Bull. London Math. Soc. 44 (2012) 1116-1122 © 2012 London Mathematical Society
doi:10.1112/blms/bds035

Two interesting examples of D-modules in characteristic p > 0

Mordechai Katzman, Gennady Lyubeznik and Wenliang Zhang

ABSTRACT

We provide two examples of D-modules in prime characteristic p that answer two open questions
in [G. Lyubeznik, ‘A characteristic-free proof of a basic result on D-modules’, J. Pure Appl. Alg.
215 (2011) 2019-2023] in the negative.

1. Introduction

Let K be a field, R = K[x1,...,2,] be the ring of polynomials in z1,...,z, over K and D
be the ring of K-linear differential operators over K. In a remarkable paper [1], Bavula gave
a characteristic-free definition of holonomic D-modules. In characteristic zero, his definition
coincides with the usual one. He proved, among other things, that his holonomic modules have
one of the most important properties known from the characteristic zero case, namely, their
length in the category of D-modules is finite.

Using Bavula’s ideas, Lyubeznik [3] gave a characteristic-free proof that R, for every non-
zero element f € R, is holonomic. This provided the first characteristic-free proof of the well-
known fact that R; has finite length in the category of D-modules.

In view of these developments, it is interesting to see whether, in characteristic p > 0,
holonomic modules, as defined by Bavula, have other properties known from the characteristic
Zero case.

Bavula proved that a submodule and a quotient module of a holonomic D-module are
holonomic. But in characteristic zero it is also true that an extension of two holonomic modules
is holonomic. Does this property hold in characteristic p > 0 as well?

Let Fo C F1 C ... be the Bernstein filtration on D, let M be a holonomic D-module
generated by a finite set of elements my ..., ms; € M and let My C My C ... be the filtration on
M defined by M; = Fymq + ...+ F;ms. In characteristic zero, it is well-known that dimy M;,
for i > 0, is a polynomial in i of degree n; in particular, lim; ., (dimM;/i") exists and is finite.
Does this property hold in characteristic p > 0 as well?

These two questions were raised in the last section of Lyubeznik [3]. In this paper, we give
counter-examples to both of them. In Section 3, we produce a non-holonomic extension of two
holonomic modules in characteristic p > 0 and in Section 4 we produce a holonomic D-module
in characteristic p > 0 such that the function dimyM; is very far from a polynomial and, in
particular, lim; o (dimM; /i) does not exist.

2. Preliminaries

As explained in [3, Section 2], a K-basis of D is the set of products xil e Dy 1. Dy, g
where D, ; = (1/t)(9"/0zt) : R — R is the K|[z1,...,2;_1,%i41,. - ., Ty]-linear map that sends
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x¥ to (7;) :Efft (Dy,; is the identity map) and i1, ..., 4n, 1, ..., t, range over all the 2n-tuples of
non-negative integers. The Bernstein filtration 7o C 71 C ... on D is defined by setting F to be
the K-linear span of the products zi' ...z Dy, 1... Dy, p With i1 + ... 4+ iy + 11 + ...+, <
s. It is not hard to see that F; - F; C Fiy;.

By a D-module, we always mean a left D-module. By a K-filtration on a D-module M, we
mean an ascending chain of K-vector spaces My C M7 C ... such that Ul M; = M and F; M; C
M, ;. Bavula’s definition of a holonomic D-module [1, p. 185], as simplified by Lyubeznik [3,
3.4], is the following.

DEFINITION 2.1. A D-module M is holonomic if it has a K-filtration My C M; C ... such
that dimg M; < Ci™ for all i, where C' is a constant independent of 7.

It is straightforward to see that every submodule and every quotient module of a holonomic
module are holonomic. Some other properties are that the length of a holonomic module M
in the category of D-modules is at most n!C' (see [1, 9.6; 3, 3.5]) (in particular, the length is
finite) and Ry, for every 0 # f € R, with its natural D-module structure, is holonomic [3, 3.6].

For the rest of this paper, K denotes a perfect field of prime characteristic p. Let Dy be the
(left) R-submodule of D generated by the products Dy, i, ... Dy, ;, such that t; < p® for every
1. It is not hard to see that D, is a ring that (viewing D as a subring of Homy (R, R)) is nothing
but Homp,: (R, R). In particular, D = | J, D;.

Our method of specifying a D-module is as followe we start with a sequence of {M" () Fizo
where each M@ is an RP' module and RP""'linear maps O, : Mt — M® such that

the RP'-module maps ; : R¥ ® ppit MG+ r@&mr&m), M() are bijective. This induces

an R-module isomorphism ¢; : R ® pits M) = R@p,i (RP @ g MOFD) 25 ey — R Qp,i
M@ Clearly, the compositions ¢; = ¢go 1 0...0¢; : R ® ppit1 MO+ — MO are R-module
isomorphisms. The natural action of Ds on R makes R ®pps M® () a D,-module. This induces a
structure of Dy-module on M(®) via the isomorphism ;. It is not hard to check that if s < s/,
then the Dy - and the Ds-module structures thus defined are compatible with the natural
inclusion Dy C Dy, that is, the Ds-module structure is obtained from the D, -module structure
via the restriction of scalars. Since D = J, D, this gives M (0) a structure of the D-module.

Both examples in this paper are special cases of the construction descrlbed in [2, Section 1].
Each M() is a free RP'-module with free generators sg " and s , ©i(s gZH)) ( ) and
@i(s(iﬂ)) gzsgz) + s(z) where, for all i >0, g; is an element of Rx”' Since the elements
Gi(s?ﬂ)) and O; (s (it )) generate M) as an RP'-module, the associated map 1; (defined in
the preceding paragraph) is surjective. Since 1; is a map between two free RP -modules of rank
2, it is bijective. If we write o, = — Z:f:o gr, then the resulting D-module structure on M is
given by

ap"(flvf2) (8 fl ( "Un)fz,a fz)

for all n > 0.
Note that we have a short exact sequence of D-modules

0—RELEMER—0,
where ¥(f) = (f,0) and ¢(f1, f2) = fo. Even though this exact sequence splits in the category

of R-modules, it does not necessarily split in the category of D-modules.
Our examples below result from a judicious choice of the sequences {g; }i>o-
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3. An example of a non-holonomic extension of holonomic modules

The main result in this section is Theorem 3.2, which answers [3, Section 4, Question 1] in the
negative. We do so by analysing the D-module obtained by setting g, = 2P+ for all r >0
in the construction of D-modules described in Section 1.

We start with the following calculation to which we shall refer repeatedly.

LEMMA 3.1. For any integers 0 < a < 8 and K > 0, we have,
xP” —|—xp, ifk=a=/0,
P ifk=a<p,
8pk(xpa:17pﬁ): P ifoa<p=k,
zP” ifp=2,a=0=k—1,
0, otherwise.

Proof. We first note that

P if j =0,
9;(xP" ) =31,  ifj=p*,
0, otherwise.

Recall that 0; is K [P ]-linear whenever j < p?, and so, if K < «, we have
Opk (xpaxpﬁ) = xpaapkxpﬁ = xpaxpﬁapkl = 0.

If K = a, then we use [3, Proposition 2.1] to compute

k

P
o 8 « Véi a B « B
Opre (2P 2P ) = Zajxp Opr izt = 0px? Opra? + Opra? Opa®
i=0
et B .
2P+t fk=a=0,
= ; ]
xp[, ifk=a<p.
If a < B = k, then we compute
I i I s s
Op (2P a?) = Z@ﬂ;p Opr P = 0px? Opra? + Opadt? Opp_paa? =l .
Jj=0

If a < B < k, then we compute

Opk a?pxp Zaxpak

8
Zaoil'p 8pk$p +8 ax? 8pk_paxp

B 2", ifa=pf=k—1andp=2,
o, ifao<pBorf<k—lorp>2"~

THEOREM 3.2. The D-module M is not holonomic in the sense of Lyubeznik [3, Definition
3.4].

Proof. Let s; = (1,0) and sy = (0,1) be the free generators of M. Let {F;};>0 denote
the Bernstein filtration of D. Let {M;};>0 be any K-filtration of M. Our aim is to show that
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lim; o, dimg M; /i = co; we may shift the indices to ensure that s1, s2 € My and we henceforth
assume that this holds.

Since M; O F; My, it is enough to show that the function d(i) = dimy F; My is such that
lim; o0 d(i) /i = oo.

For any pair of integers (j, k) with j,k > 0, we have 2/0,xs9 = (2/0,x0%)s1. Now consider
the set of elements

E = {rj =27 0pop | j + P <p'} C Fpi My C M.

Lemma 3.1 gives (2 27" ) = 27", hence deg gy, = p** and degrjx = j + degdpnoy, =
j +deg(oy) — p¥ = j + p**. Hence, for all different pairs (j,k) and (j/,k') with K, k" >i/2,
we have

degrjy = j+p** # j' +p™ = deg(rjw),

otherwise p?* — p?*" = j’ — j, which implies p’ | (j/ — j), contradicting the fact that j, " < p'.

We deduce that elements rj; of E with K >1i/2 and j + p* < p' have distinct degrees and
hence are linearly independent over K. Let [i/2] denote the least integer greater than or equal
to i/2. For each K > i/2, there are p’ — p* many Tjk; therefore,

dimg Fpi Mo 2> Z (p' —p*)
i>k>i/2]
. opi— /2141
G —Ti/2 1) /AP T2
(1= Ti/21+ ' =

)

which implies that

pili/2141 _q
FG=n) =

= lim ((z [i/2] +1) +

4. An example of a holonomic module whose multiplicity does not exist

Let M be as in the previous section with g, replaced by g, = 2®+tVP" In this section, we

show that Dsy, the D-submodule of M generated by s, is a holonomic D-module for which

lim; o (F;$2/%) does not exist. This gives a negative answer to [3, Section 4, Question 2].
We start with the following calculation.

LEMMA 4.1. Let Kq,...,ki, e1,...,e; be non-negative integers.

(a)

P P, if k=0,

kO = .

prok 2" +xpk 1, otherwise.

(b)
So, ifep =...=e; =0,
x”sl, iftzl,elzl,klzo,

ky+1 ky—1 X
(O ) (B )oosp = 4 @ F T s HE=Ler =1k >1,
P P S1, ift=2,€1:62=17
klik2+101"]€1:]€271,

0, otherwise.
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Proof. (a) Lemma 3.1 implies that, for K >0, Oytg, vanishes when 7+ 1 <k, that

k—1 k—1 k+1
Oprgr—1 = 2P and that Oprgr = 2P =2 , hence

P, if k=0,
apkdk = pk+1 k—1

x + P | otherwise.

(b) This follows immediately from (a). O

THEOREM 4.2. Let S denote Dsy and S; denote F;so. Then

2 _,’_pe—i-l _pe + 2) I'fpe+1 _pe +pe—1 < i< pe—‘,-l7
3i_pe—1+3, l'fpe <i<pe+1_pe _i_pe—l,

dimk(SZ-) = {

where e is the unique integer such that p® < i < p°t'. Consequently, S is holonomic and
lim; ., o (dimy(S;) /i) does not exist.

Proof. Consider a general element /(8 )° ... (Opr, )% 52 with j + S ept <iin S,
Lemma 4.1 shows that 27 (0,s, ) ... (Opr. )52 equals

P

27 59, with 0 < 7 <4, ife; =...=¢; =0,

xlxPsq, with 0 <5 <i—1, ift=1,e1 =1,k =0,
xj(zpkﬁl +a:pk171)51, with 0 < j <i—pht, ift=1,e1 =1,k > 1,

sy, WithOéjSi—ka—kaH, ift=2,e1=e3=1,k1 =k +1,
27 sy, with 0 < j<i—ph2 —phl, ift=2e  =ey =1,k =ky—1,

0, otherwise.

From this we can see that, among {7 (9, ) ... (Jpr, )52 |j + 22:0 e;p* < i}, there are
three types of elements: elements obtained when ¢ =0 (that is, e; = ... =¢; = 0), elements
obtained when ¢ = 1 and elements obtained when ¢ = 2. Let V; be the K-span of all elements
of the first type, that is,

Vi = K(27s5]|0 < j <)

Let V5 be the K-span of all elements of the second type, that is,

k—1

Vo= K(alaPs, [0<j<i— 1)+ K@ (a? +22" ) ]0<j+p" <i, k> 1).

Let V3 be the K-span of all elements of the third type, that is,
Vs =K(a/s1|0<j<i—1-p).

It should be pointed out that all elements of the first type are in the copy of R generated
by so and all elements of the other two types are in the copy of R generated by s1; and hence
dimg (F;s2) = dimg (V1) + dimg (Vo + V3) since s1 and sy are linearly independent. It is clear
that V; is a (i 4+ 1)-dimensional K-vector space; it remains to calculate dimg (V2 + V3).
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To calculate the dimension of V5 + V3, we break V5 into pieces as follows:
Voo = K(x/aPs; |0<j<i—1),

Vo = K (2 (a7 + )51 |0 < j <i—p),

Vae1 = K (a7 (27" +xpef2)sl 10<j<i—phy,

Voo =K@ (2" + 27 )s1|0< 5 <i—po).
Ifi >2p+1,then Vo o+ V3 = K(z7s1 [0 < j<i—1 +p> Since Va o + V3 contains 2’xs; with
0<j<i—p, weseethat Vo + Voo + V3 contams zi P s1 with 0 < j < i — p. Consequently,

Vo + Voo + Vs = K(27s1 10 < j <i—p+p?.
Similarly, we have
Voerr+ oot Voo + Vo= K751 [0<j<i—p°t +p°).

It remains to analyse Vs, = K (27 (2P 4+ 2" )51 |0 < j <i— p°). There are two cases:

Case 1: i > p®*t! — p® + p°~1 that is, [p®,i — p°~! + p° ] [pe“,i —p° +p°T1 # 0. In this
case, similar to the consideration of Vo .1 + ... + V270 + V3, we can see that Vo . + ...+ Voo +
V3 consists of all polynomials of degree less than or equal to i — p® + p°*!. Therefore,

dimg (Vo + Vs) =i —p° +p°H + 1,
and hence
dimg (Fise) = dimg (V1) + dimg (Vo + V3) = 20 — p© + p=t + 2.

Case 2: i < p®tt — p + p°~1 that is, [p® i —p°~ !+ p] N [p°TL,i — p® + p¢T1] = 0. In this
case, the degrees of the basis elements of V5 . (which are all distinct) exceed the degree of any
element in Voe_q1+...4+ Voo + Va, thus dimg Vae+ Vo1 + ...+ Voo + Vs =dimg Vo +
dimg Va1 + ...+ Voo +Va=(i—p 1 +p°+1)+ (i —p°+ 1) and

dimg (Fiso) =G+ 1)+ (i —p* 4+ p*+ 1)+ (i —p°+1)=3i —p° ' +3.

We note that, for all i, we have dimg (S;) < 44, therefore S = Dss is holonomic.
For all i of the form p°, we have

di Spe 3p¢ —p¢t+3 1
g A (Spe) o 3T A3 L
e—00 pe e—00 pe P
but, for all i of the form p®T! — p¢, we have
di Sel_g 3 e+l e\ _ e—1 3 1
limw:lim (p pl) p + =3 5 .
e—oo  petl —pe e—00 pett —pe p?—p
Therefore, lim; o (dimg (5;)/i) does not exist. O

REMARK 4.3. A reasonable theory of holonomic modules should include the polynomial
ring itself as a holonomic module. However, our example in this section indicates that any
such theory of holonomic modules cannot have both the extension property and the existence
of multiplicity at the same time. If extensions of holonomic modules are holonomic, then our
module M = Dss in this section will be holonomic, but as we have seen the multiplicity of M
does not exist.
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