion.  The 

specimen has a length c of 13 mm for the central notched portion and a length d  of 25 

mm outside of the notch portion.  The specimen has a minimum width b of 6 mm at the 

center of the notch.  The radius of the notch is 7 mm.  The specimen has a thickness t  of 

2.0 mm.  Two doublers were used for aligning the load application through the interfacial 

plane of the two sheets of the specimen.  The loading direction is indicated by two bold 

arrows on the right and left sides of the specimen.  Figure 2.4 shows a close-up view near 

the weld in a notched lap-shear specimen. 

 

2.2.4. Quasi-static tests of notched lap-shear specimens 

Quasi-static tests of the notched lap-shear specimens were carried out under 

displacement controlled conditions.  These tests were conducted using an Instron testing 

machine at a constant cross-head speed of 25 mm/min.  The test set up is shown in Figure 

2.5.  Seven specimens, cut from wide lap-shear specimens of different weld lengths, were 

tested.  An extensometer, with an initial gauge length of 2 inches, was used to measure 

the change in length of each specimen.  The extensometer was centered on the test 

specimen.  As referring to Figure 2.5, the top end of the left sheet of the lap-shear 

specimen was trimmed in order to avoid interference with the extensometer.  Doublers 

were included within the grips to align the load through the interfacial plane of the two 

sheets of the specimen.   
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Test results are summarized in Table 2.4.  The specimens are labeled with a 

specimen number followed by the length of the discontinuous weld on the wide lap shear 

specimen from which the notched specimen was cut.  The welded specimens exhibited 

two competing failure locations.  The specimens machined from wide lap-shear 

specimens with shorter weld lengths failed near the weld root.  Figure 2.6(a) shows a side 

view of the failed specimen S1-10 near the failure location.  The specimens machined 

from wide lap-shear specimens with longer weld lengths failed near the weld toe. Figure 

2.6(b) shows a side view of the failed specimen S5-30 near the failure location.  The 

necking failure mode can be observed at both failure locations.  The average maximum 

loads obtained from the specimens that failed near the weld root and from those that 

failed near the weld toe were 8.36 kN and 8.29 kN, respectively.   

 

2.2.5. Failure mechanism of notched lap-shear specimens 

In order to study the failure modes in the failed specimens, the failure surfaces of 

the separated sheets were examined under a scanning electron microscope.  A scanning 

electron micrograph of the failure surface from specimen S2-15 is shown in Figure 2.7.  

The micrograph was taken of the failure surface on the separated sheet side on the right 

of the specimen, as similarly shown for the failed specimen S1-10 in Figure 2.6(a).  Two 

micrographs showing close-up views of the failure surface are also shown in the figure.  

The micrographs show dimpled fracture surfaces due to micro void nucleation and 

growth.     
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A scanning electron micrograph of the failure surface from specimen S6-30 is 

shown in Figure 2.8.  The micrograph was taken of the failure surface on the separated 

sheet side on the left of the specimen, as similarly shown for the failed specimen S5-30 in 

Figure 2.6(b).  Two micrographs showing close-up views of the failure surface are also 

shown in the figure.  Again, the micrographs show dimpled fracture surfaces due to micro 

void nucleation and growth.  The dimples on both fracture surfaces are elongated in 

shape, characteristic of ductile fracture resulting from shear loading [11,12].   

As shown in the close-up views, the failure surface of specimen S6-30 exhibits a 

larger number of dimples per unit area when compared to that of the fracture surface 

from the specimen S2-15.  The larger number of dimples suggests that the failure of 

specimen S6-30, which failed near the weld toe, was more ductile when compared to the 

failure of specimen S2-15, which failed near the weld root [13,14].  The grain structures 

near the fracture surfaces were examined under an optical microscope in order to 

understand the difference in ductility exhibited by the failure surfaces.  It is concluded 

that the failure path of specimen S2-15 includes the heat affected zone while the failure 

path for specimen S6-30 is through the base metal.   

 

2.2.6. Weld geometry and micro-hardness of welded joints 

The variation of the cross sectional geometry was studied at the mid-section of the 

weld.  Micrographs of the cross sections of seven weld specimens with weld lengths of 

10 mm, 15 mm, 20 mm, 25 mm, 30 mm, 35 mm, and 40 mm are shown in Figures 2.9(a) 
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through (g).  The variation of the shape of the weld nugget, the penetration into the 

bottom sheet, and the gap between the top and bottom sheets are shown. 

Micro-hardness tests were carried out in order to understand the Vickers hardness 

values in the weld region for specimens with short and long welds.  Three specimens with 

different weld lengths were sectioned at the mid-sections of the welds.  The specimens 

were cross sectioned, mounted, polished, and lightly etched to better visualize the heat 

affected zone and base metal boundaries.  2% nital solution was used as the etchant.  

Micro-hardness indentations were made with a 500 grams load and the indentations were 

carried out at an interval of about 350 µm.  Results of the micro-hardness tests are shown 

in Figure 2.10(a).  The figure shows that the hardness in the heat affected zone and the 

weld metal becomes higher as the weld length becomes smaller.  The figure also shows 

the trend in the size of the heat affected zone.  The heat affected zone in the 10 mm weld 

extends past the toe of the weld as labeled A in the figure.  The heat affected zone in the 

40 mm weld does not reach the toe of the weld as labeled B in the figure.  These trends in 

hardness and heat affected zone size were examined on two additional specimens, a 10 

mm weld specimen and a 40 mm weld specimen.  For these two additional specimens, 

micro-hardness indentations were carried out at an interval of about 200 µm.  As shown 

in Figure 2.10 (b), the specimens exhibit similar results.  The 10 mm weld specimen has a 

higher hardness in the heat affected zone and the weld metal and, unlike the 40 mm weld 

specimen, the heat affected zone extends past the toe of the weld.  
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2.3. Finite element model 

2.3.1. Finite element method 

 Finite element analyses, based on the initial weld geometries, were carried out in 

this study in order to identify the influences of the weld geometry as well as the plastic 

behavior near the weld on the failure modes of the welds in lap-shear specimens.  Since 

the notched specimens are used to study the failure mechanism in the vicinity of the 

welds, three-dimensional finite element models were developed.  Figure 2.11 shows a top 

view and a side view of a finite element model of a notched lap-shear specimen where the 

dark shaded region represents the weld metal.  The Cartesian coordinate system is also 

shown in the figure.  As shown in the figure, the left end of the model at X = 0 and Y = 0 

is fixed and the displacement of the right end of the model at Y = 0 is applied in the X 

direction.  In order to reduce the computational time, only a half of the specimen is 

modeled with the symmetry conditions applied at the mid-section of the weld at Z = 0.  

Second-order, continuum, hexahedral elements (C3D20) are used in the models.  The 

element size near the weld is about 150 µm.  Computations were performed using the 

commercial finite element code ABAQUS Standard v6.11 [15, 16, 17].   

In order to identify the plastic behavior near and in short welds and long welds, 

two finite element models were developed.  The size and cross sectional shape of the 

weld metal and the size and shape of the heat affected zones were designed to match the 

micrographs of the cross sections for the 10 mm weld and the 40 mm weld shown in 

Figure 2.10(a).  The location of the notch along the length of the specimen, in the X 

direction, was centered near the geometric center of the weld metal.   
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The base metal, the heat affected zone, and the weld metal can be identified based 

on their distinct grain structures and corresponding micro-hardness values.  Figure 2.12 

shows an optical micrograph of the etched cross section of a 10 mm weld specimen.  

Based on the grain structures and the micro-hardness measurements shown in Figure 

2.10(a), the heat affected zone is sectioned into three distinct zones marked as HAZ 1, 

HAZ 2, and HAZ 3 in the figure.  Figure 2.13 shows an optical micrograph of the etched 

cross section of a 40 mm weld specimen.  Based on the grain structures and the micro-

hardness measurements shown in Figure 2.10(a), the heat affected zone is sectioned into 

two distinct zones marked as HAZ 1 and HAZ 2 in the figure.  The finite element meshes 

near the weld for the short weld model, based on the micrograph shown in Figure 2.12, 

and for the long weld model, based on the micrograph shown in Figure 2.13, are shown 

in Figures 2.14(a) and 2.14(b) with the different material sections, respectively.   

 

2.3.2. Material stress-strain curves 

In order to obtain the stress-strain behavior of the base metal for use in the finite 

element models, tensile tests were performed according to the ASTM standard for a 

rectangular, subsized specimen [18].  Three representative sheet specimens were tested.  

The HSLA sheets were cut into 100 mm long dog bone specimens.  The reduced section 

of each specimen had a gauge length of 30 mm and a width of 6 mm.  The dog bone 

profile was machined using a CNC milling machine.  The tests were carried out using an 

automated Instron tensile testing machine.  An extensometer with a one inch gauge length 

was used to automatically record the extension in the uniform gauge section.  The cross-
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head speed was maintained at 12.7 mm/min throughout the tests.  The engineering stress-

strain curves for the base metal from the three representative sheet specimens are shown 

in Figure 2.15. 

A finite element model replicating the tensile tests was developed using the same 

element type and mesh density as described above for the lap-shear specimens.  Figure 

2.16 shows the finite element model of the tensile specimen under a tensile test.  The 

Cartesian coordinate system is also shown in the figure.  As shown in the figure, the 

bottom end of the model is fixed and the displacement of the top end of the model is 

applied in the Y direction.  The finite element analysis of the tensile test was used to 

verify the material properties of the base metal prior to running the finite element 

analyses of the welded specimens.   

The initial part of the tensile stress-strain curve of the base metal in the finite 

element models is modeled as elastic with the elastic modulus E .  When the stress is 

larger than the initial yield stress 0 , the tensile true stress-strain curve of the base metal 

is fitted to the experimental tensile true stress-strain curve up to the true stress 

corresponding to the ultimate stress.  When the nominal stress is larger than the ultimate 

stress, the tensile true stress-strain curve is fitted by a power-law relation as 

nK                                                                (2.1) 

where   represents the true stress,   is the true strain, K  represents the strength 

coefficient and n  represents the hardening exponent.  For the base metal, 0  and E  are 

determined as 368 MPa and 207 GPa, respectively, from the experimental data.  Here, K  

and n  are determined as 800 MPa and 0.21, respectively, to fit to the experimental 
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stress-strain curves.  Figure 2.15 shows the engineering stress-strain curves for the base 

metal from three representative sheet specimens and the resulting curve from the finite 

element analysis. 

Since it is difficult to determine the tensile stress-plastic strain curves of the weld 

metal and the heat affected zones, the tensile stress-plastic strain curves for the weld 

metal and the heat affected zones have been estimated by scaling the tensile stress of the 

base metal proportional to the corresponding hardness values measured by the 

indentation tests for a given plastic strain [19].  The values of the Vickers hardness and 

the scaled initial yield stress are listed in Table 2.5(a) for the short weld model and Table 

2.5(b) for the long weld model.  Figures 2.17(a) and 2.17(b) show the tensile stresses as 

functions of the plastic strain for the base metal, the heat affected zones and the weld 

metal used in the short weld and long weld finite element models, respectively.  These 

tensile stress-plastic strain curves were used as the effective stress-plastic strain curves in 

the finite element analyses.  The residual stresses due to the welding process are not 

accounted for in the models.   

 

2.3.3. Gurson’s yield function 

Since the experimental results indicate that the failure of the welds is of a ductile 

nature, the finite element analyses were carried out with consideration of void nucleation 

and growth.  Gurson [20] developed a yield function for porous materials, based on the 

experimental data in Gurland [21], where the matrices are modeled by the Mises yield 

function, to account for the loss of stress carrying capacity due to microvoid nucleation 
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and growth.  It should be noted that the Gurson model [20] was adopted to simulate the 

necking/shear failure of the load carrying sheets near laser welds in lap-shear specimens 

of HSLA steel [19].  The load carrying sheets near the laser welds in lap-shear specimens 

of Lee et al. [19] and the gas metal arc welds in our lap-shear specimens are both under 

tensile dominant loading conditions.   

The Gurson yield function   is expressed as [20,22].  
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where e  is the macroscopic tensile effective stress based on the Mises yield function, 

m  is the macroscopic mean stress, M  is the matrix flow stress, and f  is the void 

volume fraction.  Here, 1q , 2q  and 3q  are the fitting parameters which were introduced 

by Tvergaard [23].  In this investigation the values of 1q =1.5, 2q =1.0 and 3q =2.25 are 

taken in the finite element analyses.   

The increase of void volume fraction arises from the nucleation of new voids and 

from the growth of the existing voids.  For the increase rate of void volume fraction due 

to nucleation, we adopt the plastic strain controlled nucleation model suggested by Chu 

and Needleman [24].  The increase rate of void volume fraction due to growth can be 

obtained from the plastic incompressibility of the matrix material.  Thus the increase rate 

of void volume fraction can be expressed as  

  pk
k

p
Mgrowthnucleation fAfff .1   

          
(2.3) 

where the first term on the right-hand side of the equation represents the plastic strain 

controlled void nucleation rate and the second term represents the void growth rate.  
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Here, p
M  is the matrix equivalent plastic strain rate, 

pk
k.  represents the macroscopic 

dilatational plastic strain rate, and A

 

is expressed as 
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Here, Nf  is the volume fraction of void nucleating particles for the plastic strain 

controlled nucleation model, s  is the standard deviation, and N  is the mean value of the 

normal distribution for the plastic strain controlled nucleation model.   

A modification to the Gurson model to account for final material failure at a 

realistic value of the void volume fraction has been proposed by Tvergaard and 

Needleman [22].  In their investigation the void volume fraction for void coalescence is 

taken as 0.15 and the void volume fraction at final fracture is taken as 0.25.  Although the 

modification has not been included in the finite element analyses in this study, the results 

of the finite element analyses are interpreted at an assumed critical void volume fraction 

of 0.22.   

Without experimental data available for this HSLA steel, several analyses were 

run to determine the void nucleation parameters that result in realistic values of void 

volume fraction near the peak load for both the long weld and short weld models.  Both 

models were run with the void nucleation parameter Nf  varying between 0.002 and 0.3, 

N  varying between 0.3 and 0.5, and s  varying between 0.1 and 0.15.  In the 

computational results described in this study the void nucleation parameters Nf  = 0.002, 

N  = 0.3, and s  = 0.15 are assumed for all the material elements in the base metal, heat 
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affected zone, and weld metal in order to obtain some qualitative results on the void 

volume fraction distribution.  The initial void volume fraction is taken to be zero and the 

tensile stress-strain curves for the different zones of the model are used as the matrix 

tensile stress-strain curves.   

 

2.4. Results of the finite element analyses  

2.4.1. Load-displacement response 

In the following, the load-displacement responses of the tested notched lap-shear 

specimens are compared to those of the finite element analyses with and without the 

consideration of void nucleation and growth.  The load-displacement curves obtained 

from the finite element analyses for the short weld model (10 mm weld) and the long 

weld model (40 mm weld) are plotted in Figures 2.18(a) and 2.18(b), respectively, with 

the experimental results.  The initial response of the specimens from the finite element 

analyses with and without consideration of void nucleation and growth are equivalent.  

The results of the finite element analyses with consideration of void nucleation and 

growth exhibit softer behavior at large displacements where voids begin to nucleate and 

grow.  In Figure 2.18(a), the experimental results for specimens S1-10, S2-15, and S3-20 

are also plotted.  In general, the results of the finite element analysis for the short weld 

model agree with the experimental results.  In Figure 2.18(b), the experimental results for 

specimens S4-20, S5-30, S6-30, and S7-40 are also plotted.  In general, the results of the 

finite element analysis for the long weld model agree with the experimental results. It 

should be mentioned that the sizes and shapes of the weld metal and the heat affected 
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zone can vary for a given weld length as shown in Figures 2.9 and 2.10 for the 10 mm, 25 

mm and 40 mm welds.  The variations can contribute to the scatter of the load-

displacement curves when the results from the finite element analyses and experiments 

are compared.   

A change in slope is evident in the plots at a displacement of about 0.06 mm for 

both the short weld and the long weld analyses.  The displacement at which the change in 

slope occurs is corresponding to the displacement at which bending begins near the weld 

toe of the bottom sheet.  The bending of the bottom sheet and the applied load are plotted 

as functions of the displacement in Figure 2.19(a).  A method of quantifying the rotation 

of the bottom sheet is shown in Figure 2.19(b).  The angle due to the displacement of the 

surface element near the weld toe is measured with respect to the top surface of the lower 

sheet along the X-Z plane where the displacement is fixed as shown in Figure 2.11(a).  

 

2.4.2. Failure prediction 

The failure modes of the lap-shear specimens are investigated by the finite 

element analyses with consideration of void nucleation and growth in all zones.   The 

equivalent plastic strain distributions near the weld for the short weld model are shown in 

Figures 2.20(a) and 2.20(c).  The maximum values in the scale bars in the figures were 

chosen in order to highlight the areas of the highest equivalent plastic strain.  Figure 

2.20(a) shows the equivalent plastic strain distribution at the mid-section of the specimen.  

The figure shows high equivalent plastic strains near the weld root in the middle portion 

of the upper sheet.  An optical micrograph of the cross section near the weld of a failed 
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15 mm specimen is shown in Figure 2.20(b).   Figure 2.20(b) shows that the shear 

direction of the failed specimen is consistent with the high shear strains shown in Figure 

2.20(a).  Figure 2.20(c) shows the equivalent plastic strain distribution near the weld on 

the top and outside surfaces of the specimen.  This figure shows the location of the 

maximum equivalent plastic strain on the top and outside surfaces of the specimen near 

the notch surface in the heat affected zone near the boundary of the weld metal.   

The distributions of the void volume fraction near the weld for the short weld 

model at the mid-section of the specimen and on the top and outside surfaces of the 

specimen are shown in Figures 2.21(a) and 2.21(b), respectively.  The maximum values 

in the scale bars in the figures were chosen in order to highlight the areas of the highest 

void volume fraction. Figure 2.21(a) shows that the highest void volume fraction of 0.22 

occurs in an element in the base metal near the boundary of the heat affected zone.  The 

highest void volume fraction is near the middle portion of the upper sheet at the mid-

section of the specimen where the hydrostatic stresses are the largest.  This suggests that 

the initiation of ductile fracture due to void nucleation and growth should be observed 

near this location in the failed specimens.  It is noted that this location differs from the 

location of the maximum equivalent plastic strain shown in Figure 2.20(c).  Figure 

2.21(b) shows material elements with large void volume fractions are also located near 

the location of high equivalent plastic strain.  The void volume fraction in this area is as 

high as 0.17.  Figure 2.21(b) also shows material elements with large void volume 

fractions near the weld toe.  The location of the maximum void volume fraction is 

initially near the weld toe.  As the displacement increases, and passes the displacement 

where the maximum load occurs, the location of maximum void volume fraction is near 
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the weld root.  This change occurs at a void volume fraction of 0.20.  Figure 2.6(a) and 

Figure 2.20(b) show a failed specimen and the cross section near the weld from 

specimens that were machined from wide lap-shear specimens with shorter weld lengths.  

These figures show that the failures occur near the weld root.  The ductile necking failure 

mode exhibited by the failed specimens is also apparent at the location of the maximum 

void volume fraction in Figure 2.21(a).    

The equivalent plastic strain distributions near the weld for the long weld model 

at the mid-section and on the top and outside surfaces of the specimen are shown in 

Figures 2.22(a) and 2.22(c), respectively.  These figures show high equivalent plastic 

strains near the weld toe on the top surface of the specimen.  Some high equivalent 

plastic strains are also seen near the weld root.  The location of the maximum equivalent 

plastic strain is near the top of the specimen near the notch surface in the base metal near 

the boundary of the weld metal.  An optical micrograph of the cross section of a failed 30 

mm specimen is shown in Figure 2.22(b).   Figure 2.22(b) shows that the shear direction 

of the failed specimen is consistent with the high equivalent plastic strains shown in 

Figure 2.22(a).     

The distributions of the void volume fraction near the weld for the long weld 

model at the mid-section of the specimen and on the top and outside surfaces of the 

specimen are shown in Figures 2.23(a) and 2.23(b), respectively.  A small area of high 

void volume fractions can be seen near the pre-existing crack tip between the upper and 

lower sheets near the root of the weld.  A closer review of the results of the finite element 

analyses indicates that, for both long and short models, the equivalent plastic strain does 

not grow in this area of localized plastic deformation near the pre-existing crack tip once 
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necking begins in the specimen.  Therefore, failure is not expected to initiate in this area.  

The material elements with the larger void volume fractions are located near the weld toe 

in the base metal near the boundary of the weld metal.  A close examination of the results 

of the finite element analyses reveals that the location of the maximum void volume 

fraction is not at the specimen surface but slightly below.  Needleman and Tvergaard [25] 

indicated failure initiation slightly below the notch surface of a D-notch specimen under 

plane strain loading conditions.  They noted that the failure prediction is expected since 

the stress-free condition on the surface lowers the hydrostatic tensile stresses.  Figure 

2.6(b) and Figure 2.22(b) show a failed specimen and the cross section near the weld 

from specimens that were machined from wide lap-shear specimens with longer weld 

lengths.  These figures show that the failure location of the tested specimens is consistent 

with the location of the maximum void volume fraction.  The ductile necking/shear 

failure mode exhibited by the failed specimens is also apparent at the location of the 

maximum void volume fraction in Figure 2.23(a).   

 

2.5. Discussions on material properties and weld geometry   

2.5.1. Finite element analysis for a parametric study 

Finite element analyses were conducted in order to understand the effects of the 

mechanical properties and the geometry of the weld metal and the heat affected zone on 

the load-displacement responses and the predicted failure locations of the lap-shear joints.  

In order to remove the influence of the weld metal size and shape in this parametric 

study, the two finite element models for the 10 mm weld and the 40 mm weld were 
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modified such that the cross sectional outer surface profile of the weld metal of the 

specimen was kept the same for both.  The generic outer surface profile of the weld metal 

was designed to match the micrograph of the cross section shown in Figure 2.9(d) for the 

25 mm weld.  Since the 10 mm and the 40 mm welds have different inner profiles of the 

weld metal adjacent to the heat affected zone in the top sheet and different heat affected 

zones, a generic short weld model and a generic long weld model were developed.  The 

finite element meshes near the weld for the generic short weld and the generic long weld 

models are shown in Figures 2.24(a) and 2.24(b), respectively.  The generic short weld 

model and the generic long weld model have the inner profile of the weld metal adjacent 

to the heat affect zone in the top sheet and the heat affected zones designed to closely 

match those of the realistic 10 mm weld model and the realistic 40 mm weld model 

shown in Figures 2.14(a) and 2.14(b), respectively.   

Based on the two generic short and long weld models, finite element analyses 

were carried out.  The results indicate that the areas of the high equivalent plastic strains 

and the predicted failure locations due to high void volume fraction are consistent with 

the results from the realistic 10 mm and 40 mm weld models with the weld metal cross 

sectional shape designed to match the micrographs of the cross sections for the 10 mm 

and 40 mm welds as shown in Figure 2.10(a). 

 

2.5.2. Effect of the material stress-strain curves 

In order to understand the effect of the material stress-strain curves, a finite 

element analysis was conducted by assuming a homogeneous material behavior 
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throughout the generic short weld model using the material properties of the base metal.  

The load-displacement curve of the lap-shear specimen from the finite element analysis 

based on the homogeneous material behavior is shown in Figure 2.25 along with the 

load-displacement curve from the generic short weld model and the experimental results 

of the specimens with shorter weld lengths.  The load-displacement curves are plotted up 

to displacements that will result in material elements reaching the assumed critical void 

volume fraction of 0.22.  These points are marked with open circles on the load-

displacement curves.  The load-displacement curve from the homogeneous material 

model is lower than the one for the generic short weld model and does not agree with the 

experimental results.  The load-displacement response is too compliant and the peak load 

does not fall within the range of the experimental data.  Figure 2.26(a) shows the 

distribution of the void volume fraction near the weld at the mid-section of the specimen 

for the homogeneous material model.  The homogeneous material model predicts the 

initiation of ductile fracture due to void nucleation and growth near the weld root near the 

top surface of the specimen at the mid-section.   

In order to understand the effect of the material stress-strain curves in the heat 

affected zone, a finite element analysis was conducted without consideration of the heat 

affected zone.  For the generic short weld model, the heat affected zone was assigned the 

effective stress-plastic strain curve of the base metal and the weld metal was assigned the 

effective stress-plastic strain curve of the weld metal from the short weld model.  Figure 

2.25 shows that the load-displacement curve from the finite element analysis without 

consideration of the heat affected zone is higher than the one with the homogeneous 

material behavior and is lower than the one from the generic short weld model.  Figure 



28 

 

2.26(b) shows the distribution of the void volume fraction near the weld on the top and 

outside surfaces of the specimen for the model without consideration of the heat affected 

zone.  The results of the model without consideration of the heat affected zone suggests 

that the initiation of ductile fracture due to void nucleation and growth should be near the 

weld root near the top surface of the specimen in the base metal near the boundary of the 

weld metal.   

 

2.5.3. Effect of the geometric characteristics of the heat affected zone 

The micro-hardness tests discussed in Section 2.2.6 showed the trend in the 

hardness in the heat affected zone and the weld metal and the trend in the size and shape 

of the heat affected zone as the weld length increases.  In this section, in order to 

understand the effect of the geometric characteristics of the heat affected zone 

independently from the effects of the effective stress-plastic strain curves, the generic 

finite element models were modified.  The generic short weld model shown in Figure 

2.24(a), where the heat affected zone adjacent to the weld metal in the bottom sheet 

extends past the toe of the weld, was modified to match the heat affected zone of the long 

weld model in this area, where the heat affected zone does not extend past the toe of the 

weld.  Also, the angled shape of the heat affected zone adjacent to the base metal in the 

top sheet was modified to match the straight shape of the heat affected zone of the long 

weld model in this area.  The effective stress-plastic strain curves were kept unchanged 

from the generic short weld model.  The finite element mesh near the weld for the generic 
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short weld model with the modified geometric characteristics of the heat affected zone is 

shown in Figure 2.27(a) with the different material sections.   

Similarly, the generic long weld model shown in Figure 2.24(b), where the heat 

affected zone adjacent to the weld metal in the bottom sheet does not extend past the toe 

of the weld, was modified to match the heat affected zone of the short weld model in this 

area, where the heat affected zone does extend past the toe of the weld.  Also, the straight 

shape of the heat affected zone adjacent to the base metal in the top sheet was modified to 

match the angled shape of the heat affected zone of the short weld model in this area.  

The effective stress-plastic strain curves were kept unchanged from the generic long weld 

model.  The finite element mesh near the weld for the generic long weld model with the 

modified geometric characteristics of the heat affected zone is shown in Figure 2.27(b) 

with the different material sections.   

Figures 2.28(a) and 2.28(b) show the load-displacement curves from the finite 

element analyses of the generic short and long weld models, respectively, with and 

without the modified heat affected zone geometries.  These figures show that the load-

displacement curves from the finite element analyses match well and are in good 

agreement with the experimental results.  The displacement needed to reach the assumed 

critical void volume fraction (marked with an open circle) is much lower for the short 

weld with the modified heat affected zone, when compared to the more realistic generic 

short weld model.  The displacement needed to reach the assumed critical void volume 

fraction (marked with an open circle) is more for the long weld model with the modified 

heat affected zone, when compared to the more realistic generic long weld model.   
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Figures 2.29(a) and 2.29(b) show the distributions of the void volume fraction 

near the weld at the mid-section of the specimen and on the top and outside surfaces of 

the specimen, respectively, from the generic short weld model with the modified heat 

affected zone geometry.  These figures show that when the heat affected zone geometry 

is modified, the initiation of ductile fracture due to void nucleation and growth changes 

from near the weld root to near the weld toe.  The location of the initiation of ductile 

fracture matches the fracture initiation location of the long weld model.   

Figures 2.30(a) and 2.30(b) show the distributions of the void volume fraction 

near the weld at the mid-section of the specimen and on the top and outside surfaces of 

the specimen, respectively, from the generic long weld model with the modified heat 

affected zone geometry.  These figures show that when the heat affected zone geometry 

is modified, the initiation of ductile fracture due to void nucleation and growth changes 

from near the weld toe to near the weld root.  The location of the initiation of ductile 

fracture matches the fracture initiation location of the short weld model.     

With these results from the finite element analyses, it is concluded that the 

geometric characteristics of the heat affected zone are key factors for the resulting failure 

locations.  When the heat affected zone in the bottom sheet extends past the toe of the 

weld and the heat affected zone in the top sheet adjacent to the base metal has the angled 

shape, the necking/shear failure occurs near the weld root.  Likewise, when the heat 

affected zone in the bottom sheet does not extend past the toe of the weld and the heat 

affected zone in the top sheet adjacent to the base metal has the straight shape, the 

necking/shear failure occurs near the weld toe.  Further finite element analyses were 

conducted in order to understand the individual effects of these geometric characteristics.  
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The results of the finite element analyses showed that neither the modification to the 

length of the heat affected zone in the bottom sheet nor the modification to the shape of 

the heat affected zone in the top sheet individually will result in a change of the failure 

location.  Instead, both modifications are necessary to result in a change in the failure 

location. 

  

2.5.4. Effect of weld metal geometry 

Koganti et al. [6] studied different weld geometries in DP780 single lap-shear 

joints under quasi-static and cyclic loading conditions.  The experimental results 

indicated that welds with larger toe angles and less penetration show longer high-cycle 

fatigue lives and fail near the weld root while welds with smaller toe angles and larger 

penetrations fail near the weld toe.  The quasi-static strength of the welds was found to be 

insensitive to weld geometry.  A parametric study presented here can give some insight 

on the effect of toe angle and weld metal penetration on the quasi-static strength of the 

lap-shear joints.   

In order to understand the effect of the weld metal penetration, the weld 

penetration was removed from the generic short weld and long weld models.  Figures 

2.31(a) and 2.31(b) show the modification made to the amount of weld penetration in the 

generic short weld and long weld finite element models, respectively.  Although the weld 

penetration into the bottom sheet was seen in every weld specimen sectioned, the weld 

penetration was completely removed in these computations in order to highlight any 

effect on the load-displacement response or the failure location.  In order to study to 
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effect of the weld penetration only, the heat affected zone near the weld toe was kept 

unchanged in the bottom sheet as shown in Figures 2.31(a) and 2.31(b) and the depth of 

the heat affected zones from the lower boundary of the weld metal follow the general 

trends of those in Figure 2.24.  The results of the load-displacement curves from the finite 

element analyses indicate that the weld penetration has negligible effect on the load-

displacement response, including the peak load.  The results of the finite element 

analyses also show that the weld penetration does not affect the predicted failure location.       

It should be mentioned that when the weld penetration is removed, the high stress-

strain curves of the heat affected zone prevent large scale yielding between the weld toe 

and weld root.  Lee et al [19] conducted a parametric study on the effects of the weld 

width on the plastic deformation mode in and near the laser welds in lap-shear specimens.  

They found that that high shear plastic strains can occur in the weld for a homogeneous 

material model when the weld width becomes small compared to the sheet thickness.  

However, when the 3-zone and 6-zone material models with consideration of higher 

stress-strain curves of the weld and heat affected zones were used, the computational 

results showed that the large plastic strains occur in the load carrying sheets near the 

weld, not in the weld.  

In order to understand the effect of the weld toe angle, the weld toe angles in the 

generic finite element models were decreased from 150 degrees to 135 degrees.  Figure 

2.32 shows the finite element model without and with the modified toe angle.  The dark 

regions in the figures represent the weld and the shaded regions in the figures indicate the 

extra weld region in the generic long weld model.  The results of the load-displacement 

curves from the finite element analyses indicate that the toe angle has negligible effect on 
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the load-displacement curves, including the peak load.  For the long weld model, in 

which the heat affected zone does not extend past the toe of the weld, the decreased toe 

angle produces a higher stress concentration at the toe of the weld and results in a 

reduced displacement at failure.  The results of the finite element analyses also show that 

the toe angle does not affect the predicted failure locations.   

Finally, it should be mention again that the sizes and shapes of the weld metal and 

the heat affected zone can vary for a given weld length as shown in Figures 2.9 and 2.10 

for the 10 mm, 25 mm and 40 mm welds.  As indicated in the results from the parametric 

study of the weld geometry and material stress-strain curve, as long as the stress-strain 

curves for the material elements in the finite element models are correlated to the 

hardness distribution in and near the weld with consideration of the geometric 

characteristics of the heat affected zones, the load-displacement curves and the failure 

locations from the finite element analyses agree with the experimental results. 

 

2.6. Discussion and conclusions 

The strengths and the fatigue lives of gas metal arc welded joints were 

investigated by many researchers.  Investigators reported quasi-static and fatigue failure 

locations sometimes near the weld root and sometimes near the weld toe.  In this study, 

the failure modes of gas metal arc welds in single lap-shear specimens of high strength 

low alloy (HSLA) steel are investigated.  Notched lap-shear specimens of HSLA steel 

sheets with a thickness of 2.0 mm were robot welded together using the gas metal arc 

welding process.  Quasi-static test results showed two failure locations for the welds.  
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The specimens cut from wide lap-shear specimens with shorter weld lengths failed near 

the weld root whereas the specimens cut from those with longer weld lengths failed near 

the weld toe.  Scanning electron and optical microscope images of the failure surfaces 

and cross sections showed that the gas metal arc welds failed in a ductile necking/shear 

failure mode.  Micro-hardness tests were conducted to provide an assessment of the 

mechanical properties of the base metal, the heat affected zone, and the weld metal.  In 

order to understand the failure modes of short welds and long welds, two finite element 

models were developed.  In these models, the size and shape of the heat affected zones 

were designed to match the micrographs of the cross sections for a 10 mm weld and a 40 

mm weld.  Three-dimensional finite element analyses were conducted with consideration 

of micro void nucleation and growth.  The distributions of the void volume fraction near 

the welds shown from the finite element analyses are consistent with the failure modes 

observed in the experimental results.   

Further finite element analyses were conducted in order to understand the effects 

of the geometric characteristics of the heat affected zone on the load-displacement 

responses and the predicted failure locations of the lap-shear joints.  The results showed 

that the heat affected zones and the weld metal, with higher effective stress-plastic strain 

curves, significantly affects the load-displacement response and the predicted failure 

locations of the lap-shear specimens.  The results also showed that the geometric 

characteristics of the heat affected zone have negligible effect on the load-displacement 

results; however, the geometric characteristics of the heat affected zone are key factors 

for the resulting failure locations.  Finally, finite element analyses were conducted in 

order to understand the effect of the weld geometry.  A parametric study was conducted 
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to give some insight on the effect of the weld metal penetration and the weld toe angle on 

the quasi-static strength of the lap-shear joints.  The results indicate that the weld 

penetration and the weld toe angle have negligible effects on the load-displacement 

response and the predicted failure locations of the lap-shear specimens. 
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Table 2.1. The main fracture locations observed in recent investigations of lap-shear 

specimens under quasi-static and dynamic loading conditions 

Material 
Loading 

Conditions 
Joint Type 

Main 
Fracture 
Location 

Ref. 

SAE1008 Quasi-static Double and single lap shear Not reported 9 
HSLA350 Quasi-static Single lap shear Weld root 1 
HSLA420 Quasi-static Double and single lap shear Weld toe 9 
HSLA590 Quasi-static Single lap shear Weld root 2 
DP590 Quasi-static Double and single lap shear Weld toe 9 
DP600 Quasi-static Single lap shear Weld root 1 
DP600 Quasi-static Single lap shear Weld root 2 
DP600 Quasi-static Double and single lap shear Weld toe 9 
DP780 Quasi-static Single lap shear Weld root 2 
DP780 Quasi-static Single lap shear Weld root 8 
DP780 Dynamic Single lap shear Weld root 8 
DP780 Quasi-static Double and single lap shear Weld toe 9 
DP965 Quasi-static Single lap shear Weld root 1 
DP980 Quasi-static Single lap shear Weld root 2 
DP980 Quasi-static Single lap shear Weld root 8 
DP980 Dynamic Single lap shear Weld root 8 
M900 Quasi-static Double and single lap shear Weld toe 1 
M1300 Quasi-static Single lap shear Weld toe 1 
TRIP780 Quasi-static Single lap shear Weld root 8 
TRIP780 Dynamic Single lap shear Weld root 8 
TRIP780 Quasi-static Double and single lap shear Weld toe 9 
Boron Steel Quasi-static Single lap shear Weld root 2 
Boron Steel Quasi-static Double and single lap shear Weld toe 9 
DQSK Quasi-static Double and single lap shear Not reported 9 
Top mild steel to 
   bottom DP600 

Quasi-static Single lap shear Weld root 3.4 

Top DP600 to 
   bottom boron steel 

Quasi-static Single lap shear Weld root 5 

Top boron steel to  
   bottom DP600 

Quasi-static Single lap shear Weld toe 5 
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Table 2.2. The main fracture locations observed in recent investigations of lap-shear 
specimens under cyclic loading conditions 

Material Joint Type Main Fracture Location Ref. 
SAE1008 Single lap shear Changes with load level 9 
SAE1008 Double lap shear Not reported 9 
HSLA350 Single lap shear Changes with load level 1 
HSLA420 Single lap shear Changes with load level 9 
HSLA420 Double lap shear Not reported 9 
HSLA590 Single lap shear Not reported for all specimens 2 
DP590 Single lap shear Changes with load level 9 
DP590 Double lap shear Weld toe 9 
DP600 Single lap shear Changes with load level 1 
DP600 Single lap shear Not reported for all specimens 2 
DP600 Single lap shear Changes with load level 9 
DP600 Double lap shear Not reported 9 
DP780 Single lap shear Not reported for all specimens 2 
DP780 Single lap shear Both failure locations  6 
DP780 Double lap shear Weld toe 9 
DP980 Single lap shear Not reported for all specimens 2 
DP965 Single lap shear Changes with load level 1 
M130 Single lap shear Not reported for all specimens 2 
M220 Single lap shear Not reported for all specimens 2 
M900 Double and single lap shear Changes with load level 1 
M1300 Single lap shear Changes with load level 1 
TRIP780 Double lap shear Weld toe 9 
Boron Steel Single lap shear Not reported for all specimens 2 
Boron Steel Single lap shear Changes with load level 9 
Boron Steel Double lap shear Not reported 9 
DQSK Double lap shear Weld toe 9 
Top mild steel to  
   bottom DP600 

Single lap shear Both failure locations 3,4 

Top DP600 to  
   bottom boron steel 

Single lap shear Weld toe  5 

Top boron steel to     
   bottom DP600 

Single lap shear Weld root 5 

Top DP595 to  
   bottom SAE1008 

Double lap shear Weld toe 9 

Top DP600 to 
   bottom SAE1008 

Double lap shear Weld toe 9 

Top TRIP780 to 
   bottom SAE1008 

Double lap shear Weld toe 9 

Top DP780 to  
   bottom SAE1008 

Double lap shear Weld toe 9 
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Table 2.3. Chemical composition (wt %) of the SAE J2340 340XF steel sheets 

 

 

 
Table 2.4. Summary of results of the quasi-static tests 

Specimen Peak Load (N) Fracture Location 

S1-10 8262 Weld Root 

S2-15 8943 Weld Root 

S3-20 7889 Weld Root 

S4-20 8723 Weld Toe 

S5-30 7993 Weld Toe 

S6-30 8247 Weld Toe 

S7-40 8214 Weld Toe 

 C Mn Si P S Cr Ni Mo 

 0.055 0.563 0.028 0.008 0.0045 0.014 0.014 0.002 

 Cu V Al Ti Nb B Pb Mg 

 0.0172 0.001 0.046 0.001 0.0187 0 0.0013 0.0003 
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Table 2.5. The hardness values from indentation tests and the scaled initial yield stresses 
for the base metal, heat affected zones and weld metal for (a) the short weld model and 

(b) the long weld model. 
 

(a) Short weld model 

 
Base 
metal 

   
Weld 
metal HAZ 1 HAZ 2 HAZ 3 

Vickers hardness 160 170 179 208 304 

Yield stress 0  

(MPa) 
368 390 412 478 699 

 

(b) Long weld model 

 
Base 
metal 

  
Weld 
metal HAZ 1 HAZ 2 

Vickers hardness 160 170 179 232 

Yield stress 0  

(MPa) 
368 390 412 534 
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Figure 2.1. (a) Wide lap-shear specimens with the weld length varying from 10 mm to 40 
mm.  (b) The normalized weld strengths (per weld length) for specimens of various 
thicknesses. 
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(a) 

 

 
(b) 

 
Figure 2.2.  A schematic of (a) an un-notched lap-shear specimen and (b) a notched lap-
shear specimen. 
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Figure 2.3.  The failure location of an un-notched lap-shear specimen.  The failure 
occurred in the base metal, away from the weld region. 
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Figure 2.4.  A close-up view near the weld of a notched lap-shear specimen. 



47 

 

 
 

Figure 2.5.  The test setup for notched lap-shear specimens. 
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(a) 

 

 
(b) 

 
Figure 2.6.  (a) A failed specimen machined from a wide specimen with a weld length of 
10 mm and (b) a failed specimen machined from a wide specimen with a weld length of 
30 mm. 
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Figure 2.7.  A scanning electron micrograph and close-up views of the failure surface 
from a specimen machined from a wide specimen with a weld length of 15 mm.  
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Figure 2.8.  A scanning electron micrograph and close-up views of the failure surface 
from a specimen machined from a wide specimen with a weld length of 30 mm. 
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Figure 2.9.  Micrographs of the cross sections of seven weld specimens with weld lengths 
of (a) 10 mm, (b) 15 mm, (c) 20 mm, (d) 25 mm, (e) 30 mm, (f) 35 mm, and (g) 40 mm. 
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(a) 

 

 
(b) 

 
Figure 2.10.  The Vickers hardness values in the weld region for specimens with short 
and long welds.  The indentations were carried out at an interval of about (a) 350 µm and 
(b) 200 µm. 
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(a) 

 

 
(b) 

 
Figure 2.11.  (a) The top view and (b) the side view of a finite element model of a 
notched lap-shear specimen. 
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Figure 2.12.  An optical micrograph of the cross section of a 10 mm weld specimen. 
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Figure 2.13.  An optical micrograph of the cross section of a 40 mm weld specimen. 
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(a) 
 

 
(b) 

 
Figure 2.14. The finite element meshes near the weld for (a) the short weld model and (b) 
the long weld model with the different material sections.   
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Figure 2.15.  The engineering stress-strain curves for the base metal from three 
representative sheet specimens and the resulting curve from the finite element analysis. 
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Figure 2.16.  A finite element model of the tensile specimen. 
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Figure 2.17. The tensile stresses as functions of the plastic strain for the base metal, the 
heat affected zones, and the weld metal used in (a) the short weld and (b) the long weld 
finite element models. 
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(a) 

 

 
 (b) 

 
Figure 2.18. The load-displacement curves of the tested lap-shear specimens compared to 
those of the finite element analyses, with and without the consideration of void nucleation 
and growth for (a) the short weld model and (b) the long weld model. 
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(a) 

 
 

 
(b) 

 
Figure 2.19. (a) The applied load and the bending of the bottom sheet plotted as functions 
of the displacement. (b) A method of quantifying the rotation of the bottom sheet. 
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 (a) 

 
 

 
 (b) 

 
 

 
(c) 

 
Figure 2.20. (a) The equivalent plastic strain distribution near the weld for the short weld 
model at the mid-section of the specimen.  (b) An optical micrograph of the cross section 
near the weld of a failed 15 mm specimen.  (c) The equivalent plastic strain distribution 
near the weld for the short weld model on the top and outside surfaces of the specimen. 
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(a) 

 
 

 
(b) 

 
Figure 2.21.  The distributions of the void volume fraction near the weld for the short 
weld model at (a) the mid-section of the specimen and on (b) the top and outside surfaces 
of the specimen. 
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(a) 

 
 

 
 (b) 

 
 

 
(c) 

 
Figure 2.22. (a) The equivalent plastic strain distribution near the weld for the long weld 
model at the mid-section of the specimen.  (b) An optical micrograph of the cross section 
near the weld of a failed 30 mm specimen.  (c) The equivalent plastic strain distribution 
near the weld for the long weld model on the top and outside surfaces of the specimen. 
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(a) 

 
 

 
(b) 

 
Figure 2.23. The distributions of the void volume fraction near the weld for the long weld 
model at (a) the mid-section of the specimen and on (b) the top and outside surfaces of 
the specimen. 
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(a) 

 
 

 
(b) 

 
Figure 2.24. The finite element meshes near the weld for (a) the generic short weld model 
and (b) the generic long weld model with the different material sections.   
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Figure 2.25. The load-displacement curves from the finite element analyses based on the 
generic short weld model, the homogeneous material model, and the model without the 
heat affected zone.   
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(a) 

 
 

 
(b) 

 
Figure 2.26. The distributions of the void volume fraction near the weld at (a) the mid-
section of the specimen for the homogeneous material model and on (b) the top and 
outside surfaces of the specimen for the model without consideration of the heat affected 
zone. 
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(a) 

 
 

 
(b) 

 
Figure 2.27.  (a) The finite element mesh near the weld for the generic short weld model 
with the modified heat affected zone.  (b) The finite element mesh near the weld for the 
generic long weld model with the modified heat affected zone.   
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 (a) 

 

 
(b) 

 
Figure 2.28. The load-displacement curves from the finite element analyses of the models 
with and without the modified heat affected zone geometry for (a) the generic short weld 
model and (b) the generic long weld model. 
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(a) 

 
 

 
(b) 

 
Figure 2.29. The distributions of the void volume fraction near the weld at (a) the mid-
section of the specimen and on (b) the top and outside surfaces of the specimen for the 
generic short weld model with the modified heat affected zone geometry.  
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(a) 

 
 

 
(b) 

 
Figure 2.30. The distributions of the void volume fraction near the weld at (a) the mid-
section of the specimen and on (b) the top and outside surfaces of the specimen for the 
generic long weld model with the modified heat affected zone geometry. 
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 (a) 

 
 

 
(b) 

 
Figure 2.31. The modification made to the amount of weld penetration for (a) the generic 
short weld model and (b) the generic long weld model.   
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(a) 

 
 

 
(b) 

 
Figure 2.32. The generic finite element models with (a) the unmodified toe angle and (b) 
with the modified toe angle.   
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Chapter 3                                                                                       
Analytical and Computational Stress Intensity Factor Solutions for Gas Metal Arc 

Welds in Lap-Shear Specimens  
 

3.1. Introduction 

Recently, many investigations on quasi-static and fatigue strengths of gas metal 

arc welded joints have been conducted.  Investigators have reported failure locations near 

weld roots and near weld toes under quasi-static and cyclic loading conditions [1-11].  In 

most investigations, the end effects of the discontinuous welds were excluded and the 

failures at the mid-sections of the welds were studied.  Bonnen et al. [10] included the 

weld ends in some single lap-shear specimens in order to understand the effects of the 

weld ends on the cyclic loading performance.  Under cyclic loading conditions, the 

failure mode of the single lap-shear specimens with the weld ends excluded was mainly 

near the weld toe under low load levels and mainly near the weld root under higher load 

levels.  However, the failure mode of the single lap-shear discontinuous weld specimens 

with the weld ends included was mainly due to fatigue crack propagation from the pre-

existing crack at the interfacial plane of the two sheets near the root of the weld through 

the weld throat.    

Weld geometry is one of the key factors affecting the cyclic loading performance 

of gas metal arc weld joints [7].  Niu and Glinka [12] investigated the effect of weld 

geometry on the stress intensity factor solutions for welded T-butt joints under a variety 
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of loading conditions.  Nguyen and Wahab [13] examined the effect of weld geometry 

and residual stresses on the fatigue life of butt welded joints based on the stress intensity 

factor solutions.  Feng et al. [11] developed a fatigue life prediction model with the 

consideration of the crack initiation life at the weld toe, which was estimated using the 

notch strain approach, and the crack propagation life at the weld toe based on the stress 

intensity factor solution for cracks.  Cerit et al. [14] investigated the effects of the weld 

geometry on the stress intensity factor solutions in cylindrical fillet-welded joints.       

In this chapter, the mode I and mode II stress intensity factor solutions for the pre-

existing cracks near gas metal arc welds in lap-shear specimens are investigated.  

Analytical stress intensity factor solutions for the welds in lap-shear specimens with 

idealized weld geometries were derived based on the beam bending theory.  Two-

dimensional, plane strain finite element analyses were carried out in order to obtain the 

computational stress intensity factor solutions for the realistic and idealized weld 

geometries.  The computational solutions are compared with the analytical solutions 

based on the beam bending theory.  Further finite element analyses were carried out in 

order to obtain the computational stress intensity factor solutions for the realistic weld 

geometries with dissimilar sheet thicknesses.  In addition, the distribution of the stress 

intensity factor solutions for continuous idealized welds and discontinuous idealized 

welds were obtained by three-dimensional finite element analyses.   
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3.2. Specimens 

The lap-shear specimens examined in Amodeo et al. [1] are studied in this 

investigation.  Lap-shear specimens of HSLA steel sheets with a thickness t  of 2.0 mm 

were robot welded together using the gas metal arc welding process.  60 mm wide sheet 

specimens with the weld lengths varying from 10 mm to 40 mm were made.  The welds 

were centered on the sheets.  Some of these specimens are shown in Figure 3.1.   

For the finite element analyses in this investigation, the cross sectional geometry 

of the weld metal used to represent a realistic weld was designed to match the micrograph 

of the cross section of a specimen with a weld length of 25 mm as shown in Figure 3.2.  

The specimen has the sheet thickness of 2.0 mm.  The pre-existing crack tip at the 

interfacial plane of the two sheets near the root of the weld is labeled in the figure.   

 

3.3. Analytical stress intensity factor solutions  

The elastic beam bending theory is adopted here in order to derive the analytical 

stress intensity factor solutions for welds with an idealized geometry as in Sripichai et al. 

[15].  A schematic of a lap-shear specimen near a realistic weld is shown in Figure 3.3(a) 

where the shaded area represents the weld metal.  Both the upper and lower sheets have 

the same thickness t .  The weld width is represented by w  in the figure.  The geometry 

of the weld shown in Figure 3.3(a) is idealized to a square shape that represents two 

joined beams as shown in Figure 3.3(b).  The protrusion and shape of the weld metal, as 

shown in Figure 3.3(a), are not considered in the derivation of the analytical solutions in 

this study.  As shown in Figures 3.3(a) and 3.3(b), bF  represents the lap-shear force per 
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unit weld length applied along the interfacial surface.  The weld metal is assumed to have 

the same elastic properties as those of the base metal.   

For linear elastic materials, the stress intensity factor solutions can be derived 

from the elastic energy release rate G . Under plane strain conditions, the relationship 

between the elastic energy release rate and the stress intensity factors can be expressed as 

'

22

E

KK
G III                (3.1) 

where  21'  EE .  Here, E  is Young’s modulus and   is Poisson’s ratio. 

 For linear elastic materials under displacement controlled conditions, the decrease 

of the potential energy, d , of the system can be expressed as  

dUd                 (3.2) 

where dU  is the increase of the elastic strain energy of the system.  The energy release 

rate is the decrease of the potential energy per unit crack extension. Therefore, for any 

crack extension, da , the energy release rate G  can be expressed as 

da

d
G


               (3.3) 

Combining equations (3.1), (3.2) and (3.3) gives 

'

22

E

KK

da

dU III                  (3.4) 

Figure 3.4(a) shows a schematic of a lap-shear specimen near the idealized weld.  

The lap-shear load can be represented by the equivalent load shown in Figure 3.4(b).  As 

in Sripichai et al. [15], the equivalent lap-shear load shown in Figure 3.4(b) can be 

decomposed into four different loads.  Figures 3.4(c-f) schematically show the four 

decomposed loads: counter bending (Figure 3.4(c)), central bending (Figure 3.4(d)), 
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tension loading (Figure 3.4(e)), and in-plane shear loading (Figure 3.4(f)).  Here the weld 

width w  is assumed to be much larger than the sheet thickness t . 

Three types of loading conditions shown in Figures 3.4(c), 3.4(d), and 3.4(f) give 

different opening and shear modes of the crack.  The counter bending loading condition 

gives mode I (opening mode) loading to the crack while the central bending and in-plane 

shear loading conditions give mode II (in-plane shear mode) loading to the crack.  Thus, 

the IK  solution can be derived from the two beams under counter bending conditions 

(Figure 3.4(c)), while the IIK  solution can be derived from the two beams under central 

bending and in-plane shear loading conditions (Figures 3.4(d) and 3.4(f)). Note that the 

tension load (Figure 3.4(e)) does not give any stress intensity factor to the crack.  

Figure 3.4(c) shows the two-beam model under counter bending. The bending 

moments per unit width, bFt 4 , are applied at the far right ends of the beams.  For the 

counter bending, the increase of the elastic strain energy can be expressed as 

da
tbE

F
dU

2

2

'4

3
              (3.5) 

Combining equations (3.4) and (3.5) with 0IIK  gives the IK  solution under counter 

bending conditions as 

 
tb

F
K C

I 2

3
                 (3.6) 

Figure 3.4(d) shows the two-beam model under central bending.  The bending 

moments per unit width, bFt 4 , are applied at the far right ends of the beams.  These 

bending moments cause a bending moment per unit width, bFt 2 , at the far left end of 

the two beam model.  The increase of the elastic strain energy can be expressed as 
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da
tbE

F

tbE

F
dU 
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3
           (3.7)  

Combining equations (3.4) and (3.7) with 0IK  gives the IIK  solution under central 

bending as   

tb

F
K CB

II 4

3
       (3.8) 

 
Figure 3.4(f) shows the two-beam model under in-plane shear.  The membrane 

forces per unit width, bF 2 , are applied at the far right ends of the beams.  These forces 

cause a bending moment per unit width, bFt 2 , at the far left end of the two beam model.  

The increase of the elastic strain energy can be expressed as 

da
tbE

F

tbE

F
dU 
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1
           (3.9)  

Combining equations (3.4) and (3.9) with 0IK  gives the IIK  solution under in-plane 

shear as 

tb

F
K S

II 4

1
     (3.10) 

With the superposition principle of linear elasticity, the analytical stress intensity factor 

solutions for the lap-shear specimen can be expressed as 

tb

F
K I 2

3
            (3.11)    

and 

tb

F
KII                (3.12) 
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3.4. Finite element analysis 

Two-dimensional, plane strain finite element analyses were carried out in order to 

obtain the computational stress intensity factor solutions for the pre-existing cracks 

between the upper and lower sheets near the roots of the welds with realistic weld 

geometries.  Figure 3.5(a) shows a schematic of a two-dimensional finite element model 

of a lap-shear specimen.  The specimen has the upper sheet thickness ut , lower sheet 

thickness lt , overlap length g , weld width w , weld height h, and weld toe angle,  .  For 

analyses in which both the upper sheet and the lower sheet have the same thickness no 

subscript is used and the sheet thickness is denoted as t .  The coordinate system is shown 

in the figure.  The left edge has a fixed displacement condition at the upper surface while 

the right edge has a concentrated force per unit width, bF , applied at the lower surface 

in the +x direction.   

Computations are performed using the commercial finite element code ABAQUS 

Standard v611 [16].  The weld metal, heat affected zone, and base metal are assumed to 

be linear elastic with Young’s modulus E  = 207 GPa and Poisson’s ratio  = 0.3.  

Second-order, continuum, plane strain elements (CPE8) are used in the models.  Figure 

3.6(a) shows the mesh near the weld.  The element size near the weld is about 150 µm.  

Figure 3.6(b) shows the mesh near the pre-existing crack tip near the root of the weld. A 

finer mesh is used near the pre-existing crack tip with the element size of 10 µm closest 

to the crack tip.    

The two-dimensional plane strain finite element model has the overlap length g  = 

13.4 mm, the weld width w  = 5.29 mm, the weld height h = 0.53 mm, and the toe angle 
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 = 145°.  In order to obtain the stress intensity factor solutions for various realistic weld 

geometries, the sheet thickness in the finite element model was varied while keeping the 

overlap length, the weld width, the weld height, and the weld toe angle constant.  Figure 

3.7 shows the meshes near the welds for the finite element models for the specimens with 

the 1.5 mm, 2.0 mm, and 2.5 mm sheet thicknesses for both the upper and lower sheets.   

For comparison, finite element analyses were carried out in order to obtain the 

computational stress intensity factor solutions for the idealized welds.  A schematic of a 

two-dimensional finite element model of a weld with idealized weld geometry is shown 

in Figure 3.5(b).  Here, the weld toe angle is 90° and the weld height is 0.  The remaining 

parameters are kept the same as in the finite element models of the welds with the 

realistic weld geometries.   

 

3.5. Computational stress intensity factor solutions  

Table 3.1 shows the normalized computational stress intensity factor solutions, 

IK  and IIK ,  for the idealized and realistic weld geometries with equal upper and lower 

sheet thickness t .  All solutions shown in the table are normalized by the IIK  solution 

based on the beam bending theory in equation (12).  As shown in Table 3.1, the 

normalized computational solutions for the idealized geometry match the analytical 

solutions for the given ratios of tw  well.  The IK  and IIK  solutions for the larger sheet 

thicknesses deviate slightly from the analytical solutions due to the lower value of tw .  

The analytical solutions are derived from beam bending theory with the assumption that 

the weld width is much larger than the sheet thickness.  These results support Sripichai et 
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al. [1515] who showed for laser welds when 4tw , the computational IK  solution is 

equal to the analytical solution and when 2tw , the computational IIK  solution is equal 

to the analytical solution.   

The normalized computational stress intensity factor solutions for the realistic 

weld geometry can be compared with the solutions for the idealized weld geometry.  

Table 3.1 shows the weld geometry effect on the stress intensity factors solutions.  The 

computational results indicate that the idealized geometry with a toe angle of 90° and 

with no weld height over estimates the stress intensity factor solutions.   Table 3.1 also 

shows small variation in the stress intensity factor solutions for the different ratios of tw  

investigated in this study.   

The values for the normalized equivalent stress intensity factor, eK  are calculated 

from the mode I and mode II stress intensity factor solutions in Table 3.1.  The equivalent 

stress intensity factor under mixed mode loading conditions, eK , can be defined as 

22
IIIe KKK             (3.13) 

The normalized equivalent stress intensity factor solution can be used for estimation of 

fatigue lives in a fatigue crack growth model under mixed mode loading conditions 

(Asim et al. [17]). 

 Additional finite element analyses were carried out in order to obtain the 

computational stress intensity factor solutions for realistic welds with dissimilar sheet 

thicknesses.  Lai et al. [18] presented the stress intensity factor solutions between two 

similar and dissimilar sheets with different thicknesses under plane strain conditions for 

ultrasonic welds.  As presented in [18], the stress intensity factor solutions for welds 



84 

 

joining sheets of identical materials with dissimilar sheet thicknesses can be written in the 

normalized forms as 

u

I

d

tb

F
kK I )(            (3.14) 

u

II

d
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F
kK II )(            (3.15) 

and 

u

e

d

tb

F
kK e )(            (3.16) 

where Ik , IIk , and ek  are the dimensionless geometric functions for a given  .  Here,   

is the ratio of the upper sheet thickness to the lower sheet thickness as  

lu tt               (3.17) 

In this investigation, the thickness ratios modeled ranged from 0.2 to 5.0.  The 

upper sheet thickness ut  is kept at 2.0 mm for the different thickness ratios.  The 

selection of the geometries appears to be reasonable for   less than 1.  However, for 

completeness several values of   larger than 1 are selected.  Since there is only a small 

variation in the stress intensity factor solutions with the different ratios of tw , the weld 

width w  is kept at 5.29 mm for the different thickness ratios.     

 Figure 3.8 shows the dimensionless geometric functions Ik , IIk , and ek  as 

functions of the thickness ratio   from the finite element analyses.  As shown in the 

figure, the thickness ratio   can have significant effects on the stress intensity factor 

solutions and their mode mixities.  It should be noted that, the normalized equivalent 

stress intensity factor solution can be used for estimation of fatigue lives in a fatigue 
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crack growth model under mixed mode loading conditions for gas metal arc welds with 

dissimilar sheet thicknesses.   

 

3.6. Discussions 

The results of the two-dimensional finite element analyses show that the weld 

geometry and the thickness ratio can have significant effects on the stress intensity 

factors solutions.  The computational results indicate that for the idealized weld geometry 

the analytical stress intensity factor solutions overestimates the solutions for the realistic 

weld geometry.  The stress intensity factor solutions for realistic welds presented in this 

chapter can be used in engineering application under mixed mode loading conditions.  

When the sheet thickness is large, the necking mechanism as examined by Asim et al. 

[17] and Amodeo et al. [11] will not be the dominant failure mechanism.  The fracture 

toughness of the HAZ or weld metal can be reached prior to necking.  As indicated by 

Bonnen et al. [10] for discontinuous welds under cyclic loading, the crack initiation can 

occur at the pre-existing crack tip and, consequently, the stress intensity factor solutions 

can be used to estimate the fatigue lives.   

Three-dimensional finite element analyses were conducted in order to investigate 

the trends in the stress intensity factor solutions for a continuous weld specimen and for a 

discontinuous weld specimen.  The mesh density used in the model was kept the same as 

that from the two-dimensional plane strain finite element model with the idealized weld 

geometry and the sheet thickness of 2.0 mm.  First-order, continuum, hexahedral 

elements (C3D8) were used. The weld length was modeled as 22.5 mm for the 
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continuous weld specimen.  For the discontinuous weld specimen, the weld length was 

modeled as 22.5 mm and the total specimen width was 33.75 mm.  The weld was 

modeled as centered on the specimen.  The finite element models near the weld for the 

continuous and discontinuous welds are shown in Figures 3.9(a) and 3.9(b), respectively.   

The contact between the top and bottom sheets was defined in the discontinuous 

weld model in order to include the effects of the force which separate the top and bottom 

sheets.  Since the contact area will change with the load amplitude, the stress intensity 

factor solutions are not linearly scalable with the applied load.  For the discontinuous 

weld model, a load large enough for a full contact area was applied.  The linear 

scalability of the stress intensity factor solutions at applied loads large enough for a full 

contact area was verified by applying a load of 1000 N and comparing the results with 

those from the model with an applied load of 100 N.  There was negligible difference in 

the normalized results at these two applied loads.  However, the reader is cautioned that 

at lower load levels, the stress intensity factor solutions will be different from those 

presented here for discontinuous welds. 

The stress intensity factor solutions for the continuous and discontinuous weld 

specimens were obtained from the three-dimensional models.  The stress intensity factor 

solutions are normalized by the IIK  solution for the continuous weld based on the beam 

bending theory in equation (12).  The normalized mode I and mode II stress intensity 

factor solutions are plotted in Figures 3.10(a) and 3.10(b), respectively.  In the figures, 

the stress intensity factor solutions are plotted along the crack length where 0 is located at 

the mid-section of the weld.  The average stress intensity factor solutions for the 
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continuous weld are also shown in the figures as open circles.  The average stress 

intensity factor solutions match the analytical solutions given in Table 3.1 well [19].   

Figures 3.10(a) and 3.10(b) show that the distributions of the mode I and mode II 

stress intensity factor solutions for the discontinuous weld are different from those for the 

continuous weld.  The mode I stress intensity factor solution is highest at the mid-section 

of the weld for the continuous weld.  For the discontinuous weld there is less variation in 

the mode I stress intensity factor solution.  The mode II stress intensity factor solution is 

highest near the weld ends in the discontinuous weld.  For the continuous weld there is 

less variation in the mode II stress intensity factor solution.  The difference in the 

distribution of the equivalent stress intensity factor solution is shown in Figure 3.10(c).   

In order to understand the effect of the contact between the top and bottom sheets 

on the stress intensity factor solutions, the three-dimensional model of the discontinuous 

weld was run without the contact defined.  As shown in Figure 3.10(a), the distribution of 

the mode I stress intensity factor solution for the discontinuous weld model without 

contact is similar to the distribution of the mode I stress intensity factor solution for the 

continuous weld.  The magnitude of the mode I stress intensity factor solution for the 

discontinuous weld model without contact is slightly lower than that for the continuous 

weld model.  As shown in Figure 3.10(b), the distribution of the mode II stress intensity 

factor solution for the discontinuous weld model without contact is similar to the 

distribution of the mode II stress intensity factor solution of the discontinuous weld with 

the contact modeled.  The magnitude of the mode II stress intensity factor solution for the 

discontinuous weld model without contact is slightly higher than that for the 

discontinuous weld model with the contact modeled.   
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For the automotive industry, the performance of discontinuous gas metal arc 

welded joints is of significant interest.  By minimizing the length of the discontinuous 

welds, significant cost savings can be gained due to reduced cycle time and reduced 

usage of equipment and consumables.  In order to investigate the effect of the weld length 

on the stress intensity factor solutions, additional three dimensional finite element 

analyses were run with the weld length reduced to 7.5 mm.  For the discontinuous weld 

specimen, the weld length was modeled as 7.5 mm and the total specimen width was 15 

mm.  The normalized mode I and mode II stress intensity factor solutions are plotted in 

Figures 3.11(a) and 3.11(b), respectively.  The normalized equivalent stress intensity 

factor solution is plotted in Figure 3.11(c).  The average stress intensity factor solutions 

for the continuous weld are also shown in the figures as open circles and match the 

analytical solutions given in Table 3.1 well [19].  As shown in the figures, the trends in 

the distribution of the stress intensity factor solutions are the same as those for the long 

welds.   

An initial investigation on the trends of the distribution of the stress intensity 

factor solutions for continuous and discontinuous welds was presented here.  Further 

three-dimensional finite element computations should be conducted in order to assess the 

stress intensity factor solutions for discontinuous welds of various weld lengths.  An 

examination of the stress intensity factor solutions for discontinuous welds in specimens 

with various ratios of the weld length to the specimen width is needed in order to 

minimize the length of the welds required for reliable design.   
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3.7. Conclusions 

The mode I and mode II stress intensity factor solutions for the pre-existing 

cracks near gas metal arc welds in lap-shear specimens are investigated.  Analytical stress 

intensity factor solutions for the welds in lap-shear specimens with idealized weld 

geometries were derived based on the beam bending theory.  Two-dimensional, plane 

strain finite element analyses were carried out in order to obtain the computational stress 

intensity factor solutions for the realistic and idealized weld geometries.  The normalized 

computational stress intensity factor solutions for the idealized weld geometry match the 

analytical solutions well.  The finite element computations indicate that the stress 

intensity factor solutions for realistic gas metal arc welds are lower than the analytical 

solutions for the idealized weld geometry.  Additional finite element analyses were 

carried out in order to obtain the computational stress intensity factor solutions for the 

realistic weld geometries with dissimilar sheet thicknesses.  The results can be used for 

estimation of fatigue lives in a fatigue crack growth model under mixed mode loading 

conditions for gas metal arc welds with dissimilar sheet thicknesses.  Finally, the stress 

intensity factor solutions for continuous welds and discontinuous welds were obtained by 

three-dimensional finite element analyses.  The computational results indicate that the 

distributions of the mode I and mode II stress intensity factor solutions for the 

discontinuous weld are different from those for the continuous weld. 
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Table 3.1. The normalized stress intensity factor solutions for idealized and realistic weld 
geometries. 

 

 Analytical 
Solution 

FEA Result 
Idealized Geometry 

FEA Result 
Realistic Geometry 

t  -- 1.50 2.00 2.50 1.50 2.00 2.50 

tw  -- 3.53 2.65 2.11 3.53 2.65 2.11 

IK  0.87 0.87 0.86 0.83 0.74 0.74 0.72 

IIK  1.00 1.00 1.00 1.00 0.85 0.88 0.91 

eK  
1.32 1.32 1.32 1.30 1.12 1.15 1.17 



94 

 

 

Figure 3.1.  Wide lap-shear specimens with the weld length varying from 10 mm to 40 
mm.   
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Figure 3.2.  The micrograph of the cross section of a specimen with a weld length of 25 
mm and a sheet thickness of 2.0 mm.   
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(a) 

 

 
(b) 

 
Figure 3.3. A schematic of a lap-shear specimen near (a) a realistic weld and (b) an 
idealized weld.   
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Figure 3.4. A two beam model is subjected to (a) the lap-shear load and (b) the equivalent 
lap-shear load.  The equivalent lap-shear load shown in (b) is decomposed into (c) 
counter bending, (d) central bending, (e) tension, and (f) in-plane shear load.    
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(b) 

 
Figure 3.5.  (a) A schematic of a two-dimensional finite element model of a lap-shear 
specimen with a realistic weld and the boundary conditions.  (b) A schematic of a two-
dimensional finite element model of a lap-shear specimen with an idealized weld and the 
boundary conditions. 
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Figure 3.6. (a) The finite element mesh near the weld.  (b) The finite element mesh near 
the pre-existing crack tip near the root of the weld. 
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(b) 

 

 
 (c) 

 
Figure 3.7. The finite element models for the specimens with the (a) 1.5 mm, (b) 2.0 mm, 
and (c) 2.5 mm sheet thicknesses.   
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Figure 3.8. The dimensionless geometric functions Ik , IIk , and ek  as functions of the 

thickness ratio   from the finite element analyses. 
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(b) 

 
Figure 3.9. The finite element models near the weld for the (a) continuous and (b) 
discontinuous welds. 
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Figure 3.10. The normalized (a) mode I, (b) mode II, and (c) equivalent stress intensity 
factor solutions plotted along the 22.5 mm crack length where 0 is located at the mid-
section of the weld. 
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Figure 3.11. The normalized (a) mode I, (b) mode II, and (c) equivalent stress intensity 
factor solutions plotted along the 7.5 mm crack length where 0 is located at the mid-
section of the weld. 
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Chapter 4                                                                                       
Computational Models for Simulations of Lithium-Ion Battery Modules under 

Constrained Compression Tests 
 

4.1. Introduction 

Lithium-ion batteries have been considered as the solution for electric vehicles for 

the automotive industry due to their lightweight and high energy density.  For automotive 

applications, an understanding of the mechanical performance of lithium-ion batteries is 

of great importance for crashworthiness analyses.  Computational models are important 

tools for the efficient and cost-effective design of battery cells and modules.  As indicated 

by Ali et al. [1, 2], computational models of battery cells and modules can be developed 

using a detailed (micro) approach or a less detailed (macro) approach.  Both approaches 

are useful in the investigation of the mechanical behavior of lithium-ion battery cells and 

modules.  The detailed approach is important for understanding the micro mechanical 

behavior of battery cells and modules but is computationally expensive.  The less detailed 

(macro) approach, with homogenized material models representing battery cells or 

modules, is computationally efficient with sacrifice of the accuracy at the micro scale.   

Researchers have adopted the detailed approach and the less detailed approach in 

order to study the mechanical behavior of lithium-ion cells and modules.  Sahraei et al. 

[3] developed a finite element model with a homogenized material model representing 

the core matrix of a cylindrical cell battery.  Sahraei et al. [4] developed a finite element 
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model with a homogenized material model representing lithium cobalt dioxide pouch cell 

batteries in order to predict the behavior observed during lateral compression tests.  The 

authors developed more detailed models in order to predict the properties observed in 

punch indentation and confined compression tests.  Greve and Fehrenbach [5] developed 

a finite element model for crash simulation with a homogenized material model 

representing the jellyroll of cylindrical lithium-ion cells.  Sahraei et al. [6] developed 

finite element models with a homogenized material model representing the jellyroll of a 

cylindrical battery cell in order to predict the load displacement properties of the cells and 

the deformation levels that lead to internal short circuit.  Wierzbicki and Sahraei [7] 

proposed a procedure to determine the homogenized compressive properties of the 

jellyroll in cylindrical cells and developed a finite element model for the validation of the 

proposed procedure.   

Ali et al. [1] developed a detailed finite element model in order to simulate the 

micro buckling behavior of  representative volume element specimens of lithium-ion 

battery cells under in-plane constrained compression.  Sahraei et al. [8] developed finite 

element models with homogenized material models representing three types of pouch cell 

batteries in order to predict the load displacement properties of the cells and the 

deformation levels that lead to internal short circuit.  Xia et al. [9] adopted a finite 

element model with a homogenized material model representing a lithium-ion battery 

pack in order to study the damage due to ground impact.  The authors developed a more 

detailed model of a single battery cell and shell casing in order to study the detailed cell 

deformation and possible failure modes of the jellyroll.  Ali et al. [2] developed a finite 

element model with a homogenized material model representing a small-scale lithium-
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iron phosphate battery module specimen in order to simulate an in-plane constrained 

punch indentation test. 

The mechanical behavior of representative volume elements of lithium-ion battery 

cells under compressive loading conditions was studied by Lai et al. [10].  The test results 

suggested that the lithium-ion battery cells can be modeled as anisotropic foams or 

cellular materials.   Quasi-static compression experiments of module RVE specimens 

were conducted by Lai et al. [11].  The authors showed that the resulting nominal stress-

strain curves resemble the typical behavior of cellular materials but with distinct drops in 

stress.  The first stress drop was believed to be caused by a full development of the first 

buckling mode of the module RVE.  The authors presented a buckling analysis for a 

module RVE specimen under in-plane constrained compression and found that the heat 

dissipater contributes to more than 90% of the buckling stress.  A similar trend in the 

nominal stress-strain curves was evident under dynamic loading conditions as presented 

by Lai et al. [12].   

Ali et al. [2] adopted the macro approach and developed a homogenized material 

model for the efficient simulation of lithium-ion battery module specimens under punch 

indentation based on the experiments of Lai el al. [10-12].  This investigation focuses on 

the development of a semi-homogenized computational model of the module RVE 

specimens under in-plane constrained compression tests.   The model is based on the 

properties of the heat dissipater, the foam, and the macro behavior of the cells determined 

from quasi-static experiments performed by Lai et al. [10, 11].  Since this model is based 

on the homogenized properties of each component, a modification to one of the 

components would not require additional testing of the other components in order to 
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predict the mechanical behavior of the heat dissipater sheet or the overall behavior of the 

module RVE specimen.  This semi-homogenized computational model allows for 

computational efficiency when compared with a detailed (micro) model with sacrifice of 

the detail buckling behavior of the battery cells.  The detailed modeling of cell RVE 

specimens under quasi-static in-plane compressive loading conditions was investigated in 

a companion study [1].     

In this chapter, a computational model is developed for simulations of 

representative volume element (RVE) specimens of lithium-ion battery modules under in-

plane constrained compression tests.  The computational results from the model under 

quasi-static and dynamic loading conditions are compared to those from experiments.  An 

additional finite element analysis is performed in order to validate the results of the 

model under quasi-static loading using the explicit solver.  A further finite element 

analysis is performed in order to investigate whether the computational time of the model 

under dynamic loading conditions could be reduced further.  Lastly, a finite element 

analysis is performed in order to determine if the increase in the nominal stress at which 

buckling begins in the heat dissipater under the dynamic loading conditions is due to the 

different buckling modes observed in the results of the finite element analyses of module 

RVE specimens under quasi-static loading conditions and under dynamic loading 

conditions.   
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4.2. Experiments 

4.2.1. Module RVE specimens 

A detailed description of the structure of the lithium-ion battery module used for 

this investigation can be found in Lai et al. [11].  As described by Ali et al. [2], the 

following definitions are used to describe the components of the battery module: “A 

Single unit cell represents a basic cell containing one cathode, one anode and a separator 

sheet with two aluminum cover sheets with two accompanying separator sheets.  A Seven 

unit cell consists of seven basic cells containing seven cathode, seven anode, fifteen 

separator and two aluminum cover sheets.  This seven unit cell represents a typical 

assembled pouch cell.  A Module consists of two pouch cells (seven unit cells) separated 

by an aluminum heat dissipater sheet.  The module also has two foam sheets on both 

sides.”   

A schematic of a battery module and a module RVE specimen for the in-plane 

constrained compression test is shown in Figure 4.1(a).  A module RVE specimen is 

shown in Figure 4.1(b) with two cells (shown in gray), one heat dissipater sheet (shown 

in light blue), and two foam sheets (shown in black).  The dimensions of the specimen are 

also shown.  Figure 4.1(c) shows a side view of the module RVE specimen.  As described 

by Ali et al. [2], the figure shows the “individual components of anodes (shown in 

orange), cathodes (shown in gray), separators (shown as black lines between anode, 

cathode, and cover sheet), cover sheets (shown in light blue), aluminum dissipater sheet 

(shown in light blue in the middle) and foam sheets (shown in black). The large red 

arrows shown in the figure indicate the in-plane compressive direction.”  Since the 
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electrolyte is difficult to handle during assembly due to the safety concern, all the module 

RVE specimens tested were made without electrolyte at the University of Michigan [11].    

 

4.2.2. Quasi-static and dynamic tests of the module RVE specimens 

The experimental results for module RVE specimens under in-plane compression 

were presented in Lai et al. [11, 12] and are reviewed briefly here.  The module RVE 

specimen is placed in a die cavity which constrains the specimen at the bottom and side 

surfaces.  A punch applies compressive loading to the top surface the specimen.  A punch 

and die cavity is shown in Figure 2.2.  Quasi-static compression tests were conducted at a 

displacement rate of 0.01 mm/s (nominal strain rate of 0.0005 s-1).  Figure 2.3(a) shows 

the deformation of two module RVE specimens due to quasi-static compression at a 

nominal strain of about 0.50.   The figure shows the buckling behavior of the heat 

dissipater sheet and cells.  Dynamic compression tests were conducted at a displacement 

rate of about 2.2 – 2.9 m/s (nominal strain rate of about 110 to 145 s-1).  Figure 2.3(b) 

shows the deformation of two module RVE specimens due to dynamic compression at a 

nominal strain of about 0.40.   The figure shows that the buckling behavior of the 

specimens which were subjected to dynamic compression is similar to that of the 

specimens which were subjected to quasi-static compression.   

Figure 2.4(a) shows the nominal stress-strain curves of the module RVE 

specimens which were subjected to quasi-static and dynamic compression [11, 12].  The 

curves resemble the typical behavior of cellular materials, which possess an initial linear 

region, a nearly plateau region, and a final densification region.  However, unlike the 
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typical behavior of cellular materials, the curves show distinct drops in nominal stress.   

The first drop in nominal stress at the nominal strain of about 0.025 is the most 

prominent.  After a careful examination of the deformation patterns, this drop in nominal 

stress is believed to be caused by the first buckling mode of the heat dissipater.  Figure 

4.4(b) shows the nominal stress-strain curves near the first drop in nominal stress.  As 

shown in the figure, the nominal stress at which the heat dissipater begins to buckle under 

quasi-static loading conditions ranges from about 4.5 MPa to about 5.5 MPa.  The 

nominal stress at which the heat dissipater begins to buckle under dynamic loading 

conditions ranges from about 9.3 MPa to about 9.7 MPa.  After the initial buckling, the 

curves resulting from the dynamic experiments are generally consistent with the curves 

resulting from the quasi-static experiments.   

The results of the experiments show that the general behavior of the module RVE 

specimens which were subjected to dynamic compression is similar to the behavior of the 

module RVE specimens which were subjected to quasi-static compression.  The main 

distinction between the quasi-static and the dynamic experimental results is the nominal 

stress at which the initial buckling of the heat dissipater occurs.  The nominal stress at 

which the heat dissipater begins to buckle under dynamic loading conditions is about 

twice as high as the nominal stress at which the heat dissipater begins to buckle under 

quasi-static loading conditions.   
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4.3. Finite element analysis 

4.3.1. Finite element model 

 Here, a semi-homogenized computational model of the module RVE specimens 

under quasi-static and dynamic in-plane constrained compression loading conditions is 

developed.  The model is based on the properties of the heat dissipater, the foam, and the 

macro behavior of the cells which are determined from experiments for the individual 

components.  Computations are performed using the commercial finite element code LS-

Dyna version mpp971s R5.1.1. [13].  First-order, solid elements (ELFORM 2) are used to 

model each component of the module RVE specimen.  Figure 4.5 shows the finite 

element model of the module RVE specimen with dimensions.  The Cartesian coordinate 

system is also shown in the figure.  The dimensions of the each component are modeled 

to match the dimensions of each component when the module RVE specimen is 

constrained within the compression test fixture.   

As shown in the figure, the width of the heat dissipater is 0.6 mm as measured 

along the Z-axis.  Lai et al. [11] presented a buckling analysis for a module RVE 

specimen under in-plane constrained compression based on the analytical solution for a 

beam, the effective compressive moduli of the cell components, and the tensile modulus 

of the heat dissipater sheet.  The authors found that the heat dissipater contributes to more 

than 90% of the buckling stress.  Since the heat dissipater is the main factor influencing 

the behavior of the module RVE specimen, a fine mesh with three elements across the 

width of the heat dissipater is used in order to capture the correct buckling behavior of the 

heat dissipater.   
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The buckling behavior of the heat dissipater is influenced by the lateral support 

provided by the cells.  There are two components representing the cells in the module 

RVE specimen.  The width of each cell component as measured along the Z-axis is 3.3 

mm.  For computational efficiency, the detailed structure of the cells is not modeled.  

Instead the cells are modeled with a homogenized material which models the lateral 

support provided to the heat dissipater.  The mesh density of the homogenized cells was 

chosen to be between the mesh density of the heat dissipater and the mesh density of the 

foam in order to reduce the risk of contact penetrations in the analyses.   

There are two foam components included in the module RVE specimen.  The 

width of each foam component when the module RVE specimen is constrained within the 

compression test fixture is 1.4 mm. The element size used to model the foam is coarser 

for computational efficiency.  It should be noted that the width of each of the foam 

components when the module RVE specimen is not constrained in the compression test 

fixture is 1.5 mm. The battery module is usually held together by two stainless steel 

bands with a specified tension.  The compression test fixture was designed to account for 

the compression condition where a pre-compressive load is applied to the battery module 

by the two stainless steel bands [11].  As shown later in this chapter, the foam shows very 

low stress at low strains and therefore the pre-compression of the foam is negligible in 

the computations.  The element dimensions used to model each component of the module 

RVE specimen are listed in Table 1. 
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4.3.2. Boundary and loading conditions 

Figure 2.6 shows the finite element model setup for a module RVE specimen in-

plane constrained compression test.  The coordinate system is also shown.  The 

compression test fixture is made of steel that has a very high stiffness compared to the 

module RVE specimen. Therefore, the confinement surfaces are assumed to be rigid and 

modeled by planar rigid surfaces. As in the compression test fixture, there is zero 

clearance modeled between the module RVE specimen and the confinement surfaces at 

the bottom and sides of the specimen.  The confinement surfaces at the bottom and sides 

of the module RVE specimen are constrained in all six degrees of freedom. The top 

confinement surface represents the compression test fixture punch and can only move in 

the vertical -Y direction by the defined velocity boundary condition.  A gap is modeled 

between the top of the module RVE specimen and the top rigid surface in order to ensure 

that the rigid surface is moving at a constant velocity while compressing the module RVE 

specimen. 

The compression test speed of 0.01 mm/s is considered as a quasi-static condition.  

As discussed by Ali et al. [1], using the explicit dynamics solver to model a quasi-static 

event requires some special considerations.  It is computationally impractical to model 

the quasi-static loading process by a time step to satisfy the Courant-Friedrich-Lewy 

condition of numerical stability.  A solution is typically obtained either by artificially 

increasing the loading rate or increasing the mass of the system, or both.  A general 

recommendation is to limit the impact velocity to less than 1% of the wave speed of the 

specimen, and a mass scaling of 5 to 10% is typical to achieve a desirable stable time 
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increment. Also the kinetic energy of the deforming specimen should not exceed a small 

fraction (1 to 5%) of the internal energy throughout the quasi-static analysis [1].   

For explicit analyses, the critical time step is the maximum time step which will 

result in numerical stability without adding mass to the system.  For a three-dimensional 

continuum finite element, the critical time step ct is given by the equation  

C

l
t C
c                (4.1) 

where C  is the wave speed and Cl  is the characteristic length of the finite element.  The 

wave speed C for a three-dimensional continuum finite element is given by the equation  
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where E is Young’s modulus,   is Poisson’s ratio, and   is the density.  The 

characteristic length for a three-dimensional continuum finite element is given by the 

equation 
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l                (4.3) 

where eV  is the volume of the finite element and max,eA  is the surface area of largest side 

of the finite element [14].  The wave speed and critical time step of each component in 

the model are listed in Table 1.   

For a reasonable computational time, the finite element analysis for the quasi-

static loading condition is conducted at a speed of 200 mm/s using a time step of 6.0x10-8 

s.  Mass is added to the system since the time step exceeds the critical time step for the 

components.  The percent added mass of the system was about 80% at the start of the 
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analysis and increased to about 98% as the module RVE specimen deformed.  The 

percent added mass is similar to that used for the detailed modeling of a cell RVE 

specimen investigated by Ali et al. in a companion study [1].  The maximum ratio of the 

kinetic energy to the internal energy of the module RVE specimen was about 0.1%.  

Loading velocities of 45 mm/s and 100 mm/s were also examined.  The results showed 

that the nominal stress at which the heat dissipater begins to buckle was reduced by about 

3% with the loading velocity of 45 mm/s.  There was negligible change in the nominal 

stress at which the heat dissipater began to buckle with the loading velocity of 100 mm/s.   

The compression test speed of 2200 - 2900 mm/s is considered as the dynamic 

loading condition.  The finite element analysis for the dynamic loading condition is 

conducted at a speed of 2500 mm/s.  Since the loading rate for the dynamic loading 

condition is much larger than the loading rate for the quasi-static loading condition the 

computational time step was reduced to 3.0x10-8 s with reasonable computational time.  

This time step is less than the critical time step listed in Table 1, therefore, there is no 

added mass at the start of the analysis.  However, at large nominal strains, as the module 

RVE specimen deformed, the percent added mass of the system increased to about 1.9%.  

The maximum ratio of the kinetic energy to the internal energy of the module RVE 

specimen was about 2% which occurred at the start of the specimen deformation and 

reduced to near 0% at nominal strains above 0.1.   
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4.3.3. Contact modeling  

The confinement surfaces representing the compression test fixture and the top 

surface representing the compression test fixture punch are modeled with rigidwalls in 

LS-Dyna, (also referred to as stonewalls.)  The constraint method is used to define the 

contact behavior between the nodes of the module RVE specimen and the rigidwalls.  For 

nodes that come into contact with the rigidwall, the constraint method sets the velocity 

and acceleration in the direction normal to the rigidwall to zero [15].  The nodes are 

therefore prevented from penetrating through the rigidwall but can still move tangential 

to the rigidwall, depending on the coefficient of friction.    

The surface to surface contact algorithm of LS-Dyna is used to model the contact 

interaction between the surfaces of each component of the module RVE specimen [16].  

The surface to surface contact algorithm is a two-way contact type which checks the 

slave nodes for penetration through the master segments and then checks the master 

nodes for penetration through the slave segments.  The smooth option is applied to the 

contact algorithm so that a surface is automatically fit from the mesh allowing the contact 

to be calculated on the smooth surface rather than on the linear element [17].   

Shell elements which are assigned the null material are used on the surface of 

each component in order to overcome the difference in stiffness between the contacting 

surfaces of each component due to the dissimilar materials of the components.  The nodes 

of the null shell elements are equivalent to the nodes of the solid elements. The shell 

elements assigned to the null material are not part of the structure and are completely 

bypassed in the element processing [13].  The Young’s modulus and Poisson’s ratio are 

used only for setting the contact interface stiffness.  A Young’s modulus of 5000 MPa, a 
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Poisson’s ratio of 0, and a thickness of 0.01 mm are assigned to the null shell elements in 

the model.  The non-automatic contact option is applied such that the thickness of the null 

shells is not considered in the contact algorithm.   

All of the contact surfaces are assumed to be in friction contact with each other.  

A coefficient of friction of 0.1 is applied between the heat dissipater and the 

homogenized cells and between the homogenized cells and the foam.  This coefficient of 

friction is adopted from Ali et al. [1] and was shown to give reasonable results for the 

micro buckling behavior of representative volume element specimens of lithium-ion 

battery cells under in-plane constrained compression.  The coefficients of friction 

between the module RVE specimen and the confinement surfaces at the sides and the top 

of the module RVE specimen are adopted from Ali et al. [2].  A coefficient of friction of 

0 is applied between the module RVE specimen and the confinement surfaces at the sides 

of the module RVE specimen.  Between the module RVE specimen and the top 

confinement surface, which represents the compression fixture punch, a coefficient of 

friction of 0.2 is applied.  The coefficient of friction between the module RVE specimen 

and the confinement surface at the bottom of the module RVE specimen is selected in 

order to match the sliding behavior of the heat dissipater observed in the experimental 

results at the bottom confinement surface.  A coefficient of friction of 1 is applied 

between the module RVE specimen and the confinement surface at the bottom of the 

module RVE specimen.     
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4.3.4. Material modeling of the heat dissipater  

The mechanical behaviors of the individual components of the battery modules were 

examined and discussed in detail in Lai et al. [11].  For the current investigation, the 

elastic-plastic tensile stress-strain data for the heat dissipater obtained in [11] is used to 

define the strain hardening behavior due to the difficulties in obtaining such data under 

uniaxial 'unconstrained' compression tests.  Lai et al. [11] performed tensile tests on three 

heat dissipater sheets according to the ASTM E8/E8M-11 tensile specimen standard for 

thin sheet materials.  The nominal stress-strain curves of the heat dissipater sheets are 

shown in Figure 2.7 along with an image of the failed region of one of the specimens.  A 

finite element model replicating the tensile tests was developed using the same element 

type and mesh density as used in the module RVE model.  The finite element analysis of 

the tensile test was used to verify the material properties of the heat dissipater prior to 

running the finite element analyses of the module RVE.   

The initial part of the tensile stress-strain curve of the heat dissipater in the finite 

element model is modeled as elastic with the Young’s modulus E .  For the LS-Dyna 

solver, the nominal stress-strain data must be converted to true stress-true plastic strain 

for elastic-plastic finite element analyses.  When the stress is larger than the initial yield 

stress 0 , the conversion to the true stress-true plastic strain curve is based on the 

assumption of plastic incompressibility for metal plasticity.  For the heat dissipater, 0  

and E  are estimated as 65 MPa and 47 GPa, respectively, from the experimental data.  

Since there is little necking, as shown in the image of the failed region of a specimen in 

Figure 2.7, the assumption of plastic incompressibility was used beyond the ultimate 

stress in the conversion to the true stress-true plastic strain.  Figure 2.7 shows the nominal 
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stress-strain curves for the heat dissipater from three sheet specimens and the resulting 

curve from the finite element analysis. 

 

4.3.5. Material modeling of the homogenized cells  

Lai et al. [12] performed quasi-static in-plane constrained and quasi-static out-of-

plane compression tests on cell RVE specimens.  The results of the compression tests 

showed anisotropic behavior of the cell RVE and that the layers of the cell RVE 

specimens are deformed by multi-scale buckling phenomenon - both layer micro 

buckling and global macro buckling.  For computational efficiency it is not practical to 

model the detail buckling behavior of the cell RVE specimens.  Since the heat dissipater 

is the main factor influencing the behavior of the module RVE specimen, a macro 

homogenized material model is adopted in order to simulate the out-of-plane behavior of 

the cell RVE specimens which provides lateral support to the heat dissipater.   

  The nominal compressive stress-strain curves of the cell RVE specimens under out-

of-plane compression are shown in Figure 2.8.  The in-plane nominal compressive stress-

strain curves are also shown for comparison.  A finite element model replicating the out-

of-plane compression test was developed using the same element type and mesh density 

as used in the module RVE specimen model.  The finite element analysis of the 

compression test was used to verify the material properties of the homogenized cells prior 

to running the finite element analyses of the module RVE.   

The crushable foam model in LS-Dyna is used to model the homogenized cells.  For 

the crushable foam model, the stress-volumetric strain data is needed for the finite 
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element analyses.  Since the Poisson ratio of the cells as tested in Lai et al. [12] is nearly 

zero, the nominal stress-strain curve from the out-of-plane compression test is used 

directly in the model.  The nominal stress-strain curve resulting from the finite element 

analysis is shown in Figure 2.8.  

 

4.3.6. Material modeling of the foam  

Lai et al. [11] performed a quasi-static, out-of-plane compression test on foam layers 

typically used in battery modules.  The specimen was made by stacking four pieces of 20 

mm × 20 mm × 1.5 mm foam for a total specimen thickness of 6 mm.  The nominal 

compressive stress-strain curve of the foam is shown in Figure 2.9.  A finite element 

model replicating the foam compression test was developed using the same element type 

and similar mesh density as used in the module RVE model.  The finite element analysis 

of the compression test was used to verify the material properties of the foam prior to 

running the finite element analyses of the module RVE.   

The crushable foam model in LS-Dyna is used to model the module RVE specimen 

foam.  For the crushable foam model, the stress-volumetric strain data is needed for the 

finite element analyses.  Since the Poisson ratio of the foam as tested in Lai et al. [11] is 

nearly zero, the nominal stress-strain curve from the compression test is used directly in 

the model.  Figure 2.9 shows the nominal stress-strain curve for the layered foam 

specimen and the resulting curve from the finite element analysis. 
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4.4. Computational results  

4.4.1. Results of the quasi-static finite element analysis  

In the following, the nominal stress-strain responses of the tested module RVE 

specimens are compared to those of the finite element analyses.  The nominal stress-

nominal strain curve obtained from the results of the quasi-static finite element analysis is 

plotted in Figure 2.10(a) along with the experimental results.  In general, the results of the 

finite element analysis agree with the experimental results.  The results of the finite 

element analysis show that the nominal stress at which the heat dissipater begins to 

buckling is 6.4 MPa.  This nominal buckling stress compares well with the experimental 

results but occurs at lower nominal strain when compared with the experimental results.   

Figure 2.10(b) shows the deformation of the module RVE specimen from the 

finite element analysis at the start of buckling at a nominal strain of about 0.005.  After 

the initial buckling, the resulting curve from the finite element analysis resembles the 

typical behavior of cellular materials but with distinct drops in nominal stress.  A small 

peak in the nominal stress occurs at a nominal strain of about 0.04.  As shown in Figure 

2.10(c), at this nominal strain, the foam on the right side of the module RVE specimen is 

fully compressed and the cells contact the rigidwall.  The nominal stress continues to 

increase until a nominal strain of about 0.07 when the heat dissipater is flattening near the 

top.  The nominal stress-strain curve begins to plateau at this nominal strain until a 

nominal strain of about 0.1 when the nominal stress begins to drop due to the flattening 

of the heat dissipater.  The deformation of the module RVE specimen during the 

flattening process is shown in Figure 2.10(d) at nominal strain of about 0.09.  During this 
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flattening stage, the heat dissipater is not deforming at the location of initial buckling.  

The nominal stress begins to increase at a nominal strain of about 0.11 when the heat 

dissipater continues to deform at the location of initial buckling and begins to compress 

the cells on the left side of the module RVE specimen laterally.  The deformation of the 

module RVE specimen at the nominal strain of about 0.11 is shown in Figure 2.10(e). 

The nominal stress continues to increase as the heat dissipater continues to flatten, 

compress the cells on the left side of the module RVE specimen laterally, and as the cells 

on the right side of the module RVE specimen continue to bend and more of the cell 

elements contact the rigid wall as shown at a nominal strain of about 0.23 in Figure 

2.10(f).  The heat dissipater is nearly flat at the nominal strain of about 0.30 as shown in 

Figure 2.10(g).  Finally, a second buckling occurs near the bottom of the heat dissipater at 

a nominal strain of about 0.34 as shown in Figure 2.10(h).  The deformation in the 

module RVE specimen as the stress drops due to the second buckling is shown in Figure 

2.10(i) at a nominal strain of about 0.35.  The deformation in the module RVE specimen 

at the end of the analysis is shown in Figure 2.10(j) at a nominal strain of about 0.43, 

when some of the elements in the cells begin to show negative volume.  As shown in 

Figure 2.10(j), the deformation of the module RVE specimen from the quasi-static finite 

element analysis shows two half-waves.  This compares well with the experimental 

results which showed two half-waves in one specimen and three half-waves in another 

specimen as shown in Figure 2.3(a). 
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4.4.2. Results of the dynamic finite element analysis  

The nominal stress-strain curve obtained from the results of the dynamic finite 

element analysis is plotted in Figure 2.11(a) along with the experimental results.  In 

general, the results of the finite element analysis agree with the experimental results.  The 

initial nominal buckling stress from the finite element analysis is 9.5 MPa.  This nominal 

buckling stress compares well with the experimental results.  As observed in the 

experimental results, the results of the finite element analyses show that the nominal 

stress at which the heat dissipater begins to buckle under dynamic loading conditions is 

about twice as high as the nominal stress at which the heat dissipater begins to buckle 

under quasi-static loading conditions.  

Figure 2.11(b) shows the deformation of the module RVE specimen from the 

finite element analysis at the start of buckling at the nominal strain of about 0.033.  After 

the first buckling stress, the resulting curve from the finite element analysis resembles the 

typical behavior of cellular materials but with distinct drops in nominal stress.  A small 

peak in stress occurs at a nominal strain of about 0.070.  As shown in Figure 2.11(c), at 

this nominal strain, the foam on the right side of the module RVE specimen is fully 

compressed and the cells contact the rigidwall.  The nominal stress continues to increase 

as the heat dissipater continues to deform and compress the cells on the left side and right 

side of the module RVE specimen laterally as shown at a nominal strain of about 0.25 in 

Figure 2.11(d).  The deformation in the module RVE specimen at the end of the analysis 

is shown in Figure 2.11(e) at a nominal strain of about 0.40, when some of the elements 

in the heat dissipater begin to show negative volume.  As shown in Figure 2.11(e), the 

deformation of the module RVE specimen from the dynamic finite element analysis 



128 

 

shows two half-waves.  This compares well with the experimental results which showed 

two half-waves in the two specimens shown in Figure 2.3(b). 

 

4.5. Discussion  

Based on the experimental observations of the module RVE specimens under in-

plane constrained compression, the nominal stress at which the heat dissipater begins to 

buckle under dynamic loading conditions is about twice as high as the nominal stress at 

which the heat dissipater begins to buckle under quasi-static loading conditions.  The 

results from the finite element analyses show initial nominal buckling stresses similar to 

those observed in the experiments even though there are no strain rate dependencies 

defined in the material models of the module RVE specimen components.  In explicit 

analyses, nodal displacements are calculated from the nodal velocities and nodal 

accelerations.  From the displacements, the strains and then the stresses are calculated.  

The solution is advanced for each time step by integrating the equation of motion with 

respect to time.  For explicit analyses the equation of motion can be written as:  

t
ext

ttt ffcvma   int                   (4.4) 

where t  indicates the time step, m  is the mass matrix, a  is the nodal acceleration, c  is 

the damping matrix, v  is the nodal velocity, intf  is the summation of the internal forces 

acting on each node, and extf  is the summation of the external forces acting on each node 

[18].  For quasi-static analyses, the nodal accelerations are small and the inertia term 

tma  can be neglected.  However, for dynamic analyses, the inertia term can have a 

significant effect on the solution.   
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 As discussed earlier in this chapter, using the explicit dynamics solver to model a 

quasi-static event requires some special considerations.  For a reasonable computational 

time, the finite element analysis for the quasi-static loading condition was conducted at a 

speed of 200 mm/s using a time step of 6.0x10-8 s.  Mass is added to the system since the 

time step exceeds the critical time step for the components.  In order to check the validity 

of the model with the added mass, the model was run with the time step reduced to 

3.0x10-8 s.  This time step is less than the critical time step listed in Table 1, therefore 

there is no added mass at the beginning of the analysis.  The results showed that the 

initial nominal buckling stress was reduced by about 1% with the reduced time step.   

Since the loading rate for the dynamic loading condition is much larger than the 

loading rate for the quasi-static loading condition the computational time step was 

reduced to 3.0x10-8 s with reasonable computational time.  In order to investigate whether 

the computational time for the dynamic loading condition could be reduced further, the 

model was run with the time step of 6.0x10-8 s as in the quasi-static analysis.  The added 

mass with the increased time step was similar to that of the quasi-static analysis.  The 

results showed a negligible change in the initial nominal buckling stress and deformation 

of the module RVE specimen up to a nominal strain of about 0.2.  After the nominal 

strain of about 0.2 the kinetic energy of the module RVE specimen exceeded 5% of the 

internal energy. 

 A further finite element analysis was conducted in order to determine if the 

increase in the nominal stress at which buckling begins in the heat dissipater under the 

dynamic loading conditions is due to the different buckling modes observed in the results 

of the finite element analyses of the module RVE specimens under quasi-static loading 
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conditions and under dynamic loading conditions.  As shown in Figures 4.10(b)-4.10(j), 

under quasi-static loading conditions the results from the finite element analysis show 

that as the module RVE specimen is compressed, the heat dissipater slides along the 

surface of the punch.  However, as shown in Figures 4.11(b)-4.11(e), the results from the 

finite element analysis under dynamic loading conditions show little to no sliding of the 

heat dissipater along the surface of the punch.  A coefficient of friction of 0.2 was applied 

between the module RVE specimen and the punch for both simulations.  In order to 

investigate the effects of the buckling mode, the finite element analysis for the module 

RVE specimen under quasi-static loading conditions was run with the coefficient of 

friction between the module RVE specimen and the punch increased to 1.  The results 

showed a similar buckling mode of the module RVE specimen as under dynamic loading 

conditions however, there was negligible change in the first buckling stress from the 

results of the module RVE specimen under quasi-static loading conditions.  Therefore, 

the increase in the nominal stress at which buckling begins in the heat dissipater under 

the dynamic loading conditions is not due to the different buckling modes observed in the 

results of the finite element analyses of the module RVE specimens under quasi-static 

loading conditions and under dynamic loading conditions. 

 

4.6. Conclusions 

In this chapter, a computational model is developed for simulations of 

representative volume element (RVE) specimens of lithium-ion battery modules under in-

plane constrained compression tests.  The model is based on the properties of the heat 
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dissipater, the foam, and the macro behavior of the cells.  This semi-homogenized 

computational model allows for computational efficiency with sacrifice of the detail 

buckling behavior of the battery cells.  Since the model is based on the homogenized 

properties of each component, a modification to one of the components would not require 

additional testing of the other components in order to predict the overall behavior the 

module RVE specimen.  The computational results from the model under quasi-static and 

dynamic loading conditions were compared to those from experiments.  The results show 

that the nominal stress-strain responses and the deformation patterns of the heat dissipater 

obtained from the semi-homogenized module model compare fairly well with 

experimental results.   

An additional finite element analysis was performed which showed that the 

results of the model under quasi-static loading conditions are valid using the explicit 

solver.  A further finite element analysis was performed in order to investigate whether 

the computational time of the model under dynamic loading conditions could be reduced 

further.  The results indicate that the computational time can be decreased with a 

negligible change in the initial nominal buckling stress and deformation of the module 

RVE specimen; however, after the nominal strain of 0.2 the kinetic energy of the module 

RVE specimen exceeded 5% of the internal energy.  Lastly, a finite element analysis was 

performed in order to determine if the increase in the nominal stress at which buckling 

begins in the heat dissipater under the dynamic loading conditions is due to the different 

buckling modes observed in the results of the finite element analyses of the module RVE 

specimens under quasi-static loading conditions and under dynamic loading conditions.  
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The results indicate that the increase in the initial nominal buckling stress under dynamic 

loading conditions is not due to a difference in the buckling mode. 
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 Table 4.1. The element dimensions, the wave speed, and the critical time step of each 
component of the module RVE specimen model. 

 

Component 
Element Dimensions [mm] Wave Speed 

C  [m/s] 
Critical Time Step 

ct  [s] x y z 
Heat Dissipater 0.25 0.25 0.20 4933 4.05x10-8 

Cells 0.33 0.50 0.47 2066 1.61x10-7 

Foam 1.67 2.00 0.70 833 8.41x10-7 
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 (a) 

 

  
(b)  
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(c) 

Figure 4.1.  Schematics of (a) a battery module and a module RVE specimen for the in-
plane constrained compression test, (b) a module RVE specimen with the dimensions, 
and (c) a side view of the module RVE specimen showing the individual components. 
The large red arrows indicate the compressive direction. 
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Figure 4.2.  A punch and die setup for the in-plane compression tests of module RVE 

specimens. 
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(a) 

 

 
(b) 

Figure 4.3.  The deformation of two module RVE specimens due to (a) quasi-static 
compression at a nominal strain of about 0.50 and (b) dynamic compression at nominal 
strain of about 0.40 
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(b) 

Figure 4.4.  (a) The nominal stress-strain curves of the module RVE specimens which 
were subjected to quasi-static and dynamic compression and (b) the nominal stress-strain 
curves near the first drop in nominal stress. 
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Figure 4.5.  The finite element model of the module RVE specimen with dimensions 

shown in millimeters. 
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Figure 4.6.  The finite element model setup for a module RVE specimen in-plane 
constrained compression test.
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Figure 4.7.  The nominal stress-strain curves for the heat dissipater from three sheet 
specimens along with an image of the failed region of one of the specimens and the 
resulting curve from the finite element analysis.  
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Figure 4.8.  The nominal compressive stress-strain curves of the cell RVE specimens and 
the resulting curve from the finite element analysis. 
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Figure 4.9.  The nominal stress-strain curve for the layered foam specimen and the 
resulting curve from the finite element analysis. 
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(i) 
 

 
(j) 

Figure 4.10.  (a) The nominal stress-strain curve obtained from the finite element analysis 
of the module RVE specimen under quasi-static loading conditions along with the 
experimental results.  (b)-(j) The deformed module RVE specimen from the finite 
element analysis at the nominal strains shown in (a). 
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(e) 

Figure 4.11.  (a) The nominal stress-strain curve obtained from the finite element analysis 
of the module RVE specimen under dynamic loading conditions along with the 
experimental results.  (b)-(j) The deformed module RVE specimen from the finite 
element analysis at the nominal strains shown in (a). 
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Chapter 5                                                                                        
Conclusions 

 

 

The strengths and the fatigue lives of gas metal arc welded joints were 

investigated by many researchers.  Investigators reported quasi-static and fatigue failure 

locations sometimes near the weld root and sometimes near the weld toe.  In chapter 2, 

the failure modes of gas metal arc welds in single lap-shear specimens of high strength 

low alloy (HSLA) steel are investigated.  Notched lap-shear specimens of HSLA steel 

sheets with a thickness of 2.0 mm were robot welded together using the gas metal arc 

welding process.  Quasi-static test results showed two failure locations for the welds.  

The specimens cut from wide lap-shear specimens with shorter weld lengths failed near 

the weld root whereas the specimens cut from those with longer weld lengths failed near 

the weld toe.  Scanning electron and optical microscope images of the failure surfaces 

and cross sections showed that the gas metal arc welds failed in a ductile necking/shear 

failure mode.  Micro-hardness tests were conducted to provide an assessment of the 

mechanical properties of the base metal, the heat affected zone, and the weld metal.  In 

order to understand the failure modes of short welds and long welds, two finite element 

models were developed.  In these models, the size and shape of the heat affected zones 

were designed to match the micrographs of the cross sections for a 10 mm weld and a 40 

mm weld.  Three-dimensional finite element analyses were conducted with consideration 
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of micro void nucleation and growth.  The distributions of the void volume fraction near 

the welds shown from the finite element analyses are consistent with the failure modes 

observed in the experimental results.   

Further finite element analyses were conducted in order to understand the effects 

of the geometric characteristics of the heat affected zone on the load-displacement 

responses and the predicted failure locations of the lap-shear joints.  The results showed 

that the heat affected zones and the weld metal, with higher effective stress-plastic strain 

curves, significantly affects the load-displacement response and the predicted failure 

locations of the lap-shear specimens.  The results also showed that the geometric 

characteristics of the heat affected zone have negligible effect on the load-displacement 

results; however, the geometric characteristics of the heat affected zone are key factors 

for the resulting failure locations.  Finally, finite element analyses were conducted in 

order to understand the effect of the weld geometry.  A parametric study was conducted 

to give some insight on the effect of the weld metal penetration and the weld toe angle on 

the quasi-static strength of the lap-shear joints.  The results indicate that the weld 

penetration and the weld toe angle have negligible effects on the load-displacement 

response and the predicted failure locations of the lap-shear specimens. 

In chapter 3, the mode I and mode II stress intensity factor solutions for the pre-

existing cracks near gas metal arc welds in lap-shear specimens are investigated.  

Analytical stress intensity factor solutions for the welds in lap-shear specimens with 

idealized weld geometries were derived based on the beam bending theory.  Two-

dimensional, plane strain finite element analyses were carried out in order to obtain the 

computational stress intensity factor solutions for the realistic and idealized weld 
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geometries.  The normalized computational stress intensity factor solutions for the 

idealized weld geometry match the analytical solutions well.  The finite element 

computations indicate that the stress intensity factor solutions for realistic gas metal arc 

welds are lower than the analytical solutions for the idealized weld geometry.  Additional 

finite element analyses were carried out in order to obtain the computational stress 

intensity factor solutions for the realistic weld geometries with dissimilar sheet 

thicknesses.  The results can be used for estimation of fatigue lives in a fatigue crack 

growth model under mixed mode loading conditions for gas metal arc welds with 

dissimilar sheet thicknesses.  Finally, the stress intensity factor solutions for continuous 

welds and discontinuous welds were obtained by three-dimensional finite element 

analyses.  The computational results indicate that the distributions of the mode I and 

mode II stress intensity factor solutions for the discontinuous weld are different from 

those for the continuous weld.  

In chapter 4, a computational model is developed for simulations of representative 

volume element (RVE) specimens of lithium-ion battery modules under in-plane 

constrained compression tests.  The model is based on the properties of the heat 

dissipater, the foam, and the macro behavior of the cells.  This semi-homogenized 

computational model allows for computational efficiency with sacrifice of the detail 

buckling behavior of the battery cells.  Since the model is based on the homogenized 

properties of each component, a modification to one of the components would not require 

additional testing of the other components in order to predict the overall behavior the 

module RVE specimen.  The computational results from the model under quasi-static and 

dynamic loading conditions were compared to those from experiments.  The results show 
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that the nominal stress-strain responses and the deformation patterns of the heat dissipater 

obtained from the semi-homogenized module model compare fairly well with 

experimental results.   

An additional finite element analysis was performed which showed that the 

results of the model under quasi-static loading conditions are valid using the explicit 

solver.  A further finite element analysis was performed in order to investigate whether 

the computational time of the model under dynamic loading conditions could be reduced 

further.  The results indicate that the computational time can be decreased with a 

negligible change in the initial nominal buckling stress and deformation of the module 

RVE specimen however, after the nominal strain of 0.2 the kinetic energy of the module 

RVE specimen exceeded 5% of the internal energy.  Lastly, a finite element analysis was 

performed in order to determine if the increase in the nominal stress at which buckling 

begins in the heat dissipater under the dynamic loading conditions is due to the different 

buckling modes observed in the results of the finite element analyses of the module RVE 

specimens under quasi-static loading conditions and under dynamic loading conditions.  

The results indicate that the increase in the initial nominal buckling stress under dynamic 

loading conditions is not due a difference in the buckling mode.   

 


