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Abstract: VVoyager 2 observations revealed that the hot solar wind ions (the so-called
pick-up ions) play a dominant role in the thermodynamics of the termination shock and
the heliosheath. However, the number density and temperature of this hot population has
remained unknown, since the plasma instrument on board VVoyager 2 can only detect the
colder.thermal ion component. Here we show that due to the multi-fluid nature of the
plasma, the fast magnetosonic mode splits into a low-frequency fast mode and a high-
frequency fast mode. The coupling between the two fast modes results in a quasi-
stationary nonlinear wave mode, the “oscilliton”, which creates a large-amplitude trailing
wave train downstream of the thermal ion shock. By fitting multi-fluid shock wave
solutions to the shock structure observed by VVoyager 2, we are able to constrain both the
abundance and the temperature of the undetected pick-up ions. In our three-fluid model,
we'take into account the non-negligible partial pressure of suprathermal energetic
electrons (0.022-1.5 MeV) observed by the LECP instrument on board VVoyager 2. The
best=fitting simulation suggests a pick-up ion abundance of 20£3%, an upstream pick-up
ion.temperature of 13.4+2 MK, and a hot electron population with an apparent
temperature of ~0.83 MK. We conclude that the actual shock transition is a subcritical

dispersive shock wave with low Mach number and high plasma p.

1. Intreduction
Voyager.1 and Voyager 2 are the first manmade objects to cross the termination shock in

December 2004 and August/September 2007, respectively [Stone et al., 2005, 2008]. At
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the time of the termination shock crossings, Voyager 2 had a working plasma instrument
[Richardson et al., 2008].

Before the VVoyager observations, it was generally believed that the termination shock is
the'strongest shock in the solar system, a supercritical shock reflecting and accelerating
pick.up-ons and anomalous cosmic ray particles. In situ measurements did not confirm
this,scenario. Voyager 2 observed a weak shock with a compression ratio of 1.7
[Richardson et al., 2008, Burlaga et al., 2008] and the predicted peak of anomalous
cosmig-rays at the termination shock was not observed [Stone et al., 2008]. Moreover, the
Voyager spacecraft did not observe radio waves from the termination shock, unlike in the
case of the supercritical planetary bow shocks or the mostly supercritical interplanetary
shocks=ODbservations suggest that the termination shock is more like a cosmic-ray-
mediated shock, where the flow speed starts to decrease well before the shock front due
to the pressure gradient of energetic foreshock ions [Florinski et al., 2009], which
significantly weakens the actual shock transition. One could explain the pre-shock
deceleration of the solar wind with a temporal variation as well, which cannot be ruled
out.on‘the basis of a single spacecraft measurement, although such low speeds (~320
km/s) has not been seen by VVoyager 2 since 1980.

Another puzzling result is that the solar wind flow remained superfast (faster than the fast
magnetosonic speed) downstream of the termination shock contrary to the prediction of
single-fluid magnetohydrodynamic (MHD) theory [Richardson et al., 2008; Li et al.,

2008j..Based on the observed energy drop across the termination shock, it was suggested
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that roughly 80% of the solar wind flow energy is transferred to the hot pick-up ion
population [Richardson et al., 2008].

Pick-up ions can be created by charge exchange between solar wind ions and interstellar
neutrals, which are subsequently swept along with or “picked up” by the magnetic field
frozen.in.the solar wind flow. The other two mechanisms of pick-up ion production are
electron impact ionization and photoionization, the latter being important only in the
inner heliosphere. The ion distribution then consists of two components: a relatively cold
“core’ef solar origin, superimposed on a tenuous hot “halo” of interstellar pick-up ions.
Three-fluid models of the solar wind predict that the thermal population cools
adiabatically, while the hot population of interstellar pick-up ions is maintained at high
temperatures (of the order of 10° K) by the energy input of continued ionization and pick-
up [Isenberg, 1986; Whang, 1998; Usmanov and Goldstein, 2006]. Voyager 2
observations essentially measure the “core” temperature of the cold thermal population.
Thetemperature of the pick-up ions is therefore one of the unknowns that we constrain in
this paper. The other unknown is the pick-up ion abundance, i.e. the number of pick-up
ions'divided by the total number of ions in a unit volume of the plasma, which is
predicted to increase gradually with heliocentric distance and eventually surpass 50% in
the heliosheath [Isenberg, 1986; Whang, 1998; Usmanov and Goldstein, 2006].
Here-we-show that the presence of the hot pick-up ions will result in a distinct shock
structure. that strongly depends on their abundance and temperature. We identify such

structure in VVoyager 2 observations and constrain the abundance and temperature of the
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hot pick-up ions on the basis of the high-resolution magnetic and thermal plasma
measurements.

Most global models of the outer heliosphere treat the ion components of the solar wind as
a'single MHD fluid [Opher et al, 2006, 2009; Pogorelov et al., 2007; Alouani-Bibi et al.,
2011; Ratkiewicz et al., 2008; Izmodenov et al., 2009]. These models do not yield a self-
consistent description of the pick-up ions, therefore additional assumptions are needed to
link'the upstream pick-up ion pressure with the downstream pick-up ion pressure across
the termination shock [Zank et al., 1996, 2010; Fahr and Chalov, 2008]. The truly self-
consistent treatment of the thermodynamics of each ion species and electrons is
implemented in multi-ion multi-fluid MHD models [Harnett and Winglee, 2006; Glocer
et al2009; Najib et al., 2011; Toth et al., 2012]. These models solve separate continuity,
momentum, and energy equations for each ion species.

We-adapted the multi-fluid BATS-R-US MHD code [Téth et al., 2012] for local shock
tube'simulations of the termination shock, where thermal solar wind ions, pick-up ions
and.electrons are treated as separate fluids. This multi-fluid shock tube model is applied
for the"detailed reconstruction of the VVoyager 2 termination shock crossing in order to pin
down the unknown pick-up ion parameters. We investigate two cases, the cold electron
case and the hot electron case. In the first case, the partial pressure of suprathermal
energetie electrons is neglected and the pressure of thermal electrons is assumed to be

zero, which is known as the cold electron approximation. In the second case, the
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observed partial pressure of energetic electrons is included in the electron fluid, and a
finite pressure is assumed for the total electron fluid.

The paper is organized as follows. The three-fluid MHD description of the solar wind
plasma and its theoretical predictions are discussed in Section 2, the numerical model of
the termination shock and the method of constraining pick-up ion parameters at the
termination shock are explained in Section 3, the results of fitting the multi-fluid
simulations to the VVoyager 2 observations are shown in Section 4, and finally, our

conelusions are presented in Section 5.

2. Three-fluid MHD theory of the solar wind plasma

In multi=fluid models of solar wind plasma, thermal solar wind ions, pickup ions and
electrons are treated as separate fluids. The fluid model assumes implicitly that the
velocity distribution functions are isotropic and Maxwellian for both the thermal and the
hot'pick=up ion components. Hybrid simulations, where electrons are described as a fluid
and. ions are treated as individual particles, have shown that the sum of the thermal solar
wind“and pick-up ion distributions at the termination shock can be approximated with a
2-Maxwellian distribution [Wu et al., 2010]. Moreover, the Vasyliunas-Siscoe model of
pick-up 1ons [Vasyliunas and Siscoe, 1976] predicts that thermal ions and pick-up ions
are.well.separated in phase space in the outer heliosphere, which has been confirmed
recently by New Horizons observations at 22 AU [Randol et al., 2013]. Although the

broad pick-up ion distribution overlaps the thermal proton distribution at very low
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energies, the bulk of the two distributions are well separated. The thermal proton
distribution looks like a narrow beam in phase space as compared to the extended
isotropic pick-up ion distribution, so the number of pick-up protons is negligible
compared to the number of thermal protons around the peak of the thermal proton
distribution (see Fig. 3 in [Randol et al., 2013]). lon beams have been successfully
described with multi-ion multi-fluid MHD models (see e.g. [Sauer and Dubinin, 2003] or
[Dubinin et al., 2004]). Based on these results, describing the solar wind as multi-fluid
plasma-comprising cold thermal solar wind ions, hot pickup ions and electrons is a
reasonable approximation. Indeed, as we will show below, the multi-fluid model
produces remarkable agreement with observations. Kinetic effects are absent in our
model-but we do capture the fluid character of the interaction between the two ion
components.

In"Giacalone and Decker [2010], pick-up proton injection and acceleration at the
termination shock was simulated with a time-dependent 2-D hybrid code using as input
the,plasma and field conditions measured at the VVoyager 2 termination shock crossing. In
addition.to thermal solar wind protons, incident proton populations included freshly
ionized core pickup protons (25% of the total ion density) and a suprathermal power-law
tail with form v°, with its intensity set to background levels measured upstream of the
shoek-erossing. All proton populations contribute to the self-consistent simulations and
each was tracked separately throughout the simulation. Energy spectra accumulated over

the region downstream of the termination shock at the end of the simulation run
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[Giacalone and Decker, 2010; Giacalone et al., 2012] showed that self-consistent
acceleration of the pick-up proton core population was sufficient to reproduce the lower
energy Voyager 2 LECP data.

Recent Kinetic simulations [Ariad and Gedalin, 2013] use Liouville mapping of pick-up
ion test.particles in a stationary termination shock structure to find the downstream pick-
up ion distribution. They came to the conclusion that the contribution of the high-energy
tail;of pick-up ions is negligible at the shock transition, although this population does
contribute to decelerating the solar wind upstream of the shock [Florinski et al., 2009].
The pressure balance is principally determined by the low energy body of pick-up ions,
which further justifies our multi-fluid approach. They showed that the upstream density
of piek=up ions should be comparable to the thermal solar wind density in order to ensure
pressure balance. They found a lower limit of 0.4 for the density ratio of pick-up ions and

thermal ions.

We use the following set of multi-ion multi-fluid MHD equations [Glocer et al., 2009] to
describe the three-fluid solar wind model with thermal ions (SW), pick-up ions (PUI),

and electrons:

op,

8_;+V'(pf“j)=0’ (1)

% +V- (pjujuj +pji) =ng(u,—u)xB+ %(Jx B—Vp,), (2)
8

This article is protected by copyright. All rights reserved.



Oe, ng.

a_t-’ =V .[(gj + Pj)ﬂj]= u, -[n]qj(uj —u, )xB+ n4 (J xB— Vpe) , 3
oB

o x(—u, xB) (4)
op,

— FV- () =~r-Dp,Vu, ®)

where 0, n, g, u, and p are mass density, number density, electric charge, velocity, and
thermal pressure, respectively; index j stands for the two ion fluids (SW and PUI), and

subscript e stands for the electron fluid; B is the magnetic field vector; J=V xB/ s, is

the current density; po IS the permeability of free space; e is the elementary charge;

y=543-s the adiabatic index; £,is the energy density of ion fluid j, defined as

2
el Pi (6)
A |

and w, is the charge averaged ion velocity, defined as

anqj“f
;

== 7
27 ™

We'solve a similar set of equations in the hot electron case, where the massless electron

fluid_is.a mixture of thermal electrons and suprathermal energetic electrons. In this case,
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Ne, Pe, and U, are replaced with the apparent electron density n. , the apparent electron

pressure p , and the apparent electron velocity ue , respectively, where

ne :ne+nec ~ ne' (8)
P.EPAP.. )
u 2 T My (10)

netn.e

and Ngc, Pec, and U are the number density, partial pressure, and flow velocity of the
suprathermal energetic electrons. Thus the third fluid is equivalent to a massless electron
fluid with an apparent electron pressure of pe . The gyroradius of a relativistic 1.5 MeV
eleCtrof with 90° pitch angle upstream of the termination shock (B= 0.067 nT) is 9.7x10*
km,-while the gyroradius of a 0.022 MeV electron is 7.5x10° km. These electron
gyroradii are comparable to or less than the gyroradius of an upstream pick-up proton
(~4x10* km), and an order of magnitude smaller than the wavelength of the oscilliton.
This justifies that the partial pressure of energetic electrons (0.022-1.5 MeV) observed by
the/LECP instrument on board Voyager 2 can be included in the shock adiabatic equation

of thetotal fluid across the termination shock (see equation (18) in Section 3.3).

Although energetic ions (0.028-3.5 MeV) observed by LECP have a significant partial
pressure contribution to the total plasma pressure as shown by Decker eta al. [2008], we

did.nat include this pressure in the multi-fluid Rankine-Hugoniot jump conditions at the
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termination shock crossing because the diffusion length scale of these particles is an
order of magnitude larger than the characteristic length scale of the actual shock
transition. Energetic ions can mediate the termination shock on length scales comparable
to their diffusion length scale, but do not affect the jump conditions at the subshock
[Florinski.et al., 2009]. We estimated the diffusion length scale of energetic ions in

Appendix A, based on three independent methods.

The Hall term and the electron pressure gradient term are neglected in the induction

equation (4). Note that the momentum and energy equations, (2) and (3) cannot be

. ) . n. . .
written in conservative form, because of the —Z factors on the right hand sides of the
n

(]

equations. This is because there is momentum and energy exchange between the fluids
that are coupled through the magnetic field. The total momentum is, of course, conserved
as-can be seen by adding up the momentum equations (2). Similarly, adding up the

energy-equations (3) and 1/(y-1) times the electron pressure equation (5), one can obtain

an equation for the total energy density g=Zgj + p, /(y—1) that is in conservation form

J
except-for terms proportional to Jx B. As long as the magnetic energy density is small,
as.in.the case at the termination shock, the total energy is properly conserved. We indeed
verify that the model conserves the total energy as demonstrated in Figs. 5B and 7B.
Linearizing the continuity and momentum equations (1) and (2), we can derive the

fallowing general dispersion relation of perpendicular magnetosonic waves in warm
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multi-fluid plasma (For the sake of completeness, the detailed derivation is included in

Appendix B.):
2 z 2o 2 272 2
py”.L TR [ PR Lt ) S H Y SR Y
& -k —F ~ & R |~ — kP

where o and k are the wave frequency and wave number, respectively, wy;, £;, and c; are
the plasma frequency, the gyrofrequency and the sound speed of particle species j (see
definitions in Appendix B), and c is the speed of light. In case of three fluids, i.e. thermal
solar wind ions, pick-up ions, and electrons, equation (11) reduces to a second order
polynomial equation in w? (see equations (B-21)-(B-25); also given by Toida and Aota
[2013]})-which can be solved analytically. There are two linear plane wave solutions: a
low-frequency fast mode and a high-frequency fast mode (see equations (B-26) and (B-
27)"). Thus, the multi-fluid nature of the plasma creates two kinds of fast magnetosonic
waves, alow-frequency mode that propagates mainly in the cold thermal population, and
a high-frequency mode that propagates mainly in the hot pick-up ion population. In the
following, the low-frequency fast mode will be referred to as solar wind ion fast mode

(Fsw), and the high-frequency fast mode will be referred to as pick-up ion fast mode
(Epwi)..The phase velocities (¥, = %) of the two linear wave modes (Fsw and Fpy) are

plotted.in Fig. 1A for the upstream conditions at the termination shock (usw;= 320.7
km/s, Nsw1= 0.001278 cm'3, Tswi= 4155 K, B1=0.06703 nT, npy;1=0.25nsw1, Tpun=13.4

MKi-and pe: = 0.0173 pPa). Electron scale (yellow region in Fig. 1) is defined as spatial
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scales between the electron inertial length and the ion inertial length, where both thermal
and pick-up ions are demagnetized. lon scale (cyan region in Fig. 1) is defined as spatial
scales of the order of the ion inertial length, where ion dynamics plays an important role
in'the velocity distributions. Fluid scale (white region in Fig. 1) is defined as spatial
scales.where the velocity distribution of each ion and electron fluid can be approximated
as a Maxwellian distribution. There is a gap in phase velocity, where linear waves cannot
propagate. This is where quasi-stationary nonlinear wave solutions, solitons and
oscillitens exist [Sauer et al., 2001, 2003; Dubinin et al., 2006]. A soliton is a large-
amplitude solitary structure that appears as a single peak or depression in the magnetic
field and plasma parameters. An oscilliton, on the other hand, is a large-amplitude
periodiesstructure that appears as a quasi-stationary wave train [Sauer et al., 2001]. In
order to get the phase velocity of quasi-stationary wave solutions, we need to solve the

three-fluid plasma dispersion relation D{e,&)=0 (equation (B-21)) for k as a function of

the phase velocity, ¥, =—. If the solution gives a real wave number, it is a linear plane

=8

wave,. If the solution is imaginary, it is a soliton mode. Finally, if the solution gives a
complex wave number, it is an oscilliton mode. Substituting the phase velocity in the
dispersion relation, we obtain a third order polynomial equation for k* (equation (B-28))
that can be solved analytically (see Equations (B-28)-(B-38)). The full set of wave
numbersolutions (both real and imaginary parts) are plotted in Fig. 2. The real solutions

(blue and red lines in Fig. 2) reproduce the low-frequency fast mode and the high-
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frequency fast mode plotted in Fig. 1A. The phase velocity gap between the two is
bridged by a fast magnetosonic soliton mode (magenta line in Fig. 1A and Fig. 2). At the
phase velocities where the soliton mode couples to the linear wave modes (Fsw and Fpyy,
respectively), the wave number solution becomes complex, which produces an oscilliton
mode..Thus the three-fluid solar wind model predicts a fast magnetosonic oscilliton
propagating at the fast magnetosonic speed of the total fluid (Usy) and an ion acoustic

oscilliton propagating at the sound speed of the pick-up ion fluid (cpy)).

The.group velocities (¥, = ((11—?:) of Fpyiand Fsy are plotted in Fig. 1B, demonstrating the

dispersive nature of both wave modes. There are two critical speeds: information cannot

propagate faster than the fast magnetosonic speed of the total fluid (U, =223 km/s) in

the'low-frequency fast mode (Fsw), and cannot propagate faster than the sound speed of

the-pick-up ion fluid ( ¢,y =430km/s) in the high-frequency fast mode (Fpy). Thus the

three-fluid model of the solar wind predicts a double termination shock, one in the hot
pick-up ions and the other in the colder thermal ions, if the upstream flow velocity is
greater than cpy. If the upstream flow velocity is less then cpy; and greater than Usy, there
is only-assingle shock transition in the thermal ions. Both fast modes are dispersive,
which means that the group velocity V4 depends on the wave number k. Fsy is negative
dispersive on fluid and ion scales, as its group velocity decreases with increasing k, while

Fpui IS.positive dispersive, as its group velocity increases with increasing k. Note that the
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superfast-subfast transition at the low-frequency limit occurs at the oscilliton velocity of
Usm, Which was shown analytically as well in Dubinin et al., [2006].

An upstream propagating negative dispersive shock will produce a trailing wave train
(quasi-stationary nonlinear wave or oscilliton) with a standing soliton (overshoot) at the
shoek. front and a downstream propagating linear wave edge [Hoefer, 2014]. A positive
dispersive shock, on the other hand, will produce a precursor wave train, with a linear
waye edge in the upstream region and a standing soliton at the shock front. Such
dispersive shock waves are solutions of the nonlinear Korteweg — de Vries equation of
dispersive Eulerian fluids [Biskamp, 1973; Hoefer, 2014]. Since the fast magnetosonic
oscilliton mode appears on fluid scale (see Fig. 1A), our fluid model is able to capture the

nonlinear trailing wave train of the thermal ion shock as we show below.

3. 'Methods

3.12"The'three-fluid shock tube model

We.adapted the multi-fluid BATS-R-US MHD code [Téth et al., 2012] for local shock
tube'Simulations of the termination shock, where thermal solar wind ions, pick-up ions
and electrons are treated as three separate fluids. Neutrals are not included in this model,
because the charge exchange mean free path of neutrals (~50-100 AU) is much larger
than-the-length scale of the termination shock. The governing multi-fluid MHD equations
have been described in Section 2. We solve separate continuity, momentum, and energy

equations for each ion species and a separate equation for the electron pressure. This is a
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1-dimensional model, but we have three components for the vector quantities. The
uniform grid contains 25,600 cells, and the cell size is 1000 km, less than the inertial
length of thermal protons upstream of the termination shock (about 6300 km). We tested
the'grid convergence of the numerical model and obtained essentially the same numerical
solutionfor 51,200 grid cells of 500 km in size. The initial left and right states of the
shock tube are given by the upstream and downstream plasma parameters of the
termination shock, where the downstream parameters are calculated from the Rankine-
Hugoniet jJump conditions for the total fluid (the mixture of cold thermal ions, hot pick-
up ions, and electrons). These boundary conditions result in a standing quasi-stationary
shock solution in the simulation frame, which is in fact the shock frame. The two ion
fluids-are coupled by the magnetic field in the momentum and energy equations (see
equations (2) and (3)), which can describe finite gyroradius effects [Toth et al., 2012].
In‘the first set of simulations, we neglect the energetic electron pressure and use the cold
electronapproximation, assuming that the thermal speed of electrons is much less than
the,thermal speed of the ion species. The cold electron approximation is consistent with
the \Woyager 2 electron observations upstream of the termination shock that did not detect
electrons in the energy range of the PLS instrument between 10 eV and 6 keV
[Richardson et al., 2008].

Some-reeent theoretical works predict hot electrons in the solar wind at 100 AU [Chashei
and Fahr, 2014; Fahr et al., 2014], but this prediction has not been confirmed by the in

situ"measurements. However, the LECP instrument on board VVoyager 2 did detect a
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relatively high flux of energetic electrons in the three energy channels between 22 keV
and 1.5 MeV [Decker et al., 2008], which could be the high-energy tail of a hot electron
population at the termination shock. Most recently, Fahr et al. [2015] showed that a
possible strong negative spacecraft potential might prevent the detection of medium-
energy.electrons by the Farady cups on board the VVoyager spacecraft. In order to estimate
the,contribution of the energetic electrons to the thermodynamics of the termination
shock crossing, we calculated the partial pressure of 0.022-1.5 MeV electrons from the
correspoending differential intensities (see details in Appendix C). The partial pressure of
energetic electrons (0.0033 pPa) turns out to be 2 orders of magnitude higher than the
upstream thermal ion pressure (~ 10 pPa) and just one order of magnitude less than the
upstream pick-up ion pressure (~ 0.06 pPa). However, the number density of energetic
electrons (1.6x107 cm™) is 4 orders of magnitude lower than the upstream thermal ion
density (1.3x10 cm™). Since the differential intensity of energetic electrons is increasing
toward-lower energies (see Fig. 1 in [Decker et al., 2008]), we most probably
underestimate the partial pressure of suprathermal electrons. In the second set of
simulations, we include the apparent electron pressure (pe ) of suprathermal electrons in
the electron fluid, and refer to this case as the “hot electron case”.

In each simulation, initially we ran a single-fluid multi-species model, where the flow
veleeity-of thermal solar wind ions (usw) is forced to be the same as the flow velocity of
pick-up.ions (upy;), which resulted in a standing single-fluid fast-mode shock in the shock

tubeframe. The multi-species solutions served as initial conditions for the multi-fluid
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simulations, and they also confirmed that the numerical model correctly reproduced the
analytic jump conditions for the total fluid. Then we released the equal velocity
constraint, allowing different velocities for thermal protons and pick-up ions, and ran a
truly multi-fluid simulation. The single-fluid fast-mode shock first split into a high-
frequency.fast-mode shock (or pick-up ion shock) and a low-frequency fast-mode shock
(orthermal ion shock) and after sufficiently long evolution we obtained quasi-stationary
shock solutions in the shock frame. Depending on the upstream conditions, the quasi-
stationary solution was either a double shock with shock transition (discontinuity) in both
the pick-up ions and the thermal ions or a single shock with shock transition only in the
thermal ions. The thermal ion shock was always followed by a trailing wave train in the
downstream region, as expected from the negative dispersive property of the low-

frequency fast mode (Fsw).

The quasi-stationary structure of the termination shock is demonstrated in Fig. 3A for
different pairs of pick-up ion number density (npy;) and temperature (Tpy,) satisfying the
shock-adiabatic equation of the total fluid (see Equation (18) in Section 3.3) in the cold
electron case. Here the pick-up ion number density is normalized to the thermal ion
number density (nsw) upstream of the termination shock. The magnetic field profiles
consist-of a “foot” starting at the marginal pick-up ion shock, a “ramp”, which is the
actual thermal ion shock, an “overshoot”, which is the standing soliton edge of the

dispersive shock wave in the low-frequency fast-mode, and a “trailing wave train”, which
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is a nonlinear quasi-stationary fast-magnetosonic oscilliton propagating upstream at a
group velocity that is the same as the downstream bulk flow velocity. The pick-up ion
shock appears as a small jump in the magnetic field, which is clearly seen at a distance of

10° K upstream of the thermal ion shock for the simulation with 7, / ng, =1 (cyan

line)=Since the nonlinear oscilliton wave in the low-frequency fast mode Fsy has a
maximum amplitude [Toida and Aota, 2013], the quasi-stationary waves can steepen into
a discontinuity, also known as “shocklet”, if the amplitude becomes larger than the
maximum amplitude. Such nonlinear steepening, or sudden small jump in the magnetic
field;-is:seen at the second peak of each trailing wave train plotted in Fig. 3A. Thisis a
time-dependent feature of the quasi-stationary shock solution. The amplitude of the
trailing"wave train oscillates in time around an average value and any wave peak can
steepen temporarily into a shocklet. The magnitude of the overshoot, the amplitude of the
oscilliton, and the wavelength of the oscilliton all depend on the pick-up ion density. The
average wavelength of the oscilliton is plotted in Fig. 3C as a function of the pick-up ion
density. These properties of the oscilliton can be used to determine the unknown pick-up
ion/parameters (density and temperature) from the actual termination shock crossings.
Thespick-up ion density constrains the pick-up ion temperature through the shock
adiabatic equation, which can be obtained from the in situ Voyager 2 observations as

explained in Section 3.3.
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3.2 Justifying the perpendicular shock assumption

In our theoretical calculations and numerical simulations, we assumed that the
termination shock is a perpendicular shock, i.e. the angle between the magnetic field and
the shoek normal (6gp) is 90°. This assumption needs to be verified by the VVoyager 2
observations. VVoyager 2 observed multiple termination shock crossings on August 31 and
September 1, 2007 [Richardson et al., 2008; Li et al., 2008; Burlaga et al., 2008]. The
first.crossing (TS1) occurred in a data gap, but there were high-resolution plasma and
magnetic field observations during the second and third crossings (TS2 and TS3). In the
following, we derive the shock normal (m) and g, both upstream and downstream of the
termination shock crossing TS3 and calculate the uncertainty of mand 6g, from the
observed errors of the flow velocity (u) and the magnetic field (B). From single-
spacecraft measurements, the shock normal can be obtained using the coplanarity

theorem of the flow velocity [Abraham-Schrauner, 1972]:

T R (12)
[0, —u,|

the coplanarity theorem of the magnetic field [Colburn and Sonett, 1966]:

, (13)

oriihe combination of these two [Abraham-Schrauner, 1972]:
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Aet I:Bl X (112 _ul)]x (BZ _Bl)

=_[B1 x(u, —u,) [x(B,~B,)| (4

where index 1 and index 2 refer to upstream and downstream parameters, respectively.

We will refer to these methods as Method 1, Method 2 and Method 3, respectively. These
methods assume that the upstream and downstream velocity and/or magnetic field vectors
and‘the'shock normal lie in the same plane. Method 1 is an approximation that is valid for
high.Alfven Mach number (M,) shocks. Since the magnetic field intensity is very small at
the'termination shock, My is expected to be high. Indeed, we found Ma= 11.1 for the total
plasma fluid upstream of the shock and Ma= 4.6 downstream of the shock, which justifies

the applicability of Method 1.

The observed upstream and downstream velocity and magnetic field components and
their observed standard deviations (o) are listed in Table 1. The normalized errors o/|u|
and.o/|B} are also listed in percentage so that the uncertainties in the velocity and
magnetic field can be directly compared. The velocity and magnetic filed components are

given«in RTN coordinates, which is a spacecraft centered coordinate system, where the
unit vector R points from the Sun to the spacecraft, T=Qx R, where Qis the unit

vector in the direction of the solar rotation axis, and ﬁcompletes the right-handed set.
The'small normalized errors of the upstream velocity indicate that the direction of the
velocity.is well defined and less uncertain than the direction of the magnetic field. This

impliesithat Method 1 must give a more accurate estimate of the shock normal than either
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Method 2 or Method 3. In addition, the observed upstream magnetic field intensity (B=
0.067 nT) is so weak that it is close to the sensitivity of the magnetometer. Since the
uncertainty of each component of B is on the order of £0.03 nT, the uncertainty in the
magnetic field direction becomes large when B is on the order of 0.05 nT [Burlaga and
Ness,.2009]. This means that the upstream magnetic field direction is poorly defined. The
downstream magnetic field, on the other hand, can be regarded purely tangential within

the;measurement error (see Table 1).

Based on the above considerations, we used Method 1 to get the best estimate of the
shock narmal. We calculated the error of the shock normal from the observed 1-o errors
of the'upstream and downstream velocity components (listed in Table 1) using the error

propagation formula:

~

EM

R2
R2

+—all Au
du

N2
N2

on
P

T2

on Au,,
N1

iy,

Tl

G,

R1
R1

A

An = + + + . (15)

T1

Weobtained the shock normal m =[0.9788+0.0802, -0.1109+0.2146, 0.1720+0.3333] in
RTN coordinates. It is immediately seen that the shock normal is radial within the
observation error. As a comparison, the global MHD model of the heliosphere by Opher
et al. [2009] predicts m =[0.9659, -0.2500, 0.0670] at the VVoyager 2 termination shock

crossing, which agrees with the observation within 1 ¢ error.
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Now we can calculate the angle between the upstream magnetic field and the shock

normal as

_ o[ B J
Oy =cos | —L-mn| (16)
Lm

The error of dgn1 can be calculated from the observed errors of the upstream magnetic
field.components and the errors of the shock normal components through the error

propagation formula:

Aggy] — aGBMI ABR] + a9131'11 ABT] + 693"1 ABM + ag}hl AnR +‘693n1 Anr + ag}hl AnN. (17)
OB, B, oB,, on, | on, N

The-angle between the downstream magnetic field and the shock normal (0g,2) and its
error can be calculated in a similar way. This yields #gn1=83.5°+17.6° and fgno=
87.6°+18.1°. So we can conclude that the termination shock crossing TS3 was indeed a
perpendicular shock within the observation error. The magnetic field rotated away from
the’shock normal across the termination shock, which is a typical characteristics of fast
magnetosonic shocks. Method 2 gives fgn1= 65.1° and fgno= 76.9°, while Method 3 gives
Ogn1= 70.9° and Ognp= 79.9°, all of which fall within the error of Method 1. However, the
authors do not trust Method 2 and 3 because of the large uncertainty of the upstream
magnetic field direction. Li et al. [2008] used the Monte Carlo method to define the best

fitting upstream and downstream conditions and found 6g,;= 88.3° and 6gn,= 88.9° for
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Method 1, which is very close to perpendicular. For Method 2 and Method 3, they
obtained #gn1= 70.0° and #gno= 77.4°. However, no error estimates were given for these
values. Based on the rigorous error analysis presented here, the authors are convinced
that the termination shock crossing TS3 was very close to perpendicular, which justifies
the perpendicular shock assumption used in this paper. Nevertheless, the dispersion
relation of oblique fast magnetosonic waves in warm multi-fluid plasma can be easily
derived'in a similar way as described in Appendix B, which could be used in follow-up

studiess

3.3;,Constraining the pick-up ion parameters with the shock adiabatic equation
The.shock properties of the two termination shock crossings TS2 and TS3 were
previously derived from the magnetic field and the plasma measurements assuming
a single-fluid MHD model, where the conservation laws are assumed to be valid for
the thermal component, yielding the Rankine-Hugoniot jump conditions for all MHD
parameters. It was concluded that the termination shock is a low-f3 supercritical
quasi-perpendicular shock (Bsw= 0.04 and Mfnsw =10, where Ssw is the ratio of
thermal and magnetic pressure and Msnsw is the fast magnetosonic Mach number in
the single thermal proton fluid), provided that the effect of pick-up ions is negligible
[Lietal, 2008; Burlaga et al., 2008]. Since the observed hydrodynamic energy of

thermal ions is not conserved across the termination shock [Li et al., 2008], the
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Rankine-Hugoniot jump conditions, which are derived from the conservation laws,
are not valid for the thermal ions. This fact casts serious doubt on the shock
parameters derived from the single-fluid assumption and also challenges the
interpretation of the termination shock as a low-[3 supercritical shock with high
Mach-number. Moreover, the solar wind flow remained superfast (Msnsw= 2.8 for
TS3) downstream of the shock [Richardson et al., 2008], which is not admissible in

single-fluid MHD.

The conservation laws must be valid for the total fluid (the mixture of thermal ions,
pickup Tons, and electrons), therefore the Rankine-Hugoniot jump conditions must apply
for thetetal fluid and not for the thermal ions, which allows momentum and energy

transfer among the three fluid components. In case of a perpendicular shock, the

Rankine-Hugoniot jump conditions yield a compression ratio q=& B _uwl :

where p and u are the density and flow velocity of the total fluid, B is the magnetic field
intensity, Vs is the shock speed, and the subscripts 1 and 2 refer to upstream and
downstream values, respectively. The plasma parameters of the total fluid can be

expressed in terms of the plasma parameters of the thermal ions and pickup ions as

P=PsytPpy and p=pg, +p,, for cold massless electrons. In the hot electron case,

the total pressure includes the apparent electron pressure as Well ( p= pg, + ppp; + p:).

We-can assume that pick-up ions are fully picked up, i.e. there is no slippage between the
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average flow velocities in the perpendicular direction: (um> = <uw> = <u >: <u> where

e

< > represent fluid-scale averages over spatial scales much larger than the pick-up ion

gyroradius (about 4x10* km for a pick-up ion temperature of 8.6 MK). From the
<pswz > <pPUI2 >

<PZ> i
= ) So the compression
<,01> <psm> <FPM1>

continuity equations of the fluids we get

ratio.of the total fluid can be obtained from two independent VVoyager 2 measurements,

(8,)

and g=-——=. If q is known, we can get the shock speed V;from the

(B)

(Psw2)
{Psw)

<usw1>_ Y

<uswz >_ V;

namely g =

equation g = , where (g, ) and (ug,, yare the upstream and downstream bulk

flowsvelocities measured by Voyager 2. We calculated the compression ratio for the
termination shock crossings TS2 and TS3 (note that there was a data gap for TS1) from
the"Mayager 2 density and magnetic field measurements, yielding q=2.073 for TS2 and

g=1.784 for TS3. The corresponding shock speeds are ¥, =51.3 km/s for TS2 and
V. =-26.5 km/s for TS3, which means that TS2 moved away from the Sun and TS3

moved toward the Sun. Since the upstream conditions apparently changed during the four
hours between the two crossings, we averaged the upstream conditions over only the two
heurs.directly following or preceding the corresponding shock crossing. For TS3 we
obtainedithe upstream conditions ugw:= 320.7 km/s, ngw:= 0.001278 cm™, Tgw1= 4155 K
and.Bi=0.0670 nT. In case of TS2, the downstream conditions significantly changed

during the two hours before the shock crossing, which means that we cannot really
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assume a constant compression ratio and a constant shock speed for this crossing.

Because of this temporal variation, we excluded TS2 from further analysis.

We can write the MHD shock adiabatic equation (see in text books, e.g. in Fitzpatrick
[2014]) of the total fluid for a perpendicular shock as a function of the upstream sonic

Mach number (M) and the upstream plasma 3 of the total fluid (5;) as

2(2=p)q’ +1] 2(1+ B)+ (- DBM [g— -+ DAM? =0, (18)
whete/ B = 21)(Psw +120PUI1 +P:1), and M, = (uSWI _Vs) \ Pswi +€Pm1 '

B \/ Pt Pron T Pa
SUbStituting ppgyy = ek Tpyn aNd. Py =m my,, into equation (18), where kg is the

Boltzmann constant and m, is the proton mass, we have only two unknowns, the
upstream pickup ion number density (npyi1) and the upstream pickup ion temperature
(Trur)..Now we can solve the shock adiabatic equation for the pickup ion temperature as
a function of the pickup ion density. The solutions for TS2 and TS3 are plotted in Fig. 3B
in the case without energetic ion pressure (p:1 =()). Here the pick-up ion density is
normalized to the upstream thermal ion density. All pairs of npyj; and Tpy; along the
shock adiabatic curve satisfy a shock in the total fluid with the given compression ratio

and shock speed. Thus we reduced the number of free parameters in our three-fluid

model to one, namely the pick-up ion number density (npui1). Similar curves can be
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obtained for the hot electron case with a non-zero apparent electron pressure p;. In the

latter case, p; represents an additional free parameter in the model.

4. Reconstruction of the Voyager 2 termination shock crossing

We ran.a series of simulations stepping in the pick-up ion parameter space along the
shock adiabatic curve of TS3 (see red curve in Fig. 3B for the cold electron case) to
obtain standing quasi-stationary shock wave solutions in the shock tube frame. Using the

observed shock speed of TS3 (¥, =—26.5 km/s) and the radial speed of VVoyager 2 (16.8

km/s)ywe calculated the relative velocity of VVoyager 2 with respect to the shock front
(43.3 km/s). Then we sampled our quasi-stationary shock solution in the shock frame by
moving the spacecraft across the shock at this constant velocity to obtain a simulated time
series for VVoyager 2, which could be directly compared with the high-resolution
magnetic and plasma observations. Here we assumed that the termination shock was
quasi=stationary in the shock frame and the upstream conditions did not change
significantly at least for two hours after the crossing. We varied the pick-up ion density
and the corresponding pick-up ion temperature until the wavelength of the trailing wave
train-matched the observed wavelength in the high-resolution magnetic data. In the cold
electron case, the best fit between the simulated and observed termination shock

crossings was obtained for 41% pick-up ion abundance and 8.6 MK upstream pick-up ion
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temperature (see Fig. 4B). The multi-fluid model perfectly matches the length of the
shock foot, the magnitude of the overshoot, the amplitude and wavelength of the
oscilliton in the magnetic field, and even the nonlinear steepening of the second peak of
thetrailing wave train. There is a reasonable match between the observed and predicted
thermal plasma parameters as well except that the cold electron model overestimates the
amplitude of the oscilliton in the flow velocity as well as the heating of thermal ions
across the termination shock. The full multi-fluid shock solution is presented in Fig. 4A.
Note that the thermal ion shock is not a discontinuity in the pickup ions and vice versa.
The upstream Mach number for the low-frequency fast mode (Fsw) is 1.56, whereas the
upstream Mach number for the high-frequency fast mode (Fpy) is 1.01, indicating a
marginal pick-up ion shock. The temperature profiles demonstrate the preferential

heating of thermal solar wind ions.

Unlike-most of the single-fluid global models of the outer heliosphere, our local multi-
fluid MHD model provides self-consistent energy partitioning among thermal ions pick-
up fons, and electrons across the termination shock. The hydrodynamic energy of each
ion fluid.component is not conserved in our model because of the coupling source terms
on the'right hand side of the energy equation of each ion fluid (see Equation (3)), which
allow energy transfer between the two ion fluids. The energy partitioning for the best
fitting multi-fluid shock solution of TS3 in the cold electron case is shown in Fig. 5. The
’ P

kinetic energy density is defined as p;‘ , the thermal energy density is Y the
7[_
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2

magnetic energy density is , and the total energy density ( &) is the sum of these

24,
three. The conserved quantity across the termination shock is the total MHD energy flux,

2

defined here as z{g+ p+ J which is obtained from the conservative form of the

24,

MHD-energy equation for a perpendicular shock.

In the cold electron case, the upstream thermal energy density of pick-up ions is the
highest'with 42% of the total upstream energy density (Fig. 5A). The kinetic energy
density.of thermal solar wind ions is only 34%, and the contribution of the kinetic energy
density of pick-up ions is as much as 24%. Thermal solar wind ions are preferentially
heated-across the termination shock as evidenced by the two orders of magnitude jump in

their thermal energy density.

The hydrodynamic energy flux is not conserved across the termination shock for either of
the ion components (see blue and red lines in Fig. 5B). The decrease in the hydrodynamic
energy.flux of thermal solar wind ions is compensated by a comparable increase in the
hydrodynamic energy flux of pick-up ions to keep the total MHD energy flux conserved
across the shock and within the trailing wave train (see black line in Fig. 5B). In the case
without energetic particle pressure, 53% of the hydrodynamic energy flux of thermal
solar wind ions is transferred to the heating of pickup ions. VVoyager 2 observed a more

substantial 77% drop in the hydrodynamic energy flux across the termination shock
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(TS3), which implies that the extra 24% energy drop is probably due to the heating of

electrons or cold heavier ions (e.g. a particles).

In order to determine the effect of energetic electrons on the structure and
thermodynamics of the termination shock, we included the partial pressure of energetic
electrons'in the massless electron fluid. We performed a two-parameter fitting to VVoyager

2 observations by varying the upstream pick-up ion number density (npy;1) and the
apparent electron pressure ( p;) to match both the wavelength and the amplitude of the

nonlinear oscilliton wave observed in the radial component of the thermal ion velocity
(ur). The best-fitting simulation in this so-called hot electron case is presented in Figure
6. The-addition of a suprathermal electron pressure of 0.0173 pPa, corresponding to an
apparent.electron temperature of 0.83 MK, to the electron fluid resulted in a better fit to
both the velocity and the temperature data (compare Fig. 4B and Fig. 6B). The simulated
downstfeam thermal ion temperature (2x10° K) is still somewhat higher than the
temperature observed by Voyager 2 (10° K). A possible reason for this discrepancy could
be that-some of the upstream kinetic energy is transferred to the heating of a particles,
which is not taken into account in our three-fluid MHD model. The pick-up ion
abundance reduced to 20+3%, and the upstream pick-up ion temperature increased to
13:4+2-MK. Since LECP observed only 0.0033 pPa energetic electron pressure, the extra
pressure must come from a seed population of hot electrons at lower energies. These hot

electrons may not be observed by the PLS instrument because of their low number
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density or because of a large negative spacecraft potential [Fahr et al., 2015]. Our results
support the conclusion of Chalov and Fahr [2013] concerning the significant role of

shock-heated electrons in the pressure balance across the termination shock.

The self-consistent energy partitioning among the three fluids across the termination
shock'in‘the hot electron case is demonstrated in Fig. 7. The upstream energy density is
distributed among the kinetic energy density of thermal solar wind ions (46%), the
thermal energy density of pick-up ions (32%), the kinetic energy density of pick-up ions
(12%), and the energy density of electrons (10%) (see Fig. 7A). The magnetic energy
density-and the thermal energy density of thermal ions are negligible. However, thermal
ions are preferentially heated by two orders of magnitude across the termination shock.
Surprisingly, pick-up ions carry 50% of the total energy flux upstream of the termination
shoek;thermal solar wind ions only 36%, and the suprathermal electrons as much as 13%
(see Fig..7B). The contribution of magnetic energy flux to the total MHD energy flux is
only 1%, which is negligible. In the heliosheath, the pick-up ion energy flux increases to
66%, the energy flux of electrons increases to 20% and the energy flux of thermal ions
drops toas low as 12 %. The kinetic energy of thermal solar wind ions goes not only to
the heating of pick-up ions but also to the heating of electrons. The total MHD energy is
conserved across the termination shock (see black line in Fig. 7). The 66% drop in the
hydrodynamic energy of thermal ions is comparable to the 77% energy drop observed by

VVoyager 2. A part of the upstream kinetic energy may also transform into the preferential
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heating of minor cold ion populations (e.g. a particles), which are not included in our

model.

5. Conclusions

The successful reconstruction of the termination shock crossing TS3 (see Fig. 4B and
Fig.6B),indicates that the nonlinear trailing wave train observed on fluid scale by
Voyager 2 is a quasi-stationary spatial structure in the reference frame of the termination
shock. Based on the remarkable fit between our multi-fluid simulation and the VVoyager 2
data;"we can constrain the previously unknown pick-up ion abundance and pick-up ion
temperature upstream of TS3. In the cold electron case, we obtained a relatively high
pick-up 1on abundance of 41+3% and a pick-up ion temperature of 8.6£0.7 MK. These
results support the pressure balance considerations by Ariad and Gedalin [2013] showing
that.the.pick-up ion density should be comparable to the thermal ion density at the
termination shock if the high-energy tail of the pick-up ion distribution is neglected. The
upstream pick-up ion temperature of 8.6+£0.7 MK agrees with the prediction (~9 MK at
90 AU) of the latest three-fluid solar wind model [Usmanov et al., 2014] that includes
eddy viscosity and turbulent resistivity but does not include the termination shock. In the
hot electron case, we included the partial pressure of the observed LECP energetic
electrons in the massless electron fluid, and assumed a seed population of hot electrons at

lower energies. The fit to the observed flow velocity and thermal ion temperature
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significantly improved with a suprathermal electron pressure of 0.0173 pPa (see Fig 6B),
which corresponds to an apparent electron temperature of 0.83 MK. The best fit was
obtained for a pick-up ion abundance of 20+3%, which is consistent with the theoretical
prediction of charge exchange at the termination shock [Fahr and Rucinski, 1999]. The
corresponding pick-up ion temperature is 13.4+2 MK, which is somewhat higher than
predicted by recent solar wind models [e.g. Usmanov et al., 2014]. The higher pick-up
ion:temperature could be due to particle acceleration processes in the pre-shock
deceleration region of the energetic-particle-mediated termination shock. Or pick-up ions
could be heated across the predicted pick-up ion shock upstream of the thermal ion
shock. The upstream pick-up ion thermal pressure from the best-fitting simulation is
0.0592-pPa, which is 800 times higher than the observed upstream solar wind thermal
pressure. As a comparison, Randol et al. [2013] predict a corresponding thermal pressure
ratio.of ~1000 at the termination shock on the basis of New Horizons pick-up ion

observations between 11 and 22 AU.

We conclude that the termination shock is not a single-fluid supercritical shock with high
Mach number and low plasma 3, as previously thought [Richardson et al., 2008; Burlaga
et al:;'2008], but a dispersive multi-fluid shock wave with low fast Mach number and
high plasma 3. The multi-fluid shock properties of TS3 are listed in Table 2 for the cold
electron case (Case 1) as well as the hot electron case (Case 2). The upstream low-
frequency fast Mach number of 1.56 indicates that the thermal ion shock is most certainly

subcritical (M, < 2.76 for perpendicular shocks, see e.g. Balogh and Treumann, [2013]).
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This means that most of the ions can cross the termination shock and ion reflection from
the shock front is negligible. Therefore, temporal variations due to shock reformation
observed at low-f supercritical quasi-perpendicular shocks are not expected at the
termination shock. However, since the upstream hydrodynamic energy of the solar wind
is dominated by the hydrodynamic energy of pick-up ions (see Fig. 7B) and the thermal
energy of pick-up ions dominates over the kinetic energy of pick-up ions (see Fig 7A),
the termination shock is very sensitive to temporal changes in the pick-up ion
temperature. Even if the solar wind flow is constant, the fast magnetosonic Mach number
can.change significantly due to changes in the pick-up ion temperature. Generally a shock
moves away from the obstacle if the Mach number decreases, and moves toward the
obstaele«if the Mach number increases. This can be the reason for the temporal variability
in the'termination shock position, which can easily explain the observed multiple

termination shock crossings.

The 1.01 value of the high-frequency fast Mach number indicates a marginal pick-up ion
shock in the cold electron case (Case 1). However, in the hot electron case (Case 2), the
upstream solar wind is subfast in the high-frequency fast mode (Fpy;) and superfast in the
low=frequency fast mode (Fsw), which means that TS3 is a single shock transition in the
thermal ion component. VVoyager 2 might have crossed a pick-up ion shock further
upstream of the thermal ion shock. This scenario is supported by VVoyager 2 observations

of several sudden drops in the hydrodynamic energy of the thermal solar wind component
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well before the actual termination shock crossing [see Fig. 4 in Richardson et al., 2008].

The reconstruction of these events is outside the scope of this study.

Our theoretical results are generally applicable for the thermodynamics of shocks in
plasma environments where pick-up ions are a major contributor, e.g. cometary bow
shocks, bow shocks of unmagnetized planets, like Mars [Sauer et al., 1996; Lu et al.,

2013], or other astrophysical shocks [Socker et al., 2010].
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Mean Standard Deviation | Normalized Error
Ur1 320.7 km/s 1.8 km/s 0.6 %
Utt 12.5 km/s 3.9 km/s 1.2%
Uns -24.5 km/s 3.4 km/s 1.0%
Urz 168.1 km/s 19.8 km/s 10.7 %
Uz 29.8 km/s 26.6 km/s 143 %
Unz -51.3 km/s 45.9 km/s 24.8%
Bri1 -0.0116 nT 0.0045 nT 6.7 %
B11 -0.0629 nT 0.0096 nT 14.4%
Bn1 -0.0181 nT 0.0069 nT 10.5%
Br2 -0.0062 nT 0.0168 nT 13.6 %
Bt -0.1225 nT 0.0276 nT 224 %
Bn2 -0.0141 nT 0.0195 nT 15.8 %

Table 1. Velocity and magnetic field components observed by VVoyager 2 upstream and

downstream of the termination shock crossing TS3. Note that the normalized errors of the

upstream velocity components are an order of magnitude smaller than the normalized

errors of.the upstream magnetic field components, which means that the direction of the

velacityis much better defined than the direction of the magnetic field.
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Case 1 Case 2
Compression ratio 1.784 1.784
Shock-speed -26.5 km/s -26.5 km/s
Pick-up ion abundance 41+3% 20£3%
Upstream pick-up ion temperature 8.6£0.7 MK 13.4+2 MK
Downstream pick-up ion temperature | 12.6+£0.7 MK 20.4+2 MK
Energetic particle pressure 0.0000 pPa 0.0173 pPa
Critical speed of the low-frequency 223 km/s 223 km/s
fast mode (Usm)
Critical speed of the high-frequency | 344 km/s 430 km/s
fast'mode (Cpu))
Low-frequency fast Mach number 1.56 1.56
High-frequency fast Mach number 1.01 0.80
Upstream plasma [3 59.5 43.4

Table 2. Multi-fluid shock parameters of termination shock crossing TS3 in the cold
electron case (Case 1) and the hot electron case (Case 2). The termination shock is
apparently a low-Mach number shock in high-p plasma. The plasma B is calculated for

the total fluid including the partial pressures of thermal ions, pick-up ions, and electrons.
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Fig. 1. Fast magnetosonic wave modes propagating perpendicular to the magnetic
field upstream of the termination shock, where the pick-up ion abundance and
temperature are 20% and 13.4 MK, respectively. (A) Phase velocities of the pickup-
ion‘fast mode Fpyy, the solar wind ion fast mode Fsy, and the quasi-stationary fast
magnetosonic soliton mode. The soliton mode is coupled to Fsy at the fast magnetosonic
speed of the total fluid (Usy), resulting in a fast magnetosonic oscilliton mode on fluid
scale. (B) Group velocities of Fpy; and Fsw. The critical speed of Fgy is Uy at the low-
frequency limit and the critical speed of Fpy is cpy; at the high-frequency limit, which
predicts a double termination shocks in the three-fluid solar wind plasma if the solar wind
flow is superfast in Fpy;, and a single termination shock if the solar wind is subfast in

Fpupand-superfast in Fgy.

Fig. 2-Wave number (k) solutions of the three-fluid (thermal ion, pick-up ion, and
electron) warm plasma dispersion relation for the same upstream conditions as in
Fig.“2=The real k solutions yield the low-frequency fast mode Fsy (ki real) and the high-

frequency fast mode Fpu; (k. real), which are in fact @, /¥, and @,,, /V,,

respectively. The imaginary k solutions yield the phase velocity of soliton modes, and the
complex k solutions yield the phase velocity of oscilliton modes. Complex solutions exist
at two.phase velocities, where the fast magnetosonic soliton mode (ks imag) couples to

the'Tow-frequency and high-frequency fast modes (k; real and k; real), respectively.
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Fig. 3. The effect of pick-up ion density on the structure of the termination shock.
(A) Simulated magnetic field profiles of the termination shock (TS3) for the normalized
pick-up ion number densities (npui/nsw) 0.4, 0.6, 0.8 and 1 in the cold electron case. The
shock structure shows a foot, a ramp, an overshoot, and a nonlinear trailing wave train
occasionally steepening into a shocklet. (B) Shock adiabatic curves in the pick-up ion
parameter space for the two termination shock crossings TS2 and TS3 in the cold electron
case. All points [npy, Tpui] along each shock adiabatic curve would satisfy a shock with
the‘observed compression ratio and shock speed. The shock wave solutions for four
points.along the shock adiabatic of TS3 (red circles) are plotted in panel A. (C)
Relationship between the wavelength of the oscilliton and the pick-up ion number density

derived-from the numerical shock tube simulations.

Fig. 4. Multi-fluid structure of Termination Shock crossing TS3 in the cold electron
case. (A) Quasi-stationary multi-fluid shock solution in the shock frame for a pick-up ion
abundance of 41% and the corresponding pick-up ion temperature of 8.6 MK. The two
vertical dashed lines mark the location of the marginal pick-up ion shock and the thermal
ion'shock, respectively. The magnetic field profile consists of a “foot”, a “ramp”, an
“overshoot”, and a quasi-stationary nonlinear “wave train”. (B) Observed and simulated

termination shock crossings of TS3. Black crosses (V2) are the Voyager 2 data and solid
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lines (model) are the corresponding parameters obtained from the quasi-stationary shock

wave solution in panel A.

Fig#5-Energy partitioning across the termination shock (TS3) in the cold electron
case. (A) Kinetic (kin) and thermal (th) energy densities of thermal solar wind ions (SW)
and-pick=up ions (PUI), respectively, and the magnetic energy density (Mag) normalized
to the total upstream energy density. Note that the upstream thermal energy density of
PUL is higher than the kinetic energy density of SW. (B) Hydrodynamic energy fluxes of
SW and PUI, respectively, and the magnetic energy flux (Mag) normalized to the total
MHD-energy flux (Total). The energy drop in SW is compensated by the energy gain in

the PUI so that the total MHD energy is conserved.

Rig.-6.-Multi-fluid structure of Termination Shock crossing TS3 in the hot electron
case. (A) Quasi-stationary multi-fluid shock solution in the shock frame for a pick-up ion
abundance of 20%, a pick-up ion temperature of 13.4 MK, and a suprathermal electron
pressure of 0.0173 pPa. The vertical dashed lines mark the location of the thermal ion
shock:"There is no pick-up ion shock in this case, because the upstream solar wind is
subfast in the high-frequency fast mode due to the higher pick-up ion temperature. (B)
Observed and simulated termination shock crossings of TS3 in the same format as in Fig.

4B:
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Fig. 7. Energy partitioning across the termination shock (TS3) in the hot electron
case. (A) Kinetic (kin) and thermal (th) energy densities of thermal solar wind ions (SW),
pick-up ions (PUI), and electrons (e), respectively, and the magnetic energy density
(Mag) normalized to the total upstream energy density. Note that the downstream thermal
energy density of electrons is comparable to the downstream kinetic energy density of
SW. (B) Energy fluxes of SW, PUI, and electrons, respectively, and the magnetic energy
flux (Mag) normalized to the total MHD energy flux (Total). The energy drop in SW is
compensated by the energy gain in both the PUI and the electrons so that the total MHD

energy.is conserved.

Appendix A: Estimating the diffusion length scale of energetic ions at the
termination shock

We use three different methods to estimate the diffusion length scale of energetic ions
(0.028-3.5 MeV) observed by the LECP instrument on board VVoyager 2 in order to
determine whether the partial pressure of energetic ions should be included in the shock
adiabatic equation of the termination shock: (1) we use the cosmic ray diffusion model by
Zank et al. [1998] to obtain the theoretical prediction of the radial diffusion length scale
Arr 0F-energetic protons at 84 AU; (2) we extrapolate the empirical function of 4, for

anomalous cosmic rays derived from Pioneer 10, Voyager 1 and VVoyager 2 observations

42
This article is protected by copyright. All rights reserved.



[Fujii and McDonald, 2005] to the lower rigidities of energetic ions; and (3) we calculate
Arr fOr energetic ions from in situ VVoyager 2 differential intensity measurements at the
termination shock based on the method by Florinski et al. [2009].

Cosmic rays and energetic particles are tenuous compared to the background plasma
therefore.their mass and momentum densities can be neglected. Their transport in the
heliosphere is usually described as the diffusion of a massless fluid in the solar wind
plasma.The cosmic ray diffusion tensor consist of a parallel, a perpendicular and a drift

component [see e.g. Jokipii, 1966]:

x kx, 0
Kk="=x, x, 0 | (A-1)
0 0 K

where x; and x, describes diffusion along and perpendicular to the ambient magnetic
field, respectively, while the off-diagonal anti-symmetric element x, describes gradient
and-curvature drifts in the large-scale magnetic field. The radial diffusion coefficient in
the;heliosphere can be calculated as

K, =K cos” w+x sin’ y, (A-2)
wherewyris the winding angle of the Parker spiral heliospheric magnetic field [Parker,
1958]. The relevant quantity for the Voyager 2 termination shock crossing is the radial
diffusion length scale /,, that describes the spatial scale of the interaction between the
energetic particles and the background solar wind plasma. If A is much larger than the

wavelength of the oscilliton, the partial pressure of energetic ions can be neglected in the
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shock adiabatic equation of the subshock (discontinuity in the background plasma), but it
cannot be neglected on larger scale, i.e. in the foreshock region of the energetic-particle-
mediated shock, where it contributes to the gradual deceleration of the solar wind flow
[Florinski et al., 2009]. A, is related to the radial diffusion coefficient at a given energy
as follows:

A=3x,1v,, (A-3)
where v is the equivalent speed of a relativistic cosmic ray particle (or energetic ion) of a
given Kinetic energy. Zank et al. [1998] evaluated the parallel, perpendicular, and drift
components of the diffusion length scale, 4, 4,,and A,, respectively, for different solar
wind turbulence models as a function of rigidity (R) and radial distance from the Sun (r)
(see equations (4)-(6) in [Zank et al., 1998]). Rigidity is defined as the momentum (p) per
uniticharge (e) of the particle, and usually measured in MV or GV:

R=cpiZe, (A-4)
where Z is the charge state and c is the speed of light. The particle rigidity is related to the

particle.rest energy Eo, and its kinetic energy Ex through the expression

R=JE}+2EE,. (A-5)

This parameter is very convenient to analyze particle movement in the magnetic field due
to simple relations among particle rigidity, cyclotron frequency and gyroradius. Different
particles with the same rigidity follow identical paths in a given magnetic field. (In the

fellowing, we will make use of this property to estimate A_for protons from the observed
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A, of anomalous He" with the same rigidity.) Zank et al. [1998] concluded that A, is
dominated by A, throughout the heliosphere, except for the pick-up ion driven
turbulence, where 4, becomes comparable to 4, in the outer heliosphere. In this model,
A R in the inner heliosphere, and A oc R?in the outer heliosphere, while A, oc R* at
all radial distances. Consequently, 4_oc R* at the termination shock, which is due to the
rigidity dependence of A,. Using this scaling relation, we can estimate the A, of 0.028-
3.5 MeV protons at the termination shock from the A_of 100 MeV protons plotted in Fig.

1 of [Zank et al., 1998] for the case of non-driven turbulence:

1= % R? (A-6)

rr

where.the reference values of the rigidity and the radial diffusion length scale at 84 AU
are R, =445 MV and A4, ~2.5 AU. Equation (A-5) and (A-6) yields 4_ =9.9x10* km
for.0:028 MeV protons, 4_=1.2x10" km for 3.5 MeV protons, and A_=1.1x10° km for
the geometric mean energy of 0.313 MeV. Thus cosmic ray diffusion theory predicts a
radial diffusion length scale of the order of 10° km for the energetic ions observed by
LECP«This distance is an order of magnitude larger than the spatial scale of the oscilliton
wave.(=10° km) and two orders of magnitude larger than the pick-up ion gyroradius
(~10" km).

Another'way to determine A _ for energetic protons at the termination shock is to use

anemalous cosmic ray measurements at different energies and different radial distances
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in the heliosphere to derive an empirical A_(r, R) function, and extrapolate these results
to the lower rigidity of energetic protons. For this purpose we can use anomalous cosmic
ray particles different from protons, since A_ is the same for different particle species
with the same rigidity, as mentioned above. Fujii and McDonald [2005] analyzed
anomalous'He" observations from Pioneer 10, Voyager1, and Voyager 2 at radial
distances of 15.1 AU, 55 AU and 72 AU during the minima of solar cycles 20 and 22 in
the rigidity range from 0.5 to 3 GV. They estimated the radial gradient of differential
intensities (gr) from the measurements of the three spacecraft, and used the following
formulato calculate 4_ in three different energy channels (8.1 MeV/nucleon He', 15
MeV/nucleon He", 42 MeV/nucleon He):

A.=3Cv, /vg, (A-7)
where C is the Compton-Getting factor given by

L) (A-8)

30InR
with f'=.J/R*and v, being the solar wind speed [Cummings and Stone, 2001]. Then
they fitted a A oc R™#™ scaling function to the observations, where a; and a; are the

scaling exponents of the rigidity and the radial distance, respectively, and obtained the

following empirical formula:

}‘” — (1 .4i0.9) . 10*2R1.610.]r1.410.2 ] (A_9)
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Inserting the rigidity of 0.028-3.5 MeV protons (7.25-81.1 MV) and the radial distance of
84 AU to equation (A-9), we get 4_=3.9x10°km for 0.028 MeV protons, A, =1.9x10’
km for 3.5 MeV protons, and 4 _ =2.7x10° km for 0.313 MeV protons. Note that this
distance is comparable to the 4_ predicted by the cosmic ray diffusion model of Zank et
al., [1998]. Thus the extrapolation of anomalous cosmic ray diffusion length scales to
lower rigidities is consistent with the theoretical prediction.

Finally, we estimate A for energetic protons at the termination shock from in situ
VVoyager 2 measurements of 0.028-3.5 MeV protons. Florinski et al. [2009] determined
ke from the observed differential intensities in the energy channels 0.99-2.14 MeV and
2.14-3.50 MeV, assuming a steady-state termination shock that is not moving in the
inertial frame of reference, so that the time series of VVoyager 2 can be readily converted
into radial intensity profiles. They fitted a linear function to the logarithm of the observed
differential intensity: log.J(¢) = a+ bt with the parameters a and b, where t is the time, and
calculated the radial diffusion coefficient from the following equation assuming a steady-
statesdiffusion solution and a constant solar wind speed of 350 km/s:

K, = ﬂ (A-10)
bln(10)

where V. is the radial speed of the VVoyager 2 spacecraft. They obtained «, =10%

cm?/s for energetic protons between 1MeV and 3.5 MeV. Inserting this value into the

definition of A_(equation (A-3)) we arrive at a third estimate of A_for energetic protons
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at the termination shock, namely A_ =1.6x10° km, which is in close agreement with the

other two estimates. We acknowledge that all three methods have weaknesses due to the
assumptions inherent in the given method. However, it is remarkable that they give
approximately the same result. This strongly suggests that the diffusion length scale of
0.028-3:5-MeV energetic protons at the termination shock must be of the order of 10° km,
which is one order of magnitude larger than the length scale of the nonlinear oscilliton
wave and two orders of magnitude larger than the gyroradius of pick-up ions. Thus we
justifiedithat the partial pressure of energetic ions can be excluded from the generalized
Rankine-Hugoniot jump conditions at the shock ramp of the thermal ion shock, which is,
by the way, one of the underlying assumptions in the energetic-particle-mediated
termination shock model by Florinski et al. [2009]. Nevertheless, the diffusion of
energetic ions remains important on spatial scales much larger than 10° km, and cannot
be excluded from large-scale termination shock models that include the pre-shock

deceleration region.

Appendix B: Derivation of the phase velocity of solitons and oscillitons

In the following we will derive the solution of the linear wave dispersion relation for a
plasmaconsisting of thermal ions, pick-up ions and electrons, using the upstream plasma
parameters at the VVoyager 2 termination shock crossing (TS3). The aim is to show that

the‘trailing wave train observed by VVoyager 2 downstream of the termination shock is a
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quasi-stationary wave structure, also known as oscilliton. This derivation is to obtain the

wave number k as a function of the phase velocity Vo in order to determine the phase

velocity of quasi-stationary modes, solitons and oscillitons. Note that this will give only
the initial linear state of the soliton or oscilliton. The nonlinear growth rate and the full
analytical solution of the oscilliton can be obtained from the nonlinear Korteweg —de
Vries equation of dispersive Eulerian fluids [Biskamp, 1973; Hoefer, 2014]. The growth-
rate of the nonlinear low-frequency fast mode in a three-fluid model has been derived
analytically by Toida and Aota [2013], and it has been shown that the low-frequency fast
mode-has a maximum amplitude. For the sake of completeness we also derive the general
multi-fluid dispersion relation for perpendicular waves from the linearized continuity and
momentum equations, which was not included in [Toida and Aota, 2013]. We start from

the'general dispersion relation, see e.g. in [Baumjohann and Treumann, 1996],

Det[kziz [E —i]+1\7[(a), k)}= 0, (B-1)
@ \k

where M is the dielectric tensor, which depends on the given plasma model, 1 is the unit
tensor, and c is the speed of light. We can choose a coordinate system where the ambient

magpnetic field is along the z axis, B, =Bz, and k,=0. In this case

kJ_ kJZ_ 0 hkj_
k=| 0 |andkk=| 0 0 0 | (B-2)
Iql kIIkJ- 0 Iqlz
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For perpendicular wave propagation, & =0, and the dispersion relation reduces to

| 000 0|
Detl == 0 -1 0 [+M(ek)|=0 (B-3)
@
0 0 -1

Wederive-the dielectric tensor M from the linearized continuity and momentum

equations of thermal solar wind protons (SW), pick-up ions (PUI) and electrons (e):

on,

w5 Vn)=0. (B4
ov,

mjnjaijnj(E+vao)—ij, (B-5)

where-m; n, v, g, and p are mass, number density, velocity, charge, and thermal pressure
of particle species j, which stands for the subscripts SW, PUI, and e. E is the electric field
and-B,_is the unperturbed magnetic field along the z axis. Assuming plane-wave type
linear perturbation A,(x,#)=4,(k, @)expli(kx —ax)] propagating in the x direction, we

get the linearized continuity equation

—ioon,+ iny kv, =0, (B-6)
where“index 1 and 0 denotes perturbed and unperturbed variables. Here we assumed that
there.is.no slippage in bulk velocity between the particle species, i.e.voj =0 in the

plasma frame. For perpendicular wave propagation, the linearized momentum equation in

terms of the x, y, and z components becomes
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) 4q; q; i
—iaw,,; =—’EH+—JVMBO _ _ikp, , (B-7)
m, m; mn,
. 4 . 4
_lwvlyj = m_JEly - m_JlejBn’ (B'S)
i il
—iv ;= ﬁElz ; (B-9)
m

J

where-we assumed that the background electric field is zero, E, =0. Our approach is to
find.a relationship between the velocities and the electric field in the form of f,jvlj =K,

where f,j(k,a;) is a complex tensor. Solving for the velocities of each particle species,

which yields the relationship

we can obtain the current density as J, =znﬂjqjvlj :

I

J, =6E,, where &is the conductivity tensor. From the conductivity tensor &, we obtain
the susceptibility tensor 7, and finally the dielectric tensor M, using the standard

definitions. Then we insert M into equation (B-3) to obtain the three-fluid dispersion

relation for perpendicular waves.

Assuming adiabatic pressure perturbations for low-frequency waves, we can relate the

change of pressure to the change of density through the following equation:

=mcet L, (B-10)
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ﬂ}’.P ;
where ¢, = |—— *_is the sound speed in fluid j, and 7, is the adiabatic index of fluid j.
mjnoj

The linearized form of equation (B-10) is

—i@p=—ion, m jcf . (B-11)

Combining equations (B-6) and (B-11), we obtain the pressure perturbation in terms of

the velocity
m.n, kc’
D= %lej' (B-12)

Substituting equation (B-12) into equation (B-7), we find the relation between the

velocities and the electric field f,jvlj =E, from equations (B-7)-( B-9) with

[—ia)mj +im.klc;J ﬂ 0

7

q; q;
-~ Qm. —i )
= 2y o o | (B-13)
q, q,
0 0 —iom j
q;
_ quo

where Q, is the gyrofrequency of particle species j. Here we use €3 with

m;
negative sign, because of the negative charge of electrons. Now we calculate the current

density perturbation as
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J, =Z”o,qji}lE1 =gE,, where the conductivity tensor is
i

_iz

I

2
272 2 2
m(c;k"+Q; —o")

1y, q;€2

J

=2

J

Qs

nrwj(c:;)‘c2 +Q§ -o*)

0

2

I

n, jq}Q

]
272 2 2
m(c;k” +Q —»")

nnjq_;z' (c_?kl - mz)

i

I

mja)(c;k2 +Q§. -o*)

0

I—Z nﬂjqj

J

2

mja)

(B-14)

From the conductivity tensor, we obtain the susceptibility tensor through the relation

TR ~

F=—36,
lc"0
o’ 2> Q.
Z 272 MZ 2 iz 2 ZH _; 2 0
LGk Qo T o(ck +Q —0”)
@’ Q. O (o
x= _iz 2 z J; 2 _Z 2 Mz(zJ 2 )2 ' (B-15)
P a)(cjk2+Qj—aJ ) L o (k" + —w”)
2
.
0 0 >
P
n,4q-
where @, = %71 s the plasma frequency of particle species j, and &, is the
Egm,

permittivity of free space. Finally, we use the definition M=i+jr to obtain the dielectric

tensor-of warm multi-fluid plasma
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@, @’ Q.
1+ fi] (2]
zj“c’.l‘c2 +O -0’ z“a)(czkz +0 — @)
~ . QY @’ (K’ — @)
M= —i iz 1- LA B-16
Za)(czk2 +Q— ) gaf(c}lﬁ +Q ) (B-16)
@’
0 0 1—Z;f
L j -

Substituting the dielectric tensor to equation (B-3), we arrive at the dispersion relation of

warm multi-fluid plasma for perpendicular wave propagation:

o’ @ (kK- K @’ Q). i
1 pii 1_ F2 ] _ .
[+§cfk2+ni—w2][ D H?axcfkm:—wz)} g

(B-17)
We-can show that at the low-frequency (and low-wavenumber) limit,
1< @y | (B-18)
R |
provided that
CZ
I<<) B =H 11 :—:—2, Le. ¥V, <<c, B-19
Z P ZEBZ A AR (B-19)

54
This article is protected by copyright. All rights reserved.



where ¥, is the Alfvén speed in the compound system and g, is the permeability of free

Y

space. At the termination shock 4 = 30km/s, which is much less then the speed of light.

Thus from equation (B-17), we obtain the following dispersion relation for perpendicular

magnetosonic waves

a)sz. 2 - (& —h?) o
(] —| & fe 7 i =0. (B-20
R e Tk

i i
In case of three fluids, i.e. pickup ions, thermal solar wind ions and electrons, equation

(B-20) yields a second order polynomial equation for g* as given in [Toida nad Aota,

20138}
A, (Do - A (H)e’ +4,(k)=0, (B-21)

where

A, =Zw§][c2k2 +ij} (B-22)

I

A ={Za)_§jZQ;2 —Za); ;2][c2k2 +Z“’;‘J_ [, pin @ (20 —QS,,,)2 +
; J

Py @ (U —€2,) + 0200 (2, ~ ),

% sy 2 22 2 2 2 272 2
Ay = (@S2 % + 0 7O, + 7 Y W){c k +ng]_
7

[w;wa;SWQZZ (QPUI _QSW)Z + w;swwieg!?w (QSW' _Qe )2 + w;ewﬁpwgzgv (Qe _me)z]n
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(B-24)

and
¥ 2
Q= +kc!. (B-25)
: . B eB
In the-above equations, the electron gyrofrequency is Q =222¢=—-"2=—_Q) |, where e
me me

is the elementary charge. Solving the dispersion relation (B-21) for e, we find the
frequencies for the high-frequency fast mode or pick-up ion fast mode (Fpy;) and the low-
frequency fast mode or thermal solar wind ion fast mode (Fsw):

2
. \/A,+JA1 4,4, ©26)

24,

Al Alz IAon
P —— . B-27
SW \/ ? lz ( )

These are the frequencies of the two linear plane waves in the three-fluid solar wind

plasma.comprising thermal ions, pick-up ions and electrons. The phase velocities of Fpy,

and'ksw can be calculated as w”;‘” and wTS”’ respectively, which are plotted in Fig. 1A.

To get the phase velocity of the quasi-stationary wave solutions, i.e. solitons and

oscillitons, we need to solve equation (B-21) for k as a function of the phase velocity
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V,, =— [Sauer et al., 2001, 2003; Dubinin et al., 2006]. Substituting the phase velocity

(1))
k
into equation (B-21), we can rewrite the linear dispersion relation as

KAV, — ARV, + 4, (k)= 0 (B-28)

Inserting equations (B-22)-(B-25) into equation (B-28) and collecting the powers of k, we

get a.sixth-order polynomial equation for k:

B3(Vph)k6 +JE5’2(V},,,,)k4 +B,(V},,,,)k2 +B,=0. (B-29)
This.is.a.cubic equation for z=k*

Bg,(V},,k)z3 +BZ(VP,,)z2 +B,(V,,)z+B,=0, (B-30)

which can be solved analytically, as follows. If the discriminant Ais positive, the cubic

equation:(B-30) has three distinct real roots, z,z,, and z;, where
A=185.B,B B, —4B}B0 +B§B’12 —4B3Ii3 —27B§B§. (B-31)

If Aiszero, multiple roots exist. The solutions of equation (B-30) are

4
zlz_L Bz+u1C+i , (B-32)
3B, \ ulC
1 A
7, m— Bz+u2C+—°J, (B-33)
3 3\ uzc
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A
=——| B, +u,C+—2|,
= [ Borues ]

_—1+iJ§

where =1, u, = 5 u,

2

. i/A1+1/A12—4Af,

A, =B!L3B.B,

and

A, =2B’—9B.B.B +21BB,

Finally we find the six solutions k=k(V,,):

1-i/3

2

(B-34)

(B-35)

(B-36)

(B-37)

b=z by, =2, k= [z, k,=—\[7,, ky=—fz,,and k;=—[z,.  (B-38)

Thereal-and imaginary parts of k,, k,, and k; are plotted in Figure 2 for the upstream

conditions at the termination shock crossing TS3.

If the k=£i(V,) solution of the linear dispersion relation D(e,k)=0 is real, the

wave mode is a linear wave. If the solution is imaginary, the wave mode is a soliton. If

the solution is complex, the wave mode is an oscilliton. Two complex solutions are found

at the-phase velocities of Us, and cpui, where U, =l +V7 is the fast magnetosonic

speed of the total fluid with c; and Va being the sound and Alfvén speeds in the total fluid
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and cpy is the sound speed in the pick-up ion fluid. The linear wave analysis presented
here gives only the quasi-linear solution of solitons and oscillitons. We obtain the fully
nonlinear oscilliton solution by solving the three-fluid MHD equations (Equations (1)-
(5)) numerically in our shock tube simulation, which results in a nonlinear quasi-
stationary.shock wave that appears as a standing wave train downstream of the

termination shock.

Appendix C: Calculation of the partial pressure of energetic electrons

We calculated the partial pressure of energetic electrons just upstream of the termination
shock from the observed differential intensities of the LECP instrument in the energy

range 0.022-1.5 MeV.

The pressure is defined as the rate of momentum transfer in a given direction through a
unit.area per unit time. Assuming isotropic pressure, the momentum is randomly

distributed in 3 dimensions, so the pressure is given by
1
P= 5 T n(E)p(EY(E)dE, (C-1)
0

where n(E)dE is the number of particles between E and E+dE in a unit volume of the
plasma;p is the magnitude of the momentum, and v is the speed associated with the
kinetic.energy E of the particle. From Equation (C-1) we get the partial pressure of

energetic electrons within dE at E:
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dP = n(EYy, (Eymy* (E)E, (c2)

where mq is the rest mass of electron and the Lorentz factor yLis defined as

ny J (C'3)

where c is the speed of light.

The differential intensity j is defined as

j(iEy="REME) (C-4)
A

Combining (C-2) and (C-4), we express the partial pressure in terms of the differential

intensity:

47z .
dP === J(EY, (Eymon(E)dE. (C-5)
Fora finite energy channel the partial pressure can be calculated as

4z
PER)= = J(E )1, (Ey g E, )(E2ET), (C-6)
where E; and E; are the lower and upper cutoff energies of the channel and E, is the

geometric mean energy E_=/E,E, . Finally the sum of the partial pressures of all

channels gives the pressure of the LECP energetic electrons.
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The number of electrons between E and E+dE in a unit volume of the plasma can be

obtained from equation (C-4):

w(E)E = j(E)-Y_dK; (C-7)
wE)

which-gives the number density in a finite energy channel

47
E)=ji(E )——(£,—-FE). (C-8)
(L, )= j( )v(Em)( )
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