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4.17	 Scaled washout boundary in CL3D − Fnh space. Data from present 
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ABSTRACT 

The Hydrodynamic and Hydroelastic Responses of Rigid and Flexible
 
Surface-Piercing Hydrofoils in Multi-Phase Flows
 

by
 

Casey Harwood
 

Co-Chairs: Yin Lu Young and Steven L. Ceccio 

Ventilation and vaporous cavitation are multi-phase flows with critical effects upon the 

performance, stability, and controllability of high-speed marine vessels. The entrain
ment of air from the free surface (ventilation) or the formation of water-vapor-filled 

voids (cavitation) can cause dramatic reductions in the efficiency of lifting surfaces, 
large dynamic loads, and strongly hysteretic flows. This thesis investigates the hy
drodynamic and hydroelastic performance of surface-piercing hydrofoils through ex
periments on three hydrofoil models (one rigid and two flexible), which were tested 

in a towing tank and in a free-surface cavitation tunnel. 
The results reveal four distinct flow regimes, which are defined by their parametric 

stability regions. The concept of flow stability is used to describe transitional flow 

and resulting hysteresis to yield a holistic description of ventilation on surface piercing 

hydrofoils. These concepts are used to develop scaling relations for the washout of 
ventilated cavities. Hydrodynamic loads are shown to vary as functions of the attack 

angle, immersion depth, forward speed, cavitation number, and flow regime. Flexi
bility of the hydrofoil model modifies the hydrodynamic loads and stability regions 

through hydroelastic coupling. Flow-induced vibration and lock-in are shown to re
sult from coherent vortex shedding at all speeds tested. Fitted transfer functions are 

used to develop reduced-order models and to estimate modal parameters of a flexible 

hydrofoil, demonstrating that both modal resonance frequencies and modal damping 

ratios are dependent upon immersion depth, forward speed, and flow regime. A ro
bust shape-sensing strut is also developed to measure the in-situ structural motions 

of deformable lifting-surfaces in real time. 
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The work presented in this thesis contributes significantly toward the study of 
multi-phase flows and fluid-structure interactions through the establishment of ex
perimental methodologies, the construction of a versatile experimental platform with 

original instrumentation, and the collection and thorough interpretation of a large, 
rich dataset. The insights gained from the work significantly improve our under
standing of ventilation, cavitation, and their interactions with structural dynamics, 
thereby aiding future researchers and designers to perform robust experiments, val
idate numerical solvers, and design safe, efficient, and controllable marine devices. 
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CHAPTER I
 

Introduction
 

1.1 Background and Motivation 

Ventilation is a multi-phase flow characterized by the entrainment of non-condensable 

gas into the liquid flow around a fully or partially immersed body. An individual ob
serving the vigorous stroke of a paddle in the water may notice the depression of 
the water’s surface, which exposes one face of the paddle to the air. Similarly, those 

familiar with high-speed water-craft are likely acquainted with the notion of a dry 

transom, where the flow around a hull forms a pocket of air in the hull’s wake above 

a certain speed, leaving the transom completely exposed. Both are examples of at
mospheric ventilation, or naturally-ventilated flow, where air displaces liquid in some 

portion of a flow-field. Both are also examples of bluff-body flows. Ventilation be
comes significantly more nuanced and complex when it occurs in the flow around 

streamlined bodies, particularly those designed to generate lift. 
In order for ventilation to occur on a fully or partially submerged body, the local 

pressure near the body must be lower than the pressure of the impinging gas, a region 

of separated flow must exist for the gas to occupy, and a continuous path of ingress 

by which gas enters the cavity must be available (Wetzel, 1957; Wadlin, 1958; Breslin 

and Skalak, 1959) – conditions upon which later sections will elaborate. Atmospheric 

ventilation, in particular, can occur on many marine systems operating at or near the 

free surface, including propellers, turbines, waterjets, dynamic positioning devices, 
hydrofoils, struts, rudders, fins, stabilizers, ship hulls (Arndt et al., 2009), as well as 

narrow side hulls and hard chines of high-speed craft (Amromin, 2015), and even on 

aircraft components during ditching maneuvers (Iafrati et al., 2015). 
Through careful design, one can ensure a cavity closes well downstream of the 

body to which it is attached, forming a supercavity. Vaporous or ventilated super-
cavities can be levied for advantageous reductions to the frictional drag on lightly to 
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moderately loaded, high-speed bodies (e.g. , struts, hydrofoils, torpedoes, propellers, 
stepped hulls, etc.). For reasons given in §1.3, supercavities also tend to be much 

more stable than other cavity regimes because the cavity collapses well downstream 

of the body trailing edge – a fact that also helps to mitigate cavitation erosion, vibra
tion, and noise issues. The uncontrolled or unanticipated formation of a ventilated 

cavity, on the other hand, can have an extremely deleterious effect on performance. 
Ventilation may lead to sudden and large changes in the forces acting on the body, 
and result in craft stability and/or structural concerns if it occurs unexpectedly or 
in off-design conditions. In some cases, lift-reversal has even been observed during 

the ventilation of high-speed hydrofoils (Rothblum et al., 1969). These considerations 

lead naturally to concerns regarding controllability issues as well as structural and/or 
hydroelastic stability issues including divergence, flutter, transient or parametric reso
nance. In severe sea-states, where propeller emergence occurs, ventilation of propeller 
blades may cause a substantial loss of thrust and an accompanying reduction in shaft 
torque, resulting in an uncontrolled increase in propeller revolution rate that may 

damage engines or auxiliary systems. Moreover, a sudden imbalance between the lift 
of foils opposite one another about the centerline of a hydrofoil-supported craft could 

result in a large rolling moment, and may cause the vessel in question to capsize. 
The large dynamic loads that can be induced by ventilation have implications 

not only upon the hydrodynamic performance and stability of affected systems, but 
also on their structural responses. In recent years, there has emerged an increased 

interest in light-weight and non-metallic construction materials for marine systems. 
Alternative construction materials offer a number of advantages, including weight-
savings and corrosion resistance, over metals. Additionally, flexible marine systems 

may be tailored for desirable structural responses, or may be actuated to deform in 

a desired way. Improvements in the modeling, material science, and production of 
advanced or “smart” materials has enabled the design of more systems that deform 

or deflect under loads for purposes of active (Caverly et al., 2016) or passive (Motley 

et al., 2009; Motley and Young, 2011) control. The design of robust compliant marine 

systems requires a thorough knowledge of the magnitudes and frequency content of 
excitation forces that act on the system. Ventilated and wetted flows can behave so 

differently – and transition between them can occur so violently – that the structural 
response is a key topic of concern. Moreover, ventilation involves the displacement 
of liquid from the flow and its replacement with a much-lighter gas. The change in 

the fluid density field around a ventilated body can affect the inertial and restorative 

forces acting upon the body or the ability of the body to dissipate energy via damping. 
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An unmitigated case of unforeseen ventilation could conceivably lead to catastrophic 

failure of marine propulsors, hydrofoils, or control surfaces under the right (or wrong) 
circumstances as a result of unanticipated loads, rapidly changing loads, or dynamic 

instability. The many physics involved create a fascinating problem. Pragmatism 

and inquisitiveness, therefore, both demand a closer look at the physics governing 

ventilation and its interplay with structural motions. 
This chapter contains a review of previous research on the ventilation of lifting-

surfaces and hydroelasticity of hydrofoils. §1.2 clarifies some initial terminology, 
§1.3 reviews the hydrodynamics of cavities on foil sections in two dimensions, and 

§1.4 extends these concepts three-dimensional flows and reviews relevant research. A 

summary of research on the hydroelasticity of lifting-surfaces is given in §1.5. §1.6 

frames the open questions to be addressed in this work and lays out the specific 

research objectives. Finally, §1.7 contains an outline of the thesis. 

1.2	 Types of Multi-Phase Flows: Vaporous, Natural, and 

Artificial Cavities 

With the wealth of literature that exists in multi-phase flows, the terminology has 

become difficult to navigate without ambiguity. As an example, the terms “natural 
cavities,” “vaporous cavities,” or simply “cavitation,” are all used to describe the 

vaporization of liquid into its gaseous phase, making them distinct from “artificial 
cavities,” “ventilated cavities,” “natural ventilation,” “aeration,” or simply “ventila
tion.” To preempt a confusion of the various terminology, the language used in the 

recent review by Young et al. (2016) will be adopted. 
Natural ventilation, or simply “ventilation” (as it applies in this thesis) describes 

the case when a cavity is filled with air entrained from a nearby free surface (Acosta, 
1979; Faltinsen, 2005). They are so named because they can persist under the supply 

of gas naturally entrained from the atmosphere. As a result, the pressure inside of the 

cavity is everywhere atmospheric, notwithstanding small dynamic pressure variations 

due to gas velocities inside of the cavity. 
It is also possible to support a cavity on a submerged body that does not naturally 

ventilate by artificially pumping gas around the body. The gas may be used to boost 
the cavity pressure in an existing vaporous cavity, to fill an otherwise-wetted region of 
flow separation, or to alter the character of the attached and separated flow entirely. 
This is referred to as forced or artificial ventilation, and is a useful technique for 
drag-reduction and flow-control (Acosta, 1979; Pearce and Brandner , 2012; Schiebe 
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and Wetzel, 1961; Ceccio, 2010). It is so named because the gas used to sustain and 

replenish a cavity must be intentionally pumped into the cavity. 
Ventilation shares numerous similarities with another multi-phase flow phenomenon 

known as vaporous cavitation. Typically, cavitation occurs when the local absolute 

pressure decreases to the saturated vapor pressure of the liquid. Additional factors 

such as surface-finish and water quality (dissolved gas content or nucleation concen
tration) can modify incipient cavitation conditions (Brennen, 1995; Franc and Michel, 
2004; Morch, 2009; de Graaf et al., 2016). Cavitation involves bi-directional transi
tions between the liquid and vapor phases through vaporization and condensation. 
Ventilation, on the other hand, solely involves the transport of non-condensable gas 

around the submerged portion of a body as the primary mechanism of gas ingress 

and egress, and does not involve significant phase-change. As a result, the dynamics 

of unsteady ventilated and vaporous cavities can be very different. 
Both ventilation and cavitation are complex multi-phase flows that involve multi

ple length and time scales, ranging from bubbly flows to continuous cavity sheets, and 

both can lead to large load fluctuations. Vaporous cavitation can also promote at
mospheric ventilation in some situations (Wadlin, 1958; Rothblum et al., 1969; Waid, 
1968; Swales et al., 1974), and can even occur simultaneously with both natural and 

forced ventilation (Olofsson, 1996; Young and Brizzolara, 2013). Detailed reviews of 
steady and unsteady cavitation processes may be found in Brennen (1995); Franc and 

Michel (2004); Terentiev et al. (2011). 
“Ventilation,” as it is used in this thesis, refers specifically to the phenomenon of 

natural ventilation. Vaporous cavitation will be discussed as well. The distinction 

between the two will be made clear whenever they are presented in the ensuing work. 
Forced ventilation is beyond the scope of this work, and will not be covered in this 

thesis, though excellent reviews are available by Ceccio (2010); Terentiev et al. (2011); 
Young et al. (2016). 

1.3 Multi-Phase Flow on Two-Dimensional Foil Sections 

The archetypal lifting geometry is a 2-D foil section, which is representative of a 

slice through a typical 3-D hydrofoil, control surface, or propeller blade. Additionally, 
the theories of 2-D cavitating flow are instructive in approaching 3-D flows. The 

2-D hydrofoil section, therefore, is an ideal platform for introducing the typical flow 

regimes. 
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The coefficents of lift, drag, and moment on a foil section are defined as
 

Cl2D = 
l (1.1a) 

ρf U2c/2; 

= 
d (1.1b)Cd2D ρf U2c/2; 
m 

Cm2D = 2/2 , (1.1c)
ρf U2c

where l, d, and m are respectively the the lift, drag, and pitching moment per unit 
span, U is the reference velocity, ρf is the density of the working fluid, and c is the 

chord-length of the hydrofoil. Most theoretical approaches to lifting sections in cavi
tating flows are based on free-streamline theory, wherein the location of the streamline 

forming the boundary between a gaseous phase and liquid phase is determined. Ex
act and nonlinear solutions to the free-streamline problem, utilizing methods such as 

the hodograph transformation are both informative and elegant. However, they are 

laborious to execute and their complexity precludes closed-form solutions for cavity 

length, lift, drag, and moment. For this reason, the far-simpler linearized theory has 

found widespread applications (Tulin, 1964), the results of which will be summarized 

in this section. For the interested reader, a wealth of literature exists, with excellent 
reviews by Tulin (1964); Wu (1972). 

Linearized foil theory involves a decomposition of the foil section into a symmetric 

thickness problem and an asymmetric lifting problem, where the coefficients in equa
tions 1.1 are determined by integrating the dimensionless pressure coefficient around 

the body (Munk, 1923; Newman, 1977; Milne-Thomson, 1973; Abbott and Von Doen
hoff , 1959). The simplest lifting problem is that of a flat plate at an angle of attack. 
Flat-plate solutions, when superimposed with appropriate thickness distributions, can 

be used to describe a variety of appropriately thin, uncambered lifting sections. For 
this reason, flat-plate solutions form the basis of the 2-D cavitating foil theory in this 

section. 
For a 2-D foil section, there exist three or four characteristic flow regimes: fully 

wetted, base-cavitating (in the case of a foil with a blunt trailing edge), partially 

cavitating, and supercavitating flows (Brennen, 1995; Franc and Michel, 2004). These 

regimes are illustrated in figure 1.1, and are individually described in the following 

sections. The same terminology is often used for both cavitation and ventilation. 
Regardless of the composition of gas inside of the cavity, the regimes are distinguished 

by the length of the cavity (Lc) relative to the chord length c of the lifting-section 

(Brennen, 1995). The nondimensional cavity length Lc/c is in turn governed by the 
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effective angle of attack of the section (α2D) and the sectional cavitation number σc 

(also termed the cavity under-pressure coefficient by Franc and Michel (2004)), 

P∞ − Pc
σc = (1.2)

ρf U2/2 
, 

where P∞ is the absolute free-stream pressure in the plane of the section, and Pc is 

the absolute pressure inside of the gaseous cavity. 

(b)

(c)

(d)

+X
(a

+Y

)

Figure 1.1: Cavitation regimes on a 2-D hydrofoil section. (a) Fully wetted, (b) 
Base-cavitation or base-ventilation, (c) Partial-cavitation or partial ventilation, (d) 
Supercavitation or super-ventilation. Figure reproduced from Young et al. (2016). 

In the case of ventilation, Pc will approach the ambient pressure at the free surface 

(P0), yielding 

P∞ − P0
σc = 

ρf U2/2 
. (1.3) 

In the special case of a vaporous cavity, Pc will be the sum of partial pressures of 
water vapor and any non-condensable gas contained in the cavity. In the limit of 
a vanishingly-small quantity of non-condensable gas, Pc will approach the saturated 

vapor pressure of the liquid (Pv). The vaporous cavitation number is defined as, 

P∞ − Pv
σv = (1.4)

ρf U2/2 
. 

Other variations of the above forms of cavitation number may be expressed by mea
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suring the free-stream pressure P∞ at a location not necessarily in the section plane. 
Such alternate conventions will be defined in context when they are used in this work. 

1.3.1 Fully Wetted and Base Cavitating Sections 

For a streamlined hydrofoil at small angle of attack α2D and/or large σc, both 

sides of the foil surface will be fully wetted, as shown in figure 1.1(a). According to 

classic linearized 2-D potential flow solution on a fully wetted flat plate (Munk, 1923; 
Milne-Thomson, 1973; Tulin, 1956; Newman, 1977), the hydrodynamic loads in this 

regime are, 

Cl2D = 2πα2D; (1.5a) 

Cd2D = 0; (1.5b) 
π 

Cm2D = 2 
α2D. (1.5c) 

These are classic results, with ubiquitous applications in aerospace and marine design. 
Note that when the foil section possesses a blunt TE like that in figure 1.1, a small 
cavity may develop abaft the foil’s TE, as in figure 1.1(b). In the case of base
cavitation or base-ventilation, the cavity pressure acts on the foil TE, modifying the 

drag relative to the fully wetted case. For slim bodies, however, the change in drag will 
be relatively small, and the base cavity will not materially affect the hydrodynamic 

loading of the section (Scherer and Auslaender , 1964). 

1.3.2 Partially Cavitating Sections 

The length of a partial cavity is less than the chord length, as shown in fig
ure 1.1(c). This may occur whenever the peak suction pressure on the hydrofoil 
surface reaches the cavity pressure, Pc, causing a gas/vapor bubble to form in the 

vicinity of the low pressure. The extent of the cavity is limited, however, and the 

flow will reattach somewhere along the chord length (0 < Lc/c ≤ 1). The solution 

for a flat plate with a partial leading edge cavity was derived by Acosta (1955) and 
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is given by Kerwin and Hadler (2010) as, 

Lc/c = cos2 β; (1.6a) 
σc 1 + sin β= 2 cot β ; (1.6b)

α2D 1 − sin β   
1 

Cl2D = πα2D 1 + ; (1.6c)sin β  
1 

Cd2D = πα2
2 
D 1 + ; (1.6d)sin β  

Cm2D = 
πα2D −3 − 6 sin β + sin2 β + 4 sin3 β , (1.6e)8

where β is a transformation variable. In real flows, a re-entrant jet develops as a 

result of the flow-reattachment, with some liquid flow undercutting the cavity (see 

figure 1.1c). The momentum of the re-entrant jet is dependent upon the thickness 

of the jet, and therefore on the thickness of the partial cavity (Franc and Michel, 
2004; Callenaere et al., 2001). At small α2D, the jet causes vortical structures to be 

shed from the trailing edge of the cavity. At large α2D, the jet leads to large-scale 

periodic shedding and fluctuations of the attached cavity length and hydrodynamic 

loads. §1.3.5 elucidates upon the topic of partial cavity shedding. 

1.3.3 Supercavitating Sections 

For large α2D and/or small σc, the pressures everywhere along the suction surface 

become small, and a cavity encloses the entire suction surface (Lc/c > 1). The 

displacement of the liquid flow by the cavity effectively establishes a lower limit on 

the suction pressure, which limits the forces that can be developed on the section. 
The solution for a supercavity on a flat plate was originally derived by Tulin (1953) 
as, and is given in the form below by Kerwin and Hadler (2010), 

c 
Lc 

= cos2 β; (1.7a) 
σc 

α2D 
= 2 cot β; (1.7b) 

1 (1.7c)sin β(1 + sin β) ;Cl2D = πα2D 

1 
Cd2D = πα2 ; (1.7d)2D sin β(1 + sin β)

4 + sin β 
Cm2D = πα2D (1.7e)8 sin β(1 + sin β)2 

. 
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For very small σc and large Lc/c, the value of a0 (defined as the slope of Cl2D as 

a function of α2D) approaches a limit of π/2 – a reduction of 75% relative to the 

fully wetted value, where a0 = 2π (see equation 1.5a). Supercavities are generally 

more stable than are partial cavities because the cavity closure – and the associated 

turbulence, re-entrant flow, and vortex shedding – occur downstream of the affected 

hydrofoil section (Brennen, 1995; Franc and Michel, 2004). However, supercavities 

with lengths of 1 ≤ Lc/c ; 1.5 can exhibit periodic instability caused by the proximity 

of the cavity-closure to the hydrofoil’s TE. 

1.3.4 Theoretical Three-Quarter Chord Instability 

Equations 1.6-1.7 are the linearized solutions to cavitating flow on a flat plate for 
dimensionless cavity lengths Lc/c less than unity and exceeding unity, respectively. 
When Lc/c approaches unity, the stagnation point of the cavity boundary interferes 

with the Kutta condition at the foil TE, and both solutions become pathological. The 

partial-cavity solution, when plotted as a function of σc/α2D, has two branches, which 

bifurcate at Lc/c = 0.75. The branch for Lc/c < 0.75 is taken to be the valid one in 

most analyses. The resulting pathology is dubbed the three-quarter chord instability, 
and it has been a topic of debate whether the instability is a theoretical artifact or 
whether it belies a physical instability. Real cavities in the range of 3/4 ; Lc/c ; 4/3 

tend to be physically unstable (a phenomenon discussed in the following section), but 
a strong case is made in the literature (Kerwin and Hadler , 2010; Brennen, 1995; Wu, 
1962) that the physical mechanism is unrelated to the theoretical instability. 

Figure 1.2 shows the solutions of Acosta (1955); Tulin (1953), along with the 

experimental data of Wade and Acosta (1966), measured on a plano-convex hydro
foil. The theoretical three-quarter-chord instability is evident in the neighborhood 

of Lc/c ≈ 1, indicated by a grey shaded band. The experimental results of Wade 

and Acosta (1966) indicate that cavities in this neighborhood are highly unsteady, 
but the cause of the physical unsteadiness is linked to re-entrant flow, as discussed 

in the following section. Note that the plano-convex foil was oriented such that the 

flat surface was the pressure side. As a result, the foil possesses a positive camber 
when fully wetted or partially cavitating. In the supercavitating regime, however, the 

suction surface is hidden from the flow, so the foil behaves like a flat plate. For this 

reason, the experimental measurements of Cl2D in figure 1.2 agree with the flat-plate 

solution in the supercavitating regime, but not in the partially cavitating or fully 

wetted regimes. 
It was suggested by Brennen (1995) that the correct dimensionless length of a 
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2-D cavity could be inferred by blending the two solutions, effectively bridging the 

gap created by the three-quarter chord instability. This very approach was taken by 

Harwood et al. (2016c), who fitted the valid portions of equations 1.6b and 1.7b with 

rational polynomial functions of σc/2α2D to yield equation 1.8. The valid portion 

of the solutions was taken to be the solutions outside of the grey-shaded band in 

figure 1.2 (Lc/c ≥ 1.25 for supercavitation and Lc/c < 0.5 for partial cavitation). 
The lift coefficients in equations 1.6c and 1.7c may be similarly blended to yield 1.9. 

1.36 σc + 96.62Lc = α2D (1.8) 
c σc σc0.125 

3 
− 1.76 

2 
+ 24.71 σc + 0.961

α2D α2D α2D 

π Lc Lc Lc 
3 

− 2 
2 

+ 4.5 + 1 2 c c c= πα2D   (1.9)Cl2D 3 2
Lc Lc Lc + 1π − + 0.75 
c c c 2π

These rational-polynomial approximations are also shown as the solid black lines 

in figure 1.2. Fitted approximations of the drag and moment coefficients were not 
sought. 

It should be noted that equations 1.8 and 1.9, and the accompanying curves in 

figure 1.2, are not themselves solutions to the linearized flat plate problem. Rather, 
they are fitted to the two sets of linear solutions, such that the behavior of both partial 
cavities and supercavities may be approximated without the pathological solutions 

near Lc/c = 1. Moreover, the preceding expressions represent only the mean or 
steady-state topology and forces on cavitating bodies, and do not reflect the periodic 

instability which arises in many physical flows, known as partial cavity shedding. 
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Supercavitating

Partially-cavitating

Figure 1.2: Cavity length (Lc/c) and section lift-slope (a0), approximated with free-
streamline theory and plotted as functions of σc/α2D for α2D = 4◦. Experimental 
results from Wade and Acosta (1966) are shown, with open symbols denoting steady 
cavity flow and filled symbols denoting unsteady cavity flow. The grey region indi
cates the neighborhood of Lc/c ≈ 1, in which the linearized flat plate solutions are 
regarded as non-physical (Brennen, 1995). The theoretical three-quarter-chord insta
bility develops where the partially cavitating solution bifurcates at the lower boundary 
of the grey-shaded region. Rational polynomial approximations to the linear theory 
are shown as solid black lines, which fair across the three-quarter-chord instability. 
Figure styled after Brennen (1995) and reproduced from Young et al. (2016). 
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1.3.5 Partial Cavity Shedding 

Sheet cavities, both vaporous and ventilated, are subject to periodic shedding as a 

result of re-entrant jet flow. An attached cavity can become extremely unstable when 

the cavity length is roughly 0.75 ; Lc/c ; 1.3 (Brennen, 1995; Kawakami et al., 
2008; Wade and Acosta, 1966). In this case, the cavity oscillates between a partial 
cavity and a supercavity in a well-documented mode of periodic instability known 

alternately as sheet-cloud cavitation or cloud-cavitation instability (Brennen, 1995; 
Franc and Michel, 2004; Callenaere et al., 2001; Kawakami et al., 2008). For specific 

mixtures of liquid, vapor, and non-condensable gas in which the speed of sound in 

the mixture is minimized, the instability can also be due to pressure shock waves 

generated by the growth and collapse of the liquid-vapor mixture (Ganesh, 2015; 
Ganesh et al., 2016). 

Cavity shedding on a 2-D foil section is most commonly caused by the re-entrant 
jet. In this case, reattaching flow on the solid surface creates a stagnation point near 
the cavity’s trailing edge, leading some streamlines to turn underneath the attached 

cavity. The jet migrates forward until it intercepts the forward interface of the cavity, 
“pinching-off” the attached cavity and causing it to shed downstream in a bubbly 

vortical structure (Brennen, 1995; Franc and Michel, 2004). Shedding by the mech
anism of re-entrant flow is regarded as a three-part process (drawn schematically in 

figure 1.3). 

1.	 Development of re-entrant flow: The re-entrant jet migrates upstream from 

the cavity’s trailing edge to the cavity’s leading edge (a distance of Lc). 

2.	 Cavity shedding: The sheet cavity detaches and is convected downstream as 

a bubbly vortex. 

3.	 Growth of the leading-edge cavity: A leading-edge cavity develops and 

grows to the maximum attached cavity length of Lc, completing the cycle. 

The development and forward-propagation of the re-entrant jet is generally considered 

to require about one-third of the cavity shedding period (Franc and Michel, 2004) 
(steps 2 and 3 are sometimes described as occurring concurrently, together requiring 

approximately two-thirds of the period to complete). The frequency of shedding cycle 

may therefore be approximated as, 

1 1 
fc = ≈ ,	 (1.10)

T1 + T2 + T3 3T1 
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Cavity growth

Collapse of shed cavity

Step 1

Step 2

Step 3

Figure 1.3: Schematic illustration of 2-D cavity shedding caused by a re-entrant jet. 
Horizontal rows indicate each of the three steps of the cycle, labeled on the left. 
Dark grey indicates the solid surface of a flat-plate hydrofoil, light grey represents 
the vaporous cavity, and blue arrows represent liquid streamlines. Figure reproduced 
from Young et al. (2016). 

where T1,2,3 indicate the timescales of the three processes listed above. 
The time for step 1 to occur can be estimated by the convective timescale of the 

re-entrant jet. The velocity along the streamline forming the boundary of a gaseous 

cavity (and therefore the velocity of the re-entrant jet) is, from Bernoulli’s equation, 

Ujet = U 
√

1 + σc. (1.11) 

The length-scale of convection in step 1 is the maximum cavity length, Lc. Thus, 

T1 ≈ √Lc 
. (1.12)

U 1 + σc 

The cavity-shedding Strouhal number, based on the cavity length, is given by Arndt 
et al. (1995), 

StL = 
fcLc = κ (1 + σc), (1.13)
U 

where κ is an empirical parameter, given by Arndt et al. (1995) to be κ ≈ 0.25. 
Substituting equation 1.12 into equation 1.10 yields a value of κ ≈ 0.33. Franc and 

Michel (2004) dispenses with the σc term entirely and approximates StL ≈ 0.25−0.35. 
Alternatively, by using the chord-length c as a characteristic length scale, one may 
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write the Strouhal number as, 

  −1fcc Lc
Stc = = StL ;

U c   −1 

= κ (1 + σc)
Lc 

. (1.14) 
c

The relationship between c and Lc introduces variation with σc/α2D, as described in 

the preceding section (see equations 1.8 and 1.9) (Kawakami et al., 2008). 
Figure 1.4 shows experimentally-measured Strouhal numbers (Stc) compiled by 

Kawakami et al. (2008) for three hydrofoils in three different cavitation tunnels, as 

well as numerical simulations of cavity shedding on a NACA66 hydrofoil by Ducoin 

et al. (2012b); Akcabay et al. (2014a). Strouhal numbers based on cavity length 

(StL) were calculated using equation 1.14 and the cavity length approximation from 

equation 1.8. Value of the chord-based Reynolds number, 

Rec = Uc/ν, (1.15) 

are given in the figure caption, where ν is the fluid kinematic viscosity. 
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Figure 1.4: Cavity-shedding Strouhal number as a function of cavitation parameter. 
Data from experiments by Kawakami et al. (2008) (3.5 × 105 ≤ Rec ≤ 1.02 × 106) 
and numerical simulations by Ducoin et al. (2012b); Akcabay et al. (2014a) (Rec = 
7.5×105) are shown as symbols. Contours of equations 1.13 and 1.14 are shown, with 
σc estimated for α2D = 4◦ and κ = 0.33. Data re-plotted from Akcabay and Young 
(2015) and figure reproduced form Young et al. (2016). 
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1.4	 Multi-Phase Flows on Three-Dimensional Lifting Sur
faces 

1.4.1	 Extending from Two-Dimensional to Three-Dimensional Ventilated 

Flows 

Spanwise variations in 3-D cavity shapes arise from spanwise gradients in ge
ometry, inflow conditions, cross-flow, proximity to the free surface or adjacent solid 

boundaries, buoyancy, and rotation. A schematic representation of some typical 3-D 

lifting systems is shown in figure 1.5, annotated with the geometric parameters used 

in the ensuing text. Included are surface-piercing hydrofoils with and without dihe
dral, fully submerged hydrofoils, propellers, and superventilated bodies. This is not 
an exhaustive list, and the examples shown are canonical, lacking skew, rake, taper, 
twist, or curvature. However, it represents a cross-section of typical lifting-systems. 

The variation in absolute free-stream pressure P∞, relative to the lifting surface 

in question, is one such source of non-uniformity For a steady-state ventilated cavity, 
the cavity pressure Pc in equation 1.2 may be considered constant everywhere inside 

of the cavity, while P∞ may vary in space. In general, P∞ must be computed on 

a case-by-case basis for the geometry and flow under consideration, although some 

simplified cases exist, which are informative to consider. For example, consider a 

surface-piercing lifting surface like those shown in figures 1.5(a,b). Assume that 
pressure gradients are dominated by gravity, such that the static pressure gradient 
in a rectilinear coordinate system with the z-direction defined positive downwards 

is {VP } = {0, 0, ρf g}, and the cavity pressure is given by Pc = P0 = Patm, where 

Patm is atmospheric pressure (approximately 101 kPa). A section located at a depth 

z below the free surface then possesses a sectional cavitation number of (Kiceniuk, 
1954; Breslin and Skalak, 1959; Young and Brizzolara, 2013), 

+ ρf gz − Pc 2gz 
σc(z) = 

Patm = .	 (1.16)
ρf U2/2 U2 

which causes σc to vary along the span of a hydrofoil, according to the spanwise 

pressure gradient. When the pressure gradient is hydrostatic, as in the case of surface-
piercing hydrofoils, the variation is linear. One might imagine other cases, where the 

spanwise pressure gradient is not solely hydrostatic, but is induced by flow curvature, 
caused by rotating flow, or is absent. In the latter-most case, such as for horizontal 
hydrofoils, the cavitation number would be constant along the span. 

Any lifting surface with a finite span will also possess a non-uniform distribution of 
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Figure 1.5: Schematic depictions of lifting surfaces that may be subject to ventilation. 
(a) Vertical surface-piercing hydrofoil/strut, (b) Surface-piercing hydrofoil with dihe
dral angle Γ, (c) Horizontal fully submerged hydrofoil, (d) Shallowly submerged pro
peller, (e) Super-ventilated or supercavitating body with control surfaces penetrating 
the cavity boundary. Note that (e) depicts two different appendage configurations-
one axi-symmetric and one with a local dihedral angle Γ relative to the local cavity 
normal. In all cases, S ≡ geometric span, h ≡ normal distance from phase boundary 
to lifting surface tip or centerline, {n} ≡ unit normal vector on phase interface, di
rected toward dense fluid, DP ≡ propeller diameter. Figure reproduced from Young 
et al. (2016). 
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sectional angles of attack and sectional lift coefficients as a result of the free surface, 
tip flow, vortex shedding, and geometric variation. The 2-D sectional properties 

and 3-D distributions may be rectified by application of a suitable 3-D foil theory. 
The spanwise gradients of hydrostatic pressures, sectional angles of attack, lift, drag, 
inflow conditions, and cavity lengths have been modeled by a variety of methods, 
ranging from strip-theory (Perry, 1955; Breslin and Skalak, 1959) to simple lifting-
line models (Wadlin, 1959; Harwood and Young, 2014; Harwood et al., 2014, 2016c) to 

boundary element methods (Young and Kinnas, 2003a,b; Young and Savander , 2011; 
Young and Brizzolara, 2013). Depending upon the type of system being considered 

(hydrofoil, propeller, rudder, etc.), the impact of a cavity’s three-dimensionality can 

range from negligible to important. Some systems (those at high speeds or without 
significant buoyancy effects) behave similarly to 2-D cavitating bodies. On the other 
hand, 3-D effects make the categorization or analysis of cavities on other types of 
system non-trivial (Rothblum, 1977b; Harwood et al., 2014, 2016c). 

The geometric aspect ratio of a lifting surface with a constant chord length is 

defined as, 
ARS = 

S
, (1.17) 

c 

where S is the submerged length of the hydrofoil. The submerged aspect ratio is 

defined as, 
ARh = 

h
, (1.18) 

c 

where h is the submerged depth of the hydrofoil, measured perpendicular to the 

phase-interface nearest to the body. For straight lifting surfaces piercing the free 

surface vertically, the two aspect ratios are equivalent. For surfaces with a dihedral 
angle Γ, the ratio of ARh to ARS is the cosine of Γ. 

The right hand side of equation 1.16 takes the form of a Froude number, which is 

widely used as a scaling parameter in free surface flows. In fact, equation 1.16 may 

be re-written as 

2 z 
σc(z) = 2 , (1.19)

Fnh h

where 

Fnh = √ 
U

gh
, (1.20) 

is the depth-based Froude number, g is gravitational acceleration, h is the depth of a 

body below the free surface, measured vertically. Note that the depth-based Froude 

number is an indicator of the ratio of dynamic head over hydrostatic head and it may 
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be viewed as a ratio of the spanwise pressure gradient to the chordwise pressure gra
dient – an interpretation that will be informative during later chapters of this thesis. 
As will be shown in the following sections, Fnh is a primary parameter in the natural 
ventilation of bodies at or near the free surface. For artificial ventilation, there could 

conceivably arise situations involving neither the free surface nor gravitational head. 
Consider the example of a high-speed cavitator with a nominally axi-symmetric cav
ity like that in figure 1.5(e). Here, S indicates the geometric length of the protruding 

control surface, measured from the nominal axi-symmetric cavity boundary and h 

denotes the distance measured along a vector normal to the cavity interface. An ap
pendage piercing the gas-liquid interface of the cavity could be viewed as analogous 

to the free surface flow, but with disturbances on the cavity boundary restored by a 

normal pressure gradient not necessarily gravitational in origin. A more general form 

of Froude number was proposed by Young et al. (2016) to be 

Fn = 
U

. (1.21) 
|h\P · n| 

For all cases of ventilation in this thesis, equation 1.21 and equation 1.20 are equiva
lent. 

1.4.2 Re-Entrant Jets on 3-D Cavities 

The angle of the cavity-closure line relative to the inflow has an interesting effect on 

the re-entrant jet kinematics. Figure 1.6 shows cases with a cavity-closure line normal 
and non-normal with respect to the incoming flow. If the inflow velocity is expressed 

in components normal and tangential to the cavity-closure line, then conservation 

of momentum can be used to show that the tangential component remains constant 
because the pressure at the cavity boundary is constant (De Lange and De Bruin, 
1998; Duttweiler and Brennen, 1998). Equation 1.11 states that the magnitude of 
the jet’s velocity will be equal to the magnitude of the inflow velocity along the 

cavity interface. Thus, 3-D re-entrant flows can be regarded as a reflection of the 

incoming flow about the boundary of separation. A streamline on the cavity surface, 
intersecting the cavity closure boundary at an angle Φ will emerge in the re-entrant 
jet at an angle 2Φ relative to the downstream direction of the inflow. As a result, 
re-entrant flow is not necessarily directed upstream. 

The effects of spanwise re-entrant jets was studied on swept wings by De Lange 

and De Bruin (1998); Duttweiler and Brennen (1998); Laberteaux and Ceccio (2001b), 
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(a) (b)

Figure 1.6: A depiction of the flow in the neighborhood of cavity-closure lines (a) 
normal to the inflow and (b) at an angle to the inflow. Conservation of momentum in 
the tangential direction causes incoming flow to be reflected about the local cavity-
closure line. Figure reproduced with modifications from De Lange and De Bruin 
(1998). 

where the non-orthogonality of the cavity closure to the incoming flow was caused by 

the sweep of the foil. In the case of surface-piercing hydrofoils and struts, the spanwise 

variation is a result of the hydrostatic pressure gradient and resulting variation in σc 

along the span. This is an important fact, and it will be used in chapter III to explain 

the stability of ventilated flow regimes. 

1.4.3 Three-Dimensional Ventilated Cavity Flows 

Ventilated flows around surface-piercing bodies were extensively studied in the 

1950’s, the 1960’s, and the 1970’s, spurred by interest in high speed hydrofoil-supported 

vessels. A summary of past experimental studies is tabulated in table 1.1 as a conve
nient reference for the parameter ranges examined in each study. 

Perry (1955) found that the separated wake behind bluff bodies piercing the free 

surface became aerated readily, and that, given a suitable perturbation, a ventilated 

cavity could extend beyond the low-energy wake to envelop much of the body. Kice
niuk (1954) showed that ventilation could also occur on streamlined hydrofoils when 

the yaw angle (α, which is also the angle of attack for vertically-oriented hydrofoils 

and struts) exceeded the stall angle. Once a cavity was present, it remained stable 

across a wide range of angles, including those below the stall angle at which venti
lation occurred. In both studies, air was initially entrained into low-pressure regions 

of separated flow, but with sufficiently large amounts of ventilation, a new stable 

state was reached, with a cavity extending beyond the original wetted zone of flow 

separation. 
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Wetzel (1957) performed experiments on partially immersed cylindrical rods with 

diameters between 0.8 mm and 5.1 cm (1/32 to 2 in) and vertical symmetric struts 

to study the scale-effects associated with the transition between wetted and venti
lated flows. The Reynolds number and Weber number were varied independently 

from the Froude number by heating the water and adding detergents, respectively. 
While not directly reported, his data showed that the effect of Weber number was 

negligible above a critical value of We = ρf U
2l/γ ≈ 250, where l is the character

istic length (rod diameter, d, or strut section chord-length, c) and γ is the surface 

tension constant in N/m. For struts at a geometric yaw angle (α), ventilation at 
α ≤ 21◦ was hysteretic and dependent upon the yaw angle, sometimes occurring sud
denly in what the author dubbed “flash” ventilation. Note that for vertical lifting 

surfaces, the yaw angle and angle of attack are equivalent. At angles exceeding the 

stall angle (α ≥ 21◦), ventilation occurred gradually through entrainment of air into 

the stalled wake (dubbed “creeping” ventilation). The latter type of ventilation was 

found to scale with the depth-based Froude number. Large-diameter cylinders for 
which We ≥ 250 and hydrofoils at yaw angles of α ≥ 21◦ both ventilated via the 

“creeping” process at a constant Froude number of Fnh ≈ 1.7. 
Wadlin (1958) studied an un-yawed, vertical, surface-piercing hydrofoil with a 

cambered section profile. Oil-smear visualizations on the suction surface indicated 

a laminar separation bubble near the TE, but the separated flow did not extend 

to the free surface. When air was artificially injected into the separated flow, it 
displaced the water to form a cavity of approximately the same size as the preceding 

separation zone. Wadlin (1958) concluded that both low pressures and separated 

flow are required for ventilation to occur. He referenced the experiment by Coffee 

and McKann (1953), in which vaporous cavitation occurred on the after-body of 
an un-yawed surface-piercing hydrofoil at speeds in excess of 23 m/s (Fnh > 16). 
The presence of vaporous cavitation provided visual evidence of the necessary low 

pressures and flow separation, but ventilation did not occur of its own volition, as one 

might expect it to. In Wadlin’s experiment, ventilation was induced by “disturbing 

the water surface in the vicinity of the leading edge.” The disturbance was likely 

a thin wire inserted into the flow, though the exact method was unspecified. The 

disturbance served to rupture the barrier of unseparated flow near the free surface, 
allowing air to enter and occupy the ventilation-ready flow. The ventilated cavity 

gradually disappeared once the disturbance was removed, leading Wadlin (1958) to 

conclude two things: first, that low-pressure paths (such as shear flows or the cores 

of shed vortices) must be available to permit the ingress of air into a ventilation
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ready flow before ventilation can occur, and second, that those air paths must remain 

available for ventilated cavities to persist. 
Breslin and Skalak (1959) performed a series of experiments on yawed surface-

piercing hydrofoils with and without cambered sections with chord lengths of c = 7.6 

cm and c = 6.4 cm, respectively. They defined ventilation as a flow regime character
ized by the entrainment of a smooth-walled, air-filled cavity along the entire immersed 

span of a hydrofoil. Ventilation caused a reduction of up to 70% in the measured lift 
coefficient, CL3D , relative to fully wetted flows at the same conditions. The appearance 

and disappearance of ventilated cavities were respectively termed ventilation “incep
tion” and “closure.” At post-stall angles of attack/yaw angles (α ≥ 20◦), ventilation 

occurred spontaneously and gradually, with air entrainment occurring through eddies 

in the separated wake, similar to the base-flow behind bluff bodies and highly-yawed 

hydrofoils observed by Wetzel (1957). At angles approaching stall (α ≈ 15◦ to 18◦), 
vortices were shed by the imminently-stalled flow. The shed vorticity intersected the 

free surface, aerating through the vortex cores and drawing air into locations of peak 

suction pressure on the hydrofoil to cause ventilation. At very small immersion depths 

and moderate angles of attack (14◦ ≤ α ≤ 18◦ and ARh = h/c = 0.5), ventilation 

formation occurred through the ingestion of air into the tip vortex far downstream of 
the hydrofoil, at which point, the vortex core aerated, transporting air upstream to 

the hydrofoil’s suction side. 
Breslin and Skalak (1959) also showed that ventilation could be triggered at sub-

stalled angles (α ≤ 14◦) by breaching the free surface upstream of the hydrofoil’s 

leading edge with a disturbing body (such as the point of a pencil). Unlike Wadlin 

(1958), who observed ventilated cavities triggered in this manner to disappear af
ter the disturbance was removed, Breslin and Skalak (1959) found that such cavities 

remained stable, even as the yaw angle was decreased towards zero degrees, corrob
orating the observations of Kiceniuk (1954) and Wetzel (1957) and reinforcing the 

notion that the formation and elimination of ventilated cavities was, to some degree, 
a hysteretic process. Breslin and Skalak (1959) also used oil-film visualization to 

demonstrate that boundary layer separation did not extend to the free surface for 
yaw-angles below stall. Breslin and Skalak (1959) studied the conditions at cavity 

elimination with varying hydrofoil sections and immersed aspect ratios by decreasing 

the speed of a fully ventilated hydrofoil and recording CLw and Fnh immediately 

following the elimination of the fully ventilated cavity, where CLw denotes the 3-D 

lift coefficient of the fully wetted hydrofoil at the conditions under which ventilation 

ceased to occur (discussed further in §4.6). When CLw was plotted against Fnh 
−2, a 
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number of boundaries were revealed for the different foil shapes and configurations. 
At the limit of small Fn−

h 
2 (large Fnh) and small CLw , the boundaries faired into a 

line, suggesting that fully ventilated flows were stable only if, 

≥ 5Fn−2 and Fnh ≥ 3. (1.22)CLw h 

It should be noted that, at smaller Fnh or larger CLw , the boundaries found by 

Breslin and Skalak (1959) deviated from the asymptotic fit and from one another, 
so equation 1.22 over-predicted the required lift coefficient at a given Fnh and over-
predicted the Fnh for a given lift coefficient at which stable ventilation may occur. 

Rothblum et al. (1969) performed a series of experiments at high speeds and 

Reynolds numbers (5 × 105 ≤ Rec ≤ 1.7 × 107) on a family of symmetric biogive
section hydrofoils with chord lengths of 0.3 to 0.61 m, several leading edge radii, 
and zero TE thickness at varying yaw angles. He identified wetted and ventilated 

flow regimes, and noted the propensity of ventilated flow to remain stable at yaw 

angles much smaller than the conditions at formation. At speeds high enough to 

induce vaporous cavitation, ventilation occurred when the layer of liquid separating 

the vaporous cavity from the free surface was ruptured. The formation of a ventilated 

cavity occurred very suddenly, reducing or even reversing the action of lift. Rothblum 

et al. (1969) suggested that at moderate angles of attack, flow over the hydrofoil’s 

suction surface induced a downward acceleration of the free-surface, creating Tay
lor instabilities on the free surface (Taylor , 1950; Emmons et al., 1960). Air then 

entered ventilation-prone zones on the suction surface through low-pressure vortical 
paths created by the collapse of the Taylor instabilities. 

The same family of biogival struts with a chord-length of c = 0.3 m was also 

tested by Waid (1968) in a depressurized towing tank to study the interactions of 
ventilated and vaporous cavities. Cavitation numbers as low as σv = 0.162 were 

tested. Here, σv = (P0 − Pv)/(ρf U
2/2) is the vaporous cavitation number, where 

the reference pressure P0 is taken to be the ambient pressure at the free surface. 
The results suggested that the value of σv was a primary factor governing ventilation 

formation when vaporous cavities were present. Taylor instabilities in the thin layer 
of water between a vaporous cavity and the free surface were a primary mechanism 

of air-ingress into the low-pressure vaporous cavity. 
Swales et al. (1973) used pressure taps and oil-film visualization on the suction 

surface of a yawed vertical hydrofoil with a 0.1 m chord biogival section to show 

that sub-atmospheric pressures and flow separation preceded ventilation formation 
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in all cases, consistent with previous studies. The oil-film indicated a long leading 

edge separation bubble on the suction surface, which, like those observed by Wadlin 

(1958) and Breslin and Skalak (1959), did not extend to the free surface at sub-stall 
yaw angles. This indicated that a thin layer of fluid near the free surface presented 

a barrier to the ingress of air. The researchers corroborated the claim of Wadlin 

(1958) that sub-atmospheric pressures and boundary layer separation are necessary 

pre-conditions of ventilation. However, they found no explicit relationship between 

spontaneous ventilation formation and the satisfaction of these pre-conditions, i.e. 
they were unable to show that the pre-conditions were sufficient to guarantee venti
lation formation. 

Swales et al. (1974) studied the same biogival model families as Rothblum et al. 
(1969) and Swales et al. (1973). In addition, struts with NACA-0012 and NACA-16
021 sections and 10 cm chords were used. They found that the Taylor-instabilities 

described by Rothblum et al. (1969) induced ventilation formation for streamlined 

sections (termed “tail inception”), while sharp-nosed sections ventilated through a 

long leading edge bubble and the associated leading edge vortex (termed “nose in
ception”). Leading-edge separation with subsequent reattachment of the flow is a 

feature of sharp-nosed sections known as thin-airfoil stall (Gault, 1957), which occurs 

when adverse pressure gradients induce laminar separation upstream of the turbulent 
transition point. Chang (1960, 1961) states that the laminar separation point is in
dependent of free-stream Reynolds number on such section shapes. Hecker and Ober 

(1974) found that the length of separation bubbles on sharp-nosed hydrofoil sections 

grew as the angle of attack was increased, and depended only weakly on the Reynolds 

number in the range of 1× 105 ≤ Rec ≤ 3 × 105. Air injected into a separation bubble 

by Hecker and Ober (1974) was entrained in the separated flow and formed a partial 
ventilated cavity, while air injected outside of the bubble was convected downstream 

without inducing ventilation. 
Rothblum et al. (1974) studied the effects of surface roughness, surface wettability, 

and speed on the formation of ventilated cavities using a strut with a 10 cm chord and 

NACA-0012 section profile with different surface coatings and finishes. They deter
mined that roughened surfaces and higher speeds acted to weaken the sealing-effect 
of the unseparated flow at the free surface by promoting turbulence and generating 

vorticity near the free surface. Surface wettability and surface tension were judged 

to have negligible influence at the scale tested. 
One recurring conclusion from the studies is that ventilation must be preceded 

both by sub-atmospheric pressures and by boundary-layer separation. Another recur
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ring observation is that there exists an un-separated layer of flow near the free surface 

at angles of attack below stall. The condition of constant pressure at the free surface 

relieves chordwise pressure gradients on the hydrofoil, precluding flow separation. As 

a result, a thin layer of high-energy flow forms a seal between the ventilation-prone 

regions and the source of air, delaying ventilation, even beyond the point at which 

the flow could begin to sustain a ventilated cavity. This conclusion was supported by 

the observations of Wadlin (1958); Breslin and Skalak (1959); Rothblum et al. (1969) 
and Swales et al. (1974) that in some trials, sub-atmospheric pressures and separated 

flow were evident (inferred from pressure surveys and oil films, or indicated by the 

presence of vaporous cavities), even while the flow remained fully wetted. Likewise, 
the lack of sufficiency of sub-atmospheric, separated flow for predicting ventilation 

formation (Swales et al., 1973) was thought to be a result of the free surface seal 
created by the un-separated layer of flow. Fridsma (1963) referred to this hysteretic 

range of operation as an “unstable” range, in which the flow – and the associated lift 
of the hydrofoil – was not uniquely determined by its angle of attack (see figure 1.7). 
Brizzolara and Young (2012); Young and Brizzolara (2013) referred to the same region 

as the “transitional range.” This uncertainty with respect to the character of the flow 

has resulted in much research being devoted to ventilation suppression in an effort 
to increase the stability of the wetted flow Swales et al. (1974); Rothblum (1977b), 
especially because the developed lift can be catastrophically reduced by unantici
pated ventilation. Fences and manipulation of the boundary layer are examples of 
ventilation suppression techniques (Rothblum et al., 1976). An alternative approach 

is to encourage ventilation using air-injection, so that sudden transition from wetted 

to ventilated flow at high speed is avoided in favor of a controlled transition at low 

speed. This unstable/transitional region therefore merits further investigation in or
der to formalize its definition and understand what causes its associated hysteresis. 
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Figure 1.7: The characteristic lift curves for wetted and ventilated flows and the 
notional stability zones of a surface-piercing hydrofoil. The shaded overlapping range 
of angles of attack is referred to by Fridsma (1963) as the “unstable region,” stemming 
from the fact flow is hysteretic and can transition unexpectedly from one flow regime 
to another. Figure styled after Fridsma (1963) and reproduced from Young et al. 
(2016). 

26
 



27
 

Ta
bl

e 
1.

1:
 S

um
m

ar
y 

of
 p

re
vi

ou
s s

tu
di

es
 o

f n
at

ur
al

 v
en

til
at

io
n 

on
 su

rfa
ce

-p
ie

rc
in

g 
bo

di
es

. T
he

 fa
ci

lit
y 

ty
pe

s a
re

 k
ey

ed
 a

s f
ol

lo
w

s:
T

T
-T

ow
in

g 
Ta

nk
, F

SW
C

-F
re

e 
su

rfa
ce

 w
at

er
 c

ha
nn

el
, R

AT
-R

ot
at

in
g 

ar
m

 ta
nk

, D
PT

T
-D

ep
re

ss
ur

iz
ed

 to
w

in
g-

ta
nk

, F
SC

T
-F

re
e

su
rfa

ce
 c

av
ita

tio
n 

tu
nn

el
. W

he
re

 m
in

im
um

 o
r m

ax
im

um
 p

ar
am

et
er

 v
al

ue
s w

er
e 

no
t g

iv
en

, t
he

y 
ar

e 
in

fe
rr

ed
 fr

om
 th

e 
re

sp
ec

tiv
e

re
po

rt
s. 

Ta
bl

e 
ad

ap
te

d 
fro

m
 H

ar
wo

od
 e

t a
l. 

(2
01

6c
). 

C
ita

tio
n 

Se
ct

io
n 

Sh
ap

e 
Fa

ci
lit

y 
T

yp
e 

c(
d
), 

cm
 

A
R

h
 

F
n

c
 

F
n

h
 

σ
 v 

N
A

C
A

 6
6 1

 01
2 

T
T

 
10

–2
0 

1–
6 

6.
5–

24
.4

 
2.

6–
24

.4
 

0.
3–

2.
3

C
off

ee
 a

nd
 M

cK
an

n 
(1

95
3)

 
N

A
C

A
 6

6 4
 02

1 
T

T
 

1 
1–

6 
9.

2–
24

.4
 

3.
7–

24
.4

 
0.

3–
2.

3 
K

ic
en

iu
k 

(1
95

4)
 

C
irc

. 
ar

c 
FS

W
T

 
3 

1.
0–

1.
5 

6.
2–

12
.3

 
5.

1–
12

.4
 

4.
1–

16
 

Pe
rr

y 
(1

95
5)

 
R

ec
t. 

ba
rs

 
FS

W
T

 
2.

5 
1.

2–
16

.8
 

3.
1–

16
.5

 
0.

7–
15

.0
 

2.
9–

84
 

C
yl

. 
ro

ds
 

R
AT

 
0.

1–
5.

1 
1–

10
0 

1.
3–

65
.3

 
0.

1–
65

.3
 

5.
3–

>
10

0 
W

et
ze

l (
19

57
) 

N
A

C
A

 0
01

2 
R

AT
 

5.
1-

7.
6 

0.
5–

5 
1.

1–
8.

6 
0.

5–
12

.2
 

5.
3–

>
10

0 
N

A
C

A
 0

02
4 

R
AT

 
5.

15
 

0.
5–

4.
5 

1.
3–

8.
6 

0.
6–

12
.2

 
5.

3–
>

10
0 

N
A

C
A

 4
41

2 
R

AT
 

7.
6 

0.
5–

2 
0.

9–
10

.6
 

0.
6–

15
.0

 
2.

3–
>

10
0 

B
re

sli
n 

an
d 

Sk
al

ak
 (

19
59

) 
C

irc
. 

ar
c 

R
AT

 
6.

4 
0.

5–
2 

1.
0–

11
.6

 
0.

7–
16

.4
 

2.
3–

>
10

0 
Fr

id
sm

a 
(1

96
3)

 
W

ed
ge

 @
 3

0 ◦ 
di

he
dr

al
 

T
T

 
5.

1 
1–

3 
4.

3–
17

.3
 

2.
5–

17
.3

 
1.

3–
21

 
W

ai
d 

(1
96

8)
 

C
irc

. 
ar

c 
fa

m
ily

 
D

PT
T

 
30

.5
 

1–
1.

5 
3.

5–
5.

3 
2.

9–
5.

3 
0.

2–
5.

3 
Ro

th
bl

um
 e

t a
l. 

(1
96

9)
 

B
io

gi
ve

 fa
m

ily
 

T
T

 
30

.5
 

1–
3 

1.
2–

16
.4

 
0.

7–
16

.4
 

0.
24

–4
6 

B
lu

nt
 b

io
gi

ve
 

T
T

 
10

 
1–

1.
5 

1.
5–

6.
2 

1.
3–

6.
2 

5.
3–

84
 

M
cg

re
go

r 
et

 a
l. 

(1
97

3)
 

N
A

C
A

 0
01

2 
T

T
 

10
 

1.
5 

1.
5–

6.
2 

1.
3–

5.
0 

5.
3–

84
 

6d
eg

 w
ed

ge
 

T
T

 
7.

5–
10

 
1.

5 
1.

5–
7.

1 
1.

3–
5.

8 
5.

3–
84

 
Sw

al
es

 e
t 

al
. (

19
73

) 
B

io
gi

ve
 

FS
W

T
 

10
 

2 
1.

5–
6.

1 
1.

1–
4.

3 
5.

3–
87

 
Sh

ar
p 

B
io

gi
ve

 
FS

C
C

 
10

 
2 

1.
5–

6.
1 

1.
1–

4.
3 

0.
1–

87
 

N
ac

a 
00

12
 

FS
C

C
 

10
 

2 
1.

5–
6.

1 
1.

1–
4.

3 
0.

1–
87

Sw
al

es
 e

t 
al

. (
19

74
) 

N
A

C
A

 1
6-

02
1 

FS
C

C
 

10
 

2 
1.

5–
6.

1 
1.

1–
4.

3 
0.

1–
87

 
B

io
go

ve
 

T
T

 
30

.5
–6

1 
2 

0.
8–

14
.6

 
0.

6–
10

.3
 

0.
3–

54
 

C
irc

ul
ar

 A
rc

 
T

T
 

30
 

1.
5 

0.
1–

3 
0.

1–
2.

5 
7.

4–
>

 1
00

 
Fu

wa
 e

t 
al

. (
19

93
) 

C
irc

ul
ar

 A
rc

 
T

T
 

80
 

1.
5 

0.
1–

3 
0.

1–
2.

5 
2.

8–
>

 1
00

 
Po

go
ze

lsk
i e

t a
l. 

(1
99

7)
 

St
re

am
lin

ed
 b

od
y 

at
 0

de
g 

T
T

 
91

.4
 

1.
5 

0.
1–

0.
5 

0.
05

–0
.4

 
84

–>
 1

00
 



1.5 Hydroelasticity of Lifting Surfaces 

Fluid dynamics and structural dynamics all too often become divided by dichoto
mous academic mindsets. Fluid Structure Interaction (FSI) is the re-pairing of the 

two disciplines, and concerns itself with the two-way interaction that occurs between 

a body moving in a fluid and the forces induced by the fluid on the body. The review 

thus far has dealt with the exclusively-hydrodynamic aspects of multi-phase flow on 

lifting-surfaces. In reality, all structures are flexible to some degree. Highly-loaded 

appendages of moderate-to-high aspect ratio, such as propeller blades, rudders, hy
drofoil, and control surfaces, are particularly likely to deform under loads – especially 

with increasing use of non-metallic construction materials such as composites and 

plastics. Hydroelasticity is the sub-discipline of FSI dealing with deformable bodies 

in dense fluids. In this section, a brief review of the meaning, governing physics, 
and interpretations of relevant hydroelastic topics will be given. Much of this section 

borrows heavily from, or contains excerpts from, the text of Young et al. (2016). 
Hydroelasticity shares many principles with the more-mature field of aeroelastic

ity, the literature of which is replete with authoritative sources such as Bisplinghoff 

et al. (2013); Fung (2002). The distinction between the two is usually made on the 

basis of the relative mass ratio, defined as, 
� 

4m 
µ = (1.23)

ρf πc2 
, 

which may be interpreted as the ratio of the solid mass a foil section, m to the fluid 

mass contained inside of its circumscribed circle, both defined per unit length. Mass 

ratios of µ > 4 are typical of aerospace systems, while marine systems typically fall 
into the range of µ < 2. Operation in water poses a number of unique challenges not 
present in aeroelasticity. As implied by the value of µ, the density of the fluid tends 

to be much greater relative to that of the solid, increasing the importance of fluid 

inertia. Speeds tend to be smaller by one to two order of magnitude in water than in 

air, resulting in lower Reynolds numbers and increased viscous effects. Additionally, 
marine applications possess multiple fluids, in the form of a free surface and multi
phase flow. Numerical work (Fu and Price, 1987; Akcabay et al., 2014b; Akcabay and 

Young, 2014; Akcabay et al., 2014a; Chae et al., 2013, 2016) and experimental work 

(Besch and Liu, 1971, 1973, 1974; Blake, 1972; Blake and Maga, 1975; Fu and Price, 
1987; Akcabay et al., 2014a; Chae et al., 2016) have demonstrated that fluid inertia, 
damping, and disturbing forces can dominate the governing equations of motion for 
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lightweight lifting bodies in water. These large fluid forces, combined with the pres
ence of a free surface, wave generation, and multi-phase flow, contribute to significant 
nonlinearity in the fluid-structure interactions. In some cases, particularly in steady 

flow, where inertial effects are unimportant, hydroelasticity can be described using 

the same tools derived for aeroelasticity. However, as flows become more dynamic, 
and as inertial, viscous, and other nonlinear forces become increasingly dominant, 
the tenets of classical linear aeroelastic analysis (such as frequency-domain methods) 
begin to break down. 

The general equations of motion for the dynamical system (taken here to be a 

hydrofoil) may be written, 

    
¨ ˙[Ms] X + [Cs] X + [Ks] {X} = {FEX } + {Ffl} , (1.24) 

where [Ms], [Cs], and [Ks] are respectively the solid mass, damping, and stiffness 

matrices, {X} is a vector of displacements in some finite number of degrees of freedom, 
{FEX } is a vector of external perturbations, and {Ffl} is the hydrodynamic force 

vector, which includes all steady and unsteady fluid loads. In later chapters, assorted 

representations will be made of {Ffl}, all of which conform to the model, 

    
{Ffl} = {Fr,steady} − [Mfl] Ẍ + [Cfl] Ẋ + [Kfl] {X} + {Fother} . (1.25) 

{Fr,steady} is the steady fluid load on an rigid lifting geometry at the same (un
deformed) attitude as the flexible structure, [Mfl], [Cfl], and [Kfl] are the fluid 

added mass, added damping, and added stiffness matrices, and {Fother} contains the 

assorted fluid force components not contained within the preceding terms (e.g. non
linear forces, cavity shedding, or vortex shedding). Dynamical system models range 

widely in their fidelity and complexity, but for the sake of brevity in this review, let 
us consider a representative model with only two degrees of freedom. 

1.5.1 Two-Dimensional, Two-DOF Model of a Wing Section 

Consider the two-dimensional, two-degree-of-freedom (2-D, 2-DOF) model in fig
ure 1.8, which depicts a section taken through a flexible hydrofoil at some spanwise 

station. For simplicity, we assume homogeneity and isotropy of the structural mate
rial throughout this work. Lift and drag act through the Center of Pressure (CP). 
The Center of Gravity (CG) of the section is located along the 3-D body’s Neutral 
Axis (NA). Bending and twisting deformations are respectively denoted as δ and θ. 
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Elastic Axis (EA)
(Section Shear-Center)

Center of Pressure (CP)

Center of Gravity (CG)

X

Y

Figure 1.8: A 2-degree-of-freedom model of a flexible wing section. 

Both are measured at the EA of the section, formed by the locus formed by the shear 
center of each section. The structural stiffness spring-rates of the hydrofoil in bending 

and twisting are respectively denoted Ks,δ and Ks,θ, while damping coefficients (of 
linear dashpot representation) are denoted by Cs,δ and Cs,θ. 

With reference to equation 1.24, {X} denotes the section’s bending and twisting 

deflections, {FEX } is the vector of externally-applied forces and moments, and {Ffl}
is the vector of fluid-induced forces and moments, respectively written as, ⎧⎨ 

⎧⎨ 
⎫⎬ 

⎧⎨ 
⎫⎬ 

⎫⎬δ
 Fy,ext 

Mz,ext 

l
 
(1.26)
;⎭ {FEX } = ⎩ ⎭ ;
 {Ffl} = ⎩{X} =
 .
 ⎩ ⎭θ
 m
 

The matrices may be expressed as,
 ⎤⎡⎤⎡⎤⎡ 
0
 0
m
 Sθ Cs,δ Ks,δ[Ms] = ⎦ ; [Cs] = ⎣ ⎦ ; [Ks] = ⎣ (1.27)
⎣ ⎦ .


0
 0
Sθ Iθ Cs,θ Ks,θ 

1
2

1
4

2 
θ c

angular mass moment of inertia, where rθ is the radius of gyration. 
Note that these forms of the the matrices and vectors in equation 1.24 are strictly 

valid only for a 2-D section that is chordwise rigid. However, it constitutes a good 

foundation from which to build toward 3-D models, as well. Chordwise rigidity is 

a good assumption for most lifting-surfaces of moderate-to-large aspect ratios. This 

enables a separation-of-variable approach to be undertaken, wherein the 3-D motions 

of the lifting surface are taken to be the products of 2-D bending and twisting mo
tions at a representative section (typically the free tip, if the foil is in a cantilevered 

configuration) and spanwise shape-functions (Bisplinghoff et al., 2013; Fung, 2002; 
Akcabay et al., 2014a; Chae et al., 2016). 

2 is the Here, Sθ mc(XCG − XEA) is termed the static unbalance and Iθ =
 =
 r
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1.5.2 Steady-State Hydroelasticity 

In steady conditions, the hydrodynamic force components in {Ffl} are given by 

steady-state hydrodynamic theory. Using linear theory, the lift per unit span is given 

by, 
l = Cl2D qc = a0αeqc, (1.28) 

where Cl2D is the 2-D lift coefficient, q = ρf U
2/2 is the fluid dynamic pressure, and 

a0 is the linearized slope of the lift-coefficient as a function of the angle of attack, α. 
The twisting moment is given by, 

m = Cm2D qc 2 = a0αeqec 2/2, (1.29) 

where e is the distance from the elastic axis to the center of pressure (as shown in 

figure 1.8), nondimensionalized by the semi-chord. With equations 1.28 and 1.29 

substituted into the right-hand side of equation 1.26 and equation 1.27, the steady-
state deflections may be written, 

a0αqc a0 2 
e qc2 

δ = 1 + e 2 
. (1.30a) 

Ks,δ Ks,θ − a0 2 qc
2 

θ = 
a0α 2 

e qc
2 
.. (1.30b)

Ks,θ − a0 2 
e qc

An alternate – but equivalent– expression may be written by eliminating all unsteady 

terms from equation 1.24, assuming steady hydrodynamic loading only (i.e. Ẋ = 
¨ X = {FEX } = {Fother} = {0}), and solving for the displacement to yield, 

{X} = ([Ks] + [Kfl])−1 {Fr,steady} . (1.31) 

. 
Equation 1.30b demonstrates that the feedback of the elastic twisting deflection 

into the hydrodynamic moment reduces the effective torsional stiffness of the system 

when the center of pressure is located ahead of the elastic axis (e > 0), as depicted 

in figure 1.8. As a result, the loads on – as well as the deflections of – flexible lifting 

bodies of isotropic and homogeneous construction tend to increase as the material be
comes more compliant (particularly as Ks,θ decreases). Significant spanwise bending 

also reorients the direction of sectional lift forces. For this reason, both twisting and 

bending deflections of yawed surface-piercing hydrofoil or strut will affect the rolling 

moments on the supported craft. 
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1.5.2.1 Static Hydro-Elastic Instability: Divergence 

The denominator of equation 1.30b is the effective total system stiffness in torsion, 
which takes into account the apparent reduction in stiffness caused by the two-way 

hydro-elastic coupling. In classical aero-elastic analysis, the static divergence of a wing 

is defined as the conditions at which the effective torsional stiffness vanishes (Fung, 
2002; Bisplinghoff et al., 2013), which occurs when the dynamic pressure exceeds a 

critical value (q = 2
1 ρf U

2 ≥ qD), where, 

2Kθ 1 
qD = = 2ρf UD

2 . (1.32)2a0ec

Equation 1.32 suggests that divergence is possible at a finite dynamic pressure if and 

only if the aerodynamic center is located forward of the elastic axis (e > 0). Note 

that, according to linear theory, the center of pressure CP and the Aerodynamic 

Center (AC) are nearly coincident for thin, symmetric foils at small angles of attack. 
However, even when the AC and the EA are coincident, experiments by Besch and 

Liu (1971) and viscous simulations by Chae et al. (2013) have demonstrated that 
the actual center of pressure can migrate away from the AC as a result of viscous 

effects, particularly for thick foil sections, or when flow separation and/or cavitation 

develops. As a result, a moment may be developed about the AC, suggesting that 
static divergence can still occur in practice, even when the AC and EA coincide 

initially. 
By substituting equation 1.32 into equation 1.30b, the following expression may 

be derived (Liu and Young, 2010), 

1 
θ 

= 
1 
α

qD 
1 
q 

− 
1 

qD 
, (1.33) 

which indicates a linear relationship between 1/q and 1/θ. The left hand side of 
equation 1.33 approaches zero as q approaches qD. If 1/θ is plotted against 1/q, then 

the X-intercept equates to 1/qD. Figure 1.9 from Young et al. (2016) depicts equa
tion 1.33 for wetted (FW) and ventilated (FV) surface piercing hydrofoils, predicted 

using a coupled lifting-line finite-element model, a partial description of which is given 

in §3.4.2, and which is further described in Ward et al. (2016). Figure 1.9 suggests 

that, as a result of reduced loading and an altered pressure distribution on the hy
drofoil in ventilated flow, ventilation may actually delay static divergence. However, 
work by Kaplan and Henry (1960); Kaplan (1962); Kaplan and Zeckendorf (1964); 
Kaplan and Lehman (1966); Rowe and Marvin (1968); Besch and Liu (1973) indicate 
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Figure 1.9: A plot of reciprocal elastic twist 1/θ (measured at the tip of a flexible 
hydrofoil) against the reciprocal dynamic pressure 1/q for a hydrofoil in wetted and 
ventilated flows. The X-intercept is the reciprocal divergence dynamic pressure 1/qD. 
Figure reproduced from Young et al. (2016). 

that unsteady cavitation and/or ventilation may accelerate flow-induced vibration 

and dynamic hydroelastic instability. 

1.5.3 Dynamic Hydroelasticity 

Dynamic FSI concerns the interactions between unsteady flows and the structural 
response of the body. The forces on the body may be externally-induced or the result 
of natural flow processes, so we speak of forced motions and flow-induced motions. 

Forced motions, as the name implies, result from an external force, represented 

by {FEX }. Often, this force is harmonic, prompting a harmonic structural response 

at the same frequency. Resonance occurs when the frequency of the forced excitation 

matches a natural frequency of the excited system (or some harmonic or subharmonic 

thereof), resulting in a large-amplitude of motion in that structure’s associated mode. 
External excitations include operational sources such as vibrations of engines, shaft
ing, or propellers, or direct perturbations of a structure, such as a a shaker motor 
attached to a structure. 

When the excitation is generated by the flow, the force is grouped into the fluid 
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force vector {Ffl}, and the resulting motion is referred to as flow-induced vibration. 
Periodic cavity-shedding, vortex shedding, and boundary-layer instability are example 

causes of flow-induced vibration (Ducoin et al., 2012a; Akcabay et al., 2014a). Note 

that care should be taken that these types of excitations remain separate from the fluid 

lift and drag that make up the unsteady hydrodynamic forces in {Ffl}. Flow-induced 

vibration leads to a subtle variation on resonance, known as “lock-in.” Lock-in occurs 

when the flow phenomenon creating the force and the motions of the affected body 

interact – e.g. the motions of a body will interact with the shedding of partial cavities. 
When the excitation frequency falls within some finite band surrounding a natural 
frequency of the affected structure, the forcing frequency locks in to the natural 
frequency. A well-known example is the phenomenon of vortex-induced vibrations of 
cylindrical bodies. When the frequency of oscillation of a cylindrical body and the 

frequency of vortex shedding into the Von Kármán street approach one another, the 

motions of the body will – to some extent – drive the frequency at which vortices 

are shed, and the two phenomenon will lock in to a flow-induced resonance condition. 
When the forcing frequency is outside of this finite band, a lock-off condition prevails. 

Multi-phase flows lead to a secondary type of resonance, as well. Periodic cavity 

shedding acts as a source of flow-induced excitation on the one hand, but on the 

other hand, the growth and collapse of the gaseous cavity periodically modifies the 

density and pressure fields around the body. As a result, the system’s effective mass, 
damping, and stiffness matrices are modulated in time. The frequency of modulation 

or one of its subharmonics can excite the natural frequency of the flexible body – a 

situation known as parametric resonance. Akcabay and Young (2015) derived a SDOF 

model model of parametric excitation and lock in using a Van der Pol oscillator to 

model the modulation of system parameters with the cavity shedding frequency. 
˙ ¨The dynamic interactions between the unsteady structural motions, {X} , X , X , 

and the hydrodynamic forces contained in the fluid force vector {Ffl} are particularly 

complicated because the unsteady motions of the body again feed back into the fluid 

loads. The instantaneous forces on a lifting-surface at a static attitude in the flow 

are functions of the body’s position. When the undergoes unsteady motion, however, 
the instantaneous fluid loads represented by {Ffl} become the product of unsteady 

hydrodynamic theory, where α2D, δ, θ, their first and second derivatives (rate effects), 
and their integrals (memory effects) contribute to the instantaneous lift and moment. 
A foil section subjected to an impulsive change in α2D, for example, will experience 

an instantaneous lift force that gradually approaches the steady-state value as the foil 
starting vortex is convected downstream, creating an apparent lag in the instanta
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neous hydrodynamic load behind the motion of the body. Classic theories for comput
ing the unsteady fluid loads typically come from the field of aeroelasticity. The most 
famous include the frequency-domain Theodorsen’s equation (Theodorsen, 1935) and 

Sears’ function (Sears, 1941) or the time-domain Wagner function (Wagner , 1925), 
in addition to quasi-steady (rate-only) forms. A detailed review of unsteady aerody
namic and hydrodynamic theories is beyond the scope of this thesis, but a number of 
comprehensive reviews and references exist, to which an interested reader may refer 
(McCroskey, 1982; Bisplinghoff et al., 2013; Fung, 2002; Dowell et al., 2004). In the 

special, but informative, case where the body motion is harmonic, the hydrodynamic 

force vector is also harmonic. The apparent time-lag of instantaneous forces mani
fest as phase-shifts between the body motion and the resulting hydrodynamic force. 
{Ffl} thus contains fluid force components proportional to structural motion, veloc
ity, and displacement, commonly referred to as added mass, damping, and stiffness 

matrices, and which modify the effective system properties. Additionally, frequency 

modulation, and nonlinearities that can modify the effective system properties. 

1.5.3.1 Dynamic Hydroelastic Instability: Flutter 

Unsteady fluid loads may modify the effective system mass, damping, and stiffness 

matrices. As a result, dynamic modes of hydroelastic instability arise – chief amongst 
which is flutter, which is defined as a self-excited resonance in a flowing fluid. Flutter 
occurs when the damping of at least one mode of the structure in question becomes 

negative, known as the flutter mode. As a result, the flutter mode begins extracting 

energy from the flow and grows without bound. Flutter in coupled degrees of freedom 

involves a coalescence of two or more modal frequencies toward the so-called “flutter 
frequency.” The instability occurs with the unbounded transfer of energy from one 

highly-damped mode into another, negatively-damped one, the latter being denoted 

the flutter mode. 
Flutter analysis of systems with low mass ratios is notoriously difficult. Classic 

methods of predicting flutter via modal damping estimates, such as the K-method, 
P-method, or P-K method, are limited to the frequency domain, and are thus lin
ear. Additionally, the coupling of structural dynamics and unsteady aerodynamics 

requires that harmonic or near-harmonic motions be assumed, which implicitly carries 

with it the assumption of small damping. Abramson (1969) succinctly summarizes 

three factors of hydroelasticity that de-rail most usage of aeroelastic techniques: the 

presence of a free surface, the presence of multiple phases (cavitation or ventilation), 
and low mass ratios. Indeed, for even fully submerged hydrofoils in uniform flow, no 
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modifications to aeroelastic theory have been generally successful at capturing exper
imental results (Abramson, 1969; Chae, 2015). For example, figure 1.10 shows that 
theoretical predictions of flutter are extremely un-conservative below 

√ 
µ ≤ 2.1, and 

that theory predicted no flutter for √ 
µ ≤ 1.8. The experimental data, on the other 

hand, demonstrate that flutter did occur, and at speeds significantly lower than at 
larger mass ratios. 

Figure 1.10: Flutter speed plotted as a function of µ. Figure reproduced from Abram
son (1969). 

These results are typical. Work by Hilborne (1958); Besch and Liu (1971, 1973, 
1974) have explored and demonstrated, to varying degrees, the deficiencies in classical 
theory for reproducing the experimentally-observed flutter boundaries. Besch and 

Liu (1973) specifically noted that predictions were extremely un-conservative at low 

value of µ. The same study led to the conclusion that flutter predictions were most 
deficient as a result of poor hydrodynamic damping estimates, and that theory was 

entirely unable to capture the onset of flutter in cavitating conditions or with modified 

boundary-layer profiles. Again, more-detailed reviews of the hydrofoil flutter problem 

may be sought out by the interested reader, and include Woolston and Castile (1951); 
Henry et al. (1959); Abramson and Chu (1959); Abramson (1969). 

The problem of cavitation and ventilation on a lightweight, flexible surface piercing 

hydrofoil is one possessing all three of factors described by Abramson and Chu (1959): 
a proximal free surface, multiple phases, and a low mass ratio. With linear frequency-
domain analysis unable to accommodate these factor, most present-day researchers 

have turned to coupled time-domain simulations, which do not require the assumption 
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of harmonic motion. These simulations recruit a variety of fluid and solid models, 
including 1-D lifting-line analysis with 1-D beam-element FEM (Ward et al., 2016), 
Boundary Element Method (BEM) fluid models coupled with 2-D and 3-D FEM 

solid models (Motley et al., 2009; Young, 2010; Young et al., 2010), and viscous 

Computational Fluid Dynamics (CFD) simulations coupled to FEM or reduced-order 
solid models (Chae et al., 2013, 2016; Akcabay and Young, 2014, 2015). Even with 

the wealth of available tools, 3-D ventilating and cavitating flows are dominated by a 

panoply of physical phenomena that, considered individually, stress the capabilities 

of present numerical tools, so say nothing of simulating them together. Recent work 

by Akcabay et al. (2014a); Chae et al. (2016) have sought to synthesize the knowledge 

gained from experimental work into robust and meaningful simulations, but more 

progress is needed. Presently, the scientific community lacks the necessary knowledge 

of the physics governing unsteady FSI in the presence of ventilation, cavitation, and 

the free surface to have any confidence in the results of simulating such flows. 

1.6 Open Questions and Research Objectives 

The preceding review is intended to highlight some of the areas of interest in 

multi-phase flow and hydroelasticity, and to demonstrate a number of areas in which 

improvements may still be made. Depth-based Froude numbers in the range of 1 ≤ 

Fnh ≤ 25 were reported for studies of streamlined struts/hydrofoils in the previous 

work described in this chapter, but discussions of cavity topologies and stability were 

focused primarily on relatively large Froude numbers (Fnh ≥ 4), by testing at high 

speeds or by using very small models. In the range of Fnh ≥ 4, the flows tend 

to be unambiguously wetted or ventilated. The range of low-to-moderate Froude 

numbers (0.5 ; Fnh ; 4) is an important one, however. Naturally ventilated cavities 

at low and moderate Froude numbers possess more-pronounced spanwise variation 

in the cavity topology than those at higher speed. The three-dimensionality of a 

lifting surface can blur the distinctions between the established 2-D cavity regimes 

shown in figure 1.1. In many cases, different sections along the span of a 3-D lifting 

surface may simultaneously be fully wetted, base-cavitating, partially cavitating, and 

supercavitating. The lack of a formalized set of criteria for separating one flow regime 

from another highlights the need for standardization of the definitions involved in 

natural ventilation. 
The transitional flows that precede fully developed ventilation, especially at lower 

speeds, have been largely neglected as a result of the historical focus on high speeds. 
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It should be noted that the term “inception,” used by several previous researchers, 
is replaced in this this by the term “formation.” Inception will be assigned a specific 

definition, more consistent with its usage cavitating flows, in chapter IV. Likewise, 
“closure,” as it has been defined in the literature, is replaced in this thesis by “elim
ination” to avoid confusion with the downstream extent of a gaseous cavity, known 

as a cavity “closure region.” As shown by the results of Wetzel (1957) and Breslin 

and Skalak (1959), ventilation formation and elimination may occur at low Froude 

numbers, incurring sudden changes in loading and flow topology. Additionally, while 

a limited number of studies have investigated ventilation formation, the process of 
ventilation elimination has not been examined closely, with the exception of a brief 
treatment by Breslin and Skalak (1959). Any system designed to operate at high 

Froude numbers must necessarily transit the low-to-moderate Froude number range. 
From a scientific standpoint, it is desirable to better-understand ventilation in this 

range of Froude numbers, where hydrostatic and dynamic pressures are on the same 

order of magnitude. Therefore, a more thorough investigation of flow-stability and 

ventilation transition processes at moderate Froude numbers is of both practical and 

academic interest. 
The topic of hydroelasticity adds additional complexity to the consideration of 

multi-phase flow. The static and dynamic hydroelastic response and stability of lift
ing surfaces depend strongly upon the forces applied by the fluid flow, cavity shedding, 
proximity to the free surface, and vortex shedding, as well as upon the effective sys
tem mass, damping and stiffness. Previous studies of hydrofoil hydroelasticity have 

demonstrated a gap between classical theory and physical observation. The combined 

complexity of multiple phases, flexible lifting surfaces, and free-surface effects renders 

classical theory inadequate, and even present numerical methods are insufficient to 

simulate hydroelastic and multi-phase flows with any degree of confidence. The range 

and complexity of physics also makes experimental measurement and study a chal
lenging task, and as a result, most experimental studies of hydroelasticity have been 

limited primarily to single-phase flows, with some recent experimental work exploring 

the FSI of two-phase (cavitating) flows (Ducoin et al., 2010; Rodriguez , 2012; Ducoin 

et al., 2012b; Akcabay et al., 2014a; Chae et al., 2016). 
It is the overall objective of this thesis to provide an improved understanding of the 

mechanics of atmospheric ventilation and vaporous cavitation on rigid lifting surfaces, 
as well as their interplay with the hydroelastic responses of flexible lifting surfaces at 
moderate Froude numbers. An experimental campaign has been performed to study 

ventilation on both rigid and flexible lifting surfaces, the findings of which will be 
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expanded upon in subsequent chapters of this thesis. It is useful at this point to 

motivate the following chapters by posing a number of questions to be addressed by 

this work: 

•	 What are the characteristic steady flow regimes of surface-piercing lifting-surfaces 

and how are they formally defined? 

•	 What physical processes dictate the hydrodynamic response and stability of 
steady flow regimes? 

•	 How do hydrodynamic loads differ between flow regimes? How do the loads 

change with speed, immersion depth, and attack angle within each regime? 

•	 How do flows transition between different regimes and how do transition mech
anisms relate to the physics governing flow stability? 

•	 What flow transition mechanisms occur on surface-piercing struts in subcavi
tating and cavitating flow? 

•	 What effect does hydrofoil flexibility have upon the answers to the above ques
tions? Are hydrodynamic response, stability, and flow regimes significantly 

modified by flexibility of the surface-piercing strut? 

•	 What simple models can be derived to simulate the behavior of surface-piercing 

hydrofoils in multiphase flows? 

•	 How does multi-phase flow affect the static and dynamic hydroelastic response 

and stability of the hydrofoil? 

•	 How are the system natural frequencies, mode shapes, and damping coefficients 

altered by flow speed and multi-phase flow? 

•	 Can ventilation and/or cavitation cause hydroelastic instability? 

•	 Can scaling relations be developed to describe the static and dynamic loads, 
structural response, or stability conditions of surface-piercing hydrofoils? 

1.7 Thesis Structure 

The body of this thesis will be be organized into two introductory chapters, four 
results chapters, and a chapter for conclusions and future work. In chapter II, the 
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experimental methodology will be described, which involves multiple experimental 
campaigns, conducted in two facilities, using three geometrically-similar model hy
drofoils with different flexibilities. The results and associated discussions are divided 

among four segments, comprising chapters III through VI. Chapter III describes the 

aspects of steady flows on the aluminum hydrofoil, which serves as an effectively rigid 

reference model. Chapter III lays out much of the terminology to be used in the 

remainder of the thesis, and scaffolds the discussion going forward. Unsteady flows 

on the rigid hydrofoil are described in chapter IV, including a taxonomy of the tran
sitional flows that occur between flow regimes. Chapter V describes the differences 

between the hydrodynamic response of two flexible hydrofoils and that of the rigid 

hydrofoil in the preceding two chapters, including flow regime stability, hydrodynamic 

loads, and flow-induced vibration. Chapter VI presents a preliminary exploration of 
the vibratory characteristics of a flexible hydrofoil, which is tied back into the discus
sion of dynamic hydroelastic stability. A reflection upon the results, insights gained, 
and lessons learned concludes each individual chapter. A summary of findings, major 
contributions, and avenues for future research concludes the work in chapter VII. 
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CHAPTER II
 

Experimental Approach
 

Three hydrofoil models were tested in two facilities, with varying instrumentation 

suites and experimental protocols. In this chapter, the experimental program will 
be detailed for each set of testing undertaken. First, the hydrofoil models, their 
shared geometry, and their individual constructions will be described, along with 

the fixturing scheme for each of the facilities. Then, the facilities themselves will be 

described and the instrumentation suite will be covered according to measurement-
type. Data acquisition architecture will follow, and a table of propagated uncertainties 

concludes the chapter. 

2.1 Hydrofoil Models and Fixture 

Three hydrofoil models were constructed from a shared baseline geometry, which 

is shown in figure 2.1. The geometry possesses a uniform semi-ogival section along 

the span, with an approximate chord length of c = 27.94 cm, approximate maximum 

thickness of T = 2.8 cm, a circular arc (ogival) forebody with a radius of curvature of 
85 cm, and a rectangular after-body. The section has a leading edge radius of 0.01c 

(0.28 cm) and a blunt Trailing Edge (TE). Slight variations on sectional dimensions 

resulted from modifications made to the models, and specific dimensions are listed 

in table 2.2. This semi-ogival section geometry resembles that used in past studies, 
particularly the models of Rothblum et al. (1969); Swales et al. (1973, 1974); Waid 

(1968). Its advantages include a negligible pressure gradient over the aft-half of the 

section shape (due to a lack of curvature), an easy-to-instrument section with a thick 

after-body, into which sensors could be installed, and a sharp leading edge, which 

represents a mostly-fixed point of separation, reducing the need for turbulent tripping. 
The blunt TE, although a strange choice from a purely hydrodynamic standpoint, 
is also advantageous for a few reasons. First, the region of dead water or base-flow 
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abaft of the TE ventilates through the classic “creeping" mechanism described by 

Wetzel (1957), providing a convenient visual indication of the negation of hydrostatic 

pressure by the base pressure. Secondly, as a result of this base-flow and the smooth 

detachment of the suction- and pressure-side streamlines, sensors can be installed on 

the TE without disrupting flow along the suction and pressure faces. Finally, the 

thick afterbody resulted in a physically-strong model, capable of withstanding large 

side-loads, even with a non-metallic construction. The hydrofoil has a rectangular 
plan-form with a span of S = 91 cm (36 in), along which the section shape is constant. 
An additional mounting tang with a length of 7.6 cm (3 in) and a rectangular section 

shape was machined into the root of the hydrofoil. 

c =

T =

Figure 2.1: Cross-section shape shared by the hydrofoil models. Figure reproduced 
from Harwood et al. (2016c). 

One rigid aluminum hydrofoil and two flexible variants of a PVC hydrofoil were 

built. Construction drawings for the models and fixture may be found in appendix A. 
The following sections describe the construction of each model. Table 2.1 lists the 

material properties of 6061 aluminum and Type 1 PVC and table 2.2 gives the mass 

and section properties of each of the three hydrofoil models. Table 2.2 also lists the 

first three in-vacuo natural frequencies of each hydrofoil model with the associated 

normal modes, which were determined by Finite Element Method (FEM) analysis 

(simulated with cantilevered boundary conditions) and verified experimentally. 

Table 2.1: Tabulated material properties of hydrofoil construction materials. 
Material 6061 Aluminum Type 1 PVC 

density, kg/m3 

Young’s modulus E, GPa 
Shear modulus G, GPa 

Poisson ratio ν 

2700 
69 
26 
0.33 

1486 
3.36 
1.2 
0.4 
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Figure 2.2: Dimensions of hydrofoil plan form. The root of the hydrofoil is shown 
installed into the lower portion of the model fixture, which will be described later. 
The coordinate system used in experiments defined with the X axis pointing upstream 
and the Y-axis pointing in the direction of positive lift. The direction of the Z axis 
follows from the right-hand coordinate system, and was varied to accommodate the 

'orientation of the model in each facility. z describes the distance measured downward 
from the free surface. Figure reproduced from Harwood et al. (2016c). 
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Table 2.2: Tabulated physical properties of hydrofoil model 0, model 1, and model 2.
 
Hydrofoil Model Model 0 Model 1 Model 2 

Type 1 PVC with 6061 
Material 6061 Aluminum Type 1 PVC Aluminum Reinforce

ment Strip 
Chord, cm 27.94 27.94 28.58 
Section Area, cm2 67.3 58.8 60.6 
Section Mass, kg/m 18.2 8.7 9.2 
Shear Center XSC /c -0.136 -0.106 -0.259(fwd of mid-chord) 
Mass Center XCG/c -0.06 -0.045 -0.068(fwd of mid-chord) 
Torsional Rigidity 46,670 1800 2450 
GJ , N-m2/rad 
Flexural Rigidity 25,450 1220 1950 
EI, N-m2 

Mode 1 1st Bending: 21.2 Hz 1st Bending: 8.0 Hz 1st Bending: 9.9 Hz 
Mode 2 2nd Bending: 112.1 Hz 2nd Bending: 48.3 Hz 1st Twisting: 51.7 Hz 
Mode 3 1st Twisting: 170 Hz 1st Twisting: 56.5 Hz 2nd Bending: 63.3 Hz 

2.1.1 Rigid Hydrofoil (Model 0) 

The rigid model was machined as a monolithic piece from 6061 aluminum It is 

depicted in figure 2.3 prior to surface-finishing. The foil was hardcoat anodized for 
corrosion and abrasion resistance. As a result of the aluminum construction, the foil 
was extremely stiff. With the exception of limited free-vibration testing (discussed in 

chapter VI), the aluminum hydrofoil was assumed to experience no hydrodynamically 

significant deflections, i.e. is assumed to be rigid. 
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Figure 2.3: Photo of aluminum hydrofoil (Model 0), prior to hardcoat anodizing.
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2.1.2 Flexible Hydrofoil (Model 1) 

The flexible hydrofoil model (herein referred to as model 1), was constructed from 

PVC with outer dimensions identical to those of the aluminum hydrofoil. The choice 

of PVC was made because it is inexpensive, easily machined, has low water absorption, 
has relatively high ultimate strength (among thermoplastics), and possesses a density 

comparable to that of many composites. Specifically, Type 1 PVC was selected (also 

known as rigid PVC), which is available in sheet stock, and which has particularly 

good chemical resistance. 
The PVC strut was machined in two halves, symmetric about the chord-line. 

Along the plane, two interior channels were machined, into which custom-built shape-
sensing spars were installed, as shown in figure 2.4. More details on the shape-sensing 

spars are given in §2.5. 

Figure 2.4: Photo of split PVC hydrofoil 

Because a single, monolithic structure was desirable, and because the maximum 

shear stress occurs along the bonded plane, it was necessary to use a chemical solvent 
bond, which dissolves the material on both bonding surfaces, which are then pressed 

together. When the solvent evaporates, an ideally-bonded joint will behave as a sin
gle homogeneous material, with polymer chains joining the previously-separate parts. 
Type 1 PVC, however, is notoriously difficult to bond, and the solvent welding prod
ucts used for PVC pipe do not work on Type 1 PVC sheets. In the end, the two halves 

of the foil were affixed using a solvent mixture of Tetrahydrofuran (THF) and Methyl 
Ethyl Ketone (MEK), sold as Weld-On R® Scigrip 2007 Rigid Vinyl Cement. The foil 
halves were brushed with solvent and stacked together, using locating pins to align 
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the interior channels. A clamping jig was used to sandwich the two halves, on which 

bolts around the edge of the hydrofoil were uniformly torqued to a known specification 

to achieve the desired clamping pressure of approximately 690 kPa (100 psi). Female 

molds of the hydrofoil’s section were machined from extruded polystyrene insulation 

foam and placed between the wood and the hydrofoil to evenly distribute the clamp
ing pressure across the curved surface of the hydrofoil. Purely-solvent formulae are 

extremely volatile, so the entire process had to be completed in about 120 seconds. 
Figure 2.5 shows the hydrofoil being clamped immediately following the application 

of adhesives. 

Figure 2.5: Photo of PVC hydrofoil being clamped during chemical weld. 

Some small air pockets remained in the seam after the solvent-weld, which com
promised the water-proofing of the hydrofoil. First, a second dose of solvent adhesive 

was injected by syringe into the seam, where capillary action wicked it into small 
air voids. Following that, a vacuum bag was applied to the top of the hydrofoil and 

the interior channels were placed under a vacuum. Cyanoacrylate glue, or “super 
glue,” was used to back-fill the small voids by allowing the vacuum to pull the ad
hesive into the voids in the seam, where the glue hardened and sealed the capillary 

passages. Super glue is documented as an excellent bonding agent for most types 

of PVC. As a last step, the seams along the TE and the tip of the foil (where the 

width of the bond was a minimum and water leaks occurred) was milled out with a 

V-groove and back-filled with heat-welded PVC. Final waterproofing was verified by 

positively-pressurizing the interior channels and submerging the hydrofoil in a tank 
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of water to check for air bubbles. Two PVC hydrofoils were constructed in this way 

(one primary and one back-up), neither of which suffered from leakage. 
As a last preparatory step, the Leading Edge (LE) of each foil was sanded with a 

precision-radiused block to smooth out inconsistencies in the sharp LE. The surfaces 

of the foils were treated with plastic epoxy filler, dry sanded, wet sanded, and polished 

with fine polishing compound to achieve a semi-glossy, hydraulically smooth surface, 
shown in figure 2.6. 

Figure 2.6: Photo of surface-finish of PVC hydrofoil after LE treatment and polishing. 

2.1.3 Flexible Hydrofoil with Reinforced Trailing Edge (Model 2) 

A second variant of the PVC hydrofoil was constructed, denoted model 2. In 

reality, model 2 was simply a modification to model 1, wherein a strip of 6061 alu
minum was affixed to the TE to modify the section properties of strut. Figure 2.7 

shows a comparison of the sections of model 1 and model 2, with the locations of the 

mass-centers and shear-centers called out. The locations of the interior channels are 
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also shown, with shape-sensing spars represented as shaded blue and red rectangles. 
The spars will be described in §2.5. 
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Figure 2.7: Cross-sections of PVC (model 1) and modified PVC (model 2) hydro
foil with section properties. More section properties are listed in table 2.2. Figure 
reproduced from Harwood et al. (2016b). 

The aluminum reinforcement strip serves several purposes. First, as shown in fig
ure 2.7, it moves the shear center aft by a distance of 0.15c, increasing the moment arm 

of the lift force about the foil’s elastic axis. Secondly, it increases the bending stiffness 

of the hydrofoil by approximately 60% and the torsional stiffness by approximately 

36%, as indicated in table 2.2. The increased rigidity was beneficial for repeated and 

long-duration testing at highly-loaded conditions, like the cavitation-tunnel testing 

described in §2.2.2, because it substantially increased the margin of safety against 
yield or ultimate failure. It should be noted that, while the addition of the strip 

marginally increased the chord-length, the change is only 0.023c, and is judged to be 

negligible. Therefore, the nominal chord was used for nondimensionalization of loads, 
immersion depth, etc. 

The reinforcement strip was milled to match the width of the hydrofoil with a tol
erance of −0.0127 cm (−0.005 in). The strip was affixed with 14 screws, countersunk 

into the aluminum and with holes tapped in the hydrofoil’s TE. A strip of fiberglass 

double-sided tape was sandwiched between the screws and aluminum to improve the 
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load transfer between the two members. Figure 2.8 is a photo taken of the aluminum 

strip attached to the strut. 

Figure 2.8: Photo of aluminum reinforcement strip on model 2 

Each of the flexible hydrofoil models was treated as a beam in bending and tor
sion, with beam-section properties listed previously in table 2.2. The shear-center 
location, bending stiffness, and torsional stiffness were determined by a combination 

of FEM modeling and static load testing. For the aluminum model, an FEM analysis 

alone was used. One challenge with the PVC hydrofoils is that PVC sheeting is sold 

without precisely-quantified material properties. A relatively large range of material 
properties are provided by the manufacturer, leaving the customer to determine with 

greater accuracy what the density, elastic modulus, and shear modulus of the ma
terial are. Moving point-loads were applied to model 1 to experimentally determine 

the chordwise location of the elastic axis (the locus of sectional shear centers), as 

well as the effective bending and torsional stiffnesses. These were compared with the 

FEM model, in which the Young’s modulus and the Poisson ratio were varied within 

the manufacturer’s limits until the model predictions of shear-center location and 

static deflections matched well with experiments. The resulting material properties 

are listed in table 2.1. For model 2, FEM modeling alone was used to compute the 

modifications to the sectional properties with the addition of the aluminum strip. 
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2.1.4 Model Fixture and Foil Attitude 

The hydrofoil being tested was clamped at the root and mounted vertically in 

a cantilevered configuration to pierce the water free-surface, as shown in figure 2.9. 
The apparatus was configured to allow the angle of attack α, the forward speed U , 
and the tip-immersion depth h to be independently varied. The supporting structure, 

X

Z

Y

Figure 2.9: Depiction of the hydrofoil and the variables that describe its attitude in 
the flow. 

shown in figure 2.9 as a transparent flat plate, was treated as the mechanical ground. 
Its design and anchoring in each of the facilities is described below. 

The immersion depth of the hydrofoil was visually measured against tick-marks 

drawn on the surface of the hydrofoil at 0.5 inch (m cm) increments, as shown in 

figure 2.10. The maximum estimated uncertainty in the immersion depth is ±0.25 

inch, as the contact angle of the water with the foil surface causes some ambiguity 

in reading of the water level. Additionally, some natural fluctuation in water level 
occurred, due to evaporation, leaking, and filling of the towing tank, and due to 

near-constant adjustments in water level required at the INSEAN cavitation tunnel. 
The hydrofoil was coupled to its mounting structure by way of a disk that rotated 

about a vertical axis, permitting the yaw angle α (angle of attack) to be varied. As 

depicted in figure 2.9, the machined aluminum disk is inset into a steel collar clamp. 
The yaw angle was set by hand by rotating the disk, which caused the hydrofoil and 

all attached instrumentation to rotate with it. Angle indicators, machined into the 

disk at one-degree intervals were used to visually sight the desired yaw angle with an 
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Figure 2.10: Tick marks on foil suction surface of model 0 in the towing tank. The 
marks were used to measure the immersion depth of the hydrofoil with an estimated 
uncertainty of ±0.25 inch (0.635 cm). 

estimated uncertainty of 0.25◦. Once set, the hydrofoil’s yaw angle was constrained 

by tightening a threaded rod across the steel collar clamp to apply clamping pressure 

around the circumference of the disk. 
During testing, the large loads on the hydrofoil induced a large moment about 

the longitudinal axis (in the plane of the clamp), which could cause the disk lift on 

one side and become seized in the clamp. Checks were made after each run and, 
if the disk was found to be out-of-level, the disk was re-set into the clamp and the 

run performed again. For later testing, four flanged bolts were used to fix the yaw 

disk in the horizontal plane. The tapped holes, visible around the circumference in 

figure 2.11 were located such that the flange faces of the bolts provided a vertical 
clamping force to the top surface of the aluminum disk, preventing it from lifting 

at the interface and providing extra assurance against the angle of attack changing 

under load. 
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Figure 2.11: Rotating disk and clamp used to set yaw angle of hydrofoil. The disk 
rotates about the Z-axis of the hydrofoil shown in figure 2.9. The disk is machined 
from aluminum, while the clamp is machined from mild steel. A horizontal threaded 
rod on the opposite side of the clamp is used to apply clamping pressure around the 
circumference of the disk. Four additional flanged bolts are threaded into the tapped 
holes visible in the clamp, distributed around the disk’s circumference, which apply a 
vertical clamping force to keep the constrain the vertical orientation of the hydrofoil. 

2.2 Facilities 

Experiments were conducted over the course of three years in two testing facilities: 
an atmospheric towing tank (TT) and a free-surface cavitation tunnel (FSCT). The 

details of each facility are discussed further below. 

2.2.1 University of Michigan Towing Tank 

Experiments were carried out in the towing tank at the University of Michigan 

Marine Hydrodynamics Laboratory (MHL), which has dimensions of 110 m (360 ft) 
long × 6.7 m (22 ft) wide × 3.05 m (10 ft) deep. The tank was originally constructed in 

1905, and is among the largest academic towing tanks in the world. It is equipped with 

a gantry-type carriage, capable of speeds up to 6.1 m/s (20 ft/s). Speed is measured by 

an optical encoder and regulated by an on-board controller with constant acceleration 

and deceleration stages. The magnitudes of the acceleration and deceleration may be 

independently controlled, with software-limited maxima of 0.53 m/s2. The ambient 
pressure is atmospheric and water temperatures varied between 15C and 20C. 

A steel fixture-frame was mounted between two longitudinal structural members of 
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Figure 2.12: A view of the towing tank at the University of Michigan Marine Hydro
dynamics Laboratory, looking upstream. 

the towing tank carriage (see figure 2.13). Threaded feet were used to bring the frame 

to within ±0.1◦ of level, as measured in the X–Z and Y –Z planes. The steel box-
frame carrying the foil model was mounted between two longitudinal steel members 

of the towing carriage, which comprise the lower catwalks. The frame was clamped 

to the carriage using large C-clamps and leveled to within ±0.1◦, measured along the 

longitudinal and transverse axes of the carriage. 
During a run, the carriage accelerated to the specified speed (U = U) and de

celerated again along a programmed speed profile. Trials were conducted by varying 

U for each configuration of α, ARh, then varying α within each fixed value of ARh, 
and varying ARh once all values of α and Fnh had been tested. For each trial, data 

collection was started while the carriage was at rest. For steady-state data collec
tion, ramp-up and ramp-down times were minimized to increase the amount of data 

collected at the target condition of U = U . To study unsteady or quasi-steady ven
tilation (formation, elimination, and other transient processes), the ramp-up and/or 
ramp-down times were typically made longer to minimize inertial effects. Sufficient 
time (five to fifteen minutes) was permitted between runs to allow waves and currents 

in the tank to dissipate. 
Additionally, some dry-land calibration and vibration-testing were performed with 

a specially-built steel frame, which serves as a mock-up of the carriage catwalks. The 

steel frame, which is shown in figure 2.14, was stiffened to make it a suitable for 
vibration and static load testing of the hydrofoil with all instrumentation installed. 
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Figure 2.13: Steel frame used to support the hydrofoil between the carriage catwalks.
 

(a) (b) 

Figure 2.14: (a) drawing and (b) photo of the steel frame used for calibration and 
dry-land testing. 
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2.2.2 INSEAN Cavitation Tunnel 

The second facility used during the course of this work was the recirculating water 
tunnel at the National Research Council - Italian National Institute for Studies and 

Experiments in Naval Architecture (CNR-INSEAN) campus in Rome, Italy. With 

a test section measuring 10 m × 3.6 m× 2.25 m L × W × D, the channel is an 

uncommonly large one that permitted the installation of the hydrofoil model with 

very few modifications. 
The tunnel is driven by dual 4-bladed axial impellers with delivered power of up 

to 435 kW (584 hp) apiece. A maximum tunnel velocity of 5 m/s also compares well 
to the speeds at which testing was performed at the MHL towing tank. Figure 2.15 

shows the elevation view of the facility, which is housed in a four-story building. 
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Figure 2.15: Elevation view of the depressurized free-surface recirculating water chan
nel at CNR-INSEAN. Figure reproduced from ITTC (2002). 

Figures 2.16 show the tunnel section of the INSEAN channel from both ends of the 

test section. Figure 2.16a conveys the size of the facility, The hydrofoil was installed 

near the upstream extent of the tunnel, along the centerplane of the section. A 1-cm 

thick steel plate was braced and clamped to transversely-oriented steel beams, as 

shown in figure 2.16b, to which the rest of the setup was attached. Apart from the 

flat steel plate and its grounding to the facility, the experimental setup was nearly 

identical to that used in the towing tank. 
During operation, windows installed into both walls and the floor of the tunnel 

provided a range of viewing angles from which to observe the hydrofoil. Additionally, 
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(a) View from downstream end of the INSEAN tunnel section. The hydrofoil is visible near the center 
of the frame. The channel lid is the large beige structure visible on the left-hand side of the frame. 

(b) View from the upstream end of the INSEAN tunnel section, looking at the hydrofoil mounting 
arrangement. Two heavy transverse beams span the tunnel, to which the rest of the mounting 
arrangementwas affixed. 

Figure 2.16: Views of the test section of the CNR cavitation tunnel, taken from the 
shop floor above the model. 
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Figure 2.17: Photo of control room and observation windows at CNR-INSEAN re
circulating water channel. All control of tunnel speed and pressure, data acquisition, 
signal generation, and videography were performed inside of the control room. 

the windows provided optical and lighting access for high-speed videography, detailed 

in a later section. All tunnel controls, data acquisition, and observations were per
formed from the control room, which runs the length of the test section, as shown in 

figure 2.17. 
Most importantly, however, is the ability of the tunnel to operate with a stable 

free surface and under vacuum conditions. The ambient pressure at the free surface 

can be reduced to a value of approximately 40-50 mbar (0.04 - 0.05 ATM), which 

provided an opportunity to explore the behavior of surface-piercing hydrofoils with 

vaporous cavitation and natural ventilation occurring separately or simultaneously 

on the foils. A large steel cover (visible on the left hand side of figure 2.16a) was 

lifted by an overhead hoist onto the tunnel section to provide an airtight seal during 

depressurized testing. During Evacuation of air required between one and four hours 

(depending upon the target pressure), though an additional 12-24 hours of de-gassing 

was found to be desirable to improve the water quality. 
During testing, all sensors were zeroed at the start of the day and reference sensor 

levels were recorded. The angle of attack was fixed, while the flow speed was adjusted 

from inside the control room. When the flow was on-condition, data were collected 

for the desired duration, and the flow speed was changed the next test condition. 
Unlike testing in the towing tank, testing in the cavitation tunnel did not permit the 

flow to be stopped between runs. Thus, sensors were not re-zeroed before collection 

of each dataset, as they were in the towing tank and the hydrofoil remained under 
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a nearly-constant load for hours at a time. Consequently, some sensor drift was 

observed, though bias recordings at the end of each period of testing indicated that 
drift was not too severe. Such long periods of high loads acting on the hydrofoil are 

demonstrative of why the TE reinforcement strip was required. Without it, stresses 

at the root of the hydrofoil would have been too near the yield strength to tolerate 

long periods of loading. 
It was observed during testing that a component of cross-flow existed in the tunnel 

equivalent to a bias of +2◦ in the yaw angle of the hydrofoil. Thus, data collected in 

the cavitation tunnel were shifted during post processing to account for the bias. 

2.3 Test Matrices 

The following test matrices indicate the conditions of testing for each hydrofoil 
and facility. Additionally, a complete log of all experimental trials may be found in 

appendix B. A tabulation of all steady-state results may be found in appendix C. 
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Table 2.3: Test matrix for towing tank tests.
 

Foil Models Al Model 0, PVC Model 1, PVC Model 2
 
Tip Immersion h 0.14, 0.28, 0.41 m (5.5, 11, 16.5 in) 

hImmersed Aspect Ratio ARh = 0.5, 1.0, 1.5 c 
Steady Velocities U 0.6-6 m/s (1.8 – 20 ft/s) 

UDepth Froude # Fnh = √ 
gh 

0.5 – 5 
Uc Chord Reynolds # Rec = 1.5 × 105 - 1.7 × 106 
ν 

Yaw Angle α −5◦ – 30◦ 

ρU2cWeber Number We = 1.2 × 103 - 1.42 × 105 
γ 

Patm−PvVaporous Cavitation Number σv = 5.4 – >> 10
ρU2/2 

Shaker Motor Excitation Aluminum: No; PVC Model 1: No; PVC Model 2: Some 

Table 2.4: Test matrix for tests at CNR-INSEAN cavitation channel.
 
Foil Models 
Tip Immersion 
Immersed Aspect Ratio 
Steady Velocities 
Depth Froude # 

Chord Reynolds # 
Yaw Angle 

Weber Number 
Vaporous Cavitation Number 

Shaker Motor Excitation 

Al Model 0, PVC Model 2 
h 0.28 m (11 in) 
ARh = h 1.0 c 
U 0.5-4.2 m/s (1.64 – 14 ft/s) 
Fnh = √U 0.3 – 2.5 

gh
 
Uc
 Rec = ν 1.8 × 105 - 1.2 × 106 

α −5◦ – 15◦ 

ρU 2cWe = 830 - 6.7 × 104 
γ
 

P0−Pv
σv = 0.24 – >> 10
ρU2/2 

Aluminum: Some; PVC Model 2: Yes 
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2.4 Instrumentation 

The instrumentation suite used in the hydrofoil testing was comprised of both pur
chased and custom-built sensors. Moreover, the sensor suite evolved over the course 

of multiple testing campaigns. The following sections break down and describe the 

instrumentation according to the measured quantities. An aggregated summary of 
measurements, derived quantities, and their estimated uncertainties may be found 

in table 2.7 at the conclusion of this chapter. The most significant changes in in
strumentation occurred when switching between the rigid hydrofoil and the flexible 

hydrofoils. Figure 2.18 depicts the instruments and respective locations on the rigid 

hydrofoil (model 0). Figure 2.19 depicts the instrumentation used during testing of 
the flexible hydrofoils (models 1 and 2). 
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Hydrofoil Strut

Leveling Feet

Omega-190-6-DOF-Load-Cell

Steel Mounting Frame

Steel Split-Clamp

Yaw-Angle Disk

Foil Tang Clamp

Pressure Probe

Trailing Edge
Leading Edge

Figure 2.18: Exploded view of the components comprising the experimental rig and 
instrumentation used for the rigid hydrofoil experiments. Note that the drawing 
includes the steel frame used to mount the experiments on the towing tank, which 
was replaced with an alternate arrangement for testing at the INSEAN tunnel. Figure 
reproduced from Harwood et al. (2014). 
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Figure 2.19: Labeled diagram of instrumentation on the flexible hydrofoil model. 
Specifically, model 2 is shown. Note that if the aluminum strip shown along the TE 
is omitted, then the figure corresponds to model 1. The near side of the hydrofoil 
and parts of the appended structure are made transparent, so that interior compo
nents (the yaw disk and the shape-sensing spars) are visible. Figure reproduced from 
Harwood et al. (2016b). 
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2.4.1 Force and Moment Measurements 

Table 2.5: Characteristics of Omega-190 6-DOF load cell. 
General Characteristics 

Manufacturer ATI Industrial Automation 
Model Omega-190 US-800-6000 
Ingress Protection IP68 (10m immersion) 
Overload safety factor 4.8-19.9 × sensing range 

Load sensing ranges and resolutions 

Fx, Fy ±3550 N; Δ = 0.7 N; ±800 lbf; Δ = 5/32 lbf 
Fz ±8900 N; Δ = 1.4 N; ±2000 lbf; Δ = 5/16 lbf 
Mx, My ±8150 N; Δ = 0.4 N-m; ±6000 in-lbf; Δ = 5/16 in-lbf 
Mz ±8150 N; Δ = 0.8 N-m; ±6000 in-lbf; Δ = 5/8 in-lbf 

Maximum Quoted Uncertainty 

FX ±3.25% Full Scale (FS) (±115N; ±26lbf)
 
FY ±3.25%FS (±115N; ±26lbf)
 
FZ ±2.75%FS (±245N; ±55lbf)
 
MX ±2.3%FS (±11.9N-m; ±8.75lbf-ft)
 
MY ±2.3%FS (±13.6N-m; ±10lbf-ft)
 
MZ ±2.3%FS (±15.25N-m; ±11.25lbf-ft)
 

An ATI Omega-190 US 800-6000 six-Degree of Freedom (DOF) force-torque trans
ducer was used to measure forces and moments at the root of the hydrofoil. The rated 

measurement ranges, step sizes, and maximum uncertainties are given in table 2.5 The 

load cell is IP-68 rated for immersion in fresh-water. It should be noted that the un
certainties are quoted maximum values from the manufacturer, and do not represent 
the individual transducer used. The NIST calibration sheet provided with the load-
cell indicates that the uncertainty is closer to ±1% of the measured load for each axis, 
when isolated. Since the load cell is subjected to multi-axis loading in all testing, the 

uncertainty is estimated for all force and moment axes to be, 

6�t
cF,M =  ci 

2 = 2.6%, (2.1) 
i=1 

where ci is the Root Mean Square (RMS) of the proportional error for the ith axis 

reported on the calibration sheet. This lower estimate, in addition to being much-
more useful, is also far more consistent with observations of the load cell’s performance 

over three years of frequent use. 
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2.4.2 Flow Speed Measurements
 

An optical encoder wheel was used to record the instantaneous carriage-speed in 

the MHL towing tank, the digital pulse output from which is transformed into a DC 

voltage recorded by the Data Acquisition (DAQ) system. During steady-state opera
tion, the measured speed has an average bias error of −0.25% and a repeatability er
ror not exceeding ±0.25%, based on measured transit-times between precision-located 

markers. During acceleration and deceleration, the uncertainty is less well-quantified. 
During the three-year testing campaign, changes were made both to the optical en
coder itself and to the method by which the digital pulse train was converted into an 

analog voltage. Early testing (pre-2014) made use of an analog pulse-counter, which 

suffered from some inherent phase lag. The lag became more pronounced at very 

low speeds (when the pulse period was longest), but became negligible for speeds of 
interest. 

Later testing in the MHL towing tank used a higher-resolution optical encoder 
connected to a dedicated PC. The pulse period was estimated and the inferred carriage 

speed updated with each pulse period. Offset “A-B" pulses were used both to improve 

the speed resolution and to determine the sign of the instantaneous speed (such that 
forward and reverse motion of the carriage could be differentiated). The PC translated 

the estimated carriage speed into a DC voltage output, which was measured with the 

DAQ system designed for the surface-piercing foil tests. The newer method yielded a 

much-improved time-resolution of the instantaneous carriage velocity, with negligible 

lag at all speeds of interest, but small artifacts in the optical encoder signal caused 

the dedicated PC to infer rather noisy velocity estimates, which had to be filtered to 

yield reasonably clean time-traces of the carriage velocity. The noisy signal is not seen 

by the on-board carriage controller, which uses the optical encoder output directly, 
so the artifacts are confined to the measurement, and were assumed not to affect the 

performance of the speed controller. 
Finally, testing at the INSEAN cavitation tunnel did not utilize any direct mea

surement of flow speed. Rather, detailed Particle Image Velocimetry (PIV) surveys of 
the mean flow-field were performed to yield an a priori mapping between the pump 

revolution rates and the channel velocity profiles. Thus, the tunnel was run in a 

purely feed-forward configuration, with a specified pump speed prescribed to achieve 

a desired velocity at the point of the surface-piercing foil. Following the hydrofoil 
testing, another detailed PIV survey of the proximal velocity field was performed in 

the absence of the hydrofoil. The results of the PIV survey are still undergoing final 
processing by collaborators at CNR-INSEAN, and are not presented in this thesis. 
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For expediency, a value of 3% is used as an estimated uncertainty for flow-speed 

measurements for both towing-tank and cavitation tunnel testing. 

2.4.3 Pressure Measurements 

Trailing edge pressures were measured during testing on the rigid hydrofoil only. 
A slender copper tube with a 1/8-inch inner diameter (ID) was fastened to the bluff 

TE of the strut by aluminum brackets, as shown in figure 2.18. The height of which 

could be adjusted by sliding the tube through the aluminum brackets and tightening a 

set-screw against the tube’s outer surface. The bottom of the tube was left open, and 

acted as a probe for point-measurements of gage pressure. The top of the tube was 

connected to a dry-dry differential pressure sensor, with the opposite side left open 

to the atmosphere, so that the setup was able to measure the gage pressure at the 

location of the tube’s open end. To avoid errors associated with trapped liquid and 

surface-tension, a three-way solenoid valve was attached between the copper tube and 

the pressure-transducer. The third leg of the valve was connected to a needle valve on 

an air tank, adjusted to provide a slow air bleed that kept the copper tube primed with 

air. At the time that a pressure measurement was desired, the data acquisition PC 

provided a voltage to the three-way solenoid that halted the air bleed and connected 

the pressure transducer to the copper tube to measure the gage pressure. 
A PX26-001DV low-frequency transducer, manufactured by Omega engineering, 

was used for pressure measurements. The sensor has a ± 1 psi range (±6.9 kPa) with 

a maximum quoted nonlinearity error of 1% and maximum random error of 0.2%. 
During depressurized testing at INSEAN, several methods of pressure measure

ment were available. An electronic pressure transducer was used to estimate the 

pressures with an approximate uncertainty of ±5 mbar. When the pressure reached 

a steady value, a mercury manometer was used to verify the tunnel pressure with an 

estimated uncertainty of ±1 mbar. The tunnel pressure tended to vary with time, 
because the operators had to balance the air leakage into the tunnel against the flow-
rate of the vacuum pumps in order to maintain a steady tunnel pressure – a nearly 

impossible task for more than a few minutes at a time. However, none of the phe
nomena discussed in this thesis are very sensitive to such small pressure variations, 
so excursions of a few mbar from the nominal tunnel pressures were were not cause 

for great concern. 
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2.4.4 Acceleration Measurements
 

Accelerometry constituted a significant part of the instrumentation during this 

experimental campaign, and several accelerometry configurations were used. Most ac
celerometry was performed using ceramic shear-type accelerometers (models 357C10 

and 357B06), manufactured by PCB Piezotronics. The accelerometers generate a elec
trical charges, which were converted into AC voltage signals using Bruel and Kjaer 
charge amplifiers (Model 2635). 

The arrangement and mounting of the accelerometers varied between tests. The 

various configurations and characteristics of the accelerometry measurements are sum
marized in table 2.6. 
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2.4.5 Vibrometry Measurements 

Structural velocities used to characterize the vibrations of the aluminum and PVC 

(model 1) hydrofoils during hammer testing. Surface velocities were measured using 

a fixed point PolyTec OFV-353 Laser Doppler Velocimetry (LDV) head, equipped 

with a low power HeNe laser, lens, and interferometer. Information regarding the 

uncertainties was unavailable from the manufacturer. Scaled values from the inter
ferometer were never used; rather, only frequency content was analyzed. As a result, 
the measurement accuracy of the LDV isn’t particularly impactful. 

2.4.6 Surface-Flow Visualization by Paint-Streaks 

For towing-tank testing of the rigid hydrofoil only, a limited number of surface-
flow visualizations were conducted. The method used a grid of paint dots, following 

the method of Green (1988); Green and Acosta (1991). Eight parts yellow artist’s 

oil paint and one part white oil primer were mixed with five to twelve parts refined 

linseed oil to achieve a range of shear-thinning behaviors, suitable for trials conducted 

at different speeds. 10 µL droplets were applied as a grid on the suction surface of 
the hydrofoil with a repeating pipette, with a grid spacing of approximately 1 to 2.5 

cm (0.5 to 1 inch), totaling between 50 and 150 dots. Figure 2.20 depicts the suction 

surface of the aluminum strut before and after a run performed with a grid of paint 
dots applied. Between each trial, the foil was wiped clean and the dots were reapplied. 
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(a) Grid of paint dots before run. (b) Sheared paint dots following run. 

Figure 2.20: Before-and-after photos of paint-dot grid applied to aluminum hydrofoil, 
showing streak pattern. The paint mixture for the case shown was 8 parts yellow 
artist’s oil paint - 1 part white oil primer - 5 parts refined linseed oil. The run was 
conducted at α = 15◦; U = 4 m/s. The leading edge is located on the left-hand side 
of both photos. The forward-swept streaks of paint indicate a large region of reversed 
flow, characteristic of “thin-airfoil stall" (Gault, 1957). 
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2.4.7 Videography 

2.4.7.1 Camera Systems and Synchronization 

®Low-speed videography during towing-tank testing was performed using GoPro R

®cameras (HERO3 Black R ®, and HERO4 Black R®, HERO4 Silver R models) in water
proof housings. Video was recorded with a resolution of 1920 × 1080 pixels at a 

rate of 60 Frames Per Second (FPS). Lighting was provided by commercial halo
gen work-lamps mounted below the carriage and aimed at the hydrofoil. Between 

two and four video angles were acquired at a time, including the submerged suction 

surface, the suction and pressure surfaces above the still waterline, the TE, and the 

leading edge. The locations of the underwater and trailing-edge cameras are indi
cated in figure 2.21. Views from each camera are depicted in figure 2.22. Video was 

recorded continuously during testing. An LED was placed in the field of view of each 

camera, which illuminated in synchronization with the beginning of data-collection. 
During post-processing, a script was used to trim the respective video clips, with the 

illumination of the LED marking the first frame, and to match them to the correct 
run numbers in a master log file. All video manipulations were completed using a 

®combination of MATLAB R .® and the open-source library FFmpeg R

A collection of videos were also recorded at the MHL, using a Phantom V9.0 high-
speed camera in a waterproof housing. More details on the underwater recording 

setup may be found in Lee (2015). The camera was installed on the tank’s bottom, 
off-center with its view directed upward and at an angle to capture the hydrofoil’s 

tip and suction surface. Lighting was provided by a submerged bank of LED lights 

located below the carriage track rails. The lights and camera remained stationary, 
illuminating and recording images of the hydrofoil as the carriage passed by their 
location. A set of triggers were installed at pre-determined locations on the carriage 

track to initiate the video capture and to turn the lights on and off. Videos were not 
synchronized to the rest of the DAQ, and frame rates were varied between 200 and 

500 FPS. 
®In cavitation tunnel testing, low speed videography was performed with GoPro R

cameras inside of the flow channel. High-speed videos were recorded using two 
® ®Photron R brand high-speed cameras (FASTCAM R SA-Series) aimed through win

dows in the test section – one aimed horizontally at the submerged suction surface and 

one aimed vertically upward at the foil’s free tip. The camera’s locations relative to 

the hydrofoil are shown in figure 2.23. Figure 2.24 shows the view from each camera. 
Both cameras acquired monochrome video at a resolution of 1024 × 512 pixels, 12-bit 
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Figure 2.21: PVC Hydrofoil (model 1) installed on towing tank carriage, viewed from 
upstream. Camera positions for the underwater and TE cameras are indicated, as 
are visible pieces of the instrumentation. The underwater sting used to support the 
underwater GoPro R® is drawn as a dashed yellow line. 

Figure 2.22: Views from GoPro R® cameras installed during towing-tank tests. Clock
wise from top right: Suction surface above waterline, trailing edge, and suction surface 
below waterline. 
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greyscale, and a rate of 500 FPS. The suction surfaces of model 0 and model 1 were 

marked with 2.54 cm (1 inch) grids. A reference sampling clock was routed from the 

host DAQ to a timing controller, with which tunable delay was affected on the timing 

signal. Both cameras were synchronized to this timing signal such that the DAQ’s 

sample clock pulse occurred precisely in the middle of each 1 ms exposure. The 

cameras were, in this fashion, effectively phase-locked to the DAQ’s sample clock, 
with a one-period delay at the beginning and ending of each acquisition. Camera 

recording was manually triggered, and a TTL pulse train was routed to the DAQ for 
each camera exposure, appearing in the logged voltages as a “boxcar” voltage pulse 

spanning the samples corresponding to video acquisition. Lighting was accomplished 

using tripod-mounted Arri R® lights aimed through the viewing windows. 

T
ip

 C
am

er
a

Suction-Side Camera

Figure 2.23: Illustration of camera perspectives in the cavitation tunnel at CNR 
INSEAN. Only the high-speed cameras are shown – one on the suction surface, and 
one below the tunnel. 
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Hydrofoil Tip

Flow Direction

Flow Direction

Figure 2.24: Views from high-speed cameras used in cavitation tunnel testing at 
INSEAN’s recirculating water channel. Left: submerged suction surface. Right: 
View of hydrofoil free tip. 

2.4.7.2 Optical Measurement of Foil Motions 

For the experiments performed at INSEAN only, video recorded from below the 

flow channel was used to track the motion of the foil’s tip. Dots were painted on to the 

free tip of the flexible hydrofoil (model 2), with white paint. A script was written to 

perform sequential image segmentation and contrast stretching to locate the bound
aries of the dots. Finally, the locations of the dots were inferred from the brightness-
weighted centroid of each separate regions identified as a marker. Figure 2.25a shows 

the view from the camera and an enlarged view of the image interrogation region, 
with the inferred dot locations overlaid as red “X” markers. The locations are mapped 

from pixel coordinates to real-world coordinates via a predetermined transformation 

matrix (mapped loci of marker locations are shown in real-world coordinates in fig
ure 2.25b). 

The script was run on individual frames of acquired video to create a time history 

of marker locations. These time-traces were linked using a MATLAB R® implementation 

of the Hungarian method (Munkres, 1957) and were used to infer the time-resolved 

motion of the foil tip. For the linking of particle locations across time steps, a third
®party MATLAB R function was used (Tineves, 2016). Figure 2.26 shows an example 

of the tracked motions of the hydrofoil at α = 5◦ and U = 3.3 m/s. This method of 
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View from camera below tunnel
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(a) View from the high-speed camera below the tunnel section. 
An enlarged view of the hydrofoil’s tip is shown on the right. 
The boundaries of the white dots are indicated by blue boxes, 
the geometric centroids of white pixels are indicated by blue + 
symbols, and the brightness-weighted centroids of the white dots 
are indicated by red X markers. 
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(b) Points mapped from the image shown in (a) to real-world coordinates. A locus 
of 1000 points (2 seconds of data) are shown for each dot 

Figure 2.25: View of hydrofoil tip and identification of markers used for motion 
tracking. 
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(a) Time history of bending and twisting deflections, tracked by high-speed camera. 
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(b) Point loci of tracked markers and mean deflected position of foil tip in real-world 
coordinates. The undeformed position is indicated by a dashed grey outline. 

Figure 2.26: Motions of hydrofoil tip tracked by camera for a run at α = 5◦, U = 3.3 
m/s. 
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optical tracking is admittedly rudimentary. Far more advanced correlation-based al
gorithms are regularly applied in research and industry. The particle-tracking scheme, 
however, offers the advantage of flexibility and transparency, as it was coded from 

scratch and easily adapted to the application or integrated with other elements of the 

post-processor. 

2.5	 Displacement Measurements using Custom Shape Sens
ing Spars 

Inferring motions of flexible structures typically requires accelerometry and/or 
optical methods. The former method encounters problems for non-harmonic motions, 
while the latter cannot operate in environments where fluid interfaces cause refraction 

(such as in the case of a ventilated cavity). In this section, an alternative method of 
measuring the deflections of flexible struts is developed and validated. 

2.5.1	 Design of Shape Sensing Spars 

A non-optical means of tracking structural deflections was developed in the form 

of shape-sensing spars, pictured in Figure 2.27. 
The shape-sensing methodology invokes the beam bending equation, 

−t ∂2Y ≈ ,	 (2.2)cz 2 ∂Z 

where cz is the surface bending strain on a beam of thickness t, Y is the coordinate 

in the direction of lateral beam deflection and Z is the coordinate along the initial 
(undeformed) length of the beam. The slim aluminum spar is instrumented with N 

strain gauges in a half-cosine spacing. The boundary condition, cz|Z=L = 0, permits 

Strain Gauge Half-Bridges5.5 in (0.14 m)
14 in (0.356 m)

25.5 in (0.648 m)
L=35.5 in (0.902 m)

Figure 2.27: A dimensioned sketch of one instrumented spar. Figure reproduced from 
Harwood et al. (2016a). 
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an N th-order polynomial may be fitted to the measured strains. 

N

i=0 

Equation 2.3 may be substituted into equation 2.2 and twice-integrated to yield a 

polynomial approximation of the lateral deflection. The process is diagrammatically 

represented in figure 2.28. 

t 
ĉz(Z) = aiZ

i . (2.3) 

3 in (0.076 m)

1 in (0.025 m)

5.5 in (0.14 m)

14 in (0.356 m)
25.5 in (0.648 m)
S=36 in (0.914 m)

Measure and
Fit Strains

Integrate Strain
Polynomial

Figure 2.28: A schematic illustration of shape-sensing using an instrumented spar. 
Figure reproduced with modifications from Harwood et al. (2016b). 

tN +2

0 

The integration yields two additional coefficients, A0 and A1, which must be deter
mined from the beam’s boundary conditions. For an ideal cantilever, A0 = A1 = 0. 
Thus: 

Ŷ (Z) =
 AiZ
i . (2.4) 

Ai = 

⎧ ⎪⎪⎨ ⎪⎪⎩ 

0, j = 0, 1
 

ai(j − 2)! (2.5) 
, j = 1, 2, . . . , N + 2
 

j!
 

Under the assumption that bending along the chord is negligible (chordwise rigid
ity), the deflections along the two spars – respectively Ŷ  

A(Z) and Ŷ  
B(Z) – may be used 

to reconstruct the deformed centerline plane of the strut. It is convenient to recast 
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Figure 2.29: Photo of spars inserted into flexible hydrofoil until flush with the mount
ing tang. 

the deformations into the decoupled angular and lateral deflection of each spanwise 

section along the elastic axis: 

Ŷ  
A(Z) − Ŷ  

B (Z)
θ̂(Z) = arcsin (2.6a) 

XA − XB 

YEA 
ˆ (Z) = Ŷ  

A(Z) + (XEA − XA) sin(θ(Z)), (2.6b) 

where XA and XB respectively denote the chordwise positions of the spars inside of 
the strut and XEA denotes the chordwise location of the elastic axis. 

Referring back to figures 2.7 and 2.19, one can now see that the shape-sensing 

spars are located at two chordwise positions along the centerplane of the hydrofoil. 
Figure 2.29 depicts the root of the hydrofoil. The spars are inserted at the root 
and pushed into the machined channels until flush with the root. The edges of each 

channel are sized for a relatively tight interference fit with the spars, and the middle 

portion of the channel is widened to permit the passage of the strain gauges and 

cabling. The interference fit ensures that the hydrofoil’s motions are transferred to 

the interior spar, and the spars may be removed through the root, which permits 

in-field repairs or replacements to be made. 
Figure 2.30 shows an example of how bending and twisting deformations are in

ferred. A combined bending and twisting load was applied by hand to the strut, with 

a photo taken of the leading edge and the tip of the hydrofoil. The inferred deflections 

were mapped into image coordinates and overlaid onto the image to demonstrate that 
the deflections are, in fact, correctly inferred. The twisting deformation at the tip 

does not match perfectly with the photo, due to a number of factors. With the close 
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Figure 2.30: The (post-calibration) tip-deflection and the leading edge deflection 
inferred from the pair of shape-sensing spars are overlaid as green dashed lines onto 
photos of the strut subjected to a combined bending/twisting load. White solid lines 
indicate the initial undeformed geometry of the strut’s tip and leading edge. Figure 
reproduced from Harwood et al. (2016a). 

proximity of the camera to the foil tip, perspective and lens distortions make it chal
lenging to map between real-world and image coordinates accurately, so some error 
is undoubtedly attributable to an imperfect mapping. More importantly, however, 
the spars require careful calibration to correct for linearizable sources of error. The 

case shown in figure 2.30 is a preliminary test, and only a preliminary calibration had 

been performed. The calibration procedure, and a more-rigorous characterization of 
the accuracy of inferred deflections, are described in the following sections. 
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2.5.2 Spar-Level Calibration and Validation 

Independent calibrations were first performed on each individual spar to correct 
for small errors in the values of surface bending-strain caused by small differences 

in the strain gauge mounting (gauge orientation, adhesive thickness, etc.) or other 
linearizable sources of variation. A calibration rig (shown in figure 2.31) permitted 

each spar to be deformed in a controlled manner while being recorded by a camera. 
The root of the spar was clamped and point loads were applied to the beam to achieve 

various static deflections. This process is shown in figure 2.32. A calibrated camera 

was used to measure the lengthwise deflections with an estimated uncertainty of 1/32 

in (0.79 mm), from which the surface strains were calculated via equation 2.2. This 

was conducted for a Ntrials different conditions. A calibration matrix, [A], unique to 

each spar, was fitted to satisfy, in a least-squares sense, the equation, ⎤⎡⎤⎡ ⎢⎢⎢⎢⎢⎢⎣ 

{�z,SG}1 

{�z,SG}2 

. . .
 

⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥
[ ] = ⎥ A⎥⎥⎦ 

{�z,CAM }1 

{�z,CAM }2 

. . .
 

⎥⎥⎥⎥⎥⎥⎦ 

, (2.7)
 

{�z,CAM } {�z,CAM }Ntrials Ntrials 

thus minimizing the strain energy contained in the error between the strain values 

inferred optically and those measured by the strain gauges. Using the calibrated vec
tor of strain measurements, a corrected beam deflection was inferred. The difference 

between pre- and post-calibration inferences of the deflected shape of a beam are 

shown in figures 2.32a and 2.32b. Figure 2.32c shows a summary of the pre- and 

post-calibration error in tip deflections for all single-load calibration cases. The plot
ted symbols, and the linear trends fitted to them, make it clear that the calibration 

significantly reduced both the mean error and the variance of the error. 
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Spar clamped at root

Calibrated camera

Shape sensing spar

Deformation fixed by blocks

Figure 2.31: Photo of A-frame setup used for optical calibration of strain measure
ments on spar. A lens model was used to correct camera lens distortion for a recti
linear image. The resulting image was used to track the edge of the spar, subjected 
to a number of constrained static deformations. The deformations were imposed by 
blocking the spar with a number of movable blocks, fitted into the peg-board base. 

82
 



(a) View from the camera. The inferred deflections (pre- and post-calibration) are overlaid onto the 
photo. 
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(b) View of reference deflection and strain-gauge 
measurements, magnified in the direction of bend
ing. 

Uncalibrated - Spar A
Calibrated - Spar A
Uncalibrated - Spar B
Calibrated - Spar B
Optical Uncertainty

(c) Error in bending for spars A and B for all 
single-point-load calibration cases. 

Figure 2.32: Photo of spar-level calibration procedure. A point load is applied by 
fixing a block into the pegboard. The “true" deflection of the beam is extracted by 
tracking the red striping tape on the edge of the spar. The pre- and post- calibration 
bending inferred by the strain gauges are shown to scale in (a) and magnified in (b). 
The measured strains are corrected by a N × N calibration matrix, such that the 
strain energy contained in the error is minimized. The resulting calibration matrix 
quantifiably reduces the error in simple (single node) bending, as shown in (c). Figure 
reproduced in part from Harwood et al. (2016a). 
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2.5.3 In-Situ Calibration and Validation of Spars 

Once the spars were installed into the hydrofoil, a second calibration was per
formed. In equation 2.5, it was assumed that the boundary condition of each beam’s 

root was perfectly clamped, enabling the first two A coefficients to be nullified. In 

practice, the root of each spar was judged to be imperfectly clamped as a result of the 

compliance of the surrounding PVC, such that Y (Z) = 0 but Y '(Z)  = 0 at Z = 0. 
Early testing demonstrated that the root boundary condition of the spars in-situ was 

better-described by a torsional spring, which permits a nonzero slope at the root, 
while no displacement occurs at the root. A0 = 0 satisfies the zero-displacement 
conditions, and A1 is defined as, 

A1 = −λĉZ |Z=0, (2.8) 

where λ is dimensionless root compliance factor. A series of controlled loading ex
periments was performed as follows. The hydrofoil was clamped into the dry-land 

testing frame as depicted in figure 2.33. Point loads were applied at a known span-
wise position and the deflections were measured at the LE and TE at another spanwise 

position. Loads were applied using ratcheting tie-downs, affixed at chordwise posi
tions aft of, coincident with, and forward of the elastic axis. Pure-bending responses 

were recorded by applying the load at the elastic axis. Combined bending and twist
ing responses were achieved by applying loads eccentrically, or on a line of action not 
coincident with the elastic axis. Finally, pure-twisting deflections were achieved by 

applying two opposing loads in a couple about the elastic axis, such that the elastic 

axis did not move from its unloaded location. 
Deflections at the LE and TE were measured at another known spanwise condition 

using linear rules, shown in figure 2.33b. These measurements were translated into 

bending and twisting motion about the shear center at the known spanwise station, 
respectively δSC and θ. The shape-sensing spars were used to infer the bending and 

twisting deflections at the same spanwise station at which reference measurements 

were made. The vector of compliance factors, denoted ⎧⎨ 
⎫⎬λA{λ} =
 ⎩ ,
 

λB 
⎭

was selected to minimize the combined L2 norm of the error in bending and twisting 

across approximately 100 loading cases. Several optimization algorithms were used, 
including both gradient-based and gradient-free methods, all of which converged to 
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an final value of
 ⎧⎨ 7.56
 
⎫⎬ 

{λ} =
 
4.77
 

.
 ⎩ ⎭ 

It was later pointed out in peer-review that the torsional spring model may have 

been necessitated by the presence of the load cell, rather than by compliance in the 

PVC surrounding the roots of the spars. The load cell is, by the very nature of 
its operation, a multi-DOF spring. In either case, however, the compliance vector 
accounts for at least some of the compliance in the parent structure, whether that 
compliance arises from the load cell or the foils material. 
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(a) Loads being applied to the hydrofoil during cal
ibration. The tension is being applied forward of 
the elastic axis, leading to a combined bending and 
twisting response. 

(b) Jig used to apply point loads and to measure deflections at LE and 
TE. The tension load is being applied along the elastic axis in order to 
minimize the amount of twist. Razor blades along the LE and TE are 
used to precisely measure the deflections at each location on a meter-
stick. 

Figure 2.33: Photo of loads being applied to clamped PVC hydrofoil during in-situ 
calibration. 
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2.5.4 Characterization of Error in Shape-Sensing Spars 

The following figures show a comparison of the foil’s deflections in bending and 

twisting inferred by the shape-sensing spars and measured against the linear rules. in 

each figure, the absolute Root Mean Squared Error (RMSE) and proportional RMSE 

are given for bending and twisting, based on the data shown. Error bars visually 

indicate the same RMSE bounds. The proportional RMSE is computed as, 

RMS {δref } − δ̂
% Error (bend) = ; (2.9)

RMS ({δref }) 
RMS {θref } − θ̂

% Error (twist) = , (2.10)
RMS ({θref }) 

where {δ} and {θ} are respectively (NT rials × 1) vectors of bending and twisting 

deformations (NT rials being the number of points shown in the accompanying figure). 
The subscript ( )ref denotes the reference measurements obtained from the linear 
rules and ( ˆ ) denotes measurements obtained from the shape-sensing spars. 

Figure 2.34 shows a compilation all loading cases. Bending deflections are plotted 

against force and twisting deflections are plotted against the twisting moment, mea
sured about the elastic axis. The performance in bending is extremely good, while 

the uncertainty in twisting is significantly higher. Some insight into the larger error 
in the twisting measurements can be gained from Figure 2.35, which shows the per
formance of the spars in pure-bending. While the agreement in bending is excellent, 
the shape-sensing spars suffer from an apparent nonlinear error in the inferred twist 
angles. More specifically, a negative twist angle is inferred, even when one is not 
present in the reference data. 

Figures 2.36 and 2.37 respectively show the results in combined bending-twisting 

and in pure twisting. Again, the performance in twisting is variable, but the trend in
dicates that the absolute error in twisting increases as the lateral bending deflections 

increase. The proportional error decreases with an increase in the actual twisting re
sponse of the hydrofoil. Both observations are consistent with the idea that a spurious 

“apparent" twist angle is being inferred as a result of large bending deflections. 
The specific causes of the error are not known, though a few candidate causes 

may be named. First is the possibility of an imperfectly-applied strain gauge – an air 
bubble in the adhesive between the gauge and substrate, for example, may cause a 

nonlinear error in the transfer of strain from substrate to gauge, which could produce 

this type of error, and which would not be corrected by the spar-level calibration in 
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Figure 2.34: Characterization of shape-sensing spar uncertainty in pure bending, pure 
twisting, and combined bending-twisting (all load cases). 
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Figure 2.35: Characterization of shape-sensing spar uncertainty in pure bending only 
(loads applied along elastic axis). 
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Figure 2.36: Characterization of shape-sensing spar uncertainty in combined bending 
and twisting (eccentric loads only). 
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Figure 2.37: Characterization of shape-sensing spar uncertainty in pure twisting only 
(couple applied about elastic axis). 

89
 



§2.5.2. This, or other sources of measurement error, could be compounded by the 

root compliance model, which uses different root compliance factors for each of the 

two spars. Finally, the method of measuring twist is fundamentally problematic. In 

essence, the twist is inferred as the small difference between two large numbers, a 

scenario in which even negligible errors in bending may amplified into a large error 
in the inferred twist. 

In any case, the results shown in figure 2.34 are judged to be a robust – if con
servative – representation of the spars’ performance under a wide range of loading 

conditions, with uncertainty of 2.5% in bending and 22% in twisting. Despite the 

large proportional uncertainty in twisting, the dimensional RMSE of 0.25◦ is actually 

highly competitive with optical methods such as digital image correlation (DIC). It’s 

important to note, as well, that the loads on the hydrofoil during towing tank and 

cavitation tunnel testing were, in most cases, smaller than those used in the calibra
tion tests. Thus, we can expect the characteristic uncertainties to be valid in the 

range of testing. 

2.5.5 Comparison of Shape-Sensing and Optical Methods of Tracking 

It is a natural next step to compare the performance of the optical motion tracking 

to that of the shape-sensing spars. Figure 2.38 shows a baseline case, with the foil in 

a quiescent fluid. The two measurement methods agree favorably, though it should 

be noted that the random errors in the optically-inferred quantities are significantly 

higher than those for the shape-sensing. The shape-sensing spar results, in particular, 
demonstrate a strikingly low noise floor. 

Figure 2.39 shows a comparison of the two motion-tracking methods with the 

foil vibrating in a quiescent fluid. A shaker motor (described in §2.6.2) was used to 

excite the first bending mode of the hydrofoil, which results in a sinusoidal motion at 
the hydrofoil’s tip. The two methods produce another excellent agreement, with the 

shape-sensing spars again producing much lower noise and random error. 
Figure 2.40 shows a comparison of the two methods with the hydrofoil yawed at 

α = 5◦ in a moving fluid with a velocity of U = 4.2 m/s. In the middle of the run, a 

ventilated cavity was induced on the hydrofoil, (a vertical black line indicates the time 

of cavity formation). Prior to the formation of the cavity, the two methods agreed 

very favorably once again, with the exception of what appears to be some bias offset 
between the two (probably a result of sensor drift). However, following the formation 

of the cavity, the cavity’s interface causes refraction and optical drop-outs that render 
the optically-inferred deflections useless. Additionally, if the frequency content of the 
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Figure 2.38: The foil tip motions are shown for the two methods of tracking. Model 
2 was set at α = 0◦ in a quiescent fluid to obtain a zero-reference. 
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Figure 2.39: Comparison of model 2 tip motions for a zero-speed trial. The first 
bending mode of the hydrofoil was excited, resulting in a sinusoidal deformation at 
the foil tip – primarily in bending, with some small twist angle. The comparison 
between the two methods is excellent in bending, and quite acceptable in twisting. 
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response is important, the optically-measured deflections will be contain spurious 

broadband spectral content as a result of the noisy time-domain signal. 
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Figure 2.40: Comparison of model 2 tip motions for a run at α = 5◦; U = 4.2 m/s. 
Ventilation occurred during the run, at the location marked by the vertical black 
line. When ventilation occurred, the loss of optical access makes the optical tracking 
method very noisy. 

The three figures in this section demonstrate the strengths of the shape-sensing 

spars developed for this project. They are simple, low-cost, robust, and accurate, 
when compared to optical motion tracking. Moreover, and of particular importance to 

this work, they are unaffected by loss in optical access, and can be used to accurately 

infer the motions of flexible wing-like structures where optical methods cannot. 

2.6 Actuation 

In addition to the various sensing instruments described in §2.4, several com
ponents provided inputs to the hydrofoil and/or flow as a means of perturbing or 
controlling the experimental conditions. 

2.6.1 Air-Injection 

Under certain flow conditions, it was observed by Breslin and Skalak (1959); 
Wadlin (1958); Rothblum et al. (1969), among others, that ventilation could be per
turbed by disrupting the inflow. Inserting a small object, such as a thin wire, into 

the flow just upstream of a foil’s leading edge resulted in ventilation, presumably 
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the free surface seal is penetrated by the wire’s intrusion, and by eddying, separated 

flow behind the wire, which allow air to enter into the ventilation-prone flow along 

the hydrofoil suction surface. In the present work, a high-pressure, focused jet of air 
was used to affect the same disruption to the flow. The jet, pictured in figure 2.41 

was aimed at the junction of the LE and the free surface. When a disturbance was 

desired, a pulse was generated on a DAQ output channel, which closed a 110 VAC 

circuit via an optically-isolated relay. The newly-closed circuit in turn opened a 

solenoid-controlled valve to allow air to flow from the jet nozzle. Air was provided 

from a small compressed-air tank kept at approximately 860 kPa (125 psig). Under 
certain conditions, the jet of air was sufficient to produce a ventilated cavity. It is 

important to note that the duration of air injection was typically less than 1 second, 
so the jet did not provide the air needed to sustain the cavity. Instead, it was simply 

a perturbation to the otherwise-undisturbed free surface seal. Further discussion will 
be dedicated to the effect of this perturbation on the flow in §IV. Note that a second, 
three-way valve, was similarly (but separately) actuated to switch the submerged 

pressure probe at the TE (described in §2.4.3) from a slow air-priming circuit to the 

differential pressure transducer. 
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Figure 2.41: Depiction of solenoid-controlled air jet used to trigger ventilation. The 
jet is fed from a compressed air tank at approximately 860 Pa (125 psig). The valve is 
a normally-closed design that is actuated by a 5 VDC signal from the DAQ computer, 
via an optically-isolated relay. 
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2.6.2 Shaker-Motor Excitation 

For tests on the reinforced flexible hydrofoil (model 2), a shaker motor was used 

to excite the hydrofoil. The location of the shaker motor is depicted in figure 2.19. 
The motor used was a model 2007E “mini-shaker,” manufactured by The Modal Shop. 
The unit has a frequency range of 0-10 kHz and a maximum sinusoidal force amplitude 

of 31 N (7 lbf). The motor was housed inside of a machined aluminum case, both of 
which are shown in figure 2.42. All seams of the housing were sealed and the housing 

was positively-pressurized from a compressed air source to preclude water ingress. 
An air-bleed line was included to provide some convective cooling for operation inside 

of the vacuum tunnel. The shaker motor was coupled to the hydrofoil models via a 

Figure 2.42: Shaker motor (right) and waterproof housing (left). 

nylon stinger to avoid off-axis excitation. The point of excitation was located 24.1 cm 

(9.5 in) from the root of the hydrofoil and 3.8 cm (1.5 in) aft of the leading edge. The 

excitation force at the drive-point of the shaker motor was recorded as the system 

input, to be used in the ensuing modal analysis (more details in §VI). For drive-point 
measurements, a Model 288D01 impedance head was used, manufactured by PCB 

Piezotronics. The impedance head measured AC-coupled loads and accelerations 

with a frequency response of 1 to 5000 Hz and a maximum nonlinearity error of ±1%. 
The shaker motor was controlled from the DAQ host system in the following 
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manner, which is shown pictorially in figure 2.43. The data-acquisition PC was used 

to generate a pulse train at the desired frequency, to which a pair of lock-in amplifiers 

(Stanford Research Systems SR830) were phase-locked. The signal-generator portion 

of the master SR830 was used to generate a sinusoid at the commanded frequency, 
which was amplified through a conventional analogue power-amplifier (The Modal 
Shop E2100E21-100) to drive the shaker motor. The accelerometers at the tip of each 

shape-sensing spar (PCB 357B06) were connected to inputs of the lock-in amplifiers, 
permitting the magnitude and phase of the structural accelerations to be monitored 

on-line. For most trials, a linearly- or logarithmically-swept sine wave with a fixed 

amplitude was used as the excitation signal, although it was possible to manually 

specify an arbitrary excitation frequency as well. 

Shaker Motor
TMS-2007E

Amplifier
TMS-2100E21-100

DAQ Host Computer

Signal Generator / 
Lock-in Amplifier

SR-830

t

V

t

V

t

V

t
Force

Excitation Period

Figure 2.43: Pictorial depiction of signal flow from DAQ host PC to the shaker motor 
output. 

2.7 Data Acquisition System Architecture 

The numerous permutations and expansions of the experimental program neces
sitated an evolution of the DAQ system to accommodate increasingly complex input, 

®output, and timing requirements. All data acquisition used National Instruments R

multifunction DAQ devices for input and output, hosted on a Hewlett Packard Z400 
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workstation PC. The arrangement, interconnections, and additions to the hardware 

are summarized in the following subsections. All signals were measured as analog 

voltage and, after preliminary signal on-line signal processing (for user feedback, etc), 
were written as ASCII data files (ASCII format, though inefficient, was chosen over 
binary formats to improve the portability of the data). Control of the DAQ, on-line 

signal processing, and logging were performed in National Instruments LABVIEW 

software. 
Finally, it bears mentioning that no anti-aliasing filters were used between the 

signal sources and the Analogue to Digital Converter (A/D) inputs on the DAQ. Most 
experimentalists are very familiar with the aliasing of signals at frequencies above the 

Nyquist frequency, which informs the choice of minimum sampling frequency to be 

used. The purpose of anti-aliasing frequencies is to prevent the unintentional aliasing 

of signals that are not of interest, but reside above the Nyquist frequency, back 

into the frequency band being investigated, which occurs whenever signal sources 

are not inherently band-limited. The aliasing of high-frequencies into the frequency-
bands of interest is a real concern for rigorous frequency-domain analysis, but a few 

considerations alleviate concerns about this issue. In the steady-state testing on the 

hydrofoil the effect of the aliased signals is to increase the noise floor somewhat – a 

nuisance, but not a severe detriment. For the dynamic testing, such as the modal 
analysis detailed in chapter VI, the input of the shaker motor into the vibratory 

system was band-limited to the commanded frequencies. As a result, the output 
from the system was approximately band-limited, in that most of the energy was 

concentrated into the band of excited frequencies. 

2.7.1 Testing Prior to April 2014: PCIe-Based System 

The first stage of testing used an entirely PCI-based DAQ system. A dedicated 

PCIe-6320X card provided excitation to, and measured the signals from, the load 

cell on differential channels. A second, PCIe-6323X card with 16 differential / 32 

single-ended voltage inputs, 4 analog outputs, and 48 digital I/O lines was used in 

various configurations to measure the remainder of the instruments. All connections 

were made via SCB-68A binding-post connection terminals. 
Both cards used muxed configurations, where the A/D scans across the physical 

channels with a switching asynchronism of less than 1 µs introduced by each switch. 
Sample rates between 500 Hz and 2 kHz were used, with 1 kHz being the most 
common. A batch-buffered approach was used to read buffered segments of data 

from the on-board buffers for processing and writing to disk without interrupting the 

97
 



hardware-timed sampling. 
One disadvantage of the PCI-based system was a lack of rigorous synchronization 

between the two physical cards. While muxing and sampling was controlled by precise 

onboard hardware clocks, the phasing between the two cards was controlled via a 

software clock. This was not a major concern for the collection of slowly-varying 

or steady-state data, but subsequent testing demanded more-rigorous control over 
system timing. 

2.7.2 Testing Between April, 2014 and March, 2016: PXIe-Based System 

To improve the timing performance, an external PXI express chassis from National 
®Instruments R was used. The chassis, which is remotely controlled by the same host 

computer used previously, acts as an extension to the native PCI-express bus of the 

host system. Unlike the PCIe bus, however, it contains built-in hardware clocks 

and dedicated synchronization channels, as well as a modular design that permits 

extensibility and reconfigurability of DAQ modules. 
Two multifunction DAQ cards were used in the chassis. A model PXIe-6341 was 

dedicated to powering and measurement of the load-cell. A model PXI-6363 was used 

as the input-output hub for the remainder of the instrumentation. The only difference 

between the implementation of PXI-based system and that of the PCI-based system 

was the introduction of a master synchronization clock, which permitted the two 

DAQ cards to be phase-locked for improved and consistent phasing of time-resolved 

measurements across the multi-card system. 

2.7.3 Testing at INSEAN in May, 2016: Multiple DAQ Systems 

Testing at INSEAN presented a number of challenges that required further re
vamping of the DAQ system. First, the number of inputs and outputs exceeded the 

available number of channels on either the PXI or PCI systems alone, requiring the 

two to be aggregated without compromising the synchronization between channels. 
Secondly, a number of the signals to be measured (e.g. thermistors, pressure gauges, 
and pump-speed encoders) were not available as analog voltages, and were thus not 
measurable using the NI system. Finally, the collaborating scientists at INSEAN 

wished also to collect data on their in-house DAQ (manufactured by Prosig R®), which 

lacked the output channels required to actuate certain components of the hydrofoil 
rig (e.g. lights, shaker motor, and camera control). 

In order to bridge the PCI and PXI DAQ systems, a master-slave setup was 
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adopted. A 10 MHZ reference clock (TTL pulse train) was exported from the PXI 
chassis to a counter line on each of the PCI DAQ cards, along with the PXI sampling 

clock and sampling start-trigger. With these three signals imported, each of the PCI 
DAQ cards was set to use the imported signals in place of their on-board clocks and 

triggers, so that all cards began data collection synchronously and remained phase-
locked. In this way, the two National Instruments R® systems were aggregated, allowing 

more channels to be added. 
To solve the second and third issues, data were logged on both DAQ systems 

simultaneously. An analog voltage output was run from the NI DAQ to an input on 

the Prosig DAQ, which in turn was used to trigger the Prosig’s acquisition. After 
triggering, the voltage signal was linearly ramped between two known values, allowing 

the time-delay of the Prosig’s sample clock, relative to that of the NI DAQ, to be 

determined within one sampling period. Data logged on the Prosig DAQ were time-
shifted and aggregated with those logged on the NI DAQ during post-processing. In 

this manner, multiple signal types were collected, and a number of channels were 

redundantly logged. Finally, the Prosig R® DAQ was equipped with anti-aliasing filters 

on all inputs, so a direct comparison between the unfiltered data and filtered data 

for identical signals was made possible. It was a comparison of two such signals that 
indicated the lack of input filtering was not a significant shortfall in data collected 

with the National Instruments R® DAQ. 

2.8 Propagated Uncertainties 

The estimated uncertainty bounds of measured and derived quantities are sum
marized in table 2.7. 
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CHAPTER III 

Steady State Flows with the Rigid Hydrofoil 

This chapter will elucidate upon the nominally-steady flows around the rigid alu
minum strut. It is the goal of this chapter to address the following questions, originally 

posed in §1.6: 

•	 What are the characteristic steady flow regimes of surface-piercing lifting-surfaces 

and how are they formally defined? 

•	 What physical processes dictate the hydrodynamic response and stability of 
steady flow regimes? 

•	 How do hydrodynamic loads differ between flow regimes? How do the loads 

change with speed, immersion depth, and attack angle within each regime? 

•	 What simple models can be derived to simulate the behavior of surface-piercing 

hydrofoils in multiphase flows? 

3.1 Steady-State Flow Regimes 

Consider figure 3.1, which depicts natural ventilation of the aluminum hydrofoil 
(Model 0). Sectional cuts taken through the three spanwise locations called out 
in the figure are classified by the Two-Dimensional (2-D) flow regimes defined in 

chapter I as fully wetted, partially cavitating, and supercavitating. The previous 

half-century of literature have failed to produce a standardized vernacular for 3-D 

cavity flows, which has complicated the matter of describing the various flow regimes 

and physics attendant on a surface piercing hydrofoil or strut. In order to establish 

such a desired standardization of the terminology, let us first revisit the re-entrant 
jet, which plays an important role in dictating flow stability. We will then define the 
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Flow

Naturally Ventilated Cavity

Undisturbed Free Surface

Cavity Closure Line

Figure 3.1: Example of a naturally ventilated cavity flow at α = 15◦, Fnh = 1.25, 
ARh = 1.0. At different points along the span, sections are fully wetted, partially 
cavitating, and supercavitating, making it unclear how to define the flow regime of 
the 3-D cavity. 

four flow regimes observed in the present experiments: fully wetted flow, partially 

ventilated flow, partially cavitating flow, and fully ventilated flow. 
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3.1.1 The Re-entrant Jet and its Impact on Flow Regimes 

Where a cavity closes on a solid surface, streamlines inside of the stagnation 

streamline form a jet spray that undercuts the cavity, known as a re-entrant jet 
(Laberteaux and Ceccio, 2001a). In 2-D flows, the re-entrant jet may impinge on 

the upstream cavity boundary, causing “pinch-off.” A well-known example is the 

phenomenon of sheet-cloud cavitation, which occurs when a re-entrant jet induces 

periodic shedding of vaporous partial cavities, and which was reviewed in §1.3.5. It 
was discussed in §1.4.3 that when the line of cavity closure is non-normal to the 

incoming flow, the re-entrant jet is a reflection of the incoming flow about the cavity 

closure line (De Lange and De Bruin, 1998; Franc and Michel, 2004; Laberteaux and 

Ceccio, 2001b). This is shown in figure 3.2 in the context of the surface-piercing 

strut. If incoming flow encounters a cavity closure-line at a local angle of Φ from 

the horizontal plane, the jet flow will be directed at an angle of 2Φ, as shown by the 
'arrows in figure 3.2. Let z be a distance measured downward from the free surface, as 

shown in figure 2.2. At a given depth z ', the magnitude of the jet velocity vector U�j ) 
may be obtained by applying the steady Bernoulli equation between the upstream 

flow (known velocity) and the cavity boundary (known pressure) to obtain, 

||U�j (z ')|| = U 1 + σc(z '). (3.1) 

The respective stream-wise (uj ) and spanwise (wj ) components of the re-entrant jet 
velocity are, 

uj (z ') = U0 1 + σc(z ') cos (2Φ(z ')) , (3.2a) 

wj (z ') = U0 1 + σc(z ') sin (2Φ(z ')) . (3.2b) 

Note that these velocities are derived from the steady Bernoulli equation, which 

neglects viscosity, and so may be valid only at the cavity closure line where the jet 
develops. 

The notion of re-entrant as a reflection of incoming flow is reinforced by the 

surface-flow visualization shown in figure 3.3. Paint dots were applied as described 

in §2.4.6, and the hydrofoil was accelerated along a ramped velocity profile at a yaw-
angle (α) sufficiently large for a ventilated cavity to spontaneously develop (α = 14◦). 
As the forward speed increased, the ventilated cavity grew in size. At different instants 

in time, shown as frames to the right of the figure, the cavity profile was observed, and 

theoretical re-entrant trajectories was estimated from equations 3.2. The resulting 
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Figure 3.2: Schematic representation of the re-entrant jet on a spanwise-varying cav
ity. When incoming flow (arrows) encounters an oblique line of cavity closure at a 
local angle Φ, the flow is reflected about the normal to the cavity closure line so that 
the resulting jet spray is directed along an angle of 2Φ from the horizontal plane. 

trajectories were superimposed as arrows onto the respective cavity profile. The 

re-entrant jet at the cavity closure line was swept over the paint dots, causing the 

dots to shear in the direction of the local jet spray. Some smearing of the dots was 

unavoidable, as the dots experienced some shear stress in the stream-wise direction 

prior to their interaction with the re-entrant jet; nevertheless, the primary directions 

of streaking clearly coincide with the superimposed arrows. This indicates that the 

local velocity of a streamline encountering the cavity closure line is well-captured by 

a rotation of the inflow velocity through an angle of 2Φ. 
The re-entrant jet is an important feature that affects the stability of a ventilated 

cavity. If a configuration, or regime, of the flow remains unchanged following any 

perturbation to the flow, then that regime is considered exclusively and globally 

stable. If small perturbations do not affect the flow regime, but large perturbations 

cause transition to another flow regime, then the regime is considered locally stable. 
The coexistence of a locally stable regime and another locally- or globally–stable 

regime constitutes a bi-stable set of conditions. For given flow conditions, a flow 

regime is considered unstable if it cannot be sustained, even if left unperturbed. 
When the local angle of the cavity closure line is Φ > 45◦, the re-entrant jet will 

possess an upstream velocity component. With enough momentum, the jet impinges 

on the leading edge of the ventilated cavity, causing a large-scale shedding of the 

cavity via pinch-off (as in the case of sheet/cloud cavitation, described earlier). If 
this occurs over a significant portion of the span, then a ventilated cavity becomes 

unstable. If the cavity has a shallow closure line (Φ < 45◦), then re-entrant flow is 

redirected along a trajectory that still carries it downstream, where it cannot impinge 

upon the cavity’s leading edge. 
To verify that Φ̄ is a suitable metric for judging the stability of the flow, images 
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Figure 3.3: Paint streaks on the suction side of a hydrofoil in accelerating flow at 
α = 14◦; ARh = 1. As the speed increased, the cavity grew (see photos to right), 
sweeping the re-entrant jet over the surface of the foil and shearing the paint in the 
direction of the jet. Cavity length distributions are drawn for Fnh = 1.15, 1.5, and 
2.0. Superimposed on each cavity profile are arrows indicating the local theoretical 
re-entrant jet direction that results from rotating the inflow through an angle of 2Φ. 
The streaks in the paint coincide with the theoretical jet directions, indicating that 
theory (equations 3.2a and 3.2b) correctly predicts the trajectory of re-entrant flow. 
Figure reproduced from Harwood et al. (2016c). 

were taken of ventilated cavities in decelerating flows, immediately preceding the 

instant when the cavity became unstable. The cavity length was measured at three 

spanwise stations, as shown in figure 3.4a, through which was fitted an affine curve to 

get the value of Φ̄, measured from the horizontal plane after correcting for perspective 
¯distortion. Φ is plotted as a function of α and ARh in figure 3.4b. The results show 

the cavity angle at washout to be tightly clustered around a mean of Φ̄ ≈ 41◦ for all 
values of α and ARh, which is acceptably close to the proposed stability boundary at 
Φ̄ = 45◦. 

Therefore, we posit that a ventilated cavity will be stable if Φ̄ < 45◦ and will be 

unstable if Φ̄ > 45◦. This stability criterion, along with other more-obvious aspects 

of the flow, will next be used to define the four characteristic flow regimes. 

105
 



z'=0.5h

z'=0.75h

z'=h

z'=0 (Undisturbed free surface)

(a) Linearized fit of cavity closure-line used to determine 
the approximate cavity closure angle ( Φ̄) at the time of 
cavity-instability. 
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(b) Angles of cavity closure-lines as a function of α and 
ARh. 

Figure 3.4: Experimental quantification of cavity closure angles at the point of cavity 
instability via pinch-off for immersed aspect ratios of ARh = 0.5, 1, 1.5. The example 
shown in (a) is at Fnh = 1.5; α = 20◦; ARh = 1.0. Cavity closure line profiles were 
linearly approximated to find Φ̄, shown in (b). The mean value of Φ̄ is 40.75◦. 
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3.1.2 Fully Wetted Flow Regime 

Fully Wetted (FW) flow is defined as the regime in which no pronounced entrain
ment of gas occurs. In the present experiments, a small aerated base cavity was 

typically observed in the separated wake of the blunt trailing edge. However the ef
fects of the trailing edge were confined to a relatively small region immediately aft of 
the trailing edge; neither the flow separation nor the base cavity materially affected 

the hydrodynamic response of the hydrofoil (Perry, 1955). An example of FW flow 

is shown in figure 3.5. Flow is pictured moving from left to right. The nominal 
'free surface indicates the initial calm water surface identified by the z = 0 plane, 

where it intersects with the foil’s suction surface. The free surface profile changes 

when subjected to the pressure distribution around the hydrofoil, and is termed the 

“deformed” free surface. 

Nominal (undisturbed) free surface

D ef or m e d f r e e su r f a ce

Base ventilation /
bubbly wake

Figure 3.5: Fully wetted (FW) flow over the suction surface of model 0 at α = 
10◦; Fnh = 2; ARh = 1.0. Flow is pictured from left to right. The FW regime shows 
no entrainment of air along the suction surface (D = 0, as measured from the nominal 
free surface). Some base ventilation occurs aft of the foil’s blunt trailing edge. Figure 
reproduced from Harwood et al. (2016c). 

3.1.3 Partially Ventilated Flow Regime 

Partially ventilated (PV) flow is defined as the entrainment of a cavity either 
which does not span the entire immersed portion of the hydrofoil, or which does not 
meet the stability conditions to sustain fully ventilated flow (e.g. a destabilizing re
entrant jet exists). Figure 3.6 depicts two examples of partial ventilation. The flow 

in figure 3.6a is designated Partially Ventilated (PV) because the cavity does not 
reach the immersed tip of the hydrofoil (0 ≤ D < h). In this case, the cavity depth 

and length are potentially unsteady. The flow pictured in figure 3.6b is so designated 

because the approximate cavity closure line, shown as a solid line fitted through the 
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cavity closure region, exceeds the ¯ stability condition, which is indicated by Φ = 45◦ 

the dashed white line. As a result, a significant portion of the re-entrant jet is directed 

toward the foil’s Leading Edge (LE). At small angles of attack, the resulting upstream 

flow may cause unsteady shedding of bubbly structures in a region confined to the 

trailing edge of the cavity, while at larger angles of attack, the jet destabilizes the 

entire cavity by impinging on the cavity interface and leading to pinch-off. In either 
¯case, the increased unsteadiness and decreased stability of the flow when Φ ≥ 45◦ 

serve to distinguish it from Fully Ventilated (FV) flow. 

0<D<h

Nominal free surface

D=h

(a) α = 20◦; Fnh = 1.0; ARh = 1.0 (b) α = 7.5◦; Fnh = 1.54; ARh = 1.0 

Figure 3.6: Partially Ventilated (PV) flow over the suction surface of model 2. (a) 
Shows the case where the cavity does not reach the free tip (0 < D < h). (b) Shows 
the case where the cavity reaches the free tip (D = h), but the angle of the solid line 
fitted through the cavity closure region is greater than the critical angle (Φ̄ = 45◦, 
shown as a dashed white line). Figure reproduced from Harwood et al. (2016c). 

3.1.4 Fully Ventilated Flow Regime 

Fully ventilated (FV) flow is defined as the case where a cavity is entrained along 

the entire immersed span of the hydrofoil’s suction surface (D = h, where D is 

the maximum depth of the ventilated cavity beneath the nominal free surface), and 

where no inherently-destabilizing re-entrant jet occurs (Φ̄ < 45◦). Figure 3.7 shows 

an example of a fully ventilated cavity. The suction surface of the hydrofoil (pictured) 
is enveloped entirely inside of a ventilated cavity. The near wall of the cavity detaches 

from the LE of the hydrofoil. The pressure side of the hydrofoil is fully wetted, and 

flow detaches smoothly from the corner of the pressure-side and trailing edge to form 

the opposing cavity wall. Large spray sheets develop on both sides of the hydrofoil; 
the lower edge of the suction-side spray sheet is visible in figure 3.7. Note that the 

angle of the cavity closure-line is very shallow (Φ̄ << 45◦). As a result, the stream
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D=h

Nominal (undisturbed) free surface

Aerated tip vortexJe
t

sp
ra

y

Collision of cavity walls

Edge of spray sheet

Figure 3.7: Fully Ventilated (FV) flow over the suction surface of model 0 at α = 
15◦; Fnh = 3.0; ARh = 1.0. The suction surface (pictured) is contained entirely 
within the walls of the cavity. The cavity satisfies both FV flow criteria (D = h and 
Φ̄ ≤ 45◦). In the case pictured, a strong tip vortex is present, the core of which aerates 
by ingesting air from the cavity. Figure reproduced from Harwood et al. (2016c). 

wise component of any re-entrant flow is directed toward the trailing edge of the 

hydrofoil, where it presents no detriment to the cavity’s stability. In figure 3.7, a 

strong tip vortex is present, the core of which aerates by ingesting air from the cavity. 
When the flow is in a fully ventilated state, the blunt trailing edge is contained 

entirely within the cavity, so it does not interact with the liquid flow. In the case 

pictured, and in other cases with a sufficiently strong tip vortex, the circumferential 
flow around the vortex impinges on the near (as pictured) cavity wall, forcing a small 
jet horizontally across the cavity. The impact of this jet on the far cavity wall causes 

a vertical jet spray to develop in the ventilated wake, visible as a pronounced “rooster 
tail” projecting above the free surface. 

3.1.5 Partially Cavitating Flow Regime 

Partial cavitation, as described in chapter I, involves the development of a vapor-
filled cavity on a hydrofoil surface at low values of the vaporous cavitation number 
σv. Low cavitation numbers were reached during testing at INSEAN by evacuating 

air from the test section. Figure 3.8 Partially Cavitating (PC) flow on Model 0. Note 

that flow is pictured from right to left. Note that near the LE, the cavity is vaporous 

(hence, Pc ≈ Pv), while the base cavity at the Trailing Edge (TE) is ventilated 

(Pc = P0). Thus, the case shown actually constitutes a three-phase flow. 
As was also described in chapter I, partial leading edge cavities tend to be highly 

unsteady. Figure 3.8 by itself does not give a good sense of the unsteadiness of the 

flow topology, so figure 3.9 shows a time-averaged image of 500 frames, overlaid by 

contours of variance of pixel-intensity, increasing from blue to white. In other words, 
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Vaporous Cavity

Ventilated Base-Cavity

Figure 3.8: Snapshot of PC flow on the surface-piercing hydrofoil at INSEAN. The 
flow conditions are α = 5◦; Fnh = 2.25; ARh = 1.0; P0 =44 mbar; σv =0.364. 

the contours indicate increasingly unsteady regions, in a visual sense. It should not 
be surprising that it outlines the vaporous partial cavity, the aerated base cavity, 
and the free surface. Note, however, that the contour lines do not reach the LE of 
the hydrofoil. This is because, while the length of the vapor-filled cavity fluctuates 

significantly, it never sheds off of the hydrofoil in its entirety. Particularly near the tip 

of the hydrofoil and near the free surface, the local angle of the cavity closure directs 

the re-entrant jet back toward the middle of the immersed span, so the unsteadiness 

is concentrated around those sections where the mean cavity length is largest. 
The criteria for the four flow regimes may be summarized as, 

D = 0 Fully wetted (FW) flow 

¯D = h AND	 Φ < 45◦ Fully ventilated (FV) flow 

¯0 < D < h OR	 Φ ≥ 45◦ Partially ventilated (PV) flow, 

D = 0 AND	 Water vapor present Partially cavitating (PC) flow, 

where D is the depth of a ventilated cavity, measured along the leading edge from the 

free surface and Φ̄ is the angle of an affine approximation to the cavity-closure line. 
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Figure 3.9: Time-average of 500 video frames (1 second of data), overlaid by contours 
of pixel intensity variance, increasing from blue to white. The variance serves as a 
metric for the unsteady component of the flow, and indicate the regions in which the 
base cavity and fluctuating partial cavity are most unsteady. 

3.2 Flow Regime Stability 

Recall from §1.4 that certain operating conditions are shared by numerous flow 

regimes, with the result that flow at these conditions can be hysteretic and unpre
dictable (figure 1.7 illustrates very effectively). The FW, PC, PV, and FV flow 

regimes are mapped as functions of α and Fnh for an immersed aspect ratio of 
ARh = 0.5 in figure 3.10, for ARh = 1.0 in figure 3.11, and for ARh = 1.5 in 

figure 3.12. Plotted in a parametric space, the collection of points for which a flow is 

stable will be referred to as that regime’s stability region. Points indicate parameter 
values for which a flow was experimentally observed, and shaded/hatched regions in
dicate the inferred interior of each stability region. A flow regime is locally or globally 

stable inside of its stability region, locally stable on the edge of its stability region, 
and unstable outside of its stability region, so we term the edges of respective regions 

the stability boundaries. Three distinct stability regions are immediately evident, 
which overlap in zones 1, 2, and 3. Note that in figure 3.11, the PC region is also 

dependent upon a third variable σv, and so is a projection of a 3-D volume onto the 

2-D plane shown rather than a uniquely-defined region in α–Fnh space. 
The overlapping areas in Zones 1, 2, and 3 correspond to the hysteretic con

ditions of flow referred to by Fridsma (1963) as “unstable” and by Brizzolara and 

Young (2012); Young and Brizzolara (2013) as “transitional”. However, by framing 

the shaded regions as stability regions, we now understand zones 1, 2, and 3 to be 
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Figure 3.10: (See figure 3.11 for legend.) Stability regions for Aluminum hydrofoil 
(Model 0) at ARh = 0.5. Data are from testing in the MHL towing tank. 
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Figure 3.11: Stability regions for Aluminum hydrofoil (Model 0) at ARh = 1.0 Data 
are aggregated from testing in the MHL towing tank and in the INSEAN cavitation 
tunnel. PC flow occupies a 3-D volume described by α, Fnh, and σv (0.37 ≤ σv ≤ 
1.5), and is shown projected onto the α–Fnh plane. Surface flow visualizations at 
α = 5◦; Fnh = 2.5 and α = 14◦; Fnh = 2.5 illustrate the effect of α on suction-side 
flow separation. 
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Figure 3.12: (See figure 3.11 for legend.) Stability regions for Aluminum hydrofoil 
(Model 0) at ARh = 1.5. Data are from testing in the MHL towing tank. 
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multiply-stable regions. More specifically, they indicate bi-stability. Anywhere inside 

of Zones 1, 2, or 3, two alternative flow regimes can exist stably. In general, one will 
be locally stable and the other globally stable. 

Three types of boundaries are present in each figure, and are labeled in figure 3.11 

for clarity. Bold symbols and fitted curves indicate that some destabilization of one 

regime (and the stabilization of another) were experimentally observed (the type of 
destabilization is the topic of chapter IV). These curves are called transition bound
aries, and they separate flow regime stability regions primarily along the Fnh axis. 
The regimes divided by these curves are indicated in the legend. 

The second boundary is the bifurcation boundary, defined as the vertical locus of 
points separating FW flow from the bi-stable regions and labeled in figure 3.10. In 

other words, for parameters to the left of the bifurcation boundary, FW flow alone was 

observed, and FW flow alone is assumed to be stable. To the right of the boundary, 
the stable flow bifurcates into two locally-stable branches (hence the choice of name). 
Note that the bifurcation boundary shifts to lower α as Fnh increases, as shown 

conceptually in figure 1.7. This is not well-reflected in figures 3.10–3.12 because α 

was not finely-enough resolved during testing to precisely reconstruct the boundary 

from the experimental data. As will be shown in § 4.2, the sustain ventilation depends 

upon both flow separation and minimum pressures. For this reason, it is expected 

that the shape of the bifurcation boundary in a 2-D space defined by α and Fnh will 
vary as a function of the geometry of the hydrofoil being tested. 

The final boundary is the stall boundary, made up by the locus of maximum α 

contained in zone 1 for each value of Fnh. It is so-named because during experiments, 
flow along this boundary was strongly separated, and ventilation was inherently tied 

to the process of stall. The stall boundary is meaningful because it forms a roughly-
vertical demarcation between the right-most boundary of bi-stability in zone 1 and 

the exclusively-stable FV regime. It therefore also indicates the right-most boundary 

for which FW flow is stable at moderate and large Fnh. 
The bifurcation, stall, and transition boundaries collectively form the assorted 

stability boundaries of their respective regimes. Recall that the review in chapter I 
revealed that both low pressures and flow separation are required to initiate and 

sustain a naturally-ventilated cavity. The shapes of the stability boundaries are in 

perfect agreement with this conjecture. For a sharp-nosed geometry, separation is 

tied most closely to α (Gault, 1957; Hecker and Ober , 1974). Surface-flow visualiza
tions (see figure 3.11) show that, in the FW flow regime, wetted flow separation was 

confined to a leading-edge separation bubble with a length of less than 0.5c. Visual
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izations also indicate that for all flow conditions at which PV and FV flow occurred 

(i.e. to the right of the bifurcation boundary), ventilation was preceded by some 

wetted separation at the leading edge. Thus, the bifurcation and stall boundaries 

respectively indicate those conditions for which sufficient flow separation exists to 

permit ventilation, and those conditions for which too much flow separation exists to 

permit wetted flow. 
The dynamic pressures on the hydrofoil’s suction surface, on the other hand, are 

primarily dependent upon the flow speed, and we can interpret the approximately-
horizontal stability boundaries as indicators of the minimum Fnh to satisfy the req
uisite suction pressures. Both PV and FV flow regimes satisfy the condition of flow 

separation, so the boundary between PV and FV flow regimes is primarily a function 

of dynamic pressure (and hence Fnh). Conversely, the boundary between FW flow 

and any other regime is primarily a function of flow separation (and hence α). An 

exception is made for very small Fnh, where suction pressures are not sufficient to 

cause ventilation, even beyond the stall angle. 
Compare the collective transition boundaries shown in figures 3.10, 3.11, and 3.12. 

Interestingly, the primarily-horizontal transition boundaries appear nearly insensitive 

to ARh. Fnh is proportional to the ratio of dynamic to hydrostatic pressures, so this 

is reasonable. The consistency of Fnh along each stability region for different values 

of ARh suggests that Fnh dictates when the dynamic pressure drop along the suction 

surface is sufficient to negate hydrostatic pressure. Moreover, this allows a concise 

and intuitive summary to be made of the knowledge we glean from figures 3.10 – 3.12: 
Ventilation can occur under conditions of sufficient separation (governed primarily by 

α) and sufficiently low dynamic pressures (governed primarily by Fnh). A flow to 

the right of the bifurcation boundary satisfies the first condition, while a flow above 

a transition boundary satisfies the second condition for the respective flow regime. 

3.3 Steady Hydrodynamic Loads 

3-D lift, drag, and yawing moment coefficients are defined as, 

CL3D = 
FY ; (3.3a) 1/2ρU2hc

CD3D = 
−FX ; (3.3b)1/2ρU2hc

CM3D = 
MZ (3.3c)1/2ρU2hc2 

. 
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FX , FY , and MZ are taken with respect to the coordinate system shown in figure 2.2. 
In the following paragraphs, we will explore how the hydrodynamic loading changes 

with α, Fnh, ARh, and of course, with flow regime. Alternatively, one may speak 

of how the hydrodynamic response changes with different trajectories through – and 

between – the domains of figures 3.10, 3.11, and 3.12. 

3.3.1	 The Effect of Angle of Attack and Flow Regime on Hydrodynamic 

Loading 

When ventilation occurs, most or all of a lifting-surface’s suction surface becomes 

encapsulated in the resulting cavity. The cavity pressure Pc is, by necessity, higher 
than the local absolute pressure in the prior wetted flow. Suction pressures along 

the portions of the hydrofoil within the cavity are thus strongly attenuated, with the 

result that hydrodynamic forces can vary widely from one flow regime to another. 
Consider a series of horizontal cuts taken through the parametric space defined by 

α and Fnh, such as those shown in figure 3.13 at Froude numbers of Fnh = 1.5, 
Fnh = 2.0, Fnc = 2.5, and Fnh = 3. Steady-state values of CL3D , CD3D , and CM3D 

along these cuts are plotted respectively in figure 3.14, figure 3.15, and figure 3.16 for 
an immersed aspect ratio of ARh = 1. Data from towing tank tests and cavitation
tunnel testing at INSEAN have been aggregated together to populate the figures 1. All 
four flow regimes described in the preceding section are present in the figures, though 

the FW and FV regimes clearly predominate. Note that the bifurcation angle αb and 

stall angle αs correspond to the points where the horizontal cuts cross the bifurcation 

and stall boundaries. The resulting bi-stability is immediately clear, where the FW 

and FV regimes occupy overlapping bands of the α axis. 
Figure 3.14 shows a distinctive grouping of the lift coefficient CL3D into FW and 

FV flow regimes. PV and PC data are also present, but are sparse enough that not 
much information can be inferred from them at this point. The FW and FV data 

are each fitted by an affine approximation for each angle of Fnh. In general, lift 
in the FV regime is significantly lower than that in the FW regime. The slope of 
the FV data is also reduced, so the difference in lift between the two regimes tends 

to increase with increasing α. The lift for all four values of Fnh are approximately 

co-linear in the FW regime, with the exception of FW and PC data at Fnh = 1.5, 
where an augmentation of the lift probably results from leading edge wetted and 

cavitating separation bubbles, respectively. The line fitted to the FV data at each 

1A misalignment of the flow of occurred in the cavitation tunnel, which caused a bias of +2◦ in 
measured data. All data collected in the cavitation tunnel have been shifted up by 2◦ as a correction. 
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Figure 3.14: Steady CL3D as a function of α for the Aluminum hydrofoil at ARh = 1 
and Fnh = 2.0, 2.5, 3.0, and 3.5 (corresponding to the cuts across the stability plane 
shown in figure 3.13). The data are predominated by the FW and FV flow regimes, 
which occupy overlapping ranges of α. 
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Figure 3.15: Steady CD3D as a function of α for the Aluminum hydrofoil at ARh = 1 
and Fnh = 2.0, 2.5, 3.0, and 3.5. The data are predominated by the FW and FV 
flow regimes, which occupy overlapping ranges of α. Refer to figure 3.14 for legend. 
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Figure 3.16: Steady CM3D (measured about mid-chord) as a function of α for the 
Aluminum hydrofoil at ARh = 1 and Fnh = 2.0, 2.5, 3.0, and 3.5. The data are 
predominated by the FW and FV flow regimes, which occupy overlapping ranges of 
α. Refer to figure 3.14 for legend. 
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Froude number appears to have a non-zero intercept, which has been attributed to 

a camber-like curvature in the streamlines bounding the hydrofoil and the cavity. 
This effect will be discussed further in the following section. The FV lift coefficients 

decrease monotonically with increasing Fnh. At Fnh = 1.5, the FV data are not 
much different from the FW and PV data. As the value of Fnh is increased, the slope 

of the FV lift coefficient with changing α is reduced and the data are shifted vertically 

down along the Cl2D axis. The change in slope appears to asymptote quickly, and 

the change in Y-intercept continues to decrease monotonically with increasing Froude 

number. If the non-zero intercept of the FV data are likened to the effect of camber, 
then the effect of increasing Fnh appears to be a decrease in the effective camber. 

The drag coefficient CD3D is shown in figure 3.15 for the same set of conditions. All 
data follow the classic quadratic trend with α. Again, FW and FV results are domi
nant, while data in the PV and PC flow regimes are neither plentiful nor outstanding 

enough to merit discussion. Unlike CL3D , CD3D is relatively insensitive to the flow 

regime. A similar observation was made by Breslin and Skalak (1959), who suggested 

that ventilation caused a simultaneous increase in the form drag of a strut and a 

decrease in the frictional drag. Adding to this assertion, it was observed in Harwood 

et al. (2016c) that the lift-induced component of drag decreases with ventilation as 

well, since the lift itself is so strongly reduced, while spray drag is probably increased 

by the generation of large suction-side spray sheets in the FV regime. The decrease in 

both CL3D and CD3D with increasing Fnh demonstrates that the lift-induced drag is a 

dominant component of the total drag. The counteraction of these drag components 

causes, for the data shown, a minimal net change in total drag with flow regime. It is 

important to note, however, that because the form drag, induced drag, and frictional 
drag are all dependent upon the geometry of the lifting-surface in question, this result 
may not hold for hydrofoils with different section shapes and/or plan forms. Just as 

with the lift, there is a monotonic decrease in CD3D with increasing Fnh in the FV 

regime only. 
The yawing moment coefficient, CM3D , measured about the mid-chord axis and 

defined positive “nose-up” (in the direction of positive α), is shown in figure 3.16. 
The FW data follow an approximately-linear relationship with respect to α. The FV 

data exhibit a significant reduction in CM3D , compared to the wetted data. This is 

partly due to the reduction in CL3D shown in figure 3.14, and is compounded by the 

movement of the center of pressure towards the mid-chord. The result is a sub-linear 
trend in CM3D with respect to changing α. Here, more than in the preceding two 

figures, data at Fnh = 1.5 appears anomalous. Rather than grouping into the FV 
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data, it appears to bridge the FW and PV data at small values of α to the FV data 

at larger α. The FV lift coefficients in figure 3.14 at Fnh = 1.5 are approximately 

collinear with the FW values, so the behavior of CM3D is probably isolated to the 

movement in the pressure center from near the quarter-chord location in FW flow 

toward the mid-chord location in FV flow. There is a decreasing trend in CM3D with 

increasing Fnh in the bi-stable band only, but the different Froude numbers collapse 

together as α is increased. 
Let us now focus on the behavior of CL3D in an expanded parametric space. In 

figure 3.17, CL3D is plotted as a function of α at values of Fnh between 0.5 and 3.5, 
creating a response-surface representation of CL3D in the FW and FV regimes. The 

figure can be thought of as a combination of figure 3.11 and figure 3.14, focusing on 

the two dominant flow regimes. PV data are also present in figure 3.17, however the 

CL3D contours and surface-fit are omitted for the PV regime to avoid over-crowding. 
PC data have here been omitted because their projection onto the 3-D surfaces would 

confuse the figure further. 
In the FW regime, the CL3D contours are parallel to the Fnh axis for Fnh > 1, 

indicating that CL3D is speed-dependent only at very low speeds. For Fnh ≤ 1, 
the Reynolds numbers are low (Rec ≤ 5 × 105), resulting in leading-edge laminar 
separation, which in turn causes a characteristic increase in lift (Breslin and Skalak, 
1959). In the FV regime, lift monotonically decreases with increasing Froude number 
at a fixed angle of attack, made apparent by the curvature of CL3D contours in the FV 

regime, consistent with the observations from figure 3.14. Affine fits through the CL3D 

values in the FW and FV flow regimes with respect to α are shown as dotted lines. As 

a result of the non-zero intercept of the FV affine fits, the fitted lines intersect with 

those of the FW regime. Cross-hatched circular markers indicate the intersection 

between the fully wetted and fully ventilated affine data fits at each respective value 

of Fnh. Thus, they indicate where lift coefficients in the two overlapping flow regimes 

are approximately equal. The dependence of CL3D upon Fnh in the FV regime leads 

to intersection points at increasingly large angles of attack as the Froude number is 

decreased. Orthographic projections of this locus are made onto the α – Fnh and Fnh 

– CL3D planes and are shown as black dashed lines in figure 3.17. These projections 

will be used later in chapter IV. 
Recall that the bifurcation angle is defined for a given Froude number as the 

angle below which FW flow was the sole flow regime observed during experiments. 
In figure 3.17, the bifurcation boundary from figure 3.11 is shown as a solid black 

line, clearly demonstrating what the associated bifurcation of CL3D looks like. The 
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bifurcation boundary takes on a value of αb ≈ 2.5◦ at Fnh ≥ 2, and increases along the 

α-axis with decreasing values of Fnh for Fnh < 2. In the neighborhood of αb, values 

of CL3D in the FW, FV, and (where applicable) the PV regimes are nearly-coincident. 
This observation suggests that the suction surface pressures of the wetted flow near 
αb are only mildly sub-atmospheric, so that ventilation formation does not materially 

affect the magnitude of suction surface pressures. Reinforcing this hypothesis, the 

intersection of the affine curve-fits approximates the bifurcation angle (αb) at each 

value of Fnh. 

3.3.2	 The Effects of Froude Number and Aspect Ratio Upon Hydrody
namic Loading 

This section will continue to explore the ways in which altering the Fnh affects the 

resultant load coefficients on the hydrofoil. Additionally, the effects of the immersed 

aspect ratio ARh will be examined. A comprehensive collection of the lift, drag, and 

moment coefficients for most experimental combinations of Fnh and ARh follows in 

figures 3.18, 3.19, and 3.20. First, consider the locations of the stall boundaries. The 

stall angle is αs = 20◦ for ARh = 0.5, and αs = 15◦ for ARh > 0.5, supporting the 

observation made earlier regarding the stability regions. Within each value of ARh, 
the stall boundary is independent of the Froude number. Second, the observation 

continues to hold that the lift, drag, and moment coefficients decrease monotonically 

with increasing values of Fnh in the FV regime only. At the lowest values of Fnh, 
FV and PV lift and drag coefficients are actually larger than those in the FW regime. 
At these same Froude numbers, CM3D appears once again to smoothly bridge the FW 

and FV data. Increasing Fnh causes the FV data to evolve toward what appears to 

be an asymptotic limit in each case. Finally, the difference in loading between the 

FW and FV regimes (especially CL3D and CM3D ) becomes more pronounced as the 

immersed aspect ratio increases. The change in lift-slope, in particular, appears to 

be very sensitive to ARh. At ARh = 0.5, the slope of the FW and FV lift coefficients 

are similar. For ARh, the slope in the FV regime is substantially lower than that in 

the FW regime. 
Let us first confront the question of why the hydrodynamic load coefficients de

crease with increasing Fnh in the FV regime only. Consider a surface piercing hy
drofoil with an attached cavity. It has been demonstrated at this point that the 

cavity length changes along the submerged span as a function of spanwise variation 

in σc (due to the hydrostatic pressure gradient) and sectional angles of attack αeff . 
Consider now a sectional cut taken through a representative section of the hydrofoil, 
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Figure 3.18: Hydrodynamic load coefficients as functions of α and Fnh for ARh = 0.5. 
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Figure 3.19: Hydrodynamic load coefficients as functions of α and Fnh for ARh = 1. 
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Figure 3.20: Hydrodynamic load coefficients as functions of α and Fnh for ARh = 1.5. 
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Figure 3.21: Illustration of effective camber of cavitating hydrofoil section with chang
ing Froude number. The black dotted line is the effective nose-tail line of the hydrofoil 
section and cavity. The red dashed line is the camber line formed by the bounding 
streamlines. 

depicted in figure 3.21 in 2-D regimes including fully wetted flow, partially cavitating 

flow, and two variations of supercavitation. Recall that the generalized cavitation 

number at a section σc varies with Fnh 
−2, so an increase in Froude number begets a 

longer cavity. In fully wetted flow, the geometric camber of the section is zero, i.e. 
the red dashed line and black dotted line in figure 3.21 are coincident. If some wetted 

flow separation exists (which occurs at low values of Rec), then some positive effective 

camber may result in the boundary streamlines. It is a well-documented phenomenon 

that leading-edge laminar separation bubbles augment a section’s lift by increasing 

the effective camber. 
Now consider the lift on a hydrofoil suction as a leading edge partial cavity de

velops. The same augmentation of the lift applies to vapor cavities as to laminar 
separation, so the limited leading edge cavity will induce some positive camber on 

the hydrofoil, thus augmenting its lift. However, when a body with a finite thickness 

(such as the semi-ogival section in question) ventilates, the suction-side cavity effec
tively hides the curvature of the foil section’s suction side, while exposing the convex 

curvature of the pressure side to the external flow. As a result, the suction-side flow 

increasingly resembles that of a cavitating flat plate as the sectional cavity lengths 
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increase and the suction force developed over its convex curvature is negated. The 

wetted pressure side may simultaneously develop significant suction force as a result 
of its convex curvature, the effect of which is to negate some of the positive lift devel
oped by the positive incidence angle of the hydrofoil. In doing so, the pressure-surface 

can be thought to contribute some negative value toward the effective camber of the 

section. This phenomenon was noted first by Breslin and Skalak (1959), who likened 

it to the suction developed on the spoon-shaped bows of early seaplane hulls. Thus, 
there are two opposing factors in the effective camber of the section: the positive 

effective camber induced by the curvature of streamlines around the cavity, and the 

negative effective camber created by the convex curvature of the suction surface. 
At large values of Fnh, the representative section will become supercavitating. 

The locus of points midway between the bounding streamlines describes the effective 

camber line (the red dashed line in figure 3.21), the curvature of which will begin to 

approach zero. As the cavity’s trailing edge extends further and further downstream, 
it becomes less and less sensitive to changes in the cavity length, and thus less sensitive 

to the value of Fnh as the cavity becomes symmetric. The negation of lift by the 

convex suction surface, however, remains. Thus, the total effective camber of the 

section may actually become negative. At large Froude numbers and small positive 

yaw angles, the direction of lift may even become reversed – a case that was not 
observed in the present experiments, but which was reported by Breslin and Skalak 

(1959); Rothblum et al. (1969). 
The amount of camber directly affects the developed lift. The moment, however, 

also depends upon the line of action of the lift, which occurs through the center of 
pressure. As a cavity grows in length, the location of the resultant lift will move aft 
from a location at approximately 0.25c aft of the LE to a location near mid-chord. As 

a result, we expect the yawing moment about the mid-chord of the hydrofoil to follow 

the same general trend as does the lift, but with some additional nonlinearity caused 

by the motion of the pressure center. The effect of the changing cavity shape upon the 

drag should be much less pronounced, since the projected area of the supercavity isn’t 
much altered by the Froude number. Instead, the decrease in CD3D with increasing 

Fnh is attributed to a decrease in the lift-induced drag, and thus follows from the 

behavior of the hydrodynamic lift. 
Consider two more cuts through the stability plane in figure 3.11, this time taken 

vertically at α = 10◦ and α = 25◦, as shown in figure 3.22. CL3D , CD3D , and CM3D 

along these cuts are plotted in figure 3.23 for ARh = 1.0. FW, FV, and PV data 

are present. Note that, although the α = 10◦ cut passes through the PC results, no 
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Figure 3.22: Horizontal cuts through α – Fnh domain at ARh = 1.0. The cuts are 
made at constant yaw angles of α = 10◦ and α = 25◦. The symbols at the end of the 
cuts correspond to the legend in figure 3.23. 

steady-state data were collected at that angle of attack. Viewing the hydrodynamic 

loads as functions of Fnh reinforces the conjectures made up to this point. All three 

hydrodynamic loads are well-separated between the two values of α. At very low 

values of Fnh, the lift and moment are augmented by either wetted laminar separa
tion (FW) or the development of a LE partial cavity (PV). Additionally, the lift and 

moment in the PV regime exceed those in the FW regime at small Froude numbers, 
though so much fluctuation was present that the measurement standard deviations 

are quite large. As Fnh increases, CL3D , CD3D and CM3D in the FW regime approach 

a constant value; for Fnh 2 1.0, hydrodynamic load coefficients in the FW regime 

are constant. In the FV regime, all hydrodynamic load coefficients monotonically de
crease, but with at a decreasing rate, so they appear to be approaching an asymptotic 

limit. 
One final set of plots will be useful to combine the preceding insights and highlight 

the effects of ARh and Fnh upon the hydrodynamic lift in particular. As described, 
affine fits were performed through all FW and FV lift coefficients (PV and PC data 

were too sparse to yield good-quality fits). The slopes of the affine fits (∂CL3D /∂α) 
are plotted in figure 3.24 as functions of ARh and Fnh in both flow regimes. The 

intercepts of the affine fits of CL3D (CL0 ) are similarly show in figure 3.25. 
First, consider figure 3.24. The slope in the FW regime increases with ARh, which 

follows logically from finite-aspect ratio effects described by Prandtl (1918); Glauert 
(1943); Faltinsen (2005), among others. Conversely, the slope in the FV regime is 

almost entirely independent of ARh. This can be explained by considering the way 
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Figure 3.23: Froude number effect on steady hydrodynamic force coefficients 

in which finite-aspect-ratio effects occur. FV flow brings with it reduced loading, 
compared to the FW regime. Thus, the induced downwash and cross-flow effects that 
underpin the attenuation of lift for wings and hydrofoils of finite aspect ratio are not 
so strong in FV flow as in FW flow, and the 3-D effects themselves are suppressed. It 
follows logically from these observations that the reduction in lift from FW to FV flow 

is more dramatic when the aspect ratio is higher – a fact that was earlier observed 

with reference to figures 3.18-3.20. 
Next, consider the Y-intercept in figure 3.25. The Y-intercept of CL3D is, in linear 

foil theory, indicative of the amount of effective camber. Naturally, we see that for FW 

flow, all of the data fall near zero because the hydrofoil model possesses no geometric 

camber, so CL0 = 0. However, in the FV flow regime, the result is much different. The 

data for the three aspect ratios collapse together sufficiently well to envision a single 

curve passing through all three sets of data. The preceding conjectures hold once 

again. In the FV regime, the effective camber of the hydrofoil’s bounding streamlines 

is positive at low and moderate values of Fnh. As the Froude number is increased, 
the effective camber decreases monotonically. At the three highest values of Fnh, the 

apparent camber becomes negative. 
To summarize, the Froude number alters the length and symmetry of the cavity 
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Figure 3.24: Lift-slope ∂CL3D /∂α as a function of Fnh for ARh = 0.5, 1.0, 1.5. Slopes 
correspond to the affine fits to experimental data. 
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Figure 3.25: Y-intercept of fitted CL3D as a function of Fnh. The data demonstrate 
that for FV data only, an increase in Fnh has an effect of reducing the apparent 
camber presented by the combined foil and camber. 
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to modify the effective camber of the hydrofoil in the FV regime. At large Froude 

numbers (Fnh 2 4), the effective camber of the hydrofoil becomes negative. The 

effective camber scales approximately with Fnh and is only mildly dependent upon 

the value of ARh. The stall angle is larger and the effect of ventilation upon all of the 

hydrodynamic loads is less dramatic for ARh = 0.5 than for ARh = 1 and ARh = 1.5. 
In the FV flow regime, the de-loading of the hydrofoil suppresses 3-D effects, so the 

slope of the lift coefficient becomes insensitive to the aspect ratio. 

3.3.3	 The Effect of General Cavitation Number Upon Hydrodynamic 

Loading 

Figures 3.26, 3.27, and 3.28 show the values of CL3D /(πα), CD3D /(πα2), and 

CM3D /(πα), respectively, plotted against σc/α. Note that the generalized cavita
tion number has been defined at the mid-span section, and the value Pc is specified 

as a function of the flow regime, as follows: 

1 
σc = σv + 2	 FW and PC flows 

Fnh 

1 
σc = 2	 PV and FV flows. 

Fnh 

In figure 3.26, the data for all four flow regimes collapse along a curve reminiscent 
of the two-dimensional theory in chapter I, which demonstrates that the cavitation 

parameter is very effective at scaling the lift of cavity flows, regardless of the compo
sition of the cavity. In the FV regime, there is some additional scatter caused by the 

apparent camber effect described in the preceding section. At the limit of small σc/α, 
the data approach a value of CL3D /(πα) equal to approximately 50% the value of 
that at the limit of large σ/α – a departure from the 2-D theory, which suggests that 
the lift in the supercavitating regime should approach one-quarter the value achieved 

in fully wetted flow. This departure from the 2-D result is consistent with the ob
servation made in the preceding section that the effects of the finite aspect ratio are 

suppressed by the reduction of sectional Cl2D values in the FV flow regime. It is also 

interesting to note that data collected in the PC flow regime collapse along the same 

curve as the ventilated data, and occupy a region roughly coincident with that of PV 

flow, and there is very little overlap with the FV flow regime. These observations 

lead us to conclude that sufficiently-small values of σc/α cause a vaporous cavity to 

become unstable, leading to atmospheric ventilation and FV flow. 
The scaling of CD3D in figure 3.27 is more scattered, but we still see values grouped 
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Figure 3.26: CL3D /(απ) plotted against σc/α for FW, PV, FV, and PC flow regimes 
on model 0 at ARh = 1.0. 

by flow regime. Significantly, we see that there is no obvious difference in the drag 

between the four flow regimes for values of σc/α 2 1. As the cavitation parameter is 

reduced, however, a consistent decrease in the curvature of CD3D is evident. 
Figure 3.28 demonstrates another striking collapse of experimental data for all 

four flow regimes. Comparison of figures 3.26 and 3.28 reveals that the center of 
pressure must be moving toward the mid-chord position as the cavitation parameter 
decreases. 
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Figure 3.27: CL3D /(απ) plotted against σc/α for FW, PV, FV, and PC flow regimes 
on model 0 at ARh = 1.0. 
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Figure 3.28: CL3D /(απ) plotted against σc/α for FW, PV, FV, and PC flow regimes 
on model 0 at ARh = 1.0. 
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3.4 Modeling of the Cavity Flow 

In this section, a simple model will be developed to describe the dominant features 

of wetted and ventilated flows on the surface piercing hydrofoil. The approach is based 

upon the classic lifting-line theory of Prandtl (1918); Glauert (1943). 

3.4.1 Low-Fidelity Model: Linear Lifting Line Formulation 

The Kutta-Joukowski theorem, 

l(Z) = Γ(Z)U(Z)ρ (3.4) 

may be applied in a section-plane of a 3-D wing to yield the sectional lift-per-unit
span, l(Z), as a function of the sectional bound vorticity strength, Γ(Z), and inflow 

velocity component normal to the lift, U(Z). Note that all quantities are here made 

a function of Z, which is the coordinate measured along the span of the hydrofoil. 
According to Helmholtz’s second theorem, the change in bound vorticity from one 

section to the next must be accompanied by the shedding of a trailing vortex filament; 
the aggregate of the spanwise circulation gradient is a trailing vortex sheet, which in 

turn induces downwash in neighboring section-planes, reducing their effective angles 

of attack. This sets up the fundamental problem, wherein the interplay of circulation 

and downwash must be resolved. 

3.4.1.1 Governing Equations 

Glauert (1943) presents the following governing equations relating the induced 

downwash velocity, v(Z), and bound circulation, Γ(Z): 

�S ∂Γ(ζ) 

v(Z) = 4π(ζ 
∂ζ 

− Z)∂ζ, (3.5) 
0 

and 

Γ(Z) = 
c(Z) [a0 (U(Z)α2D(Z) − v(Z)) + Cl0 U(Z)] , (3.6)2 

where S is the span, a0 is the slope of the 2-D lift curve, α2D is the local (sectional) 
geometric angle of attack, U is the local velocity of the inflow (relative to which 

the angle of attack is measured), and Cl0 is the 2-D lift coefficient at α2D = 0◦. 
Downwash is the name given to the induced component of velocity, v. Quantities are 

signed with respect to the coordinate system The two equations may be combined 
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into the fundamental integral equation for the circulation distribution, which must 
be satisfied at all points on the lifting-line: 

S ∂Γ(ζ) 
∂ζ 2Γ(Z) 

4π(ζ − Z)∂ζ + = U(Z) α2D(Z) + 
Cl0 . (3.7) 

a0c a00 

Note that this is a linear form of the governing equation, i.e. it relies upon linear 
foil theory and an assumption of small angles. In this analysis, we re-cast equation 

(3.7) as a root-finding problem and remove the small-angle assumption, giving, 

v(Z) + sin(αeff (Z)) − sin(α2D(Z)) = 0. (3.8)
U(Z) 

Equation 3.8 states that the effective angle of attack of a section (αeff ) is a sum of 
the geometric angle of attack (α2D) and the dimensionless downwash induced at that 
section (v/U). 

3.4.1.2 Numerical Solution Method 

The first step in solving equation 3.8 numerically is to discretize the integral 
equation 3.5. The physical foil is first discretized into N − 1 spanwise panels, with N 

nodes, as shown in Fig. 3.29. Equation 3.7 is satisfied at the panel-centers located at 
ζj . Vortex shedding is assumed to occur from the nodes located at Zi, where, 

1 
ζj = (Zj + Zj+1). j = 1, 2, . . . , N 2

By imposing equation 3.7 at the center of each panel, a second-order numerical al
gorithm can be created. Γj and vj are the bound circulation strengths and induced 

downwash velocities at the panel centers, respectively, for j = 1, 2, . . . , N − 1. ΓN is 

the circulation at the foil tip (node point ZN ), and is co-located with the N th node. 
The spanwise gradient of the circulation may be discretized using a second-order 

central-difference. A second-order backward-difference approximation is used to cal
culate the gradient at ZN to accommodate the change in grid spacing at the tip. The 

discrete form of the integrand of equation 3.5 can be written as: 

dvji = 

⎧ ⎪⎨ ⎪⎩ 

1 Γi−Γi−1 , i = 1, 2, . . . , N − 14π dsΔj,i j = 1, 2, . . . , N (3.9)
1 2(AΓN +BΓN −1+CΓN −2) , i = N4π dsΔj,N 

where the weights A, B, and C depend on the relative grid spacing at the tip, ds =
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Figure 3.29: Discretization of hydrofoil in 1-D domain. 

S/(N − 1) is the panel length on the foil, and 

i = 1, 2, . . . , N + 1
Δj,i = Zi − ζj , 

j = 1, 2, . . . , N 

is the “influence distance” from the collocation point at ζj to the node at Zi. 
Equation 3.5 may be replaced by a choice of closed Newton-Cotes quadrature rules 

and re-expressed as, 

tN
vj = dvji Wi, 

i=1 

j = 1, 2, . . . , N (3.10)
 

where the weights, Wi, are selected based on the desired order of accuracy of the 

integrator. With the values of dvj substituted into equation 3.10, the summation 

expands into 

−1
 
vj = 4πds 

−W2 W2 W3Γ1 + Γ2 − + + . . .Δj,2 Δj,2 Δj,3 

WN−2 WN −1 2CWN+ ΓN−2 − + + . . . j = 1, 2, . . . , NΔj,N−2 Δj,N−1 Δj,N  
WN−1 2BWN 2AWN+ΓN−1 + + ΓN . (3.11)Δj,N−1 Δj,N Δj,N

It is convenient to create modified vectors of quadrature and differencing weights. 
⎧ ⎪⎪⎪⎪⎨ ⎪⎪⎪⎪⎩ 

0 , i = 1
 
∗ Wi = Wi , i = 2, 3, . . . , N − 1 (3.12) 

0 , i = N, N + 1 
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0 , i = 1, 2, . . . , N − 3
 

A ∗ = i 

⎧ ⎪⎪⎪⎪⎪⎪⎪⎪⎨ ⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

2CWN , i = N − 2 
(3.13)

2BWN , i = N − 1 

2AWN , i = N 

This allows summation 3.11 to be re-cast in a more-concise form,
 

1
 
vj = 4πds
 

N

i=1 

t W ∗ W ∗ A∗ 
i i+1 iΓi − + . j = 1, 2, . . . , N (3.14)Δj,i Δj,i+1 Δj,N 

3.4.1.3 Physical Boundary Conditions 

Often, lifting-line analysis is performed on only half of the domain, and a sym
metric distribution of bound vorticity is assumed to exist on the other side of a center 
plane. This necessitates a reflected image of the vorticity distribution under consid
eration. Moreover, if the flow is being conducted in a flow channel (the case for which 

the lifting-line code was originally developed in Harwood and Young (2014)), then 

additional images are required to enforce symmetry not only at the root of the hydro
foil, but at the opposing wall of the tunnel. Thus, the combined foil and image must 
be repeated a sufficient number of times in each direction to effectively symmetrize 

the flow. A sample truncated domain is illustrated in Fig. 3.30. 

Figure 3.30: General arrangement of foil images to maintain symmetry about two 
planes in flow domain, as is required to simulate a flow channel. Figure reproduced 
from Harwood and Young (2014). 
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Figure 3.31: Single foil-and-image system, with a negative image used to enforce a 
zero-lift condition at the free-surface. 

Equation 3.5 can be re-expressed as a piecewise integral to include the images: 

∂Γ nimages ∂Γt
∂ζ ∂ζ v(Z) = 4π(ζ − Z)∂ζ + 4π(ζ − Z)∂ζ. (3.15) 

k=−nimagesImagekF oil 

For the case of a surface-piercing hydrofoil, the image arrangement is actually 

much simpler. There is no symmetry to maintain about walls of a flow channel. 
Instead, a choice must be made about how to model the free surface boundary. If 
the choice is made to model the free-surface as a constant-pressure boundary, then 

that constrains the lift – and hence, bound circulation – at the free surface to be 

zero. This leads naturally to what is often referred to as a “negative image,” which 

enforces not the proper symmetry seen in symmetric flows, but an anti-symmetric 

distribution of vorticity on a virtual “image” foil. As a result, figure 3.30 simplifies 

to the arrangement in figure 3.31, where nimages = 0. Note that the negative image 

method can be derived by assuming Fnh = ∞ and applying the linearized combined 

free-surface boundary conditions. As shown in Fig. 3.30, the circulation distribution 

on the negative image is (as the name implies) a negative of that on the physical 
hydrofoil, but by virtue of the anti-symmetry, dΓ remains the same. The influence 

dZ 

distances on the image are assigned as follows. 

Δ−,k 
j,i = −Zi − ζj (3.16) 

Note also that the coordinate Z corresponds to the distance measured along the 

submerged portion of the hydrofoil, downward from the free surface. In the coordinate 

system of the experiments, this is denoted z ', so one should be careful not to confuse 

the local coordinate system of the lifting-line model with the experimental coordinate 
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system. 
Combining equation 3.14 and equation 3.15 allows the terms containing Γi to be 

collected with identical weights, so that only the influence distances. The aggregate 

influence coefficients for the foil and its image may be written as, ⎡ ⎛ ⎞ ⎛ ⎞ 
1 1 1 1 1⎣W ∗ ⎝ ⎠ + W ∗ ⎝ ⎠= − −Ωj,i 4πds i Δ+,k Δ−,k i+1 Δ+,k Δ−,k
 

j,i j,i j,i+1 j,i+1
 ⎛ ⎞⎤ 
1 1 i = 1, 2, . . . , N 

+A ∗ ⎝ − ⎠⎦ . (3.17)i Δ+,k Δ−,k 
j,N j,N j = 1, 2, . . . , N 

The other boundary condition to address is the value of ΓN . In this work, where 

the foil tip is far from any physical boundaries, a classic boundary condition of 
Cl2D,N = ΓN = 0 is used, which allows the corresponding terms to be dropped from 

all subsequent summations. 

3.4.2 Non-Linear Discrete Form of Lifting Line Equation 

Equation 3.14 and equation 3.15 may be collectively re-cast in the compact form, 

Nt 
vj = ΓiΩj,i. j = 1, 2, . . . , N − 1 (3.18) 

i=1 

Making dimensionless equation 3.4 and solving for Γ(Z) yields, 

(Z)U(Z)C(Z)Γ(Z) = Cl2D . (3.19)2 

Equation 3.19 may be substituted into equation 3.18. Dropping the summation 

form in favor of vector notation, we arrive at the compact discrete form of equation 3.5: 

1 {v} = [Ω] {Γ} = [U ]D [c]D [Ω] {Cl2D } . (3.20)2 

For a hydrofoil discretized with N−1 panels, [Ω] is an (N−1)×(N −1) matrix operator 
containing the differencing and quadrature weights, [c]D and [U ]D are diagonal (N − 

1) × (N − 1) matrices with entries respectively corresponding to the chord and inflow 

velocities of each of the N − 1 sections, and {Cl2D } and {v} are each an (N − 

1) × 1 column vector containing the sectional lift coefficients and induced downwash 

velocities of the sections, respectively. 
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By substituting equation 3.20 into equation 3.8, the following system is derived, 

1 [Ω] [c]D {Cl2D } + sin({α2D}) − sin({α}) = {0} . (3.21)2 

Equation 3.21 is solved by iterating on {α2D} using a numerical root-finding al
gorithm. Once a solution is reached, integration of lift, drag, or any other quantity 

defined at the panel centers and tip node is performed in a piecewise manner by fitting 

cubic splines through the root and the tip ordinates, and integrating the polynomials 

exactly. The remainder of the foil has uniform spacing along the span, making it 
amenable to closed Newton-Cotes quadrature. The lift coefficient vector, {Cl2D } is 

part of the converged solution. The induced drag component of {Cd2D } (which does 

not include viscous or form drag) may be found by applying equation 3.20 to the 

resulting {Cl2D } and using the Kutta-Joukowski law in equation 3.4 with {v} as the 

velocity, followed by the appropriate nondimensionalization. The moment may be 

computed by modeling the moment arm of the lift about the Z-axis and integrating 

the product of the moment arm and {Cl2D } along the span. 
What makes this form of the lifting-line model useful is the ability to “plug in” 

arbitrary models for section lift. In equations 3.20 and 3.21, the vector {Cl2D } must be 

computed as some function of the known section parameters. In the linear lifting-line 

formulation, for example, this functional relationship is simply {Cl2D } = 2π {αeff }. 
However, the function need not be linear with the root-finding approach to solving 

equation 3.21. What follows is a brief description of how this modeling is performed 

for wetted and ventilated flows on the surface-piercing hydrofoil. 

3.4.2.1 Modeling Boundary Layer Transition and Stall 

To account for nonlinear effects in section lift, such as those caused by laminar 
separation or stall, the 2-D panel code XFOIL (Drela, 1989) was used to perform 

section-level computations. XFOIL is capable of handling arbitrary section shapes at 
varying Reynolds numbers. The code solves the 2-D boundary layer equations, cou
pled with a potential flow Boundary Element Method (BEM) code to predict pressure 

distributions, laminar-to-turbulent transition, laminar separation and reattachment, 
and turbulent stall. Direct coupling of XFOIL to the lifting-line model would re
quire that XFOIL be called for every section during each iteration of the root-finding 

algorithm. A much-more expeditious approach was the generation of a response sur
face for Cl2D as a function of α2D and Rec, from which interpolation quickly yielded 

sectional lift coefficients during the iterative solution. Moreover, response surfaces 
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for Cm2D and Cf2D were easily used to estimate the sectional moment and frictional 
drag coefficient, which could be integrated over the length of span of the foil to yield 

3-D values. The latter was, of course, complemented by the sectional induced drag 

coefficients (from lifting-line) to yield the total drag. 

3.4.2.2 Modeling Cavitation and Ventilation 

Following the 2-D cavitating-flow models in § 1.3, Cl2D is made a function of the 

respective sectional α2D and σc. The derivations of the linear solutions in section 1.3 

make no assumptions regarding the composition of gas inside the cavities, so both are 

judged to be applicable to ventilated cavities as long as the correct cavity pressure is 

used in equation 1.2 to compute σc. Recall the definition of σc for a ventilated flow 

beneath a free surface, given in equation 1.19, and reproduced here in the current 
coordinate system: 

2 Z 
σc = .2Fnh h 

Which permits the sectional cavitation number to be calculated for any section. 
{αeff } is the input to the root-finding formulation in equation 3.21. For a given 

distribution of αeff and with σc known at each spanwise section (via equation 1.2), 
the distribution of Lc/c is estimated by applying equation 1.8 to the calculated dis
tributions of α2D and σc. Equation 1.9 is then used to model the unscaled 2-D 

lift-coefficient vector, Cl
∗ 
2D 

. Proceeding in this manner, with the cavity lengths 

and C∗ updated at each step, a converged solution should be found for {αeff }.l2D 

However, it is wise to make one additional alteration to the model. 

3.4.2.3 Modeling the Effects of Small Aspect Ratio 

Lifting-line does not fully capture 3-D effects for very small aspect ratios because 

it neglects effect such as cross-flow. Small immersed aspect ratios are being considered 

in the present work, so a correction factor is used to re-scale the sectional distribution 

as a means of approximating the additional 3-D effects. Helmbold (1942) derived the 

expression for the total lift of rectangular wings of small aspect ratio (AR < 4) as, 
⎤⎡ 

CH = L3D 

⎢⎢⎣ 
a0 ⎥⎥⎦α.
 (3.22)
 

a0 a0+ 1 + 
2 

πAR πAR 
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Equation 3.22 is used to re-scale the computed Cl
∗ 
2D 

for small aspect ratios, inside 

of the iterative solution of equation 3.21. At each iteration, the un-scaled 3-D lift 
coefficient (CL

∗ 
3D 

) is computed by integrating Cl2D along the span, 

1 
h 

C ∗ = (z ')dz ' .	 (3.23)L3D h
Cl2D 

0 

The lift-slope, a0, also varies along the span. To find a single representative value for 
∗use in equation 3.22, a lift-weighted mean value (a0) is estimated from the lifting-line 

results, 

h 

∗ 1 Cl
∗ 
2D 

(z ')2 

a = ') dz ' . (3.24)0 hCL
∗ 

3D 
α2

∗ 
D(z

0 

∗Numerical quadrature is used to evaluate equations 3.23 and 3.24. a0 is substituted 

into equation 3.22 with AR = ARh to yield the scaled 3-D lift coefficient (CL
H ). The 

Helmbold correction factor, H, is computed as the ratio, 

H = 
CL

H 
3D .	 (3.25)

C∗ 
L3D 

Finally, the 2-D lift distribution is re-scaled, 

{Cl2D } = H C ∗ .	 (3.26)l2D 

{Cl2D } is then substituted into equation 3.21. By executing this procedure at each 

iteration, equation 3.21 may be iteratively solved for {αeff }. 

3.4.3	 Cavity Topology and Hydrodynamic Loads Predicted by Lifting 

Line 

The nondimensional distributions of α2D/α, Lc/c, a0/(2π), σc, and Cl2D are shown 

in figure 3.32 for a case of α = 10◦, Fnh = 1.5, and ARh = 1.0. The planform of 
the ventilated cavity observed in experiments at the same flow conditions is shown 

for comparison. The lifting-line method is not proposed as a high-fidelity model, but 
the close agreement between the computed and observed cavity profiles suggests that 
the inclusion of gravitational effects (via σc), free surface (via the negative image), 
multi-phase flow effects (via the 2-D sectional cavity models), and 3-D effects (via 

the Helmbold correction and the lifting-line model itself) adequately captures the 
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dominant features of a 3-D ventilated cavity flow around a surface-piercing hydrofoil. 
Note the characteristic hump in the sectional angle of attack where the sections are 

supercavitating, which occurs because a0 reduces sharply when Lc/c > 1, while Cl2D 

remains smooth and without major inflections. The shape of the a0 distribution re
flects that in figure 1.2, with a local maximum where sections are partially cavitating. 

Free Surface

Experimental cavity shape
Computed cavity shape

l

Figure 3.32: Nonlinear lifting-line model of a surface-piercing hydrofoil at α = 
10◦; Fnh = 1.5; ARh = 1.0. The suction surface of the hydrofoil is shown. The 
effective angle of attack and cavitation number both vary along the span, leading to a 
spanwise non-uniform cavity. The agreement between computed and observed cavity 
shapes suggests that the simplistic model is suitable for capturing qualitative features 
of 3-D ventilated cavity flows. Figure reproduced from Harwood et al. (2016c). 

With the modeled distribution of cavity lengths, equation 3.2 can be used to 

model the re-entrant jet trajectories. Figure 3.33 shows the cavity shape and re
entrant jet velocity vectors predicted by the nonlinear lifting-line model overlaid on 

an experimental photo. 
A comparison of modeled and experimental values of CL3D is shown in figure 3.34. 

In both regimes, the lifting-line model correctly captures the trends of the experi
mental measurements, though there is some over-prediction of the lift in the FV flow 

regime. In figure 3.35, dashed lines indicate the summed frictional and lift-induced 

drag coefficients from the lifting-line model. The skin friction coefficient was simi
larly estimated via the ITTC 1957 correlation line (ITTC , 2002) to be CDf = 0.0047. 
The skin friction was integrated over both surfaces of the foil in the FW regime and 

over the pressure surface only in the FV regime. Recall the hypothesis of Breslin 
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Nominal free surface

Computed cavity shape with re-entrant
jet velocity vectors (not to scale)

Figure 3.33: Cavity length distribution and velocity vectors of the re-entrant jet 
modeled with lifting-line for flow at α = 10◦, Fnh = 1.5, and ARh = 1.0. 

and Skalak (1959) that, for certain geometries, a ventilated cavity yields an increased 

profile drag that roughly offsets the reduction in skin-friction and induced drag. The 

frictional drag represents only a very minor contribution to the total drag in both 

regimes, so the near-continuity of the total experimental drag between the FW and 

FV flow regimes implies that any changes in the remaining components of drag (in
duced drag, profile drag, spray drag, etc. ) approximately counteract one another. 
The significant reduction in the induced drag predicted by the lifting-line model is 

caused by the previously-noted decrease in lift, and suggests that those drag compo
nents not captured by the lifting-line model – namely profile, wave, and spray drag – 

are substantially increased by the formation of a ventilated cavity. 
Figure 3.36 shows CM3D modeled by lifting-line theory and measured experimen

tally. The lifting-line code was used to approximate the yawing moment by integrating 

the product of the sectional lift and the moment arm of the lift. The dimension
less location of the center of pressure for fully wetted sections is estimated to be 

eF W = xcp/c = 1/4, where xcp is the location of the center of pressure forward of 
mid-chord. For supercavitating sections, eSC = 3/16 (Akcabay and Young, 2014). A 

sigmoid function was used to smoothly interpolate between the bounding values as a 

function of sectional cavity length,    
1 Lc/c − 0.5 Lc/c − 0.5 

e (Lc/c) = eF W 1 − tanh + eSC 1 + tanh .2 0.25 0.25
(3.27) 

The resulting estimates of CM3D shown are good in the FW regime, but are slightly 

high in the FV regime. This is probably caused in part by the overprediction of 
CL3D by the lifting-line model and further compounded by an overestimation of the 

distance of the lift-center from mid-chord. 
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Figure 3.34: 3-D lift coefficient as a function of α at Fnh = 2.5 and ARh = 1.0. The 
nonlinear lifting-line model calculations are shown, with thin lines used to indicate 
predictions outside of the experimentally-observed ranges of α. Figure reproduced 
from Harwood et al. (2016c). 
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Figure 3.35: 3-D drag coefficient as a function of α at Fnh = 2.5 and ARh = 1.0. 
The results of the lifting-line model include induced and frictional drag only, sug
gesting that the increased profile drag and spray drag of the cavity roughly negate 
the reduction in frictional and induced drag. Figure reproduced from Harwood et al. 
(2016c). 
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Figure 3.36: 3-D yawing moment coefficient as a function of α at Fnh = 2.5 and 
ARh = 1.0. Yawing moment is defined about mid-chord. The nonlinear lifting-line 
model calculations are shown, with thin lines used to indicate predictions outside 
of the experimentally-observed ranges of α. Figure reproduced from Harwood et al. 
(2016c). 

Applications for such a fast model include early-stage design work, forecasting 

qualitative behaviors in parametric space, and real-time plant modeling for control 
applications (Ward et al., 2016). 

3.5 Summary and Discussion 

3.5.1 Summary of Results 

The major findings from this chapter are summarized below: 

What are the characteristic steady flow regimes of surface-piercing lifting-
surfaces and how are they formally defined? 

Four flow regimes have identified: fully wetted (FW), partially ventilated (PV), 
fully ventilated (FV), and partially cavitating (PC) flows. Each possesses a unique 

visual topology, and definitions have been summarized for each. 

What physical processes dictate the hydrodynamic response and stability 

of steady flow regimes? 

The division between the three flow regimes has been made on the basis of the 

stability of the flow. Flows are categorized as either globally stable, locally stable, or 
unstable. Large-scale flow separation over more than half the chord length destabilizes 

FW flow, while a lack of separated flow permits no ventilation to occur. The stability 
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of flow in the FV regime, in particular, was tied to the development of upstream re
entrant flow at the cavity closure, where a cavity closure angle of Φ̄ < 45◦ indicates 

¯a stable FV cavity, and Φ > 45◦ indicates an unstable cavity that will stabilize by 

taking on a PV flow topology. The experimental parameter space is populated with 

stability regions that overlap one another. Overlapping areas of these regions indicate 

multiply-stable flow conditions, where the flow may take on any one of the locally-
stable regimes. Factors governing the regime of a given flow include hysteretic effects 

with movement through the parametric map (such as during flow acceleration and 

deceleration) or external perturbations to the flow. 

How do hydrodynamic loads differ between flow regimes? How do the 

loads change with speed, immersion depth, and attack angle within each 

regime? 

The hydrodynamic response of the surface piercing hydrofoil in lift, drag, and 

moment depends upon the flow regime, the dimensionless speed Fnh, the yaw angle 

α, the generalized cavitation number σc, and the dimensionless immersion depth 

ARh. Lift and moment coefficients decrease substantially with ventilation, while drag 

remains fairly continuous between wetted and ventilated regimes. At very low speeds, 
laminar separation, partial cavitation, and partial ventilation tend to augment the lift 
by inducing a positive effective camber. The drag and yawing moment are similarly 

affected. With increasing speed, the amount of apparent camber decreases as the 

cavity envelops the suction surface and extends far downstream. 3-D effects cause a 

typical reduction in hydrodynamic loads with ARh in the FW regime, but flow in the 

FV regime attenuates sectional circulation so strongly that 3-D effects are suppressed 

in the FV regime. PC and PV flows occurred at the boundaries between FW and 

FV flow. The slope of CL3D and CM3D and the curvature of CD3D with respect to α 

scales remarkably well with the cavitation parameter σc/α, as long as σc is carefully 

defined using appropriate cavity pressures for each regime. 

What simple models can be derived to simulate the behavior of surface-
piercing hydrofoils in multiphase flows? 

A simple non-linear formulation and extension of classic lifting-line theory has 

been developed as a low-cost physics-based model. Including gravitational effects, 
free-surface effects, cavitation effects, and finite-aspect-ratio effects, the model pro
duces a good qualitative approximation to experimental flow topologies and experimentally-
measured loads. 
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3.5.2 Discussion 

Callenaere et al. (2001) pointed out that viscosity probably slows the re-entrant jet 
down somewhat as it propagates along a solid boundary, especially when the cavities 

is very thin. Thin jets are more severely affected by wall friction than are thicker 
jets; the thinness of the cavities means that the jets often collide with – and become 

re-entrained in – the external flow. Thus, for small angles of attack (α ; 5◦), the 

thin jet is not sufficient to perturb the flow away from its locally stable configuration, 
so the ¯ condition is not expected to reflect the stability of the flow at such Φ = 45◦ 

¯small attack angles. However, when small cavities with closure angles of Φ ≈ 45◦ 

were subjected to external perturbations (air injections, small ripples, spray sheet, 
etc. ), the flow often underwent a transition to PV flow, from which FV flow did not 
resume. At such small attack angles, Φ̄ = 45◦ is retained as the division between flow 

regimes – not because it necessarily signals instability caused by a re-entrant jet, but 
because it is a convenient and repeatable visual distinction which belies a tenuously 

stable flow configuration. Thick cavities, however, lead to thick re-entrant jets, which 

possess enough momentum that reductions in jet momentum by skin friction may be 

neglected. For the purposes of this discussion, it is assumed that the jet is sufficiently 

thick for α ≥ 5◦ to preclude its stagnation by skin friction. Appendix D provides an 

order-of-magnitude analysis to support this assertion. 
Data from the experiments were shared with computational researchers at Leidos 

Corp for preliminary validation of the Numerical Flow Analysis (NFA) code. NFA is 

an Implicit Large-Eddy Simulation (ILES) code that solves the Navier Stokes equa
tions on a cartesian grid. The code simulates the flow of air and water domains using 

second-order Volume of Fluid (VOF) interface tracking, Quadratic Upwinded Inter
polation for Convective Kinematics (QUICK) discretization of convective terms, and 

a multigrid Poisson solver for enforcement of fluid incompressibility. Details of the 

NFA solver may be found in Dommermuth et al. (2006, 2007); O’Shea et al. (2008); 
Brucker et al. (2010); Dommermuth et al. (2013). What distinguishes ILES from 

ordinary Large-Eddy Simulation (LES) is that subgrid-scale modeling is implicit in 

the QUICK scheme, rather than being provided by any explicit subgrid-scale model 
(Leonard, 1997; Rottman et al., 2010). The simulation itself was carried out by Dr. 
Kyle Brucker, formerly of Leidos INC. More details may be found in the publication 

by Harwood et al. (2014). A single FV condition was simulated at α = 25◦; Fnh = 2.5; 
ARh = 1.0; P0 =1 bar; σv =11. The cavity topology was captured extremely well by 

the solver, and all hydrodynamic loads were predicted with less than 4% error. 
However, the NFA simulations required a discretized domain of 377 million ele
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ments and was distributed across 1,440 cores. The high-fidelity results are clearly 

more accurate than the lifting-line results, but the tradeoff is one of convenience. 
Modeling the lift, drag, and cavity-length distribution for both flow regimes across 

the entire range of α was faster than simulating the a single steady condition with 

NFA by six orders of magnitude. While the fidelity of NFA is striking (the lift, drag, 
and moment coefficients predicted by NFA were all within 3.8% of experimental val
ues), one could make a convincing argument that the simpler model constitutes a 

worthwhile exchange of granularity for accessibility. 
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CHAPTER IV 

Dynamic Flows with the Rigid Hydrofoil 

Chapter III established four stable characteristic flow regimes that occurred on the 

rigid surface piercing hydrofoil: Fully Wetted (FW) flow, Partially Ventilated (PV) 
flow, Fully Ventilated (FV) flow, and Partially Cavitating (PC) flow. This chapter 
continues the discussion by exploring the unsteady mechanisms that cause movement 
or transition between the steady-state flow regimes. Referring again to the open 

research questions posed at the outset of the thesis, this chapter will address the 

following queries: 

•	 How do flows transition between different regimes and how do transition mech
anisms relate to the physics governing flow stability? 

•	 What flow transition mechanisms occur on surface-piercing struts in subcavi
tating and cavitating flow? 

•	 Can scaling relations be developed to describe the stability conditions of surface-
piercing struts? 

4.1 Unsteady Flow Regime Transition 

Ventilation transition mechanisms collectively describe the processes by which the 

flow moves between stable flow regimes. Transition between stable flow regimes can 

occur wherever the stability regions of those respective regimes abut or overlap one 

another. In other words, transition signifies the flow leaving one stability region and 

entering another, whether that occurs by crossing a stability boundary or by jumping 

between locally-stable flows. A hierarchy of ventilation transition mechanisms is 

shown in figure 4.1, illustrating how each mechanism links the steady flow regimes 

defined in chapter III. The first distinction between transition mechanisms is made 
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FORMATION ELIMINATION

VENTILATION TRANSITION MECHANISMS

INCEPTION STABILIZATION WASHOUT REWETTING

FW FV FW

PV/PC PV

Figure 4.1: The hierarchy of ventilation transition mechanisms. The first level distin
guishes the overall direction of transition. The second level identifies the individual 
stages of transition between the steady flow regimes established in chapter III. Figure 
reproduced with modifications from Harwood et al. (2016b). 

on the basis of the overall direction of the transition, dividing ventilation transition 

into “formation" and “elimination" mechanisms. Formation mechanisms are classified 

as those which enhance the size or stability of a cavity, and are described in §4.2. 
Elimination mechanisms detract from the size or stability of a cavity, and are discussed 

in §4.3. As might be inferred from chapter III, the transition between the flow regimes 

can result in dramatic changes in hydrodynamic loading, which are described in §4.5. 
To preface the following discussion, it is informative to consider the stability map 

introduced in chapter III. The stability map for ARh = 1.0 is reproduced below with a 

few modifications. The transition boundaries have now been labeled according to the 

convention of figure 4.1, and example transition events are labeled. It can be helpful 
to visualize the stability map as being made up of overlapping planar regions in space, 
while the flow is described by a point moving around in this space. Transition between 

flow regimes occurs when the flow “falls off” the edge of one plane onto another or 
when something occurs to “push” the flow through one plane and onto another. 
Circular points in figure 4.2 indicate transition events occurring during an otherwise-
steady flow. Since there is no “motion” through the parametric space, the implication 

is that transition for these points occurred because some process perturbed the flow 

away from a locally-stable regime and initiated a jump to another, globally-stable one. 
The black arrows describe trajectories through the parameter space, corresponding 

to acceleration and deceleration. Ventilation transition in these cases occurred as the 

flow crossed the transition boundaries. 
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Figure 4.2: Stability map for ARh = 1.0 with overlaid transition events. 
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4.2 Ventilation Formation 

Formation mechanisms promote the growth and stability of a cavity, causing the 

flow to transition from a FW or a PV regime to a partially or FV regime, respectively 

(see figure 4.1). Additionally, the transitions from FW to PC flows or from PC to FV 

flows constitute formation processes, though the dependence of vaporous cavitation 

upon the additional variable σv makes it harder to generalize the progression. Since 

PC is a stable flow regime involving an entirely different multi-phase flow (vaporous 

cavitation as opposed to natural ventilation), let us define the transition processes 

that describe natural ventilation first and then describe the special case of vaporous 

cavitation, rather than trying to fit the PC flow regime into our generalized description 

of flow transition. 
As shown in figure 4.1, formation mechanisms for a naturally-ventilated flow can 

be further decomposed into two sequential stages, as follows: 
Inception is the transition from FW flow to PV flow, which marks the first stage 

in the formation of a ventilated cavity. The first visual evidence of persistent air-
entrainment is sufficient to classify inception. Red triangular symbols along the upper 
boundary of the FW region for α ≥ 14◦ in figure 4.2 indicate spontaneous ventilation 

inception. Ventilation inception may also occur in zones 1 and 2 of figure 4.2, where 

the FW regime overlaps the FV and PV regimes, respectively (described in §4.2.5). 
Stabilization is the transition from PV flow to FV flow, which completes ven

tilation formation. Stabilization is said to occur when the flow satisfies the criteria 

established for FV flow in §3.1. Red circles along the upper boundary of the PV region 

in figure 4.2 denote spontaneous stabilization events. Stabilization also immediately 

follows inception in zone 1 of figure 4.2. Under suitable conditions, stabilization can 

occur in zone 3 as well. 
It has been established in the literature that the formation of a ventilated cavity 

occurs when some path of low-pressure (typically a vortex core) draws air into a region 

of flow with low pressures and some extent of flow separation (Wadlin, 1958; Breslin 

and Skalak, 1959; Swales et al., 1974). The following formation mechanisms share 

one key thing in common: they provide a method for air to enter ventilation-ready 

flow. Mechanisms of generating the requisite vorticity through self-initiated features 

of the flow are collectively termed “spontaneous formation" mechanisms by Harwood 

et al. (2016c), and include stall-induced ventilation (Kiceniuk, 1954; Wetzel, 1957; 
Breslin and Skalak, 1959), tail ventilation caused by the amplification of free-surface 

disturbances (Waid, 1968; Rothblum et al., 1969; Swales et al., 1974), and tip-vortex
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induced ventilation (Ramsen, 1957; Breslin and Skalak, 1959; Swales et al., 1974). 
These mechanisms may be enhanced or altered by the presence of vaporous cavities, 
leading to a number of cavitation-induced ventilation mechanisms (Waid, 1968; Roth
blum et al., 1969; Swales et al., 1974; Rothblum, 1977b). The artificial introduction 

of vorticity into the flow (Wadlin, 1958; Breslin and Skalak, 1959; Rothblum et al., 
1969; Swales et al., 1974) or the impingement upon the hydrofoil by disturbances in 

the incoming flow (Rothblum et al., 1969; Mcgregor et al., 1973; Swales et al., 1974; 
Rothblum, 1977b) – in both cases, sufficient to cause ventilation – are referred to as 

cases of “perturbation-induced formation" mechanisms (Harwood et al., 2016c). 

4.2.1 Stall-Induced Formation 

Stall-induced formation occurs when the angle of attack is set at or above the 

stall angle (α ≥ αs). An example of the stall-induced ventilation formation process 

is depicted in figure 4.3, along with experimental photos of the hydrofoil’s suction 

surface. This case also corresponds to the vertical upward trajectory (acceleration) 
in figure 4.2. The flow begins in the FW regime. A large leading edge vortex creates 

a low-pressure, stagnant region of wetted separation, indicated by black hatching. In 

frame (a), the low pressures on the hydrofoil’s surface create a steep depression of 
the free surface, forcing proximity between the free surface (an air source) and the 

separated flow (ventilation-prone flow). At the same time, small vortical disturbances 

develop near the toe of the free-surface depression. Such vorticity-development was 

noted in the waves generated by an un-yawed surface-piercing hydrofoil by Pogozelski 
et al. (1997). The vortical structures at the free surface can momentarily breach the 

surface seal, admitting air into the separated flow. If enough air is admitted, then it 
becomes stably entrained, constituting inception, shown in frame (b), and correspond
ing to a crossing of the inception boundary in figure 4.2. After inception, the flow 

is classified as PV. As the flow velocity increases, the suction-side dynamic pressure 

negates the hydrostatic pressure to increasing depths and the sectional values of σc 

decrease, causing the cavity to grow in both length and depth. As the cavity grows, 
it modifies the local chordwise pressure-gradients, causing the separated flow to prop
agate ahead of the cavity (Tassin Leger and Ceccio, 1998), creating a moving front of 
ventilation-prone flow. Frame (c) shows the instant when the cavity meets the condi
tions for FV flow given in §3.1 (D = h and Φ̄ < 45◦). This constitutes stabilization, 
indicated in figure 4.2 by the trajectory crossing the stabilization boundary. Following 

stabilization, the flow is classified as FV. Stall-induced formation is a quasi-steady 

process, wherein the flow takes on an evolving state of equilibrium as the speed, and 
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hence the pressure distribution, changes. As a result, cavity formation takes place on 

a time-scale governed by the acceleration of the hydrofoil. 

(a) (b) (c)

Figure 4.3: Spontaneous stall-induced ventilation formation occurring at α = 15◦ ≈ 
αs; ARh = 1. Fnh is given at the instant of each photograph. Blue lines denote 
streamlines, green lines and hatching indicate entrained air, black hatching indicates 
boundary layer separation, and red arrows indicate air ingress paths. Figure repro
duced from Harwood et al. (2016b). 

4.2.2 Tip-Vortex Induced Formation 

Another case of spontaneous ventilation formation occurs when air enters the tip 

vortex at a downstream location and is transported upstream through the aerated 

vortex core. “Tip vortex inception" was observed by Breslin and Skalak (1959) and 

Swales et al. (1974) only at large angles of attack and small immersion depths (de
scribed in § 1.4). In the present experiments, air entered the tip vortex through 

the bubbly wake of the foil’s blunt trailing edge. A process sketch and experimental 
photos are shown in figure 4.4. The corresponding circle at α = 15◦; Fnh = 3.5 in 

figure 4.2 indicates that the flow speed does not change during the transition process. 
The flow begins in the FW regime, with a base-vented cavity attached to the blunt 
trailing edge. Eddies in the wake draw air bubbles into the low-pressure core of the 

tip vortex, where they coalesce into an aerated vortex core, shown in frame (a) of 
figure 4.4. The coalesced bubble migrates up the low-pressure core toward the foil’s 

leading edge, where it encounters a favorable pressure gradient, as shown in frame (b). 
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In frame (c), the air reaches the region of separated flow and expands rapidly upwards 

and towards the foil trailing edge. FV flow is attained in a fraction of second, with 

no appreciable dwell in the PV regime. Tip-vortex-induced formation in the present 
experiments occurred only at ARh = 1.0, at yaw angles very near the stall boundary 

(α ≈ 15◦), and at Fnh ≈ 3.5. As a result of the rapid transition, hydrodynamic loads 

change violently during tip-vortex inception. The hysteretic loading during transition 

processes is discussed in §4.5. 

(a) (b) (c)

Figure 4.4: Tip vortex ventilation formation occurring at angles near stall, α = 15◦ ≈ 
αs; ARh = 1. Fnh is given at the instant of each photograph. Time is increasing from 
left to right at a constant Froude number for the case shown. Figure reproduced from 
Harwood et al. (2016b). 

Figure 4.5 depicts a surface-flow visualization at Fnh = 2.5, α = 14◦, ARh = 1.0, 
corresponding to a location near the upper right corner of the FW stability region 

(in zone 1) in figure 4.2. A large separation bubble is clearly visible, indicated by 

the forward-swept paint streaks and black dashed outline. The separation bubble is 

conducive both to stall-induced formation and to tip-vortex-induced formation. In 

the former case, air ingress occurs through disturbances in the thin layer of liquid 

between the separation bubble and the free surface, indicated by the free surface 

profile and superimposed arrow in (a). In the latter case, air ingress occurs when a 

tip vortex develops of sufficient strength to transport air upstream to the separation 

bubble, shown in (b). Both stall-induced formation and tip-vortex-induced formation 

result when naturally-occurring air paths reach the nearest boundary of the region of 
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flow separation.
 

(a)

(b)

Figure 4.5: Surface flow visualization for α = 14◦, Fnh = 2.5, ARh = 1.0, showing two 
possible mechanisms of ventilation inception (the first stage of ventilation formation). 
Red arrows indicate the respective ingress-paths of air. (a) Depicts the free surface 
profile immediately preceding spontaneous stall-induced inception. (b) Depicts the 
aerated tip vortex immediately preceding tip-vortex-induced inception.Figure repro
duced from Harwood et al. (2016b). 

4.2.3 Tail Ventilation Formation 

Another mode of spontaneous air entrainment is dubbed tail ventilation, which 

tends to occur at higher speeds and moderate angle of attack (Rothblum et al., 1969; 
Swales et al., 1974; Rothblum, 1977b). Tail ventilation, while similar to stall-induced 

ventilation, is a more-nuanced and complex mechanism of air-entrainment. Tail ven
tilation follows the development of Taylor instabilities on the free surface. This type 

of instability was first studied by Taylor (1950), who showed that surface waves on 

an inviscid fluid without surface tension became unstable and grew in time when 

the interface was accelerated downward in the direction of the dense fluid. It was 

shown both experimentally and analytically by Emmons et al. (1960) that the in
clusion of viscosity decreased the rate of growth of surface waves, while the effect 
of surface tension was to limit the range of potentially-unstable wave numbers. A 

third-order potential-flow solution to the Laplace boundary value problem for a Two-
Dimensional (2-D) domain, with surface-tension included in the dynamic free surface 

boundary condition and a linear sinusoidal initial wave elevation was derived. The 
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results showed a feedback mechanism from higher modes to the primary mode, which 

created instability when the wave number of the initial surface disturbances was be
low a critical value. The growth of unstable surface waves subjected to a downward 

acceleration develops into characteristic “spikes” (Emmons et al., 1960) or jets, which 

develop additional Helmholtz-type instabilities along their surfaces. 
In tail ventilation, the low pressure on the suction surface of the hydrofoil induces a 

downward acceleration of the free surface, forming the characteristic depression of the 

free-surface in FW flows. This effect can be particularly pronounced in the case of PC 

flow. Under sufficient downward acceleration, small perturbations on the free surface 

(ripples, capillary waves, or minute vortical structures) grow unstably, collapsing 

again as the low-pressure region passes and the downward acceleration ceases. The 

rapid growth, and subsequent collapse of these disturbances leave residual free-surface 

vortices, through which air enters the ventilation-prone flow. Tail ventilation in the 

present experiments was observed only when vaporous cavitation was present, so 

further discussion will be deferred until the following section. 

4.2.4 Cavitation-Induced Formation 

Cavitation may be regarded as a particular case of separation, since the cavity 

is bounded by wetted streamlines that have detached from the body. At very high 

speeds or low ambient pressures, the presence of vaporous cavitation may change 

the ventilation mechanisms significantly (Waid, 1968; Rothblum et al., 1969; Swales 

et al., 1974; Rothblum, 1977b). It was observed in figures 3.8 and 3.9 that the re
gion of vaporous cavitation vanishes near the free tip and near the free surface. The 

resulting thin layer of subcavitating, attached flow between the vaporous cavity and 

the free surface is visual evidence of the free surface “seal" (Wadlin, 1958; Breslin 

and Skalak, 1959; Rothblum et al., 1969; Swales et al., 1974). Cavitation favors the 

ventilation process by providing an already-stable, separated region filled with vapor 
at low pressure (Pv ≈ 2 − 3 kPa, which is much lower than Patm ≈ 101 kPa) (Wadlin, 
1958). Cavitation can thus promote any of the inception mechanisms already de
scribed. Once the surface seal is breached by any of the preceding mechanisms, air 
will be entrained rapidly into the already-existent vaporous cavity because of the 

large difference in pressure between the atmosphere and the vaporous cavity. The 

increase in cavity pressure from vapor pressure to atmospheric pressure will cause a 

dramatic reduction in the cavitation number (i.e. σc → 2z ' /(Fnh 
2h) as Pc → Patm), 

which results in an explosive growth in the size of the cavity. 
In the surface piercing hydrofoil experiments, cavitation in the PC flow regime 
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specifically favored the tail ventilation mechanism. A series of high-speed camera 

frames depicting ventilation transition from PC flow to FV flow is shown in figure 4.6. 
The frames are labeled (a) through (g), with the associate times relative to frame (a). 
To the right of each frame is a magnified view of the Taylor instability as it progresses 

along through the flow field. The conditions for the run were α = 5◦, Fnh = 2.25, 
ARh = 1.0, and σv = 0.364, indicated in figure 4.2 by the circle located where the PC, 
FW, and FV flow regimes overlap. In order to achieve the low vaporous cavitation 

number, the tunnel pressure at INSEAN was pulled down to P0 = 44 mbar In frame 

(a), the thin free surface seal experiences a dramatic downward acceleration, induced 

by the low cavity pressures immediately below it. A ripple on the free surface is 

visible near the Leading Edge (LE) of the hydrofoil. In frame (b), that same ripple 

has convected downstream and grown in amplitude, indicating an incipient Taylor 
instability (Taylor , 1950). In frames (c), (d), and (e), the instability can be seen to 

make contact with the vaporous cavity, which begins to expand as air is admitted 

and the cavity pressure rises. In frames (f) and (g), the ventilated cavity develops 

rapidly, completing the transition from PC flow to FV flow in a total of approximately 

0.08 seconds. The dimensional lift, drag, and moment before, during, and after the 

frame sequence is plotted in the lower right. It must be noted too, that the tip vortex 

ventilation mechanism is much more likely to occur if cavitation is present, since a 

vaporous cavitating vortex core will be more buoyant, and thus will connect with the 

free surface earlier than a subcavitating vortex. 

160
 



f)
 T

0
+

0
.0

8
0
s 

g
) 

T
0
+

0
.1

2
0
s 

b
) 

T
0
+

0
.0

2
4
s 

a)
 T

0

c)
 T

0
+

0
.0

2
8
s 

d
) 

T
0
+

0
.0

4
0
s 

e)
 T

0
+

0
.0

6
0
s 

F
lo
w

Figure 4.6: Tail ventilation on a partially cavitating flow at α = 7◦, Fnh = 2.25, 
ARh = 1.0, and σv = 0.364. The impingement of a Taylor-type instability, developed 
on the free surface, upon the cavity interface permits the rapid ingress of air as the 
cavity transitions from partial cavitation (vaporous) to full ventilation. 
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4.2.5 Perturbation-Induced Formation 

When a source of sufficient vorticity does not inherently exist in the flow, then the 

FW flow regime can persist long after flow conditions on the submerged portions of 
a body are conducive to full ventilation. The delay is attributed to the thin layer of 
attached, high-momentum flow at the free surface (Wadlin, 1958; Breslin and Skalak, 
1959; Rothblum et al., 1969; Swales et al., 1974; Rothblum, 1977a; Harwood et al., 
2016c), known as a “free surface seal". Ventilation caused by artificial disturbances 

is known as “perturbation-induced” ventilation formation. As noted in Breslin and 

Skalak (1959); Swales et al. (1974); Harwood et al. (2016c), air may be entrained by 

any local momentary flow separation mechanisms, or by natural and/or artificial free 

surface disturbances (e.g. waves, jet sprays, wake of an upstream body, thin wire 

intrusion, air injection at the foil leading edge, etc.). For lower speeds, these types 

of momentary surface seal breach mechanisms may be closed by additional distur
bances, causing the cavity to be washed downstream. However, as speed or angle of 
attack increases and suction-side pressure becomes sub-atmospheric, the presence of 
transient air bubbles can perturb the chordwise pressure gradient and/or boundary 

layer sufficiently to initiate local flow separation and air entrainment. In turn, the 

entrained air forces the area of surrounding flow separation to grow (Tassin Leger and 

Ceccio, 1998; Amromin, 2007), and through a cascade-like process, results in massive 

flow separation and a FV cavity. Thus, initially attached flow can be destabilized and 

it may assume a new, stable, FV configuration. This disturbance, enacted in previ
ous studies with a thin tripwire and in the present study with a high-pressure air-jet, 
constitutes a perturbation to the present stable flow by inducing flow separation, 
perturbing local pressure gradients, or otherwise violating the stability conditions of 
that flow regime in a very localized manner. When the parameters of a flow are inside 

one of the overlapping zones in figure 4.2, a suitable perturbation will destabilize the 

locally-stable flow state and initiate a jump to a lower-energy state (FW to FV via 

inception and stabilization in zone 1, FW to PV via inception in zone 2, PV to FV 

via stabilization in zone 3), or PC to FV via inception and stabilization inside of the 

PC stability region. 
Figure 4.7 shows a sketch of a perturbation-induced ventilation formation process, 

indicated in figure 4.2 by a circular marker in Zone 1. In frame (a), the flow is FW. 
Compared to the case of stall-induced formation, the leading edge separation bubble 

is small and the large Froude number means that the free surface is not so steeply 

deformed, so the free surface never approaches the boundary of flow separation. As a 

result, a thin layer of attached flow exists just below the free surface (indicated by a 
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dashed line), sealing the ventilation-prone flow from the ingress of air. In frame (b), a 

high-pressure jet of air is injected at the junction of the leading edge and free surface, 
introducing vorticity and bubbles into the flow at the free surface to break the surface 

seal. In frame (c), a small cavity is entrained and grows rapidly from the point of 
inception toward the immersed trailing edge until it reaches the lower-energy, FV 

state. Entrainment and stabilization are nearly concurrent in this case, with little 

to no dwell in the PV regime. Fully ventilated flow can develop in approximately 

1/10th of a second following perturbation. For the case shown in figure 4.7 the lift 
force decreased by 38% between frames (a) and (c) (more details in §4.5). 

(a) (b) (c)

Figure 4.7: Perturbed ventilation formation occurring at sub-stall α = 10◦ < 
αs; ARh = 1; Fnh = 2.75 (inside zone 1 of figure 4.2). Blue lines denote streamlines, 
green lines and hatching indicate entrained air, black hatching indicates boundary 
layer separation, the blue dashed line indicates the free surface seal, and red arrows 
indicate air ingress paths. Figure reproduced from Harwood et al. (2016b). 

Figure 4.8 shows the surface-flow pattern at α = 10◦, Fnh = 2.5, ARh = 1.0. The 

small yaw angle creates a short leading edge separation bubble, where flow reversal 
has swept several of the forward-most columns of paint dots toward the leading edge. 
The free surface in the FW regime is superimposed as line (a). When air-injection is 

initiated, the depression of the free surface permits air to enter the small bubble and 

expand, shown by line (b). Again, experimental observations support the hypothesis 

that inception occurs when an air supply is made available to ventilation-prone flow. 
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(a)

(b)

Figure 4.8: Surface flow visualization for α = 10◦, Fnh = 2.5, ARh = 1.0. The 
dashed line depicts the leading edge separation bubble caused by thin-airfoil stall. 
(a) indicates the free surface profile prior to ventilation inception and (b) indicates 
the air-filled depression created by the air-jet perturbation. Figure reproduced from 
Harwood et al. (2016b). 

4.3 Ventilation Elimination 

Elimination encompasses processes that detract from the size or stability of a 

ventilated cavity. They describe the movement from a fully or PV regime toward 

a PV or FW regime, respectively (see figure 4.1). As with formation mechanisms, 
elimination mechanisms can be broken down into two stages, given as follow: 

Washout marks the transition from FV flow to PV flow. Washout is said to occur 
when the criteria for FV flow given in §3.1 are no longer satisfied. This typically 

corresponds to a large-scale shedding of the cavity, after which the cavity topology 

fluctuates visibly. Squares along the lower edge of the FV region in figure 4.2 denote 

the washout event. 
Re-wetting marks the desinence of air-entrainment. It was observed that air 

was frequently ejected from the flow by laminar/turbulent reattachment of the flow 

at low speeds and angles of attack. It is said to occur when there ceases to be any 

visual evidence of air entrainment on the suction or pressure surfaces; there may still 
be bubbly flow entrained in the separated wake of the blunt trailing edge. Typically, 
the connection between the cavity and the free surface is terminated as the shallowly-
immersed sections experience flow-reattachment. Isolated pockets of air cling to the 

leading edge of the hydrofoil until widespread reattachment of the flow sweeps the 
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bubbles away. “X” symbols at the lower edge of the PV region in figure 4.2 indi
cate observed re-wetting events. Ventilation elimination was investigated by starting 

from a FV state and decelerating the hydrofoil, describing a downward trajectory in 

figure 4.2, during which washout and re-wetting were recorded to form the stability 

boundaries. 

4.3.1 Re-Entrant Jet Elimination 

Cavity elimination by a re-entrant jet tends to occur at low speeds and moderate
to-large values of α, where a thick – but relatively short – cavity develops. When the 

cavity length on a lifting surface decreases (such as in decelerating flow) to the point 
where cavity closure occurs on the body, a re-entrant jet develops. When α ≥ 5◦, 
the jet possesses enough momentum to impinge on the upstream cavity boundary 

(Franc and Michel, 2004; Harwood et al., 2016c; Callenaere et al., 2001; Duttweiler 

and Brennen, 1998). 
A sketch of ventilation elimination caused by the re-entrant jet is shown in fig

ure 4.9, corresponding to the downward (decelerating) trajectory in figure 4.2 drawn 

at α = 15◦. The flow begins in a FV condition. In frame (a), a re-entrant jet de
velops on the deeply-immersed hydrofoil section (shown by blue arrows). The cavity 

closure angle is shallow (Φ̄ < 45◦), so the jet flow does not impinge on the upstream 

flow. As the hydrofoil decelerates, the cavity remains attached to the immersed tip, 
but reduces in its length, causing the angle of the cavity closure line to increase. In 

frame (b), the mean cavity closure angle just exceeds 45◦, imparting an upstream 

velocity component to the re-entrant jet, per equation 3.2. The jet pinches off a large 

portion of the cavity, causing it to be shed downstream (washout), leaving the flow 

in a PV state, from which FV flow does not resume. As the flow velocities decrease 

further in frame (c), the partial cavity is confined to a shrinking region near the foil’s 

leading edge and the free surface. Eventually, the remaining air is ejected by lami
nar/turbulent reattachment of the flow, constituting re-wetting and the return to the 

FW regime. It is very interesting to observe that the washout boundary of figure 4.2 

for ARh = 1.0 and those for the other aspect ratios shown in chapter III approach 

values of approximately Fnh = 1.0 at values of α sufficiently large to favor re-entrant 
jet washout. This highlights the interpretation of Fnh as a ratio of spanwise to chord-
wise pressure gradients; when the two are approximately equal, the cavity’s slope is 

approximately unity, and the flow is at a stability boundary. 
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(a) (b) (c)

Figure 4.9: Ventilation elimination by re-entrant jet at α = 15◦ and ARh = 1.0. Flow 
speed is decreasing from left to right. Fnh is given at the instant of each photograph. 
Blue lines denote streamlines, green lines and hatching indicate entrained air, black 
hatching indicates boundary layer separation, and red arrows indicate air egress paths. 
Figure reproduced from Harwood et al. (2016b). 

4.3.2 Turbulent Reattachment 

At very small angles of attack (α ; 5◦), the unsteadiness induced by the re-entrant 
jet is confined to the trailing edge of the cavity (Franc and Michel, 2004; Harwood 

et al., 2016c). Instead of becoming unstable, the ventilated cavity shrinks to occupy 

only the locally-separated bubble on the suction surface of the hydrofoil (Wadlin, 
1958; Harwood et al., 2016c). In some cases, the supply of air from the free surface 

becomes cut off as the free-surface seal is re-established, leaving an orphaned leading-
edge bubble that shrinks gradually as gas is ejected into the external flow without 
being replenished (Wadlin, 1958). A photographic sequence of turbulent reattachment 
is shown in figure 4.10. This mechanism is more gradual than re-entrant jet washout 
because no significant destabilizing event occurs. For the same reason, the mechanism 

is also less repeatable. As a result, there is significant scatter in the the washout and 

rewetting boundaries in figure 4.2 for small angles of attack. 
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(a) (b) (c)

Figure 4.10: Ventilation elimination by turbulent reattachment at α = 5◦. Flow 
speed is decreasing from left to right. Fnh is given at the instant of each photograph. 
Blue lines denote streamlines, green lines and hatching indicate entrained air, black 
hatching indicates boundary layer separation, and red arrows indicate air egress paths. 

4.4 Taxonomy of Transition Mechanisms 

To summarize the mechanisms described in the preceding sections, a taxonomy of 
ventilation formation and elimination mechanisms is shown in figure 4.11, depicting 

– in approximate terms – the evolution of the flow as it transitions between FW, PV, 
PC, and FV regimes in different regions of a parametric test space defined by α and 

Fnh. 
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A schematic depiction of a surface-piercing hydrofoil, just prior to ventilation, is 

shown in figure 4.12 from Young et al. (2016). The figure conveys the various air 
paths that can lead to inception (initial air ingress) on a ventilated cavity. Zones 

of flow separation (if the flow is subcavitating) are indicated by hatching. In the 

case of vaporous cavitation, the shape of the vapor cavity is shown in blue shading. 
While ventilated supercavities were not observed in the present experiments, the same 

mechanism of Taylor instabilities applies for partial cavities. The various individual 
paths-of-ingress for air, corresponding to the mechanisms described above, and those 

arrayed in figure 4.11, are indicated by red arrows. 

Cavity
shedding

Cavitating / sub-cavitating tip vortex
(Tip-vortex-induced formation)

Wave-breaking
(Stall-induced formation)

Taylor-type instabilities
(Tail-ventilation)

Vaporous super-cavity

Incoming disturbances
(Perturbation-induced / 
Nose-ventilation)

LE separation

TE separation

Surface seal

Initial free surface

Figure 4.12: Sketch of a surface-piercing hydrofoil prior to the inception of a venti
lated cavity. The suction side may be covered in a vaporous cavity, or may experience 
wetted separation at the leading or trailing edges. Initial air ingress (inception) occurs 
through any of the paths indicated by red arrows, including upstream disturbances, 
artificially-introduced perturbations, wave-breaking, Taylor-type instabilities, the tip 
vortex, or secondary interactions between the free-surface and vaporous cavity shed
ding. Figure reproduced from Young et al. (2016), and composited from sketches 
from Rothblum et al. (1969, 1974); Rothblum (1977b); Waid (1968); Harwood et al. 
(2016c) 

4.5 Hysteresis of Ventilation Transition 

The discussion thus far has concentrated on the topology of the flow as it moves 

through parametric space and transitions between flow regimes. However, as was 

hinted at in chapter III, the bi-stability of overlapping flow regimes, coupled with 

transition between flow regimes during changes in flow conditions, induces significant 
hysteresis in the hydrodynamic loads. The amount of hysteresis present depends upon 

the type of transition mechanism and the regimes through which the flow passes. 
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Time-histories of instantaneous lift, drag, and moment coefficients (CL3D , CD3D , 
and CM3D ) are plotted against the instantaneous Froude number in figure 4.13 for stall-
induced ventilation formation and tip-vortex-induced ventilation. The time traces 

correspond to the flows pictured in figures 4.3 and 4.4. It should be noted that at 
small Fnh, the denominators of equations 3.3 vanish, and fluid inertial forces are large 

relative to the quasi-steady (velocity-dependent) load. As a result, CL3D , CD3D , and 

CD3D may not be representative of steady-state results for Fnh ; 1. For Fnh 2 1.0, 
however, the inertial terms are much smaller than the steady-state terms. Appendix E 

contains a scaling argument to support this assertion. 
The grey and black traces describe two separate runs, each comprised of an 

acceleration-and-deceleration cycle. Dashed arrows indicate the direction of the traces 

with increasing time. Symbols indicate steady-state force and moment coefficients. 
Note that the steady-state data shown are projections of the same points shown in 

figures 3.14–3.17 in chapter III, plotted for a fixed α at different values of Fnh. Let
tered markers indicate the corresponding frames in figures 4.3 and 4.4. The trace 

corresponding to stall-induced formation (solid black line in figure 4.13) follows the 

PV and FV markers during acceleration and deceleration, with the forces passing 

gradually through the inception and stabilization events at increasing values of Fnh. 
In the case of tip-vortex-induced formation (dashed grey line in figure 4.13), the loads 

pass through the FW points during the acceleration phase. At Fnh = 3.5, inception 

and stabilization occur rapidly at a constant speed, indicated by a precipitous drop 

in CL3D and CM3D . During deceleration, the measured forces and moment follow 

the FV and PV points, overlapping with the deceleration section of the stall-induced 

formation case. 
For the case of vortex-induced ventilation, the result is a very large hysteresis 

loop, indicated by blue shading. In the case of stall-induced ventilation formation, 
the hysteresis is nearly nonexistent. These observations can once again be traced 

back to figure 4.2. Stall-induced ventilation formation involves crossing the stability 

boundaries of respective flow regimes, and the hysteresis between the boundaries 

is relatively small. Tip-vortex-induced ventilation, on the other hand, involves a 

perturbation to the FW flow that “pushes” the flow through the FW stability region 

onto the FV stability region, from which it does not return until the the flow is 

decelerated below the washout and rewetting boundaries – a much larger hysteretic 

range. The hysteresis is most pronounced in the lift and moment coefficients, which is 

unsurprising, since it was shown in chapter III that the drag is relatively insensitive to 

the flow regime. Time-histories of the lift, drag, and moment coefficients of the process 

170
 



of perturbation-induced ventilation formation pictured in figure 4.7 are plotted against 
the instantaneous Froude number in figure 4.14. The resulting hysteresis loop is 

similar to that created by tip-vortex-induced formation in the sense that large changes 

in hydrodynamic loading occur on a short time-scale, and at otherwise-steady flow 

conditions. 
For all of the cases shown, ventilation elimination occurred via re-entrant jet 

during the deceleration of the flow. During deceleration, there is also an increase in 

lift, most readily visible in figure 4.14. This augmented lift is a wake-memory effect, 
created by vorticity being shed into the wake of the hydrofoil during deceleration 

– a phenomenon easily modeled by indicial response functions such as the Wagner 
function (Wagner , 1925). As a result of the wake-memory and the increasing influence 

of inertial effects, it is hard to say how hysteretic the flow is at low Froude numbers, 
but the two figures here provide ample evidence that varying degrees of hysteresis 

can result from ventilation transition. 

171
 



F
n h

0.5

1

1.5

2

2.5

3

3.5

CL

0.2 0.4 0.6 0.8

0.5

1

1.5

2

2.5

3

3.5

CD

0 0.2 0.4

0.5

1

1.5

2

2.5

3

3.5

CM

(a)(b)(c) (a)(b)(c)

0.05 0.1 0.15

FW (Steady-State) PV (Steady-State) FV (Steady-State)

Stall-Induced Tip-Vortex Induced

Tip-Vortex 
Formation
Still-Frames

(a)(b)(c)

(c)
(b)

(a)

(a)
(b)

(c)

(a)
(b)

(c)

Stall-Induced
Formation
Still-Frames

Figure 4.13: Hysteresis loops formed by lift, drag, and moment coefficients for stall-
induced (as depicted in figure 4.3) and tip-vortex-induced (as depicted in figure 4.4) 
ventilation formation at α = 15◦; ARh = 1. Ventilation elimination occurred as a 
result of re-entrant flow, as shown in figure 4.9. Dashed arrows indicate the acceler
ation and deceleration stages of the runs. Steady-state force/moment coefficients for 
all runs at α = 15◦ are plotted as open symbols, with measurement uncertainty and 
standard deviations indicated, respectively, by grey and black horizontal bars. Figure 
reproduced with modifications from Harwood et al. (2016b). 
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Figure 4.14: Hysteresis loops of lift, drag, and moment coefficients for perturbation-
induced ventilation formation at α = 10◦; ARh = 1. Ventilation elimination occurred 
as a result of re-entrant flow, as shown in figure 4.9. Lettered markers correspond 
to frames in the figure 4.7. Dashed arrows indicate the acceleration and deceleration 
stages. Steady-state force/moment coefficients for all runs at α = 10◦ are plotted 
as open symbols, with measurement uncertainty and standard deviations indicated, 
respectively, by grey and black horizontal bars. Figure reproduced with modifications 
from Harwood et al. (2016b). 
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4.6 Scaling of Washout Boundary 

The experimentally-observed washout boundaries from the present experiment 
are plotted as open symbols in figure 4.15 as functions of instantaneous lift coefficient 
CL3D and Fnh for the three immersed aspect ratios (ARh = 0.5, 1, 1.5). The plotted 

data denote the combination of Fnh and CL3D at the moment that washout was 

visually observed, e.g. in frame (b) of figure 4.9. Data from Breslin and Skalak 

(1959) for hydrofoils with circular-arc and cambered NACA sections at four immersed 

aspect ratios (ARh = 0.5, 1, 1.5, 2) are plotted as filled symbols as well. The points 

indicate the boundary at which Breslin and Skalak (1959) observed the elimination of 
ventilated cavities; the specific stage of elimination was not specified in the original 
report, but is judged from context to be the cessation of FV flow, which has been 

defined as washout in the present work. Equation 1.22, shown as the black dashed 

line, represents the lower bound on stable FV flow proposed by Breslin and Skalak 

(1959). 
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Figure 4.15: Scaled washout boundary in CL3D , Fnh space. Data from present ex
periments at three immersed aspect ratios and the experimentally observed bound
ary from Breslin and Skalak (1959) for cambered and circular-arc hydrofoils at four 
immersed aspect ratios are plotted in filled symbols are shown. Equation 1.22 over-
predicts the washout Froude numbers from the present experiments. The projected 
loci of lift-intersection points closely match the washout boundaries, suggesting that 
the lift coefficient is similar between the three flow regimes at washout. Figure repro
duced from Harwood et al. (2016b). 

Note that the boundary given by equation 1.22 is valid only for Fnh ≥ 3 (Breslin, 
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1958), above the horizontal line in figure 4.15. This restricts usage of the boundary 

to relatively low values of CL3D . Recall also that Breslin and Skalak (1959) defined 

equation 1.22 such that CLw is the instantaneous lift coefficient, measured when the 

hydrofoil is in a FW flow at the conditions under which ventilation elimination oc
curred. This makes equation 1.22 difficult to apply directly, because the lift coefficient 
may be unknown for FW flows at the combination of α and Fnh observed at the mo
ment of washout. Recall that in figure 3.17, the approximated intersection points 

between affine fits through the FV and FW lift coefficients formed a locus of inter
section points. In order to justify the application of equation 1.22 to lift coefficients 

measured in the FV regime, the orthographic projections of these loci are plotted as 

bold lines in figure 4.15, where the lines closely follow the experimentally-observed 

washout boundaries. This means that, at the conditions of washout, the lift coef
ficients in the FV, PV, and FW regimes are approximately equal, so the measured 

CL3D at washout is a suitable approximation of CLw . As shown in figure 4.15, equa
tion 1.22 over-predicts the washout-Fnh for a given CL3D . In fact, it passes through 

only a few of the experimental points from Breslin and Skalak (1959), while washout 
was never observed at Fnh > 3 in the present experiments. 

There are several reasons why the experimentally-observed washout boundaries 

would differ between the present study and that of Breslin and Skalak (1959). The 

first is the difference in section profiles. The present model has a rectangular section 

aft of mid-chord, while both of the models used by Breslin and Skalak (1959) had 

sharp trailing edges and convex curvature on the suction surfaces aft of mid-chord. As 

a result, washout may have occurred at higher Froude numbers for the latter model 
because the re-entrant jet was enhanced by an adverse pressure gradient developed 

on the wetted portion of the suction surface. Another factor is the difference in size 

between the two models. The present model is approximately 4-5 times as large as 

those used by Breslin and Skalak; the smaller model would be more susceptible to 

surface-tension effects (Wetzel, 1957), where spray sheets close and cut off the supply 

of air to the cavity in a process called cavity “choking" (Elata, 1967). Equation 1.22 

also over-predicts the washout boundary of Breslin and Skalak (1959) for 3 < Fnh < 

6. This occurs because equation 1.22 was derived from a linearized fit at very large 

Fnh and vanishingly small CL3D . Equation 1.22 does form an upper bound on all 
other presented experimental data, so it is appropriate to consider it a boundary 

above which FV flow is likely to be stable, but not a boundary below which full 
ventilation is necessarily unstable. 

To develop an improved washout scaling relation, the kinematic stability boundary 
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on the cavity shape (Φ̄ = 45◦) can be used, along with models for the cavity length 

(Lc), lift coefficient (CL3D ), Froude number (Fnh), aspect ratio (ARh), and angle of 
attack (α). Figure 4.16 schematically depicts a FV cavity. A sectional cut is taken 

Figure 4.16: Sketch of cavity topology used to set up scaling of washout. The cavity 
stability criterion of §3.1 is expressed using a two-point linearization of the cavity 
closure line. When the slope of the linearized cavity closure line approaches unity 
(Φ̄ = 45◦), it is hypothesized that washout is imminent. Figure reproduced from 
Harwood et al. (2016c). 

at a dimensionless depth of κ = z ' /h and a linear approximation of the cavity closure 

angle is made between this section and the immersed tip – a distance of (1−κ)h. The 

stability limit of Φ̄ = 45◦ is equivalent to a unity-slope condition on this linearization. 
Recall that the cavity length was modeled as a function of the local cavitation number 
σc and α in equation 1.8 and equation 1.9. While not shown in chapter I, Harwood 

et al. (2016c) found that a single-term polynomial also yielded an acceptable fit to 

the free-streamline theory solutions, given by, 

Lc = 4.62αeff 
. (4.1) 

c σc 

Applying this at the sectional cut depicted in figure 4.16 yields the unity-slope con
dition in the form, 

' ' Lc(z = κh) = κh)= (1 − κ)h = 4.62αeff (z
. (4.2)' c c σc(z = κh) 

The next step is to infer the sectional lift coefficient at the representative section 

from the Three-Dimensional (3-D) lift coefficient, which requires a priori knowledge 

of the distribution of lift along the span. An elliptical shape-function may be applied 

to the lift-distribution as a simple approximation for rectangular wings (Glauert, 
1943), and one which retains the salient features of the lift distribution shown in 

figure 3.32. The low aspect ratio is not a concern because the elliptical distribution 
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can be scaled such that integration along the span yields the experimentally-measured 

3-D lift coefficient. Thus, the sectional lift coefficient at the representative section is 

taken to be, 
Cl2D (z ' = κh) = 

4 
CL3D 1 − (2κ − 1)2 . (4.3)

π 

The effective angle of attack can be found by substituting Lc/c = (1 − κ)ARh into 

equation 1.9 to find a0, giving, 

' Cl2D (z = κh) Cl2D (z = κh)
α2D(z = κh) = arcsin 

' 
≈ 

' 

' ' a0(z = κh) a0(z = κh)
√

4CL3D κ − κ2 4π [(1 − κ)ARh]3 − 4π [(1 − κ)ARh]2 + 3π [(1 − κ)ARh] + 2
 
= .
 

π π2 [(1 − κ)ARh]3 − 4π [(1 − κ)ARh]2 + 9π(1 − κ)ARh + 2π
 

(4.4) 

It follows from equation 1.2 that, 

2 z 2 
σc = 

' 
= κ, (4.5)

Fn2 
h h Fn2 

h 

which may be substituted into equation 4.2, along with equation 4.4. The represen
tative section of the hydrofoil is taken at mid-span (κ = 0.5), with the reasoning that 
any re-entrant jet posing a threat of destabilization to the flow is anticipated to be 

reflected about the deeply-submerged portions of the cavity. Solving for Fnh yields 

the semi-theoretical washout Froude number, 

ππ 2 AR4 − 4AR3 + 18AR2 + 8ARhh h hFnh = (4.6)4 2.31CL3D (πARh 
3 − 2πARh 

2 + 3πARh + 4) . 

The boundaries given by equation 4.6 are shown in figure 4.17, again with the data 

of Breslin and Skalak (1959) and equation 1.22. The present experimental washout 
boundary is captured very well by equation 4.6. The data of Breslin and Skalak 

(1959) are reasonably-well approximated by the present theory for Fnh ≤ 3, while 

equation 1.22 better approximates the points at very small values of CL3D and Fnh > 

3. 
CL3D is often not know a priori, requiring it to be inferred as well. Recall that 

equation 3.22 may be used to model CL3D by assuming a representative value of a0. 
∗Equation 3.24 can be used again to calculate the lift-weighted mean, a0, but doing so 

requires that the cavity length and lift distributions are known. The distribution of 
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Figure 4.17: Scaled washout boundary in CL3D − Fnh space. Data from present 
experiments and data from Breslin and Skalak (1959) are plotted. The stability 
boundary of Breslin and Skalak (1959) (equation 1.22) over-predicts the washout 
Froude numbers, while the present semi-theoretical boundary (equation 4.6) captures 
the present experimental data across the range of CL3D , and captures the data of 
Breslin and Skalak (1959) for CL3D 2 0.6. 

178
 



 

�

cavity lengths is constrained by the assumption of Φ̄ = 45◦ to be, 

Lc(κ) = ARh(1 − κ). (4.7) 
c 

Equation 4.7 may be substituted into equation 1.9 to get a0(κ). The assumed elliptical 
lift distribution is scaled to yield an integral of one, giving the shape function, 

4 
E(κ) = 1 − (2κ − 1)2 . (4.8)

π 

By weighting a0(κ) with E(κ), equation 3.24 becomes, under a change-of-variables, 

1 

∗ a0 = a0(κ)E(κ)dκ, (4.9) 
0 

∗which is evaluated using numerical integration. a0 is substituted into equation 3.22, 
and the predicted CL3D is in turn substituted into equation 4.6. Doing so yields a 

function of Fnh, α, and ARh. As before, solving for Fnh results in a washout Froude 

number, plotted in figure 4.18 as a boundary in α – Fnh space. A value of κ = 0.5 

is again assumed. The boundaries from present experiments at three aspect ratios 

(ARh = 0.5, 1, 1.5) are shown as open symbols. Experimental points from Breslin 

and Skalak (1959) (circular-arc hydrofoil at ARh = 0.5, 1, 1.5, and 2) and Swales 

et al. (1974) (biogival hydrofoil at ARh = 2) are shown for comparison. The two 

sets of data shown for Swales et al. (1974) are from tests conducted in a towing tank 

at atmospheric pressure and tests in a variable-pressure water tunnel under reduced 

ambient pressure. The experimental data represent a very diverse range of operating 

conditions, model sizes, and model geometries, which are in good general agreement 
with the semi-theoretical washout boundary. 

At this point, one might wonder why so much trouble has been undertaken by as
suming elliptical load distributions and a simplified cavity length relationship, when 

these quantities are all computed by the lifting-line model presented in §3.4. We 

certainly could use the lifting line mode. Doing so would eliminate the assumptions 

made in the preceding derivation, including the elliptical load distribution and the 

simplified functional relationship between σc, α, and Lc/c. The resulting boundaries, 
shown in figure 4.19, also approximate the experimental boundaries. However, do
ing so also sacrifices the ability to write a closed-form scaling expression like that in 

equation 4.6. Moreover, the improvement upon the preceding semi-theoretical deriva
tion. While the lifting-line model produces good results, so does the simplified scaling 
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Figure 4.18: Scaled washout boundary in α – Fnh space. Data from present exper
iments and previous experiments are plotted as symbols.; B&S: Breslin and Skalak 
(1959); S&W: Swales et al. (1974) experiments in variable-pressure water tunnel. 
1Tests conducted at atmospheric pressure. 2Tests conducted at reduced pressure of 
4.67 kPa. 
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Figure 4.19: Comparison of washout boundaries observed experimentally, those from 
the semi-theoretical scaling relationship, and those predicted using the nonlinear 
lifting-line model from §3.4. The agreement between all three methods is very close, 
suggesting that the added fidelity of usign the lifting-line model is not worth losing 
the ability to write out a closed-form scaling expression. 

approach. 

4.7 Summary and Discussion 

4.7.1 Summary of Results 

The findings of this chapter are summarized below: 

How do flows transition between different regimes and how do transition 

mechanisms relate to the physics governing flow stability? 

We’ve shown in this chapter that transition mechanisms produce motion between 

stable flow regimes when some aspect of the flow violates the stability conditions 

of the flow regime. Visually, this corresponds to a movement of the flow across the 

stability boundaries in figure 4.2 or a movement between overlapping stability regions. 
The destabilizing influence of the flow takes the form of vorticity and eddying flow in 
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the case of formation mechanisms, and it takes the form of an upstream re-entrant 
jet in the case of elimination mechanisms. Ventilation transition mechanisms have 

been subdivided into formation stages, which include inception and stabilization, 
and elimination stages, which include washout and rewetting. The four sub-stages 

describe the boundaries between the FW, PV, FV, and PC flow regimes. 
Ventilation inception is the first stage of formation, and it requires that air enters 

low-pressure and locally-separated flow. Stabilization occurs when the air entrainment 
satisfies the stability conditions established in chapter III for FV flow. 

Washout is the reverse of stabilization, and occurs when a cavity becomes destabi
lized by the re-entrant jet or its closure line forms an angle steeper than the Φ̄ = 45◦ 

criterion established for stable FV flow. Rewetting occurs when all entrained air is 

expelled from the suction-side flow. 

What flow transition mechanisms occur on surface-piercing struts in sub
cavitating and cavitating flow? 

In subcavitating flows, a number of ventilation elimination formation and elimi
nation mechanisms were described. The distinction between the mechanisms is made 

on the basis of how air is first entrained into the flow (inception). Spontaneous in
ception occurs when some self-induced process of the flow admits air from a natural 
source, and includes stall-induced, tip-vortex-induced, and Taylor-instability-induced 

mechanisms. Perturbation-induced inception requires that an external source of air 
be provided, an example being the air jet used in the present study. Air can only 

become stably entrained where low pressure permits its ingress and separated flow 

permits its residence. Ventilation formation follows from wetted flow separation or 
eddying flow. When vaporous cavitation is present, such as in the PC regime, it 
enhances the formation mechanisms already present by providing a stationary region 

of ventilation-prone flow in which air can reside. In the present work, wetted venti
lation formation usually occurred through leading-edge stall. In cavitating flows, the 

formation mechanism shifted to tail ventilation, where Taylor instabilities developed 

on the free surface transport air to the vaporous cavity. 

Can scaling relations be developed to describe the stability conditions of 
surface-piercing struts? 

A scaling relationship was derived to describe the washout boundary of ventilated 

flow. By expressing a kinematic condition for destabilization of FV flow, a series of 
semi-theoretical models were used to predict the boundaries in the CL3D – Fnh and in 

the α – Fnh domain. The scaled boundaries agree well with the present experimental 
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data, and with data from Swales et al. (1974) and Breslin and Skalak (1959) (for 
Fnh ; 3). At large Froude numbers (Fnh > 3) and vanishingly small angles of 
attack, the relationship proposed by Breslin and Skalak (1959) yielded a better fit to 

the data. 

4.7.2 Discussion: 

It was hypothesized in this chapter that the entrained air modifies the local pres
sure gradients, inducing further flow separation, as observed in vaporous cavitating 

flows by Tassin Leger and Ceccio (1998). This suggests that large-scale separation 

need not precede ventilation if the injected air induces its own region of separation. 
If an air supply is continuously available, this will result in a cavity that expands 

by propagating flow separation ahead of it, and then occupying the newly separated 

flow in a continuous evolution. Equilibrium will be reached when the increasing hy
drostatic pressures – and not the extent of flow separation – arrests the growth of 
the cavity. It is thought that this evolution of separation and propagation occurs 

very suddenly for short-timescale formation processes, and very gradually for stall-
induced formation. Such a hypothesis requires further validation, but if verified, it 
would be consistent with the idea that destabilization of a steady FW flow leads to 

the formation of a FV flow as a second stable flow state. 
To relate the present work to the literature, stall-induced ventilation formation 

is consistent with the description by Wetzel (1957) of “creeping” ventilation, oc
curring at post-stall yaw angles. Both tip-vortex-induced ventilation formation and 

perturbation-induced ventilation formation are consistent with Wetzel’s description 

of “flash ventilation,” occurring at sub-stall yaw angles. 
Previous studies have also noted an effect of Weber number and Reynolds number 

on ventilation formation boundaries, as most were conducted with small-scale mod
els at lower Weber numbers and Reynolds numbers than the present tests. These 

effects influence the rupture of the free surface seal and boundary layer separation, 
respectively (Wetzel, 1957; Breslin and Skalak, 1959). However, the data of Wetzel 
(1957) showed that the effect of Weber number was significant only when We ; 250, 
so surface tension becomes negligible at the present model scale, where We 2 104. 
Moreover, the separation bubble indicated by the surface flow visualizations is not 
thought to be a strong function of Reynolds number. The works of Gault (1957); 
Chang (1960, 1961); Hecker and Ober (1974) indicate that, for the sharp-nosed ge
ometry used, separation is of the thin-airfoil type, and is primarily a function of the 

angle of attack. If a streamlined foil section were to be used, the size of the separation 
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bubble would likely be more susceptible to Reynolds number effects. 
Ventilation elimination appears to be strongly tied to the re-entrant jet’s potential 

for destabilization of the flow. The derived scaling relationship approximates the 

present data much better than does equation 1.22 for Fnh ≤ 3. When Fnh > 3, 
washout appears to occur at vanishingly small angles of attack. The scaling relation is 

not expected to yield satisfactory results at such small angles of attack because the re
entrant jet may be too thin at such angles to destabilize the cavity (Callenaere et al., 
2001; Franc and Michel, 2004). Additionally, washout may occur at higher Froude 

numbers than those predicted by the derived scaling relation for streamlined sections 

as a result of adverse pressure gradients developed over the after-body of sections with 

zero trailing-edge thickness. It is also possible that the data from Breslin and Skalak 

(1959) shown in figure 4.15 and figure 4.17 do not represent washout as it has been 

defined in this work; if the data denote a stage of elimination other than washout, the 

scaling approach can not be expected to adequately capture the respective boundary. 
It is also worth noting that the experimental washout boundary of Breslin and 

Skalak (1959) in figures 4.15, 4.17, and 4.18 deviates from the present semi-theoretical 
and experimental boundaries quite severely at immersed aspect ratios of ARh = 0.5 

and 2.0. This is a result of a distinct bucket-shape in the minimum ventilated yaw 

angle plotted against ARh in the results from Breslin and Skalak (1959). The reasons 

for the non-monotonic behavior are not discussed in the original report, but may be 

a result of surface-tension effects, given the smaller model-scale used. 
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CHAPTER V 

The Hydrodynamic Response of the Flexible 

Hydrofoils 

In this chapter, we will examine the steady and unsteady passive hydroelastic 

response of the flexible hydrofoils (model 1, constructed of PVC only, and model 
2, constructed of PVC with an aluminum reinforcement strip at the trailing edge). 
The concepts of wetted, ventilated, and cavitating flows have been introduced in 

chapters III and IV. Thus, the discussion will first address the altered hydrodynamic 

response of the hydrofoil in each flow regime when the hydrofoil is flexible, followed 

by the hydroelastic response of the flexible hydrofoil to differing flow regimes. Addi
tionally, some investigations will be made into scaling into scaling of the hydroelastic 

response. This chapter will address the following questions posed in §1.6: 

•	 What effect does hydrofoil flexibility have upon the hydrodynamic response, 
stability, and flow regimes of the flexible hydrofoils? 

•	 How does multi-phase flow affect the static and dynamic hydroelastic response 

and stability of the hydrofoil? 

•	 Can scaling relations be used to describe the static and dynamic loads and 

structural responses of the surface-piercing hydrofoils? 

5.1 Representative 2-Dimensional, 2-Degree of Freedom Model 

Let us revisit the Two-Dimensional (2-D), Two-Degree of Freedom (DOF) model 
originally presented in chapter I, which is shown in figure 5.1 with the semi-ogival 
section and is assumed to be chordwise rigid. The equations of motion are re-stated 

as well. 
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Figure 5.1: A 2-degree-of-freedom model of a sectional cut through model 1 or 2. 

¨ ˙[Ms] X + [Cs] X + [Ks] {X} = {FEX } + {Ffl} (1.24 revisited) 

The section is assumed to have two degrees of freedom, δ and θ, which are defined 

at the Elastic Axis (EA): ⎧ ⎫ ⎨ ⎬δ 
{X} = ⎩ ⎭θ 

{FEX } contains external forces on the system, and {Ffl} describes the hydrodynamic 

loading (lift and moment) per unit span. 
The matrices are given by, ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 

m Sθ Cs,δ 0 Ks,δ 0⎣ ⎣ ⎣ ⎦[Ms] = ⎦ ; [Cs] = ⎦ ; [Ks] = , 
Sθ Iθ 0 Cs,θ 0 Ks,θ 

(1.27 revisited) 
where Ks,δ and Ks,θ are structural stiffness parameters of the section in bending and 

twisting, Cs,δ and Cs,θ are structural damping values in bending and twisting, m is 

the structural mass per unit span, Iθ is the polar mass moment of inertia per unit 
span, and Sθ is the static unbalance. 

In this chapter, we will consider the case where {FEX } = {0}. Let the steady 

and unsteady sectional force induced by the fluid be represented by, ⎧ ⎫ ⎨ ⎬l 
{Ffl} = ,⎩ ⎭m 
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where, by the definitions in equation 1.1, 

l = Cl2D qc 
2 m = Cm2D qc . 

Here, q = ρf U
2/2 is the dynamic pressure. Cl2D and Cm2D come from the application 

of hydrodynamic theory, as described in §1.5. 

5.2 Steady-State Flow Regimes 

The definitions of flow regimes established in chapter III hold for the flexible 

hydrofoils as well. Fully Wetted (FW) flow is shown in figure 5.2, Partially Ventilated 

(PV) flow is shown in figure 5.3, Fully Ventilated (FV) flow is shown in figure 5.5, 
and Partially Cavitating (PC) flow is shown in figure 5.4. The images were captured 

at the INSEAN cavitation tunnel with model 2 – the hydrofoil with the reinforced 

Trailing Edge (TE). There were no significant differences in the flow regimes between 

the flexible hydrofoils (model 1 and model 2) and the rigid hydrofoil (model 0). 
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Figure 5.2: Photo of FW flow over the suction surface of the PVC foil (model 2) from 
INSEAN. Run conditions: α = 5◦; Fnh = 2; ARh = 1; P0 =1 bar; σv =18 

Figure 5.3: Photo of PV flow over the suction surface of the PVC foil (model 2) from 
INSEAN. Run conditions: α = 15◦; Fnh = 1; ARh = 1; P0 =1 bar; σv =77 
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Figure 5.4: Photo of PC flow over the suction surface of the PVC foil (model 2) from 
INSEAN. Run conditions: α = 5◦; Fnh = 2.17; ARh = 1; P0 =47 mbar; σv =0.35 

Figure 5.5: Photo of FV flow over the suction surface of the PVC foil (model 2) from 
INSEAN. Run conditions: α = 15◦; Fnh = 2; ARh = 1; P0 =1 bar; σv =18 
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5.3 Flow Regime Stability 

5.3.1 Stability Condition for Re-Entrant Jet 

Several trials at INSEAN were dedicated to testing near the stability boundary 

between PV and FV flow. The washout Froude number was taken from the respective 

boundary in figure 4.18 for α = 12◦ and ARh = 1. Froude numbers of Fnh = 1.2 

and Fnh = 1.33 were tested. The resulting photos demonstrate especially well the 

reflection of flow about the trailing edge of the cavity, as well as the tenuous stability 
¯ ¯of the cavity when its closure angle Φ is very near the stability limit of Φ = 45◦. 

Figure 5.6 shows the flow on the transition boundary between PV and FV flows, while 

figure 5.7 shows the flow slightly above the boundary (in the FV stability region). In 

both cases, 200 frames were averaged, and the time-averaged images were overlaid 

with contour plots of pixel-intensity variance. Pixel-intensity variance is used as an 

indicator of visually-unsteady regions of the image, and contours from blue to white 

in color denote increasing variance. In both cases, a red dashed line is also overlaid 

to indicate the Φ̄ = 45◦ stability criterion for FV flow, established in chapter IV. 
The cavity closure angle Φ̄ is noticeably steeper in figure 5.6, falling approximately 

on the line denoting the stability boundary. As a result of the upstream re-entrant 
flow, the cavity’s stability is tenuous, indicated by the unsteadiness contours near 
the leading edge at the free tip of the hydrofoil. Conversely, in figure 5.7, Φ̄ < 45◦, 
suggesting a more-stable cavity. This is corroborated by the observation that the 

unsteadiness contours do not extend to the leading edge, indicating that the re-entrant 
jet did not propagate far enough forward to destabilize the FV flow. 
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Free Tip

Leading Edge

Figure 5.6: Flow on model 2 at the stability boundary between PV and FV flow. 
Average of 200 frames, overlaid with contours of pixel intensity variance. Pixel vari
ance increases from the blue contours to white. Run conditions: α = 10◦; ARh = 1.0; 
Fnh = 1.2; Patm = 1 bar 

Figure 5.7: FV flow on model 2 just above the stabilization boundary (inside the 
FV stability region). Average of 200 frames, overlaid with contours of pixel intensity 
variance. Pixel variance increases from the blue contours to white. Run conditions: 
α = 10◦; ARh = 1.0; Fnh = 1.33; Patm = 1 bar 
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5.3.2 Stability Regions of Model 1 

Figure 5.8 depicts the experimental stability regions for model 1, collected in the 

towing tank at ARh = 1.0. Model 1 was not tested in the cavitation tunnel, so PC 

data were unavailable for the homogeneous PVC model. Model 2, on the other hand, 
was tested primarily at steady-state conditions in the INSEAN cavitation tunnel, 
and the associated transition boundaries were not well-resolved. Nevertheless, the 

stability map closely mirrors that in figure 3.11, with the exception that the stall 
boundary is located along αs = 13◦, suggesting that stall is advanced with model 1, 
relative to the rigid hydrofoil (for which αs = 15◦). Note that the test matrix did 

not include runs at α = 2.5◦ for model 1, so the bifurcation boundary (αb) was not 
resolved experimentally. Instead, the bifurcation boundary shown in figure 5.8 has 

been inferred from figure 3.11, and the stability regimes in the range of 2.5◦ ≤ α ≤ 5◦ 

have been extrapolated, indicated by hatching. 
Below the bifurcation and rewetting boundaries, FW flow is exclusively and glob

ally stable. To the right of the bifurcation boundary, sufficient flow separation exists 

to permit air entrainment, and the amount of entrainment becomes a function of the 

balance between dynamic and hydrostatic pressure. Below the rewetting boundary, 
dynamic pressures are not sufficient to retain any entrained air in the presence of 
hydrostatic pressures, so FW flow remains exclusively stable. The washout boundary 

demarcates the PV and FV flow regimes 

As shown in §3.2, the stability of the steady-state flow regimes depends strongly 

upon α, particularly near the stall angle. The static hydroelastic coupling of the 

flexible hydrofoil, which results in an additive (nose-up) twisting deformation, has the 

effect of advancing the stall angle slightly. Repeatability of measurements along the 

stall boundary were challenging however, presumably because the imminently-stalled 

flow is sensitive to small variations in water properties (fluctuations in the water 
temperature throughout the year caused changes in the Reynolds number (Rec) as 

large as 15%). Thus, we cannot ascribe with complete certainty the shift in the stall 
boundary to the hydrofoil flexibility. 
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Figure 5.8: Stability regions for PVC hydrofoil (model 1) at ARh = 1.0 Data are from 
testing in the MHL towing tank. 
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5.4 Static Hydroelasticity 

Consider equation 1.24. Let {Ffl} be the 2-D steady hydrodynamic lift and 

moment per unit span. Recall that for a symmetric foil section, linear foil theory 

gives, 

Cl2D = a0αe 

e 
Cm2D = a0αe 2 , 

where αe = α2D + θ is the effective angle of attack. 
Thus, {Ffl} may be written, 

⎧⎨ 
⎫⎬Cl2D qc 

(5.1)
{Ffl} = 2Cm2D qc⎩ ⎭⎧⎨ 
⎫⎬a0qc 

(α2D + θ) (5.2)=
 2 e a0qc 2 
⎩ ⎭

Dropping all first and second derivatives from equation 1.24 and substituting 

equation 5.2 allows us to write, ⎧⎨ 
⎧⎨ 

⎫⎬ 
⎫⎬ 

⎧⎨ 
⎫⎬ 

⎤⎡ ⎤⎡ 
0
 1
 0
Ks,δ δ
 δ
a0qc 

a0(α2D)qc + ; (5.3a)
 ⎣ ⎦ ⎣ ⎦=
 2/20
 0
⎩ ⎩⎭ ⎭ ⎩ ⎭e 
2 cKs,θ θ
 θ
a0qec⎧⎨ 

⎫⎬ 
⎧⎨ 

⎫⎬ 
⎤⎡ 

0
 Kfl,δθ lrigid δ
 
; (5.3b)
⎣ ⎦−
=
 

0 Kfl,θθ 
⎩ ⎭ ⎩ ⎭θ
mrigid 

= {Fr,steady} − [Kfl] {X} . (5.3c) 

where [Kfl] is the fluid stiffness matrix and {Fr,steady} is the steady fluid force vector 
on an equivalent rigid section set at α2D. 

Subtraction of [Kfl] yields the equation of static hydroelastic equilibrium for the 

2-D section. ⎧⎨ 
⎧⎨ 

⎫⎬ 
⎫⎬ 

⎤⎡ 
Ks,δ −a0qc δ
 a0qc 

α2D, (5.4)
⎣ ⎩ 
⎦ =
 2/2 2 e0 Ks,θ − a0qec ⎩⎭ ⎭θ
 a0qc 2 
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from which the expressions in chapter I were derived: 

a0αqc a0 2 
e qc2 

δ = 1 + (1.30a revisited) 
Ks,δ Ks,θ − a0 2 

e qc2 

a0α 2 
e qc2 

θ = 
2 
e qc2 

. (1.30b revisited) 
Ks,θ − a0 

While the above equations were derived for a 2-D, 2-DOF model, they’re demon
strative of the behavior of many-DOF elastic systems. We can generalize equation 5.4 

to an arbitrarily large model, 

([Ks] + [Kfl]) {X} = {Fr,steady} . (5.5) 

The fluid stiffness matrix, [Kfl], is determined by the choice of Three-Dimensional 
(3-D) hydrodynamic theory, but we may expect that equation 5.5 will behave in 

substantially the same manner as equation 5.4, i.e. when the Center of Pressure (CP) 
is located upstream of the EA, there should be a reduction in the effective stiffness 

at non-zero speeds. The reduction should become more substantial as e, q, and/or a0 

increase. As alluded to in chapter I, when 

Ks,θ + Kfl,θθ = Ks,θ − a0qc 2 e = 0,2 

static divergence instability occurs. Note, however, that all conditions tested in this 

work were well below the divergence dynamic pressure qD. 

5.4.1 Steady Hydrodynamic Loads 

Figure 5.9 shows the measured values of CL3D as a function of α for models 0, 1, 
and 2 at Fnh = 3, ARh = 1.0. In chapter I, we asserted that when the center of 
pressure is located forward of the elastic axis, the resulting nose-up twisting moment 
will increase the effective angle of attack αe. Thus, the lift at each spanwise station 

on the hydrofoil will be increased. Figure 5.9 supports this conjecture. The measured 

values of CL3D are larger on models 1 and 2 than on model 0. In the FW regime, the 

difference is small – in some cases less than the experimental uncertainty. However, 
the difference is consistent for every angle of attack. This, along with the reduction 

in the stall angle from αs = 15◦ (model 0) to αs = 13◦ (model 1, model 2), lends some 

confidence to the observation. In the FV regime, the effect difference between models 

0, 1, and 2 become statistically insignificant. In light of equations 5.4 and 5.4, this is 
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a reasonable result. In the FV regime, both a0 and e are reduced, as demonstrated 

in chapter III. As a result, the hydroelastic coupling becomes less pronounced when 

ventilation is present. 
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Figure 5.9: CL3D as a function of α for models 0, 1, and 2 at Fnh = 3, ARh = 1.0 

Figure 5.10 shows a comparison across hydrofoil models of the measured drag 

coefficient, CD3D . The drag coefficient is insensitive to the effect of foil flexibility. As 

discussed chapter III, the drag coefficient is a sum of profile, spray, and lift-induced 

components. Only the lift-induced drag has a significant known dependence upon αe. 
As a result, small changes in the distribution of sectional αe are not expected to have 

a significant effect on the aggregate values of CD3D . 
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Figure 5.10: CD3D as a function of α for models 0, 1, and 2 at Fnh = 3, ARh = 1.0 
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Finally, the yawing moment coefficient CM3D measured about mid-chord, is plot
ted in figure 5.11. As in the case of the lift coefficient, there is a measurable increase 

in CM3D measured for on the flexible hydrofoils, relative to that measured on the rigid 

hydrofoil. Once again, the difference is most pronounced in the FW regime, where 

the elements of the fluid stiffness matrix in equation 5.5 are maximized. 
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Figure 5.11: CM3D as a function of α for models 0, 1, and 2 at Fnh = 3, ARh = 1.0 

To summarize, the changes in hydrodynamic loading between flow regimes are 

exactly like those shown in chapter III. CL3D and CM3D are measurably larger for the 

flexible hydrofoils (models 1 and 2) than for the rigid model 0. With reference to 

equation 5.5, we see that the increased hydroelastic coupling is introduced through 

the change in Ks,θ (and hence in the total effective stiffness). The difference between 

model 1 and 2, however, is less than the experimental uncertainty. We expect models 

1 and 2 to have roughly equivalent values of a0. Therefore, only changes in e (caused 

by movement of the elastic axis, while the center of pressure remains fixed for a given 

flow condition), and Ks,θ would introduce variation into [Kfl] between model 1 and 

model 2. Taking the section properties from table 2.2, we find that the moment arm 

of the lift about the EA is 43% larger on model 2 than on model 1 – a result of 
aft-ward movement of the EA with the addition of the reinforcement strip. However, 
the torsional rigidity GJ of model 2 is increased by 36%, relative to that of model 1. 
As a result, the ratios of GJ to e vary by less than 5% between model 1 and model 
2 (with model 2 having a smaller value). Therefore, it is unsurprising that the static 

hydroelastic coupling is essentially equal between the two flexible models. 
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5.4.2 Static Hydroelastic Coupling 

Contours of the 3-D lift and moment coefficients, CL3D , CM3D , δ, and θ are shown 

as functions of α and Fnh in figure 5.12 for model 1 and figure 5.13 for model 2. 
δ and θ are measured at the free tip of the hydrofoil, using the shape-sensing spars 

described in §2.5. Blue, red and green “X” symbols indicate experimentally-observed 

FW, FV, and PV flows, respectively. 
The FW and FV flow regimes are respectively represented by the blue and red 

contour lines. In general, the lift (shown in figures 5.12(a) and 5.13(a)) is reduced. 
The ingestion of air along the suction surface of the strut limits the development 
of low-pressures, which are instrumental in generating large forces. The moment 
coefficient (figures 5.12(b) and 5.13(b)) is attenuated both because the lift is reduced 

and because the center of pressure translates from its location of approximately 0.25 

chord-lengths forward of mid-chord in FW flow towards a position at mid-chord in 

FV flow, causing both the lift and its moment arm to be reduced. As was observed 

on model 0 in chapter III, CL3D and CM3D in the FV regime decrease monotonically 

with increasing Fnh. At the upper limits of the Fnh axis, the curvature of the CL3D 

and CM3D contours indicate that they are approaching parallel with the Fnh axis, 
suggesting that the dependence is reduced at high Froude numbers. With transition 

from FW to FV flow, the value of CL3D doesn’t change significantly at low values of 
Fnh while at large value of Fnh reductions are as large as 40%. The same is true 

of CM3D but with reductions as large as 60% at large Fnh. Note that along the stall 
boundary of figure 5.12(d), tip-twisting angles approach a maximum of θ ≈ 1◦ in the 

FW regime. Thus, the conjecture drawn in 5.3.2 that elastic twist advances the stall 
angle is reasonable, but the effect is small. 

The changes in tip bending and twisting deflections (figures 5.12(c,d) and 5.13(c,d)) 
with the transition to FV flow are commensurate with the changes in CL3D and CM3D . 
However, the deflections are proportional to the dimensional hydrodynamic loads, 
which results in the bending and twisting deflections increasing along both the α and 

Fnh axes. Considering equations 1.30a and 1.30b for the 2-D model, we see that 
there is no way in which to remove all speed-dependence from δ and θ. However, if 
we divide each by Fnh 

2 (which is proportional to q), we are left with, 

δ a0αρf ghc/2 a0 2 
e qc2 

= 1 + ; (5.6a) 2 e 2 
∝ Cl2DFnh Ks,δ Ks,θ − a0 2 qc


θ a0αρf ghc2e/4
 = ∝ Cm2D . (5.6b)2 e 2Fnh Ks,θ − a0 2 qc
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Thus, if we assume the same functional behavior to apply to the 3-D hydrofoil, 
the contours of equations 5.6 should parallel the contours of CL3D and CM3D . These 

contours are shown in figures 5.12(e,f) and 5.13(e,f). In general, the scaled bending 

and twisting deflections appear proportional to CL3D and CM3D respectively. There is 

some deviation of the θ/F nh 
2 contours from those of CM3D but the contour spacing 

in the former is less than the experimental uncertainty. Therefore, not much can be 

inferred from the minor inconsistency. 
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Fully wetted (FW) Fully ventilated (FV) Partially ventilated (PV)

Figure 5.12: Model 1: contours of (a)CL3D (b)CM3D (about the elastic axis), (c) 
δ measured at the hydrofoil tip, (d)θ measured at the hydrofoil tip, (e) δF nh 

−2 , 
(d) θF nh 

−2 . Blue and red contours indicate FW and FV flow, respectively. The 
dimensional hydrofoil deflections can be made proportional to CL3D and CM3D by 
factoring out Fnh 

2 . 
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Fully wetted (FW) Fully ventilated (FV) Partially ventilated (PV)

Figure 5.13: Model 1: contours of (a)CL3D (b)CM3D (about the elastic axis), (c) 
δ measured at the hydrofoil tip, (d)θ measured at the hydrofoil tip, (e) δF nh 

−2 , 
(d) θF nh 

−2 . Blue and red contours indicate FW and FV flow, respectively. The 
dimensional hydrofoil deflections can be made proportional to CL3D and CM3D by 
factoring out Fnh 

2 . 
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5.4.3 Scaled Static Hydroelastic Response 

Manipulating equation 1.30b yields the dimensionless scaling expression, 

θ θ c 
θ + α 

= 
αe 

= 2Ks,θ 
ea0q 

∝ ea0F nh 
2 . (5.7) 

For a given lift-slope (constant a0), and a fixed center of pressure (constant e), equa
tion 5.7 predicts a linear relationship between the squared Froude number and dimen
sionless ratio of elastic twist to effective angle of attack for the 2-D model. We again 

generalize this to a representative section of the 3-D hydrofoil. The dimensionless 

ratio is plotted as a function of Fnh 
2 in figure 5.14 for model 1 and in figure 5.15 

for model 2. The data in all three flow regimes (FW, PV, and FV) are bounded 

above by the FW data, which lie along a line, and bounded below by the FV data at 
α = 25◦. It was shown in chapter III that, as α and Fnh increase, the mean cavity 

length increases, causing both a0 and e to decrease. As a result, PV data and FV 

data at small values of α and Fnh are roughly coincident with data in the FW regime. 
As α and/or Fnh increase, the data in the FV regime approach a lower asymptotic 

limit. At high speeds and yaw angles, all sections along the hydrofoil span are in 

the supercavitating regime. Thus, the upper bound is fixed by the values of e and 

a0 in FW flow, the lower limit is fixed by the values of e and a0 for supercavitating 

sections, and flows at low and moderate values of Fnh (where variation in the cavity 

length along the span is significant), will fall inside of the triangular regions between 

the upper and lower bounds. Note that a0 is neither 2π in FW flow nor π/2 in FV 

flow (as it would be for a 2-D section) because the finite aspect ratio, free tip, and 

free surface introduce 3-D effects, 
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Figure 5.14: Model 1: Dimensionless twisting deformations at hydrofoil tip, scaled 
by total effective angle of attack. The data in the FW and FV flow regimes approach 
asymptotically-linear bounds, presumably corresponding to the limiting cases of fully 
wetted sections and supercavitating sections everywhere along the span. 

203
 



Figure 5.15: Model 2: Dimensionless twisting deformations at hydrofoil tip, scaled 
by total effective angle of attack. The data in the FW and FV flow regimes approach 
asymptotically-linear bounds, presumably corresponding to the limiting cases of fully 
wetted sections and supercavitating sections everywhere along the span. 

5.5 Dynamic Hydroelastic Response 

For unsteady flows, we once again consider all of the terms in equation 1.24. The 

loads contained in the vector {Ffl} are no longer so simple to model as in the case 

of steady flow, even for a 2-D hydrofoil. As described in chapter I, there exist a 

wide range of theories for modeling the unsteady hydrodynamic loads. However, the 

various theoretic methods are not within the scope of this thesis. Instead, we’ll con
sider unsteady flows in a phenomenological manner and offer some general inferences 

regarding the unsteady forces and moments. 
Two sources of unsteadiness exist in the present experiments: changes in the flow 

conditions (e.g. ventilation transition, acceleration, or deceleration), and structural 
motions excited either by an external source or by flow-induced vibrations. In this 

section, we will briefly examine the response of the hydrofoil to dynamic flows in the 

form of ventilation formation and vortex shedding. 

5.5.1 Hydroelastic Response to Perturbation-Induced Ventilation 

Figure 5.16 shows time histories of measured loads, bending and twisting of the 

hydrofoil tip, and forward speed for model 1 during a towing-tank trial. At a time 
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of approximately 48.8 s, the air jet was used to perturb the formation of a cavity, 
prompting rapid transition from FW flow to FV flow. Photos of the flow before and 

after formation are shown in figure 5.17(a) and (b). Figure 5.17(c) depicts the de
flected shape of the hydrofoil before and after ventilation formation, as reconstructed 

from the shape-sensing beams. Consider the highlighted region of the time histories in 

figure 5.16. During the times shown, the flow is steady but for the transition event. 
When FV flow is triggered, the measured lift and yawing moment are reduced by 

nearly 50%. The bending deflection at the foil tip is reduced by a similar percentage. 
Twisting motion at the foil tip appears almost unaffected by transition. The reasons 

for this aren’t entirely clear; it may be that the large bending deflection results in a 

spurious reduction in the inferred twist angle, as discussed in §2.5. 
Transition appears as a step-change in the flow conditions. The flexible hydrofoil 

responds by assuming a new equilibrium condition with only a small transient oscilla
tion about the new equilibrium point. The limited overshoot and short settling time 

of the hydrofoil’s deflections indicate that the system is highly damped. The lack of 
a time-lag between the hydrofoil’s motion and the instantaneous loads indicates that, 
at least for the step response, unsteady terms in the hydrodynamic force vector {Ffl}
are unimportant. Even the quasi-steady response of the system, however, is quite 

dramatic. Figure 5.17 gives a good impression of the magnitude of the hydrofoil’s 

deflections. Bending at the tip was approximately 30% of the chord length in the 

FW flow regime and approximately 20% in the FV flow regime – a relaxation of the 

hydrofoil’s structural deflections of nearly 40% in less than 0.1 second. While the 

system in this case is highly damped, such a dramatic step-change in loading and 

structural response could trigger instability in a lightly damped system. 
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Figure 5.16: Time histories of measured forces and moments, foil tip deflections, and 
flow speed for model 1 at α = −12.5◦, ARh = 1.5, and a steady-state Froude number 
of Fnh = 2.5. Ventilation was triggered by perturbation with the air jet in otherwise-
steady flow. Loads and deflections are both substantially reduced (figure 5.17 shows 
photos and 3-D hydrofoil deformations preceding and following ventilation formation). 
A small period of transience following the step-change in loading indicates high, but 
sub-critical, damping. 
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measured using shape-sensing spars
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Figure 5.17: Photos of the hydrofoil’s suction surface and the deflected shape of 
the hydrofoil (inferred by shape-sensing spars) immediately preceding and following 
ventilation formation in figure 5.16. The development of the ventilated cavity causes a 
reduction in lift of approximately 40%, with a commensurate reduction in the bending 
deflections. 

5.5.2 Hydroelastic Response to Coherent Vortex Shedding 

As described in chapter I, flow-induced vibration can result from unsteady com
ponents of {Ffl} resulting from cavity or vortex shedding. The blunt trailing edge of 
the hydrofoil models provided extremely reliable points of flow detachment, such that 
parallel Von Kármán vortex streets were observed in the wake even at high speeds 

and Reynolds numbers approaching Rec ≈ 106. Figure 5.18 shows vortex shedding in 

the wake of model 2 in the INSEAN cavitation tunnel. The hydrofoil is set at α = 7◦– 

a yaw angle small enough that flow detachment still occurs from the sharp corners at 
the TE. Vortices shed into the wake contain air entrained from the free surface and 

the ventilated base cavity, making them clearly visible as regular striations. Detail 
views are shown on the right hand side of figure 5.18, with red dashed lines drawn 

through the vortex cores – note that the circulation of alternating vortices will change 

sign. The longitudinal distance between counter-rotating vortex pairs was found to 

be 1.5 times the trailing edge thickness. Bearman (1967); Sallet (1969) found that 
the longitudinal spacing of co-rotating vortices (along the same shear layer) was ap
proximately, 

β ≈ 3h ' , (5.8) 
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where β is the longitudinal vortex spacing and h ' is the lateral distance between shear 
layers – taken here to be the thickness of the blunt TE. Bearman (1967) also showed 

that the longitudinal vortex spacing remained approximately the same when air was 

bled into the vortex street via a base cavity. Thus, we can conclude that the striations 

in figure 5.18 are indeed formed by a von Kármán vortex street, and that it remains 

remarkably coherent at high speeds. The corresponding Strouhal number was found 

to be, 
t 

Stt = f = 0.275, (5.9)
U 

where f is the frequency of vortex shedding and t is the thickness across the TE of the 

hydrofoil. The shedding frequency fshedding was determined by using the SR830 lock-
in amplifiers and accelerometers at the the hydrofoil tip to isolate coherent frequency 

content. 
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Figure 5.18: Coherent vortex shedding from model 2 in the INSEAN cavitation 
tunnel. The hydrofoil was set at α = 7◦. From top to bottom: Fnh = 1, 
Fnh = 1.5,Fnh = 2,Fnh = 2.5. Details on the right show that the longitudinal dis
tance between counter-rotating vortex pairs is equal to 1.5 times the thickness of the 
trailing edge, in agreement with Bearman (1967); Sallet (1969). The Strouhal number 

fshedding tof vortex shedding (based on TE thickness t) was found to be Stt = 
U = 0.275. 

209
 



5.5.3 Flow-Induced Vibration, Lock-In, and Lock-Off 

Figure 5.19 shows smoothed auto-power spectra of the measured lift (Fy) and 

bending deflections (δ) at the tip of model 2, plotted for Froude numbers of 0.3 ≤ 

Fnh ≤ 2.5. The yawing moment (Mz) and twisting deflections (θ) are shown in 

figure 5.20. All cases shown are FW flow with a yaw angle of α = 7◦ and ARh = 1.0. 
The loads and deflections have all been multiplied by Fnh 

−2 to keep the spectra 

approximately constant along the Fnh axis. Vortex shedding frequencies (fshedding) 
corresponding to Strouhal numbers of Stt = 0.275±0.025 are indicated by red dashed 

lines on the f–Fnh plane, and by red highlighted portions of the spectra. The wetted 

resonant frequencies of the first three modes of model 2 at an immersed aspect ratio of 
ARh = 1.0 are shown as dotted black lines on the f–Fnh plane. The method used to 

find the natural frequencies will be described in chapter VI. Note that regular sharp 

peaks appear in the spectra as a result of AC line noise at 50 Hz, its harmonics, and 

what is thought to be a beat frequency resulting from a non-integer division of the 

line frequency into the 500 Hz sample-clock frequency. 
Flow induced vibration is evident at all values of Fnh. Peaks in the force and 

moment spectra indicate vortex shedding, while peaks in the bending and twisting 

spectra indicate flow-induced vibration. The spectra of Mz and θ, in particular, show 

clearly-defined vibration occurring close to the constant Strouhal number of Stt = 

0.25. The exceptions are at Fnh = 0.3, Fnh = 2, and Fnh = 2.5, where the vortex-
shedding frequencies match the first, second, and third wetted modal frequencies of 
the hydrofoil, respectively. 

Lock-in occurs where when the vortex-shedding frequency is near one of the hydro
foil’s wetted modal frequencies, such that the vortices begin to shed at the frequency 

of the structural motions, causing a flow-induced resonance. Three cases of potential 
lock-in are apparent. At Fnh = 0.3, a sharp peak in both figure 5.19 and figure 5.20 

where the vortex shedding meets the first modal frequency indicates a lock-in condi
tion. Lock-in with mode 1 was visually obvious during the experiments because the 

hydrofoil underwent visible cyclic bending motion, while a coherent vortex street was 

shed from the trailing edge. Thus, it is also most prominent in the bending spectrum 

in figure 5.19b. A peak is also visible where the vortex shedding frequency intersects 

the second modal frequency at Fnh = 2, though it is not as distinct as first-mode 

lock-in. The same is true at Fnh = 2.5, where a peak is evident at the crossing of the 

vortex shedding frequency with the third wetted modal frequency. While regular vor
tex shedding was observed at higher speeds, the coherence of the vortices undeniably 

decreases with increasing flow speed (see figure 5.18), so it is possible that the vortex 
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shedding at Fnh = 2 and Fnh = 2.5 are not sufficiently regular to cause flow-induced 

resonance. 
The occurrence of lock in at Fnh = 0.3 is emphasized by plotting the spectra with 

a linear Z-scale. Figure 5.21 shows the scaled bending spectra for model 2 at α = 2◦, 
this time with a linear vertical scale. The flow-induced vibrations contain too little 

energy to be visible with the linear scale, but lock-in with the first bending mode is 

clearly visible. 
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(a) Cascade of lift auto-power spectra. 
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(b) Cascade bending auto-power spectra. 

Figure 5.19: Smoothed auto-power spectra of lift Fy and bending deflections at the 
shear center δ, each scaled by Fnh 

−2 . Flow-induced vibrations are apparent at each 
Froude number, but lock-in with the first mode is especially apparent. Model 2 at 
α = 7◦, ARh = 1.0. 
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(a) Cascade of yawing moment auto-power spectra. 
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(b) Cascade twisting auto-power spectra. 

Figure 5.20: Smoothed auto-power spectra of yawing moment Mz and twisting de
flections at the EA θ, each scaled by Fnh 

−2. Model 2 at α = 7◦, ARh = 1.0. 
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Figure 5.21: Smoothed auto-power spectra deflections at the shear center δ, scaled 
by Fnh 

−2 . The linear vertical scale emphasizes the lock-in between vortex shedding 
and the first bending mode at Fnh = 0.3. Model 2 at α = 2◦, ARh = 1.0. 

5.6 Effect of Foil Flexibility on Ventilation Transition 

There were no observed changes to the ventilation transition mechanisms described 

in § IV as a result of foil flexibility. The taxonomy of figure 4.11 is still applicable, 
with the same mechanisms predominating. 

5.6.1 Effects of Passive Hydrofoil Deformations 

The transition boundaries of model 1 are next compared with those of the model 
0. The formation boundaries (inception and stabilization) are shown in figure 5.22a, 
and the elimination boundaries (washout and rewetting) are shown in figure 5.22b. 
All four boundaries (inception, stabilization, washout, and re-wetting) for model 1 fall 
slightly below and/or to the left of the boundaries for model 0. This indicates that 
for a given initial angle of attack, α, the deformation of model 1 causes ventilation 

transition mechanisms to occur at somewhat smaller values of Fnh than in the case 

of model 0, with the potential for slightly greater hysteresis in the transition between 

regimes. The change in boundary locations, however, is most significant for the 

inception and rewetting boundaries. Changes in the location of the stabilization and 

washout boundaries are within the uncertainty bounds, indicated by vertical bars for 
each transition event. 
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(a) Formation boundaries for rigid and (b) Washout boundaries for rigid and 
PVC hydrofoils (model 0 and model 1). PVC hydrofoils (model 0 and model 1). 

Figure 5.22: Ventilation formation and washout boundaries for model 1, compared 
to those for model 0. The model 1 boundaries are located below and to the left of 
the boundaries of model 0, indicating that the flexible hydrofoil crosses the transition 
boundaries at slightly lower values of α and/or Fnh. The effect is most pronounced 
in the inception and re-wetting boundaries, while differences in the stabilization and 
washout boundaries are within the uncertainty bounds shown. 
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5.6.2 Changes Caused by Active External Excitation 

As described in chapter II, an electrodynamic shaker motor was attached to model 
2 as a means to provide harmonic excitation to the hydrofoil. The response of the 

hydrofoil to forced harmonic motion is the topic of chapter VI, but one ancillary 

aspect of the forced-excitation is applicable here. It was discovered that by exciting 

the hydrofoil in different modes, the frequencies and mode shapes of which were 

determined a priori, some control could be affected on the formation and elimination 

of ventilated cavities. Figure 5.23 shows an example from the towing-tank. Time 

histories of the measured lift, drag, and yawing moment are shown on the top axes, 
and a time-history of the commanded excitation frequency is shown on the lower axes, 
overlaid by the modal frequencies of model 1. Still-frames from the underwater camera 

depict the flow at different times during the run, which occurred at a constant Fnh = 

0.75, α = 15◦, ARh = 1. Excitation of mode 1 appeared to promote the inception 

of a ventilated cavity, while excitation at modes 2, 3, and 4 caused rewetting of the 

hydrofoil. Figure 5.24 depicts a similar process on model 2 at the INSEAN cavitation 

tunnel at conditions of α = 5◦, Fnh = 1.5, ARh = 1. High-speed video frames provide 

a better time-resolved impression of the rewetting process during shaker excitation, 
which appears to occur by reattachment of the flow near the free surface. Moreover, 
control over the flow is affected with a shaker force amplitude of 

Fshaker ≈ 0.06Fy. 

It appears that the motion of the hydrofoil in higher-order and/or coupled twisting 

and bending modes encourages reattachment of flow near the leading edge. It has been 

established in literature (McCroskey et al., 1976, 1981, 1982) that pitching (twisting) 
motion of airfoil sections can delay flow separation by attenuating the adverse pressure 

gradient along the chord of 2-D foil sections. It is possible that a similar effect is 

occurring here, where the pressure gradient is suppressed, encouraging reattachment 
of the flow. It is also possible that the hydrofoil motion at high frequencies imparts 

additional energy to the wetted flow in the form of turbulence, which disrupts the 

region of flow separation occupied by the cavity. This is a preliminary finding, and 

one that merits further investigation in the future. 
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Figure 5.23: The effect of active excitation of model 2 at α = 15◦, Fnh = 0.75, and 
ARh = 1.0 in the towing tank. Excitation at the first modal frequency promoted 
ventilation, while excitation at higher modal frequencies induced re-wetting of the 
flow. 
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Figure 5.24: The effect of active excitation of model 2 at α = 5◦, Fnh = 1.5, and 
ARh = 1.0 in the cavitation tunnel. Excitation at the third modal frequency caused 
washout and re-wetting by promoting reattachment of the flow near the free-surface, 
thereby cutting off the supply of air to the cavity. Note that the amplitude of the 
shaker motor force (Fshaker) was approximately 5% the mean lift, Fy. 
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5.7 Summary and Discussion 

5.7.1 Summary of Results 

The results of the chapter are summarized below: 

What effect does hydrofoil flexibility have upon the hydrodynamic re
sponse, stability, and flow regimes of the flexible hydrofoils? 

The same flow regimes and transition mechanisms are present on the flexible hy
drofoil models as on the rigid hydrofoil model, and the physics dictating flow stability 

are unchanged. The stability regimes of model 1 show a reduction in the stall an
gle from αs = 15◦ to αs = 13◦ as a result of the hydrofoil flexibility. Hydroelastic 

coupling causes the steady lift and yawing moment coefficients to be larger for the 

flexible hydrofoils (models 1 and 2) than for the rigid model 0, while the differences 

between models 1 and 2 are within the experimental uncertainty bounds. The drag 

coefficient is relatively unaffected by hydrofoil flexibility. 
Passive deformations of model 1 are shown to shift the transition boundaries 

(inception, stabilization, washout, and rewetting) slightly downward and/or to the 

right, relative to the boundaries of model 0. The differences are small, however, 
and in the cases of the stabilization and washout boundaries, the rigid and flexible 

boundaries are within the experimental uncertainty. Active excitation of model 2 at 
its resonant modes was found to modify the local/global stability of overlapping flow 

regimes in the bi-stable regions of parameter space. Excitation of the first bending 

mode encouraged ventilation inception, while excitation of twisting modes and higher-
order bending modes caused washout and rewetting. 

How does multi-phase flow affect the static and dynamic hydroelastic re
sponse and stability of the hydrofoil? 

Bending and twisting deflections are proportional to the lift and yawing moment 
in each flow regime. As a result, structural deflections are much smaller in the FV 

regime than in the FW regime. The maximum twist angle induced by hydrodynamic 

loading on either model 1 or model 2 is approximately θ = 1◦, measured at the foil 
tip. Thus, it is conceivable that the stall angle is advanced, though the test matrix 

resolution is too course to resolve the stall angle precisely. 
When the flow regime changes suddenly, such as during perturbation-induced 

ventilation formation, the structural deflections and unsteady hydrodynamic forces 

exhibit mimic the step response of a highly, but sub-critically damped dynamical 
system. At small yaw angles, coherent vortex shedding (into a von Kármán street) 
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from the blunt TE of model 2 was shown to excite flow-induced vibrations at Froude 

numbers of 0.3 ≤ Fnh ≤ 2.5. Lock-in was observed where the frequency of vor
tex shedding crossed resonant frequencies of the the hydrofoil. Peaks elsewhere in 

the spectra of hydrodynamic force and hydrofoil tip motions indicate flow-induced 

vibration. 

Can scaling relations be used to describe the static and dynamic loads and 

structural responses of the surface-piercing hydrofoils? 

The bending and twisting deflections measured at the tips of models 1 and 2, 
and scaled by the dynamic pressure, are proportional to CL3D and CM3D respectively. 
Additionally, the ratio of elastic twist angle to total effective angle of attack, measured 

at the foil tip, is shown to scale with Fnh 
2 for constant a0 and e. Thus, attached flow 

in the FW flow regime form one asymptotic boundary, while FV flow at large α and 

Fnh form another. These results are consistent with the numerical study of Akcabay 

and Young (2014). Intermediate yaw angles and Froude numbers, for which spanwise 

variations in cavity length cause both a0 and e to vary along the span, fall between 

these established limits. Finally, the distance between vortices shed from the trailing 

edge was found to remain constant at all speeds, so the vortex shedding frequency 

scales linearly with forward speed. 

5.7.2 Discussion 

It was observed in §5.3 that the experimentally-observed stall angle of model 1 is 

lower than that of model 0. The results shown in this chapter (particularly those in 

figure 5.12), suggest that this is due at least in part to an increase in the effective 

yaw angle by twisting deflections. However, we cannot say with certainty that the 

advancement of the stall angle is due solely to flexibility of models 1 and 2. Variations 

in the water temperature of approximately 5C were measured between summer and 

winter testing. Thus, testing during the winter resulted in a chord-based Reynolds 

number Rec as much as 15% smaller than that at the same conditions tested during the 

summer. The sharp Leading Edge (LE) geometry was expected to fix the separation 

point regardless of small variations in Rec, but it appears that near the stall boundary, 
there was still some influence of viscosity. yielded a greater impact upon the stability 

boundaries of the flow regimes than did the flexibility of the hydrofoil. 
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CHAPTER VI 

Preliminary Modal Analysis of Flexible Hydrofoil 

This chapter presents recent work on the dynamic hydroelastic behavior of the 

flexible hydrofoils undergoing vibration. The chapter will address the following re
search question, posed in chapter I: 

•	 How are the system resonant frequencies, mode shapes, and damping coefficients 

altered by flow speed and multi-phase flow? 

•	 Can ventilation and/or cavitation cause hydroelastic instability? 

Additionally, we will touch upon dynamical modeling and system identification. We 

begin by presenting a general dynamical system model for a hydroelastic system like 

the hydrofoils under consideration. 

6.1 The Equations of Motion of a Hydroelastic System 

In this chapter, we depart from the simplified Two-Dimensional (2-D), Two-Degree 

of Freedom (DOF) model previously used to demonstrate hydroelastic interactions. 
Instead, the surface piercing hydrofoil is modeled as a generic dynamical system like 

that described by equation 1.24, which is reproduced below: 

¨ ˙[Ms] X + [Cs] X + [Ks] {X} = {FEX } + {Ffl} . (1.24 revisited) 

It is useful to add a hysteretic damping term, [Gs], to equation 1.24, which is 

commonly used to represent dissipation of energy into bolted connections and into 

thermal losses in the material itself. Doing so yields, 

[Ms] X ¨ + [Cs] Ẋ + [Gs] [S]D Ẋ + [Ks] {X} = {FEX } + {Ffl} , (6.1) 
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[S]D is a scale matrix, defined such that, 

|Xi|
Sij = δij , (6.2)

|Ẋi|

where δij is the Kronecker delta. Equation 6.2 causes the structural hysteretic damp
ing force to be proportional to displacement, while in phase with the velocity (Soroka, 
1949). This structural damping model the causes the proportion of energy dissipated 

per unit cycle – otherwise known as the hysteretic loss factor – to be independent of 
frequency. As a result, the model is non-causal, and not strictly physical. However, 
as described by Crandall (1970); Bert (1973), the spurious non-causal behavior is 

negligible. More importantly, the proportional energy dissipation per cycle of real 
solid materials is approximately constant over a sufficient range of frequencies that 
the linear structural damping model does relatively well over the frequency range of 
interest in this study. 

Finally, we are not concerned with the static equilibrium deflections of the model, 
which were discussed in chapter V. Thus, let equation 6.1 be written with the linear 
steady-state hydroelastic response 

{Xsteady} = ([Ks] + [Kfl])−1 {Fr,steady} , 

subtracted from the response, such that {X} describes the displacement about the 

static equilibrium deflections. 
In this chapter, we consider the case where {Ffl} = 0 and {FEX } = 0. Let 

the fluid force vector contain components proportional to the structural motions 

(Theodorsen, 1935; Münch et al., 2010; Akcabay et al., 2014a). This assumption 

yields added mass, damping, and stiffness matrices, allowing us to write, 

¨ ˙{Ffl} = − [Mfl] X + [Cfl] X + [Kfl] {X} + {Fother} . (6.3) 

{Fother} represents complex non-linear forces or those caused by hydrodynamic phe
nomena not inherently related to structural motions, such as unsteady cavity shed
ding, vortex shedding, or boundary layer instability (Ducoin et al., 2012a; Akcabay 

et al., 2014a; Akcabay and Young, 2015; Caverly et al., 2016). 
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Thus, we have, as general equations of motion for a hydroelastic lifting surface, 

([Ms] + [Mfl]) X ¨ + ([Cs] + [Cfl]) Ẋ + [Gs] [S]D Ẋ + . . . 

([Ks] + [Kfl]) {X} = {FEX } + {Fother} . (6.4) 

Equation 6.4 forms the basis for modeling in this chapter, and we will revisit it in 

§6.4, when the model is applied to the interpretation of experimental data. 

6.2	 Finite Element Method Predictions of Modal Character
istics of Flexible Hydrofoils 

®Finite Element Method (FEM) modeling was performed in ANSYS Mechanical R

for both flexible hydrofoil models (model 1 and model 2) to predict the approximate 

modal frequencies and mode shapes in dry conditions. Models were assigned the 

properties in table 2.1 and table 2.2. In each case, the nodes on the surface of the 

foil tang were constrained in all degrees of freedom to simulate the physical clamp, 
and the shape sensing spars were omitted from both models. Figure 6.1 depicts the 

meshed FEM model of model 2, which differs from model 1 only in the aluminum 

strip at the Trailing Edge (TE). Each model was meshed with 160,000 to 180,000 

elements. 
The resonant frequencies and descriptions of each mode shape are given in ta

ble 6.1. The mode shapes themselves are shown later in §6.3 for model 1, and §6.5.2 

for model 2. 
®Additional FEM modeling was performed by collaborators, using ABAQUS R to 

simulate model 1 in a partially-immersed condition in both Fully Wetted (FW) and 

Fully Ventilated (FV) flows. The liquid domain was modeled with zero-shear and zero-
stiffness acoustic elements, which retains only the inertial effect of water. Ventilation 

was simulated by specifying the assigning the properties of air to the acoustic elements 

within a prismatic wedge of fluid (see figure 6.2). Further details of the simulation 

may be found in Harwood et al. (2016a), and results will be briefly discussed in §6.3. 
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Figure 6.1: FEM model of flexible hydrofoil. Model 2 is shown. Model 1 was simulated 
by removing the aluminum strip at the TE. 

Table 6.1: Undamped in-vacuo normal modes of model 1 and model 2 predicted by 
FEM model. 

Mode Model 1 Model 2 

Mode 1 
Name 

Frequency 
Mode Shape 

X-Bend 1 
8.0 Hz 
First bending mode 

X-Bend 1 
9.9 Hz 
First bending mode 

Mode 2 
Name 

Frequency 
Mode Shape 

X-Bend 2 
48.9 Hz 
Second bending mode with 
secondary twisting 

Z-Twist 1 
51.6 Hz 
First twisting mode with 
secondary bending 

Mode 3 
Name 

Frequency 
Mode Shape 

Z-Twist 1 
54.5 Hz 
First twisting mode 

X-Bend 2 
63.0 Hz 
Second bending mode with 
secondary twisting 

Mode 4 
Name 

Frequency 
Mode Shape 

Y-Bend 1 
68.6 Hz 
First lead-lag mode 

Y-Bend 1 
93.3 Hz 
First lead-lag mode 

Mode 5 
Name 

Frequency 
Mode Shape 

X-Bend 3 
134.8 Hz 
Third bending mode 

X-Bend 3 
148.1 Hz 
Third bending mode 

Mode 6 
Name 

Frequency 
Mode Shape 

Z-Twist 2 
166.3 Hz 
Second Twisting mode 

Z-Twist 2 
182.7 Hz 
Second Twisting mode 

224
 



Solid elements

Acoustic elements (air)
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Figure 6.2: FEM domain for the surface-piercing strut simulated in FV flow. A wedge-
shaped volume of acoustic elements are switched from water to air to approximate the 
effect of ventilation on the modal response of the strut. Reproduced from Harwood 
et al. (2016a). 

6.3 Output-Only Operational Analysis of Model 0 and Model 1 

An output-only analysis of the free vibrations of the aluminum (model 0) and 

PVC (model 1) struts was performed by Harwood et al. (2016a). The study was 

performed by striking the struts with an un-instrumented hammer while measuring 

the outputs from a suite of accelerometers, strain-gauges, and a single-point Laser 
Doppler Velocimetry (LDV). Such an analysis, performed without knowledge of the 

spectral energy of the input, is known as an operational analysis, as opposed to a 

modal analysis, since the former can only provide insight into the spectral content of 
the system’s output while the system is operating, and cannot characterize the way 

the system responds to inputs not present in the system’s measured operation. 
Most of the analyses were later improved and expanded upon with the shaker-

motor testing of model 2 (with TE reinforcement). While the model-1-specific results 

should be found in Harwood et al. (2016a), the salient points will be herein summa
rized to frame the discussion of modal coalescence and to form the foundation for the 

modal analysis that follows. 
To collect vibration data, each strut was suspended from the steel dry-land frame 
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Figure 6.3: Experimental setup used to measure vibratory response of struts. A large 
steel structure holds the surface-piercing strut in a vertically-cantilevered configu
ration, suspended either in air or in a 65-gallon (246 liter) drum with the free tip 
immersed to depth h. Reproduced from Harwood et al. (2016a). 

(described in § 2.2.1) in a vertically cantilevered configuration. The root of the strut 
was clamped to the box frame in exactly the same manner as during towing-tank 

testing. The free tip of the strut was lowered into a 250 liter (65-gallon) drum, which 

was filled with freshwater until the desired depth of immersion (h) was achieved. 
Immersed aspect ratios (ARh = h/c) of 0, 0.5, 1.0, and 1.5 were assessed, with 

ARh = 0 corresponding to the dry configuration. The motions of the hydrofoils were 

measured via a Polytec OFV-353 single-point LDV, and the internal shape-sensing 

spars were used to measure the deflections of model 1 only. The strut was excited 

by hammer strikes, after which the decaying free-vibration response was recorded as 

a time-series of length M . Sampling rates of Fs = 1 kHz and 5 kHz were used for 
the aluminum and PVC struts, respectively. The experimental setup is illustrated in 

figure 6.3. 
The Discrete Fourier Transform (DFT) was used to generate frequency spectra 

for each recorded channel,   
X̃ = D([X]), (6.5) 
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where Xjm is a sample on channel j collected at time tm and X̃jm is the complex-
valued number corresponding to channel j at frequency fm

X̃

, where m = 1, 2, . . . , M .
 
The magnitudes of the frequency response
 were plotted for each collected data
 

channel, denoted by index j, and the collective frequency distributions were used to 

locate peaks in the frequency spectra corresponding to resonant modes. The location 

of a peak on each channel was taken as the jth estimate of the resonant frequency of 
mode n, denoted as f0,(n,j). 

Taking the imaginary part of row m from X̃ yields the operating deflection shape 

(ODS) for frequency fm. When the sampled strain-gauge signals are considered, the 

ODS represents the strain distribution that oscillates sinusoidally at that frequency: 

{�̃z} = Im X̃ . (6.6) 
m 

The ODS strains for each resonant condition were translated into a surface ODS, 
Ỹ , via equations 2.3-2.6. For resonant peaks that are well-separated from one 

another, the ODS at the peak of mode n is dominated by the underlying normal 
mode shape, {Θ} (Schwarz and Richardson, 1999). n 

6.3.1 Operating Deflection Shapes 

The measured operating deflection shapes (ODSs) and corresponding resonant 
frequencies (f0) of model 1 are shown in figure 6.4. The rows are ordered by in
creasing immersed aspect ratio ARh, and the columns are ordered from left to right 
by ascending resonant frequencies within each row. Note that the Y-Bend-1 mode 

(also known as the “lead-lag” mode) is not captured in the experiments because the 

half-bridges used fo the shape-sensing spars reject axial strains. The X-Bend-1 and 

X-Bend-3 modes are clearly represented in the ODS. As the immersion depth is in
creased, these modes appear to change only slightly (some induced twist appears in 

the X-Bend-3 mode), but remain recognizable. The X-Bend-2 and Z-Twist-1 modes, 
however, are located relatively close to one another in the frequency domain, and both 

underlying normal modes contribute to the ODS at nearby frequencies. As a result, 
the underlying modes cannot be extricated from the ODS; rather, the ODS must be 

regarded as weighted superposition of the underlying modes. As the immersion depth 

is increased to ARh = 0.5, the second and third resonant modes become so closely-
coupled (less than 2 Hz of separation), that the ODSs are almost indistinguishable. 
At ARh = 1.0, the second and third resonant ODSs are re-ordered, relative to the 

dry ordering, such that Z-Twist-1 actually occurs at a slightly lower frequency than 
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does X-Bend-2. At ARh = 1.5, the original order is restored. Resonant mode shapes 

predicted by FEM for the cases where re-ordering occurs are shown at the bottom of 
the figure, corroborating the result of mode re-ordering. 
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Figure 6.4: Resonant Operating Deflection Shapes (ODSs) measured in experiments 
for model 1. The undeformed surface is indicated by the grey patch. Vertical bars 
indicate ± one standard deviation in the ODS. The second and third resonant modes 
coalesce and reverse order between ARh = 0.5 and ARh = 1.0, and return to the 
original order at ARh = 1.5. Modes predicted by FEM, shown at the bottom of the 
figure, also indicate a re-ordering of the second and third modes between ARh = 0.5 
and ARh = 1.0. Reproduced from Harwood et al. (2016a). 
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6.3.2 Effects of Partial-Immersion on Resonant Frequencies 

The resonant frequencies of the aluminum (model 0) and PVC (model 1) struts are 

respectively shown in figure 6.5a and figure 6.5b. The resonance frequencies, nondi
/fDRY mensionalized by the corresponding dry modal frequencies for each mode, f0,n 0,n 

are shown for both models in figure 6.5c and figure 6.5d, respectively. 
The agreement between the FEM results and the experimental results are good 

in most cases. A notable exception is the X-Bend-2 mode of the aluminum strut, 
where the FEM-predicted frequencies are consistently higher than the experimentally-
observed ones. A likely explanation for the discrepancy is the root boundary con
dition. In the FEM model, the root of the strut was perfectly clamped, while the 

experimental setup may have been influenced by the compliance of the load cell, 
reducing the stiffness of the system. 

In general, with increasing ARh, the resonant frequencies in figure 6.5a and fig
ure 6.5b decrease, with the exception of the Y-Bend-1 mode. As figure 6.5c and 

figure 6.5d demonstrate, the reduction is more severe for the PVC strut than the 

aluminum strut. Both effects are attributed to the inertial resistance of the water 
to the strut’s motion. Added mass is the integrated inertial resistance to the local 
accelerations of the body, which as the name implies, may be modeled by additional 
mass distributed on the structure. The distribution of the added mass is purely a 

function of the body’s motion (if free-surface waves are neglected). For similar mode 

shapes, the fluid added mass will be nearly identical for the two struts, but will make 

up a greater percentage of the total system mass in the case of the PVC strut. As a 

result, the lighter structure is influenced to a much greater degree by the immersion 

into a dense fluid – a result shown both analytically and numerically by Motley et al. 
(2013) and Kramer et al. (2013). 

Mode shapes where deflection occurs in a direction with a large projected area (e.g. 
X-Bend-1) are necessarily more-strongly affected by the surrounding fluid’s added 

mass than are mode shapes that present minimal projected area in the direction of 
primary motion (Y-Bend-1). This is demonstrated in figure 6.5c and figure 6.5d by the 

fact that, as the struts are immersed, the reductions to the resonant frequencies are 

not uniform. Namely, the first-order resonant modes (X-Bend-1 and Z-Twist-1) are 

affected more-severely than the higher-order modes. Moreover, note that inflections 

occur in the resonant frequencies of the higher-order modes. This occurs when a 

nodal line of the respective resonant mode is submerged. Motion along the node lines 

is identically zero, and so induces very little acceleration in the surrounding fluid; the 

result is a near-zero change in the hydrodynamic added mass. 
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As observed in the preceding section, the second and third modes approach one 

another (frequency coalescence) between ARh = 0.5 and ARh = 1.5. This occurs be
cause the node line of the X-Bend-2 becomes submerged at approximately ARh = 1, 
causing the added mass component to plateau. The added mass effect is proportion
ally severe enough to cause a re-ordering of modes at ARh only in the case of the 

PVC strut. 

6.3.3	 FEM Prediction of the Effects of Ventilation on Resonant Frequen
cies 

The hydrofoils remained in the stationary drum during testing, so no experimental 
data were available to assess the effect of ventilation on modal frequencies or ODSs. 
Data were limited instead to the FEM predictions. The dashed lines in figs 6.5 denote 

the numerical resonant frequencies when the air-filled cavity was included in the 

fluid domain. In all cases, the resonance frequencies increase from their fully-wetted 

values. In the fully-ventilated configuration, nearly half of the previously-wetted area 

is surrounded by air, which presents a negligible inertial opposition to motion, thus 

reducing the added mass. As a result, the resonant frequencies increase to a value 

somewhere between those in the corresponding fully-wetted condition and the dry 

condition. 
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Figure 6.5: Dimensional resonant frequencies of (a) aluminum (model 0) and (b) 
PVC (model 1) struts and the wet-to-dry frequency ratios of (c) model 0 and (d) 
model 1 struts with varying immersed aspect ratio. Symbols denote mean experimen
tal resonant frequencies, with bars indicating ± one standard deviation. Solid lines 
indicate the FEM results with a fully-wetted fluid domain and dashed lines indicate 
the FEM results with a simulated fully-ventilated cavity. Reproduced from Harwood 
et al. (2016a). 
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6.3.4 Insights gained from Output-Only Analysis 

Partial immersion in water causes the resonant frequencies of both struts to de
crease, though the effect is more pronounced for the PVC strut because hydrodynamic 

added mass makes up a greater proportion of the effective system mass. The modal-
dependence of the fluid added mass causes the second bending and first twisting 

frequencies to approach one another for the aluminum strut and to change order for 
the PVC strut. The re-ordering of modes has been shown by the numerical mode 

shapes and by the operating deflection shapes (ODSs) measured in the experiments. 
Frequency coalescence is significant because it can be a precursor to dynamic modes 

of hydroelastic instability. It signifies the sharing of energy between two modes; in 

extreme cases, one mode can feed energy into another in an unbounded fashion. The 

formation of a FV cavity causes the resonant frequencies to increase again, as air 
replaces some of the water surrounding the strut, reducing the fluid added-mass. 
Damping coefficients were not obtained successfully because output-only damping es
timates (e.g. the fractional-power-bandwidth method (Bert, 1973; Reese, 2010; Chae 

et al., 2016)) do not perform well in the vicinity of closely-coupled modes. In the 

following section, a method will be presented by which a more-rigorous analysis of 
the modal behavior of a flexible hydrofoil may be performed. 

6.4 Input-Output Modal Analysis of Model 2 

This section introduces the concepts and tools used to analyze the vibrations of 
the hydrofoils. The concept of a frequency response function will be presented first, 
followed by a derivation of the frequency response function and complex transfer func
tion representations for a general vibratory system with multiple degrees of freedom. 
The application of the derived relationships to experimentally-collected data will then 

be outlined, and the methods validated with a simple demonstration problem. 

6.4.1 Frequency Response Function of an MDOF Dynamical System 

Central to operational and modal vibration analysis is the Frequency Response 

Function (FRF), which is a complex-valued representation of a system’s response to 

a given input, 

Output(ω)
H(ω) = . (6.7)Input(ω) 
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Table 6.2: Common names of frequency response functions with input measurements 
X and output measurements Y 

X Y Y/X X/Y 

. Force Displacement Compliance Dynamic Stiffness 
Force Velocity Mobility Impedance 
Force Acceleration Inertance / Receptance Dynamic Mass 

For a vibratory system with only one degree of freedom, the FRF describes the 

response of the entire system. For multiple-degree-of-freedom (MDOF) systems with 

N degrees of freedom, the FRF takes the form of an N × N matrix, each containing 

a complex valued function Hij(ω), that maps an input at the jth degree of freedom 

to an output at the ith degree of freedom of a system excited at an angular frequency 

of omega. 
The name given to an FRF matrix depends upon the quantities defined as inputs 

and outputs. Table 6.2 gives a summary of common FRF types. If one assumes 

a linear system with time-invariant parameters, then reciprocity of the system may 

be assumed, such that the FRF matrix is symmetric. As a result, only one row or 
column of the FRF matrix is needed to completely characterize the response of the 

system. A single column might be measured by exciting the system at a single point 
and measuring the response at distributed points on the structure, while a row may 

be measured by measuring the response at a single location while moving the point 
of excitation to different locations on the model (an example being a roving-hammer 
test). 

6.4.2 Dynamical-System Model for Surface-Piercing Hydrofoil 

In this section, the equations of motion of a general hydroelastic system (equa
tion 6.4) will be developed into a modally-decomposed reduced-order model. Consider 
equation 6.4. Let the structural and fluid mass, damping, and stiffness matrices be 

summed together: 

[M ] = [Ms] + [Mfl] 

[C] = [Cs] + [Cfl] 

[K] = [Ks] + [Kfl] . (6.8) 

Listed below are the assumptions under which the following derivation is per
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formed: 

•	 The fluid added mass, added damping, and added stiffness matrices are, in 

general, dependent upon ω. We will assume that the frequency-dependency 

in these matrices may be neglected relatively narrow bands of the frequency 

domain, i.e. the matrices are assumed frequency-independent in the immediate 

neighborhood of modal peaks. 

•	 The same assumption is made regarding the structural damping matrix [Gs]. 
The frequency dependency is neglected in the immediate neighborhood of modal 
peaks. 

•	 Fluid added mass, damping, and stiffness matrices are assumed to be linear 
with respect to {X ¨ }, {Ẋ }, and {X}, respectively. 

•	 The structural and fluid damping matrices, [Cs], [Gs], and [Cfl] are assumed 

to reside within the matrix space defined by the bases [M ] and [K], such that 
each may be written as a linear combination of the mass and stiffness matrices. 
This is a form of damping known as proportional Rayleigh damping. Rayleigh 

damping is the classic example of general proportional damping (Rayleigh). 
Recently, formulations have also been proposed for more-general forms of pro
portional damping, based on Caughey series (Adhikari, 2006). 

•	 The matrices [M ], [C], [Gs], and [K] are assumed to be symmetric, such that 
they may be diagonalized by a matrix of real eigenvectors. 

Together, the above assumptions mean that we may assume the system under consid
eration to behave as a sufficiently linear, time-invariant, and frequency-independent 
system within a small band of frequencies surrounding each resonant mode. 

Let {fother} = 0 and assume the external force to be harmonic with an angular 
frequency ω, i.e. {FEX } = f̃  

ex eiωt, with an associated harmonic response {X} = 

X̃0 eiωt, where the tilde (˜) indicates a complex number. Under such assumptions, 
equation 6.4 reduces to, 

−ω2 [M ] + iω [C] + [K] + i [Gs] X̃0 = f̃  
ex , (6.9) 

The frequency response function is defined as the complex-valued mapping from a 
˜forcing vector {f} to a selected response vector (in this case the deflections X0 ), 

H̃(ω) f̃  
ex = X̃0 .	 (6.10) 
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By inspection, equation 6.9 yields that, 

H̃(ω) 
−1 

= −ω2 [M ] + iω [C] + [K] + i [Gs] . (6.11) 

6.4.3 Modal Decomposition of Equations of Motion 

D
Let [Θ] and
 ω
20 be, respectively, the mass-orthonormalized eigenvectors (in
 

columns) and corresponding eigenvalues (in the form of a diagonal matrix) that span 

the solutions to the homogeneous, undamped equation of motions, 

[K] − ω2 [M ] = {0} . (6.12) 

[Θ] and [ω0]D are thus respectively referred to as the undamped mode shapes and 

undamped natural frequencies. Under the assumption of proportional damping, the 

undamped mode shapes and eigenvalues can be used to modally-decompose equa
tion 6.11 to give, 

[Θ]T H̃(ω) 
−1 

[Θ] = [Θ]T −ω2 [M ] + iω [C] + [K] + i [Gs] [Θ] 

= − ω2 [I] + iω [Cm]D + ω
20 

D 
+ i [ηm]D . (6.13) 

[Cm]D denotes the diagonal matrix of viscous damping coefficients (combined struc
tural and fluid). η is the structural hysteretic loss-factor, defined as the proportion 

of energy dissipated during each cycle to hysteretic losses within the material. The 

degrees of freedom have been transformed into modal participation factors P̃n, which 

describe the contribution of each mode shape {Θn} to the system response, where 

n is the mode number. Note that there is no loss of generality in the solution, since 
˜{P } and X0 are related by the change-of-basis transformation, 

X̃0 = [Θ] P̃ . (6.14) 

Inverting both sides of equation 6.13 produces a representation of the FRF in terms 

of modal parameters, 

−1 

+ i [ηm]D (6.15)H̃(ω) [Θ]−T =
 −ω2 [I] + iω [Cm

D
[Θ]−1 ω
20]D + 

−1 

H̃(ω) = [Θ]
 2
0 

D 
+ i [ηm]D−ω2 [I] + iω [Cm]D + [Θ]T (6.16)
ω
 .
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Each individual FRF in the FRF matrix H̃ may be written as
 

NDOFt ΘnjΘnk
Hjk(ω) = (6.17)) ,

ω2 − ω2 + i(ηn + 2ωω0,nξnn=1 0,n 

where j and k are the indices of the excitation and response degrees of freedom. NDOF 

denotes the number of instrumented degrees of freedom, and hence the number of 
modes that can be resolved. Alternatively, the summation may be performed over 
some truncated number of modes, N < NDOF , rendering equation 6.17 a reduced-
order model. 

6.4.4 Equivalent Viscous Damping 

There is no practicable way to extricate the two forms of damping contained in 

the denominator of equation 6.17. As a final simplification of the model, we’ll assume 

that in the immediate vicinity of each mode n (ω ≈ ω0,n), the damping terms may 

be combined to yield, 

Nt Θnj Θnk
Hjk(ω) = . (6.18)

ω0
2
,n − ω2 + iωω0,nξe,nn=1 

Note that equation 6.18 is summed over N modes, where N describes the order of 
the resulting reduced order model. ξe,n is an equivalent viscous damping ratio that 
approximates, by a linear dashpot, the total damping of mode n due to structural, 
fluid, hysteretic and other sources. Other researchers (Blake, 1972; Reese, 2010) 
have instead grouped all damping components into an equivalent loss factor, ηT . The 

choice is a purely semantic one, and the viscous model is chosen in this work. In what 
follows, an attempt will be made to separate the total damping into three constituent 
parts: the structural damping, the quiescent fluid damping, and the hydrodynamic 

damping. Thus, the linear summation is proposed, 

ξe,n = ξs,n + ξq,n + ξhd,n, (6.19) 

where the damping components are described in table 6.3. Note that this superpo
sition is proposed to separate the dissipative effects of the hydrofoil structure, the 

effects of the dense fluid (water), and the effects of fluid motion. Individual sources 

of damping will contribute to each of the three components in table 6.3, including 

both linear and nonlinear effects. The components in equation 6.19 and table 6.3 
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Table 6.3: Description of damping components that make up total equivalent damping 
ratio ξe. 

Notation Description Physical Mechanisms 

ξs Structural damping 
Viscoelastic, coulomb, and hysteretic 
damping in the material and at bolted 
interfaces. 

ξq 

ξhd 

Quiescent fluid damping 

Hydrodynamic damping 

Viscous dissipation of eddies, wave radia
tion damping, and acoustic radiation. As
sumed to be independent of fluid velocity. 
Circulatory damping, nonlinear wave gener
ation, spray, and other velocity-dependent 
components. 

are therefore linearizations of the marginal damping ratios in the in-vacuo, quiescent 
fluid, and moving fluid regimes. 

6.4.5 Transfer Function Representation 

Note that equation 6.17 takes the form of a transfer function. Transfer functions 

are frequently represented in terms of the Laplace variable s = σ + iω, where σ is the 

damping coefficient in the complex s plane. The frequency response function can be 

viewed as a transfer function evaluated only along the frequency axis of the s domain, 
or under the substitution of s = iω. This is illustrated in figure 6.6, where the FRF 

is shown to be a slice through the complex transfer function along the frequency axis 

of the s plane. 
For undamped vibratory systems, the poles of the transfer function are located on 

the frequency axis, such that the FRF becomes singular at the undamped resonant 
frequency ω0, of each mode. The introduction of damping rotates the location of the 

pole in the complex s plane, moving it off of the frequency axis such that the fre
quency response function never becomes singular and the damped resonant frequency 

is slightly reduced. 
Expanding the FRF and consolidating it into a single rational polynomial function 

of s gives the transfer function representation, referred to by Richardson and Formenti 
(1982) as the Rational Fraction Polynomial (RFP) model, 

 Mn m

m=0 bms


H̃(s) =  Nd 
, (6.20) 

n=0 ansn 
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Figure 6.6: A sample 2-DOF system, represented by its transfer function of the vari
able s = σ + iω. The frequency response function is formed by taking a slice through 
the resulting surfaces along the frequency axis. The individual modal responses are 
shown in red and blue, while the sum of the modal FRF contributions is shown as a 
dashed black line. The poles of the system are moved off of the frequency axis by the 
introduction of damping. 
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where the degrees of the numerator and denominator polynomials are independent of 
one another, and respectively dictate the number of zeros and poles of the transfer 
function. A detailed description of the types and natures of poles is beyond the 

scope of this work. For the purposes of this discussion, we may assume that the 

denominator of the transfer function is the characteristic polynomial of the vibratory 

system it describes, such that it has Nd roots, corresponding to the Nd poles of the 

transfer function. 
For a linear, time-invariant system, the transfer function will possess Hermitian 

symmetry, such that its poles exist in complex conjugate pairs. Leveraging this fact 
permits a partial-fraction expansion of equation 6.20 to yield, 

Nd/2
⎛ ˜ ˜ ∗ ⎞ t Rn Rn 

H̃(s)	 = ⎝ + ⎠ . (6.21) 
n=1 s − p̃n s − p̃n 

∗ 

Here, R̃n and R̃n 
∗ 

are the residue matrix and its complex conjugate, respectively, 
∗of the nth mode. Similarly, p̃n and p̃n are the nth complex pole and its conjugate. 

Transfer function coefficients, poles, residues, and direct terms were found by sequen
®tial application of MATLAB R functions invfreqs and residue. Hermitian symmetry 

was ensured by reflecting the experimentally-measured H̃ about the origin and 

imposing anti-symmetry on the imaginary component, thus ensuring that poles and 

residues were returned as conjugate pairs. 

6.4.6	 Parameter Estimation and System Identification using Rational 
Fraction Polynomial 

For a system of NDOF degrees of freedom, Nd = 2NDOF , signifying that the 

partial-fraction expansion of the transfer function represents a sum of modal contri
butions from each of the NDOF modes of the vibratory system, along with the complex 

conjugate of each. Recalling that s = σ + iω, each pole yields, 

p̃n = σn + iωn 

= ω0,nξn + iω0,n 1 − ξn
2 .	 (6.22) 

The undamped resonant frequency, damped resonant frequency, and damping 
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ratio are then given by, 

ω0,n = ||p̃n|| Undamped Natural Frequency (6.23) 

ωn = Im {p̃n} Damped Natural Frequency (6.24) 
Re {p̃n}= Modal Damping Ratio (6.25)ξe,n ||p̃n|| 

It is important to note that, while the FRF (and its transfer function representa
tion) is an NDOF × NDOF matrix of residues (related to the NDOF degrees of freedom 

of the system), the denominator of each modal contribution is a complex scalar. The 

interpretation of this fact is important: the resonant frequency and damping (respec
tively ω0,n and ξe,n) of each mode n is a global parameter. It does not vary with 

the location of the input or output and, as a result, each FRF measurement in the 

FRF matrix should contain identical modal parameters. Let N denote the number 
of modes in some portion of the frequency axis on which we wish to perform an iden
tification. Note that N can be less than the number of physical poles of the system 

because it represents the number of poles residing along the portion of the frequency 

axis spanned by the FRF. For each of the N identified poles of the transfer func
tion, a vector of resonant frequencies and viscous damping ratios can be obtained, 
respectively, {ω0} ∈ RNDOF ×1 and {ξe} ∈ RNDOF ×1. From these samples, means and 

standard deviations were computed for each identified pole. 
Comparison of equation 6.17 and equation 6.21 reveals that the residue matrix of 

the nth mode is related to the outer product of the nth mode shape. Without going 

into too much detail, this relationship can be expressed as, 

R̃n = q̃n {Θn} {Θn}T , (6.26) 

where qn is an undetermined scaling factor. As a result, any row or column of the 

residue matrix contains a re-scaled mode shape. If a single modal contribution is 

considered (mode n), then when ω = ω0,n, the real part of equation 6.13 becomes 

zero, leaving the imaginary part only. Another way to interpret this is that when 

the excitation occurs at the undamped resonant frequency of a given mode, that 
respective mode’s temporal term is 90◦ out of phase with the excitation. Finally, a 

straightforward (but laborious) expansion of the nth term of equation 6.21 shows that, 
if equation 6.21 is to satisfy the same condition at the undamped resonant frequency, 
then the real part of the Residue matrix R̃n must be zero. 

From these considerations, an unscaled mode shape – or more precisely, a mode 

241
 



  

  
  

shape with an unknown scaling factor – denoted Θ̂n , may be obtained from any 

row or column of the residue matrix (depending upon whether the data were collected 

in a SIMO, MIMO, or MISO fashion) as, 

Θ̂n = Im {{Rn}} ,	 (6.27) 

˜where {Rn} is any column or row of Rn , recast as a column-vector. 

6.4.7	 Validation Study: System Identification of a Proportionally-Damped 

MDOF System 

A 6-by-6 model was created with known resonant frequencies, mode shapes, and 

viscous and structural damping ratios. FRF matrices were synthesized from the 

known values and used to test the system-ID approach described in the preceding 

sections. The undamped resonant frequencies may be found in table 6.4. 
Three test cases were considered: 

1.	 ξv = 0.025 viscous damping for all modes; ηs = 0 structural damping for all 
modes; no noise added to spectrum. 

2
02. ξv = 0.025 viscous damping for all modes; ηs = 0.025/(2ω ,n) structural damp

ing for all modes; no noise added to spectrum.
 

2
0,n

ing for all modes; random noise added to spectrum. 

A single row of the FRF matrix was retained at each frequency, simulating the case 

of a multiply-instrumented test specimen with a single excitation point. For all cases, 
the modal viscous damping ratio was set to a constant ξv = 2.5%. For case #2, the 

3. ξv = 0.025 viscous damping for all modes; ηs = 0.025/(2ω ) structural damp

2
0,n

damping ratio ξs would be constant for all modes. The notation of the damping ratio 

components is unimportant, but note that the system ID will attempt to recover the 

total equivalent damping, 
ξe = ξv + ξs. 

Finally, for case #3, uniformly distributed random error c ∈ [0, 1] was added to the 

real and imaginary parts of the FRF. The random signal was generated with an Root 
Mean Square (RMS) proportional to the RMS of the FRF. Mode shapes were defined 

as 

[Θ] = [sin {φ} cos {φ} tan {φ} sinh {φ} cosh {φ} tanh {φ}] , 

structural damping was defined as ηs = ξs/(2ω ), so that the equivalent viscous
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where {φ} = [0.1π . . . 0.9π]T . 
Case # 1 is presented below, while test cases 2 and 3 are contained in appendix F. 
A litmus test of any system identification procedure is whether or not the algo

rithm can recover prescribed system parameters under perfectly ideal conditions, i.e. 
no noise or nonlinearities. The first test of the RFP modal used only the linear vis
cous damping coefficient. The entire simulated frequency range was used to perform 

identification with N = 6 (all modes being identified). The resulting synthesized 

FRF magnitude, fitted FRF, and contribution of each identified mode are shown in 

figure 6.7. As shown in table 6.4 and figure 6.7, the quantitative identification is 

excellent. 

RMSnoiseξv ξs RMSF RF 

0.025 0 0 

ωn, rad/s ξe 

Truth ID % Error Truth ID % Error 

Mode 1 1.2 ’1.2±1.16e-06’ -3.8E-07 0.03 ’0.025±7.78e-07’ -1.2E-05 
Mode 2 2.24 ’2.24±1.95e-07’ -4.2E-08 0.03 ’0.025±1.23e-08’ -2.3E-07 
Mode 3 7.2 ’7.2±3.73e-05’ -2.0E-06 0.03 ’0.025±3.43e-07’ -3.2E-06 
Mode 4 8 ’8±1.46e-06’ 6.9E-08 0.03 ’0.025±1.05e-07’ -2.0E-06 
Mode 5 10 ’10±1.33e-08’ 5.0E-11 0.03 ’0.025±3.42e-10’ 8.4E-09 
Mode 6 12.3 ’12.3±7.48e-09’ -1.5E-10 0.03 ’0.025±1.21e-09’ 1.3E-08 

Table 6.4: Summary of results for test case 1 with viscous damping only.
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Figure 6.7: Test case #1: FRF Reconstruction with ξv = 2.5%; ξs = 0% 
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Figure 6.8: Test case #1: Parameter ID with ξv = 2.5%; ξs = 0%. Blue markers indi
cate means and standard deviations of identified values. Grey dashed lines indicate 
the “true” prescribed values. Mode shapes along the bottom of the figure are plotted 
with the degree of freedom on the X-axis and the unscaled modal participation factor 
on the Y-axis. 
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6.5	 Vibratory Behavior of the Flexible Hydrofoil With Re
inforced TE 

In this section, the system identification approach described above will be applied 

to the input-output data collected on model 2. The work presented herein are prelimi
nary, and further refinements to both the identification method and the interpretation 

of results are planned for future work, as described in chapter VII. 

6.5.1	 Modal Analysis Procedure 

All modal analyses were performed on model 2, using the shaker motor force 

as the input. As mentioned in chapter II, the excitation signal was a sinusoid, the 

frequency of which was swept across a commanded range. During early tests, the 

sweep rate was linear. During later tests, a discrete logarithmic sweep was used, 
such that the excitation was held at a constant frequency for a specified integer 
number of periods before stepping to the next frequency (an example time-history of 
excitation frequency is shown in figure 6.9). The linear sweep is convenient because 

it produces a flat input power spectrum, but the logarithmic sweep is ultimately 

preferable because it minimizes the amount of spectral leakage and improves the 

confidence of measurements at each frequency. All data was recorded with a sample 

rate of fs = 500 Hz. 
FRF matrices were estimated by the H1 estimator, defined as, 

XPS(Fi, Xj )
H̃1,ij = ,	 (6.28)

AP S(Fi) 

where Fi is an input at degree of freedom i and Xj is the output at degree of freedom 

j. For all cases, smoothed auto-power spectra (APS) and cross-power spectra (XPS) 
were used to reject noise. Between 8 and 32 hanning-windowed segments with 75% 

overlap were used for smoothing. Note that in the following text, the subscripted 1 

H̃compwill be dropped. The compliance FRF was determined by using inferred 

deflections as the system output. The structural deflections of the hydrofoil were 

reconstructed at ten uniformly-distributed spanwise locations along both the Leading 

Edge (LE) and TE. Excluding the root, at which point motion is identically zero, this 

H̃compyields a row of the compliance FRF matrix, ∈ C1×18, at each frequency. 
H̃compNote that eight strain gauges were installed, so RANK = 8, yielding only 

eight independent estimates of the modal parameters for each mode. However, inter
polation at additional points ensures that if a reconstruction point falls on or near a 
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Figure 6.9: Time history of excitation frequency during a logarithmic sweep from 1 
Hz to 160 Hz with a step size of δf = 0.03 Hz. At each step, the frequency was held 
constant for 25 periods before stepping to the next frequency. 

node line – and consequently produces a spurious identification – it can be rejected 

as an outlier while retaining eight independent estimates. The inertance FRF was 

obtained by taking the accelerations measured at the tip of each spar as outputs, 
Hinert yielding a row of the inertance matrix, ˜ ∈ R1×2. 

Spectra were analyzed in an interactive manner. Regions of the spectra were se
lected, numerator and denominator orders were specified for the RFP model, and the 

resulting modes were identified by the extracted mode shape. Estimates of global pa
rameters ξe and ω0 for each mode were aggregated from the inertance and compliance 

FRFs. Anomalous parameter estimates for each mode were first removed manually, 
and the remaining estimates were subjected to an iterative Grubb’s test (Grubbs, 
1969) with a 95% confidence interval to remove statistical outliers. Outlier-rejection 

was performed with the MATLAB script deleteouliers (Shoelson, 2011). 
Means and standard deviations were computed for ω0,n, ξe,n from the remaining 

estimates. For each fitted mode, the pole Pn is a global quantity, common to every 

FRF in the FRF matrix. To improve the estimates of mode shapes, new residue ma
trices were fitted with the pole locations fixed, thus ensuring that the modal constants 

of all FRF components correspond to the same frequency. 
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6.5.2 Vibration Spectra and Normal Mode Shapes in Various Flow Regimes 

To examine the ways in which the vibratory response of the hydrofoil changes 

as a function of flow conditions, we consider five example trials, conducted at the 

INSEAN cavitation tunnel. A brief discussion of each is offered in this section. FRFs 

and mode shapes for each may also be found in appendix G. The cases are as follows: 

1. Dry conditions 

2. Partial immersion (ARh = 1.0) in still-water 

3. Partial immersion (ARh = 1.0) at forward speed (Fnh = 1.5) in FW flow at 
α = 0◦ 

4. Partial immersion (ARh = 1.0) at forward speed (Fnh = 1.5) in FV flow at 
α = 10◦ 

5. Partial immersion (ARh = 1.0) at forward speed (Fnh = 1.5) in Partially 

Cavitating (PC) flow at α = 10◦; σv = 0.85 

The hydrofoil response in dry conditions presents an opportunity to compare the 

experiments with the FEM simulations described in §6.2. Figure 6.10 shows a com
parison between the simulated mode shapes and the experimentally-determined mode 

shapes in dry conditions. All mode shapes are oriented with the clamped root on the 

right hand side and the LE toward the viewer. The undeformed shapes of the hydro
foil are depicted in translucent grey. In the case of the experimental mode shapes, 
nodal lines are also shown as bold black lines. The agreement is quite good and most 
mode shapes are qualitatively similar. The location of the nodal line, however, does 

differ between simulation and experiment in the case of the X-Bend 2 mode. Other
wise, the number of nodal lines and the general character of the deflection (primary 

bending with secondary twist) are shared. 
The compliance FRF, decomposed into the contributions from each mode (modal 

participation factors) is shown in figure 6.11. The 18 individual FRF components in 

the measured row of the compliance matrix were averaged together, and the magni
tude of the mean FRF was plotted. The modal frequencies predicted with the FEM 

model are overlaid and labeled as vertical lines. Note that the discrepancy between 

the predicted and measured locations of the X-Bend 2 mode is probably due in part to 

compliance of the load cell. At some frequencies, components of the mounting struc
ture or facility would begin to resonate, creating an artificial peak in the measured 
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FRF. These are designated in the figure as “contaminants.” The primary contam
inant is thought to be resonance of the bracket used to attach the shaker motor to 

the hydrofoil, which occurs between 50 Hz and 55 Hz. Over the course of testing, 
some loosening of the braces on the mount caused a slow migration of the bracket’s 

resonant frequencies. A second significant source of contamination occurred with vi
bration of the transverse rails, to which the hydrofoil setup was attached (see the 

transverse members in figure 2.16b). The rail (which acted as a simply-supported 

beam) began vibrating in a fundamental vertical mode at 38 Hz. The thick grey line 

plotted over the measured FRF indicates the spectral response reconstructed from 

only the identified modes of interest, and so represents a type of principal-component 
reconstruction of the compliance FRF. 

Figure 6.12 depicts a detailed view of the inertance FRF components in the neigh
borhood of the closely-coupled modes near 50 Hz for the dry vibration case. On the 

top axes are plotted the magnitudes of the two inertance FRF components, with sep
arated modes and the cumulative fit overlaid. The left-hand plots correspond to the 

accelerometer at the tip of spar “A” (near the trailing edge), while the right-hand 

plots correspond to the accelerometer on spar “B,” near the leading edge. The real 
and imaginary parts of the FRF are shown, indicating that the RFP method success
fully fits the complex-valued FRF across the nearby peaks, and the real and imaginary 

components are shown in Argand planes in the bottom set of axes. Note that each 

of the identified modes independently passes through the origin of the Argand plane, 
indicating that each behaves as a Single-degree-of-freedom (SDOF) mode. 

The measured, fitted, and decomposed spectra are plotted below for the remaining 

four demonstration cases. In figure 6.13, the resonant frequencies of all modes decrease 

as a result of fluid added mass, which presents inertial resistance to the motion of 
the hydrofoil. The contaminating modes, however, remain fixed (one of the ways in 

which the contaminants were identified and separated from the modes of interest). 
Some additional contamination of the spectrum near f = 100 Hz is due to another 
resonant mode of the cavitation tunnel structure, and is compounded by the second 

harmonic of the AC line-noise at 50 Hz. Modes as high as the sixth mode (Z-Twist 
2) were successfully extracted from the FRF, and a tentative identification of mode 7 

was made, though it is possibly the case that mode 7 is actually a contaminant. The 

widths of the individual fitted modal peaks are not visibly different from those in the 

dry case, suggesting that the damping is not strongly affected by immersion in the 

quiescent fluid, and thus that the associated component of damping ξq is very small. 
In FW flow with forward speed, additional flow-induced motion and facility vibra
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tions are present in the collected time series, resulting in a noisier spectrum, depicted 

in figure 6.14. Modal peaks are still successfully extracted, and some visible broaden
ing of the individual peaks suggests that some additional damping may be introduced 

by the hydrodynamic ξhd term. 
In FV flow at the same Fnh and ARh, depicted in figure 6.15, the spectrum appears 

noisier than in the FW case, though this is due in part to a longer run-duration and 

resulting finer frequency resolution. The contaminant modes are no longer very clear, 
and no attempt was made to identify them. Note that the non-zero angle of attack 

causes steady deflections in bending and twisting, which introduce a DC component 
in the frequency domain. 

Finally, figure 6.16 depicts the spectrum in PC flow. The noise level is similar to 

that in the FV flow regime, but the peaks are somewhat less distinct. We theorize 

that the unsteadiness of the vaporous cavity at the LE causes periodic modulations 

of the fluid mass, damping, and stiffness matrices (Akcabay et al., 2014a; Akcabay 

and Young, 2015). As shown in the photos on the right hand side of figure 6.16, the 

vaporous cavity at the leading edge is highly unsteady. The resulting vibrations would 
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Figure 6.14: FRF decomposition for model 2 in fully wetted (FW) flow at α = 0◦; 
Fnh = 1.5; ARh = 1.0. Data collected for 520 seconds at 500 Hz. 

be non-stationary, and the spectrum in figure 6.16 would represent an average of the 

time-varying spectra. Joint time-frequency analysis was not undertaken in this work, 
however, so this conjecture remains unconfirmed for the time. Note that coherent 
cavitation shedding was not observed at any point during testing, probably because 

vaporous cavities were observed to be quite short (as in the case of figure 6.16), and 

because significant spanwise variation in the cavity length caused incoherent Three-
Dimensional (3-D) cavity shedding to predominate. 

Additional low-frequency unsteadiness in the cavitation tunnel, caused by sloshing, 
eddying inlet flow, and a periodic (but small) velocity surge, cause increased spectral 
content at low, but non-zero frequencies. It will be demonstrated in following sections 

that, particularly at higher speeds, the low-frequency flow-induced vibrations are 

extremely difficult to separate from the first bending mode. 
The mode shapes, resonant frequencies, and estimated effective damping ratios 

for each identified mode are shown in figure 6.17. Columns correspond to modes 

and rows correspond to flow regimes. The colored surfaces indicate the mid-plane 

of the hydrofoil, oriented with the trailing edge nearest the viewer and the clamped 
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Figure 6.15: FRF decomposition for model 2 in fully ventilated (FV) flow at α = 10◦; 
Fnh = 1.5; ARh = 1.0. Data collected for 1,900 seconds at 500 Hz. 

root on the right. Arrows at the tip of the hydrofoil indicate the mode shapes of 
the accelerometers at the tip of the hydrofoil, estimated from the inertance FRF. 
The grey translucent plane indicates the undeformed shape of the hydrofoil, and bold 

black contours indicate nodal lines. Finally, the translucent blue surface in the x-y 

plane indicates the still free surface (for cases of partial immersion). The mode shapes 

in each case have been re-scaled to maximum value of ±1. The mode shapes remain 

quite consistent across all of the operating conditions. As the condition changes from 

dry to partial immersion in quiescent water, the nodal line of the Z-Twist 1 mode 

moves toward the trailing edge, and a minor reduction in curvature below the free 

surface is evident in the X-Bend 3 mode. The curvature in X-Bend 3 increases again 

in the FW and PC flow regimes, probably due to the reduction in fluid mass near the 

points of maximum deflection just beneath the free surface. 
The resonant frequencies and damping coefficients in figure 6.17 certainly indicate 

changes with different flow conditions. For example, the modal frequency of the 

X-Bend 1 mode is approximately halved, and the damping ratio grows by a factor 
of twelve in FW flow, compared to dry conditions. The resonant frequencies and 

254
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Figure 6.16: FRF decomposition for model 2 in partially cavitating (PC) flow at 
α = 10◦; Fnh = 1.5; ARh = 1.0; σv = 0.85. Data collected for 930 seconds at 500 
Hz. The photos to the right show the size of the cavity at two instants 0.83 seconds 
apart. 

damping ratios are addressed in greater detail in the following two sections. 
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damping ratios of modes 1, 2, 3 and 5 for model 2 in the following conditions, from 
top to bottom: Dry conditions, partial immersion in quiescent water at ARh = 1.0, 
FW flow at α = 0◦; Fnh = 1.5; ARh = 1.0, FV flow at α = 10◦; Fnh = 1.5; ARh = 1.0, 
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6.5.3 Natural Frequencies of Hydrofoil 

Modal frequencies for modes 1, 2, 3, 5, and 6 of model 2 (see figure 6.10 for mode 

shapes) are shown in figure 6.18 as functions of Fnh. Note that mode 4, alternatively 

known as Y-Bend 1 or the lead-lag mode, was not measured during experiments. 
Axes to the right contain the same data, but with the each mode plotted on magnified 

axes. At each condition, an aggregate sample was formed from all channels across 

all repeated trials. Filled symbols indicate the mean at each conditions (average of 
all signals across all trial repetitions). Open symbols indicate the mean across all 
channels for each individual trial. Vertical bars indicate ± one standard deviation of 
the aggregate sample. Note that the line types in the detail plots on the right have 

been changed to solid to improve readability. 
The resonant frequencies of all modes in partially-immersed conditions (quiescent 

water, FW, FV, and PC flows) are substantially lower than those in the dry condi
tions. As described in chapter I, the dense liquid presents an inertial resistance to 

the foil’s motion, which is expressed in equation 6.4 as the fluid added-mass matrix 

[Mfl]. Assuming approximate decoupling of the equations of motion by the modal 
decomposition (or at least diagonally-dominant system matrices), we can infer that 
the added mass of each mode increases substantially. In the case of mode 1 (X-Bend 

1), there is no fluid stiffness term present in the quiescent water, so the change in 

modal frequency is attributable only to a change in the modal mass. Again assuming 

diagonal modal matrices, we can write for mode n, 
⎛ ⎞2 

ωdry
0,n Msm,n + Mflm,n Ksm,n⎝ ⎠ = 

ωwet
0,n Ksm,n Msm,n 

= 1 + mfl,m,n, (6.29) 

where mfl,m,n = Mflm,n /Msm,n is the dimensionless fluid added mass coefficient for 
mode n, plotted in figure 6.19 for modes 1, 2, 3, 5, and 6. By inspection, we can 

see that mode 1 has the largest added mass coefficient, which is substantially. The 

added mass coefficient decreases monotonically with increasing mode numbers. This 

is likely due to the fact that vibration amplitudes decrease with increasing frequency. 
Additionally, fluid inertial forces most strongly oppose motion normal to faces with 

large projected areas. Thus, mode 1, which is typified by large-amplitude motion 

normal to the pressure and suction surfaces of the foil, is affected most substantially 

by the fluid added mass. The same conclusion was reached for model 1 by Harwood 

et al. (2016a). By extension, it is no surprise that the modal frequencies are higher 
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Figure 6.18: Dimensional modal frequencies of model 2 as functions of Froude number 
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0.42 ≤ σv ≤ 0.85). All data (except dry conditions) are for ARh = 1.0. 
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in FV flow than in FW flow in figure 6.18 for all modes. A substantial portion of 
the dense fluid (water) is displaced by air (the precise proportion is a function of the 

cavity’s size, and thus depends upon all the attending physics). As a result, the fluid 

inertial forces, which are proportional to the fluid density, are reduced significantly. 
The frequencies in the PC flow regime fall within the experimental scatter of the FW 

data points. Despite the fact that water vapor is lighter than liquid water by five 

orders of magnitude, the maximum length of the cavity at the mid-span was less than 

40% of the chord length in all tested conditions. Thus, the density field was modified 

only over a small portion of the hydrofoil surface. 
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There appears to be only a minor effect of forward speed upon natural frequency 

in the FW regime. There is a small decreasing trend in the FW resonant frequencies 

with increasing Froude number, but the trend is non-monotonic. Results from Besch 

and Liu (1973) demonstrated a similar behavior, with a weak initial decrease in 

modal frequencies, followed by an increase at higher speeds. Note, also, that the 

results shown are the undamped resonant frequencies identified with the modally-
decomposed model, so changes caused by damping are not reflected. Thus, we may 

conjecture that in the speed range tested, that the fluid stiffness is weakly negative. 
On the other hand, frequencies corresponding to FV flow increase measurably with 

increasing speed in figure 6.18 and the added mass coefficients in figure 6.19 decrease 

monotonically with increasing speed. Recall that the length of a ventilated cavity 

increases with the forward speed of the hydrofoil, so we may conclude that as Fnh 

increases, the growing cavity displaces water over an increasingly-large area of the 

hydrofoil’s suction surface. The decrease in local fluid densities leads to an increase 

in the modal frequencies and a reduction in the fluid inertial loading. 

6.5.4 Equivalent Damping Ratios 

The equivalent viscous damping ratio (ξe) is plotted for all conditions in figure 6.20. 
The marker styles and arrangement of axes follows the conventions of figure 6.18. 
The estimates of damping exhibit significantly more scatter than those of modal 
frequencies. Damping values are extremely sensitive to small changes in the FRF, 
and are notoriously difficult measure consistently (Soroka, 1949; Bert, 1973; Reese, 
2010). 

Modal damping in dry conditions (where ξe ≈ ξs) is between 1.2% and 1.7% 

for each mode, which agrees well with published data for PVC. Additionally, the 

near-constancy of the damping across all modes suggests frequency-independence – a 

feature of structural hysteretic damping. ξe is approximately equal in dry conditions 

and immersion in the quiescent fluid. This is a surprising result since it suggests 

that those components that make up the quiescent fluid damping (viscous dissipation, 
acoustic radiation, wave radiation, etc.), are either very small, or that they counteract 
one another. 

Modes 2, 3, 5, and 6 exhibit increasing damping with forward speed – though in 

the case of modes 3 and 5, the increase is non-monotonic. The damping of mode 1 

initially increases, but between Fnh = 1.5 and Fnh = 2.5, the damping decreases 

to an apparently-negative value. This result is certainly non-physical, since it would 

ordinarily indicate a destructive dynamic instability – which did not occur during 

260
 



testing. Instead, it is proposed that the spuriously-low damping is a result of low-
frequency flow-induced vibrations. It was mentioned previously that eddying flow, in 

particular, caused unsteady motions of the hydrofoil at frequencies of f ; 5Hz. As a 

result, there is spectral energy in the neighborhood of mode 1 that is not accounted 

for by taking the shaker motor force as the system input. It is believed that the 

RFP method erroneously infers negative damping from the excess energy density. 
For example, motion of the hydrofoil without any excitation by the shaker motor 
would appear, from a system input-output perspective, to indicate an undamped or 
negatively-damped system. 

Damping in the FV and PC flow regimes are approximately equal to those in the 

FW flow regime for mode 1, though the preceding discussion suggests that damping 

estimates for mode 1 are suspect. In modes 2, 3, and 6, the damping in the FV flow 

regime is initially higher than that in the FW flow regime, but becomes smaller with 

increasing speed. For mode 5, damping in the FV regime remains higher at all speeds 

than that in the FW regime. The predominant increase in damping from FW flow 

to FV flow suggests that the ventilated cavity presents an additional mechanism for 
energy dissipation in the form of the cavity wall. The cavity’s wall is an additional 
free surface on which radiated waves may develop with motion of the body. Damping 

values in the PC flow regime follow the same trends as do the FV data. In the 

case of PC flow, condensation and evaporation may play a role as energy dissipation 

mechanisms. 
The results in figure 6.20 correspond to the aggregate effective damping ratio, 

ξe = ξs + ξq + ξhd. 

The structural damping (ξs) was obtained from measurements in the dry condition, 
the quiescent fluid component (ξq) was obtained from testing in the quiescent body of 
water and subtracting the structural component, and the hydrodynamic component 
was inferred from the linear superposition of the two known components: 

ξs = ξe Dry conditions 

ξq = ξe − ξs Quiescent water 

ξhd = ξe − (ξq + ξs) At each forward-speed condition 

The damping ratios of the three constituent elements are presented in table 6.5. The
 

mean and standard deviations of estimates are given for each. The quantitative results
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reinforce the observations made regarding figure 6.20. First, the structural damping 

is approximately constant for all modes. Second, the quiescent fluid component of 
damping is negligible for all modes. Third, the hydrodynamic damping is significant, 
and it exhibits a general increase with forward speed. 
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6.5.5 Frequency Spectra Cascades 

A more holistic view of the vibratory behavior of the flexible hydrofoil may be 

achieved by adding a third axis to the frequency response functions for speed – or, 
more specifically, Fnh. Recall that an analogous representation of the output-only 

frequency response was shown in §5.5.2 to show the coherence of vortex shedding 

and the occurrence of flow-induced vibration. Figure 6.21 shows the measured mean 

compliance FRF as a function of flow regime and Fnh. The low-frequency energy 

content is particularly apparent in the figure; the peak corresponding to mode 1 

becomes indistinct amongst the flow-induced vibrations. 
By truncating the transfer function to a finite number of modal contributions 

via the RFP form, it becomes a reduced-order model. The reduction is not unlike 

principal component analyses such as Proper Orthogonal Decomposition (POD) or 
Dynamic Mode Decomposition (DMD). POD or DMD are commonly used as de
noising tools by discarding – via truncation – the less-coherent dynamics in the data. 
FRFs of identified modes can be linearly summed (as demonstrated in § 6.4.7) to yield 

a similarly de-noised FRF of the hydrofoil. These de-noised FRFs can be arranged 

to form another pseudo-map of the frequency response, shown in figure 6.22. The 

spectra are much cleaner, but we can immediately see that the reconstructions in 

the neighborhood of mode 1 are un-physically “peaky,” which in turn leads to the 

negative inferred damping. 
The spectra in figure 6.21 and figure 6.22 do not suggest any impending instability, 

but there are signs that it could occur at certain operating conditions. Modes 2 and 3 

(respectively first twisting and second bending) are the two nearest one another along 

the frequency axis, and are therefore the most obvious candidates for coupled flutter 
instability. The FW damping for both increases with speed, and the FW resonant 
frequencies show no sign of coalescing together. However, in the FV flow regime, 
the damping of both modes is found to be decreasing with increasing speed, and 

the modal frequency of mode 2 is increasing more quickly than the modal frequency 

of mode 3. Additionally, at deeper immersion depths, we expect the added mass 

to make up a greater proportion of the total system mass (Harwood et al., 2016a), 
so the increase in frequency with the onset of FV flow is also expected to be more 

significant. Thus, it is conceivable that at high-speeds and deeper immersion depths 

(e.g. ARh > 1.0), there might arise a dynamic instability involving the first twisting 

and second bending modes of model 2. 
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Mode 2: Z-Twist 1
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Figure 6.21: Cascade of mean compliance magnitudes for model 2 at different Froude 
numbers in FW flow (0◦ ≤ α ≤ 12◦), FV flow (7◦ ≤ α ≤ 12◦), and PC flow (α = 
7◦ , 12◦ and 0.42 ≤ σv ≤ 0.85). All data (except dry conditions) are for ARh = 1.0. 
Markers and lines indicate the undamped modal frequency at each condition. 
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Mode 1: X-Bend 1

Mode 2: Z-Twist 1

Mode 3: X-Bend 2
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Figure 6.22: Cascade of de-noised mean compliance magnitudes for model 2 at dif
ferent Froude numbers in FW flow (0◦ ≤ α ≤ 12◦), FV flow (7◦ ≤ α ≤ 12◦), and 
PC flow (α = 7◦ , 12◦ and 0.42 ≤ σv ≤ 0.85). All data (except dry conditions) 
are for ARh = 1.0. Spectra are reconstructed from reduced-order transfer-function 
representations. Markers and lines indicate the undamped modal frequency at each 
condition. 
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6.6 Summary and Discussion 

6.6.1 Summary of Results 

In this chapter, experimental modal analyses of model 2 (PVC with a reinforced 

trailing edge) were conducted in varying flow regimes. The major findings are sum
marized below: 

How are the system resonant frequencies, mode shapes, and damping co
efficients altered by flow speed and multi-phase flow? 

Natural frequencies decrease substantially with immersion of the hydrofoil as a 

result of increasing fluid added mass. The added mass coefficient is approximately 

mflm,1 ≈ 0.9 for mode 1 and is shown to decrease monotonically with increasing 

mode number. Forward speed has only a minimal effect on resonant frequencies 

in the FW flow regime, which we conjecture to be caused by a weakening of the 

effective system stiffness with forward speed. FV flow reduces fluid added mass, 
causing resonant frequencies to increase to a value somewhere between the dry and 

FW values. Increasing cavity sizes in the FV flow regime further reduce the added 

mass, causing resonant frequencies to increase with increasing speed. PC flow was 

not observed to affect the resonant frequencies. 
All damping values were expressed in by total damping ratios, modeled by an 

equivalent linear dashpot. The structural damping, ξs was found to be ξs ≈ 1.5% for 
all modes. Immersion in quiescent body of water caused changes of less than 1% from 

the dry values, indicating that quiescent fluid damping is negligible, possibly due to 

the small immersion ratio of ARh = 1.0. Hydrodynamic damping was highly variable, 
but in general, damping in the FW regime increased slightly with forward speed. FV 

damping values are higher than FW values at low speeds – suggesting that energy is 

being dissipated into waves on the cavity interface – and tend to decrease with forward 

speed. Damping in the PC flow regime was typically larger than in the FW regime, 
suggesting that energy was being dissipated via condensation and vaporization at the 

cavity interface. Low-frequency flow-induced vibration are conjectured to add energy 

to the hydrofoil motions at frequencies near the first-bending mode, for which the 

RFP model does not account. This leads to spurious negative modal damping ratios 

being inferred for mode 1 at large Fnh. 
Mode shapes were quite insensitive to the operating conditions and flow regimes. 

There was evidence that the maximum deformations of the third bending mode (mode 

5) are decreased in the still-water and FW cases (relative to dry testing), and increased 
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again in the FV and PC flow regimes. In both multi-phase flow regimes, cavities are 

located near the point of maximum deformation of mode 5, which reduces the fluid’s 

inertial resistance to motion in that locale. 

Can ventilation and/or cavitation cause hydroelastic instability? 

None of the tested conditions resulted in hydroelastic instability. There is no 

evidence in the FW flow regime of approaching instability. However, in the FV flow 

regime (which is likely to be the operating regime at speeds high enough to present a 

risk of flutter), the resonant frequency of mode 2 (first twisting mode) is approaching 

that of mode 3 (second bending mode) while the hydrodynamic damping ratios of both 

modes are decreasing. It is conceivable that at significantly higher speeds or different 
submergence depths than those tested, flutter might be a concern. It should be noted 

that the center of gravity of model 2 is located forward of the elastic axis, which is 

suggested by linear aeroelastic flutter analysis to mean that flutter will probably not 
occur at any speed. 

6.6.2 Discussion 

The results of this chapter are a significant departure from the preceding chapters, 
and are preliminary in nature. Many areas exist in which improvements or alternative 

analyses could be used, a few of which will be highlighted below. 
The RFP method of curve-fitting FRFs appears very robust. However, algorith

mic improvements could be made to its implementation by, for example, using an 

iterative scheme to improve initial estimates of pole locations, or by projecting the 

transfer function onto a set of orthogonal polynomials, as proposed by Richardson and 

Formenti (1982). Additionally, it would be beneficial to assess the effect of spectral 
smoothing on the resulting modal parameter estimates. Quantitative estimates of 
modal mass could be obtained using drive-point inertance measurements, yielded by 

the combination acceleration-and-force transducer used to couple the shaker motor 
to the model. Different drive points and an improved mounting design for the shaker 
motor could yield less contamination by unwanted vibrations. 

The periodic modulation of added mass, damping, and stiffness components during 

vaporous cavity shedding is an interesting effect, but one that did not become wholly 

apparent in this research. As mentioned in the chapter, the non-stationary vibrations 

resulting from cavity shedding may have broadened the modal peaks, resulting in 

erroneously large estimates of damping. Without a detailed joint time-frequency 

analysis, however, it is difficult to say with any surety whether this was the case. 
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Cavity shedding was not very coherent during testing because the vaporous cavities 

observed were thin and short – longer, thicker cavities were not stable and immediately 

transitioned to FV flow. 
Operating conditions in the cavitation tunnel were limited to ARh = 1.0 and 

Fnh ≤ 2.5 by facility constraints. Future studies should investigate other values of 
ARh, and should extend the testing matrix to higher values of Fnh to investigate the 

possibility of flutter in different flow regimes. 
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CHAPTER VII 

Conclusions, Contributions, and Future Work 

7.1 Conclusions 

A series of experiments have been performed to investigate the hydrodynamic 

and hydroelastic response and stability of one rigid and two flexible surface pierc
ing hydrofoils in multi-phase flow. Experiments were performed in a towing tank 

at atmospheric pressure and in a free-surface cavitation tunnel at both atmospheric 

and reduced pressures. Chapter I summarized previous research in the atmospheric 

ventilation of surface-piercing bodies, and the basics of hydroelasticity were reviewed 

before establishing a number of open questions, which have been addressed through
out the thesis. In chapter II, the details of the experimental program were described. 
Chapter III explored flow stability and steady hydrodynamic loads on the rigid hy
drofoil. In chapter IV, the concept of flow stability was used to describe the mech
anisms by which unsteady transition between flow regimes occurred. In chapter V, 
the ramifications of hydrofoil flexibility and hydroelastic coupling upon both steady 

and unsteady multi-phase flows were explored. Chapter VI explored the response of a 

flexible hydrofoil to external harmonic excitation in addition to natural flow-induced 

excitation, using experimental modal analysis techniques. The flexible hydrofoils were 

instrumented with custom-designed shape-sensing spars, the design and characteriza
tion of which were described in chapter II. The major conclusions from each chapter 
are summarized below. 

What are the characteristic steady flow regimes of surface-piercing lifting-
surfaces and how are they formally defined? 

Four flow regimes have identified: Fully Wetted (FW), Partially Ventilated (PV), 
Fully Ventilated (FV), and Partially Cavitating (PC) flow regimes. FW flow is single-
phase, with the exception of base cavitation or base ventilation in the wake. PV flow 
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is a transitional flow regime in which air entrainment occurs along an incomplete 

portion of the submerged span. FV flow is characterized by the stable entrainment 
of air along the entire submerged span. PC flow is marked by the vaporization and 

condensation of water along the suction surface, leading to an unsteady vapor-filled 

cavity. A flow is said to be globally stable if, when subjected to a perturbation, it 
returns unerringly to its pre-perturbation configuration, locally stable if a sufficiently-
large perturbation causes the flow to alter its configuration without returning, and 

unstable if the flow spontaneously changes its configuration absent any perturbation. 

What physical processes dictate the hydrodynamic response and stability 

of steady flow regimes? 

At yaw angles below the bifurcation boundary αb, the attached flow satisfies sta
bility conditions only for the FW regime. Above the bifurcation boundary, limited 

flow separation exists, and FW flow is locally stable. FW flow is destabilized by 

large-scale flow separation over more than half the chord length, which occurs along 

the stall boundary αs. The stability of flow in the FV regime is tied to the develop
ment of upstream re-entrant flow at the cavity closure. For stable FV flow to occur, 
the cavity must reach the immersed tip of the hydrofoil and the slope of the cavity 

closure line (Φ̄) must satisfy the condition, 

Φ̄ < 45◦ . 

Flow that does not satisfy this condition will stabilize by changing to a PV flow topol
ogy. In the PV and FV flow regimes, the cavity lengths vary along the submerged 

span, due in part to the hydrostatic pressure gradient. As a result, the stability 

boundary between PV and FV flow is primarily a function of Fnh. The experimental 
parameter space is populated with stability regions that overlap one another. Over
lapping areas of these regions indicate multiply-stable flow conditions, where the flow 

may take on any one of the locally-stable regimes. Factors governing the regime of 
a given flow include hysteretic effects with movement through the parametric map 

(such as during flow acceleration and deceleration) or external perturbations to the 

flow. 

How do hydrodynamic loads differ between flow regimes? How do the 

loads change with speed, immersion depth, and attack angle within each 

regime? 

The hydrodynamic response of the surface piercing hydrofoil in lift, drag, and 
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moment depends upon the flow regime, the dimensionless speed Fnh, the yaw angle 

α, general cavitation number σc, and the dimensionless immersion depth ARh. Lift 
and moment coefficients decrease substantially with ventilation, while drag remains 

fairly continuous between wetted and ventilated regimes. At very low speeds, laminar 
separation, partial ventilation, and partial cavitation augment the lift by inducing a 

positive effective camber. The drag and yawing moment are similarly affected. With 

increasing speed, the amount of apparent camber decreases as the cavity envelops the 

suction surface and extends far downstream. Three-Dimensional (3-D) effects cause a 

typical reduction in hydrodynamic loads with ARh in the FW regime, but flow in the 

FV regime attenuates sectional circulation so strongly that 3-D effects are suppressed 

in the FV regime. The cavitation parameter σc/α was used to scale the slope of CL3D 

and CM3D and the curvature of CD3D with respect to α for all experimental data at 
an immersed aspect ratio of ARh = 1. The resulting curvs share salient features with 

Two-Dimensional (2-D) cavity flow theory, but are complicated by the effects of the 

finite aspect ratio. 

What simple models can be derived to simulate the behavior of surface-
piercing hydrofoils in multiphase flows? 

A simple nonlinearization and extension of classic lifting-line theory was developed 

as a low-cost physics-based model. The model produces a good qualitative approxima
tion to experimental flow topologies and experimentally-measured loads by including 

gravitational effects, free-suraface effects, cavitation effects, and finite-aspect-ratio 

effects. 

How do flows transition between different regimes, and how do transition 

mechanisms relate to the physics governing flow stability? 

Transition mechanisms are responsible for moving the flow between stable con
figurations when some aspect of the flow violates the stability conditions of the flow 

regime. The destabilizing influence of the flow takes the form of vorticity and eddying 

flow in the cases of formation mechanisms, and it takes the form of an upstream re
entrant jet, gradual flow reattachment, and increasing local pressures in cases of elim
ination mechanisms. Ventilation transition mechanisms have been subdivided into 

formation stages, which include inception and stabilization, and elimination stages, 
which include washout and rewetting. The four sub-stages describe the boundaries 

between the FW, PV, FV, and PC flow regimes. 
Ventilation inception is the first stage of formation, and it requires that air enters 

low-pressure and locally-separated flow. Stabilization occurs when the air entrainment 
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satisfies the stability conditions established in chapter III for FV flow. Washout is 

the reverse of stabilization, and occurs when a cavity becomes destabilized by the 

re-entrant jet or its closure line forms an angle steeper than the Φ̄ = 45◦ criterion 

established for stable FV flow. Rewetting occurs when all entrained air is expelled 

from the suction-side flow. 
Spontaneous transition mechanisms occur where when changing flow conditions 

cross the stability boundary separating one flow regime from another. In the multiply-
stable zones of parameteric space, where flow stability regions overlap one another, 
external perturbations to the flow are responsible for initializing transition. 

What flow transition mechanisms occur on surface-piercing struts in sub
cavitating and cavitating flow? 

In subcavitating flows, a number of ventilation formation and elimination mecha
nisms were described. The distinction between the mechanisms is made on the basis 

of how air is first entrained into the flow (inception). Spontaneous inception occurs 

when some self-induced process of the flow admits air from a natural source, and in
cludes stall-induced, tip-vortex-induced, and Taylor-instability-induced mechanisms. 
Perturbation-induced inception requires that an external source of air be provided, an 

example being the air jet used in the present study. Air can only become stably en
trained where low pressure permits its ingress and separated flow permits its residence 

– criteria that invoke the stability conditions of each respective flow regime. When 

vaporous cavitation is present, such as in the PC regime, it enhances the formation 

mechanisms already present by providing a stationary region of ventilation-prone flow 

into which air is readily admitted. In the present work, wetted ventilation formation 

usually occurred through leading-edge stall. In cavitating flows, the formation mech
anism shifted to tail ventilation, where Taylor instabilities (Taylor , 1950; Emmons 

et al., 1960; Swales et al., 1974) developed on the free surface and transported air to 

the trailing edge of the vaporous cavity. 

Can scaling relations be developed to describe the stability conditions of 
surface-piercing struts? 

A scaling relationship was derived to describe the washout boundary of ventilated 

flow. By expressing a kinematic condition for destabilization of FV flow, a series of 
semi-theoretical models were used to predict the boundaries in the CL3D – Fnh plane. 
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The stability boundary is sufficiently described by the relation,
 

π
 π AR
4 − 4AR
3 + 18AR
2 + 8ARh2 h h h (4.6 revisited)
Fnh = 4 2.31CL3D (πAR3 
h − 2πAR
2 

h + 3πARh + 4) . 

Further modeling of CL3D produced stability curves in the α – Fnh plane. An assumed 

elliptical lift distribution and application of the Helmbold correction (Helmbold, 1942) 
both yielded curves that captured the present experimental data and data from Bres
lin and Skalak (1959) and Swales et al. (1974) very well (for F nh ; 3). At large 

Froude numbers and small angles of attack, the relationship proposed by Breslin and 

Skalak (1959) yielded a better fit to the data. 

What effect does hydrofoil flexibility have upon the hydrodynamic re
sponse, stability, and flow regimes of the flexible hydrofoils? 

The same flow regimes and transition mechanisms are present on the flexible hy
drofoil models as on the rigid hydrofoil model, and the physics dictating flow stability 

are unchanged. The stability regimes of model 1 show a reduction in the stall an
gle from αs = 15◦ to αs = 13◦ as a result of the hydrofoil flexibility. Hydroelastic 

coupling causes the steady lift and yawing moment coefficients to be larger for the 

flexible hydrofoils (models 1 and 2) than for the rigid model 0, while the differences 

between models 1 and 2 are within the experimental uncertainty bounds. The drag 

coefficient is relatively unaffected by hydrofoil flexibility. 
Passive deformations of model 1 are shown to shift the transition boundaries 

(inception, stabilization, washout, and rewetting) slightly downward and/or to the 

right, relative to the boundaries of model 0. The differences are small, however, 
and in the cases of the stabilization and washout boundaries, the rigid and flexible 

boundaries are within the experimental uncertainty. Active excitation of model 2 at 
its resonant modes was found to modify the local/global stability of overlapping flow 

regimes in the bi-stable regions of parameter space. Excitation of the first bending 

mode encouraged ventilation inception, while excitation of twisting modes and higher-
order coupled bending-twisting modes caused washout and rewetting. 

How does multi-phase flow affect the static and dynamic hydroelastic re
sponse and stability of the hydrofoil? 

Bending and twisting deflections are proportional to the lift and yawing moment 
in each flow regime. As a result, structural deflections are much smaller in the FV 

regime than in the FW regime. The maximum twist angle induced by hydrodynamic 
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loading on either model 1 or model 2 is approximately θ = 1◦, measured at the foil 
tip. Thus, it is conceivable that the stall angle is advanced, though the test matrix 

resolution is too coarse to resolve the stall angle precisely. 
When the flow regime changes suddenly, such as during perturbation-induced 

ventilation formation, the structural deflections and unsteady hydrodynamic forces 

mimic the step response of a highly, but sub-critically damped dynamical system. 
At small yaw angles, coherent vortex shedding (into a von Kármán street) from the 

blunt Trailing Edge (TE) of model 2 was shown to excite flow-induced vibrations at 
Froude numbers of 0.3 ≤ Fnh ≤ 2.5. Lock-in was observed where the frequency of 
vortex shedding crossed resonant frequencies of the the hydrofoil; elsewhere, peaks 

in the spectra of hydrodynamic force and hydrofoil tip motions indicate flow-induced 

vibration. 

Can scaling relations be used to describe the static and dynamic loads and 

structural responses of the surface-piercing hydrofoils? 

The flow-induced bending and twisting deflections measured at the free tips of 
models 1 and 2, and scaled by the dynamic pressure, are proportional to CL3D and 

CM3D respectively. Additionally, the ratio of elastic twist angle to total effective angle 

of attack, measured at the foil tip, is shown to scale with Fnh 
2 for constant a0 and 

e. Thus, attached flow in the FW flow regime form one asymptotic boundary, while 

FV flow at large α and Fnh form another. These results are consistent with the 

numerical study of Akcabay and Young (2014). Intermediate yaw angles and Froude 

numbers, for which spanwise variations in cavity length cause both a0 and e to vary 

along the span, fall between these established limits. Finally, the distance between 

vortices shed from the trailing edge was found to remain constant at all speeds (a 

result of the constancy of the Strouhal number Stt), so the vortex shedding frequency 

scales linearly with forward speed. 

How are the system resonant frequencies, mode shapes, and damping co
efficients altered by flow speed and multi-phase flow? 

The natural frequencies decrease substantially with immersion of the hydrofoil as 

a result of fluid added mass. The added mass is variable between modes, and generally 

decreases in proportion to the solid mass with increasing mode numbers. Forward 

speed has only a minimal effect on resonant frequencies in the FW flow regime for 
the models and flow speeds investigated. FV flow reduces fluid added mass, causing 

resonant frequencies to increase to a value somewhere between the dry and FW values. 
Increasing cavity sizes in the FV flow regime further reduce the added mass, causing 
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resonant frequencies to increase with increasing speed. PC flow was not observed 

to affect the resonant frequencies because, for the cases tested, only small vaporous 

cavities existed stably, which did modify the density field very substantially. 
All damping was cumulatively modeled by an equivalent viscous dashpot, de

scribed by the effective damping ratio, ξe. The structural damping, ξs, was found 

to be ξs ≈ 1.5% for all modes. Immersion in still water caused changes of less than 

0.5% from the dry values, indicating that quiescent fluid damping, ξq, is negligible at 
ARh = 1.0 (though this result may not hold at other immersion depths). Hydrody
namic damping, ξhd, was highly variable, but in general, damping in the FW regime 

increased slightly with forward speed. In general, FV damping values are higher than 

FW values at low speeds – suggesting that energy is being dissipated into waves on 

the cavity interface – and tend to decrease with forward speed. Damping in the PC 

flow regime was typically larger than in the FW regime, suggesting that energy was 

being dissipated via condensation and vaporization at the cavity interface and via 

unsteady cavity shedding. Low-frequency flow-induced vibration are conjectured to 

add energy to the hydrofoil motions at frequencies near the first-bending mode, for 
which the Rational Fraction Polynomial (RFP) model does not account. This leads 

to spurious negative damping values being inferred. 
Mode shapes were quite insensitive to the operating conditions and flow regimes. 

There was evidence that the maximum deformations of the third bending mode (mode 

5) are decreased in the still-water and FW cases (relative to dry testing), and increased 

again in the FV and PC flow regimes. In both multi-phase flow regimes, cavities are 

located near the point of maximum deformation of mode 5, which reduces the fluid’s 

inertial resistance to motion in that locale. 

Can ventilation and/or cavitation cause hydroelastic instability? 

None of the tested conditions posed any risk of hydroelastic instability in the FW 

flow regime. In the FV flow regime (which is likely to be the operating regime at 
speeds high enough to present a risk of flutter), the resonant frequency of mode 2 (first 
twisting mode) was found to approach that of mode 3 (second bending mode) while 

the hydrodynamic damping ratios of both modes are decreasing. It is conceivable that 
at significantly higher speeds than those tested, or at different submergence depths, 
flutter might be a concern. However, the center of gravity of model 2 is located 

forward of the elastic axis, which is suggested by linear aeroelastic theory to mean 

that flutter will probably not occur at any speed. 

277
 



7.2 Major Contributions
 

The methodology and results presented in this thesis, which are summarized in 

the preceding section, represent a significant advancement in our understanding of 
hydroelasticity and multi-phase flows. Ventilation, cavitation, and hydroelasticity are 

complicated disciplines on their own, and the intersection of these topics presents a 

flow of such complexity that it confounds classical theory, exceeds the capabilities of 
present numerical models, and makes experimental study extremely challenging. A 

number of specific contributions to the field have been made, which are summarized 

below: 

•	 A unified concept of flow regimes, flow stability, and transition mechanisms has 

been established that enables researchers and designers to consider multi-phase 

flows more holistically than in the past. This thesis defines in precise terms the 

characteristic flow regimes, the individual stage of unsteady transitional flow, 
and the taxonomy of transition mechanisms on surface-piercing hydrofoils. In 

doing so, it puts forward a much-needed standardization of the terminology, 
criteria, and definitions, which was not present in the literature. This enables 

researchers to disseminate results of future studies with minimal ambiguity. 

•	 This work has demonstrated the feasibility of performing a meaningful experi
mental study of highly complex flows involving multiple phases and Fluid Struc
ture Interaction (FSI). A methodology has been proposed for the experimental 
collection and analysis data for multi-phase FSI problems. As part of this pro
cess, a versatile experimental setup has been constructed. Both the procedure 

and the physical setup may be expanded or modified to accommodate a wide 

variety of models in various experimental facilities, thus benefiting experimen
talists studying similarly-complex flows in the future. 

•	 Shape-sensing spars were designed, built, and benchmarked with promising re
sults. The spars require no visual access to the test specimen in order to operate, 
and they are shown to be competitive with optical methods in spatial resolution 

and accuracy. Combined with the modal analysis of chapter VI, the spars per
mit robust inferences of mode shapes to be made off-line, or approximate mode 

shapes to be inferred on-line. Thus, they have demonstrated value as research 

tools. Moreover, they are low-cost, field-replaceable, and easily constructed, 
which gives them potential as robust and deployable tools for the collection of 
full-scale operating data in the field. 
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•	 Future research efforts will benefit from the outlined methodology and the re
sults that have been presented. Practitioners of marine design can also benefit 
from the quantitative characterization of hydrodynamic loads and hydroelastic 

responses, as well as the various scaling relations that have been developed. 
Finally, this work has yielded a rich dataset with uniquely-available measure
ments. These data are useful for future analysis and for the validation of next-
generation numerical tools used to simulate multi-phase FSI problems. 

As a whole, this work has led to a deeper understanding of the characteristics of nat
ural ventilation and vaporous cavitation, and of the interactions of multi-phase flows 

with structural dynamics. The methods that have been outlined, the results that have 

been presented, and the knowledge inferred from such results are all important con
tributions toward a field of study that will enable the design of safe, fast, controllable, 
stable, and efficient lifting surfaces with a wide range of marine applications. 

7.3 Future Work 

The work presented in this thesis suggest a number of avenues for fruitful research 

in the future. Future works fall into three general categories: future experimental 
studies, development of sensors, and model development. 

7.3.1 Future Experimental Studies 

What is the effect of viscosity on the suction side flow, and how does it 

affect the transition to ventilated flow? 

The relatively sharp leading edge of the semi-ogival model used in this work was 

designed to serve as a fixed separation point, thus removing any primary dependence 

of the suction-side flow upon the Reynolds number, Rec. Numerous observations 

have been made throughout the thesis, however, that suggest an influence of the 

Reynolds number on experimental results. The lift generated in wetted flow at low 

speeds showed a characteristic increase at moderate, sub-stalled angles of attack, for 
example – a hallmark feature of laminar separation. Additionally, flow visualizations 

demonstrated that thin-airfoil stall preceded most cases of ventilation inception, and 

the stall boundary was observed to vary with the water temperature, which suggests 

that the imminently-stalled flow is sensitive to small changes in the fluid viscosity at 
Reynolds numbers on the order of Rec = O (105) to O (106). The preceding obser
vations beg the question: what is the precise character of the boundary layer on the 
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suction surface of a sharp-nosed section, and how does it change with variations in 

Rec? 

A suggested approach for answering this question is to perform experiments with 

a two additional geometrically-similar models of differing scales. Particle Image Ve
locimetry (PIV) measurements should be made of the suction-side flow in stable fully 

wetted flows and in flows preceding ventilation inception. By comparing the sepa
ration patterns of flows that vary only in Rec, the role of the boundary layer and 

flow separation in dictating flow stability may be more fully understood. Flow near 
the stall boundary, in particular, was characterized by eddying flow at the free sur
face along the suction side. Similar observations have been made by Pogozelski et al. 
(1997), who characterized the near-surface turbulent flow structures around an un
yawed surface-piercing strut possessing an airfoil section with a thickness-to-chord 

ratio of T/c = 0.33. PIV visualization of the near-surface flow demonstrated that 
the wave crest at the leading edge of the strut generated significant vorticity, and 

that flow separation occurred at the ensuing wave trough at certain values of the 

chord-based Froude number. 
Qualitative observations of the flows in this thesis suggest that air entrainment 

occurs through this separated wave trough for stall-induced ventilation formation. 
However, neither the effect of the pressure gradient on a yawed body, nor the effect of 
the Reynolds number are known. Thus, PIV surveys of the near-surface flows along 

the stall boundary for several model scales would illuminate a number of interesting 

physical processes, and would allow us to better understand how and when air en
trainment occurs. This understanding might, in turn, lead to improved methodologies 

for the suppression of ventilation in full-scale marine systems. 

How does unsteady hydrofoil motion affect the dynamics of cavity forma
tion and elimination? 

Ventilated flows depend upon the extent of flow separation and the magnitude of 
local suction pressures. Work by McCroskey et al. (1976, 1981); McCroskey (1982) 
have shown that unsteady pitching motion of airfoils both delay flow separation and 

reduce peak suction pressures. Moreover, the results of chapter V demonstrated 

that forced vibration of the hydrofoil had a measurable impact upon the stability of 
ventilated cavities. Thus, a natural extension of this work is to study the case when 

the yawing motion of the hydrofoil is made unsteady. 
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By varying the reduced frequency of the yawing motions, 

k = 
πfαc

, (7.1)
U 

where fα is the frequency of yaw oscillations in Hz, the effects of separation-suppression 

could be studied. Marine lifting-surfaces are typically actuated by changing the 

attack-angle, rather than by changing the flow speed. Thus, the resulting hysteresis 

loops of ventilation as functions of α would be also be more useful in the design of ma
rine controllers. By using harmonic yawing motion, comparisons could also be made 

with classical fluid dynamics theories, such as the Theodorsen equation (Theodorsen, 
1935), and would enable reduced-order models of unsteady hydrodynamic loads to be 

developed as functions of k, as shown in Kennedy (2015) and Caverly et al. (2016). 

How can we better understand the bi-stability of wetted and ventilated 

flow? 

This thesis has concluded that flow conditions exist at which there exist two or 
more stable configurations of the flow, but the nature of the stable states are not 
explored mathematically. Work by Tassin Leger and Ceccio (1998) has demonstrated 

that vaporous cavitation on a body causes the point of separation to move upstream 

as the cavity and flow field arrive at a stable configuration. In this thesis, it has 

been conjectured that air entrainment drives a similar alteration of flow separation-
patterns, but that because the pressure of a naturally ventilated cavity is larger 
than that of a vaporous cavity in most cases, the process of cavity stabilization is 

changed. Ventilation does not occur until noncondensible is introduced from some 

external source, so it is possible to sustain a wetted, but ventilation-ready flow almost 
indefinitely. The region of flow separation may be very limited, as indicated by 

surface-flow visualizations in this thesis, and upon the introduction of air, the cavity 

quickly grows beyond the extents of the prior wetted flow separation. 
A suggested study would involve studying a limited leading-edge separation bubble 

on a sharp-nosed 2-D flat plate. Time-resolved PIV measurements of the suction 

surface flow should be made while an air-path is made available to a small region of 
leading. The objective would be to measure how the separation pattern is modified 

by the initial ingress of air (and the associated rise in local pressures), and to explore 

the unsteady stabilization of the flow. Does the point of flow reattachment move 

downstream ahead of the growing cavity, or does the initial ingress of air lead to 

complete flow detachment from the suction surface? 
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7.3.2 Sensor Development 

The shape-sensing spars developed in this thesis show significant promise. How
ever, the spars used to collect data were the first versions of the sensors, and there is 

room for significant improvement. The resolution of twisting motions, in particular, 
should be a focus of future developments. Two proposed improvements follow: 

Use strain rosettes to measure bending strain and shear strain. 
Doing so would improve estimates of twisting motions because twist angles would 

no longer be inferred from the small difference between large bending deflections. 
Doing so may also eliminate the need for two separate spars, as a single spar could 

be instrumented to measure both strain components. 

Develop smaller spars, instrumented with semi-conductor strain gauges. 
The spars used in this test are relatively large, and the strain gauges used were 

resistive-type metallic elements. Silicone strain gauges are much smaller than resistive 

gauges, which would permit the entire spar design to be miniaturized, and which 

would better approximate ideal point-measurements of surface strains. Additionally, 
silicone gauges have gauge factors one to two orders of magnitude higher than those 

of metallic gauges, which improves the signal-to-noise ratio of the instrument as a 

whole. 

7.3.3 Modeling Development 

Work is ongoing in the reduced-order modeling and physics-based modeling of the 

surface piercing hydrofoils in wetted and ventilated flows, which are briefly described 

below. 

Reduced-Order Modeling: Modal Analysis 

The modal analysis of chapter VI is based on a reduced-order model of the hy
drofoil equations of motion in terms of vibratory modes and their transfer functions. 
Refinements of the model and the system identification technique are expected to 

yield additional insight into the hydrofoil’s modal response. For example, the impe
dence head of the shaker motor, which measures both forces and accelerations, can 

be used to estimate the drive-point inertance Frequency Response Function (FRF). 
Drive point measurements permit estimates to be made of the modal mass, which 

in turn allow the dimensional fluid mass components to be estimated for each mode. 
Moreover, knowledge of the modal mass allows the calculation of properly-scaled 
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Figure 7.1: Mean compliance FRFs for model 2 in dry conditions. Measured data 
and measured data with fitted contaminant modes removed are shown. 

mode shapes. 
An effort should be made to remove some unwanted spectral content from the mea

sured data for mode 2. For example, the shaker-motor housing and the transverse 

support rails in the cavitation tunnel (the two greatest sources of spectral contamina
tion) were each instrumented with accelerometers. The cross-power spectra of these 

measured signals with signals of interest (those composing the compliance and iner
tance FRF vectors) may be used to reduce the prominence of the undesired spectral 
peaks. Alternatively, the RFP method used in chapter VI may used to identify modes 

that are not of interest, and the individual modal contributions can be removed from 

the measured spectra. Figure 7.1 shows a preliminary result of the latter approach. 
The RFP model was used to fit the modal contributions of the transverse support 
rails and shaker-motor bracket at 38 Hz and 53 Hz, respectively. The Single-degree
of-freedom (SDOF) representation of each contaminant was then subtracted from the 

experimentally-measured FRF. 
The transfer function summation is also a linear system representation, and one 

that requires diagonalizable mass, damping, and stiffness matrices. Thus, system 

identification performed in chapter VI does not capture nonlinear, non-stationary, or 
frequency-dependent effects. In the case of the flexible surface-piercing hydrofoil, the 

presence of the free surface introduces frequency dependence into the wave radiation 

damping and fluid added mass. The structural hysteretic damping coefficient is, by 
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its definition, frequency dependent. Nonlinearities are introduced by fluid viscosity, 
mechanical losses at bolted joints, and multi-phase flows. Non-stationary vibrations 

occur when ventilation or cavitation shedding cause periodic modulation of the system 

parameters Akcabay and Young (2015); Caverly et al. (2016). Plans to address these 

concerns include performing a nonlinear system identification on the time-domain 

signals to investigate the importance of nonlinearities and frequency-dependent pa
rameters. Joint time-frequency analysis, including wavelet analysis and short-time 

Fourier transforms will be used to gain insight into non-stationary vibrations in time-
varying flow conditions. The field of hydroacoustics is rich with methods for analyzing 

complex dynamical systems, and a more-complete survey of available analysis tech
niques is planned. Results from chapter VI are planned for future publication. 

Physics-Based Modeling: Hydroelastic Lifting Line Model 
The lifting line model developed in chapter III has been incorporated into a cou

pled hydroelastic model, which uses a beam-element Finite Element Method (FEM) 
model to simulate the hydrofoil’s structural response (Ward et al., 2016). The coupled 

models have been found to accurately predict the steady-state lift, moment, spanwise 

bending, and spanwise twisting response of hydrofoil models 1 and 2. Current de
velopments include implementing unsteady hydrodynamic forces into the model in 

the form of a Theodorsen function for harmonic motion (Theodorsen, 1935), and a 

Wagner function convolution for arbitrary motion (Wagner , 1925). 
By developing an unsteady hydroelastic model that produces qualitatively-correct 

predictions with a computational cost, inverse models can be developed, with which 

the operating conditions, load distributions, and motion history of the hydrofoil can 

be inferred from the deflections measured by shape-sensing spars. Load reconstruction 

using FEM models is ordinarily an ill-posed problem because only a few strain mea
surements are available to reconstruct the load distribution at a much larger number 
of nodes. However, the physics-based hydroelastic model is used in this case to con
strain the search space to only those load distributions that are physically-realistic. 
Thus, the search space is reduced to the size of the vector defining the inputs to the 

physics-based model. Preliminary results by Ward et al. (2016) have demonstrated 

that for steady flow conditions, the measured deflections can successfully be used to 

infer the yaw angle α and immersed aspect ratio ARh within 5% of experimental 
values. 
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APPENDIX A 

Construction Drawings 

A.1 Construction Drawings 

Hydrofoil Strut

Leveling Feet

Omega-190-6-DOF-Load-Cell

Steel Mounting Frame

Steel Split-Clamp

Yaw-Angle Disk

Foil Tang Clamp

Trailing Edge
Leading Edge

Adapter plate

Figure A.1: Exploded view of experimental setup. Dimensions are in inches.
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Safety

A M8x1.25 4200 N 3
B M16x2.0 1250 N 11
C M12x1.75 3800 N 4.5
D M10x1.5 1250 N 6

Joint E
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Figure A.2: Labeling of bolted non-permanent joints. Dimensions are in inches.
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Figure A.3: Steel box frame used to mount hydrofoil onto towing-tank carriage. 
Dimensions are in inches. 
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Note: 48x48x0.5" 
steel plate will be 
provided. Waterjet 
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TAG X LOC Y LOC Size
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C2 23.00 21.50 M16 Clearance
C3 23.00 29.50 M16 Clearance
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SHEET 1 OF 1
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A
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SCALE:1:20

Figure A.4: Hole pattern in base plate of box frame. Dimensions are in inches.
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Figure A.5: Steel collar clamp used to set yaw angle. Dimensions are in inches.
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Figure A.6: Yaw-angle disk. Dimensions are in inches.
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Figure A.7: Adapter plate between load cell and foil tang clamp. Dimensions are in 
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A.2 Bolted Joint Calculations 

The following are the joint-strength calculations used to determine the torque 

specifications, pull-out strengths, and factors of safety for the primary load-bearing 

joints of the experimental rig. All calculations follow the methods of Budynas et al. 
(2011). 
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Input Field

Screwed Joint Result / Guideline

M 8 x 1.25

Nominal Diameter D 8.00 mm = 8.00E-03 m

Minor Diameter D_M 6.46 mm = 6.46E-03 m

Mean Diameter d_m 7.23 mm = 7.23E-03 m

Min Length L(min) 64.20 mm = 6.42E-02 m If min>max, use Max value as limit

Max Length L(max) 64.70 mm = 6.47E-02 m

Length L 60 mm = 6.00E-02 m

Minor Area A_M 32.8 mm^2 = 3.28E-05 m^2

Tensile Area A_T 36.6 mm^2 = 3.66E-05 m^2

Thread half-cone angle α 30 deg = 5.24E-01 rad

Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 12 mm = 1.20E-02 m

Req'd Proof Strength S_p(min) 301 Mpa = 3.01E+08 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa

Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 1.4 mm = 1.40E-03 m

Washer Modulus E_W 210 Gpa = 2.10E+11 Pa

Collar Friction Coeff f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.2 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 50.8 mm = 5.08E-02 m

Young's Modulus E_m1 70 Gpa = 7.00E+10 Pa

Female Threaded Depth T_m2 12.5 mm = 1.25E-02 m

Young's Modulus E_m2 208 Gpa = 2.08E+11 Pa

Joint Separation Force F_e 4169 N = 9.37E+02 lbf From load calculations

Minimum Pre-tension F_i(min) 3150 N = 7.08E+02 lbf

Spec'd Pre-Load Tension F_i 10000 N = 2.25E+03 lbf

Total Member Stiffness K_Eff 5.13E+08 N/m = 5.13E+05 N/mm

Fastener Spring Const K_b 1.66E+08 N/m = 1.66E+05 N/mm

Joint Stiffness Constant C 2.45E-01

Torque Coefficient K_torque 0.225

Req'd Nut Torque T 17.97 N-m = 5.53E+00 lbf-ft

Member Force F_m -6.85E+03 N = -1.54E+03 lbf Negative indicates compressive force

Bolt Force F_b 1.10E+04 N = 2.48E+03 lbf

Proof-Strength F_p 3.04E+04 N

Load Factor n 20.0 Proof stress safety factor (excl. pre-tension)

Total safety factor N 2.8 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 3.2 Safety factor on external load by joint separation criterion

Non-Permanent Joint Calculations: Joint "A" - Yaw Disk to Load Cell

Screw dimensions

Bolt Properties

Joint Loading

Nut and Washer

Material properties

Bolted Members

Shigley, p. 420

Shigley, p. 398

Iterate on pre-tension

Results

Member 1

Member 2 (Female Threaded)

Fastener Designation
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Input Field

Thru-Bolted Connection Result / Guideline

M 16 x 2

Nominal Diameter D 16.00 mm = 0.0160 m

Minor Diameter D_M 13.55 mm = 0.0135 m

Mean Diameter d_m 14.77 mm = 0.0148 m

Min Length L(min) 82.50 mm = 0.0825 m

Target Length L(ideal) 88.50 mm = 0.0885 m

Length L 100 mm = 1.00E-01 m

Minor Area A_M 144.1 mm^2 = 1.44E-04 m^2

Req'd Tensile Area (based on 

N=2 proof stress criterion)
A_T(min) 25 mm^2 2.47E-05

Tensile Area A_T 157 mm^2 = 1.57E-04 m^2

Thread half-cone angle α 30 deg = 0.52359878 rad

Bolt Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 24 mm = 2.40E-02 m

Req'd Proof Strength S_p(min) 65 Mpa = 6.52E+07 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa

Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 3 mm = 3.00E-03 m

Washer Young's Modulus E_W 207 Gpa = 2.07E+11 Pa

Nut Thickness T_N 13 mm = 1.30E-02 m

Collar-Friction Coefficient f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.2 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 12.7 mm = 0.0127 m

Young's Modulus E_m1 208 Gpa = 2.08E+11 Pa

Thickness T_m2 50.8 mm = 0.0508 m

Young's Modulus E_m2 208 Gpa = 2.08E+11 Pa

Joint Separation Force F_e 1149 N = 258.26 lbf From load calculations

Minimum Pre-tension F_i(min) 910 N = 204.62 lbf

Spec'd Pre-Load Tension F_i 10000 N = 2248.20 lbf

Total Member Stiffness K_Eff 2.50E+09 N/m = 2.50E+06 N/mm

Fastener Spring Const K_b 6.54E+08 N/m = 6.54E+05 N/mm

Joint Stiffness Constant C 2.08E-01

Torque Coefficient K_torque 0.222

Req'd Nut Torque T 35.44 N-m = 26.16 lbf-ft Use whichever measurement is most convenient

Req'd Bolt Elongation dL 0.015 mm = 1.5E-05 m Use whichever measurement is most convenient

Member Force F_m ######## N = -2043.58 lbf Negative indicates compressive force

Bolt Force F_b 1.02E+04 N = 2301.84 lbf

Proof-Strength F_p 1.30E+05 N

Load Factor n 504.2 Proof stress safety factor (excl. pre-tension)

Total safety factor N 12.7 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 11.0 Safety factor on external load by joint separation criterion

Bolt Designation

Non-Permanent Joint Calculations: Joint "B" - Collar Clamp to Steel Base-Plate

Results

Iterate on pre-tension

Member 1

Member 2

Shigley, p. 398 (Geometry Table)

Joint Loading

Shigley, p. 420 (Functions of bolt grade)

Bolted Members

Bolt Dimensions

Bolt Properties

Material properties

Nut and Washer
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Input Field

Screwed Joint Result / Guideline

M 12 x 1.75

Nominal Diameter D 12.00 mm = 1.20E-02 m

Minor Diameter D_M 9.86 mm = 9.86E-03 m

Mean Diameter d_m 10.93 mm = 1.09E-02 m

Min Length L(min) 47.95 mm = 4.79E-02 m If min>max, use Max value as limit

Max Length L(max) 41.95 mm = 4.19E-02 m

Length L 40 mm = 4.00E-02 m

Minor Area A_M 76.3 mm^2 = 7.63E-05 m^2

Tensile Area A_T 84.3 mm^2 = 8.43E-05 m^2

Thread half-cone angle α 30 deg = 5.24E-01 rad

Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 18 mm = 1.80E-02 m

Req'd Proof Strength S_p(min) 190 Mpa = 1.90E+08 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa

Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 4.8 mm = 4.80E-03 m

Washer Modulus E_W 210 Gpa = 2.10E+11 Pa

Collar Friction Coeff f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.2 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 25.146 mm = 2.51E-02 m

Young's Modulus E_m1 70 Gpa = 7.00E+10 Pa

Female Threaded Depth T_m2 12 mm = 1.20E-02 m

Young's Modulus E_m2 208 Gpa = 2.08E+11 Pa

Joint Separation Force F_e 3809 N = 8.56E+02 lbf From load calculations

Minimum Pre-tension F_i(min) 2771 N = 6.23E+02 lbf

Spec'd Pre-Load Tension F_i 15000 N = 3.37E+03 lbf

Total Member Stiffness K_Eff 1.40E+09 N/m = 1.40E+06 N/mm

Fastener Spring Const K_b 5.25E+08 N/m = 5.25E+05 N/mm

Joint Stiffness Constant C 2.72E-01

Torque Coefficient K_torque 0.224

Req'd Nut Torque T 40.26 N-m = 29.7 lbf-ft

Member Force F_m -1.22E+04 N = -2.75E+03 lbf Negative indicates compressive force

Bolt Force F_b 1.60E+04 N = 3.61E+03 lbf

Proof-Strength F_p 7.00E+04 N

Load Factor n 53.0 Proof stress safety factor (excl. pre-tension)

Total safety factor N 4.4 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 5.4 Safety factor on external load by joint separation criterion

Non-Permanent Joint Calculations: Joint "C" - Adapter Plate to Load Cell

Screw dimensions

Bolt Properties

Joint Loading

Nut and Washer

Material properties

Bolted Members

Shigley, p. 420

Shigley, p. 398

Iterate on pre-tension

Results

Member 1

Member 2 (Female Threaded)

Fastener Designation

302
 



Input Field

Thru-Bolted Connection Result / Guideline

M 10 x 1.5

Nominal Diameter D 10.00 mm = 0.0100 m

Minor Diameter D_M 8.16 mm = 0.0082 m

Mean Diameter d_m 9.08 mm = 0.0091 m

Min Length L(min) 77.50 mm = 0.0775 m

Target Length L(ideal) 82.00 mm = 0.0820 m

Length L 110 mm = 1.10E-01 m

Minor Area A_M 52.3 mm^2 = 5.23E-05 m^2

Req'd Tensile Area (based on 

N=2 proof stress criterion)
A_T(min) 21 mm^2 2.05E-05

Tensile Area A_T 58 mm^2 = 5.80E-05 m^2

Thread half-cone angle α 30 deg = 0.52359878 rad

Bolt Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 15 mm = 1.50E-02 m

Req'd Proof Strength S_p(min) 147 Mpa = 1.47E+08 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa

Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 2 mm = 2.00E-03 m

Washer Young's Modulus E_W 210 Gpa = 2.10E+11 Pa

Nut Thickness T_N 10 mm = 1.00E-02 m

Collar-Friction Coefficient f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.2 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 38.1 mm = 0.0381 m

Young's Modulus E_m1 70 Gpa = 7E+10 Pa

Thickness T_m2 25.4 mm = 0.0254 m

Young's Modulus E_m2 70 Gpa = 7E+10 Pa

Joint Separation Force F_e 1522 N = 342.10 lbf From load calculations

Minimum Pre-tension F_i(min) 1008 N = 226.68 lbf

Spec'd Pre-Load Tension F_i 8000 N = 1798.56 lbf

Total Member Stiffness K_Eff 5.70E+08 N/m = 5.70E+05 N/mm

Fastener Spring Const K_b 2.90E+08 N/m = 2.90E+05 N/mm

Joint Stiffness Constant C 3.37E-01

Torque Coefficient K_torque 0.224

Req'd Nut Torque T 17.92 N-m = 2.51 lbf-ft Use whichever measurement is most convenient

Req'd Bolt Elongation dL 0.028 mm = 2.8E-05 m Use whichever measurement is most convenient

Member Force F_m ######## N = -1571.88 lbf Negative indicates compressive force

Bolt Force F_b 8.51E+03 N = 1913.99 lbf

Proof-Strength F_p 4.81E+04 N

Load Factor n 78.2 Proof stress safety factor (excl. pre-tension)

Total safety factor N 5.7 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 7.9 Safety factor on external load by joint separation criterion

Bolt Designation

Non-Permanent Joint Calculations: Joint "D" - Load Cell Adapter Plate to Tang Clamp

Results

Iterate on pre-tension

Member 1

Member 2

Shigley, p. 398 (Geometry Table)

Joint Loading

Shigley, p. 420 (Functions of bolt grade)

Bolted Members

Bolt Dimensions

Bolt Properties

Material properties

Nut and Washer
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Input Field

Thru-Bolted Connection Result / Guideline

M 12 x 1.75

Nominal Diameter D 12.00 mm = 0.0120 m
Minor Diameter D_M 13.55 mm = 0.0135 m
Mean Diameter d_m 12.77 mm = 0.0128 m

Min Length L(min) 86.85 mm = 0.0869 m
Target Length L(ideal) 92.10 mm = 0.0921 m

Length L 140 mm = 1.40E-01 m
Minor Area A_M 144.1 mm^2 = 1.44E-04 m^2

Req'd Tensile Area (based on 

N=2 proof stress criterion)
A_T(min) 25 mm^2 2.49E-05

Tensile Area A_T 157 mm^2 = 1.57E-04 m^2
Thread half-cone angle α 30 deg = 0.523598776 rad

Bolt Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 18 mm = 1.80E-02 m
Req'd Proof Strength S_p(min) 66 Mpa = 6.59E+07 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa
Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 2.5 mm = 2.50E-03 m

Washer Young's Modulus E_W 207 Gpa = 2.07E+11 Pa

Nut Thickness T_N 12 mm = 1.20E-02 m

Collar-Friction Coefficient f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.2 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 38.1 mm = 0.0381 m
Young's Modulus E_m1 71 Gpa = 71000000000 Pa

Thickness T_m2 31.75 mm = 0.03175 m

Young's Modulus E_m2 71 Gpa = 71000000000 Pa

Joint Separation Force F_e 1149 N = 258.26 lbf From load calculations

Minimum Pre-tension F_i(min) 809 N = 181.95 lbf

Spec'd Pre-Load Tension F_i 10000 N = 2248.20 lbf

Total Member Stiffness K_Eff 6.92E+08 N/m = 6.92E+05 N/mm

Fastener Spring Const K_b 2.90E+08 N/m = 2.90E+05 N/mm
Joint Stiffness Constant C 2.95E-01

Torque Coefficient K_torque 0.241

Req'd Nut Torque T 28.96 N-m = 2.45 lbf-ft Use whichever measurement is most convenient
Req'd Bolt Elongation dL 0.034 mm = 3.4E-05 m Use whichever measurement is most convenient

Member Force F_m -9.19E+03 N = -2066.25 lbf Negative indicates compressive force
Bolt Force F_b 1.03E+04 N = 2324.51 lbf

Proof-Strength F_p 1.30E+05 N
Load Factor n 354.5 Proof stress safety factor (excl. pre-tension)

Total safety factor N 12.6 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 12.4 Safety factor on external load by joint separation criterion

Bolt Designation

Non-Permanent Joint Calculations: Joint "E" - Foil Tang Clamp

Results

Iterate on pre-tension

Member 1

Member 2

Shigley, p. 398 (Geometry Table)

Joint Loading

Shigley, p. 420 (Functions of bolt grade)

Bolted Members

Bolt Dimensions

Bolt Properties

Material properties

Nut and Washer
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Input Field

Screwed Joint Result / Guideline

M 6 x 1

Nominal Diameter D 6.00 mm = 6.00E-03 m

Minor Diameter D_M 4.92 mm = 4.92E-03 m

Mean Diameter d_m 5.46 mm = 5.46E-03 m

Min Length L(min) 15.45 mm = 1.55E-02 m If min>max, use Max value as limit

Max Length L(max) 18.95 mm = 1.90E-02 m

Length L 16 mm = 1.60E-02 m

Minor Area A_M 19 mm^2 = 1.90E-05 m^2

Tensile Area A_T 21.1 mm^2 = 2.11E-05 m^2

Thread half-cone angle α 30 deg = 5.24E-01 rad

Young's Modulus E_b 208 Gpa = 2.08E+11 Pa

Washer-Shoulder Diameter D_W 9 mm = 9.00E-03 m

Req'd Proof Strength S_p(min) 26 Mpa = 2.60E+07 Pa

Proof Strength S_p 830 Mpa = 8.30E+08 Pa

Yield Strength S_y 850 Mpa = 8.50E+08 Pa

Ultimate Strength S_Ut 1040 Mpa = 1.04E+09 Pa

Washer Thickness T_W 0.1 mm = 1.00E-04 m

Washer Modulus E_W 210 Gpa = 2.10E+11 Pa

Collar Friction Coeff f_c 0.15 hardened steel

Thread-pair Friction Coeff f 0.5 (steel-steel; dry)

Frustrum Angle alpha 30 deg = 5.24E-01 rad

Thickness T_m1 6.35 mm = 6.35E-03 m

Young's Modulus E_m1 70 Gpa = 7.00E+10 Pa

Female Threaded Depth T_m2 12.5 mm = 1.25E-02 m

Young's Modulus E_m2 3.36 Gpa = 3.36E+09 Pa

Joint Separation Force F_e 100 N = 2.25E+01 lbf From load calculations

Minimum Pre-tension F_i(min) 51 N = 1.15E+01 lbf

Spec'd Pre-Load Tension F_i 500 N = 1.12E+02 lbf

Total Member Stiffness K_Eff 4.61E+08 N/m = 4.61E+05 N/mm

Fastener Spring Const K_b 4.41E+08 N/m = 4.41E+05 N/mm

Joint Stiffness Constant C 4.89E-01

Torque Coefficient K_torque 0.393

Req'd Nut Torque T 1.18 N-m = 1.74E-01 lbf-ft

Member Force F_m -4.49E+02 N = -1.01E+02 lbf Negative indicates compressive force

Bolt Force F_b 5.49E+02 N = 1.23E+02 lbf

Proof-Strength F_p 1.75E+04 N

Load Factor n 347.9 Proof stress safety factor (excl. pre-tension)

Total safety factor N 31.9 Proof stress safety factor (incl. pre-tension)

Separation Factor n_0 9.8 Safety factor on external load by joint separation criterion

Iterate on pre-tension

Results

Member 1

Member 2 (Female Threaded)

Fastener Designation

Non-Permanent Joint Calculations: Joint F- Trailing Edge Reinforcement for Model 2

Screw dimensions

Bolt Properties

Joint Loading

Nut and Washer

Material properties

Bolted Members

Shigley, p. 420

Shigley, p. 398
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APPENDIX B 

Experimental Run Log 
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APPENDIX C 

Tabulated Steady-State Data 

The following list is a tabulation of the run parameters and steady-state forces 

and structural deflections for all steady-state results shown in the thesis. This is not a 

one-to-one match with the tabulated list of runs, as more than one set of steady-state 

data were sometimes processed from a single trial. 
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APPENDIX D 

Order-of-Magnitude Analysis of the Re-Entrant 

Jet Thickness 

In order for the re-entrant jet to propagate upstream in the manner described 

in this work, the jet must possess sufficient momentum to overcome wall-friction. 
The following rough-order-of-magnitude argument is intended to show that for the 

conditions of interest to this work, the effect of wall friction is immaterial. Consider 
a cavity with a re-entrant jet, as shown in figure D.1. Suppose that a control volume 

is placed around the re-entrant jet, as shown in the figure. 
The momentum flux per unit span through the control volume’s upstream and 

downstream surfaces, when wall friction is acting on the lower surface is, 

Lc 1
2ρCf U

2dx = δ1ρU1
2 − δ2ρU2

2 , (D.1) 
0 

Cavity

Cavity boundary streamlineHydrofoil surface

Control volume
Re-entrant jet

Wall friction

Figure D.1: Re-entrant jet and control volume.
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where δ1, δ2, U1, and U2 are defined in figure D.1. Suppose that the wall friction 

coefficient, Cf is sufficient to stagnate the flow just before the re-entrant jet exits the 

upstream surface of the control volume, such that U2 = 0. The momentum balance 

becomes, 
Lc 1 

2ρCf U
2dx = δ1ρU1

2 . (D.2) 
0 

The thickness of a re-entrant jet is given by Callenaere et al. (2001) to be, 
⎛ ⎞ 

1 1 
δ1 = ⎝1 − ⎠ tc, (D.3)2 (1 + σc) 

where the maximum cavity thickness, tc is roughly approximated by, 

tc ≈ α
Lc (D.4)2 

. 

The right hand side of equation D.2 becomes, ⎛ ⎞ 
1 1 

δ1ρU1
2 = ⎝1 − ⎠ ρU1

2αLc (D.5)4 (1 + σc) 

The integral on the left-hand side of equation D.2 is replaced by a mid-point 
approximation, giving, 

Lc 1 Lc 

2ρCf U
2dx ≈ 4 

ρC̄  
f U1

2 , (D.6) 
0 

Note that this is an inexact application of the mean value theorem, but is sufficient 
for order-of-magnitude analysis. Combining equations D.2, D.5, and D.6 yields, 

1 
Cf ≈ O 1 − √ α , (D.7)1 + σc 

which represents the order of magnitude of the wall-friction coefficient required to 

stagnate the jet flow. 
The minimum angle of attack at which the re-entrant jet is proposed to be a 

washout mechanisms is α = 5◦. Washout typically occurs at Fnh ≈ 1, for which σc = 
2 z� � ≈ 1 near mid-span ( z = 0.5). For these conditions, the skin friction coefficient 

F n2 h h
h ¯required to stagnate the jet flow is roughly Cf ≈ 2.5 × 10−2 = O (10−2). This is an 
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unusually high friction coefficient – though not an unreasonable one. Larger angles 
¯of attack, however, lead to un-physically large values of Cf . This result supports the 

hypothesis presented in the text, that for α ≥ 5◦, skin friction should not prevent the 

re-entrant jet from impinging on a cavity’s leading edge. 
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APPENDIX E 

Order-of-Magnitude Analysis of Added-Mass 

Effect on Measured Loads 

The following order-of-magnitude analysis is intended to show that the component 
of instantaneous measured lift and drag due to hydrodynamic added-mass is negligible 

above certain speeds. 
Consider a representative section of the hydrofoil as a Two-Dimensional (2-D) flat 

plate at an angle of attack α, in an infinite domain, with an instantaneous inflow 

velocity of U = Ẋ, and accelerating at a constant rate of X ¨ = a. The lift and drag 

on the plate can be approximately decomposed as, 

L = Lunsteady + Lsteady, 

D = Dunsteady + Dsteady. (E.1) 

The unsteady forces in this case are limited to the inertial influence of the fluid as 

the body accelerates. Potential flow can be used to show that the inertial component 
in the Y direction due to accelerations in X is, 

¨ Lunsteady = m21X 

1 c 2 

= 2πρ X. 2 
sin(2α) ¨ (E.2) 

The inertial component in the X direction is, 

¨ Dunsteady = m11X 
2c = πρ 2 

sin2(α) ¨ (E.3)X, 
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where m21 and m11 are components of the added-mass tensor m. 
Equation E.1 becomes, 

π c 2 1 
L = 2 

ρ sin(2α)X ¨ + CL3D 2ρẊ2 c,2 
c 2 1 

D = πρ sin2(α)X ¨ + CD3D 2ρẊ2 c. (E.4)2
 

˙
Given that Fnh = X/ 
√ 

gh, the ratio of unsteady to steady lift can be expressed 

as, 

21 c
 
Lunsteady 2 πρ 2 sin(2α)X ¨
 

RL = = 
Lsteady CL3D 2

1 ρẊ2c 
¨ π sin(2α) X 1 = . (E.5)4ARh CL3D g Fn2 

h 

The ratio of unsteady to steady drag is written, 

2 
c 

Dunsteady πρ 2 sin2(α)X ¨ 
RD = = 1Dsteady CD3D 2 ρẊ2c 

¨ π sin2(α) X 1 = . (E.6)2ARh CD3D g Fn2 
h 

The quantities of equations E.5 and E.6 may be estimated by order of magnitude 

as follows. 

• sin2(α) = O (10−1) for α < 30◦. 

• sin(2α) = O (1) for α < 30◦. 

X ¨ • 
g 
¨ = O (10−2), assuming X = a ≈ O (1) ft s-2. 

• ARh = O (1) 

• CL3D = O (1) 

• CD3D = O (10−1) 
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The resulting ratios become, after simplification,
 

π 1 1 
RL ≈ 4 

× 10−2 = O × 10−2 (E.7)
Fn2 

h Fn2 
h 

π 1 1 
RD ≈ 2 

× 10−2 = O × 10−2 . (E.8)
Fn2 

h Fn2 
h 

This result suggests that for Fnh << 1 only, inertial forces are on the same order as 

the steady lift and drag. The relative magnitude of the inertial components vanishes 

quickly as the speed – and Fnh – increase, and may be neglected for Fnh > 1. 
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APPENDIX F 

Validation of Rational Fraction Polynomial Modal 
Analysis 

A 6-by-6 model was created with known natural frequencies, mode shapes, and 

viscous and structural damping ratios. Frequency Response Function (FRF) matrices 

were synthesized from the known values and used to test the system-ID approach 

described in the preceding sections. 
A single row of the FRF matrix was retained at each frequency, simulating the 

case of a multiply-instrumented test specimen with a single excitation point. For 
all cases, the modal viscous damping ratio was set to a constant ξv = 2.5%. The 

2
0,n

damping ratio ξh would be constant for all modes. Finally, uniformly distributed 

random error c ∈ [0, 1] was added to the real and imaginary parts of the FRF. The 

random signal was generated with an Root Mean Square (RMS) proportional to the 

RMS of the FRF. Mode shapes were defined as 

[Θ] = [sin {φ} cos {φ} tan {φ} sinh {φ} cosh {φ} tanh {φ}] , 

where {φ} = [0.1π . . . 0.9π]T . The undamped natural frequencies may be found in
 

table F.1.
 
Three test cases were considered:
 

1.	 ξv = 0.025 viscous damping for all modes; ηs = 0 structural damping for all 
modes; no noise added to spectrum. 

structural damping was defined as [ηs] = ξh/(2ω ), so that the equivalent viscous
 

2
02. ξv = 0.025 viscous damping for all modes; ηs = 0.025/(2ω ,n) structural damp

ing for all modes; no noise added to spectrum. 
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3.	 ξv = 0.025 viscous damping for all modes; ηs = 0.025/(2ω0
2 
,n) structural damp

ing for all modes; random noise added to spectrum. 

F.1 Test Case 1: Proportional Viscous Damping 

A litmus test of any system identification procedure is whether or not the algo
rithm can recover prescribed system parameters under perfectly ideal conditions, i.e. 
no noise or nonlinearities. The first test of the Rational Fraction Polynomial (RFP) 
modal used only the linear viscous damping coefficient. The entire simulated fre
quency range was used to perform identification with N = 6 (all modes being identi
fied). The resulting sythesized FRF magnitude, fitted FRF, and contribution of each 

identified mode are shown in figure F.1. As shown in table F.1 and figure F.1, the 

quantitative identification is excellent. One might expect the natural frequencies and 

damping ratios to be recovered to within machine precision, appreciable numerical 
errors accumulate during the generation of the FRF, so it’s unsurprising that the 

fidelity is limited. 

RMSnoiseξv ξh RMSF RF 

0.025 0	 0 

ωn, rad/s ξe 

Truth ID % Error Truth ID	 % Error 

Mode 1 1.2 ’1.2±1.16e-06’ -3.8E-07 0.03 ’0.025±7.78e-07’ -1.2E-05 
Mode 2 2.24 ’2.24±1.95e-07’ -4.2E-08 0.03 ’0.025±1.23e-08’ -2.3E-07 
Mode 3 7.2 ’7.2±3.73e-05’ -2.0E-06 0.03 ’0.025±3.43e-07’ -3.2E-06 
Mode 4 8 ’8±1.46e-06’ 6.9E-08 0.03 ’0.025±1.05e-07’ -2.0E-06 
Mode 5 10 ’10±1.33e-08’ 5.0E-11 0.03 ’0.025±3.42e-10’ 8.4E-09 
Mode 6 12.3 ’12.3±7.48e-09’ -1.5E-10 0.03 ’0.025±1.21e-09’ 1.3E-08 

Table F.1: Summary of results for test case 1 with viscous damping only.
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Figure F.1: Test case #1: FRF Reconstruction with ξv = 2.5%; ξh = 0% 
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Figure F.2: Test case #1: Parameter ID with ξv = 2.5%; ξh = 0%. Blue markers in
dicate means and standard deviations of identified values. Grey dashed lines indicate 
the “true” prescribed values. Mode shapes along the bottom of the figure are plotted 
with the degree of freedom on the X-axis and the unscaled modal participation factor 
on the Y-axis. 
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F.2	 Test Case 2: Proportional Viscous Damping and Hys
teretic Damping 

For the second test, ηn = 0.05/ω0,n was used, which translates to a constant 
equivalent viscous damping ratio of ξh = 2.5%, and a total effective viscous damping 

ratio of ξe = 5%. Results in this case were obtained by setting the RFP numerator 
order to N + 1, providing one additional term for fitting the nonlinear contribution 

of the hysteretic damping. 
Table F.2 shows that very good fidelity is achieved in the case of mixed linear-

nonlinear damping. The resulting effective modal damping (constant ξe = 5%) is 

actually quite large, which causes the peaks at 7.2 and 8 rad/s to merge together in 

the FRF portrayed in figure F.3. The RFP system identification extracts all modes 

with good accuracy, regardless. 

Table F.2: Summary of results for test case 2 with viscous and hysteretic damping. 
In general, the results remain quite good, with the exception that the frequencies of 
modes 

RMSnoiseξv	 ξh RMSF RF 

0.025	 0.025 0 

ωn ξe 

Truth	 ID % Error Truth	 ID % Error 

Mode 1 1.2 ’1.19±0.00969’ -0.78% 0.05 ’0.0502±0.00349’ 0.41% 
Mode 2 2.24 ’2.24±0.00387’ 0.07% 0.05 ’0.0496±0.00298’ -0.73% 
Mode 3 7.2 ’7.22±0.0621’ 0.24% 0.05 ’0.0481±0.00473’ -3.79% 
Mode 4 8 ’8.03±0.0103’ 0.36% 0.05 ’0.051±0.0013’ 2.00% 
Mode 5 10 ’10±4.3e-05’ 0.12% 0.05 ’0.05±2.92e-05’ 0.05% 
Mode 6 12.3 ’12.3±0.000517’ 0.12% 0.05 ’0.05±1.06e-05’ -0.09% 
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Figure F.3: Test case #2: FRF Reconstruction with ξv = 2.5%; ξh = 2.5%. The curve 
shown in the mean FRF, averaged across the six components in one row of the FRF 
matrix. 
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Figure F.4: Test case #2: Parameter ID with ξv = 2.5%; ξh = 2.5%. Blue markers in
dicate means and standard deviations of identified values. Grey dashed lines indicate 
the “true” prescribed values. Mode shapes along the bottom of the figure are plotted 
with the degree of freedom on the X-axis and the unscaled modal participation factor 
on the Y-axis. 
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F.3	 Test Case 3: Proportional Viscous Damping, Hysteretic 

Damping, and Spectral Noise 

The results in table F.3, show a degradation in the quality of the identified pa
rameters when spectral noise is added. Modes 4 and 6 are missed by the algorithm, 
probably because their peaks are ill-defined in the presence of high damping and 

noise. Figure F.5 shows the reconstructed FRF magnitudes, and indicates the fitting 

of some spurious modes. Figure F.6 also portrays a degradations of the identified 

natural frequencies, equivalent damping ratios, and mode shapes. 

Table F.3: Summary of results for test case 3 with viscous damping, hysteretic damp
ing and spectral noise (ξv = 2.5%; ξh = 0%; RMS(c) = 0.05RMS(|F RF |)). A degra
dation of the identified parameters occurs where modes are indistinct. 

RMSnoiseξv	 ξh RMSF RF 

0.025	 0.025 0.025 

ωn ξe 

Truth	 ID % Error Truth	 ID % Error 

Mode 1 1.2 1.207±0.032 5.8E-03 0.05 0.0538±0.011 7.6E-02 
Mode 2 2.24 2.369±0.183 5.7E-02 0.05 0.061±0.041 2.2E-01 
Mode 3 7.2 7.619±0.330 5.8E-02 0.05 0.058±0.024 1.6E-01 
Mode 4 8 10.005±0.009 2.5E-01 0.05 0.045±0.003 -9.7E-02 
Mode 5 10 12.827±0.199 2.8E-01 0.05 0.019±0.007 -6.2E-01 
Mode 6 12.3 14.725±0.0789 2.0E-01 0.05 0.000±0.0012 -1.0E+00 
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Figure F.5: Test case #3: FRF Reconstruction with ξv = 2.5%; ξh = 2.5% 2.5% noise 
added to spectrum. 
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Figure F.6: Test case #3: Parameter ID with ξv = 2.5%; ξh = 2.5%; 2.5% noise added 
to spectrum. 
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F.4 Robust Estimation of Noisy Spectra 

§F demonstrates that an attempt to identify all six modes at once results in 

significant errors when spurious spectral content is added. However, a sequential es
timation of modal parameters over truncated portions of the frequency axis yields 

improved identification by reducing the size of the optimization problem. As verifica
tion, consider figure F.7, which shows the FRF of case #3, but fitted in three separate 

operations. The respective parameter estimates in figure F.8 confirm that by query
ing smaller domains of the frequency axis in a sequential manner, the identification 

can be made more robust when a contaminated signal is being considered. Thus, 
while the fitting algorithm is sensitive to noise, robust performance can be achieved 

by sequentially performing identification only on localized portions of the frequency 

domain. Additionally, the signal-to-noise ratio is unlikely to be uniform across all 
measured channels. Some additional robustness can be gained by rejecting outliers in 

the natural frequency and damping vectors, {ω0} and {ξe}, for each identified mode. 
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Figure F.7: Test case #3: FRF Reconstruction with ξv = 2.5%; ξh = 2.5%; 2.5% 
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Figure F.8: Test case #3, refitted in three operations. The estimates of modal pa
rameters are significantly improved by reducing the size of the identification. 
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APPENDIX G 

Frequency Response Functions and Mode Shapes 

of Model 2 in Five Flow Conditions 
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G.1 Dry Conditions
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Figure G.1: Mean magnitudes of compliance FRF |Hcomp| for model 2 in dry condi
tions. 

Figure G.2: Normalized mode shapes of model 2 in dry conditions.
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G.2 Still-Water Conditions at ARh = 1.0 
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Figure G.3: Mean magnitudes of compliance FRF |Hcomp| for model 2 in still water 
at ARh = 1.0. 

Figure G.4: Normalized mode shapes of model 2 in still water at ARh = 1.0 
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G.3 Forward Speed in Fully Wetted Flow at α = 0◦; Fnh = 1.5; 
ARh = 1.0 

Figure G.5: Mean magnitudes of compliance FRF |Hcomp| for model 2 in fully wetted 

flow at α = 0◦; Fnh = 1.5; ARh = 1.0 

Figure G.6: Normalized mode shapes of model 2 in fully wetted flow at α = 0◦; Fnh = 

1.5; ARh = 1.0. 
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G.4 Forward Speed in Fully Ventilated Flow at α = 0◦; Fnh = 

1.5; ARh = 1.0 

Figure G.7: Mean magnitudes of compliance FRF |Hcomp| for model 2 in fully ven
tilated flow at α = 10◦; Fnh = 1.5; ARh = 1.0. 

Figure G.8: Normalized mode shapes of model 2 in fully ventilated flow at α = 

0◦; Fnh = 1.5; ARh = 1.0. 
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G.5 Forward Speed in Partially Cavitating Flow at α = 10◦; 
Fnh = 1.5; ARh = 1.0; σv = 0.85 

T0+0.83 s

T0

Figure G.9: Mean magnitudes of compliance FRF |Hcomp| for model 2 in partially 

cavitating flow at α = 10◦; Fnh = 1.5; ARh = 1.0; σv = 0.85. 

Figure G.10: Normalized mode shapes of model 2 in partially cavitating flow at 
α = 10◦; Fnh = 1.5; ARh = 1.0; σv = 0.85. 
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