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ABSTRACT

p-adic uniformization and an Explicit Jacquet-Langlands isomorphism.
by

Suchandan Pal

Chair: Kartik Prasanna

In this thesis, we study modular forms on definite and indefinite quaternion algebras.
These spaces are a priori very different. On the definite side they are abstract spaces
of functions defined on finite sets, whereas on the indefinite side they are sections of
an appropriate sheaf on a Shimura curve. We construct an explicit, canonical, and
Hecke equivariant isomorphism between these spaces with Q,-coefficients, where p
is a prime dividing the level of the modular forms on the definite quaternion algebra.

Our map takes the form:

ﬁk([]7 Qp)p—new%HO (X,, Q@k/2)

see Theorem 3.3.2 for details. There are natural Z,, lattices M and N on the left and
right respectively. This isomorphism carries M to N, and for p > max(k — 2, 3)
restricts to an isomorphism M = N. The quotient '/ M is a canonical and finitely
generated p-torsion Hecke module. Our isomorphism is an explicit, and Z,-integral

refinement of the Jacquet-Langlands correspondence in our setting.



CHAPTER 1

Introduction

1.1 Modular forms on quaternion algebras

A quaternion algebra H over a field ' is a central simple algebra over F' of dimension
four as an F'-vector space. For example, the split quaternion algebra over F' is the ring
of 2 x 2 matrices M,(F') with coefficients in F'. Let H/Q be a quaternion algebra. The
quaternion algebra H is called indefinite if H @ R = Ms(R), otherwise it is called definite.
The discriminant disc(H ) of H is an integer, and determines it up to isomorphism. Let H, =
H ® Qq for all finite primes /. If £ is a finite prime not dividing disc(H) then H, = M>(Qy),
and H is said to be split at £. If ¢ | disc(H ), then H is said to be ramified at /.

The finite adeles over Q are denoted A ¢ and A? will denote the projection of A  to the primes
different from /. The finite adeles of H are denoted H; = H ® A and the corresponding
topological group of ideles is denoted Hy. Their projections away from £ are denoted H £,
H}“Z respectively. For ¢ a prime, the absolute value ||, on Q, is normalized so that |¢|, =
1/¢. We omit the subscript ¢ when it is clear from context. The reduced norm on H is
denoted Nr(h). Quaternion algebras are also equipped with an involution, which is called the
canonical involution and denoted b — b. It is an anti-isomorphism of algebras defined by the

property that bb is the reduced norm Nr(b). For g € H3, ||g|| := [T,-.. INT gle-



1.1.0.1 Eichler orders

Fix a quaternion algebra H over Q. Its discriminant is a square-free integer, which we call
N~. Anorder R in H is a subring of H that is finitely generated as a Z-submodule and such
that Q - R = H. It is said to be maximal if it is not properly contained in another order, and
Eichler if it is the intersection of two maximal orders.

We fix isomorphisms { ¢, : H,—M(Qy) }, for each prime ¢ where H is split, and require
that these isomorphisms be chosen such that for some order R’ of H, ¢, identifies R’ ® Z,
and Ms(Z,) for all but finitely many ¢. If R C H is an order, then R is determined by its local
behavior - that is, by the collection { ¢¢(R ® Z¢) } j gy and { B ® Zg } 7 o - COnversely,
if Sy C Hy is an order in H, for each prime ¢, and all but finitely many of the .S, are equal to
My(Zy), then there is a unique order S in H such that S ® Z, = S, [Vig80, II1.5.1]. We use
this correspondence to construct various Eichler orders.

In order to determine a maximal order, it suffices to specify one at each finite prime ¢. If ¢ is
a prime, the maximal orders of M,(Q,) are exactly the conjugates of Ms(Z,) in My(Qy). If
¢ | N—, then H ramifies at ¢, and H, has a unique maximal order. Let R be the order which
is M(7Zy) at each place where H is split (equivalently, at primes ¢ such that £ { N ™), and the
unique maximal order at primes ¢ | N~. One sees that the above prescription can be used
to specify any maximal order of H, and hence all Eichler orders. In particular, all Eichler
orders of H are maximal at primes where H ramifies. One can be more explicit.

Fix a prime ¢ { N~. Then, every Eichler order of H, is conjugate (in H,) to the ring of

matrices

x Xk
reR | () = mod ("
0 =

for some integer n. If N is an arbitrary integer coprime to N, then the ring R below is an



Eichler order (of level N7T).

R=¢ 2R | dox) = mod N7, V/ split

It is clear how to modify this procedure to produce arbitrary Eichler orders of H.

1.1.0.2 Definite quaternion algebras

In this section, we construct the space of modular forms on a definite quaternion algebra, and
recall the natural inner product defined on it [DT94, p. 446]. They are the space of functions,
valued in a vector space defined below, and satisfying a certain transformation property under
an open subgroup of Bj.

Let B/Q be a quaternion algebra. We require that it is definite, namely that disc(B) is a
product of an odd number of primes. Fix a prime p, not dividing N* or disc(B) and let N
be an integer coprime to disc(B) and p. Fix an Eichler order R C B of level N*p and let
U= (R®g Z)* C Bj. The subgroup U is open compact in B}. We define the space of
modular forms of weight & for U with coefficients in a (Q,-vector space, where k£ > 2 is an
even integer.

Letn = k—2, and P,(Q,) be the Q, vector space of polynomials in x, y that are homogenous

of degree n and coefficients in Q,. Endow it with a left action of GLy(Q,,) by the formula

7P<x7y) = P((l’,y) : 7)7 v e GLQ(QP)

where (z,y) is considered a row vector. Fix an isomorphism ¢, : B,—M(Q,) such that R,

is identified with M5(Z,), and endow this space with a B action via ¢,.



The space of weight £ modular forms for U is

f(bz) = f(z) VzeBjbebB”

Ly(U,Qp) =4 [ B;%Pn(@p)
few=w'f(z)  ueU

Here, u,, is the component of the idele u at p. The vector space P,(Q,) carries an SLy(Q,,)

invariant bilinear form which is defined by the property that for all 0 < 7, 7 < n, we have

—~
&
<
8
<
N
3
d
~
I

This induces the following non-degenerate inner product on L;(U, Q,):

(ffd = D (fi(9). f2(9)) (Nr g, |Nr g )2,
gleB~\B}/U
Remark 1.1.1. If k = 2 then n = 0 and P,,(Q,,) = Q,. The modular forms of weight two,

Ly(U, Qy), are identified with the Q,-valued functions on the finite set B*\ B}/U.

There is a commutative algebra T = Z[{ T;, },,,4i5(p).n+)» that acts on this space by linear
operators that are diagonalizable over an algebraically closed field. Let 1, € Bj be the idele
which is one away from ¢ and ([1) 2) at the ¢'" place. If U n,U = 11, Uz; is a disjoint union

decomposition, then the ¢"" Hecke operator of L(U, Q,) is the map

(1)) = 3 iy fea)

where z; ), is the component of x; at p, and the action is via the isomorphism ¢, fixed above.
There are two natural maps to L (U, Q,) from modular forms attached to an Eichler order of
level N, and the span of their image is called the p-old space. Its orthogonal complement
is the p-new space and denoted L (U, Q,)P ™. We do not give definitions here, but see

Definition 2.5.1 for a precise statement.



1.1.0.3 Indefinite quaternion algebras

In this section, we recall the construction of the space of modular forms attached to an indef-
inite quaternion algebra.

Let D be an indefinite quaternion algebra over Q, and ¢, : D ® R—M,(R) an isomor-
phism. We assume D # M>(Q). Fix a set of isomorphisms { ¢} : Dy—M2(Z) }ygie(p) 8

in §1.1.0.1, and let Rp be the Eichler order with the property that

Ge(Rp @ Zy) = S © € My(Zy) | x mod N+

Its subgroup of norm one elements is denoted R}, and I' = ¢, (R}') C SLy(R) is a

Fuchsian group. It acts on the complex upper half plane
H={zeC|Im(z) >0}
by Mobius transformations, and the quotient
'\H

is a compact Riemann surface with a canonical model over Q, which we call Xél ise(D) (NT),
or simply X. It is a Shimura curve. The space of modular forms for I' of weight £, and
coefficients in Q,, is

Sp(T,Q,) = HY(X Xgpecq Spec @, Q52 )

X Xgpec@Spec Qp

There is a commutative algebra T = Z[{ T,, }mmisc( D). ~+)» called the Hecke algebra, that
acts on this space by linear operators that are diagonalizable over an algebraically closed

field. These endomorphisms are induced by correspondences on the algebraic curve X/Q.



1.1.0.4 The Jacquet-Langlands correspondence

In their book [JL70], Jacquet and Langlands proved a general version of the correspondence
that bears their name. Their results are in the language of automorphic representations. Here,
we recall the statement of the correspondence in a more classical setting, and define notation
that will be used in the remainder of the introduction.

Let N = N~ NTp be a squarefree integer, with N~ divisible by an odd number of primes.
Let B/Q be the (definite) quaternion algebra of discriminant N, and D/Q the (indefinite)

quaternion algebra of discriminant N~ - p. Fix a set of isomorphisms

{ &e: Bi—Ms(Zy) },

at places where B is split, as in §1.1.0.1 and let 12 be the Eichler order in 5 such that

Ge(R®Zy) = x € Ma(Zy) | mod Nt -p

Fix isomorphisms o, : D,— B, for each prime ¢ where both B and D split (that is, primes
not dividing N~ - p), and let 2;,,q. be the unique Eichler order of D that agrees with R at
all such primes via the fixed isomorphisms. As we noted above, it is necessarily the unique
maximal order at all other places. Let I'c be the Fuchsian group attached to R;,4.f, U the
compact open subgroup of B} attached to R, and P,(Q,) the representation of GL3(Q))
defined above. Let T? and T” be the Hecke algebras acting on £, (U, Q,) and S(I'c,Q,)
respectively.

Let f € Li(U,Q,)P ™" be a simultaneous eigenform for the Hecke operators T#. That is,

for each prime ¢ t N

Tof = aqf



for some a, € Q,. Then the Jacquet-Langlands correspondence states that there exists [’ €
Sk(Tc, Q,) such that the same equation holds, replacing 7, with the ¢*" Hecke operator in
TP, and f by f.

After tensoring with C,,, one can leverage this to produce non-canonical but Hecke-equivariant
isomorphisms between the spaces of modular forms above, by mapping integrally normal-
ized eigenforms to each other. Such an isomorphism is then also an isomorphism of integral
lattices spanned by normalized eigenforms. However, the natural integral structures on both
sides are not necessarily spanned integrally by eigenforms (on account of congruences be-

tween eigenforms).

1.2 Statement of results

Our main result is an explicit isomorphism that exhibits the Jacquet-Langlands correspon-
dence in the above setting, and that respects the natural Z,-integral structures on both sides.
We identify £;(B,Q,)? " with sections of a bundle on an explicit twisted form X" of X
which is produced in the theory of p-adic uniformization of

Cerednik-Drinfeld [BC91], [Cer76]. We briefly recall the construction of this curve. For a

more detailed introduction see §3.1.

1.2.0.1 p-adic Uniformization

Let €2 be the p-adic upper half plane over QQ,, considered as a rigid analytic space. It can be
identified with P' — P*(Q,,) and is the generic fiber of a formal scheme Q), called the formal
p-adic upper half plane. The group of matrices GL2(Q,) acts on Q and Q by

Mobius transformations as usual. Recall that B is a quaternion algebra of discriminant N,

and that we fixed a set of isomorphisms

{ ée: Bi—Ms(Zy) },



at places where B is split, as in §1.1.0.1. The map ¢, : B,—M>(Q,) induces an action of
B on ) via

Mobius transformations. Let R’ be the Eichler order such that for each ¢ where B is split,
Oo(RP@Zy) =< x € My(Zy) | x = mod NT

Define

I = R[/p
I'={zeI"|Nr(z) =1}

I'® = {2 € I"|Nr(2) = p* for some k € Z}

considered as a subgroups of B). Let W = ['/T® = 7./27 (see Lemma 2.3.1), and let
w, € I" be an arbitrary element of norm p (see Lemma 2.3.1). The curve X x Spec@Q,

naturally extends to a scheme X over Z, (see §3.1), and its formal completion at p, X,

admits p-adic uniformization after a field extension (see §3.1.0.3). More precisely, let

be the formal scheme quotient. Let Zéz) C Z,"" be the ring of integers of the unramified

quadratic extension of Z,, and QI(,Q) its fraction field. Then,

~ ~

k= (¥ 2z
and X is a formal scheme over Z,, and it is a twisted form of X', The corresponding cocycle
in H' (Gal(@}(?) /Q,), Aut(X /)) sends the nontrivial element of the Galois group to w,. Teit-

elbaum [Tei93, Lemma 31] (see §3.2.2) constructs a sheaf w on Q whose quotient is naturally

identified with the formal dualizing sheaf of X’. The induced sheaf w ® Q, on the generic



fiber X " is naturally identified with the sheaf of rigid differential forms. Define

SK(XT PN, Q) = Sk(X', Q) = HO(X", QL0 ) = HO(Q, w2

This is the space of modular forms that appears in our main theorem, Theorem 3.3.2.

1.2.0.2 Explicit Jacquet-Langlands isomorphism

In this section we state our main results in the context of past work on this problem. The first

is an explicit version of the Jacquet-Langlands transfer, Theorem 3.3.2.

Theorem 1.2.1. (Explicit Jacquet-Langlands) Assume p > 3. There is an explicit, canonical

(up to sign), and Hecke equivariant isomorphism
—new JL
Li(U, Q)P ——— Si(X', Q).

If the weight & is two, then this map has a simple description. The dual graph of X’ Xgpc7, SpecF,,
is naturally a quotient of the Bruhat-Tits tree 7. Singular points on X’ Xgpecz, SpecF,, are
necessarily ordinary double points, and their generic fibers (in the sense of Raynaud, that is,
points of X "% (Qp) that specialize to a singular point) are rigid analytic annuli. Elements of
Sk(X’,Q,) are simply Q,-valued rigid-analytic functions that satisfy a modular transforma-
tion property under I'. If f € Si(X’,Q,), we can consider its residue on each of the annuli
defined above. This defines a ['-invariant function on the edges of the Bruhat-Tits tree of
PGL(2,Q,).

By strong approximation, elements of £ (U, Q,)?~"“" are naturally identified with functions
on the edges of this tree, and this identification is an isomorphism in weight two.

In their article [BD98], M. Bertolini and H. Darmon establish an isomorphism between a
space of p-new cusp forms of weight two on a definite quaternion algebra and a space of func-

tions on the edges of the Bruhat-Tits tree of PGL(2,Q,). Their paper, specifically [BD9S,



Proposition 1.4] inspired our work, and Theorem 2.5.4 should be considered a generalization

of their result.

1.2.0.3 Z,-integral structure

The next result says that this isomorphism is compatible with natural Z,-integral structures
on both sides. Note that elements of the left hand side are identified with p-adic functions on
a (possibly finite) set of points, and the integral structure is natural in this setting [DT94]. For
example, in weight two, it is defined by scaling p-adic functions on the finite set B*\ By /U
to take values inside Z,,.

On the right hand side, the integral structure is defined geometrically, namely as global sec-
tions of the dualizing sheaf of a certain model over Z,. See Remark 3.1.2 for a relation

between this model and the minimal regular model over Z,,.

Theorem 1.2.2. If p > max(k — 2, 3) then the isomorphism above takes a natural Z,-lattice
in Li,(U,Q,)P~"" to the Z,-lattice defined by a certain model of (an explicit twisted form

X') of the Shimura curve over Z,,.

For a more precise statement see Theorem 4.2.9. In general, for p > 3 and all weight, the ex-
plicit Jacquet-Langlands isomorphism induces an inclusion of finite index lattices. Namely,
the lattice defined by the dualizing sheaf is always contained in the image of the lattice
coming from the definite quaternion algebra. The quotient is a canonically defined torsion
module. See Theorem 4.2.9 for a precise statement. There are algorithms, implemented in

the software package Sage, that can be used to compute this [FM14].

1.3 Overview of proof

To prove the main theorem, we identify the space of modular forms £ (U, Q,)?~ " and
Sk(X’,Q,) with a space of functions on the edges of the Bruhat-Tits tree of SLy(Q,). These

two maps compose to give Theorem 3.3.2.

10



The first identification we prove is for £, (U, Q,)?~"", and it is Theorem 2.5.4. This is the
main result of Chapter 2. In the first few sections of this chapter, we set up the required
notation, and define and prove elementary results about various groups defined in quaternion
algebras. The map that appears in Theorem 2.5.4 already appears in Remark 2.3.2, where we
also establish it is an isomorphism. Theorem 2.5.4 is then the observation that this map re-
stricts to identify p-new and harmonic functions. To check that, we need the modules defined
in §2.3.3, and the inner products defined in §2.4 along with their basic properties. Those
results are combined in Lemma 2.5.2, of which Theorem 2.5.4 is essentially a corollary.

In Chapter 3, we identify Sj, (X', Q,) with a space of harmonic functions. This follows from
work of [Sch84], [dS89], [SS91], and [Tei93], and competes the proof of Theorem 3.3.2. The
remainder of this article is to check properties of this map. In §4.1 we compute the action of
the Hecke algebras T? and T” on the appropriate spaces of functions, and check that they
align. In §4.2 we define an integral structure on Ly (U, Q,)?~ ™" (Definition 4.2.1), which
agrees with £ (U, Z,)P~"" if the involution W), defined in §2.5.0.2 is trivial on the p-new
space. The integral structure coming from a model (of a twisted form) X’ of the Shimura
curve X is identified and computed in [Tei93]. Finally, we combine these results to prove a
compatibility between the two Z,, integral structures in Theorem 4.2.9. The desired p-torsion

Hecke module arises because Theorem 3.3.2 induces a finite index inclusion of these lattices.

1.4 Further directions

One would like to understand how the isomorphism JL of Theorem 3.3.2 interacts with cer-
tain natural inner products on both sides. In particular, we would like to relate the natural
inner product (,)g.; on Ly (U, Q,)P """ to a natural bilinear form (-, -) defined via p-adic
Hodge theory.

The vector space, Sy,(X’, Q,) is identified with a subspace of the (¢, N') module H' (X", V;_,)

associated to a semi-stable Galois representation attached to a certain (self-dual) local sys-

11



tem V;_, on X" and N is the monodromy operator. For f', ¢ € Si(X', Q,), we define
(f',g") = tr(f" U N(¢')), where cup product followed by the trace map is given by the

composite:

tr

Hl(Xan,Vk_z) X Hl(Xanyvk—Q) i> H2<Xan7VI;®32) - QP

Let JL;, JL, be the images of f,g € L;(U,Q,)? " under JL. Then one may expect a

relation of the form:

(fs9)aes = (I, ILg).

We hope an equality of this form can be used to establish an analogue of Conj. 4.2 of [Pra08]

at the prime p, up to p-adic units.

12



CHAPTER 2

Modules on the Bruhat-Tits Tree

The main result of §2 is Theorem 2.5.4, and the results outside §2, interact with this section
primarily through that theorem, and Lemmas 2.2.5 and 2.5.3.

Theorem 2.5.4 identifies p-new modular forms on a definite quaternion algebra (see Def-
inition 2.5.1) with a space of harmonic functions on the edges of the Bruhat-Tits tree of
PGL5(Q,). In §2.1 we setup notation and recall the construction of various rings and mod-
ules that play a role throughout this article. In §2.2 we recall basic results about the Bruhat-
Tits tree in a form that we use them. The main result of that section is to prove Lemma 2.2.5,
and collect supporting lemmas used in this chapter. In §2.3 we construct various modules
on the Bruhat-Tits tree. The isomorphism that appears in Theorem 2.5.4 is the restriction of
the map that appears in Remark 2.3.1. The results of §2.4 are used to define the space of
harmonic forms. Finally, §2.3.3 and §2.4 are combined in §2.5 to prove Lemma 2.5.2 and

Lemma 2.5.3 which imply the main result of this section.

2.1 Setup

In this section we construct various oriented and unoriented Eichler orders, and define the
space of modular forms on a definite quaternion algebra. The notation introduced here is

used throughout the article, except for cases where we indicate otherwise.

13



2.1.0.1 Quaternion algebras

Let H/Q a quaternion algebra. Forh € H*let h(¥) € H7 denote theidele (R, -+, h,1,h,---)

which is h away from the ¢*" place. Define
j;{:.JZHZ_XH}( Jf(z):]3(2>:(1’7]-7z717>

where j¢(2) is the idele which is z at the /" place. When possible, we denote this map simply
by 7 or j. The superscript is used to indicate the quaternion algebra, and is surpressed if it
is clear from context.

An element z € H* will be will called even (resp. odd) if [Nr z| = p** (resp |Nr z| = p**1)

for some k € Z. Define sign(z) = 1if z is even and —1 if v is odd.

2.1.0.2 Definite quaternion algebras

Fix a squarefree integer N = N~ (N - p) with p prime, and N~ divisible by an odd number
of primes. Throughout this article B will denote the definite quaternion algebra over QQ
ramified precisely at the primes dividing the square-free integer N~ and oo. It is unique up
to isomorphism [Vig80, Thm. IV.3.1].

In our context, strong approximation says the following. If U C Bj is an open subgroup

such that Nr(U) D[], Z; then
B*-By'-U = Bj 2.1

Indeed, LHS contains B;Z’l (ideles that have norm 1 at all places)[Vig80, Theorem I11.4.3],
* «1 _ px
and B -U-Bf —Bf.

2.1.0.3 Eichler Orders

Recall that we can construct Eichler orders of B following [Vig80, p.20].

14



For each integer M coprime to N—, let R(M) be the following Eichler order of level M
[Vig80, §11.2]

R(M)=cxeR|p(z) = mod ¢ V{|M

It is maximal at places not dividing M and stable under the canonical involution. Indeed, this
can be checked locally [Vig80, II1.5.1]. This is clear at split places [Vig80, p.3], and from
the discussion above, also at ramified places. Let R = R(N*p), and recall that all Eichler

orders of level p in B, are conjugate to

R,=qx€R,|px) = mod p
0 =*

2.1.0.4 Orientation

If { | N~ then an orientation [Rob89, Chapter I] on R, is a homomorphism of rings o :
Ry —Fpe. If (4 N~ then it is a homomorphism of rings 0 : Ry —Z/{ x Z/{. A non-maximal
oriented Eichler order has exactly two orientations. In the case of R, they are o(7) = (a, d)

and o(y) = (d, a). That is, the map that takes

N = — (a,d) € Z/p x Z/p

(or respectively (d,a)). Choose an orientation R, on R, for each ¢, and let R denote the
Eichler order I? along with these choices of orientations. It is an oriented Eichler order.

An automorphism g of the oriented Eichler order R, is an automorphism g : R,— Iz, of the

15



underlying ordinary order such that the following diagram commutes:

2.1.0.5 Modular Forms

In this section, we define the space of weight £ modular forms on B;t following [DT94, §2].
Throughout this article, the weight £ > 2 is an even integer, and we let n = k — 2.
In our setting, weight £ modular forms are functions that take values in a vectorspace of

polynomials of degree n = k — 2. Recall that the prime p is fixed above.

Definition 2.1.1. Let P,(Q,) denote the space of polynomials in z, y that are homogenous

of degree n, and let GLy(Q,) act on this vectorspace on the left by

YP(z,y) = P((z,y)-v) 7€ GLa(Qy)

where (z,y) is considered a row vector. Note that if v = () then

AP =P.p" =P Nry"? (2.2)

P = yPNr~y™™2 = 4 P|Nr~|"/? (2.3)

Define the Q, bilinear form

(@'y" ™ aly" ) = (=1)'il(n — )10

This inner product is SLy(Q),) invariant, and satisfies the following transformation property
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VF,G € P,(Q,) and v € GL2(Q,):

Definition 2.1.2. Let U C Bj be a compact open subgroup. The space of weight £ modular
forms for U is
f(bz) = f(2) Vze B} be B*

Ly(U,Qp) =14 f: B;%Pn(@p)
flzu) = u, ' f(2) Vue U

Here, w,, is the component of u at p and u,, ' acts on the left on P,,(Q),) as the matrix ¢, (u, ")
where ¢, : B, = M, (Qp) is the isomorphism fixed above. We embed B* C B diagonally.
Following [DT94, p.446], we endow L (U, Q,) with the following non-degenerate bilinear

form

(fif) = Y. (fi(9): folg))(Nr g,|INr g)F (2.5)

lg]eB*\B}/U

Remark 2.1.1. If k = 2 then n = 0 and P,(Q,) = Q,. The modular forms of weight two

L(U, Q,) are then identified with the @, valued functions on the finite set B*\ B} /U.

2.2 The Bruhat-Tits tree

2.2.1 Normalizers

Here we consider the normalizers in B of various rings. Recall that B is split at p and R,

corresponds to M(Z,) under the isomorphism ¢,. Let § = (0 1) and recall [Vig80, p.40]

p0
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that the normalizers of R, and R, are

N(Rp) :@; R;

N(R,) =(Q,R,,B)
For convenience, we record that the normalizer of Ep 18
N(R,) =Q,R,

and hence N (R,) = (N(R,), 3). For a proof, see Lemma 2.2.2 below.
In this section we observe that elements of these groups can be put into a canonical form.

First, note that 8> = p- I, = (§ ) and B~ = B - p~' = (9 !/P). Observe that

a b a b) | L fa b d c/p
€ My(Z,) = p f=p b= (2.6)
c d c d c d pb a

In particular,

R,=R,NBR, B =R,NB'R,

We specify elements of B, as matrices via the isomorphism ¢,, fixed above.

Lemma 2.2.1. Every element b € N(R,) = (Q;R;, 3) can be written in exactly one way
as b = Aaf™ and in exactly one way as b = \f™a' with m € {0,1}, a,a’ € R} and

A\ = (I’Otlg)t)forsomet e 7.

Proof. Uniqueness is clear because \ and ¢ are determined by |Nrb|, which implies that «
and o' are also uniquely determined.

To show existence, it suffices to show that if g € N(R,) with [Nrg| = 1, then, g € R},
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Recall that 5* = pl,. Write g as a finite product oy 5™ 3™ - - - . 3™ with o; € R; and
m; € {—1,0,1}. Without loss of generality, assume that this expression was taken with
minimal s.

Suppose m is minimal, and consider the collection .S of substrings of this word containing
both 3 and 3~1. If 3 appears in the product then so does 37! (because Nr g € Zy). Choose
the shortest such substring in S. It must contain exactly one 3 and exactly one 371, and hence
be of the form 737! or B~ '73 with 7 € Ry. However, since 3 € N(R,,) each of these two
expressions are in 1. Thus, if this product contains 3, we can modity it to decrease s. That

is a contradiction. |

Lemma 2.2.2. The normalizer in B; of R, is
N(R,) =QR,

Proof. By Lemma 2.2.1 it suffices to check that R;, @; are in the normalizer, and [ is not. It

is clear that Q7 is in the normalizer. If v = (¢ %) and m = (@) are the images in GL;(F,)

of elements of R;, then

and

Thatis, R, C N (Ep). Finally, from §2.1.0.4, it is clear that § ¢ N (Ep). Indeed, by (2.6) it

interchanges the two orientations. |

Lemma 2.2.3. Each b € N(R,)) = R;Q; can be uniquely written in the form \a for o« € Ry
and \ = (%t ;) for some t € Z. Similarly, each b € N(R,) can be written in the form

above with o € R,
Proof. Existence is clear since ({ ) € Ry C R, for each u € Q) with |u| = 1. Uniqueness
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is also clear. If b = A\« is an expression as above, |[Nrb| = [Nr A| - [Nral, and [Nra| = 1.

This specifies A uniquely. |

Corollary 2.2.4. Let g € N(R,) be even (that is, [Nt g| = p** for some k € 7). Then,

g € N(R,).

Proof. This is clear from Lemma 2.2.1 and Lemma 2.2.3. ]

2.2.2 The Bruhat-Tits Tree 7 of PGLy(Q,)

The Bruhat-Tits tree 7 of PGL»(Q),) is a tree with vertices V(7 ) and £(T).

V(T) = { maximal orders in B, }
E(T) ={ Eichler orders of level p in B, }

?(7') = { oriented Eichler orders of level p in B, }

Each of V(7),&(T) and ?(T ) has a natural left B structure where z € B acts by con-
jugation: X +— 2z - X -z~ The reader should think of ?(T) as the set of edges of T
with orientation. Recall that we fixed a maximal order R, = ¢, ' (M2(Z,)), an Eichler order
R, C R, of level p, and an orientation on R, (that is, an oriented Eichler order R, of level p).
Two vertices of 7 are connected by an edge iff their intersection is an Eichler order of level
p, or equivalently in £(7). The chosen maximal order R, defines a vertex of 7. We call a
vertex v € V(7)) even (resp. odd) if the number of edges in any path connecting R, and v is
even (resp. odd). Recall that we call an element z € B} even if |[Nr z| = p* for some t € Z,
and odd otherwise. An edge e € ?(7’) is called even if its origin is an even vertex, and odd

otherwise.

Remark 2.2.1. The tree T is equivalently the Bruhat-Tits tree of PGLy(Q,) [BC91, L.1],
[Mus78, §1] or the tree of SL;(Q,) as described in [Ser80, II]. To make this identification,

let GL,(Q,) act on Qi by left multiplication. Then, the homothety class of a Z, lattice in Qi
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defines a maximal compact subgroup of M,(Q,) (its stabilizer), and this correspondence is
bijective. Similarly, two vertices are joined by an edge iff their intersection is conjugate to
R, [Ser80, p.77], or equivalently is an Eichler order of level p [Vig80, 11.2.4]. In [GvdP80,
p.18], the tree 7 above is identified with the Tits building of GL2(Q,)

Recall that the goal of this chapter is to prove Theorem 2.5.4, which is a relation between a
space of modular forms and certain functions on the edges of the Bruhat-Tits tree. The space
of modular forms £;(U,Q,) can be exhibited as a space of functions on the group B;;. We
will use the following lemma repeatedly in to identify this space as functions on the edges of
the Bruhat-Tits tree. The map d below is a choice of orientation. It embeds £(7T) in ?(7')

as the edges that start at even vertices.

Lemma 2.2.5. There is a commutative diagram

B,—L . p; j/,\g;;
L e
By/N(R,) —=B;/N(R,) 1 _B;/N(R,)
a | c
8(LT) gy //T\V(L)

where the maps a,b,c,d, D, b, 0,0, 0, t,T and T are defined as follows. For all z € B,
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we define

a(z) = 2R,z7"
b(z) =zR, 2"

c(z)=2R, 27"

Forall z € B;, define

z z even

D(z) =
zfB  zodd

It is clear that each element of By /N(R,) contains a representative [z| with z even, and if
such a representative z is chosen, we define d(zR,z"") = 2R, 2" and D([z]) = z.

The maps a, b, c are isomorphisms of left B, sets (the left action on the source is given by
left multiplication). For a € By, even, d(az) = ad(z) and D(az) = aD(z). It is clear that
O, T, o,t all respect the left B}, action.The opposite € to an edge b(z) = e € ? ) is b(zp).
It is clear that e — € commutes with the left B} action.

The map D is an injection, and an edge is in the image of D iff it is even. Since d and D are
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identified, the same statement holds for d.

Each of the right hand squares are to be interpreted as giving rise to two diagrams with the

top (resp. bottom) arrow on the top corresponding to the top (resp. bottom) arrow on the

bottom. Unlabeled vertical arrows are canonical.

Proof. Note that commutativity is clear if the maps exist as stated. We show that all the maps

exist, and have the stated properties.

a,b,c

o,1

That these maps are well-defined is clear and injectivity is by definition. Eg, if z, w
have the same image under a then w™'2R,z'w = R, <= w™'z € N(R,) <
z € wN(R,). For a, surjectivity is [Vig80, Lemme I1.2.4] and for ¢ surjectivity is
[Vig80, Lemme I1.2.3]. For b, recall that a non-maximal Eichler order has precisely
two orientations as given in §2.1.0.2 and conjugation by [ above clearly permutes
them. Hence, we know that a, b, ¢ are isomorphisms of sets. It is clear that they respect

the left B;-module structure.

It is clear that these maps respect the left B module structure (if they exist). We just
need to show existence. Existence for O is clear since N(R,) C N(R,). For T" we

need to show that Vo € N(R,), z € B,

zafN(R,) = zBN(R,)

Thatis, 3~ 'aB € N (Rp). However, if & = A\’ is a decomposition as in Lemma 2.2.3

then by definition, 5~'a/3 € R} C R C N(R,).

This is the same as for O,T'. It is clear that these maps respect the left B, module
structure (if they exist). We just need to show existence. For o this is clear. For ¢ we

need to show that Vo € N(R,), 2 € B}

264 Rp(zﬂ)_l = zaf Rp(zozﬁ)_l
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d, D

That is, (8~ 'afB) R,(8 'aB)~' = R,. However, we observed above that (8~ *af) €
N(Ry)-

We show that d, D are well-defined. Let z € B;. Since 3 € N(R,) we can modify z by
an element of N(R,) so that z is even (that is, so |Nr z| = p?* for some k € Z), hence
d, D are defined on their respective domains. If [z] = [w] as elements of B /N (R,)

! = wR,w™" because a is an isomorphism) then z = wa for

(or equivalently z Rz~
a € N(R,). Since z,w are even so is a hence o € N(R,,) by Corollary 2.2.4. Thus

d, D are well-defined.

We show that d, D preserve the left-action by even elements. Let w € B, be even,
z € Bj and 2’ a representative of the coset zIV(R,) with 2’ even. then, w2’ is
even and a coset representative of wz. Thus D(wz) = w2z’ = wD(z). Similarly,

d(wzRpz 'w™) = (W) Ry (w2) ! = wd(zR,27 ).

It is clear that D is injective. Indeed, suppose D([z]) = D([2]) for some z, 2" € B.
Without loss of generality assume that z and 2’ are even. Then, D([z]) = [z] and
D([Z']) = [#']. Now,

7 €zN{R,) < z'Y e NR, C N(R,) = 2 €zN(R,)

=P

and hence the cosets [2], [2'] of By /N(R,) are the same.

Lemma 2.2.6. Fore € ?(T)

Stabr e = Stabre

Proof. Since e — € is an involution, we only have to show one containment. Let e = b(z).

Then,

Stabre={ vy €Tl |72N(R,) =zN(R,) }

=P
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The normalizer of R, is Q; R, and since 3 € N(R,),

Observe thatyzN(R,)) = 2N (R,

P

)) <= 126N(R,)3 ' =26NR,)f" <= 728N(R,) =

zBN(R,). Since b(z) = b(z[3), this yields the desired conclusion. [
Lemma 2.2.7. The map c preserves the notion of parity.

Proof. This follows from [Ser80, Corollary II.1.2] since our tree 7 is the tree of SL2(Q,),

see Remark 2.2.1. |

2.3 Modules on T

We will use several intermediate modules to establish an isomorphism between the space of
p-new forms for the definite quaternion algebra B and a space of harmonic forms. First we
define the modules and isomorphisms required to prove Lemma 2.5.2. For the remainder of
§2,let M =P,(Q,).

Recall that if z € By, j(2) € Bj is the idele which is 1 away from the p'" place and z
at the p'" place. If b € B*, b® is the idele which is 1 at p (and b elsewhere). Note that

(p)®P eU CV.

2.3.1 Generalities
In this section we recall some results for later use (see [BD98]). Unless otherwise stated,

o %

U =R*=R(N+p) Q2.7)
V =R(N*) (2.8)
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are considered as open subgroups of B}. Note that Nr(U) and Nr(V') both contain [, _ Z;.

q<oo
This is clear at local places ¢ such that ¢ t N~. If ¢ | N~ then R, C Ok where K/Q, is
isomorphic to the quadratic unramified field extension of Q,. The conclusion follows since

the reduced norm on K agrees with the usual norm of field extensions and Nr(Oj) = Z;.

Let

I =R(N)[1/pI"
={zel"|Nr(z) =1}

I'® ={zel"|Nr(z) = p** for some k € Z }

When identified with a subgroup of GLy(Q,) via ¢,, I is discrete and co-compact. As a
subgroup of SLy(Q,), ¢,(I") is dense and has finite covolume. [Vig80, Thm. IV.1.1] By
definition [Vig80, p.109], I' is a congruence group.

By Lemma 2.3.1 we may and will fix 7 € I” with |[Nr 7| = p.

Lemma 2.3.1. There is a short exact sequence

Nr(y)

0—IT—TI’ % 7Z—0

Proof. Injectivity is clear. Observe that I contains p* = <p0k p0k> ,Vk € Z because p =
p - Lr(v+y is a unit in R(NT)[1/p] by construction. This group also contains an element of
reduced norm an odd power of p [BD98, Lemma 1.5]. Hence we also have surjectivity. If
v € T” then because B is definite, Nry € Q, and Nr(y) > 0 [Vig80, Theorem 4.1]. By

[Vig80, Lemma 1.4.1], Nr(~) € Z[1/p). [

Corollary 2.3.2. Each element a € 1" can be written in exactly one way as a = \jy7° and in

exactly one way as \y7°' for v,y € T,b € {0,1}, \; = (’g ;j ) and j € 7. This element

isin T iffb = 0.
Proof. As v,(Nr(7°\;v)) = 2j + b = v,(Nra), b, j are determined by a. Hence v,/ are
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also uniquely determined. |

Lemma 2.3.3. The group I is

I"={beB |bel, Vl<ool+p}

or equivalently,

I'={be B

Proof. Note that U, = V, for ¢ # p. Since R(NT)[1/p] C R(N') ® Z, (for ¢ # p)
the inclusion C is clear. If b € B, then clearly p"b € R, for n > 0. Hence, if b €
RHS then p"b € R(NT) for n > 0. Thus, b € R(NT)[1/p]. Since b=' € RHS, b €
R(NT)[1/p]". u

Lemma 2.3.4. The map D : B}, /N(R,)—B; /N (R,) of Lemma 2.2.5 descends to a bijection
D :T\B/N(R,) "\ B /N (R,)

Equivalently, d : T\ E(T) =T\ ?(7‘) from Lemma 2.2.5 is a bijection.

Proof. Since elements of I' are even, D descends to the map above. Surjectivity is clear,
since each coset of I\ B; /N (R,,) is represented by some even element z € B;. We prove
injectivity. Let z,w € B; be even and suppose D(z) = D(w). Then, 3y, € I', o, €
N(R,) so that

vz = pawa!

Since z,w, a, o/ are even, by Corollary 2.3.2 we can write v = 7%/ \;, u = 7°u'\ s for some

b € {0,1}. Cancelling 7° gives injectivity. |

Lemma 2.3.5. There is a bijection

j:T'\B,/N(R,)—B"\B}/U
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Here, the map j is induced by
jB;_)B;; ](Z):(].,,]_,Z,].,)

where j(z) is the idele which is z at p and 1 away from p.

Proof. 1t is clear that j above descends to the given quotient. It is surjective by strong
approximation. We show injectivity. Suppose z,w € B, have the same image. Then,

db € B*,u € U such that

as elements of B;. We have b € I'" by Lemma 2.3.3 and u, € N(R,)) by definition. Hence,

injectivity. |

Lemma 2.3.6. There is a bijection
B\B;/U Z2E, g\ gy
Proof. Suppose z = bz'u are two representatives of a coset. Then,

2j(B) = b2"uj(B) = b(='§(8))1(B) " uj(B)

and by Lemma 2.2.1, j(8) 'uf € U. Hence this map is well-defined. It is an involution

since 3% = pand p/j(p) € U, and hence bijective. [ |

Lemma 2.3.7. Let v € GLy(Q,) and 7 denote the endomorphism of P,,(Q,,) defined by left

multiplication

TE(,y) = F((2,9)7)
Then, dety =1 — dety = 1.
Proof. Straightforward. |
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2.3.2 Edges

In this section we identify modular forms for U as spaces of functions on B;. Although
the modules defined here play an intermediate role, the maps between them compose to the
main isomorphism. The main result here is to identify the space of modular forms £,(U, Q,)
defined above with a space of functions Ct (M) that is defined below. Theorem 2.5.4 is then
the observation that this isomorphism identifies p-new forms (see §2.5.0.2) and harmonic
forms (see §2.5.0.1).

Consider the spaces

CoM)={f:ET)—=M} (2.9)
CL (M) = { £ E(T) =M } (2.10)

of arbitrary M valued functions on edges (resp. directed edges) of the Bruhat-Tits tree. If f

belongs to either of these spaces, let B act on it as

v-f=rqfoy ' -INey**  VyeB;

A function is invariant under vy € B; iff for all w in its domain,

(f ov)(w) = 7 f(w)|Nr|"/

By Lemma 2.2.5, the spaces of I" and I invariants are
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C%(M)F’ _ ) B SPQ,) f(za) = f(2) Vo € N(R,),Vz € B}
F62) = A N ¥ T € I

f(za) = f(2) Vae N(R,),Vz € B;

f(yz) =~f(z) Vyel,VzeB;

CHM)" =1 f:Bi—P2(Qy)

\

The following module will play an intermediary role.

— o1 —1|n/2 %
G k) = | 5 BysPa(y) | P T @ TR e @ N, E By

f(v2) = f(2) ¥y €I',Yz € B

Lemma 2.3.8. If f € L, (U,Q,) then f o j € Cy(I", k), and the association f — f o jisan

isomorphism of QQ,, vectorspaces
ly: Le(U,Q,)—C1 (I, k) fr=foj
Proof. Let f € L,(U,Q,). We check that f o j € C;(I", k). By Lemma 2.3.3,
foij(vz) = f(YPj(v2)) = f(7j(2)) = foj(z) VzeByel
Recall that [Nr o = 1 for o € R;;. Hence
foj(za)=a'foj(z)=a ' foj(z)|Nra™|"?

Finally,

foi(zp) = f(pPj(zp)) = foj(z) =p ' foj(z)|Nep "/

Hence f o j € C1(I", k) and the map [y is well-defined.
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It is clear that [ is injective by strong approximation. We show surjectivity. For f €

C1(I", k), define a P, _5(Q,) valued function ¢); on the subgroup j(B,) - U C B} as

Forb € B*, h € j(B;)U define
Uy (bh) = f(hp)

If a € B*, g € j(B,)*U with ag = bh then by Lemma 2.3.3 b~'a = hg™' € I and
d’f(bh) = f(hy) = f(bgjlapgp) = f(9p)

Hence, vy is well-defined on B*j(B,)U = B}. Itis clear that )y € L;,(U, Q,) because it is

left B* invariant, and for v €U, z € B?%,

Vr(zu) = f(zpup) = u;lf(zp)‘Nr U,Zlfm = u;lf(zp) = uglwf(z)
as required. |
Lemma 2.3.9. If f € C,(I'", k) and g € C'I?(./\/l)r', define

7j(2) = 2f(2)[Nrz["* € O (M)”

0,(2) = 2 'g(2)|Nr 2|2 € C\(T, k)

The map

/

i k) = Cx (M) [y
is an isomorphism of Q,, vector spaces with inverse o : g — o,

Proof. For f € C(I", k) and g € Cl?(./\/l)rl, we have 77 € Cl?(./\/l)r/ and o, € C1(I", k).
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Indeed, forall« € N(R,),y € I, and 2 € B;,

71(2a) = zaf(2a)|Nr za|"? = 74(2)

71(v2) = v2f (v2)|Nr 279|"? = y74(2)|Nr y|"?

Hence 7; € C% (M), Similarly,

oy(za) = a ' 27 g(za) Nt za| ™2 = oo, (2)|[Nr a2

0y(72) = 27197 g(72)INry2| 72 = 27l g(2)[Ne 272 = 0y (2)

and 0, € C1 (I, k).

It is clear that ¢; and o compose to the respective identity maps. |

Lemma 2.3.10. Pullback by the map d of Lemma 2.2.5 defines a map C’%(M)—)C%(/\/l)

This map descends to an isomorphism of Q, vector spaces
0 CH(M)T=Ce M) a(f)(e) = f(d(e)), f € CH(M)T
As usual, this is expressed as a map on B via the map D of Lemma 2.2.5. It is

o(f)(z) = f(D(z)) Vz€B;

Proof. It is clear that the pullback map descends. Let F' € C%(M)F/ then for all v € I" and
eec&(T),

o(F)(ve) = F(d(ve)) = F(vd(e)) = vF(d(e))

Thatis, o(F) € CHM)L.

This map is also clearly injective. If F' € C'l?(/\/l)rl and o(F) = 0 then by Lemma 2.2.5,
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F(e) =0foralle € ?(T) even. However, the relation
F(re) = TF(@)]NrT|"/2

implies F' = 0.

Finally, we show that ¢ is surjective. If f € CL(M)" then define

f(d=t(e)) if e even
771 F(te)|Nr7|™/2  if e 0odd

This is well-defined, because for e even, d—! (e) is well-defined. It is also clear that Flod = f,
and it remains to show that F'is I invariant.

Let v € I and by Lemma 2.3.1 write v = 7/ \7? with 7/ € I, A = p' for some t € Z, and
b€ {0,1}. We prove that F' is I/ invariant in cases.

Case: e even, b = 0:

= 7' AF(e)|Nr~|"/? (2.2)

Case: e even, b = 1:

F(ve) = F(y'Ate) = F(y'\re)

= 7 F (74 Are)|Nr 7| 7/2 since ' A7e is odd
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Note that 7y' A7 € I'®), so the above case applies to give this is

= 7 Y7/ A7) F(e)|Nr T|_”/2 INT 7'7’)\7'|"/2

= 7P (e)|Nra 2

Case: e even, b = 1: For e odd, we have F'(¢) = 7' F(re)|Nr7|~"/2. That is, F(re) =

7F(e)|Nr 7|"/2. The case above applies to give:

F(ye) = F(yr~'(7e))

= v7 'F(7e)|Nr 77'_1|”/2

= v7 7 F(e)|Nr T|”/2|Nr yrt |"/2

= 1P ()N

Hence surjectivity. |

Remark 2.3.1. The maps above compose to an isomorphism of @, vector spaces

Li(U, Q) —— Ce(M)"

Theorem 2.5.4 is the observation that this map restricts to identify p-new forms §2.5.0.2 and

harmonic forms §2.5.0.1. In Lemma 2.5.2, we also record explicit formulas for this map.

2.3.3 Vertices

In this section we identify modular forms for the open subgroup V' as spaces of functions
on B. The main application of the results here is to prove Lemma 2.5.2, which along with
Lemma 2.5.3, implies the main theorem of §2, Theorem 2.5.4. These results here will not be

used until §2.5.
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Consider the space

COM)={f:V(T)—>M}

of arbitrary M valued functions on vertices of the Bruhat-Tits tree, and endow it with an

action of B; via

(- fw)=vfor (v)- [Nty|"? Wy € B;veV(T)

A function is invariant under v € By ifff for all w in its domain,

v f=vfoy - |Nry|"?

By Lemma 2.2.5, the spaces of I" and I invariants are

M= fiBmna |  EVTIE e R

f(vz) =7f(2)INey|™?2 Yy eI, Vz e B;

f(za) = f(2) Vae N(R,),Vz € B;

f(vz) =~f(2)  Vyel,Vze B,

CO M) =14 f:Bi—Pio(Q,)

\

The following module will play an intermediary role:

f(za) = a7 f(z)Nra™'|"? Va € N(R,),Vz € B;
flyz) = f(2) Vy eT',Vz € B}

Wi(I') = q f:By—PF2(Q,)

Lemma 2.3.11. If f € L,(V,Q,), then f o j € Wi (I") and the association f — f o j is an

isomorphism of Q,, vectorspaces.

ly : Lp(V,Qp) =Wy (I7) J=foy
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Proof. Let f € L,(V,Q,). We check that f o j € Wj(I"). By Lemma 2.3.3,
foilyz)=f("j(v2)) = f(ni(2)) = foij(z)  VzeBjyel
Recall that [Nt o = 1 for o € R;. Hence
foj(za)=a'foj(z)=a ' foj(z)|Nra |

Finally,

foi(zp) = f(pPj(zp)) = foj(z) =p ' foj(z)|Nep "/

Hence f o j € Wy (I") and the map [y is well-defined.
It is clear that Iy is injective by strong approximation. We show surjectivity. For f € W, (IV),

define a P, 2(Q,) valued function ¢; on the subgroup j(B,) - V C B} as

Forb € B*,h € j(B;)V define
by (bh) = f(hp)

If a € B*, g € j(B,)*V with ag = bh then by Lemma 2.3.3 b~'a = hg~' € I and

Yy(bh) = f(hy) = f(szlapgp) = f(9p)

Hence, vy is well-defined on B*j(B;;)V = B}. Itis clear that ¢y € L (V,Q,) because it is

left B* invariant, and for v €V, z € BJ’Z,

wf(zv) = f(zpvp) = Up_lf(zp)|Nr vp_lln/2 = v;lf(zp) = U;1¢f(z)
as required.
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Lemma 2.3.12. If f € W,,(I') and g € CO(M)" define

75(2) = 2f (2)|Nr 2" € CO (M)

0y(2) = 2 g(2)[Nr 2|77/ € Wi(T)

The map

!

Wi(l') = CO MY fey
is an isomorphism of Q,, vector spaces with inverse o : g — 0,

Proof. For f € Wi (I") and g € CO(M)", we have 77 € CO(M)" and 0, € W, (I).
Indeed, forall @« € N(R,),y €I",and z € B

|n/2

T(za) = zaf(za)|Nrza|"* = 14(2)

75(v2) = y2f (y2) [Nt 2r|"/? = 7 (2) [N |/
Hence 77 € C°(M). Similarly,

0,(za) = a 27 g(za) Nt za| ™2 = a o, (2)|[Nr a2

0y(72) = 27197 g(72)INry2| T2 = 2 7lg(2)[Ne 272 = 0y (2)

and o, € W (I").

It is clear that w and o compose to the respective identity maps.

Lemma 2.3.13. We have a linear map of Q,-vector spaces:

Y COMY @ COM)T =CO(M)T
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defined by

(

V(f,9)(2) = f(z) ifzeven
g(z) ifzodd
As a map on vertices,
U(f,9)(v) = f(v) ifveven
g(v) if v odd

\

Proof. 9(f,g) is a well-defined function on B;;. We need to show that it satisfies the two
properties required by CO(M)!. Let 2z € By and a € N(R,). Since « is even, the parity of
zais that of «v, hence ¥(f, g)(2) = f(za) (resp ¥(f, g)(2) = g(za)) if z is even (resp. odd).

However, f(za) = f(2) and g(za) = g(2). Hence ¥(f, g)(za) = ¥(f, g)(2). Similarly,

left-multiplication by - € T" does not change parity. Hence ¢(f, g) € C°(M)L. |

2.4 Adjointness

The goal of this section is to define the space of harmonic forms (2.17) in a general setting.
One of our main results, Theorem 3.3.2, identifies the space of p-new modular forms on a
Shimura curve with with the harmonic forms constructed here.

Although we will eventually take the space of coefficients M that appears below to be
P,(Q,), the results hold in more generality, in particular if M is not a vector space but
only a module over certain rings. It is also possible to deduce these results, not just for the
Bruhat-Tits tree 7, but for connected trees 7' C 7 that are not necessarily subtrees (that is,
trees 7' that do not contain all vertices intermediate between vertices of 7'). If I is a Schottky
group these correspond to different models of the corresponding Shimura curve, and one can
deduce if the corresponding model is the minimal regular model from properties of T". See
[Mum72, p.164] for a beautiful description. For I' not Schottky, see [Kur79, §3]. We allow
more general coefficients, and leave it to the reader to consider more general trees.

The results here are essentially contained in [dS89, §5]. We include proofs because in our
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setting [' may contain torsion while de Shalit assumes I' is torsion free.

2.4.0.1 Setup

Let R be a commutative domain with 1, I' C B;% GL3(Q,) the subgroup defined above,

and M an arbitrary left R[I'] module. Recall that Nry = 1 for all ¥ € I, and that I acts

without inversions. That is, for any e € ?(T), the parity of o(ve) is the same as that of

o(e). The graph I'\7T is finite. That is, it has finitely many vertices and finitely many edges

[Kur79, §3].

Recall that we denote the vertices of 7 by V(7), and the directed edges of 7 by ?(T)

We will identify the set of un-directecd edges £(7) with pairs (e, €). If e € ?(7—), then its

inverse is denoted e. If e € ?(7’) then o(e) and ¢(e) denote its origin and target respectively.

By definition, t(ye) = 7t(e), o(ve) = vo(e) forall v € T.

Define modules

CO M) ={f:V(T)—=M}

o'y ={ £ EM =M | fe) = —f(e) Vee E(T)}

and maps

weB; /N(Ep)
T(w)=z

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

defined for all z € By, e € ?(’T), and v € V(T). Functions on edges or vertices are

identified with functions on B} via Lemma 2.2.5 as usual. Let I" act on C°(M) and C"(M)
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on the left via

(V)(z) =70 for'(z) - [Nea|"?

(2.16)

Remark 2.4.1. Note that since T <% SL2(Q,), Nt |2 = 1 for all y € T, and the definition

of the action above can be simplified. We state the action in this more general form because

later M will be a @, module, and have an action of not just I' but all of B;. In this case, the

maps 0" and 0, above preserve not just the I action, but also B, action:

1O (1)) =10 (N N
NN = 3 f(0ly™ )N

7f (3 () Nea "> = 7 f (3 ofe)) Nr /2

" (vf)(e)
YO.(9)w) =7 D gle) | (v)
t(e)=v
= Z (€)|Nr "/
t(e)=y1v

=7 Z (e)|Nry |2
te
=1 Z g(y~te)Nry |2

= 0.(v9)(v)

2.4.0.2 Adjointness

M)

M)

The goal of this section is to prove Lemma 2.4.6. This is the main ingredient input in identi-

fying I'-invariants of the space of harmonic functions (which will be defined below).

Lemma 2.4.1. Let G be a free group on g generators, M an arbitrary left R|G| module, and
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X a set on which G acts freely by left multiplication. Let
COX)={f: X—M}

the collection of arbitrary M-valued functions and G act on C°(X) via y(f)(z) = v(f(y*-
x)). Then,
H'(G,C°(X)) =0

Proof. Straightforward. n
For the remainder of this section we assume that Q C R.

Corollary 2.4.2. The first cohomology group vanishes:
HYT',C°(X)) =0

Proof. The group I' contains a Schottky subgroup of finite index [Kur79, §3], and the desired

result follows from the lemma above, and the inflation-restriction sequence

0—HY(I'/G, MC) 25 HY(T, M) 2= HY(G, M)

Since M is an R-module, and Q C R, H'(I'/G, M%) = 0 [Ser79, Corollary VIII.1] [ |

Remark 2.4.2. We assume Q C R so that H'(T', C°(X)) = 0 below. With further knowledge
one can hope to take R = 7Z, for various primes /. For example, one could hope to have
bounds on the index of a Schottky group of I', or alternatively the subgroup of torsion ele-

ments ['y,.s C I'. The latter subgroup is also normal, and the quotient I' /Ty, is free [vdP92,

§3].

Lemma 2.4.3. The sequence

0—M—C(M) L CH(M)—0
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s exact.

Proof. Elements of M define the constant maps in C°(M). Since T is connected, the kernel
of 9" is precisely M. It is clear that the image of 9" is contained in C'(M). Surjectivity is
also clear. Let f € C''(M) and choose v € T and m € M arbitrary. Define g(w) =Y, f(e)
where the sum ranges over the unique non-repeating collection of edges of 7 going from v

to w. Then, 0*(g) = f. [

Applying cohomology we have the long exact sequence
0—=M"—C(M)" L ¢ (M) HNT, M)—0

Let (,) : M x M— R be a symmetric ['-invariant (that is, (yz,vy) = (z,y)) R-bilinear form,
and this pairing (, ) is non-degenerate, in the sense that if x € M, the function (x, —) on M

is zero iff x = 0.

Lemma 2.4.4. Under these hypotheses we have well-defined non-degenerate R-bilinear

pairings

(fog)=Y_ (flw)gw)  fgec (M)

[v]€eT\V(T)

(L= > (fle)gle))  figeC (M)

[el.[e]elM\ &(T)

That is, the function (f,-) on CO(M)" (resp. C1(M)') is the zero function if and only if
f e Co%M)T (resp. in CH(M)Y) is zero.

Proof. Well-definedness:

Suppose v = yv forsome y € I'. Then, (f(v'), g(v')) = (f(7v), g(yv)) = (v (v),79(v)) =

(f(v),g(v)). Note that in the second sum we take the value of a function on one of e, é. The

result does not depend on this choice by the defining properties of C*(M). Similarly, the
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R-bilinear form on C*(M)" is well-defined. These sums are finite, because '\ 7 is a finite
graph.
Non-degeneracy: Suppose f € C°(M)' is nonzero. Choose a vertex v such that f(v) # 0

and let z € M such that (f(v), z) # 0. Define g : V(T) —M by

Z,ueStabp yypr  ifw=~vforyel
g(w) =
0 otherwise

Observe that g is well-defined: if w = v = ~'v then v~ 4/ is in the stabalizer of v, hence

7' = . Itis also invariant under I': (vg)(w) = vg(y *w) = g(w), Yw € V(T). Finally,

(frg) = (f(v), D na) =D (f(v),ux) = [Stabrv|(f(v),)

pEStabr v n

Similarly, let f € C*(M)" and by non-degeneracy on M, fix e € ?(7—) and x € M such
that (f(e),z) # 0. Define g : ?(T) — M by

v Z,ueStabp e M ifw= e

g(w) = § —v ZueStabpe pr  ifw=~e

0 otherwise

This is well-defined: if w = +'e = ve then v~ !4/ € Stabre. Similarly, if w = e = ~ve
then v~!4' € Stabr e = Stabr e by Lemma 2.2.6. It is also clear that g € C*(M)". Non-

degeneracy follows, because

(f.9)= Y (fle),ux) = |Stabre|(f(e),z) #0

peStabr e

|
Lemma 2.4.5. Let f € CY(M). Then, via Lemma 2.2.5, f corresponds to a function on By
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and is determined as an element of C' (M) by its values on B;’l.

Proof. Lete € ?(7') Then, since f(€) = — f(e) and exactly one of e, € is in the image of
d:E(T)— ?(7’), f is determined by its values on £(7"). Under the isomorphism

a: By /N(R,)—E(T)
from Lemma 2.2.5, each e € £(T) is represented by some z € By (since, B;''-N(R,) = B}

by Lemma 2.2.1). |

Lemma 2.4.6. Let f € C°(M)', g € CY(M)'. Then,

(f,0.9) = (9" [, 9)

Proof. The proof is by induction on the number of edges. To simplify language, we simplify

notation and sometimes refer to the pair e, € (for e and edge) simply as an edge.

(*) A subset X C ? is said to satisfy condition (*) if it is a collection of edges and ver-

tices stable under inversion, I', taking endpoints, and such that degy v > 1 forall v € V(X).

Here, degy v is the number of edges of X terminating at v € V(X). This depends only
on the I'-equivalence class of v. Suppose X satisfies (*) and I'\ X contains exactly one
edge. Lete € X anedge, f € C°(X)'', g € C*(X)' (the latter groups are given the same

definitions as above, replacing 7 with X). degy (o(e)) = degy (t(e)) = 1. Hence,

(f,0.9) = (f(t(e)), g(e)) — (f(ole)), g(e)) = (0" f. 9)

Inductively, suppose that the result holds for subsets X C ? which satisfy (*) and such that
'\ X contains at most n edges. Choose ¢ € X, and letY = X — (I'e UT'€). Remove I'o(e)

(resp. I't(e)) if degy o(e) = 1 (resp. if degy t(e) = 1). It is clear that Y is stable under I
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and inversion, since the subset we removed is. The vertices in ['o(e), ['t(e) are the only ones
whose degree in Y (possibly) differs from that in X. Hence, it is clear that deg,- v > 1 for
all v € V(Y'). Finally, it is clear that Y is closed under taking terminal vertices, because we

removed only vertices that met only removed edges.

Now, (f,0.g) and (0" f, g) differ from (f|y, 0.(gly)) and (0" (f|y), gly) respectively by
(f(t(e)),g(e)) — (f(o(e)),g(e)). Hence, the result holds for X. [

2.4.0.3 Harmonic functions

Finally, define the space of harmonic functions

CL(M) =kerd, = { f: (M) =M | f(&) = —f(e), S f(e) = 0¥0 € V(T) e € € (T)
t(e)=v

(2.17)

By Lemma 2.4.6, the I'-invariants of this space have the following description
Cra(M)" =07 (COM)" )" = { f € CHM) | (f,07g) =O0Vg € C°(M)" }  (2.18)

where 9" (C°(M)T')* represents the orthogonal complement is taken in C*(M)Y. This is

clear

f € ker((?* ’Cl(M)F) <~ <0* f, g> =0 Vg S CO(M)F
= (f,0"g)=0

= [e(C(M)")
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2.5 Harmonic forms

The goal of this section is to prove Theorem 2.5.4, which identifies a space of harmonic func-
tions with the space of p-new modular forms on a definite quaternion algebra. This is used in
our explicit Jacquet-Langlands isomorphism, Theorem 3.3.2, which identifies modular forms

on a Shimura curve with the same space.

2.5.0.1 Harmonic forms

In this section, we specialize the results above to define the space of harmonic forms Céhar(./\/l)r,

with coefficients in M, which appears in the main result of this chapter, Theorem 2.5.4.

Lemma 2.5.1. Let C¢(M) and C* (M) be the Q,[B};] modules defined in (2.9) and (2.11) re-
spectively. Let d be as in Lemma 2.2.5, and consider the subgroup B;’2 = { z € By ‘ z even }
of even elements of B,. The map given by restriction along d is an isomorphism of left R[B;’Z]

modules

ct(M) L (M)

satisfying the following explicit formulas for f € C*(M) and g € C:(M)

. f(z) zeven

f(zB) zodd
7 (g)(2) = g(2) z even
—g(zB8) zodd

Proof. 1t is clear that this map is injective and surjective because elements of C*(M) are
determined by their values on the image of d : £(T) — ?(7') and arbitrary maps specified

on the image of d can be lifted to C*(M). It remains to check that this is a map of left R[B;;”]
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modules, which follows from the following computation.

vd* ()](2) = vd* (f) (v 2)INey|"? = v f(d(v"2))Ney|"? = v f (7 d(2))|Nr [/

d*(7f)(z) = d*(vf o™ - Nt ["?)(2) = v f (77 d(2)) [Ne |2

Define C§ (M) as the image of C},, (M) under the isomorphism of Lemma 2.5.1. It’s

space of [-invariants is identified with C{, (M),

2.5.0.2 p-new forms

The source of the isomorphism of Theorem 2.5.4 is the space of p-new forms L (U, Q,)?~"".
We recall its construction here.

Consider the linear endomorphism W), of £, (U, Q,)

Wo(F)(z) = Bf(z3(B)p~"* = Bf (zi(B))INc B> z € B;

Here (3 is as in (2.6). It is clear that W, (f) is left B* invariant and transforms correctly under

U:

Wo(f)(zu) = Bf (zuB)p™"? = Bf (288~ uB)p™"? = u, ' Bf(2B)p™"" = u, ' W, (f)(2)

hence an endomorphism of £, (U, Q,) as claimed. It is also an involution

(Wy o Wof)(2) = B2f(28%)p™" = f(2)

and an isometry. To see this, let f,g € L, (U,Q,) and 215, - - - , 2,3 a system of representa-
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tives of B*\B;ﬁ /U. Then by the usual argument,

Wof Wog) = > (W(f)(2), Wy(9)(2)) (Nr 2| N 2])"

[]eB*\B}/U

= Zp’"(Nr B)"(f(2), 9(2i)) (Nr(zip) [Nr 2| )"

= Z ) (Nx 2, [Nr 2 ])" = (/. 9)

The last equality holds because by Lemma 2.3.6 {z;}; is a system of representatives of

B*\B;/U.

Definition 2.5.1. Define

Li(V,Q,) ® Li(V, Q) 5 LU, Q) 0(f,9)(2) = Wy(9)(2) — f(2)

We call its image the p-old subspace £, (U, Q,)?~° and its orthogonal complement the p-

new subspace

Li(U, Q) ™" = (La(U, Q) ™)

Note that W, stabalizes L, (U, Q,)?~°"%, and hence is an involution of L (U, Q,)P~".

2.5.0.3 Identification

Recall that the map appearing in Theorem 2.5.4 was constructed above (see Remark 2.3.1).
Here, we identify the p-old forms (Definition 2.5.1) and the image of a module under 0*

(2.13).

Lemma 2.5.2. The diagram commutes

Li(V,Q,) ® Li(V, Q) o Wi (I) & Wi(I") —22COM)™ @ COM)T —= CO(M)T

QP] d*oa*l

Ly(U, Q) » Ci(I", k) a CHM)T ————Cp(M)F

R
IR
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The map which is the composition of the arrows appearing in the bottom row will be called
e. For later reference, we record the following formulas, which hold for all z € Bj. If

f € Ly(U,Q,) the image of f under e is denoted e;(z), and

z- foj(z)|Nrz|"/? z even
er(z) = (2.19)

2 Wy (f) 0 j(2)Nr2|"? = 28 f o j(28)|Ne28[*? 2 odd

If f € CO(M)Y, then its image under the right vertical arrow is

f(zB) — f(2) zeven
f(2) = f(2B) zodd

&0 0 (f)(2) =

If(f,9) € Li(V,Q,) & Li(V,Q,) then its image, in C°(M)', under the top row is

z- foj(2)Nrz|"? zeven
arg(z) =
z-goj(2)Nrz|"?  zodd

Iff,g € Li(V,Qp) & Ly(V,Q,) then the left vertical arrow is (f, g)(z) = W,(9)(2) — f(2)
(Definition 2.5.1).

Proof. The proof is straightforward, we first verify the formulas above, and then check the
composition.

If (f,9) € Lx(V.Q,) & Li(V,Q,), then under the top row, this pair maps to the following
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function of z € B;

Yowdwoly ®lyo(f g)(z)
=gowdwo (fojgoj)(z)
=1po(z-joj(2)Nrz["? z-go j(z)|Nrz"/?

= ayy(2)

If f € £,(U,Q,), then the image of f under the bottom row is the following function of

E3
ZGBP

gociolyofo(z)
=ococ o foj(z)

=0 o(z foj(z)|Nrz"?)

= D(2) - f o j o D(2)[Nr D(z)["?

= es(2)

If f € CO(M)L, then its image under the right vertical arrow is the following function of

E3
ZGBP

which is the stated function.

Finally, we verify that the diagram commutes. Let (f,g) € L,(V,Q,) ® Lx(V,Q,). Then,
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the image in C°(M)" taken via the top arrow is

zB-gojo (2B)|NrzB|"? —z- foj(2)|Nrz|"? zeven
& 00" oazy(2) =

z-g0j(2)[Nr2|"? — 28+ foj(28)[Nrz6|"? 2 odd

Similarly, the image in C°(M)" taken via the bottom arrow is

2 W,(g) 0 j(2)Nr 2"/ — 2+ f o j(2)|Nr 2|"/? z even
ew,(9)-7(2) =
2B-Wylg) 0 j(zB)INr 2B — 28 - f 0 j(2B)|Nrz5|"* = odd
The compositions agree, and hence the diagram commutes. |

2.5.0.4 Inner product

The space of modular forms £, (U, Q,) is equipped with a natural non-degenerate inner prod-
uct (2.5), asis C"%(J\/l)F (Lemma 2.5, Lemma 2.5.1). We show that these inner products agree
under the isomorphism

Li(U,Qy) —— Ce(M)"

of Lemma 2.5.2, or equivalently Remark 2.3.1. The main theorem of this part, Theorem
2.5.4, then follows easily.

The inner product (2.4) is non-degenerate, and hence by Lemma 2.4.4 and Lemma 2.5.1, in-
duce non-degenerate Q,, bilinear forms on C°(M)" and CE(M)". They satisfy the following

formulas:

(frg) = > (fWhg)h= > (f(2)9()) (2.20)

ler\ V(7) [2)er\B; /N (Ry)
(frg) =D (flehgle) = > (f(2)9()) (2.21)
[eler\ &(7) [J€\B; /N (Ry)
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Here, f, g are taken in C°(M)" for the first formula, and in CL(M)" for the second formula.
As usual, function on edges or vertices of the Bruhat-Tits tree are identified with functions

on B; via Lemma 2.2.5.

Lemma 2.5.3. The isomorphism obtained in Lemma 2.5.2
Li(U,Q,) —— Ce(M)"

preserves inner products. That is, (f, g) = (ey, eq).

Proof. Recall the bijections from Lemma 2.3.4 and Lemma 2.3.5 compose to
T\B:/N(R,) 2 T"\B:/N(R,) & B*\B}/U

In particular, if zy,- - - , z, € By is a collection of even representatives of I'\ B} /N(R,) then

J(21), -+, (%) is a set of representatives of B*\B}/U. Let f,g € L(U,Q,). Then,

r

(f.9) = (foi(z),90(2))(Nrz[Nr z|)"

i=1
(efreq) = Y (zf 0 (z0)[Nr zi|"/?, zig 0 ji(2:) |Nr z["/?)
=1
Z NYZZ |Nr22 (foy(zl),g03(21)>
The last equality is by (2.4). |

Finally, the main result of this chapter is

Theorem 2.5.4. The map e of Lemma 2.5.2 restricts to an isomorphism of Q,, vector spaces

Li(U, Q)" —— Cg ju(M)"
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given by f — ey, where

ej(2) = D(2)f 0 j(D(2))|Nr D(2)["/?

See (2.19) and Lemma 2.5.2 for explicit formulas.

Proof. From Lemma 2.5.2 we already know that e is an isomorphism L (U, Q,)—C&(M)".
The natural inner products on each side agree by Lemma 2.5.3. Finally, the p-new space, and
the harmonic forms are the orthogonal complements of the p-old forms, and its image under

e respectively. |
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CHAPTER 3

Modular forms on Shimura Curves

The goal of this chapter is to prove one of our main results, Theorem 3.3.2.

In the previous chapter we studied weight £ modular forms of level U (that are p-new) on a
definite quaternion algebra B and in Theorem 2.5.4 wrote them as a space of harmonic forms
Céhar(./\/l)r. Here, we introduce the indefinite quaternion algebra and Shimura curve that
are associated to the triple (B, U, p). The explicit Jacquet-Langlands isomorphism, Theorem
3.3.2, will identify the modular forms studied above with a space of modular forms on this
Shimura curve. That one can express differential forms in terms of their residues is work of
[Sch84], [dS89], [Tei90], [Tei93], [SS91]. See also [DSO1] and [AdSO3].

In §3.1, we give an introduction to p-adic uniformization in the form we will use it, following
[BCIO1]. In §3.2 we recall the construction of the relative dualizing sheaf following [Tei93].
Finally, in §3.3 we collect these results to prove Theorem 3.3.2. Compatibilities of this map

are checked in Chapter 4.

3.1 p-adic uniformization

For more details on the results of this section see [BC91, IIL.5].

'For a detailed history, see the introduction to [BC91].
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3.1.0.1 Setup

Let D/Q be the unique (up to isomorphism) indefinite quaternion algebra of discriminant
N7p. Throughout this section, i/ C D7 will be a compact open subgroup of the form
U =U,-UP where UP C B;Z’p is a compact open subgroup and U, C D} is the open subgroup
defined by the unique maximal order of D,. Fix an isomorphism ¢, : D ®g R—M,(R).
The action of d € D* on H* = P'(C) — P!(R) is via the M&bius transformation associated
to (oo (d).

The associated Shimura curve, Sy, over (Q has complex points
Su(C) = D*\ [H* xD} /U] .

Since D and B are obtained by interchanging invariants at p and oo, algebras, we fix an
isomorphism o : D?—>B§ .If ¢ # pisaprime, and o, : D,— B, is the induced isomorphism,

we require that the collection { ¢, o o, } satisfies the usual compatibility. To simplify

q split,g#p

notation, we may treat o as an equality. Let ¢’ be the anti-isomorphism ¢’ : D? % B? EmaN

B (as usual, z = Nr(z)z~! denotes the canonical involution applied to z). Let

piDP L B S0 g g o(z) Ne(o(x)) !
be the isomorphism on units induced by composing with g + ¢g~!. Recall that we fixed an
isomorphism ¢, : B,—M>(Q,) , and note that the Eichler orders R C R C B define orders
Rindet C Ringey C D. The isomorphisms {aq}q# specify the order at finite places away
from p, and we set Rj,4e5p = Rinderp as the unique maximal order at p. Since R and R
are stable under the canonical involution 2.1.0.3 it is equivalent to use {07 },», instead of

{04 }42p- The isomorphism / identifies U” with an open subgroup of B;Z’p .
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3.1.0.2 Small enough U/

Let U(M) C 7A2mdef be the subgroup of units congruent to 1 modulo M. If U C U(M)
for some integer M > 3, or more generally U is small enough (see [BC91, 1I1.1.3] for a
definition), Sy, represents a moduli problem over (Q [BC91, I1I.1.1.4] and this functor extends
to Z, [BC91, IIL.3]. The scheme representing the moduli problem over Z,, is projective and
flat [BCI1, II1.3.4]. Since we will primarily work over Z,, Sy, will henceforth refer to this
scheme.

Let ) the formal p-adic upper half plane, Fr : F,—F, the p-th power map = ~ 2”, and
Fr: Zy"—1Zy" the associated lift. The action of g € GL»(Q,) on Q& ZII;EF is [BCI1, Thm.

~ —ord,(Nr g)

I1.9.3] obtained from the natural action of g on Q and the action of Fr on Z,". If

V' C Bj is a compact open subgroup, let
Lyv = Ly = Vp\BJ”Z/B*

and
Zy = Zuur)
The group B, ¢—p> GL2(Q,) acts on Z;, by left multiplication.
Theorem 3.1.1 (Cerednik-Drinfeld). Ler U C D3 an open subgroup as above, and suppose

that UP is small enough [BC91, I11.1.3]. Then, there is an isomorphism of formal Z.,-schemes

—_

Su = GLy(Q,)\[Q & Zir x Zy]

Here, Sy, is the formal completion of Sy along its special fiber. The isomorphism is compat-
ible, as U? varies, with the projection maps, and is compatible with the actions of the idelic

groups D", By on each side via the isomorphism D;? N B*.

The natural action of D;’p on the projective system {Sy} is a right action, while the natural

action of B;’p on the projective system {Z,} is a left-action. In order to compare them, we

56



change the action on {7} to a right action by definining
z2-g=qg -z Vg € ByY, z € {Zu}

Then, the theorem above states that the isomorphism ¢ of projective systems above is com-

patible with the group actions in the sense that Vg € D",

o(z-g) = o(x) - u(g) = plg)"'d(x) = Nr(o(g))o(g) ' ¢(x)

3.1.0.3 General 4*

Even if ¢/ is not small enough, there exists a distinguished subgroup of finite index U} C
UP that is small enough. Let Uy = U{U, and define Sy over Z, as Sy, /(U/Uy). Apply
the theorem above to U, and pass to the quotient by the finite group U? /U}. We get an

isomorphism [BC91, 111.5.3.2]
Su 2 GLa(Q,)\ [ ®ZB\” X Zy|

Remark 3.1.1. If U, is not maximal then Drinfeld’s approach still gives p-adic uniformization

of the corresponding Shimura curves. See [BC91, Theorem III1.5.5].

*

Recall that we identify open subgroups of D f’p and B;’p via p. Via this identification, set

u=ur-u, S =5y, and S = S,. The following conditions are satisfied [BC91, 111.5.3.3]:
1. The image of U” under the reduced norm is maximal, that is, equal to [ | Ot Z;

2. The p-adic valuation of (Q maps the intersection of U? and the center Q* of D surjec-

tively to Z.

Indeed, (1) is clear by the same argument in 2.3.1, and (2) can be checked for the intersection

of UP and the center of B which is done in Lemma 2.3.1.
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Recall that IV = UP N B*, and I'® C T” is the subgroup of elements whose reduced norm
has even p-adic valuation. These subgroups are identified with subgroups of GLy(Q,) via

the isomorphism ¢, : B,—M>(Q,,) above. Then,

A —

S=T"\Q® 7z
Let W =T"/T'® 2 7,/27, and fix w, € I" — I'® with ord Nrw, = 1. Let
S =TGN\ Q

Let Z;Q) C Z,"" be the ring of integers of the unramified quadratic extension of Z,, and Qi(f)
its fraction field. Then,

$=m\($'ez?)

is a quotient of a Mumford curve by a finite group, and S is a twisted form of S’. The
corresponding cocycle in H'(Gal(Q}”/ Q,), Aut(S")) sends the nontrivial element of the

Galois group to w),.

Remark 3.1.2. The curve S’ is normal, proper and flat over Z,. Its geometric special fiber is
reduced, connected, and has at most ordinary double points as singularities. The normaliza-
tions of the components of the special fiber are IF-rational curves, and the singular points of
the fiber are IF-rational. See [Kur79, Proposition 3.2], which also explains how to produce
the minimal regular model from properties of the graph I'\ 7, and gives a formula for the

genus in terms of a graph associated to the special fiber.

3.2 Relative dualizing sheaf

In this section, we state an explicit isomorphism between modular forms on a Shimura curve

and modular forms on an indefinite quaternion algebra. Later, in Theorem 4.1.9, we will
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show that this isomorphism is compatible with the Hecke action on both sides. Theorem

4.2.9 will explain how it relates the natural integral structures.

3.2.1 Representations of GLy(Q,)

Fix an even integer £ > 2, let n = k—2 and P},(Q,) be the left GL2(Q,) module with under-
lying vector space the set of homogenous polynomials in x, y of degree k with coefficients in

Q. An element v € GLy(Q,) acts as

YP(z,y) =P (v ' () Nry

Explicitly, if v = (¢}) then vy} = -2 ( d _b) and vP(z,y) = P(dx — by, —cx +

dety \ —¢ a

ay) det y"~*. Similarly, let P} (Z,) C PL(Q,) the collection of polynomials with coefficients
in Z, and left GLy(Z,) action determined by the formula above. If ¢ : P}(Q,) =P (Q,) =

P{(Q,) is the identity map, then clearly ¢(yP) = y¢(P) det y.

Lemma 3.2.1. Recall that GLy(Q,,) modules P}_,(Q,) and P;_5(Q,) defined at the begin-

ning of §3.2.1 and Definition 2.1.1 respectively. The map

(b : Pk72<Qp)%P]:72(Qp) (b(P) = P(Z/? —.’L’)

is an isomorphism of Q,, vector spaces with

¢(vP) = yp(P)dety* v € GLy(Qp)

for s =n—r =k —2—r. Inparticular, if r = k — 2 then ¢ is an isomorphism of left
GL3(Q,) modules and if r = n/2 then s = n/2.

If v = (82) and F € P then yF = F - p*=". In particular, if v = n this is multipli-

cation by p™ and vy is the identity map if r = n/2.
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Proof. Lety = (%), A\ =dety,andy' = A" (4 ). Then,

¢(P) = Py, —z)
VP(z,y) = P((z,y)7) = Plaz + cy, bx + dy)
¢(yP) = P(ay — cx, by — dx)

v¢(P) = P(y,—x)(v () = Py, —z)(dz — by, —cx + ay)\" "2 = P(—cx + ay, by — dz) \" 2.
m

3.2.2 Teitelbaum’s sheaf

Let Q) the formal p-adic upper half plane and 2 = P' — P'(Q,) its generic fiber. It is the
p-adic upper half plane considered as a rigid analytic space. Let z be a coordinate function
on P!. Then, PGL5(Q,) acts on €2 by Mobius transformations in z. The harmonic functions,

cl (Py/ ?(Q,)), with coefficients in py/ *(Q,) play a special role, and will be denoted

Crarlk) = [ E(M=PY@) | f@) =—fle), 3 fle)=0 YoeV(T)

We recall properties of the invertible sheaf w = wz, that is defined [Tei93, Def. 10] on the
formal scheme (). On the generic fiber? ) of Q, Q, ® w is naturally isomorphic to the sheaf
of rigid differential forms [Tei93, Lem. 13], and on the special fiber of (AZ, w/pw is the sheaf
of regular differentials [Tei93, Lem. 12]. Pullback of differentials under the GL2(Q,) action
gives I'(Q2, w®*/2) the structure of a right GL,(Q,) module.

We can identify HO(Q,wk/ 2)I' with sections of the dualizing sheaf of S over Z,, via the

following lemma [Tei93, Lemma 31]

Lemma 3.2.2 (Teitelbaum). Assume that p > 3 and recall that §' = T®\ Q = T'\ Q. Let

wr denote the relative dualizing sheaf of S/ Spf Z,,. Then, the natural map  : QO —I'\ Q

’The generic fiber is taken in the sense of Raynaud
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induces an isomorphism of finitely generated and torsion free Z,-modules

*

H(S', wi?) T HO(Q, W)

Remark 3.2.1. The completion of the relative dualizing sheaf of S'— SpecZ, is the rela-
tive dualizing sheaf of S/ SpfZ,. See [Yek98, Example 5.12] and [ATJLLO3, Example

2.5.2(2)] for precise definitions.

Now we recall basic properties of the residue map. Its compatibility with the Z,-integral
structure is discussed in §4.2. Let O(k) the space of global rigid functions on €2 endowed

with a right GL»(Q,) action. An elementy = (¢ %) € GLy(Q,), acts by

d k/2 b
fh(z) = j(tv(fi)k f (sz_ d) where j(7,2) = cz + d

and the following map is an isomorphism of right GL»(Q,) modules
HO(Q,w*?)—=0(k)  f(z)d*?—f(z)

Consider O(k) and H%(£2, w*/2) as left GL,(Q,) modules via the anti-isomorphism v + 7~

and give Ch, (k) the structure of a left GL2(Q,) module viayf =~ - foy~h

Remark 3.2.2. Note that this is different from the action of GLy(Q,) on harmonic functions
considered in the last chapter (2.16). The action of GL(Q,) here is determined by the
pullback action on differential forms (see Lemma 3.2.3 below). However, since ' consists of

norm one elements, the restrictions of the actions to I' are the same.

Recall that Schneider’s residue map [dS89, §3] [Tei93, p569-70] [SSI1, p.97] is

I:O(k)— Cha(k) I(f)(e) = Res, B,(2)
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where (,,(z) = (v — yz)" f(2)dz, and

Res. f.(2) = Z(—l)i (n) Y™ Res, 2" ' f(2)dz

(4
1=0

The map ! is surjective, but not injective. See [Tei93, Thm. 15], [SS91] for a description of
the kernel. It is injective when restricted to Ho(ﬁ, W/ 2) [Tei93, Thm. 19], and Teitelbaum

identifies the image Zp,, (k) of this subspace (see §4.2).
Lemma 3.2.3. The Q,-linear map I is equivariant for the GL2(Q,) action.

Proof. Let i = f(2)dz*/?, and define

For v € GLy(Q,),

y(u —vz)"det v*=2 f(vz) det ydz
3y, ) det A2 (y, 2)?

Bu(vz) = = y(x — y2)"aypu(2)

Hence,

Bu(fy_lz) = 7_1(x - yz)"a,rl*“(z)
(v1(Bu))(e) = yRes,-1. Bu(2) = v Res, Bu(y_lz) = Res¢(z — y2)"ay-14,(2)

I(Byu(2))(e) = Rese By-144(2) = Rese(z — yz)" oy -14(2)

This is the desired equality. |

3.3 Explicit Jacquet-Langlands isomorphism

Finally, we state the Explicit Jacquet-Langlands isomorphism.
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Theorem 3.3.1 (Explicit Jacquet-Langlands). There is an isomorphism of Q, vector spaces

f'—)JLf

JL : L (U, Q, )P mew Crar(k)"

where

JLj(2) = gpod oep(z) = (—1)"™*D(2) - ¢ o fojoD(z) [Nrz["det(z)"?

Explicitly,

z-po foj(z)|Nrz|™?det 22 z even
e (e
—2B-¢o foj(zf)|Nrz|"/?2det(2)"? 2 odd

Recall that sign(z) = 1 or —1 if z is even or odd respectively, § = (2 (1)), and D is defined

in Lemma 2.2.5. The map j naturally identifies B with ideles that are 1 away from p.

Proof. This follows from Theorem 2.5.4, Lemma 2.5.1 and Lemma 3.2.1.

Assume that p > 3. This assumption is only used by Lemma 3.2.2. Let wg be the relative

dualizing sheaf of S’— Spec Z,,. Then, there are canonical identifications

H(S' w51) = B8 @57z, *%) = HO(@, W)

In light of Remark 3.2.1, the first equality follows from [I1l05, Thm. 2.2] and the second

equality follows from Lemma 3.2.2. Let
Su(S",Q,) = H(S", Wi ) © Q,

Under the identifications above, the residue map restricts to an isomorphism and we have the
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following

Sk<S/; Qp)—> Char(k)F

Theorem 3.3.2. The space of harmonic forms Chur(k)F is identified with a space of differen-

tial forms via Lemma 3.2.2, and the isomorphism JL of Theorem 3.3.1 takes the form

f’—)JLf

JL : £k(U, @p)pfnew Char(k)r = Sk(S/7 Qp)

Proof. This follows from Theorem 3.3.1. |
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CHAPTER 4

Compatibility

In this chapter we prove that the isomorphism in Theorem 3.3.2 is compatible with the action

of the Hecke operators, and natural Z,-integral structures.

4.1 Hecke action

In this section, we observe that the isomorphism in Theorem 3.3.2 is compatible with the
natural Hecke actions on both sides.

Throughout this section, fix a prime ¢ f N, and let T}, be the ¢'" Hecke operator acting as an
endomorphism of H%(S,, Q®*/2). We will compute 7}, in terms of pullback by elements of
GL3(R) acting on the complex upper half plane, and by elements of GL2(Q,,) acting on the
p-adic upper half plane. First, we prove some required lemmas. In this section, as is usual,
[ | represets the union of sets that are pairwise disjoint.

Let GLo(R)* = { v € GLyo(R) | dety > 0 }. As usual, this group acts on the upper half
plane 7 by Mébius transformations. Namely, v = (24) € GLy(R)" acts as vz = %£2. Set

+d

j(7v,2) = cz +d, then d(vz) = det(v) - j (v, 2) 2. For f : H —C holomorphic, define

fla(z) = det v*%j (v, 2) F f(v2)

Let Oy be the space of holomorphic functions on H and €23y = dOy = Oxdz the Oy

module of differentials. For each Fuchsian group I' C SLy(R) of the first kind, let Sy (I")
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be the space of holomorphic functions f : H —C such that f|, = f Vv € I'. The quotient
map 7 : H —T'\ H identifies QF"}; with (/)" [BN81]. The map f(2) — f(2)dz®*/2 is

an isomorphism [BN81, Thm 1.4]
Si(T) — HO(T\ H, Q¥F/2)

As a Riemann surface, the Shimura curve S;; above is the quotient of H by a Fuchsian group

['c of the first kind [Miy89, Thm 5.2.13]
Tc = {2 € Ringes | N1(2) =1} =U N D>° C SLy(R)

where D% = { z € D* | Nr(z) > 0}, and I'c is identified with a subgroup of SLy(R) via
the isomorphism ¢, : D ®g R—M,(R) fixed above. If z € D3, let ', c be Uz~ N D>0

considered as a subgroup of SLy(R) via ¢n..

4.1.0.1 Coset decompositions

Let 7, € Bj the idele which is 1 away from the ¢"" place, and () at the ¢ place. Let

A:{TERmdef|NI'<7’)>O}

Lemma 4.1.1. Let o € Riyq4c5 with Nr(a) = g, and

F((jOéF(c = H F((jOéZ‘

Then,

1. Identify n, with an element of D3 via o4 (see §3.1.0.1). Then,

Und = [[thes
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GLa(Z,) (§9) GLa(Zg) = [ | GLa(Zy) s

UngU = [[ U2 ()

Proof. This proof follows from the properties of [Miy89, Thm. 2.7.6] which are checked in
[Miy89, 5.3.5]. Since I'c C U, and Ual'c = Uald,

Uold =Ual'c = U,

This is a disjoint decomposition. Indeed, fix indices j, j'. It is clear that the cosets U« ;, U

meet iff they are equal. By [Miy89, 2.7.6iii]
Z/{Oéj = Z/{Oéj/ = Q4 € Z/{OéjﬂA = FcOéj = a4y € FcOéj — F(Coéj = F(caj/ = j = j/

That is, the elements of the union above are disjoint.

1. Note that «™* = ag™* € R}, 1. for £ # g, since each local order is stable under the
canonical involution. Let § = j,(a) € D}. Then, USU = Uald. Since Nr(a) = g, the
Smith Normal Form of o € M>(Z,) is (§5) and Uald = UnyU. This proves the first

part.

2. The above decomposition can be written
ueu = [ ttjq(en)

and projecting on the ¢'" place gives the second part.

3. The third equality follows from interpreting j,(c;) as an element of Bj.
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We need a decomposition of the last double coset Un,U in terms of elements of R[1/p]. This

is provided by the following lemma.

Lemma 4.1.2. Let O = R[1/p|. There exists a collection { §; }, of elements in O of norm q

such that

UnU =[] Ujy(&)
is a disjoint union. It is clear that §; € R} for { # p, q.

Proof. LetU' = O* C B%, and

UnU' =V

where each (; is an idele that is 1 away from the ¢'* place. The associated left O-ideals

I; C B [Vig80, III.5B] are principal. Indeed, the ideal classes are naturally in bijection with
U' x B: \B,/B*

which is a singleton [Vig80, Cor II1.5.7 (1)], and so any left O-ideal I can be written in the
form I = Obwith b € B*. Let I; = O¢;. Since U’'(; = U’¢; by definition, Nr(¢;) is an ¢-adic
unit for ¢ # p, q. Modify &; (via left-multiplication by an element of O*) so that Nr(¢;) € Q*
is supported away from p. We can do this by Lemma 2.3.1. Hence, Nr(§;) = +¢. Since B is

definite, the norm is positive [Vig80, Thm. I11.4.1]:

Nr(&) =¢

The claim follows. Indeed, projecting U'n,U’ =[], U’'¢; =[], U’¢; to the ¢ place gives

Uga.qUy = H UgGia = H Ug&i
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Since U, = Uy,
UngU = [ [ Uda&)

The two disjoint union decompositions
UnU = [JU52 (i) = [ U2 (%)
are indexed over the same set (because left cosets are equal iff they meet). Assume that

Ujy(ci) = Ujy(&;) for each index i.

Lemma 4.1.3. For each index i, there exists y; € Uj,(&;) such that y,y = 1 for { # q,

yiU = j, (&)U, Uy; = Ujy (&), and

UUqU:HU?Ji:H?JiU:HUﬂi

Proof. Tt suffices to show that Uj,(&;) N j,(&)U # (. If this is the case, choose any y; in the
intersection such that y;, = 1 for ¢ # g. Then, Uy; = Uj,(&) and ;U = j,(&)U. Since
U="U,

UnU = UnU = [JUg = [[&U

The result follows.

It remains only to show that U,&; N &U, # (), or equivalently,

& UENU, #0

There exists u, v € U, such that & = u (1) v and 52-_1 =¢/qg=u (1 1[/)(1) v. It is clear that

0 qg O
u GL2(Z,) vN GLy(Zy) # 0
0 1/q 0 1
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Since

0
GLy(Z,) = € GLy(Z,)
0 1/q 0 1 c d/q c d

4.1.0.2 Hecke operators on Shimura Curves

The goal of this section is to compute the action of T, on H’(S,, Q®¥/2) in terms of an action
on the p-adic upper half plane. Classically, Hecke operators are given by pulling back (tensor
powers of) differential forms. The relevant maps are expressed idelically in Lemma 4.1.4,
and the Theorem 3.1.1 of Cerednik-Drinfeld is used to transfer the action to the p-adic upper
half plane. Recall the isomorphisms ¢ and y defined above in §3.1.0.1.

Let & € A an element of norm ¢. Since, by Lemma 4.1.1, the double coset ['cal'¢ does not

depend on the choice of «, the ¢'"* Hecke operator is
Tq = FcOéF(C

Fix a finite disjoint union decomposition ['cal'c = ]_L I'coy;. This double coset acts on

S(T'c) [Miy89, §2.8] by

Flircare) = det(a)*27! Z flai(2) = "7 Z flai(2) = ¢" Zj (ai, 2) ™" fa2)

Note that for each index ¢, and prime ¢ # ¢, both « and «; are in R, ;. , (by definition these
elements are in 12,45, and the local order order is stable under the canonical involution).
The corresponding action on the complex upper half plane is computed via the following

lemma.

Lemma 4.14. Let v € D37, and fix v € D”° = {2z € D* | Nr(z) > 0} such that yx €
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U. Consider the map on Shimura cures below, given on complex valued points by right

multiplication by x. The diagram commutes.

SWT (C) z Suf((:)
T.c\H il I\ H

Here, the vertical arrows are induced by the natural identifications of the complex upper half

plane with H x[1], see §3.1.0.1.

Proof. Recall that D*\D]*c /U 1is identified as the set of left-ideal classes of R4, and this
set contans exactly one element [Vig80, Thm. III.4.1, Cor 5.7]. The order R;, ¢ 18 stable
under the canonical involution, and hence contains an element A with Nr(\) = —1 [Vig80,
Cor lIL5.9] If z € D%, choose d € D*,u € U such that dzu = 1. One can conjugate by A to
insure that d € D>°. Hence, D} = D>%.

The diagram above is

D\[H* x D} /aldz ] z D*\[H* x D3 /U]
D> Naldz~ "\ H 2 D> NU\H

The top map sends (z, [1]) to (z,z) = (vz,vx) = (72, [1]). Hence, commutativity is clear. It
remains to observe that the vertical arrows are isomorphisms. Without loss of generality, we

observe this for the right vertical arrow. However, it is clear that
Fe={zeD*|z(Hx[1))N(Hx[1]) #A0}

considered as a subgroup of the automorphisms of H* x D3 JU. Hence, the vertical arrows

are isomorphisms by Lemma 4.1.6.
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The lemma below is used to write the action of 7; in terms of harmonic functions via the
Cerednik-Drinfeld theorem.
Let Uy C D} be a compact open subgroup as above, and x € D;'Z’p an idele, identified as an

element of D7 that is 1 at p. If ¢4; is small enough, then the diagram commutes:

—

1%

GL2 (Qp)\ Zunr XZxZ/h;E 1 Szul;t 1
L(Z,y)ﬁ(zyu(:v)‘ly) £
GLy(Qy)\ Q& Zur x Zyy —= Sy,

The right vertical map is, on complex points, right multiplication by z. By the argument in
[BCO1, II1.5.3.2] the same diagram commutes if we replace U; by Y. Recall from §3.1.0.1
that,

~1_ -1 _ -1 *p
uw(x)™ =o(x)”" Nr(o(x)) = 27 Nr(x) Vo € Dy
The idele u(x) € B}" is identified in Bj as an idele which is 1 at the p* place.

Lemma 4.1.5. Let x € D}" and recall that p(UP) = UP. The double coset UPp(x)~' B*
contains an element of the form j(y~1) for some v € By with det~y a p-adic unit ', Fix such
7, and let T, be the group ji(x)Upu(x)~* N B* be considered as a subgroup of GLy(Q,) via

¢p : By— GLa(Qy). The diagram commutes

A S 7unt 2 au(x) "1 2)=(yy,z
GLy(Q,)\ Q& Zur x 7 (x)UM(x)il(y )= (y,u(x) =1 2)=(7y,2) GLQ(QP) Zum 7y

X

1%
1%

O & /u?r v unr
I\ Q&2 MO&Z
Q& Zun z Q& Zym

The top vertical arrows are induced by the natural inclusions of Q& Z%};\m x[1] into Q& Zi‘j\m X Z (@)U p() 1

Recall that 7 : B;— B identifies By, with the ideles that are one away from p.
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and Q@ Zgnr X Zy;. The bottom vertical arrows are also natural.

Proof. By strong approximation and Lemma 2.3.1, the double coset UPyu(x) ™' B* contains

an element j(v)™!

as above. The top square clearly commutes if it exists. To see this, it
remains to check that the stated map is an isomorphism. This is clear for the corresponding

functor of points. More specifically, first observe

Lemma 4.1.6. Fix a group G and a subgroup 1. Let X be a set with a left G action, S C X

a subset, and

I'={~yeG|ySNS#0D}

For each © € X suppose that there is v, € G such that v, -x € S. Then, the inclusion S—X

descends to a bijection T"\ S LN G\ X.

Proof. The defining property of [ implies that ¢ is injective: if s,s" € S and ¢(s) = ¢(s)
then 3y € T” such that vs = s'. Hence, s = s’ as elements of "\ S. The map is surjective by

definition. ]

Let Y/Z, be a formal scheme and ¢ the top right vertical arrow and g € GLy(Q,). The

induced map on Y -valued points is

~ _ord(d
(zy,2)(gz,Fr (@era),,

,9%)

Q ® @r X ZU Q ® Z%E\m X ZU

In particular, g - ({ ®Z/g\m x[1(Y)NQ& %l;\“r x[1](Y) # 0 iff g € T". The induced action
of GLy(Q,) on the functor of points is also a left action, and the map on Y-valued points is
an isomorphism by the lemma above. Hence ¢ is an isomorphism.

The second square also commutes trivially. |

Lemma 4.1.7. For each index i, let y; € B} an idele such that (y;), = 1 for { # q, Nr(y;) =

Jq(q), and
Ujy (i) = Uy
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Let ' € H(Sy x Q,,Q%*2), z; = y;!, and v; € B be defined by the property that

UPj(y; ')B* = UPp(x;) ™' B* = UPyijo(1/q) B*. Then,
T = 2 Y af(w) = ¢4 S i) = ¢ Y00
Proof. 1f f € Si(Tc) and wy € H%(Sy, Q®%/2) is identified with f(2)dz®*/? as in §4.1 then
ol (wy) = floyz)d(a;iz)®? = f(ayz) det ozf/Qj(ai,z)_kdzk/Q = fla,dz®%? = Wi,
This is the first equality. Since o;z; € U, the maps

Ti, 0 0 S,

Uzt —)SM

are equal by Lemma4.1.4, this gives the second equality. The last equality holds by Lemma
4.1.5 |
Recall that pullback induces a right action on the space of global differential forms, and the
left action by an element v € GL4(Q),) is defined by the equality
(W) =71 W W' € H(Sy x Q,, Q%*/2)
Since
HO(Q, w*?)—=O(k) & Chan (k)

is equivariant for the left GL3(Q),) action, the induced action on the space of harmonic func-
tions is

T, : Char(k)= Char(k)  f(e) = ¢¥/* 7 valf(%e)

Corollary 4.1.8. Recall that if f € Li(U,Q,)P~"" the harmonic form associated to it by
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Theorem 3.3.2 is
JLf(2) = (—1)#"*D(2) - ¢ o f 0 j o D(2) - |Nr z|"/2 det(z)"/?

Let y; = jf (&). We can take ~; = &;/q, which has determinant 1/q. The q'" Hecke operator

acts on JL(z) as

T, JLp(2) = ¢**71 ) 77 ILp(z) = D (=1)™"7D(z)-¢o fojoD(viz)-[Nr 2"/ det(2)"

i

Proof. The elements ~; can be chosen as above because
UPjy(&i/q)B* = UP(q& ) 9 (&/9) " jq(&i/q) B = UP(g6, ") B
Since det v, is a p-adic unit it commutes with D and sign(7;z) = sign(z) for all z € B;. B

4.1.0.3 Definite quaternion algebras

The ¢'* Hecke operator of L, (U, Q,) is T/ = [Un,U]. Recall that

flg(2) = gpf(29) Vg € B;;?f € L,(U,Qp)

If Un,U =[], Uy, is a disjoint decomposition, then

Let y; be as in Lemma 4.1.3. There exists u; € U, such that y;j,(u;) = j,(&;). Hence,

T f (2 Zf vi Zf(zzuz Zf 2YiJq(u:)) Zf 2Jq (&
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Now, let f € L, (U,Q,)?~"*". Observe that

ILpaer p(2) = Z(—nsignzf)(z) ¢ o f((D(2))]4(&)) - INr 2[*/2 det(2)™/?
Since
FGD())4(&) = FGa(E)E) (&) (D(2))
Since & ' = ¢/q, the above expression is f(j(D(&;/q - z))). Finally, we get
Waggerg() = SU-1D(:) 60 f 00 DiE/a =) - [Ne 2" det ()"

This proves the following

Theorem 4.1.9. For each q 1 N, the following diagram commutes

Ly (U,Q,)pmew L (k)
Tgefl qu
Li(U,Q,)pnew 2L Char (k)

Remark 4.1.1. Notice how we defined T,,. It is an endomorphism of H°(S;,, 2®*/2)) which

agrees with the classical Hecke operator. That endomorphism naturally induces an endomor-

phism of Cy,,(k), which contains the target of our Explicit Jacquet-Langlands isomorphism

from Theorem 3.3.2. The compatibility above in particular shows that the Hecke operators

preserve Ch,.(k)'', which is identified with global sections of an explicit twisted form of Sy,

defined in §3.1.0.3.

4.2 Z,-integral structure

E. de Shalit proved [dS89] that Drinfeld and Schneider’s map [Sch84] is an isomorphism, and

Teitelbaum [Tei93] gave an integral refinement. This is what we need to identify residues of
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integrally normalized modular forms.

Recall that we do not get p-adic uniformization of the Shimura curve S/Z, from [Cer76],
[Dri76], and [BC91]. Instead, we get p-adic uniformization of the explicit twisted form S’ of
S. The corresponding cocycle is defined by the Atkin-Lehner involution at p, and splits over
an unramified quadratic extension [BC91, 111.5.3.3] [JL.85, Thm 4.3’].

Here, we show that the Z,, integral structure defined by the relative dualizing sheaf of S’/Z,

corresponds to a lattice

Lrl(U, ZyP ™o € Ly(U, Z, )0

defined below.

4.2.1 Representations

In this section we recall various basic facts about the Q, representations above.

Recall that for each n,r, P} (Q,) and P,(Q,) are both the space of homogenous polyno-
mials in x, y of degree n, as vector spaces. They are defined in §3.2.1 and Definition 2.1.1
respectively. Although equal as vector spaces, their left GL2(Q,,) actions are in general dif-
ferent and made explicit above. The total degree of our polynomials will remain fixed in a
given context so we abuse notation to let P also denote the monomial zy™~¢. Consider the

symmetric and non-degenerate bilinear form on this space of polynomials

(Pi, Pj) = (=1)"il(n — 0)li -

If r = k — 2 then this inner product agrees with the inner product given in Definition 2.1.1
under the isomorphism ¢ from Lemma 3.2.1.
For the remainder of this section, the action of v € GL4(Q),) is taken in P} (Q,) and X is the

determinant ~y (considered as an endomorphism of QZZ,). We also fix n, r with n even.
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Lemma 4.2.1. Let v € GLy(Q,) and P, Q € P} (Q,,). Then,

(YP,7Q) = NP, Q)

By Lemma 3.2.1, Py_5(Q,) = P[~2(Q,), hence in this setting the relation above becomes

(vPAQ) = NTH(P,Q)

Proof. Since the given bilinear form is SL,(Q),,) bilinear, we only need to check the determi-

nant relation. Write v =+ (* ), and fix integers 0 < 4, j, < n. Since 7' € SLy(Q,),

1 €T T 1 €T T
(PaB) = (0 (M) By (M) By = (1) B (P 1) By = (RS () DAY Bi(5 (F5) ()
= XU () By () = NP
= )\QT—(Z+])(—1)ZZ'(7”L — i)!5i7n—j = )\ZT_"(—l)ZZ'(n — i)!csm_j = >\2T_n<PZ’7 ]D]>
Which was the desired equality. Note that this implies Lemma 2.3.7. |

The left action of GL2(Q,) on Hom(P%(Q,), Q,) is given by (vf)(P) = f(y ' P)

Proposition 4.2.2. Let
r r - i\ i m—ipg o m—i i
7:Hom(PL(Q,), Q)= PL(Qy) [ Y (1) )a'y"  fl@"y)
This is an isomorphism of Q, vector spaces with
Ty f)=7y-7(f) AT

In particular, 7 : Hom(P%(Q,), Q,) = P33~ is an isomorphism of GLy(Q,) representa-

tions, and if r = n /2 then P}, (Q,,) is self-dual.
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We need a few formulas to check the statement regarding the ~y action.

Lemma 4.2.3. For each 0 <t < n,y € GLy(Q,) let

vP=) al;P;  and =
=0

th(n —t)!

Then,

v s 2r—nm 771

Ay s = —A Ap—sn—

t, s n—t
Note that j1; = fiy_y.
Proof. Observe that

(YPr, Poes) = ) al;(=1)7jl(n — )10, = af (=1)"s!(n — s)!
=0
Hence
A <’Y‘Pt7Pn—5>(_]')S — P p
at,s 5'(n . 8)' <7 ty n75>,u5

Further,

<'YPt7 Pn—s> = <’YPt; 'Y'V_lpn—5> = >‘2T_n<Pta 7_1Pn—8> = AQT_n('V_an—Su Pt)

By the formula above,

—1

ajzfs,nft <7_1Pn—57 Pt>,un—t - <'7_1Pn—57 Pt)/vbt

and
al
(vP,, P,_,) = \2r—n_nzsn—t
Ht

This implies the formula above.
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Lemma 4.2.4. For later reference, we record that

n
1

N2 (= OU=1) s = (Y Py P = D (=1l — i)la, al,
=0

Replacing t, s with n — t, n — s this is the equality

n
1

Z(—l)ii!(” - i)!a:z:,iazis,nﬂ' = <'7_1Pn—tv '7_1Pn—8> = )‘n_Qrt!(n - t)!(_l)tén—t,s

1=0
Proof. Clear |

Proof. ( of Proposition 4.2.2)

Let f; € Hom(P}(Q,), Q,) be the linear function with f;(P;) = d; ;. Note that

vt ) = () P,
=0

and the coefficient of P in this sum is

Since

The coefficient is

n n

_ (N 1 -1 -1 _ - i —1 1

ATy E (—1)’ (z) Eaz—t,iaZ—s,n—i = A ! E :(_1)%!(71 — i)y
i=0 i i=0

Combining the formulas above, the coefficient of P in the sum 7 (v~ f;) is A2 psnlp s =

DT A
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Finally, we calculate the coefficient of P; in 7( f;)

() = 31y (?)Pz-fxpn_i) By (”) P,

i=0 =0

Hence, the coefficient of P in 7(f;) is

(—=1)°n!
-0 n—s — ! 55 n—s
slin—s)1" s,

Comparing the coefficients of P, in y7(y~' f;) and 7(f;) we have the desired formula. W

4.2.2 Dualizing sheaf

In this section we calculate the integral structure on Char(k)r induced by the dualizing sheaf
over Z,. Recall that the total degree of our polynomials is fixed at n, so we continue to abuse
as above by letting P, denote the monomial iy~ € P 2(@Qp).

If f(z) is arigid analytic function on the p-adic upper half plane €2, then ¢, and I( f) are func-

tions on ?(T) valued in Hom(P3?(Q,)(Q,), Q@,) and Pi/*(Q,)(Q,) respectively. They are

c;(e)(P;) = Res. 2" f(2)dz

n

1)) = 3 (1) (Z‘)Pi Res, 2"~ f(2)d

=0
Teitelbaum [Tei93] calculates the integral structure on harmonic forms via c;. Proposition
4.2.2 gurantees that the diagram below commutes, and that the diagonal arrow 7* is an iso-

morphism of left GLy(Q,) modules.
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1, t2) — L2 ¢ (Hom(PY2(Qy), Q,))
FI(f) -
Char (k)

4.2.2.1 Integral harmonic forms

Remark 4.2.1 (Comparison of notation). Unexplained notation in this remark is from [Tei93].
Teitelbaum identifies elements of B with vertices of the Bruhat-Tits tree diferently from us.

Namely, he uses right cosets Q; R, \ B, while we use left coses. However,
* R * % *
BP /Qp Rp QP Rp \BP

is an isomorphism of left GL;(Q,) modules and using this, we translate his space of integral

harmonic functions into the space Zhar(Hom(PE/ ? (Z,),Z,)) below. The important points are

that, in Teitelbaum’s notation,

Lyy(n) =vLy(n) Vv e By,veV(T)

L.o(n) = yL.(N) Vee €(T)

Here, recall that v is the function associating an element v € Bj with the associated coset
Q) R, \B;. Finally, the edge ¢ = b(1) = [c(1), ¢(3)] that we define in Lemma 2.2.5, corre-
sponds to the lattice

L(1—k)NBL(1 —k)
(see [Tei93, Def. 6]). It is clear that L(1 — k) = PE/Q(ZP). See §3.2.1.

Recall that the functions b and ¢ from Lemma 2.2.5 associate elements of B; with vertices
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and edges of the Bruhat-Tits tree and that 3 = (} §) (2.2.1). Let € = b(1) and
L.= Lb(l) N Lb(g) Lb(l) = HOII](PE/Q(ZP), Zp) Lb(ﬁ) = Lﬁb(l) = ﬁLb(l)

The action of 8 on Hom(Py*(Z,), Z,) and Py/*(Z,) is recorded by the formulas

B(f) =p "*Mf, BP, = p"*7'P,_, BB, =p""*P,
Here, for 0 < ¢ < n, f, € Hom(Py?*(Z,), Z,) is defined by f,(P;) = &;,. Explicitly,
Le = Ly N BLery = {p"*7 il 0 < /2 =t} + {fil n/2 — t < 0}

The image of L. under 7 is

(L) =17, { (?)p”/QtPnt 0<n/2—t } +Z,- { (7;) P
:Zp.{ G)pt“/?a ‘ Ogt—n/2}+Zp~{ (::)Pt t—n/2<0}
o Qo fezen o ( (e

One checks directly that 5 - 7(L.) = 7L.. If p > n, then the combinatorical expressions

n/2—t<0}

t>n/2}

above are p-adic units. This lattice is also stable under the action of R7. To see this, let
p € Ry. Then, by Lemma 2.2.1 u3 = By’ for some yi' € R;. Hence, ur(L.) = 7(ule) =

T(uLyy N pBLyy) = 7(pLpay N BE Lyy) = 7Le.
Define

Zia(Hom(PY/(Z,), Z,)) = { f € Char(Hom(P2/*(Q,),Q,)) | f(z¢€) € 2L,z € B; }
Recall from §3.2.2 that Teitelbaum defines an invertible sheaf w on the formal p-adic up-
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per half plane Q. It's global sections are identified with rigid analytic functions, and the

Teitelbaum proves [Tei93, Thm. 17] that the restriction Res® is an isomorphism.

ff—)Cf

Ok) Char (Hom(P1?(Q,), Q,))

| T

HO(Q, w#/?) —— L2 7, (Hom (PY*(Z,), Z,)) — Chae(Hom (PY*(Z,), Z,))

Unlabeled arrows are the natural inclusions. See the proof of [Tei93, Lem. 16] for more

information regarding the image of the left vertical map. Let 7 be as in Proposition 4.2.2 and
define
Zhar(k) = { f € Crar(k) } 2 f(ze) € (L) Vz € B, }

Since f +— cyis also I' equivariant by Lemma 3.2.3 and §4.2.2, it descends to an isomorphism
on I invariants. In terms of Zhar(k)r, Teitelbaum’s result is then that the map
HO(Q, ™20 Bl 7 o)f

is an isomorphism of Z, modules.

4.2.3 Definite quaternion algebras

In this section, we define a lattice L (U, Z,)P~"*“""» and show that under Theorem 3.3.2
it corresponds to the integral structure defined above (if p > n). First, we characterize

Ly (U, Z,)P~"w:Wr as the space of p-new forms with values in a lattice.

Definition 4.2.1. Let
Ly (U, Zp)p*”w’wp = Lix(U, Z,)P " N WLy (U, Zy )P~

This is a finite index submodule of L, (U, Z,,)P~"*" since W, is injective and p™ (L (U, Z,, )P~ +

W,L(U, Z,)P~ ") C WLy (U, Z,)P~"") for M >> 0. Itis clear that W, Ly (U, Z,)P~ "W =

84



»Ck (U, Zp)pfnew,Wp.

Lemma 4.2.5.

LU, 2,7 Wo = { [ € L,(U,Q,)" ™" | f(2) € LVz € B} }

— { f:B;—=L | f(bz) = f(2)Vb e B* (f,g) =0V g € L,(U,Q,)" "

f(zu):u;:lf(z) VzeB}uelU }

where L = P, (Z,) N\BPL(Z,) p~/%

Proof. First,let M C P,(Z,) be the Z, module generated by { f(2)| f € Li(U, Z,)P~"Wr | 2 €

B (Z &ﬁ-(a)) p = Z Bfi(zi(B~1)i(B))p"?) = Z Wy fi(zid(B71) € M

Hence BMp~"/? C M. Since M C P,(Z,), and 32Mp™ = M, BMp~™/* C M C P,(Z,)
implies M C 3P,(Z,)p~™2 Hence M C L.

If f € Lx(U,Z,)P "W then since M C L, f is an element of RHS. Conversely, if
[ € RHS, then clearly f € Li(U,Z,)P~"", W,f € Ly(U,Q,)P"", and for z € B;,
W,f(2) = Bf(zj(B)p~™? € BLp™? C P,(Z,). Hence, W,f € L(U,Z,)P " and
f € W,Li(U, Z,)P"ev. n

Lemma 4.2.6. Let M C P,(Q,) a Z, submodule stable under U,, and
M ={ f € Ly(U,Q,)""|f(z) € MVz € B} }
Then, the image of M under the map JL from Theorem 3.3.2 is
Char(PY?(Qp)) v = { ¥ € Coar(PY2(@p))" | 270(2) € 6(M)Vz € B} }

Here, ¢ is the isomorphism by Lemma 3.2.1.
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Proof. Recall that the harmonic functions are determined by their values on norm one ele-

ments by Lemma 2.4.5. If z € B! and f € M then

JLp(2) = z-¢o foj(z)

Conversely, if JL(z) € z¢(M) for all z € B' then f o j(z) € M forall z € B;'. Since

M is stable under U, f € M by strong approximation (2.1). ]

7

Consider the monomials P; = z'y" " as elements of the space P,(Q,) of homogenous poly-

nomials of degree n. Then,
BPp? =P, ip " BP,pTP=Pp'?T 0<i<n

L=27, {Pp"* " |i<n/2}+Z, - {P|i>n/2}

Recall from Lemma 3.2.1 that ¢(P;) = P;(y, —x) = (=1)"P,_;.
(L) =Ly { Pacip™* " | i<n/2} + 2y { Py | i >n/2}

Finally, it is clear that L (or equivalently ¢(L), where ¢ is as in Lemma 3.2.1) is stable
under the action of U,. To see this, let © € U,. Then, uf = py' for some p' € U, by
Lemma 2.2.1. Hence, uL = p(P(Z,) NBPL(Zy) p~™?) = nPu(Zy) NuBPL(Z,) p~/? =
P (Zy) N8 Pu(Zy) p~"* = Pu(Zy) NBPu(Z,) p~"/2.

It is clear that

Lemma 4.2.7. For all primes p,
7(Le) € (L)

is a finite index inclusion of Z,, lattices. If p > n = k — 2, then this inclusion is an equality.

Then, Lemma 4.2.6 implies
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Theorem 4.2.8. Let Li.(U, Z,)P~"We C L1.(U, Z,)P~"*" the lattice in the space of p-new
forms on B above (Definition 4.2.1), and Zhar(k)F C Char(k)Ffrom §4.2.2.1 the space of

integral harmonic forms. Then,

/Ck:(Uﬂ Zp)p—new,Wp JL—> Char(k)r
Zhar(k)F

the explicit Jacquet-Langlands isomorphism induces a finite index inclusion of 7, lattices
Znar ()" C IL (Li(U, Z, )W)

If p > k — 2 then this inclusion is an equality. In particular, if k = 2 then Ly (U, Z,)P~"Wr

and Z;W(k)F are identified for all p.

Theorem 4.2.9. If p > 3, then then by Lemma 3.2.2, Zhar(k)F C Cha,(k)F is identified with
the lattice H°(S', W?'I;/Zi) of forms defined by the relative dualizing sheaf wg: 7, of S'/Z,. In

this case, the theorem above takes the form

Li(U, 2, )~ mew W L Char(k)"

|

HO(S' w®k/2)

VS T

the explicit Jacquet-Langlands isomorphism induces a finite index inclusion of 7, lattices

H(S, wEH2) € L (LU, 2,7 %)

If in addition p > k — 2 then this inclusion is an equality.

Proof. This follows from Theorem 4.2.8. |

87



[AdSO03]

[ATJLLO3]

[BCI1]

[BD9S]

[BN81]

[Cer76]

[Dri76]

[dS89]

[DSO1]

[DT94]

[FM14]

BIBLIOGRAPHY

Gil Alon and Ehud de Shalit, Cohomology of discrete groups in harmonic
cochains on buildings, Israel J. Math. 135 (2003), 355-380.

Leovigildo Alonso Tarrio, Ana Jeremias Lopez, and Joseph Lipman, Correction
to the paper: “Duality and flat base change on formal schemes” [in studies in
duality on noetherian formal schemes and non-noetherian ordinary schemes, 3—
90, Amer. Math. Soc., Providence, RI, 1999; MR1716706 (2000h:14017)], Proc.
Amer. Math. Soc. 131 (2003), no. 2, 351-357 (electronic).

J.-E. Boutot and H. Carayol, Uniformisation p-adique des courbes de Shimura:
les théorémes de Cerednik et de Drinfel'd, Astérisque (1991), no. 196-197, 7,
45-158 (1992), Courbes modulaires et courbes de Shimura (Orsay, 1987/1988).
MR 1141456 (93¢:11041)

Massimo Bertolini and Henri Darmon, Heegner points, p-adic L-functions, and
the Cerednik-Drinfeld uniformization, Invent. Math. 131 (1998), no. 3, 453-491.

Pilar Bayer and Jiirgen Neukirch, On automorphic forms and Hodge theory,
Math. Ann. 257 (1981), no. 2, 137-155.

I. V. Cerednik, Uniformization of algebraic curves by discrete arithmetic sub-
groups of PGLsy(k,,) with compact quotient spaces, Mat. Sb. (N.S.) 100(142)
(1976), no. 1, 59-88, 165.

V. G. Drinfel'd, Coverings of p-adic symmetric domains, Funkcional. Anal. i
Prilozen. 10 (1976), no. 2, 29-40.

Ehud de Shalit, Eichler cohomology and periods of modular forms on p-adic
Schottky groups, J. Reine Angew. Math. 400 (1989), 3-31.

Ehud De Shalit, Residues on buildings and de Rham cohomology of p-adic sym-
metric domains, Duke Math. J. 106 (2001), no. 1, 123-191.

Fred Diamond and Richard Taylor, Nonoptimal levels of mod | modular repre-
sentations, Invent. Math. 115 (1994), no. 3, 435-462.

Cameron Franc and Marc Masdeu, Computing fundamental domains for the
Bruhat-Tits tree for GL2(Q),), p-adic automorphic forms, and the canonical em-
bedding of Shimura curves, LMS J. Comput. Math. 17 (2014), no. 1, 1-23.

88



[GvdP80]

[11105]

[JL70]

[JL85]

[Kur79]

[Miy89]

[Mum?72]

[Mus78]

[Pra08]

[Rob89]

[Sch84]

[Ser79]

[Ser80]

[SS91]

Lothar Gerritzen and Marius van der Put, Schottky groups and Mumford curves,
Lecture Notes in Mathematics, vol. 817, Springer, Berlin, 1980.

Luc Illusie, Grothendieck’s existence theorem in formal geometry, Fundamental
algebraic geometry, Math. Surveys Monogr., vol. 123, Amer. Math. Soc., Provi-
dence, RI, 2005, With a letter (in French) of Jean-Pierre Serre, pp. 179-233. MR
2223409

H. Jacquet and R. P. Langlands, Automorphic forms on GL(2), Lecture Notes in
Mathematics, Vol. 114, Springer-Verlag, Berlin-New York, 1970. MR 0401654
(53 #5481)

Bruce W. Jordan and Ron A. Livné, Local Diophantine properties of Shimura
curves, Math. Ann. 270 (1985), no. 2, 235-248.

Akira Kurihara, On some examples of equations defining Shimura curves and
the Mumford uniformization, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 25 (1979),
no. 3, 277-300.

Toshitsune Miyake, Modular forms, Springer-Verlag, Berlin, 1989, Translated
from the Japanese by Yoshitaka Maeda.

David Mumford, An analytic construction of degenerating curves over complete
local rings, Compositio Math. 24 (1972), 129-174.

G. A. Mustafin, Non-Archimedean uniformization, Mat. Sb. (N.S.) 105(147)
(1978), no. 2, 207-237, 287.

Kartik Prasanna, Arithmetic aspects of the theta correspondence and periods
of modular forms, Eisenstein series and applications, Progr. Math., vol. 258,
Birkhiuser Boston, Boston, MA, 2008, pp. 251-269.

David Peter Roberts, Shimura curves analogous to xy(n), ProQuest LLC, Ann
Arbor, M1, 1989, Thesis (Ph.D.)-Harvard University.

P. Schneider, Rigid-analytic L-transforms, Number theory, Noordwijkerhout
1983 (Noordwijkerhout, 1983), Lecture Notes in Math., vol. 1068, Springer,
Berlin, 1984, pp. 216-230.

Jean-Pierre Serre, Local fields, Graduate Texts in Mathematics, vol. 67,
Springer-Verlag, New York-Berlin, 1979, Translated from the French by Mar-
vin Jay Greenberg.

, Trees, Springer-Verlag, Berlin-New York, 1980, Translated from the
French by John Stillwell.

P. Schneider and U. Stuhler, The cohomology of p-adic symmetric spaces, Invent.
Math. 105 (1991), no. 1, 47-122. MR 1109620 (92k:11057)

89



[Tei90]

[Tei193]

[vdP92]

[Vig80]

[Yek98]

Jeremy T. Teitelbaum, Values of p-adic L-functions and a p-adic Poisson kernel,
Invent. Math. 101 (1990), no. 2, 395-410.

, Modular representations of PGLy and automorphic forms for Shimura
curves, Invent. Math. 113 (1993), no. 3, 561-580.

Marius van der Put, Discrete groups, Mumford curves and theta functions, Ann.
Fac. Sci. Toulouse Math. (6) 1 (1992), no. 3, 399-438.

Marie-France Vignéras, Arithmétique des algebres de quaternions, Lecture
Notes in Mathematics, vol. 800, Springer, Berlin, 1980.

Amnon Yekutieli, Smooth formal embeddings and the residue complex, Canad.
J. Math. 50 (1998), no. 4, 863—896. MR 1638635

90



	Dedication
	Table of Contents
	Abstract
	Introduction
	Modular forms on quaternion algebras
	Eichler orders
	Definite quaternion algebras
	Indefinite quaternion algebras
	The Jacquet-Langlands correspondence


	Statement of results
	p-adic Uniformization
	Explicit Jacquet-Langlands isomorphism
	Zp-integral structure


	Overview of proof
	Further directions

	Modules on the Bruhat-Tits Tree
	Setup
	Quaternion algebras
	Definite quaternion algebras
	Eichler Orders
	Orientation
	Modular Forms


	The Bruhat-Tits tree
	Normalizers
	The Bruhat-Tits Tree T of `39`42`"613A``45`47`"603APGL2(Qp)

	Modules on T
	Generalities
	Edges
	Vertices

	Adjointness
	Setup
	Adjointness
	Harmonic functions


	Harmonic forms
	Harmonic forms
	p-new forms
	Identification
	Inner product



	Modular forms on Shimura Curves
	p-adic uniformization
	Setup
	Small enough Up
	General Up


	Relative dualizing sheaf
	Representations of `39`42`"613A``45`47`"603AGL2(Qp)
	Teitelbaum's sheaf

	Explicit Jacquet-Langlands isomorphism

	Compatibility
	Hecke action
	Coset decompositions
	Hecke operators on Shimura Curves
	Definite quaternion algebras


	Zp-integral structure
	Representations
	Dualizing sheaf
	Integral harmonic forms

	Definite quaternion algebras


	Bibliography

