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CHAPTER I

Introduction

The main goal of this thesis is to study some invariants associated to singularities
in positive characteristic and compare them with their counterparts in characteristic
zero. This work contains results obtained in [’13, NBP13]. Of these, [NBP13] is
in collaboration with Luis Nufiez-Betancourt. Singularities play an important role
as they appear naturally in almost every area of mathematics, including commuta-
tive algebra, algebraic geometry, number theory, representation theory, analysis and

topology.

Singularities

From the geometric point of view, a singularity corresponds to a point where
a given geometric object, for example a manifold or an algebraic variety, has an

unexpected tangent space. For instance, if we consider the following hypersurfaces

y? = a® 2 — (y*+322) =0 y? = a2® + 22

Figure 1.0.0.1: Examples of Singularities



we can see that in each case there is a special point where the tangent space is larger
than expected.

Singularities can also be detected algebraically. For example, if f(x) is a poly-
nomial in n variables with real coefficients defining a hypersurface X in R", then

the singularities of X are given by those points @ € X where the partial derivatives

%(a) are zero for all 7. For instance, the hypersurface in the middle of the above
figure corresponds to f = 23 — (y? + 32?), which has partial derivatives f, = —6ux,
fy = =2y, and f, = 32%. We conclude that the only singular point is the origin,

which corresponds with our geometric intuition.

Classifying singularities has been an object of intense study in both zero and pos-
itive characteristic. In characteristic zero many invariants can be described in terms
of resolutions of singularities and they are related to the minimal model program.
Furthermore, many results in this setting can be approached analytically. However,
in the recent decades, it has become apparent that in order to study singularities in
characteristic zero, one can also reduce to positive characteristic and use Frobenius

techniques to investigate singularities.

Singularities via Frobenius

Let R be a domain of positive characteristic p. The Frobenius map F': R — R
takes an element r to r?, therefore its image is the subring RP consisting of all the p-th
powers of elements in R. This induces on R a structure of RP-module. It is a conse-
quence of a theorem of Kunz | | that, under mild conditions, R is not singular
if and only if R is a locally free RP-module. This remarkable result tells us that we
can detect singularities via the action of Frobenius. Therefore we can define different
families of singularities by specifying “how close” R is to a locally free RP-module.
There are many kinds of singularities obtained by imposing restrictions on the action
of Frobenius and one key feature is that they parallel the classes of singularities that
have been studied in characteristic zero. The following diagram shows the relation
among them and how they compare with the singularities in characteristic zero:

We do not give the definitions of these classes of singularities, which are some-
what technical, and we refer instead to Chapter II for the definitions. We also refer
to | , , : | for surveys on F-singularities and to [ | for an

introduction to singularities in characteristic zero.
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Figure 1.0.0.2: Families of Singularities

Multiplier and test ideals

All the invariants that we study in this thesis are related to the notion of multiplier
ideals in characteristic zero, and to the notion of test ideal in positive characteristic.

Multiplier ideals have been intensively studied over the last two decades, as they
play an important role in birational geometry, see for example | ]. Given a
smooth complex variety X and a nonzero ideal sheaf a, one can define for any pa-
rameter ¢ > 0 an ideal J(a®), called multiplier ideal. This ideal is described via a
log resolution 7 : X’ — X of the pair (X, a), i.e. a proper birational map, with
X' smooth, and such that aOy, = Ox/(—FE), where E is a simple normal crossing

divisor. Then,
(1001) j(ﬂc) = W*O(KX//X — LCEJ),

where Kx//x is the relative canonical divisor.
Mixed multiplier ideals extend the previous definition to the case of several ideals:
for nonzero ideals a4, ..., a, and positive numbers ¢y, ..., ¢, we take a log resolution

for the pair (X, a; ---a,) and set the mixed multiplier ideal to be

j(a? . a%n) — W*O(KX’/X — LClEl + ... + annJ>7

where Ox/(—F;) = ;Ox.

Test ideals were introduced by Hara and Yoshida in | | as an analogue of
multiplier ideals in positive characteristic and are a generalization of the ones defined
by Hochster and Huneke | ]. One question that was studied since | ] is
which properties of multiplier ideals have analogues for test ideals. For example, for
multiplier ideals the jumping numbers of a are defined as the positive real numbers
¢ such that J(a) # J(a“c) for every € > 0 (cf. | ). It is easy to see
from the definition that for each a these numbers are discrete and rational. Thus it
was expected that this was the case also in positive characteristic. Blickle, Mustata

and Smith proved discreteness and rationality of the analogous positive characteristic



invariants in | |, but the proof was more involved.

The Invariants

Constancy regions

We study the dependence of mixed test ideals on parameters, and show that the
emerging picture is quite different from that in the case of mixed multiplier ideals in
characteristic zero.

In the mixed multiplier ideal setting we consider the map

U: RY, — { Ideal sheaves on X }
ALy A) = T (@}t - apm).

A nonempty fiber of this map is called a constancy region for the mired multiplier
tdeals of ay,...,a, For example, when n = 1, these regions consist of intervals
[0, 1), [, ), ..., where the «; are the jumping numbers of the ideal. The most
important of these numbers is the smallest one a;, the log canonical threshold of the
ideal. For all n, it is known that the constancy regions are finite unions of polytopes.

In positive characteristic, the mixed test ideal 7(a}"* - - - @) plays a role analogous
to that of the mixed multiplier ideal (see Chapter 11 or | ) ] for details),
and we can define the constancy regions for mized test ideals in a similar way. Blickle,
Mustata, and Smith [ | showed that, for n = 1, the same picture holds, in this
setting the «; are called the F-jumping numbers and o is the F-pure threshold. At
the end of the paper, the authors asked whether the constancy regions in positive
characteristic should also consist of finite unions of rational polytopes.

In chapter [1l we prove that this is not the case, but we can still get a nice de-
composition. This decomposition depends on a p-fractal function, that is, a function
¢ : RY, — N satisfying the following property. If we restrict ¢ to a bounded do-
main D, then the vector space generated by the functions ¢y (t1,...,t,) = @((t1 +
b1)/p%, ..., (tn + b,)/p°) with b; integers and ((t, + b1)/p%, ..., (t, +0b,)/p°) € D | is
finite dimensional (Definition [11.2.1). Explicitly, we show:

Theorem (Theorem [11.2.6). For an F-finite, regular ring R essentially of finite type
over a finite field of positive characteristic and non zero ideals ay,...,a, of R, there

is a p-fractal function ¢ : R%; — N such that

(@) = 7(af..ab) = p(er, ... ) = @(dy, ..., dy),

n



and therefore the constancy regions are of the form ¢~ '(i) for i € N.

Roughly speaking, this shows that each constancy region has a p-fractal structure
that, as we see in the examples in Section [11.3, can be intricate.
F-Jumping ideals and the modules M,

For a polynomial f in C[zy,...,x,], the Bernstein-Sato polynomial of f is defined

as the nomic polynomial bs(s) € C[s] of minimal degree satisfying a relation of the

form
P fh = by(s)f*
where P is a differential operator in Clxy, ..., 2, 01,...,0y, |
The existence of such polynomial was proved by Bernstein | |. The Bernstein-

Sato polynomial carries important information about the singularities of f and it is
related with many other invariants [ , ]. For example, the smallest jumping
number of f is equal to the negative of the largest root of by(s).

Let D = Clxy,...,2n,01,...,0,], be the ring of differential operators over the
polynomial ring C[z1, ..., z,]. When studying the Bernstein-Sato polynomial Kashi-
wara, introduced for any complex number « the holonomic D-module M(y) = D- f7.
Note that when v,y — 1,7 — 2,... are not roots of the Bernstein-Sato polynomial,
M;(y) = Ry as an R-module.

Theorem 1.0.1 (Kashiwara, | | Corollary 6.25). If v,y — 1,7 — 2,... are not
roots of the Bernstein-Sato polynomial of f then the D-module M¢(7y) is a simple
D-module.

It is worth mentioning that the multiplier ideals can be recovered from the theory
of D-modules | -

For a regular ring R of positive characteristic Lyubeznik introduced the concept
of F-modules | |, see Section 11.2.3 for the definition. We use the theory of F*-
modules to prove an analogue of Theorem [.0.1 in positive characteristic, but we do
more, we characterize the simplicity depending on the parameter being an F-jumping
number. We briefly describe this next.

Let R be a regular ring of positive characteristic. Blickle, Mustata, and Smith

introduced certain F*-modules M, to study the discreteness and rationality of the F-

r
-1

a rational number without p in the denominator. The F'*-module M, is an R-module

jumping numbers of hypersurfaces [ ]. Let f be an element in R and «a = —



isomorphic to Ry, together with a twisted action of the Frobenius operator F° that

depends on a. Explicitly, if we write M, = Ry - e,, then

€

e 9 9
i (ﬁ . €a> o fptar " Ca-

Note that this action suggests that e, behaves formally like f~*. In joint work

with Nunez-Betancourt, we use these modules to define two families of ideals: the
F-Jumping ideals Jr(f®) and the F-Jacobian ideals Jp(f). The former ones are used

to detect when «v is an F'-jumping number:
Theorem (Theorem [V.0.25). Let R, f and « as before. The following are equivalent:
i. «ais not an F-jumping number.
ii. M, is a simple F-module.
iii. M, is a simple Dg-module, where Dy is the ring of differential operators on R.
iv. Jr(f*) =R.

We can also recover the test ideals from the modules M, explicitly:
Proposition (Proposition 1V.0.22). The test ideal 7(f“) is a minimal root for the
Fe-modules M,,.

F-Jacobian ideals and the intersection homology modules

Suppose that k is a perfect field and f is a polynomial in R = k[xy,...,z,]. The

Jacobian ideal of f is defined as

of of
J = — ., = .
wih = (£50 0
This ideal defines the singular locus of f. Hence R/fR is regular if and only if
Jac(f) = R. Another important property of Jacobian ideals is a Leibniz rule, that is

Jac(fg) C fJac(g) + gJac(f).

The equality in the previous containment holds only in specific cases | ,
Proposition 8] and it is used to study transversality of singular varieties | , ].
In order to define the F-Jacobian ideals, we use Blickle’s | | intersection ho-
mology Dg-module L(R/fR, R). This Dg-module is the sum of all the simple Dg-
submodules of Ry/R. The F-Jacobian ideal of f, denoted by Jp(f), is defined as the



ideal in R that contains f and satisfies

Je(f)s = £(R/fR, R) N R~
f f

in Ry/R. This ideal behaves similarly to the Jacobian ideal. For example, while the

Jacobian ideal detects regularity, the F'-Jacobian ideal detects F-regularity. More

explicitly, if R/fR is F-regular, then Jr(f) = R (Corollary V.2.11). In fact, if R/fR

is F-pure, then R/fR is F-regular if and only if Jp(f) = R (Corollary V.2.13). We

also show that, like the Jacobian ideal, the F-Jacobian ideal satisfies a Leibniz rule

Jr(fg) = fJIr(g) + 9Jr(f)

for relatively prime elements f, g € R (Proposition V.1.14). This is a key point, since
it allows us to study interactions among different hypersurfaces.

The F-Jacobian ideals behave well with respect to p°-th powers: Jp(f?") =
Je(f)P] (Proposition V.3.1). This property is essential in several proofs and con-

trasts with how the Jacobian ideal changes with p®-th powers:

Jac(fP) = f*"R # (fpe, (%) (;j) ) = Jac(f)P.

The F-Jacobian ideal can be computed from the test ideal in certain cases and

they are strongly related (see Proposition 1V.0.11). However, they differ in general
(see Example V.5.3). Moreover, the F-Jacobian ideal can be defined for elements f
such that R/fR is not reduced and satisfies properties that the test ideal does not
(eg. Propositions V.1.14 and V.3.1). In Section V.4, we show how the F-Jacobian

arises in other contexts related with Cartier algebras, F-ideals, or R{F'}-modules.

Outline

The first part of chapter I contains background in characteristic zero. This section
is not necessary for any of the results in the thesis, but we include it as motivation
for the positive characteristic results. The second part of chapter Il contains all the
necessary background in positive characteristic that we need in the later chapters.

Chapter [l studies the constancy regions for mixed test ideals. We start by
defining some sets associated to mixed test ideals in Section [I1.1. We give the
structural result for constancy regions in positive characteristic in Section [11.2. We

finish this chapter with some examples and counterexamples in Section [11.3.



In Chapter 'V we introduce the F'°-modules M, and we use these modules to define
the F-jumping ideals and to give a characterization of the F-jumping numbers. In
this chapter we also prove several properties of F-jumping ideals. In particular, we
show that they commute with localization and completion. Furthermore, we show
that they can be used to give an algorithm for determining when « is an F-jumping
number, see algorithm ['V.0.26.

In Chapter V we discuss the intersection homology modules £ (R/fR, R). Even
though the existence of these modules was first shown by Blickle | |, we give a
different proof of their existence in Section V.1. We use the intersection homology
modules to define the F-Jacobian ideals. In Section V.2 we relate the F-Jacobian
ideals with the usual test ideal and F-regularity. We study the behavior of the F-
Jacobian ideals under different extensions in Section V.3. We finish Chapter V with

several examples, see Section V.5.



CHAPTER 11

Background

This chapter is divided in two parts. The first section contains several known
results related to singularities in characteristic zero. Even though we do not need
any of these results in this thesis, we present them so the reader can compare with
the results we obtain in positive characteristic. The second section contains all the

necessary background in positive characteristic.

II.1 Characteristic zero

In this section we recall some relevant results about singularities in characteristic
zero. We first fix some terminology. A wvariety is an integral scheme X over a field k.
We assume throughout this section that the field k is the field of complex numbers
C.

There are many tools involved in the study of singularities in characteristic zero.
One classic approach is to start with a possibly singular variety Z and embed it in a

smooth ambient space X. This leads to the concept of pairs.

Definition I1.1.1. A pair (X, Z) consists of a smooth variety X and a formal sum
Z =121+ ...+ c,Z,, where the ¢; are real numbers and Z; are subschemes of X.
If Ih,...,1I, are the sheaves of ideals defining Z1,..., Z,, we also denote (X, Z) by
(X, It - Iem).

Let X be a smooth variety over the complex numbers C and a C Ox an ideal
sheaf. Recall that a (Weil) divisor D = > r;D; has simple normal crossing support
if each of its irreducible components D; is smooth, and if locally one has coordinates

x1,...,x, such that Supp(D) = > D; is defined by a monomial in the z;.



II.1.1 Resolution of Singularities

One of the keystone concepts in the study of singularities in characteristic zero is

that of resolution of singularities.

Definition I1.1.2. A log resolution of a nonzero ideal a C Oy is a proper birational

map 7 : Y — X whose exceptional locus is a divisor E such that
1. Y is non-singular.
2. a0y = Oy (—F) with F an effective divisor.
3. F + E has simple normal crossing support.

The existence of a log resolution of singularities for any nonzero sheaf of ideals in
a variety over a characteristic zero field was shown by Hironaka | |. Furthermore,
Hironaka shows that a log resolution of singularities can be obtained by successively

blowing up smooth subvarieties.

Example II.1.3. Let X = A% = Spec(C[z,y|) and f(z,y) = 2* — y>. The singular
locus of f is given by
%:2$:Oand%:—3y2:0,

hence f is only singular at the origin. A log resolution of f is obtained by a sequence
of three blow-ups. We study in detail the first blow-up and leave to the reader the
computation of the other two. The first blow-up X’ can be described as the union
of two charts, given in local coordinates by Clz,y/z| and Clz/y,y]. The pullback
of f is then 2?(1 — (y/x)3z) in the first chart and y? ((x/y)* — y) in the second one.
Note that in the first chart the pullback of f consists of two disjoint smooth divisors.
By renaming the variables u = x/y and v = y we see that in the second chart the
pullback is given by the union of the divisors v? = 0 and u?> —v = 0, and, even though
both divisors are smooth, they are not in simple normal crossing position. It will be
necessary to blow-up twice more in order to get the simple normal crossing condition.
Figure [1.1.3.1 shows this process, with F; denoting the exceptional divisor of the i-th
blowup.

Example I1.1.4. Let D C A" be a hypersurface defined by a homogenous polynomial
f such that G = Proj (k[x1,...,z,]/fklz1,...,x,]) is smooth. This is equivalent to

saying that D is the affine cone over a smooth divisor of P"~1. The origin o is the

10



E

E3 Ey

Figure I1.1.3.1: A resolution for 2% — 3?

only singular point of D, and a log resolution of singularities for D is obtained by
blowing-up at 0. Moreover, in this case the intersection of the exceptional divisor and

of the proper transform of D is isomorphic to G.

I1.1.2 Multiplier ideals

Multiplier ideals have been intensively studied over the last two decades, as they
play an important role in birational geometry. In this section we recall the definition
and basic properties of these ideals. See | ] for a more thorough treatment. For
m Y — X a morphism between smooth varieties we set Ky/x := Ky — m"Kx =

div(det(Jac(m))). The following result is particularly useful when doing computations:

Proposition I1.1.5. / , Ezxercise 11.8.5] Suppose that'Y is obtained as the blow-
up of X along a smooth subvariety Z. If the codimension of Z in X isr > 2, then

Ky )x = (r — 1)E, where E is the exceptional divisor.

Before we give the definition of multiplier ideal, we need some extra notation:
Let D =Y a;D; be a Q-linear combination of distinct prime divisors D;, by | D] we
denote the divisor ) |a;|D;.

Definition II.1.6. Let a,...,«®, be nonnegative real numbers, a,,...,a, nonzero
sheaves of ideals on X, and X’ be a log resolution for the pair (X,a;---a,). The

mixed multiplier ideal of a; ...a, with parameters aq, ..., a, is defined as
j<a?1 e agn) = 7T*(D([(X’/X - I_alEl +...+ anEnJ)v

11



where Ox/(—FE;) = ;0x.

It can be shown that this definition does not depend on the log resolution 7 :
X’ — X. In the case n = 1 these ideals are just called multiplier ideals and when
the ideals are principal and define divisors Dy, ..., D, we also denote this ideal by
J(a1Dy + ...+ ap,Dy).

Let D be the divisor associated to f € I'(X, Ox). The multiplier ideals J (aD)
satisfy:

e If « < then J (aD) D J (/D).

e For any a € Ry, there exists ¢ > 0 such that J (D) = J (¢/D) for every
o € la,a+e).

The numbers « for which J (aD) # J ((a — €)DD) for all € > 0 are the jumping
numbers of D. The most important jumping number is the smallest one; this is the

log canonical threshold of f.

Example I1.1.7. If f(x,y) = 2% — 4®, we can compute the multiplier ideal of f and
the jumping numbers via the log resolution in Example [1.1.3. If p : Y — X is this
log resolution, then f - Oy = Oy (—6E3 — 3k, —2F, — f)) By Proposition [1.1.5,

the relative canonical divisor is Ky,x = 4F3 + 2F, + Ey, hence

(IL1.7.1) T (f*) = .0y <4E3 + 2B, + By — |60Fs + 3aEs + 20E; + oz[)j)

(I1.1.7.2) = 1.0y ((4 —6a]E; + [2— 3| Ey + [1 — 22| By — |aD]
(1L1.7.3) _ fled if o — o] < 5/6,
o fled(z,y) 5/6 <a—|al <1.

It follows that the jumping numbers of f are {5/6,1,1+5/6,2,2+5/6,...}.

11.1.3 The constancy regions

Let X be a smooth variety over the complex numbers, and a4, ..., a, nonzero ideal

sheaves on X. The definition of mixed multiplier ideals allows us to define a map

v R,

{ Ideal sheaves of Ox}

(ag,...,0n) ———=F(af* - - a2)

12



Definition I1.1.8. The fibers of the map ¥ are called the constancy regions for the

mixed multiplier ideals J(af" - --al™).

n

The following proposition follows immediately from the definition of mixed mul-

tiplier ideal.

Proposition I1.1.9. A constancy regions for a collection of ideal sheaves ay, ..., a,

consist of finite unions of rational polytopes with non-overlapping interiors.

Clearly any pair of constancy regions are disjoint and the union of the constancy
regions is the region aq,...,a, > 0. Besides the trivial cases (when the ideals are
either 0 or R) there are infinitely many constancy regions. But, as the next proposition

shows, they have a periodic behavior.

Proposition 1I.1.10. / , Skoda’s Theorem, Theorem 11.1.1] Let aq,...,a, be
1deal sheaves on a non-singular variety X. Assume further that a; is generated by s

elements, then for alll > s
Tehog - ay) = - Tl o a).

From Proposition [1.1.10 it follows the above-mentioned periodicity of the con-

stancy regions.

Corollary II.1.11. There is an integer N such that for all integers ly,...,l, > N
and any constancy region A, the intersection AN [l + 1) X -+ X [l L, + 1) is a

translation of the intersection of a constancy region B with [l;—1,1;) X x[l,—1,1,).

Example I1.1.12. The constancy regions for f(z,y) = x? —y® are given by intervals
of the form [i,7 +5/6) and [i + 5/6,i + 1) for i > 0.

Example I1.1.13. Let f; = zy and fo = x4y and D, D, the corresponding divisors
in A%2. A log resolution of singularities for zy(z + y) is obtained by blowing-up at
the origin. Let m : ¥ — X be such blow-up. We have Ky ,yx = E, where F is the
exceptional divisor. By Proposition [1.1.10, it is enough to compute the constancy

regions for a and [ less than 1. We have
T f3%) = mOy (E = [ \m* Dy + Mo D) = m([1 = {2M1} — {Ao}] E))

R if 20 + X\ <2
(x,y) if 2 <2\ 4+ Xy < 3.

13



Hence there are only two constancy regions inside [0, 1) x[0, 1), which are separated

by the line 2A\; + Ay = 2. The constancy regions are shown in Figure [1.1.13.1:

JA B =@y

T £) = klx 3

Figure I1.1.13.1: Constancy regions for xy, x + y

I1.1.4 Dp-modules associated to subvarieties

Many important invariants associated to singularities come from the Dgr-module
theory. This theory is quite rich and involved and we refer the reader to | ]
for a complete treatment. In this subsection we limit ourselves to giving the basic
definitions and properties of Dg-modules. We also introduce two important Dpg-
modules that carry information about the singularities of a regular function.

Throughout this subsection we set R = Clz, ..., z,| the polynomial ring over the

complex numbers and X = A" = Spec(R).

Definition I1.1.14. The ring of differential operators is the non-commutative ring

Dpr :=Clxy,...,2,,01,...,0,] where the 0; satisfy the relations
[0, 2] = 0y 0;,0;] = 0.

Note that R itself has a natural structure of Dg-module with 0; - f = %.
module over the ring Dpg is called a Dr-module. We are interested in two families of

Dg-modules associated to subvarieties of the smooth variety X.

11.1.4.1 The Dgr-modules M,

For f € Clxy,...,x,] nonzero, consider the ring Dg[s] obtained by adding to Dy a

variable s commuting with the elements of Dg. We consider the Dg[s]-module Ry - f*
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where f* is a formal symbol and the 0; act by

S

f

The Bernstein-Sato polynomial by(s) associated to f is the unique monic polyno-

Oif* = 2 (0if) f°

mial of minimal degree satisfying a relation
P21, ..., @0, 01,y Ony 8) 5T = by(5) f2,

for some P € Dgls].

The Bernstein-Sato polynomial has been broadly studied and there still are many
open questions in relation to it. The roots of this polynomial are always negative
rational numbers | |. Furthermore, if A is a jumping number less than 1 then
—\is a root of bs(s) | ]

Given any complex number o, we can specialize the Dgr-module Ry - f* by making

s = a. We set

M(a) =D - f=.

Proposition I1.1.15. Let f € R be a nonzero polynomial. If a,oc — 1,0 — 2, ... are
not roots of the Bernstein-Sato polynomial bs(s) then My(a) = Ry as an R-module.

Proof. Clearly Ms(a) C Ry - f*. Let P(s) € Dg[s| be the differential operator
such that P(s) - f¥ = bs(s)f*. We will show by induction on i that f** is in
Mg(a) for all i« > 0. The case i = 0 is given by the definition of M (). Assume
that fo=° € M;(a), from the relation P(a — i) - fo" = by(a — i) f*~*D and the
fact that a — ¢ is not a root of the Bernstein-Sato polynomial bs(s), it follows that
fo7 0+ € My (a). The result is now immediate. O

Theorem I1.1.16 (Kashiwara, | | Corollary 6.25). If a,o0 — 1,0 — 2,... are
not roots of the Bernstein-Sato polynomial, then the Dg-module M(a) is a simple

Dpr-module.

It is an open question whether the converse holds. More precisely, if M (o) =
Ry f*is a simple Dr-module, does it follow that o is not a root of the Bernstein-Sato

polynomial?

11.1.4.2 The Brylinski-Kashiwara intersection homology Dz-modules

Suppose that I = (f1,..., f;) is an ideal of R = C[zy, ..., z,] defining a subvariety
Y C X = A" of dimension d. We recall that the local cohomology modules H%(R)
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are defined as the cohomology modules of the Cech complex
00— R—— @Rfi S EBRfifj _— . — Rf1f2---fz —0.

As the localization of a Dgr-module has a natural structure of Dg-module, the
previous complex can be seen as a complex of Dr-modules. Hence the R-modules
Hi(R) are also Dp-modules. The Brylinski-Kashiwara intersection homology Dg-
module, denoted £ (Y, X), is defined as the unique simple Dg-submodule of H%(R).
The existence of the Dg-module £ (Y, X) is nontrivial and can be found in | ].
This modules can also be obtained via the Riemann-Hilbert correspondence from the

pushforward of the intersection homology complex ICy to X.

I1.2 Positive characteristic

This section gives the necessary background in positive characteristic. We start by
covering test ideals and some classical classes of singularities in positive characteristic.
In the second section we follow | ] to give a description of the test ideals in the
regular case. In the last section we go over the F-module theory introduced by
Lyubeznik [ ].

11.2.1 Test ideals and singularities via Frobenius

Test ideals were originally defined by Hoschter and Huneke | ] and later Hara
and Yoshida extended this definition to include pairs | ]. In this subsection we
recall their definition. We finish the subsection with several definitions of classes of
singularities obtained by the action of Frobenius. There are several excellent surveys
in this topic, see for example | ; , , ].

For every e > 1 we denote by R the R — R-bimodule that as abelian group is
isomorphic to R, with the usual left R-module structure, while the right one is given
by the Frobenius action F°: R — R. Given an inclusion of R-modules N C M, by

tensoring with R(®) we obtain a map of (left) R-modules
R ®@N — R @ M.

We denote the image of this map by N ]\[If}. Note for example that if I is an ideal of
Rthen I =1V = (# :ieI)R.

Definition II.2.1 (Hara-Yoshida | ], Hochster-Huneke | ]). Given a posi-
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tive real number c, the a°-tight closure of N in M is the R-submodule N;%" of M
consisting of all elements m € M for which there exists v € R, not in any minimal
prime, such that

image (uawe1 ®m) € N][\’f]

for all e > 0. When N = [ is an ideal of M = R we denote by I* the (R')-tight

closure of I in R.

For a maximal ideal m C R we denote by Egr(R/m) the injective hull of the
residue field R/m. We set

E:= €  Er(R/m).

méemaxSpec(R)

Definition I1.2.2 (Hara-Yoshida | |). The a‘-test ideal T(a®) is defined as

T(a%) = ﬂ Anng(03%)

MCE
where the intersection runs over all finitely generated submodules of E.

Remark I1.2.3. We can recover the classical (finitistic) test ideal of Hochster and
Huneke (defined in | |) by taking a = R and ¢ to be any positive number. We
denote this ideal by 7(R).

These definitions can easily be extended to the case of several ideal ay, ..., a, and
positive real numbers cy, ..., c,. In this case we call the corresponding ideal the mized
test ideal associated to ay,...,a, and we denote it by 7(af* ---al), see 11.2.141 for a

precise definition in the regular case.
We can use tight closure theory to define important families of singularities as

follows.

Definition I1.2.4. | , ] Let R be a reduced ring of characteristic p > 0.

a. We say that R is weakly F'-reqular if every ideal I in R is tightly closed, that
is if I* = I. We say that R is F'-regular if every localization of R is weakly
F-regular.

b. A local ring (R, m) is said to be F-rational if every parameter ideal is tightly
closed. When R is not local, we say that R is F-rational if the local ring R, is

F-rational for every maximal ideal p of R.
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Another family of singularities in positive characteristic appears naturally as a

consequence of the following theorem of Kunz.

Theorem I1.2.5 (Kunz’s Theorem | ). Given a local ring R, the following are

equivalent:

a. The ring R is reqular.
b. The Frobenius map F : R — R is a flat morphism.
c. R is a free RP"-module of rank p® dim(R) for some e > 0.

c. R is a free RP"-module of rank p® dim(R) for every e > 0.

This remarkable result tells us that we can detect singularities via the action of
Frobenius. Therefore we can define different families of singularities by specifying
“how close” R is to a locally free RP-module. We borrow notation from the scheme
setting and denote by FfR the R-module whose underlying group structure is R and
whose R-module structure is given by the Frobenius action F*: R — R. A ring R is
F-finite if F,R is a finite R-module.

Definition II1.2.6. | , | Let R be an F-finite ring of prime characteristic
p. We say that a ring R is F'-pure if the Frobenius map F' : R — F,R splits as an
R-module homomorphism. We say that R is strongly F'-regular if for every ¢ € R°,
there exists some e € N such that the map

xFfc

cFe: R FfR

F°R

r—— F(2P") — F(ca?")

splits as an R-module homomorphism.

I1.2.2 Test ideals in the regular case

When R is a regular F-finite ring, Manuel Blickle, Mircea Mustata and Karen
Smith [ | gave an alternative description of test ideals. Here we recall this
construction following loc. cit. and therefore throughout this subsection we will
assume that R is a regular F-finite ring.

Recall that for an ideal I C R we denote by IPl the ideal generated by the

p¢-powers of elements in 1.
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Lemma I1.2.7. Given u € R, we have u?* € IV if and only if u € 1.

Proof. The question is local so we may assume that R is local. From the exact
sequence

0—-1I—-R—>R/I—=0

and the flatness of Frobenius in the regular case we have that the sequence
0—=RO®[—RO®R— R (R/I)—0

is exact. But as RO®I = [P and R®®@R = R it follows that R©®(R/I) = R/,
Hence if u?* € I it follows that 1 ® u = 0 in R ® (R/I), which in turn implies
u=0in R/I. The result follows. O

Given an ideal I in R, we denote by I1/?) the smallest ideal J such that I C JP1.
The existence of a smallest such ideal is a consequence of the flatness of the Frobenius

map in the regular case. We record some basic properties of the ideals I/,

Proposition 11.2.8. / , Lemma 2.4] Let a,b be ideals in R. If e and €' be

positive integers, then the following statements hold.

(a) If a C b, then alt/?"] C pl/r],
(b) (a- )P C qlt/r] . pli/p],

[1/pe+]

(c) all/7] C (ap8/>

The following proposition gives an explicit description of I''/?l when R is free

over RP°. This holds, for example, if R is a polynomial ring or a local ring.

Proposition 11.2.9. [ , Proposition 2.5] Suppose that R is free over RY, for
q=7p°, and let e1,...,enx be a basis of R over R%. If hy,..., h, are generators of an
tdeal I of R, and if for everyi=1,...,n we write
N
hi = Z ag’jej
j=1

U}Zth CLZ‘J' < R; then
J/rel — (a; ;i <n and j < N).

In the regular case we have the following description of the test ideals:
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Proposition 11.2.10. / , Proposition 2.22] Given a positive number ¢ and a

nonzero ideal a, the generalized test ideal of a with exponent ¢ can be described as

(o) = U(afcpﬂ)[l/pel’

e>0
where [c| stands for the smallest integer > c.

The ideals in the above union form an increasing chain of ideals; therefore, as R
is Noetherian, they stabilize. Hence for e large enough 7(a¢) = (al"1)[/?] In the

principal ideal case we can say more.

Proposition I1.2.11. / , Lemma 2.1] If A = 1% for some positive integer m,
then 7(f*) = (fm™)/Pe,

It can be shown that as the parameter c varies over the reals, only countably many

different test ideals appear; moreover, we have:

Theorem 11.2.12. / , Proposition 2.14] For every nonzero ideal a and every

non-negative number ¢, there exists € > 0 such that 7(a®) = 7(a®) forc < d < c+e.

Definition I1.2.13. A positive real number c is an F-jumping ezponent of a if 7(a®) #
7(ac"€) for all € > 0.

The F-jumping exponents of an ideal a form a discrete set of rational numbers,
that is, there are no accumulation points of this set. In fact, they form a sequence
with limit infinity (see | , Theorem 3.1]).

As in the case of one ideal, one can define the mixed test ideal of several ideals as

follows.

Definition I1.2.14. Given nonzero ideals ay, ..., a,, of R and non-negative real num-

bers cq, ..., c,, we define the mized generalized test ideal with exponents cq,...,c, as:

n

) = (e ey
e>0

As in the case of 7(a%), we have 7(af ---a%) = (al®PT...al")W/P] for all e

large enough.

Theorem 11.2.15. Let ay,...,a, be nonzero ideals in the polynomial ring R =
klxi,...,2.], and let ¢; = ri/p°,...,co = 1o/p° be such that rq,...,r, are natu-

ral numbers. If each a; can be generated by polynomials of degree at most d, then the
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ideal T(af* - - - a") can be generated by polynomials of degree at most |d(ci+...+¢,)].
Here |r| stands for the biggest integer < r.

Proof. We argue as in | , Proposition 3.2], where the result was proven for the

case of one ideal. We know that R is free over RP® with basis
{Bja" - 22710 < oy < p© and f3; part of a basis for k over k¥ }.

The ideal a{p el Pl can be generated by polynomials of degree at most d[pce; |+
...+ d[pc,]. Hence taking e > s large enough by Proposition [1.2.9 the ideal
T(ail - aZn) — (agpecl] - aLpecn])[l/Pe}

is generated by polynomials of degree at most (d[p°ci|+...+d[p°c,|)/p° = (dp*~>ri+
e dptTiry) [ = d(ry ). O

I1.2.3 D-modules and F-modules
11.2.3.1 D-modules

In Section [1.1.4 we defined a D-module as a module over the Weyl algebra
Clx1, ..., Tp, 01, ...,0,]. In general, for rings that do not contain a field of char-
acteristic zero, the ring of differential operators is more complicated. For example, in
the case that R is the polynomial ring F,[z1, ..., ;] it is not true that Dy, is generated
by the partial differentials 0y, ..., d,. Instead, we need a more general definition.

Let R be a commutative ring and A be a subring of R. The elements of Hom 4 (R, R)
induced by multiplication by elements in R are called A-linear differential operators
of order zero. We say that § € Homa(R, R) is an A-linear differential operator of
order less than or equal to k + 1, if for every r € R the element [0,7] =0 -7 —1r-0
is an A-linear differential operator of order less than or equal to k. The subset of
Hom (R, R) consisting of all A-linear differential operators forms a ring that we de-
note by D(R, A). If A =7/pZ, we write Dg for D(R,Z/pZ), or just D if R is clear
from the context.

D(R, A)-modules behave well under localization, that is if M is a D(R, A)-module
and W C R is a multiplicative system, then W~'M acquires a natural structure
of D(R, A)-module such that the localization map M — W~'M is a morphism of
D(R, A)-modules. Furthermore WM is also a D(W 'R, A)-module.

A nonzero D(R, A)-module M is simple if the only D(R, A)-submodules of M are

the trivial ones, that is 0 and M. Assume R is a reduced F-finite ring of positive
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characteristic p. For any multiplicative system W C R and any simple Dg-module

M, the Dgr-module WM is either zero or a simple Dy, -1z-module. Therefore, for

every Dg-module of finite length N we have length Dy-1p W-IN < length,  N.
Note that D is a subring of Homg,,z(R, R), hence R has a natural structure of

D-module. We can use D-modules to measure F-singularities.

Proposition 11.2.16. | , Theorem 2.2] If R is an F-finite domain of positive
characteristic p > 0, then R is a strongly F-reqular ring if and only if R is F-pure

and a stmple Dgr-module
In addition, we have:

Proposition 11.2.17. / | If R is an F-finite domain of positive characteristic
p >0, then
Dpr = U Homp< (R, R).
eeN
We denote Homp,e (R, R) by Dl(qe). We finish this subsection with a proposition
that will be frequently use in Chapter [V.

Proposition 11.2.18. [ , Proposition 3.1] Let R be an F-finite reqular ring

of positive characteristic p. If f in a nonzero element of R, then
e © [e]
DY = ()
for all e > 0.

11.2.3.2 F-modules

The theory of F-modules was introduced by Lyubeznik | | to study finiteness
properties of local cohomology modules. In this section we recall the basic definitions
and properties. Throughout this section we assume that R is a regular ring of positive
characteristic p > 0.

Every morphism of rings ¢ : R — S defines a functor from R-modules to S-
modules p*, defined by p*M = S®g M. If S = R and ¢ is the Frobenius morphism,
we denote by FM the R-module o*M = R ® M. This is the Frobenius functor
introduced by Peskine and Szpiro | ]. If R is regular, the flatness of Frobenius
implies that F' is an exact functor. We denote the e-th iterated Frobenius functor by
Fe.
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Example I1.2.19. If M is the cokernel of a matrix (r;;), then F°M is the cokernel
of the matrix (rfj) In particular, if I C R is an ideal, then F¢ (R/I) = R/I¥"].

An F¢-module is a pair (M, ¢) consisting of an R-module M and an isomorphism
of R-modules ¢ : M — F°M. The isomorphism ¢ is called the structural isomor-
phism. We note that an F°-module has a natural structure as an F“®-module for

every £ € N given by the composition
v ‘v (e=1y
ML FEMEY FEM. TS FReM.

Let R[F€] be the skew-ring generated by the symbol F® and the relation Fer =
rP*Fe for any r € R. Any Fmodule has a structure of R[F¢]-module. Indeed, if
M is an F-module with structural morphism ¢ : M — F¢M = R®) @ M then the

action of F° is given by:

Fe: M M

m——=F¢(m) = ¢ H(1®m).

One way to produce F°-modules is by using generating morphisms. More explic-
itly, let M be an R-module and 8 : M — F°M be a morphism of R-modules. We
consider

M =lim(M & pear 28 prep 0
—

and note that the Frobenius functor F'* commutes with direct limits; therefore
2 3
FeM =lim(F°M 55 P S P ™) = M.
—

This gives M a structure of an F°-module. In this case we say that M is generated
by B, or that 8 is a generating morphism for M. 1f 8 is an injective map, then M
injects into M. In this case (3 is called a root morphism for M. If g is understood
from the context, we only say that M is a root for M. If there is a root M which is
finitely generated as an R-module, then M is called an F°-finite F**-module

Example 11.2.20. R has a natural structure of an F°-module for all e. Indeed, this
follows from the fact that F'°*R = R; hence, the structure morphism v : R — R is the
identity map.

The next example plays an important role in Chapter V.
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Example I1.2.21 (| , Pag. 6653]). For every element f € R and r,e € N, we
take a = Jﬁ and define M, as the F°-finite F°-module that is generated by

RE FeR=R.

,,J

"1
. . . /

However, these two are canonically isomorphic as F°¢-modules.

we obtain similarly an F¢-module.

If we choose another representation a =

p(i

We say that ¢ : M — N is a morphism of F*-modules if the following diagram

commutes:
M2 N
e
FM-"~FN.
The F°-modules form an Abelian category and the F°-finite F*-modules form a
full Abelian subcategory. Moreover, if M is F°finite, then M/ is also F“-finite.

In addition, if R is a local ring, then every F°-finite F°-module has a minimal root

[BIi04, J

Example II.2.22. The localization map R — Rj is a morphism of F-modules for
every f € R. Moreover, the cokernel of the localization map R — Rj is an F-finite
F-module for every f € R. Indeed, Ry/R = H(R) is generated by R/fR 7
F(R/fR) = R/fPR.

We recall that every Fe-submodule M C Ry/R is a D-module | , Exam-
ple 5.2]. We end this section by stating two important structural properties of F*-

modules.

Theorem 11.2.23 (| , , , Theorem 5.13]). If R is a reqular F-finite
ring of positive characteristic, then every F°-finite F°-module over R has finite length

in the category of F¢-modules.

Corollary I1.2.24. If R is a reqular F-finite ring of positive characteristic, then
every Fe-finite F'°-module over R has finite length in the category of D-modules.

Proof. By Theorem 11.2.23, R satisfies the hypotheses of | , Theorem 5.6], which
states that every simple F*-module is a finite direct sum of simple D-modules. Then
M has finite length as a D-module. O
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CHAPTER III

Constancy Regions in Positive characteristic

In this chapter we prove the first main result. The first section introduces some sets
associated to mixed test ideals. In the second section we use these sets to describe the
structure of the constancy regions in positive characteristic. We conclude this chapter
with an example exhibiting the complexity of the constancy regions. In particular,
the example shows that a constancy region in positive characteristic does not need

to be a finite unions of rational polytopes.

ITI1.1 Some sets associated to mixed test ideals

In this section we introduce the definitions needed for our study of mixed test
ideals and derive some basic properties. Throughout this chapter R denotes a regular
ring essentially of finite type over an F-finite field k of positive characteristic.

In order to simplify notation we denote ai'...al* by a®, where a = (ay,...,a,),
c = (c1,...,¢,) € Ry We similarly denote the vector ([r(], ..., [r,]) by [r], where
r=(ry,...,r) € R,

Definition III.1.1. Given nonzero ideals a, ..., a,, and [ in R, we define
1 c c 1
I e\ __ _ 1 n n c [p°]
Vi(a,p®) = {p—ec— (p—e,...,p—e) € pezzoy a®Z 1" }
and

B'(a,p) = J0.14] x ... x [0,1,] C R,
where the union runs over all (Iy,...,1,) € V(a,p°).
From this definition it follows that if ¢ > e, then V/(a,p®) C V/(a,p®) and

Bl(a,p°) € B'(a,p®). Indeed, if a¢ ¢ I¥] then there is an element f € a® with
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f ¢ 1" hence fpe,_e c ¥ e and, by the flatness of the Frobenius morphism, we
get fP°° ¢ IP°] Therefore a?* “¢ ¢ 1" and we get the first inclusion. The second

one is then straightforward.

Definition III.1.2. Let B'(a) = .., B'(a,p®) and define x! : R* — N to be the
characteristic function of the set BY(a). That is, xI(c) is 1 if ¢ is in B(a) and it is 0

otherwise.

In order to study the sets BY(a) it is crucial to understand how they intersect any

increasing path. This motivates the following definition.

Definition ITI.1.3. Let a4,...,a,, and I # R be nonzero ideals as before and let
r = (r1,...,7) € Z%, be such that that a” C rad(/). We denote

K.I(ﬂ,pe) = max{m € ZZO| a™" g ][pe]}
Remark IT1.1.4. While in the definition of V7 (a, p°) one does not require any relation

between a and I, observe that we require that a” C rad(I) when we consider V,!(a, p°).

Note that if a”" ¢ I then a?™ ¢ IP°"']. Therefore pV/(a,p?) < V/(a,p*t),

hence
VI e
(IT1.1.4.1) (M>
p e>1

is a non-decreasing sequence.
Proposition II1.1.5. The sequence (111.1.].1) is bounded, hence it has a limit.

Proof. If a” is generated by s elements, then a®*®*~D+17 C (qm)lPl, For [ large enough
such that a'™ C I, we have V(a,p) < I(s(p® — 1) + 1) — 1 for all e. Therefore
VI(a,p®)/p® < ls, thus the sequence is bounded. O

Definition II1.1.6. We call this limit the F'-threshold of a associated to I in the

direction v = (r1,...,r,), and we denote it by CZ(a).

Remark II1.1.7. In the case n = 1 we recover the usual definition of F-threshold

[ s [ , Section 2.5].

Lemma IT1.1.8. Let cb = (%,...,%) and e = (%,..., %) be two elements in
P P P P p p ,

R%,, such that b,c € Z%,. If 1% < 1%’ for every 4, and ¢ < e then (a®)l/?] C

(ab)1/7°],
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Proof. The assertion follows as in | , Lemma 2.8]. The condition b; < ¢;p*¢

implies that a¥ D af*"  for every i. Therefore
(ab>[1/p6] » (ap”e/c)[l/pe] ») (ac)[l/pe/]’

where the last inclusion follows from Proposition [1.2.8. n

Proposition II1.1.9. Given any c = (c1,...,c,) € R, there is € = (e1,...,€,) €

RZ, such that for every r = (ry,...,r,) with 0 <r; <¢;, we have T(a®) = 7(a®*").

Proof. We argue as in the proof of | , Proposition 2.14]. We first show that
there is a vector € = (e1,...,€,), with ¢, > 0 for all 4, such that for all vectors
r = (r1,...,mn) € Z%, with ¢; < #ri < ¢; + ¢ we have that (a™)/?] is constant.
Indeed, otherwise there are sequences 7, = ("1, .., "mn) € 7%y and e, € Z>q such

that p%mrm converges to ¢, ( p%mrmo is a decreasing sequence for every i, e,, < €,,11,
m

(amm+1)1/P" 1 for all m, but this contradicts the fact that R is Noetherian.

Assume now that € = (ey,...,¢,) is as above and let I = (a™)l!/?] for all r =
(71, .,7n) € ZZy with ¢; < #ri < ¢; + ¢;. We show that [ = 7(a®). Take e large
enough such that 7(a¢) = (a/?*¢)[l/PT and % < ¢;+e¢; for every i. If all p°c; are non-
integers then “’;—fﬂ > ¢; and 7(a®) = I. Let us suppose that p°c; is an integer precisely
when i =4y, ...,4. Let d = (dy, ..., d,) be the vector whose i, coordinates are 1 and all
the other are 0. As e is arbitrarily large we may also assume that ¢; < cl-—l—#di < ¢;t€;
for all i € {iy,...,4;}, hence I = (alPcl+d)1/rl C (glP*eh1/P] = 7(g°).

The reverse inclusion follows by showing al?el C [Pl Tet w € alPel. If e > e
and ¢’ is large enough, then ¢; < ¢; + ? < ¢; + €, hence alp” el +1 C 1%]. Here
1 denotes the vector whose coordinates are all 1. Thus, for v a nonzero element in

a; - --a, we have

’

Uupe —e c ape/,e I‘pec'|+1 g al—pe’c-‘_’_l g (I[pe])[pelie].

This implies that u is in the tight closure of I") but as R is a regular ring, the
tight closure of "] is equal to IP)(see | ]). This gives a7l C 1Pl hence, by
definition, 7(a¢) = (alP*h)/PT C I, O

Definition ITI.1.10. A positive real number c is called an F'-jumping number of a in
the direction v # 0 € Z2, if ¢ is such that 7(a”) # 7(al*"97) for every real number
e > 0.
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Proposition II1.1.11. If r € Z%, and A € Ry, then
(@ a) = (@),

~ _ ~T1 Tn
where § = aj' ---a;n.

Proof. By Propostion [11.1.9, we may assume \ = }% with s € Z>(. For e sufficiently

large, we have

7_<a/\r1 . a)\rn) — (aD\rlp‘ﬂ . u[/\rnpﬁ]>[l/pc] _ (aSTlpe—El . asrnpc—e’)[l/pe]

= ((aTI . a"‘")sipeie/)[l/pe] — ((arl . aT")Ape)[l/pe] = T(ﬁk).
L]

Corollary II1.1.12. The F-threshold of a associated to I in the direction r =
(r1,...,7rn) s equal to the F-threshold of ai* ---a/" associated to I.
Corollary I11.1.13. The set of F' -jumping numbers of a in direction r is equal to

the set of F-jumping numbers of a*.
Therefore | , Corollary 2.30] implies the following.

Corollary I11.1.14. The set of F-jumping numbers of a in the direction r is equal

to the set of F-thresholds of a, associated to various ideals I, in the direction r.
Given [y, .. .,l, positive real numbers we denote by [0, ] the set [0, ;] x ... %[0, 1,].

Proposition II1.1.15. Given nonzero ideals ay,...,a, of R, where R is a reqular,
F-finite ring essentially of finite type over a finite field, the set {T(a®)| c € [0,1]} is
finite.

Proof. Since R is assumed to be essentially of finite type over k, arguing as in the
proof of | , Theorem 3.1], one can see that the assertion for all such R follows
if we know it for R = k[xq,...z,], with » > 1. We will therefore assume that we are
in this case.

By Lemma I11.1.9, we may assume that ¢ = (%,...,%) with «; € Zs¢ and
e > 1. Let d be an upper bound for the degrees of the generators of a;, for all i. By
Theorem 11.2.15 we have that 7(a€) is generated by polynomials of degree < ndL,
where L = max{l;}. Since k is finite, there are only finitely many sets consisting of
polynomials of bounded degree and therefore only finitely many ideals 7(a®) where

ce[0,1]. O
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Definition II1.1.16. The constancy region for a test ideal 7(a®) is defined as the set
of points ¢’ € R%, such that 7(a®) = 7(a%).

Lemma II1.1.17. If J is an ideal of R, then B”(a) consists of the points ¢ € RY,
such that 7(a®) Z J.

Proof. Assume first that ¢ = (%, o ‘;—2) with a; € N. Choose a representation of ¢

with e large enough such that 7(a®) = (a®)!!/?]. In this case we have
ceB'(a) <= a® ¢ JV = (a1 ¢ J = 7(a®) C J.

For the general case, let ¢ € B7(a), this implies that ¢ € B”(a,p®) for some e.
Therefore we can find r = (%, . 2—") € B’(a,p®) C B'(a), with a; € N, ;‘— > ¢;. By
the first part this implies 7(a") € J, but as & > ¢; for all 4, we have that 7(a") C 7(a®)
hence 7(a®) Z J.

For the reverse inclusion, let ¢ € R%, be such that 7(a®) € J. By Proposition

II1.1.9 there is a point r = (32,...,52) with a; € N, ot = ¢ and T(a®) = 7(a"),
therefore 7(a*) ¢ J. We use the first part again and conclude r € B7(a), but as
ot = ¢; for all 4, we deduce that ¢ € BY(a). O

Theorem II1.1.18. Ifay,...,a, are all contained in a mazximal ideal m, then for each
c € RY, there exist ideals Iy, ..., 14 and J such that the constancy region for the test
ideal T(a¢) is given by (,_, 4 B"(a)\B’(a).

Proof. We first show that this constancy region is bounded. As a; C m for all ¢ we

have that for any ¢’ € R%jand e sufficiently large
r(a®) = (al T g /T (el e T)1/p]
C (mlap tetenp =n) /P C pleitden]-ntt,

Since Nym® = 0, there is L such that 7(a®) € m”, we deduce that for any ¢’ in the
constancy region 7(a¢') = 7(a®) € m*, hence ¢, + ...+ ¢/, < L. This implies that the
constancy region for 7(a®) is bounded.

To deduce our description consider a sufficiently large hypercube [0, 1] containing
the constancy region for 7(a®). By Propostion I11.1.15, we know that the set A =
{7(a%)| ¢ € [0,1]} is finite. Let I, ..., I; be the ideals in A that are strictly contained
in 7(a®) and let J = 7(a®). We claim that the constancy region for 7(a®) is equal to
Niz1...a B"(@)\B”(a). Lemma I11.1.17 implies that the set (\,_, ,B"(a)\B”(a) is
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equal to the set of all r such that 7(a*) Z [; for all i and 7(a®) C 7(a"), or equivalently,
7(a*) = 7(a®) by our choice of I;. O

Remark II1.1.19. We can remove the condition that all ideals a; are contained in a
maximal ideal and still get a similar description. Explicitly, in each hypercube [0, ]
the constancy region is given by (),_, _,B"(a)\B’(a) N [0,1], for suitable Iy, ..., I
and J.

We now give a version of Skoda’s theorem for mixed test ideals (see | :
Proposition 2.25] for the case of one ideal). This theorem allows us to describe the
constancy regions in the first octant by describing only the constancy regions in a

sufficiently large hypercube [0,1] = [0,14] x ... x [0, 1,].
Theorem I11.1.20. (Skoda’s Theorem) Let ey, ..., e, be the standard basis for R",

and assume 1 < ¢ < n. If a; is generated by m; elements, then for every s =

(S1,...,8n) with s; > m;, we have
7(a®) = a%71(a® ).

Proof. We only need to prove (al?*s!)[1/7] = gei(alP*(s=i))[1/P] for ¢ large enough.
Let d = (dy,..,d,) be a vector with integer coordinates and d; > p°s;,. We want

to show that
(ad>[1/pe} _ aei(adﬂoeei)[l/pe]7

from which the result follows.

Since ad—P"¢: . a?’ﬂ C a? C ((a)/P )Pl we have
a® e C (0P afl) = (@ a) "
where the equality is consequence of the flatness of Frobenius. Therefore
(ad=P e/ C (@7 @),

that is,
aei(ad—peei)[l/pel C (ad>[1/pe].

For the reverse inclusion, note that since d; > m;(p® — 1) + 1, in the product of d;
of the generators of a; at least one should appear with multiplicity > p®. Therefore

d _ Ip°l  _d—pce;
=a; -a

a , hence

Cld g aEPE} X ad—peei g agpe] . ((ad—peei)[l/pe])[Pe] _ (aei . (ad—peei)[l/pe])[P€]7
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which clearly implies (a®)l/P71 C gei(qd—r"e:)[1/pf], O

Proposition I11.1.21. If ¢ is an F-jumping number in the direction v = (ry,...,7,)

then also cp is an F-jumping number in the direction .

Proof. Note that V/(a, p=t') = V1" (a, p°), hence pCl(a) = CI" (a). O

r r

III.2 The constancy regions

In this section we prove our main result, Theorem [I1.2.6 below. We begin by
recalling our definition of p-fractals.

Let F be the algebra of functions ¢ : RY; — Q. For each ¢ = p° and every
b= (b,...,b,) € Z" with 0 < b; < ¢ we define a family of operators T : F — F by

Toud(ty, - ta) = ((t + 1) /qs - (b + ba) /).

Definition ITI1.2.1. Let ¢ : [0,]" — Q be a map and let denote also by ¢ its extension
by zero to R%,. We say that ¢ is a p-fractal if all the T, ¢ span a finite dimensional
Q-subspace V' of F. Furthermore, we say that an arbitrary ¢ € F is a p-fractal if its

restriction to each hypercube [0,1] is a p-fractal.

Remark III.2.2. This definition is similar to the one in | , Definition 2.1]. The
only difference is that in | , Definition 2.1] the domain of the functions is the
hypercube [0,1] x ... x [0,1].

In this section we assume that R is a regular, F-finite ring essentially of finite

type over a finite field of characteristic p > 0, and a; C R are nonzero ideals.

Lemma III.2.3. Let ¢ = (ci,...,¢,) € R, and ay,...a, be nonzero ideals of R
then 7(a®)/7) = 7(ai).

Proof. Taking k large enough
(0] = ((agcw’ﬂ .. aLcnm)u/pk}) /]
and by | , Lemma 2.4] the later contains

(Cl{apk] . afcnpk])[l/p“e] _ (Cl[;—}zpmel o aL;—Ekarq)[l/pHe]
= 7(a7°).
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Therefore 7(a)!/71 D T(ap%r:).
For the other inclusion note that
7(a%) = (al@P"T .. qler"TyL/p

= (agf%pkﬂ] . aL;%kare])[pE/p’“*e}

that by [ , Lemma 2.4] is contained in
[oEphTe] [SpkTe] 11 phte P Loenipe
(a,” ceean? Y/ = 7(ar" )P’

but this is equivalent to say

[]

Lemma II1.2.4. Letl = (l4,...1,) € Z" be such that l; is the minimum number of
generators of the ideal a;. Let b € 7" such that l; — 1 < b; . For all e, we have

JP].gb—1+1
T ( ),

peloXe = Tpola—[ X4

where xI denotes the characteristic function introduced in Definition I11.1.2.

Proof. We have that
1
Lm0 =t (-0 +0))
is equal to 1 if and only if, by Lemma [11.1.17, to
r(@r ) g 1,
and by Lemma [11.2.3 this is
T(at-‘rb)[l/pe] g _[,

but the later is equivalent to

T(att®) ¢ 1P,
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As b; > [; — 1 by Skoda’s Theorem the previous expresion becomes
e R
Wich in turn is equivalent to
a1y g (1P qb—iHy
but this is the case if and only if

a

T @) = T 1)

is equal to 1

Note that a point of the form _zr + (I — 1) with r € Z" is in BUP Y (q) if
and only if a”*¢=1 ¢ ([P ; =P if and only if a” - a?* -1 . (@b WP ¢
IP""*) this by Lemma [11.2.3 occurs if and only if a™?*® ¢ [P or equivalently

peﬁrkr + z%b € B!(a). From this the result follows easily. O

This lemma is especially useful when the ideals are principal, as we will see in the

examples of Section 5.

Lemma II1.2.5. If R is a regular, F'-finite ring essentially of finite type over a finite
field, then in each hypercube [0,1] there are only finitely many functions xX. That is,
the set {xLljoy; I C R} is finite.

Proof. By Lemma 111.1.17, B'(a) is the set of all points ¢ = (c1,...,¢,) € R%, such
that 7(a¢) € I, hence B!(a) is a union of constancy regions. By Lemma [11.1.15,
we know that there are only finitely many constancy regions for bounded exponents,

therefore there are only finitely many functions x| . m

Theorem III.2.6. There is a p-fractal function ¢ : R%; — N for which

(0 ...a%) = 7(af'...a%) <= p(ey, ..., cn) = @(dy, ..., dy),

n

and therefore the constancy regions are of the form ¢=1(i) for some number i.

Proof. We first show that the functions x! are p-fractal. We want to prove that all
the T, pe|bX£ span a finite dimensional space. Lemma [11.2.4 states that all but finitely
many of these functions have the form 7, po‘(l,l)xg for different ideals J. Lemma [11.2.5
ensures that there are only finitely many of those in each hypercube [0,1]. From this

it follows that ! is a p-fractal.
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For ¢ € RY,, let n. be the characteristic function associated to the constancy
region 7(a®). Remark [11.1.19 implies that that in each hypercube [0,1], 1|0y =
(Xgl cooxla — Xg) ‘[o,z] for some ideals Iy, ..., I; and J, therefore 7, is p-fractal.

Clearly there are countably many constancy regions, so we can numerate them.

For every i, let ¢; = (¢;1, ..., i) @ point in the i-th constancy region, and we define

This function satisfies the desired conditions. O]

Corollary II1.2.7. Let R be a reqular, F'-finite ring essentially of finite type over a
finite field. Let n. be the characteristic function associated to the constancy region of

7(a®), then n. is a p- fractal.

II1.3 Some examples

In section [11.2 we showed that the characteristic functions of the constancy regions
are p-fractal functions, see Corollary [11.2.7. We use this fact and Proposition [1.2.9 to
compute an explicit example. Throughout this section we use a subscript *, to denote
that a number % is written in base p. More explicitly, given integers 0 < a; < p—1 by
(ar@r—y ...ap.G_1 ...a_;), we mean the rational number Z;:_z m;p’. For example,
12.15 denotes the number 1-3 +2-3% +1 .37 = 18 written in base 3. One of the

3
main tools for computing examples is the following theorem:

Theorem II1.3.1. (Lucas’ Theorem [ /) Fiz non-negative integers m > n €

N and a prime number p. If we write m and n in their base p erpansions: m =

(memy_q...mimg), = 25:0 mip’ andn = (nyn,_1...n1ng)p = Z;:o n;p’, then

()= () () () o

where we interpret (‘Z) as zero if a < b. In particular, (77’:) s nonzero mod p if and

only if mj >n; forallj=1,...r.

Remark II1.3.2. In particular, if m = p¥ — 1, then all coefficients in the expansion

of (z + y)™ are nonzero.

Example IT1.3.3. (The Devil’s Staircase) Let R = F3[z,y], fi = v +y, and fo = zy.

We want to describe the constancy regions for the test ideals 7(f€).
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We first show that there are five different test ideals in the region [0, 1] x [0, 1].

More precisely, we show that

(R or (x,y), c€l0,1)x]0,1)
(x +vy), ce {1} x[0,1)
(zy), ce[0,1) x {1}

| (zy(z +y)), c¢=(1,1).

(%) =

We want to compute the test ideal at (%, %) By Proposition I11.1.11, we have

r(fORO) = r((fy- £)7),

By Proposition 11.2.11, we have
(- )3 = (2 + ) e = @y + )l
Finally, Proposition [1.2.9 gives
(2% + o)) = (2,y),
and therefore

T(f{ - f52) C (z,y) if ¢; > 1/3 and ¢y > 2/3.

In particular, the test ideal associated to the points (1 — %,1 — 3%) is contained in

(x,y). Now
r(f1TETR) = (@ 4+ ) )

= ((2y +ay?)* e

2(3k-1),,3%—1 3kF—1,2(3kF-1)

Since the terms x Y and z° "'y appear in the expansion of (z?y +

2y2)3* =1 with nonzero coefficient, we conclude that 7(f (1_3%’1_3%)) D (w,y). Therefore

L

T(fOTFITE)) = (2,y),

Thus there are only two test ideals in the region [0, 1) x [0, 1), namely R and (z,y).
Clearly 7(f9) = (z +y), and by Skoda’s Theorem

r(fME) = fir (7))
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= (z+y) - ((ay)* )
= (z+y),

hence the only test ideal in the region {1} x [0,1) is (z + y).

In a similar way, 7(f®V) = (2y) and

1

r(fOTEY) = fo (07

= (ay) (& + )"l
= (2y)-

Thus (zy) is the only test ideal that appears in the region[0,1) x {1}.
Finally, note that the test ideal at (1,1) is

T(fOD) = ((x + y)zy).

We now show that (£, 2) is a point in the boundary of B®*¥)(f) and then use the
p-fractal structure to sketch the constancy regions.

For every k

= ((+ )" ay)*> G

. . k—1__ . .
But in the expansion of (z+y)> ! every term appears with nonzero coefficient, see
gh—1_4 ak—1
y23h -1

Remark 111.3.2. In particular, the term (xy)™ =2  (zy appears with non-zero
coefficient when expanding the product (z 4 5)** ' ~!(xy)23" "=, Since the degrees

in z and y of this monomial are smaller than 3*, by Proposition I1.2.9 we conclude

and . 5
w9 ([0,2) x [0,2)) =1,
(0. 2) % [0.2)
The later shows that the point (%, %) is in the boundary of constancy regions for
R and (z,y). We can use the p-fractal structure to find more points in this boundary.
The idea is to break the region [0, 1] x [0, 1] into squares of length 1/3 and find which

of these must contain a boundary point. Then we apply the p-fractal structure to
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these squares to find the points.

For the points (0, %), (%, 3), (3,1), and (1, 2) we have:

() = ((m)*) = R,

and

T(fO9) = (& + y)’22A)5 = (@ +y) C (2,9).

Therefore there should be boundary points in the squares [0,1/3) x [2/3,1) and
[2/3,1)%x[0,1/3). It is easy to check that there are no boundary points in all the other

squares. From this and Lemma [11.2.4 we know that T3|(0’2)X§f’y) = T3|(2,1)X5f’y) =
chx’y), since X;x’y) is the only characteristic function that is non-constant in [0,1) X

[0,1). Moreover,

X(0.015,0.225) = X7 (03 + 0.015,0.25 + 0.023)

_ (=) (03 +0.13 23+0.23

= X7 5 5 ) = T3\(0,2)X}$’y)(0-13; 0.23)

() (@y) (1 2
= 0.15,0.23) = - -] =0.
Xf ( 3 3) Xf (37 3>
Similarly, we have

X(0.215,0.123) = 0

and

XE((0,0.015) x [0,0.223)) = x7¥([0,0.215) x [0,0.123)) = 1.
That is, the points (0.013,0.223) and (0.213,0.123) are also in the boundary. We can
repeat the proccess by subdividing the squares [0,1/3) x [2/3,1) and [2/3,1) x [0, 1/3)
into smaller squares of length 1/9 and obtain more points of the boundary. This

process can be summarized as follows. Let A be the set of points obtained from

(0.13,0.23) by successively applying the operations

(0.0,1 c. an013, Obl N bn223)

(O.a1 . CLn13, Obl A bn23> —
(O.a1 ce CLnQ]_, Obl ce bn123)
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We have
X (p) =0
and

v ([0,p) = 1

for all p € A. That is, the points of A are points in the boundary. We can now sketch

the regions of constancy in [0, 1] x [0, 1]:

1 (xy) (xy(x+y))

xYy)

2/3 1
(1/3,2/3)

1/3 R

Figure I11.3.3.1: The constancy regions for f; = zy and fo = (z +y) in [0, 1] x [0, 1]

Using Skoda’s theorem, we can describe the whole diagram of test ideals.

11/3 4

(xy)

(x, Y)(xY)

(xy(x+y)

% y?

xy)

(xty)

x, y)xy)

1/3

213

1173

12/3

2

Figure 111.3.3.2: The constancy regions for f; = xy and fo = (z + y)



Remark IT1.3.4. We chose the name Devil’s Staircase for this example because of
the resemblance to the Devil’s Staircases or Cantor functions that appear in the basic

courses of analysis.
Example II1.3.5. It can be similarly shown that for any characteristic p the same
polynomials give a staircase that has infinitely many steps. Indeed,

1

T(f5 ) = (@ + y) @y = (2,y)

but
2 4_2 1
(FFR) = (@4 Ry D) = R

Which forces an infinite step situation as in the previous example. Therefore we can
not expect that there are characteristics for which the region given by the test ideals

will be the same as the one given by the multiplier ideals, see Example [1.1.13.
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CHAPTER IV

The Modules M, and the F-jumping ideals

In this chapter we define the F-jumping ideals and give some basic properties. In
particular, we relate them with the generalized test ideals, F-jumping numbers, and
the modules M,,.

Throughout this chapter R denotes an F-finite regular domain of characteristic
p > 0 and a denotes a rational number whose denominator is not divisible by p.

As the denominator of « is not divisible by p we can write a = zﬁ for some

e > 0. An easy, but crucial consequence of this is that
P+t D+ a = pTa

for every ¢ € N.
Lemma IV.0.6. If f be an element in R, then 7(fP) C 7(f)P.

Proof. We have that M < M and lim 2EAL = pA. Then,
p- p-

Jj—o0 P’
i -1 1\ [Pl
A= U () =Y () e Y () ) e
jEN jEN jEN
by the properties of the ideals 71/7'] | , Lemma 2.4]. O

Recall from Example [1.2.21 that

prer

M,=lmRL R F(R)=R'S ..
ﬁ.

Hence, as an Ry-module, M, is free of rank one. Let e, denote the generator
obtained as the image of 1 € F°R = R in the previous direct limit. We think of e,

as 1/f«.
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Note that M, carries a natural structure of a Dg-module, which does not depend
of the presentation of « | , Remark 2.4]. Given P € Dge) and ¢ € R, it is

shown in loc. cit. that

P (fim . ea) _ P(Cfm(pes—1)+T(1+pe+.”+pe(s—1)))

frpesr(itpet.pels=) " Ca
When m = 0, the previous expression is equal to
P(c fr+pt+.pet=h)
P'(C'ea): (f — )'ea-
frtpetotpetmh)
We also recall that e, generates M, as a Dr-module | , Theorem 2.11].

We now are ready to introduce the F-jumping ideals in terms of the Dg-module

structure of M,.

Definition IV.0.7. Let N, = Dgfl®l . e,, which is the smallest Dg-submodule of
M, containing f/®le,. We define the F-jumping ideal associated to f and « as the
ideal Jp,(f*) of R such that Jp,(f*) - eqa = No N R -e,. Whenever the ring is clear

from the context, we simply write Jr(f¢).

Lemma IV.0.8. Given any ideal I C R, the Dr-module generated by Ie, is

D Iea = | J (DRI (704 Dy e e,

s>0

The intersection of this Dgr-module with Re, is equal to Je,, where

€s r epe(s—1) T cefpe(s—1)
J:U<D§3)<f(1+ +p )I):f(1+ +p )>.

s>0

In particular,

~ « es r e(s—1) oz , e(s—1)
3ea17) = [ (D) o) ; prsectsreot),

s>0

Proof. This follows from the description of the action of the differential operators on

M, given above. Indeed,

Dg-Ieq = | Dy Ie,

s>0

41



Dg)([fr(1+p6+...+pe<5*”))
- U fr(1+p5+...+pe(s—1))

s>0

Ca-

Which gives the first part. To get the second statement, note that

DS) (Ifr(1+pe+...+pe(s_1)))

fr(1+pe+.“+pe(s—l))

(Y N Rea = (DSS)(fr(1+.'.+pe(57l))]) : fr(l_i_.___i_pe(s—l))) Cu

]

For test ideals, if a < 3 then 7(f®) D 7(f?). The same statement is not true for
the F-jumping ideals, but we can give a relation if § = a+1[ for [ € N. Before stating

this result, we need a lemma.

Lemma IV.0.9. The morphism M, — M,.1 defined by sending e, — feqy1 s an

isomorphism of F-modules (as well as of Dr-modules). In particular, Ny = Nyyq =
DRfMH] *Catl-

Proof. Consider the following commutative diagram of R-modules

0 0 0
r e fre*e
R R R
f I P
frp-1 fr+p®=1)p° f(r+pe*1)172e
r4p€—1 . (r+p€—1)p€ e (T+P6*1)P25
R/ R R .
0 0 0

r+p©-1 e .
We note that R/ f RN R/fP" is the zero map because r > 1 (recall & > 0).
By taking direct limits, we obtain that the induced morphism M, — M, is an

isomorphism of F-modules, hence of Dg-modules. O]
Proposition IV.0.10. If ¢ € N, then f*Jr(f%) C Jr(fot).

Proof. Let ¢ : M, — M4, be the morphism of Dg-modules given by e, +— feais.
We know that ¢ is an isomorphism by Lemma [V.0.9. We obtain

fZ\NJF(fa)eoz—&—Z = 3F(fa)f€6a+£ = ¢(3F(fa)eoz> = ¢<Na N Rea)
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= ¢(Na) N ¢(R€a) = Na+€ N ngeoc—ﬁ—f - Na+€ N R6a+€ - 3F<fa+e)€oz+ﬂ'
UJ

We now define inductively a sequence of ideals If%( f9) associated to f®. These

ideals will help us relate the test ideals to the F-jumping ideals.

Definition IV.0.11. Given a representation of a = 7. We set Zh(fY) = 7(f*).
Given T (f*), we let
j « j « [p°] r
T ) = (@)™ ).

If it is clear in which ring we are taking these ideals, we simply write Z7(f<).

We collect some basic properties of this sequence of ideals in the following propo-

sition.

Proposition 1V.0.12. If Th(f®) is the sequence of ideals associated to f € R and

" then for every positive integer j:

o = pc_17

(i) Th(f®) C TH(f*), hence TE(f*) = Tpt (f*) for some n sufficiently large.
(i) frIE () C TR(f)P,
(iii) For all j > 1 there is an equality T5(f*) = (r(fo)P’) : frO+p 407070,

Proof. We note that
PN = frr(fm) = 7(f7) = 7(f7) € ()P =2 ().

The second equality follow from Skoda’s Theorem (Proposition [11.1.20) and the last
containment from Lemma [V.0.6. As a consequence, Z'(f®) C Z?(f) and f"Z%(f*) C
TH(f*)P"]. The assertions in (i) and (ii) follow by induction. Part (iii) follows in the
case j = 2 by definition. Suppose that we know the result for j — 1, then

. . e e(j—1 c -2\ [P°]
If{(fa) _ ((Ié_l(fa))[p} : fr) _ ((T(fa)[p( )] : fr(l—i-p +...4peC ))) : fr) 7

which, by the flatness of Frobenius and the properties of colon ideals in the regular

case, is equal to

(T(fa>[p6j] . f’f‘(1+pe+“.+pe(j_1)))
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As far as we know the flag of ideals associated to f and a may depend on the
presentation of .. But, as the next proposition shows, the union of these ideals does

not depend on the presentation of a.
Proposition IV.0.13. Jr(f*) = U, Z/(f*) = Z"(f*) for n> 0.

Proof. By the definition of 7(f*) and Proposition [1.2.18, we have that, for a positive
se e se [pSE] es se

integer n € N, 7(f*)P*l = ((f[p ‘ﬂ)[l/p ]> = Dg% )(ffp 1) for s > n. Then, by

Lemma [V.0.8,

JF(fa)ea = Na N Rea = DRf[a] €y N Rea
— U (D§§S)(fr(1+m+p6(s_1))f|—a-‘) . fr(1+”'+p6(s_l))> en

es r e(s—1) o r L dpe(s—1)
D) (frlatetp ) plaly L pr(iets )) .

es r(14...4+p=D)+a r(14.. 4pe(s—1)
Dg%)(f[ (14..+p Jraly , prilhtr )>e

[0}

es €s oy r L 4pe(s—1)
D (I ey s prios ) e,

P ) o = | T()e

s>n s>n
]
The F-jumping ideals behave well with respect to localization and completion.

Proposition IV.0.14. If W C R is a multiplicative system in R, then Jr, _, (f*) =
W3r(f*).

Proof. Choose n such that Jp,(f*) = Zx(f*). By Proposition [V.0.12(iii) we have
~ « o [pie r ef..4peli—1)
I (%) = (r(fo)h s privtwme )

for all j > n. We know that test ideals commute with localization | , Proposi-
tion 2.13]. Since colon ideals and Frobenius powers of ideals commute with localiza-

tion as well, the result follows from Proposition ['V.0.13. n

Proposition IV.0.15. If R is a local ring and R is the completion of R with respect
to the maximal ideal, then 3F§<fa) = JFR(fO‘)R

Proof. This proof is analogous to the proof of Proposition [V.0.14. m
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Notation IV.0.16. Every F¢-submodule of M, is determined by an ideal I C R
such that we have an induced map I LN Pl that is f71 c I | , Corollary
2.6]. The F°-submodule of M, generated by I is given by

T e eT e 267‘
M:mnOLJWﬁ+N”ﬁ>m>
%

Lemma IV.0.17. If I,J C R are ideals such that fr1 C IV frJ c JPI and
I C J, then the F°-submodule of M, generated by I is equal to the one generated by
J if and only if there exists ¢ € N such that frO+-+#""") c 1],

Proof. Let Ny and N; be the F°-submodules of M,, generated by I and J respectively.
In this case J/I L5 J¥1/1¥] generates the Fe-module N, /Nj. Since J/I is a finitely
generated R-module, N; = Ny if and only if there exists ¢ such that

fri+pet=1))

J/[ J[pee}/l[pef}

is the zero morphism. Therefore, N; = N if and only if there exists £ € N such that
il Nl 0

Proposition 1V.0.18. N, is an F¢-submodule of M,. Moreover, the morphisms
Jr(f*) N Ir(f)P) and 7(f) TN 7(f)P generate N, as an F¢-module.

Proof. By the definition of 7(f®) and Proposition 11.2.18, there is an integer ¢ such

se se se [pSE] es es .
that 7(f)P* = ((f“’ 0‘1)[1/13 ]> = Dg% )(f[p 1) for all integers s > £. Then,

No = Dp- flleq = [ D - flele, = | DY - fTeq

5>0 s>4
= U (D(es)(fr(1+---+pe(571))f(041)/ff(l'*‘---'f‘pe(kl))) ‘- Cq
s>4

es “Sa r fpe(s—1)
D (el e e,

a\[p®e r cotpe(s—1)
F(fOYP ) frihe )) .

By Lemma [V.0.6, we have f"7(f®) = 7(f+*) = 7(f**) c 7(f*)?l. Hence
T(f*) TN 7(f*)P1 is a root for the F°-submodule of M,

U (T(fa)[pse]/fr(1+"'+p8(571))) - g

S
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We conclude that N, is the F*-submodule of M, generated by the morphism 7( ) TN
(o)

For the second part, we note that f"Z°(f®) C Z°(f*)P! for every s by Propo-
sition IV.0.12 (i) and (ii). As a consequence, we deduce that Z°(f*) also generates
an F°-submodule of M,. By the same proposition f"Z°*'(f*) c Z°(f*)P"l. There-
fore the F¢-submodules generated by Z*°(f*) are all the same by Lemma [V.0.17. As
Jr(f*) =Z5(f) for sufficiently large s, the result follows. O

Lemma IV.0.19. If I C R is a nonzero ideal such that I C (IP1: "), then f € /1.

Proof. The hypothesis is equivalent to f7I C IPl. Let P be a prime ideal of R. If
f ¢ Pthen IRp C (IRp)P). Therefore, by Nakayama’s Lemma, we have IRp = Rp.
Hence if a prime ideal P contains I, then it must contain f as well. The result follows

since v/ I is the intersection of all prime ideals containing I.
O

Proposition IV.0.20. For any nonzero F¢-submodule N of M,, we have N, C N.

In particular, N, is a stmple F'¢-module.

Proof. Since any two R-modules intersect nontrivially in Ry, we deduce that there
is a minimal simple F°-submodule N. If I is the ideal such that Re, [N = Ie,,

we have I = (IP . fm) [ , Corollary 2.6]. Moreover, N = N (see Notation
[V.0.16). Then f™ € I for some n € N by Lemma [V.0.19.
se se Se [pSE] es se
Choose ¢ large enough such that 7(f®)P* = ((f[p ‘ﬂ)[l/p ]> = DEQL )(f[p ol

and 7(f7° ) = 7(f%) for all s > ¢ (cf. Proposition 11.2.18). We have

Dp- frea=|JDi" - frea=J D" frea

s>0 s>0

(es) (fra+- +pﬁ<s‘1))fn)/fr(1+~-+pe<s_1))> “ €q

n—+r cfpe(s—1) r L 4pe(s—1)
D%)(f+(1+ P T)) ) gy )>'€a

se [pes]
— (((fn+r(1+...+pe(s‘l))> 1/ }) /f?"(1+~~+pe(s‘1))> €

_n_ T(1++7p es Pe e(s—1)
=U(T<fw+ LA e ))
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D) U <T(fa)[PeS]/fT(1+-..+pe(871))> c€q = DR : f[a]ea - Na.

s>0
Since Dpg - f"e, € N, we conclude N, C N. O
Corollary IV.0.21. N, is a simple Dgr-module.

Proof. Since N, is a simple F°-module, it is a direct sum of simple Dg-modules by
Corollary [1.2.24. Using the fact that any two R-modules in R intersect nontrivially,

N, must be a simple Dgr-module. O

Proposition IV.0.22. If I C 7(f®) is a nonzero ideal such that I C (1P : 7, then

I =71(f%). In particular, T(f*)e, is a minimal Toot for N,.

Proof. The flatness of Frobenius and the properties of colon ideals in the regular case

imply that
se e e(s— s—1)e e e(s— [pe]
(I, prlspttetpe o)y - ((I[p( Ve Ot 2>)> : fr) '

Hence, by a trivial induction, we deduce that I c (IP™7: fra+»"+-+p<")) for every
s € N. There exists n € N such that f* € I by Lemma [V.0.19, and we can choose
it such that n > «. Hence fn#;e:llr € 1P which implies

pS—1 [1/pes]
(f e 7”) c1

Note that (p® — 1)n > r. Thus,

1 es _ 1 e_l 68_1 6_1 _
—(n p_r):(p nt (" —Yr (¢ —Un-r v T
pes pe -1 pes<pe _ 1) pes(pe _ 1) pe -1 pe -1
and

g D —Dr
500 pes(pe — 1) pe—1
Then, by Theorem 11.2.12 and Proposition [1.2.11, we have that for ¢ sufficiently large,
RN

T(fo) = (f”*ie—“") C I C 7(f). Therefore I = 7(f*).

Q.

We now prove that 7(f®) is a minimal root. First, we note that Proposition
IV.0.18 guaranties that 7(f%) is indeed a root for N,. If I is any other root for N,
then it must satisfy f71 C I'") hence I C (IP1: f7). Therefore, by the first part,
7(f*) C I. The result follows. O
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Using ideas analogous to the ones used in the previous proof, we recover a result

previously obtained by Blickle | , Note before Proposition 3.5]

Proposition IV.0.23. Let 8 = ¢ € Q. If a > B, then f'7(f?) C 7(f*)P and
T(fﬁ) generates M, as F°-module.

Proof. Since }% > ¢, we have that br + a > p®a. Then

a+br pCa

) Cr(f) =T (),

fro(ff) = () = 1(f

where the last containment follows from Lemma IV.0.6. Thus 7(f?) generates an

F-submodule of M,,.

Clearly Elim T(H+£E(Zil)) = «, so we can pick £ € N such that 7(1+...4+p<“V) >
—00

p‘3. With this choice of ¢, we have by Proposition 11.2.11

(7] N )
fT(1+---+Pe(Z71))R - (<f,’,,(1+”.+pe(21))> [1/p l]) . (fwédl))) ‘

r(14...4p¢—1))y

Then 7 ( f »et ) generates M, as an F°-module by Lemma [V.0.17. In

r(pe(271>+ml)
view of 7(f »* ) C 7(f?), we deduce that 7(f#) also generates M,, as an F*-

module. O

Remark IV.0.24. The result in | | shows more; the test ideal 7(f* ) is a

minimal root for the F°-module M,.

Theorem IV.0.25. Let R be an F—finite reqular domain and f € R be a nonzero ele-
ment. Let o € Q be a rational number with no positive power of p in the denominator.

Suppose that (p* — 1)a € N. The following are equivalent:
(i) « is not an F-jumping number;
(il) N, = M,;

(iii) M, is a simple Dg-module;

(iv) M, is a simple F¢-module (with the structure induced by the representation for

a);

(v) Ir(f*) = R.
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Proof. By definition, a = zﬁ
7(f*€). By Proposition 1V.0.22 and Remark [V.0.24 we know that these ideals are
the miminal roots of the F¢-modules M, and N,. Therefore the equality 7(f*) =
7(f*¢) happens if and only if N, = M,, which is equivalent to Jr(f*) = R. The
rest follows the fact that N, is a the unique simple F*-submodule/Dg-submodule of
M, see Proposition [V.0.20 and Corollary [V.0.21. O]

is not an F-jumping number if and only if 7(f*) =

By Theorem [V.0.25 there is an algorithm to decided whether a number of the

_r_
pe—1

Jr(f*). We describe this algorithm next:

form is an F-jumping number for f € R, if there is an algorithm to compute

Algorithm 1vV.0.26.

Input: o = ="~ and f € R.

Output: R 1f a is not F-jumping number for f and a proper ideal otherwise.
Process: Compute 7(f*)";

Take J; = 7(f%);

Compute J, ;1 = (J[p I, : f7) until there is an ¢ such that J, = Jyy1;

Return: Jp(f®) =

Example 1V.0.27. Let R = Fy3[z,y] and f = 22 + y3. Therefore:

(i) Ifa =5, 7(f*) = (z YR, J1 = (z,y)R, and Jy = ((z'3,y"?) : f11) = R because
fH s equal to 222 — 22203 + 3x18yS — 42164 + 5x14 12 _ 6a'2yl® — 6210918 +

58yt —4aby? 4+ 3aty*" — 22%y* +y*. Therefore 33 is not an F-jumping number.

(ii) If o = {3, 7(f*) = (x,y)R Ji = (z,y)R, and Jy = ((2*%,y%) : f1) = (z,y)
because f1Y is equal to 2% — 3x'8y3 + 621695 + 32149% + 2$12 12 4 5101 4

20%y"® + 325y?! + 62*y** — 322y?™ + y*. Therefore 10 is an F-jumping number.

Proposition IV.0.28. Let R be an F'-finite reqular domain and f a nonzero element

of R. If a is a rational number such that p does not divide its denominator, then

Jp(fe) = V(r(f*) s 7(f=).

Proof. We consider a prime ideal @ C R. We have Jp, (f*) = Jr(fY)Rg = Rg if
and only if a is not an F-jumping number for f in Rg. This is equivalent to (7(f*Ryg) :
T(f*“Rg)) = Rg. We conclude that Suppyp R/Jr(f*) = Suppg R/(T(f*) : 7(f*7°)),
hence \/Jr(f*) = /(7(f) : 7(f*)). O

!There are algorithms for computing the test ideal 7(f%), some of which have been implemented
for Macaulay 2 by Daniel Hernandez, Moty Katzman, Sara Malec, Karl Schwede, Pedro Teixeira
and Emily Witt.
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Remark IV.0.29. In general, Jz(f?) is not equal to (7(f*) : 7(f”)). For example,
let R = Fr[z,y], f = 2%?, and o = 3. In this case, # = 2 is the biggest F-
jumping number smaller than a. We have 7(f?) = xyR and 7(f%) = z*yR, hence
(z?yR : zyR) = xR. However, Jp(f) = 2%

For test ideals, we have 7(fP*) C 7(f*)P). We finish this section by showing that
for F-jumping ideals a stronger result is true. In the process we use the sequence of
ideals from Definition [V.0.11.

Lemma IV.0.30. If f and a are as above, then T7(fP°*) = T3~ (f*)P for j > 2.
Proof. We will prove that Z7(f"*) = Z7-'(f*)Pl for j > 2 by induction on j. If
7 =2, then
() = () = ()P )
by the flatness of Frobenius in the regular case, the later expression is equal to
= (r(fr) P = (Frr(fo) SR = w ()P = T ()
If the assertion is true for j, then,
D7) = @ ()P ) = (@ () < )

- (Ij—l(fa>[pe] . fT)[Pe] — Ij(fa)[pe}'
[]

Proposition IV.0.31. Let R be an F'-finite reqular domain and f a nonzero element

of R. If a is a rational number such that p does not divide its denominator, then
Je(fP) = Jr(f)P
Proof. We first note that Jp(f7°®) = Jp(f*)P because
F(f7°) UIJ ) = 2 ()P = Je(fo),
J
here the first equality follows from Proposition [V.0.13, and the second one from

Lemma [V.0.30. In addition, from Proposition I'V.0.13 and the definition of Z7( f7"®),

we have that for n large enough

Ie(fO = T (o) = (T (o)) s ) = (@)t .
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Hence, Jp(f*)?! defines the Fe-submodule of M, generated by the morphism

pr

Ie(f)P I gp(poy .

Since Jp(fP*) defines the unique simple F-submodule of M, by Propositions [V.0.18
and 1V.0.20, Jp(f7*) € Jr(f*)P.. Combining these two observations we have that

IJr(f7 ) C Ip(f7 ) L IR C FR(f)PT = Fe(f7).

We conclude that all the containments are equalities. Since the Frobenius map is
faithfully flat, we deduce that Jp(fP*) = Jp(f)P. O
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CHAPTER V

The intersection homology modules and the

F-Jacobian ideals

The purpose of this chapter is two-fold: First, to extend the the notion of the
intersection homology modules for hypersurfaces, introduced by Blickle | ] in the
local case, to the case of an arbitrary regular F-finite ring R of positive characteristic.
Second, to introduced the F-Jacobian ideal of an element f € R.

Notation V.0.32. Throughout this chapter R denotes an F-finite regular domain
of characteristic p > 0. For f € R, let 0 : R/fR — Ry/R be the R-linear morphism
given by o([a]) = [a/f]. Since o is injective, we identify R/fR with its image in
R;/R. For example, by R/fR C Ry/R we mean o(R/fR) C Rs/R.

V.1 Definition and first properties

In this section we define the F-Jacobian ideal and deduce some of its properties.

We start with a few preliminary lemmas.

Lemma V.1.1. Let f € R be an element and m : R — R/fR be the quotient
morphism. If

N ={N C R;/R| N is an F-submodule} and T ={I C R| f € I,(I" . fr=1) =T},

then there is a bijective correspondence between N and T, given by sending N to
Iy = 7 YN N R/fR). Its inverse is defined by sending the ideal I € T to the
F-module N; generated by

I/fR*S F(I/fR) = IV/ 7R,
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Proof. Since ¢ : R/fR fp—_>1 R/fPR is a root for Ry/R, its F-submodules are in
bijective correspondence with ideals J C R/fR such that ¢~ *(F(J)) = J | :
Corollary 2.6]. If J = I/fR for an ideal I C R, then F(J) = I/ f?R. Therefore,

¢ (I Py ={h € R/fR| f*'h € IP/ 7}

—{h e R| /e MY/ fR= (17 )/ IR
and the result follows. O

Lemma V.1.2. Suppose that R is a UFD. If f € R is an irreducible element, then
NNOM #0 for any nonzero R-submodules M, N C Ry/R.

Proof. Let a/f? € M\ {0} and b/f7 € N\ {0}, where 3,y > 1. Since R is a UFD and
f is irreducible, we may assume that ged(a, f) = ged(b, f) = 1. Then, ged(ab, f) = 1,
hence ab/f # 0 in R;/R. We have ab/f = bf"~1(a/f5) = af =1 (b/f7) # 0, and we
conclude that ab/f € N N M. O

Lemma V.1.3. Suppose that the ring R is a UFD. If f € R is an irreducible element,
then there is a unique simple Dgr-submodule in Ry/R. In particular, the result holds

if R is a local ring.

Proof. Since Ry/R is a Dg-module of finite length | , Example 5.2], there exists
a simple Dg-submodule M C R;/R. Let N be any simple Dg-submodule of Ry/R.
Since M NN # 0 by Lemma V.1.2 and M is a simple Dg-module, M = M N N.
Likewise, N = M N N. Therefore we have a unique nonzero simple Dg-submodule of
R;/R. O

Remark V.1.4. Let I C R be an equidimensional ideal of codimension 1. Let
@1, ...,Q, be the minimal primes of I. By applying the Mayer-Vietories sequence
[ , Chapter 3], we obtain, for all 2 < i < ¢, the exact sequence

Hclglﬂ...ﬂQ¢,1+Qi(R> — Hélﬁ...ﬂQifl(R> @ HéZ<R) — HélﬁﬂQz<R)

Furthermore, since depth(Q1N...NQe-1+Qy) = 2, it follows that HY o, 1o,(R) =

0. Therefore we have injective morphisms

Hé21ﬂ...ﬂQi,1(R) @ HCB-L (R> — HélﬁﬁQz(R>
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We deduce that there is an injective map

Where the equality follows from the fact that @)y,...,Q, are the minimal primes of
I.

Let m C R be any maximal ideal of R. Since Ry, is a UFD, there exist elements
gi, [ € Ry such that Q;Ry = ¢iRm, IRw = fRyw and f = g1 --- ge. In this case we
have Hp, (Ry) = (Ru)g, /R, H} (Ru) = (Rn)f/Rm, and the map H}, (Rw) — H}(Rp)
is induced by the localization map (Ru)s — (Rwm)s. As a consequence, we deduce
that the map 7 is a morphism of F-modules and that Hj (R) = HJ H}(R).

Propositions V.1.5 and V.1.8 are extensions of [ , Theorem 4.1]. We point
out that the proofs presented in this manuscript use neither étale invariance nor

Kashiwara equivalence.

Proposition V.1.5. If Q is a prime ideal of height 1, then Hé(R) has a unique
simple Dg-submodule, which is denoted by L(R/Q, R).

Proof. Recall that Hé(R) has finite length as an F-module by Theorem [1.2.23.
Therefore H,(R) has finite length as a Dr-module by Corollary 11.2.24. Suppose
that M, N are simple Dg-submodules of Hé)(R). We pick a maximal ideal m C R.
If @ € m, then M, = N, = 0. So we can assume that Q C m. Note that QR
is a principal ideal in R, because every regular local ring is a UFD. Therefore we
can find g € Ry such that gR, = QRy,. We note that Assg H5(R) = {Q}. There-
fore Assg N = {Q} because N # 0 and Assp N C Assgp H5(R). As a consequence,
Ny # 0. Furthermore, lengthDRm Ny, = 1 because the length as a Dg-module cannot
increase under localization. Therefore, Ny, is a simple Dg, -submodule of H ;(Rm).
Similarly, My, is a simple Dg,-module of H}(Ry) = (Rn)y/Rm. We note that g is
an irreducible element because (g) = QRy, is a prime ideal. Therefore M,, = Ny by
Lemma V.1.3. Since this holds for every maximal ideal m, we obtain the assertion in

the proposition. O

In [ ] Blickle defined the intersection homology D g-modules for a regular local
ring of positive characteristic. We now present an extension of this notion to the case

of any regular ring of positive characteristic.

Definition V.1.6 (cf. | ]). Let I C R be an equidimensional ideal of codimension
1,and @4, ... Q, € R be the minimal primes of /. We define the intersection homology

o4



Dg-module of I by
¢

L(R/I,R) =Y L(R/Q; R),

=1

where this sum is taken in H}(R), given that Hj (R) = Hg Hi(R) by Remark V.1.4.

Remark V.1.7 (see | , Corollary 4.2]). Let I C R be am equidimensional ideal
of codimension 1. Let N be a simple Dg-submodule of H}(R) and @ an associated
prime of N. Since H}(N) is a nonzero Dg-submodule of N, we have N = H(N).
We deduce that N is a simple Dg-submodule of H)H}(R); therefore N = L(R/Q, R)
by Remark V.1.4 and Proposition V.1.5. We conclude that L£(R/I, R) is the direct

sum of all simple Dg-submodules of H}(R) via the inclusion in Remark V.1.4.

Proposition V.1.8. If I C R is an equidimensional prime ideal of codimension 1,
then L(R/I, R) is an F-submodule of H}(R).

Proof. Since the sum of F-submodules is again an F-submodule, by Remark V.1.7 it
suffices to prove the claim for prime ideals. Let @) be a prime ideal of height 1 and
let N denote the intersection homology module L(R/Q, R).

Let Hj(R) N FH4(R) be the structure morphism as an F-module. Let m C R
be a maximal ideal containing ). Since Ry, is a UFD, there exists g € R,, such that
QR, = gR,. By a similar argument to the one given in the proof of Proposition
V.1.5, we conclude that N is the unique simple Dg-submodule of H gl(Rm) That is
Ny is equal to the intersection homology of Ry,/gRn, namely L(Ry/gRuy, Ry). Then,
Np = L(Ru/gRm, Ry) is an F-submodule of H,(Ry) | , Theorem 4.3].

We have 0,(Ny,) = FN, for every maximal ideal because N is locally an F-
submodule of Hj(R). Then, §(N) = FN and N is an F-submodule of H,(R). O

Remark V.1.9. Let  C R be a prime of height 1. Since L(R/Q, R) is a simple
Dpg-module and an F-finite F-module, we deduce that it is a simple F-module by
Corollary [1.2.24.

Remark V.1.10. Suppose that R is a UFD. As a consequence of Remark V.1.7, we
deduce that if f = f;--- f,, with the fi,..., f; are relatively prime, then

LR/fR,R)=L(R/fiR,R)&...® LR/fiR,R) C Rt/R.

Indeed, this follows from the fact that, for all elements g, h € R such that ged(g, h) =

1, the intersection of Ry and Ry, as R-submodules of Ry, is R.

We are ready to introduce the main object studied in this section.
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Definition V.1.11. Let f € R be a nonzero element, )¢,...Q; C R the minimal
primes of R/fR, and 7 : R — R/ fR the quotient morphism. We denote the pullback
of L(R/fR,R)NR/fR to R by Jr(f) and we call it the F'-Jacobian ideal of f. That

1S

Jr(f) ={a € R[la/f] € L(R/fR,R)}.

Proposition V.1.12. Suppose that R is a UFD. If g € R is an irreducible element

and f = g" for some integer n > 1, then there exists a unique ideal I C R such that:
(i) fel,
(i) 14 /R,

(iii) (1P : fp=YY =1, and

(iv) I is contained in any other ideal satisfying (i), (ii), and (iii).

Furthermore, in this case I = Jg(f)

Proof. We note that Ry/R = R,/R and therefore L(R/fR, R) = L(R/gR, R). As g is
an irreducible element of R, Lemma V.1.2 and Remark V.1.9 imply that L(R/fR, R)
is a simple F-module. Let I be the ideal corresponding to L(R/fR,R) given in
Lemma V.1.3 under the bijection in Lemma V.1.1. Therefore, from Lemma V.1.1, we

deduce that I satisfies (i)-(iv) and that I = Jp(f). O
Remark V.1.13. Suppose that R is a UFD. If f € R is an irreducible element, then:
(i) L(R/fR,R) = L(R/f"R, R) for every n € N because Rs/R = Ry/R.

(ii) Jp(f) is the minimal element of the family of ideals I containing properly fR
such that (I : fP~!) = I by Proposition V.1.12.

(iii) Jp(f) is not the usual Jacobian ideal of f. For example, if R = F3[z,y, 2, w]
and f = zy + zw, the Jacobian ideal of f is m = (x,y,z,w)R. However,
m# (mP: f2) = (22,9, 2% w?).

(iv) Jr(f) = Rif and only if Rf/R is a simple F-module by the proof of Proposition
V.1.12.

(v) Ry/R is a simple Dg-module if and only if Jp(f) = R. Indeed, both conditions
are equivalent to saying that L(R/fR,R) = R;/R
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We now study how the F-Jacobian ideal interacts with different elements. In

particular, we start by proving the Leibniz Rule for F-Jacobian ideals.
Proposition V.1.14. Suppose that R is a UFD. If f,g € R are relatively prime
elements, then Jp(fg) = fJr(9)+9Jr(f). Moreover, we have fJr(9)NgJr(f) = fgR.

Proof. We consider Ry/R and R,/ R as a F-submodules of R,/ R, where the inclusion
is induced by the localization maps ¢ : Ry — Ry, and ¢ : Ry — Ryg.
Let m: R — R/fgR and p: R — R/fR be the quotient morphisms. The limit of

the vertical morphism in the commutative diagram

0 0 0

j p—1 l prip l 5 fp37p2
R/fR—L—R/f"R R/f"RI— .

jg gP gp2

R/ foR YR prgr REY R (Foyrt R YOS

is the morphism R¢/R — Ry,/R induced by ts. Moreover, the correspondence in

Lemma V.1.1 gives the commutative diagram

0 0
| o
Jr(f)/fR Jr(f)P1/ 7R

l (fg)r~

|
9Jr f)/ng—>9pJF Yo

]
[p/pr
L”/f” ”R—>9” Je(NP/(fg" R— ...

such that the limit of the vertical maps give the isomorphism of F-modules, iy :
L(R/fR,R) — is(L(R/fR,R)). We have

9Jr(f) =7 '(L(R/fR,R)NR/fgR) C m"(L(R/fgR,R)N R/ fgR) = Jr(fg).

In addition, gJp(f) is the ideal that corresponds to iy(L(R/fR,R)) C Ry,/R via
the bijection in Lemma V.1.1. Likewise, fJr(g) C Jr(fg) and it corresponds, via
Lemma V.1.1, to i, (L(R/gR, R)) as an F-submodule of Rs,/R. Therefore we can
conclude that fJp(g) + gJr(f) C Jr(fg).

We claim that

((fPTe ()P + g Te(H)P) : 21 gP7Y) = fIr(g) + gJr (f).
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Consider first b € (fPJp(g)P+gP Jp(f)PL: fP~1gP~1). Then fP~'gP~'h = fPv+gPw
for some v € (Jp(g9))? and w € Jr(g)?. Since f and g are relatively prime, fP~!
divides w and ¢P~! divides v. Thus, there exist a,b € R such that v = ¢’ 'a and
w = gP~'b. Then, a € (Jp(g)® : ¢*7') = Jr(g) and b € (Jp(f)P) : f271) = Jp(f).
Since fP~lgP~lh = fPv + gPw = fPgPta + gPfP~1b, we deduce that h = fa + gb €

fIr(g) + gJr(f).
For the reverse inclusion, it is straightforward to check that

fJIr(g) +9Jr(f) C ((prF(g)[p] + g Jr ()P : fpilgpfl) .

Therefore fJp(g) + gJr(f) generates an F-submodule of Ry,/R. If N is such F-
submodule, then N contains both L(R/fR, R) and L(R/gR, R), we conclude that
if (L(R/fR,R)) @iy (L(R/gR,R)) C N. Therefore, Jr(fg) C fJr(g) + gJr(f) and
the first statement of the proposition follows.

The last part of the proposition is an immediate consequence of the fact that

ged(f,9) =1, f € Jr(f) and g € Jp(g). O

Proposition V.1.15. If myn € N are such that m < n, then f*"™Jp(f™) C
Jr(f") € Jr(f™).

Proof. From the definition of F'-Jacobian ideal we have
o Ie(f) = {a € RIf"™ - [a/f™] € L(R/fR, R)}

C{a € Rl|[a/f"] € L(IR/fR, R)}
= Jr(f").

The second assertion can be proved in a similar way.

]

Remark V.1.16. The first inclusion in Proposition V.1.15 can be strict strict. In-
deed, let R = F,[z] and f = z. In this case, R;/R is a simple F-module. Therefore,
Jr(x™) = R for every m > 1 and f*" " Jp(f™) # Jp(f") for every n > m.

Corollary V.1.17. If f,g € R are such that f divides g, then, Jp(g) C Jr(f).

Proof. It suffices to prove the statement for local rings, hence we may assume that R

is a UFD. In this case, the claim follows from Propositions V.1.14 and V.1.15. O]
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V.2 Relations with test ideals and F'-regularity

In this section we give some further properties of the F'-Jacobian ideal. In partic-

ular, we relate it to the study of singularities in positive characteristic.

Notation V.2.1. If f € R is an element such that R/fR is a reduced ring, we denote
by 7; the pullback of the test ideal 7(R/fR) of R/fR to R.

Proposition V.2.2. Suppose that R is a UFD. If f € R is an irreducible element,

then P (U (<(fpe_1a)[1/pe] ,f) i :fpe—1>> .

ged(a,f)=1 \eeN

Proof. For 0 # a/f™ € L(R/fR,R), such that ged(a, f) = 1, we know that 0 #
a/f € LIR/fR,R), since R is a UFD and f is an irreducible element. Therefore
the simplicity of L(R/fR, R) implies Dy - a/f = L(R/fR,R). We can conclude
that L(R/fR, R) is the intersection of all nonzero cyclic Dg-submodules generated
by elements a/f € Ry/R. Hence,

Ie(H/f= () (Pa-a/p)nR-1/f)= () (U (D§-a/rnR- 1/f)> .

ged(a,f)=1 ged(a,f)=1 \eeN
Note that b € Jp(f) iff b/f € L(R/fR, R) = Nyata.fy=1t Ueen (D' - a/f). In this
case, for every a € R such that ged(a, f) = 1, there exists e € N such that b/f €
D' . a/f. Thus, there exists ¢ € DY such that ¢(a/f) = 1/f7 ¢(f* La) = b/f in
R;/R. Then, there exists an element r € R such that ¢(a/f) = 1/f7 ¢(f7 a) =
b/f +r in Ry. We deduce that, f7"~'b = ¢(f?"~ta) — fPr and b € (I : f7"~1) for
I = D(e) - (fP"7ta) + fP°R. Since ((fpefla)[l/pe])[pe] = Dg) (fpefla) by Proposition
[1.2.18, we conclude that b € (\,.q(q,f)= <U66N (((fpe_la) [1/p°] ,f) [°] : fp6—1)> .

On the other hand, if

ve N U (( (f"a [1/pe}7f>[p8]:fpel)’
ged(a, f)=1 eeN
then for every a € R such that ged(a, f) = 1, there exist e € N, ¢ € DS) and
r € Rsuch that f7"~1b = ¢(f?"~1a)+ f""r because ((fpe—la) [1/126})[1)6] - Dg)(fzf—la).
Therefore, after dividing by f?P°, we have that b/f € DS) ~a/f in Ry/R, hence,
be JF(f) L]
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The following proposition shows that the F-Jacobian ideal commutes with local-

ization.

Proposition V.2.3. If f € R is nonzero and W C R is a multiplicative system, then
Try1n(F) = W R, ().

Proof. Let Qq,...,Q, be the minimal primes of fR. We note that for every i,
WL(R/QR, R) is zero if Q;NW # @ or a simple Dyy—1 z-submodule of H} (W' R)
if Q;NW = @. Hence, if Q; "W = &, then W 1L(R/Q;, R) is the intersection
homology of W~ (R/Q;) by Proposition V.1.5. As a consequence, W 'L(R/fR, R)
is the intersection homology of W—'R/fW ' R. Then,

Jr, (N WTIR=WTR/fW RN LW 'R/fW'R,W™'R)
=W Y R/fRNL(R/fR,R)) = W' (Jr,(f)/fR),

and the result follows. O

We now give a theorem that relates the F'-Jacobian ideal with F'-regularity. We
point out that since R/fR is a Gorenstein ring this theorem is a consequence of a
result of Blickle | , Corollary 4.10]. However, our proof is different from the one

given there.

Theorem V.2.4. Let f € R be nonzero, such that R/fR is an F-pure ring. If
Jr(f) = R, then R/ fR is strongly F-reqular.

Proof. We may assume that (R, m, K) is local and f € m, because F-purity and
F-regularity are local properties for R/fR and the F-Jacobian ideal commutes with
localization by Proposition V.2.3. We recall that every F-pure ring is reduced | ].
Note that if f = gh for g, h non unit relative primes, then Proposition V.1.14 implies
Jr(f) C (g,h). Hence Jp(f) = R implies that f = g™ for some irreducible ¢g in R and
some n > 0, but since R/fR is reduced we have n = 1 and therefore f is irreducible.
Due to the fact that Jr(f) = R, we obtain that for every a such that ged(a, f) =1

. e 1 I
there exists an e € N such that R = (((fp“la)[l/p ] ,f) . fP _1> by Lemma

V.2.2. Then, fP~! ¢ ((fpe_la)[l/pe] ,f) [pe}. Since fP*~' & mlP! for every e € N
by Fedder’s criterion | ], R = (f"""a) /v ; otherwise, ((f7""a) /7] Jf) Cm.
Therefore, there exists a morphism ¢ € Hompe (R, RP") such that ¢(f?"~1a) = 1.
Let ¢ : R/fR — R/fR be the morphism defined by o([z]) = [¢(f*"~'z)]. This
corresponds to an R-linear map ¢’ : RY/?* — R that sends [a]'/?* — [1]. Hence, R/fR
is strongly F-regular. ]
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Remark V.2.5. Jp(f) = R does not imply that R/fR is F-pure. For example, let
R = TFy[z] and f = z2. In this case, Jp(f) = R and R/fR is not even reduced.

Remark V.2.6. Blickle showed that the intersection homology module of f is has
the test ideal of R/fR as minimal root [ , Proposition 4.5]. As a consequence,

we have fP~l1; C T][cp].

We now turn to the relations between J¢(f) and 7.

Lemma V.2.7. Suppose that R/fR is reduced and let I7(f) = (T}qu} : fpj’lfl)
for j > 0. Then I'(f) C IT'(f) and IT(f) = (II(f)P = f771). Moreover,
I(f)/fR m ()P fPR generates L(R/fR, R) as an F-module.

Proof. We note that I'(f) = 7; and this is a root for L(R/fR, R) by Remark V.2.6. In
addition, fP~'I'(f) = fr~'r; € 7' = I'(f)P. Thus, I'(f) € I*(f) and f-'I3(f) C
L (f)IPl. Moreover, I?(f)/fR is also a root for L(R/fR, R) because I*(f)/I'(f) is
the kernel of the map R/I'(f) U R/I'(f)IP!. Inductively, we obtain that I7(f) C
DHYE), AU = (7(f)PL . f7~1) and that I7(f)/fR is a root for L(R/fR, R) for

every 7 € N. The result follows. O]

The following proposition allows us to compute the F-Jacobian ideal from the
classical test ideal of R/fR.

Proposition V.2.8. If f is nonzero and R/ fR is reduced, then Jp(f) = U5, I'(f)

and )
Je()/fR'S Je(F)P/ PR

generates L(R/fR, R) as an F-module.

Proof. By the Noetherian property, the flag of ideals

Hcrfcriyc...

eventually stabilizes. Let k be such that [*(f) = I/(f) for j > k. Then, I*(f) =
Iy = (IF(fH)P) . fP=1) by Lemma V.2.7. Thus, I*(f) is an ideal satisfying
the conditions in Proposition V.1.12, hence J;(F) C I*(f). Since I*(f)/fR !
I5(f)P1/ fPR generates L(R/fR, R), we conclude that I*(f)/fR C L(R/fR,R) N
R/fR = Jp(f)/fR. Therefore we have,

Je(f) =1 = J P'(f).

Jj=1
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Remark V.2.9. In general, we do not have 7y = Jr(f). For example let R = K|[z],
where K is any perfect field of characteristic p > 0 and let f = 2?. In this case, 7, =
xR # R = Jp(f). Example V.5.3 below shows another situation when 7 # Jp(f).

Corollary V.2.10. Suppose that R is an UFD and that it is a Z"-graded ring. If

f € R is a nonzero homogeneous element, then Jr(f) is a homogeneous ideal.

Proof. 1t suffices to prove that £(R/fR,R) is a Z"-graded submodule of R;/R.
We may assume that R/fR is reduced since /f is principal and L(R/v/fR, R) =

L(R/fR, R). It is known that 7(R/fR) is a homogeneous ideal, see | , Theo-
rem 4.2]. This implies that I%(f) is a homogeneous ideal for every j. Therefore, Jp(f)
is homogeneous and L(R/fR, R) is a Z"-graded submodule of R;/R. O

Corollary V.2.11. If f € R is nonzero, such that R/ fR is reduced, then
V(Jr(f)) € {Q € Spec(R) | Rg/fRq is not F-reqular}.
Moreover, if R/ fR is an F-pure ring, then
V(Jr(f)) ={Q € Spec(R) | Rg/fRq is not F-reqular}.

Proof. For every prime ideal Q € V(Jp(f)), Jr(f)Rg = IFr,, (f) # Rg.We have
T1Ro C Jry, (f) € QRq. Therefore, Rq is not F-regular.

Now, we suppose that R/fR is F-pure. For every prime ideal Q C R such that
Rg/fRg is not F-regular, we have JFRQ< f) # Rg by Theorem V.2.4. Therefore

Q € V(Jr(f)). B
Lemma V.2.12. Let f € R be a nonzero element. If R/ fR is F-pure, then R/ Jp, (f)

18 F-pure.

Proof. We may assume that R is local with maximal ideal m. Since R/fR is F-pure,

we have fP~! & mlPl by Fedder’s Criterion | ]. We know that fP~' ¢ (Jp(f)P :
Je(f)), hence (Jp(f)? : Jp(f)) ¢ mPl. Therefore, R/Jp(f) is F-pure by Fedder’s
Criterion loc. cit. ]

Corollary V.2.13. Let f € R. If R/fR is an F-pure ring, then Jp(f) = 4.

Proof. We have \/Jr(f) = /7y by Corollary V.2.11 because

{Q € Spec(R) | Rg/fRg is not F-regular} = V(7(R/fR))
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in this case. Since R/Jp(f) is F-pure by Lemma V.2.12, Jp(f) is a radical ideal. In
addition, 7(R/fR) is a radical ideal | , Proposition 2.5], hence 7y is a radical
ideal. Therefore Jp(f) = 7. O

V.3 Behavior under extensions

In this subsection we study the behavior of F-Jacobian ideals under completion

and other flat extensions.

Proposition V.3.1. If f € R is nonzero, then JFRl/p(f) = Jr, (f)RYP. Equivalently,
JFR(fp) = ‘]FR(f)[p}'

Proof. By Proposition V.2.3, since taking p-roots commutes with localization, it suf-
fices to prove the statement for regular local rings. Therefore we may assume that R
is a UFD. By Proposition V.1.14, we may assume that f = ¢", where g is irreducible.
Let h denote the length of R;/R in the category of F-modules. Let G : RY? - R
be the isomorphism defined by » — r?. Under the isomorphism G, R}/ P/RYP corre-
sponds to Ry»/R. Therefore the length of R}/ P /R'P in the category of Fgi/,-modules
is h. Let 0 = My C ... C M}, = Ry/R be a chain of Fr-submodules of R;/R such that
M, 1/M; is a simple Fr-module. Let fR = Jy C ... C J, = R be the corresponding
chain of ideals under the bijection given in Lemma V.1.1. By Proposition V.1.3 and
since f = g™ and g is irreducible, M; = L(R/fR, R) and J; = Jr,(f). We note that
(Ji[p]Rl/p . fPTIRYP) = J;RYP and J;RYP # Ji 1 RYP because R'VP is a faithfully flat
R-algebra.

Then, we have a strictly ascending chain of ideals
fRY? = Jy,RY? C ... C J,R"? = RY?

that corresponds to a strictly ascending chain of Fz1/,-submodules of R}/ P/RYP. Since
f= (gl/p)p, g"/? is irreducible and the length of R}/p/Rl/p is h, we have

Jrg(F)RYP = hRYP = Jp | (f):
We conclude that

Tra ()W = G, (F)RY?) = G(Jr,,, (£) = T (f7).
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Proposition V.3.2. If R — S is a flat morphism of reqular F-finite domains, then
Jrs(f) C Jra(f)S.

Proof. By Proposition V.2.3, since flatness is a local property, it suffices to prove our
claim for local rings. By Proposition V.1.14 we may assume that f = ¢”, where g
is an irreducible element in R. Since S is flat, (Jg, (f)PLS : 771 = Jp,(f)S. Let
M denote the Fg-submodule of S;/S given by Jp,(f)S under the correspondence in
Lemma V.1.1. If fis a unit in S, then Jp(f)S = S and the result is immediate. We
may assume that f is not a unit in S. Since Jp(f) # fR, we can pick a € Jp(f)\ fR.
Then, a = bg” for some 0 < v <  and b € R such that ged(b,g) = 1. In this case,
R/g 2 R/g is injective, hence S/gS 2 S/gS is also injective. Thus, ged(b, g) = 1 in
S. Hence, b/g is not zero in S,/S. Moreover, b/g = g°7'a/f € M and it is not zero.
Let ¢1,...,9¢ € S beirreducible relatively prime elements such that g = gf b g? ‘. We
have b/g; = hib/g € S,,/S N M\ {0}, where h; = gi'* - -- g7 ... g% In particular, as
L(S5/g:S, S) is the unique simple F-submodule of S, /S and the intersection S,, /SNN
is nontrivial we have that £(5/¢;S,S) C Sy, /SNM C M for every i. Hence we deduce
L(S/fS,S) C M, which implies Jp,(f) C Jp,(f)S. O

Proposition V.3.3. Suppose that R is a local ring. If f € R is nonzero, then
Jr.(f) = JFR(f)E, where R denotes the completion of R with respect to the maximal

1deal.

Proof. We have L(R/fR,R) = L(R/fR,R) ®x R | , Theorem 4.6], hence
Jrg = (R/FR) N L(RIFR.R) = (R/FR) N LIR/FR, R)) @ B = i (D

O

Proposition V.3.4. Suppose that (R, m, K) is local. Let (S,n, L) denote a reqular
F-finite ring. If R — S is a flat local morphism such that the closed fiber S/mS is
regular and L/ K is separable, then Jr,(f) = Jr,(f)S.

Proof. We can assume without loss of generality that R/fR is reduced because
the intersection homology depends only on the local cohomology H}(R) We have
Jr,(f) = Jre(f)R and Jr (f) = Jre(f)S by Proposition V.3.3. In addition, the
induced morphism R — S is still a flat local morphism. Since Jp,(f) C Jr,(f)S and
Jr,(f) C Jr(f)S by Proposition V.3.2, Jr_(f)S/Jr.(f) = (Jea(£)S/ Jrs(f)) ®s S.
Therefore, we can assume that R and S are complete. In this case, we know that
S/fS is reduced and T(R/fR)S = 7(S/fS) | , Theorem 7.2]. Therefore,
IL(f) = I(f)S and Jry(f) = Jp,(f)S by Proposition V.2.8. O
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We now focus on F-Jacobian ideals in polynomial rings over a field. In particular,

we study how the F-Jacobian ideal behaves under field extensions.

Lemma V.3.5. Let R = Klx1,...,x,], where K is a perfect field. If K — L is a
finite algebraic field extension, S = Llx; ..., x,], and R — S is the map induced by
the extension, then Jp,(f) = Jp,(f)S.

Proof. Note that L is F-finite since the extension is finite, therefore so is S. By
V.1.14, we can assume that f = ¢”, where g is an irreducible element in R. By
Proposition V.3.2, it suffices to show that Jg,(R)S C Jr,(S).

There is an inclusion ¢ : Ry/R — S¢/S, which is induced by R — S. We take
M = L(S/fS,S)NRs/R. We claim that M is a Dg-submodule of R;/R. Since K is

perfect, we have

10

Dy = D(R,Z/pZ) = |_JHompe (R, R) = D(R,K) = R|

eeN

We note that D = D(R,K) C D(S,K) C Dg, and that ¢(+-2v) = %8‘9—; (v)

for every v € Ry/R. As a consequence, 88—;1) € M for every v € M. Therefore, M is
a Dpr-module.
Let I = M N R/fR. We note that

I=L(S/fS,8)NR/fR = (Juy(f)/fS) N R/fR

and that S/fS is an integral extension of R/fR because L is an algebraic extension
of K. Let r € Jr,(f)/fS not zero, and a; € R/fR such that ay # 0 and " +
U1 4 4+ ar+ag=01in S/fS. Then, r(a,_17" '+ ... +a1) = —ap, and so
ap € I = (Jpg(f)/fS)N R/fR, and then M # 0. Therefore, L(R/fR,R) C M and
so Jp(f)/f C I. Let m: R — R/fR be the quotient morphism. Then,

JFR(f) C 7T_1(I) = JFS(f) ﬂR, and JFR(f)S C (JFS(f) ﬂR)S C JFS(f)

]

Lemma V.3.6. Let R = K[zy,...,x,], where K is an F-finite field. Let L = K'/?,
S = L[xy...,z,)|, and R — S the map induced by the extension K — L. Then

Trs(f) = Jra(£)S-
Proof. We have that R C S C R'?. Then, by Proposition V.3.2,

T, (F) © Trg(F)RY? C (Jpe (F)S)RY? = Ty ()R,
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Since JFR1/p(f) = Jr, (f)RYP? by Proposition V.3.1,
0= Jrg ()R /(Jra(F)S)RY? = (Jry ()] T (f)S) @5 RYP.

Therefore, Jp,(f) = Jr,(f)S because R'P is a faithfully flat S-algebra. O

Lemma V.3.7. Let R = Klx1,...,x,], where K is an F-finite field. Let L be the
perfect closure of K, S = Llxy...,x,], and R — S the map induced by the extension
K — L. Then Jr,(f) = Jr,(f)S.

Proof. We may assume that f = ¢" for an irreducible ¢ € R by Proposition V.1.14.
Let S¢ = KY"[xy,...,x,]. Let hy, ..., h, denote a set of generators for Jp(f). In
this case, (Jr(f)P 1 fP71) = Jp (f). Then there exist ¢;; € S such that fP~'h; =
> cighf. Since S = J, ¢, there exists m such that ¢;;, h; € S™. Let I C S™ be the
ideal generated by hy, ..., h,. We note that 1.S = Jp,(f); moreover, Jp (f) N S™ =1
because 5S¢ — S splits for every e € N.

We claim that (/P! : f7=') = I. We have that fP~'h, € I”! by our choice of
m and so I C (I : fp=1). If g € (IP) . fP=1) then fP~lg € IPLS C Jp (f)P and
g€ Jp(f)nS™=1.

As in the proof of Lemma V.3.5, (Jp,(f)/fS)N(S™/fS™) # 0 and then Jp (f)N
S™ =1 # fS. Therefore, Jp,, (f) C I by Proposition V.1.12. Hence,

JFsm(f)S CIS= JFs(f) C JFSM(f)S7

and the result follows because

Jrp ()5 = (Jrp(F)S™)S = Jrgn (f)S.
O

Theorem V.3.8. Let R = K|xy,...,x,|, where K is an F-finite field. Let L be
an algebraic extension of K, S = L[xy...,x,], and R — S the map induced by the
extension K — L. Then Jr,(f) = Jr,(f)S.

Proof. By Proposition V.3.2, it suffices to show Jp,(f)S C Jrg(f). Let K* and L*
denote the perfect closure of K and L respectively. Let R* = K*[zy,...,x,] and
S* = L*[xq,...,2,). Then,

(Jrn(f)9)S™ = Jpp(f)S" = (Jea () R)S" = Jrp ()S" = T (f) = Jrs () S
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by Lemma V.3.5 and V.3.7. Therefore,

(Jr(f)S/ T () ®s 5™ = (Jre(£)5)S™/(Jrg (f))S* = 0.

Hence Jr,(f)S/Jrs(f) = 0 because S* is a faithfully flat S-algebra. O

Example V.3.9. We can use the previous theorems to compute examples of F-
Jacobian ideals. Let R = F3[x,y], and f = 22 + y*> and m = (z,y). We have that
(mlPl . f7~1) = m. Then, Jp,(f) C m. Let L = F3[i] the extension of F3 by v/—1,
S = Llz,y] and ¢ : R — S be the inclusion given by the field extension. Then,
Jrs(f) = (z,y)S by Proposition V.1.14 because 2 + y* = (x + iy)(z — iy). Since ¢ is
a flat extension, Jr,(f) C Jr(f)S. Then, m = RN Jp,(f) C RN Jp(f)S C Jp,(f)
Hence, Jp(f) = m.

V.4 Relation to R{F}-modules and Cartier modules

In this section, we discuss two different settings in which F-Jacobian ideals appear.
These connections arise naturally from the relation of test ideals with Cartier modules
and R{F'} modules. We refer to | : : : | for details about Cartier
modules and test ideals, and to | : : : | for R{F}-modules and
test ideals.

Suppose that (R,m,K) is an F-finite reduced local Gorenstein ring. In this
case, Homp(RY?", R) has a structure of an R'?-module given by precomposition
of maps: if ¢ € Homg(RY?", R), then r'/?* - ¢ is defined by the rule r'/?° . ¢(2'/7") =
(rt/P /7). As an RYP*-module, Hompg(RY?", R) is isomorphic to RY?" | :
Lemma 1.6], and we pick a generator ®. We say that an ideal I C R is a Cartier
ideal, or an ideal compatible with ®, if ®(1'/P°) C I. We point out that this is not the
standard definition in the general theory of Cartier modules, and the one given here
requires that the ring is Gorenstein.

Suppose that (R, m, K) is an F-finite regular local ring. Let f € mand R = R/fR.
Let ® € Homg(R'Y?, R) be a generator of this module over R/?. We point out that
®~1(I) = IRY? for every ideal I C R because R'/? is a free R-module. Then, the
map, O : R R, defined by ®(z'/?) = (b(prjlx%) is a generator for R [

Lemma 1.6 and Corollaries].

Y

Proposition V.4.1. If R = R/fR is reduced, then Jz(f)R is a Cartier ideal of R.
Furthermore, Jg(f) is the largest Cartier idea I C R such that & (I'?) c 7(R) for
some j € N.
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Proof. Since fP~1Jp(f) C (Jr(f))P, we have that f%(JF(f)}_{)l/P C Jp(f)ﬁl/p.
Hence, 5(Jp(f)ﬁl/p) C Jr(f)R. Therefore, Jp(f) is a Cartier ideal.

For now prove the second statement, we have that 5_1(J ) = (JRI/ i i f %)
for any ideal J C R. If J' is the lift of J to R, then (Jﬁl/p - f%) = (J'RYP :pp
f%)ﬁl/p because f € J'. Combining this with Proposition V.2.8, we obtain that
Jr(f) =3 (7(R)) for j > 0. The result follows.

[

Note that the proposition shows more, it shows that the ideals 7(R) and Jp(f) are
equal up to nilpotency of Cartier modules. By the duality between Cartier modules
and R{F}-modules | , Proposition 5.2], we have that AnnHiim(ﬁ) @ 7(R) and
AnnHiim@) ® Jr(f) are R{F'}-modules, the following is an immediate consequence of
[ , Theorem 5.3].

Corollary V.4.2. Up to nilpotency of R{F}-modules, we have that Ananim(ﬁ) ® 7(R)

and Ananim@) ® Jr(f) are equal.

V.5 Examples

In this section we present several examples of F-Jacobian ideals. These compu-
tations are based on previous calculations of the F-pure threshold and the classical
test ideal.

Proposition V.5.1. Let f € R be an element with an isolated singularity at the
mazximal ideal m. If Ry /f Ry is F-pure, then

Tn(f) = R if R/fR is F-reqular

m  otherwise

Proof. Since R/ fR has an isolated singularity at m, we have Jr(f)Rp = Rp for every
prime ideal different from m, hence m C \/T(f) :

If Ry/fRy is F-regular, then R/fR is F-regular, and therefore Jp(R) = R by
Corollary V.2.11.

On the other hand, if Ry/fRy is not F-regular, then Jg(R) # R by Corollary
V.2.11. Therefore we have m = \/T(f) . Since Ry /fRn is F-pure, we deduce that
Ruw/Jr(f)Rn is F-pure by Lemma V.2.12. Therefore, Ry, /Jr(f)Rn is a reduced ring,
hence Jp(f) = m. O
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Example V.5.2. Let K be an F-finite field and let £ be an elliptic curve over K.
We choose a closed immersion of E in P% and set R = K[z, y, 2|, the homogeneous
coordinate ring of P%. We take f € R as the cubic form defining E. We know that
f has an isolated singularity at m = (z,y, z) R. If the elliptic curve is ordinary, then
R/fRis F-pure | , Proposition 4.21] | , Theorem 4.1]. We know that R/fR
is never an F-regular ring | , Discussion 7.3b(b), Theorem 7.12]. Therefore
Jr(f) = m by Proposition V.5.1.

Example V.5.3. Let R = K[z,y, z], where K is an F-finite field of characteristic
p>3andlet f = 23+y3+23 € R. We consider the quotient morphism 7 : R — R/fR
and the maximal ideal m = (z,y,2z)R. We have 77 = m | , Example 6.3].
Therefore, m C Jp(f) by Proposition V.2.8. It is known that R/fR is F-pure if and
only if p = 1( mod 3). We have (mlPl : fP~1) = m if p = 1( mod 3)[REFERENCE],
and (mlP! : f~1) = R if p = 1 mod 2. Therefore, Jp(f) = R if p = 2 mod 3, and
Jr(f)=mif p=1 mod 3.

Example V.5.4. Let R = K|[xq,...,x,], where K is an Ffinite field of characteristic
p>0. Let f=az{ + ... 4+ apz® be such that a; # 0 for all . The ring R/fR has
an isolated singularity at the maximal ideal m = (xq,...,x,). If % +...+ i =1,
then R/fR is F-pure for p > 0 | , Theorem 3.1]. In addition, R is not F-regular

1 1

| , Theorem 3.1] because fP~! is congruent to cz? ' ---22"~' module mP? for

some element ¢ € K \ {0}. Therefore Jr(f) = R for p > 0 by Proposition V.5.1.

Remark V.5.5. Let R = K{z1,...,z,| be a polynomial ring and f € R be such
that R/fR is reduced. We can obtain Jr(f) from 7(R/fR) by Proposition V.2.8. In
the case n > 3, f = x¢ + ... + 2% and Dp is not divisible by the characteristic of K,
there is an algorithm to compute the test ideal of R/fR | |. Therefore, when
f=x%+ ...+ 22 there is an algorithm to compute Jr(f).

Example V.5.6. Let R = K[x1,...,z,], where K is a field of characteristic p > 0,
and let f = 2¢+...+x%. This example is based on computations done by McDermott
[ , Examples 11, 12 and 13].

Ifp=2,n=>5and d=5, 74 = (21;)1<i j<5. Therefore,

2
(3,23, 23, 23, 22, 212230475)R = (77 - f)

and R = (7}4] : f3), hence, Jr(f) = R.
Ifp=3n=4andd =715 = (2723)1<ij<s. In this case R = (T}B] : f?) and
Jr(f) = R.
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If p="7n=>5andd=4, we have 7y = (21,...,25)R and R = (7}7] : f9), hence
Jr(f) = R.

70



BIBLIOGRAPHY

71



[AMBLO5]

[BB11]
[Ber72]

[BFS13]

[Bjos4]
[BIi04]
[BIi08]
[BIi13]

[BMS08]

[BMS09]

(BS9S]

[BSO5]

BIBLIOGRAPHY

Josep Alvarez Montaner, Manuel Blickle, and Gennady Lyubeznik. Gener-
ators of D-modules in positive characteristic. Math. Res. Lett., 12(4):459—
473, 2005.

Manuel Blickle and Gebhard B ockle. Cartier modules: finiteness results.
J. Reine Angew. Math., 661:85-123, 2011.

Tosif Naumovic Bernstein. Analytic continuation of generalized functions
with respect to a parameter. Anal. 1 PriloZen., 6:26-40, 1972.

Angélica Benito, Eleonore Faber, and Karen Smith. Measuring singu-
larities with frobenius: the basics. Commutative algebra, pages 57-97,
2013.

Jan-Erik Bjork. Intersection cohomology and regular holonomic D-
modules. Lecture Notes, 1984.

Manuel Blickle. The intersection homology D-module in finite character-
istic. Math. Ann., 328(3):425-450, 2004.

Manuel Blickle. Minimal ~-sheaves. Algebra Number Theory, 3:347-368,
2008.

Manuel Blickle. Test ideals via algebras of p~¢-linear maps. J. Algebraic
Geom., 22:49-83, 2013.

Manuel Blickle, Mircea Mustata, and Karen E. Smith. Discreteness and
rationality of F-thresholds. Michigan Math. J., 57:43—61, 2008. Special
volume in honor of Melvin Hochster.

Manuel Blickle, Mircea Mustata, and Karen E. Smith. F-thresholds of
hypersurfaces. Trans. Amer. Math. Soc., 361(12):6549-6565, 2009.

Markus P. Brodmann and Rodney Y. Sharp. Local cohomology: an al-
gebraic introduction with geometric applications, volume 60 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 1998.

Nero Budur and Morihiko Saito. Multiplier ideals, v-filtration, and spec-
trum. J. Algebraic Geom., 14:269C282, 2005.

72



[BS13]

[Bud05]

[ELSV04]

[FA12]

[Fab13]

[Fed87]

[FW89a)

[FW80b)]

[G1a96]

[Har77]

[Her14]

[HHS9]

[HH90]

[HH94a]

[HH94b)]

Bargav Bhatt and Anurag Singh. The f-pure thresholds of calabi-yau
hypersurfaces. Mathematische Annalen, 2013.

Nero Budur. On the v-filtration of D-modules. Progr. Math., 235:59-70,
2005.

Lawrence Ein, Robert Lazarsfeld, Karen E. Smith, and Dror Varolin.
Jumping coefficients of multiplier ideals. Duke Math. J., 123(3):469-506,
2004.

Eleonore Faber and Paolo Aluffi. Splayed divisors and their chern classes.
Preprint, 2012.

Eleonore Faber. Towards transversality of singular varieties: splayed di-
visors. Publ. RIMS, 2013.

Richard Fedder. F-purity and rational singularity in graded complete
intersection rings. Trans. Amer. Math. Soc., 301(1):47-62, 1987.

Richard Fedder and Kei-ichi Watanabe. A characterization of F-regularity
in terms of F-purity. Proceedings of the program in commutative algebra
at MSRI, Publ. 15 Springer-Verlag, pages 227-245, 1989.

Richard Fedder and Keiichi Watanabe. A characterization of F-regularity
in terms of F-purity. In Commutative algebra (Berkeley, CA, 1987), vol-
ume 15 of Math. Sci. Res. Inst. Publ., pages 227-245. Springer, New York,
1989.

Donna Glassbrenner. Strong F'-regularity in images of regular rings. Proc.
Amer. Math. Soc., 124(2):345-353, 1996.

Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977.
Graduate Texts in Mathematics, No. 52.

Daniel J. Hernandez. F—-invariants of diagonal hypersurfaces. Proceedings
of the American Mathematical Society, pages 87-104, 2014.

Melvin Hochster and Craig Huneke. Tight closure and strong f-regularity.
Mém. Soc. Math., 38:119-133, 1989.

Melvin Hochster and Craig Huneke. Tight closure, invariant theory, and
the Briangon-Skoda theorem. J. Amer. Math. Soc., 3(1):31-116, 1990.

Melvin Hochster and Craig Huneke. F-regularity, test elements, and
smooth base change. Trans. Amer. Math. Soc., 346(1):1-62, 1994.

Melvin Hochster and Craig Huneke. Tight closure of parameter ideals and
splitting in module-finite extensions. J. Algebraic Geom., 3(4):599-670,
1994.

73



[Hir64]

[HR76]

[HTTOS]

[HY03]

[Kas76]

[KMOg]

[Kol95]

[Kun69]

[Laz04]

[LSO01]

[Luc78]

[Lyu97]

[McDO03]

[MTO04]

Heisuke Hironaka. Resolution of singularities of an algebraic variety over
a field of characteristic zero. Ann. of Math., pages 205-326, 1964.

Melvin Hochster and Joel Roberts. The purity of the frobenius and local
cohomology. Adv. Math., 21:117-172, 1976.

Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki. D-modules,
Perverse Sheaves, and Representation Theory, volume 236. Birkh&user,
2008.

Nobuo Hara and Ken-Ichi Yoshida. A generalization of tight closure and
multiplier ideals. Trans. Amer. Math. Soc., 355(8):3143-3174 (electronic),
2003.

Masaki Kashiwara. b-functions and holonomic systems. rationality of roots
of b-functions. Invent. Math., 38:33-53, 1976.

Janos Kollar and Shigefumi Mori. Birational geometry of algebraic vari-
eties, volume 134. Cambridge University Press, 1998. With the collabo-
ration of C. H. Clemens and A. Corti, Translated from the 1998 Japanese
original.

Janos Kollar. Singularities of pairs. Proc. Sympos. Pure Math, 62:221-287,
1995.

Ernst Kunz. Characterizations of regular local rings for characteristic p.

Amer. J. Math., 91:772-784, 1969.

Robert Lazarsfeld.  Positivity in Algebraic Geometry II, volume 49.
Springer-Verlag, 2004.

Gennady Lyubeznik and Karen E. Smith. On the commutation of the
test ideal with localization and completion. Trans. Amer. Math. Soc.,
353(8):3149-3180 (electronic), 2001.

Edouard Lucas. Theorie des fonctions numeriques simplement peri-
odiques. Amer. J. Math, pages 197-240, 1878.

Gennady Lyubeznik. F-modules: applications to local cohomology and
D-modules in characteristic p > 0. J. Reine Angew. Math., 491:65-130,
1997.

Moira A. McDermott. Test ideals in diagonal hypersurface rings. II. J.
Algebra, 264(1):296-304, 2003.

Paul Monsky and Pedro Teixeira. p-fractals and power series-I: Some 2
variable results. Journal of Algebra, 280:505-536, 2004.

74



[MTWO5]

[NBP13]
[P13]

[PS73)

[Sha07]

[Smi95al
[Smi95h]
[Smi97]
[ST12]
S715]
[TW14]

[Yek92]

Mircea Mustata, Shunsuke Takagi, and Kei-ichi Watanabe. F-thresholds
and bernstein-sato polynomials. Furopean Congress of Mathematics,
pages 341-364, 2005.

Luis Nunez-Betancourt and Juan F. Pérez. F-Jumping and F-Jacobian
ideals for hypersurfaces. Preprint, 2013.

Felipe Pérez. On the constancy regions for mixed test ideals. Journal of
Algebra, 396:82-97, 2013.

C. Peskine and L. Szpiro. Dimension projective finie et cohomologie locale.
Applications a la démonstration de conjectures de M. Auslander, H. Bass
et A. Grothendieck. Inst. Hautes Etudes Sci. Publ. Math., (42):47-119,
1973.

Rodney Sharp. Graded annihilators of modules over the frobenius skew
polynomial ring, and tight closure. Trans. Amer. Math. Soc., 359:4237—
4258, 2007.

Karen E. Smith. The D-module structure of F-split rings. Math. Res.
Lett., 2(4):377-386, 1995.

Karen E. Smith. Test ideals in local rings. Trans. Amer. Math. Soc.,
347(9):3453-3472, 1995.

Karen E. Smith. F-rational rings have rational singularities. Amer. J.
Math., 119(1):159-180, 1997.

Karl Schwede and Kevin Tucker. A survey of test ideals. In Progress in
commutative algebra 2, pages 39-99. Walter de Gruyter, Berlin, 2012.

Karen E. Smith and Wenliang Zhang. Frobenius splitting in commutative
algebra. To appear in MRSI volume, 2015.

Shunzuke Takagi and Kei-ichi Watanabe. F- singularities: applications of
characteristic p methods to singularity theory. Preprint, 2014.

Amnon Yekutieli. An explicit construction of the Grothendieck residue
complex. Astérisque, (208):127, 1992. With an appendix by Pramath-
anath Sastry.

5



	DEDICATION
	ACKNOWLEDGEMENTS
	LIST OF FIGURES
	Introduction
	Background
	Characteristic zero
	Resolution of Singularities
	Multiplier ideals
	The constancy regions
	DR-modules associated to subvarieties
	The DR-modules M
	The Brylinski-Kashiwara intersection homology DR-modules


	Positive characteristic
	Test ideals and singularities via Frobenius
	Test ideals in the regular case
	D-modules and F-modules
	D-modules
	F-modules



	Constancy Regions in Positive characteristic
	Some sets associated to mixed test ideals
	The constancy regions
	Some examples

	The Modules M and the F-jumping ideals
	The intersection homology modules and the F-Jacobian ideals
	Definition and first properties
	Relations with test ideals and F-regularity
	Behavior under extensions
	Relation to R{F}-modules and Cartier modules
	Examples

	BIBLIOGRAPHY

