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CHAPTER I

Introduction

Let M be a compact, hyperbolizable 3-manifold. The space AH (M) of marked
hyperbolic 3-manifolds homotopy equivalent to M gives a natural setting for studying
and relating different possible hyperbolic structures on M. Points in AH(M) can
be viewed either as pairs (NN,h) where h : M — N is a homotopy equivalence
and N = H?3/h,(m(M)) is a hyperbolic 3-manifold, or as discrete representations
he = p: m (M) — PSLy(C). The latter point of view identifies AH (M) with a

subspace of the character variety in the following way.
AH(M) ={p: m (M) — PSLy(C)|p is discrete, faithful}/PSLy(C)

Closely related to AH (M) is the space A(M) of marked compact hyperbolizable
3-manifolds homotopy equivalent to M. The points of A(M) can be thought of
as equivalence classes [(M’', /)] where M’ is a compact hyperbolizable 3-manifold
and h : M'" — M’ is a homotopy equivalence and where two points [(M;, hy)] and
[(Ms, hy)] are equivalent if there is an orientation-preserving homeomorphism f :
My — Ms; such that hs is isotopic to f o hy.

The topology of the interior of AH (M) is well understood from work of Ahlfors,
Bers, Kra, Marden, Maskit, Sullivan and Thurston. Essentially, the components

of the interior are enumerated by marked homeomorphism types [(M’, h')] in A(M)



with each component parametrized by the Teichmiiller data of the boundary surfaces
of M' (a precise statement of this fact can be found in Chapter II, Theorem I1.8).

We consider the following question: given two components of the interior of
AH (M), under what conditions do these two components “bump,” that is, when
do their closures intersect in AH(M)? When M has incompressible boundary, this
question is answered in full by work of Anderson, Canary and McCullough [4, 3, 19].
However, when M has compressible boundary, the global topology of AH (M) is still
quite mysterious.

This thesis describes an adaptation of the bumping construction of Anderson-
Canary-McCullough to a broad class of compressible boundary hyperbolic 3-manifolds.
Our construction stems from the following observation: suppose that M is a hyper-
bolizable 3-manifold obtained from a hyperbolizable 3-manifold M, by attaching a
one-handle to the boundary of M along attaching disks Dy and D;. Then, under
certain conditions, we can “shuffle” the end of the attached one-handle to another
boundary component of My to produce a new 3-manifold. Under suitable conditions,
this 3-manifold will be homotopy equivalent to M.

As in previous bumping constructions, a key feature in our construction is the
presence of primitive essential annuli. An embedded annulus A in M is called es-
sential if it is properly embedded (i.e. the boundary of A is sent to the boundary of
M), the embedding is 7;-injective, and A is not properly homotopic into the bound-
ary of M. Such an annulus is called primitive if 7 (A) maps onto a maximal abelian
subgroup of 7 (M).

Suppose that M, is a compact hyperbolizable 3-manifold containing a primitive
essential annulus A, of which a regular neighborhood W intersects the boundary of

My in annuli V; and V5. Let Dy, respectively D, be disks contained in Vi, respectively



Vo, Let Dy be some other disk in the boundary of M. Suppose that M is a
hyperbolizable 3-manifold obtained from M, by attaching a one-handle along D,
and D; and let M’ be a hyperbolizable 3-manifold obtained from M, by attaching a
one-handle along Dy and Ds.

We introduce the notion of a primitive handle shuffle associated to A, a homotopy
equivalence hy : M — M’ that “shuffles” the position of the attached one-handle
around WW. We say that equivalence classes [(Mi, hy)] and [(Ms, ho)] in A(M) differ
by a primitive handle shuffle associated to A if there is a primitive handle shuffle
ha : My — Ms such that hy o hy is homotopic to hs. Our main result is the

following;:

Theorem 1.1. If two equivalence classes [(My, h1)] and [(Ma, he)] in A(M) differ by
a primitive handle shuffle, then the corresponding components of int(AH (M)) have

intersecting closures.

There are two key ingredients that our construction shares in common with known
bumping constructions: the presence of primitive, essential annuli, and the Hyper-
bolic Dehn Filling Theorem. Let M be a hyperbolic 3-manifold with a toroidal
boundary component 7. Pick suitable meridian and longitude curves {m,l} on T
and a meridian curve « on the boundary of a solid torus V. Then the (p,q) Dehn
filling M (p, q) of M is obtained by gluing V" along 7" so that « gets sent to a (p, q)
curve on T'. Thurston discovered that such “fillings” produce hyperbolic 3-manifolds
except for finitely many choices of p and g. We make use of the Hyperbolic Dehn
Filling Theorem (see Theorem V.2) to control the limit behavior of sequences in
AH(M).

The following is a loose sketch of the proof of Theorem I.1. For simplicity of

notation, we reduce to the case where (My,hy) = (M’ ha) and (My, hy) = (M, id)



where id : M — M is the identity map. One can remove a neighborhood of the
core curve of A from M’ to obtain M’, now containing a toroidal component in its
boundary. We use hyperbolic Dehn filling to construct 3-manifolds M, = M (1,n)
obtained by (1,n) Dehn filling on M’. Let i, : M’ — M/ be the natural inclusion
map. The Hyperbolic Dehn Filling Theorem gives the existence of (nonfaithful)
representations 3, : m(M') = PSLy(C) and maps ¢ : M’ — M, i, : int(M!) —
H3 /B(my (M), such that S, o1, is conjugate to ()« 0 (in)s

We then construct a cover 7 : M — M, and an embedding f : M — M realizing
M as a compact core of M. We define representations Pn = Bpot, om0 f*, with
algebraic limit p. Results of Comar [21][Thm 6.2] and an additional topological
argument show that p, all lie in the component of int(AH(M)) corresponding to
(M, ha)].

We use the uniqueness of compact cores, due to McCullough-Miller-Swarup [34],
to identify the compact core of (N, h,) with M. We further show that (N,, h,) has
the same marked homeomorphism type as (M, id). It is a consequence of a theorem
of Ohshika [42] that (N,,h,) lies in the closure of the component of int(AH(M))
corresponding to [(M,id)], thus exhibiting bumping.

The following paragraphs give a roadmap of this thesis. In Chapter II, we survey
some background material concerning the known structure of AH (M) including the
parametrization of the interior. We also address three major contributions to the un-
derstanding of AH (M) in the past twenty years: the Density Theorem, which states
that int(AH(M)) is dense in AH (M), the Tameness Theorem, which guarantees
that all p in AH (M) yield hyperbolic 3-manifolds homeomorphic to the interior of a
compact 3-manifold, and the Ending Lamination Theorem, which describes how one

can understand the boundary of AH (M) by geometric invariants on the boundary



surfaces (by Teichmiiller data or ending laminations).

In Chapter III, we give a brief survey and some examples of known bumping
constructions. We start with the first known examples of bumping in the case where
M is a “book of I-bundles”, and then proceed to bumping results for incompressible
boundary 3-manifolds. We also give some other indications as to the complexity of
the global topology of AH(M) such as “self-bumping” and the failure of AH(S x
[0,1]) to be locally connected.

In Chapter IV, we build the notation and definitions needed to state our theorem,
including the notion of primtive handle shuffles. We also introduce a motivating
example where M is formed by attaching a one-handle to the boundary of M, =
S x [0,1] with S a closed surface of genus g. For this particular example, Canary-
McCullough proved that int(AH(M)) consists of only two components. A corollary
of our result is that these two components bump, and so AH (M) is connected.

In Chapter V, we give a proof of Theorem I.1. This chapter also contains some
important results that are integral to our proof such as the Hyperbolic Dehn Filling
Theorem, and a result due to Ohshika which controls the limiting behavior of the

sequence of representations.



CHAPTER II

The Topology of AH(M)

In this chapter, we give a survey of the known structure of AH(M). We will
introduce some important foundational work on the understanding of the interior of
AH (M) as well as some other results that give rough outlines of the global topology
of AH(M). We will leave results on bumping between components of int(AH (M))

until the next chapter, where those constructions will be spelled out in detail.

2.1 Definitions

Definition II.1. A Kleinian group I' is a discrete subgroup of PSLy(C), viewed
as acting on hyperbolic 3-space H? by orientation-preserving isometries, and on the

boundary Riemann sphere C by Mobius transformations.

In our setting, Kleinian groups will be assumed to be torsion-free. Since the
action of a Kleinian group on H? is discrete and acting by isometries, the quotient
Nr = H3/T is a 3-manifold that is locally modeled by H?, hence we call it a hyperbolic
3-manifold. Notice that since H? is contractible, the fundamental group 71 (Nr) can
be naturally identified with I' and in fact the action of I' on H? is simply the action
of m(Nr) by covering transformations.

The action of I' on C partitions C into the limit set A(T), the smallest closed

invariant subset under the action by I', and the domain of discontinuity Q(T), the



largest open subset of C on which I acts discontinuously.
A hyperbolic 3-manifold is a geometric object, but it will often be more convenient

for us to deal with a purely topological object.

Definition I1.2. A compact 3-manifold M is called hyperbolizable if its interior
admits a complete hyperbolic metric, i.e. there exists a Kleinian group I' so that

int(M) is homeomorphic to Ny = H?/T. In this case we say int(M) is uniformized

by T

Thurston conjectured in the 1970’s that all compact 3-manifolds admit canonical
decompositions into geometric pieces, with the geometry on each piece coming from
one of eight homogeneous 3-dimensional spaces: Euclidean space £3, the sphere
53, hyperbolic space H?, the fibered geometries S? x R, H? x R, PSL,(R), the 3-
dimensional solvable group Sol and the 3-dimensional nilpotent Heisenberg group
Nil. Of these geometries, hyperbolic geometry is by far the most common and
diverse, as demonstrated by the following Theorem, due in part to Thurston, and

completed by Perelman.

Theorem I1.3. Thurston’s Hyperbolization Theorem (Thurston [52], Perel-

man [46, 45, 44])

M is hyperbolizable if and only if:
1. m (M) is infinite or M is the 3-ball,
2. M is irreducible, i.e. if every embedded 2-sphere in M bounds a ball in M, and

3. M s atoroidal, i.e. if no immersed torus is m-injective unless it is homotopic

into the boundary of M.

Thurston proved this in many cases [52], including the particular case where



OM is nonempty, the case that concerns us in this thesis. Perelman’s work on the
Geometrization Conjecture [46] [45] [44] proves this in its full generality.

If M has no boundary or only toroidal boundary components, then Mostow/
Prasad Rigidity [39] [47] tells us that if I and I both uniformize M, then they are
conjugate in Isom(H?). So in this setting, the potential hyperbolic geometry that
can be associated to M is uniquely determined by the topology of M, or equivalently

the fundamental group m (M) =T

Theorem I1.4. Mostow/Prasad Rigidity (Mostow [39] Prasad [47])
If M and N are closed or finite volume hyperbolic manifolds of dimension n > 3
and if there exists an isomorphism f : my (M) — m(N), then this isomorphism is

induced by a unique isometry from M to N.

If M has more complicated boundary, then there are typically infinitely many
Kleinian groups I' which uniformize M, and even more that produce hyperbolic 3-
manifolds homotopy equivalent to M. We will require a distinction between two types

of 3-manifolds with boundary: compressible boundary and incompressible boundary.

Definition II.5. A properly embedded surface S in a 3-manifold M is called com-

pressible if either:
1. S bounds a 3-ball in M, i.e. S is a 2-sphere.

2. There is a simple closed curve « in S, bounding an open disk D contained in
M\ S, but which does not bound a disk in S\ a. The disk D is often referred

to as a compressing disk for S.

If S is not compressible, then we say that S is incompressible. A 3-manifold M
has incompressible boundary if all of the surfaces that comprise the boundary of

M are incompressible. Otherwise, it has compressible boundary.



Given a 3-manifold M, a discrete, faithful representation p : m (M) — PSLy(C)
yields a hyperbolic 3-manifold N, = H?/p(71(M)) and a homotopy equivalence h,, :
M — N, called the marking of N,. We define the space of (marked) hyperbolic

3-manifolds homotopy equivalent to M to be the representation space:
AH(M) ={p: m (M) — PSLy(C)|p is discrete, faithful}/PSLy(C).

The topology on AH (M), called the topology of algebraic convergence is the topology
inherited from Hom(m (M), PSLy(C)) topologized with the compact-open topology.
This name is rather suggestive, as we will understand the nature of this space pri-

marily by studying convergent sequences of representations.

Definition I1.6. If p, converge to p in AH (M), we say that the associated hyperbolic

3-manifolds N, converge to N, algebraically.

An equivalent definition of AH (M) mirrors the classical definition of Teichmiiller
space for surfaces in the following way: we can consider AH (M) to be the collection of
pairs (N, h) where h : M — N is a homotopy equivalence and N = H?/h, (71 (M)) is
a hyperbolic 3-manifold homotopy equivalent to M. Two points (Ny, hq) and (Na, ho)
are equivalent in AH (M) if there is an orientation-preserving isometry j : Ny — No

such that j o h; is homotopic to hs.
Ny

s

M J

T~

Ny

1%

In a similar fashion, we define A(M) to be the set of marked homeomorphism
classes of marked compact hyperbolizable 3-manifolds homotopy equivalent to M.
Explicitly, A(M) consists of equivalence classes (M, hy) where M; is a compact hy-

perbolizable 3-manifold and h; : M — M; is a homotopy equivalence, and where
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two points (Mi, hy), (Ms, hy) in AH(M) are equivalent if there is an orientation-
preserving homeomorphism f : M; — M, such that h; is isotopic to hy o f. For
(M’ h) in A(M), let Modo(M') be the group of isotopy classes of orientation-

preserving homeomorphisms of M’ homotopic to the identity.

2.2 The Interior of AH(M)

We will see that the components of the interior of AH (M) are distinguished by
their associated marked homeomorphism type. Furthermore, each component of
int(AH(M)) has a natural manifold structure parametrized by analytic data associ-
ated to the boundary surfaces of M.

The first example of this structure was identified by Bers [5] in his Simultaneous
Uniformization Theorem. Let S be a closed, oriented surface of genus g > 2. A point
in the Teichmiiller space of S is given by a representation p : m1(S) — PSLy(R). By
composing with the inclusion map from P.SLy(R) into PSLo(C) , this representation
can be viewed as a representation from (S x [0, 1]) = m(S) into PSLy(C). There is
an orientation-preserving homeomorphism from the quotient manifold H?3/p(m (S x
[0,1])) to the interior of S x [0,1] and the limit set A(p) is the circle R = RUoco. The
domain of discontinuity of this action §2(p) is the pair of hemispheres in C separated
by R. The quotient Q(p)/p(m1(S)) yields a pair of Riemann surfaces each conformally
equivalent to the original surface H?/p(71(S)) in the Teichmiiller space of S. Such a
representation is called a Fuchsian representation.

Small perturbations in PSLy(C) of such a representation produce “quasifuchsian”
representations. A quasifuchsian representation is a discrete, faithful representation
of w1 (S x [0,1]) = m1(S) where the limit set is a Jordan curve in C. In this case, the

limit set still bisects C into two topological disks, 2, and €2_ forming the domain



11

of discontinuity. Both Q. /p(m(S x [0,1])) and Q_/p(m(S x [0,1])) are Riemann
surfaces homeomorphic to S, and so each represent points in the Teichmiiller space
of S.

Bers discovered that quasifuchsian Kleinian groups simultaneously uniformize the
“top” boundary surface S x {1} and “bottom” boundary surface S x {0} of S x [0, 1].
Furthermore, any two hyperbolic structures on the boundary surfaces produce a

corresponding quasifuchsian group uniformizing both boundary surfaces.

Theorem I1.7. Bers’ Simultaneous Uniformization Theorem ([5])

For S a surface of genus g > 2
QF(S) = T(5) x T(5)

where T(S) denotes the Teichmiiller space of S and QF(S) denotes the quasiconfor-

mal deformation space of S.

Later, the work of Marden [31] and Sullivan [49] showed that QF(S) is actually
the same as the interior of AH(S x [0,1]). In this case, A(S x [0,1]) only con-
sists of a single point, and we see that the interior of AH(S x [0,1]) forms a ball
parametrized by the conformal structures of the “top” and “bottom” boundary sur-
faces. This behavior is typical of the interior of AH(M): components of the interior
are distinguished by marked homeomorphism type where representations in the same
component have quasiconformally conjugate actions on C. The following result gen-

eralizes the Simultaneous Uniformization Theorem, and gives a parametrization of

the interior of AH (M).

Theorem I1.8. (Ahlfors-Bers [2], Bers [6], Kra [29], Marden[31], Maskit [33], Sul-

livan [49], Thurston [52])
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int(AH(M)) = | T(0nrM')/Mody(M')
(M’,h)eA(M)

where Oyt N denotes the non-toroidal boundary components of M' and T (OnrM")

denotes the Teichmiiller space of Oy M.

The results of Marden [31] and Sullivan [49] show that if p is a representation
in int(AH(M)), then there exists a compact, atoroidal, irreducible 3-manifold M,
and an orientation-preserving homeomorphism j, : N, = int(M,) UOnrM,, yielding
a well-defined marked homeomorphism type [M,,j, o h,] in A(M). Note that j,
is well-defined up to post-composition by elements of Mody(M,), and the bound-
ary of N, is a collection of Riemann surfaces, so we get a well-defined element of
T (OnrM,)/Modo(M,). The fact that this identification is injective comes from the
fact that quasiconformal maps which are conformal on the limit set are globally
conformal. The fact that this identification is surjective relies on the Measurable

Riemann Mapping Theorem and Thurston’s Geometrization Theorem.

2.3 The Boundary of AH(M) and End Invariants

In the last section of this chapter we will survey 3 major results in the understand-
ing of AH(M): the Density Theorem, which shows that int(AH (M)) is dense in M,
the Tameness Theorem, which shows that all representations p in AH (M) give rise
to IV, that are homeomorphic to the interior of compact 3-manifolds, and the End-
ing Lamination Theorem, which pins down the structure of hyperbolic 3-manifolds
lying on the boundary of AH(M). Together, these results provide a framework by
which to understand the global topology of AH (M), namely through sequences of
representations in the interior.

In order to understand points on the boundary of AH (M), we will need to discuss
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ends of 3-manifolds and end invariants. Let p be a point in AH(M) and let N = N,
be the associated quotient hyperbolic 3-manifold. We can understand the coarse
geometry of N by its decomposition into a “compact core” and “ends”. The following

definition is due to Peter Scott [48]

Definition I1.9. Let N be a 3-manifold with finitely generated fundamental group.
If N’ is a compact, connected 3-manifold in NV whose inclusion is a homotopy equiv-

alence, then N’ is called a compact core of N.
Scott gave the following existence theorem for compact cores.

Theorem I1.10. (Scott [48]) If N is a 3-manifold with finitely generated fundamental

group, then N has a compact core.

Let K be a compact core of N. The components of N \ K are called the ends of
N. This is equivalent to the classical definition of ends, as shown by Bonahon [7].
For a hyperbolic 3-manifold N, it is useful the think of the compact core as carrying
the topological information of N and the ends carrying the geometry. This is made
explicit by analyzing the intersection of the ends of N with the “convex core” of N

(not to be confused with the compact core).

Definition II.11. For a Kleinian group I', the convex core of Nr is C(Nrp) =
Hull(Ar)/T, where Hull(Ar) is the convex hull of the limit set Ap. The convex core

C(Nr) is the smallest convex subset of Nr whose inclusion carries the fundamental

group.

Definition I1.12. A hyperbolic 3-manifold is minimally parabolic if the only

maximal parabolic subgroups of 71(/N) are rank 2 free-abelian.

The structure of the ends of N is dictated by their intersection with the convex
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core. If N is minimally parabolic then each end F of N falls into one of the following

two categories:

e [/ is a rank 2 cusp. An end that is cut off by a torus will be a rank two cusp,

and so will be entirely contained in the convex core.

e [ is geometrically finite. In this case E has a neighborhood that does not
intersect the convex core. Each geometrically finite end cut off by a higher genus
surface intersects the convex core in a compact set. In this case, since E borders
a boundary surface S of K, this neighborhood can be foliated by surfaces S;
isotopic to S where each S} is convex and the size of S; grows exponentially with
its distance from K. The metrics on these surfaces (after rescaling) converge to

hyperbolic metric on S, yielding a point in the Teichmiiller space of S.

e I is geometrically infinite. In this case, F has a neighborhood completely

contained in the convex core of V.

We see that points in the interior of AH (M) contain only geometrically finite ends
or rank 2 cusps. This property is equivalent to the following definition, as shown by

Bowditch [9].

Definition I1.13. A hyperbolic 3-manifold N with finitely generated fundamental

group is called geometrically finite if the convex core of N has finite volume.

The interior points of AH (M) are characterized by being geometrically finite and
minimally parabolic. Marden [31] showed that the minimally parabolic, geometri-
callly finite elements of AH (M) lie in the interior, and Sullivan [49] provided the
reverse inclusion.

For geometrically finite ends of a hyperbolic 3-manifold N, the geometry of the

end is well understood by the Teichmiiller data of the boundary surface to that end.
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Geometrically infinite ends are much more mysterious. Thurston discovered a way to
“tame” the behavior of ends by considering the placement of closed geodesics within
them. In the case where M has incompressible boundary, Thurston defined ends to
be simply degenerate if there is a sequence of simple closed curves «; on the associated
boundary surface S whose geodesic representatives o in /N are eventually contained
in any neighborhood of E. In this case we say that the curves o ezit N. Canary [20]
generalized this notion to compressible boundary: an end FE is simply degenerate if
it has a neighborhood homeomorphic to S x [0,00) (where S is a compact surface)
and there exists a sequence of “hyperbolic surfaces” {f, : S — U} leaving every
compact set for each n, with f,(S) homotopic to S x {0} in U. One can choose
these “hyperbolic surfaces” to be pleated surfaces as in the work of Thurston [51],
the simplicial hyperbolic surfaces of Bonahon [7], or images of harmonic maps of
surfaces as in Minsky [36].

Thurston [51] and Bonahon [7] proved that when the boundary of the compact
core of N is incompressible and without cusps, any sequence of «; exiting a simply
degenerate end F associated to the boundary surface .S, converge to a unique unmea-
sured lamination vg on S that is filling, that is, every nontrivial simple closed curve
on S intersects vy non-trivially. The lamination vg is called an ending lamination
of F. Additionally, Thurston showed that such ends E are topologically tame, i.e.
E has a neighborhood homeomorphic to S x (0, 00). There are thematically similar
statements for when N has cusps, that are a little more difficult to state, see for

example [37, Sec. 5].

Definition I1.14. A representation p in AH(M) is called topologically tame if

H?3 /(71 (M)) is homeomorphic to the interior of a compact manifold.

Bonahon [7] proved that if M is incompressible and without cusps and N is a
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hyperbolic 3-manifold homeomorphic to the interior of M, then every end of N is
either simply degenerate or geometrically finite, such ends are called geometrically
tame. Canary [20] further showed that topological tameness implies geometric tame-
ness. For geometrically tame ends, we have the following description of their “end

invariants”.

Definition II.15. The end invariant of an end facing the component S in M is
the associated geometric structure vg € T(5) if the end is geometrically finite, and

the associated ending lamination if the end is simply degenerate.

The following important result, originally conjectured by Thurston, and later

proved by Brock-Canary-Minsky [11] gives a complete classification of points in

AH(M).

Theorem 11.16. The Ending Lamination Theorem (Brock-Canary-Minsky
[11])
A hyperbolic 3-manifold with finitely generated fundamental group is uniquely de-

termained by its marked homeomorphism type and its end invariants

In our description of ends, we never relied on the fact that N is homeomorphic
to M. It is conceivable that some points in AH (M) may not yield manifolds home-
omorphic to the interior of any compact manifold.

Marden [31] showed that geometrically finite 3-manifolds are topologically tame
and posed the following conjecture in 1974, later proved by Agol in 2004[1] and

independently by Calegari-Gabai [16].

Theorem I1.17. The Tameness Theorem (Agol [1], Calegari-Gabai [16])
A hyperbolic 3-manifold with finitely generated fundamental group is topologically

tame.
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Based on a similar conjecture of Bers, Thurston and Sullivan posed a density con-
jecture for AH(M): that every finitely generated Kleinian group is an algebraic limit
of minimally parabolic, geometrically finite groups. This result was proven by Brock
and Bromberg [10] for freely indecomposable Kleinian groups without parabolics, and
for all freely indecomposable Kleinian groups by Brock, Canary and Minsky ([11]).
A full proof of the density conjecture was completed by Namazi and Souto [40] and

Ohshika [43] using the Tameness theorem and the Ending Lamination Theorem.

Theorem 11.18. The Density Theorem (Brock-Bromberg [10], Brock-Canary-
Minsky [11], Ohshika [43], Namazi-Souto [40])

int(AH(M)) is dense in AH(M). Therefore all representations in AH(M) can
be realized as the algebraic limits of sequences of minimally parabolic, geometrically

finite representations.

We see that AH(M) can be completely understood by studying the minimally
parabolic geometrically finite representations, for which we already have a nice
parametrization, and points on the boundary that can be thought of as algebraic
limits of sequences of geometrically finite minimally parabolic representations. One
might hope that the parametrization of the interior extends in some nice continuous
way to the boundary. The presence of bumping of components of int(AH(M)), as
we will see in the next chapter, prohibits this. In fact, we will see that the global

topology of AH (M) is quite poorly behaved.



CHAPTER III

Known Bumping Results

In the previous chapter, we saw that int(AH (M)) admits a nice parametrization,
first into components distinguished by marked homeomorphism type, and second by
analytic data on the boundary surfaces of M. One might hope that this parametriza-
tion of the interior extends to the boundary in some nice way. Anderson and Canary
[3] (1996) showed this to not be the case by exhibiting “bumping” of components of

int(AH(M)) when M is a book of I-bundles.

Definition ITI.1. Two components of int(AH (M)) are said to bump in AH (M) if

they have intersecting closures.

Later Anderson, Canary and McCullough [4] generalized this construction to de-
scribe bumping in the case when M has incompressible boundary. In this chapter,
we will give the statements of known bumping results and we will provide some
examples that illustrate their constructions. A key feature present in all of these

constructions is the presence of primitive essential annuli.

Definition ITI.2. An embedded annulus A in M is called essential if it is properly
embedded (i.e. the boundary of A is sent to the boundary of M), the embedding
is m-injective, and A is not properly homotopic into the boundary of M. Such

an annulus is called primitive if 7;(A) maps onto a maximal abelian subgroup of
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7T1(M).

We end the chapter with a discussion of other, related results indicating the pecu-
liar global topology of AH (M), including self-bumping of components in int(AH (M))

and failure of local connectivity of AH (S x [0,1]).

3.1 Bumping for books of I-bundles

Interestingly, Anderson and Canary [3] stumbled on their bumping construction
after years of attempting to show that bumping didn’t exist, as it is somewhat unin-
tuitive that a hyperbolic 3-manifold in the boundary of a component of int(AH (M))
could have different marked homeomorphism type from manifolds in the interior.

The “books of I-bundles” used in Anderson and Canary’s construction are ob-
tained as follows: for ¢ = 1,..,n, consider J; = S; x I where S; is a surface with one
boundary disk removed. Let {A;}; ., be a collection of disjoint, consecutively or-
dered, parallel, longitudinal annuli in the boundary of a solid torus V. Define M,, by
attaching the J; to V' by gluing 0J; along A;. One may obtain a homotopy equivalent
3-manifold by attaching the J; in a different order, that is, for every permutation 7
in ¥,, one obtains M by gluing J; to V' by gluing 0J; along A,;. We can obtain
an explicit homotopy equivalence h, : M,, — M by extending the identity map on
{J1, e In}

Johannson’s Deformation Theorem [27] shows that every element (M’ h') is equiv-
alent to (M, h,) in A(M,) for some permutation 7 € ¥, i.e. that re-arranging the
pages in the book of I-bundles gives rise to every marked homeomorphism type in
AH(M,) [3]. In general, (M,,id) and (M, h,) are not equivalent in A(M,), how-
ever if 7 is any multiplication of the rotation (12...n), then (M,,id) and (M, h,) are

clearly equivalent. In fact, A(M,) can be associated with the cosets of the subgroup
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generated by (12...n) in X,. As a result, int(AH(M,)) has (n — 1)! components.

Anderson and Canary gave the following surprising result.

Theorem II1.3. (Anderson-Canary [3]) For M, as above, if n > 3 any pair of

components of int(AH (M,)) have intersecting closures.

In light of The Density Theorem, the above result shows that AH(M,,) is con-
nected. The proof of this theorem is constructive: given [(M,,id)] and [(M], h,)] in
A(M), one can produce a sequence in int(AH(M)) lying in the component cor-
responding to [(M], h,)] whose limit lies on the boundary of the component of
int(AH(M)) corresponding to [(M,id)]. The following example (also found in [18])
illustrates this construction, and serves as a roadmap for later bumping construc-

tions.

Example II1.4. Define M, to be a book of I-bundles formed by attaching J; to a solid
torus V' along longitudinal annuli, where each attached J; is of genus ¢« = 1,2, 3,4.
Construct M, so that the cyclic order of the attached components is Jy, Jo, J3, J4.
Let 7 be the permutation (2,3) and consider M] obtained by attaching the S; in
the cyclic order Jy, J3, Jo, J4. We can extend the identity map on J, Jo, J3, J4 to a
homotopy equivalence h, : My — M]. It is clear the (My,id) and (M], h,) are not
equivalent in A(M,): the boundary components of M, have genera 3, 5, 7 and 5 and
the boundary components of M have genera 4, 5, 6 and 5.

Let MZ be the manifold obtained by removing a small neighborhood of the
core curve of V from M]. We construct an infinite cover MJ of M] from an in-
finite thickened annulus S* x [0,1] x R by attaching infinitely many copies of J; to
the outer boundary of S x {0} x R so that these copies occur in the cyclic order

wJ1, I3, Joy Jy, Jb, Js, .. prescribed by 7. More concretely, one attaches a copy of J;
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to the thickened annulus by identifying, via an orientation-preserving homeomor-
phism, the boundary of J; with S* x {0} x [8n + 27(i) — 2,8n + 27(:)] where n is an
integer. Translation by 8 along the last component generates the group of covering
transformations of M] over M]. Let w : M] — M] be the covering map. We con-
struct an orientation-preserving embedding f, : My — ]\;LI which sends each copy
J; homeomorphically to a copy of J; in the cover. Explicitly, each J; is sent to a
copy of J; attached to St x [0,1] x [10i — 27(i) — 1,10i 4+ 27(¢) + 1] in the cover. Let
fo=mof.

The key technical result that drives this construction is the Hyperbolic Dehn
Filling Theorem. If M is a hyperbolizable 3-manifold with a toroidal boundary
component 7', one can “fill” this boundary component by gluing in a solid torus. If
(m, 1) are a pair of meridian and longitude curves on T', then given a pair of relatively
prime integers (p,q), we may define a new 3-manifold M (p,q) by attaching a solid
torus V to T" so that a meridian ¢ of V' is sent to a (p, ¢) curve on T'. In the case where
M is hyperbolizable with a single toroidal boundary component, Thurston proved
that M (p, q) is hyperbolizable for all but finitely many choices of (p, q). Others (see
Bonahon-Otal [8], Comar [21, Thm 12.5] generalized this result to the setting of
geometrically finite hyperbolic 3-manifolds.

Let T denote the toroidal boundary component of MZ , and choose a meridian
curve m that bounds a disk in M] and a longitude curve [ that bounds an essential
annulus A in M]. The Dehn fillings M (1,n) of M] are all homeomorphic to M,
indeed M (1,0) = MJ and M (1,n) is obtained from M (1,0) by Dehn twisting n
times around A. Let i, : ]\;[47 — MZ (1,n) denote the inclusion map. We see that
(M](1,n),i, o0 f,) is equivalent to (M, h,) in A(M,).

Let N = H?/T be a geometrically finite hyperbolic 3-manifold admitting an orien-
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tation preserving homeomorphism 1 : z’nt(MZ ) — N. The Hyperbolic Dehn Filling
Theorem provides a sequence of (non-faithful) representations g, : I' — PSLy(C)
corresponding to M7 (1,n). In order to get representations in AH (M), we consider
Pn = Bnotio(fr)s. Let p denote the algebraic limit of the sequence (p,,) in AH (My).

It is a consequence of the Hyperbolic Dehn Filling Theorem, together with the
fact that (MJ(1,n),i, o f,) is equivalent to (MJ,h,) in A(M,), that p, all lie in
the component of int(AH(M,)) corresponding to (M], h,). Since f, lifts to an
embedding, the Tameness Theorem and a result of McCullough-Miller-Swarup [34]
(see Theorem V.7 in this thesis) show that N, is homeomorphic to int(My).

It is a consequence of a result due to Ohshika [42, Cor. 6] (stated later as Thm
V.9) that p must lie in the closure of the component of int(AH (M)) corresponding to
(My,id). Therefore, we see that the component of int(AH (M,)) containing (My, id)

and the component containing (M], h,) have intersecting closures in AH (My).

Holt [24] (2003) later showed that one can choose a single point in AH (M,,) that
lies in the boundary of every component of int(AH (M,)). Holt further showed that
the set of of such points contains a complex co-dimension 2 subvariety of the character

variety.

3.2 The Incompressible Case

Anderson, Canary and McCullough [4] (2000) utilized the characteristic submani-
fold theory of Johansson to generalize their original bumping construction and totally
characterize bumping in the case when M has incompressible boundary.

If M has nonempty incompressible boundary, separate works of Jaco-Shalen [26]
and Johannson [27] showed the existence of a characteristic submanifold (M) of

M, consisting of a disjoint collection of I-bundles and Seifert-fibered submanifolds
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whose frontiers are essential annuli. If M is hyperbolizable, then each Seifert-fibered
component of (M) is homeomorphic to a solid torus or a thickened torus. A solid
torus component V' of X(M) is called primitive if OM NV consists of annuli whose
inclusions into V' are homotopy equivalences.

Given two irreducible 3-manifolds M; and M,, with incompressible boundary, a
primitive shuffle between M; and Ms is a homotopy equivalence h : M; — M, if
there is a finite collection V) of primitive solid torus components of ¥(M;) and a

finite collection V, of solid torus components of ¥ (M) such that A~1(V,) = V; and

so that h is an orientation preserving homeomorphism from M; \ V; to My \ V,. Two
elements (M, hy) and (M, hy) of A(M) are called primitive shuffle equivalent if there
is a primitive shuffle h : M; — Ms such that (Ms, he) is equivalent to (Ms, ho hy) in
A.

Intuitively, these primitive shuffles are homotopy equivalences obtained by “shuf-
fling” the way in which the manifold is glued around the solid torus components of its
characteristic submanifold. Anderson-Canary-McCullough [4] showed that primitive
shuffle equivalence gives an equivalence relation on A and that the quotient is finite
to one. The following result of Anderson-Canary-McCullough provides the existence

of primitive shuffies.

Theorem IIL.5. (Anderson-Canary-McCullough [4]) Let M be a compact, hyper-
bolizable 3-manifold with non-empty incompressible boundary. Let p, be a sequence
in AH(M) that converges to p. Then for sufficiently large n, the element of A(M)

corresponding to p, is primitive shuffle equivalent to the element corresponding to p.

Anderson-Canary-McCullough then generalized the book of I-bundles bumping

construction to the setting of incompressible boundary hyperbolizable 3-manifolds.
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Theorem II1.6. (Anderson-Canary-McCullough [4]) Let M be a compact, hyper-
bolizable 3-manifold with non-empty incompressible boundary, and let [(My, hy)] and
[(Ma, hs)] be two elements of A(M). If [(Ma, he)] is primitive shuffle equivalent to

[(Mi, hy)], then the associated components of int(AH (M)) have intersecting closures.

Combining these two results, we see that components in int(AH(M)) bump if

and only if their corresponding marked homeomorphism types differ by a primitive

shuffle.

Corollary II1.7. (Anderson-Canary-McCullough [19]) Let M be a compact, hyper-
bolizable 3-manifold with nonempty incompressible boundary, and let [(My, hy)] and
[(Ma, he)] be two elements of A(M). The associated components of int(AH(M))
have intersecting closures if and only if [(Mz, hy)| is primitive shuffle equivalent to

(M, ha)].

We see that the components of AH (M) are enumerated by primitive shuffle equiv-
alence classes in A(M). The work of Canary and McCullough [19] gives a complete
enumeration of A(M) when M has incompressible boundary. This space is typically

finite, except in the case when M has “double trouble”.

Definition ITI.8. A 3-manifold M has double trouble if there exist simple closed
curves a and f in OyrM which are both homotopic to a curve v in a toroidal

boundary component of M but are not homotopic in M.

Theorem II1.9. (Canary-McCullough[19]) If M has incompressible boundary, then
int(AH(M)) is homeomorphic to a collection of disjoint balls. This collection is

infinite if and only if M has “double trouble”.
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3.3 Known Examples with Compressible Boundary

When M has compressible boundary, Canary and McCullough showed that the
interior of AH (M) contains infinitely many components outside of a few specific
examples they referred to as “small”. The following is a summary of Theorem 6.2.1

in [19].

Theorem II1.10. (Canary-McCullough [19]) The interior of AH(M) has finitely
many components if and only if M has incompressible boundary (and no double
trouble), M is a compression body, or M is obtained from one or two I-bundles (over
closed surfaces) by adding a 1-handle. These examples with compressible boundary

are called small.

Canary-McCullough give explicit enumerations of the components of int(AH (M))
for these small examples. Of particular interest to our own construction, they showed
that when M is obtained by attaching a one-handle to S x [0, 1] where S is a closed
surface of genus g > 2, int(AH(M)) contains only two components. This example
motivates our own construction in Chapter V, where we will see that these two
components bump in AH(M). As a corollary, we see that AH (M) is connected in

this case.
3.4 Self-Bumping and Other Strange Behavior

Soon after the emergence of these bumping construction, other constructions ex-

hibiting the peculiar nature of the global topology of AH (M) began to appear.

Definition ITI.11. A component B of int(AH(M)) self-bumps if there is a repre-
sentation p in the closure of B such that for any sufficiently small neighborhood X

of pin AH (M), the set X N B is disconnected.
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McMullen [35] (1998) exhibited self-bumping in the only component of int(AH (S x
[0,1])).

Theorem II1.12. (McMullen [35]) If S is a closed surface, then int(AH (S x [0, 1]))

self-bumps.

In particular, this shows that AH (S x [0, 1]) is not a manifold. McMullen’s proof
utilized the theory of projective structures on surfaces, and so his techniques did
not immediately generalize to manifolds that are not I-bundles. Bromberg and Holt
generalized McMullen’s result in 2001 to give the following characterization of self

bumping:

Theorem II1.13. (Bromberg-Holt [15]) Let M be a compact, orientable, atoroidal,
wrreducible 3-manifold with boundary. Suppose that M contains an essential, primi-

tive annulus, then every component of int(AH (M)) self-bumps.

As a consequence, we see that AH (M) is not a manifold if M contains a primitive
essential annulus. Of note, the above result applies when M has compressible bound-
ary. As in Anderson and Canary’s bumping example, Bromberg and Holt prove the
existence of self-bumping representations by constructing them explicitly. The fol-
lowing example (also found in [18]) illustrates how one can augment the construction

in Example III.1 to find self-bumping representations.

Example I11.14. Let M, be the book of I-bundles obtained by attaching J; and Js
of genus 1 and 2 respectively to a solid torus V' along longitudinal annuli. Observe
that My = S3 x [0, 1] where S5 is a closed surface of genus 3. As in Example I1I.1, let
M, be the 3-manifold obtained by removing an open neighborhood of the core curve
of V from M,. Let M, be the infinite cyclic cover of M, obtained by gluing copies

of J; and Jy to St x [0,1] x R. Index these copies by the cyclic order in which they
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appear in the cover, e.g. ..., J; %, Jyt JY, J9, J1, J), ..., and construct an embedding
f My — Mg sending J; to J{) and J, to J21 (so that there are copies of Jy and J;
lying between their images in the cover). This embedding serves as the analogue of
f» in Examples II1.4.

We now proceed as in Examples I11.4 and use the Hyperbolic Dehn Filling The-
orem to produce a sequence {p,} in int(AH(M,)) = QF(Ss) that converges to a
self-bumping point p. The fact that p is a self-bumping point is not obvious, see

Bromberg-Holt [15] or McMullen [35].

Self-bumping leads one to believe that the topology of AH (M) may be quite bad.
The following result, due to Bromberg for the space of Kleinian punctured torus

groups, and to Magid for higher genus surfaces, confirms this:

Theorem II1.15. (Bromberg [14] Magid [30]) The space AH(S x [0, 1]) is not locally

connected where S is a closed surface of genus g > 2.

Results of Evans-Holt [22] show that the set of self-bumping points, and hence the
set of points on the boundary where the deformation space is not locally connected
is not dense for the space of Kleinian punctured torus groups. Ito [25] has given a
complete description of the self-bumping points in the punctured torus case. Ohshika
has been able to generalize many of these results to the quasifuchsian case. In addi-
tion, Ohshika [41] and Bromberg-Brock-Canary-Minsky [12] are able to demonstrate
many points in the boundary of quasifuchsian space where there is no self bumping.

Bromberg conjectures that AH (M) is not locally connected as long as M has a

non-toroidal boundary component. This conjecture remains open.



CHAPTER IV

Primitive Handle Shuflles

Let M be a connected, orientable, hyperbolizable, compact 3-manifold obtained by
attaching a one-handle to the boundary of My, a compact, orientable, hyperbolizable
3-manifold. Our bumping construction stems from the following simple idea: by
attaching a one-handle along different boundary components of M,, we can obtain
hyperbolizable 3-manifolds homotopy equivalent to M, but not homeomorphic to M.

For the purpose of our construction we fix one attaching disk D in the boundary of
M. The other attaching disk, Dy or Ds lies in a boundary component of M, that lies
in a regular neighborhood of a primitive essential annulus A (recall the importance
of primitive essential annuli in previous bumping constructions, see Chapter III). Let
M be the 3-manifold resulting from attaching a one-handle to Dy and Dy and let M’
be the 3-manifold obtained from attaching one-handle to Dy and Ds.

In this chapter, we introduce the concept of a “primitive handle shuffle associated
to A”, establishing a homotopy equivalence hy : M — M’ allowing us to relate
the two points (M, id) and (M’ ha) in A(M). More generally, we will establish the
notion that two points (M, hy), (M, hy) in A(M) differ by a primitive handle shuffle
associated to A. In Chapter 5, we will see that the components of int(AH (M))

associated to points in A differing by primitive handle shuffles have intersecting
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closures in AH(M).

4.1 An Illustrative Example

Throughout this chapter and the next, we will return again and again to an

illustrative example that served as an inspiration for our final result.

Example IV.1. Consider My = S x [0, 1] where S is a surface of genus g > 2. M,
is clearly compact and hyperbolizable, it is uniformized by a quasifuchsian group.
We wish to attach a one-handle to the boundary of M,. Topologically, there are two
choices for the locations of Dy and D; up to homeomorphism: they can either be
contained in the same boundary component of M, or they can each be contained in
one of the two different boundary components. Attaching one-handles in these two
configurations clearly yields two 3-manifolds with different homeomorphism type. In
the first case, which we’ll refer to as M, the resulting 3-manifold has two boundary
components, one of genus g and the other of genus ¢ + 1. In the second case, M’,

the resulting 3-manifold has only one boundary component of genus 2g.

— —

Figure4.1: A schematic of the 3- Figure 4.2: A similar schematic for M’
manifold M

In fact, these two homeomorphism types enumerate A(M). The manifold M is
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an example of the “small” compressible boundary 3-manifolds discussed in Canary-
McCullough [19] (see Theorem III.7 in the previous chapter). Our bumping con-
struction will show bumping between the two associated components of the interior

of AH(M).

4.2 Attaching a One-Handle

Let M be a compact hyperbolizable 3-manifold obtained from M, a compact,
orientable hyperbolizable 3-manifold containing a primitive essential annulus A such
that a regular neighborhood W of A intersects the boundary of My in two annuli V;
and V5. Let Dy and D, be disks contained in V; and V5 respectively, and let Dy be a
disk in the boundary of M; not contained in V; or V5. Suppose that M is obtained
from M, by attaching a one-handle along Dy and D;.

By “shuffling” one end of the attached one-handle over the annulus A, we construct
a new 3-manifold. Let M’ be the 3-manifold obtained by attaching a one-handle to
My along Dg and D,. If V; and V4 lie in the same boundary component of My, then M
and M’ are clearly homeomorphic. So for the purpose of our bumping construction,
we will assume that V; and V4 lie in distinct components of the boundary of M,. If V;
and V4 lie in distinct boundary components of My, then M and M’ may have different
homeomorphism type (the boundary surfaces of M and M’ may have different genera,

as in Example IV.1).

Example IV.2. We return to Example IV.1 where My = S x [0,1]. We obtain a
primitive, essential annulus A in M by taking nontrivial curve ¢ in S and considering
¢ x [0,1]. Let W be small neighborhood of A, and let D; be contained in the
intersection of W and S x {0}. Let D, similarly be be contained in the intersection

of W and S x {1}. Let Dy be a disk in S x {0} that does not intersect W. Let M
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be the 3-manifold obtained by attaching a one-handle to disks Dy and D;, and let

M’ be obtained by attaching a one handle along the disks Dy and Ds.

4.3 Primitive Handle Shuflles

We need to pin down the marked homeomorphism types we would like to compare
for M and M'. For M, we can clearly take the point (M, id) where id : M — M is just
the identity map. For M’, we will construct a homotopy equivalence hy : M — M’
which effectively moves the attaching disk of the one-handle from D; to D,. This
“handle shuffle” will be used to relate the marked homeomorphism types (M, id) and
(M’ ha)in A(M).

Recall that W, a regular neighborhood of the incompressible annulus A inside
of My, intersects the boundary of My in two annuli containing the two potential
attaching disks D; and D,. Therefore, W contains a solid cylinder C' containing
neighborhoods of D; and D, in its boundary. We can parametrize C' so that C' =
D? x [0,1] where D? is the unit disk and with D; = {(z, 1)||z| < 1/2}, and similarly
Dy = {(z,0)||x| < 1/2}. Define hy : M — M’ as follows: for y € M\ C, ha(y) =y

is the identity and for (z,t) € C, define

(x,0) if |z] < 1/2
hA(Jj,t) =

(2, t(2]x| — 1) if |x| > 1/2
Intuitively, h corresponds to “pushing” D; down into Dy where the deformation
takes place entirely within W. We wish to show that h4 is a homotopy equivalence.

By reversing the roles of Dy and Dy above, we get a candidate homotopy inverse, j 4,

for hy on C":
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(x,1) if |z] < 1/2
.jA(x7t) =
(2,2 =2Jz| +t(1 — (2 =2|z|))) if |z| >1/2

The following figure shows the subsequent image of C' under h4 and j4.

Figure 4.3: The image of C and a vertical cross section of C' under h 4 and then ja

Note the image of C' under hy is the union of Dy and the following subset of
C, {(z,t)|0 <t < 2|x| — 1}. The image of D; under ju is Dy and the image of
{(x, )]0 < t < 2|z| — 1} under j4 is {(z,t)2 — 2|z| < t < 3 — 6|x| + 4]z]?}, a
contractible subset of C'.

Since j4 o hy is the identity off of C' and j4 o hy is a homotopy equivalence on
C that fixes the boundary of C', we see that hs is a homotopy equivalence with
homotopy inverse j4. The homotopy equivalence h, is an example of a primitive

handle shuffle associated to A. This motivates the following definition:

Definition IV.3. Suppose that M; and M, are compact, orientable, hyperbolizable
3-manifolds obtained from M, by attaching a one handle with one attaching disk

at D1, respectively Ds. Suppose that M, contains a primitive essential annulus A,
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of which a regular neighborhood W intersects the boundary of M, in annuli V; and
Va containing D and Dy respectively. A primitive handle shuffle associated
to a primitive essential annulus A in M; and M, is a homotopy equivalence

ha: My — My such that h,'(W) = W and h restricts to an orientation-preserving

homeomorphism from M; \ W — M, \ W where W is a neighborhood of A. We say
that points (M, hy) and (My, he) in A(M) differ by a primitive handle shuffle
associated to A if there is a primitive handle shuffle h4 : M; — M, associated to

A such that the following diagram commutes up to homotopy,

M

e

M ha =

T~

M

that is h4 o hy is homotopic to ho.



CHAPTER V

Bumping with Primitive Handle Shuffies

We now have the needed terminology to state our main theorem.

Theorem V.1. Let M be a compact, orientable hyperbolizable 3-manifold with com-
pressible boundary, and let [(My, hy)] and [(Ms, ha)| be equivalence classes in A(M)
that differ by a primitive handle shuffle h associated to a primitive essential annu-
lus A in My. Then the components of int(AH(M)) corresponding to [(M, hy)] and

[(Ma, hs)] have intersecting closures in AH(M).

We may immediately reduce to the case where (M, hy) is (M, id) and (Ma, he) is
(M', hs) where h, is the primitive handle shuffle corresponding to A. Let M; = M,
we may assume this since AH (M) = AH (M) by definition (in fact, AH (M) depends
only on 71(M) and the choice of base point is just for convention).

Let j; be a homotopy inverse of hy, then observe that by precomposing with j;, we
see that [(My, hiojy)] = [(My,id)]. Let M’ = M, and observe that hyoj; is homotopic
to hs.The components of int(AH (M )) corresponding to [(M,id)] and [(M', h4)] are
sent to the components corresponding to [(Mi, hq)] and [(Ms, he)] by composition
with hy. As a result, we see that if the components of int(AH (M) corresponding to
[(M,id)] and [(M’', ha)] bump in AH (M), then so do the components corresponding

to [(My, hy)] and [(Ma, hs)].

34
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The remainder of this chapter will be spent on the proof of this theorem. The

proof can be broken into the following broad steps:

1. Take the primitive essential annulus A in M’ associated to the handle shuffle

and drill out the core curve to obtain a new hyperbolizable 3-manifold, M.

2. Use the Hyperbolic Dehn Filling Theorem to produce (1,n) Dehn fillings of M
called M/ = M'(1,n) with inclusions i, : M’ — M/, a sequence of discrete
(nonfaithful) representations 8, : m (M) — PSLy(C), and homeomorphisms
Y © N — H3/B(my (M), ¢ : M' — M’ such that v, o i,, is conjugate to

B, 0, and [, converge to the identity.

3. Construct a cover M’ of M’ obtained by unwinding the core curve of A. Let
7+ M’ — M’ be the covering map. Construct an embedding f : M — M’
identifying M as a compact core of M’ and let f = 7o f. We define Pn =
Bn o1, o fi to be a sequence of discrete faithful representations in AH (M) with
limit p = ¥,0 f,. We construct f in such a way that the marked homeomorphism
type of [(H?/py,(m1(M)), h,, )] coincides with [(M’, h4)] for all n and the marked

homeomorphism type of [(H?/p(7m1(M)), h,)] coincides with [(M, id)].

4. Invoke a theorem of Ohshika to show that p lies in the closure of a compo-
nent of int(AH (M)) with corresponding marked homeomorphism type [(M, id)].
This shows that the components of int(AH (M)) corresponding to [(M,id)] and

[(M', ha)] bump in AH(M).

5.1 Dehn Filling

In order to show bumping, we will need to produce a sequence of representations

in the interior of AH (M) that lie in the component corresponding to [(M’, ha)l,
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but whose limit approaches the component corresponding to [(M,id)]. As in the
constructions used by Anderson, Canary and McCullough that provided bumping
criteria for incompressible boundary hyperbolic 3-manifolds and the similar wrapping
constructions that Bromberg and Holt used to demonstrate self-bumping, we will use
hyperbolic Dehn filling to generate this sequence.

Let M be a compact 3-manifold with toroidal boundary component 1. By at-
taching a solid torus W to M along T, we obtain a new 3-manifold. Specifically,
select a meridian m and longitude [ on 7" and a meridian a on the boundary of W.
Given a pair of relatively prime integers (p, ¢), define the (p, ¢)-Dehn filling of M to
be M (p,q) the 3-manifold obtained by attaching W to M along T with attaching
map g : OW — T so that g(«) is a (p,q) curve on T. The homeomorphism type of
the result depends only on the pair (p, q).

In the case that M is hyperbolizable and OM = W, Thurston [51] proved that
the Dehn fillings M (p, q) are hyperbolizable except for finitely many choices of (p, q).
Dehn filling will be our primary tool in constructing sequences of representations in
AH(M). The specific formulation of the Dehn filling Theorem we use can be found

in Comar [21, Thm. 12.5].

Theorem V.2. Hyperbolic Dehn Filling Theorem

Let M be a compact, hyperbolizable 3-manifold and let T' be a toroidal boundary
component of M. Let N = H3/T be the geometrically finite hyperbolic 3-manifold
admitting an orientation-preserving homeomorphism 1 : int(M) — N. Assume
that every parabolic element in I is contained in a rank-two parabolic subgroup. Let
{(Pn,qn)} be a sequence of distinct pairs of relatively prime integers. Then for suffi-
ciently large n, there exist (non-faithful) discrete representations B, : I' — PSLy(C)

such that:
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1. B,(T) is geometrically finite and every parabolic element lies in a rank-two sub-

group.
2. The sequence {,} converges to the identity representation on T .

3. Let i, : M — M(pp,qn) be the inclusion map. Then for each n, there is an
orientation-preserving homeomorphism 1, : int(M(p,,q,)) — H3/B,(T) such

that By, o 1y is conjugate to (Uy)s © (in)s-

5.2 Drilling and Filling

Consider the 3-manifold M’ obtained by drilling a regular neighborhood, V, of ¢,
the core curve of the essential primitive annulus A, from M’. The following theorem

combines results of Comar [21] to show that M’ is hyperbolizable.

Theorem V.3. (Comar [21, Thm 13.3, 15.6]) Let M be a compact hyperbolizable
3-manifold. Let & be a primitive, homotopically nontrivial, m -injective curve in M
parallel into the boundary of M. Let V be a reqular neighborhood of 6 in M. Let

M = M\'V. Then M is hyperbolizable.

We wish to construct Dehn fillings of M’ in order to construct a sequence in
AH(M). Let Y denote a collar neighborhood of the boundary component of M’
containing the attached one-handle. We can choose meridian and longitude curves
(m,1) on the boundary of V so that [ is isotopic to ¢ in S, a component of Y,
and bounds an essential annulus in M’ , and m a simple closed curve in V' so that
m bounds a disk D in V with D NdV = m. Define M, = M'(1,n) to be the
(1,n)-Dehn filling of M with respect to this meridian-longitude pair. The following
result, due to Comar [21], allows us to control the homeomorphism type of the Dehn

fillings.
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Theorem V.4. (Comar [21, Thm. 6.2]) Let M be a compact, connected 3-manifold
such that M = X U Y where X and Y are 3-submanifolds of M, each of which
contains a boundary component S, which is a closed, orientable surface of genus
greater than one and id : S — S is the identity map. Let § be a simple closed curve
on S which is homotopically nontrivial in m (M). Let V be a regular solid torus
neighborhood of 0. Let m,l be a meridian-longitude pair of curves on the boundary of
V' so that | is isotopic to § in S and bounds an essential annulus in M, and so that
m is a simple closed curve in OV so that m bounds a disk D in V with ODNOV =m
Then the manifold My, = X U, Y where h : S — S is a n-fold Dehn twist along 9,
is homeomorphic to the manifold M(1,n) obtained from M by (1,n) Dehn surgery
along 6 for all n. Furthermore if Y is homeomorphic to S x [0,1], then M(1,n) is

homeomorphic to M for all n.

The above theorem guarantees that M/ is homeomorphic to M’ for all n.

5.3 Constructing a Cover

We construct a cover M’ of M’, and an embedding f : M — M’ that identifies
f (M) as a compact core of M. In contrast with previous bumping constructions (see
Example I11.4), the cover we construct will be an irregular cover of M.

We now define M’. Recall that M’ contains a primitive essential annulus A, of
which a regular neighborhood W intersects the boundary of Mj in annuli Vi and V5
containing the candidate attaching disks D; and Ds. Let ¢ be the core curve of A
and let V' be a regular neighborhood of ¢ in M’. The outside boundary component of
W\ V decomposes into four distinct pieces, Vi, V5 and two disjoint pieces bordering

the interior of M. For simplicity, we can refer to these boundary pieces as 0W; and

OW, (the “left” and “right” pieces of the boundary of W).
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Consider the infinite cyclic cover of W\ V' obtained by unwinding ¢. This infinite
cyclic cover of W \ V cyclically repeats copies of Vi, Wj, V4, W, along one of its
boundary components. Explicitly, consider S* x [0, 1] x R. we identify the segments
of the outer boundary component S* x {0} X [n,n + 1] with copies of the annuli V;,

Wy, Vo, and W, in the following cyclic order.
ey WT717 ‘/107 M/lo7 ‘/207 WB’ ‘/].1? I/I/l17 ‘/v217 WT‘l’ ‘/;.27

We want M to embed in the cover we are building. The boundary components
of M\ W include W;, W, and the attaching disk (that was attached to D; in V).
Attach M\ W to the cyclic cover of W\ V' above by identifying W;, D; and W, along
W DY in V3 and W, respectively via a lift of the restriction of hy to M \ W. The
important aspect of this identification is that these attached components of M \ W
appear in the same cyclic order around the boundary of W as in our cover.

For each other copy V' of V5 in S' x {0} x R, consider the cover M{/z of M’
associated to m;(V3) and choose a lift of V5 in this cover. This lift borders a lift of
the one-handle and a lift of the interior of My \ W. Cut M{/Q along this lift of V5 and
identify V" with the boundary of the one-handle-adjacent portion.

Likewise, for each other copy W;* and W, of W, and W,, consider the cover of
M associated to m,(W;) (respectively m(W,)), choose a lift of W, (W,), cut along
this lift, and glue the portion of the cover corresponding to the adjacent lift of the
interior of M’ \ W via the lift of the restriction of h4. Call the final result of these
gluings M.

We see that M’ forms an irregular cover of M’. Let  : M’ — M’ be the covering
map. We define f : M — M’ in the following way. Decompose M into W and
M \ W. Note that M \ W is topologically equivalent to M’ \ W. Define f to map

M \ W homeomorphically along the embedded copy of M'\ W attached to W}', W1
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and V3. Embed W to the portion of the cyclic cover of W \ V stretching between
W1 and W}!. Note that f is an orientation-preserving embedding of M into M’.

For convenience with later notation, let f = 7o f : M — M’ be the composition

down to M.

Proposition V.5. The space M' deformation retracts onto f(M’) and so f(M’)

forms a compact core of M'.

The proof of this fact follows from our construction. Indeed, for each segment
V5 that is not contained in the image of f , we see that the attached portion of M{/2
deformation retracts onto V5. Similarly, for W}*, we see that the attached portions
of Mévl deformation retract onto W;" (and also for W"). We see that M deformation
retracts onto (S' x [0,1] x R) U f(M’). This space clearly deformation retracts onto

f(M") by collapsing S* x [0,1] x R onto S* x [0,1] x RN f(M").

5.4 Proof of the main theorem

We will now give a proof of Theorem V.1, our main result. Suppose that [(M,id)]
and [(M', ha)] are two points in A(M) that are related by a primitive handle shuffle
associated to A.

Let M’ be the hyperbolizable 3-manifold obtained from M’ by removing a regular
neighborhood V' of the core curve ¢ of A. Let N' = H? /T be the geometrically
finite hyperbolic 3-manifold admitting an orientation-preserving homeomorphism 1) :
mt(M " — N’ guaranteed by Theorem V.3. In the context of the Hyperbolic Dehn
Filling Theorem, choose (p,,¢,) to be (1,n) and let M’ = M’(1,n) be the filled
manifolds. Let i, : M’ — M’ be the inclusion maps, let 8, : 71 (M') — PSLy(C) be
the sequence of (nonfaithful) discrete representations guaranteed by the Hyperbolic

Dehn Filling Theorem, and let 1, : int(M!) — H?/(my (M), and 1 : M’ — M’ be
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as in the Hyperbolic Dehn Filling Theorem.

We will construct a sequence of geometrically finite, minimally parabolic repre-
sentations p,, that lie in the component of int(AH (M )) corresponding to [(M’, ha)],
but whose algebraic limit lies on the boundary of the component of int(AH (M))
corresponding to [(M,id)]. The following commutative diagram may be useful in

following our argument.

M—— iy

int(M)) <———— '

Vn G

BB (ma (V1)) <5 31
B

n

Figure 5.1: The topological picture

Define p, = B, o ¥, o f.. Algebraically, p, converges to p = 1, o f, since f3,
converges to the identity. The Hyperbolic Dehn Filling Theorem gives that 3, o 1,
is conjugate to (¢ )« © (in)«. We see that p, is conjugate to (¢, )« © (i)« © fu.

By construction, the map 7|7 : f(M\ W) — M is a homeomorphism onto
its image. Moreover, i, is a homeomorphism outside a neighborhood of V. We

appeal to the following technical lemma.

Lemma V.6. (Anderson-Canary-McCullough [4, Lemma 5.2]) Let X, Y be compact,
orientable, irreducible 3-manifolds, and let Vx, (respectively Vy ) be a codimension-
zero submanifold of X (resp. Y ), whose frontier Fr(Vx) is nonempty and incom-

pressible. Let h: X —'Y be a map such that:
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1. h'(Vy) =Vx and h!m : X\ Vx — Y\ Vy is a homeomorphism, and
2. hlyy : Vx = Vy is a homotopy equivalence.

Then, h is a homotopy equivalence, and there exists a homotopy inverse h:Y — X
for h so that h=*(Vx) = Vy, so that iL|Y\7VY is the inverse of h|xyy, and so that
hy, : Vy — Vx is a homotopy equivalence. Moreover, h o h is homotopic to the

identity relative to X \ Vx and h o h is homotopic to the identity relative to Y \ Vy

In the above lemma, take X = M and Y = M'(1,n), and take Vx = Vy = W and
consider h = i, o f. By construction, i, o f acts by a lift of hy on M’ \ W verifying
condition 1. For condition 2, note that i ' (W) lies inside of W N M’ and that the
preimage f~1(W N M’) lies inside W in M by construction. By the above lemma,
we see that 7, o f is a homotopy equivalence.

Since i, o f is a homotopy equivalence of M’ and 1, is a homeomorphism, p,
are discrete faithful representations with image m (H? /8, (w1 (M"))), so we see that
pn are indeed elements of int(AH(M)). Theorem V.4 shows that M/ = M'(1,n) is
homeomorphic to M’. However, since f lifts to an embedding of M’, the Tameness
Theorem and the following result of McCullough-Miller-Swarup gives that N, is

homeomorphic to int(M).

Theorem V.7. (McCullough-Miller-Swarup [34]) Let N be an orientable, irreducible
3-manifold with finitely generated fundamental group. If iy : Ny — N and iy :
Ny — N are inclusion maps of irreducible compact cores of N, then there is a

homeomorphism h : Ny — Ny such that h, = (ig); ' o (i1)s : T (N7) — m1(No)

We shall see that (N, h,) has the same marked homeomorphism type as (M, id)
while (N}, ,h,,) has the same marked homeomorphism type as (M’, h4) for all n.

Observe that, by construction, f|ynw coincides with halanw. Let Y be a regular
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neighborhood of the boundary component of M containing V;, we see that M \ Y is
a deformation retract of M. By composing this deformation retract with f o), we
see that f o) is a primitive handle shuffle associated to A. We will need another

technical lemma, an adaptation of a result from Anderson-Canary-McCullough [4].

Lemma V.8. (Anderson-Canary-McCullough [4, Lemma 7.1]) Let h%, hY : M —
M’ be primitive handle shuffles associated to a primitive essential annulus A in M.

Let W be a regular neighborhood of A as in Chapter IV. If hOA|W = hix’M\iw then

1. there is a homeomorphism r : M — M, which is a composition of Dehn twists
about Wy, W, or Vi of W, such that h%or is homotopic to h'y relative to M \ W,

and

2. there is a homeomorphism 1’ : M’ — M’ which is a composition of Dehn twists

about Wy, W, or Vy such that 1’ o hY is homotopic to hYy relative to M \ W.

Since i, o f and h4 are both primitive handle shuffles associated to A, and v, is

a homeomorphism, the above lemma shows that

[(No pn)] = (M, in 0 f)] = [(M', ha)]

where the first equality comes from the fact that p, = ¢, o, o f and ¢, is a
homeomorphism (for a more detailed discussion, see the remark at the end of this
chapter).

By construction, f lifts to an embedding f : M — N, into the cover N, of N

associated to Y. (fi(m1(M))) = p(m1(M)). Since g. = p we see that

[(No, )] = [(g(M), 9)] = [(M, id)]

If [(M,id)], and [(M’, ha)] are distinct points in A(M), then we see that the

marked homeomorphism type of (N,,,h,,) changes in the limit (N,, h,).
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The following result of Ohshika [42] guarantees that (N,, h,) lies in the closure of
the component of int(AH (M)) containing points with the same marked homeomor-

phism type as (N,, h,), provided that (N,, h,) is geometrically finite.

Theorem V.9. (Ohshika [42, Cor. 6]) Let (N,h) and (N',1') be two points in
AH(M) with (N,h) geometrically finite and minimally parabolic and (N',h’) geo-
metrically finite. Suppose that there is a homeomorphism N — N’ homotopic to
(W) o h™t. Then (N',I) lies in the closure of the component of int(AH(M)) con-

taining (N, h).

To see that (N,, h,) is geometrically finite, we appeal to the following result, due

to Thurson (see Morgan [38, Prop. 7.1]).

Theorem V.10. (Thurston) Let N be a geometrically finite hyperbolic 3-manifold
such that OC(N) is nonempty (where C(N) is the convex core of N). Then every
covering space N' of N with finitely generated fundamental group is also geometrically

finite.

Therefore the components of int(AH (M)) containing (N,, h,) and (N, h,) bump

in AH(M). This completes the proof.
U

We return to the case where M is obtained from S x [0, 1] by attaching a one-
handle. Results of Canary-McCullough [19] (see Theorem I11.10) show that int(AH (M))
only contains two components in this case. Since we showed that these two compo-
nents are related by a primitive handle shuffle in Chapter IV, our construction shows
that these two components bump in AH(M). In light of the Density Theorem, we

see that AH (M) is connected.
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Corollary V.11. Let M be a compact, orientable, hyperbolizable 3-manifold obtained

by attaching a one-handle to the boundary of S x [0,1], then AH(M) is connected.

O

Remark V.12. In order to not distract from the discussion in the proof of Theorem
V.1, we were a little loose with some topological details in establishing that h4 and
in o f produce equivalent markings in A(M). These details are reproduced here in
full.

Recall that M’ is produced by removing a regular neighborhood V' of the core curve
c of A from M’. Let Y denote a regular neighborhood of the boundary component
containing Ds in M’ that contains V. In the proof of Theorem V.1, we saw that M'\Y
is a strong deformation retraction of M’ lying entirely within M’. Alternatively, we
may deform M’ so that all of the deformation takes place inside of W. Let T" denote
the introduced torus boundary component of M’ obtained by drilling V' from M’ and
let {m,{} denote a meridian-longitude system of 7" such that [ is parallel in M’ to the
core curve of V5 and so that m bounds a disk in V. Let A, denote an essential annulus
in W\ V with one boundary component the longitude [ on 7" and the other boundary
component lying in V3. Let M. be obtained from M’ by removing an open regular
neighborhood of A, UV contained in the interior of W\ V. Then M/ forms a compact
core for M’ and there is a strong deformation retraction 7 : M’ — M/ (see [4, Sec.
10]). Observe that 7 is homotopic to an orientation preserving homeomorphism from
M’ to M.

Since i, o T o hy and i, o f agree on M \ W and are primitive handle shuffles
associated to A, Lemma V.8 shows that there is an orientation preserving homeo-
morphism 7, : M — M which is the identity on M \ W, such that i,, 0 7o hy o1, is

homotopic to i, o f.
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Recall that the sequence S, : m(M’') — PSLy(C) uniformizes hyperbolic 3-
manifolds N/ homeomorphic to the interior of M’(1,n) and recall that i, : M’ —
M’(1,n) denotes the inclusion map. For each n, let 7/ be an embedding of M’ into
the interior of M’(1,n) which is isotopic to 4,. Then 1, (¢, (M) is a compact core
for N). Furthermore, s,, = 1, 01/, oT 0o h4 or, is a homotopy equivalence from M to

N] with image 1, (i}, (M.)) such that (s,). is conjugate to p,. This implies that

[(@n (i (M), )] = [(M¢, 7 0 ha o )] = [(M' ha o 7))

with the last equality following from the fact that 7 is homotopic to an orientation-
preserving homeomorphism from M’ to M.. Since h o7, and h, are both primitive
handle shuffles with respect to A that agree on M \ W, Lemma V.8 shows that there
exists an orientation-preserving homeomorphism r;, : M’ — M’ such that 7/, o f is

homotopic to hy or,. We see that

(M’ haorn)] = (M1, 0 ha)l = [(M', ha)]
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