RECURRENCE RELATIONS FOR PROLATE SPHEROIDAL
WAVE FUNCTIONS

IMANUEL MARX

1. Introduction. Recent investigations of electromagnetic problems in regtons
bounded by spheroids have led to an mecreased interest in the spheroidal wave
functions. These functions Sua(c, 1), Rma(c, £) result from the solution of the
scalar wave equation by separation in spheroidal coordinates The properties of
Smn and R, are discussed in [1] and [6] The notation throughout this paper will
follow that of [1].

Recurrence relations among the spheroidal wave functions cannot be estab-
lished by the methods for functions of hypergeometric type, because the differ-
ential equation satisfied by these functions has an irregular singular point at
infinity in addition to regular singular points for the values £1 of the respective
variable. However, a method suggested by E. T. Whittaker [7], but apparently
not fully exploited by him, leads to recurrence relations for the radial functions
Raalc, £) as well as for the non-integral separation constants that appear in the
differential equations of both the radial and the angular funetions. Formulas are
obtained in detail for the prolate spheroidal wave functions. A simple substitu-
tion [4, p. 151] formally gives the corresponding relations for the oblate spheroidal
functions, and the validity of these relations can be established by a suitable
modification of the proof.

Whittaker observes that in the case of the two-dimensional wave equa-
tion 8*u/dx® + 9*u/dy’ + u = 0O the derivative du/dz of a solution u(z, y) is
likewise a solution. After separation of the equation in polar coordinates,
du/0z can be expanded in a series of separated solutions J,(r) cos nf. Write
du/dx = cos 8 du/dr — r~ sin 9 du/36, and equate to the series of Bessel functions.
The resulting identity, when multiplied by cos p8 and integrated from —= to
yields recurrence relations for the Bessel functions in terms of the coefficients in
the expansion of du/dx Whittaker does not show how to obtain these coefficients.
In the present three dimensional case, the analogous coefficients are represented
as integrals of products of the spheroidal wave functions. Since these integrals
involve the functions whose recurrence relations are being investigated, the
existence of these relations and their nature, rather than a practically applicable
form, are demonstrated. For practical applhications, an evaluation of the coeffi-
cients by some independent method (such as is furnished for many known fune-
tions by the hypergeometric series) would seem to be necessary. It is hoped that
further investigation will lead to such a method.

Procedures similar to those used in this paper may lead to recurrence relations
1n other cases of separable partial differential equations with constant coefficients.
As long as the separated equations are of Sturm-Liouville type, and the solutions
can be shown to have suitable orthogonality properties, an analogous method
may be developed.
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2. Properties of Wave Functions. The solutions ¥(z, y, 2) of the scalar wave
equation

F R ER
1 =
@ ax2+ay +az2+k\1, 0

are to be obtained by a separation of the form

¥(z, y, 2) = Qn, & ¢) = S(R(E)2(¢),

where
z = 3d(1 — )¢ — 1) cosg,
y = 3d(l — o) = 1)'sing,
2 = 3dnt.
The surfaces n = const.,, — 1 < g < 1, are confocal hyperboloids of revolution of

two sheets, the surfacess = const.,, 1 £ § < =, are confocal prolate spheroids,

and d is the focal distance common to both sets of surfaces. The surfaces ¢ =

const., 0 < ¢ < 2, are half-planes containing the z-axis and terminated by it.
In terms of the spheroidal coordinates, equation (1) becomes

9 TE-Da -
+c (E - n )\l‘ = 0:
where ¢ = kd. The separation of ®(¢) leads to the equation ®” + m’® = 0.
The separation constant m must be integral or zero to satisfy the condition of

periodicity. Further separation gives a separation constant M., and the differ-
ential equations

2
@) (1—n>ds'”"—(i—’f——%m»+cv)sm»=0:

m
d?gmn _ (52 + Ny — 02$2> Ron = 0.

The separation constant is chosen so as to ensure that the solution of equation
(2) which is free of logarithmic terms is regular in the entire range —1 < # = 1.
These solutions form, for given m, a countable sequence of “angular wave func-
tions of the first kind” Sha(c, #n),n = 0,1, - - The solutions of (3) for the same
values of An.. and which are also free of logarithmic terms are chosen as the
“radial wave functions of the first kind” R4a(c, £). Since only functions of the
first kind will be treated here, and since the parameter ¢ will remain fixed in the
discussion, the superscript (1) and the argument ¢ will be omitted. The properties
of these functions are easily deduced from explicit series expansions given in [1].
Page references to this report are given below

The angular wave functions have the following behavior at the end points of
their interval of definition: as » — 1,

(3) d_g & —-1)
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Smn(n) = 0(1 - n)y dSmn(n)/dn = O(I)’ m #= Oy 1’
(4) Son(n) = 0(1), dSon(’?)/d"l = 0(1),
Sm(‘ﬂ) = (1 - n)}[an + 0(1 - 7’)]’ dSIn(n)/d"’ ~ bn(l - 7’)_%

[p. 32]. The behavior as 7 — —1 is analogous, with 1 — 7 replaced by 1 + #.
The radial functions behave as follows at the finite end of their interval: as

E—1,
Run(() = 0§ — 1), dRam(§)/dt =0(1), m=0,1;
Roa(£) = 0(1), dRo.(£)/dE = 0(1);
B ) = (¢ = Dlas + 0 = 1),  dRu(®)/df ~ (¢ — 17'ba + 0¢ — 1)}
[pp. 34-35] As £ — o, the asymptotic behavior is described by:
Roa(£) ~ (ct)™" cos [ct — }(n + D)7),

(5)

(6)
AR wn(£)/dE ~ —c(cE) " sin [ct — 3(n + 1)a],

[p. 24.]
The existence of the integrals

[ Ren®Ry(®)
is easily established from (5) and (6). For n # p, the standard Sturm-Liouville
method leads to the partial orthogonality relations
0, n — peven,
(—1)("_}’_1“2/6()\"”. - me)’ n—mp odd

lef. 3, p. 237-238], the behavior at infinity detailed in (6) gives the stated values
for the integrated term. The case n = p gives the normalization integral

Q) f1 i Ron(®ORmp(8) dt = {

®) [ Rha® dt = M.
1
Similarly, one finds that
1
(9) [ Smn(n)srnp(n) d"l = 6gNmn,
1
where 8}, is the Kronecker § symbol.

3. Expansion of Solutions. The methods described n [2, Ch. IV] or [5, Ch.
VI, §4], and in [3, Ch. X1], show that an arbitrary regular solution of the scalar
wave equation may be expressed in a termwise integrable double series of the
functions

‘pmn(n; £, ¢) = Smn(n)Rmn(E) cos mgo
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and

Wm0, & ) = Smn(1)Rmn(£) sin me.

Write ¥ma(n, & ¢) = Tuulz, ¥, 2). The functions 0¥ m./0x, d¥ /0y, 0¥ nm./02
are continuous solutions of the scalar wave equation (1). The derivatives ¥ ,./0x
and 8¥,../3z are even functions of ¢ and may be expanded in a series of functions
¥,,, while d¥,,,./dy is an odd function of ¢ and may be expanded in a series
of functions w,, . The first set of formulas will be obtained in detail from the
expansion

(10) OV o/ 82 = Eu—ozvm Guv Yu(n, €, ¢).

For the other two sets of formulas only an indication of certain modifications of
the method and the final results will be given.
Expansion of the left member of (10) gives:

1) £ — WZ)S;mRmn cos me + "7(£2 - I)SmnR:nn cos m¢]/d(£2 —_ 1)2)
Zy—o n-o g,m pv(‘ﬂ)R,u(E) COS up.

Multiply both members of (11) by cos p¢ and integrate from 0 to 2x. On the
left there is a non-zero result only for p = m, on the right only for p = u:

(12) 0= D gorSu(mMRn(E), p=m
and
[EQ — 1)SmaRmn + 7 — 1DSmuRmal/dE — )

(13)
= :°=o gymnfstmy .

Next multiply by S,.(n) or S..(n), respectively, integrate from —1 to 1 with
respect to 7, and apply (9). From (12) one obtains

go» =0, pFm,

ie. in the expansion of 6¥,,,/dz only the functions ¢,., need have been used.
In (13) there is a non-zero result on the right only for x = ». The left member is
the sum of the integrals

10 =% [ Ru®t 32 S0l
(14) 52
T7® =2 [ Ronltn 28 Suua)Sunt) .
The existence of these integrals must be demonstrated. For m 1, the only
difficulty which might arise comes from the functions (1 — »°)/(f — 7°) and
(B — 1)/ —n)nearn = 1, = l,orn = —1, ¢ = 1. However, since the
functions are bounded near these points, the integrals exist. For m = 1, by
virtue of (4), (5) the integrand of I near n = 1, § = 1 may be written as:

1—771+7l[

E""’)m av+0(1"‘77)]

bat(t — ¥ar + 0¢ — 1)]
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while the integrand of J has the form:

(6 — 1'% + 06 — D EEE L= 70,0, 4 001 — )]
EtnE—
Similar estimates hold near y = —1, £ = 1. The integrands are again seen to be
bounded, and the integrals converge.
The series representations in [1, p. 32] show that the integrands in the integrals
I, J, are odd functions of % for n — m and » — m both even or both odd, and
the coefficients gy, are accordingly zero when » — = is an even integer or zero.

4. Recurrence Relations for Radial Functions. The formulas obtained can
now be written as

@/a) [ € = "7 = 7)) SR

+ 1E = D) Sma(m)Sm(n)Rrna(§)] d
= g;:::‘vaRmv(E),

forn = 0,1, -- -, and for v — n odd. The relations in (15) display R, as a linear
combination of R, and R, with coefficients that are continuous functions
of £ in any finite subinterval of the range 1 < ¢ < «.

For evaluation of the constant ¢i., , an integration over £ is required. For large
£, the significant factors in I,'" are

(& — 1) ERmal®) = 1/6(1 — 0°/E) " Ruma(®),
while those in J, " are
& — DE ~ )7 Ban(® = (1 — 2/8)7A — 1/E)Ron (§).

It follows from (6) that the integrals converge at infinity. Near & = 1, the esti-
mates established previous to the integration with respect to 7 are adequate to
prove the existence of the integrals. The integration yields

(15)

0 1
mn 2 __ 51 o 4
Gy 0= 2o [ ] @~ e~ )R B S S

+ (&€ = 1)RnaRmySmnSms] dn dE.

Alternatively, after dividing both sides of (15) by N R, (£) one may note that
the right hand member is constant. Therefore the left hand member is inde-
pendent of £, and substitution of a convenient value & gives gm, in terms of the
integral over 7.

6. Recurrence Relations for Index m. Relations connecting the radial func-
tions Rma(£), Rma(£), and Ry 4;.(£) are obtained by an applhication of the method
to the expansion of a¥,,,/dz in functions ¥,..(n, £, ¢). The expansion of 8¥,,,/dy
in functions w,.(n, £ ¢) would lead to the same relations Smmilarly to (11), the
expansions give
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W /0F = 2 ys 2 7o iV

(17) = (2T/dD)[—9SmiRmn + £SmnRms] cos & cos mo
+ (2m/dT)SmnR ms sin ¢ sin me,

where

(18) D=¢—v,T=(»1-F-0D

Trigonometric transformation changes the right hand members to linear com-
binations of cos (m =+ 1) ¢, and multiplication by cos p¢ and integration with
respect to ¢ from 0 to 27 eliminates one summation:

o hpr SpoRpy = 0, m > 0, pEm=1;

(19) ;
v=0 h;:Spprv = O, p # 1,
and
k-~ mn - T ’ ’
y=0 hmil,vSm:i:I.v Rmﬂ:l,v = + “i_D" (nSmann b SSmn Rmn)
m
(20) - SunBun, m >0,

o0 on _ 2T 4 - ’
Zr-:o hlv Serlv = d—D- ("ISon on ESonRon)

The procedure of section 3 gives the following recurrence relations for the radial
functions:

1
zll.vaﬂ:I,vail,v = 'T_(]-/d) ‘/;1 (T/D)(ﬂs:rmRmn - ESmnR:nn)Sm;{:I.v d"l
1
-1

1
Ry NuRy = —(2/d) | (T/D)(nSonRon — £Son Ron)Smirs dn.
—~1

These relations are valid forn = 0,1, --,and forn — » an odd integer. The co-
efficients corresponding to » — = zero or even, as well as all coefficients not ap-
pearing in formulas (21), are zero. The evaluation of the non-zero coefficients k"
may be carried out as suggested in section 4.

6. Recutrence Relations for Separation Constants. Because of the incomplete
orthogonality (7) of the radial functions, the procedure of the foregoing sections
does not appear to yield recurrence relations for the angular functions Sp.(»)
However, a related procedure can be used to derive a recurrence relation for the
(non-integral) separation constants A,, . Estimates similar to those in the dis-
cussions of the integrals (14) and (16) show that multiplication of both members
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of (13) by R,.(£) and integration with respect to £ from 1 to « is a valid opera-
tion. The result is the formula

(2/d) f i (1/D)EQ — 7")SmnRun R + 1(E — 1)Smn Rinn Ruws) df
(22) 1

= gﬁ:‘ va va + Z’p:o,l ("‘ 1)(',—1)—1)/29::; Smp/c(xmp - xmv))
where D = £ — x° as before, and where the summation symbol denotes a sum
over even p if v is odd, a sum over odd p if v is even. Next both members are
multiplied by S..,(n) and integrated with respect to 4 from —1 to 1 to produce
the relation

d’;:‘ = (_1)(,_11—1)/292; mp/c(xmp - )\mv),

where d}, stands for the integral of the left member of (22) with respect to 7
The ratio of d3, and gnp is evidently independent of n. Writing

m (v—p—1)/2 mn
Cpv = (=" gz;Nmp/de ’

one has finally

(23) )\mp - )\mv = C':v
for any mtegers p, v whose difference is an odd teger. More generally,
(24) Amn = Amo F 2 pmit Coopi +

A similar procedure applied to the formulas of section 5 leads to no essentially

different results.
Some further details about the coefficients in the recurrence relations will ap-
pear in UMM 126, a forthcoming publication of the Willow Run Research Center.
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