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ABSTRACT
Let A= D,.¢A, be a connected graded k-algebra and let Gr-A denote the category of graded
right A-modules with morphisms being graded homomorphisms of degree 0. If {t,| n € Z} is a set of
graded k-linear bijections of degree 0 from A to itself satisfying
T (¥Tn(2)) = 7a(¥) Tp e (2)

forall/,m neZ and all ye A, z € A, we define a new graded associative multiplication * on the
underlying graded k-vector space @B ,.0A, by v*z=y1,(z) for all ye A,,.z € A, The graded
algebra with the new multiplication * is called a twisted algebra of A.

THEOREM. Let A and B be two connected graded algebras generated in degree 1. Then the categories
Gr-A and Gr-B are equivalent if and only if A is isomorphic to a twisted algebra of B.

If algebras are noetherian, then Gelfand-Kirillov dimension, global dimension, injective dimension,
Krull dimension, and uniform dimension are preserved under twisting. Moreover, we prove the
following:

THEOREM. The following properties are preserved under twisting for connected graded noetherian
algebras:

(a) Artin-Schelter Gorenstein (or Artin-Schelter regular);

(b) Auslander Gorenstein (or Auslander regular) and Cohen-Macaulay.

Some of these results are also generalized to certain semigroup-graded algebras.

1. Introduction

Let k be a commutative ring and let A= @,.z A, be a Z-graded k-algebra. We
denote by Gr-A the category of graded right A-modules, with morphisms being
graded homomorphisms of degree 0. Let 7={t,| n € Z} be a set of graded
k-linear automorphisms of A. Then tis called a twisting system if

T(¥Tn(2)) = Ta(¥) Trsm(2) (1.0.1)
foralln,m,leZandy e A,,, z € A, If fis a graded algebra automorphism of A,
then the set {z,:=f"| n € Z} satisfies (1.0.1) because f" - f” = f"*". Hence it is a
twisting system. In this sense, we can regard a twisting system as a generalized
form of a graded algebra automorphism. Given a twisting system of A, say
{t,| n e Z}, we can define a new graded multiplication * on the underlying graded

k-module @, .zA, by

y*2=ytn(z) (1.0.2)
for all y € A,,, z € A,. The associativity of * follows easily from (1.0.1). The new
graded algebra (D,.zA,, *) is called a twisted algebra of A. We prove the
following:

THEOREM 1.1. If A is isomorphic to a twisted algebra of B, then the categories
Gr-A and Gr-B are isomorphic.
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A special case of Theorem 1.1, when the twisting system is {7, := f”| n e Z} for
a graded automorphism f of A, is given by [3, Corollary 8.5]. A converse
statement of Theorem 1.1 holds for connected graded rings. Recall that a graded
algebra A= @,z A, is called connected graded if Ao=k and A, =0 for all
n<qQ.

THEOREM 1.2. Let k be a field and let A and B be connected graded k-algebras
with A, #0. Then A is isomorphic to a twisted algebra of B if and only if Gr-A is
equivalent to Gr-B.

Studying equivalences of categories of modules surely reminds us of the Morita
theorems [8, § 3.12]. One version of the Morita theorems also holds in the context
of Z-graded algebras. Let €, denote the category of graded right A-modules,
with morphisms being all graded homomorphisms (not only graded homomorph-
isms of degree zero). The category €, is not abelian because the sum of two
homomorphisms of different degrees is no longer graded, but it has most other
properties of an abelian category. Similar to the Morita theorems, one can prove
that €, is equivalent to %z via a functor which preserves the degree of
homomorphisms if and only if A=End(Ps)= &P,.zHom(Ps, Ps), for some
graded right progenerator Pg. If this is the case, we call €, and €5 (or A and B)
graded Morita equivalent (for related results see [7, Theorem 5.4] and [5]). It is
easy to see that connected graded algebras A and B are graded Morita equivalent
if and only if A and B are isomorphic. However, when we deal with graded
algebras, it is more natural to consider the category Gr-A, in which the
morphisms are graded homomorphisms of degree 0. If €, and % are graded
Morita equivalent, since Gr-A is a subcategory of €, it is easy to prove that Gr-A
and Gr-B are equivalent. The converse is not true, because we can construct a
twisted algebra of A, say B, which is not isomorphic to A. For example, let A be
the polynomial ring k[x, y] with deg(x) = deg(y) =1 and let f be the automorph-
ism defined by f(x)=x and f(y)=gqy for some non-zero scalar gq. Then
{t,:;=f"| neZ} is a twisting system of k[x,y], and the twisted algebra is
isomorphic to the skew polynomial ring k,[x, y], k(x, y)/(xy — gyx). Similarly, if
the automorphism is defined by f(x) =x and f(y)=y — x, the twisted algebra
is isomorphic to the Jordan polynomial algebra k,[x, y] = k(x, y)/(x* + xy — yx)
(see Example 3.6). The algebras k[x, y], k,[x, y] (for g #1), and k,[x, y] are
not graded Morita equivalent, but, by Theorem 1.1, the categories Gr-k[x, y],
Gr-k,[x, y] and Gr-k,[x, y] are isomorphic.

Recall that a property on rings and/or modules is called Morita invariant if it is
preserved under Morita equivalences. A property P is said to be a twisting
invariant if, whenever a graded algebra A has property P, then every twisted
algebra of A also has the property.

THeoreM 1.3. The following properties are twisting invariant for connected
graded, finitely generated algebras:

(a) having Gelfand-Kirillov dimension d,;
(b) having global dimension d,;

(c) having Krull dimension ds;

(d) having uniform dimension d,;
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(e) being a domain;
(f) being noetherian;
(g) being semiprime graded Goldie.
For noetherian connected graded algebras, the following are twisting invariant:
(h) having injective dimension ds;
(i) being Artin—Schelter Gorenstein (or Artin—Schelter regular),
()) being Auslander Gorenstein (or Auslander regular) and Cohen—Macaulay.

On the other hand, some Morita invariants, such as being prime and being a PI
ring, are not twisting invariants.

Some ideas in this paper are from non-commutative projective geometry [4].
Recall that QGr-A is the quotient category Gr-A/Tors where Tors is the full
subcategory of Gr-A consisting of all torsion A-modules. For a right A-module M,
the image of M in QGr-A is denoted by . The degree shift of graded modules
induces a shift operator s of QGr-A. Following the notation of [4], we denote
@D ez Homog:.a(, 5" () by T().

THEOREM 1.4. Let A and B be N-graded right noetherian.

1. If A is isomorphic to a twisted algebra of B, then there is an equivalence
functor ¥ from QGr-A to QGr-B such that F(s"(H)) =s"(B) for all n € Z.

2. If there is an equivalence functor ¥ from QGr-A to QGr-B such that
F(s"(A)) =s"(B) for all n € Z, then T(A) is isomorphic to a twisted algebra of
I'(%).

The theory of twisting system and twisted algebra works for all semigroup-
graded algebras, and Theorem 1.1 and a version of Theorem 1.2 are proved in
general. For completeness, we also briefly introduce a twisted coalgebra of a
graded coalgebra and a left-hand version of a twisted algebra which corresponds
to equivalence of categories of graded left modules.

2. Twisting systems and twisted algebras

In this section we give the definitions of twisting system and twisted algebra and
investigate their elementary properties.

Throughout the paper G will denote a (not necessarily commutative)
semigroup, and e will denote the unit of G unless indicated otherwise. A
k-algebra A is called G-graded if

(a) A= P,.cA; where each A, is a k-submodule of A,
(b) AgAc Ay, forallg, heG,and
(c) the identity of A is in A,.
A right A-module M is called G-graded if
(a) M = @,.c M, where each M, is a k-submodule of M, and
(b) M;A,cM,, forallg, heG.

Let M and N be two G-graded modules. A k-linear map f from M to N is called
graded if f(M,) = N, for all g € G. If, moreover, it is A-linear, then it is called a
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graded homomorphism. For simplicity, we usually omit prefixes G and/or k if no
confusion occurs. The basic facts about graded algebras and modules may be
found in [13].

Note that a graded k-linear automorphism of A is not necessarily an algebra
automorphism. We give the following definition.

DeriNiTiON 2.1. Let A=, A, be a G-graded k-algebra. A set of graded
k-linear automorphisms of A, say T ={1,| g € G}, is called a twisting system of A
if

Te(¥Th(2)) = To(¥) Ten(2) (2.1.1)
forallg,h,leGandally e A,, z € A,

Let Aut(A) denote the group of graded algebra automorphisms of A and let
g+ 1, be a semigroup homomorphism from G to Aut(A). Then 1,1, = 1, for all
& h € G. Since each 7, is a graded algebra automorphism of A, we obtain

T (¥Ta(2)) = (¥ T T(2) = To(¥) Ten(2)

for all g, h,/ € G and y € A,, z € A,. Hence {t,| g € G} is a twisting system. If
G=1Z and fis a graded algebra automorphism of A, then the map n—f" is a
group homomorphism from Z to Aut(A) and {f"| n e Z} is a twisting system of
A. This also holds for G=N. A twisting system {7,| g € G} of A is called
algebraic if the map g — 7, is a semigroup homomorphism from G to Aut(A). The
following is a trivial example in which each 7, is not an algebra automorphism.
Let a be an invertible element of degree e. Define 1,(y) = ay for all y € A and for
all g € G. Then 1,(y7,(z)) = ayaz = 1,(y)7,n(z). Hence {rgl g € G} is a twisting
system.

For convenience, we write down three identities which are all equivalent to
(2.1.1). We will use these frequently later. For all y € A, z € A},

To(y2) = (¥ TanTh ' (2), (2.1.2)
7' (y2) = 1. (9) T T3 (2), (2.1.3)
T2 (yTen(2)) = 77 (1) (2). (2.1.4)

Replacing z by 7;'(z) in (2.1.1), we see that (2.1.1) is equivalent to (2.1.2).
Replacing z by t,,(z) in (2.1.3), we see that (2.1.3) is equivalent to (2.1.4).
Replacing y by 7, '(y) and applying 7, to both sides of (2.1.4), we see that (2.1.1)
is equivalent to (2.1.4).

ProposITION 2.2. Let {1,| g € G} be a twisting system of A.

1. For every homogeneous element a and for every g € G, t,(a) is invertible if
and only if a is invertible.

2. For every g € G, 1;'(1)=1;'(1), and ©.'(1) is the inverse of 1.(1), where 1
is the identity of A.

3. ForeveryyeA, t.(y)=1)yand y =1 (1)1.(y)

As a consequence, if 1,(1) =1, then 1,(1)=1 for all g € G and .(y) =y for all
y e A
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Proof. 1. Let h=deg(a). By (2.1.2), 1,(az)= 1,(a)z; where z, = 7,7, ().
From this equality, we see that

(i) a is right regular, that is, az # 0 for any non-zero element z, if and only if
7.(a) is right regular, and that

(ii) aA = A if and only if 7,(a)A =A because 7, is a graded bijection and
7,(aA) = 1,(a)A.

As an easy fact, a is invertible if and only if both a is right regular and aA = A.
Therefore a is invertible if and only if 7,(a) is invertible.
2. By (2.1.3),

1=1.(1,(1)) = 1'(1 - 7,(1)) = 7, (D 7(75'(,(1))) = 7, (D)7(1).
Hence 7.'(1) is the inverse of 7.(1) for all g € G. Consequently, 7, '(1) = 7, '(1).
3. If y is homogeneous, by (2.1.1),
T(y) = 1(1- 7.7, (y)) = (D)7 (17'(y)) = 7.(1)y.

Since 1, is k-linear, the above is true for all y. By Part 2, 7,'(1) is the inverse of
7.(1), s0 y = 7. ' (1)7(y).

Finally, we suppose that 7,(1)=1. By Part 2, 7,'(1) = 7,'(1) =1, so 7,(1) = 1.
By Part 3, 7,(v) = ,(1)y = 1y = .

Let 1={1,| g € G} be a twisting system of a graded algebra A. We write
1, = 7;'(1). By the above proposition, 7,'(1) = 1, for all g € G. Hence 7,(1,) = 1.
Note that there are examples in which 7,(1) # 7.(1).

ProrosiTion AND DEerINITION 2.3. Let A be a graded algebra, and let 1=
{t,| g € G} be a twisting system of A. Then there is a new graded and associative
multiplication * on the underlying graded k-module @B, A, defined by

y*2=y1,(2) (23.1)

for ally € A, z € A,. The element 1, is the identity with respect to *. The graded
algebra (@, A,, *, 1,) is called the twisted algebra of A by 7 and it is denoted by
A"

Proof. By definition, * is a k-bilinear map from A, ®, A, to A,. For every
xeA, yeA,and z € A, we have
(x*y)*z2 = (xTe(¥)Ten(2) = X(T,(y) Tn(2)) = xTo(yTa(2)) = x * (y * 2).

Hence the multiplication * is associative. By the definition of * and Proposition
223,

Lxy=1.'()7(y)=y
and
y*l,=yn,7.'(1)=yl=y.

Hence 1, is the identity with respect to the new multiplication *. Therefore
(P, A, * 1) is a G-graded k-algebra.

ProrosiTiON 2.4. Let A be a graded algebra. For every wisting system
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t={1,| g € G} of A, there is another twisting system 1’ ={1;| g € G} such that
(1)=1and AT=A".

Proof. Fix an element s € G and let 7; be 7,7, for all g € G. By Proposition
2.2.2, 1.(1) = 1. We claim that 7' := {r;,| g € G} is a twisting system and that 7, is a
graded algebra isomorphism from A" to A”. For every y € A,, h € A;, by (2.1.4)
and (2.1.1), we have

T 7o (YT Ty (2)) = Top (17 ()T 77 1(2)) = T 7' (9) T 5 (2)-

Hence 7' = {1;| g € G} is a twisting system of A. Let *' denote the multiplication
of A". Foreveryy € A,, 7 € A,

,(y *2) = 1,(y7n(2)) = (1) Tn(2) = T(¥) T 77 ' (1,(2)) = 7(y) %' 7,(2).
Hence 7, is a graded algebra isomorphism from A" to A™.

By the above proposition, we may assume that 7,(1)=1 when we study a
twisted algebra A*. If 7.(1) = 1, by Proposition 2.2, 7, is the identity map of A and
the identity of the twisted algebra A" is equal to the identity of A. Hence for all
a,beA, axb=art,(b)=ab. Therefore the subring A, of A is equal to the
subring (A7), of A". In particular, if A = A, then every twisted algebra of A is A
itself.

By definition, A and AT have the same underlying graded k-module @, A,.
The following proposition shows that we can define an equivalence relation, by
using twisting systems, on the set of associative graded multiplications defined on

®£’ AA"

PROPOSITION 2.5. Let A be a graded algebra. Then the following statements hold.
1. (Reflexivity) A is a twisted algebra of itself.
2. (Symmerry) if B is a twisted algebra of A, then A is a wisted algebra of B.

3. (Transitivity) if B is a twisted algebra of A and C is a twisted algebra of B,
then C is a wisted algebra of A.

Proof. 1. Let t be the identity twisting system {t,:=1id,| g € G} where id, is
the identity map of A. It is obvious that 7 is a twisting system and A = A",

2. Let B be a twisted algebra A" for some 7={1,| g € G}. Define 77'=
{r;'| g € G}. 1t is called the inverse twisting system of t. Since T, is a graded
k-linear map, so is 7,'. We need to prove that 77" is a twisting system of B and
that A = B™ . Let * denote the multiplication of B = A”. For every y € A, (=B,),
z € A, (=B)), by (2.1.3),

T (D) * T (2) = T, (¥) T T (2) = T, ' (y2) = 77 (v * 77 '(2)).

Hence 77" is a twisting system of B and B* is well-defined. The algebias A and
B™' have the same underlying k-module & ¢ Ag. It remains to prove that they
have the same multiplication. Let * be the multiplication of B*". For all y € A,,
ZE€ A[;

1

yezr=y*1,'(2) =yt '(z) = yz.

Hence A and B have the same multiplication. Thus A = B™".
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3. Let B be a twisted algebra A® for some 7={7,| g € G}, and let C be a
twisted algebra B for some 7' ={7;| g € G}. Let * and * denote the multiplica-
tions of B and C respectively. Algebras A, B and C have the same underlying
k-module P, A,. Define 7;=1,7, and 7"={1;| g € G}, which is called the
convolution product of T and 17'. We need to prove that 1" is a twisting system of
Aand A"=C. Forally e A, z € A,

T T (yTnTa(2)) = TeTe(y * 7(2)) = To(7e(¥) * T4n(2))
= Te(T(Y) T Ten(2)) = Ty Te(¥) Tn Ten(2)-
Hence 7’ is a twisting system of A. Let o denote the multiplication of A”. For
everyy e A,, z € A,
yoz=yut(z)=y*n(z)=y*z

Hence A” and C have the same multiplication. Therefore A™ = C.

By using twisting systems, we can define twisted modules of graded right
modules in a similar way to that of defining twisted algebras of graded algebras.
But the definition stated next does not work for graded left modules. We need a
left-hand version of a twisting system to define a twisted module of a left module
(for details see § 4).

ProrosiTioN AND DEFINITION 2.6. Let A be a graded algebra, and let t=
{1,| g € G} be a wisting system of A and A" be the corresponding twisted algebra
of A. Suppose that M = @B, M, is a graded right A-module. Then there is a graded
right A™-module structure, which is also denoted by *, on the underlying graded
k-module D¢ M, defined by

m*z=mt,(2) ‘(2.6.1)

forallm e My, z € A,. The graded right A*-module (P, M,, *) is called a twisted
module of M by t and it is denoted by M".

Proof. By definition, * is a k-bilinear map from M®, A to M. For every
meM, yeA,and z € A,
(m*y)*z=(m1e(y))Ten(z) = m(7,(y)Ten(2)) = mre(y1a(2)) = m*(y *2),

where only the last * represents the multiplication of A”. Hence M* = (@, M,, *)
is a graded right A™-module.

An analogue of Proposition 2.5 holds for graded right modules. The proof is
similar to that of Proposition 2.5 and is omitted.

ProrosiTiON 2.7. Let A be a graded algebra, and let M be a graded right
A-module. Then the following statements are true.

1. (Reflexivity) M is a twisted module of itself.
2. (Symmetry) if N is a wisted module of M, then M is a twisted module of N.
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3. (Transitivity) if N is a twisted module of M and L is a twisted module of N,
then L is a twisted module of M.

ProrosiTioN 2.8. 1. A graded algebra B is isomorphic to a twisted algebra of A
if and only if there is a set of graded k-linear bijections {¢,| g € G} from B to A
which satisfy

¢g(ab) = ¢g(a)¢ah(b) (281)

foralla e B, b € B,.
2. The graded algebra B is isomorphic to a twisted algebra of A if and only if A
is isomorphic to a twisted algebra of B.

Proof. Suppose that f is a graded algebra isomorphism from B to A where
t={r,| g € G} is a twisting system of A. Then we have

7o f(ab) = 7o(f(a) *f(b)) = 1,(f (@)t f (b)) = 7, f(a) Ten f (b).

Hence the set {¢,:= gf| g € G} satisfies (2.8.1).

Conversely, we suppose that {¢,| g € G} is a set of graded k-linear bijections
from B to A satisfying (2.8.1). Define 7={1,:= ¢,6.'| g € G}. It suffices to
prove that t is a twisting system of A, and that ¢, is a graded algebra
isomorphism from B to A”. Let y = ¢,(a) and z = ¢,,(b). Applying ¢, ' on both
sides of (2.8.1), we obtain

bg'(y2)= b5 (¥ (2) (2.8.2)
for ally e A, z € A, By (2.8.1), and (2.8.2) at g = ¢, we have

G (ybrd: ' (2)) = be(@ (V)P dndb '(2))
= de(¢.'(¥)b:(2)) = . (1) Pends ' (2)

for all yeA,, zeA, Hence 7 is a twisting system. Let * denote the
multiplication of A*. By (2.8.1),

¢e(ab) = ¢e(a)¢h(b) = d’e(a)qshd’;]d’e(b) = d)e(a) * ¢e(b)

for all a € B,, b € B,. Therefore ¢, is a graded algebra isomorphism from B to
A’ Part 2 follows from Part 1 and (2.8.2).

To conclude this section we give the following examples.

ExaMpLE 2.9: semigroup algebras and their twisted algebras. Let G be a
semigroup and R be a k-algebra. The semigroup algebra RG is a free R-module
D, Rg with multiplication (r,g)(r,h) = (r,r,)(gh) for all r,,r,e R and g, h € G.
We may identify R with a subring Re and identify G with_a set of elements
{g:=1xg| g€ G} Thenrg=grforallre R, geGand gh=gh for all g, h e G.
The identity of RG is equal to the identity 1z of R and the unit e of G. An
algebra B is called a crossed product of R by G if

(a) R is a k-subalgebra of B and G ={g| g € G} is a set of elements of B such
that both 1 and e are equal to the identity of B,

(b) Rg=gR for all g € G and RgRh = Rgh for all g, h € G, and
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(c) B= D, Rg = D, R is a free left and right R-module.

As a consequence, B is a G-graded k-algebra with deg(g) =g. Let - denote the
multiplication of B. In general, r-g#g-r for reR, ge G and g-h+gh for
g h e G. A special case is when r-g=g-rfor all reR, g e G, and such B is
called a twisted semigroup algebra. (This ‘twisted’ is not the ‘twisted’ in Definition
2.3, but we will see that a crossed product of R by G is a twisted algebra of a
semigroup algebra in the sense of Definition 2.3.) If G is a group, these definitions
can be found in [12, § 1.5]. Let B be a crossed product of R by G. For any
h, ! e G, we define a k-linear map f,, from R to itself by

B -rl = f, (r)hl

for all r € R. It is obvious that f,, is a bijection and the multiplication of nh and
r,l in B can be written as

nh - rl=rf, (nhl (2.9.1)
For all g, h,! € G and r,, r, € R, by associativity, we have

g-nh-nl= (@ nh)-nl=fu(n)gh- rl=f,(n)fnr)ghl
and

g-nh-nl=g-(nh-nh=g- 7y fua(r2)hl =f;g.hl(’lﬁ|.l(r2))g7ﬂ‘

Since B is a free R-module, we obtain that

fg.h(rl )ﬁgh.l(’z) = ﬁ;,hl(’l ﬁz,l(’z)) (29.2)

forallg, h,! € G and r,, r, € R. Now we define a graded k-module automorphism
7, of the semigroup algebra RG by 7,(rh)=f,n(r)h forallr e Rand h € G. Let 7
be the set {1,| g € G}. We claim that 7 is a twisting system of RG and the twisted
algebra (RG)" is the crossed product B. For every g, h,l € G and r,, r, € R, we
have

T (nhty(rl)) = 2 (1 foa(r)l) = fo i(ny fra(r2))hd,
and

Tg(’lh )Tgh(’zl) = f;;.h(rl)hf}h,/(’z) = fg.h(’n )fgh.l(rZ)hl'

By (2.9.2), t,(nht,(r!)) = 1,(rih)T,u(r2l). Hence 7 is a twisting system of the
semigroup algebra RG. Let * be the multiplication of the twisted algebra (RG)".
Then

nh *nl = rht,(nl) =nhf, ()l =rf,(r)hl.

Combining with (2.9.1), we see that the multiplications of the twisted algebra
(RG)* and the algebra B are the same. Hence (RG)®= B. Therefore every
crossed product of R by G is a twisted algebra of the semigroup algebra RG.
Conversely, let B be a twisted algebra of the semigroup algebra RG by a twisting
system 7 = {1,| g € G}. By Proposition 2.4, we may assume that T, is the identity
map of RG. Then R = Re is still a subring of B and {g:=1z¢ € B| g € G} is a set
of elements of B. Let * be the multiplication of B. For all g, h € G,

Rxg=Rr.(8)=Rg=gR=g*1;'(R)=g*R
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and
(R*g)*(R*h)=Rg*Rh = Rgt,(Rh) = RgRh = Rgh=R »t;'(gh) = R gh.

Since the algebra RG= @, Rg = P, gR is a free right and left R-module, the
algebra B= P,.c R*§= P, .c&*R is a free right and left R-module. There-
fore B is a crossed product.of R by G. Thus we have proved the following
theorem.

ProrosiTion 2.10. A G-graded algebra B is isomorphic to a crossed product of R
by G if and only if B is isomorphic to a twisted algebra of the semigroup algebra
RG.

ExaMpLE 2.11: a special case of Example 2.9. Let Z, denote both the finite
abelian group Z/2Z and the finite field Z/2Z, and let k = Z,(r) be the field of
rational functions of an indeterminate ¢ over the base field Z,. For every
r € k —{0}, the Z,-graded k-algebra A, := k[x]/(x>+r) is a crossed product of k
by Z,. The group algebra kZ, is A_, = k[x]/(x* —1). Therefore A, is a twisted
algebra of A_, for every r € k —{0}. In the algebra A_, = k[x]/(x* = 1),

(x+1)Y=x+2x+1=1+1+2x=2(x +1)=0.

Hence A_, is not semiprime. It is also easy to check that every graded algebra
automorphism of A_, is the identity map of A_,. Hence there are no proper
algebraic twisting systems of A_,. Suppose that r is not a square of an element in
the field k = Z,(t). Then x*+r is an irreducible polynomial of x over k and
A, =k[x])/(x* +r) is a field. Hence A, is not isomorphic to A_,. Therefore not
every proper twisting system is an algebraic twisting system.

ExampLE 2.12 [3, § 8]: mwisting systems induced by homogeneous regular normal
elements of degree 1. Let A be a Z-graded algebra and let x be a homogeneous
regular normal element of degree 1. Then there is graded algebra automorphism
f of A such that xf(a)=ax for all a € A. Since xx =xx, f(x)=x. Let 1 be the
twisting system {f”| n e Z}. In the twisted algebra A7, we have

a*x=af"(x)=ax and x*a=xf(a)=ax.

Hence a*x =xx*a for all homogeneous elements a. Then x is central (and
regular) in A~

For example, let A be the Ore extension B|x, o] where B is a Z-graded algebra
and where o is a graded automorphism of B. Suppose deg(x) = 1. The element x
is regular and normal, and the twisted algebra of B[x, o]® defined above is
isomorphic to B° [x] where B“”' is the Z-graded twisted algebra of B by the
twisting system {o~"| n € Z}. If B = By, then B ' = B. In this case, B[x, o] is a
twisted algebra of the polynomial extension B[x).

3. Equivalences of graded categories

In this section we investigate the relationship between twisted algebras and
equivalences of categories of graded modules, and prove Theorem 1.1, Theorem
1.2 and Theorem 1.4 stated in the introduction. Let A be a G-graded k-algebra.
We denote by Gr-A the category of G-graded right A-modules, with morphisms
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being graded homomorphisms (of degree e). Then Gr-A is a k-linear abelian
category. The following is Theorem 1.1 for G-graded algebras.

THEOREM 3.1. Let A and B be two G-graded algebras. If B is isomorphic to a
twisted algebra of A, then the categories Gr-A and Gr-B are isomorphic.

Proof. If B is isomorphic to A, then Gr-A and Gr-B are obviously isomorphic.
So we may assume that B is a twisted algebra A" for some 7 ={1,| g € G}. Define
a functor F from Gr-A to Gr-A" as follows: for every graded right A-module M,
F(M)=M", and for every graded homomorphism ¢ from M to N, F(¢) = ¢. To
prove that F is well-defined, it suffices to check that ¢ is also a graded
homomorphism from MT® to N® Since M and M® have the same underlying
graded k-module (and similarly for N and N*), ¢ is a graded k-linear map from
M*to N*. For every m e M, and z € A,

Y(m*z) = (m1,(z)) = Y(m)14(2) = Y(m)*z

where * is defined in (2.6.1). Hence ¢ is a graded A*-module homomorphism
from M* to N*if (and only if) it is a graded A-module homomorphism from M to
N. Therefore F is well-defined.

By Proposition 2.5.2, A is a twisted algebra of A by the inverse twisting system
77!, Thus we can define a functor G from Gr-A" to Gr-A in the same way as we
define F. By Proposition 2.7.3, for every graded A-module M, GF(M)=
(M7 =M, and for every graded A®-module M', FG(M')=(M'"") =M".
Hence GF is the identity functor on Gr-A and FG is the identity functor on
Gr-A". Therefore, the categories Gr-A and Gr-A* are isomorphic.

By the construction of F and G, F(A)=A" and G(A")=A. Then F is not a
graded Morita equivalence functor unless A is isomorphic to A*. In other words,
if A and B are graded Morita equivalent, then B is hardly ever isomorphic to a
twisted algebra of A.

Our next aim is to investigate when the converse of Theorem 3.1 holds. Let us
first recall the usual shift operators on graded modules. Let M = @, . M, be a
graded right A-module, and let 4 be an element of G. We define a graded right
A-module M[h] by setting (M[h]), = M,,, that is, the homogeneous component of
M([h] of degree g is M,,. We usually write M[h] = @, M,,. The module M[h] is
called a shift module of M of degree h. As an ungraded module, M[h] is an
A-submodule of M. A corresponding shift operator s, from Gr-A to itself is
defined as follows: for every graded right A-module M, s,(M)= M[h], and for
every graded A-module homomorphism ¢, s,(¢) = 4/| M)

The shift functor s,, where e is the unit of G, is the identity functor on Gr-A.
For all g, h € G, 5,5, = sy, (nOt 5,,!). If G is a group, s, has the inverse functor s,-:
and then s, is an automorphism of Gr-A. However, if G is only a semigroup, then
the functor s, may not be faithful and full.

Now let G be a left cancellative semigroup, that is, gh, = gh, implies h, = h, for
all g,hy,h, e G. Let M= @, M, be a graded right A-module, and let 4 be an
element of G. We define a graded right A-module M[h~'] by setting (M[h"']), =
M, if g=hl and (M[h“])g =0 otherwise. If A has an inverse in G, then
M[h™')= @, M,-,, which is the usual shift module of M of degree h™". If h has
no inverse in G, then A~! is only a formal symbol. The graded right A-module
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M[h™"] is called a shift module of M of degree h™'. If we remove the grading, then
M[h~'}= M as a right A-module, for every h. The corresponding shift operator
sp-1 from Gr-A to itself is defined as follows: for every graded right A-module M,
sp-(M)= M[h™"], and for every graded A-module homomorphism , s,-1(¢) = ¢.
It is easy to check the following properties:

(i) s, is a faithful, full and exact functor for every h € G,
(i) sp-15;-1 =S5 for all h, 1 € G, and

(iii) the image of s,-: is a full subcategory of all graded right A-modules
M = @, M, such that M, =0 for all g ¢ hG.

DErINITION 3.2. Let € be an abelian category and let ¥:={S,| g € G} be a set
of functors from € to itself. Then & is called a shift of € if

(s1) S, is the identity functor on €,
(s2) S;Sp=S,,forallg, heG,
(s3) & is a faithful and full functor for every g € G.

If &is a shift of €, then the pair (6, ¥) (or the category € alone) is called a
G-graded category.

Note that if G is a group, then (s3) is a consequence of (s1) and (s2). If G is a
left cancellative semigroup, then {S, :=s5,-| g € G} is a shift of the category Gr-A.
If G is an abelian group, then both {s,| g € G} and {s,-| g € G} are shifts of
Gr-A. However, if G is a non-abelian group, then {s,| g € G} is not a shift of
Gr-A in the sense of Definition 3.2 because 5.5, = s, # 5, for some g, h € G.
From now on, the shift of Gr-A always means the set {S,:=s,-1| g € G}. Let € be
a G-graded k-linear abelian category with the shift ¥={S,| g € G} and let M be
an object of €. We define

I(M) = @ Hom(S,(M), M).

Since € is k-linear, Hom(S,(M), M) has a natural k-module structure for each g,
and Hom(S,(M), M)=Hom(M, M) is a k-algebra. Therefore T(M) is a
G-graded k-module. For all a e Homg(S,(M), M) and b € Hom(S,(M), M), we
define the multiplication to be the composition of morphisms of a and S,(b), that
is, ab = aS,(b). Since §,S, = S,,, the multiplication of I'(M) is associative. Thus
I'(M) becomes a G-graded k-algebra. Given two G-graded categories 4 and 9,
we may use the same ¥={S,| g € G} for the shift of both € and 2.

THEOREM 3.3. Let € and 9 be two G-graded k-linear abelian categories with a
shift ¥=1{S,| g € G}, and let M be c» nbject of € and N an object of D. If there is
a faithful and full functor F from € to D such ihat F(S;(M))=S,(N) for all g € G,
then T'(M) is isomorphic to a twisted algebra of T(N) as G-graded k-algebras.

Proof. By Proposition 2.8, it suffices to construct a set of graded k-linear
isomorphisms {¢,} from I'(N) to I'(M) which satisfies (2.8.1).
Let 1, denote the isomorphism from F(S,(M)) to S,(N) for every g € G. For
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every g € G, we define a map ¢, from I'(N) to I'(M) as follows: for each
a € Homg(S,(N), N) =T(N),

bg(a) = (Sp) ™ (F 7 (tg " Se(@)tgn))-

When the map ¢, is applied to Homg(S,(N), N), it is a composition of the
following four k-linear maps:

(m1) S,: Homg(Sk(N), N)— Homg(S,4(N), S,(N)),

(Il'12) t;:’.]( )tgh: Homg(sgh(N): Sg(N))-)HomEZ(F(Sgh(M))’ F(Sg(M)))’

(m3) F~': Homg(F(S;(M)), F(S;(M)))— Hom(Ses(M), S, (M),

(md) S;': Home(Sgn(M), So(M)) — Home(S, (M), M).
Since the functors S, and F are faithful and full, the maps (ml), (m3) and (m4)
are bijective. The map (m2) is also bijective because ¢, and ¢, are isomorphisms.

Hence ¢, is a graded k-linear bijection from I'(N) to I'(M). For every
a € Homg(S,(N), N), b € Homg(S,(N), N), we have

bg(ab) = (S;) " (F~' (15 'Sg(ab)tgn))
= (8;) ' (F (" Sg(@Su(b))tem))
= (So) M (F (1S (@) Sgn(b)tgns))
= [(S) T (F (15 " Se(@)tgnDI(Se) ™ (F ™" (2n Sgn(b)tgn))}
= ¢4(a)S¢ ' Spn(bgn(b))
= ¢,(a)Si(dgn(b))
= ¢g(a) Pgn(b).

Hence the set {¢,| g € G} satisfies (2.8.1). Therefore ['(M) is isomorphic to a
twisted algebra of I'(N).

We return to the category Gr-A. The next corollary provides a converse of
Theorem 3.1 when G is left cancellative. However we do not know the answer if
G is not left cancellative.

THEOREM 3.4. Let G be a left cancellative semigroup and let A and B be wo
G-graded k-algebras. Then B is isomorphic to a twisted algebra of A if and only if
there is an equivalence functor F from Gr-A to Gr-B such that F(A[g”™'))=B[g™"]
forall g € G.

Proof. 1If B is isomorphic to a twisted algebra A", then Gr-B and Gr-A" are
isomorphic. Without loss of generality, we may assume that B is the twisted
algebra A" for some 7 ={r,| g c G}. By Theorem 3.1, the categories Gr-A and
Gr-A" are equivalent. Let F be the equivalence functor from Gr-A to Gr-A"
defined in the proof of Theorem 3.1. It remains to prove that F(A[i"'])
(=A[i"']") is isomorphic to A%[i™'] for all i € G. The right A*™-modules A[i~']*
and A7[i”'] have the same underlying graded k-modules @, A[i"'], where
Ali7'], = A,if g =il and A[i"'], = 0 otherwise. Let * and o denote the A™-module
structures of A'[i"'] and A[i™']" respectively. Since 7; is a graded k-linear
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automorphism of A, we may regard 7; as a graded k-linear isomorphism from
A'[i""]t0 A[i""]". For ally € A, = A"[i '], and z € A,, we have

T(y ¢ 2) = t(yt(2)) = T(y) T (2) = Ti(y) ez

Hence 7; is a graded A*-module isomorphism from A*[i™'] to A[i™']" for every
i € G. Thus F(A[i ")) =A"[i"'].

Conversely, suppose that there is an equivalence functor F from Gr-A to Gr-B
such that F(A[g"']) = B[g~'] for all g € G. By Theorem 3.3, I'(B) is isomorphic
to a twisted algebra of T'(A). It remains to check that I'(A)=A. For every
a € Homg, 4(A[h~'], A)=T(A), a is a map from A[h~'] to A and then a(1) € A,.
We define a map f from I'(A) to A by f(a) = a(l), and then

flab) = f(asy-(b)) = as,-(b)(1) = a(b(1)) = a(1)b(1) = f(a)f (b).

Therefore fis a graded algebra isomorphism from I'(A) to A. Similarly, I'(B) = B.
Thus B is isomorphic to a twisted algebra of A.

By Theorem 3.4, if F(A[g™']) = B[g™'] is automatically true for some class of
graded algebras, then A is isomorphic to a twisted algebra of B if and only if
Gr-A is equivalent to Gr-B. This happens if the algebras are connected graded
over a field k. If A is connected graded, then we can regard A as both a Z-graded
algebra and an N-graded algebra. If B is a twisted algebra of A as a Z-graded
algebra, then B is a twisted algebra of A as an N-graded algebra. We are now
ready to prove Theorem 1.2 from the Introduction.

THEOREM 3.5. Let A and B be two connected graded algebras over a field k with
A,#0. Then B is isomorphic to a twisted algebra of A if and only if Gr-A is
equivalent 1o Gr-B.

Proof. One direction is Theorem 3.1. It remains to prove the other direction.
There are two cases.

Case 1: G=Z. In this case objects of the category Gr-A are Z-graded right
A-modules. Let F be an equivalence functor from Gr-A to Gr-B. Since A is
connected graded, the only indecomposable graded projective right A-modules
are A[n] for all n € Z. The same is true for B. Since F is an equivalence, F(A[n])
is an indecomposable graded projective right B-module. Hence there is an
integer, say f(n), such that F(A[n])=B[f(n)]. The map f: nw—>f(n) is well
defined and it certainly is a bijection from Z to itself. The shift functor s, is an
autoequivalence of Gr-A (and Gr-B). Hence we can replace F by s_;q F and
assume that F(A)=B. In other words, we may assume that f(0)=0. Now we
want to prove that fis an identity map of Z. For every n € Z,

Homg,.4(A[n], A[n + 1]) =Homg, 4(A[—~1], A) = A, #0.
Applying F to A[n] and A|n + 1], we have
0 Homg, (BIf(n)}, B[f(n +1)]) = Homg, 5(B[f(n) - f(n + 1)), B)
= Byni1)-fny

As a consequence, f(n+1)—f(n)=0. Hence f(n+1)>f(n) because f is a
bijection. We have proved that
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() {f(m)| nez}=2,

(i) f(0) =0, and

(iii) {f(n)} is an increasing sequence of integers.

Therefore f(n)=n and F(A[n])=B[n] for all n e Z By Theorem 3.4, B is
isomorphic to a twisted algebra of A.

Case 2: G=N. In this case objects of the category Gr-A are N-graded right
A-modules. It is easy to check that all indecomposable graded projective right
A-modules are A[—n] for all n € N. Let F be an equivalence functor from Gr-A
to Gr-B. Then for every n e N, F(A[—n]) = B[—f(n)] for some f(n) e N. The
argument in Case 1 also works here. Hence we have

(i) {f(n)| neN}=N, and

(i1) {f(n)} is an increasing sequence of integers.

Thus f(n)=n and F(A[—n])=B[—n] for all n e N. By Theorem 3.4, B is
isomorphic to a twisted algebra of A.

Let us have an example.

ExaMpLE 3.6: mwisted algebras of the polynomial ring k[x,,x,]. A natural
Z-grading (or N-grading) of k[x;,x,] is given by deg(x,)=deg(x;)=1. The
algebra k[x,, x,] has two generators x, and x, and one relation x,x, — x,x, = 0.
Then we have the minimal graded projective resolution of the trivial k{x,, x;]-
module k,

0 k[xy, x2][—2] = k[x1, x5][-1]) D k[x), x2][-1] = k[x;, x;] > k= 0.

For a connected graded algebra A, k always denotes the trivial module A/A.,
where A., = @, A,. Let B be a twisted algebra of k[x,, x,] and let F be the
equivalence functor from Gr-k[x,, x,] to Gr-B. Applying F to the above
projective resolution, we obtain a minimal graded projective resolution of the
trivial module of B,

0— B[-2]->B[-1]®B[-1]->B—k—0.

Therefore B has two generators, which are x, and x,, and one relation. Now what
is the relation in the algebra B? Let 7= {r,| g € G} be the twisting system of
k[x,, x,] such that B = k[x,, x,]". Then, in the algebra B,

X% 10 (x) = X% 17 (X)) = x5 — X%, = 0.
Since 1, is a graded k-linear automorphism of k[x,, x,], there are elements
a, b, c,d ek with ad — be #0 such that
77 (x2) =ax, + bx, and 17'(xy) =cx, +dx,.

Hence the only relation in B is ax? + bx,x, — cx,x, —dx3=0. Let r,, .4 denote
the element ax? + bx,x, — cx,x, — dx3. Therefore B is isomorphic to the algebra
k(x,, x)/(rap.c.a) Where k(x,, x,) is the free algebra generated by x, and x, and
where (r,,..4) is the ideal generated by r,, 4. Conversely, let a, b, ¢, d be four
elements in k with ad — bc # 0. There is a unique graded algebra automorphism f
of k[x,, x,] such that *

fri(x)=ax,+bx, and f7'(x))=cx, +dx,.
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Then t' ={f"| n e Z} is an algebraic twisting system of k[x,, x,] and the twisted
algebra k[x,, x,]7 is isomorphic to the algebra k(x,, x,)/(r,cq)- Thus we have
proved that an algebra is isomorphic to a twisted algebra of k[x;, x,] if and only if
it is isomorphic to k{x,, x2)/(r, »...4) for some a, b, ¢, d € k with ad — bc #0. If we
choose a=d=0, b=p and c=1, we obtain the skew polynomial ring
kplxy, x2] = k{xy, x)/(px1X; — X,x,). If we choose a=b=c=1 and d =0, we
obtain the Jordan polynomial ring k,[x,, x;]) := k{(x;, x,)/(x3 + x, x5 — x,x,). Hence
the categories Gr-k[x,, x,], Gr-k,[x,, x,], and Gr- k,[x,, X,] are all equ1valent A
similar discussion for the polynom1a1 ring k[x,, ..., x,,,] is given in § 5.

If the N-grading of k[x;, x,] is given by deg(xl) =1/, >0 and deg(x,) =/,>0, we
may also work out all twisted algebras of k[x,, x,]. Without loss of generality, we
assume that /, </,. We list the following solutions without proof:

(1) if I, =1,, then the solution is similar to that when /, =1, =1,

(i1) if /; <!, and 1,/1, is not an integer, then every twisted algebra of k[x;, x,] is

isomorphic to k,[x;, x,] for some non-zero element p € k, and

(iii) if /; <[, and s:=1,/l; is an integer, then every twisted algebra of k[x,, x,]

is isomorphic to k{x,, x,)/(ax}*' + px;x, — x,x;) for some a,p € k and
p #=0.

Next we are going to prove Theorem 1.4 in the introduction. Let us review
some notation. Suppose A is an N-graded noetherian k-algebra. A graded
k-module M = @ M, is called bounded if M, =0 for all n>>0 and n «< 0, and a
graded right A-module M is called forsion if every finitely generated submodule
of M is bounded. Let Tors denote the full subcategory of Gr-A consisting of
torsion A-modules. The quotient category Gr-A/Tors is denoted by QGr-A. For
every module M in Gr-A, the image of M in QGr-A is denoted by .#. For
example, & is the image of A, in QGr-A. The projective scheme of A is defined
to be the pair (QGr-A, o) which is denoted by Proj-A (see [4]). It is easy to see
that the shift operator s, of Gr-A maps Tors to Tors. Hence s, induces an
automorphism of QGr-A, which is called a shift operator of QGr-A and is
denoted by s, also. We use the notation M[d]=s{(M) and M[d]=s{(M) to
denote the dth power of the shift operator. For every object , it is easy to check
that

@ Homoo, 4(4, 4[n]) = @ Homag, A(~n], 4) (3.6.1)

neZ

as a graded algebra via the map a > s;"(a) for all a e Homqg,.4(#, #[n]). Note
that the right-hand side of (3.6.1) is I'(#() defined in this paper and the left-hand
side is I'(«/) defined in [4] when M = .

THEOREM 3.7. Let A and B be N-graded right noetherian algebras.

1. If A is isomorphic to a twisted algebra of B, then there is an equivalence
functor F from QGr-A to QGr-B such that F(A[n]) = RB[n] for all n € Z.

2. If there is an equivalence functor ¥ from QGr-A to QGr-B such that
F(A[n]) = B[n] for all n € Z, then T'(H) is isomorphic to a twisted algebra of
I'(%R).
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Proof. Part 2 follows from Theorem 3.3 and we only need to prove Part 1. If A
is isomorphic to a twisted algebra of B, then by Theorem 3.4, there is an
equivalence functor F from Gr-A to Gr-B such that F(A[r]) is isomorphic to B[n]
for all n € Z. The functor F maps bounded A-modules to bounded B-modules, so
it maps torsion A-modules to torsion B-modules. Thus we have an induced
equivalence functor from QGr-A to QGr-B, which is denoted by %. It follows
that the image of F(M) in QGr-B is isomorphic to F(.#). Therefore we obtain
F(A[n)]) = B[n] for all n € Z.

To conclude this section we give some obvious equivalences of categories of
graded modules in which one algebra is not isomorphic to a twisted algebra of
another.

ExaMpLE 3.8: equivalences defined by automorphisms of semigroups. Let G be
a semigroup and let o be an automorphism of G. Let A = @, A, be a G-graded
algebra. We define A, to be the algebra GBgAU(g). As an ungraded algebra,
A, = A, but as a graded algebra A, is not equal to A unless ¢ is the identity map
of G. Given a graded right A-module, we define M, to be P, M, ). Then M, is a
graded right A,-module. It is easy to see that Gr-A is equivalent to Gr-A, by
sending M to M,,.. In general, A, is not isomorphic to a twisted algebra of A.

ExampLE 3.9: equivalences involving strongly graded algebras. Let G be a
group. A G-graded algebra A = @, A, is called strongly graded if A,A, = A, for
all g, h € G. Every crossed product of R by G is a strongly graded algebra, but
not every strongly graded algebra is a crossed product. By [13, Theorem 1.3.4],
the category Gr-A is equivalent to Mod-A, where Mod-A, is the category of all
right A,-modules. As a consequence, the category Gr-A is equivalent to the
category Gr-A,G where A,G is the group algebra. By Proposition 2.10, if A is not
a crossed product of A, by G, then A is not isomorphic to a twisted algebra of the
group algebra A,G.

ExampLe 3.10: graded Morita equivalences. Let A be a Z-graded algebra and
let P be a graded right progenerator of A. Define B to be the graded algebra
@, Homg, 4(P, P[g]). Then Gr-B is equivalent to Gr-A. In general, B is not
isomorphic to a twisted algebra of A.

4. Other twistings

Let A-Gr denote the category of all graded left A-modules. In this section we
will prove that if 7is a twisting system and G is a group then we can twist graded
left moduies as well. As a consequence, we show that if A™is a twisted algebra of
A and G is a group then A-Gr is equivalent to A*-Gr. We also briefly discuss
twisting systems of a graded coalgebra and the corresponding twisted coalgebras.

From the definitions of a twisting system and a twisted module, it is not obvious
that we can construct a ‘twisted module’ of a left module by a twisting system. We
need left-hand analogues of all those concepts.
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DEerFINITION 4.1. Let A be a G-graded k-algebra. A set of graded k-linear
automorphisms of A, say {v,| g € G}, is called an I-wisting system of A if

vi(va(x)y) = Vi(x)vi(y) (411)
forallg,h,/ e Gand all x € A;, y € A,

PROPOSITION AND DEFINITION 4.2. Let A be a graded algebra, and let v =
{v,| g € G} be an l-twisting system of A. Then there is a new graded and
associative multiplication  on the underlying graded k-module @, A, defined by

xoy = v,(x)y (4.2.1)

for all x € A,, y € Ay. The element ,1:=v;'(1) is the identity with respect to the
new graded multiplication o. The graded algebra (P, A, e, 1) is called the
[-twisted algebra of A by v and it is denoted by “A.

Let A°? denote the opposite ring of A and let G°? denote the opposite group of
G. Then AP is a G°-graded algebra. It is easy to see that B is an /-twisted
algebra of A as a G-graded algebra if and only if B is a twisted algebra of A%
as a G°P-graded algebra. Hence every concept and every statement in §§2 and 3
has a left-hand analogue. We omit the details here.

The relationship between twisted algebras and /-twisted algebras is as follows.

THEOREM 4.3. Let G be a group and let A be a G-graded algebra. Then a twisted
algebra of A is isomorphic to an l-twisted algebra of A (and vice versa).

Proof. Let B be a twisted algebra A" for some 7 = {7,| g € G}. We define a set
of graded k-linear automorphisms, say v = {v,| g € G}, by

Ve(¥) = Tingr 1 Th () (4.3.1)

for all y € A,. Since G is a group, (hg)™' and h~! are in G and so v, is well
defined. We claim that v is an /-twisting system of A, and B is isomorphic to the
[-twisted algebra YA. By (2.1.3) and (2.1.1), we have

ViV (X)) = Tenty-1 Tigh)- (T -1 g2 (X)Y) = Teenny- (T 2(X) T, Th(y))
= Tgany1 T () Ty Ta () = v(x)vi(y)

for all x € A;, y € A,. Hence v is an /-twisting system of A. Let o denote the
multiplication of "A. We define a graded k-linear map f from A® to "A by
f(y)=1,-(y) for all y € A,. Then by (2.1.3),

F(y*2) = Touy-(yTu(z)) = Ty~ (y)Ti-1(2) = T(hl)“Tl;"l'(f()’))f(Z) =f(y)°f(z)

g

for ally € A, z € A, Therefore fis a graded algebra isomorphism from A to "A

CoroLLARY 4.4. 1. Let G be a group. If B is isomorphic to a twisted algebra of
A, then A-Gr and B-Gr are isomorphic.

2. Let G=1Z. Suppose that A and B are connected graded and A,#0. Then
Gr-A and Gr-B are equivalent if and only if A-Gr and B-Gr are equivalent.
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Proof. Part 1 follows from Theorem 4.3 and a left-hand analogue of Theorem
3.1, and Part 2 follows from Theorem 4.3 and Theorem 3.5.

In the case where G is not a group, we have not found a proof of the statement
of Theorem 4.3 and we do not have any counter examples either. We conjecture
that Theorem 4.3 holds without the assumption that G is a group. The statement
of Theorem 4.3 holds in the following two cases.

Case 1. Let B be a twisted algebra of A by a twisting system 7 ={7,| g € G}. If
for all g, h € G, 7,7,7, = Ty, then B is isomorphic to an /-twisted algebra of A.
In particular, if 7 is an algebraic twisting system of A, then v ={v,:=1,;'| g € G}
is an algebraic /-twisting system of A, and AT is isomorphic to the [/-twisted
algebra “A.

Case 2. Let A be a semigroup algebra RG. By Proposition 2.10, a G-graded
algebra B is isomorphic to a twisted algebra of A if and only if B is isomorphic to
a crossed product of R by G. Symmetrically, a G-graded algebra B is isomorphic
to an /-twisted algebra of A if and only if B is isomorphic to a crossed product of
R by G. As a consequence, every twisted algebra of A is isomorphic to an
[-twisted algebra of A.

In the rest of this section we introduce the definition of twisted coalgebra and
state the coalgebra analogue of Theorem 3.1 without proof. The basic facts about
coalgebras can be found in [1] and [15]. The concept of coalgebra is a dual
concept of algebra. We define a twisted coalgebra of a graded coalgebra in a way
dual to that of defining a twisted algebra. A k-coalgebra C with comultiplication
A is called G-graded if

(a) C= &, C, where each C, is a k-submodule of C, and

(b) A(C,) = 2hl=g Ch @i C,.
Let C be a G-graded k-coalgebra and 7= {7,| g € G} be a set of graded k-linear
automorphisms of C. The set 7 is called a rwisting system of C if, for any g, h e G
and for any w € C,,

2 () ® () = 2 ¥ @i p(2))
]

where Z,y,® 2 =A(w), Z,y]®u 2 =4(1,(w)) and [ =deg(y,), I =deg(y).
Given a twisting system 7 = {7,| g € G} of C, a new coassociative comultiplication
A, on the underlying graded k-module &, C, is defined by

A (w)= 2 Yi®i 1,(2:),

where 2, y;®,z=A(w) and [ =deg(y;). The new graded coalgebra
(B;ec C;, A,) is called a twisted coalgebra of C by 7 and it is denoted by C*. Let
¢ denote the counit (map) of the graded coalgebra C= @, C, satisfying
&(C,) = 0 for all g #e. Then the counit (map) of the twisted coalgebra C"is e7; .
An analogue of Theorem 3.1 holds. Let C be a graded coalgebra. We denote by
Gr,,-C the category of graded right C-comodules, with morphisms being graded
homomorphisms of comodules of degree e.

THEOREM 4.5. Let C and D be two graded coalgebras. If C is isomorphic to a
twisted coalgebra of D, then the categories Gr.,-C and Gr.,-D are isomorphic.
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Twisted coalgebra is a dual concept of twisted algebra. Recall that a graded
module @, M, is called locally finite if each M, is finite dimensional over a field
k. If we consider locally finite algebras and coalgebras, then they are also dual to
each other in the following sense. Let M = P, M, be a locally finite graded
k-module. We denote by M* the graded k-module @, Hom,(M,, k). If A is a
graded algebra, then A* is a graded coalgebra and it is called the dual coalgebra
of A. Conversely, if C= @, C, is a locally finite graded k-coalgebra, then C* is
a graded algebra and it is called the dual algebra of C. If t={1,| ge G} is a
twisting system of the graded algebra A, then t*:={t}| g € G} is a twisting
system of the graded coalgebra A*, and the twisted coalgebra (A*)T is
isomorphic to the dual coalgebra (A)*.

5. Twisting invariant properties

In this section we investigate the properties which carry over from a graded
algebra to its twisted algebra, and we prove Theorem 1.3 stated in the
introduction. As an example, we study the twisted algebras of commutative
polynomial rings in some detail. Many concepts with prefix ‘graded’ are adopted
from [13] and we are not going to recall most of them.

A property 2 is called G-twisting invariant if a G-graded algebra A has the
property 2 if and only if every twisted algebra of A has the property 2. In the
ungraded case, a property is called Morita invariant if it is preserved under Morita
equivalence.

If algebras A and B are Morita equivalent, then by [12, Theorem 3.5.9], the
centre of A is isomorphic to the centre of B. However, for many (probably all)
semigroups G, there are examples in which the centre of a G-graded algebra is
not isomorphic to the centre of its twisted algebra. Therefore we do not expect
any properties related to the centre of an algebra to be G-twisting invariant for
any semigroup G. On the other hand, we expect some ‘G-graded’ properties to be
G-twisting invariant because

(i) a twisted algebra A" is easily constructed from a graded algebra A, and
(i1) the categories Gr-A and Gr-A" are equivalent.

However, we are more interested in those properties without the prefix
‘G-graded’. By Example 2.11, a Z,-graded algebra A_, is not semiprime and a
twisted algebra A" of A_, is a field. As an ungraded algebra, A_, is isomorphic to
the algebra k[x]/(x?) where k is the field Z,(r). Thus the global dimension of A_,
is infinite whereas the global dimension of A" is zero. Therefore the following
properties are not Z,-twisting invariant:

(a) being a division ring,

(b) being a domain,

(c) being a simple ring,

(d) being prime,

(e) being semiprime, and

(f) having finite global dimension.

Note that (c),(d),(e), and (f) are Morita invariant (see, for example, [12,
Theorem 3.5.9 and Proposition 3.5.10]). However under some reasonable
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conditions on G (and on algebras), some Morita invariant properties are twisting
invariant.

A group G is called polycyclic-by-finite if there is a finite chain of subgroups
{e} =Gy G, c... c G, = G such that each G; is a normal subgroup of G;,; and
each factor G;,,/G, is either finite or isomorphic to Z. Obvious examples of
polycyclic-by-finite groups are finite groups and the group Z. Given an integer
m >0, let Z™ denote the additive group of the direct sum of m copies of Z. Then
Z™ is also polycyclic-by-finite.

ProposiTiON 5.1. Let G be a subsemigroup of a polycyclic-by-finite group. Then
being right noetherian is G-twisting invariant. If, moreover, G is a group, then
being left noetherian is also G-twisting invariant.

Proof. Let A be a right noetherian G-graded algebra and let B be a twisted
algebra of A. By Theorem 3.4, there is an equivalence functor F from Gr-A to
Gr-B such that F(A)=B. Hence, F induces a one-to-one correspondence
between graded right ideals of A and graded right ideals of B which preserves the
containing relation. Hence A being right noetherian implies B being G-graded
right noetherian. Let G' be a polycyclic-by-finite group containing G. We can
regard B as a G'-graded algebra. Then a G-graded right ideal of B is a G'-graded
right ideal of B (and vice versa). Hence B is G’-graded right noetherian. By [14,
Theorem 1.3.7], B is ungraded right noetherian. Therefore being right noetherian
is G-twisting invariant.

If G is a group, then B is also an /-twisted algebra of A. Hence A being left
noetherian implies B being left noetherian. Thus being left noetherian is
G-twisting invariant.

A semigroup G is called ordered if there is an order relation < defined on the
set G satisfying

(a) if g, h € G, then either g<horh<gorg=h,

(b) if g<h and h </, then g </, and

(c) if g<h, thengl<hland lg<IhforallleG.

The group Z and the semigroup N are naturally ordered. The group Z” is
(lexicographically) ordered.

ProPoSITION 5.2. Suppose that G is an ordered semigroup. Then being a domain
is a G-twisting invariant property.

Proof. Let A be a domain and let B be a twisted algebra of A by a twisting
system {7,| g € G} and let * denote the multiplication of B. For any non-zero
elements y € B,, z € B, y*z =y1,(z) #0. Hence B has no homogeneous zero
divisors. By [13, Proposition A.IL.1.4] (the same result holds for an ordered
semigroup), B is a domain. Therefore being a domain is G-twisting invariant.

By the above proof, A" is a graded domain if and only if A is. Similarly we have
the following.
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Proposimion 5.3.1. 1. Let t={1,| g € G} be a twisting system of A with
17,(1) = 1. Then a homogeneous element a is invertible in A" if and only if it is
invertible in A.

2. The ring A" is a graded division ring if and only if A is.

Proof. By Proposition 2.5(2), A is a twisted algebra of A*. Then we only need
to prove one direction and we suppose that a is invertible in A, that is, there is b
such that ab = ba = 1. Let deg(a) = h. Then deg(b) = h~'. By the definition of *
and (2.1.3), we have

1= T,le(ab) = ‘(;—11((1) * T;hl-x(b) = r;-lx(a) * b,
and
1=ba=bx*1;"(a).
Hence 7;1(a) is invertible in A*. By Proposition 2.2(1), a is invertible in A”. Part
2 is an easy consequence of Part 1.

Next we study the relationship between localization and twisting and generalize
[3, Proposition 8.12]. Suppose that G is a group and that A is a G-graded algebra.
Let S be a set of homogeneous elements of A. Then § is called multiplicatively
closed if it is closed under multiplication, and S is called a right Ore set if

(a) aSNsA is not empty for every homogeneous element a € A and every
seS,and

(b) if sa =0 for some homogeneous element a € A and s € S, then there is an
s' € § such that as’ = 0.

Given a multiplicatively closed right Ore set S, A is localizable over S (see [13,
Lemma A.L.6.1]) and the graded quotient ring is denoted by As. The grading of
Ag is defined by deg(bs™") = deg(b)(deg(s))~"' [13, Proposition A.1.6.2]. Without
loss of generality, we may always assume that 1 € S.

ProrosiTiON 5.4. Suppose that G is a group and that A is a G-graded algebra.
Let S be a multiplicatively closed right Ore set of homogeneous elements and let
t={1,| g € G} be a twisting system of A such that t,(S)=S for all g € G. Then

(1) 7 can be extended to a twisting system T of Ag;

(2) S is a multiplicatively closed right Ore set of A® and (A%)s is a G-graded
algebra;

(3) the twisted algebra (As)* is naturally isomorphic to (A");.

Proof. (1) By Proposition 2.4, we may assume 7,(1) =1 for all g € G. With this

assumption, we define a twisting system 7 of A, which is extended from 7, by
2,(br™") = 1,(b)[ Ten-1 Tim(r)] ™ (5.4.1)

where deg(b) = h and deg(r) = /. If r =1, then = 1. It is easy to see that 7, is the
identity map. We need to check the following:

(a) 2, is well-defined for every g,

(b) 12, is k-linear and bijective for every g, and

(c) ?is a twisting system of As, namely it satisfies (2.1.1).
The proof of these three statements is routine and very tedious. We only prove
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(c) here and omit proofs of (a) and (b). Note that there are three other identities
which are equivalent to (2.1.1). So it is enough to prove one of them. Applying
77! to (5.4.1) and replacing b by 7;'(b) and r by T4y-1Tg-:(r), we have

7;]([”—1) = 'L'El(b)['fhl*1 ;h]l”‘(r)]-]'

To simplify the computation, we break the discussion into the following four
cases: Case 1: y=a and z =b; Case 2: y=a and z=r""'; Case 3: y=s"' and
z=b;Case 4 y=s""and z=r"'. Here a,b € A and r, s € S. The general case

will follow from these four special cases. Let deg(a) =h, deg(r) =i, deg(b) =},
and deg(s) =L Since 7,(a) is an image of 7,(a) for all a € A, (2.1.1) implies that

2,(at, (b)) = 7,(a) T4 (b).
Hence (2.1.1) holds in Case 1. Let b =1; (5.4.1) becomes

1,(r ) = [t el ()] (5.4.2)
for all r € S. Then the inverse function is

')y = [noph(n)) (5.43)
Combining (5.4.1), (5.4.2) and (5.4.3), we obtain

t(ar™) = 1(@) '),

Thus (2.1.2) holds and so (2.1.1) holds in Case 2.

By Lemma 5.5.1 below and Case 1 and Case 2, (2.1.2) holds for y =a and
z=br 'foralla,be A andresS. Toprove that (2.1.1) holds for Case 3, we use
(2.1.3) for y=s, z=s5"'b. Note that z can be written as b'r'~' by the Ore
condition. Hence we can apply (2.1.3) for y =5, x =s~'b. We have

(b)) = T h(s - s7Ib) = h(s) 1T (s TTh). (5.4.4)
Let b =1; (5.4.4) implies that
1=20()%7;'(s7") and (T20(s) ' =11.'(s7").
We re-write (5.4.4) as follows:
12 (s7b) = 1,27 (s HTR(D). (5.4.5)
Let g = e in (5.4.5); we have
7,(s7'b) = 7,(s" T (b). (5.4.6)
Replacing b by #,-17;4(b) and s™' by 2;'(s™") in (5.4.6), we obtain

7,(1; (s DTt (b)) = 1,2 (s DTN (D). (5.4.7)
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Now (5.4.5) and (5.4.7) imply that (2.1.3) holds for y =s~' and z = b. This is Case
3. Let s, r e §; we have

(57 = 1,((rs)™")
= [Teay- Tay-1(rs)] ™!
= {ta- [ty (Nt THE)]} !
= [Teun-1Ta-1(r) - Tt ' Tm(s))
= [Tguny- Tay(r) - T Tim(s)]) ™
= [Tgl"TI:}(S)]—I[Tg(iI)“T(_ill)"(r)]-1

=1,(s )T TR0

Hence (2.1.2) holds for Case 4. Since every element br ' can be written as r'~'b’,
by Lemma 5.5.1 below, and Case 3 and Case 4, (2.1.1) holds for y =5' and
z=>br"!. Finally by Lemma 5.5.2 below, (2.1.1) holds for all y=as™! and
z =br~'. Therefore 7 is a twisting system of As. The twisted algebra is denoted
by (As)".

(2) Let s be any element in § with deg(s) = /. Since 7,(§) = S and 1, is bijective,
s*S§=57(5)=sScS. Hence § is multiplicatively closed. Let a be a homoge-
neous element in A with deg(a) = h. Then

a*SNs*xA=ar,(S)Nst(A)=aSNsA

is not empty. If sxa=0, then st(a)=0. Hence there is s’ €S such that
(a)s’ =0. Applying 7;', we obtain that there is s”" € S such that axs"=0.
Therefore § is a right Ore set of A*. We denote the localization by (A%)s. By [13,
Proposition A.1.6.2], (A%)s is a G-graded algebra.

(3) The map f: a~>al”' is a ring homomorphism from A to As. Since 7 is an
extension of 7, f is also an algebra homomorphism from A’ to (As)’. Every
element in § is invertible in Ag, so, by Proposition 5.3, it is invertible in (Ag)™.
For a typical homogeneous element as ™' in As = (As)’, by (5.4.3), we have

as'=axt;' (s )=axr’!

for some r € S. If a*s™' =0, then at,(s™") = 0. Hence there is an s’ e §, such that
as' =0 and a * t;'(s’) = 0. Therefore (Ag)" is the localization of A” over S. Thus
(As) = (A")s.

The following lemma is needed in the proof of Proposition 5.4.

Lemma 55. Let T, T, and T3 be three multiplicatively closed subsets of
homogeneous elements of A such that 1,(T;)=T, forall g and i =1, 2, 3.

1. Suppose that (2.1.1) holds for y,z e T, and for y e Ty, z € T,. Then (2.1.1)
holds forally € T}, z e | T.

2. Suppose that (2.1.1) holds for ye T}, z e LTy, for ye Ty, z € T», and for
yeT, zeTs Then (2.1.1) holds fory e T\ T, z € T.
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Proof. 1. Leta,be T, and r € T, and let deg(a) = h and deg(b) =j. By using
(2.1.1) and the equivalent identities, we have

1o (@) Ten s '(br) = (@) Tl 7h } (b) 7,74 (r)]
= 75(a) Ten Ty | (B) Ty Ty (1)
= 1,(ab) Ty, Th ()
= 1,(abr).

Hence (2.1.2) (and (2.1.1)) holds for y =a and z = br.
The proof of Part 2 is similar and is omitted.

PROPOSITION 5.6. Suppose that ©={1,| g € G} is an algebraic twisting system of
A such that the image semigroup H in Aut(A) of the map g — 1, is a finite abelian
group. Assume A is a PI ring. If either

(a) A" has no |Hj-torsion or

(b) AT has no nilpotent elements,
then the twisted algebra A" is a PI ring.

Proof. Note that a finite subsemigroup of a group is automatically a group. For
every y € A,, zZ € A, and for every 7,

T, (¥ *2) = T(yTu(2)) = Te(y) Ten(2) = Te(¥)Th(Te(2)) = To(y) * Te(2).
Hence each 7, is a graded algebra automorphism of A”, so H is also a subgroup of
Aut(A"). Let A" denote the set of all invariant elements {a € A| T,(a) = a for all
g € G}. Since A =A" as a set, we have A" = (A7)". Both A" and (A")" are also
graded algebras. For every y € A, N A", z € A, N A"

y*z=y1(2) =yz.
Therefore A" =(A")" as a graded algebra. By assumption, A is a PI ring; then
the subring AM is a PI ring and so is (A7)". If (a) holds, by [10, Theorem 6.5], and
if (b) holds, by [10, Theorem 6.8], A" is a PI ring.

As a consequence of Proposition 5.6, if A is a Z-graded commutative domain
and f is a graded automorphism of A of finite order, then A" is a PI ring where
T={ f"l nel)

In the rest of this section we concentrate on connected graded algebras. Let us
start with free algebras and their graded factor rings. Let k(m) denote the free
algebra k(x,, ..., x,,) generated by x,, ..., x,,. Given m integers /,, ..., 1, € Z, we
may assign the grading of k(m) by setting deg(x;) =/, for all i =1, ..., m. Then the
free algebra k(m) is Z-graded with deg(x;, ..., x;)=2i< ;. Every finitely
generated Z-graded k-algebra is a graded factor ring of a free algebra kim). If A
is connected graded, then A is isomorphic to a graded factor ring k(m)/(I) where
the grading is given by deg(x;) =/, > 0. Let

o @A) D A5l D A[-sll> A—ka— 0 (561)

be a minimal graded projective resolution of the trivial module k4, = A/A..,. Then
the rank of the free module @ A[—s]] is the number of generators of A and the
rank of the free module @ A[-s?] is the number of relations of A. Let B be a
twisted algebra of A. Applying the equivalence functor F defined in Theorem 3.4



306 J. 1. ZHANG

to (5.6.1), we obtain a minimal graded projective resolution of the trivial module
kB»

> @ B[-s!]—> - B B[-51]> D B[-s]]>B—-ky—0. (562)

The resolutions (5.6.1) and (5.6.2) show that k, and k have the same type of
minimal graded projective resolutions. Hence A and B have the same number of
generators and the same number of relations. Moreover, A and B have the same
set of generators. Another immediate corollary is that k, and kg have the same
projective dimension. Since A is a connected graded algebra, the right global
dimension of A is equal to the projective dimension of k,. This implies that A
and B have the same right global dimension. By definition, A and a twisted
algebra B have the same underlying graded k-vector space. Hence dim,(A,) =
dim,(B,) for all n e N. The Hilbert function of A is defined to be h,(n)=
dim,(A,) for all n e N. Hence A and B have the same Hilbert function. If A is a
finitely generated algebra, then the Gelfand—Kirillov dimension (GK-dimension)
of A is equal to the number limy_.(log(Z,<n #4(n))/log N). Therefore A and B
have the same GK-dimension. Parts (a) and (b) of the following proposition are
proved.

PRrOPOSITION 5.7. The following properties are Z-twisting invariant for finitely
generated connected graded algebras:

(a) having GK-dimension d,;

(b) having right (left) global dimension dy;

(c) having right (left) Krull dimension ds;

(d) having right (left) uniform Goldie dimension d,.

Proof. By Theorem 4.3, a twisted algebra is isomorphic to an [-twisted
algebra. Hence we only need to consider right dimensions and it remains to prove
(c) and (d). Suppose B is a twisted algebra of A. By Theorem 3.1, there is an
equivalence functor from Gr-A to Gr-B such that F(A,) = B. Hence the graded
Krull dimension and graded uniform dimension of A, are equal to the graded
Krull dimension and graded uniform dimension of Bp, respectively. By [13,
Lemma A.ILS5.7], a graded Krull dimension is equal to an ungraded Krull
dimension and by [13, Theorem A.IL.5.10], a graded uniform dimension is equal
to an ungraded uniform dimension. Hence A and B have the same right Krull and
uniform dimensions.

A graded algebra A is called graded Goldie if A has finite graded right and left
uniform (Goldie) dimensions and satisfies the ascending chain condition on
graded right (as well as left) annihilators. Let A be a semiprime graded Goldie,
connected graded algebra. By [13, Theorem C.1.1.6], A has a graded semisimple,
graded artinian graded quotient ring which is denoted by Q,,(A). By the proof of
[13, Theorem C.1.1.6), a connected graded algebra A is semiprime graded Goldie
if and only if any graded essential right (and left) ideal of A contains a regular
homogeneous element. It is easy to see that a graded essential right (and left)
ideal and a regular homogeneous element are preserved under twisting. There-
fore being semiprime graded Goldie is Z-twisting invariant. By Proposition 5.4,
we have proved the following.
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ProrosiTioON 5.8. Being semiprime graded Goldie is a Z-twisting invariant
property for connected graded algebras. Moreover, if B is a twisted algebra of a
semiprime graded Goldie algebra A, then Q4 (B) is a twisted algebra of Q,.(A).

We have an example which shows that being prime is not Z-twisting invariant.
It is easy to see from the definition that being graded semisimple graded artinian
is Z-twisting invariant. However, being graded simple graded artinian is not.

ExampLE 5.9. Let A be the graded k-algebra k(x, y)/(xy, yx) with deg(x)=
deg(y)=1. Since A is commutative and xy =0, A is not prime. Let o be the
graded algebra automorphism sending x to y and y to x. The twisted algebra
associated to {7, = 0"| n e Z} is isomorphic to B = k(x, y)/(x?, y?). The algebra B
is a noetherian prime PI ring. Therefore being prime is not Z-twisting invariant
(even for connected graded algebras). By Proposition 5.8, Q,.(B) is a twisted
algebra of Q,(A). Since A is semiprime (but not prime), Q. (A) is graded
semisimple (but not graded simple) graded artinian. Since B is prime, Qg (B) is
graded simple graded artinian. Thus being graded simple graded artinian is not
Z-twisting invariant.

In the next example we show that being a simple ring is not Z-twisting
invariant,

ExampLE 5.10. Let A be the commutative graded k-algebra k[x,y,x™', y7']
with deg(x) = deg(y) =1. Let o be a graded algebra automorphism of A sending
x to x and y to gy where the non-zero scalar g is not a root of 1. Then the twisted
algebra associated to o is isomorphic to B =k,[x,y,x™', y~'] with the relation
yx =qxy. By [11, Proposition 1.3], B is simple. However the commutative ring A
is not simple because it is not a field. Therefore being simple is not Z-twisting
invariant.

Let A be a noetherian connected graded k-algebra. Recall that, for graded right
A-modules M and N, Hom ,(M, N) = @, .z Homg, 4(M, N[n]) and the derived
functors of Hom 4(M, N) are Ext4(M, N)= @,z Ext;.4(M, N[n]). If M is a
finitely generated graded right A-module, then Hom 4(M, N) coincides with the
usual Hom, (M, N) and Ext’,(M, N) coincides with the usual Exty(M, N). If M
and N are graded left A-modules, Hom 4(M, N) and Ext’, (M, N) are defined
similarly. For every graded right (or left) A-module M and for every i=0,
Ext’s(M, A) is a graded left (or right) A-module. The grade, or j number, of M is
defined to be j(M)=min{j| Ext/y(M, A)#0}. The GK-dimension of M is
denoted by GKdim(M), the injective dimension of A is denoted by inj.dim(A),
and the global dimension of A is denoted by gl.dim(A). An algebra A is called
Cohen—Macaulay, if, for every finitely generated graded A-module M,

j(M) + GKdim(M) = GKdim(A) < .

Let A be a noetherian connected graded algebra with finite injective dimension.
Then A is called Artin-Schelter Gorenstein if GKdim(A)<= and j(k,)=
inj.dim(A). If, moreover, A has finite global dimension, then A is called
Artin-Schelter regular. An algebra A is called Auslander Gorenstein if, for every
finitely generated graded A-module M and every submodule N < Ext’, (M, A),
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j(N)=i If, moreover, A has finite global dimension, then A is called Auslander
regular. Ungraded versions of these definitions can be made by considering
ungraded modules. A noetherian graded ring A is Auslander Gorenstein (or
regular) if and only if A is graded Auslander Gorenstein (or regular) and if A is
Auslander Gorenstein and graded Cohen—Macaulay then A is Cohen-Macaulay
(see [9, Theorem 3.1 and Lemma 5.8]). Some basic facts about non-commutative
graded regular rings can be found in [2] and [9].

THEOREM S5.11. The following properties are Z-twisting invariant for noetherian
connected graded k-algebras:

(a) having right (left) injective dimension d;

(b) being Artin—Schelter Gorenstein (or Artin~Schelter regular),

(c) being graded Cohen-Macaulay;

(d) being Auslander Gorenstein (or Auslander regular) and Cohen—Macaulay.

Proof. Suppose that A is a noetherian connected graded algebra and that
B = A" is a twisted algebra of A. Let F be the equivalence functor from Gr-A to
Gr-B. By Theorem 3.4, F(A[n]) = B[n] for all n € Z. Hence we have

Extg,.a(M, A[n]) = Extg,. s(M", B[n])

for every graded A-module M. Combining this with the definition of Ext,(M, A),
we have

Ext’s(M, A) = Ext3(M", B) (5.11.1)

as graded k-vector spaces. Note that also since Z is a group, a twisted algebra is
isomorphic to an /-twisted algebra. Hence the above argument works for both left
and right modules.

(a) By (5.11.1), A and B have the same graded injective dimension. But graded
injective dimension is equal to injective dimension for connected graded
noetherian rings [9, Lemma 3.3] and therefore injective dimension is preserved
under twisting.

(b) By Proposition 5.7, GKdim(A) = GKdim(B) and gl.dim(A) = gl.dim(B).
By (a), inj.dim(A) = inj.dim(B). Since F(k,) = kg, by (5.11.1), we obtain j(k,) =
j(kg). Therefore A is Artin-Schelter Gorenstein (or Artin-Schelter regular) if
and only if B is.

(c) By (5.11.1), j(M)=j(M*) and by the definition of twisted modules,
dim M, =dim M, which implies that GKdim(M)= GKdim(M*). Hence A is
graded Cohen-Macaulay if and only if A" is.

(d) If the algebra A is Cohen-Macaulay, then it is easy to show that the
condition of Auslander Gorenstein is equivalent to the condition that
GKdim(Exts(M, A))<i for every i and every finitely generated graded A-
module M. By (5.11.1), this condition is preserved under twisting. Combining tnis
with (c), we complete our proof.

ExampLE 5.12: rwisted algebras of commutative polynomial rings. Let
klxi, ..., x,] be the polynomial ring of m variables with deg(x;,)=/,>0. It is an
Auslander regular, Cohen-Macaulay, noetherian and connected graded domain
having global dimension, GK-dimension and Krull dimension m. By Propositions
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5.1,5.2,5.7 and Theorem 5.11, every twisted algebra of k[x,, ..., x,,] has the same
properties listed. If m =1, every twisted algebra is isomorphic to k[x] itself. If
m =2, all twisted algebras of k[x,, x;] are given in Example 3.6. For m =3, let B
be a twisted algebra of k[x,, ..., x,,] by a twisting system 7 ={t,| n € Z} and let *
denote the multiplication of B. By the discussion before Proposition 5.7,
{x1, ..., x.,} is also a set of generators of B and the relations of the algebra B are

x0T () = x0T () = X Ty (%) ~ x5t () = X — xx =0

for all m=i>j=1Roughly speaking, B is isomorphic to the algebra
k(xy, ..., x,)/(I) where I is the homogeneous ideal generated by elements
x;1; ' (x;) — x;7; ' (x;) for all i >j. Here we should regard 7;'(x;) as an element in

For example, let A = k[x,, x5, x;] with deg(x,) =deg(x,) =1 and deg(x,) = 2.
Let f be an automorphism of A sending

X,—>gx,, X;—>px, and X3> X3+ ax? + bx,x, + cx3

for some non-zero scalars q, p,a, b, c € k. Then r={f"| neZ} is a twisting
system and the twisted algebra A" has generators x,, x,, x; and has relations

X2%q X =x,%p7x,,
X3%q 7 =X, % (X3 —aq T x *x, = bg T p T * Xy — cp Tixy % xy),
xS*P_sz =Xxy*(x3— aq_3x1 *X)— bq_lp_le *X2— CP-3X2*X2)-
To obtain the last two relations note that
flxs)=x3~aqxi-bg 'p Xy xy—cp 7%}
= x3—aq %, %X, = bg 7P, ¥ Xy — CP Xa % X

A natural grading of the polynomial algebra k[xi, .., x,] is defined by
deg(x;) =1 for all i. Given a twisting system {7,| n € Z}, we define an algebra
automorphism f by f(x;) = 7,(x;) for all i and let 7' ={f"| n € Z}. Then both
k[xy, ..., xn]* and k[xi,..,x,]" have generators {x,..,x,} and relations
17 () = x; 17 (x;)=0 for all i j. Hence k[x),..,x,]" is isomorphic to
k[xi, ..., x,,]*. Since the automorphism f is determined by an m X m invertible
matrix a = (a;).xm via the equation f(x;) = Z7., a;x;, we denote k[x,, ..., x,,]* by
k(xiy, ..., x,]* for simplicity. Of course the relations of the algebra are
x:(Z; ajx;) — x(Zaix;) =0 where @' = (aj)mxm is the inverse matrix of a.
Hence we have proved the first assertion of the following proposition.

ProposiTion 5.13. 1. Every wwisted algebra of k[x,, ..., x,,] with deg(x;))=1 is
isomorphic to k[x,, ..., x,,]* for some invertible matrix a.

2. Let a and B be two m Xm invertible matrices. Then k(x,, ..., x,]* is
isomorphic to k[x, ..., x,,|? as graded algebras if and only if there are ar invertible
matrix M and a non-zero element c € k such that ca = MBM™".

Proof. In this proof let k[m] denote k[xi,..,x,]. Let a=(a;)mxm and
B = (b;;)mxm be two m X m invertible matrices such that ca = MBM ™' for some
matrix M = (m;),,x» and some non-zero element c. We define a map g from
k[m]* to k[m]? by g(x;) = =, myx; for all i It suffices to check that g maps the
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relations of k[m]* to the relations of k[m]®. Since a=MBM™', we have
a'M=cMB™" and for all i, j,

’ ' — ' '
g(xi 2 a;x; — Xx; 2 ailxl) = 2 mXx,a;mX; — 2 m;X,a;myXs
1 7

tls tls

=> bjx, — b,
=2, (myx,cmub s x; — myx.cmybsx,)
tl,s

— ' _ '
=c z (mirmjlxrblsxs mjlmilxrbl:x:)
1l

' ’
=c E mirmjl(xr E bl:xx - X 2 buxs) = 0
tl K s

Therefore g is a graded algebra isomorphism.

Conversely, suppose that g is an isomorphism from k[m]* to k[m]?, and let
M = (m;;),nxm be the matrix such that g(x;) = Z; m;x;. In the algebra k[m]®, we
change the set of generators from {x;, ..., x,,} to {g(x,), ..., g(x,»)}. Corresponding
to this new set of generators, k[m]? becomes k[m]? where 8, = MBM™', and g
from k[m]* to k[m}®" becomes g(x;) =x; for all i It is easy to check that f,-
defined by f,-1(x;) = 2], a;x; for all i is an automorphism of k[m]*. Hence f,-: is
also an automorphism of k[m]?' and by Proposition 2.5.3,

(k[m))Pre™" = (k[m]®)*" = (k[m]*)*" = k[m).

Let ¥ = (C;)mxm denote the product matrix B, -a~'. Then k[m]” is a twisted
algebra of k[m] and it is isomorphic to k[m]. The relations of k[m]” are
xi(Zs cjsxs) = x;(Z, cisx,) for all i, j. Hence the commutativity implies that c;=0
for all i #j and c;=c for all i. Therefore B;a™' =y =cl,xn, and so ca = B, =
MBM ™.

Another natural grading k[x,, ..., x,,] is the Z™-grading given by deg(x,) =
©, ..., 1,...,0) where 1 is in the ith position. To construct Z™-twisted algebras we
define the Z™-graded algebra automorphisms f,, ..., f,, of k[x,, ..., x,,] by fi(x;) = x;
if i=j and f(x)=p;'x; if i<j Hence t={f7"..fmw| (n1,..,n,)eZ™} is an
algebraic twisting system of k[x,, ..., x,,] and the relations of the twisted algebra
are p;x;x; = x;x; for all i, j, where {pj| 1<i<js<n}is a set of non-zero scalars in
k. This algebra is known as a skew polynomial ring and denoted by
k,,'.j[xl, .., Xm). Conversely, every Z™-graded k-linear automorphism 7, of
k[xi, ..., x,,] satisfies 7;(x;) = r;x; for some non-zero element r; € k. Hence x; and
x; are skew-commutative in the twisted algebra and then every Z™-twisted algebra
of k[x,, ..., x,,] is isomorphic to a skew polynomial ring k, [x), ..., X,,] for some
non-zero scalars {p;}. It is also easy to check that a skew polynomial ring
kp,[x1, ..., X,] is isomorphic to a twisted algebra of Z-graded algebra k([x,, ..., X,
if and only if there are non-zero scalars {g;} such that p; =g,q;" for all i, j.
Finally, we want to point out that skew polynomial rings and other twisted
algebras of k[x,, ..., x,,] can be regarded as specializations of formal deformations
of k[xy, ..., x,,] in the sense of [6].
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