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CHAPTER I

Introduction

The aim of the present work is to generalize the famous Landau-Ginzburg/Calabi-

Yau (LG/CY) correspondence to non-Calabi-Yau quotient stacks inside weighted
projective spaces. The LG/CY correspondence relates the FJRW theory of a
quasi-homogeneous polynomial W (xy,...,xy) of degree d with integer weights
wy, ..., wy satisfying > w; = d (CY-condition), and the Gromov-Witten the-
ory of the degree d Calabi-Yau hypersurface Xy = {W = 0} inside of weighted
projective space P(wy,...,wy). In this thesis, we are mainly interested in the
non-Calabi-Yau setting >, w; # d. Under this condition, Xy is a Fano hyper-
surface if ), w; > d, and a general type hypersurface if ), w; < d. As observed
in [Witten, HoVal, in the non-Calabi-Yau setting there is a certain reduction in
the dimension of the state spaces (which shall be referred to as collapsing phe-
nomenon). More precisely, in the Fano case, when we move from the large com-
plex radius limit to the Landau-Ginzburg point, the dimension of the state space
will decrease due to the appearance of certain "massive vacua." In other words,
the Gromov-Witten state space will degenerate into a corresponding FJRW state
space of smaller dimension. In the case of a general type hypersurface, the role of

the Gromov-Witten and FJRW state spaces will be reversed. In a private com-



munication, Hori explained to us a precise conjecture that allowed us to establish
a correspondence at the level of state spaces despite this collapsing phenomenon.
In the first part of this work, I will verify Hori’s conjecture.

In the second part of this thesis, I will establish a correspondence at the level
of genus zero theories. A great deal of work has already been done in the Calabi-
Yau setting. See, for example, [ChioRu2| for the quintic three-fold, [PrSh] for the
mirror quintic, [CIR| for general Calabi-Yau hypersurfaces in weighted projec-
tive space, and [Clader]| for examples of Calabi-Yau complete intersections. The
general strategy in the CY setting is to relate the I-functions of the two theo-
ries via analytic continuation. The non-CY case, however, presents a seemingly
insurmountable obstacle: the Picard-Fuchs operator of the theory develops an
irregular singularity at the Landau-Ginzburg point in the Fano case, and at the
large complex radius limit in the general type case, making analytic continuation
of the I-functions impossible. To add to the problem, the I-function of the the-
ory at the irregular singularity radius of convergence equal to zero, rendering the
function a formal power series. To overcome these obstacles, we appeal to the
theory of asymptotic expansions. I will show that in this setting, the /-functions
of the two theories are naturally related via power series asymptotic expansion.

For a detailed definition of FJRW theory, the reader is referred to the origi-
nal articles [FJRa, FJRb, FJRc|. For simple examples of this construction, see

[KPABR, Kr09, AC09, FJ].

1.1 Statement of Results

In order to state the cohomological correspondence, we introduce some no-

tation. Let W(xq,...,xy) be a quasi-homogeneous polynomial of degree d and



integer weights wy, ..., wy, i.e. the weights of W satisfy
(1.1) WA 2y, .. A Noy) = XMW (2, ..., on)

for all A € C*. We assume throughout that ged(ws,...,wy) = 1 and that W
has a unique singularity at the origin. Then, Xy := {IW = 0} defines a smooth
hypersurface inside of the weighted projective stack P(wy, ..., wy), i.e. Xy is a

Deligne-Mumford stack. Define the canonical bundle index of Xy, to be

N
(1.2) Kx ::d—ij.
j=1
When Ay is Fano, we define its Fano index to be r := —ky. This matches the
notation of |GGI].
Let Aut(W) c (C*)V be the group of diagonal symmetries that leaves W

invariant under rescaling of the coordinates:
(13) W(Oélxl,.--,OéNxN) :W(.Tl,...,l']\f),

for all (z1,...,7y) € CN. Because of the quasi-homogeneous condition (1.1),

the group Aut(W) always contains the element
(1.4) Jw = (exp(2miwy /d), ..., exp(2miwy/d)).

When there is no possibility of confusion, we denote Jy, simply by J to simplify
the notation. Let G be a subgroup of Aut(W) containing Ji and define G :=
G/(Jw)-

Chiodo and Ruan showed in [ChioRul| that if the weights of W satisfy the
Calabi-Yau condition Zf\il w; = d, then the Chen-Ruan cohomology of the
Calabi-Yau quotient stack [Xy/ CN}'] is isomorphic to the FJRW state space of

the pair (W, G), i.e. we have a bi-degree preserving isomorphism

HPE([Xw /G); C) =2 HYY 1o (W, G).



(Detailed definitions of these spaces will be given Section 2.1.)

In the non-Calabi-Yau case, however, such an isomorphism is impossible since
the dimensions of the states spaces are different. To rectify this phenomenon,
we need to add certain additional classes to FJRW theory in the Fano case, and
to Gromov-Witten theory in the general type case. Even with these additions,
the isomorphism of state spaces preserves only a difference of gradings and not a
bi-grading like in the Calabi-Yau case. To state the results of the thesis in more
detail, we distinguish between the following cases:

Fano case: xy < 0.

Define the modified Chen-Ruan state space to be

(1.5) Abr([Xw/GL;C) = ) HEA([Xw/G);C)

p—q=n
for all n € Z, and the modified FJRW state space to be

,
@, Hifw(W.G) CT" ifn =0

(1.6) rirw (W, G) =

D, - Hetrw (W, G) otherwise.

\
Note that since sy < 0 and |G| = |G|/d, we have that %r is a positive integer.
General type case: ky > 0.

In this case, the modified state spaces are defined to be

(

@, HiL ([Xw/G); C) & C'Trx ifn=0

(1.7) Er([Xw/G);C) =

D, Her (2w /G; C) otherwise

and



(1.8) rarw (W, G) = @ Hyjrw (W, G)

p—q=n
for all n € Z.

The modified cohomological correspondence asserts that we have a degree

preserving isomorphism between the modified state spaces described above:

Theorem 1.1.1 (Cohomological Correspondence). Let W (xy,...,xN) be a non-
degenerate quasi-homogeneous polynomial of degree d and integer weights wy, ..., wy,
satisfying the condition Ky # 0. Let G be a group of diagonal symmetries of W
containing the element Jy, defined in (1.4). Then, we have a graded isomorphism

of C-vector spaces
(1.9) A ([X /G); C) =2 A% (W, G)  for alln € Z,

where [Xw/é] is the Deligne-Mumford stack defined in (2.6). This isomor-

phism is canonical for n # 0.

The above theorem confirms the conjecture communicated to us by Hori. It
is important to remark that to establish the correspondence at the level of state
spaces, the Gorenstein condition is not necessary. Example 2.3 illustrates the
cohomological correspondence for a non-Gorenstein case.

In the second half of this thesis, I will state a quantum correspondence, with
three important restrictions. First, we assume that the group G is generated by
Jw, i.e. G = (Jw). We also assume that the hypersurface A} is Gorenstein.
This is equivalent to the condition w;|d for j = 1,..., N. Lastly, we restrict to
ambient cohomology classes in Gromov-Witten theory and to narrow sectors in

FJRW theory (see Definition 2.1.6.)



The genus zero part of both, Gromov-Witten theory and FJRW theory, is
completely determined by their Givental J-functions. The definition of the J-
function in Gromov-Witten theory is well known (see, for example, [Givental]).
For the case at hand, the J-function can be computed via the Givental mirror

theorem using the Gromov-Witten I-function of Ay :

Z H0<b?nd> (dP + bz)
(1.10) Ismall( 0,7) = Zq . .
n€Q>o H_] 1 1_[0<b<nw7 (U)JP -+ bz)

3j: nw;GZ (by=(nw;)

which was computed in [CCLT|. Here, (b) := b — |b] is the fractional part
of b. This I-function represents a complete set of solutions to the irreducible

component of the following Picard-Fuchs equation:

(1.11)
N wj—l

d
H H (wjzD, — cz) — qH(dqu +cz)| IEwt(q,2) =0, where D, :=q

j=1 c=0 c=1

4
dq
A simple analysis reveals that if Ky < 0, this differential operator has an irregular
singularity at ¢ = oo, and that if Ky > 0, the operator has an irregular singular
point at ¢ = 0, rendering 1§ (q, z) a formal solution at ¢ = 0. We are thus
presented with a dichotomy similar to the one observed in the correspondence of
state spaces.

On the Landau-Ginzburg side, let {¢y, ..., ds} be a basis for the narrow part
of FJRW theory (see Definition 2.1.6) and {¢°, ..., ¢*} its dual basis with respect
to the FJRW pairing defined in Equation (3.12). The big FJRW J-function is

defined to be
JrIRw (t = Z todi, Z) =z + Zt(}f%
=0

th | g )
> ). n'z’“f (Bhis - Ohos e (D))o ¢

n>0 hi,...hn €
k>0



where (@n,, ..., On,, Tk(dc))oniy are the genus zero invariants of FJRW theory,
defined in Equation (3.6). The big I-function for the narrow part of FJRW

theory is given by

k;>0:i€Nar 1 J=1 0<b<q; >, iks
h(k)eNar (0)=(az 3=, iks)

where h(k) := d <¥> and the set Nar is defined in Equation (3.7). The
FJRW I-function can be related to the FJRW J-function by the following Coates-

Givental-style mirror theorem:

Theorem 1.1.2 (FJRW Mirror Theorem). The FJRW J-function can be uniquely
determined from the FJRW I-function and its derivatives. To be more explicit,

we have the following relation:

o0l
(113) JFJRW(T, —Z) = IFJRW(t, —Z) + Z Ci(t, Z)Z gZZRW(t, —Z),
i€Nar 0

where ¢;(t,2) is a formal power series in t and z, for i € Nar, and T(t) is

determined by the 2°-mode of the right-hand-side of Equation (1.13).

By restricting the FJRW I-function to the slice tj = 0 for i # 1, we obtain

the small FJRW I-function, which is defined as follows:

(1.14)
dl+k+1 N lg(di+k)) ,
fmall (4 ) Z Z t | [(q;(dl +k+1)) N
2R (dl + k) [(q; + (gk))

keNar [=0

In the Calabi-Yau case, I[§T9% (¢, z) and 1§ (q, 2) have the same rank (as a
consequence of state space isomorphism) and are related by analytic continuation.
In the non-Calabi-Yau case, Ig74!(¢,2) and 1§ (g, 2) have different ranks as

cohomology-valued functions. Consequently, it is not precisely clear how to relate



them. In terms of the Picard-Fuchs equation, we have two diametrically opposing
cases which depend on the sign of the canonical bundle index rky. If Ky > 0,
Igmall () —2z) converges for all ¢ and it represents a complete set of solutions to
the irreducible component of the Picard-Fuchs operator of Equation (1.11) at
q = 0o, where we have used the change of variables ¢ = t~¢. On the other hand,
if Ky < 0, this series diverges for ¢ # 0 and it represents a formal solution to the
Picard-Fuchs operator at ¢ = oo. Therefore, we conclude that the genus zero
correspondence must be divided into two cases, which we describe now.
Fano case: xy < 0.
As explained above, in this case the Picard-Fuchs operator has an irregular sin-
gular point at ¢ = co. A simple anlysis also shows that 1§ (g, 1) converges
absolutely for all ¢ # oo and it develops an essential singularity at ¢ = co. As a
consequence, we are not able to analytically continue this function to ¢ = oo as
in the Calabi-Yau case. We propose to replace analytic continuation with power
series asymptotic expansion. At the same time, Ig7all (¢ —1) has smaller rank
than 1579 (g, 1) as cohomology-valued functions. Intuitively, our theorem asserts
small

that the asymptotic expansion of I&4*" (g, z) collapses its rank to match the rank

of Igmall (+ —1). More precisely,

Theorem 1.1.3 (Genus zero LG/Fano Correspondence). If kx < 0, there exists
a unique linear transformation Lgw : HER (Xy; C) — Hn (W) of rank equal

to the dimension of HiGpy (W) such that
small small -1
Lew - Igw " (q,1) ~ Ipjgw(t = ¢ 4, —1)
as ¢ — oo from some suitable sector of the complex plane.

This theorem yields the following important consequence:



Corollary 1.1.4. If ky < 0, the genus zero FJRW invariants are completely

determined by the genus zero Gromov-Witten invariants of Xy .

General type case: ky > 0.
In the general type case the story is exactly the opposite: &% (g, 1) diverges
for ¢ # 0 and Igmel (¢, —1) converges for ¢ # oo. Igmall (¢ —1) has larger rank
than 1579 (g, 1) as cohomology-valued functions. As in the Fano case, it is not
possible to relate the two series by analytic continuation. However, we have the

following result in terms of power series asymptotic expansions:

Theorem 1.1.5 (Genus zero LG/General type Correspondence). If ky < 0,
there exists a unique linear transformation Lpjrw @ HpESpw (W) — Lpjgw of

rank equal to the dimension of HZnY(Xy; C) such that
LFJRW' Ifs{;g{/llf(t? _1) ~ IZJWI;[?Z%Q = tidv 1)
as t — oo from some suitable sector of the complex plane.

The LG/General type correspondence implies the following important result:

Corollary 1.1.6. If kx > 0, the genus zero GW invariants of Xy are completely

determined by the genus zero FJRW invariants of the pair (W, (Jw)).

Lastly, we observed that the information corresponding to the "massive vacua"
is encoded in formal solutions to the Picard-Fuchs equation with an exponential
factor as the leading term. For a degree d Fano hypersurface in P(wy, ..., wy),

the massive vacuum solutions are defined to be

[e.9]

vl 4, .
Ij,mass(Q) =q 2 e Z ng/?‘ for ] = 1, Ty

n=0

where r =} . w; —d, and {a;}}_; are the distinct roots of (2)" =d? H;V:1 w;

These formal series are solutions to the Picard-Fuchs equation at ¢ = oco. If we
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restrict to projective space PN~ we can relate the Gromov-Witten I-function

to the massive vacuum solutions via asymptotic expansion:

Theorem 1.1.7. Let Igw(q,1) be the Gromov-Witten I-function of a degree d

hypersurface inside PN~1. Then,

L1+ PN -
Iew(g=u",1) ~ C,ﬁu_m? . e*(1+0 (u™)) asu— +oo along the real azis,

where C' is a constant, r = N — d, and o > 0 satisfies (%)T = d°.

A more general version of this theorem, which applies to hypersurfaces in Fano
manifolds, was first proved by Galkin-Golyshev-Iritani (see |[GGI, Section 5.3|)

in the context of the Gamma conjectures.

1.2 Organization

This thesis is organized as follows. In Chapter 2 we define Chen-Ruan coho-
mology and the FJRW state space, prove the cohomological correspondence, and
present explicit examples of the correspondence. Chapter 3 contains a review
of the genus zero FJRW theory. We also review the formalism of Givental and
construct the FJRW I-function. In Chapter 4 we define asymptotic expansions
and provide a proof of the genus zero correspondence and its corollaries. To
finish, we explain in Chapter 5 how to use asymptotic expansions to obtain a
correspondence of genus zero Gromov-Witten invariants for toric blow-ups. All
the work found in Chapters 1-4 are part of [AC14]. Chapter 5 is based on joint

work with Mark Shoemaker [AS15].



CHAPTER I1

Cohomological Correspondence

Establishing a graded isomorphism at the level of state spaces in the first step
in establishing a correspondence between Gromov-Witten theory and Landau-
Ginzburg theory. We begin this chapter by defining Chen-Ruan cohomology and
the state space of FJRW theory. We mainly follow the presentation found in
[ChioRul]. After this is accomplished, we provide a proof for the correspondence

of state spaces, also known as cohomological correspondence.

2.1 The set-up

We consider quasi-homogenous polynomials of the form
N N
(2.1) W(zy,...,xN) :clnx?“ +---+csHargs’j
j=1 j=1

where ¢; # 0 and b;; € Z>o. We further assume that each monomial is distinct.
A quasi-homogenous polynomial of degree d and integer weights wy, ..., wy is

said to be non-degenerate if it satisfies the following conditions:

1. The polynomial W has a unique singular point at the origin; (2.2)

2. the rational numbers ¢; := w;/d (known as charges) are completely deter-

mined by the polynomial W. (2.3)

11
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The state space of Gromov-Witten theory

We use Chen-Ruan cohomology as the state space of Gromov-Witten the-
ory. We briefly review its construction for the case of hypersurfaces in weighted
projective space.

Consider the weighted projective stack
P(wy, ..., wy) = [CY\{0}/C*]

where C* acts on CM\{0} by A - (z1,...,2y5) = (A%, ..., \"Nay).
Inside CV\{0}, the locus {W = 0} defines a smooth hypersurface since
(O:;W (z))X, # 0 on CN¥\{0} (by the non-degeneracy condition (2.2)). Because

the action of C* fixes {W = 0}, we can define a quotient stack Xy by
(24) Xy = [{W = O}CN\{O}/C*] C ]P)(U)l, . ,wN)

Consider now a subgroup G of Aut(W) containing the element Jy,. The group
G = G/(Jw) acts faithfully on the stack Xy and so, we can define a quotient
stack [Xyy /G].

Define a homomorphism of groups from C* to (C*)" by
(2.5) A A= (AW LAY,

This map is an injection since (), ,,, = {1} (this follows from ged (w1, ..., wy) =
1). Under this map, the multiplicative group of dth-roots of unity p,; maps to
(Jw) and GNC* = (Jy). It follows that G = GC*/C*.

From [Romagni, Remark 2.4] and the isomorphism G = GC* /C*, we have the

following isomorphism of stacks

(2.6) (X /G) = [{W = 0}cm o3/ GC]
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where GC* := {g(A**,...,A\"V) | g € G C (C)V, X € C*}. We will use
Equation (2.6) as the working definition of [Xyy /G].

We want to compute the Chen-Ruan cohomology with complex coefficients of
this stack. We briefly review this construction for a smooth Deligne-Mumford
stack of the form X = [U//H], where H is an Abelian group (for a more com-
prehensive review, see [ChenRu, ALR]). As a C-vector space, the Chen-Ruan
cohomology of X is the cohomology with C-coefficients of the inertia stack

IX :=||,cpy A, where the so-called h-sector is defined to be
(2.7) Xy =[{ueld|h - uv=u}/H]|

Since we are working with complex coefficients, H*(A},;C) is isomorphic to
the cohomology of the underlying coarse quotient scheme of Aj,.

For the case under consideration, we define the following notation:

Definition 2.1.1. For v = g\ = (g1 A", ..., gy A"N) € GC* define

(2.8) Cl={zeCV |y -z=2a}

(2.9) N, := dim¢(CY)

(2.10) W, =W |ex

(2.11) w,={1<j< N|gA\¥ =1}
(2.12) {W, =0}, := {W, = 0}expo) € CT\{0}

The following lemma (|ChioRul, p.12]) ensures that {W, = 0}, is smooth in
N :
Cy\{0}:

Lemma 2.1.2. If v € G, then {W, = 0}, is a smooth hypersurface in C}'\{0}.

If v ¢ G then {W, = 0}, = CI'\{0}.



14

Remark 2.1.3. The two cases observed in Lemma 2.1.2 will become important
in the proof of cohomological correspondence. They represent the difference

between the Gorenstein and non-Gorenstein cases.
The action of 7 € GC* on the tangent space T, ({W = 0}) of a fixed point
x € {WW, = 0}, is given, after choosing a basis, by a diagonal matrix of the form

(2.13) Diag(exp(2miay), ..., exp(2mia)_,))

where a] € [0,1) for all i.
Definition 2.1.4. The age az(y) of v € GC* acting on T,({W = 0}) is defined

as

=2

(2.14) g () := : a;.

i=1

It is not hard to see that the age is independent of the basis chosen and is
constant on a given sector. When no confusion arises, we denote the age simply
by a(v).

We are finally ready to define the Chen-Ruan cohomology of the Deligne-

Mumford quotient stack [Xyy /G]:

(215)  HEA(Aw/GlC) = @) H OO (W, = 0},/GC*C)
yeGC*

where a(7) is the age defined in Equation (2.14).

The state space of FJRW theory

We will now construct the FJRW state space for the singularity W : C¥ — C
(for a more detailed construction, see [FJRal).
Let v be an element of the group of symmetries G. Then v can be expressed

uniquely in the form

v = (exp(2miO7), ..., exp(2miOY))
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with ©F € [0,1) for all j =1,..., N.
Definition 2.1.5. For v = (exp(2mi©7),...,exp(2miO);)) € GL(C, N), the age

a(7y) is defined as

(2.16) a(y) := Z@j

The corresponding FJRW ~v-sector H, is defined as the G-invariant part of

the middle dimensional relative cohomology of (nyv , l.e.
(2.17) . = HYM(CY, W >;C)°¢
where W := (RelW,)) (M, +00), M > 0.
The FJRW state space is defined as the direct sum of all these sectors,

(2.18) H (W, G) = P H,.

veG

As in the case of Chen-Ruan cohomology, each sector is endowed with a bi-

grading defined by

(2.19) 'H13/7q — Hp—a(v)JrZ;y:l 4,q—a(N+X 0, 45 ((CJWV, W;—oo; C)G

where a(7y) is the age shift of v defined in (2.16) and the g; are the charges of
Equation (2.2). This bi-grading induces a bi-grading on the FJRW state space:

(2.20) HEfw (W, G) = @ HEe.

veG

Definition 2.1.6. A sector for which N, = 0, i.e. for which the fixed locus by the
action of 7 is trivial, is said to be narrow. If N, # 0 the sector is said to be

broad.

An important subspace of the FJRW state space is the space of narrow sectors
HpStw (W, G). Tt is defined as the direct sum of all narrow sectors of the FJRW

state space. When G = (Jw), it is simply denoted by HEpw (W).
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2.2 A Proof of the Modified Cohomological Correspondence

In this section we explicitly compute the corresponding state spaces and es-

tablish a cohomological correspondence.

Explicit computation of the Gromov-Witten state space

In [ChioRul, Section 5|, Chiodo and Ruan computed the following decompo-
sition of the Chen-Ruan cohomology Hg ([Xw /G]; C):
Since G := G/({Jw) = GC*/C*, we can find M = |G|/d elements {g), ..., g™} C

G such that

M
(2.21) GC* =] |g"C.
=1

We then have that
23 (/GO =@ @ H(W, = 0),/6eC)
1=1 gD C*

For an element g € {g1, ... g™}, write g := (g1,...,gn). Chiodo and Ruan
showed that the contribution to the cohomology coming from the coset gC* is
(2.23) &b H*({W,5 = 0},5/GC*; C).

AU {ala™ i =g;}

Moreover, each summand in Equation (2.23) can be written explicitly as

g/\ -2
(224)  H*({W,x = 0},3/GC*;C) = HVA(CX, W= C)% @ EB C- P11,
where P15 represents the intersection of the hyperplane class in P(wy, ..., wy)

with the hypersurface {W 5 = 0},5 C P(w,).
Combining Equations (2.22), (2.23) and (2.24) we obtain a complete decom-

position of the Chen-Ruan cohomology of the quotient stack [Ay,/ é]
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Remark 2.2.1. The first summand in Equation (2.24) corresponds to the G-

invariant part of the primitive cohomology of the hypersurface {W,5 = 0}, C

Remark 2.2.2. The Chen-Ruan bi-degree of P15 is given by (r + a(gA),r +
a(g))), where a(g)) is the age defined in Equation (2.14). It follows that in the
modified Chen-Ruan state space of Equation (1.9), this class will live in degree

Zero.

Remark 2.2.3 (Notation). When G = (Jw ), we only have contributions from the
C*-coset corresponding to g = 1. In this case, the sectors of the inertia orbifold
of Xy are classified by elements of the form A = exp(27wif), with f € F :=
{i

w;

by ].f.

=1, 5=1,... ,N}. To simplify notation, we denote 15 simply

Explicit decomposition of the FJRW state space

We now find an explicit decompostion of the FJRW state space defined in
(2.18):

HFJRw(W, G) = @HNW(CQV, W’;roo’ C)G

veG

We first decompose G into M = |G/|/d cosets of the form g (Jyy/), ..., g™ (Jy),
where the elements {g(!), ..., g™} C G are those of Equation (2.21). Then, the

FJRW state space can be written as

M d-1

Hyyrw (W, G) = EB@ Moo, w (CN 9 Ik, 7W—~(_C;<}k ;C)“.

k=0
For an element g € {g™M,..., g™}, write g = (g1,...,9n), as in the previous
w1

section. Also, write Jy = (£)*,...,&;") where &, := exp(2mi/d). It is easy to

see that Ny = 0 (i.e. the sector Hyn 18 narrow) if and only if &% does not
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belong to Uj.vzl{)\ | A7 = g;}. Thus, the total contribution coming from the
g(Jw) coset is equal to
(2.25) & HYA(CJ5, WA C) @ & $g5C

AepgnUj {ala™ i =g;} Aepg\ Uil {ala™ i =g;}

where ¢ 5 :=1 € H, 5 = C, and we have identified the elements of (.Jy;) with

A, for A € py,.

Remark 2.2.4. The first summand of Equation (2.25) corresponds to broad sec-

tors whereas the second summand is the contribution arising from narrow sectors.

Remark 2.2.5. The FJRW bi-degree of ¢, is given by (a(g/_\) - Zévzl qj,a(g)) — Zjvzl qj>,
where a(g)) is the age defined in Equation (2.16). It follows that in the modified

FJRW state space of Equation (1.9), this class will live in degree zero.

Remark 2.2.6 (Notation). When G = (Jw), the sectors of the FJRW state space
are classified by powers of Jy,. When this is the case, we denote ¢ ! simply by

o

A combinatorial diagram

We now present a combinatorial diagram that will allow us to keep track of
the different components of the CR-cohomology and the FJRW state space. This
model was first introduced by Boissiére, Mann, and Perroni (see [BMP]) in order
to compute the orbifold cohomology of weighted projective spaces. The model
was later expanded by Chiodo and Ruan (see [ChioRul, Section 5].)

For each one of the cosets represented by the elements ¢V, ..., ¢™) defined
in Equation (2.21), we can define a diagram that will allows to keep track of the
coset’s contribution to both the CR cohomology and the FJRW state space. We
now outline how to construct this diagram for an element ¢”. For the sake of

legibility, denote ¢ = (gy), e ,g](\i,)) simply by ¢ = (g1, ..., 9n)-
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1. Draw a semi-infinite ray

(2.26) {preClp>0,peR}

for every v € p, U Ué\f:l{/\ | A7" = g5} .

2. Mark dots in position jv if there exists 1 < j < N such that
(2.27) v = g;.

3. Mark further dots in position (N + 1)v if
N
(229 ve U 1A = g\
=1

Remark 2.2.7. Note that by construction all dots lie on rays. Also,
Ve U;V:l{/\ | A% = g; }\pg if and only if gv = (g1, ..., gnv"N) ¢ G.

Interpretation of the diagram

1. Aray with angular coordinate 27k /d represents the sector H,;« of the FJRW
state space. Note that a ray will carry no dots if and only if the correspond-

ing FJRW sector is narrow (i.e. the fixed locus of gJ* is trivial.)

2. Consider the dot jv lying on the ray {pr € C| p > 0,p € R}. We say the
dot is an extremal dot if there is no other dot with higher radial coordinate

on the same ray and it is an internal dot otherwise.

3. An extremal dot of the form jv represents the primitive cohomology of the
gv-sector in the Chen-Ruan cohomology: HP"™({W,; = O}E»(wgﬁ)/é; C) =

HNow (CN, W5 C)°.

guvo
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4. Internal dots on a ray of the form {pr € C | p > 0,p € R} represent
products of hyperplane classes in H*({W,; = O}P(wgg)/é; C), ie. 14, Pl,,

P1,,,. ..

Remark 2.2.8. Let R be the total number of rays in the diagram and D the total

number of dots in the diagram. From Equation (2.26) it is easy to see that

UATA™ = g \ky

j=1

R=d+

and from Equations (2.27) and (2.28), it follows that

N
Dzzw]‘—f—
j=1

Hence, the difference between the total number of dots and rays in the diagram

N

U TA™ = g \ky

=1

equals
N

(2.29) D-R=Y wj—d=—ry.
j=1

Proof of Theorem 1.1.1

We now use the diagram described above to construct a correspondence be-
tween the contribution to the CR cohomology coming from the coset ¢®)C* and
the contribution to the FJRW state space coming from the coset g (Jy), for
1 < i< M. As in the previous section, we let ¢ = ¢ to simplify notation.

Step 1: There is a one-to-one correspondence between non-empty rays and
extremal dots in the diagram. We must distinguish between two cases. In the
first case, consider a ray of the form {pr € C | p > 0,p € R} with v € p,.
From Equation (2.27), it follows that the number of dots on this ray is Ny.
The first Ny — 1 dots correspond to intersections of the hyperplane class in

{Wys = 0}pw,,)- The extremal dot corresponds to the primitive cohomology of
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H*({W, = O}ngp)/é; C) which is isomorphic to the broad sector H,; of the
FJRW state space by Equation (2.24). For the second case, consider a ray with
Ve Uj.vzl{)\ | A7 = g;}\py. It follows that g ¢ G and thus, by Lemma 2.1.2,
{Weo = 0}p(w,,) = P(wgys). From Equations (2.27) and (2.28) the number of
dots on this ray is Nz + 1. The first Ny dots correspond to intersections of
the hyperplane class in P(w,;). The extremal dot corresponds to the primitive
cohomology of P(w,;), which is trivial.

In this way, the contributions to Chen-Ruan cohomology arising from primi-
tive cohomology precisely correspond to the contributions to FJRW theory com-
ing from broad sectors. Note also that if we take a (p,q)-class in either state
space, the difference p — ¢ cancels the age shifts of Equations (2.15) and (2.19),
yielding a degree-preserving correspondence between the modified Chen-Ruan
and FJRW state spaces.

Step 2: Since non-empty rays and extremal dots are exactly matched up,
it follows that the difference between the total number of internal dots (which
correspond to intersections of hyperplane classes) and the total number of empty
rays (which correspond to narrow sectors) in the diagram is equal to D—R = —Ky
by Equation (2.29). By Remarks 2.2.2 and 2.2.5, the contributions coming from
intersections of hyperplane classes in Chen-Ruan cohomology and from narrow
sectors in FJRW theory live in degree zero in their respective modified state
spaces. Hence, to get a one-to-one correspondence in degree zero, we need to
add an extra component of dimension |G|/d(}_; w; —d) to @, Hyjpw (W, G) (we
add one component of dimension ) _; w; — d for each one the M = [G|/d cosets)
in the Fano case, and an extra component of dimension |G|/d(d — _, w;) to

@D, Hex([Xw/ G);C) in the general type case. This accounts for the definition
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of A%, o (W, G) in Equation (1.6), and for the definition of A% ([Xw/G]; C) in

Equation (1.7).

2.3 Examples

A smooth cubic four-fold

Let X2 be the smooth cubic four-fold in P° defined by the vanishing locus
{W =23 4+ 23 + 23 + 23 + 22 + 23 = 0}. We consider the case G = (Jy). The
Fano index of this cubic four-fold is —kys = Y, w; —d = 3. The Hodge diamond

of X3 has the form

(see, for example, [Hassett]). From this, we can directly compute the dimen-

sion of the modified Chen-Ruan state space:

hO0 + BBt 4 B22 4 B33 4 p =25 ifn =0

3t =1 ifn=2
dim ALy (X% C) =

h'3 =1 ifn=-2

0 otherwise.

\

The relevant information for the FJRW state space in contained in the fol-

lowing table:
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i H 1 ‘ Z2 ‘ T3 ‘ Zq ‘ Ts5 ‘ Te H degpyrw ‘ (hP9] p + q = degpjrw)
Jyllojlojojojol|o 2 h*0 =1,h =20,h02 =1
Jyl 1] 1|1 1]1|1 0 RO =1
Jyll2]2|2|2]2)2 4 h*? =1

Table 2.1: FJRW state space of cubic fourfold.

and thus, the dimension of the modified FJRW state space is given by

;

ROO 4 pbl 4 p22 13 =25 ifn=0

h?0 =1 ifn=2
dim A jpw (W, (Jw)) =

ho? =1 ifn=-2

0 otherwise

\

which gives the desired degree preserving isomorphism of modified state spaces.

Figure 2.1: Combinatorial diagram for the smooth cubic four-fold.

Figure 2.1 shows the combinatorial diagram for the cubic four-fold. The empty
rays correspond to the narrow FJRW sectors J;;, and J3,. Note that the difference

between the number of internal dots and the number of empty rays is precisely

—Ry3 = 3.
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A non-Gorenstein example

Consider the degree 8 surface X® cut out by {W = x + z123 + 22 + 23 = 0}
inside P(2,3,4,4). As in the previous example, let G = (Jy/). Note that not all
the weights divide the degree of the surface and therefore, this is a non-Gorenstein
stack in weighted projective space. The Fano index of this surface is given by
—kys = 13 — 8 = 5. We now compute the cohomology of the different sectors of

the inertia stack of X%, Let (4 = exp(%) and (3 = exp(35*).

e Untwisted sector: its cohomology is the direct sum of three components of
bi-degrees (0,0), (1,1) and (2,2), arising from intersections with the hyper-
plane class, together with the primitive part of the cohomology. This last
component may be computed as the (Jy)-invariant part of the Milnor ring
of the singularity W : C* — C (see, for example, [Dolgachev, Steenbrink]).

It has only one component, of bi-degree (1,1).

e (y-sector: this sector corresponds to the locus {x3 + 23 = 0} C P(4,4). This

gives two orbifold points, both of CR bi-degree (%, %)

e (3, (2-sector: their cohomology is given by H*([pt/Z3];C) = H*(pt;C) = C

4 4

in bi-degrees (%, %) and (5, 5), respectively.

e —l-sector: this sector corresponds to the vanishing locus {z{ + 22 + 2% =
0} C P(2,4,4). Its cohomology is isomorphic to H*(P*;C) = C & C, in CR

bi-degrees (%,%) and (%,%)

e (P-sector: as in the (y4-sector, the cohomology corresponds to the contribu-

tion of two orbifold points of bi-degree (%, %)
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Note that all contributions to the CR cohomology have bi-degrees of the form

(p,p). It follows that the dimension of modified CR state space is given by

12 ifn=0
dimAZR (X% C) =

0  otherwise.

The following table contains all the relevant information on the LG side:

iy || w | wo | @5 | x4 || degpgrw | (W79 p+ q = degpyrw)
Jy oflo]o|o 3/4 hEs =1

JLll 23|44 0 R0 =1

JZ 46 ] 00 5/4 hes =1

J 6] 1] 4] 4 1/2 Rt =1
Jyllol4alo]o

Jll 2 7] 44 1 hzz =1

J 4200 1/4 hss =1

Tyl 65 4|4 3/2 rEE =1

Table 2.2: FJRW state space of non-crepant example
From this we can compute the dimension of the modified FJRW state space:
AmAL o (W, (J)) = hE5 4 W00 4 hE5 4 b7 4 b7 4 hes + A1 +5 =12,

providing the desired isomorphism of modified state spaces.

Figure 2.2: Combinatorial diagram for a degree 8 surface in P(2,3,4,4).
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Figure 2.2 shows the combinatorial diagram for X®. The difference between
the number of internal dots and the number of empty rays is —kys = 5. The
rays in red represent the "non-Gorenstein" contributions to the Chen-Ruan co-

homology.

An example with G # (Jy)

Consider the degree 6 orbicurve X% defined by the vanishing locus of W =
28+ 232+ 22 inside P(1, 3, 3). The group of diagonal symmetries Aut(7¥) contains

the element g := (—1,—1,1). Define G < Aut(W) by

G:={¢J5 10<1<1, 0<Ek<5}

~Y

G is a non-cyclic group of order 12 and G = G/{Jw) = Zy. We now compute
the Chen-Ruan cohomology of the quotient stack [X°®/Z,]. We can compute
the cohomology of inertia stack of [X°/Z,] by using the decomposition found in

Equations (2.23) and (2.24). The non-empty sectors are:

e Untwisted sector: we need to compute H*(X°; (C)é. As explained in [Dolgachev],

H*(X%;C) = H*(P!;C), and thus, the only contributions come from hyper-

plane classes of CR degrees (0,0) and (1,1).

e JZ,-sector: the contribution to this sector comes from H*([{z3 + 2% =
0}p(3,3)/Z2]; C). The solution to 23+ x5 = 0 in P(3, 3) can be represented by
the two orbifold points {(—i, 1), (¢,1)}. However, the action of Z, identifies
these two points and we end up with a one dimensional contribution to the

cohomology, of CR degree (%, %)

e Jj-sector: this case is similar to the J3-sector. We have a one dimensional

contribution of CR degree (%, %)
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e gJj,-sector: this sector corresponds to [{z§ + 23 = O}pa13)/Zs]. It can
be represented by the two orbifold points (1,47) and (1, —i), which are not
identified by the action of Z,. Hence, we end up with two contributions to

the cohomology, both of CR degree (%, %)
From this analysis, we find that the dimension of the modified Chen-Ruan state

space is given by

6 ifn=0
dim AL ([X°/Z,]; C) =

0 otherwise.

The corresponding information on the LG side is provided in the following

tables:
9" iy || @1 | @2 | x5 | degpyrw | (P79 p+ g = degpyrw)
Jy [ olo]o
JLl 1] 3] 3 0 ho0 =1
JL 21010
JL 0l 3] 313 2/3 his =1
J& a4 lo]o
Jol 5] 3] 3 4/3 h3i =1

Table 2.3: FJRW state space of identity coset

QZJ{/CV z1 | x3 | @3 || degpgrw | (PPY] p + g = degpjrw)

gJ% || 313 1]0

gJv || 4103

gJi || 51 3]0

gJ | 0] 0] 3 2/3 h3s =1
1130
21013

Table 2.4: FJRW state space of g coset
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Thus, dimension of the modified FJRW state space is given by

442%x1=6 ifn=0
dimAg‘JRW(VVa G) =

0 otherwise

from which we obtain a degree preserving isomorphism.

Figure 2.3: Combinatorial diagram for the quotient stack [X'°/Z,].

Figure 2.3 illustrates the combinatorial diagrams for the two (Jy)-cosets of
G. In each of the diagrams the difference between the number of internal dots

and the number of internal rays is 1.



CHAPTER III

Quantum Correspondence: Computing FJRW [-function

3.1 Genus Zero FJRW Theory

In this section we define the genus zero FJRW theory. We also compute the
FJRW [-function by using the formalism of Givental. All the results found in
this section assume that G = (Jy) and that the Gorenstein condition w;|d for
7 =1,..., N is satisfied. The presentation in this section follows the notation
found in [CIR]. For a more general construction of FJRW theory, the reader is

directed to [FJRal.

Pointed orbicurves and orbifold line bundles:

Definition 3.1.1. A n-pointed orbicurve (C,p1,...,p,) is a proper and connected
Deligne-Mumford stack of dimension one with at worst nodal singularities and

which has n marks py,...,p, on the smooth locus such that
1. the curve has possibly non-trivial stabilizers only at the marks and nodes;

2. the nodes are balanced, i.e. in the local picture of the node {zy = 0}, the

action of the isostropy group p, is given by

(z,y) = (Gx, G 'y)

29
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where (, is a preferred generator of p,. The coarse underlying curve of the
pointed orbicurve is denoted by (|C|, |p1], ..., |pn|) and its natural projection by
p : C — |C|. This projection is a flat morphism so, in particular, if £ is an
orbifold line bundle on C, its pushforward p,L is a line bundle over |C|.

Definition 3.1.2. For a positive integer d, an n-pointed orbicurve (C,p1,...,p,)

is said to be d-stable if its coarse underlying curve (|C|, [p1], ..., |pn|) is stable

and the stabilizers at the marks and nodes are isomorphic to ;.

Given an orbifold line bundle £ on a d-stable, n-pointed orbicurve (C, p1, ..., pn),
we can define the age of £ at a node in the following way. Let {zy = 0} x C be
a local trivialization of £ over a node ¢ on C. Then the preferred generator (4

of the isotropy group p, acts on the local trivialization in the following way
(l’, Y, U) — (Cdx7 Cd_lyﬂ <§U)7
where k € {0,...,d — 1}. The age of £ at ¢ is defined as the rational number

(3.1) age, (L) == €[0,1).

ISH

The age of £ at a marked point in defined similarly.

W-structures

Given a d-stable, n-pointed orbicurve (C,py,...,pn), we define the invertible
sheaf we 1og on C as the pullback of the dualizing sheaf wie| on |C| twisted at the

points |p1|, ..., |pal, i-e.
(3.2) we log 1= P Wicllog = P (Wie|([p1] + -+ + [pal))-

Definition 3.1.3. A d-spin structure on a pointed orbicurve C is an orbifold line

bundle £ — C together with an isomorphism ¢ : L& =5 we 1.
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Given a quasi-homogeneous polynomial W (xy,...,zx) of the form described
in Equation (2.1), a W-structure on a pointed orbicurve C is a collection of

orbifold line bundles L4,..., Ly together with isomorphisms

N
(3.3) ©; ®£?” 5 Wetogs §=1,...,8.
j=1

A d-spin structure £ — C gives rise to a W-structure in a natural way. Set
L; = L% by the quasi-homogeneity of W (z1,...,xy) we get a natural isomor-
phism

N
bi |~ ~Y
@ L) = L5 = e .
j=1
It is important to note that not all W-structures arise in this way but, in this

thesis, we restrict ourselves to the case in which W-structures arise from d-spin

structures.

Remark 3.1.4. Given a d-spin structure £ — C and a marked point p € C with
age,(L) = k/d, the prefered generator (4 of p, acts on the natural W-structure
(L%, ..., L") as (C¥**, ..., ¢¥NF) = JE.. For this reason we associate such a

point p € C with the FJRW-sector H jx.
The moduli space
d
Given integers 0 < ky,...,k, < d — 1, we define % (k1,...,kn) to be
the moduli stack of d-stable orbicurves C of genus zero with n marked points

p1, - - -, Pn and endowed with a d-spin structure £ — C such that age, (£) = <%>

fori=1,...,n,ie.

(3.4)
%d(/ﬁ, k) =

{<C7p17 s 7pn7£;§0 : ‘C@d - wlog)

age, (L) = <’“ : 1>} Jisom.
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Forgetting the W-structure and the orbifold structure gives a morphism

)

st: Py (ke k) — Mo

Remark 3.1.5. The stack % (ki,...,k,) corresponds to the stack R4(e*™©1,.. . e

defined in [ChioRu2| as soon as ©; = <kTJ[1> for i = 1,...,n. We have slightly
changed the notation to obtain simpler formulas for the computations of FJRW

invariants.

Lemma 3.1.6. Let n > 0. The stack % (k1,...,kn) is smooth, proper, and
of Deligne-Mumford type. It is non-empty if and only if X(L) = 1 + @ —

Soiy (5L is an integer.

Proof. The first statement follows from [Chiodo|. The second statement is a

consequence of the Riemann-Roch theorem for orbicurves (see [AGV].) O

As in the case of the moduli space of stable curves, we have a universal orbi-

curve 7 : 7 —> % (k1,...,kn). We also have a universal d-spin structure

S =

Enumerative geometry of FJRW theory

We now define the invariants for FJRW theory. They are defined in terms
of the virtual fundamental class constructed in [FJRb|. Given integers 0 <
ki,...,k, <d—1, the virtual cycle | %d(k‘l, oo k)] lies in

d n
Hopsy k) P (k1o k)i ©) @ Q) Hiv o, (Chisn, WS, )V
i=1
where D(ky,...,k,) =n—3+ Zjvzl X (L£%%), with £ a d-spin structure coming

from %d(kl, ..., k,). By regarding the above relative homology as dual to

27r®n)
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the FJRW sectors H jx;+1, the virtual cycle defines a linear map

= d
®/7L[Jki+1 — Hop(,. ) P (K1, k) C)
(3.5) = .
d .
®iai'_>[ %;L (kla"'7kn)]V1rﬂHai-
i=1
For non-negative integers aq,...,a, and state space elements a; € H ju;+1,

1=1,...,n, the genus zero FJRW invariants are defined as
d . ~ o
(3:6) (7 (), Ta ()™ = ([ o (ki k)]0 Haz-) N[
i=1 i=1

where the psi-classes 1Z are defined via pullback under the morphism st :
%d(kl, ... kn) — My, from the usual psi-classes on ﬂom. To simplify the
notation, we write o instead of 79(c).
Remark 3.1.7. It is possible to generalize the above construction (i.e. moduli
space, virtual cycle and invariants) to all genera. For details, we refer the reader

to [FJRa, FJRD].

Restricting the invariants to narrow sectors

The computation of FJRW invariants can be greatly simplified if we restrict

them to narrow sectors. Define the set Nar C {0,...,d — 1} as

Nar := {k €{0,...,d— 1} Hun is narrow}
(3.7) v

{ke{0,....,d—1} (k+Dw; ¢ dZ, forall j=1,...,N}.
We denote the restriction of the FJRW state space to narrow sectors by
HiStw (W) = € M.

keNar

Let 7: — %d(kl, ..., k) be the universal curve and Z“— % be the

universal d-spin structure mentioned in the previous section. Define the following
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virtual bundle known as the obstruction bundle

N N N
—Rm, @ < o R'r, @ < o R, @ < ®wj.

j=1 j=1 j=1

The following lemma (|CIR, Lemma 2.3]) shows that when restricting to classes

coming from narrow sectors, the obstruction bundle becomes an honest vector

bundle.

Lemma 3.1.8. Suppose H ju;+1 is a narrow sector for i = 1,...,n. Then

HO(C, £L%%i) vanishes for j = 1,..., N and for all (C,p,...,pn; L) in %d(kl, o

As a consequence, the obstruction bundle becomes the locally free bundle R'w, @N 2

j=1
Using the concavity axiom described in [FJRa| Equation (57), we can write

the genus zero FJRW invariants in terms of the top Chern class of the dual of

the obstruction bundle. Thus, if o; € H jr;+1 are narrow classes for ¢ = 1,...,n,

the genus zero FJRW invariants defined in Equation (3.6) can be expressed as

(3.8)

®wj *
(s (01« T ()Y BT = / 7o UT T e ((le ))
1 ’ [%’,‘ndu«l,...,knnn H ’

d
where | % (k1,...,ky)] is the standard fundamental class of the moduli space.
For dimensional reasons, the genus zero invariants will vanish unless D(ky, ..., k,) =

>, a;. For narrow classes this condition is equivalent to

n

N
1 w

i=1 j=1

The extended FJRW state space

We define an extension of the space of FJRW narrow sectors to be

(3.10) Hisw (W) = D Hpn e P Con
keNar 0<k<d-1
k¢Nar

k).
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If k£ € Nar, define ¢, :=1 € C= HJ5V+1. The extended FJRW state space can
then be written as

-1
Hifpw (W @ Cor @ @ Coy, = @ Coy,.
k=0

keNar 0<k<d-1
k¢Nar

The extended state space carries a natural grading

(3.11) degprw (9r) = 2 Z <l<:w]>

and a natural pairing given by

1 ifi4+j+2=0 (modd)
(3.12) (91, 05) ==

0 otherwise.

The additional states ¢ with k& ¢ Nar will play the role of place-holders in the
extended theory. Thus, in the extended theory, we want to define invariants that
will vanish as soon as one of the entries is not narrow and that will equal the
original FJRW invariants if all the insertions correspond to narrow sectors. This
is an important property that will allow us to recover the original theory from
the extended theory.

For 0 <ky,....kn<d—1let 7: Z— % (k1, ..., k) be the universal
curve and &~ %, the universal d-spin structure. Let D; C 7 denote the

divisor of the ¢-th marking. We define the extended universal d-spin structure by

i=0

From this definition, it is clear that

@ v .
agep, (J) < l l> .

Consider the forgetful morphism p : ¢ — ‘ %’ that forgets the stack-

theoretic structure along the marking divisors D,...,D, but not along the
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nodes, and the coarse projection morphism |7/ : ’ iz ‘ — ‘ %d(kl, oo kn) |
We then have the following isomorphism of orbifold bundles
— ®@d

(3.13) g = p*ww,
where wi;| is the relative dualizing sheaf of the coarse projection |r|. We define
the extended obstruction bundle to be

N ?/ Qwj

—Rm, GB <~ .
j=1
The following lemma ensures that the extended obstruction bundle is an orb-

ifold vector bundle:

Lemma 3.1.9. Let C be a fiber of m: Z— % (k1,...,kn). Then,

—— Quwj
HO (c, &~ ) =0,
C

forj=1,...,N.

Proof. First, note that
H(C, p*wir] ) = H(|Cl, win| ) = H (ICl, wiey) = 0

since |C| is a curve of genus zero. From Equation (3.13) and the Gorenstein

J
condition, it follows that < is a root of p*wjy|, establishing the claim. [
The previous lemma implies that the extended obstruction bundle is given by
— ®w]

and we can now define extended FJRW invariants in terms of this orbifold vector

bundle.
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Definition 3.1.10. Let ¢y, € HE%Lw (W) for i = 1,...,n. Define extended FJRW
imvariants to be
t T . 1 ffv®wj '
(01 7o ()5 = [ S| L0 ((rn 7)),
The following lemma allows us to recover the narrow part of FJRW theory
in terms of the extended invariants. A proof can be found in [CIR, Proposition

3.2..

Lemma 3.1.11. If k; € Nar for allt=1,...,n, then

<Ta1 (¢k1)7 c Tay (Qbkn))gﬁ - <Ta1 <¢k1>7 s 7Tan(¢kn>>éi{1RW‘

Otherwise, the invariants vanish.

3.2 Givental’s formalism and FJRW big /-function

In the Givental framework (see, for example, [CoGiv]), the information of
the genus zero invariants is contained in a Lagrangian cone inside a symplectic
space. As in the case of Gromov-Witten theory, FJRW theory also fits the
picture provided by the formalism of Givental. In this section we review this
construction. We refer the reader to [CPS] for an accessible introduction to the

subject.

The symplectic space

Let H denote HER(Xw; C), Hr%w(W) or HEL W (W). Choose a homoge-
neous basis {¢o, ..., s} for H such that ¢y = 1 is the identity element of H.
Define a pairing matrix by g¢;; := (¢;, ¢;), where (, ) is either the pairing of
CR-cohomology or the pairing of FJRW theory. Let ¢¥ be its inverse, we then

have a dual basis {¢’, ..., ¢°} defined as ¢’ := 3" g7 ¢;, for i =0,...,s.
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The Givental symplectic space is defined as V := H ® C((27')) and it comes

equipped with a symplectic form €2 defined as

Q(f, g) := Res(f(—2),8(2))

where f(2) and g(z) are elements of V.

The symplectic form €2 induces a Lagrangian polarization ¥V = V., ©V_ on the
symplectic space, with V, := H[z] and V_ := z"'H[[z7!]]. Note that we have
an identification ¥V = T*V, . Under this polarization a typical element q + p of
V can be written in Darboux coordinates as

S aeat +>0> et (-
k>0 a=0 1>0 =0

The potentials

The invariants in both theories can be succinctly packaged into generating
functions known as potentials. The genus ¢ potential is defined as

th. Lt

(B.14)  Few®) =3 D (7)o T (O )

d>0 a1,...,an n:
’I’L>0 hl " 7hn

in the case of Gromov-Witten theory and as

th. Lt

(3.15) Fiyrw (b Z Z Tar (Ph)s -+ Tan (Dn )>§{1Rwu

|
n>0 Aai,...,an n:

17---7hn

in the case of FJRW theory. Lastly, we also have a total descendent potential
which encodes invariants of all genera and is defined as

(3.16) D i— exp (Z h]-‘)

920

for both theories.
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The Lagrangian cone
After performing the Dilaton shift
t9—1 if (a,h) = (1,0)
th otherwise
the genus zero potential F° can be considered as a power series in the Darboux

coordinates ¢”. The Lagrangian cone £ is defined as
(3.17) L:={(q,p) €TV, | p=deF’} C V.

From Theorem 1 in |[Givental| it follows that this Lagrangian submanifold is

a Lagrangian cone with its vertex at the origin such that
(3.18) 2T = LNTL, forallfe L

if and only if D satisfies the Topological Recursion Relations (TRR), the String
Equation (SE) and the Dilation Equation (DE). In Gromov-Witten theory Daw
is known to satisfy these three conditions. In FJRW theory the same is guaran-
teed as a consequence of Theorem 4.2.9 in [FJRa).

We define the J-function in Gromov-Witten theory as

(3.19)
. t n
Jow(t —Z¢0+Zto¢h+z > Z , k+f (Dnss - s Ohos Th (D)) oimr 1,09 Q
n>0 hi,...hn €d nz
k>0
and in FJRW theory as
(3.20)
Lt
Jrrw (t *Z¢O+Zto¢h+z Z Z n'zk+1 (Bhas - - s O Th(P) Do) O
n>0 hq,...,
k>0

Note that J(t, —z) is the intersection of the Lagrangian cone with the slice

—2¢0+t+O(z71) C V. It is a well-known consequence of Equation (3.18) that
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J(t, —z) generates the entire Lagrangian cone and therefore it contains all the

information of the genus zero theory.

The ec+-twisted theory

Consider the diagonal action of C* on the extended obstruction bundle
— Qu
@ i1 Rn, & , which scales the fibers and acts trivially on the base. Let
H¢.(pt) = C[)\ and define R := C[\][[so, S1, - - -]]. The state space of the twisted

FJRW theory is defined to be
Vi = Highw(W) @ R@ C((z71).
We define a non-degenerate pairing on V™* by

[T 1yw,caz €xp(=s0) ifi+k+2=0 (mod d)
(321) (o, w)™® = ’

0 otherwise.

Then, V" becomes a symplectic space by defining the form
O(F, )" = Res(f(—2), g(2))"*

where f(2) and g(z) are elements of V'**.
Given a K-class [V] € K°( %d(/ﬁ, ..., k), we define its universal charac-
teristic class as

(322) e ([V]) 1= exp <Z slchmm)) .

1>0
We define twisted FJRW invariants by
tw,s ol 1 ?/(X)wj
(i (01)s a0 7= [ [T ve(-@rn ™).
[//On ki,.skn)] 521 j=1
i.e. we are twisting the theory by the extended obstruction bundle. We can

also define potentials Fgjnn(t) and DS, as in Equations (3.15) and (3.16)
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respectively. One can check that the twisted invariants satisfy TRR, SE, and DE

(see for example [ChioRu2|). Therefore, the twisted Lagrangian cone

£ :={(a,p) | p = doFimw

satisfies

ZTRLMS = L' N TL™®, for all £ e LM

A key property of the twisted Lagrangian cone is the fact that under a certain
specialization of the parameters sg, s1,..., we can recover the standard FJRW
Lagrangian cone of Equation (3.17), after taking the non-equivariant limit A — 0.
To verify this claim, define

—log(\) ifl=0
(323) Sl =

L= if 1 > 0.
We then have the following lemma:

Lemma 3.2.1. Let sg,s1,... be defined as in Equation (3.23). Then,

o(- @7 Mlee (w7 ™))

where ec« 1s the equivariant Euler class.

Proof. To prove the lemma, we make use of the following identity. Given a K-class
[V], its equivariant Euler class can be written in terms of the non-equivariant
Chern character as follows:

(3.24) ec-([V]) = exp <log )eho([V]) + D (—1 “l_l) chl([V])>.

>0
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Thus, if we specialize the parameters sy, s; to Equation (3.23), we obtain

Cs (—Rlﬂ'*g ) = exp (Z sichy ( le* )

1>0
= exp (Z(—l)l_lslchl <(R W*Q(f ]) >)

1>0

N®w] *
= exp <log(/\)ch0 ((Rlﬁ*/ ) )
—1)! 0w\ "
+ Z(—l)l—l(l N ) chy <(R1 < ) ))
1>0
— @uw;\ *
= ec~ ((R m S ) ) by Equation (3.24).
The desired result follows from this. O

The untwisted theory

By specializing the parameters sg, s1,... of the twisted theory to s; = 0 for
[ > 0, Equation (3.22) becomes ¢s([V]) = 1. The invariants obtained by this

specialization are known as untwisted invariants and can be written as

n

(3.25) (ar(B1)s s T (BN = d /[ R i

----- i=1

The untwisted invariants can be easily computed via push-forward along the

forgetting morphism st : %d(k‘l, ... ky) — My,,. We thus obtain

(s (651)s -+ T (D1) /M T] v

(326) Onz 1
_ z laZ
! ay

as soon as » - a; =n—3and 2+ > k € dZ, and zero otherwise. Note
that the factor of d in Equation (3.25) was canceled because of the relation
st 72 (s k)] = M.

We can now define an untwisted symplectic space (V**, Q") as well as poten-

tials FPpw(t), D", and a Lagrangian cone £*". Since the untwisted invariants
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are equivalent to Hodge-type integrals on Mo,n, it follows that D“" satisfies

(TRR), (SE), and (DE). Therefore, the untwisted Lagrangian cone satisfies

ZTeL = L' N TeL",  for all £e L.
Computing the FJRW big I-function
We now compute the so-called big I-function for FJRW theory. This function
is a parametric family that lies on the Lagrangian cone Lgjgrw and from which the
FJRW J-function can be completely determined by means of a mirror theorem.

In order to determine the I-function, we must proceed in several steps, which we

now outline:
1. We find the untwisted J-function J**(t, —z) that lies on the cone £*".

2. Apply the transformation exp (— Zjvzl Go(2q;V + zq;, z)) (defined below)

to the untwisted J-function J**(t, —z), to obtain a new family on £*".

3. Define a symplectic transformation A : (V' Q") — (V™= 0O8) satisfying
Lros = N(L™).

4. Apply the transformation A to the family t — exp (— Z;VZI Go(2q;V +
2q;, z)) J""(t,—z), to obtain a family lying on LS.

5. Set the parameters sg, s1,... equal to Equation (3.23) and take the non-

equivariant limit A — 0, to obtain a family Irjrw(t, —2) lying on Lpjrw.

Before moving forward with the construction outlined above, we need to set

some notation. For a sequence of parameters s, s1, Sg,... we define

s(x) == Z sk%.

k>0
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Also, recall that the Bernoulli polynomials B, (z) are defined by the relation
iO: Bn o P |
n= Z B 1

We define a function G,(z, z) in terms of the Bernoulli polynomials as

. Bm(y) xl m—1
Gy(z,2) = Z Slem—17 2

1l,m>0

where s_; := 0. This function satisfies the following relations:

(3.27) Gy(z,z) = Golx+yz,z2),
(3.28) Go(z + z,2) = Gyo(z, z) +s(x).
For a vector of non-negative integers k = (ko, ..., kq_1), define
d—1
(3.29) k| = >, ki
(3.30) h(k) = Y ik,
7 ) S iki
(3.31) h(k) = d <T> :

ie., h(k) = S} ik; (mod d) and (k) € {0,...,d —1}.
The following lemma provides step (1) in the construction of the FJRW I-

function.

Lemma 3.2.2. The untwisted J-function is given by

A D D ()

k=(ko,....ka—1)€Z,

where

un L ) G
TR = e T ket

d—1-

Proof. The untwisted J-function was defined as

d—1
J“"(t, —Z) = — Z¢0 + Z t6¢1
=0

d—1

h1 n
DYDY Zt ' iil Oras- s b T (BN 6

n>0 0<hi,...,hn<d—1 e=0
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For dimensional reasons, an invariant appearing in the formula for the J-function
will vanish unless n +1 —3 = [. We also need 2 + €+ > " h; € dZ, or the

invariants will vanish as a consequence of Lemma 3.1.6. Rewrite the invariant

(Dhys -y Oy Ti(D))ir @S

<¢07 cee 7¢07¢1a s 7¢1a s 7¢d—17 cee 7¢d—177-l(¢6)>g;r;1+17
'\ 7 N——  ——

-~ -~

ko k1 ka1
where ¢; appears k; times, ¢ = 0,...,d — 1. This requires that n = Z?;ol k; = |K|
and that 327 h; = 3292 ik;. Therefore, we need 2 + € + h(k) € dZ.
If these conditions are met, it follows from Equation (3.26) that the above
invariant is equal to 1. Note that each invariant of this form appears (ko + - - -+

ka—1)!/(ko!...k4—1!) times in the J-function. Thus,

d—1
T (6, —2) = — 20+ Y _ Lo
=0

+ Z (tg)ko e (tg_l)kdfl (ko+---+ kd—l)!¢~
k=(ko,....,kq—1) |k|'(—z)|k|—l ko' . kd—ll h(k)
k>2

= Z (t(o))ko e (tg_l)kd71 ¢~
(—Z>|k|_1k'0! . kd—l! h(k)’

k=(ko,....ka—1)€ZL,

where we have used ¢° = ¢y, (this follows from Equation (3.21) and the condi-

tion 2 + € + h(k) € dZ). O

The second step in the construction of the FJRW I-function consists of using
the untwisted J-function to construct a new family on the cone £*". The following

lemma provides the realization of this step.

Lemma 3.2.3. The family

N
(3.32) t— exp <— Z Go(zq;V + zq;, z)> JU(t, —z)
j=1

lies on the untwisted Lagrangian cone L*".
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Proof. See [ChioRu2, Lemma 4.1.10]. O

Step (3) in the construction of the FJRW I-function consists of defining a
symplectic transformation that maps the untwisted Lagrangian cone onto the

twisted cone. The following theorem defines this transformation.

Theorem 3.2.4. Define the linear symplectic transformation A : (V" Q") —

(Vtw,s’ Qs) by

(3.33) A — éeXp iz s1 B4 <<%> + %) S
i=0

== I+ 1)

Then, LT = N(L"™).
Proof. The proof of [ChioRu2, Proposition 4.1.5] extends word for word. m

For the fourth step of the construction, we define the twisted FJRW I-function
and show that this function is obtained by applying the symplectic transforma-

tion A to the family defined in Equation (3.32).

Definition 3.2.5. Define the twisted FJRW I-function by

(3.34) ISk, 2) == Y Mi(2) (¢, 2),

kezd
where My (z) := Hj\;l exp (— > 0<im<agn(e)) S(— (a5 + {(gih(k)) + m)z))
Theorem 3.2.6. The family
t— 1™t —2),

defined in Equation (3.34), lies on the twisted Lagrangian cone L™*.

Proof. This proof only requires a straightforward computation similar to the one

found in [ChioRu2| Theorem 4.1.6. We repeat it here for the reader’s convenience.
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From Theorem 3.2.4 and Lemma 3.2.3, it follows that the family
N
t — Aexp (— Z Go(zq;V + zq;, z)> JU(t, —2)
j=1

lies on the twisted cone £™°. Using the definition of G,(z,z) and Equation

(3.27), the transformation A may be rewritten as

A= ;é;?lexp (é Go((ig;)z + q;2, z)).

The relevant family can now be written as

N
A exp (— > Gol2q;V + 2q;, z)) JU(t, —z)

j=1
N d—1 d—1
= Z exp Z {GD(<Z ikigj)z + ¢z, 2) — GO(Z ikigiz + ¢z, z)}) J2N(t, —2)
k Jj=1 i=0 =0

N | T ikigs |1 d—1
= Zexp Z Z S <<Zikiq]~>z+qu+mz) Je(t, —2)

=0

N Lgjh(k)] =1
= Hexp Z s ((gih(k)) z 4+ gz + mz) | J"(t, —2)
j=1 m=0

My (—2z)J2" (b, —2)

= I"3(t, —2)
where in the third line we used the identity Zi;io s(x +mz) = Go(z + 1z, 2) —
Go(z, 2). n
The last step in the construction of the I-function is to specialize the parame-

ters so, s1, . . . to the values of Equation (3.23). By doing this, the hypergeometric
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modification factor My (—z) becomes

N lgih(k)|-1
v =T TT exo(-sllas + (n) +m)2))

N lgh(k)|-1 ’ (K s

I IT e _;Sl«q *+{ahllg) +m) >)
N lgih(k)|-1

— ((g; + (g;h(k)) +m)z)!

= Jli[l nl_:[o exp | log(\) — ; sy T >
N lgih(k)|—1 1 (Qj+ (qjh(k)>+m)z l

:jlj[l g exp 10g(}‘)_§7( S )>
N lgjh(k)|-1

= ]1;[1 nn) exp (log()\) + log (1 Uk <qjh§\k)> + m)z))
N lgih(k)|-1

=11 (A= (q; + {gsh(k)) +m)2),

where we have used the Taylor expansion for log(1 — z) around x = 0. We thus
obtain the following specialization of the twisted I-function:

(3.35)

()"
(6, 22) = 2 Z k(j]{ | H (A + (g +m)z) (k)

Theorem 3.2.7. Let sy, s1,... be given by Equation (3.23). Then, the twisted J-
function J™(7,z; \) can be obtained in terms of the twisted I-function I'™™(t, z; \)

defined in Equation (3.35). More explicitly, we have the following relation:

d—1 tw
(3.36) JY (T, 2 0) = T (8, 23 \) +ch 23N,
=0
where ¢;(t,2) is a formal power series in t and z, fori=0,...,d — 1, and 7(t)

is determined by the z°-mode of the right-hand-side.

Proof. This is a direct consequence of Corollary 5 in [CoGiv]. O
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To obtain the big I-function of F'JRW theory, we set t; = 0 for i ¢ Nar, and

take the non-equivariant limit A — 0. Define the big I-function to be:

(337) ]FJRw(t,Z) = lim (I“”(t,z)‘ t;=0 ) .

A—=0 i¢Nar

We then have the following consequence of the Theorem 3.2.7:

Corollary 3.2.8 (Theorem 1.1.2). The FJRW I-function defined in Equation
(3.37) lies on the FJRW Lagrangian cone Lpjrw. The FJRW J-function is com-

pletely determined by Iprw(t,2) by means of Equation (3.36).

Remark 3.2.9. A similar mirror theorem was obtained by Ross and Ruan in

[RoRu| using wall-crossing in FJRW theory.
Ezample: Consider the FJRW theory with superpotential W = x3+z3+z5+23
and group of symmetries given by (Jy) = Zs. From Equations (3.35) and (3.37)

we can compute the FJRW [I-function for this theory:

SLEUITE DS S e E
1] -
=0 =0

Ieyrw (todo+t = elo/*

rirw (fodo+t161,2) = e (Z B! (l)4 bo+ Z @Bl+1! 1 (2)4
3 3

Its derivatives are

Olpgrw 4/ o1 4 3
2 =e z+2°=(1/3)"+ O(z°) ) ¢
Otg 3!

+ (t1 + 22(2/3)4 + zi—%(lo/%“ + 0(23)> ¢1> ,

Olvsrw 4972 (53 2t£1))2 4 375(151 4L OA
S (0(2*)) ¢o + z—i—zg( /3) +za( 0/9)" 4+ O(=%) | ¢1 ) .

To obtain the J-function from Equation (3.36), we must eliminate the positive

powers of z degree by degree. A simple computation shows that

t 4 o\ Olvrw t 4 7 34 o\ Orsrw
IFJRWJF(—Zg(l/?’) +0(27) | 2 ot + =5 1/3)" =zt 0 +0(z7) ) 2 ot

= ¢l (ZCbo + ¢ + 0(23)) .
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Therefore, the FJRW J-function is simply given by

Jrirw (togo + t1¢p1, 2) = GtO/Z(ZGbo + t1¢1).

From this result we can read off the values of some invariants. For example, we
obtain

(P, ... ,¢1,Tk(¢6)>g;7]5_\]¥ =0 foranyn>2 k,oreec{0,1},

(b0, - - ,¢0,Tn—2(¢1)>g‘1§}[ =1 forn > 2,

(b0, - .., b0, ¢1,Tn_1(¢o)>§,ﬂ?§ =1 forn>1.

This, in particular, implies that ¢; * ¢; = 0 (where the quantum product
* in FJRW theory is defined in terms of three-point invariants, identically to
Gromov-Witten theory). Thus, the quantum ring has nilpotent elements at the

Landau-Ginzburg point.
O

We end this section with the definition of the so-called small I-function. This
function is obtained by restricting Irjrw(t, 2) to the slice of the Lagrangian cone
given by t = (0,¢,0,...,0). As it will be used in the next section, we explicitly

compute this function:

small .
IgTrw(t, 2) == }\5’%22 R 1_[1 1_[0 (A + (g5 + (gjk) + m)2)dx; (mod a)
J m=
e sk T TE S N g + (gk) +m)2
= me ,; L T (dl £ k)!
(3.38) o
% H Y (bdfka (mod d)
j:(k+1)w; €dZ

_ ek T TTs ™ gy + (gk) + m)=

-~ Z Sdl+k (dl + k)! Pk,

keNar =0
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where in the second line we used the twisted pairing defined in Equation (3.21),
and in the third line we note that after taking the limit A — 0, the only terms
that survive are those for which (k + 1)w; ¢ dZ, for all j = 1,..., N. Thus, we

need k£ € Nar.

Recovering the big I-function from the small /-function

Define the translation operator T, annihilation operator A, and gamma class

I' to be
T Ok = Ort1(mod d)
¢ if kK € Nar

A=

0  otherwise
N
L= [[T(g + (k)b
j=1

for all k € {0,...,d—1}. It is not hard to see that the big I-function in FJRW-

theory can be recovered from the small /-function using the following relation:

(339) Lemw(t,2)=A-T7"- > ] Fik,!
k>0  ieNar\{1} ’
i€Nar\{1}

N (0 Zienar 13 i) -1

d ik sma
<11 1 <(qf' it + l) Z) [T 7%) 1 By =)

j=1 1=0 i€Nar\{1}

Setting z = 1 in the I-function

For computational convenience, we will set z equal to 1 in the rest of the

thesis. It is important to note that Igmal (¢, 2) can be uniquely recovered from

Igmall (¢, 2 = 1) by the following procedure. Define a grading operator Gr :
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HgSaw (W) — Hfrw (W) by

N
Gr(oy) = wgbk -y <%> .

J=1

We then have the following relation:

(3.40) Ignal 1, 2) = 21/ Cr gmal (15774, 1),



CHAPTER IV

Quantum Correspondence: Relating /-functions

4.1 Irregular Singularities and Asymptotic Expansions

Consider the Picard-Fuchs operator defined in Equation (1.11). After setting

z = 1, we obtain the following differential operator:

Il

j:l c=

w;—1

d

d

(wjDy —¢) — qH(qu +¢), where D, := qd—q.
0

=1
In the non-Calabi-Yau setting, this differential operator develops irregular sin-
gularities at ¢ = oo in the Fano case, and at ¢ = 0 in the general type case.
Thus, it is impossible to find holomorphic solutions to the differential equation
around these points. It is still possible, however, to construct formal solutions
(invoking the theory of formal power series, for example), and to show that these
formal solutions arise as the asymptotic expansions of holomorphic solutions at
regular singular points. Since the reader may be unfamiliar with these notions,

we briefly review some of its basic elements.

Asymptotic Expansions

Let D be some sector of the complex plane and let gy be a point in its closure D.
An asymptotic sequence as ¢ — qo from D is a collection of functions {1, (q)}5%,

defined on D such that ¢,11(¢) = o(¥n(q)) as ¢ = qo from D, for all n > 0.

53
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Example: Tt is not hard to see that sequences {q%, ql%, (12%, e } and
{%17 qﬁ%, qe;%, e } are examples of asymptotic sequences as ¢ — co. Here A and
a are complex numbers. Both of these sequences will be important throughout

this section.

Definition 4.1.1. Given a function f(q) defined on D and an asymptotic sequence
{(@)n}2, as ¢ = qo from D, we say that the formal sum )~ a,¥,(q) is an

asymptotic expansion of f(q) as ¢ — qo from D if

= o(¢¥m(q)) as q— qo from D, for all m > 0,

'f(Q) - Z anwn(Q)

and will denote it by

f(q) ~ Zanwn(Q) as g — qo from D.
n=0

Ezxample 1: Let D be the region in the complex plane defined by $(q) > 0,
and consider the asymptotic sequence {1, é, qiz, e } as ¢ — o0o. It is not hard
to see that e ~ 0 as ¢ — oo from D. Note that even though e¢™? and 0
are holomorphic in the whole plane, the asymptotic expansion is only valid in
the region D. Also, note that if we choose a different asymptotic sequence, we
may obtain a non-zero asymptotic expansion. For example, with the asymptotic

e"4 e

sequence {e‘q, ToE }, we obtain, perhaps not surprisingly, that e™? ~ e¢™¢

as ¢ — 00, in any region of the complex plane.
O

Example 2: The following example, known as Stirling’s formula, gives an asymp-

totic expansion for the function log(I'(¢)) as ¢ — oco. Consider the asymptotic

sequence {qlog(q), ¢,log(q),
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1,%,(1%,...}atq:oo. We then have

1 1 - B2n
logT(q) ~ (4 — ) log(q) — ¢ + 5 log(2m) + > S 0
ogl'(q) ~ (¢~ 3)log(q) q+20a7ﬂ+mﬂ%@n_nfm4 as ¢ ,
in the region R(q) > 0. Here B,, are the Bernoulli numbers.
U

Ezxample 3: For an example of a function with a convergent asymptotic expan-

sion, consider the rational function q%l. Using the power series expansion for

—, one immediately sees that
q

1 =1
_— — as q — o0.

qg—1 qr

n=1

O

The following are important items to keep in mind when working with asymp-

totic expansions:

1. In general, asymptotic expansion need not converge. Stirling’s formula (Ex-

ample 2) is an example of a divergent asymptotic expansion.

2. Different choices of asymptotic sequences will give rise to different asymp-

totic expansions. Example 1 illustrates this point.
3. Given an asymptotic sequence, if an expansion exists, it is unique.

4. In general, a function may have different asymptotic expansions (or no ex-

pansion at all) in different regions of the complex plane.
5. Different functions may have the same asymptotic expansion.

6. Given a formal sum Y 7 a,¥,(q) at g and a region D with ¢y € D,

it is always possible to find an analytic function f(q) defined in D with

f(Q) ~ Z;o:o an¢n(Q) as ¢ — qo from D.
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We define the Laplace transform of a function f(7) to be

(Cf)(u) = / " fryear,

where the integration occurs along some suitable ray. We are interested in finding
an asymptotic expansion of (L£Lf)(u) as u — oo. The following result, known as

Watson’s Lemma, allows us to do exactly that.

Lemma 4.1.2 (Watson’s Lemma). Suppose that f(7) is absolutely integrable

along some ray to infinity:

/Ooo\f(r)|dr < .

Furthermore, assume that f(7) is of the form f(r) = 7g(7), where R(\) > —1,

and g(7) has continuous derivatives at T =0 to all orders. Then

. g™ N
(L)~ 2 n!(O) F(1uj;§jlr )

as u — oo in an appropriate sector of the complex plane (which depends on the

ray of integration).

Proof. See, for example, [Miller, Sections 2.2 and 2.3|, [Murray, Chapter 2| or
[Balser]. O
Solutions of the Picard-Fuchs Equation at the Landau-Ginzburg point

In this section we show that the FJRW [-function is a solution to the Picard-

Fuchs equation at the Landau-Ginzburg point.
Fano case:

Since in this case, the Landau-Ginzburg point is irregular, we can only find formal
solutions to the Picard-Fuchs equation. We have the following result in terms of

the FJRW I-function:
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Theorem 4.1.3. The small FJRW I-function encodes formal solutions to the

wrreducible component of the Picard-Fuchs equation

N w;j—1 d
(4.1) I I1 (wiDy — ) =] [(dDy + o) | Iijii(t = g2, —1) =0
j=1 ¢=0 =1

at the irregular singular point ¢ = oo, where

ditk+1 N Vg @RI (g (dl
sma 71 q +k+1
= o) = 3 5L G e g k)
k€Nar =0 ¢t +k)! j=1 (g5 + (gk))
Proof. This is easily checked. O

General type case:

In this case, the Landau-Ginzburg point is a regular singular point of the Picard-

Fuchs operator. After the change of variables ¢ = t~¢, the Picard-Fuchs equation

becomes

N w;—1 d d
4.2 t4 —q;D; — ¢) — -D =0 where D; :==t—.
(4.2) ]1;[1 g( q;D; — ¢) Cl:[l( c+c)| I(t) where D, =

We have the following result:

Theorem 4.1.4. A complete set of solutions to the irreducible component of
Equation (4.2) is given by
dl+l~c+1 N (— 1)Lq](dl+kjl-\( (dl+ K+ 1))
[small ¢ )
Hit(t =1 = 3 Z dl+k E T (q; + (g;k)) :

k€Nar

Proof. This is not hard to check. O]

Corollary 4.1.5. In the general type case, the monodromy matrix at the Landau-

Ginzburg point is diagonal.

4.2 Matching the /-functions via asymptotic expansion

In this section we will find asymptotic expansions for the small /-functions.

Theorems 1.1.3 and 1.1.5 will follow from this.
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Summing formal power series: Borel summation

The main tool we will use in the proofs of Theorems 1.1.3 and 1.1.5 is known
as Borel summation. Given a divergent power series which is a formal solution of
a differential equation at an irregular singular point, Borel summation allows us
find some analytic function in a sector of the complex plane, which is a solution
to the differential equation, and that has as asymptotic expansion at the irregular
point the original divergent series. The idea behind this type of summation is to
regularized a divergent series by dividing its coefficients by a Gamma function.
This regularized series will be convergent in a disk of finite radius. We may apply
a Laplace transformation provided that the regularized series can be analytically
continued to infinity along some suitable ray. This procedure will give a new
analytic function which is a solution to the original equation. Invoking Watson’s
lemma, we can show that the asymptotic expansion at infinity of the new func-
tion is given by the original divergent series. A simple example of this type of

construction can be found in [Miller, pp. 246-251].

The regularized FJRW I-function for the Fano case

Define the regularized FJRW [-function as

(4.3)
dl+k+1 N qu(dl-&-k:)JF dl+k+1
Lsaow (7) Z Z (dl + k)! p AR H _,_(< (k)) ))¢k
keNar (=0 ]:1 q] £
This series converges absolutely for |7]" < r"d? [T jo1w; 7, and it is a solution of

the reqularized Picard-Fuchs equation

[gigﬁw( ) =0.
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Lemma 4.2.1. The regularized FJRW I-function Iy my(T) can be analytically

continued to T = oo.

Proof. Tt is not hard to see that the regularized Picard-Fuchs equation has singu-
larities at 7 = 0, co and for 7 satisfying (—Z)" = d* HJ yw; 7, and one can check
that all these singular points are regular. It follows that I %y can be analytically

continued to 7 = oo along any ray that avoids these singularities. O]

Proof of Theorem 1.1.3 (Genus zero LG /Fano Correspondence)

To prove Theorem 1.1.3 we need to construct a holomorphic function whose
asymptotic expansion is given by the small FJRW [I-function. Define this func-

tion to be a Laplace integral of the regularized FJRW [-function:

(4.5) Tearow (1) = uL (I8 ) () = / e [0 (7)dr,

where the ray of integration is any ray that avoids the singular points of Equation
(4.4). It follows that this function is holomorphic for |arg(u)| < w/r. As a
consequence of Watson’s lemma, we have the following relation

(4.6)

)ik N @RI (g (d] k1))
I ; Pk,
o kezN:ar zz; w ) (dl+ k). ]1_[1 ' (g; + (k)

as u — oo from the region |arg(u)| < m/r.

Lemma 4.2.2. The holomorphic function 1pjrw satisfies the following differen-

tial equation:

N wy d o (d d

| | —U———c| —u —u— +c¢
, r o du r du
j=1 c=0 c=1

Proof. Let f(7) be holomorphic in some region of the complex plane containing

]IFJRV[/(U,) = 0

a ray on which we can define the Laplace transform of f. Moreover, let f(0) =
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0 and define F(u) := u fo e “Tf(r)dr. Using the properties of the Laplace

transform is easily seen that
ut (ar 1)+ 51(0)) = —augs (£ (1) ) + Buc ()

(@.7) = s (WEF(r)) = F(0)) + Bul ((7)

where o and [ are arbitrary complex numbers.
Now, Equation (4.4) can be rewritten as

T (-5 ) () T ()

c=1

gsaw (7) = 0.

Applying Equation (4.7) iteratively to this yields the desired result. ]

Corollary 4.2.3. The holomorphic function Ippu(u = ¢"/") satisfies the Picard-

Fuchs equation of Xy, i.e.

T () 1o+

j=1 c=0

]IFJRW(U = ql/r) = 0.

Proof. This easily follows from Lemma 4.2.2 after the change of variables ¢ =

u”. O

We now have all the ingredients we need for the proof of Theorem 1.1.3.
Corollary 4.2.3 implies that Ipjrw(u = ¢*/") is a holomorphic solution to the
Picard-Fuchs equation of Xy at ¢ = 0. Since I§2%"(g,1) is a complete set of
solutions of the irreducible component of the Picard-Fuchs equation at ¢ = 0,
there must exist a unique linear operator Law : HIR(Xyw; C) — HpShw (W)

such that Law - I§2#(q,1) = Ipsrw(u = ¢*/7). It now follows from Equation
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(4.6) that

Law - Ig5#" (g, 1) = Tpyrw (u = ql/r)

Z Z 1)d+k+1 N (—1)las@+R]T (g G(dl+ K+ 1))¢
~ k
renvar 1=0 4T (dL + k) j=1 I'(g; + (g;k))
= g (t = ¢ V¢, -1),
as ¢ — oo from some suitable sector. This completes the proof of the theorem.
O

Corollary 4.2.4 (Corollary 1.1.4). In the Fano case (i.e. kxy < 0), the genus zero
FJRW invariants are completely determined by the genus zero Gromov-Witten

wmvariants of Xy .

Proof. The genus zero Gromov-Witten invariants of Ay completely determine
Ignall(q,1). Tt follows from Theorem 1.1.3 that 1§ (q,1) completely deter-
mines [§74 (¢, —1). Using the procedure outlined in Section 3.2 we can recover
Igmall (¢ 2). By using Equation (3.39) we can obtain the big I-function Ixjrw(t, 2)
from the small FJRW [-function. The big I-function completely determines the
FJRW J-function by means of the Mirror Theorem. The J-function completely
determines the FJRW Lagrangian cone and, therefore, all genus zero FJRW in-

variants. OJ

The regularized GW [-function for the general type case

Define the regularized GW I-function to be

(4.8)

rrx (ntf+P) (1 + d( P)) I'(1 P
]reg Zlfz ( + 7’L—|—f—f— H +w] f+ ))

I(1+kx(n+f+P) TA+d(f+P)) I(1+w;(n+f+P))

feFr n=0 J=1
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where f := (1 — f), for f € F. This series converges absolutely for |7|** <

Khxd—d vazl w;-uj , and it is a solution of the reqularized Picard-Fuchs equation

(4.9)
T T 17 T rd d
[ Cl:[o (7’— — c> Jl_[l 11 <ETE — c) _ hx g (57% + c) ]gngv(T) = 0.

Lemma 4.2.5. The regularized GW I-function I;5,(T) can be analytically con-

tinued to T = 00.

Proof. 1t is not hard to see that the regularized Picard-Fuchs equation has sin-
gularities at 7 = 0,00 and for 7 satisfying (é)”x = d4 Hj\;l w;-uj, and one
can check that all these singular points are regular. It follows that I, can be

analytically continued to 7 = oo along any ray that avoids these singularities. [

Proof of Theorem 1.1.5 (Genus zero LG /General type Correspondence)

The proof of Theorem 1.1.5 is similar to the proof of the LG /Fano correspon-
dence. We need to construct a holomorphic function whose asymptotic expansion
is given by the small GW I-function. Define this function to be a Laplace integral

of the regularized GW [-function:

(4.10) Iow(u) == wl(I5 ) (w) = u/ooo e “TIS(T)dr,

where the ray of integration is any ray that avoids the singular points of Equation
(4.9). It follows that this function is holomorphic for | arg(u)| < min(w/kx, 7/2).
As a consequence of Watson’s lemma, we have the following relation
(4.11)

N

o)~ 1Y i e
feF nouwnﬂc+ 1ﬂ(lererlD (1 +wj(n+ f+P))’

Jj=1

as u — oo from the region |arg(u)| < min(w/ky, 7/2).
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Lemma 4.2.6. The holomorphic function Lgw satisfies the following differential

equation:
N w d Cd d
ur ]1:[1 [l (—éu@ - c) — cl_[l (—au@ + c) Low(u) = 0.
Proof. The proof is identical to that of Lemma 4.2.2. m

Corollary 4.2.7. The holomorphic function Igw(u = t¥/*%) satisfies the follow-

ing Picard-Fuchs equation:

tdﬁwﬁl (—?ta —c) —Cljl ( t%-i-c)

j=1 c=0

]Igw(u = td/ﬁx) =0.

Proof. This easily follows from Lemma 4.2.6 after the change of variables t¢ =

ux, O

We now have all the ingredients we need for the proof of Theorem 1.1.5.
Corollary 4.2.7 implies that Igw(u = t%%*) is a holomorphic solution to the
Picard-Fuchs Equation (4.2) at ¢ = 0. Since g7 (¢, —1) is a complete set of
solutions of the irreducible component of this Picard-Fuchs equation at ¢t = 0,
there must exist a unique linear operator Lyjrw : Hifrw (W) — HERP (Xy; C)
such that Lgjgrw - [0 (t, —1) = Iaw(u = t¥*%). Tt now follows from Equation
(4.11) that

Legrw - I8 (8, —1) = Taw(u = td/M)

N

=~ fnotd<n+f+P (1+df+P ]1F1+w]n—i—f—|—P))

= Igw"(g=1""1)

as t — oo from some suitable sector. This completes the proof of the theorem.

O
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Corollary 4.2.8 (Corollary 1.1.6). If kx > 0, the genus zero GW invariants

of Xw are completely determined by the genus zero FJRW invariants of the pair

(W, (Jw)).
Proof. The proof is similar to that of Corollary 4.2.4. [

4.3 Massive vacuum solutions in the Fano case

The formal solutions described in Theorem 4.1.3 only represent a subset of
the set of solutions to the Picard-Fuchs equation at the Landau-Ginzburg point.
This occurs because I§T¢ has smaller rank than I524" as a cohomology-valued
functions. In addition to the solutions represented by the small FJRW I-function,
the number of solutions needed to obtain a complete set is equal to the Fano index
of Xy, r:=—ky = Zj w; — d. An effort to find the remaining solutions has led

us to the following [-function:

_ dimXy, a,% > Qjn
(412) ]j,mass(Q) =q 7 et Z% qi/r’

where «; is one the the r solutions of the equation (%)T = vazl wj_wj, and
the coefficients {a;,} can be obtained recursively from Equation (4.1). In the
physics literature, the reduction in the dimension of the state space was due

to the appearance of certain "massive vacuum" solutions. We believe I 455(q)

plays the role of a quantum contribution due to these massive vacuum solutions.

Theorem 4.3.1. The functions I} m.ss(q) defined in Equation (4.12) are formal
solutions of the Picard-Fuchs equation (4.1) at the Landau-Ginzburg point ¢ = co.

Together with I3m8% they form a complete set of solutions.

Proof. We begin by making the following change of variables: ¢ = u". Then,
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Equation (4.1) becomes

(4.13) [ﬂ wﬁ (“’JD - c) o f[ (gDu + c)

j=1 c=0 c=1

I(u) = 0.

We are looking for solutions of the form I(u) = €Y > aq,u ", with o # 0.
After plugging this solution into Equation (4.13), we obtain a relation for the

highest power of u given by

N
SARRAL wj S wy aw@0 (O 44 auGa0
(414) <?> HU)]JU ijea ?—U (;) d*u SQUF :O,

which implies that
A\ d —w;
(4.15) <?> = ' T w; ™
The relation for the second highest power of u is given by
1 —1+Z wj —1+Z w;
5| 2w 1+Z% T Hw e~ Z“@ z—wJH“’ a0l
N 1+Z w; d
ws i — Dw; « J dd—-1) , ,(d
oy (ij]) e O R ) (_)

r r

d d—1
(C_l) dooh — D Lo <c_i) Goo
r 2 r
N
(O 1 G ORI

The last two terms of this relation vanish because of Equation (4.14). Thus, we

are left with
1 N —+Z w; _1+Z wj
(3 3 ) e - (D) e T
_ 1)w~oz_1+zj“’f d(d—l) d\*
wl 1 ? d—1
i=1 \j#i

d\? dld +1 A
+ da®! (—) Ao 0\ — woﬂ’1 <—> a0 = 0.
T

2 T
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Multiplying by « and using Equation (4.15) yields

1 (& al al N ow -1 d(d—1)
5 (JZI wj> (—1 + jzle> A — (JZI wj> Ao 0N — TZI 5 (n0 — — Qg0

1=

d+1
+ dag o\ — r%aa,o =0,

which implies

N N
r roor (d+1)
5 (d + jE:l w]> — 5 — 5 <—N + ZE:l ’[UZ> — T)\ —Tr 5 = 0,

from which it follows that

2 2 7

A:

Thus, Equation (4.13) has solutions of the form

o0

_ dim&yy Qo,n
U 7 el E /‘ ’
u"

n=0

where a recursion for {a,,} can be obtained from the differential equation, and
« satisfies Equation (4.15). The statement of the theorem follows after making

the change of variables u = ¢'/". O

Corollary 4.3.2. Using the basis described in Theorems 4.1.3 and 4.3.1, the

formal monodromy matrixz at the Landau-Ginzburg point ¢ = oo is given by

D 0

0 e 0 A
A1 O 0
(4.16) 0 A2 0
0 0 A3
Ar—2 0
0 0 A-1 O

where D is diagonal and \; # 0 forj =1,...,r. It follows that the monodromy

matriz 1s diagonalizable.

Proof. This follows from the fact that the asymptotic behavior of I;,,4ss(q) is

_ 1
given by q’%eo‘iq’ by Theorem 4.3.1. O]
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Relating the GW [-function to the massive vacuum solutions in the Fano case

We will now study the asymptotics of the Gromov-Witten /-function of a de-

gree d hypersurface in projective space PV ~1. We will compute the asymptotic be-

1 1 1
. . aqnr aqT aqT
havior under an asymptotic sequence as ¢ — oo of the form {e —, &=, Sy - - }
qr q q T

The following result shows that the asymptotic expansion of the GW [-function

will match one of the vacuum solutions to the Picard-Fuchs equation:

Theorem 4.3.3 (Theorem 1.1.7). Let Igw(q, 1) be the Gromouv- Witten I-function

of a degree d hypersurface inside PN~1. Then,

I'(1 P N -2 1
Tow(g, 1) ~ C/ﬁq% goa (140 < )) as ¢ — +oo along the real azis,

where C' is a constant, r = N — d, and o > 0 satisfies (%)T = d°.

Proof. Let i : Xy — PV~! be the embedding of the degree d hypersurface Xy =
{z¢ + ...+ 2¢, = 0} into projective space. The Gromov-Witten I-function for

PN=1 is given by

S
7.n-l—H

%H (P 4+m)N’

where H is the hyperplane class in PY~!. The asymptotic expansion of this

Iowp(r,1) =

function along the positive real axis was computed in [GGI, Section 6]:
_ 1
Tewp(T) ~ CT(1+H)Nr2v NV (14+0(7"YN))  as 7 — oo along the positive real axis,

where C' is a constant. To compute the asymptotic expansion of the I-function
of Xy, we use the quantum Lefschetz principle to write the I-function as a
Laplace-type integral:

(4.17)

[(dP4+m) , 1 <
I _ 1 n—l—dP__/ T, d T/ud
awl(g =’ an (P +m)N" Tt dP ), | e
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where P := *H. We can now apply the method of steepest descent to this

integral. The leading behavior in the asymptotic expansion will be given by

T(1+P)N [ aw-n) yo g
. ( + ) / T_d(12\7N )eNTNeT/udT,
I'(1+dP)u J,

where € is a sufficiently small positive number. After the change of variables

7 = uV/N=d¢ the integral becomes

' F(l + P)Nu, Zﬁﬁiii /oo - d(g’]\—]l)eud/(N—d)(Ntd/Nit)dt.
F(l + dP) .

if we let A = u¥/(N=9)_ the integral now becomes

o . LA+ P oo /Oot_d‘gN”e’\(Ntd/N_t)dt
T(1+dP) ) '

To find the leading order in the expansion, we need to find the maxima of the
function f(t) ;= Nt¥N —t. This function has a critical point at t, = ¢/(N =9,
Since d < N, we have that f”(ty) = d (&) to%_Q < 0, and therefore, tg is a true
maximum of f(¢). This implies that the asymptotic behavior is given by (see,
for example, [Miller, Equation (3.17)]):

2N—d
2mNd ~N=a L L1+ PN

N av = (1 +dP)

ATEAT T MO (L 0 (A7)

Therefore, the leading asymptotic behavior of Igw(g, 1) is given by

1+ P)N _ 1
Iaw(q,1) ~ Clﬁq_%ﬁ) e (140 (q_%)> as ¢ — +oo along the real axis,

where r = N —d, and o > 0 satisfies (%)T = d?. This completes the proof of the

theorem. []

Remark 4.3.4. After the change of variables ¢ = u", Theorem 4.3.3 states that

1+ PN -
Igw(u", 1) ~ C'ﬁufwz & e“(1+0 (u™)) asu— oo,
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from the region |arg(u)| < m/2. This means that after the change of variables

U —s e—%% for k=0,...,7 — 1, we obtain the expansion
" ( ) F 1 _|_ P (N-2) _ 2mik
Jow(ur 1)~ €5 LI 058006 1) s o

r(1+dpP)"

in the region 27k /r — /2 < arg(u) < 27k/r 4+ w/2. This shows that all formal
solutions described in Theorem 4.3.1 can be obtained as asymptotic expansions

of Iqw along different sectors of the complex plane.

Remark 4.3.5. The main content of Theorem 4.3.3 can be found in [GGI, Sec-
tion 5.3]. There, the asymptotic expansion is related to the so called Gamma

Conjectures of Galkin-Golyshev-Iritani-Dubrovin.
4.4 Example: Degree 3 del Pezzo surface
Let W = 23 + 23 + 23 + 23, and define Xy := {W = 0} C P?. Then, Xy

is a degree 3 del Pezzo surface with Fano index » = —ky = 1. The irreducible

component of the Picard-Fuchs equation corresponding to Ay is given by

d\* d d
[(zqd—q) — 3q (3zqd—q + 22) (3zqd—q + z)

A complete set of solutions to this equation around ¢ = 0 is given by the Gromov-

I(q,z) =0.

Witten I-function:

(B3P 4+ mz2)
T, P/z H
GW Qa Z P + mZ)4’

where P? = 0. The corresponding formal solutions at ¢ = oo are given by

_ i 2 T+3)

+
— P SR T (2)

wl—=

Ivsrw(t = ¢

and [mass(q> qil 5 Z%
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where the coefficients {a,} satisfy the recursion a; = 5zao and 3°(n + 2)a,4o =

(54n* 4+ 162n + 129)a, 1 — (n + 1)3a,, for n > 0.
By choosing an asymptotic sequence of the form {‘I?J—ibq} for the asymptotic
n=0

expansion as ¢ — 0o, we obtain

F(l + P)4 —1_33¢q

Iow(q,1) ~ qu e (1 + O(q_l)) , as ¢ — oo along the positive real g-axis.
If we choose an asymptotic sequence of the form {g* "} for the asymptotic

expansion as ¢ — 0o, we obtain
_1
Law - Iaw(q,1) ~ Ipjrw(t = ¢ 3,—1), as ¢ — oo.

Thus, by means of Equation (3.39), the big /-function of FJRW theory is com-
pletely determined by the Gromov-Witten I-function. This implies that the
genus zero FJRW invariants are completely determined by the genus zero Gromov-

Witten invariants.



CHAPTER V

Applications to Toric Blow-ups

Given a birational map f : ) --+ X it is natural to ask if the Gromov-Witten
theories of ) and X are related. In general, this is a difficult question but much
progress has been done in the so-called crepant case. A birational map f is said
to be crepant if Ky = f*Ky. Under this condition, it has been conjectured,
and in many cases proven, that the Gromov-Witten theories of ) and X are
equivalent. This problem has been studied extensively by many authors. See,
for example |Ga, Hu, BG, CIT, CR, HH].

In this chapter, I will explain how the idea of asymptotic expansion can be
used to find a relation between the genus zero theories of X = [CV /G| and its
blow-up at the origin ). For a more detailed exposition, the reader is directed

to [AS15].

5.1 The crepant case

In the crepant case, the genus zero Gromov-Witten invariants of ) and X are
packaged into generating series I” and I that are functions of certain formal
variables. When we impose the crepant condition, these series become, in fact,
analytic. The crepant transformation conjecture states that the I-functions of )

and X are related by a linear symplectic transformation and analytic continua-

71
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tion. In genus zero, this conjecture has been verified in great generality, see for

example [BG, CCIT, CIJ, LLQW, GW]|.

5.2 The general case

When the birational map f is no longer crepant, the first thing to fail is
the analyticity of one of the [-functions. However, we can still consider the I-
functions as a formal power series. This puts as in a context similar to the one
of the Landau-Ginzburg/(Fano or general type) correspondence. We can thus
relate the I-functions of Y and X via power series asymptotic expansion. To
be more precise, consider the case when f : ) --» X is a weighted blow-up of
X = [CN /@] at the origin. Let |X| denote the coarse space of X. We then have

the following result:

Theorem 5.2.1. When |f| : Y — |X| has positive discrepancy, i.e. Ky —
J*(K|x) is effective, the quantum cohomology of Y fully determines the quantum
cohomology of X. When |f| : ¥ — |X| has negative discrepancy, the quantum

cohomology of X fully determines the quantum cohomology of Y.

A rough outline of the proof of this result is as follows. Consider the case
in which the discrepancy of |f| : Y — |X] is positive. Then the genus zero
Gromov-Witten invariants of )) completely determine its Givental /-function 7.
Using the techniques of Chapter 4, one can show that its power series asymptotic
expansion at infinity is given, up to a unique linear transformation, by the I-
function of X. Since a power series asymptotic expansion is unique (it it exists),
we see that the I-function of X is completely determined by IY. Lastly, by
means of Birkhoff factorization, we can obtain the Givental J-function of X

(and therefore, all the genus zero invariants) from the /-function.
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