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HOLDER CONTINUITY OF CONFORMAL MAPPINGS
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ABSTRACT

We study the rate at which a positive superharmonic function u can tend to zero at a boundary point
z, of a plane domain G. In particular, if G is a quasidisk, and & > 0 is given, we show that the condition
that lim infu(z)/dist (z, 0G)'/* > 0 as z — z, in G for any such u is related to the condition that the conformal
map fof the unit disk onto G with f{1} = z, is H6lder continuous with exponent a at the point {. This leads
us to consider the problem of finding the best exponent a for which fis Holder continuous. The answer
depends on how we characterize quasidisks or quasicircles. In this connection we give a negative answer
to a question of Nikki and Palka.

1. Introduction

1.1. Let G denote a plane domain and suppose that u is a positive superharmonic
function in G. We started our investigation by considering the question, suggested by
the results in [7, 8], of at what rate u(z) can tend to zero as z approaches a point on
the boundary 8G of G, at least if dG satisfies some regularity conditions. Our
conclusions, whose proof is rather elementary, lead us to consider the more difficult
question concerning the best exponent of Holder continuity of a conformal mapping
of the unit disk onto a quasidisk D when the quasicircle 0D is parametrized by means
of cross ratios. In that connection, our main result is Theorem 4, stated in Section 3
below, which disproves a conjecture of Nikki and Palka [11] concerning the order of
magnitude of that best exponent.

We start by explaining our results for positive superharmonic functions u in a
domain G. It is well known that if G is the unit disk A = {z:|z| < I} then

liminfu(z)(1—]z|)™! > 0, (1.1
lz}—-1-
and a nuniber of recent results (see, for example, [7] or [8]) have extended this result
to other classes of domains. For a set E, we let d(z, E) denote the distance from = to
the set E. Recently, Kuran has shown, for a class of domains G known as a-admissible
(see [7, p. 269] for the definition) that
liminfu(z)(d(z, 3G))™" > 1.
z2-0G
Moreover, there is a local version of this result [7, Theorem 2, p. 269] in that if G is
merely a-admissible at a point z,€ 0G then
lim infu(z) (d(z, dG))™* > 0.

2—2g
2eG
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SUPERHARMONIC FUNCTIONS 257

It will turn out that an important consideration in such results is the behaviour of
the conformal mapping from A to a neighbourhood of a point z,€ dG. It is convenient
to formulate the following elementary result as a theorem. We denote the extended
complex plane by C.

THEOREM 1. Let G be a domain in C with z, a finite boundary point of G. Suppose
that there is a Jordan curve or a non-degenerate Jordan arc U and a neighbourhood U
of z, such that U 0 8G is an arc of T. Let D be a component of C\T for which DN G nV
is not empty for any neighbourhood V of z,,, and let f be a conformal mapping of A onto
D with f(1) = z,. Suppose that there are positive constants M, e and o such that

/'@ < M(1 =z (1.2)

for |zl < 1,|z—1| < &. Then, for any positive superharmonic function u defined in G we
have
lim inf u(z2) (d(z, 0G))™* > 0. (1.3)
Z;E?\“I)

The open set C\I" has one or two components, and if there are two of them, say
D, and D,, then G n D, N V might be non-empty for both i =1 and i = 2, for any
neighbourhood V of z,. If so, then we have (1.3) as z - z, in G provided that the
conformal mapping f; of A onto D,, with f(1) = z,, satisfies (1.2) (with f replaced by
f)fori=12

If, for example, G consists of countably many disjoint Jordan arcs and curves
that cluster at most at infinity, then each finite z,€ dG has a neighbourhood U as in
Theorem 1 (it is, however, another matter to determine under what circumstances
(1.2) holds).

We shall be concerned with the case 0 < o < 1. Forif a > 1, then (1.2) implies that
f(z) > 0 as z tends to any point on an arc of dA. By Privalov’s theorem, f” = 0 so that
Sis constant and hence not conformal. If 0 < & < 1 and if (1.2) holds for all ze A then
a well-known result of Hardy and Littlewood [6] asserts that feLip(a,A) and
conversely (see, for example, [S, Theorem 5.1]). We say, of course, that fe Lip (a,A)
if and only if

Ifz)=Rz)l < M|z, —z,)* (1.4)

for some positive M, and all z,,z,€A.

1.2. To prove Theorem 1, let g be a conformal map of A onto
Vi={z:lz—1l| <g}inA

with g(1) = 1 where ¢, is so small that ¢, < ¢ and f{}}) = G. By reflection, we extend
g to a conformal map of A U{z:]|z— 1] < J} onto some neighbourhood of the point.1.
We take 6 € (0, ¢,) so small that 1 /¢ < |g'(z)| < ¢ for some ¢ > 1 whenever |z—1| < §/2
and thus also if |g(z)— 1| < J,, for some §, €(0, ).
By [8, Proposition 1, p. 199], the positive superharmonic function » = uofog
defined in A satisfies
liminfo(z)(1—|z])™* > 0.

z—1

Let p, denote the Poincaré density in D. Since

I/ (€(2) &' @I —|zI*) = pp((fog)(2)™! = d((fog)(2), D)

9 JLM 39



258 J. M. ANDERSON AND A. HINKKANEN
and d(w, dD) = d(w, 0G) when |w~z,| is small enough, and since

1—1g@@)| = (1=z])/c,

for some ¢, > 1 when |z— 1] is small enough, we see after some calculations that (1.2)
together with the above estimates implies (1.3). This proves Theorem 1.

1.3.  The relation of our problem to that of conformal mapping is further illustrated
by the following rather simple observation.

THEOREM 2. Let g map the Jordan domain G conformally onto the upper half-plane
or onto the semidisk {z:)z| < 1 and Im z > 0} with g(z,) = 0 where z, is a finite boundary
point of G. Then for any positive superharmonic function u in G we have

u(z)
mg@d

Since Img is a positive harmonic function in G, it follows that Img gives the
slowest rate at which a positive superharmonic function in G can tend to zero as
z> 2z,

In Theorem 2, we could assume that G is a general simply connected domain, not
necessarily a Jordan domain, provided that {z,} is the impression of a prime end and
that the point z, belongs to the impression of only one prime end. Under these
assumptions, the statement g(z,) = 0 makes sense.

To prove Theorem 2, we note that the result (1.1) for the unit disk can be used
together with a conformal mapping argument to deduce that the positive
superharmonic function v = uog™" defined in g(G) satisfies

(1.5)

llm 1nf

.. (W)
lim inf Trw > 0. (1.6)

w—0
weg(G)

Here g(G) is the upper half-plane or a semidisk. Replacing w by g(z) in (1.6) we obtain
(1.5). This proves Theorem 2.

1.4. When G is simply connected, there is a converse relation between (1.2) and

(1.3).

THEOREM 3.  Suppose that the conformal map f of A onto the simply connected
domain G in C with the finite boundary point z, satisfies f(z) - z, as z — | in A. Suppose
that a > 0 and that @) )

. u(z
zeG

whenever u is a positive superharmonic function in G. Then there are positive numbers
e, M and M, independent of u, such that (1.2) holds for all ze W = An{z:|z—1| < &}
and such that (1.4) holds for all z,,z,e W.

The conclusion (1.2) shows that we must have had 0 < a < 1. To prove Theorem
3, we apply (1.7) to u(z) = —log|f(2)| and note that u(z) < 2(1—|f"'(z)|*) when
|/"Y2)| = &. Let p,, be the Poincaré density in G. Since

d(z,0G) 2 cp(2)™" = c(1 =1/ PN/ (@) (1.8)
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as z — z, in G, we obtain (1.2), and hence (1.4) by integration (cf. [6, p. 427]). Note
that if co ¢ G, then (1.8) holds for all ze G with ¢ = }, while if c0 € G, then (1.8) holds
with, say, ¢ = } when |z—z,| is small enough. This proves Theorem 3.

2. Quasidisks: the standard definition

Suppose that G is a Jordan domain in C, and let f map A conformally onto G. If
f has a quasiconformal extension F to C with complex dilatation x4 = E/F and if
further the L”-norm | u||,, of u satisfies ||u|,, < k < I, then G is called a k-quasidisk.
Simple calculations together with [12, Lemma 9.9, p. 287] show that then for any
¢ e dA with F({) # o there are positive numbers M and ¢ such that

I/ (2 < M(1—|z)™

for |z| < 1,|z—{| < &. Thus (1.2) holds with a = | —«, and so Theorem 1 yields the
following consequence.

COROLLARY 1. Let G be a domain in C whose boundary consists of finitely many
disjoint quasicircles, and suppose that for each component T of G, the component of
C\T containing G is a k-quasidisk. Then for any positive superharmonic function u in
G and for each finite z,€ 0G, (1.3) holds with . = 1 —k as z > z, in G.

The following example shows that the conclusion of Corollary | cannot, in
general, be improved. The various assertions that we make about this example will
not be proved here since the proofs involve only routine considerations. For a fixed

k with 0 <k < 1, we set
G, ={z:|argzl < (1 —Kk)n/2}

and take G = ¢(G,) where ¢(z) = (z—1)/(z+1). Then G, and G are k-quasidisks (cf.
[2, pp. 81-82], where 1 —«k is replaced by 1+ k even though a similar argument works
for 1 —« also). For Rez > 0, we define y(z) = z"/*™, taking that branch which is
positive for z = x > 0. Now set g = ¢ow o™ so that g maps G conformally onto A
and g(z) is real for real z.

We choose z, = — | and note that

g(Z)+I ~ 2-x/(l—A')(Z+ ])1/(1—-‘\')

as z— —1 along the real axis in G. The function u(z) = |1 + Reg(z) is positive and
harmonic in G. Moreover, as z — — | along the real axis is G, we have

d(z,0G) ~ (z+ 1)sin[(1 — k) n/2].
Hence
. u(z)
zlllr_lzec d(z, 0G)

zreal

= (2sin[(1 — k) /2> > 0.

3. Quasidisks: the geometric definition

In [1, p. 295] Ahlfors gave a geometric characterization of quasicircles. This led
Gehring to formulate the following definition, which seems to have first appeared
in [3] and subsequently in [4]. A Jordan curve T in C is called a k-circle where
0 <k <1 ifand only if

|Zl _:3| IZZ_:JI > k (3,)

|2y —zyllzg =2y + 2y — 2yl lzy =2yl

9-2



260 J. M. ANDERSON AND A. HINKKANEN

whenever z,, z,, z, and z, are distinct points of I that follow each other in the positive
or negative direction on I'. If one of the z, is infinite, we interpret the left-hand side
of (3.1) in the obvious way. A curve I is a 1-circle if and only if T is a circle or a
straight line. We further note that a k-circle is the boundary of a kx-quasidisk where
k depends on k only, and that the boundary of any x-quasidisk is a k-circle for some
k depending on « only.

The standard examples of curves which are k-circles are

I', ={0, 00} U{z:|argz| = arcsin k},
1 =10, 0} U {z:largz] }} (3.2)

I', = {0, 0} U{z:|arg z| = m—arcsin k},

as well as ¢(I",) and ¢(I',) where ¢(z) = (z—1)/(z+ 1) as before (see, for example, [3,
pp. 7-10)).

Nikki and Palka have shown in [11, Theorem 2, p. 486] that if / maps
A conformally onto a bounded domain D whose boundary is a k-circle then
feLip (e, A), where o, = ap(k) is given by

2(arcsin k)?

- n(m—arcsink)’ (33)

0
It follows from Theorem 1 and the remark after it that, for such a domain D, the
inequality (1.3) holds with & = «,. This value of «, arises from an estimate, [11,
Lemma 4, p. 492], for the moduli of certain path families, using only weakly the fact
that 8D is a k-circle. Nikki and Palka suggested that if full use is made of the fact that
oD is a k-circle then an improved estimate [11, formula (17), p. 493] for these moduli
might be true. They showed that if this were true then the better result that
feLip(«,,A), where _
o, = 2(arcsink)/m, (349
would follow. Note that
o ~2/n%)k* and a, ~(Q2/m)k as k—0+. 3.9)

The following theorem shows that the conjecture that f€ Lip («,, A) is false, at least
for small k, and hence that the corresponding moduli conjecture is also false for such
k. It seems possible that both conjectures are false for all k < 1, though we are unable
to prove this.

THEOREM 4.  There is a number k, withQ < k, < 1, such that for any k (0, k,) there
exists a domain D whose boundary U is a k-circle passing through 0 and oo such that
the following holds. If g maps H = {z:1Imz > 0} conformally onto D with g(0) =0,
g(o0) = 0 and |g(1)| = 1 then for all ze H with |z| < | we have

lg(2)| = Alz)* (3.6)

where a = Bk? and A and B are positive absolute constants.

In view of (3.5) and (3.6) we see that the conjecture that g is Holder continuous
with exponent «, is asymptotically false as kK — 0+ . Perhaps some interest attaches to
the question of finding the correct behaviour of a as kK — 0+, though this might be
as difficult as finding the best possible « for each k.

We work in the upper half-plane H rather than in A only for the sake of
convenience. Also the fact that the domain D of Theorem 4 is unbounded causes no
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difficulty. Pick a point w,e C\ D and consider the domain D, onto which H is mapped
conformally by the function g,(z) = (g(z) —w,)™*. It will be clear that the reasoning
remains valid also for g, and D,.

Theorem 4 yields the following corollary.

COROLLARY 2. For 0 < k < k,, let D be the domain of Theorem 4. Then there is
a positive harmonic function u in D, namely u = Im g™, and a sequence z,€ D, z, — 0,
such that

lim sup % < (3.7)

where a = Bk? as before. In particular, (1.3) cannot hold for any exponent o > Bk:.

Note that it is not claimed (and it is probably not true) that there exists a fixed
absolute constant B such that o = Bk? is exactly best possible in Theorem 4 and in
Corollary 2. It is merely stated that if B is suitably chosen and if k is small enough,
then (3.6) and (3.7) hold for the particular choice a = Bk? even though, for each fixed
k, they might hold also for some slightly smaller values of a.

ReEMARK. Lesley [10] defined the Jordan curve I' to be a c-quasiconformal curve
if there are positive numbers ¢ and c¢ such that

|z, = 25| + 2, — 23] < |z, — 2z, (3.8)

whenever z,,z,,z,€T,|z, —z,] < J and z, is on that arc of I" determined by z, and z,
that has the smaller Euclidean diameter. Let f be a conformal mapping of A onto the
interior of a bounded c-quasiconformal curve I'. Lesley proved that then f€ Lip (a,, A)
where a, = (2/m)arcsin (1/c) provided that I' is of bounded rotation [10, Theorem
4, p. 343], and that in general, fe Lip (a,, A) where

o, = (2/m)[arcsin (1/c)]*(n—arcsin (1/¢))™ ~ 2n~%¢c™?

as ¢ — oo [10, Theorem 2, p. 342]. He also gave an example [10, p. 351] where T’
is not of bounded rotation and f¢ Lip («,A) for any a > «,, where «, ~ 16772¢"2 as
¢ — 0.

Thus, if instead of characterizing a quasicircle globally by using the condition (3.1)
that involves four points, we use /ocally the inequality (3.8) involving three points,
then the correct order of magnitude of the best exponent of Hélder continuity is ¢™2
as ¢ — 0.

4. An example

4.1. The proof of Theorem 4 is established using the following example. For
k < k,, where k,€(0,1) is to be chosen later, and for suitable positive constants
A, A, ..., A we define r, = exp (4, nk) for —co0 < n < o0 and set

Ly, = [raus Fanels
Lo =1{ré’:r=r,,,1,0 <0< 4,k
Ly = (1€ rp 0 S <ry,,0 = A, k3,

0

— .,
I4n+3 - {re = Tanses
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= {re’: r,, exp (A, k) < 1 < 1oy xp(— A, k), 0 = A, k),
me ={re:r =ry,, exp(—A;k), A,k <O < A, ki + Ak},
Jinsz = {re: 1y, €xp(— Ay k) < r < rypppexp (A k), 0 = A,k + 4, k),

4n+3 {rew r= r2n+2exp (A k) A k 0 < A k—+A k}

If k is small enough, depending on 4,,..., 4;, and if 4,/A, is large enough, then
n=Ur..1,and Ve = Uz, J, are disjoint open Jordan arcs from 0 to co so that
I' ={0,00} Uy, Uy, is a Jordan curve dividing the plane into two disjoint domains.
For our domain D we take that component of C\I' not containing the intervals
(730415 Fanse) fOr —o0 < n < 0.

THEOREM 5. For suitable constants kg, A,,...,As the curve T is a k-circle for
0<k<k,

4.2. The proof of Theorem 5 consists of a rather complicated verification of (3.1) and
is given in Sections 6, 7 and 8. Thus, assuming Theorem 5, we let g be the mapping
of H onto D as in Theorem 4. Then g has a K-quasiconformal extension to C, also
denoted by g. Here K depends on k only. Thus it follows from [9, Theorem 9.1,
p. 106], that
L(r)<c,l(r) forall r>0 4.1

where ¢, is a constant depending on K and hence on k only while

L(r) = max{|g(2)|:|z| = r},

l(r) = min{|g(2)|: |z| = r}.

For a fixed r with 0 < r < 1, let P, be the family of paths lying in the semiannulus
Hn{z:r <|z| < 1}and joining the segments (— 1, —r) and (r, 1). The modulus M(P,) of
the family P, is given by M(P,) = n'log(1/r) (see, for example, [11, formula (21),
p. 494)). Since g is conformal in H we have M(P,) = M(g(P,)). Since g(0) = 0 we may
choose r so small that L(r) < I(1).

We seek a lower bound for M(g(P.)). More precisely, if p is any non-negative Borel
function in the plane such that

jpds =21 forall yeg(P) 4.2)
14

then we seek a lower bound for [, p®dxdy in terms of L(r). Note that y, = g((0, o))
and y, = g((— 00, 0)) and that the set D n{z: L(r) < |z} < /(1)} is covered by the paths

in g(F,).

4.3. We choose integers i and j so that ry,_, < L(r) < ry, 1y, < I(1) <ry,;. Then
i < jsince L(r) < I(1). The set

J j
U {re?:ry, < r < ry,exp(4;k), A,k <0< A,k = S,

n=i n=i

say, is contained in D. Consider a typical radial segment

Yo ={re:ry, <r <ry,exp (A5 k)3,



SUPERHARMONIC FUNCTIONS 263

where 4,k €0 < A, ki and i < n < j. Now y, joins , to y, so that y, is a path of the
family g(P). If the function p satisfies (4.2) we obtain by the Cauchy-Schwarz
inequality that

Azk% Ton CXP (A4 k) dr
[ o= 2]
Sy Agk Ton r
Aek% Tan CXD (Agk) 2 rz,,exp(Aak)d -1
AL e T
Ak T r Tan r

2n

Azk%—A4k Ay
ALk 24,

if kK < (2A4,/A,)". Summing over n we see that

Ay
9 : 2 2 L .
J'Lp dx dy —2A3k (J—i+1)

From the definition of / and j we obtain

=

LON
L(r) ¢, L(r)

since, by (4.1), I(1) = ¢;"L(1) = ¢;*. Tt is here that we use the assumption that
lg(1)] = 1. Combining this with the known value of M(g(P,)) we obtain

exp {A, k{5 +2(j—i)]} = ’”—”

Liog! = Mgy > 2rm i+1)
V4 r

1
2 -
g { *aIE kIOgCQL(r)}
This may be reformulated as

18G)] = ¢'L(r) > c5% exp (34, K)lz™? @.3)

where B = 44, A,(nA,)™". Thus (3.5) holds with 4 = ¢;2exp (—34, k) provided that
L(r) < I(1) (which implies that i < j). In fact, however, (4.3) is valid for all ze H with
lz] < 1. For if |zl = r < | and L(r) = /(1) then already from (4.1) we have

lg(2)] = ¢ L(r) = ;M) = CEZMM%

which is stronger than (4.3). Thus Theorem 4 is proved assuming Theorem 5. We note

that nothing in the above part of the argument has restricted our choice of 4,,..., 4,

and that the only restriction placed on k so far is the condition that k < (24,/4,)*
The proof of Corollary 2 will be given in Section 9.

5. Remarks on the example

For the example D of Section 4, the order of magnitude k? of the exponent of
Holder continuity of the function g is sharp. To prove this, it suffices to find a good
upper bound for M(g(P)). We set

[(Qlzlarcsink)™, zeD,l(r) < |zl < L(1),
p(2) =1

0, otherwise.
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By [11, Lemma 3, p. 490], we have

des =1 forall yeg(P)
and hence ’

M(g(P)) < jJ PA(x+iy)dxdy = (2arcsin k)‘zjm) dr {J de}.
Cc reen

i(r) r

An obvious estimate shows that
J df < max (A4, k, A, k)+ w(r),
re €D

where w(r) = A, ki if r,, <r<r,,exp(Ad,k) or r,,, exp(—Ak) <r<r,,,,, and
w(r) = 0 otherwise. With 4, = max (4,, 4;) we obtain, since arcsmk > k that

L)

1 1
Lot = ME(B) < 713 {A (Klog 7

+ A, k4 S k(g— p+l)} 5.1

Here the integers p and ¢ are defined by

<l <r <Li)<r,

P+1? a-
and hence

L(l)
1(r) '

exp {4, k(g —p—2)} = =+

Combining this with (5.1) we see that

1 mk |, L(1) Ay A k) 3md, A,
log- \4k2{l° l()}{A“+ Ak + T

Unwinding all this we get for |z| = r that

3
8(2)] < € lr) < Bylz|**

for suitable constants B, and B,.

It follows that to decrease the order of magnitude k? of the exponent of Holder
continuity, if possible at all, one would have to consider a k-circle that in some
essential way differs from 0D for the above domain D.

6. Proof of Theorem 5. Case 1

To prove Theorem 5 we set Z = {z,,z,,z,,2,} where the z, belong to y, Uy, of
Section 4. We thus omit the cases when z, = 0, co for some i, but (3.1) will follow in
these cases by continuity. Wlthout loss of generality we suppose that Z is positively
oriented and set

S(Z) = K|z, — 25l |1z — 2, + 12, — z,l |12, — 23]}

We put z, = p,exp(if,), where 0 < p, < oo and 0<6,<n/2, for 1 <j<4. This
already imposes a restriction of the form k& < k; as it assumes that

max (4, k, A, ki+ 4, k) < in.
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There are five cases to consider.

Case I. All the z,,1 <j <4, lie on y,.
Case II. All the z, lie on p,.

Case III. z €y, but z,, z,, z, lie on y,.
Case IV. z,, z,, z, lie on y, but z,€¥y,.
Case V. z,, z, lie on y, and z,, z, lie on y,.

Case 11 is similar to Case I and Case IV to Case III; so we shall consider only
Cases I, IIT and V.

Case I. Because of the orientation of Z, we have p, < p, < p, < p,. We consider
several subcases of Case I, assuming from the start that 0 < k < k, < 2. We shall
denote by C a positive absolute constant, not necessarily the same at every
occurrence.

Case I(a). All the z, belong to I, U I,,, for some fixed v.

If all the points z, belong to I, for some fixed v then, since J, is contained in a line
or a circle, (3.1) holds with k = 1. Suppose that Z < I,V I,,,, where I, = [r,,r,,,] and
I, ={re?:r=r,,,,0 <0< A,k <1in}, for some n. The Mdbius transformation
T.z) = (rpyy +2)(rp,;—2)" maps I,Ul,,, onto a subset of R*UiR*. Now the
boundary of the first quadrant is a k,-circle for k, = siniz = 273 (cf. (3.2)). Hence (3.1)
will hold whenever k <27t The other possibilities for I,U[l,, are dealt with
analogously.

From now on we assume that there is no v such that Z<= I, U [7,,,.
Case I(b). |z,—z,] < 34, klz,] < |z,|(1 —exp(—4,k)).

We assume that 4, k < A, k%, which is true if k, is small enough. Then

|2y — 25| + 23— 24| < Clz,—2,,

and (3.1) will hold provided that Ckmax (|z, —z,|,|z, —z,]) < |z, —z,|.

By the geometry of y, and by our assumption, we have |z, —z,| < C|z, — z,|. Next,
if z,el, then our assumption implies that z,,z,el,U7,,. Therefore, by our
assumption, we have z, ¢ I, and further z, ¢7,_, U I, if it happens that z,,z,€1,. Now
geometric considerations show that |z,—z,| < C|z; —z,|. Using this together with
the inequality |z, —z,| < |z, —z,|+ |z, —2z,| we see that (3.1) holds for all sufficiently
small k.

Case I(c). |z, —z,| < 3A4,klzy).

This is analogous to Case I(b), and we omit the details.

It is elementary to show that if |w)| <|w,| < |w,| and 0 < argw, < Azk% < im for
1 <j<3 then
[Wql — W, + 24, ki|w,|

[ Wy —wy| +|w, —wy| <
< |wy—wy| + 24, k|w,|. (6.1)

Several estimates below will be based on this.
From now on, we may assume that

|z, =2y > 34, klzyl and |z,—z,| > 34, kiz,]. (6.2)
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Case I(d). We have
|2y =2z,] < |2y —2,| + 12, — 25| +]25— 2,

so that
kIS(Z) = |z, — 2yl |23 — 2| + |2, — 25] |2, — 2,
< Iz, =zl + 1z — z4l) (|2, — 2 + 25— 2,])
< (12— 2ql + 24, Kizg]) (12, — 2, + 24, K¥lz,))

by (6.1). Hence (3.1) holds provided that

|2, — 24 + 24, k|z,| < k732, — 2z, (6.3)
and
|2, — 2, + 24, ki|z,) < k ¥z, —z,. (6.4)

Clearly (6.3) holds whenever
|z, —z5| = 44, k|z,|

if kK <} as we assume. So if we choose 4, to be greater than 84, then (6.3) is a
consequence of our assumption (6.2). Similarly, (6.4) follows from (6.2).
This completes our treatment of Case I.

7. Case 111
It is easily verified that the distance d(z, y,) from zey, to y, satisfies
d(z,y,) = Ck|zlmin (A4,, A,, A5)
for a suitable positive constant C and we write, similarly,
d(z,y,) = A,k|lz) for zey,

where A, is large if each of 4,, 4,, 4; is chosen to be large enough. Because of the
orientation of Z, we have p, < p, < p,.
So if z, ey, and z, ey, then

|z, — 25| = 4, kmax{jz,|, |z,}- (7.1

Case IlI(a). p, = 2p,.
Here we have the estimate

S(Z) < K{(2p)) (2p0) + (2p)) (2p3)} < 8kpy pys

while |z, —z,| = p, —p; = p,—p, = p,/2. Thus (3.1) holds if |z,—z,| = 16kp,. But if
|zo—2z,| < 16kp, and A, is large enough, then geometric considerations show that
|z, — 25| + |2, — 2] < 3{z,—2,|. Thus

S(Z) < 6kp,|z,—2z,| < 12k|z,—z,||2, — z,].
Hence (3.1) holds if 12k < 1.

Case III(b). p, < 2p, and {z,,2,,2,} = I,U I,,, for some v.
In this case |z,—z,|+ |z, —z,| < 3|z,—z,], say, from the geometry of y,, so that

S(Z) < 3k|22_z4| max {lzl _zzl: Izl_qu}-
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We have |z, —z,| > A4,kl|zy| = A,kp,/2 by (7.1) and since z,,z,€1,U1,,,. Further,
|z,—z,| and |z, —z,| are less than 3p,. Thus

S(Z) < %kpylzy—z4| < |z, —24ll12,— 2,
if A, is large enough, and (3.1) holds.
Case ITI(c). p, <2p, but {z,,2,,2,} ¢ I,U1,,, for any v.
The latter assumption implies that |z,—z,| > 4, kl|z,|/2 so that (6.4) holds. If

Py < p, then (6.1) and (7.1) imply that (6.3) holds, so that we now obtain (3.1) as in
Case I(d). If p, < p, < 2p, then we have

|z, _21| < p, _le +16,— 0;' min {p,, Pj}
< lpe—pj+24,kimin{p, p} 1.2
for all i,j, which implies, after some calculations, that
S(Z) < k(p,—p3)(py—p2)+24, k%p2(p1 —pa) +443Kp,p, < |2, — 24|z, — 2,

if k is small enough. Note that (7.1) holds and that p, —p, < p,—p, < |z, —2z,].
If p, < p, < p, then (7.2) gives

S(Z) < Kp,[(py—p2) + (03— P — p3(p1—P2) — P1(Ps —P2)}
+ 2A2 k%{p2[(p4 —ps) + (/74 "pl)] +P3(P1 _pz) +P1(P3 _pz)}
+442Kp, max {p,, )

< kpy[(py—p2) +(p3—py)] + 84, k%(/h —pp) max{p,, ps}
+4A4%k*p, max {p,, p,}.

The sum of the last two terms does not exceed
8(A2+ A,) A7z, — 24l |2, — 24| < 3|z, —25l12,— 2,
if A, > 1 and A4, is large enough. If 2p, < p, then |z,—2z,| = p,/2 and
kpylp,—p2+ps—pa] < 4klzy—z,/ max {p,, ps} < 3z, —zllz, — 2
by (7.1). If 2p, > p, then p, +p,—2p, < 2(p,—p,) While
kp, < 2kmax {p,,p,} < 247z, —z,|

so that (3.1) is valid. This completes our treatment of Case II.

8. Case V

From the orientation of Z we see that p, > p, and p, < p,.

Case V(a). p, = 2p,.
Here we have

S(Z) < K{(2p)) (2p,) + (P2 + p3) (1 + o)}
< k{dp, py+ (3p,/2) (2 max {p,, p,)} < Tkp, max {p,, p,}

since p, +p, < p, +p, < 2max{p,, p,}. On the other hand,
|2y =24l Z py—p3s Z pr—ps 2 p1/2 and |z,—2z,| > A, kmax{p,,p,}.

Thus once again (3.1) holds if 4, is chosen large enough.
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Case V(b). Either p, > 2p, or 2p, < p; or 2p, < p,.
These are dealt with in the same way as Case V(a).

Case V(c). 3<p,/p,<2andj<p,/p, <2
This is really the heart of the matter. If max{p,,p,} <imin{p,p,} then
|z, — 24|z, — 2| = p, po/4, While
S(Z) < K{(2p) 2p) +(2p) (20,)} = 8kp, p,
so that (3.1) holds if £ < &. Henceforth we may assume that
max{p‘zap:i} > %mln {pbpcl}

so that
max{p,, p,, ps; P} < 8min{p,, p,, ps, p} = 8R,

say. We assume further that p, < p; and hence
R=p,<py;<p, <8R, p,<p <2, p <8R

The situation is entirely analogous when p, < p,. Now by (6.1) and the relation

between p, and p,, N
|z, — 25l +123— 2| < |z,—2,| + CA, k*R

for some positive absolute constant C. If |z,—z,| > 4, kiR then

S(Z) x> k(l + C)|22_24l maX{|21"22|, |21_24l}
< 16k(1+C)Rjz,—z,) < |z, — 24|z, — 2,
by (7.1) if A4, is large enough.
Suppose now that |z,—z,| < 4,k*R and that p, > p, + 4, k*R. Then
2=zl 2 pr=ps 21— Py 2 2k§R
and |z,—z,| = A; kR so that
|2, — 24|z — 2, = A, A, KR2.
Also
S(Z) < 2p, k(lz;— 2| + |z, — 7,]) < 16RA(|z,— 25] + |25 — 2,).
To obtain (3.1) we are required to prove that
|2, — 24| + |25 — 2,) < (A,/16) A, k*R. @8.1)

Consideration of where z, can lie on y, in view of the restrictions p, < p; < p, and
|z, — 2z, sAzkéR, shows that (8.1) will hold if A4, is larger than some absolute
constant.

Suppose next that |z, —z,| < 4,k*R and that p, < p, + A4, k*R. Then by considering
where z, and z, can possibly lie in view of all the assumptions we see that all the
quantities |z, —z,),|z; —z,, )z, — z,), and hence also |z,—z,], are less than C, 4,k*R
for some suitable constant C,. To see this for |z, —z,|, note that also p, < p,. Thus
S(Z) < 2C2AZK*R® and |z, —z,| = A4, kR. Hence (3.1) holds if

|z, —z,| = 2C% A2 A;'kR. 8.2)

Having chosen A4,, 4,, A; so large that A, is large enough we now choose 4, so
large that, in addition to any previous requirements,

exp(A,k/2) =2 1+2C2 A2 A;'k for O0<k<1



SUPERHARMONIC FUNCTIONS 269
Then, if (8.2) fails to hold, we have
Pa < po(1 +2C3 A AT'K) < pyexp (4, k/2) < pyexp(4,k/2),

since R < p, < p,. Considering how z,, z,,z, can be located we see that, for a suitable
constant C, > 0,

z,—z,| + C,kRmax {A4,, A}

23—z +25—2,] <
© < z,—z,| (1 + C, A7 max {A4,, 4;}),

I
|
since, in any case, |z,—z,] = 4, kR. Thus (3.1) is satisfied if

kmax {|z, —zy, |z, —z,[}(1 + C, 47" max {A,, A;}) < |z, —z,|. (8.3)

But both |z, —z,| and |z, —z,| are less than 2p, < 16R while |z, —z,| = A,kR. Thus
(8.3) is valid and hence (3.1) is fulfilled provided that A4, is large enough.

This completes our treatment of Case V. Theorem 5 is thus proved for all
configurations of Z.

9. Proof of Corollary 2
Let the assumptions of Corollary 2 be satisfied. Since
(Img'@)* < lg7'@)I* < 477
as z— 0 in D by (3.6), it suffices to find a sequence w,e D, w, — 0 such that
lw,| < A4, d(w,,dD) .1

for all » and for some constant A4,. Let the arcs of dD joining 0 to co be y, and y, as
before. For r > 0, we find an open arc y of {z:|z| = r} contained in D with endpoints
{, and {, on y, and y,, respectively. For i = 1,2, we set d,(w) = d(w, y,). As w moves
from {, to {, along y, the function d,(w)/d,(w) changes continuously from 0 to co.
Thus there is w,ey such that d,(w,) = d,(w,) = d(w,, 0D) = d, say. We choose b,ey,
with |b,—wy| = d, for i=1,2.

We wish to prove (9.1) with w, replaced by w,. If b, = 0 or b, = 0 then d = |w,|
and (9.1) holds. Otherwise b, # b,, and since dD is a quasicircle, there is a constant
¢, depending on k only such that

M = max {|b,], |b,|} < diamJ < ¢,|b, —b,|,

where J is the arc of 0D joining b, to b, and going through the origin. Hence
M < c{lby—wol + by — wyl} = 2¢, d.

If M = |w,|/2 then (9.1) holds. Otherwise, neither y, nor y, contains any points in
{w:lw—w,| < |wyl/2}, and so d = |w,|/2. Thus in any case (9.1) holds, and Corollary
2 is proved.
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