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PHYSICS 2{5a
Week of November 7
Problem:Neutral K decay

Background: a X meson is a bodon with wass more than three times the mass of the
more common pi meson, There are four ¥ mesons - two neutral ones,"one wach with
positive and megative charge., These particles are; préducédiin strong interactions
of the form 7772 - A% K “
It was found experimentally that if the initial state contained only pions and
micleons, measuremnents of reactions with two partiele final states showed only
kf*particles, never !iﬁe. Gell-Mann came up with the idea of assigning to

particles an additional gquantum number called strangeness to predict this pattern,

Sife =S¢ Z TS = gl = d)v—j

Sfk*)=S(KD=~+] S (KT)=S(fe)=—/
S(P) = Stmd=

If we poséulate that strangeness be conserved in strong (i.e. fast)reactions, we
predict FTT'—fj'jfé;

r-p—= Z kT
To date predictions of this sort have always worked, However, the theory is rather
peculiar in that it vpredicts two neutral X particles with opnosite values of strange-
ness, If there were no way of distinguishing between this case and the case of only
one neutral K, there would be questions raised about the theory, One way of dis-
tinguishing the two casés is to compare the rates of reactions between different
remBers of the same multiplet. The ratios depend only on the isospins of the
different constitutents - thus they will be different if the K forms two isospin
doublets or one isoépin triplet.

Another way of distinguishing the cases is in the X 7 decay., If only one K “ere
present, it would decay exponentially with time in th%hsual fashiBn, Your problem
is to figure out what happens when two K?s exist,

STATEMENT OF PROBLEM: _
Ko 71T Pz mtmT

Assume that the two neutral X's have the same mass and the same matrix element for thisg



decay., Assume that this 1s by far the most important reaction in the decays,
Given a K “all alone in a box at t=0, what is the probability as a function of time
of finding a K° in the box for t > © ?
For people who wogry about infinities:

There are some reactions which distinguish between .Kﬂ’f?' K B although they have small

Probability,

L pr ¥ 7% 4 -;{‘/')_:7
K°—sTr +(&H)‘E‘V K %ﬁ 'f(e.: o

-'_:__‘c - | - L _.._.._.‘.? — e j}'f_‘f '_,; by
Koo (2 )4V R A T4 (é**)r g

MORE ON THE THECRY OF LINE WIDTHS
Suppose H = H’u e MI
Consider the following model:
HO has as its eigenstates both

1)a collection of discrete states v}o:. 2%~
with energies E .
2)a continvum, Each state in the continuum consists of one f»’é{' state,
and n particles of a different type called b, Each b particle has an

energy LLI;;;“- . The &' state or partiele is assumed to always have

enerzy L ) (i.e. 4% never gets kinetic energy in this model),

Spectrun of Ho . .
. F3 ’
EQD E.z-:h'“)’ﬂh E—'P;erwii’ eh
> Pt VV‘\/\./‘\/'WW\
AT

P A s A L

o QL
Emervies of &7t 2o

L liai

= ot . ( o .1:‘ o ? .6
= . E At &yt €S “ v
o i
e [ ""mb ?
Pl Ve T e e T e L P ol o

Mergie s '+ 2l

;| a2s usual, induces transitions between Fhe states of -Ho

i 1 ]

Because the states of the discrete spectrum are usually simpler-to analyze, it is
desirable to eliminate the other states from our equations,

Label the coefficients of the discrete spectrum by €, ; those of the continuum

states by fff i
) = F G (6 ml€) + 2, 18] b, (€]
. oA 2



3

Assume for ease of computation that the perturbation connecting continthm and
discrete states is roughly ihdependent of time {innpractice this is almost always
true - most of the "leakage" to continnum states is not connected with the
turning on and off of laboratory apparatus)

Further, assume that at t=0 you have no continuum states populated, Then the }:7,;.
are small compared to the @, ; the feeding of continuum states may be assumed to

comm mostly from the discrete ones, Hence we arrive at -

; : - —¢ L &, "“E/-z)ZL
(' qfﬂ {F; E—; L ;-;,.m/l.{'.) il 5 [L{) - =z 'ﬁ/"m,!? /{'.7,'3 [5} & 7 )

Tk
LS _ . ;’,‘.{Eﬂﬁ"Ehj{“
e b B8 = = Mg € @ ()
integration‘give:ﬁ | ol FIP Al Em— 5:’/}{& - ) 7
:"—“' J e "’5 Z J}Viﬁeﬁ'ﬂ’- ‘xf/f PO/ZL
b = < Z Vo 18] Qe 1) "
.- - e ¥ *L[Fm*t:‘}a}f ‘Q-Fw, L-A:)Z' /

o jrﬁ%’; /”?ffnf /’ftf/ﬂ‘? € D yes /ZL /ZL

The las'? ﬁ:‘ce has no average effect over large periods of time, Hence we may
neglect it,
(@eneral edification: a small verturbation which produces a large effect after a lonz time
im-called a secular disturbance)

As shown in last week'!s notes we may then defins quantities _{j + / such that

P = '=C %‘ﬁz Uo-rm[{_) 'fA/?H:/rF:ﬁ’??Jd“’” ff) — I = A /t'/
['= 203, PE~Fn0 1 unl

/ S
Define L f‘f‘)'?b' AL‘V?M? - U—M/ﬁJ f%) == rf]im*,r /ij £

Last week we computed the probability for light emission by an atomic transition between

a4 & s -"?’ﬁ-‘:):a

states with widths. If it began in staten with the atom in a

and went o statem with atom in b, and vhoton of enerzy w
7 Ty N7/
then _ - i »~‘ T LT, f?ss,rt/ . 7
L'Hs" [63 fé’ ""_J S8 [gw "‘f”-"hf,_

an -:;/'ﬁ,,ﬂ:@j?'=
L (li'_.f}s— Efﬁ)‘—+ ( I e — y-)4..7

is the probability to be in state m at time t; this goes to 0 as t goes to infinity,

Suppose you just want the total probability at time t to find a photon of frequency Y
which came from this.transition, This is

P

n + probabllity that this took nlace and then the atom in state b decayed



As t goes to inflnlty, this total probability approaches P
decayed
‘Rate of decay = L Ppg}»z?l /7} Tf}iﬁ, l"f{ft.‘" }?‘ﬂfe jh(’S a/{ l"(,,}ff-’({]
Lt

W= i D . e -
i—b fif:”':’ [é’.> {;;ﬂﬁ‘f"?’ [ TQ_ “)C;)fy,ﬂr_,;/ j
rdt’ﬂ."yg-*-_i_ s II;:, j /ﬂ;/lf")(lz-
Assuming V ] f/ {1),we find ({4 w = oerims , o FNT )
F

— 4’? !b
5 --= I -
)/[ﬂ*) f"/)‘*m [ / ’}';"'7 2;5 1:7:,—_ + __;L 4]]

el

Lyt | Pt ks [V"”»ff’”r“')

T

U

, N SRS
J /mr [’ # 17 7’L~ L‘“’vw/’”“)?"

(E-
Notice that the line shape as t'ﬁﬁﬂfis a "Lorentzian curve" with a width /'@ 7 /i&

If the resolution of our apparatus is crude, the line looks sharp enough that we may

make the replacement

farle o s o (V)

yre{ taze)®

~ P . - I r\/)

Pyloe) = “-/rmj' é!lﬂl

and the total probability of emitting dome Shoton is

jwyfﬁﬁ“ ~h — 0 /ﬂmw/ /Oféw 5@)

2y 3 7
(_H J . o
This locks different from what we had before, because of the ﬁéﬁ&

thus

However, it is easidy exnlained:

s W) TAEY w probab Ty 7o e s wpper sTele
-t

Rate =

= 2F WVIPST4E ) @

: | )
Total probability of emission = 52 fﬂé- CJT = :?"'ﬁ—/ V/’ff / - f/ @ Lb,
[,

= jz?,, Te & amga /r)cé Tiom

Notice that the line shape changes as a function of time, In fact, if you look at only
part of the line, the intensity is expected to change with t, This has been experimentally
detected using the Mossbauver effect, Hence one must be careful in making arguments about
probabilities and rates.

To see hew the inclusion of widths removes certain infinities in the scattering problems,



Previously in the second order terms we had factors like Ep -yt

Clearly difficulties might arise for v/ =A&

Example of Present Formalism:

Work out the case of light scattering by an atom with stable ground state but unstable

excited states, ~¢ (£ - £ Z
i - L) e N . P
R T ¥ Vg 1 “@ilt) / i (B~ Lol
. ; . “?- '\,{;,wf{;'i"?/t)e

—7 Y w—F
(.r{e = - ‘3 c"':-’/:zq b -‘/?

dy = r;ejfo) _— _X, Z Vgi @rlé )€

Assume we start with ffr‘s =/ , all other states unpopulated,

LA E LRI
« EEETEE g

¢ the amplitude to reach some excited state ij)to a first approximation
> o e ot (e F
. wrezyaﬁ_btéw & (Ey-Fele

© L I S Er~ )T
R _,;/gc/yea,(‘? A’

Then the transitions to another stable state are glven by

J':—c.j%‘ f/ 4.};/(,’.)6‘ ~e &y ~£3 0/51 |
\J Yy ct*’{E{; 5_ / e e £ 0T AT
gtz YKk e T ity PG
0 e i) o= By~ |,
~< LV %‘ft) e ‘[‘3 Eif"'dt’ w5 § 5 gag 16 e FTTEIT 4y
For light scattering 4« J 3 are second order, 7y is first order; ag = Y e

f is first order.

Hence kkeping only second order terms gives

— Ve i/ : [ C /£ "f,;".) oy
a;> ¢ [ Vog+ 2y Lutes f © i
wdyg Eg~Cwx -+ | &
- RN =
t L/" - : -‘—‘f’m’(/z - ’l\’t‘ ZJ’-‘:h "5:)) .
)( > sx Vi & c/z‘j
k;% Eg-Eurilily

Explicit calculation shows” *hat the lastiermg can be neglected compared to the other terms
at long t,
Hence if M = VM + S Vi Vi we find

R E ‘-z, ! ’,ﬁ/



4;:2 {/’2‘, ~&Ey ) Z‘5/2_,
(Ey—E()*
Rate = 2,77“;\{ é"l‘ “Eg} ]4’1’"75&' / =
Near the resonance the scattering amplitude looks like
: g P',(/ ' . & Breit-Wigner form
2

S e L it
L+
LTy

(this method of treating widths is sometimes called the Wigner-Weisskopf method)

Proboh Ty = [ My )™

v

e



Ph 205a
Thanksgiving “eek

Last week we obtained GOLDEN RULT £ 2

= 2 Y "7“ /?"
RU [—'Q S 2T ¢ l Lan T E . ! wHTy

W =~ ST i i/ j i};-
where —- =g f [ !:/ o1l j__. L//)?f}z e \ b e T T A
Possgrm = 1/;’* i T Lm?f": - o g A U Eyris gt LE Ly —pmp ik
¥ if‘ J-,-,‘. ﬁff,t—(i -.I_L Reatld ('3
IS ——

Rehasgh of derivation:

Draw all graphs possible for the path between n and m, +ith this perturbatioh

I k]
. !
’ i

Renember that the enargies l'flVOlVbd are those of' the unperturbed Hamiltonian, Then

think ~hat a granh actually means
A '(T';i 7“.3 - —
System moves foyfm n to 1 in eigenstate L,_ij of the un-

T2y h J perturbed system, At 1 it gets bumbed into state
NN
id h_}by the Dorturba.tion. It moves from 1 to k in
i I bk
o state J{ J{, then it is humped into statxf—j, ete,

Associate a bime with each corner, Along a given straight lme,
ey t‘-,' [P "r‘)"..x
state; at ,Q s becomes  state @ at &, ,1. [[_rj] [ 7 #.-‘L”f,l'_/u. 2/
Hence the graph, which mirht be written

o
Corem ey HBey <@t VIR

L fan
: e i 2T i vs':
takes on the form ter? )

Ny A "}\:" ‘(.{;—;“f‘..) ;_‘Li'” f.“"f) BT e 1 } -.w" J
W A RN R/ A A CE2faml) CEGTE [V [ o)l

. o . .
A . - s e
H iy DAL LE "‘i’, i F“, g l-'.—-;;_ — i ‘:.'_.ff.u'('f

+ b ol R in
/-- ,}?,. ;r'./! / o et o fmf.ﬂcfg'fﬂ Lf‘-_.ra)

. 13 v il o . §
b ¥ g Lg.-ﬂ “

Since t, is just a constant, set it equal to 0 (this won't influence the rate)

,o i -—r/F Jﬁ"‘/-'c““‘r) — {15 £ s
{;ﬂfajllf{:ﬁﬁjf i/ e e ' & ¢ )

. . L .. 7 "“‘7_,:}“Z"
The perturbation could act at any points T- g T, & Lz bz "% o

b 5T -

To. sum the contributions, integrate over Tty
Chang;e of variablnb glves
'=|.« - ',’, I . —
Hop s V¥ T (E i | »
: 2 /" N e ] A O o a Lo g Er] LS8 .
1 E 5 P
-0} f j Vs (et ]ty & oo o

-'-1'.} A= ST T
Gansn.der first J’ & -L/ [



In most cases l/ varies very slo:ly with t1me commared to the PXDOnPntlal
R L—" 7 // Z ~ 5.
) / . S d Ty i
Thus we have V/?F"J [T, ) il e C/,A-

L / ,*c ’{[“"’7 ‘L’ /f’ff—{. "'"1) 17 A
'h“i L_l_,} 2 P— ~T—.’:‘:/
- Ere =L ] -

— L [L.f
It is reasonable to replace ¢z by @z in most eituations.Then the final result is

".‘ H B - A ‘:,-- ”_‘,»;,-) .
(;—L }Mmﬁ %/ﬁ [{) I e ¢ 7 Ry - ::/Z:_}

-
L
-

Epre ~Ep+t

Notice that all terms in the expansion of T have
v ; Prgaemd s
g X ,L = = £

E ¢ =

FAY

the same number of £ {S

1 -
{!9-")! :/ :—,’ghr 0d‘"|£/g'
l
The factor . %... is just the propagator in energy space (f*
E’M}"'ée‘tg L:’:r‘f
obtained by Fourier transforming ¢ * (t is a time dif ference)
N oA oy
K s s =i b - T
where ﬁ% is diagonal, (= ¥*4 1 = e ¢ et
¥
1 ) § oo 3 L‘ -
Thus we may write o BT OB i = iy :
¥ s & & g Lot £

Pursuing this leads to the formal exoression

p— L e
JiE)= |/+ 1+ EHon “L :

In interpreting operator inverses like the above, keep in mind th T
/4

"_L‘_‘ = 6[&/2/: 3 @ 7[[,",\/(/(‘72.[//*- é/ufi/: [4f f“J

A’ i3
whersa /‘:, -4"; u‘_ 4 g:.s’fi f r‘i{

is the energy variable)

In the renresentation

\:

arelall onerators.,

-

) VIR A 35
GloTeh = =~ By + 7 By B

Thus we set it equal to i
At+H
Vo L/w (£ LS

works here,

By use of this trick, f;ﬁ

; ]
. 1o~ S —— i . .__ﬂ* ;
‘:*.rlth A e = i " ——— =f= = T i ~“ s == e ST
"{"i“’ L"’ﬁ.&"ﬂéj éf"hl;yf[é:' "‘frcf i

may be written y
» - — E P e o =
* - e Fl Y

e} =
W ) E - He~iSt E P2k TR
[FEr= Ve vty V]
&= F
Hovever, it is alzo almost absolutely

This expression as it stands is absolutely exact,
useless, For sup“ose you tried to findfﬁw, for myn zigenstates of Hj,

/FT_L_— J/j>is non-trivial,

e 1
The evaluatior of P

Hence one is forced to try a-wroximation schenmes,



3

Example % 1 . ,/j //[ p
AT bl 1 7-;" 2 WV r,,f? i) T [ Y%

RN ﬂ?‘?

Here lq;{? is an eigenstate of /’firunj . Of course you don't know what it is,
but you can try to get eleose to it by different methods:
a)verturbation theory and the unpertibed eigenstates
b)somatimes the wave funciions can be dpproximated more accurately by some
nhysical guesswork than by blind series summing, For exarmmle, it might
be convenient to use the variational method to get fgﬁ;>and é?};y.
Example # 2
In certain contexls it is useful to replace V by H-H,.
Consider a two body process A + By S D
like [7%: " M s py e
It is only reasonabbs to split up the Zamiltonian in a differant way in the initial

state thah in the final one

ywr = k',. f,‘{ﬂ“,;lx'h) T kﬂz [/;cf.:»-:,) 7';\:5 (B.’r;-,:(‘,) B )\‘y (figelea/)

-

-
I T} -\ ; / "" N - o ""'A L
~ Cj 1 Simuag T g:’.‘.i-w-irli I) * C‘ / 41. fg_=|_ TS } i ./.’_ z, l//”/?’”-i [ KTl 4 .')

- . -
) : P ;. Y, o S - i TS B S Py
* Cif- ["“fr‘? w Thefec /T L5 { Betee /gt‘r-'c‘f) 7- (g (ifekes ﬂ/h""‘/
vhere X is kinetic energy; € is Coulomb snerzy

Vi= & + Co +0¢

T

Vo = O+ a4

The V's contain those nieces not in the individual Yamiltonians of the ions and atoms,

Then the formula for T becones . R
(i-E5) + /}% Ex) Q-—;;% YOH-Ex)

5 AN . AN 4
Vie v C% o ) Lz

To aprnly this, one must still approxdimate H.

_ o RN
Rotics that < fiz [t /47> = < Tl ME N A
il I = bty [H B

These matrix e'? ements are the same because the T matrix is sultiplied by

o (E,-F,)



Kb decay problem

Pl s e - ,:-:.E{.; /‘Il/-'f

i “'!""1'12' b =) '-’[l{,-_j T IT la:-U/r ?T]'/I—

S S T A A L P g

L8y T LAy = s Vrere b i G F.a / iy A2
r*.’)

] 7 _' . b2 . ; } . - - i g
Oy (i /) 1 ,-/iz,{a Woa A ’/‘/ﬁ”ﬁty T / {)
set the energy scale such that

. ﬁj

h‘.) Mo 'f:/;,‘
e Ly ‘({. _=r:
(g = Z My 07 70 ,( T T L)1 07 2/t
v 7 7 A
and .

g
J{‘:ivq_-j’;:j Gives
6“3 AT -0
&, +ET T
aka éd’l:‘; - ﬁ“

It is clear that 20 renresents a mass difference hetween the states

e 1 447,
o . . 1., 77 . . N
and 4, ~%r, , The relatives size of &% I° determines whether it is possible to detect

the wigeles, The wiggles can be seen and A comes out to be

S " Lr’-g j-7
Ao i
For 7/ [2 5¢f this gives an energy difference of

S.' AL &7 !
This mass snlit is of interest because:

1)it is really thefe, Hence there can be no question that a perturbation chanzes the

mass in the way indicated by the formula, {(in certain other anplications of oerturba-

tion theory only the final (perturbzd) mass is ohysical - hence the formal manipulations

required seem much less meaningful)

o ’71? T [, et v it g



11)it is small, If the £ 'Y had a negative mass compared to K ¥ this mass

A I¢A
I IJ
I

gifference, as measured by the wiggles, would be enormous ("®-2'<?‘79

Thus we can dispose of speculations that antlparticles have negative masses,

4ﬂ~) b 4, My are elgenstates ol the operator CP (which takes an antivarticle into its

particle and vice versa)., Our result showed that one CP elgenstate decays into
two ?TTS-(also an eigenstate of CP}, whereas the other doesn't.
For some time after its discovery, the‘long Jived eigenstate_,{iﬁwas observed
to go only into = 717 and lepton pairs (lepton vairs aren't CP eigenstates, so the

X.Y%go into them as well), Hence it was believed that CP was conserved in all

interactions.

- A
It is now kno-m that kz does go into two /5, but with a very low rate.

So far,
no theory has nanaged to a)exnlain all observed phenomena and b) maintain CP conserva-
tion, Thus CP ars to bz broken, although with very small probability.

Furthermore, it appears that this CP nonconservation cannot be studied very well in any

presently observed reactions other than ftbeecay. Hence it will be difficult to fit it

into the total picture of things until there are new developments (either in theory of

exnerimeht).
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Physics 205a
Week of December 5
Problem:Due first class of second term
Choose one of the following:
a)Something you thought of yourself
L) It is commonly claimed in classes like Ph 205 that one can prove from the -commtation

relations for the rotation group that only half integer spins will appear,
Is this true?

The following has been sugcested as a counterekamole-

Take operators _)_?__ / [L'{(‘B'/y - [/ ] £ L/
Sx = /4[4/«5’ - Yz ”S"J”’j}' 2
S, = el el —egy |t Alkd

g&/.—: are Tdno WF/;{-T
It is claimsd that:these commute like rofation group generators, but the J

agsociated with them is not half integral,

Yhere does the inconsistency lie?

¢)Supnose a system in which two spins 4§$9=combined with a Hamiltonian of the form

= djedy + 8o 55 Ede + 2o (2]

ey
where B is a fixed field,

=

1)For small B, general spins, what are the ehergy levels of the combined
system?

ii)Find the energy as a function of B for arbitrary B, in some special cases

€.g,. %_,,: = ;,' f& N

or something similar

(of courss, if you can solve the problem in complete generality.,..)

Combination of angular momentum states

Suppose there are two particles of spins 7,v ‘together in a system{ The spih of
: I § 2

each individual particle tells how it transforms when a rotation of the coordinates

is made, Now we must determine how the entire system transforms,

¢ = ey >



Syiibolize the rotation cperation by R RIi¥YY= RI%> R f";>
RISY = By (R i)
%2 = J (1D
where c:ﬁ): is a matrix which acts on the spin indices of the wave functions
Thus we presumably have some matrix jr such that )? /'7‘{'> = ;Jm ( E;) / 4!’>
) ?;, [f)@;DJ- (k)
To see what size ; should have:
f% 7 has @ £t f) components
j%¥27  has (2 j:::"”) components
. f%} has /Zj}ff}(Zﬁzfl) components
However, ;‘7 1s not necessarily one of the fundamental ("irreducibla") representations
of rotations - i,e, it does not necescarily correspond to one particluar spin,
Because it is a representation, it can be broken un into a direct sum of these irre-
ducible representations,
This means that / l'f/> can be wkitten as 24 ‘/‘f?whe-re the / lfb'7 correspond ¢ each to
a particular spln, and the ﬂ' are eomnletely determined by / 7’/ / and / {'/ >
| %35 |45 > = capd %'jt>
The problem is to determine: ‘
a)which ;;  will appear
b)what are the (2
Both of these questions are answered by mechanically applying rotation opemaztors and
seeing how the state transforms, It may se~m dull to go through this machinery,
because in practice the 8 (C{ebsch-(}orgcn coefficients) are usually found by looking
in a table.
However, other continuous groups are sometimes relevent, and not all the coupling coeffi-
cients have been calculated. Thus it is worthwhile knowing-what to do.
ON“ARD! o . |"),~£‘
I)Apply an infinitesimal rotation about the z axis [}-r: _5;2_; )/rfr JI>{K"'¢ CEJy ﬂfg )

= (cem) (e ) 1Y 572> = frace s, 014>
3 ‘
S ‘E;-:%J [7'\/\' — /)’)?,Ji!(;> A= AP, T

Here is just the appropriate operator in jj



Rule 1)The magnetic quantum numbers always add
II)To find which ) appear

As z-’rj ranges over its ’:JI"J values

/),ﬂ.l no n ) 2j2¢} "
X, 1y - v N
x(rm,) = 5 ),
Hence this is the maximum valye of I allowed in the decomposition
[Lf’>~ d‘l\‘m,-,fj?{fiﬁm}is then a new thing whose possible maxd is f, ‘*/;") ete,

This goes on until } '7‘7 1s exhausted,

to see how many steps are allowed, d% a little caleulations;
A .
Cr#2 pat) = £ [C2tg0p camsi]
i ‘. oy A
= 2 '.%;“szjw"f'rad A
= M= 24, 0 24,
J1t72=2f) }z Y
Jitpa=2ps = fiFa
Then the minimum J is ;!,1,.7// or,‘?{,-~f3_ whichever is physical
Rule 2)The J!'s allowed vary in steps of 1 from 5+ 5, to | LY 32 1|
(the steps are 1 because m steps necessarily come in ones)
III)To determine the d,
Clearly it makes no difference whether we begin with a basts /5 A >

-

and expand it as 2 ”I}}mm: }_)‘, , > /,j‘z /”"7«z>

or start with /y,om> [ m N = Sas s>

Tt 1s most convenient to find the L3 ;o
[Tm> = 5 baha Vi o, > /J'zﬁ‘f‘?1>

—_— . LA T “ TN - ad .
BEW N T > 2 B> 15> Y S frrte
We then just apply J_ to both sides. Use of the relations derived last

T § i . o ,L:_-’,.,,.} . b}
week 1 _ [, My = 5 #4%11 then comnletly specify the éﬁf»’;“z
A word of caution is in order here: j —
!JM - J,M?
In the most general case it is quite vossible that beginning at A and applying
might lead to different phases for the bj‘, By than beginning at the top# and

working down, For the rotation group it happens that the states can be chosen



such that the phases for the two cases come out the same, However,

not all Clebsch-Gordon tables use the same phase convention, Thus, unless
you generate all your own Clebsch-Gordon coefficients it is absolutely
essential never to use more than one tablk of C-G coeffs, at a time (i.e.
within a given problem).

Assume all tie states }3%7/¢f> have been determined by this method, e next must find
/E;,-i M2 . To do this, notice that/3, 3,;,,;} is orthogonal to /:‘—Tﬂ-‘"" T =1
and that there are only two possible states witn™F e ’imade up of /5, ., 7 [22 /)‘/.'-"1;}
Then just ladder down from this new state#, eote,

Suspose Fou just want some state which would be in the middle of one of the above series
and can't bear the thought of constructing all the others.

Then the following trick may help:

,'FS/E?‘:) = 2 'é’/f;‘,'vm, /J‘J /mz-'> jJ‘z./‘”"z.)
/.'r's,, v,;,m-,r;v.—._/,os o
' . . e o Fam T
Fex I3/ = Slsv6) £TM> = (Tar 30527 JI")ZM/W‘J}’ 2

i ) et kS L - .
= (:5;4}”'{ “S_b} oS "%:; . ::{::1 2 } ,#L_ /J'f‘,)”) / /J).’*"";,>

- _ .
Sa 7 g [zy41) 5.5 9 fu (et
Comparison of the eguations ‘ \
1347 = 5 bamen, | 177 I

[545 = L= ST opess
BYS 0

will often allow you to determine the b's
Suppose you start out with n objects of spin %, all spinning up T? TT

and then ladder down,

The state is initially symmetrie under permutations of the spinning objects. The ladder
operator is also symmetric, Henee all the states of this J, the highest one possible
for combinations of these Sp:'mors, are symmetriec (This is one of those\q;hings its useful
to have filed away somewhere)

It happens that all the representations of the rotation group can be found by appropriately
combining spinors in this way,

ile. the representation with -3-;/“‘/;“ is obtained from a symmetfiic combination of n spinors



OTHéR CORTINUOUS GROUPS COMMON IN MODZRN PHYSICS
Isotopic Spin
One of the symmetries first noticed in nuclear physics is that the nuclear forces
between neutron and proton appear to be the same as those between/ayhtron and neutron,
an? proton and proton,

Further, one can even apply a transformation of the sort
ip> > olp> A+ LIn>
- ; A
> = g > Ty o [ 18
without changing any of the forces,

The pair oﬁﬂ% determines an element of this group of transformitions

o [
The matrix ® 5 acts on the pair i )in exactly the same way as an element of the
—at x* m/

rotation group acts on an object of spin 1,  Hence the set &%wﬂ) is called an isotopie
spinor; and all the Clebschfordonry involved with isotopic spin is identical to that
for rotations

If the only representation of isotopic spin present in natire were the neutron-proton pair,

this analogy would not be particularly useful, However, many isotopic families have now

been identified;

spin 0 representation /1
N 1 ] .
spiln + representations Mo p
= 0
KT «®
spin 1 representations: =it
Ttz -

spin 3/2 representation /ﬂ ~ 4% A + Zj,f—f

are a few examples

Notice that the rules derived above for coupling angular momentum already tell us something

about strong interaction forces:

M|

T

if we wish to make a iq particle as a bound state of 2 particles, we rust use a

(_

combination - g Jﬂ‘;}T one widl not work (/=9 ¢ /=| cannot couple to T‘;—O)

The fagt that ;ﬂ has fclfég ‘makes its decay into 7 /L/ easily classified
¢

_— F

j"] j:f/?_



su(3)
Joth isotppic spin and rotations ean be built up from a group of transformations on
splnors, where the matrices acting on the sopinors have the form

( > 2 7 Ju ) ¢ ,'ﬁ/}“:: 1

-«_ég% o
This is the group of special (i.e.determinant = 1) unitary transférmations on two
dimensions SU(2) -

Suppose that instead of two "fundamental™ objects there were three, Thenr we would have
SU(3) as the matrix group,

We could go ahead and combine the fundamental 3 dimensional representation with itself
to make more representations, as we did with the two dimensional spinors for SU(2).
Unfortunately it is not possible to get all the representations of 3U(3) this way.

Cne other three dimensional representation must be introduced, Then preducts of

E?.&Eg (the two 3 dimensional reps,) will generate all the representations,

It is easy to classify particles into isotopic spin rultiplets because the masses of par-
ticles ~ithin a multiplet are very close together (they would be the same &f there were
no electromagnetic perturbations acting)

Classifying particles intd SU{3) representations is more difficult because the symmetry is

not exmact {see discussion of “igner-Feckart Theorem below). This means that the particles
which belong to a given multiplet may have masses which differ by several hundreds of

Mev, Nevertheless several representations have been identified:

Baryons
Cetet  Spin §  Parity + Ves P
ST 59N T
e O =
Decuplet  Spin 3/2 Parity + A=
=k =
=3 T & T
2 < =
z@ n P oF Aﬂ-%’f
Nesons Octet Spin 0 Parity -
kKTORP
sf—
X B
ey
S Y A



¥ s
Octet  Spin 1 Parity - }i K
— p . / ) 7-
Ty p
K.‘; 9 E-ﬁ +

é& representations, In most theories these are

3

No onépas yet found memabers of the 3 or
expected to have the following properties
particle a) strangeness-1 isospin O charge 0

~ charge 1/3

foj

particle by strangeness 0 T=

charge -2/3

i

particle ¢) strangeness 0 T
lists the particles in one rep. The ones in the othere are charce conjugates of these,
b) and e¢) would be easily spotted (we hope) due to their fractional charge. People

have looked for these in quite a number of experiments and have not yet found anything
that is statistically believable,
A1l of the physies involved with the above groups has to do with calculating matfiix elements
of operators-between states which belong to various representations of the group,
The most powerful tool for doing this uses the transformation properties of the operators
under generators of the group, In many books this method can be found masquerading
behind the name WIGNER ECKART THEOREM

1)Given any operator, decompose it into pieces according to its transformation properties

under spatial rotations

S Y
scalars: X ¢  and other dot products

-
-

s - N
vectors: ;"‘Eﬁ/ g ooy XX F elec
tensors = ;f*

2) Re-express these so that they are separated into things with exact spin transformation

properties:
e J

j?ﬁ; is an exact scalar which transforms like spin Q
i .
P 1s an exact vector with transforms like spin 1

What do we mean "transforms like spin 114

A
The spherical harmonies ?T are eilgenfunctions of total angular momentum with z

1
prrojection M, Under a rotation of the coordinates, thejf; for a given J

transform among themselves accor’ing to the apnropriate 5/

§1 C g Y , " >
Y g [8) == ":ﬁﬁf}m’_/@f@J {f:s/w /@7)

) 2. Ry
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Any wave function with these proverties transforms like Spin J,
Now look at operators of the tvpe shown above,
The components :711 /gan be made to co:-respond to certain combination
of g, for a vector VT Z 4 ¢
A s =il &) yTes YulE <6)
i

L’.‘ C""‘

7
-7 A t?j "/\r A
But :,fz has only 5 components, whereas the spatial tensor & (";

has 9, Bencelrp gi_';- carmont transform exactly like spin 2.
To figure out the proper spin decomposition of something like 3(} FE;} y notice

the following:

a)a generalization of the arguments 66z spinor representations made above
shows that every integral spin n representation can be formed from a sypmetric
combination of n spin 1 objects,

Hence if we have two spin { objects (}0;:7}'“). the spin two piece (highest

spin formed) must not contain any antisy-metric combinations,

e AT el AR

te ni TR A G TR 8 A
symmetrice piec i”-f -y _9_ ey p-:( Y ]@., C::."- 'f‘(p)ié)z;” i
A hone
-y t\ ) [ (a ks @
S48 |y b [Easy 17 2
A A A g :
CxOq= B Ex ¢ y P2 R ;N....,,.ﬁl.f,..,f:—é_.m-—w“

There are 6 independent symmetric pieces, e still can't hope to put this in

one-te-one correspondence with a spin 2 object

T A TAT "“:‘fi""”“/f TTTTATTA
antisymmetric piece o I—?;‘,QX ~ & Cy 7 I Ci éf‘ - i).f‘_.f?wf,
A A - /Ji N r /l 4 oA g
C?X C).f mé 4 £ P O 3Mé:'cgﬁ"?;y Ce E 4
LA A A A A A A
exp%"ez@x @-y{?% g By o)

There are three independent elements here,

e

We recognize this as ,\:q},oj a vector and thus a spin 1 object.
_i? 7 can contain only spins 2,1,0 because j‘(hand ;bbare spin 1, The only remaining problem

is to separate the spin 0 from the spin 2,
. . I A - 2 '}

spin 0 looks like X,£ and thus corresponds to &¢&, —+ €€y 7 €3 Fx
AN
Therefore any piece of our tensor of the form C’lt",v:'»x * L-r tf‘y--f Cep Tz

is a linear combination of spin 2 and spin O,

It is clear that there are many ways to separate out the two, but to preserve the



syrmetry under interchange of x,y and z one writes

~a
J L & J[Jf}h} s (Oihe J[EE 4
(’ 2 ..j_ ((J zf.z/‘]-i' {9 ._,,J. wﬂ.,!!,f,{/ fa_'_,f,_ o — . %
P Q 2 “ + /f’/J# Z "_'__5 f-v:,ég;{
Spin decompos:.tlon of ”‘?,; P
R~
spin O ?5 52
—_—
spin 1 :‘5;:’,{)3
: . ) == o> o,
spin 2 ‘KP’(_!/.%'I'K (/;p;( ’f’/’(iay Z Px + X
i ) TN _ ‘
xiﬂyf’fﬂ& ?':0? / . :,_:,ipvﬂ.t 7'/5’25,
e >
Pzt 2 Px §fz + 2Py 2py - X0 P

Having explicitly constructed all 5 independent elements of the spin 2 tensor, we put them

in one-to-one correspondence with the '/92:4?' )5
- : . .
Define ><, "'2":5/1/};_ [X‘ﬁ?) 'PI’-_E "{/L/;ﬂ (P}(“"f;ﬁsf)
')(3“!-: t/,,,/“;[,, (X""";’) P"f = %}E_ [‘fjx 'L!f'?,)

9.
.X! ‘% PO:: 4’22

Solving backr-rards‘gives
X Pl % § ¢y o8+ Xem 924

X, PP e Yy § TPt K)ot X a0y
X'J"Ipr;’f'/}.\/;rﬁj + "X/'\P;d “’«(Xﬂx fff/")-r 2 J:”
X‘j‘j PII—"‘?" '}':3’0"){' -—L/D/* "E l.f /z?/-,(‘fx'ﬂz}"f‘ ﬁypb' fy’/}%\j
)(fd! Pj” - Fa‘ﬂ;(l‘ — ,f‘/{fi %ﬁ-—r:['zf]x‘*xf)&)”} """‘5,}'7 ‘—f-irj&_?;,}

Bow refer to a table of Clebsch-Gordon coefficients and construct spin 2 from two spin 1

objects (1 11i]z2)=1 Cli—i =] L-2)=1
(i =ilze) =l Cyi=r 1tz = U5 (7700lze)="f
(110 =il 2=1) = Y [1 (=t olz )= Yx
(1r1ol20)= ") (11 o () 2t)="/E

; } - -}
Hence 5927_5__ Xr’ ID, yn-? __)// / Pl

o P e Pt
&?fl [)( °'>t -l‘f‘,?oxlf) %.;, ‘7,-*()(: ‘P 7 Xi J

fi'-o . }/‘/_; / X}”F‘; ' s /(;JIDJ'J“#‘- 'ZX:,DP;'Q)

Thus certain linear combinations of the X' .PJ ¢ correspond exactly to spherical harmonic s
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In general the rmile is:
Take the operator in question and break it up into pieces ”hlch transform under rota-

tion like the spherical harmonics. Call these nieces

Qo= M [N ]
©=Z e [V57,

Then the rule for matrix elements is smple.

< by ./ | /MJ /"f,/"””2~.> ,(‘fv. S angy /¥ /J!: r», )

where o{ specifies additional quantum numbers of the systen.

Here (_;. is a number that cannot be obtained by angular momentum arguments

To prove this:

Y transf der rotation 1il e 15T
/23 /()(sz:,l? ransforms under rotation like . @ 5

132-3] € 50 € 4.7 3 Y= Al feh
where the Z:are the Clebsch-Gorgon coefficients (s 42 Moy, |5 3/)
A matrix element is just a number; hence it must be a rotational sealar, e can form this
only if < Wl ) = <m0 v Same 3o,V

As far as the rotational character of the states and operators is concerned, <% completely
specifies the matrix element,

Notice that it is not necessary to think of operators in tkrms of spheriecal harmonies -

—
——

you can do exactly the same thing by considering énly the Ny operator, as follows:
— T s T .
[Z77,3 =0

an operator's angular momentum properties are determined zompletely by its

- —

. —_—
commutation relations withT, Because ¢ f commutes with I in the same way as

the unit operator, we know

(’miul 2 fomy > <‘//}’ JJ )ﬂ{ "Jg>" 53]4:’:«,#2 ”!;luiz

Koy b
where a has no dependence
. " 1 - L] i{
vhere the ’?UK are the same as in L 3, Y j s Ay i
Hence \/ﬂ”,}, a/ /«9 [ P 2 A7 = (/,wa ,,U"f /= = /,4;2 ¥y a‘>
The operator \’ 4; as one would expect from the above discussion, does not have exactly the
R

same commutation relations as the most simple tensor of the form -5 S

_;-3

Fxercise(for fun)do the operator decomposition of f that corresponds to our

spherical harmonic decomposition
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It is often helpful in computation to realize that algebraie simplifications exist for a
system of given spin,

Example

(} 1) Tx (5 -] 1L > =0

allows you to reexpress products‘JZ in terms of DSz + 3
Similar things can be done for Sy v 3L

v

APPLICATIONS OF VIGN¥R-ECKART THEOREM
Directly:
a nucleus of soin 0 has no magnetic moment
a nueleus of spin % has no quadrupole moment
Supnose the Hamiltonian is invariant under rotation, It is thus a scalar (¢ f;ba )
Hence it cannot alter the J of M of a system (J';'rﬁj /’/"f' / )‘2 ,'?.M}_> o {);’J‘.J\l gy oy
Angular momentum is thus conserved in interactions governed by this Hamiltonian,
When viewed in the light of isotople spin, this argument is repeated as follows:
If H is invariant under rotations in isotopic spin space; then it cannot connect
states of different isotople spin and z component of isoSpin.-jrthE. must then be
conserved,
The energy of a particle at rest is its massy this 'is Jjust the expectation
value of the Hamiltonian in 'hat state,
H a scalar in isospin space implles

CaTTej)aTTed= G (T oT20lTT)

which is indenendent oqué . Thus states which differ only in ];should have the

same mass,
The strong interaction Hamiltonian is believed to be invariant under rotations
in isospin space. It follows that if this were the only force acting, one would
expect that 211 particles in a given isospin multiplet {which ciffer only bj?% )

should have the same mass,

Neutron and proton have masses differing hy about 1,3 Mev, They differ only

in k%  However there is another plece in our total Hamiltonian, formed by the



12
electromagnetic interaction,
 The electromagnetic ensrgy must have a piece proportional to the charge. In the
neutron-proton system this would be written 4{+63) , But hj:é'=¥ S
Thus the Hamiltonian contains an isospin vector, It is this piece which (in a
general sense) accounts for the mass difference
Suppose that the Strong Interaction Hamiltonian were invariant under rotations in SU(3)
space, Then all the elements of an SU(3) multiplet would be expected to have the same
masses (The Wigner-Fckart Theorem generalizes easily to a group like sU(3))

However it is observed that the particles assigned to a multiplet do not all have the
same mass, Hence the first conclusion to draw is that 3U(3) is only an "approximate"
symnetry of the Hamiltonian,

In fact, the "broken" symmetry is much more interesting in one sense than a complete sym-

metry woudd be, This is because we can expand thq Hamiltonian in the SU(3) equivalent of

[ ?s

e,

= T oa ]Ff;:]

Study of the mass differences and coupling constats indicates that most of the NON=EYTE -

tric plece belongs to one representation of SU(3) (the octet representation)
This is analogous to the 4&x electromagnetic term; but so far the explanations of

"octet dominanee" are not as simple to understand as 1s the presence of electric charge

An elegant and reasonably complete discussion of the properties of operators under rotation
(anddecomposition into irreducible tensor operators)can be found in Messiah Vol.II

(first chapter and appendix)

In practice cne usually ends up constructing things explicitly out of vectors by use of

Clebsch-Gordon coefficeients, as shown above,
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HORET ON INTFRACTICNS CF MULTIZATOMIC SYSTEMS
Last week we found that the probability for a polyatomic system in the ground

state to gain momentum p in some elastic collision (i.e., niither systeﬁéhanges esnergy

+ 2
state) is ehf Can'>
where <%kl7 1s the average square displacement of the oscillator,

P.is here measured in the center of gravity system. Hence this is quite different

from what one would expect classiecally,for a classical elastic collision between an

ineident neutron and an atom in the latti?e would impart Jjust one definite momentum
lessicd
0 ‘

to the lattice,

Sl qm'f'wm

Some things, however, are similar to the elassical case:
(DO ANY ONE OF THT EXERCISES LISTTD HFRE OR IN THZ JAN 20 LECTURE)
EXTRCISE A:
Show that if the system is initially in the ground state, the mean value of the energy

-
lost by a neutron is E{;ﬂa“ » for a disturbance with matrix element

(Cﬂc/ €8Fx/ qﬂc'>

It is only because the momentum transferred does not have a definite value that one
can obtain a diffraction pattern from the crystal, Diffraction patterns are vossible only
if it is impossible after the scattering to tell which atom the neutron hit, Hence the
scattering must be elastic as inelasticity would lead to changeé@n the crystal which could
be detected. (See the sophomore physics text if you don't really understand this),

The oscillator has, along with its position<a » & momentum s . To ensure élasticZ
scattering we would expect P < //”H] = ’l',/} qH} wvhich agrees with ¢ &!Fl/”’ il

If the momentum transfer is too big the probability of elastic scattering is small
and hence one cannot achieve a good diffraction pattern,

EXERCISE B: Show that elastic scattering from a erystal gives a diffraction pattern
related to the structure of the crystal and that inelastic scattering does not,

Disregard the fact that the momentum of the neutron is changed in the scattering



2
B :Construct a theory of inelastic scattering foom a crystal or a polyatomic melecule
Bi: The orobability & Pl(q”z- )derived above is called the Debye-aller factor,
W2 calculated it only for the simple case whare the scattering is off only che particular
kind of atom in the erystal, Figure out how to take into account the faet that there are
different types of atoms in each unit eell,
Consider further imslications of the fact that the lattice system can emit or gain momentum
j§> and still remain in the ground state of energy.

Suppose 2 nucelus in a erystal undergoes some transition and emits a gamma ray of momen-

tum ?? » Classically you would expect that

rs

- —
P ;= chamge of meclear energy = @ > )TreJman-m /4/1,,,(10%

This is, in fact, true in a gas where the atoms are not bound, To detect the emitted
gamma ray, one would like to have it induce the inverse process in some other nueleus,
However, the recoil energy is so big that the energy expected of the gawma ray 1s shifted

far from the transition cnergy, even considering i%s width

yaﬂt €’n-@ff!f’5 1 }f’f'ﬂ’ WI//
74 b4
= tn duce T he Sdesived reacfoom

ctualfl _

E'mery)rs 4‘:‘ u.qh y - _‘\} |
emmflfed );f the veewl
i1s Jalem 1mlo accouml

Thus if one wants to do the experiment

___"’f_- e L G s ,_i?‘;_— 5 4 E_ﬂ'
one is forced to shift the effective ‘déif in order that the lines overlap. This is
accomplished by moving the second system, Then the PDoppler effect shifts the gawma ray
frequency seen by the system to the proper level,

This method of deteceting resonanae absorption has actually been carried out by
putting one system on a spinning wheel.

However, if you think of the nucleus involved as simply one of the masses in a system
of coupled harmonic oscillators, you sce that there is a finite probability that the
energy of this system will not change when the gamma ray is emitted, Hence the energy of

the gamma ray will be exactly that of the nucleap transiticn, To detect this recoilless

erission (Mossbauer effect), one slowly moves the receiver back and forth



and notices that the peak absorption is at zero relative veloeity (i.e, no sﬁift).
The lines are so closely matched that a relative veloeity of ﬁ*ﬁﬂ?(?ec is sufficient

to put you off resonance,

PROPERTIZS OF THE HARMONIC OSCILLATOR
"why do we spend so mueh time on the harmonic oseillator, Daddyin
1)because it is one of the few preblems in quantum mechanies which ean be solved
exactly by practically every method
2)because of the great similarities between gquantun mechaniesland classical mechanics
here
3)because vhenever you expand a system about equilibrium you get a harmonic oseillator

“)because it is used all the time in talking about solid state,lipht, particles,..

ete,
For convenience set m=/ =1 5
e lhpt st P % 5;
H¢/h :(ﬁ@”
r_nnm““inﬁuéin;igﬂi;dé are the eigenvalues

i 77 -3
¢/J1:' / HnlE) e

Examples’

They can all he smritten compactly in terms of 2 generating function
2 { -”
~5°3425% = H /3) S
e 2. o2g—

: 2
Hence - ;4' [3—-s)t+ S

_ —_——

Sometimes you can make up other gensrating functions, for fun and profit.

Examplesto compute the general matrix element

Aoam = [ @yt5) e’ &y 13045
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It happens to be sim
explicit integral every time - .
s (Fseem oA ) WIS
=2

A /1””’2’”/}7,’ an !

i

: —s)% 5K =[5 ~t)*+T
5 et‘Fj c-){,_/f 507+ /{L 2 /3 - . o}f
""7}—:7:

1 . —p v K
_ e PU @"%e‘P%Q‘DL < et s L) (re) k)™

27m) 2 Kl a5
TAU—S Al 1
A e_PZ/"('Zﬁ (%) 2
BRI —

s

1
v N r \_...m? } l‘*m}{/m"
2423 (1) (51 )il

EXERCISE C:

For a erystal at temperature T, find the probability for elastic scattering
with a given p,

Hint: if we Pad just a single oscillator, the answer -ould Jook like

6;7‘M4’!3uf}wq) gl(f’?lfl‘ﬂ;,ﬂﬁ‘?/z emE@/kT

-Ex4T I
is the probability £o be in the n &h state

One should find that the vrobability distri
P <9

because C

bution for the energy lost again looks like
(g
EX=RCISE D:

Prove

v [l (3743%) 25837

. L)
I 4 / 1T € — jmwW e >
E e f
% Cpm [3) (ﬂ"h [3 ) lﬁl‘@'\’ Q’D
EXTFRCISE E:

Unlike any other nroblem in guantum mechanies (~ith the excention of the

free particle), the time denendent equation can be solved exactly,

Solve: 2
N _ > lr,t) L g $Fr3e)
bj’% Gls,t)= ~ Z ‘;%gz 's ) ke /

for some set of initial conditions - e,¢e

.c. T=o0 f/’rrj\/g-fo)

qlt) THEIS £ )
Bint: Try %,t) = C
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Another nice property of the harmonic oscillator equation is that it looks exactly the same
in momentum space as in configuration smace., Hence the normalized eigenfunctions must

be the same up to phase. The vhase is definsd by Fourier transform from the configura-
tion space functions. — ‘p3
pace ions V/p)_, /(:" P %/j)cfj

(Peynman's guess is thgf'r W}’)zf:wlﬁ,@. What do vou get?)

It may on occasion be more convenient to use the momentum space wave functions

m= SOt 3075 @, 15 )ds
B et j w1t 1p) Yol pt PP dp

shows explicitly that momentum P has been transferred to one of the oseillators
ASIDE:

Notice that a lot of these techniques which suggest themselves naturally in the harmoni

oscillator problem can be used to advantage elsewhere, Consider the hydrogen atom;

4 d r""i——@ . A1) R+ 2/:'*4 Z“&-e/j}? O

r* dr dr >
For simplécity take J=o0 2,,,,,5»7-_ 1

r R=1
——r”d - f+ ert

This can be easily transformed to momentum snzce
~5 4 (g )t Flp) = —EE —df—ﬁ
D @
Now it is a first order differential equation, which is presumably easier to solve than
the previous second order differsntial equation.

This equaiion ( with ,9 left in) can also be factorized into "creation" and "annihilation®
operators in a manner not too unlike the one used below fop the harmonic osciallator,
These can then be used to find the eigenvalues, Interested persons should consult
Morse and Feshbach pp. 270,729

CREATION AND AXNIHILATION OP=ZRATORS FOR THE HAR ONIC OSCTLLATOR

e g e
. d
B (wirz) < (543)
¢ nc‘ — __)._- L T =
A"":EZUQ ’,,f’)"{/‘z'-[gd;)



4 is called a creation overator and & an annihilation operator

[P/‘(l =~ =7 aat—atq= 4
aat = I/u) H—!,/:L
W/

- +
The most useful form is /j— <Wa'e *‘f, following a geheral rule of thumb wherein all the

a

annihilation operators are written to the right of all the creation operators
(normal ordering) W
aldy =o = #loy =Yhlv)

+

Wa
and %’ canithus be internreted as the energy of the ground state; Qas the energy

above the ground state
M=ata has integer elgenvalues /]//m> = alm >

on which the ereation and annihilation operators act like

a®lm>= ST Imesd> alm> = J5 [m-1>
Hence (_a_j‘)m 102 = //n>

m .
All matriz elements written in terms of P's and q's can be reexpress~d in terms of ereation

and annihilation operators (althouzh this is not neces=zarily worthwhile)
¥ + %m
mn= <m] L)y e o) am (aiat) _al? ],

e V!
This can then b= calculated explivitly by commuting until all operator products are in

' cat } —
normal order form Goy = Co /(%—;"’—) atfop =
Cof aX2 w1 creatadfop = ‘Yz e¥e
2 2. .

Thus %
o) / o
L2 [0

s plets N
¥y r L
;) m = < o /—-—-—““‘q e’

}
If several independent oscillafors are involved

e D
a_:: )"’74 [qujq -f-t,_/.i)
2w, amy

g —a.qg = J;ﬂ

[ap,a.] = o Idﬁ‘f/ a/] =0
H= { 6rewmd stoTe emergy) - 2, e aay

[)‘ notice the embarrassing fact that if there are an infinity of osciallators the

A

ground state energy is infinite

In usage the harmonie oscillator formalism drags alonz some terminolozy, This can be



put in general form as follows:

when the oscillator is in the-n th state it contains n vibratons

a ¥

2.

creates a ¥wibraton
takes one away
The word vibraton is then replaced by phonon,roton, phbton, meson, nucleon, etc,
depending on your audience.
HOW TO APPLY ALL THTS TO CRYSTALS 2
Last week we discussed the Hamiltonian /Jl: P"/a -+ ":'_ (:‘.j 7%,
for a small set of sounled oscillators (e.g. in a polyatomic molecule).
The point is to change coordinates by an orthogonal transformation which diagonalizes
the C}' ; the new coordinates are called normal modes of bivration and in terms of

i’z‘ 2
them /f.:; f%/éi-4 ' &

Diagonalizing Ctj can be done by brute force for ths case of molecules which contain only
a few atoms; however in the case of a erystal with ,C’zgor s0 atoms scme other
approach must clearly be used.
The most obvious distinguishing characteristic of crystals is their periodic structurs,
By expliiting thés symmetry we are able to reduce the notentially complicated nroblem of
erystal vibrations to one with as few indenendent factors as the volyatomic molecule case
¥ost of the definitions which follow are simply bookkeening procsdures to this end,

BASIC CRY3TAL STRUCTURE

The lattice is a neatly stacked array of unit celJ 5

-

& 5 — —_ — o~
Fach cell is identified by a wveector W = e q -+ m, b tme &

—

where ?f}ii/?? are fundamental vectors characteristic of the erystal lattice and
: é%ar”bgﬂc) is a triplet of integers characterizing the e=11.
Within each cell there is the same (usually complicated) arranzement of atoms and mole-
cules, Label the units within a cell by j;b
Then the total Hamiltonian for the system takes the form

. L —
ga % e 2

CA’,:Q'/W_,S T, r %1,.:



.
whera Cﬁ/}f}/MJS -— /—/7le {A/ M
l¢e. the forces between atoms denend only on the differences between the cell positions,
not on the individual ecell position

L T v, 7 )

—_—
The T
h PRIrs  pave Sqme zm'f?rqcf(d mg

As before we can write the equations

_
buﬁlﬁu’n s = ‘/Z s /;4?-_A/) ?594
/ M, s /
but the method of solution used before is no gzood,

To see how . we will use the reriodicity of the lattice, consider a one dimensional crystal

———H—-“—@%-——-—&; ‘ O g P

[~
Let 4, be the displacement of the n th aton from eguilibrium

Then the nobential energy takes the form. ; -—’2—? [‘(A/""?Af—H ) =
Differentiate with respect to ), to get the foree

Wat g = /4'/?#‘?#4;)’“/4(%'—1“?’“) = A/Q T = Tues *?/”")
To patch up the end points ve define the contitions ['/~) =4  [1/4) =2 A

Then our previous techniques would be to fini the determinant of

Ry ‘ | -A
—A |2p-W | - A
AR EY S ey
el |

If we wished to consider interactions not only of nsarest neizhbors, but also ef next nearest
neighhors, the Hamiltonian would have an additional term of the forp ;2- E%L /%%1"€“*1.)1
and the matrix would become corresnondingly more comnlicated,

There is a theorem which tells you that it is possible to "ind the determinant of a matrix
with the above form, regardle~s of its size, 3But 211 this says it that it is nossible to
find the solution of a linear homogeneous differsntial ecuation which involves enly
differsnces betwesn the displacements {note that the differential equation involved has

time as the variable - this has alrealy been faciored out),



9
g\/h ()\

We know this already (byt intuition), Therefore, try dm =€
w,\iet‘“’r = /Ifze':mimcﬂ’””m— et [W')Jj DWW, =2A ] /- CMJ—]
At first sight one feels that-;fq may be arbitrary and hence that there is a continuum of
solutions for & . However, this is not the case because of the pericdic boundary conditions
imposed (from the matrix ahove we see that we have in effect hooked the first atom in the
chain onto the last one)., The imposition of periddic boundary conditions is one quite
standard technigue in these cryvstal problems., It means that if [:] iz the number of atoms
in the crystal, then 7@215 = 9
For our examnle this means e f@‘f\z i
Hence r):-%—‘p— where ﬁ is an integer from O to @—} (or it may assume an equal
nunber of falues in an interval symmetric about gzero).

) Aw M) |

[

|
[
:
1 i

, ! J -
o7 ' 7 2

Only discrete valuss corresrnonding to the inbeger 1l's are szllowed, This treatment is really

valid only if a large number of cells is involved, however, so no harm is done in drawing
the curve as a continuum, (if there were not large nunbers of cells involved, the surface
effeets would become important and our imnosition of periodic houndary conditions would
be dubious),

Another interesting proverty is the number of vibrational frequencies at a given fre-
quency (i,e. the density of points along the curve,) For fun, figure out how to calculate

this and check, the curve drazm in class
774

# o )t fre;z.r.

If (F continued outside this fundamental interval, the freguencies would simnly repeat

Hence we always limit ourselves to the first zone constructed in the way,

It ,6 should be non zero, it is easy to see that the answer will have ths form

we=2A(l-wsd] +23(1-coad)

and so forth for more cistant interactions
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Solid state physicists do not in general talk about J— s however, The quantity normally

used is h = ‘S“/CF/ = phase difference/cm, For a three dimensional erystal, k becomes

CesS Y
avector b = °'/a ) J-""/b J 'J;/c.) in a space called reciprocal lattice
space (since ]/a_ ; ’/b 5 "/c are the units of length along the respective crystal
directions)
B th i J_ _?;E +} . k ,_.g—-zT = ____ﬂ:—
ecause the spacing of is Rk he spacing of k is ) a Lomp?h

For very small k (i.e. very long waves) we get from above that w™p fgq24? , w=C ja

where ¢ may be thought of as the spped of sound., Hence at long wavelengths the spged

of sound is very nearly independent of the wavelength, tham
€ 9
Given an allowed k, define a mode of vibration by q)”' R - Im=
Grer )

Then the Hamiltonian assumes the form |} = 5~ [ ) ,l_?_xl + '-f:'_%.l 47”")

where w"[k) =2/ (l = ‘57‘!'“) '

Notice again that just as there is only a'region of J_which is significant, there is only
a region of k which is significant, For k too large, the wavelengths gel smaller than the
spacing between the atoms @ NWL o

and these can't have any extra siznificance for the vibrations of the atoms, Thus there
is only a fundamental zZone of k which is important (a region in recinrocal lattice space
called the first Brillouin zone). After this point things just repeat,

Tims sound has a maximum frequency of im-ortante (minimum Wivelength),

For a general problem we conclude that the solution should have a quite simnle form:

the .first unit eell has some disturbance, and the same thin'r qhould anpear in the next

l s E
cell only slightly cut of nhase. f W, s < s e |
o}V K ) f" k" /W q 1
Inserting this q, ' = Mz s {/z/ ] P
o Lf/f/
But ,12/'3 Pr,.s[ ) € T (K is Just & Pourier transform of the f'?r., s

wﬁ;z ?,. 32. KG;/;{)?S

B S R T AT T
In this form it is clear that 11: is only nacassary “to solve the determinant within a single

cell - a nroblem of the same order of nagmitude as encountered in the case of polyatomic
molecules, and one which can conecsivably be done on the comnmuter,

In computational problems, one sheuld kee» in mind that the spacinss of k {box type
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277 2 1T 2T

goriiciisskion) aue bay Ly Lc « Any sum over k goes over naturally to
an integral j_d3k (volume)
z#)3

For a three dlmen51onal crystal with one atom per unit cell the simple generalization

of our calwulation for a one dimensienal crystal yields
w K/

- . _Jz’é . , 2 o
(vrojections on various axes in k space need not look allke unless the crystal is

isotropic)
2
It is possible te prove that at k:O,W”k for all cases of physical interest.
The three modes shown above can be approximately classified as 1 longitudinal mode and two
w
transverse modes, although %hen the erystal is anisotropic there is no need for the sound
vibrations in the longitudinal mode to be exactly along k, or for the transverse mode to be

exactly transverse (compare propagation of polarized light in an anisotropic crystal)

If there are two atoms in the unit cell then the number of degrees of freedom is
multiplied by 2 and analysis shows that there are indeed 6 possible modes of vibration,
Howrever, as k20, it is not necessary that all frequencies go through zero, One finds in

=
e

fact w ofy—t!cdl bramch

ac ausT!CQ/ Lra’mré

In the acoustical branch ona mizht have, for examnle, thﬁ' two atoms moving together

—_— > 7 ___4....' T J—

!

¥ith the pattern slichtly displaced from csll to cell
For the ontical branch they might mo®e —P<— with a much higher frequency and hence enerzy,
but the entire vattern may be only slishtly displaced from cell to cell (this is what

determines k)
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Jarmary 27,30,31
¥ore on Nevtron Suattering

The amplitude”for the process takes the form /!
i <=,
\eiii'.g"" /.:?_.. Vg(ﬂ* ?)/e(’ﬁ."f’
L

where the sum is over the lattice sites

V: has different values for the different types of atoms involved

2—- 5 ..c'%{‘r‘-h g"‘% {?{/ ’/ [ﬂx*l,/u) {r" c = .—-A ;53‘
(5 =T he) ({/z V/P)€ [:>

Provided the wavelength for P is long compared to other d‘nenuons, the dipole
approximation can be used to evaluate the integrals and U@’is approximately independent
]

of ?
If the wavelength is comparaivle vith the dimensions involved, the'nwi}’-yis a form factor
If the final lattice state is t_.;he sane as the 1n"..'t:Lal state, the matrix element looks as

' T 'f)l “' ‘-"I?d /
follows: (c / ekt ©° » ¢

—b 4 L] a ? i = > . . 4 2
where ? is the oseillating coordinate and Xe 4s the emilibrium vosition
t

Hence we find Z_ l/ () ¢ -"’fj} 2 (6‘ /?tiﬁ'ﬁ’?/[>
N

2
~P LYy,
this was oreviously evaluated to give €
L
It is obvious that if (-%3 >7 ] » there will be aluost no elastic
scattering
The probability is then Just 2/ N
~P gt
[ 3 m e |2
Vl lF':,.'R') 1s the same for 2ll atoms of a given type inside the crystal
Hence LI [/P) is the same for all atoms of %’he tioe
‘h p"h‘r’
thus we get 2 I/[P)Z e’
for one type this is. |[/fjpP) =
ﬂ?/}nﬂ
where (J.,J Moy Ps are the componenits along vP‘b‘m)c?irecﬁions in reciprocal
e ” ¥ ‘ﬂ"’? e " I‘! ' 5
lattice snace | 2, € gL = U R e’ & 9

- . - L
Hence we arrive at |/ (jp) [ /= e -___“f“_f_ff_””’ /- etBe
"’P”p( l--e;tﬁn_ /_‘P,ﬂc

Thz absolute sguare gives

[JipOR e 0o [ 30 05 ] [ 5 w_w f"’\jlf;c &,
. S,, 2 f"’lf‘; SJ-:-L ﬂjcf-/

Lo, 205y,



This apnroaches a product of J—qfunctions as Jf -7 42 ZTCJ‘(£2E?/=~§$ﬂZTj7
2 B

Thus_ﬁ9 must be a reciprocal lattice vector to have any anpreciahle contribution

Kow consi ﬁer the cese of inelastic scattering -
VP <] el PoF7 | o> cd PR
J
In general the crystal will mgke transitions to all sorts of final states, These final
states are clustered close together in enerzy because the spacing of the }{ for ths modes
is so small.
Hence our »lan of attack should be to

2)find the transition am»litude to a final state at enargy Z:o

'} T

Tule) = [ e Jlae0 <o fe T
_-;l' J

b)Sum individual vrobiabilities over é? to find the total probabilityi’™

2
/ :ﬂ%‘~f£?b)/
Why this gives an answer with no hint of a diffracticn nattern is left as an exercise to

the student

Demonstration that the average energy lost by the neutron to the ervstal is Just the classi.

cal encrgy ?Zﬁ?tt-"v‘ = ¢t g&mfu re
CE N > — <EHITRD
= Pl £ (:’? o ’%:‘r‘ + V

247 nnafm?vl'f(

— ot D g
< 4. /e“c'.‘ﬂ"‘/je“p'x-——ﬁ'/({’é> = ,—gj - []D" (%" /ﬁm /5%>

ﬂ’/’
pe caus &

' 1o p/
?ep [6’“‘”{ fo')] = A )C[K) [rnumr bem ¢ K4 ‘: ﬂ) p

o e '
=aahnla

Provided the mean momentum of the system is 0, the sscond term is zzro, IZ there is

nean momentun, we get a Donler type correction

Cuestion from the elass: how do you calculate the nrobability of ¥recoilless emission® at
finite termverature?

— e 2
This involves sums of the form > @ o /(/‘i’? )@ (P /m>/



3
Feynman was unable to solve this rroblem in class and returned at the next meeting with
thE? news that the answer he had predicted is probably incorrect
Beware: in doing the sums resuired for crystal statistical mechanics, one encounters the
1
overators Cfm = ciz_a;/ré L é"h"f = (7'152 S C’J“}/@C}Ck

where 4'1 is the nurber of atons

Do not wuse argoments based on the fast that(f: is a very swmall number, for you will
K

almost always discover that there is a very large number of these to be added un,

(This is the way the answer suggested in provious notes was arrived at).

QUANTUM FIELD THZIORY: Developed as the conbtinuum limit of a line of oscillators
) : o 2. 2
@ e & e H“%[%P/n "f’p{/l[fm"‘cfm{z)j
— - — 2z
@Vs’ - --g:" }. ffm €L -
S

where Xp=am is the actual position in svace of the atom
: 2
For long wavelsngths & = A A (} — ot et ) bacomes w-’“zx 24 CE‘Z'A‘—

k“ swall imnlies ?m '"ay be renlaced by the continuvus {’ (x)

= (4 e g
o = 1

&
defines thée normal modes
.Y / C‘}I)ﬁ
Generally ons redefines @ — (}X e f[;{)

g (x) = j@ o —clor

Then the f‘ormula for the energy bocomas
H=[[1 By & < «a )dﬁ
2 o a
]o; Z{ i5 the density, b=zcause each atom had unit mass
This is not the Hamiltonlan, in a striet sense, The standard Hamiltonian is 2 form in teras

of Ti¥ a-d tl'[X) . Toget T IX} , set T(x) = Pa &
P’ G~ Gm  Pur = ‘"C\&I:nm' —"F (%) f‘[x") - QKT = ~¢ a Jlx - x*)

he [ JAE <2 @]

4.?{';{}4 T'{ﬁ‘)
be cause they give a scalar onsrator for each value in x, are quantum mechanical

sgala¥f fields

Notice that our Hamiltonian is not exnressed in normal form because of the (Vf) terss



.
LIRS

Bafore substituting the (;%25 , define a Fourier transform of the conjuzate momentum

fﬁ.(x) - fe "‘Ctl‘f.«’( /’:%"i;)‘:g{%
Pli)Glit) ~ @) Pol) = ~ Sli-n)
/= IM [J Pod ke Qo™ |

which 15 a normal mode form

Keep in mind that this is the form used for exnansion of the Hamiltonian when we can't see
the atoms, but only the waves,
This was the procedure followed for quantws Electréfiynanics, Bubt we have no idea of the
scale a; this may be why there are high energy difficulties with QED
In practice, of course, one works in three dimensions an? must take into account the aniso-
trony of the érystal

At each woint in swnace there is a (15)1?06"Cnt vector field, not just a scalar

£ = 9 :.‘z. - () (o]
KE } 28 *_n_@_ (ki)

1
2
PE= L+ )ﬂ Cesne f”‘ewp J‘

E’“: L QG‘ ?‘- %é—rz?—l‘]

2 EEY A
The tensor ijﬂﬂ hides all the elastlc constants of the crystal

For your amusenment:
How many elastic constants are there for a general crystal? (21)
Show that there are three elestic constants for a cuble erystal
Show that an isotroric medium has only two elastic constants: the compression and
shear moduli
Problem: Let p and q be the coordinates of a harmonic oscillator
Then f/é) ‘can be expressed in terms of Pre)and 7/0)
Find Z: f’[%@ /f})i}
(rotice that changes of q with tims Jook like mowenta, so there is no reason for this
comnutator to be 0 )

Eint: use the representation in ~hich overators chanze #ith tine

Flt)= (! 7/c) (L



PHONON TIRCYRACTICNS
S0 far we have talked only about modes of vibration of an entire perfect erystal,
Independent excitation of these can't possibly explain thermal conductivity, To get at
thermal conductivity, it is necessary to realize that real phonons hzve a finite
mean free path; hence they can diffusa,
Derivation of this mean free path d@Paids on including hikher order terms in the ex-
pansion of the potential: for exawnrle third order pleces in @ anda ¥, “hen the processes

are virtual, it is nossible to have contributions from all of these terms.

? 4 pa ?[,))/@*ﬁd%& ate¥a?
VO 3

Problem: calenlate the mean free life of a photon. ®Hmlain thermal conductivity.on this

basis.

This finlte lifetime can be detected exnerimentally by neutron scattering. Recall that
subsidiary peaks are spaced from the clastic peak by wave vector k/ Finite lifetime imwlies

that there will be a spread in k.

’ jdec |

ol et
T“"l‘l‘”’ inticeTes /!7(1‘37"”779 O‘{ fécz(um

At the low k end of the spectrum; we can aporoximate reality by the previously deweloped

contivvun formalism, and try using. 75’3") 3 as a perturbation,

Yle can, using the field expansion for soft phonons, write down and. calfiglate diagrams
for all sorts of processes, Phonon-phonon scattering, for examnle

A

There is, howsver, one large difference between this trsatwent of vhonons and the corres-
ponding treatment of photons, This comes in the definition of the momentum assigned to the
quantun of exeitation/

For a photon the momentum is well defined by its interdciions with other particles,

, .
For a vhonon, however, the wave number vector{which veople like te call the momentugd)
Deo; e entug
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-
can be defined only up to a reciprocal lattice vector (becavse &f li, is a reciprocal
=
e (X T . . . .
lattice vector, € = 4 LZ'E? indicating lattice sites in the erystal),

Thus the momentum conservation laws are not as cut and Gried as in electron-vhoton

interactions, “fith the h’ﬁ all cut back to members of the first Brillouin zone, the
~ IS5 3 I 127
law becones e el = /(H—f il ._7(0— %K Ue»’TE’X

r
¢ S e

For very small k, no -B- will be required, If ]i? is required, the process is called
an umklapn process,
Henece we may restate the above
Froblem: Rxnlain carefully how the umklapp prozessen give you finite thermal conduetivity,
For very small k, due to lack of umklapn, there is an exponentially small thermal
resistance, The formula written down in class was y
é)., Yol [E,;,pr),-/ 4C Tep o}  wcoustial bramc J
How is this obtained?
Problen:Tt is difficult to understand the idea of some process taking nlace at one atom

in a latitice imparting a momentum to the entiie crystal, Use the uncertainty nrincinle

to exnlain the recoil momentum of the whole erystal in (for exaunle) the Hossbauer effect

Problem:invent a way to measure the momentum of a vhonon

Asides:
i)For an amorphous medium there are quantities analogous to phonons, but they
scatter very fast and very randomly

ii) For waves the simnle minded rule of thumb

T eTVIC s Pf)’)—(‘r vy
s emergy

will almost'alwgys give the same answers as more elahorate analyses
Problem:Influence of impurdties on the propsrties of erystals
Take a low density (/ of atoms with different masses. Assum each flaw acts indevendently

scattering ohonons &nto other directions

| @D

\
ks T =’ , for density C:) ¢ how does the thermal conductivity denend on T and how

cwz(:) T

(zive just a nower law desendence, &ince that would be the first thing you'd measure)
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.5§Z§£§%i1o,13,14
So far we have discussed the nroblens of ~utting electrons in a three dimensional
box:a)how the exclusion princinle governs the T1lling up of discrete energy levels and
b)what the antisyimetrization of wave functions tells you abeut the form of the electron
distribution, e now want to g0 into further rroperties of =many eleciron systens,
In order to Gnderstand the electrical conductivity propsrties of solids one must know vhat
the energy levels of electrons inside them look like, and how they are monulated as a
function of temperature,
Hence the basic outline of the next few lectures is as followss
1)How is the guantum statistics of narticles in a hox affected by the fact thot they
are fermions with the exclusion principle,acting'?
2)How can the ébory of particles in a box be applied to electrons in a solid with

periodic potential?

{UANTUM STATISTICS OF FIRMIONS
Oversimnlified explanaticn to get the ricture

Assume a flock of fermions trapped in a wotential well of depth V

g | 1% ] , oz T Emersy

Eo~el .

L

Let ?é betthe energy necessary to remove a particle at the Fermi surface from the metal,

Recall that we cdefined the Fermi energy to be the maximum energy weached bv particles when
they are thrown into a box a T=0 with regard to the exclusion principle, Thus any unoccupied
state below the Ferni energy, or occupled state above it, implies an axcitation of the

system, The weighting factor in quantum statistics is e-ﬁ&?; where £ is the excitation above

ground state, Hence to compute this exponent we must measure energy levels relative to

the Fermi surface,
(Eo-£')= (Eog) = —shd weiyhling  Factor s
e@"‘qﬁ)/k?

(e~ + (Cq —E€) T
e



¥ore Accurate View
The above is not strietly correet . the energy levels should be measured relative
vo the chemical potential Aty not the Fermi enerpgy, For metals near room terperature,
the two are almost the same, At zero T the two are exactly the same, Ungortunately it is
difficult to understand what the chemical potential is until the Fermi-Dirac statistics

has been developed more fully., For the time beifhg let ¢, be the energy necessary to remove
‘._,5{69 ~ )
soie "average" electron from the metals My = V“{-If_ ; weizghting factor € .

'S

e will soon discover just what is meant by "average" in this context; and that + is
Just the work function of the metal involved,

¢
Suppose that there are My, particles in energy state #1, » for a given configuration
- B2 ﬂacfa/

1 of the N electrons in the system, Then the probability of this configuration is € -
a7 7/

. Z‘ o) - 32 ﬂ"q’fﬂ.
the net srobability that the system is in some state is nfogs
st NV pa r‘t:c/¢5
It is extremely hard to do the sum, taking care of the constraint on the number of particles,

Hence a mathematical device is used: write €a ~? &a - .« for some 4 and sum
A5 if there were no constraint on the total number of particles in the system, .4 is then

vicked to make the total number come out right, 1i.,e, from now on all energies are written

relative to u and all sums are unrestricted, (Students who want to really understand what
is going on here should trace this through by use of Ilagrange multipliers - see a statistical

mechanics text,) (6 )
<P Fma el pg

Thus the normalization for all statistical quantitiesﬂ, is written as Ze =e

A bit of experimentation will show that if you have no constraint on the total number

of particles then Blmy ) €anmr )]
- aQ

_ - B 2 e ( Lo mat)
pa . @ N (Mﬁ”
Cc?fﬂ‘ﬁf'“-’ e

N ~ Bl &g~
each conflvurat:i.on has either Mq =Qer j— Then this becomes N a C/ + €
. ~ Bl ~ut)
From e £3 = ? [" + € ]

: B yy
we find 4. _ J S fn [ 14 € (e )]
.'8 ot :
The sum is then aporoximated by an integral., (Prove to yourselves that this is a good anproxi-

“tion and that we do not loss anything by settlng f = '/ /”7 for the electron.

_B('F//m ~at) :
g - ;/6 0., L + e j @,, e l/o/qo-'he. ;
7 -

P)lq_;@ _5‘;7(!6(?
P The 2 e lecaus e  each .’_\/wffjﬂ"ﬂ
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Calculation of Statistical Quantities < [ s 5\/::?,4?‘! (Y Eo ~at )]
_ _ Mg © -
( ,‘./> = average number in the box = % 2 ﬂ___f’__ , b
T < By mf(Eami)

2. ¢
[4
B Dt

This shows how the number in the box is related to the chemiecal notential,

- <H
We can also caleulate the density f” /%n_d the average number in a given energy state

> 5 m ;e_ﬁ,m‘ (€u~at) O+ O~ B(C ca-u)
m = - e — =
? 5. €: B Emg* )l Ea-2) jt+ @~ ,B[{{;'a—/‘l)
2 =T
— R{Ea —4)]
<mad = f+!e BlE0 = L /+C |

It is easy to remember the + sign in the denominator, because (rhc,u)m;g% be a mumber between
0 and 1.

i
We can now define "average® energy as that energy at which {me) = /z « This defines 47 *'Q
/

3[6 ""‘1) _,B (é« —-.M)-__. N
Fotice that if T=0 f3 > A E<u> e’ "= g0 =€ 7.2
T=0 T>o0
{M(¢>
(ﬂ’!a>
o 1: N -

|

i

!. 2

€ ! )

%{:zﬂo - BlEq-a) M o

As the temperature gets higher and higher, <,1.9 i c ¢ which has the

G
shape € that you'd exnect if you knew only ahout Maxwell-Zoltezmann statistics

The curve -is symm2tiic in the sense that the shape of the pleces ahove and below ,i¢

is the same ! j_ - /
| +€

Plea-a)

t
]
A
This will be useful in doing intezrals,

PROBLEM(If you wish this can be handed in)
a)Tensity of states as a function of energy {plot this as T=0 and see what it looks like)
b)energy censity as a function of T

¢)pressure as a function of T



In order to do b) and ¢), it is necessary to do integrals of the form

T = ):a' 3/€) dE = j“' fredde

j+ e PlE=3

There is a handy way to get at these: " Aa?/ 3ol
A 4 3 U gle)ds LE
. = ] = (é)ﬂ"-r"" j -+
T = 5,0 A [T 19 Wvens =52 )
> i
%
"4 grel)dE =_LI Bu gla=93)dy o jé)‘{‘g. el [ﬂfkié)rJ}v
je '/%?B’/“T‘” Pho (I7€%) 7 2 1+ 3 T EI’%‘:}F‘
: 3}

i

T A, gz 10 gra-7)d (gl )ax
N ): glz) o & p): . + ﬁ):

JA el /te”

For most applications B Lo
= f
% /s

o~

3/,;;,3/!@) ~ 3[;{)"% § ) 3 j'[,af"x/,g) o f[a) -z‘-i}s ?2/“)

xdx xe %
To do 5- ) te ™ s expand }‘;L—g_'_;_ In a power series and sum, You should find
S

f&t’ x C"X = 7]'1

o [fe” /}..

L you use these tricks in b), you should find that the total energy looks like

T
U, = aa f X /
& .
then CI/ = __(__a___g;- = 2 T
ENA

Hence the specific heat of a metal takes the form

Cy=28'T T3 Jo T
29T + 3R he 7
in both cases the electron contributicn is detéetable,

If you go to temperatures that are too high, it is necessary to inelude higher terms
in the expansion of ﬁ le ) and the result will have 2 @ifferent T dependence,
It is fun to see that Bhis qualitative behavior can be found by quite simple basic
arguments,
Electron contribution: At low T, we f£ill up a1l the states in k space to the Fermi
surface, Then only those electrons within energy kT of the Fermi energy will

be excited,
2 — - — \ 5
# electrons in a spherical shell = 47k db = GiTh E dE = 47 A,c Eg [&/)

Phonon contribution:The number of phonons which will contribute to the specific hhat is

the number of lattice vibrations that can be excited = all throse up to {’4/ - kT



. 5

Look in k space for the phonons, We ﬁnow have the whole volume of the sphere

3 3 “ﬁ7"¢3
i }2 cut'S.pc’e e e ‘.”fé“'-"? s

We have sketchily derived the basic effects of Formi-Dirac statisties on the electron
distribution within a box. For any reasonable T, most of the electrons are huddled in the
states at the bottom of our potential well, The states just below the chemical potential
energy are not fully populated: these particles are in the state above X .

Now the point is to apply this hox to the physical case of a solid, "hat we have to

begin with i5 a number of positive ions held together in a lattice

V[X)T Cou/cm 17 '/o O‘/@w /r:/

//’“» from  toms seem f/
—wm m /\ . | E/ec Fyoms
— a .

The innermost electrons in the atoms will in general stay attached to the ions, and we can
forget about them for the moment, ILets wopry only about the outer electrons, These are muach
more loosely bound to the ions and are thus the ones which will best reflect the peculiar
properties of solids,

Before wi begin to do detailed calculations, lets try to understand what happens on a
qualitative level, Most students have done the following problem at some time in elementary
quantum mechanics courses:

Begin with 2 identical pofential wells

Vo 3

Each alone has a certain set of energy levels, &, , Now consider the system of the two

together and compute the energy levels of the systems as a function of r. One finds that
for large r the levels are roughly those of the individual atoms; but as r decreases they

tend to split - each into 2 new energy levels

apavl ‘_-—_Fﬂ ch’??"{" v

where the energy 65 the new levels demends on the symmetry of the new wave functions,
Repfeating this with enough atoms, you can assemble a whole erystal lattice, Fach of

the atomic states characterized by n and 1 now snlits into 2N levels,

Sorm £ a'fc -3

It happens that thisonlitting is so small that there is usually still swace between the



ip = A
2g

resulting energy bands, s — =

=
Within a hand the relative energies of the levels derend on the vhase difference of the
wave functlons from one cell to the next, The lo-est energy state will look something like

,_/\j\/ -\J/’\t_«/ \ ’\f\ Phase cj f{-{fpmr(-? <

The highest’ enercry state 7l 11 have a ohase dlfi‘erence of 1

N /el

PROBLEM:*hy c.’oes a phase differsnce of 4 " always give the same energy as —¢ 7

PROZLEM:From some sort of knowledge about the shapes of wave functions within a given cell,

Plus rhase differences from cell to cell, exnlain why for one band the energy versus k curve

looks llkeq'\/ vhereas for the next band it may look like J—\ .

h

It also happens that within a given band the electrons feel a certain average potantadl
due to the codlection of ions and other electrons, which is as though the electrons were held
in a box with this average notential, Thus the distribution among levels in the solid follows
the laws of Ferml-Dirac statistics that we found above,

Now to get dowm to brass tacks,we go into the mathematics of wave functions for electrons
in a periodic potential, Once azain we find that taking advantage of the neriodicity saves
quite a hit of work,

Bepln by urrltlng down the Schrodinger equation for the systemg

[4 VI VIR YR - WP

e _ —
viF) = ¥ (7 t7) where A/ is any lattice vector.
i - —>

Substitute ¥ = TN e
A u[ﬂ;)]’}’//r«w;ﬁ) ~ eViFew)
ALy
— = = & (7
L ’ﬁ/,m 7>+ VIF] FIv+ w) ¥ )

—,

Henee Y 1‘/-’;? is a solution with the same energy asWVZ for any lattice vector A/.
Define M (F/ = V{ oY
This is then a solution of the Schrodinger equation --ith the same energy as ?ﬁﬁ )
Tt has the{progaer‘ty M[VVL/VO)M M/“-)C}J?‘md
Thus solutions of the Schrodinger equation with a periodie potential can be constructed

= = a ,:ﬁ —
to shtisfy V[’F‘b-f-/‘/) = %[? )CJL? l//? \;}**7’*

=) =) @
Then Floguet's theorem says that the solutions take the form :K/i/' ) = U ‘{f’)



SN 7

clLo
Expand the U [7‘7 in a Fourisr series i [1 A"” <&
-

( L is a vector in the reciprocal lattl__\ _space), Then plug this back into

— Z 2 — — 14’ Y _— ! iy

[%—V +V/r)]u/r)<-" = < Wlret
m”m
—

e then find . ' f(ﬁt+jﬂ-;r

[ 4+ [;/u,) - 1/[;,»)//4,;..&{&*}" 4 — @*%/4? uerl] ¢
Hence ’HL V?‘“ T — {]AL = - _2; bo_Pu Ap o

L

The point is iso solve this for the ehergy levels ¢ and the wave function pieces %L P
Up to this point we haven't made apnroximations. But, as usual, to get a solution it is
necessary to aporoximate.
APPROXTMATION 1: Weak Binding
- Sm-»cz/}-/: V’é‘ = 0O
[/;;Zs just sets the eonstant part of the potential equal to 0;

we are just ralsing or lowering the overall scals;

First approximation to the wave function T{b =
T3 S s
Yeak potential implies ¥ [ X! As e ) Az &
2 . Ty - 2,
[j_ﬁ’. (K +71) —-—],4- = — Uy T o> g= K

TA0o> fr- -1/; 2 24>
We can substitute this baek to fmdlt.,e corrsction to € w
— V, - 27
- - 1% —_— ot SRR
¢ S < TheL)*- K2
However for /[ # Q? tC ) e T =y

A-f is large and not = O a5 we assumed, Thus in this case the annroximation breaks

down and the analysis has to be redone,

-2 L E +
The trouble comes for 24l L7 =0 2 [ /"")
v,
This equation defines a set of troublesome vectors L L _a nlane of € %s~hich zoes

-
throuzh — %4

Hence each L  gives a ~lane of sincular points in k srtace, The set of all such planes

¢ivides k space u» into Brillouin zonss. Thus we see that at the edge of the Brillouin zons



the energy will probably deviate from kVé(fﬁ”
To find out gquantitativély what is happening, pick one narticular Z_I =
(k4 L) KT nl/
Then./qau,}¥L, gre not small, but all the other terms are, Returning to the original

set of eguations gives

[M" —e] A== U, AL

2
= e = — o
[ (ke € AL o A .
H/* = to have a real potential) . Defime w/ Pl 2777

Then equatlons can be solved only for

B WL /() Wl L) =) ] 3
€ = Wl——*"g‘_‘ = F j /Vm’

2 2 .
Somall Vo, 1= & = Wwilk) — ’VL'%W;MT-¢,)—W/«§

z
E = wik+L) + iV%W[){'#L#)'—' wik)]

Thus the edge of the zone leads to a gan in the energy curve

i

gap >

R

ASIDE: ONE PIMENSIONAL MODELS OF SOIIDS TC “LAY “ITH

a)Cosine motential - leads to Mathieu's equation

S IO B B o B T vixo

The Kronig-Penny model of a solid,

This is quite useful because you can vary the heights and widths of the holes and
. hence can see what hanpens if onz of the atoms is different.
STRO®S BIBNDISG APPROMIMATION
Here the notential wells are taken as relatively deep and far apart,
If f{r) is the solution around one of the wells, try as a solution

;zj (?ﬂl/ 7 ‘4j[- ﬂ/u)

It there is only one atom per unit cell of a given kind,
i '1-{' NS A €, ¥
V= = 7/-[2*4/) =4, Y FAume = €
s J
To get an idea of the energy levels, use the formula

- N VAHVY
£ DT 4 YAy



DY) >4 N Lo 3
D= > et ﬂ ly-w)f(r-2)d 9

o'

o E D (st g ozt
Vi 4

Tla)= (£ lrm) Fir)dr

should prokhkbly be computed for only those X eorresponcéing to nearest

eizhbors
/V__'.- Z * #/V)f')c-"?‘[VHA,J)[-——VJZU‘[Iphijj_{f/V)d},,
Then Com U Lr-a7) +

£= ¢, -r%
Pefme Im) - f{ o) VR = (R FIR) IR

So+ 2, T ¢ uM
&= & -+ Z(. " u;f r—éfaq) c?cﬂé:;a
| f’;{o WA

In practice it is difficult to get numbers out of this, Fowever we can understand what is

going on’by assuming the J's go down so fast that only the nearest neighbors contribute., Then

fﬁ + To+ 2 Jeo [w:/zxa A cor 'y @ v/-uf/zz_a] z
- € )

]_ 4—2(1'_00 ECL‘?&ACL‘F 6’&3! a -+ 64‘7:2_6!]




Physics 2056
February 24,27,28
CRZATION ANT ANKIHIIATION CPIRATORXS FCR ZLECTRONS
Up to this point we have been using a formalism in which bosons(photons, vrhonons,
ete.) are described by creation and annihilation opepators, while the electrons in the
system havebbeen treated by standard_wave function methods, Cne-might expect that a cer-
tain elegance would result from use of a formalism which also containsd ereation and
arnihilation operators for fermions, However, the main reason for arplying this language
to electrons is not elegance, but rather the fact that certain rhenomena, such as pair
creation, szem much more reasonable when approached in this manner,
what we want is some sort of onerator ¢ such that q{? creates an electron with momen-
tum k in spin state i, and C@;[ removes such an electron from the picture.
(To simplify things, the spin index will be left out; any student who is confused by
this should go through and reinsert all the indices.) If we had such an operator,
ve could write down interaction Hamiltonians which would in first order produce any
desired process,
Example:
Electron k seatters to electroné,by absorbing phonon %
This is produced by an interaction like
Z I8 k0 Qg cy ey
However if this 4% part of a Hamiltonian operator, its Hermitian conjugate must
ba iniizi;§ also , L # $
;Zz .. :z-f3€f$/("g;{ Cyr Cp T zz‘ﬁé,lq wr Ga Sh G
Knowledge of the 17{3 would then allow perturbation theory calculations of all
sorts of proecesses, with ;Zl " as nerturbation
To perform such calculations, oﬁe mist know the properties of these (;}5 as opsrators
To begin with, suppose a universe of one electron state. Tt can either be empty or filled

with one electron, Hence we arrive at

c*lep= 11> 73 c¥*= o
ctl1> =

By taking the adjoint,
cl1>= 1o cc =0



™

== clod>= o

Similarly cctre¥e = 1
(test by anplying to all possible states)
and (;r_-"' Co =NV, (where 47" is either 0 or 1)
Puzzle:Suvpose you know only that an ozerator ¢ obeys

c*cT=0 c € =0 CCFe ¥ =

Find a representation for the operator, Is it unigue?
D :

When the universe is exnanded to inelude two electrons, a little bookkeeping becomes
necessary, Let electron H be the one which is created first,
c e, /vos ta b>

means electron #1 is in state b; electron 92 is in state a,
The electron wave functions must be antisymmetric under interchance of electrons 1 and 2

Jab>=—lba> =5 c.¥ct/o) = — Lt Ca¥ /0>
In fact the same rzlation holds for stztes other than the vacuun and we have the
operator equations ca? O T= —Fc.”?

CTu Cp = = Cf Co
The next thing to check is clearly Ce C,F ::?-C,a Cq"h
There is a clever way to determine this:
The equation C':“C' ctCe € C'V‘-* ﬂ. must hold for the ereation oparator for any

electron state. By the prineiple of sumerposition, if ] 47and ’b)are states, a perfectly

allewable state is dla> —+ 5/5> = [c > 2 ) ] /7‘?/2'21
C: = A Cq’*f— ﬁCZ

e T . i H B , >
Hence _(O'\ {'-;"-' +5C, 'P‘:) {?‘-T(Q"{'}r—;—l’f(:ﬁ)’{— {_-(‘.FI:’,_("{‘-'E; fy)[/”((2¥fr'3cﬁ ) _L
"If; P el [J:,r? J[“' 'JILI?"- f_:;"}'l': i
T;‘IJ &N

' Co G =
bt C tce+d BT GTCAETS Co CeT e «TA C2 & &

<y ..I‘{".-( rCa (g,;"s =

=



3
‘e thus have a set of anticommutation relations for fermions which rarallel the commu-

tation relations previously derived for bhosons
! f a ¥ b

Co Colpe =0 .
L <o, C]s [, "], =d,, /a’e

[ ., cflr =0 orThos ome/

Exercise: figure out what these relations are if a and b are not orthogonal

Ahove we determined the operator C};")P = dly *%’g (.:- which ereates an electron with
arplitude to be in state a and amnlitude F‘g to be in state b, ILikewtise,
C;i:= ;2: <7 %@crea’ces an alectron with amplitude (&,;) to have momentunm p.
This means its wave function must have the form ?: w/p) cf = ff/,()
And C;f)t = 3 Cﬁ"f </’/7t> o If we symbolize the creation operator by (ﬁl
then C,;“’ = "2; C* /p?fﬂ)¢> = (JFJ % >
This sort of formalism makes it obvious that the manirulations performed here with onera-
tors are the same as usually performed with the states they creates,

o
Let )f [Xc)be an operator which creates an electron at s, Then
/}_"‘é[xo) = 2 <¥//’> Cplxe)y = Sp C/T‘?”‘/"xu
’ ci’ 3 £| <

R . . ! .
Sxercise:using the nroperties of the C's s coOnvince yourself that

FAQFl) +H) Frr) = dUx-y)
K Y )+ Ty) PR - O e o7

. (d2
These (}l/[x) operators are called field operators, Because ’%ﬁ")_ f’@,’%f"
and Cf,g% E—-Cﬂ#’ <F/fé> |
Ten ¥ = j Yo #£ix) d3x

el s 7 weve fag
The field operator may be thought of as Just a device which changes wave functions into

1

the corresvonding overators, .
: _ b
These methods can equally well be applied to solid state physics, If f,r/”') =€ uk”’)
is the wave function for an electron of propagation vector 1'( » then the operator which
" . 3
creates such a particle is §3,:r = fﬂ {(K) ;Z#/K) d R
Thus, for an arbitrary number of non-interacting electrons, the Hamiltonian of the system

— P v
can be written as 791 T 2Ex My = 2 ExGy Gy

S k4 ‘
But /y/‘*-"—' % Qﬁ‘ ')[fr /ﬂ) and if h is the Hamiltonian for the individual electron
, = L ¥y - -8 +
wave function, then 4 | S f ?,,7‘ 4 %:( fﬂ) = f— € x g’ﬁr ]C/—( //?/



h

(¥ h¥du = [ 22 € & AT00 @ £y de)
Z&f S x C;’;:‘ g;-f'{
Trus the Hamlltonian operator for the entire system can be exntressed in terms of the
Hamiltonian for an individual wave function and the field operator by

_ 701 = f’/w*(xj}: Yix) o3«

Convines yourself that the creation operators for elecirons must commute with all
the operators for phonons., Then it is ezsy to see that a samnnle Hamiltonian for

an interacting system of phonons and electrons mirht be written
o » & [>)

= < *
7(’(; Zk €x G«*Gﬂ* Zk{a)” Gu™ A

o r7 7 I *
* ﬁ,/{ qu;r Gou A l;f,fd‘,z'( 7 /%,Jf’JK Cope oy 0;?]

This formalism can be used to treat any system in which eleetrons interact only by

®

xchange of whonons, If, in additiion to this, there is some direct electron-
electron interaction, a further development is necessary,

If the electrons interact through some potential V[ﬁ; ‘-’Q then the am:‘litude for
scattering by this potential -411 be proportional to T[O) - fL/ /K)e—.c ¢ 26/3??
Then the definitions of the creation operators imply that the Hamiltonian ehould contain
te?msofzheform* . o O)J\/ ) C"‘C*C o

f?(.gm) et ol Aitlpimre) Cry Cra Cpa Cp,
Use of the relation Cp‘?—; = 5(5‘ rx ?C-#[X) J)c
allows us to rewrite the interaction ternm as

[[ Vo P V- ¥ VL) Pa Py = fpteo W) o) dx
— [f ¥ Y] Uemy) VX0 Vi)

To understand this, we compare it with the classical expression for interaction of two
charge densitieds, E Clossicel = 'é j]}"f") Vix-y) Ply) 4*x ‘{3}
By doing this we discover:
a)we should have defined the interaction as ’21: T v(ld) Jz DN ﬁf Crs’ (. <»,
Else we count each interaction twice
b)There seems to be an extra term f?’fb [X) V{X? 4//0)4/3,’(
This means that our quantum interaction contains no self-energy., This is exactly

what we want (especially for thinss like a Coulomb notential vhere the self-energy



is infinfye)
¢)There is a difference of a - sizn tetwean the classical rosult and the one e found,
But we can fix this Just by nperruting the fermion creation operators in the definition,
So this is not serious or izmportant,

Hence the Hamiltonian for a system of any number of electrons, interacting through the

Coulomb potential, can ‘oe exoressed as

/It = 53‘*[){)[ =, (V~¢¢ ,41“)) -+e¢/xt)_?}%)()gx
4 jj Y *ix) ?ﬁf{}'} / '}L/y)'%/x}pl X o 4

where the ’}[ ’5 are field owerauors.
With this Hamiltonian, the Sehrodinger equation for such a system is
w2 B - A
Hotice that there is no reason for the reolut:l.onoz to be comosed of a definite number
of electrons, However, because this particular Hamiltonian commutes with the
»article number operator A/* j (}&* /X) %/X) ':/3)( ___.
it is possible to choose solutions which do have the property /V ;%o = N 2@

In general, this interaction +ill not mix subspaces with different n,
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FHYSICS 205¢
Yeek 1
DIRAC EZUATION ) )
5.2k _ Y o Bomre Ve 157 - )

¢t oC

where
in order to a) have an equation linezr in time drrivatives and
b)have time and srace derivatives enter on an equal Tooting

Tt is found that in order for this to work, different o' ruct anticomrute, and

LY
o g fg B4 Ccne re aresentation of these cozm*uvauion relations is
—l
_ (1o o = )
&) G ¢
Hence if 1s »witten in the form of a rair of 2 com-onent swinors }p
&

then the Dirae ecuation gives a set of 2 counled eguations for the two comzonent

spinors,
BecausgH is Hernitian, 2—- iz antihermitian and
2 Sy r 13 dool = § (- 19} 43721 ] ded = O
}*f‘f’ can be 'tnougr.t of as a probability density

Expectation values take the usual form <’4> = )r}“'p(y’ r/'/ﬂ—/

Notice that none of the answers will change if we change the rerresentation
(i.e. if we viek some different form which sapisfies the comsutation relations) for
the ‘O-E:and 73 natrices, Then the new renrecentation ecan be related to the old as
follows: s s57={ 7f§= S ¥ ’7[’ e Yts !

f'= Sas™ p'= SBs-!
checkl. 'Y = S5 S¥-= 5‘[9()4)

'al .y
o f'= S (xB)S
Change of reorcsentation sometimes makes the nhysics more transw rent For examle, the

- - —
Dirac equation written in tmr“s ofy{l and b looks like [f]’ (f{ )

@ eV/)% & T ?i. = om ¥,

@ V)% T fe=—m Y
"?‘ce‘f% (/’Aﬂ {z'”c.*“'%,

these may be rewritten as

QE evlts — =7 = mk
@—‘-—e')/)q’d + T Ya =m ¥



(E—el/+a?~‘ )[E’~€V R = b
— ;g === — =y d, 2?’
(;:~el«-6‘-n‘ [!:-eri-o“.n) id = ™M~ Id
Thus in this resresentation it is easy to uncourle the equations (although the =squation
kas become quadratic in the energy rather than linear, in the nrocess),

Because the electron in #3 decay is created as “ure‘Jg, this is the natural revresenta-
tion to use to calculate the effects of electromagnetism on it as it shoots out of the
mieleus,

CEANGE OF HOTATION

To maxe the equation more obviously similar in time and srace components, multinly

1rouh'by B . y
g@ ? -el{]__g.:?,(?b Cﬂ)j%:m}
—
Define x., =82 Y= _b <°
becsvze Py = f-g i
suse Zp = T 5 we can vrite

(Votpr-evy =% (7~ s A)[F=»F _
For any four vector [ , define /B/ _— Bo?{o = :L;);-l ¥

then ’chn Dirac ecuation tskes the form

P - % )P

- B ')
i.e, because ?o = C'ﬁ%}'jg' /"55‘ define W = (ﬂ) #tg S

then G%""%ﬁ’)%-;ﬂ'ny

SOLUTIONS OF THE TTRAGEQUATION

a)Particle at rest, no field 5 = = /)

@a'fo ‘vmp)l/ﬂo = (‘“”” _[EM)>( )
for Fu B Y = (f) Sl

:
Tor 1[09, Fem %s 2‘?) E,LMZ
Hereﬁj and Z-can be any 2 comronent swinor ( [j ) for general constants a and b)
b)¥o fisld, particle moving
IT is much easier to solve the ~roblem in momentum snace. Then one can always

C?-;é;i&F+ E;fijfb

Fourier transform back by multiplying by

@/—/ﬁq)?: O



E-mp -7 ’
Pbﬂﬁ?(j - (g+/m)75/~=

weion 1) Y %.5’ =) g 20
S0lut1on i = s T
fv*j;)

j ¢
/}D" "ei?? ¢
=M

By substituting this back we see that

E-mp - :':i"‘ipz o L= prm -

& AT

Hence in pos 1t10n snace . s
- ; (1'Jp%442ﬂ) 7ﬂcV7-}f>

= “i{am L
Choose the sign ¢ ch tra.t as /9 20, this anproaches Gb) e

’}; — G-t,fp"-ui?-t +t }9.2\'
solution 115 C”"”"") ol Pt S
"=

Here a;ain Ez =l 4+ 02, but we choose the gquare root such that as ;5>-£>E5 ,

£

N ra
the solution approaches C ) @

—_—
{VP_}"I“MIT '{'(F
2 G .
Thus we get
T ( mmz)

,71.‘/;,2.% -~ - X
or, if ;2_,._ ot < F
J /”')f'U'Pz_rM.z

e
'x) o - iet 7R

which is sometimes written fﬁ?
55+A1

X

Thus if we associate this second solution with}éhl, it looks just like the first
solution except that the "large" and "smallM components of the spinor have been inter-
changed, and there is an ovsrall - sign in the exponent. Some neople like to think of
this - sign as a reversal of x and t; this at least is a wnemonie,
For the moment, ignore the »roblem of nornm ally:msr these,
A

It is much more comnlicated to find solutions for 4 7-‘0. For the nresent, lets forget abou

this and just try to understand the nonrelativistic limit of the Tirze equation

in a field



Ea/* %’/’”"}7’; O reduces to the set of courled equations
E-m-%N)P - (F-%F)-FA=0
CAP - A) b - (En - )X

7= Emmy) 7w id

Substitute this into the first equation, Tt is im-ortant to preserve the order of operag

—
tors, beczuse the f and £ are differential operators which don*t commute -rith

E-n-ev)d - 9 R)T b, TF RIS

Use o= miw e [w-%ed)
2 M-Sl 2M @./-1]"
w-2vd- Lererd - B2 (v-2)T7

C

Rewrite the equation by adding and qub ract:mg the same thing on both =ides
[/-t(-ﬁ?'}:fb)aj[w/'t/')[f*‘ @E—]¢ —-1-6377:) ¢J +
Gm*
2
! [6‘)71' fw=-v"*) - 2505 [w- V)G‘I'T'I-@"V’)tﬁs J/@/
2

To really be able to consider the non-relativistic limit, we should write everything in

terms of a non-relativistiec gave function, is not the non-relativistic wave function

(> =>]2
in the case where the fields are present, Define ﬂ = [/ —+ &i) jd

M
)2
Then to lowcst non-trivial order @ %" /Pj

honoe YTV =g+ YX 2 @7 ;p’[H &7 ”‘] ~ 237*@

2
contains the major effects of the "small" combonents as well as the large ones, Thus

we can think of}ﬂ as a non-relativistic wave function and imagine the nroblem of

finding the energy eipgenvalues to be the same as that of minimizing

5@1 (ﬂ')?es.s) E o/vd/
a1 ool

Upon substituting this exwression for we obtain an gguation of the form

s |
[/—f—(,_'_—l} (W—V)m: @/ﬁ“fcé)

T Mm% '

which we unravel again to first order by

w-v )= Ghta — GEE° Ghtch
G m2
Keeping lowest order teras, we arr/:',fe at
-2 = 55 T M - @‘?L{’”m

i SERRO-) -3 2wy BT 4 (- EFT [T




For any two operators 4 and B,

42 B-2ABA+ BAT = [ A LA R]]

= 7
set A = T.7 B:WV
‘ - D -
Calealate | &7 , E-M~ eV] T lp- C/ﬂ) 5’ el Cfl/j
Assume for simplicity that _,_Zi ®{This is not necessary. For fun and nractice try working
TE
the whole mess through without assuming this) ~
Thus we get ~ & F‘y VJ —e &, [Pa)yjnh‘es"b
‘5 . _:s—‘a-
i 3 . /7-? —¢e ¢k -
- . o= ~ T = - == T e
—*—ceE'P)—G_‘be T e (.6"/5’ ceE - 5L 54
> D " N =
use ’6:‘3_.’&; c?-b —_ "‘5.'7;)-,!-: - (&bx",)
i =~
— —=> = . = —
[ A)FEF] =20 8- (TxE)
== o= =3 - P— } - P § — —_— —_—
fa‘::‘P/?E‘hj—’?“(ﬁvE-{-(O‘v(f’K )-16‘,(51(/)
>, D v
G lpxE)fF = &y,6p9 Ec T
== ) \J
:*f.[&x;?))f,a_q_‘ 53__5_){__.%_&:1 ‘(\
— & ' x7 X4
But w =~ 22 = = — ¢
x4 ) prE = EXF
and
- _— P i — ==
- @ ?‘H)-(:-)?.EJ = - ' 7—26-,[—-)(”.)]
In similar fashion we calculate
T T = f‘}rb’, £ X T
—._-'.3){ 5.-],.‘-5 _ P
i = @} VX/" - € é ,3
Hence we obtain (to lowest order) .
i e LR e T - i,
V@)= vl - 5GP - %, zZ
-
—_ . T
= [ VE+ 28 Ex731
The individual terms can now be interpreted
V! ©  ordinary potential energy
_—
T" v ) A : .
_,5_-—/; non-relativistic kinetic energy -
. -0
-& =75 Pauli snin effect (magnetic moment T, due to spin)
L
_f=-z) Tirst relativietic correction to the kinetic energy 4
s o ST = y 2 Y Tl
g [ (77 = I+ P om? [+ ¢



' -y { .E . = /txﬂ)f@

e are left only with the term > 41 Iy
T-SFE =

a particle in wmotion in an electric field sces a magnetic field

_ = -
- Ux& Exry
= T

<
Then the enerzy of interaction of the electron's sn»in magnetic moment #ith this
field willbe ~— 57 - (EXT
2mmn 7

Tkis looks like the term found above but differs from it by a factor of 2 (see below)

(Another way to get the same result is to recall that a Mmoving ma-netic mement vroduces
—_ D —————=
s

—th X
an electric dinole moment of the form which then interacts with the electrie
e
fieid via ~UXV) E

*Athin an atom, the}@.ectric field of the nucleus has the form /73

> 2 =3 =y D
Then G‘Qn[l?xc—:_ o '2—'63 CQ‘Q_'-S‘

ymM* 3

o
f “P J the orbital angular momentum
L %43 produces & 'O < r3
_":::-
'f_: &= 20" )/J )= f/f-ﬁ) 5/5+;,)splits apart energy levels of different j%&

NN
L+ 07 is, however, 0 for 1=0 states

. ZeR == 51r)
= e Y - e Z
But for g L Jrzed lr
Z: /f ’ V L"
This contributes only to s states (the only ones which are non-zero at the origin)

Thus the combination of terms in { } can be thought of as a srin-orbit contribution,

for every 1,

Not 2ll spin % particles found in nature have magnetie moments equal to the Dirac
moment 2,,., » In fact only the<decctron and the muon appear to obey the unmodified
Dirac equation (in any approximation), To account for these "anomalous" magnetic
moments, an additional term is added to the original equation (Paulits idea),
Of course, you could add lots of different terms to the original equation and
etill have it remain Lorentz covariant, but it is conventienal to choose a varticular 4
form which accounts for the observations {and introduces as few derivatives as

possible, This second criterion will become reasonaﬁ@e in a month or two vhen we

study various divergendes)



The new equation is

PR
[7 et ~ % Sax T =] ¥-o
A Y M Y
where G\«uY’%._ Zpb/ J)’j
Fuv=-2 4 —2 Au
R
Figure out how to work this through to a non-relativistic eguation and show that
(up to a possible - sign) _— S ‘=
) _e, V&Rl - (PP @
: L Gr.o7 A
il = vl *2,,,,@’)@*/ /ZM) ZM
_ > = -
.4._é [;“ - Ezﬁ4t) g Y E + 25 /¢=.fn')i ﬁé?
This form shows that the factor of 2 which we rreviously had trouble with in the
term is not really an overazll multiplfier, Rather tlere are two effeects

;’_(/“"fémﬂ Ve £ A
Ths ‘parl  wes e xpletmed
Qlbeve

The second term is called the Thomas term, Its presence may be understood as follows:

e ealculated the effect on the electron due to precession of the spin magnetic
moment in the maznetic field seen instantaneously. This would be ok if the electron
were an inertial frame. Sut it is constantly being accelerated by a force proportional
to the charge., Thus we must correct for this (since the acceleration is not proportional
to magnetic moment, we don't expect the correction term to involve & ),

The correction is actually calculated in the Ph 209 book, You might be able to find

a dimrler and clearer exnlanation of the numbers on your own,

When the magnetic moments of the 2lectron and rmon are actually measured, they are found
[/

to be sli htly different from/f/ . The diserepancy can, however, be com>letely

accounted for by considering quantum effects of the &lectromagnetic field,

The anomalous magnetic wmoments of other s»in L varticles are nresumably due to their

interactions with mesons, Cne way of looking at the situation is tozsay that the
physical nroton (neutron, lambla, ete.) is made up of an ideal Tirac proton »lus a lot
of mesons, which are continually being emitted and ahsorbed, These mesonic interactions

alter the Tirzc moment to its anomalous value, At nresent there is no good (i.e. wrecise’

wa¥ to theoretically calculate anomalous moments
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FH 205c
April 10,11,14
CALCULATION OF THE CO:PTON ZIFFZCT
Ytre > Jre”
(notice that the »rocess X'f eTve can't be a real process, because it is
Impossible to conserve energy and momentum, Hence Compton scattering is the
simpdest process involving electrons and photons)

Choose to work this in the lab systenm
2]
rj & (wiggly lines are nhotons; straight

ones are 2lectrons)

Wiite down all the 4 vectors (A, ,/‘L(,/’r ,/fé) associated with the problem:

. _
Py = (/m}c:’/a)o‘) ,Q“_.‘ w;(IJ%QJ OJG&?@}
}’(‘ LY )) PZ-"' (51J-?2SW¢/ 0//1605%)
Final state quantities are constrained by

- T b Zf

Pt I’\’l = Pt R energy-momentum conservation

~p -+ e a2 P

Pommt = (F4k=E)) = P 2phm2p0h — 2k,

This gives the well known formnula for change of rzy freguency

- ) 9 - ﬂv— - :‘}"{:’"
¥ ! = e »’

cch

Must also consider the possible polarizations of the Yray

L plane of scattering (0,0,1,0)
vossible for both & and €

N plane of scattering

use €7R =0 to get nossibilities

The cross section formula we are about to derive was first obtained by Xlein and

Eishina, ‘“then they Jid ii, it was considered a Jdifficult and comn~licated

problem; with the com-utationsl tricks to be tauzht in this course =lus a 1little
Fa ] )

e ER) [ - . neE oL _ * ton Y s e ~ - - R
rraciics “he avarage Th 205 student will be ahle 1o eomclets -srohlsns of this



difficulty in less than

(3

hour,

43k, 2
Probability of transitionfsec = 2% A"[/:w Ew) 7)3 }977/
(Notice: this formula always holds, relativ ist tic kme*mtics or no relati-

vistic kinematics, It is the change in the way you write T inside the

fi‘uncmon which chinges the ultimate form for the -hase soace)
ft =Bma d [f 7)“‘:)1:,0‘1*/%@1" —:2 Hlﬂ;?:: /"( A
{notice that Dirac theory cc.zltalns no /4 A terns)
Fo = 2= [eltE et L gt o]
/t-—\ sur is over 2 different possible ~olarizations for each k
Since Compton scattering requires the amnihilation of one photon and the cr=ation of

another, the first confribution in perturbation theory comes from second order,

o 2
;Df-”l/ =21 a\(ljmz-ef[,’*?,_)z +W, ~am-w)) }1 d%.. ‘/JZ [9)9/
Sec C?- 73
If we cancel the or function against d 41 we get an angular distribution for the emitted

vhotons; if we cancel it against J«ﬂ-z we get a freguency snectrum (these are of course

related by *)

Generally one measures angular distributions.

we  £({t) = Jjﬁ‘_‘i).c’—x

] € [q)[ if £=0 at x=a
Here
£(k,) = UmPew, 4 wyr ~2W & Wy T
)= el oy
£y
This must bz evaluated at W, = m i, — é“z
lfa) = @ ™
L BET W}' E: d(jz l’}}?/z’ CyOs5 S-chfom‘f‘r Vé/a 'Ve:f_
— — N - Iy
P"o%ﬂ- =06 c = m—-{—;‘-ﬁ)z 4 velor: )/
= ~¥# -— Y7
where E;,: TR, -y amd }—W@‘ --—-wz /od)

allow one to gel the whole mess solely in termé of the angles and incident enersy
Now for the matrix element/ Fpom first term we recall that there are two contributions

to the second order matrix element

A:first annihila teD/1 , then creatc D/

Vzwzulﬁ 2 <2} .Pz# ‘ ,K/>( }c"r(’, & /[>

Y ——

E;J‘Ldl —_Eg.

A
&
Y




= A " A- 7 3"\/

B:first croate'K; then annlhllate

-—gf/’f
T g. T e FE> Gl
— = 9
e* E tw, - (E)+W,4,) 17

)zi'lE-L[E%E:;;;: g from the way we got the formula

A11 that remains is to stick in the wave functions and get the numbers, Fach electron
. b _
wave function has the form #¢€ , where u is a 4 component spihor, Everyone knows
hx
(A

what to do with the € pleces (integral over x just gives momentum conservation) so

we forgel about this for now and concentrate on the matrix part.
Each of the sums must be split into a sum over positive energy intermediate states and

over negative enerzy states

e T Cuz) Al u><u; /Mu) 5 Cu Iy Jue S<u [, 16D

Z3p/15 - 2 5ptas -‘-—F—;__L{/ C )~ €
+ tmeryy E'-‘,“t'b‘/‘ /E]’ cE — emergy Z—,-l- ;T /Z:L/

= S5 <u, Iv(,}l(;>(t4)' [z Ju, > « > {fiz‘ A US> s | Ay J

4 euerpy EI ~wy - /b")' /-— L £ - emery/ E’ - Wy + /E‘_"-/"t‘f

Keep in mind that the states j have different momentum from those labelled i,
Physically, ho-ever, we do not allow the possibility of negative energy states, e do
have the new nossibility of pair creation, This means we should eliminate all sums
over negative energy states and add in terms for diagrans liks

T'T t 7
s 1
ald te 03

The idea expressed in terms bf hole theory is as follows:

add To A

You can't knock an electron into a negative energy state, because they are full.
However, a photon can excite an electron out of one of these states, leaving a hole
in the sea. Then the next vhoton can make one of the 22ectrons Jdrop back into the
negative energy state,
New term to be adied to B has enerzy denominater
Etw, —(E,+1EW +£) =€ = — (£, —wh +1EL)) —C €
But overall contrihution must be multinlied by a - sizn relative to the first term in 3

bzcause of the following argument



We should really put in our matrix element the grand wave function of all 2lectrons
in the world, even though the Hamiltonian acts only on one particular electron,
The incident g.w.f, is the same for both pictures, But B2 differs from B1 in the
final state, because in B1 the final state is the same electron ag initi=lly
whereas in Bz the initial electron has been exchanged for one in the sea, The
g.wr.f, is totally antisymmetric under interchange of any two electrons,

. ged

Hence the only overall change is in the sizn of the 1 € contribution to the denominator
,_Z,w,-mu. /‘} — 2 < ld, Jue P Cucld, h’fl} + 2_ < d, ) "(2.] W, > <b(,_' /”/;)’/.r}
._-—-é-";" =

LA, —~lE]- ¢ £, — 1E5* Ce

[Tois, p = 5 Sua iy uslaluy . d ) A > /\q;,/m)
e* E,-wy, - lE1-C¢€ E, -y — JEJ]+CE

When the arrow on the solid line is running backward in time you have a positron (hole)

Tt is possible (although difficult!) to do an experiment in which all the snins of inei-
dent and final particles are polarized., However, one must always sum over the smins
of the internal states, %hen one contemnlates just how many matrix elesents have to
be summed if the external narticles are unpolarized, the problem that faced Xlein
and ¥ishina becomes quite c¢lear,.

Casimir invented an improvement to do the sum over intermediate states

?- @;,a,aq/z,‘-(;')[atlﬂéﬂ’l ‘{’) = S C(f' )‘4 [‘( ),,( @{;' 3@0/}

-f
= v*) ' w
where
s
DI oD R GO
B 4 Emtryiey
Expliecit computation with the u's shows that
T ._L- [‘E‘Fﬂh% e _,;-:;‘
LR - 2NN
_ .
)= L CHEI-mpoWp
These can be obtained more 51mﬁly. o
( stet dodeT = 1
i/ sCules f q
- Yy LHA1E:) e 4 Ay
Uy " A 4 3
Tt R weu M = 2 e
. : = all emer 2 &)
‘Pe’ﬂﬂ’ﬂps 2&-‘ e i,ltc:s

_— u2'45N [H-I')E;D/Vl‘fff

= e
2 £.




e /l,il/,é-:—[ = _}_gj_/_‘;ﬁt

Likeise A = |
2E¢ 2 (&0
We thus see that any subnover nositive energy intermediate states _is got by inserting
)*‘; similarly for) and negative enerhy intermadiate states,

‘Hence we have

e -
fe ety (16N +tmP+d ) vy w? e, (1) - p 700, 4

2 e (B4 W —1E,1) C2/ECIE AW HEC)
= ufanS E b s TR ey, [ ] po

pA

(E;‘l"ujs)l_” [/.7? r‘;:: )1“ am

= 2
(7 + ] ) —m
Define {7 R = U

. LF + _ ~ 5 @ S 11)
Thus if U7T< (C{,jfstz‘*,dg ,'/-f) then (= (U5, 4, —Us  ~ Uy

.The final form for our A matrix =lement is then

(B,-fkj_)z—‘/wz
. £ M’/{" +) ;/LM‘

'/z )2— - Mt
7 z
Feynman's contribution was to arrive at this stage and then figure out rules by which

Likewise B is

you could write these answers down 'rithout going through all the intermediate steps.

Aside H:iffect of two time inversions on a spin J system

—

Il ’3:M+’/Z’.> - ] ? (m e —t+ i T:’y?rj
T |[S=m> = + >
How to find answer:

(h)m efe»mmr a) T/$,ﬂ‘”> = P/!Q’SC?_ /3'/--/)7))
i b) T(d/f>+/9/2>)= AT T ID> ALY T /2D

¢)Integral soin, massf 0 =7 - sTale 2 5z = o0

TS = ec9/oy

T2 e TR> = Jo>
d)Half integral spin g

Th>=ed/=> TI~S = ec? (+7%
"‘"—L‘T [/+>"'I“>J mesl  be SF 1w down m X c-fjve (.7L/Uf“1

Va2 . .
< el [ -1 g [Tt ey ]
V2 e
6;5-/[')4_7 ,Lgﬂ{"'“r)/_.>‘]

Fag ¢ mech.

™

i}
=X

== —1

%
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Aside #2:Because the 2lectron has only two possible helicities, it should be possible
to deseribe it by just a 2 component wave function, rather than a 4 comnonent cone.

One way to do this is to start with the two couponent wave function for an eleciron at

rest and then transform it to the desired momentum,

For a state at rest /L?)i v where i describes the spin state
el lo,;>= b sib v, 6,07 ¢ > =[5 momenTum 5
A [’
The general "boost" operator has the form € 4

Other operators work as expected

P Apu,p0ypeyc> = P 17e, PP 0D
Tamh 12 Bé; Stmbo = 22247

defines the parameter v for the transformation
Pe Joje> = fm/";">
The operator f% -~ Pk ﬁﬁ ie;én invariant for a given reoresentation
Hence every state can be deccrlbed in terms of a momentum and a snin state at rest.

The generators of thn transforrmation can be written

"T? = ¢ [ Px ,a-f-;’—-—-/’y 2’/‘;‘(] /’& —_— [fmro’.w:s:c S/J.m)
= ‘: 7.2. ""'P
Wo = [ U 31’ [E‘*M

The most general wave function can then be rrltten in the form
(5= Z (aplp™> + 25 /p™>)
and the most. general scattprlnf operator can be out as
o, 6) e (77,7
For fun, figure out from conventional theory and/or this theory <hy the two comnonsnt

scatbering amplitude overator in a ecalar 30t8ﬁblal =ould take the form

(£, tm) (Ey+m) = 7eps ~ 0 G (Fxp)
ﬁm

and 1n a nseudoscalar o"tnntlal would Jook like
CF AC M) — 7 [E,+m)

2 MUIE, M) 2MIESTM)
Question: If you scatter twice in a scalar potential according to tre grash

t 5
can you zrove fronm the an~litude resultin

jil"‘ ry
opnosite intrinsie eaazssa?

that eiectron and nositron must k

<4
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PH 205c
April 24,25,28
In this section we will work out the matrix elements from standard nonrelativistie
perturbation theory, using all the field theory learneq to date, Despite the
fact that none of the intermediate steps look relativistieally invariant, the
answer will appear in a relativistically invariant form, e will then formulate
rules for writing down the relativistically invariant form at once from the
diagrams, and will never again work through the mess that is displayed below,
W= g §(E8dt) + (YT o) [fmved) « 2 (25 g D) JFix) L
&'»"i'.y of Free Eleclvo mregnete Fiel d
where the HP% are operators which ereate and annihilate electrons

This may be broken down further into the energy of the free electron-positron
field f]‘ “(x) [ pmt T"’b.b”f-ﬁ-;] Yix) d3x
and a term which represents the interaction between the electric field and the
matter fields € f)""[x)[@/ﬂ *?B'f] Frr)d’x = [)\41X)'44f"/ d3x
where }Ar = e }("fﬁ)’ﬂ?’ = € 777%) )/.ﬂ ?’(X)
and it is important to keep in mind that each of 9& s 944: /4L‘is~1inear in the appro-
priate creation onerators,

Now we ruin the manizfest covariance in order to ralate nieces to nreviously
learned nhysics,

Choose a gfiage such that $ﬁ= O J ‘vla( =/
{ 2 point charze has ¢(r ) = @{ = f %3”

Yo (xl= p= e ¥¥rxitlx)
Thus the p ),’f"‘ ¢[K) f‘/)‘/c/i'term can be written
e j G100 HX) Y *1q) $y) I % up Te

r
2 e e S ; .
and we have managed to express’this plece of the interaeticn without use of

photon creation and asnihilation operators. The A mentioned above comes from
: 4 - y ) : $%e) Y/

the function in the anti-cormutation relations for and Y/ .

It is a self enerzy ter, of the tyne discusssd bafore in this coursz, The thing

to notice here is that this infinity seems to involve only smatial coordinates and



thus is not obviously relativistically covariant { in another systen the se2lf
energy subtracted might be d8ifferent). This was one of the c¢ifficulties of for-
milating the theory this way., Later on in this course the removal of certain
relativistically covariant infinities i1l be discussed,

- Then the interaction of the electron-positron field with photons is

given by — € fV Y(x) f?_'f/x) ‘/?':;fx)c/-’x

N — L, = 4 - hox
where ﬁ (x) = .:':‘,'; JE_;:; [ﬁ; dgs e’ b, ﬁ;: A ]
where &, 1s the polarization veector for a photon oi“ rolarization type 1
(helicity # 1) ana  #(x) = P,z, Upse Crw €77
Uﬂ g isa L component spinor for a solution of the Dirac gqquation of momentum p, type
j, (¥ runs over 4 possibilities - nositive energy soin up and soin-dowm, and

negative energy spin up and snin down)
S o -
@M + 'F-) LlPJJ’ - E ”f;!
F::‘fE_f_‘; ’Ml—fpl-or é e — E+ = - ‘/ml_fpl
£ Ve enmrt = % -+ "tlf"x
Iikewise U7 = P% Sps Upy ©
Change notation:

let Upd stand for those solutions such that ZD" + £ TR

where X 4is a snin index with two possible values

U;;J- = “—p)a for those solutions with = - gp
) _
Then we have (ﬁm\ -f"ﬁf) Upy = Eplpy

— == L = .—--
[ﬁ/m—- af.,o)b’;_b- E,:U::J
And the free Hamiltonian takes the form

> T i
- 2 ¥ = =2 E Z Cra Cpy — Cr; f,,_’j
.#e.ejfas - Ry, €;° (f’,ﬁ CPJ e P

where Cf’u' ij” ~+ CF; CI’;J" = cj}rﬂ ac.("

In accordance with our new terminology for the sn»inors, define a new terminology
for the annihilation onrerators of negative energy states

If <4 annihilates an electron of nomentum n, spin tvne k, then € ;= J’f’: %
creates a nositron with momentum -p.

; > e
Then  Hypep, = 2 EP [CI’;:: Cra ™ d”’ff dﬂ“] 2 bﬂ




=N

4

3

This is the energy of the full sea of negative energy

states, We measure relative energies away from it,

= : ¢ -f Sl pr
Now ]fr :&’,2-4 [Cp,h’ Ups € + c]pﬁ Upy €
notice that ereation of positroh in initial state (i.,e. annihilation of

positron in final state) gives a eolusn vector J}y; whereas annihilation of

electron in final state (by Y ) gives a row vector Yo 1

Hence a positron in the initial state leads to U~ on the left side of the matrix

element, whereas an electron in the initial state leads to U on the right

side of the matrix element,

Use this to expand out the interactio_rzlh Hamiltonian
- fy‘ffx) = Yix). A (x) 43X
~ch.x

- _ -~ S ke =4 o ?‘ e t J
A = >3 .)% [-el'.'pf Apy € - Qy "

— ' % + ~Cp
Yo 5T cpatom e +don vpge "]

Sy Sy~

to ¢btain
F‘_r‘{ col Ay e N

— / * g -lpx f i px SO N kX
"

N LI
> [— Cprpr Up g etf .K-l' o';;; U}f_gr e~f .xJ
In every case the apatial integration will give only a I\ function of the
momenta (because the exnonentials are the only functions of x present)
We then obtain 2 sum of the following »ieces:

4 5 =
yrer  Cp,’ any Cpip Yoy Ccr* Yp gy Il p1x ‘?f”)

2wy /f
~Y
§

- * ¥ ¥ = > ,
V:lw'f't"l Cro A dpig Upy €y T Vpiy I -psh-p)
4

¥ ;'b‘uf = J‘{P_}k_lyl) ."‘v,{

“HT?"‘ CP_{?-PQK: CP;jJ ij f e o L{F;jl
'21.«'/,‘

. > -~
[4met <o agidpn Upy €017 0y ST pshept) ‘&2‘%

ll Z.WK



Fn‘; Q’Pi ar‘ CP'J” U;’,I ” r-f L{{)le 0[\[/”41!7‘/0.) /;\

cfm dx?'; Cpis? V;@: ’E'?n#;; U s p* ;{/)-k—f/ﬂ') /){

*
y > > )
‘HTC"?' (!Fﬂ q,“. C’P,'j’ U}Jj C’Jyr o U;V"j) J\[p"fk f’) jif/
1 Wy

U}; 5?;'? Vo I(P ¥ -p*)

The arrows show which.is the entrance state and which the exit state in the matrix
elenent, In writing a matrix slement down from a picture start at the bezinning
of the arrow and the rizht of the matrix element; then follow the arrows and move
to the left in the matrix element, nuiting in interaction matrices and Spinors as
they arise, Any line wiich points backwards in time belongs to a nositron: those
which noint forward in time balong to eleectrons (Itris best not to -ut arrows on
boson lines sxcent possibly to renind yourself of the zign of the momentumn)

The 16 terms which arise from the Coulomb interaction can also be exvressed in
ternms of pictures, even though the intermediate lines weren't obtained by exnlicit

creation and ammihilation arerators,

e A A

N A A et

For fun and -ractice with the orzerator anti-commtation relations, see ~hat the
ton o mot a,b_lﬁ Y — YA
equation of motion

tel®s you about the ogerator )P'



Previously we cobtained the ziectron pronzzator to be -—J/
It should be nossible To ohtain the thoton nronagztor from the piecss of matrix elemeng
ahove

Consider scattering to order €

5 y
5 <z

Tor /c(’:/fg ~ 7 T~ (4 ) qJ 0,0) the contributions are
1)Coulomb interaction 977?,_ @J-.:'l L{,) [Uga Uz)

231 r:*.Lr't.ual transverse :»hotons

'1'2 3
ﬂ’ uz. {“’ #" é u, YARE
i '_7."( [b{ €ua)(4s l_ W(rvn-n ‘\<]

| mTarnu ]

(‘4 T C”)Zuqﬁb1*w7) Lo

6 — (Ey t & —f%,)ﬂ‘f

2

.,,,Tefmd}
Ppid /]’gil'ﬁ"/“$

?-u-’q

A4
¥otice that if there were 3 dlrectlons of Jol_rlza'blon {two J. ? and one ” § )

m———

then 2 C‘i f’\. ){B e /4 B

el 3 ¢
Hence S @:‘: '){If‘fl')ﬁ i;?-—-/}‘ql}‘?
Tramsverse
Thus combination of the two transversaly Uolar%Dd wleces gives ]
—_ / Y, ~+ -
e )}j@ Up) (T ) {Hﬂ_ﬁa—%)/fd————— ][ CEwgtis  Emby-w ng
&z @

1 J 2w
But + = “o.55
' E‘I‘E}‘w‘?- £~ El.‘p-‘(/q é
Henge the sum of all these terms :Lves
— e it -G’l—h U
47 ¢ f b V) (Y ) peact o) {7y %o 1) f'_?__ V@G 76 )}

But ?AWK‘““Z"—' dy (# ":“{9)”1 = Uy lm =)y = O

(current conservation)

TR A ~r Lty Youty
Hence uq, X * Qé H-)_ = ?‘f’ Uq, % (‘{ 3 uﬁ)
— L=
and we arrive at [."T‘f 7,, 1)[@; }m) = (-‘-"_3 )’od,)/wf Yo Uz) e Q"'f’fa”;)

+ A2 “ == T —p2
? %_NJMHL)[MB,YM ) 7-.,_ o & ?‘

But —-_-’;‘,: t -—1‘-7: _ .‘ftz = O
2 't
7 “ 7" ¢



6
Hence we have shovm that all the lowest order interactions due to charge coalesce
into one manifestly covariant matrix elenent

—4re® (‘41*3’” Us ) (i Farts)

___.__-——-——

which can be s"'abo'lgued by the ~icture ' L'/"(z
%‘ﬁ’fv\> ! \/ v 4Trer Y,«
For the charge current 4., ':73:. Tuu, , we have
i 1
OAw= pu Au= 5 s

— /
Interaction with ¢ = dy Yue U is by means of %,u Au= fu /A

It is especially im-ortant to rerember that when you use these rules}-:ith the

nropacators ;,_m.' or ‘Li-f- » 1t is no longer necessary to draw two granhs whieh

f
-— a‘uoT tw 11617'9.5
\}4 i Termme diale SPeTe

It is only necessary to draw one graph >~v—/ « This is alwavs the convention

A\

dirfer by time ordering

used in arplieations.

Lonlications and Discussion

It hazpens that A nesons obey (to the best of our vresent knowledge) exactly
the same equations as electrons, with only the mass changed,
Suppose a stationary electron target, with M particles shot in (in the lab

frame)., The M and e will scatter into new monentum states beeause of the
k)
!

» » e-
interaction of their charges P / ¥
Rate = & U;L = z
™ dtpe 4 | ml
PRSI ) (’) =t ) ¥ LR
CTT)QJ\(FU “Pa=p) LF}J/} 2 €TI0 LRy @u)t"L @m)t 2me 2£,

The 0’_ functions may then be unraveled against the differentials in any order yom
find convenient (hint: the answer is usually pretty messy no matter what order you
Huse, but there may ve fewer messy steps in one sequence than in another)

Because the M and electron have the same intsraction with the electromagnetic

field, we can write down the matrix =~lement by using the same rules as for electron-



7

“ <
electron scattering T e - |

R A (e (03 u U ) (T Yurts) 73 i

\7 @_P?:’l /F;_L\’z = e bl

1"z

)

It is easy to see that the largest contributions to the cross secti.on come froum
P.= Py (forward scattering in the center of mass system), “hen ¢ is small, the
interaction radius (hhe Fourier transform conjugate of ,/%T ) is large, This neans
most of the cross section is obtained from cases there the particles aren't close
together, Hence this is not a good exmeriment to do if you want to test the laws
of electrodynamies - we know already that they work fine for large sfsarations because
this is the eclassiecal limit., “that we want to examine closely is whether the laws
break down when the varticles get close together, This would be found by looking

T

-p %
at large 7 behavior of the matrix element. But (f for this narticular

experiment is extremely small even for high energy .+ 's

Question:if it were possible to have a térget of ﬁ':> and shoot electrons at them,

+2
would it be easier to exnlore the largze 7 iinmit?

For education: is it trus that to lowest order the scatiering of &« ‘e~ can bz obtainsz
from the scattering of 4 e~ by the re-lace~ent s = ""/f:_ ?
Why?

Cne of the unost -recise vYeriments to date along this line is the scattering

e~ pP7ep » Here the matrix element is again »rozortional to

vﬂ'ﬂleJl '1;
G_ P where ~ 9 a now revresents the electromasnetic current of the sroton,
A ‘

It can be shown that the most general form of Jm is
_— =~ = Y
Iy = Us z-e F.\O/ﬂ -1 }%(Y{A‘YY “)’YYA.)? j Uy
~here u?. and ¥ aré nucleon plane wav: spinors and F‘1 and F2 are assumed for
theoretical reasons to be functions only of the exchanged 4 momentum transfer
-3
squared ( ¢ )
(Justify this form for Ju by fiddlins with others)

i Kll.'l.

It is found emnirically that hoth Fl'and f'}_ have the shape — 2 —  where X2



8
is a univeraal constant., COnes could, therefore, get the same result
Photom
just by modifying the slseizen nropagator, It is now considered
more acceptable to ascribe the form factors fﬂf to mesonic

substrueture of the nucleons, rather than to a breakdosm of qed,
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INTENSITY DISTRIPUTION OF BREMSTRAYLUNG RANDIATION

Consider the factor %?i? "_Eiif' » which may be interepreted as the oprobability
) J’L'h

that an electron emit a soft photon of momentum k in going from momentum }3 to

momentum 7.

p,h = h[E,“F}(-&:@:]
Pl.e = “ﬂxey e P,,(’ = ,’-7) .51'0(9
Hence we obtain a function of shape

LR LY Y- N
- U‘;LMQ] 1= Vv, (> &
A non-relativistic internretation of this is to examine the electron before and after

V%L
—
The electron is accgierated in the directisn A+ by the scatterinz, and hence
must emit light, Detailed comparison of the above result with classiczl resultd
(see Jackson, around p, 472) is left as a exercise for the student,

P= VE o =3 &~k

z o

|

In the highly relativistic region, where ¥, C

Thus P3@& _g::__,. —~ _
& -p @ = E[er ] o+ CZ—)

This takes on the shape = o = e = (

]

G -
Wnen the cdeflectlon anzle dLe to scattering is big comrared to }%’ y then either
one or the other of the above terms is big, and the radiation enitted takes on the
shane plotted ahove e
For small angle scattering the shane

gets more comrlicated

¥otice that if you exit two 1dent1ca1 varticles, sore care rust be taken in obtaining
a final answer,
Suprose you wish to mearure the differential cross section and total rate Tor a
process in wnich 2 photons are enitted, along with some other stuff. Assume you

have one nhoton eounter,



Turgel
AL"("W ‘ @ -]
Coamber
Every time any vphoton hits the counter, it records a count,
For each such count, the other photon could have gone anywhere, Thus the

ds—
rate measured by the counter when it is nlaced at angle UQ, is;fﬁ',- the
v
differential cross section for particle 1, where we define narticle 1 as the

one that hit the counter,

That is, the answer got by integrating the familiar exnression over
‘Hz gives the cross section to measure the ewission of some photon into
angle Jﬁ,. e have no way of telling whether this is the red" photon
or the "blue" one in the Feynman ¢iagram, and we doﬁ't care,

If we now integrate over angles Uﬂ, » W€ are summing cases like

i kh, /&, dkl 4,

where 1 and 2 have been assigned simnly on the basis of the counter rosition,

These cases are indistinguishable,

To get a total rate, all we want is the vrobability that the reaction went.

¢l 4 i
j; gives twice this vrobability, dence, in ohtaining a total rate,
ir
we,must divide the final integral by m? y Where n is the nurber of indisti

particlss in the final state,

n

MCRE ARCUT THE DIRAC T UATION

Velocity in Dirac language

A} = B.naf-'i?-(ifi';?:)f 4 =7 ;i;:::c‘ Zr-f{)>{3 -

Hence ons would like to find some interwretaion for

#x in terms of narticle velocity
2

However,ﬂk’zlg thus the eigenvalues are + |

y and this secems to imoly that
8 neasurrient of the velocity in the x direction would yield ¥ C

This has caussd sowe concern

i

Diracés ex-laration:

To measure the velocily, vou rust reavure the corition twice, Tut the first

accurale measurenent of rosition ~euld make the mo- wentum totally uncertain,

and thus you would measure ¢,

nguishah)]



A measurement of average velocity, siven by v

g1
would give rouzhly if “7““ > ’ﬂ;?
?‘f”"
(can you show this}) but measurem»nt 0 the instantanecus value =ould
come out wrong,
Feyman's exnlanation

Dirac's logic is wrong., For ["(xj ﬂ(]=0 imrlies they can be measured
similtaneously, If one fundles around, one finds that it is indeed possible
‘to construet a solution of the Dirse equation which has a definite eignn-alue of
Ax and f} ; but such a solution does not have a definite energy, In order to

be a solution with definite momentum P, it must bave energy? /p%¥~>, Hence
the solution in question must be some mixtmre of electron and nositron.

Given that the system wust have a certain net charge, the Dirac eguation can
describe systens with one elazetron or one electron and vair(s); thus o, is not
hecessarily a single particle omerator and might hetier be thousht of asd
a sort of current density

of . . . .
The comzutators of such operators as %A, f5 XGG’a?' ete, ~ath the Hazmiltonian

&5

ave not been comnletely exalored,
REZLATIVISTIC INVARTANCE OF DIRAC RIUATION
So far we have calewlated all answers -with a given set of ’Z/MAtriCGS. But we have
assignd a Iorentz index to these matirices and treated them like a 4 vector, HYew,
: V) -t Y
then, do we know v are using th= ri;htg 7,5 T hy don't we use =ome Yy T ¥y fAd
. . ~ o 7s = , .
with the transformation G, dercending on the frane of the wronlem?
A clever answer to this is to sSay that if you read your Dirac eguation off some
rioving system with a telescone, it wouldn't change anything, This argusent, hoaver,

this ammarent naradox

‘14
s
s
iy
o
£
ok
,..l-
Q
]
[»]
[ery

coesn't get to the cors of the rroblem. The ex

is that')% andd ijr are related by an equivalence transfornation Providad they are

]
=

usad with solutions of th irac equation thalt are transformed in the sane &Y,

S

all answers will be independent of the rexrese=ntation used,

To discover in zeneral the conditions that we have the same nhysics -rith different

anzirices
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fo’,u/f V»u*/‘lm) +m\] y/= ©
Define ¢ 7= 5 7’ , where S 1is a matrix of constants

n o4, . a_
Then [-YA (i Vac Aud e |7V © will be equivalent to the ahove
. ] -~ i — ~1 y
i S YusS = Yu Yu=3S"Yu S
This sort of transformation preserves all algebraic relations between the matrices

(in particular their commutation relations)
However, we must demand one more thing in order that the physics be unchanged,
TA 4= T Ay

-

Matrix elements must also be preserved,
< = T
Hence S =7, 577, must gqual S

Then an equivalence transformation by any 5 such that S

—

~ o~ every
=3 leaves asfthine

unchanged,
Relativistic Adjoints
th ,ﬁf S Z dotines M =BMTR
For matrices A,3,C and constants o
Qﬂg--qc)::—.o('*?“'z/_}- Fou =¥

Hence the relativistic adjoint of any number of ’\{ matrices is got sim ly by reverw

sing their order
EXANPLES of Useful Fguivalsance Transformations

1) Define w by Z = TCumh W

Then the velocity transformations assume 3 form similar to that for rotations

For the velocity transform in z direction,
Y= -2 @vs}f WYV ~ Y simbw
¥ — {):
Yt -2 LCésh Hj) ),'I: —(Smb W)Y'f_-, . o
) - . Yy 31_ = _
T S-e%Vrle , then S7'= ¢ % ot = S
3 ~wy Y2 ¥ PP AEL F5b (RN g 7
3 = B3 v, e ¥4 T2 €y, = — Y N0z . e

lsimy e’}.__, ,+,4.,.f£/4,4 4,1/3}/},,4.,4 -

Exmansion shows that .
S = cesh Y4+ N{.t'h'g Sfm,A v

S""::cc_sirwyz,"' Kt ’5% S}/n}! w‘/_‘,_ %TX‘Tj

2) Show that the corresponding rotation on~rator is S =€

Then



U xYy g _
‘}"/x;y, 2;‘() - e ‘]‘[x %ﬁfy:;mﬁj*)(ﬁéwﬁ tylw s, 2,1/ 5

FUHR0) = 5, -l

orde?
(work through the alzebra to get some faniliarity)
=
Using this definition of J » one can show for the Dirac eguation that

if there is no vector notential, and if I/YF?):: béﬁj, then angvlar momen-

tum is a constant of the motion

PROBLEM: See how much you can get from the non-relativistic_noint of view of the forwula

[T Yu (F—de +o) T tt] %k
f(p-w>=mrd @r)* A

for the correction in mass of an electron of monentum n due to second order interac-

2mAm =  ((emst) e YT

tions with the glectromagnetic field
Hint:If you start with transverse waves vou will get only the.y; plece, There is

z
also a longitudinal contrihution to the self energy, which looks like 6;;5"
) ¢t

COMPUTATICNAL AIDS

Spin summations for electrons ard wositrons —_ o L /4 ig
S WAwWT By, = 5 Al Bu, - UL Al ) Bu,
atl «,

Stims ot B

for + emury sTdTey
FtuTéy
us [T ——
- T My = it M+ U,
Wy Spims —
2 Mg rmIm o, = Th [/W { 7 ) M {,ﬁ’,j—oh)j
Uz Spims

To calculate the traces:

7;:]_:1,} Ta Y= O

¥
Trace.of any odd numher of 7s is 0

Terminology [ race Q() - Sy U (X)

Tr (A48) = T(BA) T, @QRc) = T2 @LA
S'f’ }—'a(%' - Lf“?'b SF/G{:: o = Sﬁéa{/{/)

Sp (KB )= 4 [abed —ac bd +o-dbt]
Klzays try to use the Dirac eguation ,ffaitlfn,q O —m

to reduce the nwiber of-f’matrices in the matrix elevient bafore taving traces
There are tricks for taking tracss of any number of ?f matrices, but in »nractice even
6 T matrices in  a row lead to headzches, IF you find you have to take traces of
a Th 1 T‘ it 3 . n . s . ‘s s L P y
more than 4 S s 1T 1s worth tryins to find soxe simmlification, OChne helnful thinz

in problems involving chotons is



Summing over Polarizations

Sunpose you get something like

?{?T Sel o~ o A ]

.Pp}anzghm-& . .
Provided you have not used special nrowerties of ¢, in some gauge (1ike assuring

it has no time comoonent) then the summation over transverse dirsctions of the
light ean be renlaced by

ff M ﬁ(r —> Yy Fu

where sugmation is implied (also multinly the mess by ~1)
Reason:

Gauge invariance implies that renlacing €, by /'f. should give 0, Tf

e, &> (9,60, 0) then by= (kR0 0,k)

and gauge invariance says

h [ (\ﬁ‘tf"“—)}:) — (\0(?-’“““““)/2-)] =
Hence P ey, P boils down to — ?(’%rv-')/x) + é/)’”*y‘fjj
)

b
G _— ¥
which is what you exnect from the nroperty Z e’ €y d:".
fJiﬂf}lthJ'ﬂJ t

i
(i and k are spacelike)

Cnce the quantity is in the fornm
/N-——’\D,M e Y
one then uses TMTA =
T A K1 = T2 9[
\a',uf(/a/b//x’—‘ bra-b

Thus each sumration over vhoton polarizations reduces the number of‘}/ natrices
in the trace by 2

SU:MARY OF RULES

Preb. of ’f_(_;_”fp_éilf::’ = ’.luf/L_.)T u.r @)

Qla)‘r‘}‘[?w Pod )[}} éu)ar/ﬁ )é:)] }9?’7)

whsre % is a relativistically invariant matrix

Using the normalization W= 2m CorCaw = —

tives as the sum over states 5:? { L7y +m) 777 [fz’*””) %—3
Calculation of 07/77
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Electron propagator A =il €
Photon propagator -t

- LTI E
= . Ll
Soin 0 meson propagator ¢

}??_- rpo" + .f
Couplings:

Fermions to a real photon - fé Veme?

,5'?'25 3
Fermions to & wotential féf"() = 515 /4/{?() 4%
To a virtual photon (—:'Jtﬂrel}\rfﬂ - - (- "977‘?1)

To pseudoscalar meson 47g> Vs oo Vs v g
To scalar meson Jq.fn"?'z_ - W
For a closed loon of electrons, the rule is - S/")-

Tf there is an indeterainate momentum, sum by
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