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ABSTRACT

Motivic Analogues of MO and MSO
by
Dondi Ellis

Chair: Igor Kriz

Abstract: This thesis makes progress in computing the coefficients of Algebraic Her-
mitian Cobordism (MGLR), a motivic Cy-equivariant spectrum constructed by P. Hu,
I[. Kriz, and K. Ormsby. In the process of my research, I realized it would be possible
to construct motivic analogues of unoriented and oriented cobordism, which I refer
to as MGLO and MSLO respectively. In chapters 2-3 of my thesis, I construct MGLO
and MLSO and give a concrete description of the homotopy groups of each of them.
In particular, my work on MGLO gives an answer to a question of Jack Morava. Using
the tools of Tate cohomology and my computation of the coefficients of MGLO, the

thesis ends with a computation of a localization of the homotopy groups of MGLR.
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CHAPTER I

Introduction

My thesis is an extension of the work of P. Hu, I. Kriz, and K. Ormsby [HKO11].
In [HKO11], the authors construct a Cy-equivariant E,.-ring spectrum MGLR. This is
the algebraic version of Landweber’s topological real cobordism MR [Lan67, Lan68].
Recall that MR is a Cs-equivariant analogue of complex cobordism MU. By taking the
geometric fixed points of MR (i.e. ®“2(MR)) one obtains the unoriented cobordism
ring MO of Milnor and Thom. Motivically there is an étale geometric fixed points
functor @ satisfying ®?(MGLR) = MGLO. The topological realization of MGLO
over k = C is MO, and so MGLO should be thought of as a motivic analogue of MO.
We will describe the cobordism spectrum MGLO fully in this thesis for k any field of
characteristic 0. The answer is very beautiful, and the proofs bear great similarity
to the classical case. My construction and computation of the unoriented cobordism
spectrum MGLO answer a question of Jack Morava.

After having completed my work on MGLO, it became clear to me that I could
construct a motivic analogue of unoriented cobordism MSQO. T call this MSLO, and
its construction follows the construction of its topological counterpart MSO. The key
observation is that the determinant function is algebraic, and therefore the gener-
alized orthogonal groups O,, used to construct MGLO can be used to define special

orthogonal groups SO,,. After restricting to a ground field k of characteristic 0 for



which —1 is a square in k, and completing at p an odd prime, MSLO splits as a wedge
sum of suspensions of BPGL, the motivic Brown-Peterson spectrum. After restricting
to a ground field k of characteristic 0 for which —1 is a square in k, and completing
at the prime p = 2, MSLO splits as a wedge sum of suspensions of motivic HZ and
HZ7)2.

In chapter 4, using computations relating to MGLO coupled with the tools of
Cs-equivariant homotopy theory, I give a computation of the motivic Cy-equivariant
spectrum MGLR (completed at 2) after inverting a twist A of degree 1 —o+oo— x and
a twist 0 of degree 1 — «. Chapters 2 and 3 pertain to MGLO and MSLO respectively.
The remainder of the current chapter will serve as a reference as well as a means to
establishing notation for the material which will follow. We divide Chapter 1 into two
parts. Part 1 will give the non-equivariant story and Part 2 will give the equivariant

story.

1.1 Motivic homotopy theory

Informally, Motivic homotopy theory is an answer to the question “How does one
do homotopy theory in the category of smooth schemes over some field k?” Just as
the category of smooth manifolds is too small to do classical homotopy theory, the
category of smooth schemes over k is too small to do motivic homotopy theory. To fix
this, we enlarge to the category A°PPre((Sm/k)nis) of simplicial Nisnievich presheaves.
This allows us to do simplicial constructions as well as to impose a homotopy theoretic
construction in which the affine line A! plays the role of the unit interval. This theory
was first constructed by Morel and Voedvosky in [MV99].

Our site is (Sm/k)nis. Here Sm/k denotes smooth separated schemes over the field
k. We give Sm/k the Nisnievich topology; covers are étale covers such that over each
point (possibly not closed) there is a point with the same residue field. The motivation

behind using the Nisnevich topology, as opposed to say the Zariski topology, is that



the Nisnevich cohomology is often the same as in the Zariski topology, but it can be
computed using Cech cohomology.
For any object X in a site C, we have a representable presheaf C(-, X). For each

Y € C this presheaf takes the value of the hom-set of morphisms in C from Y to X.

Definition 1.1. We say that a site C is subcanonical if each representable presheaf

of sets on C is a shealf.

It turns out that the site of smooth schemes over k with the Nisnevich topology
is subcanonical. Thus, we have an embedding Sm/k — Pre(Sm/k). To allow for

simplicial constructions, we actually consider A°®Pre(Sm/k).

Definition 1.2. The category of k-spaces is
Spe(k) := A°PPre(Sm/k).

The site Sm/k has enough points, and so we are able to form stalks in Spc(k).
Noting that the stalks are simplicial sets, we put a model structure on Spc(k) called

the local model structure as follows:

Weak equivalences are maps of simplicial presheaves inducing equivalences of sim-

plicial sets on all stalks
Cofibrations are the monomorphisms.

Fibrations Satisfy the right lifting property with respect to acyclic cofibrations.

It is a theorem of Jardine [Jar87] that this produces a proper closed simplicial model
structure on Spc(k).
We define an object Z in A°?(Pre(Sm/k)xis) to be Al-local if for every projection

Hom(m,Z)
EE—

map X x A' 5 X the induced map Hom(X, Z) Hom(X x A',Z) is an

isomorphism. We then say that a morphism P ER Q is a local A! weak equivalence



if the induced map Hom(@Q, Z) Hom(£,2),

Hom(P, Z) is an isomorphism for each Al
local Z. Using Bousfield localization, we form a new model category, called the A!
homotopy category, which we abbreviate as H (k).

Let X,Y € Spc(k) and hom(X,Y") be the simplicial set with n-simplices consisting
of maps of simplicial presheaves X x A" — Y.

In the A' homotopy category we can form pushouts and pullbacks, and so we are

able to form wedge sums and smash products of pointed k-spaces.

1.1.1 The bigraded family of spheres

One of the important features of motivic homotopy theory is that it admits a
bigraded family of spheres. There are two circles in the homotopy category, S! and
S%. The circle S* can be formed as A'/0 ~ 1 or as A'/OA!. As such, S! is best
thought of as a topological circle. The circle S* can be formed as A \ 0, which is
equivalent to G,, := Spec(k[z, z7!]). We refer to S* as the geometric circle. We can
form an n + ma dimensional sphere as the smash product of n type S! circles and m
type S* circles. It is well known that S' A S% ~ P!

In our notation, 1 and o correspond to the more standard notation 1 = (1,0) and

a=(1,1).

1.1.2 The stable motivic homotopy category

Definition 1.3. A motivic prespectrum X is a sequence of based k-spaces Xy, X1,

Xs, ..., along with structure maps S™* A Xy 5 Xy, satisfying the appropriate
commutative diagrams. Each of the maps o is adjoint to a map Xy 9, oitex N+1-
If each of these maps is an equivalence, then we say that X is a spectrum. Any

prespectrum can be promoted to a spectrum in a canonical way.

Definition 1.4. Let U € Sm/k and X be a motivic prespectrum. Then we define an



inductive sequence

[Sm-i-noc A U+,X0] N [Sm+noc+(1+0c) ANU,, Xl] — [Sm+noc+2(1+oc) AU, XQ] — ...

We define m,, 1o X (U) to be the colimit of the above sequence.
The following is a theorem of D. Dugger and D. Isaksen proved in [DI05].

Theorem 1.5. Consider the family of bigraded functors Tpima(—) @ Spt(k) — Gp
defined by TpimaX = TnimaX (Spec(k)). In the category of cellular k spectra these

functors detect equivalences. For the definition of cellular, see definition 2.4.

Motivic spectra also produce (co)homology theories on smooth k-schemes is a way

familiar to topologists.

Definition 1.6. Given a k-spectrum E and U € Sm/k, we define the E-cohomology
of U by
En-i—moc(U) = [U—i-a Zn—i—mocE]'

We define the E homology of U by

Ensmal(U) = [S™T™ E A UL].

By abuse of notation, we will write E"*™* and E,, |,,,, whenever we mean E"*™*(Spec k
y +

and E,, q(Spec k) respectively.

1.2 G-equivariant motivic homotopy theory

Following [HKO11], let (Sm/k)nis, denote the site of G-equivariant smooth sepa-
rated schemes over k with the Nisnievich topology, for G a finite group. In our def-
inition, the covers in the G-equivariant Nisnievich topology are G-equivariant étale

maps f in which for each point = (in the scheme-theoretical sense) with isotropy



group H C G, there exists a point in f~!(z) with the same residue field and the same
isotropy group. By the category of based G-equivariant k-spaces we shall mean the

category A°Pre((Sm/k)nis,) of pointed simplicial presheaves on the site (Sm/k)nis,,-

1.2.1 The family of (5 spheres

In Cs-equivariant motivic homotopy theory we have four motivic circles. We have
the two nonequivariant circles, S and S%, by giving them the trivial action. We also
have two Cy-equivariant circles S° and S7*. The circle S7 can defined as A' /OA! with
the action z — —z. The circle $°* will also be called Gy.*, defined as Spec(k|z, z71])

equipped with an action z — 27!

We can form p 4+ gox + ro + sox spheres by
smashing p copies of S! with ¢ copies of S* with r copies of S with s copies of S7%.
In particular, S° A S°* ~ P! with involution given by z — —z~!. We denote this
space by P1. We form the Cy-equivariant stable category by stabilizing with respect
to P APL. We will sometimes denote P* A PL by Tg.

As an aside, I would like to point out that the authors of [HKO11] use the greek
letter v instead of 0. The reason for this difference is an aesthetic one, although o is

also used in [HV16] in place of 7v. However, in [HV(16] the authors use a Voevodsky

type grading. I prefer the grading convention of [HKO11].

1.2.2 Two kinds of classifying spaces

Recall that topologically, the classifying space BG for a group G is constructed
by taking the quotient of a G-free contractable G-CW-complex EG by the group G.
Topologically, all such constructions are equivalent. However, this is not the case
motivically. Motivically, there are two different constructions of the classifying space
BG; there is the usual simplical construction, and there is a geometric classifying
space construction which can be found in [MV99, Tot99]. I will denote the usual sim-

plicial model of the free contractible G space by EG, and I will denote the geometric



construction by E.,G. We will concern ourselves explicitly with the group G = Cj,

and so I give an explicit model for F.,Cs.

Definition 1.7. Consider the spaces A" \ 0 pointed at 1 with a Cy action given by

z — —z. We have natural inclusions

A" 0C A0

for each n. Therefore, we can form a space A* ~ 0, which we call E.C5, in the
obvious way. We can also form a space B.;Cy by forming the quotient A™ ~\. 0/C, for

each n and then taking the direct limit of the spaces with respect to inclusion.
In [Voe03], V. Voevodsky computes the motivic Z/2 cohomology of B.;Cs.

Proposition 1.8. The algebra structure of the motivic Z/2 cohomology of BeCo is

H*(B.Co;7,/2) = H*[a,b]/(a® — Tb).

Here 7 is the tate twist of degree o« — 1, a the cohomology class of degree o, and b the

cohomology class of degree 1 + «.

1.3 G-equivariant stable motivic homotopy theory

(Classically, the tools of stable G-equivariant stable homotopy theory are contained
in a paper by Greenlees and May [GM95]. Those tools involve a cofibration sequence
called the tate diagram, a certain adams isomorphism saying that fixed points and
qoutients behave well after smashing with a free contractible space EG, and a certain
geometric fixed point functor ®&. The geometric fixed point functor ®¢ is supposed
to be the naive notion of taking the fixed points of a spectrum E which is implemented
by taking fixed points at the prespectrum level. We can do the same construction

motivically.



Definition 1.9. Let E be a (G equivariant motivic spectrum defined at the prespec-
trum level by a sequence of spaces Xy, X1, X, ... . Then we can define a nonequivari-
ant motivic spectrum ®%(E). The prespectrum is formed by the sequence of spaces
Y, = (X,)¢ The structure maps are then defined by taking G fixed points on
the structure maps Tg A X, = X,i1. Since (Tg)G = P!, we obtain structure maps

1 O fized
Pl AY, Ty

Another important tool of equivariant homotopy theory is the Tate diagram. Clas-
sically this is given by a cofibration sequence EG, — S° — EG where EG =
|B(G, G, *)|. Smashing this with a G equivariant spectrum E we can form an equiv-

ariant cofibration

EG,. NE —E— EGAE. (1.1)

Taking G fixed points we obtain a diagram

EG, N\ E — E¢ — ®“(E).

(Classically, an equivalent approach involves considering the reduced regular sus-
pension V of the group G. Set S(nV) := V" 0. We may then form cofibration
sequences

S(nV)y — 8% — sV,

Taking the colimit, we obtain an equivariant cofibration
S(ooV)y — §° — 5V,

Smashing the Tate diagram with a G-equivariant spectrum E, we can form a G-



equivariant cofibration sequence
S(coV)L NE —E — S™V AE. (1.2)

Topologically, eq. (1.1) and eq. (1.2) are equivalent constructions. Unfortunately
this is not the case motivically. In the motivic universe, (S*V A E)¢ = ®Y(E).
Unfortunately, it is not true that (E\é AE)Y = (S*Y AE)Y in general. This is easy to
see in the case G = (5. Since in this case S®V = §°7+°% smashing it with E kills
both of the equivariant suspensions ¢ and o, which we would expect to happen.
However, | B(Cy, Cq, %)| is a model for S°°7, and so we only kill the o suspensions but
not the o« suspensions whenever we smash with E.

Motivically, the following two cofiber sequences of pointed Cy k-spaces are useful

for computational purposes,

Cyy — 8% — 57,

(A(no) N 0), — SO — gnotnox,

Here A(no) denotes the affine n-space A" with Cy action z — —z. These two

cofiber sequences induces the cofiber sequences

ECy, — S° — EC,

and
EuChy — S° — EaCh

e~

respectively. E.;C5 is a model for S§°°7T°9% and so it follows that

(X A BaCy)C 22 6% (X).



Equivariant stable motivic homotopy theory was first introduced in [HKO11] as a
tool for solving Thomason’s homotopy limit problem for algebraic Hermitian K-theory.
The authors of that paper constructed the Cs-equivariant motivic spectrum MGLR,
called algebraic Hermitian cobordism. In the process, they also proposed the spectrum
®“2(MGLR) as a motivic analogue of the (topological) unoriented cobordism spectrum
MO. In the present thesis, I modify this definition by putting MGLO = ®32(MGLR).

One of my main results is calculating the coefficients of MGLO. In particular, I prove:

Theorem 1.10. MGLO is a wedge of suspensions of HZ/2pe. In particular, the
coefficients of MGLO are direct sums of Bloch Chow groups of the ground field with
coefficients Z./2.

A more precise statement is given in theorem 2.17 below. In chapter III, I also
extend these results to a motivic analogue of oriented cobordism, and in chapter IV,

I calculate the coefficients of a certain localization of MGLR.

10



CHAPTER II

A motivic analogue of MO

In section 1 of this chapter, we give a detailed account of how to construct the
motivic spectrum MGLO. In section 2, we give a full computation of the coefficients
of this spectrum up to knowledge of the coefficients of motivic HZ/2. In particular,
our computation gives an explicit description of the Z/2-algebra structure of the
coefficients of MGLO over the fields R and C. Moreover, the topological realization
of MGLO over the field C is MO.

2.1 The construction of MGLO

The idea behind our definition of MGLO is that, just as the geometric fixed points

of MO is MR, the geometric fixed points of MGLR should be MGLO. The definition
presented here is different than the definition given in [HKO11]. Using simplicial
EC5, the authors of [HKO11] define,

MGLO := (ECy A MGLR)®2. (2.1)

However, this definition does not satisfy a crucial property. Topologically, given a
G-equivariant spectrum E, the functor ®%(—) := (— A E\C/?)G applied to E produces

a nonequivariant spectrum ®%(E) which is equivalent to forgetting E to the prespec-

11



trum level and then simultaneously taking G-fixed points of the spaces making up
the prespectrum of E and the connecting maps to form a nonequivariant prespec-
trum. One can then promote this to a nonequivariant spectrum in the usual way.
Similarly, in our definition, MGLO is defined by forgetting MGLR to the level of pre-
spectra and then taking Cs-fixed points of the spaces and connecting maps to form a
nonequivariant prespectrum. Promoting this to a spectrum defines MGLO.

This alternative definition of MGLO turns out to be different than eq. (2.1). The
reason being that simplicial m is a model for S°°°. This only takes into account
the o-grading. However, we need to also take into account the oo grading. In other
words, our E\CJ’Q should really be a model of S°°T>?% Tt turns out that the 1-point

compactification of geometric EC5 serves as a model, and we have that,

MGLO ~ (MGLR A §o°oteeo®)Ca,

2.1.1 Quadratic forms

Following [HKO11, Section 6.1], we consider the hyperbolic quadratic form on k**:
q(x1, ...y Ton) = T1T2 + ... + Top_1Top.

The associated symmetric bilinear form is

b((21, s Ton)s (Y1, s Yo2n)) = Z$2¢y2i—1 + Xoi1Yo;-

i=1
The b-adjoint of a matrix A = (a;;)?"_, is a 2n X 2n matrix A%t such that

4,7=0

b(Az,y) = b(x, ATy). (2.2)

12



Explicitly, putting AT = (b2

7%_1), one has

b2z‘,2j = (25—-1,2i—1

522‘—1,2]‘—1 = a24,2;
b2i,2j71 = 42;5,2i—1
b2i71,2j = A2j-1,2%

Notice that there is a 5y action on the quadric
Qn = V(x,y | b(CL’,y) = 1)

where V(z; | E) (sometimes abbreviated to V(E)) denotes the locus of the equations
FE in the variables x;, given by

Ty

Taking Cy fixed points of the quadric under this action, we have:

(Qn)e, =V(z,y | bz,y) =1,z =y) = V(Z ToiYai-1 + Toi1Yz — Lz =y) (2.3)

=1

The projection from eq. (2.3) onto the = coordinate scaled by a factor of 2 gives
an equivalence to Qq, 1 = V(r € k> | 2129 + 2324 + ... + Top_172, — 1). But the
projection from eq. (2.3) onto the z-axis gives the same thing as projecting Q,, onto
the z-axis. So long as = # 0 there exists a y such that b(x,y) = 1. But this means
that the image of the projection map is A?" \ 0. It is a standard result that A" \ 0

has the homotopy type of S?"~1" = Sn=1+n% Now returning to eq. (2.2) we will define

13



the even dimensional orthogonal groups by

Ogn = {A € GLQn(/{?) | AATb = ]}

The group O,, acts on the quadric ()1 in a natural way. We can write 02,1 as

The action on ()o,_1 is given element-wise by A - x = Ax. Notice that

b(Az, Az) = b(z, AT Az) = b(z, z).

Therefore we have defined an O,,, action on )s,_1. We define O,,,_; to be

Oon_1:={A € Oy, | A(1,1,0,...,0) = (1,1,0,...,0)}.

For brevity we will write z° in place of (1,1,0,...,0). It is not out of place to ask if
our definition for Oy,_; is a good one. If we would have defined O,,,_; to be matrices
A € Oy, such that Ae; = e; then it is clear that ai; = aj; = J;; if one writes down
what is going on. This gives the only restrictions on Oy, other than those induced
from the ambient group Os,, and so Oy, would have a natural inclusion into O,.
For the vector (1,1,0,...,0) things are not so clear, but we do know that there is a
transition matrix (though not necessarily unique) from the point (1, 1,0, ...,0) to e;.
Therefore, the subgroup of matrices fixing the point (1,1,0, ..., 0) is isomorphic to the

subgroup of matrices fixing e;. So it makes sense to identify O,,_1 as we have above.

Lemma 2.1. Oy, acts transitively on QQs,_1 and the fixed point subgroup of

<1, ]_,0, ,0> 18 OQn—l-

Proof. For the transitivity claim we need to show that for z,y € (J,_1 there is

14



some A € O, such that Az = y. Note that it is enough to show that for any

z € Qqn_1 there exists a matrix A € Oy, such that Az = 2°. For if Az = 2°

and By = 2°, we have that B~'Ax = y. Consider the orthonormal basis B;
given by {§x07 ‘/75(1, —1,0,...,0), €3, ..., €2, }, and an orthonormal basis By given by
{ﬁ, Vg, ..., U3, }. Then there exists a change of basis matrix P from By to B; which,
in particular, sends % to ‘/TQxO. This then implies that Pz = \z° for some \ € k.

|||

But if x € Q2,—1, then b(é’x) = b(Pg’Pm) = b(’\x(;”\xo) = \? b(x(;’xo) = A2 = 1. Therefore

A = +1. Suppose that A = —1. Then Px = —2° = (—P)z = 2°. But —P € Oy,. This

proves the transitivity claim. The claim about O,,_; is true by definition. [

We define,

Qan—z = V(z € K*" | b(z,2°),b(z, z) + 1)
(2.4)

= {2 € K" | 2122 + ... + Top 172, + 1 = 21 + 75 = 0}

We would like to make analogous statements to lemma 2.1 for O,,,_; and )5,,_». First,

however, I will show that (Q2,_s is homotopy equivalent to a familiar space.
Lemma 2.2. Q4,2 is homotopy equivalent to S?*~1n—1 = gn-1+n-la

Proof. We have that

Qan—o = V(x € K" | 2129 + ... + Top_1T9n + 1,21 + T3). (2.5)

We note that this space is homotopy equivalent to

V((y, T3, T4y ...y l‘2n> € k2n_1 | — y2 + T3Ty + ... + Top_1To, + ].) (26)

But this is easily seen to equivalent to

Spec(k[y, L3, Xq,y .5 Ton—1, fl’2n]/((1 — ) (1 4+ y) + 2324 + ... + Top_1T2y)).

15



Now, by [ADF14, Theorem 2|, we notice that

Srit =l ~ Spec(k[z, as, Gy, ..., Gan—1, Gon] /(a3a4 + ... + Gop_100, — 2(1 + 2)).

Using the change of variables z — —%(1 +vy),a; — %xi, we have that

Spec(k(z, as, ay, ..., Gon_1, a2,]/(agaq + ... + agn_1a2, — 2(1 + 2))
~ Spec(k[y, 3, T4, ..., Tan—1, Tan) /(3 (T34 + ... + Ton 120 + (1 = y)(1 +y)))

~ Spec(k[y, T3, T4, ..., Ton—1, Ton) /(T34 + ... + Top_1T2, + (1 —y)(1 +y))).
L]

The Os,, action on (,_1 induces an O,,_; action on ()9, 5. Recall that O,
acts point-wise on the quadric Q)s, o by A - x — Ax. Notice that Q)s,_o is induced

from the form by, (z,y). v € Qa,_o implies that w = —1. Since
b(Ax, Ar) = bz, AT Az) = b(x, ),

it only remains to show that if x; = —x9 and y = (y1, y2, ..., Y2n) is the image of z,
then y; = —ys. But notice that for = € @, 2 we have that b(x, (1,1,0,...,0)) = 0.

Let A € Oq,—1 and let y = (y1, Y2, ..., Y2n) be the image of z. Then,

y1 + 1o = by, (1,1,0,...,0)) = b(Az, (1,1,0,...,0)) = b(x, A™(1,1,0,...,0))
=b(z,(1,1,0,...,0)) =21 + 22 = 0.
This proves that O,,_;1 acts on the quadric ()o,_o.

Lemma 2.3. O,,_ 1 acts transitively on QQs,_o and the fixed point subgroup of

Y’ = (1,-1,0,...,0) can be naturally identified with Oa, 5.

Proof. We prove the transitivity claim in a similar manner to lemma 2.1. It will
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be enough to show that for any = € (5,5 there is a matrix A € O,,_; such that
Ax =%

Notice that technically our Os,,_1 lives inside of O,,. We choose an orthonormal

. IEO 0 xO T .
basis By = {W’ HzOH,Gg, €}, and By = { o> Tl > U3 <., Uz }. Then there exists

[l

a change of basis matrix P from B, to B; which sends z° to 2° and z to Hz—gn This

implies that for x € Q)2,,_» we have that Px = A\yy. We have that

b(z,x)  b(Pz,Px) by’ \y°)  Nb(y°, y°)

2
= = = — ==1.
2 2 2 2 AT A

If A = 1 then we are done. If A = —1 then we have that (—P)x = 3°. This proves
the transitivity claim.

The subgroup of Oy, which fixes the point ¢ = (1, —1,0,...,0) € k*" is,

{A€ Oy, | A2° = 2" and Ay’ =y} = {A € Og,_1 | Ae; =€) and Aey = ey}

But this is just matrices A € Oy, of the form:

1 0 0 0
01 O 0
A= 0 0 T33 ... T3op
10 0 2on3 ... Zonon|

This shows that Os,,_o can be naturally identified with the subgroup of O,,_; which

fixes the point g°. O

2.1.2 Cellularity

The following definition is due to [DI05, Definition 2.1].

Let M be a pointed model category, and let A be a set of objects in M.
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Definition 2.4. The class of A-cellular objects is the smallest class of objects of M

such that
1. every object of A is A-cellular;
2. if X is weakly equivalent to an A-cellular object, then X is cellular;
3. if D: I — M is a diagram such that D is A-cellular, then so is hocolim D.

Choosing M to be the stable motivic homotopy category, and choosing A to be
the motivic sphere spectrum, we obtain the cellular stable motivic homotopy category.

Adapting the proof of [DI05, Proposition 4.1}, I will prove the following.
Proposition 2.5. The variety O, is stably cellular for every n > 1.

Proof. We first suppose that n = 2k. Let x = (1,1,0,...,0). Now consider the fiber

bundle O,, — P*"~! given by

Op 25 A™ — A"/A" N 0 ~ P 1

Here m, denotes the map A — Axz. Notice that m, induces a transitive action of
O,, on the motivic sphere @,,_;. The fiber over the point [1,0,0, ..., 0] consists of all

A € O, such that a;; # 1, and a;; = 0 for 7 > 2. Recall that

Op_1 2 {A €0, | A1,0,0,...) = (1,0,0,..)}.

But this is just {A € m;([1,0,0,...]) | a1; = 1}. Since det(AAT) = det(A) det(AT) =
det(A)? = 1, it follows that a;; = +1, and so m;!([1,0,0,...]) = O, x {+1}. As a

scheme, but not as a group, this is isomorphic to

{£1} x A" x O,_1,
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which is stably cellular by induction and [DI05, Lemma 3.4]. The usual cover of P" by
affines is a completely trivializing cover for the bundle, so [DI05, Lemma 3.8] applies.
[

2.1.3 Two-sided bar construction

Recall that we have the following equivalences,

o Shtke if n = 2k
Sh=1tke if n = 2k — 1.

The groups O, act on the quadrics @),_1, allowing us to form the two-sided bar
construction, which we now discuss.

Let G be a finite group and X and Y motivic spaces. If X x G — X is a right G
action and G xY — Y is a left G action, then we form the two sided bar construction
B(X,G,Y) as the left derived functor of the coequalizer of X x G xY =2 X x Y. We
denote the geometric realization of B(X,G,Y) by |B(X,G,Y)|.

Definition 2.6. In the special case X =Y = %, we define BG := |B(x, G, %)|.
Lemma 2.7. |B(O,,0y,_1,%)| >~ Qn_1.

Proof. 1t is well known for H < G an inclusion of groups that the left coset G/H is
isomorphic to |B(G, H, *)|. Taking G = O,, and H = O,,_1, this gives

On/On—l = |B(On7 On—la *)|

Notice that by the above discussion, O,, acts on @),,_1, and the stabilizer of a point is

O,—1. This induces an isomorphism between O,,/O,,_1 and @,,_1, proving that

Qn—l = |B<On7 On—lu *)|
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Lemma 2.8. |B(G,G,x*)| ~ . In particular, we have |B(Oyp, Oy, *)| ~ *.
Proof. + =2 G/G = |B(G, G, *)|. O
Proposition 2.9. |B(x,0,,Q,_1)| ~ BO,_.

Proof. We have that |B(*, O,,, Qn_1)| = | B(*, Op, | B(On, O _1, %)|)| =
|B(|B(*7On70n)|70n—1a*)| ~ |B(*,On_1,*)|. O

2.1.4 The prespectrum for MGLO

The identifications from Theorem proposition 2.9 imply that we have a map
BO,_1 5 BO, (2.7)
which is built from gluing together face maps which are projections,

OnxOnx...xO@xQn,1—>\OnxOnx...xOn.

m times m times

Therefore, we can think of eq. (2.7) as a sphere bundle. This allows us to define Thom
space like objects as the homotopy cofiber of m. That is, the Thom space of BO,,

denoted Thom(BO,,), is defined by the homotopy pushout;

BO, 4 BO,
* Thom(BO,,)

The spaces Thom(BOs,,) will form the spaces for the prespectrum of MGLO. Now

we discuss how to define the connecting maps.
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Definition 2.10. Notice that the natural inclusions O,,_1 X O,,_1 C O,, X O,, induce

maps B(O,_1 X Op,_1) = B(O,, x O,,). We define

Thom(B(Oy, X Op,)) := B(Oy X Op,)/B(Opn—1 X Opy—1).

It is clear that Thom(B(Og, x Oas)) >~ Thom(BOa,.) A Thom(BOsy).

The even dimensional thom spaces Thom(BO,,) form the terms of the prespec-

trum. Since G,, ~ SOy C O, by proposition 3.1, we get the canonical map

P! ~ ¥G,, — BO,.

We can then define the structure maps by

P! A Thom(BOsy,) — Thom(BOy) A Thom(BOy,) = Thom(B(Oy x Oa,))

— ThOTn(BOQn+2) .

Thus we have defined a prespectrum and so we can promote it to a spectrum in the
usual way. This defines the spectrum MGLO.

Notice that since the orthogonal groups are stably cellular by proposition 2.5,
it follows that the classifying spaces BO, is also stably cellular. Since each of the
thom spaces Thom(BO,,) are constructed as the homotopy cofiber of the inclusion
BO,,_1 — BO,, it follows that the spaces Thom(BO,,) are also cellular. Since these

are the spaces defining the prespectrum of MGLO, it follows that MGLO is cellular.
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2.2 Computing the coefficients of MGLO

Combining proposition 2.9 with a Mayer-Vietoris argument as in [MS16] gives us

the following Thom isomorphisms in motivic HZ/2 (co)homology.

H*(BO, ) = H**"(Thom(BO,))
H,(BO, ) = H,y,,(Thom(BO,,))
Here wor, := k + ko and wop 1 ==k + 1+ ko
For each space BO,, we get a unique Thom class Thom(BO,,) % Y“"HZ/2.
Composing w, with the homotopy cofiber of the map BO,_1, — BO,, we get a
class w, € H*“*(BO,_). The following theorem has essentially been proved by A.
Smirnov and A. Vishik in [SV14] using different language from the present paper.
The biggest difference between [SV14] and the theorem presented here is that [SV14]

only applies to fields of characteristic 0 for which v/—1 € k, whereas the present

theorem holds for any field k of characteristic 0.

Theorem 2.11. There are a unique set of classes wy,ws, ..., w, belonging to motivic

7.]2 cohomology for which,
H*(BO, ) = H*[wy, ..., wy).

Here deg(we;) =i+ ioc and deg(wyir1) =1+ 1+ ic.

Proof. Notice that the cofibration BO,,_i, — BO,; — Thom(BO,,) induces a long

exact sequence in cohomology given by
... = H*(Thom(BO,,)) = H*(BO, ) = H*(BO,_1.) — H*"'(Thom(BO,)) — ...

Using the Thom isomorphism H*(BO,.) — H**“»(Thom(BO,)) we get the long
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exact sequence
= HY(BO,,) & I (BO,.) & H*(BO,_,,) % H*Y(BO,,) — ...

Notice that f;¥ is multiplication by some nonzero class w,. By induction, H*(BO, 1, )
= H*[wy, ..., w,_1]. Since BO,, is cellular, we have that H**?*(BO,,,) = 0 for ¢ < 0.
It is also clear that the map f* is injective on Z/2 = H%(BO,.). We can start
with the case n = 0 by identifying BO,y with |B(*, 01, Q)| which is contractible.
Therefore, we have that A} (w;) =0 for i =0, ...,n — 1. It follows that each of the w;
can be uniquely lifted to H*(BO,,). Moreover, since h’(w;) =0 for i = 0,...,n — 1,
it follows that i} = 0. Thus, the long exact exact sequence splits and we get the short

exact sequence
0 — H*(BO,) L H*"(BO,) & H**"(BO,_1) — 0.

The key point is that f* is multiplication by the cohomology class w,, € H*(BO,,).
In other words f; =— w,.

From this the claim follows. We have

H*(BO,,) = H*[wy, ..., wp_1] ® H* w1, .., wy_1] — wy, = H*[wy, ..., wy].

If we define BO := colim;~(BO; C BO,41), then H*(BO) = @H*(B0n+).

A quick word is in order. We have a Thom isomorphism in (co)homology. I
have computed the cohomology of BO,,, but their is a motivic universal coefficient
theorem, and so the (co)homology are essentially the same and their is a duality
between the (co)homology classes. Motivically, this is not always the case. However,

MGLO A HZ/2 is a wedge sum of suspensions of HZ/2 of dimensions p + g with
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p > ¢q and so we can show that the (co)homology classes are dual to one another

[Hoy15]. This gives us the following theorem.

Theorem 2.12. There are a unique set of classes wy,ws, ..., w, belonging to motivic

Z./2 homology for which,

H,(BO,,) = H*wy, ..., w,].

Here deg(we;) =i+ ioc and deg(wyir1) =1+ 1+ icx.

Since HZ/2 is an E ring spectrum, we have a universal coefficients theorem.
Therefore, the HZ /2 cohomology classes in MGLO give dual homology classes in the
coefficients of MGLO A HZ/2, and so we have that H,(MGLO) is a free polynomial
ring over generators uy with deg(ug;) =i + i and deg(ugi+1) =@+ 1 + icx.

We now take a slight detour to discuss the Motivic Steenrod algebra.

2.2.1 Dual Motivic Steenrod Algebra

We can define the Dual Motivic Steenrod Algebra Ay, , to be HZ/2 N HZ/2. As

an H, algebra, the coefficients of Ay, , are given by

H, 7, &)is0/ (77 — Téis1 — pTi1 — pToisr) (2.8)

where |§1] = (277 = 1)(1 + «) and |7;| = (2 — 1)(1 + &) + 1. Let &(rq, 79, ..., 7p) i=
§rgr.m for r; € Z7° and T(ig, dy, -y ly) 1= 0T T for 0 < i < iy < <l
and ¢; € {0,1}. It is clear from eq. (2.8) that a basis for Ay, is given by products
of the form &(ry, 72, ..., 7)) T (0, i1, ooy bn)-

By comparing the H, module basis for the coefficients of MGLOA H and A}, ,, we

see that MGLO A H is a wedge sum of suspensions of Aj, . Consider the submodule

M of H,(MGLO) obtained by deleting all generators of degree(&;41) and squaring all
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generators of degree(r;). Let 9t be an H, module basis for this submodule. Then,

MGLO A HZ/2~ \/ I™lAY,,.

m; €M
2.2.2 2=n=0 in MGLO,

Consider the stable cofibration induced by multiplication by 2,
50 2 80 5 M(2).

The cofiber M(2) is called the mod 2 Moore spectrum, and HZ A M(2) ~ HZ/2.
Recall that classically 2 = 0 in the coefficients of MO. The analogous statement will
be shown to be true for MGLO.

Consider the Hopf map given by the projection h : A2\ 0 — P!. Recall that
A% 0 ~ S™2* and that P! ~ S** Tt follows that h induces a stable map 7 :
$*89% — S We denote the cokernel of this map by S°/n. For a general spectrum E,
we denote the cokernel of the map n A E by E/n.

Let E denote a cellular spectrum. We will say that E is k-connected if 7, 1. (E) = 0

~

for n < k. Analogously to the topological case, one can easily show that 7,1 .« (Z/2)

Tnt1++a(BC2). Notice that my(Z/2) = 7,/2.
Proposition 2.13. 2 = 0 in the coefficients of MGLO.

The unit map S° — MGLO can be decomposed as
S% — $7'BCy — Y Thom(BCy) — MGLO.

Notice that Z/2 = 71(BZ/2) = mo(X "' BZ/2). Since the unit map of MGLO factors

through the map representing the generator of my(3~'BCy), it follows that 2 = 0.

Proposition 2.14. n = 0 in the coefficients of MGLO.
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Proof. Tt is well known that n = 0 in the coefficients of MGL. Therefore, it will be
enough to produce a map from MGL to MGLO. We accomplish this by producing a
surjective map GL, — Os,. This map is given by A — A @ (A%»)~L. This in turn
induces a map MGL — MGLO as desired.

2.2.3 Comodule structure of MGLO

If E is a motivic spectrum, and H denotes the mod 2 Moore spectrum, then
H,(E) has the structure of a left comodule over A,. In particular, we can apply this

to E = MGLO, giving us a coproduct:
H,(MGLO) % A, ®p, H,(MGLO).

If we were to follow the classical argument, we would want to show that there exists

a projection map H,(MGLO) = C, for some H,-module C, such that
H,(MGLO) 2 A, ®p. H,(MGLO) 25 A, ®y. C

is an isomorphism of left A,-comodule algebras. Unfortunately this cannot be true.
Notice that there is only one element of degree 1 in H,(MGLO). Call this element
uy. Since H,(MGLO) is an H,-polynomial algebra on infinitely many generators, one
of which is uy, it follows that u? must represent the single H,-module basis element
of H,(MGLO) in degree 2. However, as an H,-module, A, has no basis element of
degree 2. Tt follows that (1 x 7)o A(uy) = 79 and (1 x ) o A(u?) € C. However, this
contradicts the formula (1 X m) o A(u?) = ((1 x 7) 0o Au1))((1 X 7) 0 A(uy)).

One notices that while H,(MGLO) is not equal to A, ®p, C as an H,-algebra,
it is as an H,-module. This is accomplished by simply comparing the H,-module

basis of H,(MGLO) to the H,-module basis of A, and then observing that as an
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H,-module, H,(MGLO) is a direct sum of A,. Recalling that A ~ H A H, it follows
that H A MGLO ~ H A (\/ Y% H). One then only has to construct a map between
MGLO and \/ Y“H Whicf?s an isomorphism on HZ/2 homology. The point is that
for each ¢ Elgf there exists a cohomology basis element a; € H%(MGLO) representing
the map MGLO — X% H. Piecing these cohomology classes together, this gives a map
MGLO £ \/ Y% H. Since (co)homology classes of MGLO are dual to one another, it

€S
follows that the map f induces an equivalence on homology.

2.2.4 Applying the Motivic Hurewicz Theorem

We will use a modified version of the Motivic Hurewicz Theorem of [Bac15].

We recall what it means to be (n — 1)-connected in the motivic sense.

Definition 2.15. We say that a motivic spectrum E is (n—1)-connected if 74140 (E) =
0 whenever 0 < k < n. We also require that mg . (E) = 0 for all but at most finitely

many m € Z.

Theorem 2.16. Let k have characteristic 0, and suppose that E is an (n—1)-connected

cellular stable motivic spectrum for which 2 and n are 0. Then

Consider the basis elements v; € 9 C H,(MGLO). Then each of the v; is dual to

a cohomology class ¢; € H*(MGLO), and so there exists a map

MGLO & \/ similHz)2
m; €M
which induces an equivalence on homology. Taking the cofiber of the map f we obtain
a cofibration

MGLO L \/ =iiHz/2  F

m; EM
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The idea is that we know that F is cellular, and the coefficients of F A HZ /2 are 0

by construction. Since 2 and 7 are 0 in \/ »Imil H7./2, it follows that 22 and 7? are
m; eM
0 in F and so the Motivic Hurewicz Theorem combined with the Nakayama lemma

implies that F = 0 and so f is an equivalence.

2.2.5 MGLO, and a comparison with MO,

Combining everything, we have that

Theorem 2.17. As an H, algebra,
MGI—O* = H*[un-i-ncxa Un+14+no; U(2i-1)(14-a)+2 | n,i € ZZO: n 7é 21 - 1]
Let t© denote the complex topological realization functor. Then

te(SY) = S,
(8% = S,

t“(HZ/2,,,,) = HZ/2.
From this it follows that t“(MGLO) = MO. Over k = C, we have that

MGLO, = HZ/2,,,, [T2, T2420, T3420s Udt20, Uit doxs Ustders D550 -+
= Z/Q[Q] [UQ, U24200y L3420t Wa42005 Ud+4ay US40y US4+-50s ]

= Z/Q[H, U2,y U220 U342005 Ud+200; Udd-4ory US4-4ory U5+50cs ]

Recall that

MO* = Z/2[CL2, Qy4, A5, G, ag, Ay, A10, ]

So the generators of MO, correspond to generators in MGLO, twisted by powers of 6.
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2.2.6 The topological realization of MGLO over R

The following results about topological realization functors can be found in [HK11,
HV©®16]. The application discussed herein is an observation of the current author.
There is a topological realization functor from the motivic stable homotopy category
to the Cy-equivariant stable homotopy category, and from the Cy-equivariant motivic
stable homotopy category to the Cy x Cs-equivariant stable homotopy category. Let
us start off with the realization functor ¢¢, which lands in SHe,. At the level of
schemes, the functor t]& sends real algebraic varieties to the C points of X, which we
denote X (C). This gives a complex manifold, and since X is a real algebraic variety,
we have a group action Gal(C/R) = Cs. This gives us the desired functor. On the
other hand, the real algebraic variety X may have already been equipped with some
sort of Cy action. We could combine these two C, actions to get a functor ¢¢, ¢,
landing in the C5 x Cy stable homotopy category.

In particular, the functor t§ o, sends MGLR to MRz/>. We can use this to figure
out where t]&x@ sends MGLO. MRy, is a 4-graded ring spectrum, and the grading
isl, 0,0

We denote the nonzero elements (1,0),(0,1), and (1,1) of Cy x Cs by g4, go, and
Joo respectively. We write o for the Cy x Cs representation which is defined by letting
g act by —1 and g, act by the identity. We write o for the Cy x C5 representation
which is defined by letting g, act by —1 and g, act by the identity. We write o« for
the Cy x C5 representation g,o = go ® go which is defined by letting g, and g, act by
—1.

The effect of the topological realization functor on the spheres is as follows.
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Lemma 2.18. We have

tﬂégXCQ(Sl) = Sl’t%QXCQ(SU> = SU’

t]gzxcz (Soc) = Soc) tﬂészz (SU“) ~ S7°%,
Now, by the periodicities of MRy, it follows that

teyxcy, (MGLO) = & 0, (PSF(MGLR)) = (S%°%°7 At ¢, (MGLR)) 2197

= (§°°%F°7 A MRy ) 190,

From this, it follows by [HKO1, page 9] that
t8,xc,(MGLO) = \/ "7 BU, A MR,
nez

where U is the infinite unitary group with Cs-action given by complex conjugation.
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CHAPTER III

A motivic analogue of MSO

Recall that the classical oriented cobordism spectrum MSO is closely related to
MO. Similarly to MO, the spectrum MSO can be constructed from the thom spaces
of the classifying spaces of SO,,, which we denote by BSO,,. Recall that the group
SO, is defined as {A € O,, | det(A) =1}.

Although many results found in this chapter can be generalized to more general
fields, many of the proofs will rely on the coefficients of the motivic Z/p cohomology
of the mod p Eilenberg-Maclane spectrum being equal to Z/2[7], where 7 denotes the
tate twist of degree o« — 1. Therefore, for the entirety of Chapter 3, the reader should

always assume that /—1 € k, and that k is a field of characteristic 0.

3.1 Computing the coefficients of MSLO

Having constructed a motivic analogue of MO, it became apparent that it would
be possible to construct a motivic analogue of MSO by mimicking the construction

of MGLO. The simple observation is that we can again consider the quadratic form,

q(:z:l,xg, P l'zn) = T1T9 + T3T4 + ...+ Ton—1T2n-
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To this we can associate a unique orthogonal group O,,. Since the determinant func-

tion is algebraic, we can define the 2n-dimensional special orthogonal groups as,

SOy, = {A € Oy, | det A = 1}

Again, for n > 1 we get a transitive group action of SOy, on

Quue1 1= V(z € K" | g(x) — 1) o~ "1

Letting 2° = (1, 1.0, ...,0), the stabilizer of z° with respect to the group action of
SOs, on Q,_; is defined to be SO,,_1. One easily sees that this is exactly equal to
{A € Ogy,—1 | det(A) = 1}. Defining as before

Qon—z = V(z € K" | q(z) + 1,21 + 1) = S 17

we get a group action of SO, 1 on ()s,_». This action is transitive, and defining
Y € k2" to be (1, 1,0, ...,0), we can show that the stabilizer of y° is SOs,_».
In the lower dimensional cases, we note that SOy ~ G,,, and SO; ~ *. The later

equivalence is obvious. For the former, we have to do a bit of work.
Proposition 3.1. SO; ~ G,,.

Proof. We consider the symmetric bilinear form b((x1,x2), (y1,¥2)) to see how A is
related to AT. Recall that AT is defined to be the unique matrix A € GLy(k) for
which b(Az,y) = b(z, ATy). We write

a b a v

A= ) AT: ) I‘:<$1,$2>, y:<y17y2>'
c d c/ d/
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Recall that b(z,y) = x1y2 + x2y;. Therefore,

b(Az,y) = ax1ys + brays + cx1y1 + dzaip

and

b(, ATy) = dryyr + d'vrys + d'zayr + baoys

Comparing, we see that

Now notice that we have the further relations det(A) = 1 and AAT = I. Explicitly

multiplying the matrices, we see that

ad + be 2ab

2cd ad + be

Since det(A) = ad — bc = 1, we have that ad + bc = (ad — bc) + 2bc = 1 + 2be.
Therefore, we get the relations 2bc = 2ab = 2¢d = 0. It follows, from these relations
alone, that either a = c¢=0,b=c =0, or b = d = 0. But we also have the relation

ad — bc = 1. Therefore, it must be the case that b = ¢ = 0. Therefore,

SOy = {(a,b,c,d) €k* |b=c=0,ad =1} ~ {(v,w) €K* | vw = 1} ~ G,,.

Using a two sided bar construction as before, we have

|B(SOn7 SO?’L—17 *)’ =~ Q'rL—l-
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Moreover, we are able to show that
|B(*7 SOy, Qn—1)| ~ BSO, 1.

We are able to define the thom spaces for prespectrum of MSLO in the same way

as before as the homotopy cofiber of

Notice that in particular we have,
Lemma 3.2. P> ~ BG,, ~ BSO; ~ Thom(BSO,).

Proof. Since SO; ~ %, we have BSO; ~ x. By definition of Thom(BSO,), the

statement follows. O]

3.1.1 Calculating the Z/2 cohomology of MSLO

The goal of this section is to calculate the motivic Z/2 cohomology of MSLO. To
do this, we first note that O,, acts on the unit sphere S° ~ {+1} by A-g — (det(A))g
for A € O,,g € {£1}. This action is easily seen to be transitive, and the stabilizer of
1€ S%is {A€0,| det(A) =1} = SO,. Tt follows that |B(x,O,, S°)| ~ BSO,,. As

before, we get a thom isomorphism
H*(BO,.) = H**'(BO, /BSO,).
We can use this to get a Gysin sequence. We consider the long exact sequence

... = H*(BO,/BSO,)) - H*(BO, ) — H*(BSO,.) — H*"(BO, /BSO,)) — ...
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Substituting in the thom isomorphism gives us,

.. » H*YBO, ) - H*(BO, ) = H*(BSO,_.) — H*(BO,_ ) —

H*(BO,,) — ...

Proposition 3.3. There exists a surjective map,

H*(BO,,) — H*(BSO,,)

with kernel generated by wy as an H* module. Hence, H*(BSO,,,.) = H*[wa, w3, ..., w,]

with |we;| =1 + i, and |wair1| =1+ 1+ icx.

Proof. Formz € H'(BO,,) as the composition of the thom class u € H'(BO,,/BSO,,)

with the homotopy cofiber of the the map

BSO,. — BO,..

This gives a nonzero class * € H'(BO,,). Since there is only one nonzero class
H*(BO,,,) of degree 1, it is clear that x is the same class as w; € H'(BO,_ ) from
Theorem theorem 2.11.

Thus, we can write

... = H*(BO,.) — H*(BSO, ) — H*(BO,,) —% H*"Y(BO, ) — ...

Since H*(BO,,;) = H*[wy, ..., w,|, the map — w is injective in all dimensions, and

so the Gysin sequence breaks up into short exact sequences

0= H™* N (BOu,) == H™"*(BOu,) = H™"(BSOny) = 0.

The conclusion follows. O]
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3.1.2 H,(HZ) comodule structure of MSLO

Classically, Pengelley gives a description of the HZ/2-homology of MSO [Pen82]
to be H,(HZ) ®g, Falxy, | k # 2,k # 2" — 1]. We can give a similar description of
MSLO as an H,-module, although this will not be the approach we will end up taking
in proving our main results. Nevertheless, the description is interesting. One realizes
that since MSLO is cellular, HZ/2 A MSLO must be equivalent to a wedge sum of
suspensions of motivic HZ/2. Moreover, HZ is known to be cellular, which means
that HZ/2 AN HZ must be a wedge sum of suspensions of motivic HZ/2. One then
notices by inspection that H A MSLO is equivalent to a wedge sum of suspensions
of H AN HZ. While we cannot give a nice algebra description of H A MSLO in this
manner, we may give a nice description of the H,-module structure of H A MSLO.

Let m,(MGLO) = H,[uy, | k # 2° — 1]. Then, as an H,-module, we have that
H,(MSLO) = H,(HZ) @u, H.jux | k# 2,k # 2" —1].

3.1.3 Calculating the Z/p cohomology of MSLO for p an odd prime

Definition 3.4. The Euler class z,, € H*»(BSO,, ) is defined to be the composition

of the thom class ¢ € H*"(Thom(BSO,,)) with the homotopy cofiber f of

BSO,_1, = BSO,, % Thom(BSO,).

Theorem 3.5. H*(BSO, _;Z/p) is the polynomial ring HZ/p*[z3, ..., 23] for n =

2k +1 and HZ/p*[23, ..., 2%2_,, x| for n = 2k.

Proof. The sphere bundle S(n — 1) — BSO,,_; — BSO,, induces a Gysin sequence
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with Z/p coefficients.

= HY(BSO,,) =2 H*(BSO, ) & H " (BSO,_,,) =

H*(BSO,,) — ...

Now, if n = 2k, then by induction we have that H*(BSO,_1,) = H*[z7,...,x7_,].
Recall that by [MVW11], HZ/p"""(BO, . = 0 for n < 0. Using the fact that
— 1z, is an isomorphism on H°(BSO, ) = Z/p, we see that h}, = 0 and so g is
surjective and the map breaks into short exact sequences. The proof then follows
that of Theorem theorem 2.11.

If n = 2k + 1, then z,, is zero in H**(BSO, ) since it has order 2. To see that
xp, has order 2, we note that x,, is the element corresponding to z, — z, under the
thom isomorphism. Therefore, z,, — x, = —x,, — x, by the commutativity relation
of the cup product. It follows that — x, = 0 and so the Gysin sequence splits into

short exact sequences
0 — H"(BSO,,) & H"(BSO,_,,) 2% H*(BSO,,) — 0.

Therefore g injects H*(BSO, ) as a subring of H*(BSO,_; ) =
H*[w},...,w? |, w]. The subring Im(g*) contains H*[z%, ..., z%], and we can show it

equals this ring by comparing ranks in each dimension. O]

3.1.4 Calculating the coefficients of MSLO,, for p an odd prime

Recall that the computation of MSO at an odd prime is more of less the same as
the computation of complex cobordism MU. Similarly, the computation of MSLO will
be no harder than the computation of MGL.

We denote the Milnor primitives by Q; € A*, |Q;| = p'(1 + &) — . Recall that if

p is odd, then the mod p motivic cohomology of MSLO is generated by classes x; of
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degree 2(1 + «)i as a free H*-module.
The following proof is based off the proof of a similar result due to S. Borghesi

[Bor03, Proposition 6.

Theorem 3.6. Let p be an odd prime. The mod p cohomology of MSLO takes the

form

H*(MSLO) = (A*/(Qo, @1, --.))[mi | i # p" — 1]
as an A*-module where |m;| = 2i(1 + o).

Proof. For ¢ a cohomology class of degree p + g, we define ||c|| :== p — ¢q. We will
call the number ||c|| the invariance of the cohomology class ¢. Now note that the
motivic steenrod algebra A* acts on the cohomology of MSLO. Let (); denote the
Milnor primitives in degree 2°(1 + «) — ot. Notice that ||@Q;]| = 1. Recall that as an
H* module, the cohomology of MSLO has a basis in monomials whose invariance is
equal to 0. Call this basis 9. Therefore, ||@Q;c|| = 1 imples that Q;c = 0. The reason
is because for and x € H*, ||z|| < 0. Putting this together, we have that if m € 90,
and that y is a basis element of A* as an H* module, then the action of y on m sends
m to a sum of elements in 9 with coefficients in Z/2. Now, since Q;c = 0 for all
c € M, it follows that the action of A* on H*(MSLO) factors through A*/(Qo, Q1, -..).
By discussion of A* on the cohomology of MSLO, it now follows that that the action
produces an H* linear map in which there is no interplay between the H* coefficients.
Therefore, any dependencies must be topologically induces. But topologically, there

are no dependencies, and so the theorem is proved. O]

Corollary 3.7. Let p be an odd prime. The mod p cohomology of MSLO takes the
form

H*(MSLO) = H*(BPGL)[m; | i # p" — 1]

as an A*-module where |m;| = 2i(1 + o).
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For the remainder of this subsection, we will be over the field k = C. By [Stal6],
we know that over C, the motivic Z/p cohomology of a point is equal to Z/p[r], where
|7] = a — 1. Dually, the motivic Z/p homology of a point is equal to Z/p[f] where

0| =1 — «. Furthermore, we have that A, = AP @z, Z/p[f].

Definition 3.8. Let £(n),0 < n < oo, denote the qoutient Hopf algebroid

En) = A/ (€1, &, oy Tugt, Taga, ) = HilTo, oy m) /(72 ] 0 < i < n).

If n =00, let

E(00) = A/ /(€162 .) = Hilro, 71, ]/ (77 | 0 < d).

There is a way of switching between A* structures on cohomology and A, struc-

tures on homology. In our case we have the following.
Proposition 3.9. As an A,-comodule algebra, H,BPGL = A,[¢ o) H..

Using a change of rings isomorphism, we have

Exta, (H,, H,(BPGL)) = Ext 4, (H,, A.O¢(o0) Hy) = Exte ooy (Hy, Hy).

If we let £(00)™P and H°P denote the topological analogues of £(oc0) and H, respec-

tively, then it follows that over k = C,

Exte (oo) (Ha, Hy) = Exteooyion (H,*P, HP) ®24, Z/pl0)].

From here the proof proceeds classically, and so we have the following theorem.

Theorem 3.10. After completing at an odd prime p, the coefficients of MSLO are
gien by
1. (MSLO, ) = Zy [0, 21, T2, 23, ...],
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where |x;| = 2i(1 + o).

3.1.5 HZ/2,-algebra structure of H,(HZ;7/2).

By [Voe03], the map
1/}* A — A, Qm, A,

is given by
k
i=0

k

Yu(T1) = Zﬁzl_z T+ T, @ 1.

=0

As in [Mil58], we define the conjugate of & and 7; inductively as

ngz ’L_7

kaz () +m®1=0

respectively.
This gives us

9k—1

(&) = =& — c(&)&_y . — cl&r)&T

o(r) = —7 — (o) — e(r)E_y — . — ()€

respectively.

As in topology, motivically we have a cofibration

mod 2

HZ 2 HZ ™% 17,2
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induced from the short exact sequence

0572237223 7/9 0.

Taking motivic HZ/2 homology of HZ, we get a long exact sequence

mod 2

.. = H*(HZ) > HY(HZ) 222 H*(HZ/2) S ...

This gives us an exact couple and so induces a bockstein spectral sequence. In

particular, we get the following,

H,(HZ) s H,(HZ) sy H(HZ)

X mod 2 X mod 2

H,.(HZ/2) d s H,(HZ/2)

Notice that 2 =0 in H,(HZ), and so we have that

H,(HZ/2) 242 H,(HZ/2)
is injective, and so we have a short exact sequence
mod 2

0— H,(HZ) 2% H . (HZ/2) % H,(HZ,/2) — 0.

Here d is the dual of the steenrod operation Sq'. Notice that H,(HZ) = ker(d).

Lemma 3.11. The motivic cohomology of H,(HZ) over k = C is isomorphic to

Z/Q[Q,Tl,TQ, ...,gl,gg, ]/(7'12 — 0§i+1)-

Proof. First one observes that d(ry) = 1 and d(7;) = & for i € Z>°. Next, one
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observes that since d commutes with the tate twist 6, and since 72 = 6¢;, 1, we have
0= QTld(Tz) == d(T;) = Qd(fl+1)

Therefore d(&;41) = 0. Now, as a Z/2[f]-algebra, the classes {;}°,, and the classes
{c(&)}52, both generate the same algebra. Looking now at the inductive formula for

the conjugate of 7;, and aknowledging that 2=0 in the coefficients, we have

k—1

(o) = e + c(10)&k + (1)1 + o+ (1) &G

First we notice that ¢(19) = 70, and so d(c¢(1p)) = 1. I claim that d(c(r;)) = 0 for
i € Z7°. For 1, we have that c¢(r;) = 7 + 70&;. Taking the differential of each side,

we have that

d(c(m)) = d(m) + 10d(&1) + &d(0) =d(m) + & =& + & =0.

Now, by induction we can assume d(c¢(7,-1)) = 0. Therefore,

d(c(ra)) = d(1) + d(c(70)&n) + d(c(T)E2_) + .. + d(c(Tn_)EX" ) =

(1) + d(c(10)&n) = d(Tp) + & = & 4+ & = 0.
Thus, ker(d) = Z/2[0,c(11), c(72), ..., c(&1),¢(&2),...]. One can show that c(7;)? =

Oc(&;4+1). This proves the claim.

3.1.6 The Sq' cohomology

Notice that the motivic steenrod operation Sq* has the property that Sq'oSq* = 0.

Therefore, we can think of Sq' as a differential of H*(MSLO). I will use the notation
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H*(M:;Sq") to denote the cohomology of the A* module M with respect to the
differential M.
Let I = (e, 51, €1, 52, .., Sk, €x) be a sequence where ¢; € {0,1} and s; are non-

negative integers. Denote by P! the product

Pl = geopsi pskger,

A sequence [ is called admissible if s; > 2s;.1 + ¢;. Monomials P! corresponding to

admissible sequences are called admissible monomials. Here 3 = Sq'.
Lemma 3.12. Admissible monomials generate A* as a left H*-module.

Proof. See [Voe03]. O

Lemma 3.13. Suppose I = (0, s1, ..., 8%,0) and J = (0,t1, ..., t.,0) with s1, sy, t1,t, €
7>°. Then BPT £ P’/pB. Also, BP* # P'3 for s,t € Z”°.

Proof. This follows immediately from Lemma lemma 3.12. O]
Lemma 3.14. H*(A*; Sq¢') = 0 and H*(A*/A*Sq'; Sq') = H*.

Proof. To prove the first statement, we notice im(Sq') = Sq'A* = ker(Sq') =
Sq'A*. For the second statement, we notice that im(Sq') = Sq'A*/A*Sq’. Since
Sq' A*/A*Sq' is clearly in both the kernel and image of Sq', and using Lemma
lemma 3.13, we know that if I = (0, sy, ..., S, 0) with s1, s, € Z7% or [ = (s),s € Z”°,
then Sq'P’ ¢ A*Sq'. We have shown what happens to admissible monomials. We
only have to look at what happens to elements of H*. Clearly these elements get sent
to zero since they commute with the Sq' operation. Since elements of H* are clearly
not in the image of Sq', it follows that H*(A*/A*Sq') = H*.

]

We will need the following result. But first, from [SV14] we have the following

proposition.

43



Proposition 3.15. Recall that H*(BO,) = H*[wy, ..., w,]| as an H*-module. If -1

18 a square in k, then
" im—k
qu(wm) = Z ( . )wk—jwm-‘rj-
—\ ]
J
The Cartan formula over k = C gives the following.

Proposition 3.16. Let T be the tate twist of degree x—1 in H*, and let H*(BO,, ) =

H*wy, ..., w,]. We define

1 k is even and i,j are odd.
€ij =
0 otherwise.

If -1 is a square in k, then

Sq" (wyw,) = Z 7% 84" (w,) S¢ (w;).

it+j=k

Proof. This follows from the formulas given in [Voe03], along with relations between

the geometric and simplicial classifying spaces of O,, found in [SV14]. O
Lemma 3.17. Sq¢'t,, = 0 where t, € H*(Thom(BSO,)) is the thom class.

Proof. Let H*(BO,,,) = H*[wy, ..., w,]. Recall that by proposition 3.3, H*(BSO,, )
can be identified with H*[wa, w3, ..., w,] C H*(BO,,). Recall also that there is a

thom isomorphism

Therefore, Sq' (t,,) can be identified with Sq'(w,) under eq. (3.1) and so we can work
out the steenrod operation on H*(Thom(BSO,,)) by comparison with H*(BO,,, ). In

particular, Sq'(w,) = w,w;. Since w; = 0 in H*(BSO,,.), the claim follows. O
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Since H*(MSLO) is an .A* module, we can compute its Sq' cohomology.
Proposition 3.18. H*(H*(MSLO); Sq¢') = H*[u2,u?,u2, ...

Proof. By Lemma lemma 3.17, Sq' commutes with the thom isomorphism. There-
fore it is enough to show that H*(H*(BSO);Sq') = H*[w3, w?, w?,...]. We note that
Sq' (wa,) = Wapy1. From this it follows that H*[us,us,ur,...] C im(Sq'). This im-
plies that the only elements which can be in the kernel but not in the image of Sq'
are H*[w?,w?,w?,..] ¢ H*(BSO). Noting that Sq'(w2,) = 0 for all n, the claim

follows. O

3.1.7 A motivic version of Wall’s Theorem

Lemma 3.19. The morphism of A*-modules,

A* — H*(MSLO)

given by a — a -1 where 1 denotes the thom class to € H*9(MSLO) has kernel
J = A*S¢.

Proof. To simplify notation, we write A*/3 := A*/A*Sq".

First, it is clear that Sq'(w;) = 0 if i > j by proposition 3.15. If i < j, then
Sq' (w;) is a sum of monomials wyw; with k,l < 2j. The monomials Sq™...Sq"" with
in > 2i,1 and i; > 1 form an H*-module basis for A*/f3. Therefore, it is enough
to show that the polynomials Sq™...Sq"(¢) are linearly independent in H*(MSLO).
Let I = (iy,...,411) with i, > 2i,_; and 4, > 1. We will order the monomials w! =
ww=1. .w" lexicographically. For example, wgwy is of higher order than w,w, and
wgws, but lower order than wgwswy and wigws. By induction, we will assume that
Sq'"...8q" (t) = w;,_,...w;,t + lower order terms.

Now suppose that w;, ,...w;,t € H*(MSLO) is such that j,_1 > ju,—1 > ... > ji. If

i > 2j, 1, then we will show Sq*(w;, ,...w;,t) = wyw;, ,..wj;t+ lower order terms.
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Using the Cartan formula, we have

Sq' (wj,_,...wjt) = Sq'(t) - wj,_,..wj, + lower order terms

= w;wj, ,...w;t+ lower order terms.

This proves the theorem.

Theorem 3.20. H*(MSLO) is a wedge sum of suspensions of A* and A*/A*Sq".

Proof. To simplify notation, we write M := H*(MSLO), and A*/3 := A*/A*Sq".
Notice that Sq' acts on any A*-module as a differential. This is immediate from
the fact that Sq'Sq' = 0. Therefore, for any A*module P we can define the Sq
cohomology H*(P;Sq') of P. We will be working with H*-modules, and so this
cohomology theory will have coefficients in H*. As we have already shown in Lemma
lemma 3.14, H*(A*;Sq') = 0, and H*(A*/B;Sq") = H*.

We will now use this cohomology theory to define a map from a wedge sum of
suspensions of A*/S to M which will induce an isomorphism in Sq' cohomology.

Choose classes {Tq}ae;r € M whose images in H*(M;Sq') form a basis. By
Proposition proposition 3.18, we can choose the classes u3,u?,... € H*(MSLO)

H*[ug, u3, uy, ...]. The 4 are killed by Sq* and so we can define a map

61 : @D A*/Bl—deg(xa)] — M.

Next, we define

A* := {admissible monomials x € A* | |z| > 0}.

46



Using this definition, we define
M := M/A*M.

Notice that @A*/ﬁ[—deg(xa)] ~ A /B @y~ C for C = H*[u3,u3,...]. We consider

xel
the projection map

M5 M.

We then choose an H*-submodule Z C M such that 7, is injective, and
M = (¢ (A& C)) & n(2).

Set
N=A/BCo A Z.

The natural map

¢22A*®Z—>M

gives a map

@I:¢1@¢22N—>M.

Writing N = A*/f @ C & A*® Z, we let N; denote the A*-submodule of N given
by N = A/ ® C; & A* ® Z;. Here C; and Z; denotes all elements in C' and Z
respectively of total degree ¢. We say the class x with degree n + m« has total degree
n + m. We define M; to be the image of N; under the map ®. We then define N (n)
and M™ to be @i<nN; and @;<, P(N;) respectively.

We will show by induction that the map ® : N — AM® is an isomorphism.
Starting with n = 0, N©© = A*/8 and M(®© = A* -t where t is the thom class.
By Lemma lemma 3.19 this map is an isomorphism. Suppose we have proved ¢ :

N®=1 — M®=Y s an isomorphism and let A : N/N®=Y — M /M@= be the map
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induced by ®. We will show /\|( : is injective. Let P C N be the subspace

N(n) N (n—1)
generated by elements of the form ¢, z,Sq'(2) for ¢ € C,,, z € Z,. We can regard P
as an H*-submodule of N/N®~1,

We will first prove that A, is injective. Notice that since H*(A*;Sq") = 0, the

map

®* : H*(N;Sq') — H*(M;Sq")

is still an isomorphism. Since
d: NY 5 b
is an isomorphism by induction, it follows that
A" HY(N/N®D:Sqh) — H*(M/M ™Y 8q")

is also an isomorphism.

Suppose v € P and A\(v) = 0. Notice that the total dimension of v is n or n + 1.
We will consider the two cases separately. If the total dimension of v is n; then
v=c+zforceCyz € Z, ANv)=0 implies ®(c+ 2) € MY, By choice of Z,
z = 0. Then, v = ¢, and so A(c) = 0. Since A\* is an isomorphism, it follows that
Sq'(c) = 0, and ¢ = Sq'(¢') for some ¢ € (N/N®Y), ;. But (N/N®V), ; =0,
and so ¢ = 0, which implies ¢ = 0.

Now, suppose that the total dimension of v is n + 1: then v = Sq'(z), some
z € Z,. If AM(v) = 0, then Sq*(A\(2)) = 0. But, this means A(z) = A(c) + Sq'(2)
for some 2/ € (M/M™Y),_;. But, this means 2z’ = 0. Therefore we reduce to the
previous case.

Now, returning to the induction step, we have that the multiplication map

1 : MSLO A MSLO — MSLO
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induces a coproduct map
p* o H*(MSLO) — H*(MSLO) ® g« H*(MSLO).
We define a projection map
p: M — M/M®™D,

Let u € C, @ Z,. Then p*®(u) = 1 @« ®(u) modulo M &g« MV, Therefore, for
any v € P we have

(1@ p)p®(v) = 1@y A(v).

Now choose a basis ¢y, ¢s, ..., ¢, for C,,, 21, 29, ..., zs for Z,. Then we can give P a basis
{vi} = {c1, oy, 21, 22, ooy 26, 9SG (21), 901 (22), -, Sq* (26) }. Any v € N /N1 then
has a unique expression in the form v = ", a;v; for a; € A*\A*Sq' U{0}. Now, we let
m denote the maximum total dimension of all of the a;. Next, we let {a;,, a;,,...,a;,}
denote all of the a; of total dimension m.

Notice that if A(v) = 0, then ®(v) € M™~Y and hence

0=(1®np)u*®(v) = Z% t @m+ Mvy;) + Zbk 1 Qg+ My,

some my, € M, b, € A* with dimb, < m. However, we showed that X, is injective,
and so the A(vy;) are linearly independent. and hence a;;-t = 0 for all j. But, a;;-t = 0

implies a;; € A*Sq'. This is a contradiction, and so A(v) = 0 implies v = 0.

Corollary 3.21. Over the field k = C,

H,(MSLO) = H,(HZ/2) ®z919) C & As Qz,200) Z.
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Here C'is the algebra Z./2[0, x4, xs, ...] where the x4; are generators of degree 2(1+ «)i.

Z is a 7./2[0] polynomial algebra.

3.1.8 The homotopy type of MSLO

Once we know that the motivic Z/2 homology of MSLO is a wedge sum of sus-

pensions of A* and A*/A*Sq', we can again construct a map

MSLO — \/ HZ/2[r]| D \/ HZs,]
iel jed
which is an equivalence on motivic Z/2 homology. Then, by applying the Nakayama
lemma and the motivic Hurewicz theorem [Bac15] to show that the map is a homotopy

equivalence.

3.1.9 The dimension of the HZ/2 suspensions

Let N be an H,-module with basis 9%. Assume 9t = Un,mZO MNptma, Where N, ma
is a finite set consisting of all basis elements in degree n + m«a. Call the motivic
spectrum E special if it satisfies these assumptions.

If E is special, then we can define a polynomial f € Z[[x,y]] by considering the
formal sum > . 7nima. We then map this to a polynomial in f € Z[[z,y]] by
sending 7,1 me — 2"y In this way, for E special, we can define [N| := f.

In considering MSLO, it is clear where the HZ suspensions must live; they consist
of suspensions of degrees corresponding to all monomials in the variables x, xo, ...
where z; has degree 2i(1 + o). The tricky part is to see where all the HZ suspensions
must live.

The way we will figure this out is through a combinatorial counting argument. To

explain the idea behind the counting argument, I will first give a simple example.

Example 3.22. Suppose we wanted to know where the HZ/2 suspensions are in the
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dual motivic steenrod algebra A,. Notice that as an H*-module,
./4.* = H*[To, 71, ...,fl, gg, ]/(7'12 | 0 S Z)

In other words, we can sort of pretend that 77 = 0 in A, since we only care about
the H7Z/2 module structure. We also only care about how many suspensions we have

in each degree. Letting the monomial "y represent suspension by n + mx, we can

consider the formal sum of all monomials in A, of the form 7/'72...7/" 2.6
112 in >J1 3]2 Jm

where ¢; € {0,1} and r; € Z=° modulo their degree. For example, we represent 7,&;
by x%y! - xy = 23y?. Therefore, we obtain the formal sum

i+l i+l
H<1_x2 y2 2)

>0

i4+1_ i4+1__ 7 i
H(l _x2+ 1y2+ 1) H(l _ 2 yz 1)

1>0 >0

A =

Here formal sum refers to the taylor series expansion about the origin (0,0). Using a
computer software program such as matlab, or by expanding by hand, one can deduce

where the suspensions of HZ/2 live. Similarly, we can deduce,

H<1 . x2i+1y2i+1_2)
A JASq | = = :

it1_q oitl_ i i
1_[(1_:B2Jr 1y2+ 1)H(1—$2y2 1)

i>0 i>0

We end up with the following formula.

Proposition 3.23. Consider the taylor series expansion around the point (z,y) =

(0,0) of the following rational binomial polynomial:

1—=x 1

IT a-z"yy [Ja—a"y [J -2y (+2) [] -2

n#£21—1,i>0 n#£2! n=2¢ n#£2i—1
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Its coefficients tells us how many suspensions of HZ/2 we have in a given degree.
For example, the term ca™y™ means that we have ¢ suspensions of HZ/2 in degree

n + m«.

Proof. First we notice that

1
|H,(MSLO)| = — —.
H(l _ xzyz) H(l _ xz-}—lyz)
i>0 >0
We also have that the degree suspensions of the HZ is equal to |H,|x1, 22, ..]| where

|z;| = 2i(1 + «). It follows that

1

IMSLO,| =
=14

(|H,(MSLO)| — |H. [z, z. ...]|).

The claim follows. ]
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CHAPTER IV

A motivic analogue of MR

4.1 MGLR, an analogue of MR

There is a Cy-equivariant spectrum belonging to classical topology which was
constructed by Landweber. The coefficients of this spectrum were computed by P.
Hu and I. Kriz in [HKO1]. The coefficients of this spectrum are bigraded. While
the bigrading given in [HKO01] is MR, ., we will use o grading instead of «. The
reason for this is that the authors of [HK01] used the « to signify the relationship
between motivic homotopy theory and classical Cs-equivariant homotopy theory. The
topological realization functor over R sends motivic « grading to the C5 grading.
However, in the present case, we want to stress the relationship between Cy motivic
homotopy theory and C5 classical homotopy theory using the topological realization
over C.

In this chapter we discuss a Cs-equivariant motivic spectrum MGLR which was
constructed by P. Hu and I. Kriz in [HKO11]. There is a complex topological real-
ization functor t& for Cy-equivariant motivic spectra, and t(gg(l\/lGLR) = MR.

One should think of MGLR as a motivic analogue of MR. Roughly speaking, the
spectrum MR can be thought of as complex cobordism MU endowed with a C5 action.
At its heart, MU is built from the classifying spaces BU,,, where U, denotes the n-

dimensional unitary group. We get an involution on this group given by A « AT.
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The groups U, equipped with this involution action determine the construction of
MR. If one wanted to mimic this construction motivically, he would immediately
be faced with a problem; complex conjugation is not algebraic. A priori this means
that the groups U, are not definable; however, it turns out that over the complex
numbers, U, = GL,(C). In fact, the motivic analogue of MU is the well known
algebraic cobordism MGL.

In analogy with MR, MGLR should be thought of as algebraic cobordism MGL

endowed with a (5 action. Consider the symmetric bilinear form

b((@1s ey an)s (Y1, -y Yon)) = Z-%'Qiy%fl + Zoi1Yo;-

=1

Then for any A € GLy,(k), there exists a unique matrix A™ for which b(Ax,y) =
b(z, ATvy) for all z,y € k*™. The Cy action of MGLR is induced from the involution

action A «» (ATv)~L,

4.1.1 The )\ twist

In [HKO1], the authors show that MR completed at 2 splits as a wedge sum
of suspensions of a spectrum BPR whose suspensions are in degrees m;(1 4 o) for
m; # 271 — 1, ®2(BPR) = HZ/2, and nonequivariantly BPR = BP. This splitting
comes from applying the Quillen idempotent to the formal group law on MR, (11,).
From this, it follows that MR, is freely generated by generators x,, of degree n(1+ o)
for n # 21 — 1 as a BPR, algebra. One could ask whether MGLR splits as a
wedge sum of suspensions of BPGLR, with ®“2(BPGLR) = HZ/2 and BPGLR =
BPGL nonequivariantly, in such a way that MGLR, is free as a BPGLR, algebra.
Unfortunately, there does not appear to be any way to construct such a splitting.
However, there exists an element A € m_, 1,4 «(MGLR). If we invert this element,

then we get a formal group law and we can use the Quillen idempotent construction
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to get a splitting. First, let us elaborate on this mysterious element .

In the topological setting there is the notion of real-oriented spectra and it turns
out that MR is universal among real-oriented spectra. There is also a notion of real-
orientation found in [HKO11]. Following notation in [HKO11], we define X to be the

functorial fibrant replacement of X, the reduced suspension of X.

Definition 4.1. A (Cs-equivariant ring spectrum F is real-oriented if the following two
conditions are satisfied. Here MGLR(1) will denote the first term of the prespectrum
defining MGLR.

1. The unit in E*(S'T7%to+%) restricts to the unit ¢r of E*(MGLR(1)).

2. The map S2+2% ~ G NG — Gi* x Gol” = B(GH* x GL*) — BGLy —

MGLR(1) with representative w € mo 9,4 composes with ¢p to give a unit Ag.
Whenever this is satisfied we get many results analogous to those found in [HKO01].

Theorem 4.2. If the Cy-equivariant ring spectrum E is real-oriented, then

E*(BG?) = E*[u] where deg(u) = —(1 + o).

Unfortunately, it is not clear whether or not MGLR satisfies definition 4.1. Clearly
MGLR satisifies condition 1 of definition 4.1. However, it is not clear that AygLr is
invertible. Using the methods of [EKMMO07] we can “invert” Aygir to construct a
spectrum A\ “!MGLR satisfying the conditions of definition 4.1. The formal group law

of theorem 4.2 then gives a canonical map
L— )\_1MGLR*(1+U“).

Here L denotes the Lazard ring.
Notice that the topological realization functor over C, which we denote by t°, is

a symmetric monoidal functor, and so applied to the spectrum MGLR, we get a ring
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homomorphism

MGLR, — MR,.

One can show that ApgLr is sent to the unit 1 under this ring homomorphism, and

so we get a ring homomorphism
A 'MGLR, — MR,. (4.1)

Since the homomorphism ¢ sends 1 + o grading to 1 + ¢ grading, and since
AIMGLR,(1400) € A'MGLR, and MR,(14,) C MR, are commutative rings, we have

the following result.

Lemma 4.3. The restriction of the ring homomorphism eq. (4.1) to \"*"MGLR,(14oa)
induced by the topological realization functor t© sends the formal group law on

A"IMGLR, to the formal group law on MR,.
Proof. This is clear since tC(BGy,") = BS°. O

Since MGLR is an E..-ring spectrum, we may apply constructions as in [EKMMO7].
In particular, we may “kill” or “invert” the image of any sequence of elements of L in
the spectrum A\"!MGLR. The ring MGL.(1+«) = MUy, is the universal formal group

law and so the generator x; of degree i(1+ «) is sent to an element of degree i(1+ox).

Theorem 4.4. ®“2(A\"'MGLR) = #~'MGLO.

Proof. Recall that A\ is the map

§2+200 ~, G}?{Z A G%z N G}T{Z X G}r{z — B(G%z X Gir{z) — BGLy — MGLR(l)

— pltotoataNGLR. (4.2)
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After taking geometric fixed points, this becomes a map,

S?~ SPASY = St x St — B(Z)2 x 7)2) — BOy — MGLO(1) — Z'*MGLO.

This map is nonzero, and it realizes as an element of degree 1—« in 7,(MGLO). Notice
that there exists exactly one element in m,(MGLO) of degree 1 — «, the tate twist.

Therefore, the coefficients of ®“2(A"!MGLR) is 7, (/~'MGLO) = 7, (MO)[0*!]. O
Corollary 4.5. MGLR % A"'MGLR.

Proof. Since MGLR and A"*MGLR are not equal on geometric fixed points, they can-

not possibly be equal equivariantly. O

It is interesting to note that while inverting A has the effect of inverting the tate
twist 6 under the geometric fixed points map, it is not the case that 6 is inverted under
the forgetful map MGLR — MGL which thinks of the structure nonequivariantly. The
reason for this is the forgetful map sends o and o grading to 1 and « respectively.

Therefore, A gets sent to the unit under this map. In more detail,
Theorem 4.6. Nonequivariantly, \"*MGLR ~ MGL.

Proof. Notice that nonequivariantly, A realizes as

S22 ~ ¥G,, A EG,, — XG,, x G, = B(G,, x G,,) = BGLy — MGL(1)

— Y*PCMGL.  (4.3)

Notice that this map is clearly nonzero, and represents an element in m,(MGL) of
degree 0. Notice that the only nonzero element in 7, (MGL) of degree 0 is the identity

element. Therefore, \"'MGLR is nonequivariantly equivalent to MGL. n
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Theorem 4.7. Localizing at p = 2, we have that

MGL = \/ ymi(l+ ) BpGL

m;

for integers m;. There exists a spectrum BPGLR such that

MGLR = \/ ymi(l+e)BPGLR

mi

Furthermore, ®“2(BPGLR) = 0~*HZ/2.

4.2 Calculating the coefficients of 6! \"!MGLR

Proposition 4.8. There exists an element of order 1 — o« in the Borel cohomology

and the Tate cohomology of \"*MGLR. We will call this element 6.

Proof. Using simplicial EC5, we can set up a Borel Cohomology Spectral Sequence
for \"'MGLR as follows. First we note that since we have inverted )\, we can choose to
ignore all o grading, and instead only consider the grading x+*'o+x" . Moreover, we
will filter by « twists. In other words, we will consider the grading *+x*'oc 4k« for fixed
k. Now for each k£ < 0, we have a bijection between the motivic Borel Cohomology
Spectral Sequence of A"'MGLR and the classical Borel Cohomology Spectral Sequence
of MR. This is true since A"*MGLR is nonequivariantly MGL, and over C, there
is a bijection between 7, ro(MGL) and m.(MU). It follows that the motivic Borel
Cohomology Spectral Sequence associated to A™'MGLR, /s .«, Where *, ¥ € Z and
¥ € Z=0, converges t0 Tutsoiwoa F(ECy,, \"'MGLR)) = 7, (MR)[6]. Tt follows that
6 € A"'MGLR. The same argument works for the Tate cohomology of A™'MGLR. [

Corollary 4.9. There exists an element of degree 1— in the coefficients of \"*MGLR.

We again call this element 6.
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Proof. This follows by considering the following square originating from the Tate

diagram,
A IMGLR > 57 AXNTIMGLR

| |

F(ECy, , A"'MGLR) —— §%7 A F(ECy,, \"'MGLR).

It is easy to see that the element 6 € m (F(ECy,, \"*MGLR)) is sent to 6 €
7, (57 A F(ECy,, \"*MGLR)). This is true since the topological realization of 6 is
just 1, and since the Borel and Tate cohomology spectral sequences of A"*MGLR and
MR are isomorphisms for fixed alpha twist ko, & < 0. Now, notice that there is an
easily described twist in m, (S A A"!MGLR) of degree 1 — «, which we also call
6. If s is the euler class s € m_,(MGLR), and ¢ is the euler class ¢t € m_,o(MGLR),
the 0 € m_4(S° A A"'MGLR) is given by As~'t. By comparison with topology,
and in view of the fact that the topological realization of € is 1, it follows that 6 €
1o (S AATIMGLR) is sent to 6 € 7 _o(S*° A F(ECs, , \"'MGLR). Therefore, the
element named # commutes in the bottom row and rightmost column of the diagram
corollary 4.9. Since the commutative square corollary 4.9 is a pullback, there must

exist an element § € 7,(A"!MGLR) which is sent to 0 € m,(F(ECy,, \"'MGLR)). [

Now, as we inverted A € m_,1504—a(MGLR), so too can we invert 6 € m_,(MGLR).
This gives us a spectrum 0~ *A"!MGLR. In its coefficients, the element A~'0 has degree

o — o« and is invertible.
Proposition 4.10. (S*7+>* A =IN\"IMGLR)“2 ~ (59 A §~IA"'MGLR)2.

Proof. To simplify notation, we write

E =857 AOTINTIMGLR, F = §°°7F7% A =1 \"IMGLR.

Notice that X7 °F ~ F since OA™! € 7, _,(E) is invertible. Also, it is clear that

Y°F ~ E. Putting this together, we have that ¥°*FE ~ E. Therefore, it follows that
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F =" ~F. [l

Theorem 4.11. 7, (07 'BPGLR) = 7,(BPR)[\*!, §*!]. Here, 7,(BPR) =

Vo0 = 2,
Z(2) [Un,h a | n > Oyl € Z]/ a2n+1_1vn,l = 0, )

forn <m :Vp g Upjamon = Upy gt Unpo

la| = =0, Jvag| = (2" = 1)(1 4+ o) + 12" (o — 1).

Proof. The claim is clear by comparison with topology [HKO01]. In more detail, con-
sidering the commutative square of corollary 4.9, the (' fixed points of the top right
corner is easily seen to be equal to m,(MO)[#F!]. The bottom right corner is calculated
by comparing the Tate cohomology spectral sequence for 6! A\"'MGLR to topology.
One deduces from the calculation that the Cy fixed points of the the top and bottom
right hand column are equal. From this it follows that 67'!A"!MGLR is equal to its

Borel cohomology. By comparing with topology, the claim follows. O
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