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Abstract

A thorough understanding of quantum gravity is one of the greatest challenges of modern
theoretical physics, given the incompatibility of general relativity and quantum mechanics.
In order to address this challenge many physicists compute quantum corrections to classi-
cal gravitational backgrounds as means towards a full quantum description of gravitational
phenomena.

In this work we focus on developing efficient techniques to compute such quantum cor-
rections. The standard techniques in the literature can be quite involved since they include
contributions from unphysical field components that decouple and do not affect the final
result. We propose a novel streamlined method in which the quantum corrections at one
loop are computed exclusively from physical states.

A key element of our method is the identification of states called boundary modes. These
states are pure gauge configurations with non-normalizable gauge parameters, a subtlety
that renders them physical albeit pure gauge. Boundary modes are a central element of our
method due to their non-trivial nature and since we choose to work exclusively with physical
states.

We analyze the characteristics of these boundary modes in detail and use the proposed
method to compute logarithmic corrections to extremal four dimensional black holes with
N > 2 supersymmetries, as well as logarithmic corrections to supergravity in AdS, x S2.

We then use our new method to compute the one loop divergence of N/ = 8 supergravity

in AdS;. We show that the divergence is topological in nature and is due to the presence of

X



boundary modes in the supergravity theory.



Chapter 1

Introduction.

One of the greatest challenges of modern theoretical physics is finding a microscopic un-
derstanding of black hole entropy. In order to achieve that goal one needs a theoretical
framework that accurately encompasses quantum mechanics and general relativity. String
theory satisfies that requirement, providing a consistent description of quantum gravity; sig-
nificant progress has been made since its inception and particularly since the advent of the
AdS/CFT correspondence [1].

The goal of this work is to develop tools and techniques to obtain concrete results and
increase efficiency in the study of quantum corrections to black hole entropy and supergravity.
We study a novel quasi on-shell method to compute logarithmic corrections to black hole
entropy, applying it first to extremal black holes with AdS, x S? near horizon geometry and
N > 2 supersymmetry, then later to N’ = 8 supergravity on AdS,.

In this chapter we discuss some of the highlights of our results, as well as the motivations

that inspired us in the first place.

1.1 Black Hole Thermodynamics.

Black hole thermodynamics stands out as an interesting research direction since classical

intuition at times contradicts established results in physics. As an example and to motivate



our discussion, let us remark that classically a black hole is completely determined by its
mass, charge, and angular momentum, irrespective of the various possible configurations
of the object that collapsed in the black hole. Put differently, two black holes with the
same parameters are completely identical, irrespective of any differences between the original
collapsing objects.

In this context a black hole would have only one internal configuration—the degeneracy
of states of a black hole would be unity—and given our modern understanding of statistical
mechanics the entropy of a black hole would then vanish: S ~1In1 = 0.

This conclusion is however problematic. One can devise a thought experiment in which
a closed system consisting of a black hole and some surrounding matter is constructed. As
matter falls into the event horizon, it carries its associated entropy into the black hole. If
black holes had zero entropy, then the total entropy of such closed system would diminish,
violating the second law of thermodynamics.

Thus, the classical description of black holes is not enough to address their thermodynam-
ical properties. Motivated by contradictions such as the one above, the study of black hole
entropy has been under the attention of theoretical physicists since the early 1970’s, when
Hawking, Bardeen, and Carter [2] proposed the laws of black hole mechanics. In summary,

they are:

e Zeroth Law: The surface gravity « of a stationary black hole is constant over the

horizon surface.

e First Law: Perturbations around a black hole solution satisfy

dM = SEdAHor + QdJ + ®dQ, (1.1.1)
T

where M is the mass of the black hole, x is its surface gravity, Ay, the area of the
horizon, 2 and J are angular velocity and momentum, ® and () are electric potential

and charge.



e Second Law: The area A of the event horizon of a black hole does not decrease with

time.

e Third Law: It is impossible to reduce the surface gravity s of a black hole to zero by

a finite amount of processes.

The similarity of these laws to the laws of thermodynamics led Hawking, Bardeen, Carter
and Bekenstein to bridge between both fields. This similarity implies a fundamental iden-
tification of black hole parameters with thermodynamic quantities. In particular and most
relevant to this dissertation, the area of the event horizon is identified with the entropy of

the black hole. This identification was made by Bekenstein and Hawking! [3]:

(1.1.2)

The existence of nonzero entropy for a black hole implies the existence of an associated

temperature of the event horizon, given by % = g—g. This associated temperature is named
after Hawking, and given by

Ty = — (1.1.3)

where we see that the surface gravity of the black hole x plays the role of temperature.
Comparison of the laws of thermodynamics with the laws of black hole thermodynamics
tells us that this identification is expected, since the T'dS term in the first law is identified
with the kdA term in the black hole first law. The existence of a nonzero temperature on its
own turn implies that black holes emit black body radiation, which contradicts the classical
intuition that nothing is emitted by a black hole. The study of black hole thermodynamics
is indeed an intriguing research topic.

Hawking [4] addressed the existence of a horizon temperature by considering quantum

effects. He argued that whenever particle-antiparticle pairs are created in the vicinity of

"'We use Planck units in this dissertation, defined as ¢ = G = h = kg = 1. In MKS units this formula

3
reads Sgg = kgg %.




a black hole it is possible for one of the pair constituents to escape and be measured as
outgoing radiation with temperature Ty = 5=. In light of such results, one concludes that
the classical description definitely does not explain the thermodynamic properties of black
holes, and that the inclusion of quantum effects is a direction worth exploring.

The motivating question is then whether a consistent theory of quantum gravity could

correctly predict the degeneracies of black hole microstates, and consequently black hole

entropy.

1.2 Quantum Descriptions And The Quantum Entropy
Function.

The advent of string theory motivated researchers to use it as a tool to develop quantum
descriptions of black hole entropy. Great progress was made in the late 90’s when Strominger
and Vafa [5] studied a class of five dimensional black holes with four supersymmetries arising
from compactification of a string theory around a five dimensional manifold?. They showed
that black hole entropy could be described microscopically by counting the degeneracies of
objects such as fundamental strings and D-branes carrying the same charges of the black hole,
and that in the limit of large charges the microscopic counting agrees with the Bekenstein-
Hawking formula.

Two important features of the black holes in [5] are extremality and the presence of super-
symmetry. A black hole is said to be extremal when it has vanishing Hawking temperature.
These solutions are then stable under Hawking radiation, in the sense that the black holes
will not evaporate.

A black hole solution that is invariant under a supercharge is called a BPS state. The
importance of supersymmetry for our purposes lies in that a representation of the super-

symmetry algebra that is BPS has a smaller dimension when compared to a non-BPS rep-

2Type II string theory on K3 x S or heterotic string theory on 7.



resentation, and the difference is finite. As an example, in four dimensions with N/ = 2
supersymmetries, a BPS representation has four states while a non-BPS representation has
sixteen states. This means that one cannot continuously vary the parameters of a BPS so-
lution to violate supersymmetry invariance since this variation would be associated with a
discontinuous variation in number of states. The upshot is that BPS solutions are protected
against quantum fluctuations.

These two features are important to the computation of Strominger and Vafa since they
guarantee that the parameters retain their values even when quantum effects are considered.
Having a class of black holes with parameters protected from quantum fluctuations was a
key step in the understanding of their degeneracies in terms of stringy objects. The micro-
scopic description of black hole entropy provided by Strominger and Vafa was an important
milestone in the development of the AdS/CFT correspondence [1], proposed two years later.

Inspired by AdS/CFT, Ashoke Sen addressed the problem of generalizing Wald’s entropy
to include quantum effects by proposing the quantum entropy function formalism [6]. The
formalism consists of focusing on extremal black holes with horizon geometries of the form
AdS, x M, where M is a compact manifold, and analyzing the string theoretical partition
function around the given black hole geometry. Since the geometry contains an AdS, factor
by assumption, the partition function is generally divergent due to the infinite volume of
AdS but this divergence can be regularized by addition of suitable boundary counter terms.
The finite part of the string theory partition function is then identified with the black hole

microstate degeneracy®. Schematically, we have

_Wren —

Zren =€ microstates; (121)

SBH =In dmicrostates = _Wren-

Here Z,., is the renormalized partition function, W, is the renormalized part of the effective

30ne is accustomed to approach this kind of partition function in the saddle point approximation; Sen’s
statement is that the partition function is exactly the degeneracy of states.



action, dpicrostates 1S the degeneracy of microstates and Sgy is the entropy of the black hole
in question.
We will work with Sen’s quantum entropy function all throughout this dissertation, in

the one loop regime to be described next.

1.3 One Loop Determinants And The Heat Kernel.

In this work we will concern ourselves entirely with one loop corrections. The one loop
approximation involves the expansion of the Lagrangian £(¢) of the system up to quadratic
order in fluctuations d¢ around some background value ¢, where ¢ is representative of all

possible fields. In this setting the Euclidean path integral (1.2.1) takes a Gaussian form:

1

Vdet A(g)

This is the first set of quantum corrections one computes, with the advantage of easy eval-

eV — / Dl5gle M@ — (13.1)

uation of the path integral since it has Gaussian form. In our example (1.3.1), A(¢) is a
kinetic operator such as —V? + m? that could a priori depend on the background values ¢.

The one loop determinant det A can be written as a product over the spectrum of A,
detA:H/\Z-:H/V:llndetAzlzmAi. (1.3.2)
i 2 245

We regularize the sum over eigenvalues using the heat kernel method. Given the eigenfunc-

tions of A, one can write the modified Green’s function

K(z,2';s) = Ze*s&' filx) fr(a), (1.3.3)



which satisfies the heat equation*
(0s + Ay) K(x,2';8) = 0; (1.3.4)

hence the reference to heat. The heat kernel parameter s has units of length squared. One
can remove the dependence on the eigenfunctions by taking x = 2/, integrating over the
manifold of interest, and using the normalization of the eigenfunctions f;(x). The resulting

function of s will be referred by us as the heat kernel D(s),
D(s) = /de K(z,x;8) = 26_5)"'. (1.3.5)

D(s) is an object of interest for us because the one loop determinant (1.3.2) is then expressed

as

1 1 [ D(s
W:igjlmi:—g/@ ds i), (1.3.6)
where € is a UV regulator with dimensions of length, added by hand since the integral (1.3.6)
diverges at small s. This relation is vital to our work since W is the input in Sen’s quantum
entropy function and since D(s) is an object we can compute. Recalling that \; is the
spectrum of the kinetic operator A, one can compute the one loop effective action W and

thus one loop corrections to black hole entropy given knowledge of the spectrum of fields

living around the black hole geometry.

4The Green’s function is subject to the boundary condition K (x,2';s = 0) = §(x — 2'), a consequence of
the orthonormality of the eigenfunctions f;(x).



1.4 Logarithmic Corrections to Black Hole Entropy.

We are interested in finding corrections to the Bekenstein-Hawking area formula within our

one loop approximation,

o AHor

5=

+alnAHor+6+7

1.4.1
AHor i ( )

In this large area expansion the coefficients «a, 3, depend on the parameters of the black
hole and the matter content; we shall focus on the logarithmic piece. To understand that
recall that we have an expression for the effective action W that is computable from the
spectrum of fields in a given geometry. With that expression in hand, one computes the

trace of the energy momentum tensor,

e 2, OW

a . 1.4.2
I /_gg (59#1/ ( )

The trace of the energy momentum tensor will have have a divergent piece and a renormalized
piece, in analogy with the effective action:

T#

w,tot

=T + T

w,div p,ren”

(1.4.3)

Here T ;7 divs T ren are computed from Wiy, Wien in analogy with (1.4.2). The renormalized
part of the effective action is the input in Sen’s quantum entropy function, which is of great
interest to us. The heat kernel D(s) can be expanded in a power series of s around s = 0

yielding three kinds of contribution,

D(s) = singular terms + Dy + O(s). (1.4.4)



The constant term Dy produces a logarithmically divergent contribution to W,
1 2
Wdiv ~ §D0 In €”. (145)

If we momentarily assume classical scale invariance, then T}, = 0 and so

2 Wiy 2 MWaiy 1
TH -t o . — D
pren wdiv = T =29 5w T Nolalne? . Vol ¥

(1.4.6)

where Vol is the volume of the manifold, which for AdS geometries is a priori divergent. In
this situation one works with the regularized volume. At this point we can lift the assumption
of classical scale invariance, keeping in mind that non scale invariant theories will additionally
have a classical non anomalous contribution to the trace of the energy momentum tensor.
The quantum entropy function formalism tells us that S = —W,, for the class of black

holes in which we are interested, and the logarithmic dependence of the entropy is determined

by

) _GWren_ 1/
Oln Ay  Olna®2 2

1
dNaTh . = —5Do. (1.4.7)

,ren

Here, a is a physical scale, such as the radius of AdS space. The dependence on the physical
scale Ina has the opposite sign from that of the regulator €. The result for the logarithmic

correction to the entropy is therefore

1
0S = §D0 In AHor' (148)

The upshot is that among the corrections to the Bekenstein-Hawking entropy formula, the
logarithmic contribution deserves special attention since it can be computed in the low en-
ergy theory near the black hole horizon. It provides a good test for microscopic descriptions
of black holes as well as guidance whenever no such descriptions exist. The evaluation of
such corrections was outlined above and is a priori straightforward—one computes quadratic

fluctuations around a given background followed by evaluation of the functional determi-



nants.
Inspired by this rationale, the first goal of this dissertation is to improve on the compu-
tation of logarithmic corrections to the Bekenstein-Hawking formula by identifying the role

of each contribution and streamlining the computations.

1.5 Overview of Results.

We have outlined above the procedure for computing logarithmic corrections to black hole
entropy. This is a well known program spearheaded by Sen and collaborators, who have
published several papers in the area [6, 7, 8, 9, 10]. Although seemingly straightforward, the
computation can become quite involved due to the large collection of fields present and the
existence of non trivial couplings of the unphysical components of gauge fields and ghosts.
We use a vector field in flat space as an example to motivate our study. In four dimensions
a vector field A" has four components, one of which is pure gauge, one of which violates the
gauge condition®, and two physical components. In the old fashioned Gupta-Bleuler quanti-
zation one works in the small Hilbert space of physical states, while in BRST quantization
one accounts for all components but includes two ghosts in the path integral, the contribution

of which cancels the contributions of the unphysical components. Schematically,

4-2=2 (1.5.1)

phys-

In this context it is a matter of taste whether one takes the approach on the right hand
side of (1.5.1), with fewer pieces to be evaluated, or the one on the left hand side of (1.5.1)
where symmetries are explicit. However, if the matter content includes many more fields
with gauge symmetry, and importantly if all these extra unphysical components couple non

trivially to the physical parts, then taking the approach on the right of (1.5.1) seems not

We will refer to field configurations set to zero by a gauge condition as gauge violating since their
propagation violates the chosen gauge. At this point we are not specifying any gauge.

10



only advantageous but also intuitive.

As one progresses to curved spaces one learns that such an on-shell point of view is
not perfectly accurate. In fact, the cancellation between unphysical components and ghosts
leaves a remainder,

4—2=2,.+¢ (1.5.2)

This contribution ¢ is due to states we will call boundary modes. Boundary modes are

normalizable pure gauge configurations with non normalizable gauge parameters,

A, =V, with (1.5.3)

/yA#PdV < o0,

/ AAV = oo.

These configurations are not canceled by ghosts, since that would require non normalizable
ghosts; alternatively, when one is dividing the path integral by the gauge group, boundary
modes are not modded out since their gauge parameters are not in any gauge orbit of
the gauge group. Hence, boundary modes are physical, albeit formally pure gauge. Their
contribution to the path integral is essentially off shell since F},, = 0 for boundary mode
configurations.

In this dissertation we propose to study the role and behavior of boundary modes with
the objective of streamlining the evaluation of logarithmic corrections to the Bekenstein-
Hawking formula.

In chapter 2 we focus on four dimensional extremal black holes with AdS, x S? near
horizon geometry and N > 2 supersymmetries. We separate the matter content into N' = 2
supersymmetric multiplets, and compute the on shell spectrum of each field and their heat
kernels. We shortcut the diagonalization of mass matrices, obtaining the eigenvalues of each
field using group theory.

We then study the spectrum of boundary modes and compute their off shell contribution.

11



The final result agrees with the literature:

1
55 = E (23 - 11(N - 2) — Ny + TLH) hlAHor (154)
where N is the number of supersymmetries, ny,ny are the number of N' = 2 vector-

and hypermultiplets. The upshot is that one is indeed able to take a (quasi-) on shell
approach on the evaluation of quantum corrections to gravity, provided that the boundary
mode contributions are taken into account. Another important point is that all the off shell
information present in the one loop approximation is encoded by boundary modes.

This chapter is based on [11], written in collaboration with Cynthia Keeler and Finn
Larsen.

In chapter 3 we further elucidate the role of boundary modes in quantum corrections to
supergravity. We compute the entire off-shell spectrum of supergravity in AdS, x S?, from
the point of view of the effective AdS, theory after compactification. Then by classifying all
Kaluza-Klein towers of states into pure gauge, gauge violating, and physical, we check that
the cancellations between unphysical components are not perfect and that they indeed leave
boundary modes behind.

We identify boundary modes as harmonic modes of living in AdSs and address the incor-
rect notion sometimes found in the AdS/CFT literature that physical boundary states are
at the “end” of the physical Kaluza-Klein towers; in fact they are also not in the “end” of
the unphysical towers and there seems to be no simple accurate identification.

This chapter is based on [12], written in collaboration with Finn Larsen.

Supersymmetry is a key piece in our analysis of quantum corrections, partly because of
its role in the quantum entropy function formalism, but also because supersymmetry allows
us to classify fields nicely into supermultiplets. It is then natural that we extend our study of

quantum corrections to black hole entropy to more broadly encompass quantum corrections

12



to supergravity.

Supergravity rose to fame in part because supersymmetry alleviates the grave divergences
one finds in quantum gravity. Recently Bern, Davies, and Dennen showed that four dimen-
sional supergravity in flat space with N’ = 5 supersymmetries is ultraviolet finite up to four
loops [13]. It is still not clear what divergences exist for curved space supergravity, if there
are any [14, 15, 16, 17, 18, 19, 20]. However, several groups since the 1980’s have found that
in curved backgrounds—such as AdS—the vacuum amplitude diverges as early as one loop
21, 22, 23, 24, 25, 26].

This discussion on the presence of divergences in supergravity was fueled by the proposi-
tion of Duff and Nieuwenhuizen [27] that classically dual fields can have inequivalent quantum
descriptions, followed by almost immediate backlash by Siegel [28] claiming exactly the op-
posite, that classically dual fields have identical quantum descriptions. The (in)equivalence
of quantum descriptions fits in the discussion of the paragraph above as departures from
classical relations such as this proposed inequivalence are possible sources of divergences.

As an example of a classical duality, we look at a 2-form field B, and a scalar ¢, related

to each other in four dimensions by

3V[,uBZ/0'] = H/U/O’ = Eul/a)\v/\¢a (155)

where we represented the field strength of B,, as H,,,. Quantum inequivalence is the
statement that while the 2-form and the scalar are classically dual, their path integrals
differ.

Chapter 4 draws inspiration from the role of boundary modes on quantum corrections
to gravity to address quantum inequivalence. We compute the one loop divergence of the
massless multiplet in A/ = 8 supergravity on AdSy, finding a non vanishing a anomaly. This
non vanishing anomaly is a consequence of quantum inequivalence.

We identify inequivalences such as the one between scalars and 2-forms as being due to

13



boundary modes: for a pure gauge configuration B, = V|,A,}, the duality is trivial

Houpo =0 = €,,00V0, = ¢ = const., (1.5.6)

mapping boundary mode configurations into constant scalar states, which are non normaliz-
able in a non compact geometry. Thus, the classical duality doesn’t map the physical 2-form
boundary states into any physical scalar state. The conclusion is that quantum inequivalence
is not only a real effect, it is intimately connected to boundary modes as well.

An important consequence is that an observed divergence in supergravity is duality frame
dependent. By suitable dualization of an arbitrary number of 2-forms into scalar fields or
vice-versa, one can change such divergence. In fact, in the frame that arises naturally from
compactification of eleven dimensional N' = 1 supergravity around S”, with seven 2-forms
and one 3-form, there is no divergence.

We also address the topological nature of the inequivalence between 2-forms and scalars.
The resulting divergence, or equivalently the corresponding boundary mode contribution to
one loop effects, is proportional to the Euler invariant y of the manifold. This is one impor-
tant source of the disagreement regarding quantum inequivalence: if boundary conditions
such that y = 0 are chosen, then no inequivalence is present, and also no divergences are
observed in the supergravity theory.

This chapter is based on [29], written in collaboration with Finn Larsen.

In chapter 5 we extend the computation carried for the AdS,; massless multiplet to all
massive multiplets resulting from the Kaluza-Klein compactification of eleven dimensional
supergravity around S7, as well as studying the boundary modes that arise naturally from
the eleven dimensional theory.

This chapter is based on work in progress.
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Chapter 2

Logarithmic Corrections to N > 2

Black Hole Entropy.

2.1 DMotivation and Summary.

In this first chapter we present a novel approach in the computation of logarithmic corrections
to black hole entropy, to be detailed and extended in the following chapters. The compu-
tation of logarithmic corrections from the low energy theory is straightforward in principle
[30]: determine the quadratic fluctuations around the black hole background and then com-
pute the resulting functional determinant using standard techniques. However, in practice
these steps can be quite laborious. The theories of interest in string theory generally have
elaborate matter content that results in many distinct contributions to quantum corrections.
Gauge symmetries (including diffeomorphism invariance) further complicate the situation by
introducing ghost sectors that can be quite nontrivial. The logarithmic corrections to black
holes were developed in many recent works including [31, 32, 33, 34, 35].

The goal of this chapter is to present a simplified computation of logarithmic corrections
to black hole entropy. The streamlined procedure we present promotes transparency and

makes it realistic to address more complicated settings. In this chapter we limit ourselves
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to BPS black holes which have AdS; x S? near horizon geometry. In this context important

aspects of our strategy are these:

o The Spectrum of Chiral Primaries: a large number of interactions between different
fields generally leads to unwieldy matrices at intermediate stages of the computation.
We diagonalize the interactions by first computing the spectrum of chiral primaries.

This spectrum encodes all information about the interactions that is needed.

In order to highlight the origin of these simplifications in symmetry principles we give
a self-contained derivation of the black hole spectrum. Our method is indirect but
it is efficient and new to this context. Further, our independent computation of the

spectrum identifies several details that have previously been overlooked.

o Simplified Functional Determinants: we reduce the field content of the 4D theory to a
set of fields on AdS, and its boundary. The only functional determinants we need are
those for massless scalars and fermions in AdS,;. The additional data that is special
to each field we consider is encoded in a discrete sum over masses. This organization
of the computation represents a simplification because it does not require measures
and contours for continuous complex eigenvalues. We also do not need explicit wave

functions.

o Gauge-fizing and Ghosts: we compute quantum corrections by summing over contri-
butions from physical fields only. The unphysical sector comprising pure gauge modes,
longitudinal modes, and ghosts ultimately cancel in the physical quantities of inter-
est. We use an on-shell method where these quantities are not needed in intermediate

stages of the computation.

e Boundary Modes: gauge symmetries (including supersymmetry and diffeomorphism
invariance) give rise to physical modes that localize on the boundary. We determine
the quantum numbers of these modes by analyzing the action of the relevant symmetry.

Their contribution is then computed by treating them as 2D fields on the S2.
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The physical modes that contribute to the one-loop functional determinant are the 4D bulk
modes, the 2D boundary modes, and the 0D zero-modes. Adding the contributions together
our final result for logarithmic corrections to extremal black hole entropy in theories with

N > 2 SUSY becomes

1 1

This final result agrees perfectly with those reported by A. Sen and collaborators [36, 37, 7].

Some important special cases of the formula:

e The N = 4 theory. Such theories have ny = ny + 1 because one N' = 2 vector is part
of the N' = 4 supergravity multiplet while each N' = 4 matter multiplet is composed
of one N' = 2 vector and one N/ = 2 hyper. In this case the logarithmic correction

vanishes independently of the number of N' = 4 matter multiplets.

e The N = 6 theory: ny = 7 and ny = 4 so that the logarithmic correction is 65 =

—2log Ag.

e The N = 8 theory: ny = 15 and nyg = 10 so 6S = —4log Ag.

We evaluate the functional determinants using heat kernel techniques. In 4D the leading
term in the heat kernel is a double pole. These double poles cancel in each N' = 2 multiplet
by itself. This corresponds to vanishing cosmological constant in 4D and is due to the
degeneracy of bosons and fermions in the on-shell SUSY multiplets.

The simple pole in the heat kernel receives contributions from the 2D boundary modes
that are non-trivial since there is not the same number of bosonic and fermionic symmetries.
It also receives a contribution from mixing between the bulk modes. It is a consistency
check on our computations that the sum of these terms vanish for any theory with at least

N =4 [22]. For the more general theories we consider the coefficient of the pole in the heat
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kernel is non-trivial. This part of our result can be interpreted as the renormalization of the
gravitational coupling constant.

The logarithmic corrections to black hole entropy are encoded in the constant term
of the heat kernel so contributions from both bulk modes and boundary modes must be
computed with sufficient precision that the constant is determined. Additionally, there are
contributions from zero-modes.

The indirect methods we pursue in this chapter stress the origin of particle spectra in
symmetry but at times they leave room for suspicion. In the next chapter we will present
the explicit mode expansions that underpin the physical spectrum.

This chapter is organized as follows. In section 2.2 we determine the spectrum of chiral
primaries using an indirect argument that exploits symmetries. We resolve a discrepancy
with results reported in the literature. In section 2.3 we review the simple heat kernels we
need. We provide a self-contained presentation in order to highlight the complete absence
of advanced techniques. In section 2.4 we apply the heat kernels to the physical spectrum
determined in section 2.2. We thus compute the contribution to the heat kernel from all bulk
modes. In section 2.5 we discuss gauge symmetries and use them to determine the spectrum
of boundary modes. This yields an additional contribution to the heat kernel. In section
2.6 we briefly review the correction to the heat kernel due to zero-modes on the boundary.
Finally, in section 2.6.2 we add the various contibutions to the heat kernel and we discuss

the relation to trace anomalies. This gives the logarithmic correction to black hole entropy

(2.1.1).

2.2 Classical Modes.

The spectrum of the black hole is the set of quantum numbers for fluctuations around the
black hole background. In this section we use symmetry principles to determine the BPS

part of the spectrum.
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We consider a 4D theory with (at least) N' = 2 SUSY. We further focus on the near
horizon region of black holes that preserve at least some of the supersymmetry. This geometry
always takes the form AdS, x S?. The attractor mechanism ensures that gravity and the
graviphoton are the only fields turned on in the near horizon geometry of the black hole [38].

Fields in the AdS, x S% background are classified by the quantum numbers of the SL(2) x
SU(2) isometries. We are particularly interested in the lowest weight representations which
we denote by (h, 7). Here h is the lowest eigenvalue of the Ly generator of SL(2) and j refers
to the SU(2) representation. The (h, j) representation thus has degeneracy (2j + 1) from its
SU(2) representation and also an infinite tower of states with Ly values h,h + 1,h +2,.. ..
The BPS spectrum of the black hole is a list of the (h, j) that are realized by fluctuations in
the background.

The massless field content of a general theory with A/ > 2 SUSY can be decomposed into

a set of N' = 2 multiplets:

e A supergravity multiplet.

N —2 (massive) gravitino multiplets (because two of the A/ gravitinos are in the N' = 2

supergravity multiplet).
e ny vector multiplets.

e ny hyper multiplets.

2.2.1 Determination of BPS Spectra.

It is useful to organize the particle content of N/ = 2 multiplets according to their helicity
content. Suppose that the maximum helicity state in a given AN/ = 2 multiplet is \. Upon
action with one of the two SUSY generators we then find two states with helicity A — % and,
upon action with both of them, we find a single state with helicity A\ — 1. This universal

structure gives the helicity content of each A/ = 2 multiplet. This helicity content is presented
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Supergravity multiplet: A= +£2, + % x 2, +1.

Gravitino multiplet: A= +3, +£1x2, +1.

Vector multiplet: A= £1, £5x2,0x2,
Hyper multiplet: A= &+ % x 2, 0 x 4.

Table 2.1: Helicity content of N' = 2 multiplets.

in Table 2.1.  The notation x2 indicates a multiplicity of 2. In the first three kinds of
multiplets we included the CPT conjugate states with negative helicity as one must in field
theory realizations. The hypermultiplet was automatically CPT invariant but we double its
field content anyway. With this convention the hypermultiplet is a “full” hyper with 4 real
scalars and two Weyl spinors.

The field equations for quadratic fluctuations are linear. Moreover, we can introduce
global flavor symmetries unique to each type of N/ = 2 supermultiplet and this ensures
that there is no mixing between different types of N' = 2 supermultiplets. We can therefore
consider the supergravity multiplet, the (massive) gravitino multiplets, the vector multiplets,
and the hyper multiplets independently.

The expansion of four-dimensional fields in partial waves on S? gives an effective 2D
theory on AdS,. The SU(2) representations that appear are determined by the general
rules that govern Kaluza-Klein reduction on homogeneous spaces [39]. In the case of the
coset S? = SU(2)/U(1) the quantum number under U(1) can be identified with the helicity
A and the SU(2) representations that appear in the reduction are precisely those where A
appears in the decomposition of SU(2) with respect to U(1). Thus the allowed angular
momentum quantum numbers for a helicity mode A are j = |A|,|A| + 1,.... Starting from
the helicity content of the fields in Table 2.1 we can therefore present the SU(2) content
in terms of towers. This is in Table 2.2.  The BPS spectrum of the black hole amounts
to the specification of the value of the AdSy energy h for each of these SU(2) multiplets.
These energies depend on couplings between the fields. The simplification captured by the

enumeration in Table 2.2 is that these couplings respect the partial wave expansion: only

20



Supergravity multiplet: j = (k+2)x2, (k+32) x4, (k+1) x 2.
Gravitino multiplet: — j= (k+3)x2, (k+1) x4, (k+1)x2.
Vector multiplet: j= (k+1)x2, (k+31) x4, kx2.
Hyper multiplet: j= (k+ %) x4, k x 4.

Table 2.2: SU(2) content of N' = 2 multiplets. k =0,1,...

fields with the same j can mix.

The actual value of the AdS, energy h is determined by supersymmetry as follows. The
AdS; x S? geometry preserves the supergroup SU(2|1,1). This supergroup has 8 SUSY
charges, the same as the number in /' = 2 SUSY in four dimensions. These generators can
be represented in terms of two component spinors Q4 (A = 1,2) and their conjugates. The
corresponding charges all have quantum numbers h = 1/2 and j = 1/2. They transform
as doublets of the global SU(2) symmetry acting on the A = 1,2 index. We will suppress
reference to this global SU(2) in the following in order to avoid confusion with the SU(2)
rotation group. Since SUSY is preserved by the background, fluctuating fields must organize
themselves into supermultiplets after the mixing is taken into account. Starting from a
lowest weight state (h,j) a supermultiplet is obtained by acting with the supercharges that
function as creation operators.

The fields we consider will all be in chiral multiplets of the form

1 1
(/{,k),2(/§+§,k—5),(1{4—1,/{—1), (2.2.1)
with the possible values of k = %, 1, %, .... In the special case where k = % the SU(2)
quantum number j = —% of the final term in (2.2.1) should be interpreted as an empty

representation.
The chiral multiplets (2.2.1) are short multiplets. They are special in two (related) ways:
the lowest weight state has h = j and also the supercharges always act in a manner that

lowers the spin. A generic long representation would have four active supercharges so that
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the span of spins in a single multiplet would be two. Such representations are therefore too
large for our purpose.
There is a unique way to organize the fields with the SU(2) content in Table 2.2 into chiral

multiplets of the form (2.2.1). This gives the list of fields This is the complete spectrum of

Supergravity multiplet: — 2[(k+2,k+2), 2(k+ 2, k+32), (k+3,k+1)].
Gravitino multiplet: 20k + 3. k+2),2(k+2,k+1),(k+ 2,k + 1)
Vector multiplet: 20(k+1,k+1),2(k+ 3, k+ 1), (k+2,k).
Hyper multiplet: 20k + 5,k +3),2(k+ 1,k),(k+ 2,k —3)].

Table 2.3: N’ = 2 black hole spectrum. £ =0,1...

the black hole. In particular the spectrum is determined entirely by symmetries.

2.2.2 Explicit Computations.

The determination of the on-shell spectrum using symmetry constraints illuminates its group
theory origin. However, the indirect nature of the method may leave some conceptual unease.
It is therefore worthwhile to consider an alternative, the explicit diagonalization of the action
expanded to quadratic order. This approach was carried out over a decade ago for the case
of pure N' = 2 SUGRA [40] and for the maximally supersymmetric theory with N' = 8
SUSY [41, 42]. Combination of the final tables in these references yields towers of multiplets
that can be compared with our results in Table 2.3 that apply to the slightly more general
case where N' = 2 SUGRA is coupled to N’ — 2 (massive) gravitini multiplets, ny vector
multiplets, and ngy hypermultiplets. The results in the references agree precisely with Table
2.3 with one exception: all previous works report an additional chiral multiplet. In our
notation the additional states that were reported correspond to the extension of one of the
two supergravity multiplet towers in Table 2.3 to include the mode £ = —1. Thus the

primary states reported in [40, 41, 42], but absent from our analysis are

(1,1),2(5, 3). (2,0). (229
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It is instructive to find the origin of this discrepancy.
As a starting point for this specific purpose it is sufficient to consider 4D Einstein gravity

coupled to a U(1) gauge field

1 1
=— |RW _ZF,FY|. 2.2.
S T {R 4t ] (22:3)

We use 4D indices I,.J, ..., AdS, indices u,v,..., and S? indices «, 3,.... One solution to
this theory is the AdS; x S? geometry supported by the magnetic monopole F,5 = 2¢€,5.
With this normalization the AdS, and S? radii are both “1”. The Freund-Rubin reduction

on S? is realized by the 4D geometry:
ds? = Gudrtdx” + XdOZ, (2.2.4)

where g,,, and X are arbitrary functions of the 2D coordinates x#, ;1 = 1,2. The effective

2D Lagrangian becomes

1 2 X)?
xR® 42— 24 VAT (2.2.5)

e X 92X

The equations of motion are obtained upon variation of £y by the scalar X

2 (VX)2 1
(2 4, = o2y —
R + e + X2 XV X =0, (2.2.6)
and by the metric g,
XR® -1, RO Livxv,x -1y vx) 2.2.7
( /w_ﬁguv )“'ﬁ[ 2 v _§guV( )7] (2.2.7)
1

Recall that the Riemann tensor has just a single component in 2D so after contractions

R,(fy) = %gwfR@) identically for any 2D geometry, not just for symmetric geometries. The
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first term in (2.2.7) therefore vanishes identically. We write this term temporarily because
it reminds us that (2.2.7) is the Einstein equation while (2.2.6) is the equation of motion
for the 2D matter field X. As a check on (2.2.6) and (2.2.7) note that the AdS, geometry
satisfies these equations with R(® = —2 and X = 1. This corresponds to AdS, and S? radii
equal to “1”.

The Einstein equation (2.2.7) decomposes into the trace

1
X =201-= 2.2.
VIX =201 - 3, (228)
and (upon use of (2.2.8)) the traceless equation
1
(V.V, — §g,WVQ)\/X = 0. (2.2.9)

Taking (2.2.8) in isolation we find that small variations 6 X around the background X =1
satisfy a Klein-Gordon equation with m? = 2. In AdS, scalar excitations with this mass have
conformal weight h = 2. The excitations described by the Freund-Rubin compactification
(2.2.4) are spherically symmetric (j=0) so this mode would have quantum numbers (h, j) =
(2,0). Comparison with 2.2.2 shows that this is exactly the mode that the explicit analyses
recognize as physical but our indirect analysis does not. We will show that the discrepancy
is due to the constraints expressed by (2.2.9).

For perspective on the discrepancy recall the elementary counting of degrees of freedom.
Perturbative 2D gravity is described by the symmetric tensor dg,, = h,, with 3 components.
Diffeomorphisms d¢h,, = 0,§ + 0,§, impose equivalences that render two components of
h,. redundant. The equations of motion resulting from variations of those two components
further impose two constraints so the net number of degrees of freedom in pure 2D gravity
is -1. This awkward counting is special to 2D where it is indeed well known for theories such
as dilaton gravity (see eg [43]). It implies that the combination of 2D gravity (described by

h,,) and a scalar field (in the present context the 2D scalar field X) will have no degrees of
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freedom.

There are several known exceptions to this simple type of counting: there may be im-
portant quantum effects (captured by a class of matrix models) or there may be classical
degrees of freedom in less than 2D. In the present context there are indeed 1D boundary
states but they should not be confused with bulk degrees of freedom which is where we differ
from previously reported results.

To make the general discussion on the counting of degrees of freedom more explicit we

fix the gauge ¢.. = 1, g.; = 0 and so consider the 2D geometry in the form

ds* = —e*’dt? + dz?, (2.2.10)

where p = p(t, z) is an arbitrary function. In this gauge we can represent the background
AdS, as either just the Poincaré patch (with e = €2?) or global AdS, (with e?* = cosh? 2)
or as an AdS, black hole (with ¢*° = sinh?z). For any of these backgrounds the zz and

zt-components of (2.2.9) give

(0?2 —1)0X =0, (2.2.11)

.(e™™9,0X) = 0,

after linearization. The first equation was simplified using (2.2.8). These equations are
constraints on fluctuations 0.X. If 6X were a propagating field, we would be able to specify
0X and its time derivative 0,0 X for all z at an initial time and then use the equations of
motion to find 0.X at later times. The constraints (2.2.11) show that this is impossible: once
we have given 0. X and 0,0X for large z, initial conditions are specified for all z. Thus 6X is
in fact a boundary degree of freedom.

We have not yet analyzed the equation of motion (2.2.6) which relates the curvature R(?)
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to the scalar field X. The Ricci curvature of (2.2.10) is
R = —2¢7°0%", (2.2.12)
so (2.2.6) can be recast as
20X = V%X = —%m(?) — e (07 — 1)dp. (2.2.13)

This demonstrates that perturbations dp with 9?dp = 1 are independent degrees of freedom.

In summary, in this subsection we analyzed the spherically symmetric sector of gravity
comprising the 2D metric h,, and the scalar field X encoding the size of the S?. We find
that after taking gauge fixing and constraints into account the bulk theory has no physical

states but two boundary degrees of freedom remain.

2.2.3 Boundary Modes.

Table 2.3 enumerates all bulk modes of the black holes. In addition to these modes there
are boundary modes. The boundary modes are closely associated with gauge symmetries
of the theory. Each component of a gauge symmetry allows the removal of one component
field. Additionally, the equation of motion for the component thus removed ceases to be
dynamical: it becomes a constraint. As discussed in the previous subsection, constraints
limit the dynamics of the theory by restricting the independent initial data. In the context
of AdS, each constraint gives rise to one boundary mode.

We first consider the supergravity multiplet. The perturbation h;; of the 4D metric has
10 components. Diffeomorphisms d:hr; = 0:&; + 05§ are generated by the vector field &;
with 4 components. Thus the graviton has 6 components subject to 4 constraints. This yields
a net of 2 physical degrees of freedom in bulk, as it should. But in addition the boundary
data on the 4 constraints give rise to 4 boundary degrees of freedom. These boundary degrees

of freedom have the quantum numbers of the diffeomorphism generator &;. In particular,
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they have helicity content A = 41,0, 0.

A chiral gravitino ¥; has 6 components after the Rarita-Schwinger constraint v/ ¥; = 0 is
taken into account. After gauge fixing of local supersymmetry (generated by a chiral spinor
with two components) it has 4 components subject to two constraints. This yields a net of
two physical degrees of freedom but also two boundary degrees of freedom.

Finally, the graviphoton .A; has four components. The U(1) gauge symmetry removes one
component so three components remain which are subject to one constraint. This gives two
physical components for the graviton in bulk but also a single boundary degree of freedom.

Proceeding similarly for the (massive) gravitino multiplet and the vector multiplet, the
helicity content of all physical boundary modes can be found on Table 2.4.

The hyper multiplet is not mentioned since it does not have any gauge degrees of freedom
and therefore no boundary states. The helicity content in Table 2.4 in turn determines the

SU(2) content of the boundary modes, reported in Table 2.5.

Supergravity multiplet: A = +1,+5 x 2,0 x 3.
Gravitino multiplet: A= :I:%, 0 x 2.

Vector multiplet: A=0.

Table 2.4: Boundary mode helicity content.

Supergravity multiplet: 7= (k+1) x 2, (k+ %) X 4, k x 3.
Gravitino multiplet: j=(k+3)x2, kx2.

Vector multiplet: j=k.

Table 2.5: Boundary Mode SU(2) content. k =0,1,...

Our discussion of boundary states here focuses on gauge invariance. As such it is based
on the off-shell (un-physical) components of the various fields. The on-shell supersymmetry
realized by the fields we consider does not extend a simple way to these off-shell degrees of
freedom. In the absence of further data it is therefore not possible to compute the conformal

weights of these fields from superconformal invariance alone.
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Two of the three j = 0 fields in the supergravity multiplet are the dp and 6 X discussed
explicitly in the previous subsection. Similar computations for the remaining fields -detailed
in the next chapter- determine the full spectrum of boundary states. In section 2.5 we

determine spectrum of boundary states by exploiting symmetries.

2.3 The Heat Kernel Expansion: Elementary Exam-
ples.

This section reviews the basics of the heat kernel method [30, 44, 45]. We introduce notation

and also give elementary evaluations of the key examples that later will be generalized.

2.3.1 Functional Determinants and the Heat Kernel.

In this subsection we briefly review the role of the heat kernel method in the evaluation of
functional determinants presented in the Introduction, and direct it to our intended appli-
cations. One loop quantum corrections are encoded in Euclidean path integrals taking a

Gaussian form which we present schematically as

1
€_W = /DQb €_¢A¢ = m (231)

The kinetic operator generally includes a mass term A = —A +m?. We suppress the indices
on ¢ that enumerate components of the field such as those that incorporate Lorentz structure.

After UV regulation the effective action W becomes

2 S

1 1 1 [~  D(s)
W =S IndetA = §zijln)\,~ = —5/6 ds—==, (2.3.2)
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where {)\;} are the eigenvalues of A and the heat kernel

D(s) =Tr e} = Z e N, (2.3.3)
i
We use a notation where the eigenvalues \; are assumed discrete even though in practice
they may be continuous. Also, in cases where the fields are fermionic the determinant in
(2.3.1) should be in the numerator instead and then the contribution to the effective action
(2.3.2) will enter with the opposite sign.

The heat kernel terminology arises because it is often useful to express D(s) as
D(s) = /de K(x,x;s), (2.3.4)
where the Green’s function satisfies the heat equation
(05 + Ay) K(x,2';8) =0, (2.3.5)

with the boundary condition K(z,2';s) = d(x — 2’) at s = 0. The Green’s function can be

expanded on a complete basis as
K(z,a'ys) =Y e fi(x) f; (2), (2.3.6)

where {f;} are the normalized eigenfunctions of A with eigenvalues {)\;}. Inserting this
expansion in (2.3.4) and using the normalization condition we do indeed recover (2.3.3).

As an example, in flat space with D FEuclidean dimensions the eigenfunctions of the
ikx

kinetic operator are plane waves e’** and the eigenvalues are k% + m?. Expression (2.3.6)

becomes a Gaussian integral which upon integration gives the Green’s function

1 "2
Kpat(z,2';8) = (—) e~ (@) mms, (2.3.7)

47s
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Inserting this expression in (2.3.4) we find the heat kernel for a massless scalar field

Diac(s) = (%) Vol (2.3.8)

s

This expression gives the leading asymptotic behavior for small s (small distance) in any
geometry. A standard approach to curved space examples is to correct the flat space result
(2.3.8) perturbatively (see eg. [44]). This gives an expansion in small s with coefficients that

are scalars formed from the curvature. For example, for a minimally coupled scalar field

o (&)

Similar expansions apply to other fields.

Nlls]

82

360 (5R2 — 2R[JRIJ + QR[JKLRIJKL) + .. (239)

S
14+ -R
[+6 +

In our computations we will actually not employ the heat equation (2.3.5) and, related to
that, we will avoid the explicit eigenfunctions. Instead we will compute D(s) directly from
(2.3.3) by explicit summation over eigenvalues. In the homogeneous spaces we focus on the

corresponding heat kernel density is then given by
K(s) = —D(s). (2.3.10)

For a sphere S? with radius a the volume is simply Volg = 4mwa?. For AdS, the volume

diverges but it can be regulated near the boundary
Pmax
Vol = 27?@2/ dpsinh p = 27a®(cosh ppax — 1). (2.3.11)
0

In the context of AdS/CFT it is often appropriate to remove the cosh ppax by adding terms
that are intrinsic and local on the boundary. This gives Voly = (—2ra?) for the renormalized
volume of AdS,. We do not use this value since a positive volume makes it easier to track

signs for fermions and bosons. The dependence of the actual (regulated) volume (2.3.11)
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on a cut-off will anyway cancel in physical results so we can effectively take Vol, = +27ra?
when an explicit volume is needed.

Although our strategy is to compute D(s) using the sum (2.3.3) we will quote results in
terms of K(s) using the relation (2.3.10). This practice will facilitate comparison with the

literature.

2.3.2 The Scalar Field on S2.

The heat kernel on the two-sphere S? is of special importance to us since it will serve as the
building block for all our computations.

The determination of this heat kernel is particularly simple because the eigenvalue prob-
lem of the Laplacian on S? has been studied by all physics students since their first course
in quantum mechanics. The possible eigenvalues of —V? are [(I + 1) with each value of the
orbital angular momentum [ = 0,1, ... appearing with degeneracy 2/ 4+ 1 corresponding to
the possible azimuthal quantum numbers m = —[,...,l. The corresponding eigenfunctions
are the spherical harmonics Y},,,. These basic facts immediately give the heat kernel (density)

for a minimally coupled scalar field on S?:

1
47TCL

Sy e 2k 4 1), (2.3.12)
k=0

We can expand for small s using the Euler-MacLaurin formula in the form simplified for

functions with £ (c0) = 0:
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The sum (2.3.12) then gives

Ki(s) = 1{A M:ﬂmﬂmk+n+%—i@—@+¥L(u@+0@% (2.3.14)

12 720
SN N
= dra?s 35T T )

2.3.3 The Fermion Field on S2.

Relativistic fermions on S? transform in the 2j+1 dimensional representations of the rotation

group with half-integral values j = %, %, .... The square of the Dirac operator is a scalar so

it commutes with the angular momentum operator. Indeed, these operators are essentially

the same (see eg. [46]):

1
—D%:ﬁ+1. (2.3.15)

The eigenvalues needed for the heat kernel are thus j(j + 1) + 1 = (j + 3)?. Introducing

the integer k = j — 3 = 0,1,... we write the analogue of (2.3.12) for one fermionic degree of
freedom:
s+ (2 + 2 —K 2.3.16
47?@2 g ¢ +2)= 2ma? g ‘ ( )

We evaluate this expression using the Euler-MacLaurin formula (2.3.13):

Kl(s) = ! {/mdke*%k+< é 2+%%(1%)+0@%)] (2.3.17)

dra® |/,
1 1 1 1 n
= —s— —g° )
4ma?s 6 60

We employ the convention that the heat kernel for the spinor on the sphere has the same sign

as a scalar. Fermion statistics will of course ultimately change the sign of the contribution

to the one loop determinant but we will take this into account manually when needed.
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2.3.4 Scalars and Fermions on AdS,.

The expansion of the heat kernel in curvature invariants has the structure (2.3.9) for all fields.
The only local distinction between S? and AdS, is the sign of the curvature. Further, by
dimensional analysis each power of curvature is accompanied by one power of the expansion
parameter s. Thus we can find the heat kernels on AdS,; from the S? results by changing
the sign of s. The overall sign of the heat kernel is such that the asymptotics (2.3.7) apply
for small s.

Applying the s — —s rule to the scalar on S? (2.3.14) we find

1 1 1
Ki(s) = —[1—=s4 —s*+... 2.3.1
A(s) 47ra25( 38+ 15° * )’ (2:3.18)

for the massless scalar on AdS,. The fermion on S? (2.3.17) similarly gives

1 1 1

dma?s

for each fermionic degree of freedom on AdS,. We take fermion statistics into account
through the overall sign in (2.3.19).
The s — —s rule relates the local terms in the heat kernels on S? and AdS, but there are

no correspondingly simple continuations of individual eigenvalues and eigenfunctions [47].

For example, the scalar spectrum on S? is Ag = I(l + 1) with [ = 0,1,.... The scalar
spectrum AdS, similarly includes a discrete branch for which Ay = —m? = —h(h — 1) with
h =1,2,.... These highest weight type modes are important as they correspond to massive

on-shell particles (in Lorentzian signature). However, the quantum fluctuations on AdS, are

encoded in an unrelated continuous branch with A4 = p* + %1 with p € R. These are strictly

off-shell modes which correspond to conformal weights h = % +ip and “mass” m? < —1

I

below the Breitenlohner-Freedman bound (for p # 0).

The expression (2.3.3) for a heat kernel as a “sum” over eigenvalues in the case of AdS,
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becomes an integral. For a scalar field [48, 49],

1 * 1 1 1
K3 (s) / e~ P35y tanh p dp = (1 — s+ —8*+.. ) . (2.3.20)

" 2ra? J, dra?s 3° 15

The Plancherel measure p(p) = ptanh mp arises as the eigenvalue space dual of the real space
measure \/—¢g = sinh p on AdS,. This agrees with (2.3.18) as it should. The leading term for
small s agrees with the flat space result (2.3.7) both in magnitude and in sign even though

this is not manifest in the prefactor of (2.3.20) (related to AdS, volume (2.3.11)).

2.3.5 AdS, x S2.

For minimally coupled fields the kinetic operator on the product space is a sum of kinetic

operators on the factors. In this situation the eigenfunctions on the full space are products

of eigenfunctions on each factor space and so the eigenvalues on the product space are equal

to the sum of eigenvalues on each factor. The full Green’s function (2.3.7) therefore becomes

a product of contributions from each factor and this result descends to the heat kernel.
The heat kernel of a minimally coupled boson on AdS, x S? is thus

S S S 1 1

where the individual factors were copied from (2.3.14) and (2.3.18). Similarly the heat kernel
of a minimally coupled Dirac fermion on AdS, x S? becomes

1 11
K] (s) = 4KL(s)K/(s) = RPE (1 - @32 + .. ) : (2.3.22)

where the individual factors were taken from (2.3.17) and (2.3.19). The overall factor of 4
counts the number of fermionic degrees of freedom. In our conventions the overall minus sign
came from AdS, (2.3.19) but not from the S? (2.3.17). This correctly accounts for statistics

on AdS, x S2.
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An important benchmark in the following section will be the heat kernel of a full hyper-
multiplet with no couplings taken into account. This is the heat kernel of four scalars and

one Dirac fermion (with four fermionic degrees of freedom), all minimally coupled:

min s 1 1
K4 (S) = 4K4<8) + KZ(S) = m . ESQ. (2323)

In this case the divergences cancel to two leading orders, both of order s=2 and of order s~!.

Thus quantum corrections do not induce a cosmological constant, nor a renormalization of the
Newton constant. The leading nontrivial term in the heat kernel is constant, corresponding
to a marginal operator in the action. This order is responsible for the logarithmic corrections

to black hole entropy in which we are interested.

2.4 Quantum Corrections to N = 2 Multiplets.

The supergravity fields propagating in the AdS, x S? background interact with each other,
in addition to the interaction with the background. This modifies their heat kernels from
the canonical values such as those given in (2.3.21) and (2.3.22). In this section we combine
the quantum numbers computed in section 2.2 with the elementary methods from section 3

to determine the quantum corrections with interactions taken into account.

2.4.1 The Hypermultiplet.

The classical spectrum in Table 2.3 gives the eigenvalues of scalars in the hypermultiplet as
four towers with (h,7) = (k+1,k) with £ = 0,1,.... From the AdS, point of view these are
on-shell particles with mass level m?* = h(h — 1) = k(k + 1) and degeneracy 2k + 1 from an
SU(2) quantum number.

The AdS; heat kernels presented in (2.3.18) and (2.3.19) are for massless particles (h = 1)

with unit degeneracy but AdS; mass and degeneracy due to SU(2) spin j present a minimal

35



modification

Ka(h,jis) = Ka(h =1, = 0;5) e ""=Ds5(25 4 1). (2.4.1)
The heat kernel for the four towers with (h,7) = (k + 1, k) therefore becomes

1 o
o e 2k 4 1) (2.4.2)
k=0

K (s) =4 K3(s) -
= 4K (s) - Ki(s)
S b sy
 4m2ats? 458 )

The sum over particles in AdS, reduced to (2.3.12) which was evaluated already in (2.3.14)
where it was interpreted as the heat kernel in S2.

Although in this section we take an AdS, perspective, the final result (2.4.2) agrees with
(2.3.21) for four massless scalars in AdS, x S?. This is expected because the scalar fields
in hypermultiplets interact only minimally with the background. The absence of scalar
couplings in turn is well known from the fact that the attractor mechanism in the AdS, x S?
background applies to scalars in vector multiplets but not to those in hypermultiplets [38].

The fermions in a hypermultiplet are more complicated because couplings to the gravipho-
ton background introduce effective masses. For a fermion the dictionary between conformal
weight and spacetime mass is m? = h(h — 1) + 1 = (h — 1)? with the shift of { the SL(2)

analogue of the SU(2) shift in (2.3.15). The AdS, heat kernel for the two towers of hyper-
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multiplet fermions in Table 2.3 then gives

[e.9]

KM (s) = 4m2 (e_Sk (2% +2) + e—8<k+1>22k) (2.4.3)
k=0
1 o0
= K (s) 5 e (2 4 2) 4+ 1)
k=0
1 1
— Kf 1— 25— — 2
Als) 27ra2$( 6" 60" " +S>

The second line was obtained by a simple shift of indices and the third line used the sum-
mation formula (2.3.16)-(2.3.17). In the final line we used the AdS, heat kernel (2.3.19).
We refrained from collecting all terms in the final result in order to stress that the first
set of terms are the “kinematical” (not due to interactions) contributions present even for
non-interacting fermions (as in (2.3.22)) while the second set of terms can be attributed to
the interactions between the fermions.

The heat kernel for the full hypermultiplet is obtained by the addition of contributions
from bosons (2.4.1) and fermions (2.4.3):

1 1 1 1 1 1
Ki(s)= —— | —=s*— 2 S [y (R T 244
+(9) Am2ats? (128 (s + 6 )+ ) Am2at < s 12 * ) ( )

In the first form we recognize the first term as the canonical (non-interacting) result (2.3.23)
and so the second one can be attributed to the interactions. In the context of logarithmic
corrections to the area law we focus on the constant term in (2.4.4). It is amusing that the
role of the interactions for this term is precisely to change the sign of the quantum corrections.
Such an effect could conceivably go unnoticed in some circumstances. Our result agrees (of

course) with that reported by A. Sen [7].
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2.4.2 The Vectormultiplet.

For the N/ = 2 vector multiplet it is well-known that the bosonic degrees of freedom are
sensitive to the interactions: the attractor mechanism determines the horizon values of the
scalar fields in terms of the charges of the vector fields. Thus the excitations of the scalar
fields in vector multiplets acquire a mass in AdSs. This should be contrasted with the scalar
fields in hypermultiplets which remain freely specifiable in the near horizon region as they
are moduli.

The effect of interactions on the heat kernel for the bosons in the vector multiplet are

captured again by the spectrum in Table 2.3 which we take into account using (2.4.1). This

gives
1 o
KM (s) = 2+ K (s) - oy D (70 2k 48) + 0 2k 4 1)) (2.4.5)
k=0
=2 K4(s) ! i e~k (2 4+ 1) 4 !
A 2ma? ‘ 2

L (i len s lsa-te+
_47T2a432 458 28 38 o)

The second line was obtained by a simple shift of summation indices and the third line used
the evaluation of (2.3.12) given in (2.3.14). The heat kernel for a scalar in AdS, was given
in (2.3.18).

According to Table 2.3 the four fermionic degrees of freedom are, in contrast to the
bosons, minimally coupled. The contribution of the fermions to the heat kernel is therefore

captured by the AdS, x S? result (2.3.22)

1 11
Vif(e) — 2
K7 (s) = Py (1 ~ 1ag° +.. ) . (2.4.6)
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Adding 2.4.5 and (2.4.6) we find the result for the N' = 2 vector multiplet

1 1, 1 1 1 /1 1
KV (s) = 24 Zg(1 == =— [ ——-=. 247
1 (8) = i (123 b 38)) in?al (25 12) (247)

Again the 1 527 is the benchmark contribution that one gets from four fermions and four
bosons in the AdS, x S? background before interactions are taken into account. The “%s(1—
%3)” can thus be attributed to the couplings between the bosons in the vector multiplet,
the same interactions that give rise to the attractor mechanism for N' = 2 black holes. The

effect of interactions on the constant term in the heat kernel is to flip its sign.

2.4.3 The Gravitino Multiplet.

Combining the spectrum of the fermions in Table 2.3 with the rule (2.4.1) we find the heat

kernel

o

1
KPP () =2 K)o D (O kb ) e @k 12)) (248)
k=0
= 2. K/ (s)- 2m2 Z e WD’ (2% + 2)

k=0
1 1 1
- f 2
=2 Kals)- 2ma’s <1 60 60° )

Lo,
= [1 - —s"+...]|.
Am2ats? 180

The summation is the same as for the minimal fermion (2.3.17). There are contributions

from interactions in intermediate steps but they ultimately cancel each other.
The quantum numbers of the bosons in Table 2.3 are shifted relative to free bosons. The

effect of this shift is to remove the leading term in the sum over modes on the sphere, which
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is easily taken into account:

o0

1
7b S —S
K20 (s) = Ki(s) - g 9 e D2k + 1) (2.4.9)
k=1
= D) (9 1
47ra2 (koe +1) - )

—KA

— 1+1 TR 1)+
T Inlats? 15° YA

The “—s(1 — %3)” can be attributed to the couplings between components of a vector field

relative to those of scalar degrees of freedom.

Adding (2.4.8) and (2.4.9) we find the heat kernel for a complete N' = 2 multiplet for a

massive gravitino:

1 | 1 1 1 5
K te sty L (L o) 2.4.10
T i (12S =39 ) = i \ 5 T 12 (24.10)

2.4.4 The Graviton Multiplet.

The quantum numbers (h,j) = (k+ 2,k + 2) from Table 2.3 give the contribution from the

four fermion degrees of freedom as

1 (o]
K& (s) = 4 K (s) - Z e~k +27 9k 4 4) (2.4.11)

1
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As in previous cases the “—28(1—%3)” can be attributed to the couplings between components
of a gravitino field relative to those of a free fermion.
Finally, inserting the quantum numbers in Table 2.3 for bosons in the supergravity mul-

tiplet into (2.4.1) we find

Kfrav,b(s) = K3(s) - (e—s(k+2)(k+1)(2k +5)+ e—s(k+3)(k+2)(2k + 3)) (2.4.12)

,s(k+2)(k+1)(2k + 3) . er)

1 o0
— K
A(S) Ara2 <2Z€
k=0
= K35(s) ! §° 6_5(k+1)(2k+1)—1—16_25
A 2ma? — 2
1 1 1 3
=Ki(s)  —— 1+ A R
4(9) 27ra25( —|—33—|—153 + 28+s + )
1 1 3 3
=——(1+=s*+...— = o
47‘(‘2@482( +45S * 28+28 * )

Adding (2.4.11) and (2.4.12) the complete result for the heat kernel of the ' = 2 gravity

multiplet becomes

- 4r2ats? \ 12 2 6
o 1, 1 1,\ 1 (1 1
= In2ats? (128 s )) = 2 <2s 12) '

2.4.5 Summary.

K5 (g) = — (iSZ LN 29) +2s(1 + 1s)> (2.4.13)

In summary, we have computed the contributions to heat kernels of the N' > 2 theory from

physical non-zero modes. The result is

4204 \'25 12 s 12 25 12 12
(2.4.14)

Ko = S <( S )+(N—2)(—1 +£)+nv(i - i) +TLH(_§ - i))

The notation “nzm” is a reminder that at this point interactions have been taken into account

but the focus was on non-zero modes. Corrections due to zero-modes will be considered in
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the next two sections.

2.5 Boundary States.

As we have stressed, the spectrum in Table 2.3 enumerates physical modes only. In particular,
gauge conditions have been imposed that fix the gauge symmetry. These conditions remove
all unphysical states except that, for each continuous gauge symmetry, a single physical
boundary mode remains. We discussed the mechanism for this in some detail in section 2.2.

The physical boundary states contribute to the quantum corrections to black holes just
like all other physical states. In this section we compute their contributions to the heat

kernel.

2.5.1 Localization on the Boundary.

A 4D gauge symmetry reduces to a tower of 2D gauge symmetries in AdS,. Each entry in
the tower gives rise to a single mode on the boundary of AdS,. These towers were presented
as a list in Table 2.5.

The contribution from each entire tower will amount to a field on the S? that is localized
on AdS,. We need to find the spectrum of these fields on S?. This can be accomplished by
considering the structure of gauge transformations. This introduces gauge dependence at
intermediate stages but our final result is gauge invariant.

In the following we consider the boundary modes for each N/ = 2 multiplet in turn.

The Vector Multiplet

Modes that are pure gauge from the 4D point of view take the form of a gauge variation
0A; = VA, (2.5.1)
where A is the U(1) gauge parameter. Among these modes those that preserve the Lorentz
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gauge condition

VAl =0, (2.5.2)

are

~VI§A; = —V?A =0, (2.5.3)

just like a massless scalar from the 4D point of view. From the 2D point of view there is a

tower of fields in AdS,; with masses given by
m?® = k(k + 1), (2.5.4)

with £ = 0,1,.... Each field is pure gauge so its contribution to physical processes cancels
with the corresponding unphysical mode. This cancellation is imperfect and leaves the AdS,
zero-mode V4 A = 0. We interpret this mode as a physical mode on the AdS, boundary. As
we recombine all 2D fields & = 0, 1,... we find a physical scalar field on S?. The quantum
corrections due to these physical states are computed by the scalar determinant on the sphere

(2.3.14) and gives

1 1 1 1 1 1
K== —(1+zs)]=——=—+=]. 255
bady T oma?  dmals ( * 38) Am2at <2$ * 6) ( )

The overall factor is the volume of AdS;. The sign is the one appropriate for a physical

boson. The simple pole in the parameter s is mild for a 4D field but entirely standard for a

2D field.

The Gravitino Multiplet

The gauge symmetry of a gravitino is the SUSY variation

5\1’[ = V]E. (256)
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The SUSY transformation that preserves the Lorentz gauge condition on the gravitino

VoW =0, (2.5.7)

satisfies the Weyl’s equation
Ve =0. (2.5.8)

The physical boundary state that remains is therefore a Weyl fermion on S?. Our previous

computation of the heat kernel for a single fermionic degree of freedom (2.3.17) then gives

1 1 1 1 1 1
g 1 of1—2s) = — (—242). 2.5.9
bndy 2wa?  4mwa?s 68 424 s + 6 ( )

An explicit factor of two counted the two components of the Weyl fermion. The overall
minus sign is appropriate for a physical fermion.

The gravitino supermultiplet also includes two vector multiplets. Each realizes a standard
U(1) gauge symmetry and gives rise to a boundary mode that contributes (2.5.5) to the heat
kernel. The total boundary contribution to the gravitino supermultiplet therefore becomes

2 _ 1 1
Kynay = prorit (2.5.10)
There is no pole in s because the boundary states in this multiplet fill out a super multiplet

with equal number of fermions and bosons on the boundary.

The Graviton Multiplet
The gauge symmetries of gravity are the 4D diffeomorphisms &/ acting on gravitational

perturbations as

Ohry = V& + V&. (2.5.11)
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The coordinate transformations that preserve the Lorentz (harmonic) gauge condition

Vihirny =V (hiy + hyr — grsh) =0, (2.5.12)

satisfy
(91sV* + Riy)¢" = 0. (2.5.13)

The Ricci curvature is R, = —g,, on AdS, and R, = +gap on the S2.

The diffeomorphisms £* generate vector modes on S? so the angular momentum of the
corresponding boundary modes is restricted to £ = 1,2,.... The Ricci curvature gives a
contribution Am? = —1 to the effective mass and the dualization to a scalar field gives an
identical contribution. The spectrum of the two scalar boundary modes with V4£® = 0
therefore becomes

mz =k(k+1) -2, (2.5.14)

with & = 1,.... The mass-shift Am? = —2 is such that the leading AdS, boundary mode is
massless also on the S2.

The pure gauge modes generated by £* decompose into an AdS, scalar V,£#, an AdS,
vector V&, — V,§,, and an AdS, traceless tensor. The AdS, scalar mixes with the pure
gauge mode from the graviphoton such that all three of these are independent even though
&* has only two components. The AdSy zero-modes of the scalar and the traceless tensor
both give rise to physical boundary states with the spectrum (2.5.4) of a standard scalar
field on S?. However, the AdS, vector has zero modes that generates a tower of boundary

modes with the shifted effective mass

mg =k(k+1)+2. (2.5.15)

These three towers all have k£ = 0, .... The leading terms with vanishing angular momentum

j =k = 0 are essentially the boundary states denoted X and dp in section 2.2 except that
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here the gauge is different and the graviphoton is taken into account.

The sum of contributions from all five bosonic boundary modes yields

1 1 /1 2 1 1/1 1 1 1 /1 1
Keavb _o = [ Z_Z 2490, .- [Z4Z e T
body dn2at 2 <s 3) o Am2at 2 \ s * 3 - Am2at 2 \ s * 3)°

(2.5.16)

1 5,1
_(_

1
T An2at 2 s+§

).

Despite the various shifts of masses and angular momentum quantum numbers this is iden-
tical to the heat kernel of five free scalars on the S2.

The N = 2 supersymmetry acts on the two gravitini in the graviton multiplet as
A A 1 B
5\111 = ((SBVI — ZFEAB")/[)E s (2517)

where the background graviphoton field strength ' = L Fjy’X = ¢,37%. This differs from
a generic gravitino (2.5.6) by the dependence on the graviphoton background. It is because
of this dependence that N' = 2 SUSY is preserved. The field strength contributions to
(2.5.17) are such that the AdS, ground state energy (—V,V*#) of the two fermions adds to

Am? = —1. This gives a shift in the effective fermion mass on S? such that

m? = (k+1)* - 1. (2.5.18)

The first term is the standard effective mass (2.3.15) on S?, sometimes written as j(j+1)+1

(7 + %)2 with j taking half integer values. The tower j = %, %, ... is parametrized here by
k = 0,1,.... The mass-shift Am? = —1 is such that the leading AdS, boundary mode is
massless also on the S2.

The heat kernel for a single standard fermion on S? was given in (2.3.17). Four fermionic

46



boundary degrees of freedom with effective mass (2.5.18) then give

1 1/1 1 1 2 5
Kgrav,f — 4. R S — | = — . 2.5.19
bndy Adm2a* 2 (s 6) ‘ 4m2a* (s * 3) ( )

Adding the bosonic contribution (2.5.16) we have

1 1 )
grav
Kbndy - 4204 (2_8 - 6) ) (2520)

for the complete contribution of boundary states to the heat kernel of the N = 2 supergravity

multiplet.

Summary
In summary, the contribution to the heat kernel of the N = 2 theory from boundary

modes is

1 (1 5 1 11
Koy = —— ((=— =2 —9). - ~ ). 2.5.21
budy = gr2ga <(2s gtV =2 2+”V(2s+6)) (25.21)

We can add this to the bulk contribution (2.4.14) and find
Koe =z (G = 130+ V=2 (5 + I3) + v + )+l = 75) ).
(2.5.22)
As a nontrivial consistency check on (2.5.22) note that the coefficient of 1/s is the same
for each type of N' = 2 multiplet, except that the sign alternates as the spin of the SUSY
multiplet changes. This is precisely the property needed to ensure that these terms cancel

in any theory with N' =4 SUSY, as they should.

Another interesting special case is the pure N/ = 3 theory which is scale invariant at this
level [50]. The A/ = 3 matter multiplets have ny = ny = 1 so an arbitrary number of those

can be added without violating scale invariance.
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2.6 Zero Modes.

The boundary states are zero modes from the AdS, point of view but they are generally
non-trivial on the S2. The true 4D zero-modes are the boundary states that are also zero
modes on the S2. These zero mode contributions require special considerations.

The zero mode content of each multiplet can be read off from the spectrum of boundary
states. The vector multiplet has one bosonic zero-mode from gauge symmetry: the £ = 0
entry in (2.5.4). The gravitino multiplet has two bosonic zero-modes, both from gauge
symmetry. The gravity multiplet also has two bosonic zero-modes: the & = 1 entry in
(2.5.14). These both have angular momentum j = 1. Finally, the gravity multiplet also has
four fermionic zero-modes, the k£ = 0 entry in (2.5.18).

For the zero-modes we cannot use the Euclidean path integral (2.3.1) (repeated here for

easy reference)
1

VdetA’

since they correspond to vanishing eigenvalues of the matrix A. However, each zero-mode

eV = /qu e N = (2.6.1)

is just a field in zero dimensions so in this sector the path integral reduces to an ordinary

integral. The scale dependence of Ny zero-modes with scaling dimension A is
eV = / Doy = Vol[gg] ~ e o2, (2.6.2)

In contexts where (2.6.1) applies it is understood that the dependence on physical parameters
is encoded in ratios of integrals of this general form. The scale dependence due to a single
zero-mode is similarly computed from ratios of integrals (2.6.2) computed at different scales.

The naive inclusion of Ny zero-modes in the heat kernel (2.3.3):

D(s) = Z e = Z e 4 Ny, (2.6.3)

Xi#0

corresponds to a term W = Nylne in the effective action according to (2.3.2). Thus the
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correct zero-mode contribution W ~ ANplne from (2.6.2) is larger than the naive result
by a factor of the scaling dimension A. After generalization to multiple fields with either

bosonic or fermionic statistics we have

1 1
Kom = g7 > Noa(Bi = 1) = o5 > Nos(24; — 1), (2.6.4)

8m2at 4 ;
i€B i€l

for the correction to the heat kernel K(s) due to zero-modes. Each fermionic zero-mode
counts with double weight because of the leading spin degeneracy in (2.3.16).

Vector fields have dimension A; = 1 so they were already taken correctly into account in
the naive heat kernel. Since the zero-modes in the vector and (massive) gravitino multiplet
are all due to vector fields these multiplets do not get corrected. It is only the supergravity-
multiplet that is corrected due to zero-modes.

Disregarding the vector, the bosonic zero-modes in the gravity multiplet are just £ =1
in (2.5.14). Each of these two states have angular momentum j = 1 so there are N} =
2-(2j + 1) = 6 bosonic zero-modes in the path integral. These fields have scaling dimension
Ay = 2. Similarly, (2.5.18) gives Ng = 4 fermionic zero-modes in the path integral. They
have scaling dimension Az, = 3. The zero-mode contribution to a general N' = 2 theory

2

simply becomes

1 1 1

Kon =553 (6- 2= D) =4-3-1)) = - B 4) = 5 (-1). (2.6.5)

2.6.1 Summary.

The sum of contributions to the heat kernel from non-zero modes (2.4.14), boundary modes

(2.5.21), and zero modes (2.6.5) is

1 1 23 1 11 1 1 1 1
- o (G- B oo DG+ - 1)) 269

This is the main result of our computations.
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2.6.2 Logarithmic Corrections to Black Hole Entropy.

Recall the result (1.4.8) derived in the Introduction,
1
69 = 500 In Ay = 4n%a’ Ko In Ay, (2.6.7)

where we extended (1.4.8) by writing it in terms of Ky, the constant term in the heat kernel
density we evaluated (2.3.10).

The relation (1.4.7) between the trace anomaly and the logarithmic correction to the
entropy is interesting and quite general. It is corrected only by the treatment of zero-
modes. Our formula (2.6.4) for the zero-mode contribution to the heat kernel was constructed
precisely so that the entropy formula (2.6.7) would be maintained for this contribution as
well.

The constant term in the heat kernel expansion Kj is easily read off from the total heat

kernel (2.6.6). The relation (2.6.7) then gives the logarithmic correction so the entropy
1

12

This is the final result advertised in the motivation of this chapter as (2.1.1).
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Chapter 3

Quantum Corrections to Supergravity

on AdS, x S=.

3.1 Motivation and Summary.

In this chapter we develop the on-shell method in the context of supergravity on AdS, x S2.
We focus on supergravity since the couplings organize physical states efficiently according to
quantum numbers such as the conformal dimension. However, unphysical modes are often
unwieldy since auxiliary fields and ghosts involved in the off-shell theory also couple non-
minimally. These complications seem excessive for determinants of quadratic fluctuations
so it may be advantageous to work in the small Hilbert space that focusses entirely on the
physical modes. The resulting on-shell strategy is the same as the one presented in chapter
2; it is simpler but it must address global aspects that remain after gauge fixing of local
symmetries. Specifically, there will be boundary modes in AdS.

Our results for quantum corrections (reported in chapter 2) are not new as they were
previously reported in [7, 51] but we present explicit details that develop concepts and resolve
issues in the literature.

An important motivation for developing quantum corrections in AdSy and specifically
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the role of boundary modes is that they play a central role also in other settings. Some

recent discussions are:

e Boundary states are standard in AdS3 partition functions [52, 53] and they presumably

play a similar role in higher dimensional AdS spaces [45, 54].

e Quantum corrections in AdSs geometry appear for Wilson loops in AdSs [55]. Sub-

tleties remain in this context [56, 57, 58, 59].

e AdS, x S? is conformally equivalent to Minkowski space so these modes may also
be related to the physical boundary modes that play a role in scattering amplitudes
(60, 61, 62] and to those that appear in the context of holography in Minkowski space
[63].

e Our set-up is an explicit realization of AdS,/CFT; holography. Many open questions

remain in this context [64, 65, 6, 66].

In our computation we organize the field content on AdSs into towers of partial waves
due to the reduction on the S%2. We analyze this 2D spectrum with gauge fixing terms
included in the equations of motion but not imposed as constraints. In our presentation we
explicitly identify some towers as unphysical (they violate the gauge condition) and others
as pure gauge (the action of diff x gauge on the background), with the remaining fields
constituting the physical bulk spectrum. Equivalently, we match both the unphysical and
gauge towers with ghosts and determine the “small” departure from perfect cancellation.
In either construction, the bulk spectrum is thus augmented by physical modes that are
formally pure gauge albeit with non-normalizable gauge function. These are the boundary
modes.

In our construction each local symmetry in 4D gives rise to a tower of boundary modes
in AdS,. We interpret such a tower as a single field on S2?. There is exactly one such

boundary field on S? for each symmetry. It may appear that we have lost a dimension:
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the boundary of AdS, x S? has one dimension, in addition to the S? dimensions. Indeed,
at an intermediate stage there is one mode for each boundary momentum on AdS,; but we
reinterpret the resulting sum as the volume of AdS,. It is in this sense that we find exactly
one mode on S? for each 4D symmetry.

We express quantum corrections to the geometry as heat kernel sums over the spectrum.
In the “large” Hilbert space these are traces over the full spectrum with unphysical modes
cancelled by ghosts with “wrong” statistics. These sums can be reorganized as traces over
the physical spectrum in the “small” Hilbert space where boundary states are included and
all modes appear with a positive sign. The boundary fields include components that are
zero-modes on AdS, x S? and such modes require special treatment [36]. The complete
partition function thus comprises modes in 4D (bulk), 2D (boundary), and 0D (zero-modes).

The main idea of our computation can be illustrated clearly by considering a standard
(minimally coupled) vector field A7 in AdS, x S%. The partial wave expansion on S? gives
four towers of 2D fields: two physical (spatially transverse), one unphysical (violating the
gauge condition), and one longitudinal (pure gauge). In the old-fashioned Gupta-Bleuler
formalism the unphysical and the longitudinal towers “cancel” (due to a Ward identity) and
in BRST formalism both towers are cancelled by ghosts. Either way, for each partial wave
the mode that is formally pure gauge can be arranged to require a non-normalizable gauge
function on AdS, and this gives rise to a single physical longitudinal mode that survives as
an AdS, boundary mode.

Standard AdS/CFT lore sometimes suggests that physical boundary states are at the
“end” of the physical towers but we find this rule to be misleading. Indeed, since boundary
states arise formally as states that are pure gauge it may be more appropriate to interpret
them as the “end” of the unphysical towers. However, ultimately it turns out that cou-
plings between boundary modes render such shortcuts unreliable. One aspect of this is that
modes generated by symmetries generally do not continue smoothly from general partial

wave component [ to the “small” values | = 0, 1.
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As we have indicated, boundary states can be interpreted as modes that are formally
“pure gauge”. An alternative perspective ties them to harmonic modes on AdS, which play
a special role when fields of higher spin are dualized to scalars. We find that the dual of
gravity includes an interesting harmonic scalar satisfying a higher order equation of motion
with solutions for both m? = 0 and m? = 2. It is the latter that gives rise to physical
boundary modes for gravity. This twist on the harmonic condition may be significant in
other settings.

The detailed considerations are instructive but they are unfortunately somewhat cum-
bersome even in the simple example of AdS, x S?. That is a byproduct of analyzing N' = 2
supergravity off-shell without introducing a full-fledged off-shell formalism. Several asymme-
tries give rise to a non-Hermitan action for off-shell fields which manifests itself by awkward
degenerate eigenvectors. For example, diffeomorphisms act on gauge fields but gauge trans-
formations do not act on the metric. The pay-off for addressing these practical complications
is considerable conceptual clarity.

This chapter is organized as follows. In section 3.2 we present the details of a mini-
mally coupled vector field on AdS, x S?. We reduce from 4D to 2D, diagonalize the off-shell
2D equations in Lorentz gauge, and discuss the physical spectrum. We specify the bound-
ary modes as pure gauge modes with non-normalizable gauge function and also as harmonic
modes. In section 3.3 we compute the heat kernel of the vector field as a sum over all physical
states in bulk and on the boundary. We compare with the standard off-shell computation. In
section 3.4 we discuss the analogous aspects of the bosonic fields in the N = 2 supergravity
multiplet. We also address additional features: degenerate eigenvalues and modes, the har-
monic condition on the scalar dual to a tensor field, residual 2D diffeomorphism invariance,
and the role of (Conformal) Killing Vectors. In section 3.5, we discuss the heat kernels of
the bosonic fields with special emphasis on the cancellation of off-shell modes and the con-
tribution of physical boundary states. In section 3.6 we turn to the gravitini in the N = 2

supergravity multiplet. We again diagonalize the equations of motion entirely without any
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gauge condition imposed and only then discuss supersymmetry and the constraints inherent
in the Rarita-Schwinger equation. Finally, in section 3.7 we compute the heat kernel for the

gravitini and assemble the full result for supergravity on AdS, x S2.

3.2 Vector Fields in AdS, x S°.

In this section we analyze a vector field in AdS, x S? from the AdS, point of view. We
determine the full set of modes in 4D Lorentz gauge and identify the physical subset with

special attention paid to the boundary modes.

3.2.1 2D Effective Theory.

Our starting point is a 4D vector field a; on AdSy x S? with standard Maxwell action

1
'CMaxwell = _ZFIJFIJ~ (321)

In order to extract the physical content of the theory we impose Lorentz gauge
Via' = 0. (3.2.2)

In the quantum theory this is implemented by modifying the Maxwell action (3.2.1) to

1 1 2
‘cLorentz = _ZFIJFIJ - i (vlal) : (323)

In the following we take Feynman gauge £ = 1 and freely integrate by parts without keeping

boundary terms. The action then simplifies to

1 1 1
*CFeynman = EGJVI(VICLJ - VJCLI) + ECLJVJV]QI = ECLI(QIJV2 — R[J)G,J. (324)

We want to represent this theory as an effective theory in 2D by reduction on S2. In so
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doing the capital latin indices I, J, ... in the 4D total space divide into the indices p, v, . ..
on AdS, and the indices «, 3, ... that refer to S%. The reduction to 2D on S? is realized by

a partial wave expansion in spherical harmonics:

4 = 0™ (@) Vi (), (3.2.5)

o = 0™ (2)€0s VI Yim (y) + 0™ (2)V 0 Vi (y).-

A sum over angular momentum quantum numbers [, m is implied. The allowed angular mo-
menta for the 2D gauge fields bﬁm) arel = 0,1,...but the 2D scalar fields (™ (z), b0 () are
defined only for [ = 1,2, ... since these fields multiply spherical harmonics with derivatives
acting on them.

Inserting the expansions (3.2.5) into the 4D Lagrangian (3.2.4) we find the 2D effective
action on AdSs

1
=

1
£2D :2 —l

(I + 1o [V — 11+ 1)] o™ + S+ D™ V4 — 11+ 1)] o4 (3.2.6)

1
+ Eb(””)“ (V4 +1—1(1+1)] ™.

The 2D Laplacian on AdS, is denoted V4 = V#V,. We still imply a sum over fields
[ =0,1,.... This rule correctly takes into account that the I = 0 mode is missing for b¢™
and b but it is not missing for b,(fm). Curvature terms from commutation of derivatives
were evaluated using the block diagonal Ricci tensor with R, = —¢,, and R.g = +gap of
AdS, x S? with unit radii.

The gauge variation of the Lorentz gauge condition (3.2.2) is
VI§A; = VIVIA = (V4 =11 +1)A. (3.2.7)

We will variously interpret this as the equation of motion for the pure gauge mode or as the
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ghost action

Eghost = E(lm)<v?4 - l(l + 1>)C(lm) (328)

The ghost spectrum m? = (I +1) with [ = 0,1, ... is identical to two scalar fields except for

anti-commuting statistics.

3.2.2 Dualizing 2D Vectors.

The Hodge decomposition of a 1-form into an exact form, a co-exact form, and a harmonic

form can be presented in components as

b = b + b0 + b, (3.2.9)

where bfff) is transverse
vl =0, (3.2.10)

and bﬁﬁ") is longitudinal
eV, b =0, (3.2.11)

while b%n ) satisfies both of the above. In order to avoid over counting of modes we insist
that
vl £0 eV, bl £ 0. (3.2.12)

wll

This is because the modes satisfying both of (3.2.10) and (3.2.11) are the harmonic modes

denoted b%l ). The harmonic component of the vector field satisfies
(V4 + )b = 0. (3.2.13)

We dualize the irreducible components of the 2D vector b,(fm) to scalars as b/(fT) =
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eu,,V”b(jm) and bff"‘n) = Vubﬁlm). This gives the expansion

b = €, VB + Vb1 + V5™ (32.14)

For definiteness the harmonic mode was presented as a longitudinal mode b%” ) = Vﬂbgm)
with b(()lm) harmonic

v3ui™ = o, (3.2.15)

but we might as well have dualized it to a transverse mode. In our convention the scalar

(Im)

components bH and b(im) cannot be harmonic on AdS,.

3.2.3 The Spectrum.

The complete field content of the 4D vector field from a 2D point of view is:

Modes on S2: b0 pim) with [ = 1,2, ...
e Modes on AdSy: b, = ¢, V0™ and b\ = Vb with | =0, 1, ..

Ghosts: ¢ ™) with [ =0,1,...

e Harmonic modes: b%n) = Vv,0"™ with [ =0,1,...

In the fully dualized theory there is almost symmetry between AdS, and S? after ap-
propriate interpretations. One departure from perfect symmetry is the “subtraction” of the
leading [ = 0 entry from the scalars b, b(™) which represent the vector on S? that only has
range | = 1,2,.... This contrasts with the scalars b‘(‘lm), b(ﬁm) from the AdS, vector. These
have the full range [ = 0,1, ... and also “add” the harmonic fields bgm).

Each 2D field is a scalar field on AdS, with mass given by m? = [(I 4+ 1). At the level
of counting, the modes on AdS, cancel exactly with the ghosts. The net physical spectrum

is therefore essentially just the modes on S? forming two towers with [ = 1,2,.... These
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correspond to the partial wave expansions of two physical modes with helicity A = +1 that
we expect from a 4D vector field.
It is instructive to go beyond counting and construct physical modes explicitly. We first

assume [ > 1 and consider the gauge condition (3.2.2). It amounts to
VB — 11+ 1) = VEb™ — 11 + 15" =0, (3.2.16)

in terms of 2D modes. Only one linear combination of the modes bﬁlm), b(m) gatisfies the

gauge condition. On-shell the equations of motion impose Vib‘(‘lm) =1+ 1)b|(|lm) so the

physical modes are those that satisfy b0 = bﬁlm).
We next consider the 4D gauge symmetry a; — a;+ V;A. Expanding the gauge function

A in spherical harmonics

A =22V, (y), (3.2.17)

this amounts to the 2D transformations

plm) — ptm) 4 \(m) (3.2.18)

(Im) (Im) (Im)
b — b0 7 A,

The field configurations identified after (3.2.16) as satisfying the gauge condition on-shell
have b(tm) = bﬁlm) with bﬁﬁn) = Vubﬁlm). Therefore these are precisely those that are gauge
equivalent to the vacuum. Such pure gauge configurations decouple from processes involving
states that do satisfy the gauge condition.

The modes b™ and bl(fT) = e“VV"b(im) do not enter the gauge conditions (3.2.16) at
all, nor are they acted on by the gauge transformations (3.2.18). These therefore form two
towers of physical modes. Since we assumed [ > 1 from the outset the range of these towers
isl=1,2,--- as expected.

The lowest spherical harmonic [ = 0 requires special consideration. Indeed, the scalar
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fields 59, 50 from the S? components of the vector field are non-existent because partial
waves on S? have [ > 1. Further, for | = 0 the on-shell condition on the scalars bl(loo), b(fo)
due to the AdS; components of the vector field reduces to the harmonic condition on AdSs
and in (3.2.12) we specifically exempt harmonic modes. Thus there are no modes at [ = 0

before even considering the gauge condition and the possibility of pure gauge modes.

In summary, the more detailed discussion identifies the physical modes as the towers

p(tm). b(ﬁm) with { = 1,2,.... Importantly, these are not simply the modes b¢™, b(m) that
were defined with range [ = 1,2, ... from the outset. Indeed, the mode b(im) was defined for
[ =0,1,... but the harmonic condition removed the [ = 0 entry.

3.2.4 Boundary Modes.

The discussion of the spectrum so far deferred consideration of the harmonic modes b(()lm)

introduced in (3.2.14). These give rise to boundary modes. Several comments are in order:

e There is exactly one harmonic mode for each partial wave (Im): the AdS, vector bﬁm)

(im)

is dualized to two scalar components b, and b|(|lm m g

) but the harmonic mode b(()

“shared” between these fields as it is both longitudinal and transverse.

e The tower of harmonic modes begins at [ = 0 just like all other components of the

AdS, vector.

e The harmonic condition implies that these modes are zero-modes on AdS,. The tower
of harmonic modes — one for each (Im) — identifies the configuration space of har-
monic modes as a field on S?. The equation of motion of this field identifies the leading

[ = 0 mode as physical.

e The scalar Laplacian (—V?%) in Euclidean AdS, has eigenvalues ¢, = ; + s* with s real
for fields in the principal continuous representations of SL(2). These representations
are AdS, analogues of plane waves in flat space. The harmonic mode has ¢y = 0 and

belongs to a principal discrete representation with no flat space analogue.

60



e The harmonic modes are formally pure gauge since they are longitudinal. However,
they are physical because the gauge function that generates them is non-normalizable.
For us the term harmonic mode is synonymous with the term boundary mode because

AdS/CFT lore posits that pure gauge degrees of freedom localize on the boundary.

The harmonic modes were constructed explicitly some time ago [49]. In our discussion

we write the Euclidean AdS; BH metric in complex form as

4

2 _ 2032 | .12 192 2
ds; = a*(dn® + sinh nd@):am

dzdz, (3.2.19)
where 6 has period 27 and z = tanh gew. The conformal factor in the second expression
diverges as the AdS, boundary |z| = 1 is approached but this does not affect the harmonic
condition which is conformally invariant. We can therefore choose a standard complete set

of harmonic modes such as !

1
Uy = 2" n=1,2..., (3.2.20)

V21n

and their complex conjugates. These modes cannot appear as components of a scalar field

on AdSs, since the normalization condition

2a%d?z

diverges at the boundary due to the conformal factor. However, derivatives of the modes
(3.2.20) are subject to a conformally invariant normalization condition so they are legitimate

components of a vector field. The modes (3.2.20) are normalized so

/\/§sz V.u,|? =1, (3.2.22)

'We omit the constant on AdS, (corresponding to n = 0) since only derivatives of the basis parametrize
vector fields.
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in standard conventions where d?z = 2dxdy. Vector fields formed from gradients of harmonic
modes are therefore physical even though they are formally pure gauge. We interpret them

as boundary modes.

3.2.5 BRST Quantization.

Our old-fashioned discussion of physical modes extends immediately to the more streamlined
BRST quantization. For completeness we briefly outline this generalization.

The physical fields b(im), b are BRST invariant. Other BRST invariant field configu-

(Im) Im) _ b|(|lm) .

rations are those that have no anti-ghosts #™ = 0 and also satisfy b(

The ghost states ¢™ are BRST exact since they are BRST transforms of pure gauge
fields. The gauge fields with b0 = bﬁlm) are also BRST exact since they are BRST trans-
forms of anti-ghosts &™),

This accounting leaves just the physical fields bilm), M) with 1 = 1,2, .. ..

The spherically symmetric fields [ = 0 must be considered separately. The antighost fails
to be BRST invariant and the ghost is the BRST transform of a pure gauge function. The

remaining two fields b(fo), b‘(‘oo)

are not independent on-shell and can be formally presented as
the BRST transform of the anti-ghost ¢ albeit with a non-normalizable field configuration.
In summary, the BRST cohomology agrees with the physical states discussed above in a

more elementary formalism. As before, it can be parametrized in terms of the physical fields

b(im), b™) with [ = 1,2, ... and the harmonic fields bgm) with [ = 0.

3.3 Logarithmic Quantum Corrections: The Vector Field.

In this section we compute functional determinants with the heat kernel method [45, 30, 44].
We first review the elementary heat kernels that we need, including the basic contribution
from boundary modes. We then compare the on-shell and off-shell computations of the heat

kernel for a vector field.
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3.3.1 Elementary Heat Kernels.

The basic heat kernel for a massless scalar on the sphere S? is

1
4ma?

1 1
(1+=s+—=s"+...). (3.3.1)

K5 = —
o 4ma?s 3 15

D ek 4 1) =
k=0

Each component of a vector field on S? has the same spectrum as a scalar field on S? but
the £ = 0 mode is absent from the partial wave expansion. Therefore the heat kernel for a

vector on S? is

1 00 k(D) 1 1 2 1 9
Sk+ 1) =Ko — — = ——(1 — = — 3.3.2
4mra? kz:; ¢ (2k+1) S 4ra? 47ra23< 38 + 158 +.) ( )

Ky =

We also need the scalar heat kernel on AdS;. The representation of a heat kernel as an
expansion around flat space shows that the local terms are determined from K¢ by flipping

the sign of terms that are odd in the curvature so:

1 1 1
K= —(1—=-s+—s8>+...). 3.3.3
AT syttt (3.3.3)

Although this rule of thumb applies for local terms, there is no similar continuation of
eigenvalues and eigenfunctions [49, 47, 48]. The heat kernels above refer to 2D fields on AdS,
and S%. We assemble these 2D heat kernels into heat kernels for 4D fields on AdS, x S? by

summing over towers of the form

S S 1 —m25 .
Ki=Kj D em(2j+ 1), (3.3.4)
J

where each value of angular momentum j on S? has a specific value of the effective AdS,
mass m? = h;(h; — 1). For example, dimensional reduction of a massless 4D scalar field on
52 gives a tower of 2D fields with the AdS, Casimir h;(h; — 1) identical to the S? Casimir

J(7+1). In this case the spectrum is (h,j) = (k+1,k) with £ =0,...so h; = j+1 and the
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sum in (3.3.4) reduces to the sum in (3.3.1). We therefore find

! (1+ is +...). (3.3.5)

Ki = KaKs = o201 45

The physical components arising from reduction of a 4D vector field is restricted to
helicities +1 but otherwise identical to two 4D scalar fields. The conformal weights for a
single tower of this type is therefore again (h,j) = (k + 1,k) but with £ = 1,... because
the angular momentum j = 0 on the S? is prohibited. The sum over S? quantum numbers

reduces to (3.3.2) and so we find

1 1 1 2 1
m(l 8+_S +.. )(1——S+_3 +.. )

16
1—s+—8°+. .. 3.
SART; ART: (1—s+—s"+...), (3.3.6)

K= 15

1672a%s?
for a 4D scalar with partial wave j = 0 missing.

3.3.2 Counting Boundary Modes.

The harmonic modes are zero-modes from the AdSs point of view. Their heat kernel is given

by a sum over a complete set of modes that takes the schematic form

K(z,1';5) Zfz : (3.3.7)

We presented all harmonic modes in (3.2.20). At equal points the sum over all harmonic

modes for the vector field in the geometry (3.2.19) gives

K(z,x;s) Z |Vu,|? + cc. = 229225’ un Oz, (3.3.8)
- (1—r? 2. 2(n—1) __ 1
nz:l a? 27mn " - 2ma?’

The expression is independent of the position r, as expected in a homogeneous space.
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Homogeneity of AdSs allows us to write alternatively

1 1
K(z,;5) = 5 / @d%; |fi(2)]? = o Ve (3.3.9)

C

where Vol, is the regulated AdSs volume and N, is the regulated number of harmonic modes.
Thus the equal point heat kernel can be interpreted as the density of harmonic modes in
AdS,.

We interpret the finite density (3.3.8) as the contribution to the heat kernel from a single

massless boundary mode rather than a field on the 1D boundary of AdS,.

3.3.3 Heat Kernel for a 4D Vector Field: The Off-shell Method.

We can arrive at the heat kernel for a 4D vector field by adding contributions from all four
components of the vector field and then cancel two unphysical components by introducing
ghosts. This is the strategy that is most commonly used.

In this off-shell method the two towers originating from vector components along S? are
treated identically. They were denoted b®™ b0 in the explicit mode expansion (3.2.5).
From the AdS, point these are towers of scalars fields with the leading partial wave j = 0
missing so their heat kernel is given by (3.3.6).

In the off-shell method the two towers of scalars originating from vector components

bl(llm), b(im) in the explicit mode

along AdS, are also treated identically. They were denoted
expansion. The direct computation of the heat kernel on AdS, requires consideration of a
complete set of vector modes on AdS, and subsequent summation over the S? tower. The
appropriate modes were identified in [49]. For the present purpose recall that heat kernels
can be represented as a local expansion. We can therefore take a short-cut and simply invert
the sign of the linear term in (3.3.6), corresponding to the interchange A <+ S. This gives
2K =

16
—(1 24+ 3.1
87r2a432( +S+458 +...) (3.3.10)
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The final contribution to the off-shell computation are the two ghosts (3.2.8) which are
standard scalars with heat kernel given in (3.3.5) except for an overall sign due to statistics.

The net result for the 4D vector field then becomes

_ 1 31
KY = 2K, 4+ 2K}, — 2K: = m(ugsu...). (3.3.11)

3.3.4 Heat Kernel for a 4D Vector Field: The On-shell Method.

The on-shell computation focusses on the physical components of the 4D vector field. These
are two towers of scalar fields on AdS, with angular momentum on the S2 1 =1,2,.... In our
explicit mode expansions these two towers of physical modes are b b(im) withl =1,2,....
They each contribute to the heat kernel with K given in (3.3.6).

In the on-shell computation the only additional contribution is a single tower of boundary
modes on AdS, with partial wave expansion [ = 0,1,.... There is one such mode for each
of the AdS, pairs b(im), bﬁlm) [ =0,1,... or, equivalently, one for each gauge function A\
[ =0,1,.... For each entry in the tower the AdS, part contributes with a factor of the
regulated AdS, volume with normalization (3.3.8). The sum (3.3.4) over the S? tower of

boundary modes thus contributes a simple scalar field on S? (3.3.1).

In the on-shell computation the heat kernel for the 4D vector field becomes

1

K} = 2K} + 5 K} (3.3.12)
1 16 1 1 1
= (1-— g2 - (ZaZ
87T2a452( S+458 )+87r2a4<3+3)
1 31
- 14+,
o ACRITAR)

This agrees with the off-shell result (3.3.11).

66



The off-shell and the on-shell computations are related by a simple rearrangement.

- 1
K = 2K + 2K — 2K = 2K + 2(K} + ) K§ — 2K K§ (3.3.13)
ma
1
/ S
=2t gl

The key is that the subtraction of the [ = 0 mode for a vector on S? included in (3.3.6)
amounts to an addition of the boundary mode in AdS, that is implicitly included in (3.3.10).

Some mild virtual aspects remain in on-shell method. The heat kernel (3.3.3) of a bulk
field in AdSs implicitly sums over the continuum of off-shell modes of plane-wave type.
Similarly, the boundary mode has fixed wave function on AdSs but the sum over the tower
of S? partial waves probes the configuration space off-shell. The simplification of the on-
shell computation is that we do not need to determine the explicit spectrum of the gauge
violating modes, longitudinal modes, and the corresponding ghosts. It is known from the
outset that these contributions must cancel so we may as well not compute them in the first
place. Instead, we include just the boundary modes which appear with positive sign, as

expected from physical modes.

3.4 Supergravity in AdS, x S? - Bosonic Sector.

In this section we analyze the bosonic sector of N/ = 2 supergravity in AdS; x S?. The
matter content is a tensor field h;; coupled to a vector field a;. We derive the linearized
equations of motion from the AdS, point of view, then diagonalize them explicitly and find
the full spectrum and all eigenvectors. Finally, we write the modes in a basis where their
gauge transformations are manifest. This classifies the modes as gauge violating, pure gauge,

or physical.
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3.4.1 4D Theory.

The 4D action for the gravity-graviphoton system is just standard Einstein-Maxwell

1 1
Lon = 3 {R — ZFIJF”} : (3.4.1)

The physical content of the theory can be extracted by imposing Lorentz gauge

1
Vihpy — §thf, =0, (3.4.2)

VICZ[ = O,

on the perturbations dg;; = hy;, 0Ar = a;. We once again implement this in the quantum
theory by adding gauge fixing terms to the action and taking Feynman gauge £ = 1. The

gauge fixed action is

1

1
cFeynman = 5

1 1 1
I I _ 1 _ - 1 2

We consider the magnetic AdS, x S? background. In our units the background reads

Fop = 2aeqap, Ry = —a_QgW, Ros = a_ang. (3.4.4)

We take the scale a = 1 in this section but restore it later.

When analyzing the spectator vector field in AdS, x S? we diagonalized the 4D action
before reducing it on S2. In the present context it is simpler to take the linearized equations
of motion in 4D, reduce them on S?, and only then diagonalize. We therefore first consider

the gauge fixed Maxwell’s equations in 4D:

VI F;+V;Via; =0. (3.4.5)
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Perturbing around the background (3.4.4) and keeping only linear terms yields
=2V, eas + (V4 + Vi + Da, = 0.

—2V W eqp + VO (Ml — Bl)eas + (V4 + Vi — Dag = 0.

An analogous computation for Einstein’s equations yields
1 2 1 2 o' 2 p ¥4
(7 = 2 + 3005 [(V2 + DR + (V2 = 28] = g0 05,

1 1
—§(v2 + 2)h,, + 19 [(VZ = 2)h) + (V? + 2)hS] = —gwe*"Vaag,

1
5(v2 — 2)hya = €ap (V,a’ = VPia,).

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)

The graviphoton equations of motion (3.4.6) -(3.4.7) are more complicated than those

for a spectator vector field because here we allow the metric to fluctuate as well. Similarly,

the vector field terms in (3.4.8)-(3.4.10) constitute nontrivial kinetic mixing.

3.4.2 2D Effective Theory.

We want to represent the 4D equations of motion (3.4.6)-(3.4.10) as towers of 2D equations.

The physics of the 2D theory is determined by Kaluza-Klein reduction in homogeneous spaces
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[39]. As in (3.2.5) we expand the 4D fields in partial waves:

My (,y) = Hi (2) Y (4), (3.4.11)
bt (@y) = H™ (@) Yim (),
a2, y) = BU™ (2)V o Yim) (y) + BY™ (2)€as VY imy (1),
hiasy(2:y) = 6" (@) V (V5 Yam) () + 0 (2) V a1, V7 Yim) (1),
ho (@, y) = 7 (@) Yim) (),
au(z,y) = "™ (2)Yim) (),

aa(xa y) = I;(lm) (x)vay(lm)(y> + b(lm)(x)eaﬁvﬂy(lm) (y)

Sum over angular momentum quantum numbers (Im) is implied. Curly brackets around
indices indicate that we remove the 2D trace: hy.g = hag — %gaﬁhﬂ, and analogously for
P, [23]. We also expand the generators of diffeomorphisms and gauge transformations in

spherical harmonics,

Eul,y) = V™ (@) Ym (), (3.4.12)
€, y) = (" (@) VaYim) (y) + £ (2)€as VI Yim) (1),

Az, y) = A (@)Y (y).-

The allowed range for the angular momentum quantum number of each mode can be read
off from the expressions (3.4.11) and (3.4.12). The modes with a single (double) derivative
acting on the spherical harmonic functions are missing the first (the first two) modes. Table
3.1 below summarizes the allowed range of [ for all 2D modes defined in (3.4.11) and (3.4.12).
Inserting the partial wave expansion (3.4.11) into the Maxwell equations (3.4.6)-(3.4.7) we
find

((VE, =1+ 1)+ Db (z) — 21(1 + 1) BI™ (x)) Yimy(y) = 0, (3.4.13)
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2D Field or Gauge Parameter Range
(Im) (lm) b plim), (Im) () | 7 _
Hy,\ H 6™ [=0,1..
B{™, Bf}’”), blm>, blm> L CUm) glm) =19,
Ptm) - plim) 1=2,3..

Table 3.1: Allowed range of [ for all 2D modes.

((vi — (1 +1))p") (z) — 2v+B{™ (x)) Vo Yim) (y)+ (3.4.14)

((v?4 — 11+ 1)) (@) + 2VFBY (z) + 1) () — 7O p@)) €V Yum)(y) = 0.

p

The dependence on the S? coordinates can be integrated out by contracting (3.4.13) and
(3.4.14) with the appropriate spherical harmonic functions and using their orthonormality
conditions. The result is one equation that is a vector from the AdS, point of view and two
equations that are scalars.

Dimensional reduction of the Einstein equations (3.4.8)-(3.4.10) proceeds similarly. For

brevity we just present a summary of all 2D effective equations of motion.
2D Equations of Motion - Summary

The equations defined for [ =0, 1... are

(VA =11+ 1)+ )b — 201+ 1)BI™ =0, (3.4.15)

1
—§(V?4 — (14 1) = 2)x™) —21(1 + 1)p™ =0, (3.4.16)

1
—5(VA—1+1)+ 2)H ) =0, (3.4.17)
1
—5(VA—10+1) - 2) 1" P —2r ™) 4 21(1 + 1)p™ = 0. (3.4.18)
The equations defined for [ = 1, 2... are

(V4 =11+ 1))p"™ —2vHBI™ =, (3.4.19)
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2 Im > (Im Im, (im) p _
(V% = 1L+ 1))p™) 2w+ BIm) 4 glim) — gim) e =, (3.4.20)
1 ~
—g(v?4 —(l+1) = 1)BI™ + v,b™ =0, (3.4.21)
1 -
—§(V?4 —(1+1) = 1)B{™ — v,,p"™ + b = 0. (3.4.22)

The equations defined for [ = 2, 3... are
1
—§(v1 —1(1+1) 4+ 2)p'™ =, (3.4.23)

—%(Vi U+ 1) +2)80m =0, (3.4.24)

The complete set of equations has 10 + 4 = 14 components as expected for gravity
coupled to a gauge field. They are organized into 6 scalar equations, 3 vector equations
(with two components each), and one equation that is a symmetric traceless tensor (with

two components).

3.4.3 Spectrum.

To compute the 2D spectrum we must diagonalize the system of 2D equations of mo-
tion presented above. To disentangle the equations we dualize each of the 2D vectors
Bl(fm), Bffm),bff’”) into two scalars and one harmonic mode, as in (3.2.14). A new feature

is that we also need to dualize the symmetric traceless tensor H EZZ% to scalars [67]. We write

H™ = V.V ™ + Ve, VPH™ + V1V, HE™. (3.4.25)
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The configuration space of scalars Hﬁm), H i’m) could generate all possible Hgﬁ% Indeed, to

avoid that some H &"3 are counted twice we require:
V3V —2)H™ +£0, (3.4.26)

VA(VE —2)HI™ 0.

For those configurations that could have been represented in either H, or H, form we

)

introduced the harmonic mode H((]lm , written to be definite in its A, form. The harmonic

mode satisfies

VA(V4 = 2)H™ = 0. (3.4.27)

To verify these claims it is useful to first compute

m 1 m m m
VA HG = 5 Vu(Va = 2)(H™ + HY™) + 6,V (V5 — 2)H, (3.4.28)

in AdS, and then use this identity to find Hﬁm),H ™) i terms of H{(ZZ% The resulting
expressions involve the inverse of the operator V4 (V% — 2) which is invertible on the appro-
priate subspaces due to (3.4.26).

After dualization of all fields to scalars the equations of motion (3.4.15)-(3.4.24) can be
recast as 14 Klein-Gordon equations coupled by a 14 x 14 block diagonal mass matrix. We
find that 5 components of the mass matrix are diagonal in our basis. The remaining blocks

in the equations of motion are the 2 x 2 block,

Bim™ 2 2| |BI™
(V4 = 1(1+1)) = : (3.4.29)
p{™ 20 +1) 0o | o™
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the 3 x 3 block,

B"™ 2 2 2| | B"™
2
(Va0 o [ = 2q+1) o0 o | |of™ |
pim) A4201+1) 4 —4] | ptm
and the 4 x 4 block
H(m) 2 0 —4  4(l+1) Hm)
B 0 2 0 2 Bi'™
(VA —1(+1)) =
m(tm) 0 0 2 —4{l+1) | | wtm
plm) 1 —22+1(1+1) -1 —4 pim)

The final 4 x 4 block is the most complicated with eigenvectors

Vo= 20(1+ 1)B["™ + 7™,

Im H(lm -1 m m
Vi=H"™ P _202+1(1+1)B"™ - H—lwﬂ V=21 4 1)pm),

Vo= —LH"™ ? 422+ 1(1+ D)B[™ + (I +2)x™ — 212p™),

Vs=—H"? 422411+ 1)B"™ + 4p™.

Our result for the spectrum and the corresponding modes is reported in Table 3.2.

ments:

e The eigenvectors V,, with n = 0,1, 2,3 were defined in (3.4.32).
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(3.4.30)

(3.4.31)

(3.4.32)

Com-



Mode Mass Range

g™ m>=1(l+1)4+2 | [=0,1..
aim m?=1(1l+1)+2 | 1=0,1..
Vo =21+ 1)B{™ +7lm 4 | m? =11 +1)+2 | 1=0,1..
Bim™ m?*=11+1)+2 | [=1,2..

pl™ — g™ 2_J(-1) | 1=01..

m
1 m?2=1(1-1) |1=12.
v, m?=(1+1)(1+2)| 1=01..
b(le) (4 1)Bﬁm) m>=(1+1)(1+2)| I=1,2.
p(im) _ b|(|lm) _ ZBﬁlm) 4 m? =1(l +1) 1=0,1,..
b|(|lm) i+ 1)Bﬁlm) 1 m? = I(1+1) [=1,2...
B{™ 4 g™ — fum m2=11+1)—2 | 1=1,2..
lim) mr=11+1)—-2 | 1=23..
im) mr=11+1)—-2 | 1=23..
Vs t m2=1(+1)—2 | [=1,2..

Table 3.2: Spectrum of N = 2 supergravity in AdS, x S2.

We express our results for the eigenvalues as scalar masses defined in the usual way

(=V4 +m*)X = 0. (3.4.33)

We do not indicate the harmonic modes explicitly. In the present context they can be

absorbed in || components and + components.

The mode labeled with { does not apply for [ = 1 and the two modes labelled with #

similarly do not apply at [ = 0. We inspect these special cases later.

The entry labeled with § is not a true eigenvector. Instead it is a generalized eigenvector

associated with a repeated eigenvalue. We discuss the details of this issue in Appendix

A.
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3.4.4 Gauge Violating, Longitudinal, and Physical States.

At this point we have diagonalized the gauge fixed equations of motion but we did not yet

analyse gauge symmetry. To do so we first write the gauge conditions (3.4.2) in components

1
Vi + YV hay = 5V0he =0, (3.4.34)
1
VEhiapy + Vs = 5V shy, =0, (3.4.35)
Vta, + V%, =0, (3.4.36)

and then insert the partial wave expansion (3.4.11) to find the 2D version of the gauge

conditions

m - 1
VHH{ =1+ 1)BI™ — Vo™ =0, (3.4.37)

Im T
VEBU™ — 1(1+ 1)b = 0. (3.4.38)

_ 1 1
1(141) {V“Bffm) + 52—+ 1))ptm — 5[{”’”’4 =0, (3.4.39)
1 ~
Im im -

I(141) {V“Bﬁ )+ S2 =10+ 1))¢ >] = 0. (3.4.40)

The factors of [(I+ 1) in front of (3.4.39) and (3.4.40) are due to the integration over the S?
coordinates. We retained them to stress that these equations apply only for [ > 1. The field
components that are only defined at [ > 1 similarly appear with a prefactor [(l + 1) so that
the [ = 0 component is not needed; and the fields ¢, gzg(lm) that are defined only for [ > 2
both have a prefactor that vanishes at [ = 0, 1.

Our next step is to dualize the 2D vectors and the 2D tensor using (3.2.14) and (3.4.25).
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The gauge conditions defined for [ = 0,1, ... become

1 - 1
Vv {§(Vi —2)H™ — 11+ 1)B"™ - §w<lm>} (3.4.41)

1 -
V| 374 9 — 10+ 0B <o,

VAL™ — (1 +1)b =0, (3.4.42)

and those defined for [ = 1, 2, ... become

i 1 1

VAB"™ + 52— 1+ 1) — 5H”m)pp — 0, (3.4.43)
1 ~

vAB"™ + 52— 1 +1)8"™ =0, (3.4.44)

We can project (3.4.41) and obtain two linearly independent scalar equations by applying
V" or €"*V, and then inverting the resulting overall Laplacian V. Our results below will
indeed justify the inversion except for the special case [ = 0 which we reconsider later. With
this exception we can therefore simply require both square brackets in (3.4.41) to vanish.
Our final step is to eliminate the kinetic operators V¥ from (3.4.41) - (3.4.44) by using

the equations of motion. This gives the on-shell gauge conditions:

1 . 1
S0+ DH{™ —i(1+1)B{™ — §7r<lm> =0, (3.4.45)
1 ~
QHS”” ~ B — o, (3.4.46)
pim — p™ —2B™ =0, (3.4.47)
S(Im m 1 m 1 Im

2+ 1+ 1)B"™ + 260 + 52—+ 1))ptm™ — 5H< =, (3.4.48)

- 1 -
(2+ 101+ 1)B["™ — 260™) 4 2p™ + 52— 1 +1)6"™ =0. (3.4.49)

As mentioned above, these equations apply only for [ > 1 and we return to [ = 0 later.
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The modes presented in subsection 3.4.3 were identified only by their eigenvalues so we
can freely choose a new basis by taking linear combinations of modes with the same mass.
The gauge conditions (3.4.45)-(3.4.49) specify particular linear combinations that are set to

zero by the gauge conditions. We collect these gauge violating modes in Table 3.3. Our next

Gauge Violating Modes Mass
L@+ 1) H™ — 11+ 1)B"™ — 1xm) m? =1(141) +2
g™ — i m?=1(l41) +2
pltm) — pil™ — 2B ™ m?=1(+1)

2+ 101+ 1)B"™ + 260 + L2 — 11+ 1)) — LH"™ 7 I m? =11+ 1) — 2

2+ 11+ 1)B"™ — 2b0™ + 26 + 12— 1(1+ 1)) | m? =1(l+1) —2

Table 3.3: Gauge violating modes.

step is to take equivalences under gauge and diffeomorphism transformations into account.

The variations of the 4D fields are:

Sa; = VN + & Fyp + V(€7 Ay), (3.4.50)

Ohry = V& + V&

The gauge field varies under diffeomorphisms but the metric fluctuations do not vary under
gauge transformations. It is therefore advantageous to remove field components in a specific
order: first exploit diffeomorphisms and then gauge transformations. In particular, we have
not yet specified a gauge for the background gauge fields A; although the field strength is of
course specified in (3.4.4). We take this into account by redefining diffeomorphisms to include
a compensating gauge transformation that removes the A; dependence. We implement this
by henceforth taking A’ = A — ¢7A; in (3.4.50).

In our on-shell approach we already fixed the gauge in (3.4.2) so at this point we can focus

on residual symmetries. The gauge variations (3.4.50) that preserve the gauge conditions
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(3.4.2) satisfy

VIA + 26,5 VPE* = 0, (3.4.51)

(91sVi+ Riy)€h = 0.

Upon expansion in partial waves (3.4.12) we find the 2D equations of motion for the residual
symmetries. The 2D diffeomorphisms §ﬁlm),§ﬁm) have mass m? = (I + 1) + 2 and range
I =0,1,..., the S? diffeomorphisms (" ¢ have mass m? = I(I + 1) — 2 and range

[l =1,2,... while the gauge symmetry is an eigenvector satisfying
(V4 =114+ 1) 211+ 1)¢t™ =0 | 1=0,1,.... (3.4.52)

We need only consider diffeomorphisms and gauge transformations that satisfy their appro-
priate on-shell condition.

Inserting the partial wave expansions (3.4.11) and (3.4.12) into the 4D symmetry varia-
tions (3.4.50) we find variations of all 2D fields. After complete dualization to scalars, the
result is presented below in Table 3.4. The five towers of gauge violating modes identified
in (3.4.45)-(3.4.49) are all invariant under symmetry variations as they should be. To obtain
the longitudinal states we consider our original list of 14 towers and constrain it with the

gauge conditions. For example, condition (3.4.46) allows us to work only with Bfm) and not

worry about H (le) since these fields are proportional after imposing gauge conditions. After
constraining the modes in this way we find combinations that are pure gauge. These are
presented in Table 3.5. The mode bhlm) +I(1+ I)B‘(‘lm) was a generalized eigenvector prior to
gauge fixing. However, the state with mass [({+1) with which it was degenerate was removed
by the gauge condition (3.4.47) and thus b‘(‘lm) + (1 + 1)Bﬁlm) is now a true eigenvector. Its
symmetry variation A™ + (1 + 1)€#™ is not diagonal but in view of (3.4.52) it is precisely

the combination that is on-shell with mass so m? = I(I + 1).

There is significant ambiguity in the form of the longitudinal modes we identify. We

79



Mode | Symmetry Variation | Range
g™ e 2v?45|<|“”> 1=0,1..
Im lm
o™ 2¢™ 1=0,1..
im lm
H™ 2¢ () 1=0,1..
R (m) (Im) (Im) _
B g+ ¢ [=1,2.
~(m Im
Bim™ glm 1=1,2...
(Im) (lm) _
B 3 1=1,2..
Im
Blm 0 1=1,2..
Plm) 2 (tm) 1=23..
Plm) 2¢im) 1=2,3..
mm) —20(I + 1)¢tm 1=0,1..
by Alm) 1=0,1..
p\™ 0 1=0,1..
plim) —2¢m) 1=1,2..
pm) 2gm) 4 \(im) [=1,2..

Table 3.4: Variations of all 2D fields.

can freely add modes proportional to the gauge violating modes since those are themselves
invariant under on-shell gauge transformations. Similarly (and perhaps more relevant) we
can add modes proportional to the gauge invariant physical states identified below.

After removal of five towers of gauge violating modes and five towers of longitudinal
modes there remain four towers of fields that satisfy the gauge condition and cannot be
represented as pure gauge states. These are the physical states. Simplifying the modes
from our 14 original towers using the gauge conditions and then forming gauge invariant
combinations we find the physical modes in Table 3.6. The second line is just —ﬁf—iVl, while

the third line is H%Vg
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Longitudinal Mode | Symmetry variation Mass
20(1+ 1) B{™ + wm) 20(1+ 1)¢™ m? =1(l+1)+2
Bl {im) m? = I(1+1) + 2
b 1+ DB | A (1 1) | m? = 1(1+ 1)
Hm) 2¢(tm) m? =1(1+1)—2
Hlm) 2¢tm) m? =1(1+1) -2

Table 3.5: Logitudinal modes.

Physical Modes. Mass Range

pi™ — 1 Blim) :z(z—1) 1=2,...

7l 421 + 1) + (1 + 1)(1 + 2)pt™) =1(—-1) 1=2,...
mltm) —21ptm) 4 (1 — 1)gUm) m?=(1+1)(1+2)|1=1,
o™ + (1+1)B{™ mr=(1+1)(+2)|1=1,

Table 3.6: Physical modes.

3.4.5 1=1 Modes.

Some of our results warrant special comment for small values of [. In this subsection we
reconsider [ = 1 and in the next we consider [ = 0.

There are several issues for [ = 1:

e The part of the 4D graviton that is a symmetric traceless tensor on S? vanishes iden-
tically for I = 1. Consequently the modes ¢(™ and ¢ are only defined for [ > 2.

This leaves 12 2D scalar modes at { = 1.

e For [ =1 the eigenvalue m? = [(I — 1) of V; coincides with m? = (I +1) — 2 of V3. In
fact, V3 = —Vj for [ = 1 so in this case our set of modes is incomplete in its generic

form. We adress this by introducing a generalized eigenvector Vi = 4b(™) 4 g(im)

which is acted on as V4 Vy = 4V/.

e We have dualized all 2D fields fully to 2D scalars. This can lead to overcounting in

case of harmonic fields, which we define as those fields where m? = 0 after dualization
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of 2D vectors and those where m? = 0 or m? = 2 after dualization of 2D symmetric
traceless tensors. There are no modes of this type for [ > 2 but they are present for

[ =0,1. We must therefore revisit dualization.

We present for convenience the spectrum and the corresponding modes for [ = 1 in Table

3.7.

Modes Mass

Vo= —H"™ P+ 8BI™ 4 3(m) — optm) | 2 =
"™ 4 2B
™
aym
Vo = 4Bﬁlm) + 7(m)

B

N

[\

|(llm) _ pam)
b‘(‘lm) + B|(|1m) . ’6(1m)

[\

bﬁ””) +9B

[\

[\

N

[\

Vi = H(lm)pp _ 8B|(|1m) — 4p(im)

[\]
I
olo|lo|lo|lvdM|lvlalsalA~]lA~|o]| o

S U = U O A~ O A O O I S B R
I

[\

Table 3.7: Spectrum of [ = 1 modes.

The modes labeled with § are generalized eigenvectors. The m? = 2 mode is just the
[ =1 version of the generalized state b‘(‘lm) + (1 + 1)B‘(‘1m) already present for [ > 2. Vi =
4p(m) 4 7(Im) is the mode particular to [ = 1 that was discussed above.

As we have stressed we must take care not to overcount the modes with m? = 0 that

arise from dualization of a 2D vector to a 2D scalar. In order to illuminate the issue that

may arise we consider the coupled system of Bf}m), bfblm), and 5™ prior to dualization. The
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equations of motion (3.4.15), (3.4.19), and (3.4.22) can be presented as

(V4 + 1) (0™ — BI™) = 2v,b0™), (3.4.53)
(VA4 = 5)(b(™ +2B("™) = —4v,,b1™), (3.4.54)
(V4 —2)p"™ = 2w+ B{m), (3.4.55)

Upon dualization to 2D scalars the right hand side of (3.4.53) is manifestly longitudinal so
for the perpendicular component (b(jm) — B(llm)) only the left hand side remains. Taking the
curvature terms into account we find that this mode is massless, as indicated in the table.
However, recall that in (3.2.12) we explicitly defined dualization of a 2D vector such that dual
components do not satisfy the harmonic condition. This mode is therefore disallowed except
if the longitudinal mode (bﬁlm) - B|(|1m)) is massless as well. In that event the two modes
are interpreted together as a single harmonic mode. This harmonic mode forces vanishing
b('™) and this in turn decouples the vector mode (bf}m) + ZBlem)). We interpret the massless
(b(lm) _ glm)

L 1) as a harmonic mode in this strong sense.

We next consider the gauge conditions at [ =1

H{™ — 2B — %w“m) =0, (3.4.56)
L amy _ pam)

G = B =0, (3.4.57)

o™ + 2B — pm =0, (3.4.58)

4B + 2ptm) — %H(lm)p” =0, (3.4.59)

VHB{I™ = 0. (3.4.60)

With the exception of (3.4.60), these are the continuations to [ = 1 of the higher [

conditions (3.4.45)-(3.4.49). The derivation of (3.4.60) is different from the one of (3.4.49)
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only in that the equations of motion were not used to simplify it so we simply revert to
(3.4.40).

If we proceed to dualize the gauge condition (3.4.60) we find that Bﬁlm) is harmonic which
we have disallowed. Thus B‘(‘lm) = 0 and so the condition (3.4.58) becomes a condition on
the massless mode b‘(‘lm) +B|(|1m) —bm) in addition to the massive mode bl(llm) —|—2B|(|1m) —pm),

On the other hand we may dualize Bﬁlm) to the true harmonic mode that is shared
between Bﬁlm) and B(jm). This mode satisfies the gauge condition since in this sector we

have the constraint (%™ + 2B{"™) = 0 and so B{"™ has vanishing divergence as well as

vanishing curl. In Table 3.8 we have collected the 5 towers of modes that we project out

Gauge Violating Modes | Mass
1m H(1m m
H{™ — 2B — Lp(m) 2 =
aim™ — 2B m? =4
pf"™ + 2B — b |2 =2
4B 4 2ptm) — L™ P2 = 0
b‘(‘lm) + Bﬁlm) _ B(lm) m2 =0

Table 3.8: Gauge violating modes at [ = 1.

due to the gauge conditions. They are themselves gauge invariant. Among the remaining 7
towers there are 5 that we can present as pure gauge. The longitudinal modes are given in

Table 3.9. The modes in the third and fourth line of Table 3.9 were generalized eigenvectors

Longitudinal Modes | Mass | Symmetry variation
4B™ 4 i) m? = 4 4¢M™
4B m? = 4 4¢t'™
bl(llm) + QB|(|1m) m2 =29 A(dm) + 25(1771)
4pm) 4 r(m) m? =0 —6¢tm
™ — B m? =0 2¢(1m)

Table 3.9: Logitudinal modes at [ = 1.

before gauge conditions were imposed but they are now true eigenvectors.
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The fifth line refers to the harmonic mode that can be presented either perpendicular or
longitudinal form. The longitudinal form can obviously be presented as a pure diffeomor-
phism. However, the parameter £ is itself harmonic for [ = 1 so this symmetry can also be
recast in perpendicular form. These presentations are entirely equivalent.

The fourth and fifth line in the table both correspond to modes generated by S? diffeo-
morphisms (with a compensating gauge transformation to keep A1™ 4-2¢(0™) fixed). Neither
of these [ = 1 modes are smooth continuations of the towers that apply for larger values of
[. The last one is the mode that is physical if it is harmonic since then it is formally pure
gauge but with non-normalizable gauge function.

The two remaning towers of modes satisfy the gauge conditions and they are not pure
gauge. The gauge invariant form of these physical towers are the continuations from higher

[; they are collected in Table 3.10.

Physical Modes | Mass

am) —op(m) | ;2 =6

o™ 4 2BU™ I m2 =56

Table 3.10: Physical modes at [ = 1.

3.4.6 1=0 Modes.

The [ = 0 sector is the truncation of gravity and a vector field to the spherically symmetric
sector. It is instructive to analyze this sector in detail.

Prior to any dualization the 2D field content is the 2D graviton H gﬁ)}, the AdSsy volume
mode H (OO)pp , the 52 volume mode 7, and the 2D gauge field b"”. There is a total of
6 component fields. The three continuous symmetries generated by gauge symmetry A%
and the AdS, diffeomorpisms 5,800) are each expected to gauge one component field away

and require another to vanish due to a constraint. Thus we expect no physical degrees of

freedom in the [ = 0 sector.
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We first consider the equations of motion

(V%4 + )b =0, (3.4.61)
(VA+2H) =0, (3.4.62)
(V%4 —2)7 =0, (3.4.63)
(V4 —2)H 7 4+ 4700 = 0. (3.4.64)

There is no mixing between the gauge field b,(LOO) and the gravity modes so we can treat them

separately.
The gauge field sector is simply 2D QED. Dualizing the scalars as in (3.2.9) the gauge
fixed equation of motion (3.4.61) amounts to two harmonic equations for the dualized scalars

b and b,

VA = V4 = 0. (3.4.65)

Once again, recall that we define the scalars dual to vector fields requiring that they do
not satisfy the harmonic condition (3.2.12). Both these modes therefore vanish on shell.

However, since the equations of motion coincide with the harmonic equation, the harmonic

(00)

o = Vub(()oo) does in fact satisfy the equations of motion. This is special to the [ =0

mode b
sector.

We proceed similarly for the gravity modes described by the symmetric traceless tensor
H Ezg)}. We must again take extra care when dualizing. According to (3.4.25) we can dualize

to two scalars HJ(FOO), H (XOO) which cannot satisfy the generalized harmonic condition

V4(VE4 -2)X =0, (3.4.66)

and one harmonic scalar Héoo) that must satisfy this equation.

Inserting the expansion (3.4.25) of H {(22)} into (3.4.62) we find that the equations of motion
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for the two dual scalars HJ(FOO) and H (XOO) are precisely the generalized harmonic condition.
These modes must therefore must vanish on shell.

However, again we find that since the equations of motion coincide with the harmonic
equation, the harmonic mode HEZ(L)} = V{uVV}HO(OO) with HO(OO) satisfying (3.4.66) does in
fact satisfy the equations of motion.

The remaining two modes are H (OO)pp and 7%, These are already scalars so we do not
have to worry about any dualization. The equations of motion (3.4.63)-(3.4.64) indicate that
these scalars have m? = 2. Indeed, they are equivalent to a single “weight-two” scalar with
m? = 2 and satisfying

(V4 —2)2H™ » =, (3.4.67)

p

Either way, both these scalars remain after the gauge fixed equations of motion are imposed.
Summarizing so far, the fields that are on-shell at [ = 0 are the harmonic scalar b((]oo) dual
to the 2D gauge field, the generalized harmonic scalar H(()OO) dual to the traceless symmetric
tensor, and the two scalars H (OO)pp and 79 with m? = 2.
The 4D gauge condition for diffeomorphisms (3.4.37) simplifies at [ = 0 to

(00) l (00)
VA ) = 2vl,7T . (3.4.68)

We insert (3.4.28) into (3.4.68), giving the condition
1
VAV = 2)H" = §vyw<°°>, (3.4.69)

We can contract with V¥ and find V37(° = 0 in view of the generalized harmonic condition
on Héoo). This conflicts with the equation of motion (3.4.63) so we conclude that 7(°? = (
after the equations of motion and the gauge condition have been imposed. Further, the
00)

gauge condition (3.4.69) then projects on to the m? = 2 component of Hé

The dualization of the on-shell physical fields H 8?,)} and b,(?o) manifestly presents them as
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(00)

pure gauge. The AdS,;-volume H pp mode is also pure gauge with gauge function chosen

such that
H(OO) p

p =

2V P00, (3.4.70)

Since H (00)pp has m? = 2 the harmonic component of £7(°) can play no role here. We dualize

g,SOO) = Vpéﬁoo) where £|(|00) also has m? = 2 as already found in (3.4.51). We therefore have

H(OO)pp _ 2vi£‘(|00) — 4. (3.4.71)

)

on-shell. In particular, it is manifest that all normalizable H (oop

” are generated by normal-
izable gauge functions.
In summary, the only physical modes at [ = 0 are the harmonic modes béoo), Héoo). These

modes are pure gauge so we find that in this sector gauge symmetries remove all fields (at

least formally). This is the expected result.

3.4.7 Boundary Modes.

As we have stressed, special care must be taken when the dualization of vector or tensor
fields gives rise to harmonic modes.

An important example of this situation is a 2D vector field that satisfies (3.2.13)
(V4 +1)C, =0, (3.4.72)

since then the dual scalar field X satisfies the harmonic equation V4 X = 0. In this case the
gradient and curl versions of dualization are equivalent so only one of these configurations
should be counted.

There are three 2D vector fields in our setting. Their equations of motion simplify when

we focus on harmonic fields since those are divergence free and so their couplings to gradients
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of scalars can be consistently ignored. With these simplifications (3.4.21) becomes

(V43— 1U(+1)+1)B{™ =2B,, (3.4.73)

and (3.4.15), (3.4.22) combine to

BY™ 2 2| [B!™
(V43 —1(1+1)+1) — : (3.4.74)

b\ 21+ 1) 0] | o™

We must in addition consider the 2D tensor HEZZ% with equations of motion (3.4.17).

For bulk modes we define mass as the value needed to satisfy the on-shell condition
(—V? + m?)X = 0 with the understanding that eventually we will go off-shell and consider
all eigenvalues of the AdS, Laplacian —V?%. This strategy fails for boundary modes since the
harmonic equation determines the AdSs wave function completely from the outset and so the
only option will be to go off-shell on S?. We will instead record the spectrum of boundary
modes as the eigenvalue of the harmonic operator (V4 4+ 1)C, = m?C,, for vectors and
(V4 +2)H EZZ; = mQHEZZ% for tensors. For boundary modes the “mass” becomes a measure
of the distance off-shell along S?. With this terminology we find the spectrum summarized

in Table 3.11.  The symmetries of the theory include the tower of 2D diffeomorphisms

Boundary Mode Mass Range
Bim™ m?>=11+1)+2 |[1=1,2...
pim™ — ™ m*=I(1l-1) |1=0,1...
B 4 1+ 1)BI™ [ m2 =1+ 1)(1+2) | 1=1,2...
mm m?=1(1+1) |1=0,1...
(m) lm) m) 2 =1+ 1)+2 | 1=0,1...

Table 3.11: Boundary mode spectrum.

S,Slm). These are 2D vectors so their dualization is also delicate. The residual symmetries
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remaining after gauge fixing satisfy (3.4.51), which serves as their equation of motion. We
have included these modes in our table along with the ghosts cﬁm) and anti-ghosts 6,(fm) that
satisfy the same equations of motion.

We have not yet specified which modes violate the gauge conditions nor have we de-
termined which modes are pure gauge. In the BRST formalism both of these are anyway
cancelled by the ghosts and antighosts. The net effect is that the last line in the table (one
tower of modes and two ghost towers) cancels the first line in the table (one tower of modes)
except for one mode at [ = 0 that counts with negative sign. The [ = 0 is the spherical
reduction of Einstein-Maxwell which is known to have confusing features in AdS, x S?. In
the present set-up there is —1 mode at [ = 0 as one expects from an overconstrained system
[68].

We can be more explicit about this. When the 2D diffeomorphisms éﬁm) are harmonic
they can be dualized to a massless scalar that is not normalizable but such that the vector
field itself is normalizable and therefore generates a true symmetry. We can use this sym-
metry to gauge away the metric components h,,, with mixed indices on AdS, and S?. This
justifies a physical on-shell approach that simply omits Bffm) and fffm) from the outset and
never introduces ghosts.

In AdS, the effective mass is related to conformal weight through m? = h(h —1). We
find that all physical boundary modes have integral conformal weights.

The dualization of the tensor HEZZ; is less familiar. The harmonic tensors introduced
in (3.4.25) are formally pure gauge generated by a diffeomorphism that can be dualized
to a scalar Hy that satisfies V4 (V% — 2)Hy = 0. We can interpret such scalar field as two
independent scalars with masses m? = 0 and m? = 2. The m? = 0 component corresponds to
non-normalizable scalars that generate a normalizable diffeomorphism. These are precisely
the boundary modes that were cancelled two paragraphs ago. On the other hand, the m? = 2

component corresponds to non-normalizable scalar modes that generate non-normalizable

diffeomorphisms V,,. However, these non-normalizable diffeomorphisms in turn generate
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normalizable tensors Hy,,, = V,V, =V, V, — gWVAVA. These are physical fields on AdSs
even though they are formally pure gauge. As we discuss in Appendix B, the summation
over all modes again produces a volume factor but also a multiplicity factor of three. The
tensor thus has three boundary modes.
The m? = 2 condition on the scalars H, imply that the non-normalizable vector modes
V,, satisfy
(V43— 1)V, =0. (3.4.75)

Interestingly, the definition of Conformal Killing Vectors on AdSs imply this equation. How-
ever, the CKVs are precisely those that generate a trivial H{(ZZ% so the non-normalizable
vector modes V), are the solutions to (3.4.75) that are not CKVs on AdS,.

We introduced the notion of mass for boundary modes as a measure of off-shellness on
S2. Thus only the m? = 0 modes are truly on-shell. In the b,(fm) —IB{™ tower | = 0 is
the mode that is formally pure gauge but with non-normalizable gauge function. For [ =0
this mode does not mix with gravity and so “gauge” really refers to the gauge field and the
problem reduces to the spectator vector field discussed in section 3.2. The [ = 1 mode in the
same tower is also massless and again it is formally pure gauge with non-normalizable gauge
function. However, the symmetry is a 2D diffeomorphism accompanied by a compensating
gauge transformation such that bf}m) +2B le) is fixed. Specifically this mode is the Conformal
Killing Vector V*Y{y,,) on S? with a compensating gauge transformation so the gauge field
a® is left invariant.

The analogous relation between | = 0 tensors ng[i)} and 2D diffeomorphisms was dis-
cussed above so all the on-shell boundary modes are related to symmetries. These modes
were all previously identified in the discussion of the special cases [ = 1 and [ = 0. We can
interpret the full towers of boundary modes as the off-shell realization of these symmetries.

This extrapolation to general partial wave number [ is nontrivial because of mixing between

modes.
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3.5 Quantum Corrections to AdS; x S? - Bosonic Sec-
tor.

Quantum corrections depend only on the spectrum rather than the explicit modes. We con-
sider in turn the contributions from the physical states, the unphysical states, the boundary

modes, and the zero modes. We then add the contributions to find the complete heat kernel.

3.5.1 Physical States.

The bosonic physical spectrum is given below in Table 3.12. In each entry the mass refers

Mass Multiplicity Range
m?=1(-1) 2 [=2,3...
m? = (1+1)(1 +2) 2 1=1,2...

Table 3.12: Physical bosonic spectrum.

to the value of m? such that (—V? +m?)X = 0 is the on-shell condition. The bulk result we
present agrees with [40, 42, 41] 2. Quantum corrections necessarily consider modes that are
off-shell. For modes with m? = 0 there is a continuous spectrum off-shell with eigenvalues
A > i for the Euclidean operator (—V?%). The contributions from this continuous spectrum
on AdS; is encoded in the AdSs heat kernel (3.3.3). We subsequently sum over the four

towers of modes on S? using (3.3.4). This gives

1 = S
K}fulk,b(s) = 2K (s) . (Z e—sl(l—l)(2l +1)+ Z e—s(l+2)(l+1)(21 + 1)) (3.5.1)
1=2

a2 —
= Ki(s) . L ie_SZ(l"‘l)(Ql + 1) —1—= 16—25
ma? — 2
 4n2ats? 2 90 o

2Except that we find the S? volume mode 7(°?) to be unphysical. This discrepancy was stressed in chapter
1
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3.5.2 Unphysical States.

The full spectrum of modes include some that violate the gauge condition and others that
are pure gauge. These two groups of modes coincide precisely. Each has the spectrum in

Table 3.13. In our physical quantization scheme we simply omit these modes. They are not

Mass Multiplicity Range
m?=1(+1)+2 2 [=0,1...
m?=1(+1) 1 [=0,1...
m2=1+1)-2 2 l=1,2...

Table 3.13: Unphysical bosonic spectrum.

allowed even virtually so they do not run in loops.

In standard covariant quantization we would instead impose the gauge condition and
then argue using Ward identities that the pure gauge modes decouple. The upshot will be
that indeed these states give no net contribution to the quantum corrections. This structure
is of course expected but our construction provides explicit details.

Similarly, in BRST quantization we allow all the modes and then include b and c-ghosts
that contribute with opposite sign. These ghost modes will have exactly the same spectrum
because they are essentially the pure gauge modes (and their dual constraints). Again there
will be no net contribution to the quantum corrections.

The unphysical modes with m? = 0 are special and they are worth discussing. They
are the harmonic gauge mode b(()oo)’ the Conformal Killing Vector on S? generated by (1)
and the Killing Vector on S? generated by ¢ . Each is a harmonic mode V3X = 0 on
AdS,. The standard covariant quantization above implicitly realizes each of these harmonic
modes in both their gradient and curl form. In the off-shell theory these two forms are not
equivalent so the two members of the pair are distinct field configurations. Each is equivalent

to a massless scalar and the two contributions cancel just as they do for higher .

The harmonic modes and the Killing Vector on S? ultimately give boundary states and

93



those we treat differently (in the next subsection). One may therefore object as a matter
of principle that the harmonic modes should not be included among the unphysical modes.
This question is an ambiguity in the quantization scheme that does not have a “correct”

resolution since no physical quantity will depend on it.

3.5.3 Boundary Modes.

Each boundary mode receives the constant contribution (3.3.8) from the AdS, part. This
must be multiplied by the S? tower using (3.3.4). The harmonic modes from the two

mixed /gravity towers 5™, B{™ combine to give

mix bndy,b —s —5
K P (s) = 2m2-4m2 (Ze DRI+ +) e <l+2>(l+1>(2l+1)) (3.5.2)

=1

1
= m (2 Z e—sl(l+1)(2l + 1) + 92 _ 6_25>

=0

The harmonic modes from pure gravity reside in the tensors Hy,,; (which count with weight

three) and in the almost cancelling towers B ,ﬁ,fm) These contributions combine to give

11 N2 N s
Ky bdyb(s):2ﬂa2,4ﬂa2.<3z+ze i _Ze 2>(2l+1)6 A (3.5.3)

The sum of contributions from all bosonic boundary modes becomes

. 1 . s 25
K0 (s) = Ry (52(25 +1)e =) 4 2 — 2¢72 ) (3.5.4)
l_

1

1 13
:m 5(1+—S+—S‘|‘ )

3 15

Ultimately we only need the first two orders. At that precision the boundary modes are

2s

equivalent to five free scalar fields on S%. The addition of 2 — 2e72% in the exact result
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introduces corrections at higher order.

3.5.4 Zero Modes.

Zero-modes are on-shell boundary modes. They are
e The pure gauge mode b,(f’o).

e The modes by™ — B! (with compensating gauge transformation so by ™ + 2BS™

is fixed) are due to Killing Vectors on S%. These are in the [ = 1 sector so there are

2{ + 1 = 3 modes of this kind.

e The on-shell modes H,S?,O) are generated by 2D diffeomorphisms on AdS,;. The sum

over these modes give a multiplicity factor of 3.

The zero-modes require special considerations because they are not damped in the Euclidean
path integral. As explained in detail by Sen and collaborators, they can be incorporated
by a change of variable to the corresponding symmetry parameter [36, 9, 10]. For gauge
symmetry it turns out that the naive treatment is correct but for diffeomorphisms the zero
modes were undercounted by a factor of two. Each of our 3+ 3 = 6 zero modes that are due
to gravity already contributed F%(# but this should be multiplied by two. This correction
contributes

Kb — L 6, (3.5.5)

Sm2at

to the heat kernel.

3.5.5 Summary.

Adding contributions from bulk (4D), boundary (2D), and the zero-modes (0D) we find

1 241

Kb
4(8) 45

as the total contributions from bosonic modes.
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3.6 Supergravity in AdS, x S? - Fermionic Sector.

In this section we analyze the two gravitini in N' = 2 supergravity in AdS, x S2. We derive
the equations of motion in AdSs point of view via a partial wave expansion and diagonalize

them. Only then do we fix the gauge and identify longitudinal states.

3.6.1 4D Theory.

The matter content is a pair of Majorana gravitino fields W;4, where A = 1,2 is an R index.

The action for the 4D gravitini is
_ 1- 1
L=—UyT"ED;W 0 + 5 Var (Fj;g + 51“”KLFAB7KL) Upy. (3.6.1)

We do not bother matching upstairs and downstairs indices when summing over A, B. We
work with a magnetic background that couples differently to each of the 4D gravitini, so we
incorporate index structure in A, B: Fj}g = 2e4p€e®P.

The supersymmetry that leaves the Lagrangian (3.6.1) invariant is

1 -
5\IJAI = (5ABDI - ZFAB’YI) 93, (3.6.2)
for some arbitrary spinor 0.

We vary the Lagrangian to obtain the 4D equation of motion,

1 1
TED W, — §(FA{;; + 5r”KLmB,KL)nlfJB =0. (3.6.3)

We split the AdS, and S?-components of the equations of motion, rewrite them in terms

of the 2D gamma matrices v*, v, and use the expression for the background field strength.
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Our conventions are summarized in Appendix C. The result is

Y @YDy ay — Y @ Y DoV 4, + Y @ P 5 DoV as + i7" @ ys€ap¥p, = 0,

W @75 DgWay — 4Dy @15 Wag + 4" Dy @ 7 W g, — eape®Wps = 0. (3.6.4)

Each term is written explicitly as a tensor product to stress that the gamma matrices in
AdS and the sphere are in different Clifford algebras and therefore commute. The matrix vg

is the sphere analog of I's.

3.6.2 Partial Wave Expansion.

We denote spherical spinors with definite angular momentum quantum number 7)(4,). The
index o = =% labels the two components of 7(ym). A complete set of complex spinors on S?

is then given by 1(yum) and Ysneum) [46, 69] satisfying

ryaDOélr](O'lm) = Z(l + 1)77(o'lm)7 (365)

1=0,1..

We expand the gravitino wavefunction in spinor spherical harmonics according to

olm olm
\IJAM = \PS-AH) ® N(olm) + \I[(—Ali) ® VSN (alm), (366)
alm alm
\IIAa = \IISFA ) X D(a)n(alm) + \Il(,A ) & D(a)vsn(alm) (367>

olm olm
+ XSrA ) ® YaT(olm) =+ XEA ) ® Yo VST(olm) -

We expanded the vector index on the gravitino along the sphere in the basis

D(a)n(alm)7 Yall(alm)s (368>
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where

1
Dy = Dy — 5%7%5. (3.6.9)

The spinors D(a)N(sim) and YaM(oim) pick out the spin-3/2 part and the spin-1/2 part of the
Rarita-Schwinger field on S?. The spin-3/2 part is not defined for I = 0 so the AdS, field
W, 4 is only defined for [ > 1.

Complex conjugation is given by

nzkalm) = iUVSU(—alm)- (3610)
The 4D fields W;4 are Majorana and thus (3.6.10) gives the conjugation property

alm)\ x . —alm
(e = Fiow o, (3.6.11)

The components ¥, 4 and x4 transform analogously.

3.6.3 Equations of Motion: 2D Theory.

We now insert the spinor harmonic expansion (3.6.6) and (3.6.7) into the 4D equations of
motion (3.6.4). We drop the spinor harmonic indices (olm) to simplify the notation.
We contract the I = p equation of motion in (3.6.4) with 7,, then insert the expansion

in spinor harmonics.

) 1 . .
0= <2DMX—A +i(l+1)W_,a+ 5(([ + 1)2 — D)y Wia+i(l+ 1) yux+a + zeAB\I/JmB) ® Ysn
(3.6.12)

. 1 . .
+ (QDH,X-FA —i(l+1)Wy,n+ 5(([ +1)% - Dy Voa —i(l+1)y,x-a+ ZGAB\I/_HB) ® .

There is an obvious redundancy in this equation, since the first line is related to the second

through complex conjugation. We multiply (3.6.12) by (ysn)" and integrate over the sphere
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coordinates to find
. 1 . .
0=2D,x-a+i(l+1)V_,4+ 5((z + 12 = Dy, Wa +i(l+ 1)yx1a +icapVy,p. (3.6.13)

These are the 2D equations of motion. We could alternatively have multiplied by n' and
kept the second line of (3.6.12).
The procedure is repeated for the I = « equations of motion (the second equation in

(3.6.4)). The difference is that the sphere dependent part now carries a vector index. We
find

0= (—7"Wiap+ 7 DuVin +icapVyp) @ DWyen (3.6.14)

+ (=" _py + D4 +ieapV_p) @ Dy
i , .
+ (—§(l + DYV a, + V' Duxpa + Y DV g + ZEABX+B> ® Yy
i . o
+ (50 + DYV _ gy + 9 Dpx—a + 9" DV gy + ZEABXB) ® .

The operators D(®) and v* are orthogonal so we can project (3.6.14) and integrate over

the sphere degrees of freedom,
7 )
0= _E(l + D4y + " Dyuxra + 7" DV gy + i€apX4B (3.6.15)

1
0=+ 1)* = 1| =" Wiap +7"Dy¥ia+icap¥yip (3.6.16)

The prefactor [(I +1)? — 1] in (3.6.16) stresses that this equation does not apply for I = 0.
It is analogous to the overall factors of /(I + 1) present in some the bosonic sector equations
of motion that were not defined at [ = 0.

The complete equations of motion in AdS, are (3.6.13), (3.6.15), and (3.6.16). We will

work for now with [ = 1,2... . The [ = 0 components will be treated separately.
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In order to decouple our equations of motion we define the combinations

A

Wop = U s — iU, (3.6.17)
U=,y —iV_y,

XA = X+A4 — 1X-4,

and the conjugate fields

Ua =V, +i0 4, (3.6.18)

with analogous relations defining U4 and XA-

Complex conjugation in this basis is given by
T (ol * T (—ol
(™) =~ 0™, (3.6.19)

Where we restored the harmonic indices temporarily. The fields U uA are related to \if# 4 Via
complex conjugation according to (3.6.19). The fields ¥, 4 present no new information.

By inspection of the equations of motion we see that the 2D Rarita-Schwinger field ¥, 4
is dependent on the fields W4 and x 4. Hence, we use (3.6.13) to express ¥, 4 in terms of the
other modes and simplify the remaining equations (3.6.15) and (3.6.16).

Recall that the index A takes two values, and for each field such as ¥, ,4 there is a
complex conjugate W_, 4. Thus, we are looking into four vector valued equations. It is
somewhat tedious yet straight forward to write all four equations in components then solve

for each W, 4. The result in the basis (3.6.17) is

1—(1+1)?

A —1 ) SN~
\I/uA 2(—Z<l+1)(5AB+6AB)(—ZZD/JXB — 5

- b4 i )t
1—(l+1) m B+Z( + )7#XB))

(3.6.20)
and similarly for the conjugate field \ilu 4. We will refer to (3.6.20) as the Rarita-Schwinger

constraint. Note that it cannot be continued to [ = 0 which we study separately.
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We now insert the Rarita-Schwinger constraint (3.6.20) into the equations of motion
(3.6.15) and (3.6.16). The first order derivative in (3.6.20) is acted on by further derivatives
but the resulting second order term appears as a commutator that reduces to a curvature

factor. The resulting equations are therefore of first order:
’}/'uD — (l + 1) @A + #(l(l + 1)5AB - GAB)S(B =0 (3621)
a ((+1)2-1 ’

(7“Du—(l+1)>(z’(l+1)5AB—eAB){2@34— (i(l+1)6BC—eBC)>ZC} = 0. (3.6.22)

1
l+1)2-1
The operator (i(l + 1)dap — €ap) can be inverted for [ # 0, so we can decouple these into

Dirac equations for v A and X 4:

(7Dy = (1 4+ 1))¥4 =0, (3.6.23)

(7" Dy = (I +1))Xa = 0.
The conjugate equations similarly give

(YD + (I + 1) ¥4 =0, (3.6.24)

(7 Dy + (I +1))xa = 0.

At this point we have successfully decoupled all equations of motion with no constraints or

gauge condition imposed.

3.6.4 Dualization.

We showed above that the field U pA is not independent from the spinors ¥ 4 and X4. However,
we are going to fix a gauge and study supersymmetry variations that involve components of
0 uA- So instead of throwing away the vector-spinors 0 ua we will dualize them into spinors in

order to more precisely work with the Rarita-Schwinger constraint (3.6.20), gauge conditions,
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and variations.

We dualize \il” A according to
(3.6.25)

U4 = Diyhia+Yufa.

Where D) = D, — %yuv”D,,. An analogous dualization is carried for ‘iju 4. Our field content
is then the 16 components: k4,74, \TJA, x4, with A = 1,2 and their conjugates with tildes.

We can recast the Rarita-Schwinger constraint (3.6.20) as equations expressing the dual

spinors introduced in (3.6.25) to other field components:

. 2 . -
. T, 5
TA = —§(Z(l + 1)5,43 — EAB)\I/B,

2 . :
Fou = m(z(l +1)04p + €48)XB;

. i,
Tq = 5(@([ + 1)0ap + €ap)¥p.

This is the dual form of the result that we can eliminate half of the initial field components
and only work with the components Uu, Uy, X4, XA- This formulation will be useful in the
following section.

3.6.5 Gauge Violating, Longitudinal, and Physical States.

We now impose Lorentz gauge on the on shell states we found and then construct pure gauge

states.
The Lorentz gauge condition is I''W; = 0. We write it in terms of 2D gamma matrices,

insert the expansion of ¥; in spherical spinors, and dualize according to (3.6.25). The gauge
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condition in terms of 2D spinors is

T4 —1iXa =0, (3.6.27)

Fa+ixa = 0.

We already have expressed 74 and 74 in terms of other fields in (3.6.26) so we can write the

gauge condition in terms of Ty, X4 and their conjugates

A

N 1.
XA = _i(l(l + 1)(5,43 — GAB)\I/B; (3628)

~

1, .
XA = —5(2(1 +1)0ap + €a)¥p.

After imposing the equations of motion and gauge condition there are four field components:
U, Uy A=1,2.
We now look for pure gauge states. The supersymmetry variations of the 4D Rarita-

Schwinger fields W4 are given by

1
6Wia = (Drdap — ZFJKF;{;SFI)GB (3.6.29)

2
- (D]5AB + 5(1 (24 VS)FIGAB)QB-

In order to compute the supersymmetric variation of each mode we expand the spinor 64

into partial waves in analogy with (3.6.6) - (3.6.7),

0s =0, 200+ 0_4R s, (3.6.30)

and rewrite the & indices as the combinations 4 and 0 A

~

O4=0,4—i0_4, (3.6.31)

éA - 0+A+’i9_A.
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Note that the procedure here is in complete analogy with the bosonic sector: one writes
the gauge variations then expands the parameters in partial waves. The next step is to find
the constraints the gauge condition imposes on the supersymmetric parameters, that is, the
residual gauge symmetry.

The preservation of the Lorentz gauge condition I'; U/ = 0 constrains the 4D supersym-

metric parameters to satisfy

' [Dybap + %(1 @ vs)T1ean] 05 = 0. (3.6.32)

Expression (3.6.32) is once again decomposed into 2D conditions. The result are the con-

straints

(v Dy + (14 1))04 =0, (3.6.33)

("D, — (1 +1))f4 = 0.

The residual gauge symmetry has to satisfy (3.6.33) in order not to violate the imposed
gauge.
We compute the supersymmetric variations of the dualized spinors in terms of the pa-

rameters 64, 64, by expanding both sides of (3.6.29) in spinor harmonics, dualizing when
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needed, and comparing each variation in the (3.6.31) basis. We get

kg =04, (3.6.34)
5'%14 = éAv

~

1 .
57’,4 = é(quu(sAB + ZGAB)QB,

1 . ~
(5TA = 5(’7”D#6AB + ZEAB)HB,

1,
5XA = 5(7,([ + 1)(5,43 — 6AB>9B7

~

1.
oxXa = §(Z(l + 1)5AB + EAB)QB.

We cannot remove W4 and U4 with residual gauge transformations since their equations of
motion (3.6.23)- (3.6.24) are inconsistent with (3.6.33).

As a clarifying example consider the 4D flat space case: supersymmetry transformations
are given by 6¥; = ;0 and the gauge condition v/ W¥; = 0 requires 6 to be massless. One
cannot turn on pure gauge modes with a massive parameter # since those would be gauge
violating. An analogous situation is happening here. We cannot gauge away modes using
the residual symmetry we have. Thus, there are no longitudinal modes.

The modes Wy, U4 with A = 1,2, [ > 1, and the masses reported in (3.6.23), (3.6.24)
satisfy the gauge condition and are not gauge equivalent to vacuum. They are physical

modes. This result agrees with [41] and with chapter 1.

3.6.6 1=0 Modes.

In this section we analyze the [ = 0 sector. Two related issues that are special to [ = 0
change the equations that apply: the ¥, components of the gravitino are not defined and

also the equation of motion (3.6.16) does not apply. We are therefore left with (3.6.13) and
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(3.6.15) which we write in the “hat-tilde” basis as

1

27“@,4“ + " DyuXa + V" D,V 4, +ieapXp = 0. (3.6.35)
1 \. 1. )
D, — 5% XA = §(Z5AB + EAB)\IJMB- (3.6.36)

There are also analogous expressions for the conjugate field. Contracting these equations

with the projection operators (idap £ €4p) we find

, i, & .

(i0aB + €aB) { = 57"V + iV DV, + (v'D,, — 1))(3] =0, (3.6.37)
. 1 P

(i0aB + €aB) {(DM - 57,))(3 — Z\PBM:| = 0. (3.6.38)

, i s 5
(i0ap — €an) { = 37" Ve + iV DyVe, + (Y4 Dy + 1)><B] =0, (3.6.39)

. 1.
(i0ap — €a)(Dy — 5%)){3 =0. (3.6.40)
We next impose Lorentz gauge in the form

VW 4, = 2iX 4. (3.6.41)

The gauge fixed gravitino equations then simplify to
. p Lo
(Z(SAB + GAB)<D + 5’7 )\I/A# = 0. (3642)

We still have the equations of motion (3.6.38) and (3.6.40) for x 4.
In the sector with (id4p + €4p) projection the equation of motion (3.6.38) and the gauge

condition (3.6.41) combine to give
(Z'(SAB + EAB)(’}/MDM + 1)5(,4 = 0. (3.6.43)

106



Given a solution to this equation we can specify the gravitino ‘i’Au as in (3.6.38) and then
the gauge condition and the gravitino equation (3.6.42) are all satisfied. Thus solutions to
(3.6.43) parametrize the space of solutions to the full equations. It can be shown that all
these solutions are pure gauge (up to normalization issues). We stress for later that in the
special case where Y 4 vanishes the gravitino 0 Ay Vvanishes as well.

The sector with (i04p — €4) projection is more involved. Here (3.6.40) specifies x4 as a

Killing Spinor in AdS, with mass +1:

(iéAB - EAB)('VuDu - 1)>~(A = 0. (3644)

The gauge condition (3.6.41) (which we could represent in terms of dual fields as in (3.6.27))
then gives the trace part of the gravitino but the traceless part remains unspecified. Rewrit-
ing the gravitino equation of motion (3.6.42) in terms of the dual spinor 44 introduced in
(3.6.25), we have

(i0ap — €ap) ([(V*Dy)* — 1)ka — 4ixa) = 0. (3.6.45)

Given the Killing spinor x4 this equation permits a particular solution for 4. To this
solution we can add solutions to the homogenous equation which we can represent as solutions
to

(i(SAB — EAB)(")/NDM + 1)/%,4 = O, (3646)

with either sign. In the special case where x4 vanishes the traceless component of the
gravitino is given by solutions to these equations.

The lightest fermion masses +1 are special in that they correspond to zero modes of the
Dirac operator squared. The Euclidean version of these modes do not comprise a continuum
of solutions of plane wave type but rather a discrete set of modes which are necessarily
nonnormalizable. For this reason only the solutions with y4 = 0 are physical. After this
normalizability condition is imposed the space of [ = 0 modes that satisfy the equations of

motion and the gauge condition reduces to the solutions of (3.6.46). Although these fields
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are also non-normalizable they are dual to physical gravitini according to

, s , ) , Lo
('MsAB - EAB)\IIAM = (Z(SAB - GAB)D(H)/{A = (Z(SAB - EAB)(DM + 57}1)/{14' (3647)

These physical gravitini are normalizable, and they satisfy the equation of motion and the
gauge condition. The spinors k4 are such that 7"@ ap = 0.
We finally need to ask whether the remaining modes (3.6.47) are longitudinal. The pure

gauge modes are

A~

. A . 1
(Z(SAB — 5AB>5\IIB;L = (25,43 — GAB>(D# + 5’)/#)93. (3648)

with the residual SUSY transformation such that it preserves the gauge condition
("D, +1)84 = 0. (3.6.49)

The mode that appears with upper sign in (3.6.46) is therefore pure gauge with the field
and the gauge parameter coinciding kg = 64 as we expected from (3.6.34). Since the
gauge parameter is not normalizable the corresponding gravitino is physical even though it
is formally pure gauge.

The mode that appears with lower sign in (3.6.47) is similarly nonnormalizable but
corresponding to a normalizable gravitino. This mode is again formally pure gauge but
with a transformation parameter that does not satisfy the condition (3.6.49) that the gauge
is preserved. It is therefore not pure gauge because the would-be gauge transformation
introduces a nonvanishing 7“@ Ap- 1t is possible to instead define a superconformal symmetry
that leaves ’y“\if Ay invariant and consider this mode pure gauge with respect to this extended
symmetry. Either way, it is a physical boundary mode.

Recall that the computation in this subsection focussed for definiteness on the ¥ Aps XA

field components. It can be repeated for the conjugate fields ¥ Au- Xa- The analogue of
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(3.6.47) in this sector is

L
—Yu)RA, (3.6.50)

(1645 + €ap)Wa, = (i0a5 + €aB)Dyyka = (i0ap + €ap)(Dy £ 5

with 54 such that VH@AM = 0. It is the opposite SUSY that gives rise to a boundary mode
and it is now the lower sign that is a pure gauge mode while the upper is a superconformal
extension.

In summary, there are no physical bulk modes at [ = 0. However, each of the two SUSY's
allow a nonnormalizable gauge parameter (and a superconformal analogue) that generates

normalizable gravitini. This corresponds to four physical boundary modes.

3.7 Quantum Corrections to AdS;x S? - Fermionic Sec-
tor.

In this section we compute the heat kernels for the fermionic sector of the gravity multiplet.

An important preliminary result is the heat kernel of a free spin 1/2 fermion on the sphere

SQ

1 11
Kl = =+ 9k 4 2 1——s— — 7.1
e 4m2ze (2k+2) = 47ra25( 6 w0 ) (8.7.1)

The AdS, heat kernel is obtained to the precision we need by flipping the sign of the terms

that are odd in the curvature (with the overall sign changed due to fermion statistics)

- 1 1 1

s(k+1)2
= E (2k + 2 1+-5—— 3.7.2
47ra2 k:oe +2)= 4#@25( +68 608 U ) ( )

As in (3.3.5) for bosons we compute the 4D heat kernels by summing over towers using

K/ = K/ - (27 +2). (3.7.3)

47ra2
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We are summing over each value of the angular momentum j on S? weighed by the effective

AdS, masses.

3.7.1 Physical States.

The physical bulk spectrum summarized at the end of subsection 3.6.5 is four fermionic bulk

degrees of freedom with masses m? = (k + 1)? where k& > 0. Hence, the 4D heat kernel is

[e.e]

Kl — 4. Kf, : U+ (9 + 2) (3.7.4)

k:

( e D% (2 4+ 2) — 2~ )

=0

:4-[@;-

4a?

1 5
= 1——2 = 25(1— = e ).
Ar?als? ( g0 T 2s(l-ge) + )
We wrote the final line as the sum of the result we would get from four free fermionic degrees

of freedom and a term we interpret as due to the couplings of the gravitino field.

3.7.2 Unphysical States.

The unphysical spectrum consists of twelve fermionic bulk degrees of freedom with masses

= (k+1)? at k > 0. These modes were all established as unphysical either due to the
Rarita-Schwinger constraint — which is a component of the equations of motion — or due to
the gauge condition. No on-shell modes were removed by residual gauge symmetries. In our

on-shell method we do not include contributions from any of these.
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3.7.3 Boundary Modes.

The boundary modes are zero modes in AdS, while consisting of a full tower on S?. Expres-

sion (3.7.3) for a 4D heat kernel is then modified to

1

1 —m2.s .
Ky — — S D em(2) +2), (3.7.5)
J

where the contribution of the AdS, heat kernel is a factor of the regulated volume of AdS.
The boundary fields 0 A, 6,4 each have a projection on the R index A but also a doubling

due to conformal symmetry. Thus there are four towers of boundary states. We used the

mass (3.6.33) to find the mass squared of D(l,)éA, D(,,)GNA, and then the heat kernel. The

squared masses are given by

(Y"D,)*Dy0a = Dy (VD) — 1104 (3.7.6)

= [(k + 1) = 1]D(,)0.4.

The total heat kernel for the four boundary modes is

4T :
bndy _ —[(k4+1)*—1]s
KW = g ;:0 e (2k +2) (3.7.7)
4

3.7.4 Zero Modes.

Boundary states that are also zero modes on the S? are true zero modes of AdS; x S2.
Hence, the zero mode content can be read off from the spectrum of boundary states. The
four fermionic zero-modes are the k& = 0 entries in (3.7.6). As mentioned in the bosonic

sector, zero-modes require special considerations discussed by [36, 9, 10].
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In the naive treatment (3.7.7) each of the four zero modes contributes with —SW%‘Q, but

the correct contribution is larger. The correction due to zero-modes is

K™ = L@ - 1) LT (—8). (3.7.8)

C8m2at\ 2 2 :87r2a4

3.7.5 Summary.

We add the fermionic contributions from bulk (4D), boundary (2D), and the zero-modes
(0D),

1 1
Kl = —(1+ 3092+...), (3.7.9)

— s
4724 g2 180
which is the total contribution from fermionic modes.

We finally add the total bosonic contribution (3.5.6) and the total fermionic contribution
(3.7.9),

1 (/1 23
K+ K] = (———+...). (3.7.10)

C4r2at\s 12

These are the quantum corrections to supergravity in AdS, x S2.
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Chapter 4

Divergences and Boundary Modes in

N=8 Supergravity.

4.1 Motivation and Summary.

In this chapter we apply the quasi on-shell method we developed to address the possibility
of divergences in N' = 8 supergravity. The central point is an apparent incompatibility in
the literature: on one hand it is known that supersymmetry mitigates divergences present in
quantum gravity so effectively that for maximal AN/ = 8 supergravity in four asymptotically
flat dimensions it has not yet been established what divergences remain, if any [14, 15, 16, 17,
18, 19, 20]. On the other hand, it has long been known that in curved backgrounds, highly
relevant for gravity, even the one-loop vacuum amplitude diverges [21, 22, 23, 24, 25, 26].
This apparent incompatibility between these results created controversy already in the 1980’s
(70, 27, 28, 71, 72, 73, 74]. In this chapter we revisit this tension from a modern perspective
informed by the AdS/CFT correspondence [1]. Our goal is to unravel the role of boundary
modes in this debate.

To exhibit the central issue in more detail it is convenient to focus on the anomalous
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contribution to the trace of the energy momentum tensor

oy o1 cW? —a
(TH)an = e (cW? —aEy), (4.1.1)

where the square of the Weyl tensor W? = Riem? — 2Ric? + %RQ and the Euler density
E, = Riem? — 4Ric? 4+ R? encode dependence on the background geometry'. The coefficients
¢, a depend on the matter content of the theory and they have been studied in great detail;
e.g. using perturbation theory in small curvature around flat space. Their values for fields
with simple couplings to the background have long been established and are summarized in
Table 4.1 (later). These well known coefficients are such that, for the field content of N’ = 8
supergravity, their sum does not vanish. This fact establishes a divergence that is present
already at one loop.

However, there are equally well established perturbative nonrenormalization theorems

based on the helicity supertraces over the on-shell spectrum

> (=)=, (4.1.2)

for n < N = 8. These sum rules imply powerful cancellations for perturbative ampli-
tudes in asymptotically flat space and related supertrace formulae are influential in parti-
cle phenomenology because they survive spontaneous breaking of supersymmetry. For us
the important point is that the helicity sum rules establish one-loop nonrenormalization in
N = 8 AdS, supergravity (gauged N' = 8 supergravity) [71, 72, 75]. These cancellations
even generalize to all massive levels obtained from Kaluza-Klein compactification of NV = 1
supergravity in 11 dimensions.

We will argue that despite appearances there is no contradiction, but rather a topolog-
ical distinction encoded in the boundary conditions. The basis for the sum rules (4.1.2) is

Lorentzian AdS, which, after Euclidean continuation, gives rise to S* x S? boundary condi-

"'We assume for simplicity a renormalization scheme where other possible terms are absent.
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tions with the S1 corresponding to Euclidean time. In this geometry the Euler characteristic

1
3272

X /E4+ bndy, (4.1.3)

vanishes. This is significant because the divergences uncovered by the curvature expansion
are proportional to x and so they are not captured by AdS, with S* x S? boundary conditions.
On the other hand, we will easily reproduce them from Euclidean AdS, with S® boundary
conditions since this geometry has Euler invariant y = 1.

One might wonder if these divergences have any physical significance. We argue in the
affirmative by computing a finite and nonvanishing one-loop correction to the cosmological
constant in maximal AdS, supergravity. In this computation it is manifest that the helicity
supertrace relations (4.1.2) are violated in spacetime with S* boundary conditions. Inter-
estingly, the violation is rather mild so all power law corrections in fact cancel. Thus the
cosmological constant acquires just logarithmic running. This feature is intriguing since it
might offer a mechanism that could describe dark energy without sacrificing naturalness.

Our results are subject to an important subtlety that was noticed already in early studies
of quantum fields in curved space: quantum inequivalence [27]. In our context an important
example is the relation between a massless antisymmetric tensor and a scalar field. In
the classical theory they are equivalent by a field redefinition but their quantum partition
functions are related by a shift that is proportional to the Euler characteristic (4.1.3) [25, 26].
The coefficient of the logarithmic divergence we study therefore depends on the duality frame
which becomes part of the data that defines the theory. We interpret this feature as a genuine
physical effect: antisymmetric tensor fields support boundary modes that have no analogues
in the corresponding scalar field theory.

In this chapter we primarily interpret N' = 8 AdS, supergravity as a low energy ef-
fective field theory in its own right but ultimately the UV completion involves the full

string/M-theory. As an intermediate step we consider the theory as compactification of 11D
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supergravity on AdS, x S7. This procedure defines a preferred duality frame for the massless
fields and it happens that it is precisely the frame where all logarithmic divergences cancel
[27]. In this setting boundary modes cancel bulk divergences.

There have been many other recent studies of quantum corrections to AdS spaces in
various dimensions. A basic feature of this research is that divergences remain even when
supersymmetry is maximal and those divergences are related to effects that are unambigu-

ously physical in the dual theory. Some examples:

e In AdSyy1 with odd (d + 1) there are bulk divergences interpreted as finite quantum
anomalies in the dual theory with even d. For example, in the case of d = 4 such
anomalies are responsible for the shift N> — N? — 1 that is expected and confirmed in

N =4 SYM with SU(N) gauge groups [76, 77].

e Quantum corrections to higher spin theories in AdS provide impressive evidence for

higher spin holography. [78, 79, 80]

e The Bekenstein-Hawking area law for black holes is subject to log A corrections with
coefficients determined by the low energy theory. For BPS black holes these coefficients
are determined by divergences in AdS; and AdS; x S? which are generically nonvan-
ishing (including for N = 8), and their values are confirmed by the microscopic theory
in cases where the latter has been established, [36, 37, 7, 9, 32, 10, 8|, as well as the

previous chapters of this work.

Our study of AdS; was motivated in part by these and related developments. Computa-
tions in these contexts share the techniques we employ and offer some confidence in their

applicability.
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4.2 One Loop Quantum Corrections in AdS;.

In this section we employ heat kernel methods to compute the one loop contributions to
the anomalous trace of the energy momentum tensor in AdS, from fields with various spins.
We interpret the resulting divergences in the effective action as logarithmic running of the

effective cosmological constant.

4.2.1 Notation and Review.

One loop quantum corrections in Fuclidean quantum gravity are determined by a Gaussian

path integral with the schematic form,
W:—ln/m e*¢5¢:11ndetD:121nA- (4.2.1)
2 2 - (3

where the ¢ denotes the collection of linearized fields, [J represents their kinetic operator,
and \; are the eigenvalues of [J. We represent the effective action W in terms of the heat
kernel D(t) = Y, e ™ as

gt
W= —/62 T o). (4.2.2)

where € is a UV regulator with dimension of length. It is customary to express results for

heat kernels in terms of the (equal point) heat kernel density K (¢) expanded at small ¢

K(t)

1 1
= Dt)=——|(1 t 24+ ... 4.2.3
Volaas, ) (47Tt)2( et ) 423)

Departures from the flat space limit are encoded in the two derivative correction as propor-
tional to the Ricci scalar and the four derivative correction a4 that is a linear combination
of Riemann squared, Ricci squared, and Ricci scalar squared.? Note that in this chapter as

well as the next one we will be denoting the heat kernel parameter by ¢ instead of s since

2The volume diverges, since AdS; is noncompact. We mostly consider local quantities in a homogeneous
471'2#2

space and then the regulator details are unimportant. The standard renormalized value Volaqs, =
will appear later from global considerations with explicit boundary terms.
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we want to avoid any confusion with the spin s of a given field.

We divide the one loop effective action (4.2.2) into divergent contributions
1 1 1 9
Waw = 55 | =53 — @2 t aslne” ) Volags,, (4.2.4)
€

and a remainder that is finite. From either piece we can form the trace of the energy

momentum tensor

2 OW
T = w___
N T

The logarithmic divergence of the effective action (4.2.4) gives an anomalous contribution

(4.2.5)

that is conventionally presented as

oy 1 ay = 1 cW? —aE,
(T#>an—(4ﬁ)24 (4ﬂ)2(W Ey). (4.2.6)

In the nonconformal theories we consider there may be additional contributions to the trace
of the energy momentum tensor.

The values of ¢ and a have been computed perturbatively by many researchers using
different methods and schemes [22, 81, 82, 44]. The values that are now standard (up to

caveats discussed later in this section) are summarized in Table 4.1 below.

Field c a c—a
Real Scalar ﬁ ﬁ ﬁ
Weyl Fermion =+ L =
Vector % 13_810 i, %
Antisymmetric Tensor | s | =32 | 1%
Gravitino —% —% _%
Graviton % % %

Table 4.1: Central charges ¢ and a for minimally coupled massless fields. Each entry is a
physical field with two degrees of freedom except the scalar and the antisymmetric tensor,
which have just one degree of freedom.
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4.2.2 Computations in AdS;.

We now revisit these computations in the context of AdS,. This geometry is conformally flat
so the Weyl tensor vanishes and therefore the central charge ¢ plays no role. Our focus on
a is complementary to techniques that impose Einstein’s equations in vacuum and identify
just the Riemann-squared terms which have coefficient ¢ — a.

The natural representations for fields in AdS, are the symmetric, transverse, and traceless
(STT) tensors with spin s. The heat kernels for these fields were comprehensively analyzed
by Camporesi and Higuchi [48, 49, 83] (and recently developed further [80]) both using
explicit mode functions and also using group theory. We present their results for the AdS,

heat kernel of a massive spin s field with conformal dimension A as®

1 oo _% )\2 V2
K@M (t) = 6_4/0 dX ps(\) e g ), (4.2.7)
A

where 1> = (A — 2)2. The conformal dimension A is equivalent to the mass of the field and
in the context of AdS, it is A that provides the simplest representation of this parameter.
Crucially, the Plancherel measure ps(A) for the integration over the continuous eigenvalues

A is different for bosons

1A+ (s +3)°
and for fermions
1N+ (s +3)°
ps(A) = (s + 5);—;2))\ coth(m\). (4.2.9)

The distinction between bosons and fermions is inconsequential in the UV region where
A — oo since then both tanh(wA) — 1 and coth(mA) — 1. It is instructive to evaluate

the heat kernel (4.2.7) such that this common feature is manifest. For bosons we write

3We simplify notation by absorbing a numerical factor in the Plancherel measure.
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tanh(m)) =1 — egfw and then find

L w2 00 _ a2 1 00 _ a2 32 1y\2
KSO(0) = 2 4 [/ ANt -z [ gt a) m}
0 0

boson 47r2€4A egﬂ-)\ + 1
tv ].
:—8+%@_T§ &—l—@(s—l—lf __S+§ L+—(S+%)2
8m204, 2t 2 8m204, \ 480 12
s+1 [0y & 1, s+1 1, 1y o 1 7
- A, A ) - - —)%(2 )= —.
820 [tQ T\ ) g [V T B @) — 5

(4.2.10)

The first integral contains the UV terms that are common to bosons and fermions and is
elementary for all t. The second integral is special to bosons. It is finite for small ¢ so we
evaluate it at t = 0, omitting higher powers in t. It is evident from this structure that only
the first integral contributes to the terms that are divergent in the UV limit ¢ — 0.

We next compare with the fermion heat kernel where we write coth(m\) = 14 53— and

find

2

1 tv 9 A2 (9] A2 )2 1\2

(s) 5Ts & —E 2 Lo A (st 3)
: = — 2

ot () 472&;6 a {/0 e ‘AN +(s+ 2) JAdA + /0 e M AdA

s+3 [04 2 1y, s+3 [, 1y, o 1. 1
_ b G Ty Bl R T B L |
8#@4L2+t (43 =) | F igmzer |V~ 5+ @7 =)+ 55

(4.2.11)

Since the first integral is the same in the boson and fermion heat kernels (4.2.10, 4.2.11) these
expressions have the same divergences in the UV limit ¢ — 0. It is for the same reason that
they have the same dependence on conformal dimension appearing through v? = (A — %)2
However, the two cases are of course different due to the second integral and this is reflected
in the terms that are constant and independent of v.

We are particularly interested in massless particles since those are the ones that appear in
standard N = 8 supergravity. In AdS, masslessness is not well characterized by the absence
of a mass term in the Lagrangian but rather by the reducibility of the field representation.

Representations at spin s generally have dimension 2541 but some special ones are reducible
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and allow decoupling of a ghost representation that has spin sgpest = s — 1 and so dimension
25ghost + 1 = 25 — 1. This leaves two physical degrees of freedom for massless particles with
spin, as expected. Group theory methods show that this reduction is possible precisely when
the conformal dimension is A = s+ 1 (and so v = A — 2 = s — 1) and also specify that
the spin s — 1 ghosts have Agposy = s + 2 [84]. These results do not strictly apply for the
lowest spins s = %, 0 but we can apply them formally with the understanding that the ghost

subtraction in fact enhances a real scalar to a complex representation.* These rules give

_ 1 204 8s*(> 2
K(s,massless) £ — K(S,S-i-l) ¢ _K(S 1,5+2) t) = A A_5 4 2_ - 4.2.12
boson ( ) boson ( ) boson ( ) ]_67T2€j14 12 + t s +s 15 ! ( )
for a massless boson with spin s, and
. 1 204 85202 5 13
K(s,m.assless) £ = (— [K(S’S—H) £ — K(S 1.7s+2) ti| _ _arA P2 A 5 4 Y2 -9
fermion ( ) ( ) fermlon( ) fermion ( ) 1671'2431 2 t +os 23 240 )’

(4.2.13)
for a massless fermion with spin s. We inserted a sign for the fermion by hand in order to
take statistics into account.

The t = 0 poles in the massless heat kernels are the same for bosons and fermions (up to
the sign that was inserted for fermions) as we expected since that is the case for each of the
underlying massive representations. On the other hand, some of the terms that are finite as
t — 0 differ, also as expected. This feature is the origin of the apparent lack of pattern in
the heat kernel coefficients that is evident when we consider the finite parts of K asless fOT
the first few spins in Table 4.2.

Our results for the finite parts of the heat kernel K(¢) in AdS, are identical to the a4

2

coefficients introduced in (4.2.3) up to a factor (4m). It can be further recast in terms of

the a-anomaly introduced in (4.2.6) by noting that the Gauss-Bonnet density in AdSy is

4For spin s = % the rule formally subtracts ghosts that have spin sghoest = —% but that is inconsequential
since this representation has dimension 2sgn0st + 1 = 0. For spin s = 0 it formally subtracts a ghost with
Spin Sghost = —1 and dimension 2sghost + 1 = —1 which effectively adds one degree of freedom, turning one
boson into two, with conformal dimensions A =1, 2.
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: 2 p4 1 finite
Spln 167 gAKmassless a
2 1
0 15 180
1 _u 1
2 30 720
1 _ 62 31
15 180
3 589 _ 589
2 30 720
) _ 1142 571
15 180

Table 4.2: The values of K .ssess cOmputed in AdS4 and the corresponding a anomalies. All
entries including the scalar s = 0 refers to two degrees of freedom.

E, = 24/¢%. We have included the a-anomaly computed this way in Table 4.2. These values
agree perfectly with the results from the local expansion in curvature summarized in Table
4.1.

There is a caveat to this agreement. As we have stressed, our computation (which in
fact closely follows Camporesi and Higuchi [85]) determines the a-anomaly unambiguously
for all spin. In contrast, many researchers compute both ¢ and a for low spin but results
for s = %, 2 (and above) are not widely quoted and there is no obvious consensus on their
values. This situation is tied with the background dependence of the linearized equations of
motion for such fields. The most secure data points are for ¢ — a which is defined in Ricci
flat backgrounds and a which, as we have stressed, is unambiguous in maximally symmetric
spacetimes. For s = %, 2 the values of a,c given in Table 4.1 were obtained by combining

the results for a given in Table 4.2 with the standard values of ¢ — a.

4.2.3 Extended SUSY.

The t-poles in the heat kernels (4.2.12) and (4.2.13) correspond to power law divergences in

the effective action. The boson and fermion contributions to these divergenes cancel when

D (=)Fst =0, (4.2.14)
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for n = 0,2. The massless spectrum only comprises maximal helicity where |h| = s so this
condition is equivalent to the helicity sum rule (4.1.2) for n = 0,2. This is satisfied for N” > 3

supergravity and we will focus on these theories.

Spin | Conformal Dimension A | SO(8) Multiplicity
2 3 1
> > 8
1 2 28
: 56
0 1 35
0 2 35

Table 4.3: The conformal dimensions and multiplicities of the massless multiplet in N' = 8
supergravity.

For maximal A = 8 SUGRA the standard spectrum given in Table 4.3 satisfies the sum
rule (4.2.14) even for n = 4,6 yet the sum of the boson and fermion heat kernels do not
vanish

1
K = (7

M>ren = M(—&)) (4.2.15)

This is possible because the bosonic and fermionic heat kernels (4.2.12-4.2.13) are different
polynomials in the spin s.

We can represent the heat kernel result (4.2.15) for AV = 8 supergravity as an a anomaly
for the entire multiplet,

5
an—s = 5. (4.2.16)

Considering also the values of ¢ from Table 4.1 we find that the central charge ¢ = 0 for the
full N = 8 multiplet. We collect these results in Table 4.4.

The quantum effective action can be computed from the heat kernel (or, equivalently,
from the trace of the energy momentum tensor) by the integral (4.2.2). We perform the

integration with the dimensionless conformal weights A kept fixed. This is justified by the
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boundary perspective where the dual theory is conformal in the leading approximation and
also from the bulk point of view where all fields are in the massless representations that do
not even exist for other values of the conformal weights. Since we focus on theories with no
power law corrections the integrand is a constant and, with the measure indicated in (4.2.2),
the integral gives a logarithmically divergent term in the effective action.

Multiple research groups have reported that in fact the trace anomaly does vanish for
N = 8 supergravity in AdS, [71, 72] and so there are no divergences. Those results refer
to different boundary conditions where the spectrum is discrete and the helicity sum rule

(4.1.2) applies for all n < . We will return to this in more detail in the next section.

claj|c—a

: 5
Massless A" = 8 multiplet | 0 | 2 | —2

Table 4.4: Central charges ¢ and a for N’ = 8 supergravity.

4.2.4 Interpretation of Quantum Corrections.

The anomalous contribution to the trace of the energy momentum tensor is independent of
position because spacetime is homogeneous. A classical cosmological constant in the action
similarly gives a constant contribution but the origin of the anomalous contribution is a
divergence Wy, = %DO Ine?/ 63 in the effective action that manifests itself in the renormalized

action as a term that evolves logarithmically

1 xf)hys
Wren = =5 Doln =15, (4.2.17)
0

The renormalization scale £y enters as an IR cutoff on the integral over the heat kernel. It
is arbitrary but of order of the AdS-scale. The physical length scale x,ys depends on the
process as usual and may be anywhere in the range from much smaller than the AdS scale

(for UV processes) to much larger than the AdS scale (for the IR properties).
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We interpret the scale dependent quantum effective action as a contribution dA to the

cosmological constant determined by

_VOlAdS45A

Wren =
8t

(4.2.18)

It is convenient to express the running in terms of the effective AdS scale lor = /—3/A:

1 1 4G T2
—_ 1 Kol%) In ;%y

— — — 4.2.1
2oE | (4:2.19)

The combination (Kyf?%) is a pure number that we have computed above for some specific
fields. The most important part of this expression is the absence of power law corrections
that would enter through the UV cutoff e. This would signal dependence on unknown UV
physics. Instead we have nontrivial logarithmic quantum corrections that are computable
within the low energy theory. °

A good way to construct AdS supergravity is to gauge supergravity in flat space. This

procedure identifies the gauge coupling constant as [88, 89]

2 e
e

(4.2.20)

This coupling constant is small €2 < 1 when the AdS radius is much larger than Planck
scale as we have implicitly presumed. Resumming the (possibly large) logarithms we can

recast (4.2.19) as
62
e’ = 0 — (4.2.21)
1+ Le3(Kof4)In =Bk

@

Comparing with standard formulae we can write an effective S-function for these theories

b 3
1672°

B=— (4.2.22)

®Logarithmic running of the cosmological constant was discussed also in [86, 87].
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where

1
b= —5(16772K0£j*4). (4.2.23)

The S-function determines the running of a dimensionless version of the cosmological con-
stant through the usual renormalization group equations. The numerical coefficient b = 8a
is b = 20 for N/ = 8 supergravity, b = 8(1 + ny/4) for N' = 4 supergravity with ny matter
multiplets, and similarly for other examples.

Our computations are all made in bulk and there is no reference to a boundary theory.
This is a rather old fashioned point of view but it is worthwhile for interpreting the set up
as a toy model for the physical cosmological constant. For this we imagine the signs such
that the cosmological constant is positive and the running such that it becomes small at
large distances. The dimensionless coupling e? would be tuned to take a tiny value, of order
10~12°. The absence of power law corrections would then ensure naturalness in the sense that
the logarithmic running is so mild that quantum corrections would preserve the enormous
hierarchy. This mechanism does not explain the smallness of the observed cosmological

constant but it offers a viable scenario for its technical naturalness.

4.3 Quantum Inequivalence and Boundary Modes.

In this section we discuss the interplay between the trace of the energy momentum tensor
and quantum inequivalence between duality frames. We interpret quantum inequivalence
as a physical effect due to boundary modes. We also show that the divergences and the

boundary modes are both related to the topology of global AdSy.
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4.3.1 Quantum Inequivalence.

A massless antisymmetric tensor in four dimensions can be mapped into a massless scalar

field via the classical duality transformation

H,vo = 3V[uBoo] = €uor V. (4.3.1)

These fields are therefore classically equivalent. However, one loop corrections in curved
space do not respect this equivalence. For example, the trace anomaly coefficients for these
two fields differ as displayed in Table 4.5. This leads to the conclusion that these fields are

quantum inequivalent [27]. However, in some sense the dual fields do not differ by terribly

c a c—a
Antisymmetric Tensor ﬁ —% %
Real Scalar % ﬁ 1_;(]
Antisymm Tensor — ¢ | 0 _% %

Table 4.5: Central charges ¢ and a for the 2-form, the real scalar, and their evanescent
difference.

much. They have identical physical spectra as captured by propagating on-shell degrees of
freedom: the “evanescent” field defined by their difference has no propagating degrees of
freedom. Although the a-anomaly coefficients do indeed differ, the c-anomaly coefficients do
not; and the a-anomaly is the coefficient of the Euler density which is topological. Many
researchers therefore argue that these fields are equivalent, at least for all practical purposes
(90, 73, 74].

Our discussion of divergences in N' = 8 supergravity (and related theories) is intertwined
with quantum inequivalence. First of all, the divergence (4.2.16) is entirely an a-anomaly,
the c-anomaly of N' = 8 supergravity vanishes. We nevertheless interpret this divergence
physically in terms of the logarithmic evolution of the cosmological constant. This assigns

physical significance to the a-anomaly even though it has a topological aspect.
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Next, the value of the a-anomaly, and therefore its physical significance, depends on the
duality frame. Concretely, one might choose to dualize any number of antisymmetric tensors
into scalars, or vice versa, affecting the trace of the energy momentum tensor in the process.
Therefore such dualizations are not symmetries.

In quantum field theory one must always ask whether the addition of a local counter term
changes the situation. Presently the inequivalence is captured by a topological contribution
to the ay coefficient of the logarithmically divergent term in the effective action (4.2.4). In
conformal field theories such contributions are due to nonlocal terms in the effective action
[91] and the geometric origin is the same here. The inequivalence is therefore robust under

additions of local counter terms.

4.3.2 AdS, SUGRA from 11D.

The default spectrum of N' = 8 supergravity summarized in Table 4.3 comprises 70 scalars
and no antisymmetric tensors. Comparing tables 4.4 and 4.5 we find that a duality frame
where exactly five scalars are represented instead as antisymmetric tensors exhibits no trace
anomaly.

It turns out that this precise number is a natural expectation when approaching su-
pergravity in AdS, as compactification of 11D supergravity on S7. The 11D 3-form with

components ay; i is reduced into various lower forms in 4D including 3-forms and 2-forms,

o (T, Y) = buvo ()Y (y), (4.3.2)

(T, Y) = b ()Y P () + by (2) V) ().

The AdS, coordinates are denoted by  and greek indices, while their S counterparts are y
coordinates and latin indices. The functions Y (y), Y;)(CE)(y), Y},(E)(y) are spherical harmonics
on S7 that are respectively a scalar, a coexact 1-form, and an exact 1-form.

The 2-tensor by, () is the coefficient of Y )(y) = dY (y) which is effectively a scalar on
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S7 so there is one of these modes, while b, () is the coefficient of Y(¢®)(y) = *dY (y) which
is effectively a transverse vector on S with six modes. Thus there is a total of 1 +6 = 7
2-tensors in the effective 4D theory as one would also expect from toroidal compactification
of 11D supergravity to 4D. Classically these seven antisymmetric tensors can be dualized to
seven scalars but in view of quantum inequivalence this must be done with care.

The 3-form tensor b,,,(x) is the coefficient of the ordinary spherical harmonic so there is
just one of these fields in four dimensions. A massless 3-form has no propagating degrees of
freedom in four dimensions since the classical equations of motion force it to be constant. At
the quantum level gauge fixing of the 3-form gives two 2-form ghosts with fermi statistics,
three 1-form ghosts with bose statistics, and four scalar ghosts with fermion statistics. This
counting gives 4 —2-6+3-4 —4 -1 = 0 net components and so no propagating degrees of
freedom, as expected. However, as we repeatedly stress, 2-forms must be handled with care
at the quantum level and that applies also to the two ghosts that accompany the 3-form
tensor. At the quantum level one 3-form tensor contributes with (—2) 2-forms that cannot
be naively dualized to scalars.

In summary, the duality frame that arises naturally through the AdS; compactification

of 11D supergravity on S7 gives a net of five antisymmetric 2-tensors:

1+6—2=5 (4.3.3)

In this duality frame the trace of the energy momentum tensor vanishes and there are no
divergences [27].

This result does not invalidate our claim that there are divergences in A/ = 8 super-
gravity. On the contrary, it implicitly confirms the notion that different duality frames are
quantum inequivalent since otherwise the distinction between 2-forms and scalars would be
meaningless and there would be no utility in counting 2-forms arising from Kaluza-Klein

reduction of 11D supergravity. From the low energy effective field theory point of view it is
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legitimate to consider AdS, supergravity with any number of 2-forms, including none at all,
although it must be understood that such theories might not arise in string theory [92] and
they could be vulnerable to some subtle quantum inconsistency.

In this chapter we focus on massless fields in 4D but the computations can be generalized
to the full KK tower of massive fields. All these contributions are again proportional to
the Gauss-Bonnet invariant and, level by level, they are nonvanishing. One may sum over
all KK towers and recast the remaining divergences in 11D where they become power law
divergences. They generally appear at the four derivative order but in the duality frame
favored by 11D supergravity they only appear at six derivative order. However, eleven is
odd and in odd dimensions all these divergences are nonuniversal and scheme dependent so
it is not clear that they are physical. The divergence that is definitely physical is again a
logarithm which is due to zero-modes of the two form gauge symmetry. These zero modes
were understood from the 11D perspective [54] and the resulting logarithmic correction

agrees with the one expected from the solution of the dual ABJM theory via localization

(93, 94, 95].

4.3.3 Boundary Modes in AdS,.

The evanescent part of the 2-form — the quantum contribution of an antisymmetric tensor
that is above and beyond that of its dual scalar field — is naturally interpreted as a boundary
mode, at least in the context of AdS;. A boundary mode is formally a pure gauge field
configuration but it is physical because the putative gauge parameter is non normalizable
and so the field configuration cannot be gauged away by any element of the symmetry group.
This mechanism is unimportant in classical field theory but it matters in the quantum theory,
as expected for a feature related to quantum inequivalence.

The boundary modes reside in the kernel of the classical duality transformation (4.3.1)
between an antisymmetric tensor and a scalar. Their 3-form field strength vanishes iden-

tically in bulk, since they are formally pure gauge, and so they are not assigned a scalar
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dual
H(bndy mode) __ 0= GWU,\V)‘@ (434)

uvo

since a constant scalar ¢ is not normalizable in noncompact spacetimes. This is the source
of quantum inequivalence from our point of view.

A priori any field with gauge symmetry might possess one or more boundary modes. For
example, in global AdS, all fields with a gauge symmetry have them [49, 7] (also explicitly
shown in previous chapters of this work). On the other hand, in AdS;;; with higher d it
was found by explicit construction in global AdS;,; that boundary modes exist only for
4 _forms [96, 54]. In AdS, those are precisely the 2-forms that we are interested in.

To make the discussion explicit we write the background AdS,; metric

ds; = 0% (dp* + sinh? pd€3) . (4.3.5)

We take the AdS, radius £4 = 1 in the remainder of this section to avoid cluttered formulae.

The normalized boundary modes in this background are

E+1 1

By =1\ ~—— tanh**(p/2)0" (2 4.3.
o = iy e (/26 (), (436)
1 k+1 > ko) > ko)
B;j = 1) tanh™™ (p/2)[V;0,77 () — V0,77 (Q23)].
for k = 1,2,.... The covariant derivative V refers to components along S* and latin in-

dices represent these angular components. The 1-form field @ﬁ’“’”)(Qg) is a vector spherical
harmonic with eigenvalue of the Hodge de Rham operator = (k + 1)2. The quantum num-
bers k,o are analogous to the numbers Im used for scalar harmonics on S? but for vector
harmonics k£ = 0 is excluded.

The antisymmetric 2-form with components (4.3.6) can be represented as pure gauge
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B = dA where the 1-form potential A has components

A, =0, (4.3.7)

This 1-form does not have finite norm

/\/§|A|2dV = /simh3 p(ALA,g" + A;Algjl)dde

oc/ sinh p tanh®*2(p/2)dp = co. (4.3.8)
0

The inverse metric g7' contributes with a factor of sinh~?(p) that dampens the radial integral
at large p, but insufficiently to render it finite. However, the tensor B = dA is normalizable

forall k=1,2,....

/ V9|BI*aV = / sinh® p(2B%,B,;9” g + B;;Bug™ ¢’ ) dpdS

oc/ sinh ™ (p) tanh®*™2(p/2)dp < oo. (4.3.9)
0

The index structure here gives enough factors of the inverse metric ¢, contributing each
with sinh™2(p), such that their product with the field components is sufficient to overcome
the volume factor. The normalization in (4.3.6) was chosen so that the integral (4.3.9) is
unity. The 2-tensor has support in bulk but we interpret it as a boundary mode because it
is locally pure gauge.

Once we have identified a 1-form A that gives rise to a 2-form boundary mode B = dA we
should note that gauge equivalent 1-forms A’ = A+dA give rise to the same boundary mode.
The boundary modes thus belong to the two-form cohomology. In order to not overcount
them we must impose a gauge condition, taken in (4.3.7) as A, = 0.

In summary: while the 2-form modes (4.3.6) are formally pure gauge they are physical
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because the would-be gauge function is non normalizable. Therefore, they contribute to
the quantum path integral. Moreover, we have argued that unlike all other modes of the
massless 2-form field, the boundary modes are not captured by the scalar dual. We focus on
the massless case for clarity but the quantum inequivalence between a massive 2-form and

its (classically) dual massive vector is similarly due to boundary modes for the 2-form.

4.3.4 Counting Boundary Modes.

We can find the contribution of the boundary modes to the heat kernel and related quan-
tities by explicitly counting modes, following [96, 54]. The wave function of each mode is

normalized to unity so the total number of modes is
Nbndy modes = Z /d4ZL’\/§|B|2 (4310)
all modes

The sum in equation (4.3.10) is over the family of modes presented in (4.3.6) that is

parametrized by the quantum numbers &, o.

/d4x\/§Z|B|2 = /d4x\/_z (2B,,B B,;g"g"” + B}, By kg9, (4.3.11)
k+ 1tanh®*2(p/2) (o
/d4wa2 Pliefr .

sinh? p

tanh®*2(p/2) =~ -
d* V057 (Q3) — V0% (Q5) 2.
+ [ ATE gy 1960 - 9,6 (00)

We can simplify this sum using integration by parts on the angular dependence of the second

term,

/ V0 —v,0 720, = —2 / 01k vi(v,00) — v,07)d0, (4.3.12)

= 2(k + 1) / CUCACTEr (o
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In the last step we identified the operator acting on @;k’a) as minus the Hodge de Rham
operator acting on vectors. We insert this result into (4.3.11), combining both contributions
into one. One could evaluate the sum over modes at any point but, given that AdS, is
homogeneous, it is sufficient to consider the origin p = 0 where only the £ = 1 spherical

harmonic contributes,

: - tanh?2(p/2)
E:IBFZE%§:§:%k+1thNmﬁ—jﬁaé%—, (4.3.13)
k=1

all modes o

1 o
= 21O @,

The sum over ]@Ek’a)(Q)F for fixed k is proportional to the degeneracy of the S® vector

spherical harmonics,

6 3
= = — 4.3.14
b=1 V0153 7'('2’ ( )

>_ ek @)e” (@)

since there are 2k(k + 2) = 6 vector spherical harmonics on S* with & = 1. Collecting

formulae, the number of boundary modes (4.3.10) becomes

3
Npndy modes = Z /d4$\/§|B|2 = 4—7T2/d4l'\/§ =1. (4315)

all modes

We used the standard regulated volume Volaqs, = % since then the result looks nice

and intuitive. However, in the current context of a noncompact and maximally symmetric
space we should really focus on the density of modes. Indeed, the boundary modes have

vanishing eigenvalue of the kinetic operator so they formally contribute by the “number”

D(()bndY) = Npndy modes 10 the constant part Dy of the heat kernel D(¢) and this corresponds

to the heat kernel density

N D(bndY) 3
brdy) — 20 (4.3.16)

K = =
0 VOlAds4 42 ’
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independently of the value assigned to Volags,. Comparing with the definition of a4 in (4.2.3)

and the introduction of the ¢, a anomaly coefficients in (4.2.6) we find

1
aPrdy) — -5 (4.3.17)

since the Euler density £, = 24 in AdS, with unit radius ¢4 = 1.

The value (4.3.17) of the boundary anomaly agrees precisely with the a anomaly of
the evanescent difference between a massless antisymmetric tensor and a scalar reported
in Table 4.5. This quantitative agreement shows that the quantum inequivalence between
an antisymmetric tensor and a dual scalar field is due to boundary modes. This in turn

establishes a physical distinction between the inequivalent fields.

4.3.5 The Gauss-Bonnet Theorem in AdS,.

We have emphasized the divergences that remain in AdS; even for maximal SUSY and their
interrelation with quantum inequivalence, because these aspects are the most interesting
to us and they have not been developed in recent literature. Another approach to one-loop
effects that is closer aligned with conventional wisdom invokes reflecting boundary conditions
on all modes [97, 98, 71, 72]. This leads to a discrete sum over modes, the helicity sum rule
(4.1.2) applies in full, and there are no divergences at one loop (and well beyond). The
relation between these apparently incompatible results involves global aspects of AdSy, as
captured by the Euler invariant. It is therefore instructive to evaluate the Euler invariant in
detail.

The curvature tensor in a maximally symmetric spacetime is constant so the Gauss-

Bonnet integral over the Euler density is proportional to the volume
/E4 = /Tr RAN'R= 24/60616263 = 24Volaqs, - (4.3.18)

For global AdS, with metric (4.3.5) we regulate the volume by a surface at some constant
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value radial py and find

PO 1 2
Volags, = 2#2/ dpsinh® p = 27 (§ cosh py(sinh? py — 2) + §> . (4.3.19)
0

Recall that we take £4 = 1 at this point of the chapter. The boundary term added when

considering the Gauss-Bonnet theorem with a boundary is [81]
a c 4 a nc pe 1 T2 2
—2 [ €aweald, RS, + 3 €abeal 0.0, = —24 - 3 cosh po(sinh® pg — 2)27°, (4.3.20)

where the second fundamental form 6% is essentially the connection 1-form and has nonva-

nishing components

coshp :
0. =w.=—— ¢ 4.3.21
pi = Wi sinh p ¢ ( )
The sum of the bulk and boundary terms then gives
1 2
= 24. =217 =1 4.3.22
X= 3573 g2 =1, ( )

after including the correct overall numerical factor already quoted in (4.1.3). The cancellation
of the terms that diverge at large py is guaranteed by topological invariance and the role of
the boundary terms is to make this happen. The finite term that remains is essentially the
regularized volume of AdSy, except for the constant factor £y = 24.

In the context of AdS/CFT it is possible to add counter terms that are local on the
boundary. However, such terms depend on the infra-red cut-off through the functional form
sinh py taken to an odd power; they are therefore not able to change the finite value y = 1.

The important point is that AdS, with S* x S? boundary works out qualitatively differ-

ently. The metric is thermal AdS,

ds3 = cosh? pdr® + dp* + sinh? pd€23. (4.3.23)
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Taking the circumference of S to be 3, the bulk term (4.3.18) with a regulator in the new

radial coordinate p gives
PO
24Volpqs, = 24 / cosh psinh? pdp - B - 47 = 32n 3 sinh® po, (4.3.24)
0
and the boundary term is
ﬁijfc 4 a nc pe : 3
—4 [ 05 Re™" + 3 €abca? 0.0, = —8sinh” py - 4. (4.3.25)

The sum vanishes,

The difference in topology is significant because the divergence and the corresponding
physical logarithm depends on topology. We primarily study global AdS, with S® boundary
conditions because for Y = 1 there is a divergence. In thermal AdS, the boundary is S* x S?
and the S! guarantees a discrete spectrum. This gives technical simplifications but it also
excludes the divergence altogether since then y = 0.

Quantum inequivalence between antisymmetric tensors and scalar fields also depends
on the Euler number y so similar comments apply. In AdS, with S® boundary conditions
there is quantum inequivalence which we interpret as due to boundary modes. In AdS, with
S x S? boundary there is quantum equivalence and no boundary modes. Thus it appears
that there is a precise sense in which the number of boundary modes is n”"¥ = y despite

the subtleties due to noncompactness of AdS,.
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Chapter 5

Quantum Corrections to Massive

Multiplets in N’ = 8 Supergravity.

The goal of this chapter is to extend some of the calculations done in chapter 4 for the
N = 8 massless supergravity multiplet to massive multiplets. We work in the context of
N = 1 supergravity in AdS, x S” compactified around S”. The massive multiplets arise as
Kaluza-Klein towers, the spectrum of which can be obtained by diagonalizing the equations
of motion of eleven dimensional supergravity using a suitable Freund-Rubin ansatz. The
diagonalization of the equations of motion is detailed in [99].

We must warn the reader that this chapter ends in a puzzle: we expect, given our
experience with the massless multiplet, that there will be no divergence in the duality frame
arising from eleven dimensional supergravity. However, the boundary heat kernels we will
compute contain singular terms that are not canceled by any of the terms in the bulk
contribution. This departure from our understanding of the massless multiplet is the puzzle.

With that in mind we take a pragmatic route in the next few sections, reporting only the
pieces that go into our computation, without spending much time interpreting open research

results.

138



5.1 Heat Kernels for spin s fields.

To compute the quantum corrections to N' = 8 supergravity in AdS, we follow the strategy
of the previous chapters and employ heat kernel regularization. Hence we must define the
heat kernel expressions for all fields present in the massive N/ = 8 multiplets.

In general one performs a large mass expansion to extract the leading behavior of a heat
kernel. However, throughout the literature of supergravity a few different definitions of mass
have been employed. To avoid ambiguities we choose to work with the conformal dimensions
of the fields in AdSy, as stablished by the formulae below.

The spin s transverse symmetric tensor T}, ,.. ., in AdSg44; satisfies

VuT,uuz...us = 07 (511)
<_V?4 + ’L{':)TM1/L2...,U,S = 07 (512)
VANV Ty + Vi Ty o + all cyclic permutations] + mQTmmuS =0. (5.1.3)

The quantities k and m can be related by commuting covariant derivatives,

2 (d+s—1)s' (5.1.4)

Here ¢, is the radius of AdS;. The conformal dimension of the spin s tensor is related to

the mass eigenvalues through

A= (d+ VB 4Bk + s)> , (5.1.5)

1
2
1
=3 (d—i— \/(d—|—2s)2+4€{jm2) :
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This relation can be presented alternatively as

d\? 1
(A—§) :eim+s+1d? (5.1.6)

Now that we have established that the conformal dimensions will play the role of the mass
parameter, we write heat kernels as functions of them. The heat kernel of a field in AdS;,,

is defined in terms of (A — %) as [85, 100]

Kalt,s, A) = S5 (2s + e BATY /Oo (Ve A (5.1.7)
atA 0

Where ¢4 = ?, {4 is the radius of AdS, and 2, is the volume of a d-sphere. A fermionic
heat kernel differs from a bosonic one only in the Plancherel measure pg(\).

Note that in this chapter we represent the heat kernel parameter by t as opposed to s,
since we are interested in having the spin s as an extra variable.

The last piece needed to compute AdSy heat kernels are the Plancherel measures pis()\).
For integer spin (s = 0, 1,2,) the Plancherel measures are [85],

B A2+ (s+3)?

() = T 7 tanh(m\), (5.1.8)

while for half integer spin (s = 1,3,) they are [85],

/\2 1\2
W) = %mmya(m. (5.1.9)

We now have all the ingredients to compute spin s heat kernels on AdS. We finish this section

by stating the following expansions, which will be useful in the evaluation of bosonic and
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fermionic heat kernels, respectively [7]:

/ dAX tanh (7)) A2 (5.1.10)
0
k2o ok—2n_
- 2t1+nf‘(1+n) +2Ztk( o ) (2m) 2RI 2 ()RR ) (2 + 2n + 2),
k=0
/ dAX coth(m))e ™ A2 (5.1.11)
0

1 = 2k 420 +1)!
= —Qtl-‘rnr(l + TL) +9 Z tk( + k? + ) (27r)_2k_2n_2<—1)kC(2k + o0+ 2)
k=0 ’

Through inspection of (5.1.10) and (5.1.11) we see that the first two terms are

1 5@y t
Ku(t,s,A) = (47Tt)26 % ((23 +1) + (25 + 1)3@ + > + O(tY). (5.1.12)

The first term in parenthesis counts the number of degrees of freedom of a spin s represen-

tation. This is a general feature of heat kernels that should be familiar to us from chapter

2.

5.1.1 Spectrum of Supergravity on AdS, x S”

The on shell spectrum of AdS, x S7 supergravity compactified on the round S7 is obtained
by solving the linearized equations of motion. This was originally done in [101], but the

review [99] has a very pedagogical exposition. The spectrum is summarized in Table 5.1.
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e The superscripts (V2. label different towers whenever there is more than one.

e The SO(8) content is given in terms of the Dynkin labels (p;pspsps), where all entries

p; are non negative integers. The degeneracy corresponding to the representation

(p1p2p3p4) 18

- - -
d[(p1papspa)] =(1 4+ p1)(1 + p2)(1 + p3)(1 +m)(1+p1 5 p2)(1+p2 2]93)(1+p2 5 p4)
DP1+ P2 + D3 D2 + D3 + D4 D1+ D2+ Py
(1+T)(1+T)(1+T)
+pa+ps + + 2pa + p3 +
(1+p1 D2 4]73 p4)(1+P1 p25 b3 p4). (5'1'13)

It is explicit that d[(p;papsps)] is invariant under permutations of py, ps, ps. This is the

famous SO(8) triality.

e The index n is an integer with the ranges specified in Table 5.1 and it labels each
supersymmetric multiplet. The massless multiplet, studied in chapter 4, corresponds
to n = 0. Not all towers are present at such lower values of n, a subtlety we will

analyze later.

5.2 Heat Kernels in AdS, x S” - Bulk Contribution.

To compute the bulk contribution to the heat kernel, we insert the conformal dimensions
from Table 5.1 in the heat kernel expression (5.1.7), then we expand them in ¢ using (5.1.10)

and (5.1.11). In the next subsections we will go through a few cases studying their form.
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5.2.1 Large values of n.

At large n all 15 towers are present. We will combine the contribution for each field in the

following way,

Krotal = Z Zd (p1papspa)| K4 (¢, 5, A) Z Z (p1p2pspa)) (lf s, A). (5.2.1)

0=0,1,2 A =13 A
—2'2

d[(p1p2p3ps)] are the degeneracies listed on Table 5.1, and the sums run over all the towers
present. The minus sign of the second term was added by hand to account for fermi statistics.
The heat kernels K% (¢, s, A) and K/ (t, s, A) were defined in (5.1.7).

Before computing the complete result, it is instructive to look at some of the individual
contributions. The heat kernel corresponding to gravitons on AdS, is given by only one

tower with conformal weight A = 3 + %, degeneracy d[(n000)], and n > 0,

Kraviton = d[(n000)] K% (£, 2,3 + g) (5.2.2)
3 104 (=16 +6n+n?) 3

= 2 d[(n000)] -5 [ —A — ta

Zrzgr, 4l(n000)] <12 2 48 t
(5792 — 28800 + 60n? + 180n" + 15n")

5760
. (613888 1 720702n + 3080720 + 37800n" — 6300 — 1890n° — 1050n°) ¢ (t2))
183840 2

We expanded the expression K4 (¢, 2,3 + %) using (5.1.10). The overall factor of e4 is the
inverse regulated volume of AdS,.

The explicit n—dependence allows us to set n to any value n > 0 and obtain the graviton
contribution to an arbitrary massive multiplet (n > 0) or to the massless multiplet! (n = 0).

The n-dependence on the O(t72) term is exclusively due to the degeneracy factor

320(”+ (n +2)(n +3)*(n +4)(n +5), (5.2.3)

'In order to correctly account for the 2 polarizations of the massless graviton one needs to subtract the
contribution of a vector ghost as an extra step. We will do so later.

d[(n000)] =
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while the n-dependence on the next terms receives contributions from e % B2 e ‘A
We factored out the degeneracy factor to keep the expression cleaner.

The next simplest example is the gravitino contribution, which consists of two towers:

35 n 37 n
KGrawtmo fields — d[(nOOl)]Kf (t 5 5 + 5) + d[(n — 1010)]K£(t, 5, 5 + 5) (5 2 4)
3 204 —12+4+6n+n*f4 169 b5n  n* nd nl
— 2 d[(no00)] - 4- (224 a0 on m
Zzgr, - Al(n000)] (3t2 6 i o0 2 3T TR
43360 +230832n + 129192n2 + 7560n3 — 8820n* — 1890n° — 105n° ¢ 9
60480 €2 Ot’)

It is noteworthy that although the individual gravitino towers have degeneracies

d(n001)] = 910 (n+1)(n+2)(n+3)(n+4)(n + 5)(n + 6) (5.2.5)
dl(n — 1010)] = g—lon(n +1)(n+2)(n+3)(n+4)(n + 5) (5.2.6)

when combined they are proportional to the degeneracy d[(n000)] (5.2.3). This is true for
all spins: while individual towers have different n-dependence, their combinations into sets
of the same spin are all proportional to d[(n000)].

We summarize the heat kernels for all spins in Table 5.2.

Spin e K (1)/d[(n000)]
2 5 [L5% — (=164 6n + n2) L% + (=5792 — 2880n + 60n% + 180n° + 15n?) 1]
€4 n n2 n3 n4
> 4-3# - (- 12+6”+”)67—%—57+?+I+E}
1|3 [2% — (- 80+54n+9n )5 1 (—1376 — 28800 + 114002 4 54003 4 45n%) L]
. 2[4 + (20 — 3n(6—l—n))3g‘ 2 + (n(n+6)(—4+n(n+6)))]
0 [T — 7(—16 + 18n + 3n2) L 2 + 7(—224 + 180n% + 60n® + 5n*) -]

Table 5.2: Heat kernel expansions for fields in N = 8 supergravity compactified around S7
up to the term constant in ¢, with n > 2.

We now compute the contribution due to all bosons and fermions separately. The bulk
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bosonic contribution is

Koo = 3 dl(pipopspi K412, 8) + 3 dl(ppapspa) K411, 4) (5.2.7)

Spin 2 Spin 1

+ > dl(prpapspa)| K4 (£, 0, A)
Spin 0
5 3204 8(—8+n(n+6)) (as)?
= e 0000 |5 2 - ; :
_ 737 n(n+6)(=8+n(n+6) Sms_nm+®@gw+&ﬂn+®%_i+ow)
45 3 945 180 z .

Each of the sums in the first line collects the individual contribution of towers with that spin;
the spin two contribution is due to only one tower, while the spin one and zero contributions
are due to three and five towers respectively. Not all bosonic towers are defined for n = 0, 1.
Thus, this result as it stands is only valid for n > 2.

The bulk fermionic contribution is similarly computed,

3 1
Kpermions = Z d[(p1p2p3p4)]K£(t, 2 A)+ Z d[(p1p2p3p4)]K£( Y A) (5.2.8)
Spin % Spin %
3 3204 8(—8+n(n+6)) %
= gy, 1(n000) [Et—z - 3 1

512 n(n+6)(—8+n(n+6)) 6808  n(n+6)(=752+ 5n*(n+6)%)\ t
T ( 945 )

—+0Wﬂ
45 3 180 2

The two fundamental orders in ¢ are identical to the bosonic contribution which implies that
these orders will vanish in the full multiplet result, when relative signs due to statistics are
taken into account.

We combine the results (5.2.7) and (5.2.8) to find the total contribution,

8+30n+5n2i

1 €i+0w). (5.2.9)

KTotal,n22 (t> : d[(ﬂOOO)] — 54+

N 4204

We explicitly noted this as a n > 2 result since some of the towers are not defined at n = 0, 1.
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The lower values of n are treated next.
The leading divergences cancel as expected, and furthermore the n-dependence of the
full result was simplified, since the O(t°) term is a 6th order polynomial in n as opposed to

a 10th order polynomial as in the contributions (5.2.7) and (5.2.8).

5.2.2 Low values of n.

We compute the heat kernels for n = 1 and n = 0, which are multiplets with fewer towers

present. At n = 1, we have nine modes:

Field A | SO(8) content | Degeneracy
Graviton “ (1000) 8
Gravitino® | 3 (1001) 56
Gravitino® | 4 (0010) 8
Vectort!) 2 (1100) 160
Pseudovector | % (0011) 56
Spinor() 2 (2010) 224
Spinor(? 3 (0110) 160
Scalar(®) 3 (3000) 112
Pseudoscalar® | 2 (2020) 224

Table 5.3: n = 1 multiplet.

This is a massive multiplet so we can compute the heat kernel for the full multiplet the

same way we did for n > 2,

3 ¢
Krotain=1(t) = M( — 40+ 86E + 0(t2)> : (5.2.10)

This is the n — 1 continuation of the result found for n > 2.
At n = 0 there are six modes:

This is the massless multiplet, so we have to account for ghosts. We find the ghost
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Field A | SO(8) content | Degeneracy
Graviton 3 (0000) 1
Gravitino® | 2 (0001) 8
Vector(!) 2 (0100) 28
Spinor( 3 (1010) 56
Scalar(®) 1 (2000) 35
Pseudoscalar(!) | 2 (0020) 35

Table 5.4: Massless multiplet.

conformal dimensions according to [102]:
Aghost = Aﬁeld + 1 (5211)

We start with the contribution due to the graviton. The massive graviton has 5 components,
so we must subtract the contribution of a vector field to obtain the two components of a
massless graviton. We then evaluate the heat kernel of a spin two object with A = 3 minus

the heat kernel of a spin one object with A =4,

Koo Graviton(t) = K5(t,2,3) — K4(t,1,4), (5.2.12)

3 1y 804 571 L4918 1 +5441 t2 Lo
C4r2i\6t2 3t 90 945 (4 189044 ‘

The massive gravitino has 4 components, which is two more than a massless gravitino. We

then subtract the contribution of a spinor field with A = % from the A = 2 gravitino,

17
Kn:O Gravitino(t) = Kﬁ(t, ) _> - Kﬁ(t 57 5)7

3 (164 3 589 1405 ¢ 3277 i @
42 '

(5.2.13)

6 T2¢ 360 151274 10080 %

The massive vector has 3 components, which is one too many for a massless vector field. We
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must subtract from this A = 2 vector field the contribution of a scalar field with A = 3,

Koo veetor (1) = K4(t,1,2) — Kb(t,0,3), (5.2.14)

3 /164 204 31 26 t 13 2
= Salcp T3 — o0 TieE oo ) TOE).
42 \62 3¢ 90 18943 27004

The massless spinor needs no ghost subtractions, it is given by
13
Kn:O Spinor(t) = Ki;(t; 5; 5) (5215)

3 104 142 11 31 t 41 2
= rl\ee Y51 a0 e E T s ) T O
4204 \ 6 t 6t 360 7560¢% @ 30240 ¢4

The two massless scalar modes contribute with

Koo scatars(t) = K4(2,0,1) = K4(¢,0,2) (5.2.16)

3 11 2t 1 ¢
424

- £).
27 180 94573 1260633) +0)

Both scalars contribute identically in spite of their different conformal dimensions?: the
. —E@a-3
dependence on A is in the factor e “4 > which is the same for A = 1 and A = 2.
We assemble the contributions due to all massless modes according to their multiplicities

from group theory,

3 t t2
Krotaln=o(t) = prCTY ( —5+ ZE + 4@ + O(t3)). (5.2.17)

This is the n — 0 continuation of the result found for n > 2. Moreover this is the result
reported in 4 in which just the massless multiplet was analyzed.

Finally, the bulk contribution to the heat kernel of the n-th A/ = 8 supergravity multiplet

2The a anomalies of the conformal scalar and minimally coupled scalar are the same, though there might
be subtleties related to anomalies proportional to R2.
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18

8+ 30n + 5n? t

K(t)
VR

-d[(n000)]| — 5+ + Ot |. (5.2.18)

- 4204

5.3 Boundary Modes.

We want to analyze the boundary mode contribution to the one loop determinant. Recall
that boundary modes are formally pure gauge field configurations with a non normalizable
gauge parameter. The non normalizable nature of the gauge parameter implies that no
ghost subtractions cancel the boundary mode contribution, since that would require non
normalizable ghosts. Thus, their contribution is physical even though they are pure gauge.

Schematically, we are looking for some p-form A, such that
Ap - d)\p—la (531)
with

/|Ap|2dV <o, (5.3.2)

A priori any field with gauge symmetry® could present boundary mode configurations, but
in practice the conditions 5.3.2 can only be satisfied for a subset of the gauge fields in a given
theory.

In the present context we are interested in boundary modes living in AdS,. The available
fields with continuous symmetry are those inherited from the eleven dimensional supergravity

action prior to any dualizations: a graviton, gravitini, and p-forms with 1 < p < 3 arising

3Gravitons are good candidates for boundary modes, which would be pure diffeomorphism configurations.
Here we use the term gauge symmetry in a broad sense that includes diffeomorphisms.
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from the KK compactification of the 11D 3-form.

Camporesi and Higuchi [96] show that the only p-form boundary modes in AdSy are
harmonic forms with p = % Moreover, Bhattacharyya et al. [54] also argue that there are
no graviton or gravitini boundary modes in AdS,. This leaves us with 2-forms as the only
possible source of boundary modes in AdS,. This is a great simplification since we do not
have to worry about off-shell actions for all the other fields. Furthermore, we can restrict
ourselves to harmonic modes.

We can see how 2-forms arise by revisiting the compactification of an 11 dimensional

3-form a; x around S7:

(T, Y) = buwp(2)Y (y) (5.3.3)

(T, Y) = bul/(m)Yp(CE) (y) + BW(x)Y;)(E) (y)

We used greek indices and x coordinates for AdS, as well as lowercase latin indices and
y coordinates for S7. The functions Y,\” (v), Y}D(CE)(y), and Y (y) are respectively an exact
1-form, coexact 1-form and scalar spherical harmonics on S7.

The AdSs 3-form b,,,(z) does not produce boundary modes itself, but its quantiza-
tion will involve the subtraction of two 2-form ghosts, that can produce boundary modes.

The definitive list of boundary modes for 11D supergravity compactified around S7 is then

by (), b (x), and the 2-form ghosts of by, (z).

5.3.1 Where are the anomalies?

Following the discussion established in chapter 4, when analyzing the on-shell spectrum
in Table 5.1 we must look for any dualization that was done without proper concern to
anomalies. To do that one goes back to the equations of motion [101] and keeps track of

the 2- and 3-form fields that were present in the beginning. The sources of anomalies in the
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on-shell spectrum from Table 5.1 are

e Both vector towers, which came from the mixing of a dualized 2-form and a true vector.

e The scalar towers (1) and (3), which came from the mixing of a dualized 3-form with

three true scalars (plus constraints).

The classical duality relations between the partition functions of 3-forms, 2-forms and

their duals are given in [25, 26]:

Massive fields:
Zg = Zo - X, (534)

Massless fields:
Z3 = =2, (5.3.6)

Zy = Zo+ X. (5.3.7)

Where Z, is the partition function of a p-form field, and x here is the anomaly related to
the Euler characteristic. For massless fields, our understanding of these anomalies is that
they arise from boundary modes of the 2-forms. Concretely, the field strength H = dB is

identically zero for a pure gauge configuration,

0=Hup = €up0’ 9, (5.3.8)

corresponding to constant dual scalar, which is non normalizable in a non compact space.
Since boundary modes are physical albeit pure gauge, they only are counted on the 2-form

side of the duality. This is the source of quantum inequivalence in our point of view.
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3-forms have no boundary modes of their own in AdS,;. However their quantization

encompasses 2-forms, which we represent mnemonically as

Physical 3-form = 1(3-form) — 2(2-form) + 3(1-form) — 4(0-form). (5.3.9)

That is, the quantization involves subtraction of two 2-form ghosts, such that the anomaly
of a 3-form is —2y, where Y is the anomaly observed for a 2-form.
In the context of the massive forms, the dualities change. Boundary modes are still

exclusive to 2-forms, but now the dualization of a 2-form B to a 1-form A is

B = #dA = By, = €14y, VP A°. (5.3.10)

Normalizable pure gauge configurations of the 2-form B = d\ with a non-normalizable gauge
parameter A are now dual to the field strength of a 1-form A. This implies that A is also
non-normalizable; we don’t count them when evaluating the path integral. Quantum inequiv-
alence in the context of massive forms is in a sense more straightforward: non-normalizable
1-forms show up in both sides of the duality, on the 2-form side they are merely gauge pa-
rameters and do generate physical configurations, while on the 1-form side they are the field
configurations themselves and are not counted.

The next step is to make sense of how the 3-form anomaly —y is generated. We know
that any anomalous contribution has to come from 2-forms, and that these will show up
in the quantization of the 3-form (that was the case for massless forms). We approach the
correct ghost counting prescription by looking at how degrees of freedom are counted. A

standard trick to count degrees of freedom (dof) for massive N dimensional forms is to look
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at N+1 dimensional massless forms. We get

5D massless physical 3-form = 1(3-form) — 2(2-form) + 3(1-form) — 4(0-form)  (5.3.11)
= 1(10) — 2(10) + 3(5) — 4(1) = 1 dof,
5D massless physical 2-form = 1(2-form) — 2(1-form) + 3(0-form) (5.3.12)

= 1(10) — 2(5) + 3(1) = 3 dof.

However, this trick can be quite opaque when one is already working within a compactifica-
tion. The formal procedure involves repeating the ghost counting in [70] for massive fields,
but for simplicity, we present here the counting of ghosts and support it with an example.

Using the same mnemonic strategy as before, the ghost counting is given by

4D massive physical 3-form = (3-form) — (2-form) + (1-form) — (0-form) (5.3.13)
=1(4) — (6) + (4) — (1) = 1 dof,
4D massive physical 2-form = 1(2-form) — (1-form) + (0-form) (5.3.14)

= 1(6) — 1(4) + (1) = 3 dof.

This argument that the ghosts for massive forms appear with —1,+1 alternating factors
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instead of —2, 43, —4... matches what one would expect for a 3-form in N dimensions

(N+1)-dim massless physical 3-form = 1(3-form) — 2(2-form) + 3(1-form) — 4(0-form)

(5.3.15)
B 1((N+1)é\!7(N— 1)) _Q(W) F3(N 4+ 1) — 4(1)
:N??)—Ng—k%—ldof,

N-dim massive physical 3-form = 1(3-form) — (2-form) + (1-form) — (0-form)

(5.3.16)
N — — —
_NW-1)(N-2) N(N-1) LN
3! 2
3
zi—N%r%—ldof,
6 6
(5.3.17)

a similar check is true for 2-forms.
The upshot is that this ghost counting implies that only one 2-form ghost shows up in

the quantization of a massive 3-form, giving our expected —y anomaly.

5.3.2 Heat kernels for Boundary Modes.

Boundary modes arising on AdS, x S7 live on the sphere, and therefore their heat kernel is
of lower dimension when compared to bulk modes. In the previous section we computed the
bulk contribution to each multiplet according to their label n. Those heat kernels had the

general form

1 5@y t
Ka(t,s,A) = (47Tt)26 “A ((23 +1) + (25 + 1)3@ + ) + O, (5.3.18)

1

This is a 4-dimensional heat kernel -as denoted by the leading divergence - where the

sphere dependence is encoded in the conformal dimension A, which is n dependent. If one
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chooses to sum over n, with a suitable regularization scheme, the result is an 11-dimensional
heat kernel.

The boundary mode heat kernels are in this setting just a polynomial in n. A regularized
sum over n would yield a 7-dimensional heat kernel, which is what one naively expects from
a field living on S7. The upshot is that we are looking at each individual multiplet from the
point of view of AdS,, and in boundary modes are zero-dimensional fields in this context.

The off-shell spectrum of harmonic 2-forms in AdS, x S7 supergravity is given in Table

5.5.
Mode | Off shell mass squared Degeneracy Range
by k(k+6)+5 wk(k +2)(k + 3)*(k + 4)(k + 6) k=
b k(k + 6) = (k+1)(k+2)(k+3)*(k+4)(k+5) | k=
Ghosts k(k + 6) g5k +1)(k+2)(k+3)2(k+4)(k+5) | k=

Table 5.5: Off shell spectrum of the harmonic 2-forms.

The contribution of each boundary mode is

1 — b (k+1)(k+5) 1
Kby — 2 —k(k+2)(k+3)2%(k+4)(k+6 5.3.19
buu vollleZ;€ o 60 ( + )( + )( + )( + ) ( )
3 13 6 241th 72 2) 3 3
fr— . e —_—— —_— —_—
420y (4mt)7/? 0% 5l% 420t wAll
1 —tk(k+6) 1
) 2 — (b + 1Dk +2)(k+3)2(k+4)(k+5 5.3.20
e = Vo ¢ © gk T D E RS EFOEHD) (5520
3 1y 2 16 3 3
= : l— ot —t? ) — —— - ——.
Ty (47rt)7/2€s( AT ) prTE A=
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gebndy _ 1 3 G*é’“(’”ﬁ)i(;@ + 1)(k +2)(k +3)2(k + 4)(k +5) (5.3.21)

Bhost T Vol 360
3 L[ 7, 70T, 501, 2943,
A2 (4Amt)T/2 2 3004 1045 4068

Here we represented the radius of AdS, and S” as £4 and fg, respectively.

We close this chapter restating the puzzle advertised in the introduction: our experience
with the massless multiplet tells us that combination of the bulk heat kernels with the
boundary mode heat kernels plus zero modes yields the total contribution. In addition to
that, the duality frame arising from eleven dimensional supergravity has vanishing anomaly.
One would then expect the massive multiplet result parallel that behavior. As it stands the
boundary mode heat kernels produce terms singular in ¢ that are not canceled by any term
in the bulk heat kernel (5.2.18).

One possibility is that we are missing some extra boundary mode contribution, that
when combined with the ones we presented yields a total boundary heat kernel with no
leading divergences. In fact, in the characterization of the boundary modes for the AdS,
supergravity theory, we used results from [96] claiming that the only p-forms that produce
boundary modes are 2-forms and from [54] claiming that gravitini and gravitons produce no
boundary modes in our setting. It is conceivable that some special class of boundary modes
was overlooked in the literature, and that this is our missing piece.

Further investigation of these statements is a direction currently being explored.
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Appendix A

Generalized Eigenvectors.

Repeated eigenvalues and generalized eigenvectors play an important role in our solutions
so here we review a few of their features.
An elementary example with an eigenvalue that is repeated twice is the nonhermitean

2 X 2 matrix
M = ) (A.0.1)
with two eigenvalues identical to 2. There is only one true eigenvector

M : (A.0.2)
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but there also a generalized eigenvector

12 ) (AO3)

that satisfies the generalized eigenvalue equation
(M — X3)*n; = 0, (A.0.4)

with eigenvalue A = 2. The generalized eigenvector 7, is not a true eigenvector since

However, the generalized eigenvalue equation (A.0.4) follows because 7, is a true eigenvector.
Importantly, the determinant det M = 2 - 2 = 4 is the product of eigenvalues even though
one appearance of the repeated eigenvalue A = 2 only allows a generalized eigenvector.
Generalized eigenvectors are ubiquitous in our setting because the linearized equations
of motion have kinetic terms and mass-matrices that cannot be simultanously diagonalized.
For example, the AdS, volume mode H (OO)pp and the S? volume mode h,* = 7% couple

through the Lagrangean

L1280, = — L 2(73 = 2)z00 %r(“o’?. (A.0.6)

scalar 8 P

In the given basis the mass matrix is diagonal but the kinetic matrix is not. There is no

basis where both are diagonal. The equations of motion are naturally presented in a form
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(

where 7% sources H 00)pp but not the other way around

H(OO) P 2 4 H(OO) p

p P

\ = : (A.0.7)

71‘(00) 0 2 ﬂ.(OO)

The mass matrix is similar to (A.0.1) and the eigenvalue problem is analogous to the ele-
mentary one discussed above. 7% is a true eigenvector but H (OO)pp is just a generalized
eigenvector satisfying

2 2 77(00) p __
(V222" * <. (A.0.8)

(Im)

We consider one additional example from our setting: the fields bﬁlm), B”

L bm) for [ > 1.

The equations of motion (3.4.30):

Bj"™ 2 2 —2| [ B"™
(V2—1(1+1)) o L= 20+ 0 o b1 (A.0.9)
p(tm) A42001+1) 4 —4]) | ptm

The 3 x 3 matrix on the RHS of (A.0.9) has one eigenvalue A = —2 and also a repeated eigen-
value A = 0. There are two conventional (true) eigenvectors and one generalized eigenvector;

they are presented in Table A.1.

Mode Mass Comment
b|(|lm) + Bl(llm) —_pm) | 2 = [(l+1) —2 | Conventional.
bl(llm) 19 B|(|lm) _ plm) m?=1(l+1) Conventional.
bl(llm) T+ 1>B|(|lm) m? =1(1+1) Generalized.

Table A.1: Conventional and generalized eigenvectors for the 3 x 3 block with modes bl(llm),

Bi'™, pm,
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The generalized eigenvector satisfies

(V% =1+ D)™ + 11+ 1) BJ™) = —(b]

Im) (Im) _ 7(lm)

The RHS is a true eigenvector of [V4 — [(I + 1)] with eigenvalue A = 0 so the higher order
operator [V4 — [(I + 1)]? annihilates the generalized eigenvector bﬁlm) +1(l + 1)B|(|lm).

The contribution to the functional determinant from these fields is computed correctly by
multiplication of all eigenvalues whether they are repeated or not. Thus, the complications

due to generalized eigenvectors are not an issue as far as the heat kernels are concerned.
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Appendix B

Tensor Modes on the Boundary.

We want to identify residual diffeomorphisms that are not fixed by our gauge. A 2D diffeo-

morphism generated by £, gives rise to a traceless symmetric tensor
H{p,z/} = vugy + Vugy - g,vafp~ (BO]_)

The gauge condition V¥ Hy,,, = %V,ﬂr with the 2D scalar 7 invariant is preserved iff the
vector §, satisfies

(V4 —1)E, = 0. (B.0.2)

For Kéahler metrics on the disc we can rewrite the holomophic component of (B.0.2) as
297V:V.¢, = 0. (B.0.3)

The covariant derivative is V; = 0; when acting on an object with lower holomorphic indices
so the solutions are those where V., are holomorphic. The induced tensor Hy,,,, is therefore
a quadratic holomorphic differential.

We consider the holomorphic differential V.¢, = 2”72 with n > 2. The holomorphic

derivative is

szz - gzzaz(gzzfz) — gzzazﬁz, (B04)
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SO

. 1
0,87 = %(1 —|2*)%2" 72, (B.0.5)
and upon integration we find
52 1 1 n—1 2z n 22 n+1 (B 0 6)
= — 2" — —z z . 0.
2a \n—1 n n—+1

This explicit form shows that we must indeed take n # 0,41. For n > 2 the vector exists

but it is not normalizable

/|<1 AN /|<1 6.6 d?z = /|<1 19::67|% d?z — o0, (B.0.7)

since g,z diverges as |z| — 1 while |£*| remains finite.
Importantly the quadratic holomorphic differential generated by the non-normalizable

vector is finite

/ V.7 gd?z = / g7 |22 @%z < oo, (B.0.8)
l21<1 l2]<1
for n > 2 since g** = (1 — |2]*)? is perfectly well behaved near the boundary at |z| = 1.

We introduce the tensor modes

_ /Il =1 1),2'"‘*2, (B.0.9)

(n) _
Wy, o

normalized such that

/|wgg>|2\/§d2z = 1. (B.0.10)

With this normalization the sum over all tensors give

- 1 & n(n?—1)
M2 4 oo = — 1— |22 28 7/ ),2(n-2) B.0.11
D M (B0.11)
1 1 3
= 1—2)0P— = :
47TCL2( 7) 1—x 2ma?
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This is three times the corresponding value for the normalized vector field derived from a
non-normalizable scalar. In that case we referred to a single boundary mode so we interpret
the result for the tensor as three boundary modes. There are of course infinitely many

boundary modes enumerated by the index n but there are three per unit volume.
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Appendix C

Gravitino Modes on the Boundary.

We want to find normalizable pure gauge gravitini constructed out of non normalizable
spinor parameters. We start in analogy with the tensor boundary modes, studying the non
normalizable solutions to Dirac’s equation in AdS,.

We choose the same gamma matrices as Sen [7] for easy reference:

S— (C.0.1)
A1 = ot
We compute the twisted derivatives
1 1,
D, + = Oy + 3% (C.0.2)

1 ' 1
Dy + 3 = 0y + % coshno® — 3 sinh no?.

The Dirac operator in the coordinates (3.2.19) with the gamma matrices (C.0.1) is

1
D= —o? Op + 00, + 501 cothn (C.0.3)

sinhn

We will work with @ = 1 for now and restore it later. Camporesi and Higuchi [103], found
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the solutions

Zk—L cosh” a sinh**! SF(E+14+iN\k+1—iXk+2;— sinh? )

£ cosh*™ Zsinh® 2F(k 4+ 1+ 4\ k+ 1 — i\ k+ 1; —sinh® 1)

(C.0.4)

and

1 cosh®™™ Zsinh* 2F(k + 144\ k+ 1 — i\ k + 1; —sinh® 2)

M (A) = e 2V

+i-2 cosh® gsinth SFE(E+14+iNk+1—iXk+2;— sinh? )

(C.0.5)

which satisfy
D xi () = £idxi (V), (C.0.6)
D g () = Figi (). (C.0.7)

The label k is a non-negative integer. The continuous spectrum is given by A real and positive.
However, these are not all the modes of the Dirac operator, for there are non normalizable
discrete modes corresponding to A = 4. In this case the hypergeometric functions in (C.0.4)

and (C.0.5) simplify,

—sinh g tanh” g

: (C.0.8)
4+ (1 + 2k + cosh ) tanh® a3

2 cosh 4
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L k
+ m(l + 2k + coshn) tanh™ 7

i (1) = e

, (C.0.9)

. k
Fsinh £ tanh” 7

For k > 0. These are solutions to the Dirac equation on AdS, with m? = 1. From now on
we will refer to the solutions (C.0.8) and (C.0.9) as xi and 7 for simplicity, since we only
care about A\ = i.

Using the complex coordinates defined in (3.2.19), the solutions (C.0.8) and (C.0.9) are

Xi = (—(1 —LeP)Elzl (1 (22 E |2 A )> A (C.0.10)

1—[2]?

e 212)2 ]2 2 (k + =) "
e = z¥s (C.0.11)
T(1— |21?)72 |22

The normalization condition for the spinors (C.0.10) and (C.0.11) is

|Z| 1- |Z|2 1 ? 2%k+1 2 2
k L — P .0.12
/ [1—|z|2+ P FT ot (C0.12)

These are non normalizable modes. We want to construct gravitini solutions that are pure

gauge with gauge function proportional to the discrete modes (C.0.10) and (C.0.11).

To construct the gravitini solutions we write the derivatives

11+ 27

DZ: az = )
TR T

(C.0.13)
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and the holomorphic gamma matrix,

||

— 1_—|Z|2(01 +i0?). (C.0.14)

2z

Evaluation of the twisted holomorphic derivative yields

1 0

D+ g = | [t
1

1— |2

||

) P s (C.0.15)

(C.0.15) is explicitly convergent at |z| — 1. Since the normalization integral for gravitini can
be evaluated with the unit metric on the disk, we already know (C.0.15) is normalizable. This

is an advantage of working with complex coordinates. We compute the norm of (C.0.15),

2 2 1_|Z|2 2%—1 32 2 2 Y(l-x k-1
k“(k+1) T || d®z = 2wk (k 4+ 1) 7 " 2dr (C.0.16)
z 0 T
=2mk(k +1).

The normalized gravitino boundary mode is

_ L2\,
U, = bk 1) (1= 20 ey (C.0.17)
27 2|

The gravitini ¥, are given for & > 0, since k = 0 is explicitly zero. The solutions (C.0.17) are
normalizable modes that are pure gauge with a non normalizable gauge parameter. They
are gravitino boundary modes.

Through a similar computation one finds the modes (D, + %%)X; to be non normalizable.
Also, if one computes the norms of (D, — %yz)xf in analogy with the previous case, one

finds that the gravitini (D, — %’yz) Xi are non normalizable, while (D, — $7.)x; are.
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This is easily seen by noting that

Xi =G (C.0.18)
Also, according to (C.0.1),

[D,,,0%] =0, (C.0.19)

{y,,0%} = 0.

So that going from (D, + %fyz) to (D, — 37.) can be achieved by multiplication with o

which takes x; into x; and vice-versa. In fact, (D, — %%)X}? are given by

0 N
- 1—12[*\2 4
(Dz — —’}/Z)Xk = ]{Z(/{?+ 1) T z .
-1

(C.0.20)

N|=

These are the modes (C.0.15) up to a multiplicative constant. Thus, one should not count

them as additional modes.

We find the action of the antiholomorphic twisted derivative on x; to vanish:

1
(Dz + 5%))@ = 0. (C.0.21)

When building gravitini out of the nki solutions, we find

1

122\ 7, .
k:(k:+1)( ‘Z|> 3, (C.0.22)

1
(D2+ _72)772_ |Z‘

0

(Dz + _’YZ)?M+ =0.

169



and (D; + 27z)77k are non normalizable. The normalized antiholomorphic modes are

1 Lt
7. = k(’““)(l 2 > st (C.0.23)

27 ||

for k > 0. The modes n, = o>n;" are once again just (C.0.22) up to a phase.
In summary, the boundary modes we need to account for are (C.0.17) and (C.0.23). One

important property of these modes is that they are (anti-)holomorphic differentials:

DU, =0, (C.0.24)

We have encountered a similar dependence for the tensor modes in (B.0.9). The gravitini
modes are different in that they are not powers of z or z, but instead have a |z| dependent
prefactor that is canceled by the spin connection.

Finally, we sum over all values of k£ in our boundary modes.

k(k+1) (1= 1[21%)° o
Zy\p 2+ |02 _22 s ) |2)?k2, (C.0.25)
1 & 392, . k+1
= 5 Z(l — )70,
2ma P
2
2ra?’

In the second equality we used the variable z = |z|?, and added the empty entries k = 0, —1.
In the last step we evaluated the geometric series and the partial derivatives. We have one
mode per unit volume for the holomorphic gravitino (C.0.17) and one other mode for the
antiholomorphic gravitino (C.0.23).

The four boundary modes accounted for in Section 7 are the modes in (C.0.25) times two
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supersymmetries.
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Appendix D

Conventions for Gamma-matrices.

In this appendix we summarize conventions used in chapter 3, notations, and properties of
gamma-matrices.
The upper case I'; refers to the 4D gamma matrices, while the lower case v*, v refer to

AdS, and S?, respectively. They satisfy:

{17} = 24",
M =4"®ys, TI'*=1®9°,

[V, 7% =0, (D.0.1)
Chiral projection operators in 4D and 2D, along with their relations:

Ts =TT 2T = 74 © s,

Yi=7%=1 (D.0.2)
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Conventions on orientation (all indices are local)

0128 — 4

M =+1, B=41

Some useful identities,

FIJKL — —iF5EIJKL

’YAG’MV — ,y/u/’ ,YSEaB — i’Ya’B.
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(D.0.3)

(D.0.4)
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