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ABSTRACT

Electrical Networks and Electrical Lie Theory of Classical Types
by
Yi Su

Chair: Thomas Lam

In this thesis we investigate the structure of electrical Lie algebras of fi-
nite Dynkin type. These Lie algebras were introduced by Lam-Pylyavskyy in
the study of circular planar electrical networks. Among these electrical Lie al-
gebras, the Lie group corresponding to type A electrical Lie algebra acts on such
networks via some combinatorial operations studied by Curtis-Ingerman-Morrow and
Colin de Verdiere-Gitler-Vertigan. Lam-Pylyavskyy studied the type A electrical Lie
algebra of even rank in detail, and gave a conjecture for the dimension of electrical
Lie algebras of finite Dynkin types. We prove this conjecture for all classical Dynkin
types, that is, A, B, C, and D. Furthermore, we are able to explicitly describe the
structure of some electrical Lie algebras of classical types as the semisimple product
of the symplectic Lie algebra with its finite dimensional irreducible representations.

We then introduce mirror symmetric circular planar electrical networks as
the mirror symmetric subset of circular planar electrical networks studied by Curtis-
Ingerman-Morrow [CIM] and Colin de Verdiere-Gitler-Vertigan [dVGV]. These mir-
ror symmetric networks can be viewed as the type B generalization of circular planar

electrical networks. We show that most of the properties of circular planar electrical

viil



networks are well inherited by these mirror symmetric electrical networks. In partic-
ular, the type B electrical Lie algebra has an infinitesimal action on such networks.
Inspired by Lam [Laml|, the space of mirror symmetric circular planar electrical net-
works can be compactified using mirror symmetric cactus networks, which admit
a stratification indexed by mirror symmetric matchings on [4n]|. The partial order on
the mirror symmetric matchings emerging from mirror symmetric electrical networks
is dual to a subposet of affine Bruhat order of type C. We conjecture that this par-
tial order is the closure partial order of the stratification of mirror symmetric cactus

networks.
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CHAPTER 1

Introduction

1 Introduction

The study of electrical networks dates back to Georg Ohm and Gustav Kirch-
hoff more than a century ago, and it is still a classical object in the study of many
branches of mathematics including graph theory (see for example [KW]). It also has
many applications in other fields including material science and medical imaging (see
for example [BVM]). In this thesis, we will focus on the class of circular planar
electrical networks.

A circular planar electrical network I' is an undirected weighted planar graph
which is bounded inside a disk (See Figure [I.1). The weights can be thought as
the conductances of electrical networks. The vertices on the boundary are called
boundary vertices, say there are n of them. When voltages are put on the boundary

vertices, there will be current flowing in the edges. This transformation

AT) : R — R

from voltages on the boundary vertices to current flowing in or out of the boundary
vertices is linear, and called the response matrix of I'. If the response matrices of

two circular planar electrical networks are the same, then they are called electrically-



Adjoining a boundary spike Adjoining a boundary edge

Figure 1.2: Boundary Operations on Circular Planar Electrical Networks

equivalent. Curtis-Ingerman-Morrow [CIM] and Colin de Verdiere-Gitler-Vertigan
[dVGV] gave a robust theory of circular planar electrical networks. They classified
the response matrices of circular planar electrical networks, which form a space that
can be decomposed into a disjoint union of ]R‘iio. They also studied two operations
of adjoining a boundary spike and adjoining a boundary edge to a circular
planar electrical network (See Figure [1.2)).

These two operations generate the set of circular planar electrical networks modulo
the electrical equivalences. The study of circular planar electrical networks can be
seen as of type A, since these two operations are viewed by Lam-Pylyavskyy as one-

parameter subgroups of the electrical Lie group of type A, namely E4, , whose



Lie algebra will be defined shortly [LP].

In [KW], Kenyon and Wilson studied grove measurements L, (I') of I', which is
a generating function of all spanning subforests given that the roots on the boundary
disk of each subtree form a fixed non-crossing partition ¢. They also drew con-
nection between grove measurements and response matrix of circular planar electrical
networks.

In [Lam|, Lam viewed the map I' — L(I") as projective coordinates of circular
planar electrical networks, where £(T') := (Ly(I')), is in the projective space PNV¢x
indexed by non-crossing partitions. The Hausdorff closure FE,, of the image of this
map can be seen as the compactification of the space of circular planar electrical
networks. The preimage of F), is the space of cactus networks, which are obtained
by contracting some of edges and identifying the corresponding boundary vertices. A
cactus network can also be seen as a union of circular networks, whose shape looks

like a cactus. He showed that E, admits a cell decomposition

E, = |_| ET)

TCPn

where P, is the set of matchings of {1,2,...,2n}. There is a graded poset structure
on P, which is dual to an induced subposet of the affine Bruhat order of type A.
Lam [Lam| showed that this is exactly the closure partial order of the above cell

decomposition, that is,

E.=|]|E..

T'<T
At the end of [LP], Lam and Pylyavskyy generalize the electrical Lie theory to other
finite Dynkin type. They first begin with the definition of general electrical Lie

algebra:

Definition 1.1. Let X be a Dynkin diagram of finite type, I = I(X) be the set of

nodes in X, and A = (a;;) be the associated Cartan matrix . Define the electrical



Figure 1.3: Star-Triangle Transformation

Lie algebra ey associated to X to be the Lie algebra generated by {e;};c; modulo the

relations

L—an 0 if Q5 7é —]_,
a0(er)! 5 (e)) =

where a0 is the adjoint representation.

Note that our convention for a;; is that if the simple root corresponding to @ is
shorter than the one corresponding to an adjacent node j, then |a;;| > 1. Equivalently,
the arrows in the Dynkin diagram point towards the nodes which correspond to the

shorter roots.

These relations can be seen as a deformation of the upper half of semisimple Lie

algebras. For ordinary semisimple Lie algebras, the corresponding relations are

ad(e;)' i (e;) = 0 for all i, j.

In the case of the electrical Lie algebra of type A, the famous star-triangle (See

Figure |1.3) (or Yang-Baxter) transformation of electrical networks translates into

the electrical Serre relation:

[ei, [ei, 6&1]] = —2e;,



whereas the usual Serre relation for the semisimple Lie algebra of type A is

les, [es, €ixa]] = 0.

where i € [n] are labels of the nodes of the Dynkin diagram A,. Lam-Pylyavskyy
looked at the algebraic structure of electrical Lie groups and Lie algebras of finite
Dynkin types. They showed that ey4,, is semisimple and isomorphic to the symplectic
Lie algebra sp,,,. Moreover, they conjectured that the dimension of the electrical Lie
algebra ey equals the number of positive roots |®(X)*|, where ®(X)* is the set of
positive roots of root system ®(X) with Dynkin diagram X.

In first part of this thesis, we will not only prove Lam-Pylyavskyy’s conjecture
regarding the dimension for all classical types, but also explore the structure of certain
electrical Lie algebras of classical types.

In fact, the semisimplicity of e4, is not a general property of electrical Lie al-
gebras. For example, in Chapter [2| we will see that ec,, has a nontrivial solvable
ideal. This also makes the structure of such Lie algebras difficult to describe. There
is no uniform theory for electrical Lie algebras of classical type, so we will explore the
structure of such electrical Lie algebras in a case by case basis:

Consider three irreducible representations of sp,,,: let Vg be the trivial representa-
tion, V,, be the standard representation, that is, with the highest weight vector v = wy,
and V) be the irreducible representation with the highest weight vector A = w; + ws,
where wy, and wy are the first and second fundamental weights.

For type A, the electrical Lie algebra of even rank e4, is isomorphic to sp,,
[LP]. We show that ea,,., is isomorphic to an extension of sp,, x V,, by the sp,,-
representation Vp. Note that ey, , is also isomorphic to the odd symplectic Lie
algebra sp,, | studied by Gelfand-Zelevinsky [GZ] and Proctor [RP].

For type B, we show that ep, = sp, @ sp,_; by constructing an isomorphism



between these two Lie algebras, where the odd symplectic Lie algebra is the same as
the one appearing in the case of type A.

For type C', we first consider the case of even rank. We find an abelian ideal
I C e, and prove that this quotient ec,, /I is isomorphic to ey, . So we can define
a Lie algebra action of ea,, (or sp,,) on I. Consequently, we show that ec,, is
isomorphic to sp,, x (Vi@ Vp). As for the odd case, it is a Lie subalgebra of ¢c,, . ,, so
we are able to conclude that its dimension is (2n + 1), the number of positive roots
D (Conin)].

For type D, we find that ep,_,, contains a Lie subalgebra isomorphic to ¢, , and

et
use the structure theorem of ec,, to find that the dimension of ep,,., is equal to
the number of positive roots |®(Dg,11)|. Similarly to type C, we are also able to
conclude that the dimension of ep,, is the one expected as in the conjecture.

In the second part of the thesis, we first introduce the previous work on circu-
lar planar electrical networks and type A electrical Lie theory by Curtis-Ingerman-
Morrow, and Lam-Pylyavskyy. Then we would like to develop a similar theory of
electrical networks versus electrical Lie algebra in the case of Type B. In this case the
combinatorial object is the space of mirror symmetric circular planar electrical

networks, which are circular planar electrical networks on 2n boundary vertices,

such that each network is mirror symmetric with respect to some fixed mirror line.

We introduce a new electrically-equivalent transformation, the square transfor-
mation or square move (Figure for mirror symmetric circular planar electrical
networks. The square move cannot be decomposed into symmetric star-triangle trans-
formations. Thus it can be seen as one of fundamental transformations in electrical
equivalence for mirror symmetric circular planar electrical networks. In fact, we show
that any two critical or reduced electrically-equivalent mirror symmetric networks
can be transformed from each other only by symmetric star-triangle or (Y-A) trans-

formations and square moves.



Square Move

Figure 1.4: An Example of Mirror Symmetric Circular Planar Electrical Networks

On the level of medial graphs, the square move translates into the crossing
interchanging transformation (See Figure . Later we will see that crossing
interchanging transformation can be seen as the type B version of Yang—Baxter trans-
formation. By trying to extend the medial pairings to all possible mirror symmetric
matchings on 4n vertices, we compactify the space of mirror symmetric circular pla-
nar electrical networks to mirror symmetric cactus networks. These cactus networks
were first introduced by [Lam| in the study of type A electrical Lie theory and ordi-
nary circular planar electrical networks. We show that these mirror symmetric medial
pairings has a natural partial order by uncrossing the intersection points, and this
partial order is dual to a subposet of Bruhat order of affine permutations of type C.
Furthermore, we conjecture that this partial order is the closure partial order of the
natural cell decomposition of the space of mirror symmetric cactus networks indexed
by mirror symmetric medial pairings.

The structure of this paper goes as follows: Section|l.1|to[l.4]of Chapter |2 give the
proofs of the structure theorems of the electrical Lie algebras of type A, B, C, and D,
whereas the proofs of some technical lemmas in Section [1.3| and [1.4] are left in Section
and respectively. Chapter [3] contains the definition and some known results



Figure 1.5: Crossing Interchanging Transformation

about the type A electrical networks, that is, circular planar electrical networks.
Chapter [4 contains the author’s results about the mirror symmetric electrical networks
and the type B electrical Lie algebra. Chapter |5 is a summary of this thesis and also

gives possible research directions.



CHAPTER 2

Electrical Lie Algebra of Classical Types

1 Dimension of Electrical Lie Algebra of Classical Types

Lam-Pylyavskyy [LP] proved the following proposition that gives an upper bound

for the dimension of electrical Lie algebras of finite Dynkin type.

Proposition 2.1 ([LP]). Let X be a Dynkin diagram of finite type, ®+(X) be the
set of positive roots of X. The dimension of ex is less than or equal to |1 (X)].

Moreover, ex has a spanning set indexed by positive roots in ®(X).

Remark 2.2. In the proof of Proposition [2.1, Lam-Pylyavskyy gave an explicit span-
ning set of this Lie algebra: Let a be any element in &% (X). Write o = oy, + oy, +
...+ a;, such that each «;, is a simple root, and Z;Zl ;; is a positive root for all
s € [t]. Set eq = [eq; [€ay, [ - - [€as,  €as,]---]- Then the set {eq}aca+(x) is a spanning
set of ex.

We will also need the following lemma in exploring the structure of electrical Lie

algebras:

Lemma 2.3. Let L be a Lie algebra, and I be an ideal of L with [I,I] = 0. Then the

quotient Lie algebra L/I has a Lie algebra action on I.

Proof. Let a € L/I, where a € L. Let x € I. Define a -z = [a,x]. Let b € L such

that b=a € L/I. Hence,a—b=y € 1. (a—b) -z =[a—b, 2] = [y, z] = 0 because



2 3 4 n—2 n-—1
° ° °
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¢
|
|
1
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[

Figure 2.1: Dynkin Diagram of A,

of [I,I] = 0, which shows the well-definedness. Since this action is induced by the

adjoint representation of L on I, it defines a valid representation of L/I. O

We will show that the upper bound in Proposition is indeed the dimension
for each Dynkin diagram of classical type. Furthermore, we will also give the explicit

structure of electrical Lie algebras ¢4, , ¢p,, and ¢c,,. The notations will only be used

within each of following Sections [I.1] to [I.4]

1.1 Type A

By definition, according to Figure Lie algebra ey, is generated by generators

{e;}"_, under the relations:

[ei,ej]:O if ’Z—]‘22,

[eia [eiyej]] = _262' if |Z — j‘ =1.

Lam-Pylyavskyy studied the structure of ¢4, :

Theorem 2.4 (|[LP]). We have

eA2n = sp 2n-

We will explore the structure of eg,, ,:
Proposition 2.5. The dimension of ea,,,, is (n+1)(2n +1).

Proof. Let {e;}7"" and {&}7"? be generators of e4,,,, and e4,, , respectively. Then

10



there is a Lie algebra homomorphism:
¢ P €A, 7 CAopiny € > €i.

We claim this is an injection. By Remark 2.2 {eq }aco+(4s,,1) a0d {€a}acot(Asns0)
are spanning sets of e4,,., and ey,, , respectively. By Theorem [2.4] we know that
{€a}acat(As,o) 15 a basis of e4,, ... On the other hand 1(eq) = €q, 50 {€a facot(Asns1)
is a basis of ey,,.,. Therefore, ¢ is an injective Lie algebra homomorphism, and the

dimension of ey, is (n +1)(2n + 1). O

We consider a Lie subalgebra of sp,,,, introduced by Gelfand-Zelevinsky [GZ].
The definition of this Lie algebra that we will use comes from Proctor [RP]. Let
V = C**2 be a complex vector space with standard basis {z;}2"12. Let {y;}>"12 be
the corresponding dual basis of V*. Also let B be a nondegenerate skew-symmetric
bilinear form of V, and  be one nonzero element in V*. Let GZ(V, [, B) be the
Lie subgroup of GL(V') which preserves both 5 and B. Its Lie algebra is denoted as
gz(V, B, B). Since Spania = {M € GL(V)|M preserves B}, we have gz(V,5,B) C
$Pg,40- Now we fix 8 = y,, 1 and the matrix representing B to be ( 0 1”0“ > Then

—Int1

we define the odd symplectic Lie algebra sp,, ; to be gz(C***2 y,.1, B).
Theorem 2.6. We have ey, , = Py, as Lie algebras.

Proof. We use a specific isomorphism of e4,,,, and sp,,., in Theorem 3.1 of [LP].
Let ¢; € C?>"*2 denote the column vector with 1 in the ith position and 0 elsewhere.
Let a1 = €1,a0 = €1+ €9,..., 011 = €, + €p11, and by = €1,by = €2,..., b1 = €,41.
Now define ¢ : ea,, ., — $Py, o as follows:

0 a;-ar 0 0

)

€91 > ) €2;
0 0 b - BT 0

11



and extend this to a Lie algebra homomorphism.

It can be found that sp,,,, consists of the matrices of sp,,, , whose entries in
(n + 1)-th column and (2n)-th row are all zero. The dimension of this Lie algebra is
(n+1)(2n+1).

Due to Proposition both e4,,,, and spy,,; have dimension (n +1)(2n + 1).

Since ¢ o 1) is injective, it suffices to show that ¢ o 9(ea,,,,) C sp,,,. ;. Because

¢ 0 Y(eaz, 1) C 5Popip and

m n . . .
SPopio = m,n,p,q are (n+ 1) x (n+ 1) matrices,; m = —q¢" ,p=p ,n=n

p g

T

we only need to show the entries of the (n+1)-th column of ¢po(ey,,,,) are all zeros.
Clearly the entries of the (n + 1)-th column of ¢ o ¢(e;) for i = 1,2,...,2n + 1 are
all zeros. Now assume R; = <é f}) for © = 1,2 be block matrices, where all entries
are matrices of size (n + 1) x (n+ 1), and the entries of (n + 1)-th column of A; and

C; are all zeros. Notice that if M, N are two square matrices, and the entries of last

column of N are all zeros, then the last column of M N is a zero column vector. Now

A B Ay By AAy + BCy A1By+ Bi1Dy
R1R2 = ==

Cl D1 CQ D2 AQCl + D1C2 BQCl + DlDQ
Therefore, the last columns of A1 Ay + B1Cs and A>C; + D1C5 are both zero. So the
(n + 1)-th column of the product Ry Rs is also zero. Since this property of having
(n + 1)-th column being zero is closed among set of (2n + 2) X (2n + 2) matrices
under matrix multiplication, it is also closed under Lie bracket. Thus, ¢pot(ea,,,,) C

5Popta- O

Theorem 2.7. We have that ¢, is isomorphic to an extension of p,, X V,, by the

representation Vo, where V,, and Vo are standard and trivial representation of sp,,

12



respectively. In another word, there is a short exact sequence

0— C —eap,, — 5P, X C*" — 0.

Proof. We will use the matrix presentation of ey,, , in Theorem to prove this

theorem.
Let
0 0 O 0 0 b
A = , B = y C - O
0 0 O 0 0 b,
a; -+ a, 0 by -+ by bups

Let I be the set of matrices of the form < é _’it ), where a;, b;’s are arbitrary. It
is clear that [ is an ideal of e4,,,,, and e, ., /I = ¢4, . On the other hand, let I’ be
the one dimensional subspace of ey, ., generated by (8 E“é’"“ ) Then I’ is in the
center of ea, ,. With calculation we know that [I, 1] C I'. Let I be the image of I
in e4,,,,/I’. Thus in the quotient algebra e4,, ,/I’, we have [I,I] = 0. By Lemma
, this shows that ea,,,,/I'/] = e4,, = sp,, has an action on I. Since [ is cyclic

and dim I = 2n, it has to be isomorphic to the standard representation V,. Thus,
eAzn-s-l/I/ = 5Py, X Vi

Because I' is in the center of eg,,.,, it is isomorphic to the trivial representation
Vo of spy,.

Therefore, e4,,., is isomorphic to an extension of sp,, X V,, by the trivial repre-
sentation Vp. According to the above matrix presentation of ey, .,, we can find a

short exact sequence

13
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Figure 2.2: Dynkin Diagram of B,

0— C —eay,, — 5P, X C*" — 0.

This concludes the study of the electrical Lie algebra of type A.

1.2 Type B

According to Figurethe electrical Lie algebra ep, is generated by {ej,es,...,e,}

under the relations:

e, [eivej]] = —2e; ifJi—jl=1i#2and j#1
[ea, [e2, [e2, e1]]] = 0

Let {f1, fa,..., fu} be a generating set of ¢4 . Then {fs,..., f,} is a generating
set of e4, ,. Now consider a new Lie algebra ey, @ ¢4, ,: the underlying set is
(a,b) € ea, X ey, ,, and the Lie bracket operation is [(a,b), (¢,d)] = ([a, ], [b, d]).

Define a map ¢ : e, —> ¢4, D ey, , as follows:

d(e1) = (f1,0), oler) = (fr, fu) Yk >2
o(lei il - [ei,yei] - ]) = [dleiy)[plen)]. - - [Ple, ) olei)] - -]

Theorem 2.8. ¢ is a Lie algebra isomorphism. Therefore, we have

¢B, = sp, D 5P,_1;

14



where the odd symplectic Lie algebra is defined in Section|1.1].

Proof. First of all we would like to prove ¢ is a Lie algebra homomorphism. It suffices
to show that ¢(ey)’s also satisfy the defining relation of ep .

For k > 2, we have

[per)[o(er)d(ens)]] =[(fe fa)s [((frr fr)s (Fras forn)]]
:<[fk[fkfk+l]]> [fk[fkfk-i—l“
= —2(fr, fr) = —2¢(ex).

Similarly, for £ > 3

[p(er)[d(er)d(er—1)] = —2¢(er—1).

And

[#(ex)[@(en)p(e2)]] =[(f1,0), [(f1,0), (f2, 2)]]
=(Alf1 /2], 0) = =2(£1,0)
= — 2¢(e1),
[0(e2)[d(e2)[p(e2)d(en)]]] =[(f2, f2), [(f2, f2), [(f2, f2), (f1, 0)]]]
=[(f2, f2), (=2/,0)] = 0.

It is also clear that if |i — j| > 2, [¢(e;)¢p(e;)] = 0. Therefore, this is a Lie algebra
homomorphism.
Next we claim that ¢ is surjective. We already know that (f1,0) € I(¢), where

() is the image of ¢, so it suffices to show that (fx,0), (0, fx) € S(¢) for all k > 2.
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We go by induction. Base case:

8= glealererll) = =3 [(For o), [0 £2) (1, O] = (£2,0),

Bes + gleslesenl)) = (o, ) = (2,0) = (0, ).

So (f27 0)7 (07 f2) € %(Qb)
Now assume this is true for k. Without loss of generality, say ¢(y) = (fx,0). Then

¢(—%[€k+1[ek+1y“) = _%[(fk—&-l,fk-i-l)a [(fe+1s frr1)s (fr, 0)]] = (fi41, 0),

P(ers1 + %[ek+1[ek+ly“) = (fer1s fror1) = (frr1,0) = (0, frp).

Thus, the claim is true. Note that dimea, @ ¢4, , = ("3') + (}) = n®. By

Proposition 2.1} dimeg, < n? Then we get

n? = dim ea, Dey, , <dimep, < n®.

So we achieve equality, and ¢ is an isomorphism. By Section [I.1, we know that
¢4, = sp,, for all n. Hence,

eBn g 5pn @ spn—l‘

This concludes the study of eg,, .
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Figure 2.3: Dynkin Diagram of C,

1.3 Type C

According to Figure 2.3 the electrical Lie algebra of type C,, is generated by

generators {e;}; with relations:

[BZ‘,Gj] = 0, lf |Z —j| Z 2,
les, [eq, €] = —2eq, if |i —j| =1, i # 1,
ler[er[eres]]] = 0.

By Remark , there is a spanning set of e, indexed by the positive roots ®*(C,,).

More precisely, the spanning set is

{lei[. . . [exler- .. [ejo1es] .. ] 2 1 §i<j§n}U{[ei[...[ej_1ej]...] :1<i<j<n}.

The way in which the generators of es, act on the elements in the spanning set is
given in Lemma [A.T]
Let S be the set {[e;[...[ei[er...[ejo1e;].. ]|i < j}\{[eilerea]]}. We have the

following lemma:

Lemma 2.9. Let I' be the vector space spanned by S. Then I' is an ideal of ec, .

Proof. Based on Lemma , we can see that [e;, s] is a linear combination of elements
in S for all s € S and i € [n]. O

Furthermore, I’ has a special property:

Lemma 2.10. The ideal I' is abelian, that is, [I', I'] = 0.

Proof. See Proof[A.2] O
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We also need the following lemma for later.

Lemma 2.11.

[lexea], [ex[er[eses]]]] = [er[er[ees]]],
[[ezea], [ex[er[eses]]]] = [er[er[ees]]],

[[62i+1[. .. [6]'_16]'] .o .]7 [61[61[6263““ =0 fOT’ CLll] >0 + 1 Z 3,] 7é 4,

[le1]. .. [ej_1e5] .. ], [er[er]ees]]]] =0 for all 5 > 3,
Proof. See Proof[A.3] O

Now consider the case when n is even, that is, ec,, .

Lemma 2.12. Let

c=2n-e1+n- [61[6162“

+ i(n — Z)([egl[ .. [61[61 e [621'627;_;,_1] .. ] + [622'_’_1[. .. [61[61 Ce [621'_,_1621'_,_2} .. ])

+ X_: Z(_Diﬂ;l[@jfl[- . eiler ... [eaitregiya] - - .

i=1 j=1
Then c is in the center of ec, -

Proof. See Proof[A.4] O
Define I to be the vector space spanned by S together with ¢. Lemma [2.9] 2.10]
and show that (1) [ is an ideal, and (2) [I,I] = 0. Also, ec,, /I is generated
by €;’s via the relations [€;[€;€,41]] = —2€;, for all ¢ except ¢ = 1, and [e;, €;] = 0 for
li — j| > 2. However, the element ¢ in I gives us the relation [é;[e1€2] = —2€;. This
shows that e, /I = e, = sp,,.
Applying Lemma [2.3] to our case, we see that ¢c,, /I has an action on I. Our goal

is to find how [ is decomposed into irreducible representations of sp,,,, and show that
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6oy, = ec,, /I X I = sp,, X I.

To understand the structure of ec,, we first have to understand the structure of
the sp,,,-representation I. The plan is to find the highest weight vectors in I.

First of all, let E;; be the n x n matrix whose (¢, j) entry is 1 and 0 otherwise.

Thanks to |[LP], we have an isomorphism ¢ from ec,, /I = ¢4, to §py,:

- 0 En B 0 Eu—1yi-1) + Eu-1)i + Ei—1) + Ei ,

e — , €9i_1 for 4 22,
0 0 0 0

€9; —> for i > 1.

We would like to find all generators of ec,, /I = sp,, which correspond to simple

roots, i.e. the preimage of (E(ial)i 7E.?,71)> for i« > 2 and (8 Eg”). Also we need to

find the maximal toral subalgebra in ec,, /I, i.e. the preimage of (EO _QE“_> for 7 > 1.

Lemma 2.13. We have the following identities:

1.
Ekk 0
¢! = [Eok—1, €ak] — [E2n—3]. - ., [E2p—1E2] . . .]
0 —FEy
+ [Eor—s|. .., [Eop—1Bor] .. ]+ ...+ (=D el .., [Eor—16ak] - . ],
2.
Ek—1)k 0
¢ = [Cok—s|. .., [Cor—1€2k] . ..] — [€oh—s]. .., [C2k—1€2k] - . ]
0 —Ey—1)

+ (=D)*el. .., [Eor162] - -,
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Eeyr 0
¢! = [€ok+1, €ak] — [E2k—1, €2k + [€2—3[- - -, [E2k—1€2k] . . ]
0 — Bt
— [Eahs]- -, [Eap—ror] .. ]+ . A+ (DF[E]. .. [Ear—r6ak] - . ],
4
[0 Eu
o =€ +e3+...6p1
0 0
— [e1]ezes]] — [es[éses]] — - .. — [Ean—s[Can—2E2n—1]]
+[e1]...,[ea85)...] + [es]- .., [eser] .. .|+ ... [€2n—5] -, [E2an—2€2n-1] .. ]
+
+ (=" el .., [E2n—2E20-1] - - ]
n—1n—1-— l
= €2k+1 - [Eokr2€2k12141] - - -
1=0 k=0
Proof. See Proof[A.5] O

This computation leads to the following lemma:

Lemma 2.14. The elements ¢ and |e1[e1]ezes]]] in I are annihilated by ¢~ (E““ R _Ek(()k—l) )

for all k > 2 and ¢~ (OE”">.

Proof. Since ¢ € Z(ec,,), the center of ec, , clearly it is annihilated by the ele-
ments of ec,,. By Lemma [2.11] we notice that when £ > 2, the commutator

[[e2i1[- - - [e2k—1€2k] - - ], [e1]e1]e2es]]]] = O for all ¢ < k — 1. From Lemma [2.13|we
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know that

1 Ee—1)k 0 k=1 . ) i
¢ - Z(_1> [62(k—i)—1[- S [€2k71€2k] .. -],
0 _Ek(k—l) i=1
so the action of ¢_1(E(k61)k —Ek;(()kfl)> on [eg]e1[eses]]] gives 0 for all k > 2.
Similarly, by Lemma [2.11} one knows [[eg;_1][. .. [eaj—2€2i-1] - - .], [e1[e1[e2es]]]] = O

for all ¢ < j. Again by Lemma [2.13]

—1 0 E’nn noin-l-l i ~ B
¢ B Z (=1)[€2k41l- - -, [Eonraborroiia] - - ],

0 0 =0 k=0

so the action of ¢! (8 Eg”) on [egeg[ezes]]] is 0. O

By Lemma it turns out that ¢ and [eq[ei[eqses]]] are both highest weight
vectors. We will find their weights. Because ¢ € Z(ec,, ), its weight vector has to be
a zero vector. Hence, the element ¢ spans a trivial representation of ec,, /I = sp,,,.

As for [eq[e1[eses]]], we have the following lemma:

Lemma 2.15. The weight of [e1[e1[ezes]]] is wi + we, where wy and we are first and

second fundamental weights of sp,,.

Proof. Apply Lemma [2.11}

[lexea], [ex[er[eaes]]]] = [er[er[eaes]]],

o 6715 _8,,) acts on [efesfescl] by 1
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[lesea] — [ex[ealesea]]]; [e1]er]ezes]]]]
=|[[eseq], [ex[er[ezes]]] — [[e1]ez[ese]]], [er]er[eaes]]]]

=le1ler[ezes]]] — 0 = [er]er[ezes]]],

SO ¢~ <E22 7E22> acts on [eq[eq[ezes]]] by 1.

For k > 3, [[e2i—1]. - - [e2k—1€2k] - - ], [e1[e1]e2e3]]]] = O when i < k. Therefore,
o7 (%5 8 ) = Sho(=1) a1l o [ea1624] . ] anmibilates [eqfes ezes]]]. This
completes the lemma. 0

Let Vp be the trivial sp,,,-representation, and V) be the irreducible sp,,,-representation
with highest weight A = w; + ws. Lemma [2.14] and [2.15] imply that V) & V4 is isomor-
phic to an sp,,-subrepresentation of I. By the Weyl character formula [HJ|, dim V) =
(2n+1)(n—1) =2n* —n—1, and dim Vp = 1, so dim Vj +dim Vp = 2n* —n < dim I.
On the other hand, Since SU{c} form a spanning set of I, dim I < |SU{c}| = 2n?—n.
So dim [ = dim V), + dim V. Thus I 2V, & Vj.

The above argument is based on the assumption that ¢ and [e;]e[eses]]] are not
equal to 0. We still need to show ¢ and [e;[e1 [eges]]] are not zero.

Let F[i, j] be the (2n)? x (2n)? matrix with 1 in i, j entry and 0 elsewhere. Define
the a Lie algebra homomorphism (this is actually the adjoint representation of ec,, )

from ec,, to gly,)2 by

er —F[3,2] + F[4,3] — F[8,16] +Z (=1 +5,G 1) +j—1]

FlG=12 4+ -1 +4+FIG-12+j+1,G -1 +j+2),
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ek»—>—Z_F[(k—1)2+i,(k—2)2+z'—1]+2F[(k—1)2+1,(k—1)2—|—2]

Fl(k—1242k—2,(k—1)24+2k—1] ifk>3

_|_
2F[3,4] if k=2
2k—1
+ PR+ 2,k + 1] = 2F[K* + 2,k + 3] = Y F[(k — 1)> +i — 1,k* +]
=3

+ F[k* + 2k + 1,k* + 2k] — F[(k +1)* + 2k + 2, (k + 2)* + 2k + 5]

+ > (FlG -1+ —k+1,G—1)*+j — K
j=k+2

+F(G-1+i—k+1L,(G-1*+j—k+2]
+F(G—12 45 +k (G- +j+k—1]

+F[(G—-1)24+5+kG-1)*+i+Ek+1)]).

It is straightforward to verify this map satisfies all of the relation among ey, thus a

Lie algebra homomorphism of ec,,. And the (14, 10) entry of the image of [e;[e; [e2€3]]]

is 1. Hence, [e1]e1[eses]]] is not zero.

On the other hand, if we consider the map from e, to gl;:

er — 1, e — 0.

It will also satisfy the relation among e} s, and the image of ¢ is 2n, so ¢ is not zero.

Theorem 2.16. We have

€Cy, = 5p2n X (V/\ D V0)7

where X\ is the sum of the first and second fundamental weights, and 0 is the trivial

representation.
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Figure 2.4: Dynkin Diagram of D,

Proof. We will use the second Lie algebra cohomology group H?(L,V), where L is a
Lie algebra, and V' is a representation of L. It is known that H?(L,V) is in bijection
with extensions L* with abelian kernel V' [CE]. In our case, ec,, is an extension of
e, /I = ea,, with abelian kernel V' = V) @ V4. By Theorem 26.3 and 26.4 of [CE],
since ey, = sp,, is semisimple, and V' is a finite dimensional representation of sp,,,.
we know that H?(sp,,,V) = 0. So there is only one extension up to isomorphism,
that is, sp,,, X V. Hence,

€Cs, = 5Py, X (VA D VO)7

where V) is the irreducible representation of sp,, with the highest weight vector
A = wy + wy, and Vj is the trivial representation.
One immediate corollary is:

Corollary 2.17. The dimension of ec, is n®.

Proof. dimec,, = dim ey, +dim Vy+dim Vg = 2n?+n+2n%—n = 4n%. The spanning
set of ec,,,, of our choice is a subset of a basis of ec,,,,, so they have to be linearly
independent, thus a basis of ec,, ., so dimec,,,, = (2n + 1) U

1.4 Type D

We will study the case of odd rank first. According to Figure [2.4] electrical Lie

algebra ep,, , is generated by generators {ei,e1, e, €3,. .., €2,} with the relations:
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[e1, [e1, €2]] = —2eq,  [e1, [er, e2]] = —2ey,

[62, [62761]] = —2e», [62, [62761“ = —2ey,
le1,€;] =0 if i > 3,
[61,67;] =0 1fZZ3,

lei, [ei, ej]] = —2e; i [i — j] =1,

[ei,ej]:O 1f|7,—j’22, z,j22
By Proposition 2.1} ep,,., has a spanning set:

{e1,e1} U{ el - [ej1e5]. }2<1<J<2nU{ erfes]-- lej-re ] }2<J<2n
U{ exlea. eJ 16] }2<]<2nU{ exlen[. eﬂ 163 }2<3<2n
U {[ei[~ - exler .. [ej1eg]. }2<z<]<2n

The brackets of generators with the elements in the spanning set are entirely similar
to type C, which we will omit here.
Let

c=n-e;+n-er+n-[egleres]]
+ Z(’I’L — Z)([Ggl[ - [61[61 e [622'627;_;,_1] .. ] + [622'_,_1[. .. [61 [61 e [621‘4_162@'4_2} .. ])

+ Z Z 1) egj [ .. [erler - - - [ezir1€aisa] - - ]

=1 j=1

Lemma 2.18. Let {f;}i>1 be the generating set of ec,, . Consider the map ¢ : ec,, —
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€Dopt1”

e+ e3

o) = 22,
Sl el ) = BB - [0 o ()] -]

(fr) = exVhk > 2

and extend it by linearity. Then ¢ is a Lie algebra homomorphism.

Proof. We only need to show the relations [23%, [2F<1 [S2€L e,]]] = 0, [es, [e2, 25°1]] =

—2e,, and [231, e;] = 0 for k > 3 in ep,,,,. These can all be verified by straightfor-
ward computation. [l
Recall that the radical ideal I’ of ec,, is an abelian ideal which is a direct sum of

its center

d=2n-fi+n-[filfifo]]

+ Z(n — ) ([fal - - [falfr - [faifoira] - )+ o[- Lalfr - - [foier faive] - ])

n—1 1

+ 3 O oyl LA i faire] )

i=1 j=1

and an abelian ideal /] with basis vector of the form [f;[... [fi[f1 ... [fj-1f;] - ..], where

1 < 7,7 > 3. Now we calculate the image of I’ under the map ¢. We will use an

identity [e;[... [25L[2D . [ejoie]...] = L[l - [eiler- .. [ej_rej] .. ] for j > 3, and
(457, [#57 eal] = =5 (ex + e1) + glexferes]].
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Thus,

SFL - ALf Ui fi) D) = Sl feafer-fegmes] -] V5 23

o(c) =nler +e1) — g(el +e1) + M
- %( , (n —d)([ea]- - - [exler - . [ezienina] - -] + [e2iga ] - - [ex]er - - - [eairreaipa] - - ])
+ ; ' ( 1)Z+J—1[€2]_1[. .. [61 [61 R [627;4_1622'4_2] .. ])

Lemma 2.19. Let I be the image ¢(I'). Then I is an ideal of ep,,.,. Moreover, ¢

18 1njective.

Proof. Let y = ¢(x) € I. Clearly, for k > 2, [ex,y] = o([fx,x]) € I and [eg, ] =
&([fx,c]) = 0 € I. Tt suffices to show that [e7,y] € I and [e1,y] € I.
If y = [ei]. .. [eq]er- .. [ej_1€j] .. .] where j > 3, i < j. By straightforward compu-

tation, we have

le1le]. - - [ej—1e4]...] ifi=2,

le1, y) = < [ei[er[e2e3]]] ifi=3,j=4, (1.1)

0 otherwise.

\

By symmetry, we will get the same results as above for e7. So [e1,y] = [e1,y] € I.

If y = ¢, we know that [(e; + e1)/2,c] = ¢([f1,¢]) = 0. From Equation (1.1,
ley —e1,c] =0. Thus [e,c] = [e1,¢] =0 € .

Therefore, I is an ideal of ep,,,,. Furthermore, the above shows that ¢ is in the
center of ep,, ;.

Consider the image ¢(ec,,). It naturally has a spanning set which is the image
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of basis elements of ¢c,, under ¢. If we compute the Lie bracket of this spanning set
with itself, it is the same as the adjoint representation of ec,,, thus has dimension
4n? — 1. Tt suffices to show that c is not zero. Let I} = ¢(I}), which is spanned by the
elements of the form [e;[. .. [ez[er ... [ej—1€;] .. ], where j > 3. By above computation,
it is an ideal of ep,, ,. In ep, . /I, we have ¢ = n(é, + €1 + [é1[é1€2]). Note that
€1, €2, and é7 form a Lie subalgebra of ¢p,, ., /I, which is isomorphic to es,. By the
isomorphism in the proof of Theorem [2.6, we have e; + é; + [é1[é1é5] is not zero,
and in the center of e4,. Thus ¢ is not zero, neither is ¢ € ep,,.,. So we have
dim ¢(ec,,) = 4n? = dimec,,. We conclude that ¢ is injective. O

Let J be the ideal generated by e; — e;. It is clear that ep,,,,/J is isomorphic to
e4,,. We study the structure of the ideal J. Again by Equation and computation

of type A electrical Lie algebra, a spanning set for J is

{e1—e1, cyU{[e1—eqles]. . . [ej_1€)] - . .]}?ZQU{[Q[. . ler—etler—ei[. .. [ejo1e] - ] ima.ics

Note that [e;]...[e1 — et[er — ei[...[ej_1e5]...] = —2[e]... [erer...[ej_1e5]...] for

j > 3. Thereason why ¢ € J is because [e; —eq, [e1 —eq, €a]] = —2e1—2e1—2[e1[e1es]] =

2

=(c— linear combination of [e;[. .. [e1[e1 ... [ej—1¢;]...]), where j > 3. By this obser-
vation, we have I C J. Let K = {e;—e1, [e1—e1,€2],...,[e1—e1, [ea]. . . [ean—162n] - . .| }.
Then J is spanned by [ and K as a vector space.

We claim that [J, J] € I. If this is true, then because [I, ] = 0 from Lemma
and [2.19} J is the radical of ep,, ., .

To show the above claim, it suffices to find [K, I] and [K, K]|. Due to Equation
(1.1), [ex—e1, I] = 0. Hence by induction on k, we have [[e;—eq, [ea]. . . [ex—1€k] .. .], ] =

0. Hence [K,I] = 0.
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Lemma 2.20. Assume i > j. Then

(

2e1 + [e1fezes]]  ifi=2,5 =3,
leea]. .- [eimrei] .. s [eea]. . - [ej1es] .. ]] = (—1)%2e; ifj=1i+1,i+#2,

2e1 + [eilezes]]  ifi=2,5 =3,

letlea] . - [eimred] - ] [eqlea]. . - [ej-1e5] . ]] = (—1)"2¢7 if j =1+ 1,1%# 2,

letlez[. . - [eimrei] - ], [ealea]. - - [ej—1€5] . - .]]

—[ez[ex[er[ezes]]] — [exlerea]] + [e1]ezes]] ifi=2,5=3,

(=D ([exlerea]] + 2oioplesl - leler . fesesin] ) i G =i+1,5 >4,

= (—].)7'_1[62[ .. [61[61 . [ej_lej] .. ] Zf |] — l| Z 2,
[e1es] — [e1e2] ifi=j=2,
0 ifi=j>3.
(
Proof. See Proof [A.6] O

By Lemma [2.20, we obtain that

[[er —e1, [e2]. .. [eimrei] .. ], [er — e, [ea]. . . [ej—1€5] . . ]]

(—1) (2(ey + e1) + 2lexferea]] + 2370 lesl. - [etler . - [esesa] o)) ifj=1i+1,

(=1)2eq[. . [egler - . - [ej-1€j] . . ] if |7 —i| > 2.

Since 2(e;+e1)+2[ei[erez]] is a linear combination of ¢ and [e;]. . . [e1]er - . . [ej—1€j] . . ]
where j > 3, i < j, we have [K, K| € I. Combining the above calculation, we prove

[J,J] e 1.
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Then we have the following theorem:
Theorem 2.21. J is the radical ideal of ep,,,,. Furthermore, ¢ep, /J = sp,,.
As a consequence of the above calculation, we have:

Theorem 2.22. We have

dimep, = n? —n.

Proof. First consider the case when n is odd. Using the above notations, we know
[K,K] € I, so for K as an ideal in ep,,,,/I, we have [K,K] = 0. Thus, by
Lemma , K is a representation of the quotient Lie algebra (ep,,.,/I)/K. Note
that (ep,,.,/I)/K Zep,,.,/J = 5py,.

We claim that K # 0. Otherwise, the injective homomorphism ¢ defined in
Lemma is an isomorphism. Then the element e; is not in ep,,.,, a contradiction.

Furthermore, K is cyclic generated by & — é;. Thus K is irreducible. Because
dim K < 2n and the nontrivial irreducible representation of sp,, with the smallest
dimension is the standard representation V,, where v = wq, the first fundamental
weight, we have that K = V,,. On the other hand, by Lemmathe homomorphism

¢ :ec,, — €p,,,, is injective, so the spanning set of I is indeed a basis. Hence
dimep,,,, = dimsp,, +dim V, +dim [ = 2n*+n+2n+2n*—n = (2n+1)>— (2n+1)

Since ep,, is a Lie subalgebra of ¢p,, ., by an argument similar to the one for
type C, we can prove that dimep,, = (2n)* — (2n). O

We also have the following conjecture:

Conjecture 2.23. We conjecture that ep,, ., is isomorphic to an extension of $p,, X
V., by V&V, where V, is the standard representation, Vi s the trivial representation,
and Vy s the irreducible representation of sp,, with highest weight vector \ being the

sum of the first and second fundamental weights. In other words, there is a short
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exact sequence

0—WV\® Vo —>ep,, ., — 5Py, XV, — 0.
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CHAPTER 3

Circular Planar Electrical Networks and Cactus

Networks (Type A)

1 Circular Planar Electrical Networks and Type A Lie The-

ory

1.1 Circular Planar Electrical Networks and Response Matrices

This subsection is mainly attributed to [CIM] and [dVGV].

Definition 3.1. Let G = (V, Vg, E) be a planar undirected graph with the vertex set
V', the boundary vertex set Vg C V and the edge set E. Assume that Vg is labeled
by [n] and nonempty. A circular planar electrical network I' = (G, ) is a graph

G together with a map v: F — R'fo‘, called the conductances of G.

Example 3.2. The following is a circular planar electrical network with boundary
vertex set Vg = {1,2,...,8}.

If we put voltages on each of the boundary vertices of I, by Ohm’s Law and
Kirchhoft’s Law, electrical current will low along edges. This electrical property is
captured by the response matrix A(I'). We can interpret the response matrix A(T")
as a linear transformation in the following way: if one puts voltages p = {p(v;)} on

each of the boundary vertices (think of p as column vector), then A(T").p will be the
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Figure 3.1: Circular Planar Electrical Network

current flowing into or out of each boundary vertex resulting from p. We say that

two networks I" and I are electrically-equivalent if A(I') = A(IV).

1.2 Groves of Circular Planar Electrical Networks

The materials of this subsection are mainly from [KW] and [LP].

A grove of a circular planar electrical network I' is a spanning subforest F' that
uses all vertices of I', and every connected component F; of F' has to contain some
boundary vertices. The boundary partition o(F') encodes boundary vertices that
are in the same connected component. Note that o(F’) is a non-crossing parti-
tion. Let NC, denote the set of non-crossing partitions of [n]. Each non-crossing
partition has a dual non-crossing partition on [n], where i is placed between i and
i+ 1, and the numbers are modulo n. For example in Figure the partition
{{1},{2,6,8},{3,4,5},{7}} is dual to {{1,8},{2,5},{3},{4},{6,7}}.

The set of non-crossing partition o is in bijection to the set of non-crossing match-
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Figure 3.2: Non-crossing Partition

ing 7(c) of [2n]. We put 2i—1 between the labeling i — 1 and , and 2i between 7 and 7.
Then the non-crossing partition o = {{1},{2,6,8},{3,4,5},{7}} is corresponding to
a non-crossing matching 7 (o) = {(1, 2), (3, 16), (4, 11), (5,10), (6,7), (8,9), (12,15), (13,14) }

as in Figure |3.3]

Theorem 3.3. The set of non-crossing partitions NC,, is in bijection with the set of

non-crossing matchings on [2n]. Thus the number of non-crossing partitions is equal

to the Catalan number 1 (Qn)
n+1

For a non-crossing partition o, we can define

L(T)= Y wi(F),

{Flo(F)=c}

where the summation is over all groves F' such that the boundary partition o(F) is
equal to the non-crossing partition o, and wt(F') is the product of all weights of edges

in F'.
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Figure 3.3: Noncrossing Matching from Noncrossing Partition

Figure 3.4: o
Grove F' with boundary partition o(F) = {{1, 2}, {3,8},{4}, {5}, {6, 7}},

wt(F)=30
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Figure 3.5: Reductions of Circular Planar Electrical Networks

Let o;; be the partition in which each part contains a single number except the
part {i,7}. Let Ogngleton be the partition with each part being a singleton. The

following theorem can be found in [KW].

Theorem 3.4. We have the following identity:

W —

O singleton (F)
1.3 Electrically-Equivalent Reductions and Transformations Networks

The following propositions can be found in [CIM] and [dVGV]. Recall that two
circular planar electrical networks are electrically-equivalent if they have the same
response matrix. In this subsection, we are exploring reductions and transformations

which do not change response matrices.

Proposition 3.5. Remowving interior vertices of degree 1, removing loops, and series
and parallel transformation as in Figure do not change the response matriz of an

electrical network.

Note that the above operations reduce the number of resistors. We call these
operations reductions of networks. We also have the following theorem due to

[Ken].

Theorem 3.6 (Star-Triangle or Y-A Transformation). In an electrical network,
changing between two configurations in Figure[3.6 locally does not change the response

matrix of the network.
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A

Figure 3.6: Star-Triangle (or Y-A) Transformation
where a, b, ¢, and A, B, C are related by the following relations:

be ac ab

a+b+c’ Ca+b+4c Ca+b+4c

AB + AC + BC AB + AC + BC AB + AC + BC
a= 1 , b= 3 , Cc= c .

1.4 Generators of Circular Planar Electrical Networks and Electrical Lie

Theory of Type A

Curits-Ingerman-Morrow [CIM] and Colin de Verdiere-Gitler-Vertigan [dVGV]

studied the generators of the circular planar electrical networks with n boundary

vertices (See Figure [3.7):

Adjoining a boundary spike Define vy;_1(t)- N to be the action on N by adding a
vertex u into N, joining an edge of weight 1/t between this vertex and boundary
vertex 7, and then treating v as the new boundary vertex 7, and old boundary

vertex ¢ as an interior vertex.

Adjoining a boundary edge Define vy(t) - N to be the action on N by adding an

edge of weight ¢ between boundary vertices i and i + 1.

These two operations can be seen as the generators of circular planar electrical

networks. Recall from Chapter [2| the electrical Lie algebra of type A of even rank,
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Figure 3.7: Generators of Circular Planar Electrical Networks
e4,,, generated by {ey, eq,. .., ea,} under the relations:

[ei,ej]:() 1f|2—j|22,

lei, [ei, €5]] = —2€; if |i — 5] = 1.

Let Spa, be the electrical Lie group Ea,,. Let u;(t) = exp(te;) for all i. Define
the nonnegative part (E,,, )>o of E4,, to be the Lie subsemigroup generated by

all u;(t) for ¢ > 0. The following theorem is due to [LP].

Theorem 3.7. If a,b,c > 0, then the elements u;(a), u;(b), and w;(c) satisfy the

relations:
(1) ui(a)ui(b) = wi(a +b)
(2) wia)u;(b) = u;(b)ui(a) if [i = j| > 2
bc ab el
(3) uia)u; (O)us(c) = u; | ————— Jwi(ate+abejy; | ———— ) ifli—j| =1
Furthermore, these three relations are the only ones satisfied by (Ea,,)so. Thus

(E4,,)>0 has a semigroup action on the set of response matrices of the circular planar

electrical network I via u;(t) - A(T) := A(v;(t) - T).

Remark 3.8. Relation (3) in Theorem translates into to the star-triangle trans-

formations on the boundary of electrical networks.
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1.5 Medial Graphs

A circular planar electrical network I' can be associated with a medial graph
G(I"). The construction of medial graphs go as follows: say I' has n boundary vertices
{1,2,...,7n}. We put vertices {ti,...,ts,} on the boundary circle in the order t; <
1<ty<ty <2<ty <...<ty_1 <0 <ty, and for each edge e of I, a vertex t, of
G(I) is placed in the middle of the edge e. Join ¢, and ¢, with an edge in G(I") if e and
¢’ share a vertex in I" and are incident to the same face. As for the boundary vertex
;1 or lg;, join it with the “closest” vertex t. where e is among the edges incident to
7. If 7 is an isolated vertex, then join to;_; with t4;. Note that each interior vertex ¢,

of G(T') has degree 4, each boundary vertex has degree 1, and G(I") only depends on

the underlying graph of T'.

A strand T of G(I') is a maximum sequence of connected edges such that it goes
straight through any encountered 4-valent vertex. By definition, a strand either joins
two boundary vertices ¢; and ¢;, or forms a loop. Hence, a medial graph contains a
pairing on [2n], which we call the medial pairing 7(I") (or 7(G(T"))) of I'. Medial

pairings can also be regarded as matchings of [2n].

The underlying graph of I' can also be recovered from G(I') as follows: the edges
of G(I') divides the interior of the boundary circle into regions. Color the regions
into black and white so that the regions sharing an edge have different colors. Put a
vertex in each of the white regions. By convention, the regions containing boundary
vertices of G are colored white. When two white region share a vertex in G(I'), join
the corresponding vertices in I' by an edge. The resulting graph is the underlying

graph of T'.

Ezample 3.9. Figure[3.8)is a network from Example 3.2 together with its medial graph

in dashed lines. The medial pairing is {(1,3),(2,4),(5,13),(6,15),(7,8),(9,12),(10,16),(11,14) }
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Figure 3.8: Medial Graph of a Circular Planar Electrical Network

e

Figure 3.9: Lens

A lens consists of two medial strands intersecting with each other at two different
vertices of the medial graph as in Figure [3.9]

A medial graph G(I') is lensless if it does not contain lenses or loops, and every
strand starts and ends on the boundary circle. Say I' is critical or reduced if G(I)
is lensless. Usually we talk about medial pairing only when I' is critical. Let ¢(7) be
the number of crossings of the medial pairing 7. This number is independent of the

choice of medial graph, as long as this medial graph is lensless.

Proposition 3.10. [CIM] If two networks are related by relations in Pmposition
then G(I') and G(I') are related by lens removal and loop removal in Figure|3.10, If

[ and I are critical and related by star-triangle transformation in Theorem|[3.6], then
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Figure 3.10: Lens and Loop Removal

Figure 3.11: Yang-Baxter Move

G() and G(I") are lensless and related by the Yang-Bazter move in Figure[3.11]

Let P = {p1,p2,.-- 0k}, @ = {q1,q2,--.,q} be two disjoint ordered subsets of
[2n]. We say (P, Q) is a circular pair if py,pa ..., Pk, Gk, - - -, @2, ¢1 is in circular order.
The minor A(P, Q) is said to be a circular minor of A = A(T") if (P, Q) is a circular
pair. The following theorem of circular planar electrical networks can be found in

[CIM] and [dVGV].

Theorem 3.11.

1. Every circular planar electrical network is electrically-equivalent to some critical

network.

2. The set of response matrices of all circular planar electrical networks consists of
matrices M such that (—1)*M(P,Q) > 0 for all k and all circular pairs (P, Q)
such that |P| = |Q| = k.

3. If two circular planar electrical networks I' and I'" have the same response ma-
triz, then they can be connected by leaf removal, loop remowval, series-parallel
transformations (in Proposition, and star-triangle transformations (in The-
orem @) Furthermore, if both I' and I are critical, only the star-triangle

transformations are required.
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4. The conductances of a critical circular planar electrical network can be recovered

uniquely from its response matriz.

5. The spaces E! of the response matrices of circular planar electrical networks
with n boundary vertices has a stratification E! = U;D;, where D; = Riio can be
obtained as the response matrices of some fixed critical circular planar electrical

networks with its conductances varying.

2 Compactification of the Space of Circular Planar Electrical

Networks

This section is attributed to [Lam]. From Section [1.5] we note that not every
partition of [2n] into pairs can be obtained as a medial pairing of some circular
planar electrical network. We would like to generalize the notion of circular planar

electrical networks to resolve this issue.

2.1 Cactus Networks

Let o be a non-crossing partition on [n]. Let S be a circle with vertices {1,...,7n}.
A hollow cactus S, is obtained from S by gluing boundary vertices according to
parts of 0. S, can be seen as a union of circles glued together by the identified point
according to o. The interior of a hollow cactus is the union of the open disk bounded
by the circles. A cactus is a hollow cactus together with its interior. A cactus
network is a planar electrical network embedded in a cactus, which can also be seen
as a union of circular planar networks. o is called the shape of a cactus network.
One can think of a cactus network as a circular planar electrical network where the

conductance between any two identified boundary points goes to infinity.
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Figure 3.12: Cactus Network

Ezxample 3.12. Figure [3.12]is a cactus network with all conductances equal to 1 and
shape o = {{1},{2,11}, {3,5}, {4}, {6,9,10}, {7}, {8} }.

A medial graph can also be defined for a given cactus network under the assump-
tion that every edge of the medial graph is contained in one circle of the hollow cactus.
Sometimes it is more convenient to draw the medial graph of a cactus network in a
disk instead of in a cactus (See Figure . Similarly, we say a cactus network is
critical if its medial graph is lensless.

Note that for a cactus network I' if we put the same voltage on the identified
vertices, we can still measure the electrical current flowing into or out of the boundary
vertices. Thus, the response matrix A(I') can also be defined. We have the following

propositions.

Proposition 3.13 ([Lam]).

1. Fvery cactus network is electrically-equivalent to a critical cactus network.
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Figure 3.13: Medial Graph in a Cactus Network vs in a Disk

2. If two critical cactus networks have the same response matriz, then they are

related by doing a sequence star-triangle transformations.

3. Any medial pairing can be obtained as the medial graph of some cactus network.

!
n!

An easy enumeration shows that there are medial pairings for cactus net-

works.

2.2 Grove Measurements as Projective Coordinates

The definition of grove L,(I') for a circular planar electrical network I' and a
non-crossing planar partition ¢ in Subsection can be naturally extended to cactus
networks. Let PNVC» be the projective space with homogeneous coordinates indexed

by non-crossing partitions. The map

['— (Lo())s

sends a cactus network I' to a point £(I') € PN¢»,

Remark 3.14. 1f the shape of a cactus network I' is a union of more than one disks,

then L I') =0.

Osingleton (
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Figure 3.14: Electrically Equivalent Cactus Networks

Proposition 3.15 ([Lam]). If I' and 1" are electrically-equivalent cactus networks,

then L(T") = L(I7).
Remark 3.16. From Proposition [3.15, the map I' — L(I") can be lifted to a map
PNCn,

from the electrically-equivalent classes of cactus networks to

Ezxample 3.17. Figure are two electrically-equivalent circular planar electrical
networks (a special case of cactus networks) I' and I'". We would like to see that their
images £(I") and L(I") are equal.

We see that

Liypya(D) =a+b+c, Lanm@) =ab, Ly psn) =bc, Ly eT) = ac,
L{LQB} (F) = CLbC.
Lo T) =1, LasmsI)=C LonenI)=A4, Lisne() =5,

L{Lif’)} (F,) = AC+ AB + BC

By Theorem [3.6] we have £(T') = £(I") in PN¢».
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2.3 Compactificaiton and Main Results for Cactus Networks

(I') # 0 for every circular planar

Osingleton

By Theorem [3.4] and the fact that L
electrical network I', we know that there is a one-to-one correspondence between the
grove measurements L£(I") of I' and the response matrix of A(I') of I'. Thus, we can
also define the space of circular planar electrical networks E! with n boundary vertices

to be the space of grove measurements of such networks.

Define the closure in the Hausdorff topology E, = E/ C PN to be the com-
pactification of the space of circular planar electrical networks. Let P, be the set of
medial pairings (or matchings) of [2n]. Note that two electrically-equivalent cactus

networks will have the same medial pairing.
Theorem 3.18 ([Lam]).
1. The space E, is exactly the set of grove measurements of cactus networks. A

cactus network is determined by its grove measurement uniquely up to electrical

equivalences.

2. Let E, = {L(I)|7(I") = 7} C E,. Fach stratum E; is parameterized by choosing
a cactus network I' such that 7(I') = 7 with edge weights being the parameters.

So we have B, = R;(S). Moreover,

E,= || E.

TEP,

2.4 Matching Partial Order on P, and Bruhat Order

A partial order on P, can be defined as follows: Let 7 be a medial pairing and G
be any lensless medial graph representing 7, denoted as 7(G) = 7. Next uncrossing

one crossing of G in either of the following two ways:
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Suppose the resulting graph G’ is also lensless. Let 7/ = 7(G’). Then we say 7/ <7

is a covering relation on P,. The transitive closure of < defines a partial order on P,.

Remark 3.19. We can define another partial order on P,,, by uncross the crossings of
G, and use lens and loop removal in Figure to reduce the resulting graph to a
lensless graph G'. Let 7" = 7(G’). Then define 7" < 7 to be the partial order on F,.
Lam [Lam] and Alman-Lian-Tran [ALT] independently showed that these two partial

orders on P, are the same.

Recall that ¢(7) be the number of crossings in a lensless representative of 7. We

have the following two theorems.

Theorem 3.20 ([Lam]).
1. The poset (P,,<) is graded by the crossing number c(T).

2. This partial order on P, is exactly the closure partial order for the stratification

En =|l,cp, Br. In another word, E. = | |.._. Er.

A bounded affine permutation of type (k,n) is a bijection f : Z — Z satis-

fying
1. i< f(i) <i+n,
2. fi+n)=f(i)+nforallicZ,

3. 30 (f(i) — i) = kn.

We can associate 7 € P, with an affine permutation g, as the following,
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‘ 7(7) if i < 7(7),
9-(i) =
(1) +2n  if i > 7(0).

It is straightforward to check that g, is a bounded affine permutation of type
(n,2n).
Theorem 3.21 ([Lam|). We have l(g;) = 2((}) — ¢(7)). Then T — g, gives an
isomorphism between (P,,<) and an induced subposet of the dual Bruhat order of

bounded affine permutations of type A. In other words, g, < g, in the affine Bruhat

order if and only if 7' < 1 in (P,, <).

Remark 3.22. By Theorem|3.21] we can view the decomposition of the space of circular

planar electrical networks as an analogy of type A Bruhat decomposition.
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CHAPTER 4

Mirror Symmetric Circular Planar Electrical

Networks and Mirror Symmetric Cactus Networks

(Type B)

In this chapter, we will develop the analogous theory for mirror symmetric circular

planar electrical networks and type B electrical Lie group and Lie algebra.

1 Mirror Symmetric Circular Planar Electrical Networks and

Type B Electrical Lie Theory

1.1 Mirror Symmetric Circular Planar Electrical Networks

Definition 4.1. A mirror symmetric circular planar electrical network of
rank n is a circular planar electrical network with 2n boundary vertices, which is also
mirror symmetric to itself with respect to a mirror line that does not contain any

boundary vertex.

The boundary vertices are labeled as {1,2,...,7,1,2,...,7'}.

Example 4.2. Figure is a mirror symmetric circular planar electrical network with

boundary vertices {1,2,3,4,1',2',3',4'}.
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Figure 4.1: Mirror Symmetric Circular Planar Electrical Network

The definitions of response matrices and grove measurements of mirror symmetric
electrical networks are the same as the ones for circular planar electrical networks
in Subsection and Let ME! be the space of response matrices of mirror

symmetric circular planar electrical networks.

1.2 Electrically-Equivalent Transformations of Mirror Symmetric Net-

works

In this section, we discuss under what reductions and transformations the re-
sponse matrix or the grove measurements will be unchanged. Note that after each
transformation, the resulting electrical network should still be mirror symmetric.

The following proposition is an easy consequence of Theorem [3.5]

Proposition 4.3. Mirror symmetrically performing the actions in Proposition

that is, removing interior vertices of degree 1, removing loops, and series and parallel
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a b a 2b 1+ a
° *—o e — e : ° a a — 2a +b
double series transformation double parallel transformation

Figure 4.2: Double Series and Parallel Transformation

transformations, plus double series and parallel transformation (see Figure will
not change the response matriz or the grove measurement of a mirror symmetric

electrical network.

We call these operations symmetric reductions of a mirror symmetric network.

As for non-reduction transformations, we have:
Theorem 4.4.

1. Mirror symmetrically performing star-triangle transformations will not change

the response matrix or the grove measurement of the mirror symmetric network.

2. (Square transformation or square mowve) locally changing between the two
configurations in Figure [{.3 will not change the response matriz or the grove
measurement of the mirror symmetric network, where the weights are given by

the rational transformation ¢ : (a,b,c,d) — (A, B,C, D).

ad + bc + cd + 2bd

b
(ad 4 be + cd + 2bd)?

(a+ ¢)?2d + b(c? + 2ad + 2cd)
_ac(ad + be + cd + 2bd)
~ (a+c)2d + b(c? + 2ad + 2cd)
_ a*bd
~ (a+c)2d +b(c + 2ad + 2cd)

A:

We also have ¢p(A, B,C, D) = (a,b,c,d), so ¢ is an involution.
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Figure 4.3: Square Move

Proof. By Theorem [3.6 (1) is clear. As for (2), we would like to decompose this
transformation into star-triangle transformations as in Figure 4.4, where the num-
bers on the edge keep track of the corresponding edges changes in the star triangle
transformations.

The transformation ¢ is obtained by the composition of star-triangle transforma-

tions. The claim that ¢ is an involution can be directly verified. 0

1.3 Generators of Mirror Symmetric Networks and Electrical Lie Theory

of Type B

We introduce the following operations on mirror symmetric circular planar elec-

trical networks with 2n boundary vertices (See Figure .

Adjoining two boundary spikes mirror symmetrically For all i € [n], define
v9;(t) - T' to be the action of adding boundary spikes with weights 1/t on both
vertices ¢ and 7', and treating the newly added vertices as new boundary vertices

¢ and i/, and old boundary vertices 7 and 4" as interior vertices.

Adjoining two boundary edges mirror symmetrically For i € [n]\ {1}, define

v9;—1(t) - I to be the action of adding boundary edges between vertices i — 1 and
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Figure 4.5: Generators of Mirror Symmetric Circular Planar Electrical Networks
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4, and between 7 — 1" and 7', both with weight ¢.

Adjoining a boundary edge across the mirror line Define v;(t) be the action

of adding an boundary edge between vertices 1 and 1’ with weight ¢/2.

These operations can be seen as the generators of mirror symmetric circular planar
electrical networks. Now recall the electrical Lie algebra of type B of even rank,
namely ep, , defined in Chapter [2| Subsection . It is generated by {ej, eq,...,€9,}

under the relations:

[ei,[ei,ej]] :—267; if |2—]| = 1,27&2811(:1]7&1
[627 [627 [627 61“] =0

By Theorem 2.8 we know that ep,, = sp,, © 5Py, ;. So we can see Ep,, as the direct
product of Spo, and Spg,_1. Let u;(t) = exp(te;) for all i. Define the nonnegative

part (Ep,,)>o to be the Lie subsemigroup generated by all w;(t) for all ¢ > 0.

Theorem 4.5 ([LP]). Ift > 0, then u;(t)’s satisfy the following relations:
1. ui(a)u;(b) = u;(b)ui(a) if [t = j| = 2,

2. ui(a)u;(b) = u;i(a +b),

be

a+ ¢+ abe a+ ¢+ abc

3. wi(a)u;(byui(c) = u; ( )ui(a+c+abc)uj <a—b) if li—jl =

14,5 # 1,
4. ug(t)ur (to)ua(ts)us(ts) = ui(pr)ua(pz)ui(ps)ua(ps), with

t2t§t4 i) 7T% t1t2t3

P1 = yP2 = —,P3 = —, P4 = ;
Uy YS! T2 Ut
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Figure 4.6: Pictorial Proof of Theorem

where

T = ity + (t1 + t3)ty + titotsty, o = tity + (ty + t3)*ts + titalsty(t + t3).

This Lie subsemigroup (Ep,, ) is related to the operation v;(¢)’s in the following

way.

Theorem 4.6. The generators v;(t)’s also satisfy the relation of u;(t)’s in Theorem
for t > 0. Therefore, e, has an infinitesimal action on the space of mirror

symmetric circular planar electrical networks.

Proof. v;(t)’s satisfying the first three relations is a consequence of Theorem It
suffices to show relation (4) in Theorem Note that the action vy(t;)vy (ta)va(ts)vi(ts)
and uy (p1)ua(p2)u1 (ps)ua(ps) will give two configurations in Figure [4.6]

We note that this is exactly the square transformation in Theorem with
P(t1,ta, 3, ta) = (Pa, P3, P2, P1)-

As for the second claim, since the derivatives of the relations in this theorem are

exactly the defining relation of ep, , we know that ep, has an infinitesimal action on

ME!,. 0
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SOOK = T

Figure 4.7: Double Lenses Removal

1.4 Medial Graph and Some Results for Mirror Symmetric Electrical

Networks

Each mirror symmetric circular planar electrical network I' is associated with a
(Symmetric) medial graph G(I'). The notion of lensless medial graph and its
medial pairing are the same as the ones for ordinary electrical networks. A mirror
symmetric medial pairing is a matching of {1,2,...,2n,1,2,...,2n'} such that if
{1,7}, {7, 7'} or {i, 7'} are in the matching, so are {7, j'}, {1, 5} or {7’, j}, respectively.
Similar to ordinary medial pairings, the number of pairs of mirror symmetric crossings
(if the crossing is on the mirror line, it counts as one pair of symmetric crossing) of
a mirror symmetric medial pairing 7 is independent of the choice of medial graph.

Define me(7) to be the number of pairs of symmetric crossings.

Proposition 4.7. Let T' and I" be two mirror symmetric networks. Then we have

the following:

1. If T and T are related by symmetric leaf and loop removals, series and paral-
lel transformations, and double series and parallel transformations, then G(I')

and G(I") are related by symmetric lens and loop removals and double lenses

removals (See Figure[].7).

2. If T and TV are related by symmetric star-triangle transformations, then G(T')

and G(I") are related by two mirror symmetric Yang-Bazter transformations.

3. If T and I are related by the square move in Theorem[4.4, then G(I') and G(I”)

are related by the crossing interchanging transformation (See Figure[].§).
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Figure 4.9: Pictorial Proof of Theorem

Proof. The first two claims are consequences of Theorem [3.10L The third claim is

proved via Figure [£.9] O

Theorem 4.8. Every mirror symmetric circular planar electrical network can be
transformed into a critical mirror symmetric network through the symmetric opera-

tions in Proposition[{.5 and Theorem [].4).

Proof. Let T be a mirror symmetric electrical network. Consider its symmetric me-
dial graph ¢G. Claim that we can use symmetric lens and loop removal, double lenses
removal, symmetric Yang-Baxter transformations, and crossing interchanging trans-
formations to remove all lenses in G. Thus on the level of mirror symmetric electrical
network, the resulting network IV will be a critical network, and it is obtained from

I' by doing symmetric leaf and loop removals, series-parallel transformations, double
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series-parallel transformations, symmetric star-triangle transformations, and square
transformations. Thus, we finish the theorem.

It suffices to show the above claim. First pick a lens in G. Two medial strands
of this lens are denoted as [; and [y, which intersect at a and b. Let al;b be the arc
of this lens which lies on [;. Define alyb likewise. Let the interior of the lens be the
region enclosed by alyb and alyb. We can assume this lens does not contain any other
lens in its interior. Otherwise, pick a smaller lens in its interior. We have two cases:
(1) the mirror line does not pass through both of a and b; (2) the mirror line pass
through both a and b, which means [; is symmetric to ls. Our goal is to remove this
lens via the operations in Proposition [4.7}

Case (1): There is another lens enclosed by [/} and 5 which are the mirror sym-
metric counterparts of [; and [, respectively. In the following discussion, for ev-
ery transformation we perform mirror symmetric operations simultaneously on both
lenses.

Let H = {hy, ha, ..., hi} be the set of medial strands that intersect both of al;b
and alsb. Then h; can possibly intersect with other h;’s in the interior of the lens.
We claim that we can use symmetric Yang-Baxter transformations to make h;’s have
no intersections among themselves in the interior of the lens, and the same is true for
the mirror images of h;’s.

We proceed by induction. The base case is trivial. Now assume there is at least
one intersection. Among those intersections, let r; be the intersection point on h;
that is closest to the arc al;b. Two medial strands which intersect at r; and the
arc al;b form a closed region D;. We pick r, such that the number of regions in
Dy, is minimized. We do the same construction for the mirror symmetric lens (these
two lenses could possibly be the same). Note the number of regions in Dy has to
be one. Otherwise, there must be another strand h, intersecting Dj. at rg, and the

region enclosed by two strands which intersect at r, and the arc al;b will have smaller
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number of regions in it, contradiction. Hence, we can use symmetric Yang-Baxter
transformation to remove the region Dy and its mirror image in order to reduce the
number of intersections by one in this lens and in its mirror image. Thus the claim
Is true.

Note that at least one of a and b is not on the mirror line. Without loss of general-
ity, say the point a does not lie on the mirror line. Among the strands in H, pick the
strand h; that is the “closest” to a. Then [y, [, and h; enclose a region which does
not have subregions inside. So we can use symmetric Yang-Baxter transformation to
move h; such that it does not intersect the arcs alib and alsb, and likewise for the
mirror image. Repeat this until no strand intersects this lens and its mirror image.

Lastly, use the symmetric lens removal or double lenses removal to remove these
two lenses symmetrically.

Case (2): Againlet H = {hy, hg, ..., hi} be the set of medial strands that intersect
both of alib and alyb. We can use the same argument as in Case (1) to reduce the
number of intersections among h;’s which are in the lens, but not on the mirror
line. Thus, we can assume all of the intersections stay on the mirror line. Pick an
intersection point 7 that is closest to the point a. Say two mirror symmetric strands
hy and h} intersect at rp. Then we can use crossing interchanging transformation
to move h; and h} so that they intersect neither al;b nor alyb. Repeat this until no
strand intersects with this lens. Then we use symmetric lens removal to decrease the
number of lenses.

By iterating the above lens removal procedures, we can change G into a lensless
medial graph. 0

Next we prove a lemma.

Lemma 4.9. Let G and H be two lensless mirror symmetric medial graphs. If G
and H have the same medial pairing, then they can be obtained from each other by

symmetric Yang-Baxter transformations and crossing interchanging transformations
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of Proposition (2) and (3).

Proof. We will proceed by induction on the number of medial pairings. The base case
is the empty network, which is trivially true. Pick a medial strand L such that L
divides the circle into two parts, say A and B, and there is no other chord completely
contained within A. Consequently, the mirror image L' of L divides the circle into

two parts A" and B’, mirror image of A and B. There are three cases:

1 L does not intersect L'.
2 L coincides with L.

3 L intersects L' at one point.

Let Py, P, ..., P, be the medial strands intersecting L. We claim that one can use
symmetric Yang-Baxter transformations and crossing interchanging transformations
to make Py, Ps, ..., P, have no intersection point among themselves in the region A.
Suppose otherwise. Let r; be the intersection point on the medial strand P; that is
closest to L. For each r;, we know that L and two medial strand where 7; lies on form
a closed region S;. Pick r; such that the number of subregions in S; is minimized.
Similarly we can define the mirror image L', P, P, ..., P, r} and Sj. Next consider
three cases separately.

Case 1 (Figure [4.10): First note that the number of regions in S; must be one,
otherwise, one can find r; on one of the medial strand where r; lies on, such that .S; has
fewer regions, contradiction. Then by mirror symmetry, the number of regions in .S is
also 1. By symmetric Yang-Baxter transformations, we can remove the closed regions
S; and S} so that the number of intersections in A and A" decreases respectively, while
the medial parings remain the same. So without loss of generality, we can assume the
number of intersections in A and A’ is 0. Hence we can use symmetric Yang-Baxter

transformations to change both G and H as in the following picture. The regions C'
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enclosed by L, L' and the rest of the boundary circle has fewer number of medial
pairings. Therefore, by induction, we are done.

Case 2 (Figure : A and A’ coincide with each other. The argument is almost
the same as above except that the region S; and S; can coincide with each other,
which means the region .5; is symmetric to itself and r; is on the mirror line. In this
situation, we can still apply symmetric Yang-Baxter move to decrease the number of
intersections in region A, and apply the induction hypothesis.

Case 3 (Figure [4.12): L and L’ intersect at point P. One can assume that all the
medial strands cross the mirror line, otherwise, we can perform Case 1 first. Then by
similar argument to Case 1, regions S; and Sy both have one region in it. Moreover,

r; coincides with .. And S; is mirror symmetric to S; and they only intersect at r;.
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Figure 4.12: Case 1 of Proof of Lemma 4.9

The region enclosed by L, L' and the two medial strands whose intersection is r; only
has one region in it. In this case we can perform crossing exchanging transformations
to swap P and r;, so that the number of intersections in A and A’ decrease. By
repeating these operations, we can also assume the number of intersections in A and
A’ is 0. Hence we can use symmetric Yang-Baxter transformations to change both G
and H as in the following picture, and apply induction hypothesis. [l

The following theorem is analogus to Theorem [3.11] (3).

Theorem 4.10. If two mirror symmetric planar electrical networks I' and T" have
the same response matriz, then they can be connected by symmetric leaf and loop
removal, symmetric series-parallel transformations (in Proposition , symmetric
star-triangle transformations, and square transformations (in Theorem|].4)). Further-
more, if both I' and I are critical, only the symmetric star-triangle transformations

and square transformations are required.

Proof. By Theorem [4.8 we can assume that I' and I are both critical.

As T and IV have the same response matrix, by Theorem and [3.18] we know
that the medial pairing of these two networks 7 = 7(G(I")) and 7" = 7(G(I")) are the
same. Then by Lemma [4.9) 7 and 7/ can be obtained from each other by symmetric
Yang-Baxter transformations and crossing interchanging transformations. Therefore,

the underlying graph of I' and I" are related by mirror symmetric star-triangle trans-
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formations and square transformations. Now let T'(I') be the network by doing such
transformations on the underlying graph of I' as well as its weights on the edges. It
can be seen that the underlying graph of T'(I") is the same as underlying graph of I".
On the other hand, T'(I") and I” have the same response matrix. Thus by Theorem
3.11| (4), they must have the same weight on each edge, which means T'(I') = I'". This
proves the theorem. 0

We also have the following theorem:

Theorem 4.11. The space M E!, of response matrices of mirror symmetric circular
planar networks has a stratification by cells M E!, = | | D; where each D; = Rigo can be
obtained as the set of response matrices for a fixed critical mirror symmetric circular

planar network with varying weights on the pairs of symmetric edges.

Proof. Recall that E! is the space of response matrices of circular planar electrical
networks. By Theorem (5), B = | |C; where C; = R%, can be obtained as a
set of response matrices for a fixed critical network with varying edge weights. Now
for each Cj, if possible, we pick the representative critical network such that the
underlying graph is mirror symmetric. Let D; be the subspace of each such C; with
mirror symmetric edge weights to be the same. It is clear that every mirror symmetric

circular planar electrical network is obtained in this way up to electrical equivalences.

Thus, ME!, = | | D;. 0

2 Compactification of the Space of Mirror Symmetric Cir-

cular Planar Electrical Networks

Again, not every mirror symmetric medial pairing can be obtained as a medial
pairing of some mirror symmetric circular planar electrical network. We will use a

definition similar to cactus networks in Section B.12] to resolve this.
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2.1 Mirror Symmetric Cactus Network

A mirror symmetric cactus network is a cactus network which is symmetric
with respect to the mirror line. The medial graph of mirror symmetric medial graph
again is typically drawn in a circle. Similar to the usual cactus networks, we have the

following proposition.

Proposition 4.12.

1. Every marror symmetric cactus network is electrically-equivalent to a critical

cactus network through symmetric reductions.

2. If two critical mirror symmetric cactus network have the same response matriz,
then they are related by doing a sequence of symmetric star-triangle and square

transformations.

3. Any symmetric medial pairing can be obtained as the medial pairing of some

marror symmetric cactus network.

Proof. The proof (1) and (2) are similar to the proof for mirror symmetric circular
planar networks. (3) is proved as following: Let 7 be a symmetric medial pair-
ing of {—2n+1,...,0,...,2n — 1,2n} and G be any medial graph with 7(G) = 7.
Then the medial strands divide the disk into different regions. If some vertices in
{1,2,...,7,1",2',... 7'} are in one region, then identify them as one vertex in the
mirror symmetric cactus network. This gives a mirror symmetric hollow cactus. Now
within each pair of symmetric disks we have symmetric medial pairings. We can re-

construct a pair of circular planar networks which is mirror symmetric to each other

within each pair of such disks. Thus we are done. 0
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2.2 Grove Measurements as Projective Coordinates of Mirror Symmetric

Networks

Similar to ordinary electrical networks, we can also define grove measurements
for mirror symmetric cactus networks. Two partitions o and ¢’ are called mirror
images of each other or mirrors if interchanging 7 and ¢’ for all 4 € [n] in ¢ and
o’ will swap these two partitions. Clearly, if I" is a mirror symmetric cactus network,
L,(T') = L,/(T"), where ¢ and ¢’ are mirrors. Let PSN¢ be the subspace of PN¢2» in
which the grove measurements indexed by a pair of symmetric non-crossing partitions
are the same. Thus the map

['— (Lo(1))s

sends a mirror symmetric cactus network to a point £(T') € PSNC",

Proposition 4.13. If ' and 1" are electrically equivalent mirror symmetric cactus

networks, then L(I') = L(I).

Proof. Since each symmetric reduction, symmetric star-triangle transformation and

square transformation can all be decomposed into a sequence of ordinary reductions

and star-triangle transformations. Thus by Theorem [3.15, we have £(I") = £(I").OI

2.3 Compactification and Some Result for Cactus networks

Recall M E! is the space of response matrices of mirror symmetric circular planar
electrical networks. Since the grove measurements of mirror symmetric circular planar
electrical network is in one-to-one correspondence with the response matrix of A(I")
by a similar argument in Subsection 2.3, we can regard M E! as the space of grove
measurements of electrical equivalence classes of mirror symmetric circular planar
electrical networks. Theorem implies that M E! — PSNCn is an injection.

Define the closure in the Hausdorff topology ME, = ME! C PSNCr to be

the compactification of the space of mirror symmetric circular planar electrical

65



networks. Let M P, be the set of mirror symmetric medial pairings of {—2n +
1,...,0,...,2n — 1,2n}. Note that two electrically equivalent cactus networks have

the same medial pairing.

Theorem 4.14.

1. The space M E, is exactly the set of grove measurements of mirror symmetric
cactus networks. A mirror symmetric cactus network is determined uniquely by

its grove measurement up to symmetric electrical equivalences.

2. Let ME. :={L(I") e ME, | 7(I') =7} C ME,. Then we have

ME,= || ME,
TEMP,
Where each stratum M E. is parametrized by choosing a mirror symmetric cac-
tus network T' such that T(T') = 7 with varying edge weights. So we have

ME, = RZS(T), where mc(7) is the number of pair of symmetric crossings.

Proof. First we prove (1). By definition, any point £ in MFE, is a limit point of
points in M E!. On the other hand, the top cell of M E! is dense in M E!. Thus
we can assume £ = lim; o, £(I';), where I';’s are mirror symmetric circular planar
electrical networks whose underlying graphs are the same, say . Note that the
response matrices depend continuously on the edge weights. Thus £ is obtained by
sending some of mirror symmetric edge weights of G' to co. By doing this we identify
some of the boundary vertices, and obtain a mirror symmetric cactus network.

To see how L(I') determines I', first notice that I" is a union of circular planar
networks I',. We observe that the shape o of I is determined by £(I"). To reconstruct
I', it suffices to recover each circular planar networks I'; in a symmetric way. Let oy;

be obtained from o by combining the parts containing 7 and j. Then we can determine
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the response matrix A(L',) of I', by the following identity:

Each grove of I' is a union of groves in I',., so in the above ratio the contribution of
groves from I'y where s # r gets cancelled. Thus by Theorem [3.4] the above identity
is true. Hence we can recover response matrices A(I',) for each I',. By Theorem
3.11] (3) we can reconstruct I, and its mirror image I', simultaneously in a mirror
symmetric way uniquely up to electrical equivalences.

As for (2), By definition we have M E,, = | | .);p. M E;. Note that each mirror
symmetric cactus network is a union of pairs of mirror symmetric circular networks,

and then we apply Theorem and Lemma to obtain the second statement.[]

2.4 Symmetric Matching Partial Order on MP, and Bruhat Order

A partial order (MP,, <) with underlying set MP,, can be defined as follows:
Let 7 be a medial pairing and G be a medial graph such that 7(G) = 7. Uncross the
two different kinds of crossings as in Figure [4.13|

Suppose the resulting medial graph G’ is also lenseless. Let 7/ = 7(G’). Then we
say 7' < 7 is a covering relation in MP,,. The partial order on MP,, is the transitive

closure of these relations. This poset is an induced subposet of the poset Psy,, studied
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in [Lam)].

Lemma 4.15. Let G be a medial graph with 7(G) = T, where the labels of vertices of G
on the boundary are {—2n+1,...,—1,0,1,...,2n}, and i is the mirror image of —i+1.
Suppose that (a,b,c,d) are in clockwise order (some of them possibly coincide), and T
has strands from a to ¢, and b to d. Correspondingly (—a+1,—b+1,—c+1,—d+1)
are in counterclockwise order, and T has strands from —a+1 to —c+1, and —b+1 to
—d+1. Let G' be obtained from uncrossing the intersections and joining a to d, b to
¢, —a+1to—d+1, and —b+1 to —c+1. Then G’ is lenseless if and only if no other
medial strand goes from the arc (a,b) to (c,d) and from the arc (—a+1,—b+ 1) to
(—c+1,c—d+1) and the positions of (a,b,c,d) and (—a+1,—b+1,—c+1,—d+1)
are one of the configurations in Figure [{.1J).

Proof. Straightforward case analysis. 0

Recall that me(7) is the number of pairs of symmetric crossings.
Lemma 4.16. MP, is a graded poset with grading given by mc(T).

By straightforward enumeration the highest rank is n?, and the number of elements
on rank 0 is (2:’) which is the number of mirror symmetric medial pairings.
Example 4.17. Figure is the poset MP;.

Now consider another partial order (MP,, <) on MP,. Let 7 € MP,. Pick a
medial graph G with 7(G) = 7. We break a crossing of G to obtain a graph H. Note
that H may not be lensless any more. Let H’ be the lensless graph obtained from
removing all lenses in H. Let 7/ = 7(H') = 7(#H). In this case, we say 7/ < 7. We

claim these two partial orders are the same.

Theorem 4.18. Let 7,v € (MP,,<). Then 7 covers v if and only if there is a

lensless medial graph G with 7(G) = T, such that a lensless medial graph H with
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T(H) = v can be obtained by uncrossing one pair of symmetric intersection points

(one intersection point if the point stays on the mirror line) from G.

Proof. First assume that a lensless medial graph # is obtained from G by uncrossing
one pair of intersection points, and we want to prove 7 covers v. Suppose otherwise.
Then there must be a medial graph G’ such that 7 = 7(G) > 7(G’) = 7(H) = v. But
the number of pairs of symmetric crossings in G is at least two more than that in H,

contradicting the hypothesis. Therefore, 7(G) covers 7(H).

Now we show the contrapositive of the other direction. Suppose H is obtained
from G by uncrossing one pair of symmetric intersection points and 7(H) = v, but H
is not lensless. Then we would like to show that there is a lensless medial graph G’
such that 7(G) = 7(G") = 7(H).

Suppose points a, b, ¢ and d lie on a circle in a clockwise direction, and strands a, ¢
and b, d intersect at ¢, and their mirror image strands o, ¢ and V', d" intersect at ¢'.
Suppose we uncross mirror-symmetrically the intersection ¢ and ¢’ so that the new
strands are a,d and b, ¢, as well as o/, d" and V', ¢. Since H is not lensless, then there
must be a strand connecting a boundary point between a and b to a boundary point
between ¢ and d, and likewise in the mirror-symmetric side. Without loss of generality
assume that one such strand intersects the sector agd. Let L = {ly,ls,... I} be the

set of strands intersecting both aq and dq. We want to prove the following claim:

Claim. We can use mirror symmetric Yang-Baxter transformations to change G into
a medial graph such that the intersection point among strands in L are all outside of

the sector aqd.

Let z; be the intersection of [; and aq. Let D; be the closest intersection point
to x; on [; among all ;s that have intersection with /; within the sector aqd. Let D
be the set of D;’s. If D is empty, the statement is already true. Otherwise, we pick

D; such that the number r of regions enclosed by [;,1; and ag is smallest, where [; is
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the strand that intersects with [; at D;. We claim r = 1. Otherwise, there is another
medial strand [, intersecting the region enclosed by [;,l; and ag. For example, if [
intersects [; and aq, then the region enclosed by [;, [, ag has strictly fewer number of
subregions, contradicting the minimality of . Hence, r = 1.

The same is true for the mirror image. Thus we can use mirror symmetric Yang-
Baxter transformation to move the intersection of [;, [; as well as its mirror image out
of the sector agd and its mirror image. |D| gets decreased by 1. By induction, we
can reduce D to be empty set. We are done with this claim.

Now pick [ € L such that [ intersects with aq at the point = closest to q. And say
[ intersects dq at y. Then given the above claim, we also want to prove the following

claim:

Claim. We can use mirror symmetric Yang-Baxter transformations to change G into

a medial graph such that no other medial strand intersects the region xqy.

Let X be the set of medial strands that intersect aq and [. By an argument
similar to above, we can show that using mirror symmetric Yang-Baxter moves, any
intersection between two medial strands in X can be moved outside of sector aqd.
Then we can use mirror symmetric Yang-Baxter move at x and its mirror image to
move all medial strands in X out of sector aqgd. Now let Y be the set of medial
strands that intersect dq and [. With similar argument, we can show that all medial
strand in Y can be moved out of sector agd and its mirror image by mirror symmetric
Yang-Baxter move. We finish proving this claim.

With the two claims above, we can assume that G is lensless, and ac, bd, and [
form a triangle where no other medial strand enters, and the same configuration on
the mirror symmetric image. We are ready to prove the rest of the theorem.

Say | = ef, where e, f are two end points of [, e is between arc ab, and f is
between arc cd. If a is not mirror symmetric to d or b is not mirror symmetric to c,

then we uncross the intersection of strands ac, ef to get a mirror symmetric medial
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graph G’ with new strands af, ec. After that uncross the intersection of af, bd to
get new strands ad, bf. Lastly uncross the intersection of ec, bf to get new strands
ef, bc. And perform the same operation for the mirror image simultaneously. If a is
mirror symmetric to d and b is mirror symmetric to ¢, we uncross the intersections of
bd with ef and ac with ef respectively to obtain strands ad, fb, and ce (See Figure
4.14] (5)). Again call this resulting mirror symmetric medial graph G’. Then uncross
the intersection between fb and ce to obtain strands bc and fe. At each step, we
always get a lensless medial graph. In particular, G’ is lensless. The whole procedure
above is equivalent of uncrossing the intersection of strands ac and bd as well as its
mirror image to get #H, and remove lenses from H. Thus 7(G) = 7(G') = 7(H). O

The above theorem implies that two posets are the same. In the following, we
would like to explore the relations between mirror symmetric matching partial order
and Bruhat order.

For each 7 € MP,,, we associate an affine bounded permutation g, to 7 as follows:

‘ 7(7) if 7(i) >
g-(i) =
(1) +4n if 7(i) <i
where 7 is thought of as a fixed point free involution on the set {—(2n—1),...,—1,0,1,...,2n}.

Note g- is a bounded affine permutation of type (2n,4n). And gy := g, is defined as
go(i) = i+ 2n with length 0. Then gy plays the role of the identity permutation. Let
tq,» denote the transposition swapping a and b. Note we have ¢; ;1190 = goti+2n,i+1+2n-

Let

So = H t4nk,4nk+17 Son = H t2n+4nk,2n+1+4nk7
keZ keZ

8; = H Litank,it1+4nkt—itank,—i+144nk for 1 <4 <2n — 1
keZ
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The group of affine permutations of type C, denoted as S, is defined to be
the group generated by {s;}?", . More precisely, Sg;} is the set of injective maps

f : Z — Z with the conditions:

2n

>, (fi - =0,

i=—2n+1
fli+dn,j+4n) = f(i,j),

Fli,j) = f(—=i+1,—j+1) for all i, j € Z.

Note that S§, is a subgroup of SY,, and the affine Bruhat order on S, is induced
from a subposet of the affine Bruhat order on S9 . Let Io be the length function of
SQCH It is clear that each g, can be viewed as an element in affine permutations of

type C with identity shifted to go.

Lemma 4.19. Let 7 € MP,. Then there is w € SS, such that
_ -1
gr = WGgow

where lc(w) = n? —me(r), and lc(g,) = 2lc(w)

Proof. The claim is trivial if 7 = 7y, where g, = go. Suppose that 7 is not the
top element. Then there exists some 4 such that g.(i) > g,(i + 1). By symmetry,
g-(—i) > g-(—i 4+ 1). Then we can swap 4,7+ 1 and g,(i),g.(¢ + 1), —i,—i + 1 and
g-(—1),g9-(—i + 1) (all taken modulo 4n) to obtain 7/. Thus, we have 7 < 7/, with
gr = 8igr 8, and lo(g,) = lo(g+) + 2. By induction on mc(7), the claim is true. [
The factorization in Lemma 4.19]is not unique. In fact, later we will see that the
number of such w is equal to the number of different paths from 7 to 7, in MP,.

Define the (infinite by infinite) affine rank matrix of an affine permutation f by

ri(i;3) = {a € Zla <4, f(a) = j}.
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Note that r(i, 7) satisfies (i, 7) = r(i + 4n, j + 4n).

Theorem 4.20 ([BB], Theorem 8.4.8 ). Let u,v € SS,. Then u < v if and only if

ru(i,7) < ry(i,j) for alli,j € Z.

The following theorem identifies the partial order on MP, with a subposet of the

affine Bruhat order.

Theorem 4.21. We know lc(g,) = 2(n®> — mc(7)). Thus the map T — g, identifies
MP,, with an induced subposet of the dual Bruhat order of affine permutation of type

C. In other words, 7" < T if and only if g. < g,r.

Proof. First assume 7/ < 7. According to Lemma 7’ is obtained from 7 by
uncrossing the intersection points of strands a <> c and b <> d, —a+ 1 <> —c+ 1 and
—b+14 —d+1,and joinatod, btoc, —a+1to —-d+1, —=b+1to —c+ 1 (if the
intersection point is on the mirror line, then there will only be one pair of strands)
as in Figure . Then ¢, = t_q11,—pr1tapgrtast—at116+1 (if the intersection point of
a <> ¢ and b <> d not on the mirror line), or g, = t,4g,t. (if the intersection point
lies on the mirror line). In both cases, we have that g > g..

Next assume ¢, < g,. Denote the type A Bruhat order for Sgn as <4. Then there
exist a < b such that: (1) g >4 t_ai1,—br1tapgr >4 tapgr >a gr (if the strands a < ¢
and b <+ d are not mirror symmetric), or (i) g, >4 tapgr >4 g- (if the strands a < ¢
and b <> d are mirror symmetric). The Case (ii) is corresponding to configuration
(1) and (2) in Figure and was proved in [Lam], Theorem 4.15. We only focus on
Case (i).

For Case (i), let ¢ := g.(a),d := g,(b). Now claim ¢, >4 grtapt—_a+1.—b+1. Define
the group isomorphism ¢ : S, — S by t;;11 — tiyonisons1. By Lemma m N
ugou™", gr = vgov™", where u,v € S§, € §9 . Therefore gy >4 t_ap1—ps1tapgr iS
equivalent to ugou™" >4 t_ay1 _pr1tapvgov !, which implies ug(u=1)go >a t_ar1,—pr1tasvd(v™1)go.

Hence ug(u™) >4 t_o11 _pr1tapvp(v™"). Taking the inverse of both sides and multi-
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ply go on the left side of both terms, we get gog(u)u™" >4 god(V)v  tapt i1 i1 <=
ugotw™t >4 vgo0 Mo pt—_at1,—pr1, Which is g >4 grtapt_ai1,—bi1.

Let N = 4n. We claim that g.» >4 t_s41,—p+1tab9-tapt—at1,—b+1. Note that modulo
symmetry, the order of (a,b,c,d) has to be one of the configurations in Figure [£.14]
For (a,b,c,d) as in configurations (3), (4), (5), (6), (8), (10), (12), (13), (14), (15),
and (16), the proofs will be similar. Let’s first assume it is configuration (8) of Figure

.14l Then we have

—d+1<—-—c+l<-btl<—-a+l<a<b<e<d<-d+ N

Let Ry be the rectangle with corners (—d+1+ N, —b+2+N),(—=d+1+N,—a+
1+ N),(—¢c+ N,-b+2+ N),(—c+ N,—a+ 1+ N), Ry be the one with corners
(=b+1,-d+2+4+ N),(-=b+1,—c+1+ N),(—a,—d+2+ N),(—a,—c+ 1+ N), R3
be the one with corners (a,c+ 1), (a,d),(b —1,¢+1),(b —1,d), and R4 be the one
with corners (¢,a+1+ N),(e,b+ N),(d—1,a+1+ N),(d —1,b+ N). Then the
rank matrix of t_q11 _p11tapg, Will only increase by 1 in the rectangles R3 and R4 as
well as its periodic shifts. The rank matrix of g,;tq,t_q+1,—p41 Will only increase by
1 in the rectangles R and R, as well as its periodic shifts. Note that Ry, R, R3, R4

and their periodic shifts will never intersect, which implies:

TgT/ (iv ]) > max(rtfaJﬁl,qutlta,bgT (i7 ])7 Tg‘rta,btfanl,quLl (i> ]))

=Tt a1, —by1tapgrtabt—at1,—bi1 (Z’j) for all (ZWAS Z

Hence, g7 >4 t_ay1,—v+1tapGrlapt—ar1,—p+1. Ontheother hand t_q 11 py1tapgrtapt —at1,—p11 =
g-», where 7" < 1 is in M'P,, obtained by uncrossing the intersection of strands a <> ¢
and b <> d, as well as strands (—a + 1) <> (—c+ 1) and (=b+ 1) <> (—=d +1). Con-
sequently g,» > g,» > g,. By induction on lo(g,) — lc(g-), we have 7/ < 7”. Thus,

T <T.
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For (a,b,c,d) as in the rest of the configuration (7), (9), (11), (17), we will use a
different argument.

We will use configuration (7) to illustrate the argument, in which case we have:
—d+1<—c+l<—-b+tl<-a+l<a<b<c<d<-—-d+1+N

Let Ry be the rectangle with corners (—c+1, —a+2), (—c+1, —d+1+N), (—b, —a+
2),(=b,—d+ 1+ N), Ry be the one with corners (d — N,b+1),(d— N,c),(a —1,b+
1), (a—1,c¢), R3 be the one with corners (b, d+1), (b,a+N), (c—1,d+1),(c—1,a+N),
and R, be the one with corners (—a+1,—c+2+ N),(—a+1,-b+ 1+ N),(—d +
N,—c+2+ N),(—d+ N,—b+ 1+ N). Then the rank matrix of t_,41 —p+1tapg, Will
only increase by 1 in the rectangles Ry and R4 as well as its periodic shifts. The rank
matrix of g-t,pt_q41,—p+1 Will only increase by 1 in the rectangles R, and Rz as well
as its periodic shifts. However, Ry and R, intersect in the rectangle Ry with corners
(—c+1,b41), (—c+1,¢),(=b,b+1), (—b,c) as well as its periodic shifts, and R3 and R,
intersect in the rectangle Rg with corners (b, —c+2+N), (b, —=b+1+N), (c—1, —c+2+
N),(c—1,—-b+ 14 N) as well as its periodic shifts. Consider t_pi1 —c+19rt—p41,—ct1,
the entries of the rank matrix of which decrease at regions R5 and Rg by 1. Note that

Grr >at_ar1,—vritapgr >4 9r and g >4 grtapt —at1,—b41 >4 gr. Therefore

Tt—b+1,—c+lg-r/t7b+l,—c+l (’L,j) Z TgT (Z,j) for all Z,j S 7.

On the other hand ¢_p11 4197t _pt1,—ct1 = gr» Where 7’ is obtained from 7" by
uncrossing the intersection of strands b(—c+1) and (—b+1)c. Thus, 7" > 7" € MP,,.
By induction on l¢(g./) — lo(g,), we have 77 < 7. Thus, 7/ < 7. O

Note that the poset MP, has a unique maximum element, and (2:) minimum
elements, which is the Catalan number of type B (see [CAl). Let MP,, denote MP,

with a minimum 0 adjoined, where we let mc(0) = —1. Recall that a graded poset
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P with a unique maximum and a unique minimum, is Eulerian if for every interval
[z,y] € P where z < y, the number of elements with odd rank in [z, y] is equal to the

number of elements with even rank in [z, y]. We have the following theorem.
Theorem 4.22. ./\//17% 15 an Fulerian poset.

We need some terminology and a few lemmas before proving the above theorem.
For a subset S C MP,, we write X(S) = >, cg(=1)m<"). We need to show that
x([1,n]) = 0 for all 7 < 7. Recall that S, is denoted as the poset of affine permutation
of type C'. By Theorem we know that there is an injection p : MP — S’QC;L, T =

g» such that MP, is dual to an induced subposet of S§.. For f C S, let
Dpf={i€Z/2nZ | s;f < f}, Drf={i€Z/2nZ | fs; < [},

be the left and right descent set of f. We have the following lemma.
Lemma 4.23 ([BB|, Proposition 2.2.7). Suppose f < g in SS,.
o Ifie Dr(g)\DL(f), then f < s;g and s;f < g,
e [fi € Dr(g)\Dr(f), then f < gs; and fs; < g.
For 7 € MP,, We label the medial strands of a representative of 7 by {—2n +

1,...,0,...,2n—1,2n} and i € {0,1,2,...,2n}, let

A(7), if the strands ¢ and 7 + 1 do not cross, and —i + 1 and —i do not cross

i € 4 B(r), if the strands i and i + 1 cross, and —i + 1 and —i cross

C(7), if 7 is adjoined with ¢ 4+ 1, and —i + 1 is joined with —i

Note that when ¢ = 0, and ¢ = 2n, the two mirror symmetric pairs of medial

strands {i,7 4+ 1} and {—i + 1, —i} will be the same.
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Thus, we have {0,1,2,...,2n} = A(r) U B(7) U C(7), where {0,1,2,...,2n} €
Z\AnZ. For s; € 52(’;1, T € MP,, define s; - 7 such that gs., = s;9-5;. Then by

Theorem the above conditions translate into the following

A(r), if s;9-8; < g-, or equivalently s; - 7 > T,
S B(7), if s;g:8; > g., or equivalently s; - 7 < T,

C(7), if s;g:8; = g, or equivalently s; - 7 = T,

\

For instance, if i € B(7), then s; - 7 is obtained from 7 by uncrossing pairs of

medial strands ¢ and ¢ + 1, and —¢ + 1 and —2.

Lemma 4.24. If 7 < 0, and i € A(T) N B(0), then we have s; -7 <o and 7 < s; - 0.

Proof. Since i € A(7), we have i € Dg(g.) N Dr(g,). Similarly, since i € B(o), we
have i ¢ Dgp(gs)NDL(gs). Then we know i € Dr(g,)\Dr(gs). Thus, by Lemma[£.23]
we have g,$; < g-. We also know s; ¢ Dp(g,s;) because s;g,8; > go5;. Again, since
i € Dr(9:)\Dr(gs8:), by Lemma , we have s;g,5; < g-, or equivalently 7 < s; - 0.
Similarly, we can show s; - 7 < 0. U

The following lemma is trivially true by the definition of sets A(7) and C(r).
Lemma 4.25. If 7 < o, and i € A(T), then i ¢ C(0).

Proof of Theorem[{.23 We first prove this theorem for the interval [r, o] of MP,,

that is, 7 # 0. We will prove by descending induction on me(r) 4 me(c).

The base case is that ¢ is the maximum element, and mc(7) = n? — 1. Tt is trivial.
If me(o) — me(r) = 1, it is also clear. Thus, we may assume mc(o) — me(r) > 2.
Since 7 is not maximal, Dy (g,) and Dg(g,) are not empty. So we can pick ¢ € A(7).

We have the following three cases:
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Case 1: If 1 € A(0), then we have

[r,0] =[r,s;i-oc\{0|T<d<s;-0,0d Lo}

We claim that

{0|7<d<si-00Lo}={0]si-7T<d<s;-0,0d Lo}

Suppose that 7 < 6 < s;0, and § £ 0. If i € A(J), then because i € B(s; - o), we
can apply Lemma tod < s;-0 and get 0 < s; - (s; - 0) = o, contradiction. On
the other hand, i ¢ C(8) because of 7 < 4, i € A(7) and Lemma [4.25] Therefore, we
have i € B(d), or equivalently s;-§ < 4. Since i € A(T)N B(4), applying Lemma [4.24]

we get 7 < s; - 0. Thus, we proved the claim.

Furthermore, we have

{0]si-7<d<si-0,0La}=]Is;-7,8 0|\[si T, 0]

By induction, we have x([7, o]) = x([, si-c]) — (x([si - T, $i-0]) — x([si- T, -0])) = 0.
Note that the assumption mc(o) —me(7) > 2 implies that none of these intervals will

contain only one element.

Case (2): i € B(o). Let 6 € [r,0]. Since i € A(7), apply Lemma on 7 <6,
we have ¢ ¢ C(0). Now if we apply Lemma [4.24] we then get s; - 6 € [r,0]. Hence,
we construct an involution of elements in [, o], where the parity of the rank of the

elements gets swapped. Thus,

x([r, 0]) = 0.

Case (3): i € C(o). Since i € A(7), apply Lemma on 7 < o, we know

i ¢ C(0). So this case is vacuous.
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Therefore, we have proved that y([r,o]) = 0 for intervals 7 < o where 7 # 0.

Next assume that 7 = 0, and 7 < ¢. We can further assume mc(c) > 1. Thus,
B(o) is nonempty. Pick i € B(o). By applying Lemma on 7 < g, we construct
an involution on {6 € [0,0]| i ¢ C(5)}. This involution will swap the parity of mc(6).
Now let S = {§ € [0,0)] i € C(6) or 6 = 0}. We claim that S is an interval with a
unique maximal element. Then we may delete the strands connecting ¢ and ¢+ 1 and
use induction.

We prove the claim by constructing explicitly the maximal element v. Let G be
a representative medial graph of 0 € M'P,,. The strands [; and [;;; starting at 7 and
i + 1 respectively cross each other at some point p since i € B(c). Similarly, the
mirror image strands [_;,; and [_; starting at — + 1 and —¢ respectively will cross
at point p’. Assume these strands cross before intersecting with other strands. Let
G’ be obtained from G by uncrossing p and p’ such that 4 is matched with 7 + 1 and
—i + 1 is matched with —i. Let v be the medial pairing of G’.

We need to show that for § € S, we have § < v. Let H be a lensless medial graph
representing 0. Then by Theorem |4.18] H can be obtained from G by uncrossing
some subset 4 of the mirror symmetric pairs of crossings of G. Because i € C(J),
we must have {p,p'} € A. If {p,p'} are resolved in H in the same way as in G,
then H can be obtained from G’ by uncrossing a number of mirror symmetric pairs of
crossings, which implies 6 < v. If {p,p'} are resolved in H in the different direction to
the one in G', then let H' be obtained from H by uncrossing the pair {p,p’'} of mirror
symmetric crossing in another direction. We observe that H' and H both represent
0. H' may contain a closed loop in the interior which can be removed. Thus, we

complete the proof of S = [0, o], and consequently the theorem. O

Similar to the case of cactus networks, we conjecture that the partial order on

MP,, is also the closure partial order of the decomposition M E,, = | | c\p ME;:
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Conjecture 4.26.
ME, = | | ME,.

TI<r
Remark 4.27. Lam [Lam| found an injection from the space of cactus networks F,,
to the nonnegative part of Grassmannian Gr(n — 1,2n), where the stratification of
E,, coincides with the stratification of positive part of Gr(n — 1,2n) intersecting with
a projective plane. A possible approach of proving the above conjecture is to use
this injection and look more closely at the subspace of the Grassmannian where the

Pliicker coordinates possess some symmetry.
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CHAPTER 5

Conclusion and Future Work

In this thesis, among classical types we have only found the explicit structure of
electrical Lie algebras ¢4, , ¢p,, and ec,,. Among the exceptional Lie types, only eq,
has been studied by Lam-Pylyavskyy [LP]. In order to finish the classification theory
of electrical Lie algebras of all finite types, we still need to study the structure of
i1 €Dy» CEgy CHys CHg, aNd €f,.

On the other hand, in the definition of electrical Lie algebra of finite type, when
li — j| = 1, if we replace the relation [e;, [e;, e;]] = —2e; by [e;, [ei, e;]] = —ae;, we
can define a one parameter family of electrical Lie algebra ex_ , where a > 0. It
is not hard to see that by rescaling the generators, we have ex,B = e¢x. When «
goes to 0, the upper half of the ordinary semisimple Lie algebra can be seen as a
direct limit of electrical Lie algebras. More detailed connection between ordinary
semisimple Lie algebra and electrical Lie algebra of finite type may be extracted from
this observation.

As noted in the previous paragraph, at this point, we can only draw the analogy
between electrical Lie algebras of finite type with upper half of ordinary semisimple Lie
algebras. It would be very interesting to see the analogy of “lower half” and “diagonal”
of electrical Lie algebras with the remaining part of the ordinary semisimple Lie

algebras.
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On the level of electrical networks, we have successfully found an appropriate class
of electrical networks, that is, mirror symmetric circular planar electrical networks for
type B electrical Lie theory. Furthermore, we have studied extensively the properties
of the space of such networks (more generally the cactus network). In a recent research
project of the author and Rachel Karpman, we manage to draw connections between
positive Lagrangian Grassmannian and the positroids varieties with some symmetry,
which may help proving Conjecture [4.26]

In the future, we would like to find the class of electrical networks of other finite

types. So far, some effort has been made in the type C' and type D.
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APPENDIX A

Facts and Proofs of Lemmas in Chapter

A.1 Facts and Proofs for Type C in

The following lemma describes how the generators e; act on the spanning set of

¢c,, -

Lemma A.1. Bracket e, with the elements in the spanning set: [eg, [e:]. .. [ej_1€e;] - . .]]:
If j =1 and j =1+ 1 it is given in the defining relation; if k <i—1 ork > j+1,

ek, [eil- .- [ejoies] .. )] =0 if 7 >i+2andi—1 <k <j+1:

(1) j=i+?2

[ei-1, [esleirreitell] = [l - - [eirr€ira] . ],

0 ifi1,
{ez’, [ei [€i+16z’+2]]] =

lefer[eses]] ifi=1,
[€iv1, [€ileir1€ival]] = —[eieipr] + [eir1eital,

[eit2, [€ileirieira]]] = 0,

[eivs, [eileireire]l] = —[eileir[eiroeiss]]]-
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(2) j=>i+3

[61‘_1, [61[ .. [ej_lej] .. ]] = [ei_l[. .. [6]‘_16]‘] .. .],

0 ifi# 1,
e, [ei]. - - [ejflej] = +
leifer]. .. [ej1e5]...]  ifi=1,

[61‘4_1, [ez[ .. [ej_lej] .. ]] = [6i+1[. .. [6]‘_16]‘] .. .],

[€k,[61[[63_16J]]]:02f2+2§k§j—2,

[Gj_l, [61[ . [6]‘_16]‘] .. H = —[62[ .. [Gj_QGj_l] . .],
[6]', [Ql[ .. [ej_lej] .. H = 0,
lejs1, (€] - - [ej-1ej] -] = —[e]- - - [ejej4] - - .

lex, [eileizi[. - - [er]er ... [ej_1e5] .. .]], where j > i+ 1:

[fk Z j + 2, [ek, [ei[ei_l[. .. [61[61 . [6]'_16]'] .. ] =0. [fl{? S ] 4+ 1:

(3) j>i+2

[}
[k
[}
ik
Q)
<
I
-
[
<
D
S5
D
T.
-
D
ah
[
[k
Q)
<
|
w
D
<
|
N
D
<
I
—
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(4) j=i+1

[61‘4_2, [61[ .. [61[61 e [6i6i+1] - ]] = —[61[ . [61[61 e [6i+1€i+2] .. .],

e erfer s 1] — il Jeler. . [eein] .. ] ifi>2,
2[e;es] ifi=1,

les, el - [esler - . Jeieira] .. )] = O,

leio1, [eslesa]. . [exler . . Jeieira] .. )] = [eial. .. [exler . . [eseira] .. ],

leica, [ei]. . [ealer . . - [eiein] .. )] = —[eial. . - [eaer . . [esred] ..,

lex, [ei]. - - [erler ... [e€ir1] ... ]] =0 if k < i — 3.

Proof. The above identities can be achieved by the straightforward but lengthy com-

putation. We will omit it here. 0]
Proof A.2 (of Lemma [2.10)).

We would like to show [[e;, [. .. [e1[er ... [ej—1€,] - -], [€in]- - - [e1]er .. [ejo—1€5] - - ]| =
0, where 7; < j1,i9 < Jo ,and 71,72 > 3. This will be done by induction on
i1 + J1 + i2 + Jo. Let iy + jip be the length of [e;,[...[eiler...[ej—1€j]..] in S.
First, we show a few base cases which will be used shortly.

Base cases:

L. [lexlexles[eseal]ll; [erer[ezes]]]] = 0.

First of all

[[e2€3], [e1ex[e2]esea]]]]]
= [[e2]er]er]ezleseq] - - ], es] + [ea]esler]er[ez]eseq] . . ]

= — [eslea[er[er[eaeseq] . . .| — [ealer[er[ezes]]]],
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SO

[lex[ea[e2]esea]]]], [ex[e2es]]]
= [[eses], [e1]er]er]ez]esed] - . ]| — [e1, [[e2es][er]e1]e2[esed] - - -]
= lex[esealer[enezlesea] .. | + [ex]eafener]eses] .. ]
= — [ealeafeaes]]] + [ea[er[ezes]]]

= 0.

Thus,

[[ex]ea[ez]esea]]]], [ex[er[eaes]]]]
= [[ex]eaes]], [er]en[er]ea[eseq] . . ]] — [en, [[er[e2es]][en[e1]ea]esed] - . ]]]

= 0.

2. [ler[er[eaes]]]; [e2[er[en[ezes]]]]] = 0.

First we compute

[[e2es], [e1[ex[eaes]]]]
= — [63 [62[61[61[6263] .. ] + [62 [63 [61[61[6263] .. ]

= — [e1]e1[e2es]]],
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and

[le1]ezes]], [ex[er[eaes]]]
= — les[erez]], [er]er[eaes]]]]
= [[erea], [es[erlen[eaes]]]]] — [es, [[erez][er[er|ezes]]]]]
= 0 — [es[ex[er[eaes]]]

= 0.

Then,
[[e2[e1[er[ezes]]]] [e1[ezes]]]
= [[ea[er[eaes]]], [e1]er[ezes]]]] + [[[e1]ezes]][er[er[ezes]]]], 2]
= — [[erez][e1]er[ezes]]]] + [[ezes], [e1[er[ezes]]] + 0
= — 2[e1[eq[eses]]].
Therefore,

[[e1[e1[eaes]]], [ealer[er[ezes]]]]]
= [[ex[ea[er[er[ezes] - - ], [er[eaes]]] + [[[ea]er[er[ezes]]]][e1]e2es]]], e1]
= [[ex[e1[eaes]]]; [e1]ezes]]] + 2[er[er]er[ezes]]]]

= 0.

3. [[61[61[6263]]], [62[61[61[62[6364] .. ]] = O
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First we compute

[[6263], [62 [61[61[62[6364] .. H
= [[62[62[61[61[62 [6364] - .], 63] + [62[63 [62 [61[61[62 [6364] .. ]
=0+ [62[61[61[62 [6364] - ]

= [62 [61[61[62[6364] .. ]

Then
[lex[eaes]], [ea[ex]er[ez]esed] - . ]]
= [ex, [[eaes][eaer[er[eafeseq] - . J]] — [[e2es], [ex]eaer[en[ez[eseq] . ]
= [ex]ealer[en[ez]esed] .. ] — ﬂ€2€3]7 [e1[ex[e2]esea]]]]]
by an equat;c:n in case (1)
= [e1]e1[ealeses]]]] + [es[ealer[er]ea]esed] . -] + [ea]er[er]ezes] - . ..
Hence,

[lex]er[ezes]]], [eaer[er[ea]esed] . . ]
= [[ex[ealer[er]ealeses] . . ], [e1]ezes]]]
+ [ex, [[e1[eaes]][eaer[er]ea]eses] . . ]]]

= [[e1]er[ea[esea]]]], [er]ezes]]] +[erlerfer[ealeses] . . ]

(. J/

by an equati‘orn in case (1)
+ [e1]es|ealer[er]ealesed] - - ] + [ex]er]er]ezes) - - ]
= 0+ 0 — [e1]e1]e2es]]] + [e1[e1[ees]]]

= 0.

This finishes the base case we will use. Next we proceed to induction step. Up to
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symmetry, there are three cases: (i) i3 < iy < jo < j1, (ii) 73 < iy < j1 < Jjo, where
two equalities cannot achieve at the same time, (iii) iy < j; < iy < jo. We will use
underbrace to indicate where induction hypothesis is used.

(i) If iy <idp < jo <71

° If21>1

[[eil [ .. [61[61 c. [6j1—1€j1] .. .], [€i2[. .. [61[61 e [€j2_16j2] .. ]]

= [[eil[eh[. o [61[61 . [€j2_16j2] .. .l, [61‘1_1[. - [61[61 . [6]‘1_16]‘1} . H

(.

~
length decreases

+ [[[esn]- - - [e1len - - - [ejo—1€j5] - - ], [€i=1]- - - [ex]er - - - [ej,—1€5,] - - ]l, e,

N

-

= 0.

® Ifilzl,andjl—jQZQ

[[ei]---[erler - [ej—1e]- -], [€il - - [er]er - - [ej—1€5] - -]
= —llejilen [ -[esler - - [eji—2ejia] - - ] [eil- - - [ealer - ejo—re),] - ]

=—[lejilewl- - fedler - lejo—rep] - ] [ea - - [edler - - [ej,—2€5 1] - ]

[\ J/
-~

equals 0

—lleis]- - - lealer .. [es-1eg] - lea [ - ferler . [ej—1-1€j,-1] - - ] €51]

(.

~
length decreases and j1 — 12> jo+12>3

= 0.
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o Ifiy=1,51—Jjo=1,7J0—12>2 and j, > 4

[[61‘1[. .. [61[61 Ce [6]‘1_16]‘1] .. .], [62‘2[. .. [61[61 c. [6j2_16j2] .. ]]
= —[leal-- lerler - lenren] .- L leplenl. - ledler - e—zes] .. ]

= —leil- - lealer . lejy—2ejoa] - ], leglen [ - [exlen - [eji-ae5] - ]

(.

~
length decreases

— [€j27 [[61'1 [ .. [61[61 c. [ejl_lejl] .. ][612[ .. [61[61 c. [€j2_26]‘2_1] .. ]l]

(&

-~

= 0.

e lfi; =1, 751 —jo =1, jo—iy > 2, and j, = 3, then we have to have

in = 1,19 = 1,j; = 4, jo = 3, this is base case (1).

® Ifilzl,jl—jgzl,jQ—igzl, andi223, then

leil - lexler - [eji—1€,] -], el - - [erler - - [ejo—1€5] - - -]

= [[eis—1]- .- [e1]e1 ... [eja—1€4] - - ]s [€n]ei |- - - [enler - - [eji—1e4] - - ]

J/

Vv VvV
length decreases length decreases

+ [eiys [[€ir[- - - en]er - - [eji—1€4,) - - J[€in—1]- - - [e1]er - .- [eja—1€5,] - - ]l]

-~

= 0.

[ ] IfZl = 1, jl—jgz 1, jg—igz 1, and i2:2, then il = 1,’i2 :2,j1 =
47j2:3

[e1]e1[ea]eseq] . . ], [ea]er]er]ezes) - - ]

= [[exlealeaes]]], [ealen[e[ealeses] . -]l+[€2a [[ex[e1[ea[esea]]]][er[e1[e2€3]]]]]

N

Vv TV
base case (3) base case (1)

= 0.
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e Ifi;=1,71—72=1, jo —is =1, and i, = 1, then jo = 2. This case does

not occur.

o Ifiy =1, 51 = j2 > 4,

[[61‘1[. .. [61[61 Ce [6]‘1_16]‘1] .. .], [62‘2[. .. [61[61 c. [6j2_1€j2] .. ]]
= —[lenlenl-lerler - [en—sepa] . ], [enl. - [eales - [espiega] . ]

=—[leji e - [exler - [ejo—rez] - ] fea |- enlen - - e, 25, - ]

[

~
length decrease

~(llenl-. [aler . . fenren] . Jlenl... [eler . [ensesi] .. Il e

(& J/
-~

= 0.
o Ifi; =1, j; =j0 =3, then iy, = 1or 2. If i35 =1, it is trivially true. If
io = 2, this is the base case (2).
(i) If iy <ip < j1 < Ja
o If jo—j1>2
[[61‘1[. .. [61[61 . [ejl_lejl] - .], [eiQ[. .. [61[61 e [6j2_1€j2] .. ]]

= —fleal.--lerler - legren] . . epleal - ferler - lepseni]..]

= — e fleal. . lealer . [enren] - Jlewl - lerler .. . [ep-sepoa] .. ]

(&

-

— [[6@[. .. [61[61 e [6]'2_26]'2_1] - .], [ejz [61'1 [ .. [61[61 e [ejl_lejl] .. l]

(&

-

equals 0

= 0.
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o Ifjo—j1 =1 and j; —13 > 2

[[61‘1[. .. [61[61 Ce [6]‘1_16]‘1] .. .], [62‘2[. .. [61[61 c. [6j2_16j2] .. ]]
= —[lenleal--lerler - len—sena] - ], [enl. - [ealen - - [esiega] . ]

= —[lej,[ei]- - - lerer - . [ejo—1€5,] - -], €0y - - [en]en - - - [ej,—2€j,-1] - - ]

(.

~
length decreases

~(llenl-.[arler - fenren] . Jlenl. .. [ealer . [en—sesi] .. Il e

(& J/
-~

= 0.
L] Ifjg—jlzl,jl—iQZL andig—il 22orj2—j1:1,andj1:z'2
[[eil [ .. [61[61 Ce [ejl,lejl] .. .], [eiQ[. .. [61[61 . [€j2*1€j2] .. H

= [[€iy—1]- .- [e1]e1 ... [ejo—1€4]) - - ]s [€n]Ei |- - - [en]er - - [ej—1€5,] - ]l

~
length decreases

+ ey, [[€ir[- - - [en]er - - [eji—1€4,) - - ]€in—1]- - - [e1]er - - [eja—1€5,] - - ]l]

-~

= 0.

e Ifjo—ji=1,71—ds=1,ip—i; =1, and i; > 1

Heil [ .. [61[61 c. [ejl_lejl] .. .], [62‘2[. .. [61[61 ce [€j2_16j2] .. ]]

= [[62‘1 [61'2[. .. [61[61 e [€j2_16j2} .. .], [61‘1_1[. . [61[61 . [ejl_lejl] .. ]

N J/

TV
length decreases

T (llewl....[eler . [enren] . el lerler . leyren) .. e

(N J/
-~

= 0.

[ ] Ifjg-]l = ]_,jl—ig = 17i2—i1 = 1,andi1 = 1,thenj1 :3,i2:2,j2:4.

This is base case (3).
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(iii) If 4 < j1 < iy < jo

o Ifi; >1

[[ei]--[exler - [eji—1€j,] - - eil - - lerler- - - [ej—1€j,] - -]

= [[ei €] - - [e1er - - [ej,—1€5,] - - .l, lei—1]. .- lenler . [ej—1€4] -]

o Ifiy =1,iy>j1+2o0riy =7

[[61'1 [ .. [61[61 . [ejl_lejl] .. .], [6@2[. .. [61[61 e [6j2_1€j2] .. ]]

= [[61‘2_1[‘ .. [61[61 Ce [6j2_1€j2] .. .],L@Z‘Q [61'1 [ - [61[61 e [ejl_lejl] .. H]

~
equals 0

+ [€iy, [[€ir [ - - [e1]er - - [ej—1€4,] - - J[€i—1]- - - [e1]e1 - - - [€j—1€5] - - ]l]

-

.Ifilzl,i2:j1—|—1

[[ei]---[erler - [ej—1e]- -], [€il - - [er]er- - [ej—1€] - - ]
= [[eiy—1]- - - [e1]e1 - - [€jo—1€5] - -], [€in]€is[- - - [ea]en - - - [€j,—1€5,] - - .]]

+ [€iy, [[ei - - - en]er - [ej—1€4,] - - Jlei—1]- - - [e1]er - . [ej—1€),] - - ]l]

(

= — [leiy—1]- - - [e1]er - - [ejo—1€4] - -], [€0r [ - - [en]en - - - [€5,€5041] - - ]l

This completes the proof. Therefore [I’, I'] = 0.
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Proof A.3 (Proof of Lemma [2.11)).

Based on identities in Lemma [A.1]

[lerea], [er[er[ezes]]]] = [lea[er[e[ezes]]]]], e2] + [en[ez]ener[eaes] . . ]
e1lerezes]]],

[[ezea], [ex[er[eaes]]]] [es[er[erfezes]]]], ea] + [es[ealer[er[eaes] . . ]

= |
= |
= |
= [e1[ex[ees]]].

If k£ > 5, then e, is commute with ey, es, e3, so we have [[eg;+1]. . . [ej_1€;5] . . ], [e1[e1[ees]]]] =

0. Now if ¢ = 1, then

[lex[erlezes]]] [es[. - - [ejre5] - - )] = [es, [[er]er[eaes]]][ea]. - - [ej-1e5] .. ]]]
= les, [erlen]. - - [ej—1€5] - - ]

= 0.

By the base case (2) of Proof [A.2] we know [[e1[e1[eaes]]], [e1]e2es]]] = 0. As for

J=4

[e1]er[ezes]]], [er[ea[esea]]]]
= — [[ex[eaes]], [ex[er[ealesea]]]]]] + [ex, [[e1]ezes]][e1[e2]esea]]]]]
= ([ex[er[eaes]]] — [er]er[ezes]]]) + ([er[er[eaes]]] — [er]er[ezes]]])

= 0.
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Now assume j > 5. We first consider the following two brackets.

lealezesl], lealeal. . [es-es) .. ) = [en, lezesllerfeal. - lejrey] ]
= — [e1]es|ezlerfen]. - - [ej_1e] - - ]
o
lexfeses]], feil. . - [es_ie;] .. ] = — [lezes], [exlea]. - - [ej1e5] . . ]
+fer, lezeslleal. . ej-re).. ]

= lesleslerfer]. - [ej_1es] .- ]

So,

[lerlerfezes]]], [ea]. . - [ej-1es] .. ] = — [[er[ezes]], [eaen]. . - [ej-1e4] - . ]]

+ [ex, [[er[eaes]][en]. . - [ezj—1e95] . . ]]]

= 0.
O
Proof A.4 (of Lemma [2.12)).
Clearly, [e1,¢] = 0. Now consider [egi1,¢] for & > 1. There are only three

summands in the right hand side of the equation which may contribute nontrivial
commutators, that is, ¢ = k — 1,k or £ + 1. Based on our case (3) and (4).
If i = k — 1, we have the commutator equals
k—1

—(n—k+1)[eap1]. .. [erler . . . [eaneoret] - - .]+Z(—1)f+k—1[ezj_1[. ealer - .. [eseans] - - -

98



If + = k, we have the commutator equals

(n —k)[ear_1]. .- [e1]er - - - [eaneoria] - -] + . (=1) " *[egj1]. .. [erler - - - [eaneania] - - ).

If : = k + 1, we have the commutator equals

(n—k—l)[62k+1[. .. [61[61 e [e2k+262k+3] .. .]—(n—k—l)[62k+1[. .. [61[61 e [62]€+262k+3] .. ]

The sum of these three terms is 0. Therefore, [egy11,c] = 0 for all £ > 0.

As for the even case: [eq, ¢] = 2n[eq, e1]+n[ea, [e1]e1e2]]] = —2nleiea]+2n]eres] = 0.

For k > 1, similarly we have the following nontrivial case:

If i = k — 1, we have the commutator equals
—(n—k+1)[eak—2]. .. [er]er ... [eap—1€2k] - . .|+ (n—Kk+1)[ean—2[. .. [e1]e1 . . . [e2k—1€2K] - - ]
If i = k, we have the commutator equals
(n —k)[eax[. .. [e1]er - - - [eans1€akaa] - -] — [eax]- - - [e1]er - - - [eans1€2ka2] - - ]
If : = k + 1, we have the commutator equals
—(n—k—=1)ea|...le1ler - [earr1€0k12] - -]
If © > k + 2, we have the commutator equals
(—1)i+k_1[62k[. leiler . [eakr1€2k42) -] + (—1)i+k[62k[. eiler .. [earyrearial - -]

The sum of above terms is 0. Hence, [eg, ¢] = 0 for all £ > 1. This shows c is in
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the center of ec,, . U

Proof A.5 (of Lemma [2.13)).

We prove by induction on (1) and (2). It is clear ¢([e1,és]) = (EOH _]gn>,
and ¢([e3, €4]) = (E”gEQQ —Eglo—Egg)' So ¢([erlezlesed]]]) = o([[er, exfles, e]]) =
<E12 0 ) This gives us the base case of (1) and (2). Now suppose (1) is true for k—1

0 —FE2
) _ _ B 1ye+E 0
o (k—1)k TEKE
and (2) is true for k. Because we know ¢([éxx_1,€2:]) = ( 5 _Ek(k—l)_Ekk>’
_ _ | Erxern) tEr+D R+1) 0
we have that ¢([€ag11, €2k42]) = ( 0 B ie—Easnin ) So

FEiy 0
0 —FE
_ Ee—1yi + Eg 0 B Bk 0
0 —Ey-1) — B 0 —Ek-1)
= ¢([Er-1,E2]) — O([Ean-sl. .., [EarrEk] .. ] — ..+ (=D)F[er]. .., [EaerEi] .. ])
= ¢([Eap1, Eor) — [Eon_s[ - -, [Eok_18ok] .. ]+ ... + (=) el .., [Ear_1E2] - . ]).

Then, we have

Erks1) 0
0 —Egyk
B O Eikr1) + Bt 1yt 0
0 —Eg 0 Bk — Egry(o+1)

= [¢([E2k_1, 8] + ...+ (V)" ] .., [Ear_162] - -]), D([E2rr1, Eonra))]
= d([[Eap—1, o] + ... + (=D e[ .., [ean_1ar] - - ], [Eorr1, Conra]])

= ¢([En1]. -, [Eorr1Bonra) .- ]+ ..+ (=) e .., [Eartorsa] - - ])-
This proves (1) and (2).
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For (3)

Egyyk 0
0 —Eyk)
| Btk + Bk 0 Ey. 0
0 —Err1) — Ere 0 —E

= ¢([C2rt1, Cor))
— ¢([Eok_1, Cor] — [Con—s|. .., [Eop—18ox] .. ] + ... + (=D er]. .., [Cor_162k] . .])
= ¢([€2k+1, €2t]

— [@or_1, Cop] + [Eon_s[. .., [Ear—1Cor] .. ] — ...+ (=D)*[e1]. .., [Eap—182t] . . .])-

This finishes (3).
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As for (4)

0 O
0 Bg-ne-y 0 Eg-nk-1) + Eg—1r + Er@g-1) + Err
0 0 0 0
N Ew 0 0 Eg-nr-1) + Ee-1r + Erx-1) + Err }
0 —FEu 0 0
0 Eg—1)k-1) Eg 0
= — ¢(Eop—1) + ) ¢<é2k71>}
0 0 0 —E
0 Er-1)k-1)
= — ¢(Cap—1)
0 0

+ (28951 + [Eon_s3[Con—282n_1]] + ... + (=D)*[e1]. . ., [Eak—2E2m_1] - . .])

0 Eg-1)k-1)
0 0

+ ¢(Con—1 + [Ean—slCor—2E26—1]] + ... + (=1)*[e1]. .., [Eon—2E2k-1] - ]).

This gives a recursive relation of (8 Egk > We can easily see that the formula in
(4) satisfies this with initial condition (8 E(}1> = p(e). O

A.2 Facts and Proofs for Type D in

Proof A.6 (of Lemma [2.20)).

We obtain this by some recursive relations. First prove the first identity with
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j=i+1.

[[exea][ex[e2es]]] = [ea[ea[en[eaes]]] = —[er[erea]] + [er]eaes]] = 2er + [er]ezes]],
[[e1[e2es]][er[ealeses]]]] = — [[es[erea]][er[e2]eses]]]
= — [les[esez[eseal]]][erea]] — [[ler[ealesea]l][erea]]es]
= — [[erea][er[ezes]]] + [es[eal[erea][e1[e2es]]]]]

= — 261 — [61[6263]] + [61[6263“ = _261'

Now the induction step:

[[e1]ea]. - - [eim1€i] - - ], [en]ea]. - - [ei€ira] - - .]]
= [[eiler]ea]. - - [ei—2ei—1] .. ]][e1]ea]. - - [€i€it1] - - ]

= — [[eiler]e2]. - - [es€ir1] - - ]][en]ez]. - - [€i—2€i-1] - - .]]

— = 9(—1)" ey = 2(— 1)y,

If |j — ¢| > 2, without loss of generality, assume j — i > 2, then

[[61[62[. .. [€Z‘_1€i] - ] [61[62[. - [ei+1€i+2] .. H
= — [[61[62[. .. [62‘_161‘] .. .][6i+2 [61[62[. .. [6,‘6“_1] .. ]H
:[6i+2[[61[62[. .. [ei_lei] .. .][61[62[. . [62'6“_1] .. ]H

:2(—1)“_1 [6i+261] =0.
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So by induction

[[61[62[. o [61‘_161‘] .. .][61[62[. .. [ej_lej] .. H

— [[61[62[. - [6,'_162‘] .. .][ej [61[62[. - [6]‘_26]‘_1] . ]”
:[ej[[el[eg[. .. [ei_lei] .. .][61[62[. .. [ej_gej_l] .. H]

:[ej, 0] = 0.

The second identity is the same as the first one when changing e; to ej. Next

prove the third identity by induction. Some base cases:

[[e1€a], [erea]] = [erea] — [erea],
[[erea][ex[e2es]]] = — [e2exex[e2es]]]] + [eq[ealea[eaes]]]]
= — [e2lerler[ezes]]]] — [er[erea]] + [er[ezes]],
[lex[ezes]][eaez]esea]]]] = — [[es[erez]][er[ez]esea]]]]

= — [[erez][e1]e2es]]] + [es[ea[[erea][er[ezes]]]]]]

=(=1)*(lezlerea]] + ) [eal- - [eiler - - [eseant] - - ]).

By similar argument as the first identity, induction gives us

[[ex[ea]. . - [ei—1€i] . - ][er]ea]- - - [ei€iva] - - ]
= — [leilez[ea]. - - [ei—2€i-1] - . ]][er]e2]- - - [€i€it1] - - ]]
= — [[eq]ez[. - . [ei—2€i1] - - ][ea]e2]. - - [ei—1€d] - - ]]

+ [e;[eir[[etlez]- - - [ei2ei1] - - [er]ea]. - - [ei1es] - - ]]]]

= (=) (leilerea]] + D es]. - [exler - [eseasa] - ]).
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Consider

[[61[62[. . [61‘_161‘] .. .][61[62[. .. [€i€i+2] - ”
= — [[61[62[. .. [61‘_167;] .. .][6i+2 [61[62[. .. [67;6@'_’_1] . H]

= — [67;4_2[[61 [62[. .. [ei_lei] .. .][61[62[. .. [€i6i+1] .. ]H
= [eire, (1) (lenlereal] + ) lesl.. - fexler . [esesr] . ])]

= 0.
Now if 7 > i + 2, by induction

llezleal. .- [ei1ei] . - Jleilea]. - - [ej—1€5] - - ]

If j =i, and i > 3

[[61 [62[. o [ei_lei] .. .][61[62[. .. [ei_lei] . H

= — [[61[62[. - [ei_lei] .. ][GZ [61[82[. .. [ei_2ei_1] .. ]]]

— leillezlea]. - - [ei—1€i] - - J[en]ea]. - - [ei—2€i-1] - . .]]]

= [es, (=1)"!([e1]eres]] + i[es[. eiler - [esesta] - )]

This completes the proof.
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