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ABSTRACT

Retrospective cost adaptive control (RCAC) is a discrete-time direct adaptive
control algorithm for stabilization, command following, and disturbance rejection. In
recent years, the controller gains are solved for via recursive least squares (RLS).
This approach works well on systems that are linear time invariant but for systems
that are linear time varying, we propose extensions to the RLS solution via the
inclusion of either a multiplicative or additive covariance update. A novel algorithm
called the innovations-based sliding window-Q optimization (ISW-QO) is developed
that optimizes the additive process noise covariance matrix () via the retrospective
innovations of the Kalman filter. For the parameter estimation problem, we prove
that, under reasonable assumptions, the value of ) that minimizes the cumulative
innovations also minimizes the cumulative state-estimate error. This algorithm is
compared to the adaptive Kalman filter and results show that the ISW-QO algorithm
works as well if not better than the adaptive Kalman filter.

Next, RCAC is known to work on systems given minimal modeling informa-
tion. The information needed by RCAC is the leading numerator coefficient and
any nonminimim-phase (NMP) zeros of the plant transfer function. This informa-
tion, which is normally needed a priori, is key in the development of the filter, known
as the target model within the retrospective performance variable. A novel approach
to alleviate the need for prior modeling of both the leading coefficient of the plant
transfer function as well as its NMP zeros is developed. The extension to the RCAC
algorithm is the use of concurrent optimization of both the target model and the

controller coefficients. Concurrent optimization of the target model and controller
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coefficients is a quadratic optimization problem in the target model and controller
coefficients separately. However, this optimization problem is not convex as a joint
function of both variables, and therefore nonconvex optimization methods are needed.
We take advantage of the biquadratic structure of the cost function by applying an
alternative convex search algorithm and compare it to a nonlinear optimization rou-
tine.

Finally, insights within RCAC that include intercalated injection between the con-
troller numerator and the denominator unveil the workings of RCAC fitting a specific
closed-loop transfer function to the target model. We exploit this interpretation by
investigating several closed-loop identification architectures in order to extract this
information for use in the target model. For illustration, RCAC with concurrent
closed-loop identification is applied to a system whose dynamics are highly nonlinear

with time-varying NMP zeros.
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CHAPTER 1

Introduction

The purpose of implementing a controller on a dynamic system is to improve, or
enhance performance with the addition of sensors and actuators. The sensors provide
measurements within the system that allow the controller to drive the actuators to
reach or maintain a desired state. A general diagram of a control system is shown
in Figure 1.1. Due to the information gained through sensed signals, the controller
is designed to actuate the dynamic system in a desired manner. Thus, the cycle
of sensing and actuating, as shown in Figure 1.1, represents a closed-loop feedback

control system.

Disturbances
Dynamic
System
Actuation S‘ensed
Signals Signals

Controller Command
«— .
Signals

Figure 1.1: A generic diagram representing the control of a dynamic system.

Modern technologies such as aircraft, rockets, missiles, and spacecraft systems

would not exist without feedback control. Methods to design controllers for these



technologies vary, but the objective is the same. A starting place for most control
design is to identify and describe the system through understanding the governing
equations of motion. Thus a large effort of the control design is spent investigating
and understanding the system that is being controlled. Aircraft, rockets, and missiles,
for example, undergo extensive wind tunnel experimentation in order to characterize
the behavior during flight. Standard control techniques for these applications involve
look-up tables that optimize the control design for a particular flight condition. The
time and effort that is spent understanding and characterizing these dynamic systems
is usually what drives the cost of the control design.

Many control designs are optimized for a certain system configuration. If the
dynamic system were to change, for example adding an air-breathing engine to a
missile that was originally a glider or changing a rocket’s propellant which changes
the mass properties, the control design may not work as well or may even cause the
system to become unstable. An even worse case scenario is the dynamics changing
in an unknown fashion while in operation. Examples of this include an aircraft that
has aerodynamics that have changed due to icing on the wings or an actuator that
becomes stuck. For some of these scenarios, robust control techniques are designed to
deal with uncertainties so long as robust stabilization can be guaranteed for the prior
uncertainty. A consequence of robust control techniques is a trade-off of performance
for robustness and some of these uncertainties may not be known a priori. This
motivates the desire to develop adaptive control techniques that are able to adjust to
the uncertainties in the system.

Unlike robust control, adaptive control techniques seek to overcome the robust-
ness/performance trade-off by adjusting the controller relative to the response of
the system during closed-loop operation. Therefore, it is reasonable to think of
an adaptive controller as a nonlinear controller that aims to overcome the robust-

ness/performance trade-off due to uncertainty in the system dynamics. Figure 1.2



shows a generic diagram of an adaptive control technique. Based on the input and
output of the dynamic system, the controller is tuned through an adaptive strategy
to meet the desired performance objectives. The method for adjusting the controller
in response to the changes in the system is what distinguishes one adaptive scheme

from another.

Disturbances
Dynamic
System
Actuation Adaptive Sgnsed
Signals Strategy Signals
Controller Command
D .
Signals

/

Figure 1.2: A generic diagram representing the adaptive control of a dynamic system.

The way an adaptive controller is implemented is broken down into two cate-
gories: indirect and direct adaptive control. In indirect adaptive control, the system
parameters are estimated on-line and used to calculate the control parameters. The
on-line estimated system is treated as if it is the true system in the calculation of
the controller. In direct adaptive control, the estimated system is parameterized in
terms of the desired controller. Therefore, the controller is estimated directly without
any intermediate calculations. Throughout this dissertation, we focus on the direct
adaptive controller and from here on out this is referred to as the adaptive controller.

The adaptive control literature focuses primarily on adaptive command following

and adaptive disturbance rejection [1-5]. Model reference adaptive control (MRAC)



is one of the primary methods used for adaptive command following. The idea un-
derlying MRAC is the design of a reference model that generates a desired trajectory
which the system follows. Thus, the objective is to force an unknown system to fol-
low the output of a known reference model [1, 2|. Adaptive disturbance rejection is a
common objective among problems involving noise control and vibration suppression.

An underlying fundamental question in adaptive control is determining which
modeling information is essential for achieving acceptable transient and asymptotic
performance. Most adaptive control schemes are limited by certain assumptions that
are made about the system. Some of the assumption include passivity, stably in-
vertible or minimum phase, and matched uncertainties. These assumptions are made
to prove convergence of the closed-loop system. The adaptive control algorithms
presented in this dissertation do not assume any of these assumptions, but limited
modeling information is required as discussed in Chapter 7.

In this dissertation, we consider a direct discrete-time adaptive control law. The
discrete control is advantageous due to its ability to be implemented directly in em-
bedded code without the need to perform an intermediate discretization step that
potentially could cause a loss of phase margin. Specifically, we focus on the adaptive
controller called retrospective cost adaptive control (RCAC). RCAC was developed
in [6-8], and has been demonstrated in both simulation and laboratory experiments.
The underlining concept of RCAC is the idea of re-optimizing the controller based on
a retrospective view of the actual control inputs that went into the system and the
actual performance that is represented within the retrospective performance variable.
In other words, given the actual control and actual performance from the past, could
a different controller have given better performance?

Optimization of the RCAC retrospective performance variable is one of the key
features. This retrospective performance variable is a function of the performance

variable and the control input. The control input is filtered through what we call the



target model Gf, whose design requires the limited modeling information from the
system. The optimization step can be setup a number of different ways and more
recently, in [8], a recursive least squares (RLS) algorithm is used. RLS has been shown
to work well on linear unknown systems [7, 8] but suffers from lack of re-adaptation
once the covariance matrix has decreased. In this dissertation, we explore the use
of extending the RLS algorithm on systems where the dynamics are changing by
introducing multiplicative and additive covariance matrix updates in Chapter 3.

RCAC has been shown to be effective on nonminimum-phase (NMP) systems.
The NMP zero location (if any) is part of the modeling information that is needed in
the RCAC target model G¢ along with the relative degree, and the leading numerator
coefficient of the system. In order to obtain this information from the system, we use
closed-loop identification techniques to identify the system and extract the informa-
tion needed for the target model. The use of concurrent identification and controller
optimization allows the RCAC algorithm to obtain the most accurate target model
Gy at each time-step.

The remainder of the introduction summarizes the contents within the chapters

of this dissertation. Specifically, we outline the specific contributions of each chapter.

1.1 Relevant Publications

The following is a list of publications relevant to the research presented in this

dissertation.

e F. Sobolic and D. S. Bernstein, “Semi-adaptive Control of a Nonlinear Missile
Using Concurrent Closed-Loop Identification,” J. Guid. Dyn. Contr. (submit-
ted).

e . Sobolic, K. F. Aljanaideh, and D. S. Bernstein, “Direct and Indirect Closed-

Loop Architectures for Estimating Nonminimum-Phase Zeros,” Circ. Sys. Sig.



Proc. (submitted)

e F. Sobolic and D. S. Bernstein, “Retrospective Cost Adaptive Control with
Concurrent Closed-Loop Identification of Time-Varying Nonminimum-Phase

Zeros,” in Proc. Conf. Dec. Contr., Las Vegas, NV, Dec 2016, pp. 371-376.

e F. Sobolic and D. S. Bernstein, “Kalman-Filter-Based System Identification via

Retrospective Estimation of the Process Noise Covariance,” in Proc. Amer.

Contr. Conf., Boston, MA, July 2016, pp. 4545-4550.

e F. Sobolic, A. Goel, and D. S. Bernstein, “Retrospective Cost Adaptive Control
Using Concurrent Controller Optimization and Target Model Identification,” in

Proc. Amer. Contr. Conf., Boston, MA, July 2016, pp. 3416-3421.

e F. Sobolic and D. S. Bernstein, “An Inner-Loop/Outer-Loop Architecture for
an Adaptive Missile Autopilot,” in Proc. Amer. Contr. Conf., Chicago, IL,
July 2015, pp. 850-855.

e F. Sobolic and D. S. Bernstein, “Aerodynamic-Free Adaptive Control of the
NASA Generic Transport Model,” in Proc. AIAA Guid. Nav. Contr. Conf.,
Boston, MA., August 2013, ATAA-2013-4851.

1.2 Dissertation Outline

This dissertation is organized as follows.
Chapter 2 Summary

The results of Chapter 2 gives a brief overview of RCAC. The adaptive standard
problem is introduced and the key details of RCAC are given. The controller gains in
this chapter are found by using the recursive least squares algorithm. The capability
of RCAC is then shown on an application to the NASA generic transport model

(GTM) simulation. The GTM model has been used as an adaptive control testbed to



simulate uncertainties [9-11]. The uncertainties investigated in this chapter include
a sudden increase in drag, a sudden decrease in lift, and both a time-varying increase
in drag and decrease in lift which demonstrate icing on the lifting surfaces of the
aircraft.

Chapter 3 Summary

In Chapter 3, we extend [12, 13] to the RCAC recursive update law. In particular,
the use of multiplicative and additive covariance updates. Multiplicative covariance
updates refer to the use of a forgetting factor which gives exponentially less weight to
the older terms. By introducing a forgetting factor A < 1, the filter is more sensitive
to recent samples at the cost of being unstable. The filter places a discrete-time
unstable pole at 1/\ > 1, which implies that an increase in forgetting factor A will
lead to instabilities. To combat the constant instability, the variable forgetting factor
A(k) becomes less than one when the new information differs from the old information.
Therefore, the idea of the variable forgetting factor is to adjust A(k) < 1 when new
information is present or remain at 1.0 if the information is not changing.

The additive covariance update is based on the Kalman filter. The optimization
of the controller coefficients are updated based on the A matrix equal to the identity
matrix with the addition of a noise term that has a covariance of Qkr. Specifically,
we treat the gain updates as estimation of the coefficients of an input-output model.
The dynamic system state components for the Kalman filter are thus the coefficients
of the input-output model, and the dynamics matrix is the identity.

Finally, these techniques are applied to a nonlinear longitudinal missile model
with an inner-loop/outer-loop adaptive missile autopilot. The constant and variable
forgetting factor and the Kalman filter technique are compared against the baseline
three-loop autopilot.

Chapter 4 Summary

The Kalman filter is a stochastically optimal observer that utilizes statistical in-



formation about the measurement and process noise. In particular, the measurement
and process noise are assumed to be white Gaussian processes with zero mean and
covariances R and @), respectively. Although R is relatively easy to characterize in
practice, it is often challenging to estimate (). Consequently, there is an extensive
amount of literature on adaptive Kalman filtering, where the innovations signal is
used to construct an estimate of @ [14-17].

In this chapter, we develop an alternative approach to estimating () and apply
this technique to parameter estimation. First, we show that the process noise covari-
ance ) that minimizes the cumulative innovations does not (in general) correspond
to the value of () that, when used in the Kalman filter, minimizes the cumulative
state-estimate error. However, for parameter estimation, we show that under certain
assumptions the value of () that minimizes the cumulative state-estimate error does
in fact minimize the cumulative innovations. This insight provides the basis for a
novel approach to on-line estimation of the process noise covariance for parameter
estimation problems.

The estimation technique uses a past window of data to rerun the Kalman filter
along with an optimization routine that retrospectively determines the value of @)
that minimizes the cumulative innovations at the present time. Based on the pre-
vious analysis, this estimate is assumed to minimize the state-estimate error. Since
the optimization does not lend itself to analytical gradients, we use gradient-free
optimization techniques.

This technique is applied to the system identification problem, specifically, esti-
mation of the coefficients of an input-output model. The dynamical system state
components for the Kalman filter are thus the coefficients of the input-output model,
and the dynamics matrix is the identity. The ultimate objective is to use this tech-
nique to identify linear systems whose coefficients are time-varying.

Adaptive Kalman filter techniques have been developed for this sort of problem



in [14-16, 18, 19], where the covariances R and ) are determined in real-time. These
methods are also innovations-based and are not derived in the sense of a minimization
optimization problem of the innovation itself. Rather, they are based on averaging
inside a moving estimation window. Another method commonly used for covariance
identification is the maximum likelihood estimation (MLE). This method assumes
that the noise is characterized by a Gaussian model and that the best fit is determined
by minimizing the error for the given noise structure [19]. The type of parameter
uncertainty investigated in this chapter is only constrained in the structure of Q).
Chapter 5 Summary

Although the overarching motivation for using feedback control versus open-loop
control is the ability to overcome uncertainty, feedback control depends on a model
of the plant in order to operate reliably and without risking instability. Assuming
an exact and complete model, LQG can be used to stabilize all MIMO plants with
optimal Hy performance regardless of plant order, open-loop pole and zero locations,
and channel coupling. In practice, however, uncertainty may be unavoidable due to
complex, unknown, or unpredictably changing physics. To overcome model uncer-
tainty, robust control techniques can be used to guarantee stability and performance,
albeit at the expense of performance. Adaptive control can be viewed as a form of
robust control, wherein the control law adjusts itself to the plant during operation,
thereby circumventing the performance sacrifice inherent in robust control.

A fundamental goal of feedback control is to achieve maximal closed-loop perfor-
mance in the presence of prior model uncertainty. In the case of adaptive control,
closed-loop performance must account for transient performance as the controller ad-
justs itself to the actual plant characteristics. For example, universal adaptive control
laws [20] can adapt to uncertainty in the sign of the leading coefficient of the plant
transfer function, although the transient response may be large.

Nonminimum-phase (NMP) zeros also present a challenge to adaptive control; for



example, the control laws in [1-3] assume that the plant is minimum phase. Adaptive
control of NMP plants is considered in [8, 21-24]. In [8, 24] knowledge of the NMP
zeros is embedded in the target model Gy, which is used to filter the past data in
order to retrospectively optimize the controller coefficients.

The goal of this chapter is to extend retrospective cost adaptive control (RCAC)
as presented in [8, 24] to alleviate the need for prior modeling of both the sign of the
leading coefficient of the plant transfer function as well as its NMP zeros. The key
element of this extension is concurrent optimization of both the target model and the
controller coefficients. In particular, we show that concurrent optimization facilitates
the application of RCAC with less prior modeling information than is assumed in
[8, 24]. In particular, the number and location of the NMP zeros need not be known
aside from the parity of the number of positive NMP zeros.

Concurrent optimization of the target model and controller coefficients is a quadratic
optimization problem in the target model and controller coefficients separately. How-
ever, this optimization problem is not convex as a joint function of both variables,
and therefore nonconvex optimization methods are needed. In this chapter, we ad-
dress this problem in two different ways. First we take advantage of the biquadratic
structure of the cost function by applying an alternate convex search algorithm [25].
Related techniques for biconvex and bilinear optimization are given in [26-29]. For
comparison, the Matlab fminsearch routine is used to simultaneously optimize the
controller and target model coefficients.

Chapter 6 Summary

The starting point for this chapter is the survey paper [30], which analyzes various
architectures for closed-loop identification. That work emphasizes the practical im-
portance of the problem and demonstrates the richness of the subject in terms of the
diverse architectures that can be employed. As a complement to [30], the contribution

of this chapter is a detailed numerical study that compares multiple closed-loop iden-
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tification architectures in terms of their accuracy in estimating nonminimum-phase
(NMP) zeros.

This chapter thus considers six architectures for identifying a plant operating
in closed loop, namely, direct closed-loop (DCL) identification, standard auxiliary
direct closed-loop (ADCL/S) identification, intercalated auxiliary direct closed-loop
(ADCL/I) identification, indirect closed-loop (ICL) identification, standard auxiliary
indirect closed-loop (AICL/S) identification, intercalated auxiliary indirect closed-
loop (AICL/I) identification.

The goal of this chapter is to assess the advantages and disadvantages of these six
architectures in estimating the nonminimum-phase (NMP) zeros of a plant operating
in closed loop. NMP zeros are one of the most challenging aspects of feedback control
in terms of limiting achievable performance [31]. Consequently, after constructing
a model of the open- or closed-loop plant, the metric used to assess the estimation
accuracy is defined to be the accuracy of the estimate of the NMP zero. This objective
is motivated by retrospective cost adaptive control [32-36], which requires knowledge
of NMP plant zeros.

Chapter 7 Summary

The contents within chapter 7 goes beyond [12, 13, 37] by taking advantage of
recent developments described in [36]. In particular, it is shown in [36] that the
retrospective cost function used by RCAC is based on the residual of a fit between a
specific closed-loop transfer function (called the intercalated transfer function) and the
user-specified target model. The intercalated transfer function arises due to the way
in which the virtual controller perturbation, due to the adaptation, is injected into
the closed-loop system. Since plant zeros are invariant under feedback, it immediately
becomes clear why plant nonminimum-phase (NMP) zeros must be reproduced in the
target model: if these zeros are not included in the target model, RCAC may cancel

them.
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In this chapter, we explore the use of the adaptive controller on a longitudinal
missile model. For the 3DOF missile, it is possible to compute the NMP zeros as
a function of angle of attack and Mach number at each linearized flight condition.
Although this could be done, the estimates of the NMP zeros depend on the available
model and thus maybe erroneous due to model uncertainty. Therefore, we take an
alternative approach, where the NMP zeros of the missile are estimated on-line and the
estimates are used to update the target model at each time step. The contribution of
this chapter is thus a detailed study of the feasibility of semi-adaptive control, where
RCAC is used along with concurrent estimation of the plant NMP zeros in order
to update the target model. This approach is demonstrated using a fully nonlinear
simulation of the 3DOF missile.

Finally, we present conclusions in Chapter 8.
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CHAPTER 2

The Retrospective Cost Adaptive Control (RCAC)

Algorithm

2.1 Introduction

Retrospective cost adaptive control (RCAC) is a direct, digital adaptive control
algorithm. RCAC can be applied to stable or unstable systems, minimum phase or
non-minimum phase systems, linear or nonlinear systems, on stabilization, command
following or disturbance rejection problems. In this chapter, we discuss the basics
of RCAC and derive a recursive solution to the adaptive gains. To demonstrate the
capability of the algorithm, RCAC is applied on the NASA generic transport model

(GTM) where slow or abrupt uncertainties in the model are introduced.

2.2 The Adaptive Standard Problem

Consider the discrete-time system

z(k +1) = Az(k) + Bu(k) + Dyw(k), (2.1)
y(k) = Cx(k) + Daw(k), (2.2)
z(k) = Erx(k) + Eqw(k), (2.3)
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where z(k) € R", y(k) € R, z(k) € R, u(k) € R, w(k) € R» and k > 0.
The objective of the adaptive controller is to generate a control signal u(k) that
minimizes the performance variable z(k) in the presence of exogenous signals w(k).
The exogenous signal w(k) can represent a command signal to be tracked, an external
disturbance, or both. The system (2.1) — (2.3) can represent a sampled-data system

based on continuous-time dynamics with sample and hold operations.

2.3 Details of the RCAC Algorithm

In this section, we describe the details of RCAC. The main aspects of RCAC are
broken into three parts: control law, retrospective performance variable construction,

and retrospective cost function.

2.3.1 The Adaptive Control Law

Let the control signal be constructed as a strictly proper dynamic compensator of

order n. given by
u(k) = 30 Pikyulk — i)+ S0 QK (k ), (2.4

i=1 =1

where, for all i = 1,...,n., P, € R*lw and Q; € R*% are the gain matrices. The
signal y(k)" is usually chosen to be either the output y(k), the performance z(k), or

both. The controller in (2.4) can be rewritten as

u(k) = ®(k)O(K), (2.5)
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where ®(k) is the regressor matrix

- u(k —1) 1
k)21, @ ulk =) | Rxlo, (2.6)
y'(k—1)
_y’(k — nc)_

where ® is the Kronecker Product and 0(k) = vec [P(k) Q(k)] € R¥ is the vector of

the controller gains with size lg = n.l, (1, + 1)

2.3.2 Retrospective Performance Variable

We define the retrospective performance variable as

5(0(k), k) 2 2(k) + Ge(q)[®(k)O(k) — u(k)], (2.7)
Gi(q) = Dy (q)Ni(a) (2.8)

where
= i Niq™ ", Di(q) 2 I..q" Z D;q™™ (2.9)

with N; € Rl=Xl and D; € R%=*%= and q represents the forward shift operator. The
filter Gy is of order n¢ > 1 and each polynomial entry of D¢(q) is asymptotically

stable. Next, we are able to rewrite (2.7) as

2(0(k), k) = 2(k) + Oe(k)0(k) — us(k), (2.10)
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where the filtered regressor and control are given by

Bs(k) £ Gr(q)(k),

= 3Nk~ i)+ Dl ). o

i=1

us(k) £ Gr(qyu(k),

= [Niulk — i) + Diug(k — )], (2.12)

=1

and (k) is determined by the optimization below. For reasons discussed in Chapter
5, Gy is referred to as the target model and is chosen to be either a infinite-impulse-

response (IIR) or a finite-impulse-response (FIR) filter.

2.3.3 The Cumulative Cost Function

Define the cumulative cost function to be minimized as

JOk), k) =3~ 2() R (3)2(3)
+ > [ @(0)A(K)] " Ru(1)[@()0 (k)]
+ [0(k) — B(0)] " Ro(k) 6(k) — 6(0)), (2.13)

where R, (i), R,(7), and Ry(k) are positive definite for all k. Here we assume that
the weighting matrices are constant. Since (2.13) is a strictly convex function, its
minimizer can be found by computing the partial derivative of J(0(k), k) with respect

to (k) and obtaining

DIO(k), k) . o Je Z, PV
~ 0 —2;;0[ (i) R De(i) + [D(0)0 (k)] Ry D(3)]
+2[0(k) — 0(0)]" Ry = 2A (k)T 4 20(k) P (k) ™, (2.14)



where
k

A(k) 2 (0e(i) "R, [2(i) — ur(i)]) — Rof(0),

i=ko
k
P(k) £ > (OF (1) R.Ps(i) + B(i) "R, (i) + Ry "
i=ko
2.3.4 The Recursive RCAC Update Law
In this section, we design the recursive least squares (RLS) algorithm used as an
update law for obtaining the controller parameters é(k)

2.3.4.1 The RCAC Recursive Least Squares Update Law

To find a recursive solution for the controller parameters, we start with

A(k) = A(k — 1) + e(k) " R, [2(k) — us(k)]

= Ak —1)+ X (k)" R 2(k), (2.15)
where A(0) = —Ry0(0) and
Pk) =Pk —1) — Pk — D)X (k)'T(B) ' X (E)P(k — 1), (2.16)
X(k) 2 #0) Rl (2.17)
®(k)

R2 .0 € RUHu)X (), (2.18)

0 R,
(k) 2 #(R) ~uilk) € Ri=th, (2.19)

0
T'(k) 2 R+ X(k)P(k — 1)X ()T, (2.20)
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and P(0) £ R;'. Combining (2.15) and (2.16) yields

Ok —1) — P(k — )X (K)TT (k) [X (k)0(k — 1)

X(k)P(k —1)X (k)" Rz(k) + I(k)Rz(k)]

O(k — 1)+ Pk — DX (k)T (k) e(k), (2.21)

2

where 6(0) = 0, and e(k) = —z(k) — X (k)0(k — 1).

2.4 Application of RCAC on the NASA Generic Transport

Model (GTM)

Aircraft control under emergency conditions poses severe challenges. For exam-
ple, control surface faults may limit the maneuverability of the aircraft and require
unconventional control strategies [38—41]. Although anticipated faults can be com-
pensated for by contingency plans, unexpected faults require real-time adaptation
under unknown conditions.

In this section, we are concerned with unanticipated and unknown changes in the
aerodynamics of the aircraft as modeled by changes in its stability derivatives [42]. For
each airspeed and altitude, stability derivatives provide a linearized approximation
of the aerodynamic forces and moments on the aircraft as functions of perturbations
from steady flight conditions. For aircraft certification and autopilot development,
stability derivatives are typically determined through computational techniques and
wind tunnel testing. These data can be stored in a lookup table for simulation studies.

In this section, we consider emergency flight under abruptly or gradually chang-
ing stability derivatives. In particular, we apply retrospective cost adaptive control

(RCAC) to various scenarios, such as slowly changing lift and drag coefficients to em-
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ulate the effect of icing. Of particular interest is the evolution of the RCAC controller

gains in response to unknown changes in the aircraft dynamics.

2.4.1 GTM Model and Controller Setup

In this section, we describe how the aerodynamic stability derivatives within GTM
are accessed, and we present the RCAC architecture.

The GTM has an extensive lookup table of aerodynamic coefficients, which are
programmed in Simulink as functions of angle of attack and side slip angle. These co-
efficients represent normalized forces and moments that can be acquired from either
computational fluid dynamics software or empirically from an extensive wind tun-
nel experiment. Although these coefficients are related to the stability derivatives,
individual stability derivatives are not specified. An illustration of this database is
shown in Figure 2.1a for the force coefficient along the aircraft body z-axis, with the
body-axis defined in Figure 2.1b. The aerodynamic coefficients that are modified in
this chapter to illustrate RCAC are denoted by Cr(. for a force coefficient and Chy(

for a moment coefficient in the (-) -axis about the body frame.

Cr Coefficient

alpha(deg)

beta(deg)

(a) Body z-force aerodynamic coefficient
mesh as a function of the angle of attack
() and side slip angle (5) (b) Aircraft body coordinate system.

Figure 2.1: A sample of the GTM aerodynamic data base 2.1a and an illustration of the aircraft
body frame 2.1b

For this study, we focus on the ability of RCAC to control the aircraft to maintain
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straight and level flight despite unknown time varying lift and drag aerodynamics. To

achieve this objective, RCAC is set up as shown in Figure 2.2, where the components

RCAC

NASA GTM

Figure 2.2: RCAC architecture applied on the GTM.

of r € R* represent altitude, airspeed, roll angle, and heading angle commands. Since
the simulation is initialized at a given trim state, the reference commands are just
these trim conditions. Feedback is utilized from the model to define the components
of z € R* as the respective performance error signals of altitude, airspeed, roll angle,
and heading angle. The output of RCAC is drr, drT, d¢, 04, 0, € R, which are the
commands to the left and right engines, elevator, aileron, and rudder, respectively.
Also, Figure 2.2 shows the RCAC setup and how it is integrated with GTM. It
is important to note that RCAC is not given any knowledge of when or how the
aerodynamic coefficients will be changing. This implies that to compensate for these
changes, RCAC must apply real-time adaptation and utilize the available control

authority.

2.4.2 GTM Results

This section presents results based on the control architecture outlined in Sec-
tion 2.3.1. As noted above, each example is commanded to maintain the initial trim
altitude and airspeed. Since the goal is to maintain straight and level flight despite
unknown time varying lift and drag forces, the force coefficients modifications are
applied along the aircraft body z- and z-axes. For each case, RCAC is tasked to
maintain a desired altitude, heading, roll angle, and airspeed while the aerodynamic

coefficients are modified at time ¢ = 500 sec. These changes range from sudden trans-

20



formations as in Example 2.1 and 2.2 to a linearly time varying transformation in

Example 2.3.

In all of the examples below, RCAC utilizes a single tuning with the parameters

ne. = 10,

Nis=|H, H, Hy H, H;|,
_RZ1 0O 0 o ]
R — 0 R, 0 O |
0 0 R, O
0 0 0 RZ4_
R, 0 0 0 0
0 Ry, O 0 0
R,=10 0 Ry, O (N
0 0 0 R, O
0 0 0 0 Ry |
where
—1.5 0 0 O
R, — R, —R. R, 0 1.0 0 O
0 0 10 O
00 0 30
and

R,, Ru, Ru, Ru, Rus} = [0.002 0.002 0.70 0.70 0.07] -
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The target model is designed to be FIR with Markov parameters (2.24) calculated
based on a single linearized version of GTM with the appropriate states modeled in
the system. Thus, the Markov parameters in terms of the adaptive standard problem

(2.1)-(2.3) are defined as

H, 2 E,A'B. (2.27)

60 T T 60

RCAC, 0 (k)
RCAC, 0 (k)

60 . . 60 . .
0 500 1000 1500 0 500 1000 1500

Time (sec) Time (sec)

(a) (b)
Figure 2.3: The evolution of the RCAC gains for Example 2.1. Figure 2.3a shows the gains for a

100% increase in drag, while Figure 2.3b shows the gains for a 200% drag increase. The modified
aerodynamic coefficient Cpy is introduced into the simulation at ¢ = 500 sec.

Example 2.1 (Sudden Increase in Drag). Consider the case where the drag abruptly
increases by an unknown scale factor. In this example, only the coefficient Ck, is

modified. For this case, the coefficient is modeled as

Oy = (1 + ?g;;) Crxo. (2.28)

where CF,, is the x-axis force coefficient calculated from the aerodynamic database,
Nry is the percentage value increase from Cr,,, and C, is the modified body z-axis
force coefficient utilized in the simulation. The aerodynamic change occurs in the
simulation at ¢ = 500 sec.

Figure 2.3 shows the evolution of the RCAC gains, where Figure 2.3a is the result
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of increasing the drag coefficient by 100% and Figure 2.3b is due to an increase of
200%. Note that RCAC has no prior knowledge of the abrupt change in drag.
Figure 2.4 shows the results for a 0%, 100%, and 200% increase in drag. As
shown in Figures 2.4a and 2.4b, the performance variables of altitude and airspeed
are affected at time 500 sec but are compensated for and remain close to the desired
performance values. Both Figures 2.4c and 2.4d are the control variables used to
compensate for this change in dynamics. As shown, the elevator deflects appropriately
due to the changes in the aerodynamic coefficient in order to maintain a suitable angle
of attack (Figure 2.4e) for generating the lift necessary for altitude performance. The

thrust increases to compensate for the abrupt increase in Cpy.

Example 2.2 (Sudden Decrease in Lift). As in Example 2.1, we consider a sudden
scale factor change at time 500 sec but this time affecting the lift. For this case, the

coefficient is modeled as

Cr, = (1= 152 ) G, (2.29)

where Cp,, is the z-axis force coefficient calculated from the aerodynamic database,
Nr, is the percentage decrease from Cf,, and Cy, is the modified body z-axis force
coefficient utilized in the aircraft equations of motion.

Figure 2.5 shows the evolution of the RCAC gains for a 20% decrease in lift
shown in Figure 2.5a and 40% decrease in lift as shown in Figure 2.5b. Note that the
gains evolve more rapidly in the 40% case than the 20% case due to the difference in
magnitude of the change in the aerodynamic coefficient.

Figure 2.6 shows the results due to a 0%, 20%, and 40% decrease in lift. As shown
in Figures 2.6a and 2.6b the performance variables (altitude and airspeed) are affected
at time 500 sec but are compensated for and remain close to the desired performance.

Both Figures 2.6¢ and 2.6d depict the control authority used to compensate for this
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Figure 2.4: Example 2.1. The performance variable altitude in Figure 2.4a and airspeed in Figure
2.4b are affected at time 500 sec, RCAC recovers with the control authority of the elevator shown
in Figure 2.4c and thrust in Figure 2.4d react appropriately to reject the abrupt increase in drag.
Figure 2.4e shows the angle of attack («) adjustment for the decrease in lift, and Figure 2.4f shows
the aerodynamic coefficients. Note that the coefficient Cg, illustrates the increases in drag while
the lift coefficient Cg, is only slightly modified due to dynamic coupling.
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Figure 2.5: Evolution of the gains for Example 2.2. a shows the gains of RCAC for a 20% decrease
in lift, while b shows the gains for a 40% decrease in lift. Note that the gains evolve from one
steady-state value for ¢t < 500 sec to another for ¢ > 500 sec due to the abrupt decrease in lift.

abrupt change in lift. As shown, the elevator deflects in the correct direction with
suitable magnitude in order to increase the angle of attack (Figure 2.6e) and therefore
maintain the lift necessary for the altitude, while the thrust is decreased slightly to
maintain airspeed. By modifying R, in the RCAC algorithm it is possible to weigh

the altitude performance relative to the airspeed due to the aircraft’s inability to

produce the lift necessary to maintain altitude at a given airspeed without stalling.

Example 2.3 (Icing Example). To emulate the effect of icing on the lifting surfaces
of the aircraft, the aerodynamic force coefficients Cr, and Cf, are modified. In
particular, we model icing as the degradation of lift produced by the wings and an

increase in drag. The aerodynamic coefficients are modeled as

CF(')O’ t < 500 sec,
Cry =4 Carqy (t —500) + Cr(yy 500 sec <t < 1000 sec, (2.30)
5OOCaF(.) + CF(')O’ t > 1000 sec,

where (-) is the desired body axis label (x,y,2), Cr(y, is the axis force coefficient

calculated from the aerodynamic database, and Cyr (. is the slope of the coefficient
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Figure 2.6: Example 2.2. These results show how the performance variables of altitude in Figure
2.6a and airspeed in Figure 2.6b are affected at time 500 sec but recovers with control authority
from the elevator shown in Figure 2.6c and thrust in Figure 2.6d. Figure 2.6e shows the angle of
attack (a) adjustment for the decrease in lift and Figure 2.6f shows the aerodynamic coefficients.
Note that Cp,, remains unchanged past 500 sec to maintain the appropriate lift in order to hold
the desired altitude performance, while Cr, decreases, resulting in less thrust necessary to maintain
airspeed and steady level flight
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modification governed by

_ o Arg

V() = : 92.31
FO 100 500 (2.31)

where AF(,) is the axis force coefficient from the database at t = 500 sec and ne() is

the percent increase/decrease from Ap(.). For this example, these constants are

Ap, = —0.01676, np, = 700,
’ e (2.32)

Ap, = —0.29051, np, = —30.

Note that at time 500 sec, Cr, is linearly increased by 700%, while Cp, is linearly

decreased by 30% in 500 sec as dictated by (2.30).

RCAC, 6 (k)

500 ) 1000 1500
Time (sec)

Figure 2.7: Evolution of the RCAC gains for Example 2.3. Note that the controller gain evolve

considerably over 500 sec < t <1000 sec to adapt to the unknown time-varying aerodynamic coeffi-
cients.

Figure 2.7 shows the evolution of the gains of the RCAC algorithm. Note that at
t < 500 sec the gains converge to a steady value, but during 500 sec < ¢t < 1000 sec,
the gains evolve to compensate for the aerodynamic coefficient modifications. For
t > 1000 sec, the gains again converge to a steady-state value since the coefficients
are no longer changing.

Figures 2.7 and 2.8 show the results for the icing example. Figure 2.8a and Fig-

ure 2.8b show how the performance variables of altitude and airspeed are maintained
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near the desired reference signal. The control authority needed to maintain the de-
sired states are shown in Figure 2.8c and Figure 2.8d. Note that the thrust increases
to compensate for the increase in drag, and the elevator decreases to increase the
angle of attack shown in Figure 2.8e. Figure 2.8f illustrates the aerodynamic coeffi-
cients before and after they are modified. Note that Cr .y, is the coefficient from the

database prior to modification.

2.5 Conclusions

In this chapter, we showed the basic retrospective cost adaptive control (RCAC)
algorithm and derived a recursive least squares solution to solve for the adaptive gains.
We applied RCAC to the NASA GTM model under unanticipated and unknown
changes to the aerodynamics of the aircraft. Specifically, we used a single RCAC
block within the simulation that controls the aircraft to a desired steady level flight
by commanding five actuation channels (left and right engines, aileron, elevator, and
rudder). The goal is to examine the evolution of the RCAC controller gains in response
to changes in the aerodynamic coefficients from the linearized aircraft dynamics.
To show this, simulations in the Simulink GTM were run, all with the desire for
the aircraft to fly in a straight and level flight configuration. At a certain time
(unknown to RCAC) the aerodynamic coefficients changed. Presented were three
different aerodynamic parameter modifications, including an icing example, a sudden
increase in drag, and a sudden decrease in lift. For all three examples, only a single
tuning was used for each RCAC block.

Results showed that RCAC is able to adapt its gains in order to compensate for
the unknown time-varying aerodynamic perturbations while maintaining the desired
performance. The icing example showed that both the elevator and engines were used
to compensate for an increase of 700% drag and decrease of 30% in lift production

over a 500 sec interval. In the drag example, RCAC overcame a increase in the
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Figure 2.8: Example 2.3. The performance variable of altitude a and airspeed b with control
authority of the elevator ¢ and engine thrust d follow the altitude and airspeed commands well despite
changes in the aerodynamic coefficients at 500 sec. e shows the angle of attack («) adjustment for
the decrease in lift, and f shows the aerodynamic coefficients. Note that unlike Cr,, Cr, does not
vary greatly after 500 sec. This is because the elevator deflects to increase a to maintain the same
lift coefficient for the desired airspeed, while the thrust is used to compensate for the increase in
drag.
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aerodynamic drag coefficient by over 200% by increasing the engine thrust and using
minimal elevator deflections. The gains evolved substantially to compensate for the
amount of drag induced. Finally, we considered an example where the lift decreased
by 40%. Given the constraints imposed by the performance variable on the airspeed,
RCAC used the elevator to increase the angle of attack to maintain altitude. Future
research focus on additional aerodynamic stability derivative changes as well as a

method for relaxing constraints to maintain safe level flight.
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CHAPTER 3

Extensions to the RCAC Recursive Update Law

3.1 Introduction

In this chapter, extensions to the RCAC recursive update law are developed.
Specifically, we are interested in applications where the system dynamics are time-
varying. The recursive least squares (RLS) update requires an initial covariance
matrix P which represents an initial “error” in the estimated gains. During each step
in adaptation, this covariance matrix either remains the same or decreases. A number
of adhoc methods have been developed to reset, or increase, the covariance matrix
when it becomes too low [43] thus leading to insufficient or nonexistent adaptation.
Presented in this chapter are methods that include both multiplicative and additive
covariance matrix updates. We extend the formulation in [12, 13] to include additional
features, namely, variable forgetting factor (VFF) and Kalman Filter (KF) extensions
of the recursive least squares (RLS) update of the controller gains. VFF techniques
[44, 45] are used to adjust the forgetting factor A in RLS based on the information
provided by the latest measurement. At the end of the chapter, we apply these
methods to a nonlinear missile model through the aid of an inner-loop/outer-loop

control architecture.
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3.2 Development of Multiplicative and Additive RCAC Re-

cursive Least Squares (RLS) Covariance Updates
In this section, we design an update law for obtaining the RCAC controller pa-
rameters 0(k). For convenience, the derivation of the recursive least squares (RLS)
algorithm is repeated followed by the modifications to RLS which include the con-

stant forgetting factor (CFF), the variable forgetting factor (VFF), and the Kalman
Filter (KF).

3.2.1 Recursive Least Squares (RLS)

To find a recursive solution for the controller parameters, we start with

A(k) = A(k — 1) + @5(k) R [2(k) — ur(k)]

= Ak —1)+ X (k)"R 2(k), (3.1)

A~

where A(0) = —Ry#(0) and

P(k) = [P(k — 1) + OF (k) R.D¢(k) + ®(k)"R,®(k)]
=Pk —1) =Pk —-DXK)"TEXEPK-1), (3.2)
X(k) 2 2lk) € R=+h)xlo, (3.3)
@ (k)
RE E. 0 € RU=Hw)x (Ut (3.4)
0 R,
2(k) & k) —ulk)| Rl=+, (3.5)
0
T(k) 2 R+ X(k)P(k — 1)X (k)7 (3.6)
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and P(0) 2 R;!'. Combining (3.1) and (3.2) yields

Ok —1) — P(k — )X (K)TT (k) [X (k)0(k — 1)

X(k)P(k —1)X (k)" Rz(k) + I(k)Rz(k)]

O(k — 1)+ Pk — DX (k)T (k) e(k), (3.7)

2

where 6(0) = 0y and e(k) = —z(k) — X (k)(k — 1).

3.2.2 RCAC with Constant Forgetting Factor (CFF)

The recursive algorithm based on RLS is modified to include a constant forgetting

factor by redefining the weight matrices
R.(k,i) = "R, Ry,(k,i)=X"R,, Ry(k)= Ry,
where A € (0,1]. The recursion on (3.1) and (3.2) is then

A(k) = M(k = 1) + D5(k) " R. (k) [2(k) — us(R)]. (3.8)

-1

P(k) = [AP(k— 1)+ X(k)"R(k)X (k)] (3.9)

which yields the recursive update

~

0(k) = 0(k —1) + P(k — 1)X (k) T (k) e(k), (3.10)

where I'(k) £ AR(k)™" + X (k)P(k) X (k)".
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3.2.3 Variable Forgetting Factor (VFF)

Following [44] and [45], we define

K(k) 2 P(k)X (k)T (k)™ (3.11)
Ek) = e(B)Y (I — X(k)K(k))e(k), (3.12)
W (k) = P(k) — K (k)X (k)P(k). (3.13)

The VFF variable A(k) is then defined as A(k) £ 1—&(k) /%, where X = 02Ny, 0@ is
the expected measurement noise variance, and Ny determines the speed of adaptation,
which corresponds to the nominal asymptotic memory length [44]. Note that A(k) is

bounded by the rule

it A(K) < Amans then  A(k) = Ain,
elseif 1/A\(k)tr(W(k)) > ¢, then A(k)=1,

endif.
The covariance matrix is then updated as

P(k) — ﬁW(k), (3.14)

with P(0) = 61, ¢ > 6, and the update for 6(k) is (3.7).

3.2.4 Kalman Filter Update

The Kalman Filter update, where A = I, is of the form

A~

0(k) = 0(k — 1) 4+ wy(k), (3.15)
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where w,(k) is a white sequence with covariance Qkr(k). The Kalman Filter can

then be implemented by computing the Kalman gain as
K(k) = P(k)X (k)T (k)" (3.16)

Note that the structure of K (k) is the same as (3.11), and the matrix R~! can be
viewed as the measurement noise covariance. The next step is to update the estimate

and compute the error covariance as

O(k) = 0(k|k — 1) + K (k)[—z(k) — X (k)A(k|k — 1)],

Pk) =[I — K(k)X(k)]P(k|k —1).
Finally, we project ahead as

0k + 1|k) = 0(k), (3.17)

Pk + 1|k) = P(k) + Qur (k). (3.18)

3.3 Missile Application of RCAC with Multiplicative and

Additive Covariance Updates

Autopilot design for high-performance missiles presents multiple challenges to con-
trol technology. Missiles typically fly through a wide range of Mach numbers, high
angles of attack, and under high ‘g’ loading, leading to strongly nonlinear dynamics
[46]. The standard approach to addressing these nonlinearities is to schedule the con-
trol gains based on the missile’s aerodynamics as they vary during the course of the
flight [46, 47].

Unfortunately, the standard approach to missile autopilot design requires aero-

dynamic lookup tables based on extensive wind tunnel test data, and thus is both
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expensive and time-consuming. This situation motivates the use of adaptive con-
trol laws that can compensate online for changing aerodynamics and uncertainty in
the aerodynamic model. In order to successfully control a high-performance missile,
however, an adaptive control law must be able to adapt sufficiently quickly to rapidly
varying commands from the missile guidance system. With these challenges in mind,
the present chapter extends the work of [12, 13], where retrospective cost adaptive
control (RCAC) was used to control the planar missile model described in [48]. This
model has been used extensively [49, 50] to study the feasibility of various autopilot
control schemes.

RCAC, which was developed in [6-8], has been shown to be effective on nonminimum-
phase systems. This property is relevant to the planar missile model in [48], where
the nose-mounted gyro and tail-fin actuation give rise to nonminimum-phase pitch
dynamics. The goal then, is to apply RCAC to the planar missile in [48] under more
aggressive commands than were considered in [12, 13].

An additional novel element in this chapter is an inner-loop/outer-loop control
architecture. Specifically, RCAC adaptively adjusts the pitch-rate command based
on the normal acceleration command from guidance. This adaptation would not be
needed if the missile were commanded to fly along a circular arc with a constant ve-
locity. However, for arbitrary normal acceleration commands, the appropriate pitch-
rate command cannot be inferred, and this motivates the use of RCAC/VFF and
RCAC/KF to adaptively specify the appropriate pitch-rate command. The pitch-
rate command is then used to drive an inner-loop controller that acts on the error
between the pitch-rate command and the pitch-rate measurement. The pitch-rate
loop architecture is a static gain proportional /integral controller that stabilizes the

pitch rate about a single trim point.
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3.3.1 Problem Formulation and Nonlinear Missile Model

To intercept a moving target, the missile is equipped with an active seeker that
provides the normal acceleration (‘g’) command that the missile must follow in order
to reach its target. In this section we briefly describe the model used. See [48] for
more details.

The target dynamics in an inertial frame are given by

X, = Vi(0)cosb,(0), Z, = Vi(0)sinb,(0), (3.19)

where X; and Z; represent the inertial coordinates of the target and V;(0), 6;(0),
X:(0), and Z;(0) are the target’s initial conditions.
The nonlinear three-degree-of-freedom missile dynamics described in the body

frame are given by

mU = Z Fp, — mQW + Trprust, (3.20)
mW =" Fg, + mQU, (3.21)
IyQ=> My, (3.22)
0=Q, (3.23)

X = Ucos 6 + Wsin), (3.24)
Z = —Usin 6 + Wcos#, (3.25)

where U(O) = U(), W(O) = W(), Q(O) = Qo, @(0) = 90, X(O) = X(), Z(O) = Zo.
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Assuming a flat Earth, the moment and forces about the center of gravity are

ZFBX = gSC 4 — mgsind, (3.26)
Z Fg, = qSCn(a, M, ,) + mgcosb, (3.27)
> My = qSdC(a, M, 6, Q), (3.28)

where ¢ = % pV? is the dynamic pressure.
The aerodynamic coefficients are modeled as functions of Mach number M, angle-

of-attack «, fin deflection angle 9,, and pitch rate @), as

CA = Qg, (329)
3 M

Cy = apa” + bpalal + ¢, [ 2 — 3 )@ + d,,6,, (3.30)
, SM

Co = am@” + bpalal + ¢ | =7+ Y a+ dpdy + enQ, (3.31)

where

a=tan ' (W/U), V2E2U*4+W? M 2V/a,

where a is the altitude-dependent speed of sound. The missile model assumes planar
flight, and thus only the X, Z coordinates and pitch are modeled, yielding a 6th-order
model. Out-of-plane effects, such as roll angle, yaw angle, and sideslip are therefore
fixed at zero. Additionally, the fin actuator is modeled as a second-order system. For
realism, an actuator rate and magnitude saturations are implemented at 500 deg/sec
and 30 deg, respectively. Finally, the normalized normal acceleration is given by

n., = Fx/(gm) + cosf.
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3.3.2 Three-Loop Autopilot (3LA)

The goal of the 3LA [48] is to minimize the error between the commanded nor-
mal acceleration, generated by the guidance law, and the normal acceleration mea-
surement provided by the inertial measurement unit (IMU). The states available for
measurement are the normal acceleration n, and the pitch rate (), which is provided
by an on-board accelerometer and gyroscope, respectively. 3LA is implemented as

u(s) = KqQ(s) + !

E (KGQ(S) + KI [KSSnz,cmd - nz,IMU]) )
where Kq, Ky, K1, and Kgg are the control gains determined by modeling and analysis.
Each gain is scheduled on a trim condition based on the missile angle of attack and

Mach number. In practice, a digital version of the control law is implemented in

discrete time. In this section, we use the 3LA as a baseline for comparative studies.

3.3.3 Adaptive Autopilot Architecture

RCAC generates a pitch-rate command by adapting on the normal acceleration
error and by using the normal acceleration command in the controller regressor ®. As
shown in Fig. 3.1, this pitch-rate command is then used as the reference to a fixed-
gain proportional-integral (PI) controller. The PI loop is a pitch-rate stabilizing loop
based on a single trim condition. This differs from [12], where the adaptive control
law acts directly on the normal acceleration error to generate fin deflection commands

based on that error.

Pl u Missile
—> — .
Controller Dynamics
Nzemp |
_ ngro
Nz,imu

Figure 3.1: Inner-Loop/Outer-Loop Adaptive Autopilot Architecture
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Note that the steady-state pitch-rate command for the missile flying in a circular
arc with a constant velocity is Qcmpss = g(sin 0 — n, o, )/ Vr, where Vr is the tan-
gential velocity. Since thrust is not regulated (assuming post burn-out), maintaining
a constant velocity is not feasible. Other than this particular maneuver, deriving the
equations for a pitch-rate command involves information that is not directly mea-
sured, thus motivating the need for an adaptive pitch-rate command.

To apply RCAC. the missile dynamics are linearized about a single trim point, and
these dynamics are augmented by the PI controller. The resulting matricies A, B,
and C from (2.1) and (2.2) are used to create the filter G¢ [51] in (2.8). Dy and D, are
not used since external disturbances are not considered. Note that the linearization is
used only for constructing an FIR filter and goes into the design of N¢; all simulations
are performed using the full nonlinear dynamics. For RCAC, the performance signal
z(k) in (2.3) is used in the regressor ® as well as in the cost minimization (5.12),
where z(k) is the difference between the normal acceleration command n, ¢mq, which
is represented by w(k) as in (2.3), and the normal acceleration measurement n, -
Finally, for notational convenience, the time step k, represents the actual sample time

of the controller, kT.

3.3.4 Example of RCAC with standard RLS

We present an example that illustrates the need for modifying the RLS update
law. Consider the nonlinear missile model presented in Section 3.3.1. The missile
is initialized at My = 3, 6y = 25 deg, Zy = 3 km, Q9 = Xg = ap = 0, and the
target is initialized at X(0) = 4 km, Z;(0) = 2.8 km, M;(0) = 0.3, and 6;(0) = 180
deg. RCAC has the initial values of n. = 4, nf =1, Ny = —0.6, R, =1, R, = 3,
and P(0) = 1e'°Iy,.. In order to intercept the target, the missile is commanded to
pull an aggressive maneuver and consequently high angles of attack. This maneuver

ensures that the missile’s nonlinearities are exposed. Fig. 3.2 compares the 3LA to
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the pitch-rate commanded RCAC architecture. As shown in the figure, the adaptive
controller is initially able to track the acceleration command but, as the flight pro-
gresses, tracking becomes worse. This inability to track is depicted by the controller
gains and covariance in Fig.3.2. After 0.6 sec, the controller gains converge and the

eigenvalues in the covariance matrix P approach zero.
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Figure 3.2: Missile ‘g’ command tracking of the gain-scheduled three-loop autopilot vs. RCAC
without a forgetting factor. [Top] compares the gain-scheduled ‘g’ command/response versus the
RCAC ‘g’ command/response, where the tracking error increases significantly toward the end of
flight, [Bottom] shows that the RCAC gains remain almost constant after about 0.6 sec due to the
eigenvalues of the covariance matrix tending toward zero.

3.3.5 Comparison of 3LA, RCAC/CFF, and RCAC/VFF

We revisit the example in Section 3.3.4 and compare RCAC/CFF and RCAC/VFF
with the three-loop autopilot (3LA). In this example, we vary the constant forgetting
factor from 0.975 to 1.0 and compare the calculated miss distance (MD), which, after
the target has been acquired, is the distance between the missile and the target at the
instant the seeker loses sight of the target. The variable forgetting factor parameters

are set to Yo = 1000, A = 0.98, and ¢ = 100. Fig. 3.3 shows the miss distance
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compared to a range of constant forgetting factors. Included in the plot is both the
miss distance with the 3LA and the miss distance with RCAC/VFF. As the CFF is
increased past 0.995, the miss distance becomes increasingly large (above the 2 meter
plot limit). Note that the RCAC/VFF as well as some RCAC/CFF miss distances
are below that of the 3LA.

To compare the CFF with VFF, note that with A\ = 0.979, the CFF miss distance
is the lowest of all the FF. The bottom of Fig. 3.3 depicts the adaptive gains through
the missile flight. Notice how the gains are more aggressive and oscillatory during
the latter half of the flight time for the CFF compared to VFF. This type of behavior
is undesirable since it may cause the adaptive controller to become unstable leading
to erroneous pitch-rate commands. The top right of Fig. 3.3 shows how the variable
forgetting factor A\ varies throughout the flight. This aids in producing adaptation
that is smoother then the constant forgetting factor. From this we conclude that the

VFF is the more desirable algorithm in comparison to the CFF for this application.

3.3.6 Comparison of RCAC/VFF and RCAC/KF

We revisit the example in Section 3.3.4 to compare RCAC/VFF with RCAC/KF.
The VFF tunings are the same as in Section 3.3.5, and the KF tuning is Qxr(k) =
0.06. Fig. 3.4 compares these algorithms. The calculated miss distance (MD) is
similar, but unlike the ‘g’ response, the controller gains are significantly different
as shown in the second row of the figures. Notice that the magnitude of the VFF
controller gains are smaller than the magnitude of the KF gains and also vary less
during flight. The bottom of Fig. 3.4 compares the eigenvalues of the covariance
matrix. At around 0.4 sec, covariance values for both algorithms suddenly drop to
zero. After this time, the trends look similar but the KF has a larger number of gains

that are increasing.
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Figure 3.3: Comparison of 3LA, RCAC/CFF, and RCAC/VFF. [Top Left] shows the calculated
miss distance for a CFF that is varied from 0.975 to 1.0. The additional horizontal lines represent
the miss distance of 3LA and RCAC/VFF with ¥y = 1000, Apin = 0.98, and ¢ = 104. [Bottom)]
shows the gains for RCAC/VFF and RCAC/CFF with CFF set to 0.9795, which has the best miss
distance performance. [Top Right] shows how the VFF A(k) varies throughout the flight.

3.3.7 Robustness Comparison of 3LA, RCAC/VFF, and RCAC/KF

In this section, we present a final comparison between 3LA, RCAC/VFF, and
RCAC/KF by considering four examples to test the robustness of the adaptive al-
gorithms. The RCAC parameter Gy is modified to optimize performance through a
range of flight Mach numbers. To do this, /V; is a function of Mach number where
Ni(M) = —0.02M?* + 0.25M — 0.87. This modification is a gain-schedule in missile
Mach number for increased performance. Unlike the gain-scheduled 3LA, we do not

schedule based on angle of attack.

Example 3.1. In this example, the initial missile Mach number is increased to My =
4, and the initial rotation angle is decreased to 6y = 15 deg with the remaining initial
conditions left as before. The top of Fig. 3.5 shows the normal acceleration error of

each of the three controllers along with the miss distances. As shown, RCAC/VFF
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Figure 3.4: Comparison of RCAC/VFF and RCAC/KF. Results shown use the parameters presented
in the previous section with the addition of the KF variable Qrk(k) = 0.06. [Top] shows the
similarity of the command and response of the two algorithms. The calculated miss distances are
also similar, unlike the controller gains shown [Middle]. The magnitudes of the gains in RCAC/KF
are much larger and vary more through the flight. [Bottom] shows how both eigenvalues of the
covariance matrix drop to zero at time 0.4 sec and steadily increase as the flight progresses to
optimize gains.

has the least miss distance but also has the largest amount of overshoot error around
0.5 sec when the maximum ‘g’ command is given. The overshoot is attributed to
this method having the best miss distance value. The remaining two methods have

similar responses with the gain-scheduled 3LA having a better miss distance value

compared to RCAC/KF. |

Example 3.2. In this example, the initial missile Mach number is My = 3, 6, = 15
deg, and the aerodynamic coefficient C,_ in the body Z direction due to the angle-
of-attack is scaled by 3, that is C,, = 3C., with the remaining initial conditions
left as before. The middle of Fig. 3.5 shows the normal acceleration error of each
of the three controllers as well as their calculated miss distances. In this example,

RCAC/KF has the lowest miss distance and provides the best tracking despite this
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aerodynamic modification. RCAC/VFF is able to adapt to the modified aerodynamic
coefficient but yields the worst miss distance. 3LA struggles with the aerodynamic

coefficient modification and response similar to that of a lightly damped system. W

Example 3.3. In this example, the initial missile Mach number is My = 2.5, 6 = 25
deg, and the aerodynamic moment coefficient due to the deflection of the control
surface Cly; is scaled by 3, that is, Chy; = 3Chy; with the remaining initial conditions
left as before. The bottom of Fig. 3.5 shows the normal acceleration error of each
controller as well as their calculated miss distances. In this example, RCAC/KF has
the lowest miss distance followed by RCAC/VFF. Both of these controllers quickly
adapted to the modification in the aerodynamic coefficient and are able to track the

normal acceleration command. 3LA struggled with this aerodynamic modification

and continually oscillated throughout the entire flight. [ |
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Figure 3.5: Comparison of the normal acceleration error between 3LA, RCAC/VFF, and RCAC/KF
on three representative cases. [Top| shows the case where the initial missile Mach number is increased
to 4 and 6y decreased to 15 deg. [Middle] shows the case where the initial missile Mach number of
3, 0o = 15 deg, and the aerodynamic coefficient C, = 3C.,. [Bottom] shows the case where the
initial missile Mach number is 2.5, 0y = 25 deg, and the aerodynamic coefficient Chz,, = 3C,.
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Example 3.4. In this example, we revisit the scenario presented in Section 3.3.4 with
an unmodeled decrease in the actuator bandwidth from 150 Hz to 40 Hz throughout
the flight. In doing this, the optimized design of 3LA will suffer due to the increase
in the missiles’ time constant. Fig. 3.6 shows the normal acceleration error of each
of the three controllers as well as the actuator position and rate, respectively. 3LA
struggles with the decrease in actuator performance whereas both the RCAC/VFF

and the RCAC/KF are able to dampen out the response and adapt to the lower

bandwidth actuator. [ |
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Figure 3.6: Comparison of 3LA, RCAC/VFF, and RCAC/KF with an unmodeled decrease in actu-
ator bandwidth. Nominally the actuator has a bandwidth of 150 Hz, but the results above assume
an actuator with a bandwidth of 40 Hz. [Top] The normal acceleration error is shown, while the
actuator deflection angle [Middle] and rate [Bottom] are shown.

3.4 Conclusions

We extended [12, 13] in the RCAC formulation by including a variable forgetting
factor and Kalman Filter. This extension allowed for continual parameter estimation

in the adaptive controller update, a feature that is essential to controlling a system
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with nonlinear dynamics. Additionally, an inner-loop/outer-loop control architecture
is used to adaptively adjust the pitch-rate command based on the normal acceleration
command. The adaptive pitch-rate command loop is appropriate due to the inability
to infer such a command when given an arbitrary normal acceleration command.
Results show that the CFF, although effective, leads to aggressive adaptation that
may lead to instabilities. We also showed that both RCAC/VFF and RCAC/KF
allow for gain adapting through the entire flight and were able to track the normal
acceleration command as well as the 3LA. The adaptive controller excelled when an
aerodynamic coefficient modification was introduced to the system as well as having

a lower bandwidth actuator.
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CHAPTER 4

Kalman-Filter-Based System Identification via
Retrospective Optimization of the Process Noise

Covariance

4.1 Introduction

The Kalman filter is a stochastically optimal observer that utilizes statistical in-
formation about the measurement and process noise. In particular, the measurement
and process noise are assumed to be white Gaussian processes with zero mean and
covariances R and @), respectively. Although R is relatively easy to characterize in
practice, it is often challenging to estimate (). Consequently, there is an extensive
amount of literature on adaptive Kalman filtering, where the innovations signal is
used to construct an estimate of @ [14-17].

In the present chapter, we develop an alternative approach to estimating ) and
apply this technique to parameter estimation. First, we show that the process noise
covariance () that minimizes the cumulative innovations does not (in general) corre-
spond to the value of () that, when used in the Kalman filter, minimizes the cumu-
lative state-estimate error. However, for parameter estimation, we show that under
certain assumptions the value of () that minimizes the cumulative state-estimate error

does in fact minimize the cumulative innovations. This insight provides the basis for
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a novel approach to online estimation of the process noise covariance for parameter
estimation problems.

The estimation technique uses a past window of data to rerun the Kalman filter
along with an optimization routine that retrospectively determines the value of @)
that minimizes the cumulative innovations at the present time. Based on the pre-
vious analysis, this estimate is assumed to minimize the state-estimate error. Since
the optimization does not lend itself to analytical gradients, we use gradient-free
optimization techniques.

This technique is applied to the system identification problem, specifically, esti-
mation of the coefficients of an input-output model. The dynamical system state
components for the Kalman filter are thus the coefficients of the input-output model,
and the dynamics matrix is the identity. The ultimate objective is to use this tech-
nique to identify linear systems whose coefficients are time-varying.

Adaptive Kalman filter techniques have been developed for this sort of problem
in [14-16, 18, 19], where the covariances R and () are determined in real-time. These
methods are also innovations-based and are not derived in the sense of a minimization
optimization problem of the innovation itself. Rather, they are based on an averaging
inside a moving estimation window. Another method commonly used for covariance
identification is the maximum likelihood estimation (MLE). This method assumes
that the noise is characterized by a Gaussian model and that the best fit is determined
by minimizing the error for the given noise structure [19]. The type of parameter

uncertainty investigated in the present chapter are only constrained in the structure

of Q.
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4.2 The State Estimation Problem

Consider state estimation for the linear system

Tpr1 = Apxy + wi,

Yr = Cray + Ui,

where z;, € R™ is the state to be estimated, wy € R™ is the process noise, y, € R™

is the measurement, and v € R™ is the measurement noise. We assume that the

measurement, and process noise are stationary and have zero mean with covariances

R = E[vzv]] and Q = E[wpw]], respectively. Assuming (Ay, C) is observable, the

Kalman filter is given by

gk = Arlipr,
= Ap(Zppp—1 + Kizn),
P = AP AgL + Q.

= A[(I — KxCr) Pype—1] A5, + Q,
where the error covariance is defined as
P = E[(zk — Erp—1) @k — Zrp—1) '],
and where

A _
Ki = Py Cp (CrPyp—1Cp + R) 71,

A .
2k = Yr — CrpTppp—1,

are the optimal gain and innovations, respectively [52].

20



In the present chapter, we use the innovations to estimate the process noise co-

variance. We define the cumulative state-estimate error as

k+ko

€x,k+ko = Z (l‘z - ii|i—1)T(l‘i - i’z‘|z‘—1)a (4~10)

i=ko
with expected value

ko+k

eac lc—l—k:o E tI‘ P|1 1
i=kg

k+ko

= > (AP A7) + k tr(Q). (4.11)

i=ko

Next, we define the cumulative innovations as

k—‘rko
okt = Z z; %, (4.12)
i=ko
with expected value
k+ko
€z k+k0 Z ]E C@i|i—1)T(yi - C@i|i—1)]7
i=ko
k+ko
= > tr(Ci(AP_yia AT + Q)CT) + ktr(R). (4.13)
i=ko

Note that, since the state error at step ¢ is independent of the measurement noise
at step 1, it follows that E[(z; — &;,-1) T Clv;) = E[(2; — &4i-1)T]CF E[v;] = 0. Also,
note that (4.11) and (4.13) both depend on @ due to (4.5). Furthermore, (4.11) and
(4.13) are closely related since both involve P;ji—1. However, unless C; = I, there is

no guarantee that minimizing (4.10) implies that (4.12) is minimized and vice versa.
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4.3 The Parameter Estimation Problem

In this section, we specialize the state estimation problem to a problem of pa-
rameter estimation, which is subsequently applied to system identification. We show
that, under some assumptions, the value of () that minimizes the cumulative state-
estimate error also minimizes the cumulative innovations for the parameter estimation

problem. In particular, consider the parameter estimation problem

Ori1 = O + wy, (4.14)

Yk = ¢;£9k + Vg, (4.15)

where 0, € R™ are the parameters to be estimated, y;, € R™ are the measurements,
o € R™™ is the regression matrix, v, € R™ is the measurement noise, and w; € R"
is the process noise. Note that (4.14), (4.15) is a special case of (4.1), (4.2) with
Ay = I, and Cy = ¢} . Furthermore, if the parameters to be estimated are constant,
that is, wy, = 0, and the measurement noise v, ~ N (0,1), then the parameter esti-
mation problem becomes the standard recursive least-squares problem [18]. For the
case where the parameters are time-varying, that is wy # 0, we write (4.3) — (4.9)

recursively as

ék+1|k = ék|k—1 + Kz, (4.16)
Prvapp = (I — chb;f)Pkm-l +Q, (4.17)
where
Ky, = Pk\k—lﬁbk@bgpkwc—lﬁbk +R)", (4.18)
% = Ur — Of O (4.19)
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Since A = I,,, the expected value of the cumulative state-estimate error (4.11)

and the expected value of the cumulative innovations (4.13) becomes

k+ko
Eleoriro) = Y tr(Pioyjic1) + k tr(Q), (4.20)
i=ko
and
k+ko
Elesnin) = Y tr(¢f (Poyji1 + Q)¢i) + k tr(R), (4.21)
i=ko

respectively. Within the context of parameter estimation, the notion of observability
depends on persistent excitation [18]. To show that the same value of ) minimizes
(4.20) and (4.21), we introduce the following assumptions.
Assumption 1. The measurement noise covariance R is known.
Assumption 2. There exists a positive integer N such that the regressor matrix ¢

satisfies

n+N

Bl < Z ¢ip; < Bul, (4.22)

i=n

where 5, and 3, are positive constants [18].

Assumption 3. The process noise wy, is uncorrelated at each time step k.

In practice, Assumption 1 can be met by performing a sensor characterization.
Assumption 2 requires that the system whose parameters are to be identified is persis-
tently excited and hence (I, ¢x) is observable. Assumption 3 states that the process

noise is uncorrelated at each time step, thus making ) diagonal.

Lemma 1. Consider the parameter estimation problem (4.14), (4.15) that satis-
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fies Assumptions 1-3. Then, the value of ) that minimizes the expected value of
the cumulative state-estimate error (4.20) also minimizes the expected value of the

cumulative innovations (4.21).

Proof. For all k£ > N, the expected value of the cumulative innovations (4.21)

1s written as

k+ko
Elezkoir] = Y tr((Pioyjio1 + Q)¢ig) ) + k tr(R),
ot
= Z tr<Pi—1\i—1¢i¢?) + tr(Qpig; ) + k tr(R),
i=ko
k+ko
> tr(Proym1idy) + kBitr(Q) + k tr(R), (4.23)

i=ko

Vv

which is a linear combination of the expected value of the cumulative state estimate

(4.20) and the innovations matrix ¢;¢}. Since the sum of N innovation matrices are

full rank, it follows that the value of @) that minimizes (4.20) also minimizes (4.23).
In the next example, we examine the residuals of the state and innovations for a

parameter estimation problem.

Example 4.1. Consider the ARMAX model described in (4.14), (4.15) as

Orr1 = Ok + wi, (4.24)
Yk = Ukt Up—2 Yk Yk—z| Ok T Uk (4.25)
where ), € R* with initial condition 6y = [0 0 0 0]T. The input wu; is a zero-mean

Gaussian with standard deviation of 1. The true process noise wy, has zero mean with
covariance Q = 2.5x107°I;. We assume that v, ~ N(0, R), where R = 0.01 is known.
Fig. 4.1 shows the cumulative state-estimate error and the cumulative innovations as

functions of «, where ) = al;. The simulation is run for 6000 time steps for varying
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values of . The minimizing values of a for the cumulative state-estimate error and
cumulative innovations are 2.70 x 1075 and 2.37 x 107°, respectively. Note that
since the parameter estimation problem (4.25) is a statistical process, the estimate

of () becomes more accurate as the amount of data increases and the value of o will

converge to the true value 2.5 x 107°. [ |
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Figure 4.1: Results for Example 4.1. The cumulative state-estimate error and cumulative innovations
as a function of the entry « of @ for Example 4.1. Each simulation is run for 6000 time steps for
varying values of a. The minimizing value of « for the cumulative state-estimation error and
the cumulative innovations correspond to the true value Q = 2.5 x 107°I. The cumulative state-
estimation error achieves its minimum at o = 2.70 x 10~°, while the cumulative innovations achieves
its minimum at o = 2.37 x 107°.

Example 4.2. Consider the finite impulse response (FIR) filter described in (4.14),

(4.15) as

9k+1 = 9k + W, (426)

Y = [Uug—1 Up—2)0k + vk, (4.27)

where ), € R? with parameter initial condition y = [0 0]*. The system input wuy

is a white noise sequence with zero mean and standard deviation of 1. The true
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process noise wy has zero mean with the covariance matrix @ = diag([0.25 0.64]).
We assume that the statistical properties of the measurement are known and that
vp ~ N(0,R), with R = 1. Fig. 4.2 shows the cumulative state-estimate error and
cumulative innovations as a function of @ = [a; «s], where Q = diag(a). The
simulation is run for 5000 time steps for varying values and combinations of a. The
minimizing values of « for the cumulative state-estimate error and the cumulative
innovations is o = [0.225 0.578] and a = [0.25 0.62], respectively. Note that since
the parameter estimation problem (4.27) is a statistical process, the estimate of @
becomes more accurate as the amount of data increases and will converge to the true

value of [0.25 0.64]. [ |
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Figure 4.2: Results for Example 4.2. The cumulative state-estimate error and cumulative innovations
as a function of the entries oy and ay of @ for Example 4.2. Each simulation is run for 5000 time
steps for varying values and combinations of «. (a) shows the cumulative state-estimate error as a
function of @, with the minimizer o = [0.225 0.578]. (b) shows the cumulative innovations, with
the minimizer o = [0.25 0.62].

4.4 Innovations-Based Sliding Window-Q Optimization

The innovations-based sliding window-Q optimization (ISW-QO) is a method that
minimizes the cumulative innovations by using a retrospective optimization to update

the process noise covariance at each time step. Note that a version of this algorithm
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has been mentioned in [53] for state estimation but no formal proof of convergence is

given nor is it used for online estimation. Thus, the problem is to minimize

JQ)=> =z, (4.28)

Jj=Jjo

s.t.Q =0, (4.29)

where jo = k—N+1, and N is the window size determined by the user that guarantees
Assumption 2. Fig 4.3 illustrates the method via a flow diagram. The Kalman filter
is first initialized and is run for N — 1 time steps. At time step k = k + 1, the initial
estimates 0 , error covariance P, input u, and measurement y for that interval is sent to
the optimizer. The current value of () is used as an initial guess in the optimizer. In
Fig 4.3, the data yx_ N1k = [Yk-Nt1 --- Uk) and up_ni1 = [Up_Nny1 .- ug]. Once
the optimal @) is found, the optimization routine passes the optimized parameter
estimates, error covariance, and () to the Kalman filter to process the next step. The

index k is incremented and the process loops again.

Iniiiialize:
k=N, 010, Pijo, Qo

l

Run Kalman Filter
1: k — 1 time steps

Increment Kalman

. Or— N1k
A Filter, k=k+1 k= N+1lk—N>
0k:+1|k7 Pk*N+l|ka7
Pk+1\k; Yk—N-+1:k;

s.t. Q t 0 Qk

Figure 4.3: Block diagram illustrating the innovation-based sliding window ) optimization (ISW-
QO) iteration process.
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For the following examples, we use the gradient-free optimization method fmin-
search in MATLAB® to optimize () based on the cumulative innovations. This
method is a multidimensional unconstrained nonlinear minimization routine [54].
Since this method is unconstrained, we must impose the positive semidefiniteness
of Q. First, @ is enforced to have a diagonal structure, e.g. @ = diag(a), where
a = oy ... ap]. Second, at every iteration of the algorithm, the diagonal entries of

() are squared to ensure positive semidefiniteness.

Example 4.3. We again consider the FIR filter presented in Example 4.2. To test
the ISW-QO method, we allow the optimizer to calculate () based on the cumulative
innovations with a window size of 800 time steps, running the simulation for a total
of 6000 time steps. Fig. 4.4 shows the optimal « for each time step and a comparison
between the true and the estimated parameters. Note that in this example, « is
initialized at [0.3 0.81] and is used in the optimizer until k£ = 800. After k = 800, the
optimizer updates « at each time step. The true value of « is shown as reference. Note
that the window used for optimization is only 800 time steps, whereas in Example 4.2,
the optimization uses the entire 6000 time steps. Although the optimized values of «
do not converge to the true values, the cumulative state-estimation error is 1.1 x 10%
whereas, if the true value of () were used, the cumulative state-estimation error is

7.0 x 10? after the 6000 time steps. [ |

Example 4.4. In this example, we compare a static ) Kalman filter to the ISW-
QO method to the same FIR filter as in Example 4.2, except with R = 0.01. The
parameters are initialized at y = [—-0.8 1.0]T and there is no process noise added to
the system, that is wy = 0. The parameter ¢; induces a sudden step change at k = 250
from —0.8 to 0.1, while f; remains constant at 1. Note that unless the exact time
of the parameter step change is known, their is no way to create an accurate noise

model of the parameter variation. Thus, implementing ) = 0945 is the best option
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Figure 4.4: Results for Example 4.3. The optimized values of a and the parameters 6, and 0, for
Example 4.3. The @ optimizer is run with a window size of 800 time steps after the initial 800 time
steps. In this example, the true value of @ is held constant throughout the entire simulation. The
true « and the optimized value of « are shown.

and leads to recursive least squares (RLS), which has slow convergence properties.
In this example, the Kalman filter is initialized with the same initial conditions as
the ISW-QO method except that the process noise covariance is constant, that is
Q =1 x 107*I,, with an anticipation that a parameter might change. The ISW-QO
is initialized at ) = 0942 With a sliding window of 180 time steps. Fig. 4.5 shows how
the parameters a evolve over the length of the simulation as well as how the parameter
estimates compare to the actual values. Notice the correlation between the parameter
that changes 6; and the covariance value that changes ;. ISW-QO correctly identifies
the parameter in (), namely oy, that aided in reducing the innovations and since the
sliding window is of size N = 180 time steps, the value of o remains active until the
step outside the window. Also notice that with a small disturbance in éQ, 0, converges

faster to the true parameter than the Kalman filter with an added small process noise

covariance. |

Example 4.5. In this example, we revisit Example 4.4 but allow the parameters
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Figure 4.5: Results for Example 4.4. The optimized values of a and the parameters 0 and 0y for
Example 4.4. (a) shows the optimized @) parameters with «; increased due to the step change in
the parameter 6;. (b) compares the Kalman filter to ISW-QO estimates. Notice the convergence
of #; and the minimal disruption to f in ISW-QO compared to the Kalman Filter with constant
Q=1x10"*L.

0, and 0y to ramp. At k = 200, the parameters ramp with a slope of 0.05 and
—0.01, respectively and remain constant after £ = 600 at 6; = 19.25 and 6, = —3.01.
Figure 4.6 shows the how the parameters in () vary during and after the course of the
ramp as well as how the estimated parameters track the true values. Notice that the

Kalman filter estimation looks like a delayed version of the true parameters, unlike

the estimated parameters of the ISW-QO method, which tracks the ramp. [ |

4.5 Innovations-based Adaptive Kalman filter

The innovations-based adaptive Kalman filter (IAKF) adapts the covariance ma-

trices as the measurements evolve with time [14-17]. In this method, the estimate of

Q is

k
A 1
Qk = N Z ijA{IJ;-F + Pk\k - Ak—lpk—l\k—lAg—la (4'30)

J=jo
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Figure 4.6: Results for Example 4.5. The optimized values of « and the estimated and true pa-
rameters ék and 0y, respectively for Example 4.5. (a) shows the evolution of a; and ay due to a
ramp increase in both the # parameters, with the magnitude of a; being greater due to the more
aggressive ramp. (b) compares the Kalman filter to ISW-QO estimates. The Kalman filter looks
like a delayed version of the true parameters, unlike the estimated parameters of ISW-QO, which
tracks the ramp.

[S)

where Axy, is a first order, steady-state term [16] defined as
A(L’k = Kka, (431)

and jo = k — N + 1 is the first sample within the estimation of moving window size

N. Note that in the parameter estimation problem, Ay = I,,, and (4.30) reduces to

k
A 1
Qr = N Z A:EjAI;F + Pk\k — Pk—l\k:—l- (4.32)

J=Jjo

In this method, it is also assumed that the measurement covariance R is known but

the structure of @) is not forced to be diagonal.

4.6 ISW-QO Compared to IAKF

We compare ISW-QO and TAKF by revisiting Examples 4.4 and 4.5. In these
examples, both ISW-QO and TAKF have the same moving window size of 180 time

steps. Note that unlike ISW-QO, where the user has the ability to define the structure
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of @ to be optimized, IAFK does not have this feature. In order to compare how
the estimate Q evolves over the length of the simulation, we chose to compare the
eigenvalues )\(Qk) of Q, to the values of ay, in ISW-QO where Q) = diag(aq g, o k).
This comparison is used to identify which parameters IAKF views as having the

largest uncertainty.

Example 4.6. In this example, we compare ISW-QO to TAKF for a sudden step
change in 6;. Figure 4.7 compares the evolution of ) along with the parameter
estimates. Notice that the two methods have different eigenvalue profiles but both
identify which value needs to be greater in order to minimize the innovations. The
parameter estimates for IAKF take longer to converge to the true parameters than
ISW-QO but has a faster response then the Kalman filter in Fig. 4.5. The cumulative
state-estimation errors for the full 600 time steps for IAKF and ISW-QO are 33.2 and

19.2, respectively. [
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Figure 4.7: Results for Example 4.6. A comparison of ISW-QO to IAKF for a sudden step change in
01. (a) shows how the eigenvalue profiles are different but share in common which value is greater.
(b) shows the parameter estimates of the two methods compared to the true values. ISW-QO
has a faster response but IAKF performs better compared to the Kalman filter in Fig. 4.5. The
cumulative state-estimation errors for the full 600 time steps for TAKF and ISW-QO is 33.2 and
19.2, respectively.

. 300 400 500 600 ) 100 200
Time Step (k)

Example 4.7. In this example, we compare ISW-QO to TAKF for a ramp change

in both 6; and 6,. Fig. 4.8 shows the evolution of () as well as the parameter esti-
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mates. Although the methods produce different eigenvalue profiles, they both identify
which value needs to be greater in order to minimize the innovations. The parameter
estimates for IAKF are smoother than those of ISW-QO and the cumulative state-
estimation errors for the full 800 time steps for IAKF and ISW-QO are 104.8 and

156.7, respectively. |

o
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Figure 4.8: Results for Example 4.7. A comparison ISW-QO and IAKF for a ramp change in both
of the parameters #; and 6. (a) shows how the eigenvalue profiles are different but both identify
which value is needed to be greater to minimize the innovations. (b) shows the parameter estimates
of the two methods compared to the true values. The cumulative state-estimation errors for the full
800 time steps for IAKF and ISW-QO are 104.8 and 156.7, respectively.

o

4.7 Conclusions

In this chapter, we proposed a technique that minimizes the innovations based
on retrospective optimization of the process noise covariance. We showed that mini-
mizing the cumulative innovations is equivalent to minimizing the cumulative state-
estimation error for the parameter estimation problem under certain assumptions.
This technique is applied to system identification problems where the parameters to
be estimated can be time-varying and thus have an unknown @) value. We compared
our technique to the standard Kalman filter and IAKF. Results show that when ap-
plied to time-varying parameter estimation problem, this technique performs as well

if not better than IAKF.
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CHAPTER 5

Batch Retrospective Cost Adaptive Control using
Concurrent Controller and Target-Model

Optimization

5.1 Introduction

Although the overarching motivation for using feedback control versus open-loop
control is the ability to overcome uncertainty, feedback control depends on a model
of the plant in order to operate reliably and without risking instability. Assuming
an exact and complete model, LQG can be used to stabilize all MIMO plants with
optimal Hs performance regardless of plant order, open-loop pole and zero locations,
and channel coupling. In practice, however, uncertainty may be unavoidable due to
complex, unknown, or unpredictably changing physics. To overcome model uncer-
tainty, robust control techniques can be used to guarantee stability and performance,
albeit at the expense of performance. Adaptive control can be viewed as a form of
robust control, wherein the control law adjusts itself to the plant during operation,
thereby circumventing the performance sacrifice inherent in robust control.

A fundamental goal of feedback control is to achieve maximal closed-loop perfor-
mance in the presence of prior model uncertainty. In the case of adaptive control,

closed-loop performance must account for transient performance as the controller ad-
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justs itself to the actual plant characteristics. For example, universal adaptive control
laws [20] can adapt to uncertainty in the sign of the leading coefficient of the plant
transfer function, although the transient response may be large.

Nonminimum-phase (NMP) zeros also present a challenge to adaptive control; for
example, the control laws in [1-3] assume that the plant is minimum phase. Adaptive
control of NMP plants is considered in [8, 21-24]. In [8, 24] knowledge of the NMP
zeros is embedded in the target model Gy, which is used to filter the past data in
order to retrospectively optimize the controller coefficients.

The goal of this chapter is to extend retrospective cost adaptive control (RCAC)
as presented in [8, 24] to alleviate the need for prior modeling of both the sign of the
leading coefficient of the plant transfer function as well as its NMP zeros. The key
element of this extension is concurrent optimization of both the target model and the
controller coefficients. In particular, we show that concurrent optimization facilitates
the application of RCAC with less prior modeling information than is assumed in
8, 24]. In particular, the number and location of the NMP zeros need not be known
aside from the parity of the number of positive NMP zeros.

Concurrent optimization of the target model and controller coefficients is a quadratic
optimization problem in the target model and controller coefficients separately. How-
ever, this optimization problem is not convex as a joint function of both variables,
and therefore nonconvex optimization methods are needed. In the present chapter, we
address this problem in two different ways. First we take advantage of the biquadratic
structure of the cost function by applying an alternate convex search algorithm [25].
Related techniques for biconvex and bilinear optimization are given in [26-29]. For
comparison, the Matlab fminsearch routine is used to simultaneously optimize the

controller and target model coefficients.
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5.2 Problem Formulation

Consider the SISO discrete-time system

x(k+1) = Az(k) + Bu(k) + Dyw(k), (5.1)
y(k) = Cx(k) + Dow(k), (5.2)
z(k) = Eyx(k) + Eyw(k), (5.3)

where x(k) € R™ is the state, y(k) € R is the measurement, u(k) € R is the control
input, w(k) € R is the exogenous input, and z(k) € R is the measured performance
variable. The goal is to develop an adaptive output feedback controller that mini-
mizes z in the presence of the exogenous signal w with limited modeling information
about (5.1)-(5.3). The components of w can represent either command signals to
be followed, external disturbances to be rejected, or both, depending on the choice
of Dy and Ey. Depending on the application, components of w may or may not be
measured. These components are included in y by suitable choice of C' and Dy. No
assumptions are made concerning the state space realization since RCAC requires

only input-output model information.

5.3 RCAC Algorithm

In this section, we introduce the RCAC algorithm for use on systems that are

strictly single-input, single-output (SISO).
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5.3.1 Controller Structure

The adaptive control algorithm is constructed as a strictly proper time-series dy-

namic compensator of order n., such that the control u(k) is given as

u(k) = Z Pi(k)u(k — i) + Z Qi(k)z(k — 9), (5.4)

where Pi(k),Q;(k) € R are the controller coefficients. In terms of the Z-transform

variable z, the transfer function of the controller from z to u is given by

-1

Go(z) = (2" — 2" 'PL— - — P,)

. (ch—lQl 4+ 4 an) . (55)

In this chapter we focus on SISO controllers, and hence G, can be written as

Q2™+ -+ On,
zZc — Plzncfl — e — Pnc '

Ge(z) = (5.6)

Note that (5.5) is an infinite impulse response (IIR) controller. The controller (5.4)

can be expressed as
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where the regressor matrix ¢(k) is defined as

u(k —1)

s u(k — ne)

z(k—1)

l
=

z(k —n.)

0(k) Pi(k)-- P,.(k) Q1(k) - Qn.(k) € RY,

where Iy = 2n,.

5.3.2 Retrospective Performance

The retrospective control is defined as

(K)o, (5.8)

where § € R is determined by the optimization in Section 5.3.3. In terms of the for-
ward shift operator q, the corresponding retrospective performance variable is defined

as

~

(k,0) 2 2(k) + G(a) [a(k.0) — u(k)]. (59)
where the target model G¢(q) is a finite impulse response (FIR) filter written as

Ge(q) = Npq™ L+ + Ny, (5.10)
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where the filter order n; > 1, and NZ € R for 1 < i < ng. The extended performance
vector Z(k) € RP, the extended control vector U(k) € RP, and the extended regressor

(k) € RP* are defined as

2(k) u(k)
Z(k) £ L U(k) 2 ,
2(k—p—1) u(lk—p—1)
(k)
(k) = ,
p(k—p—1)

where p 2 Pe + ng, and p. > 1 is the batch window size.

Next, we define the extended retrospective performance vector as

A ~ A~ ~

Z2(k,0,N) = Z(k) + N(®(k)d — U(k)) (5.11)

where Z(k,0, N) € R, and the matrix N € RP<*? is a block-Toeplitz representation

of the FIR filter written as

0 N 0 0
0
N = :
0
0 0 0 N

A~ ~

where N = [Ny, --- Np].The target model Gt is known to set target locations for the
closed-loop poles [8]. Since we define Gy as an FIR filter, the closed-loop target pole

locations are attracted to the origin. Also, in [8], the ideal Gt is chosen to match the
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NMP zeros of the plant. This feature ensures that the NMP zeros of the plant are not
canceled by G.. In this chapter, we apply optimization techniques to concurrently

optimize the controller gains and the target model Gy.

5.3.3 Retrospective Cost

Consider the retrospective cost function

~ A~

J(k,0,N) = Z(k,0, N\'R.Z(k,0, N)

+ (6 —0(k—1)TRs(0 — 6(k — 1)), (5.12)

where the positive scalar R, and the positive-definite matrix R; € R%*% are the

performance and learning rate weightings, respectively.

5.4 Biquadratic Optimization

We use the Matlab fminsearch function for nonlinear function optimization, as
well as the alternate convex search (ACS) algorithm [25]. In the latter code, only
the variables that are active are optimized while the other variables are kept fixed.
Although the ACS algorithm converges to a stationary point of the cost function, it

is shown in [25] that global convergence is not guaranteed.

5.4.1 Alternate Convex Search Minimizers
5.4.1.1 Minimizing g for fixed N

For fixed N, the minimizing 6 is found by substituting (5.11) into (5.12) and
letting Us(k) = N - U(k) and ®¢(k) = N - ®(k). The resulting cost function can be
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written as
J(k,0,N) = 0T A(k)0 + 07b(k) + c(k), (5.13)
where

A(k) = (k)" R.®e(k) + Rs,
b(k) = 2®¢(k)" R.(Z (k) — Us(k)) — 2Rs0(k — 1),
c(k) = (Z(k) — U(k))"R.(Z(k) — Us(k))+

0k — 1)"Rs0(k — 1).

Since A(k) is positive definite, J(k,0, N) has the unique global minimizer

i) = —%A(k)lb(k). (5.14)

5.4.1.2 Minimizing N for fixed 6

For fixed 0(k), the minimizing N is found by substituting (5.11) into (5.12). Let-
ting AU (k) £ ®(k)0(k) — U(k) and AG(k) £ 0(k) — 0(k — 1), (5.12) can be written

as

J(k,0,N) = AU(K)"NTR.NAU (k) + 2Z (k)" R.NAU (k)

+ AU (K)YR;AU(K) + Z (k)Y R.Z (k). (5.15)
The minimizer is found by setting V.J(k, 8, N) = 0 and solving for N. Defining

C(k — kl)
Cry 2 : , (5.16)

C(]{Z — k?g)
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the minimizer of (5.15) is
N(k) = =& (k)M (k)™
where the positive-definite matrix M (k) € R™*™ has the entries
M, ;(k) £ AUL o 4iRAUj g 1pets,
where 1 <i,5 < ng, and £ € R™ has the entries
& 2 ZERAUs 14 — AO(K) T RsAO(K),
where 1 <17 < ngy.

5.4.2 The ACS Algorithm

The modified ACS algorithm consists of the following steps:

Step 1 Choose a nonzero starting point (N (k),8(k)) € R+ for k = p + 1.

(5.17)

(5.18)

(5.19)

Step 2 For fixed N (k), solve for A(k) using (5.14) and the associated cost using (5.13).

Step 3 For fixed 0(k), solve for N'(k) using (5.17) and the associated cost using (5.15).

Step 4 Determine whether Step 2 or Step 3 produces the lower cost. If a stopping

criteria is satisfied, exit. Otherwise, set N(k 4 1) and 6(k 4 1) to the corresponding

step that produced the lower cost, increment k, and go to Step 2.

For the examples in Section 5.5, the stopping criteria consists of 800 evaluations

and a function tolerance of 1 x 10~%.

72



5.4.3 fminsearch

The method used with the Matlab fminsearch algorithm consists of the following
steps:
Step 1 Choose a starting point (N (k),8(k)) € R+ for k = p + 1.
Step 2 At the current time step, minimize the cost function (5.12) until a stopping
criteria is satisfied.
Step 3 Set N(k + 1) = N(k) and 6(k + 1) = A(k) for the next starting point, incre-

ment k, and go to Step 2.

For the examples in Section 5.5, the stopping criteria consists of 5000 function

evaluations and iterations along with a function and variable tolerance of 1 x 10~%.

5.5 Numerical Examples

In this section, we present numerical examples to illustrate the concurrent op-
timization technique for the command-following problem shown in Fig. 5.1. The
exogeneous signal w is the command r, and z = y — r. This problem is a special case
of (5.1)-(5.3) with C'= Ey, Dy =0, and Ey = —1. Hence G(z) = C(zI — A)™'B.

z

TJ@ G Y e@ |

Figure 5.1: The command-following problem.

In each of the examples below, except for Example 5.5.7, all of the filter coefficients

are initialized at 0 except for Ni. Furthermore, N; is initialized based on the parity
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of the positive NMP zeros, that is, at k < p+1

Ny = (-1)", (5.20)

where A is the number of positive NMP zeros in G.

Example 5.1 (Asymptotically stable, minimum-phase plant.). Consider the asymp-

totically stable, minimum-phase plant

2.0(z — 0.2)

) = 03— 00)

(5.21)

and let r be a unit-height step command. We choose n; = 2 and note that since G
has no positive NMP zeros, h = 0 and by (5.20), Ny = 1. Thus the filter coefficients
in N are initialized as [0 1]. Let the controller order n. = 2, the batch window size
p. = 20, Rs = 1 x 1073[,, R, = 1.0, and z(0) = [1 1]T. For k < p + 1, both
algorithm controller coefficients are 0j,x1, and at k£ = p+ 1, the controller coefficients
are initialized to 0j,x1 and 1;,x; for fminsearch and ACS, respectively. Fig. 5.2 shows
the results of the concurrent optimization. Both algorithms give comparable results
in the converged filter and controller gain coefficients. Note that the filter coefficient
N, obtained by both algorithms converge to the value 2.0 of the first nonzero Markov
parameter, while the controller converges to an integrator internal model in order to

follow the step command. [ |

Example 5.2 (Unstable, minimum-phase plant.). Consider the unstable, minimum-

phase plant

z — 0.2

GQ%Z&—Q&&—L@’

(5.22)

and let r be a unit-height step command. We choose ny = 4 and note that since G
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Figure 5.2: Example 5.1 Asymptotically stable, minimum-phase system. Concurrent optimization is
applied to step-command following for the asymptotically stable minimum-phase plant (5.21). The
upper three left figures show the result of using the ACS algorithm, and the upper right three plots
show the result of using fminsearch. Note that the filter coefficient Ny converges to the first nonzero
Markov parameter 2.0 of the plant, and the controller converges to an integrator internal model in
order to follow the step command

has no positive NMP zeros, h = 0 and by (5.20), Ni = 1. Thus the filter coefficients
in N are initialized as [0 0 0 1]. Let the controller order n, = 4, and the batch window
size p. = 20, Rs = 1 x 107'1;,, R, = 1.0, and z(0) = [0 0]*. For k < p + 1, both
algorithm controller coefficients are 0;,x1, and at k£ = p+ 1, the controller coefficients
are initialized to 0, x; and 1;,4; for fminsearch and ACS, respectively. Fig. 5.3 shows
the results of the concurrent optimization. Note that both algorithms converge to a
controller with an integrator internal model in order to follow the step command and

that the filter coefficient N, converges to the first nonzero Markov parameter 1.0. B

Example 5.3 (Asymptotically stable, NMP plant.). Consider the asymptotically
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Figure 5.3: Example 5.2: Unstable, minimum-phase plant. Concurrent optimization is applied to
step-command following for the unstable minimum-phase plant (5.22). Note that the controller
stabilizes the unstable plant and develops an integrator internal model in order to follow the step
command.

stable, NMP plant

z—1.1
(z—0.3)(z—0.6)’

G(z) = (5.23)
and let r be a unit-height step command. We choose ny = 4 and note that since G
has one positive NMP zero, h = 1 and by (5.20), N; = —1. Thus the filter coefficients
in N are initialized as [0 0 0 — 1]. Let the controller order n. = 4, and the batch
window size p. = 30, Rs = 1 x1073[;,, R, = 1, and z(0) = [0 0]™. For k < p+1, both
algorithm controller coefficients are 0;,x1, and at k& = p+ 1, the controller coefficients
are initialized to 0j,x; and 1;,«; for fminsearch and ACS, respectively. Fig. 5.4 shows

the results of the concurrent optimization. Note that the location of the NMP zero
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Figure 5.4: Example 5.3: Asymptotically stable, NMP plant. Concurrent optimization is applied to
step-command following for the asymptotically stable, NMP plant (5.23). Note that the location of
the NMP zero is unknown to both algorithms. Also note that the controller develops an integrator
internal model in order to follow the step command, and the filter captures the NMP zero location.
Figure 5.5 shows a zoomed in view of the plant, controller, and filter pole/zero locations after
convergence.

location is unknown to both algorithms. Fig. 5.5 shows the poles and zeros of the
plant (5.23), the controller, and the filter. Both algorithms converge to a filter that
places a zero at the same location as the plant zero. Also, both algorithms converge

to a controller with an integrator internal model in order to follow the step command.

Example 5.4 (Asymptotically stable, NMP plant with a NMP negative zero.). Con-

sider the asymptotically stable, NMP plant with a negative NMP zero

z+ 1.1
(z—0.3)(z—0.6)

G(z) = (5.24)
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Figure 5.5: Example 5.3: Asymptotically stable, NMP plant. This figure shows a zoomed in pole/zero
map of the plant, converged controller, and converged filter for the ACS [left] and fminsearch [right]
algorithms. Note that the filter captures the NMP zero location of the plant and that the controller
converges to an integrator internal model in order to follow the step command.

and let r be a unit-height step command. We choose ns = 4 and note that since G has
no positive NMP zeros, h = 0 and by (5.20), N; = 1. Thus the filter coefficients in
N are initialized as [0 0 0 1]. Let the controller order n. = 4, and the batch window
size p. = 50, Rs = 1 x 107'I;,, R, = 1, and x(0) = [1 1]T. For k < p + 1, both
algorithm controller coefficients are 0;,x1, and at k£ = p+ 1, the controller coefficients
are initialized to 0,x; and 1;,4; for fminsearch and ACS, respectively. Fig. 5.6 shows
the results of the concurrent optimization. Both algorithms give comparable results in
the converged filter and controller gain coefficients. Note that the filter coefficient N,
for both algorithms converge to the value 1.0 of the first nonzero Markov parameter,
while the controller converges to an integrator internal model in order to follow the
step command. Note that the location of the NMP zero is unknown to both algorithms
and the zero of the converged target model converges to the NMP zero of the plant

(5.24). n
Example 5.5 (Asymptotically stable, NMP plant with relative degree 2.).

Consider the asymptotically stable, NMP plant

z—1.2

G@ﬁ=@_gn@_aww—0®’

(5.25)

and let r be a unit-height step command. We choose ny = 5 and note that since G
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Figure 5.6: Example 5.4: Asymptotically stable plant with a negative NMP zero. Concurrent opti-
mization is applied to a step-command following problem for the asymptotically stable plant with a
negative NMP zero (5.24). Note that the location of the NMP zero is unknown to both algorithms.
The controller converges to an integrator internal model to follow the step command, and the target
model captures the location of the negative NMP zero.

has one positive NMP zero, h = 1 and by (5.20), Ny = —1. Thus the filter coefficients
in N are initialized as [0 0 0 0 — 1]. Let the controller order n. = 6, and the batch
window size p. = 40, Rs = 1x107%I;,, R, = 1, and z(0) = [1 1 1]T. For k¥ < p+1, both
algorithm controller coefficients are 0;,x1, and at k£ = p+ 1, the controller coefficients
are initialized to 0j,x1 and 1,4 for fminsearch and ACS, respectively. Fig. 5.7 shows
the results of the concurrent optimization. Note that the location of the NMP zero is
unknown to both algorithms and the zero of the converged target model converges to
to the NMP zero of the plant (5.25). Also note that since the relative degree of the
plant (5.25) is 2, the filter coefficient N; for both algorithms converge to 0.0, while

the filter coefficient N4 converges to the value of the first nonzero Markov parameter
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Figure 5.7: Example 5.5: Asymptotically stable NMP plant of relative degree 2. Concurrent opti-
mization is applied to a step-command following problem for the asymptotically stable, NMP plant
with relative degree 2 (5.25). Note that the location of the NMP zero is unknown to both algorithms.
The controller converges to an integrator internal model in order to follow the step command, and
the converged target model captures the location of the NMP zero.

1.0. Both algorithms produce a spurious filter zero of high magnitude, which is not

included in Figure 5.7. The controller also converges to an integrator internal model

in order to follow the step command. [ |

Example 5.6 (Asymptotically stable, minimum-phase plant.). Consider the asymp-

totically stable, minimum-phase plant

z—0.3

¢ = 02 —00)

(5.26)

and let r be a unit-amplitude harmonic command with frequency w = g—g rad/sample.

We choose ny = 3 and note that since G has no positive NMP zeros, h = 0 and by
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(5.20), Ny = 1. Thus the filter coefficients in N are initialized as [0 0 1]. Let the
controller order n, = 4, and the batch window size p. = 20, Rs = 1 x 1073[},, R, = 1,
and z(0) = [0 0]T. For k < p+ 1, both algorithm controller coefficients are 0,1, and
at k = p+1, the controller coefficients are initialized to 0;,«; and 1;,«; for fminsearch
and ACS, respectively. Fig. 5.8 shows the results of the concurrent optimization.

Note that the controller converges to a harmonic internal model in order to follow
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Figure 5.8: Example 5.6: Asymptotically stable, minimum-phase plant with harmonic-command
following. Concurrent optimization is applied to a harmonic-command following problem for the
asymptotically stable, minimum-phase plant (5.26). Note that both algorithms converge to an
internal model controller with poles at the command frequency on the unit circle and the filter
coefficient Ny converges to the first nonzero Markov parameter 1.0.

the same frequency of the command r and the filter coefficient Ns converges to the

first nonzero Markov parameter 1.0. |

Example 5.7 (Asymptotically stable, NMP plant with relative degree 2.). Consider

the asymptotically stable, minimum-phase plant given in (5.25), and let r be a unit-
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height step command. We choose ny = 5 and note that since G has one NMP zero,
h =1 and by (5.20), N, = —1. In this example, we violate (5.20) by choosing the
opposite sign of N to let Ny = 1. Thus the filter coefficients in N are initialized as
0000 1]. Let the initialization parameters be the same as stated in Example 5.5.

Fig. 5.9 shows the results of the concurrent optimization. Note that the location of
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Figure 5.9: Example 5.7: Asymptotically stable NMP plant of relative degree 2. Concurrent opti-
mization is applied to a step-command following problem for the asymptotically stable, NMP plant
with relative degree 2 (5.25). Note that the location of the NMP zero is unknown to both algorithms.
For both algorithms, the controller converges to an integrator internal model in order to follow the
step command. Also note that for the ACS algorithm, the asymptotic target model captures the
location of the NMP zero while the fminsearch algorithm does not capture the NMP zero leading to
an unstable controller pole and plant NMP zero cancellation.

the NMP zero is unknown to both algorithms and that for the ACS algorithm the
asymptotic target model captures the location of the NMP zero while the fminsearch
algorithm does not capture the NMP zero leading to an unstable controller pole and

plant NMP zero cancellation. [ |
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5.6 Conclusions

The cost function associated with the retrospective cost adaptive control algorithm
(RCAC) was used for concurrent optimization of the controller gains and the target
model due to its natural biquadratic structure. A modified version of the alternating
convex search (ACS) and the Matlab fminsearch algorithm demonstrated the ability
to concurrently optimize these coefficients for a command-following problem. The
novel element in this chapter is the ability to minimize the cost function without prior
knowledge of the plant transfer function, including NMP zero locations. Future work
will focus on improving the computational efficiency of the concurrent optimization

along with guarantees of global convergence.
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CHAPTER 6

Direct and Indirect Closed-Loop Architectures for

Estimating Nonminimum-Phase Zeros

6.1 Introduction

During closed-loop operation, it is often necessary to monitor the plant in order
to detect changes that can degrade stability and performance. At the same time,
more accurate modeling of the plant can facilitate the ability to enhance closed-loop
performance through on-line controller modification [4, 55-57]. Accordingly, closed-
loop identification has been extensively studied [30, 58—64] and successful applications
utilizing identification during closed-loop operation are discussed in [65-70].

The starting point for the present chapter is the survey paper [30], which ana-
lyzes various architectures for closed-loop identification. That work emphasizes the
practical importance of the problem and demonstrates the richness of the subject in
terms of the diverse architectures that can be employed. The presentation in [30],
however, does not include a numerical investigation of the relative merits of candidate
architectures and identification algorithms. Consequently, as a complement to [30],
the contribution of this chapter is a detailed numerical study that compares multi-
ple closed-loop identification architectures in terms of their accuracy in estimating

nonminimum-phase (NMP) zeros.
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In contrast to open-loop identification, closed-loop identification presents unique
challenges in system identification [71]. For example, the model input may lack
sufficient persistency due to the limited spectral content of the command and dis-
turbances. In addition, because of closed-loop operation, the model input may be
correlated with the exogenous noise, potentially leading to parameter bias.

As noted above, closed-loop identification can be performed with a variety of
architectures. The basic architecture for closed-loop identification is direct closed-
loop identification, where the control signal and measurement, that is, the plant input
and output, are used to construct a plant model. Since the control signal arises in
response to disturbance and sensor noise, the control signal is correlated with these
noise signals, potentially leading to bias in the parameter estimates.

A variation of direct closed-loop identification is to add an auxiliary signal to
the control signal and then use the sum of these signals as the model input. This
approach, called auxiliary direct closed-loop identification, uses the auxiliary signal
to enhance identification accuracy at the cost of disrupting closed-loop performance.
The challenge of designing minimally disruptive signals for identification is discussed
in [72].

An alternative approach to direct closed-loop identification is to estimate a closed-
loop transfer function rather than the plant itself. This approach requires an external
signal. The simplest approach of this type, called indirect closed-loop identification,
uses the command signal as the model input. To facilitate the method, the command
signal can be chosen to be sufficiently persistent albeit at the cost of degrading closed-
loop operation. A model of the plant is subsequently extracted from the estimated
closed-loop model.

A variation of indirect closed-loop identification is to add an auxiliary signal to
the control signal and then use only the auxiliary signal as the model input. This

approach, which is known as auxiliary indirect closed-loop identification identifies the
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overall closed-loop system. As in the case of indirect closed-loop identification, a
model of the plant is subsequently extracted from the estimated closed-loop model.
In order to simplify the identification, the auxiliary signal is chosen in this chapter
to be a multiple of the command signal.

In addition to direct closed-loop, auxiliary direct closed-loop, indirect closed-loop,
and auxiliary indirect closed-loop identification, we consider two nonstandard ways
in which the external signal used for auxiliary direct closed-loop identification and
auxiliary indirect closed-loop identification can be injected into the loop. In the stan-
dard approach, the auxiliary signal is added to the control signal. In contrast, in
intercalated injection, the auxiliary signal is added to an internal signal in the feed-
back controller. This technique arises naturally in retrospective cost adaptive control
[35, 36], where the effect of the controller update at each step is equivalent to inter-
calated injection of a control-input perturbation. For closed-loop identification, the
intercalated auziliary indirect closed-loop and auxiliary indirect closed-loop architec-
tures are characterized by the fact that the resulting transfer functions have restricted
numerators.

This chapter thus considers six architectures for identifying a plant operating
in closed loop, namely, direct closed-loop (DCL) identification, standard auxiliary
direct closed-loop (ADCL/S) identification, intercalated auxiliary direct closed-loop
(ADCL/I) identification, indirect closed-loop (ICL) identification, standard auxiliary
indirect closed-loop (AICL/S) identification, intercalated auxiliary indirect closed-
loop (AICL/I) identification.

The goal of this chapter is to assess the advantages and disadvantages of these six
architectures in estimating the nonminimum-phase (NMP) zeros of a plant operating
in closed loop. NMP zeros are one of the most challenging aspects of feedback control
in terms of limiting achievable performance [31]. Consequently, after constructing

a model of the open- or closed-loop plant, the metric used to assess the estimation
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accuracy is defined to be the accuracy of the estimate of the NMP zero. This objective
is motivated by retrospective cost adaptive control [32-36], which requires knowledge
of NMP plant zeros.

In order to estimate NMP zeros, we consider infinite impulse response (ITR) mod-
els. In order to focus attention on a comparison of architectures, we make the simpli-
fying assumption that the plant order is known. In the case where the plant order is
unknown, additional techniques for order estimation are needed. This can be done,
for example, by overestimating the plant order, impulsing the estimated model, and
then applying Ho-Kalman realization theory [73, 74] along with heuristic nuclear
norm minimization techniques [75, 76] to estimate the model order and construct a
reduced-order model. Alternatively, this can be done by using a finite impulse re-
sponse (FIR) model structure to directly estimate the Markov parameters for use in
the Hankel matrix. This is the approach used in [77], where noncausal FIR models
are used to account for the possibility that the plant may be open-loop unstable. The
approach of [77], however, is not applicable to plants with poles on the unit circle.
Consequently, we confine our attention to IIR models under the assumption that the
plant order is known.

We consider two techniques for identification, namely, least squares and prediction
error methods. Least squares (LS) provides a baseline technique for estimation. In
most cases, least-squares estimates are biased, and, assuming that the model input is
white, we provide an analytical expression for the bias. Setting the bias to zero yields
a necessary and sufficient condition under which the model estimate is consistent.
This result extends the consistency analysis provided in [78, 79].

A more effective approach to providing consistent estimates within the context
of closed-loop identification is prediction error methods (PEM). PEM is described
in [80] and applied to direct and indirect closed-loop identification architectures in

(30, 60, 81, 82]. PEM can be viewed as an extension of LS that fits both the plant
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and noise model parameters by propagating the outputs over a window of data. The
minimization of the prediction error may be quadratic, as in LS, or nonquadratic, as
in maximum-likelihood minimization [83, 84].

An alternative technique for closed-loop identification is instrumental variables
(IV). An early version of IV was introduced in [85] for identification within the con-
text of discrete-time adaptive control [86] and is extensively studied in [87-89]. As
discussed in [90], the effectiveness of IV for closed-loop identification is sensitive to
the choice of instruments. In addition, as noted in [90], an optimal IV estimator
can be obtained only if the noise model is known. To simplify the comparison of
architectures for closed-loop identification, we thus focus on least squares and PEM.

The noise models are confined to stationary white and colored noise random pro-
cesses representing either process noise or sensor noise. We do not, however, consider
noise that corrupts the signals used for model estimation. Noise of this type gives rise
to an errors-in-variables (EIV) identification problem. EIV is extensively studied;
see, for example, [91-94].

The contents of the chapter are as follows. Section 3 describes the estimation
algorithms, including least squares and prediction error methods. Sections 4 and 5
describe the direct and indirect closed-loop identification architectures, respectively,
with and without an auxiliary signal, including standard intercalated injection. Sec-
tion 6 presents a numerical comparison of the direct closed-loop identification archi-
tectures. Two examples are considered. In the first example, the plant is open-loop
stable; in the second example, the plant is open-loop unstable. Section 7 is analogous
to Section 6 for the case of indirect architectures. Conclusions and directions for
future research are given in Section 8.

Notation: [, denotes the n X n identity matrix, 0,x,, denotes the n X m zero

matrix, and || - || denotes the Frobenius norm.
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6.2 Model Structure

Consider the discrete-time n{-order SISO transfer function Gy defined as

Go(q) 2 No(a)

where q is the forward-shift operator and
no no
No(@) =) big™™',  Dola) =q™+ ) aq™"
1=0 =1
Letting ug and yo denote the input and output, respectively, of Gy, that is,
Yo(k) = Go(a)uo(k),
it follows that, for all £ > 0,
Yo(k) = —aryo(k — 1) — -+ — anoYo(k — no) + bouo(k) + - - + byyuo(k — no),
which can be written as
Yo(k) = byous (F)0,

where

[—yo(k—1) -+ —yo(k —ng) wo(k) - wuo(k—mno)l,
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The measured output y of Gg is defined as

y(k) = yo(k) + wo(k) = Go(q)uo(k) + wo(k), (6.8)

where wy is a noise signal. Since wy is added to yy in (6.8), it appears to represent
sensor noise. However, wy can represent either sensor or process noise or both by

viewing wqg as the output of a system G,,, that is,

wo(k) = Gu(q)w(k) = w(k), (6.9)

where G, is a proper transfer function of order n and w is zero-mean white noise

with standard deviation o,,. It follows that, for all £ > 0,

wo(k) = —arwo(k — 1) — -+ — Gpwo(k — n) + bow(k) + - - + byw(k —n),  (6.10)

which can be written as

wo(k) = ¢wo,w(k)9wa (6.11)

where
BPuwo (k) 2 [—wo(k —1) —wo(k —n) w(k) w(k —n)), (6.12)
0, 2 [ay an bo bl ™. (6.13)

We stress that the dynamics of (6.9) may or may not be the same as those of
(6.3), and thus wy may or may not contribute to y in the same way that ug does.
For example, suppose that G represents the open-loop plant G. To represent process
noise that drives the plant in the same way that the control does, G, can be chosen

to be equal to Gy and the initial conditions of GG, and G can be set to provide the
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correct free response. The initial conditions of Gy and G, are accounted for by the
use of the forward shift operator “q” rather than the Laplace “s.” Consequently,
by suitable choice of G, and its initial conditions, the signal w, can represent either

process noise or sensor noise.

6.3 Identification Algorithms

In this section we briefly review least squares (LS) and prediction error methods
(PEM) for estimating the coefficients of Gg. For simplicity we assume throughout
this chapter that the order ngy of Gy is known. For the direct closed-loop identifica-
tion algorithms, ngy represents the plant order, whereas, for the indirect closed-loop
identification algorithms, ng represents the order of the closed-loop transfer function.
We also assume that all random processes are ergodic so that ensemble averages are

equal, with probability 1, to time averages of realizations.

6.3.1 Least Squares

In order to estimate GGg, we use the model structure

Gn(a) 2 g:g, (6.14)
where N,,(q) 2 Yot b~ and D,,(q) 2 qQ™ + > a;q™ " Define
y(k) 2 [~y(k —1) -+ —ylk—no)l, u(k) 2 uo(k) --- uo(k —no)], (6.15)
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and 1 = max(ng,n). Let £ > 7 be the number of samples of y and ug, and define

¢y(12) Puo (72)
D, 0 & c R(f—ﬁﬂ)xno’ Oy A c R(f—ﬁ-i-l)x(no-&-l)’ (6.16)
o,(0) Pu(0) |
y(n)
(I)y,uo,é é |: (I)y,ﬁ cI)uo,K 1 c R(27ﬁ+1)><(2n0+1)’ \ij’g é c R27ﬁ+1. (617)
| y(0)

Then, the least squares estimate Q}JS of 6, which is defined by

N

0;° 2 arg min H<I>y’u()7g9_ — \IJMHF, (6.18)
feR2not!

is given by

~

QLS é

e ((I)?juo7€<Dyau07é)+q);uo,€qjy,€a (619)

where “+” denotes the pseudoinverse.

Next, define the (2ng + 1) x (2n¢ + 1) positive-semidefinite covariance matrices

re
[ V2 (k) YRV tno—1)  —YEUk+1) - —V(RUo(k —mo+1) |
g | YEYEEne-n V2 (k) ~V(k)Uo(k +ng) -+ ~V(k)o (k)
—V(k)Uo(k + 1) —Y(k)Uo (K + no) U2 (k) Uo (ko (k + no) ’
| —Y(k)Uo(k —no +1) =Y(k)Uo (k) Uo (k)Uo (k + mo) Us (k) ]

(6.20)
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1>

Vg (k)

Yo(k)Vo(k+mno — 1)
=Yo(k)Uo(k + 1)

L —yo(k)u()(k: —nog + 1)

It thus follows that

r=2

1
llglo gq)y uQ, K(I)y ug,£»

Yo(k)Vo(k+no — 1)

Vg (k)
~Vo(k)Uo (k + no)

= Yo (k)Uo (k)

Iy

—Yo(k)Uo(k + 1) =Yo(k)Uo(k —mno + 1)

—Yo(k)Uo

—Yo(k)Uo(k + no) (k)
U3 (k) Uo (k)Uo (k + no)
Uo (k)Uo (k + no) Us (k)

1
111?0 g ®y0 ug, fq)yOﬂLO Iz

Define the ny x n matrix Hq, , where, if n < ng, then

1>

Ha

w

if n = ng, then

1>

Ha

w

L 220 va

> im0 He

)
Zi:Q Hw,in,ﬁ—l-i-i

in,noflJri

>0 H

2 im0 Hui

'Hw,nofH»i

93

o0
Zi:O Hw,in,ﬁ—1+i

2imo Hii )

im0 Hui

'Hw,nofﬁJri |

in,noflJr'i

2iso He

(6.21)

(6.22)
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and, if n > ng, then

Zz?i(] ng,i U Z;ﬁo Hw,in,no—l—iri Tt Z;ﬁo vainﬁ—l—H
He, = 5 3 : : ,
Z;ﬁo Hw7in,7lO—1+i T Z?io HZ}’L e Z?io Hw,in,ﬁ—no+i
(6.25)

where H,,; is the ith Markov parameter of G,,. Furthermore, define 7—~£Gw € Rmoxno

to be the right-hand side of (6.24). Note that H,, has size ng x ng irrespective of 7.

Lemma 2. Let ug and w be realizations of zero-mean, uncorrelated stationary white
random processes Uy and W, respectively, with finite second moments, and let wg be

given by (6.9). Then,

o2 H Onerx (n
P—To+ | v ox(moth (6.26)

O(no+1)><n() 0(no+1)><(n0+1)

Proof.

First, note that

Oy = Pyop + Duy s, (6.27)
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where

—yo(—1) -+ —yo(R — ny)
Dy 0 € REA+Dxno, (6.28)
—yo(l—1) -+ —yo(¢ —no)
—wo(fb - ].) cee —wo(ﬁ - no)
Dy = : . : € RU-#+1)xmo, (6.29)
—UJO(K — 1) tee —wo(f — TLQ)
Next, note that
. 1 T wpl . 1 T . 1 T wpl . 1 T
i Zq)yo’ﬁy’z = fm Zq)y()’g(pyo’é’ Jim Zq)““’ﬂ)y’é = A ?(I)uo’zq)y”’ﬁ’ (6.30)
. 1 =N wpl ;. 1= = wpl ~
Jim 7 P00 Py = Jim zqﬁme@wo,g = o2 Ha,- (6.31)
Using (6.22), (6.27), (6.30), and (6.31) yields
wpl . 1 ‘I’;z‘by,é ‘I)g,zq’uol .1 ‘pgo,e@yo,é + ‘i’go,z‘i)wo,f ‘Iﬁo,e‘l’uo,z
I = ghm 7 = ehm 7 ,
—00 —00
(I)Eo,f(by’g (I)EO,K(I)UO,E CDEO,Z(I)yo,f @507£q)u07€
T T 5T &
. Elim % (I)yo,éq)yo,f (I)yo,e@uo,f +ehm 7 (I)wo,eq)wol 0no><(n0+1) ’
—00 —00
B1 Dyor P Puoy Otno+1)xno O(no+1)x (no+1)
0—’121)7:sz On n
= PO —+ 0x(no+1) O

Otmo+1)xno  O(not1)x(no+1)

Note that, if £ > 3n, then ®,,,, is a tall matrix. The following result is a

consequence of the fact that £ — o, (PF

ot Py.uo.) is nondecreasing.

Lemma 3. Let n > 1. Then, T" is positive definite if and only if, with probabil-
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ity 1, there exists £ > 3n such that rank @, ,,, ¢ = 2n¢ + 1.

Next, define the ng x (7 + 1) matrix H,,, where, if n < ng, then

0 Hu)70 Hw n—1
JAN nox (A-+1)
Hy = eR , (6.32)
0 0 Hyp
O(no—m)x1 Ofng—n)x1 |
if n = ng, then
0 Hw,O e Hw,no—l
M, 2 € Rrox(no+1) (6.33)
0 0 Hy o
and, if n > ng, then
0 Hw,O Hw,ﬁ—no Hw n—1
M, = e RoX(+)  (6.34)
0 0 Hw,O Hw n—no
Also, define
bo ay
YA A A Dw 2741
N, = , D, = , O, = c R*" 1, (6.35)
_ Ny,
bs a

where Ny, (q) = 37, biq™ ™, and Dy (q) = q" + 31, a,q™ .

Theorem 6.1. Let ug and w be realizations of zero-mean, uncorrelated stationary

white random processes Uy and W, respectively, with finite second moments, and let
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wp be given by (6.9). Then,

2 2
T lim 655 "2 10 + OwHtan Du = outhulN
l—o0 0
O(no+1)x1

(6.36)

If, in addition, I" is positive definite, then the following statements are equivalent:

i) Ha, Do = Ha, Dy — HuNy.

.. . A wpl
i) limy o 055 = 0.

Proof.

Note that (6.19) implies that
L T A )
Dividing (6.37) by ¢ and letting ¢ — oo yields
Jim zcby w0t @y 08 = Jim E(I)y ot Ve
Using (6.22) we can write
lim E@y R Jim 4}°
Next, note that
Voo =Yy o+ Vg

where

\ijoyf = q)yo,UOle? quo,f = (I)wo,w,éewa
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(6.38)

(6.39)

(6.40)

(6.41)



and

Duo.w(7)

>

Dyo o (70)
A . c R(£7ﬁ+1)><(2n0+1) d

CI)?JOJJO,Z = : y Fwg,wl —

¢yo,uo (f) (bwo,w (ﬁ)

c RU-+D)x(2n+1)

Using (6.40) and (6.41) we can write

T _ &7 T
be,uol\pyvé - q)y,uo,ﬁqjyo»g + (I)y,uo,é\pwm@

=0, Pyouo il + Py Pug b, (6.42)
where
Dyt 2 [Pyt Pundls  Pugot = [Pue Pudls (6.43)
—yo(n — 1) —Yo(7 — no) w(n) w(i — n)
- - |
—yo(l —1) —yo(¢ — no) w(l) w(l —7)
(6.44)
—wo(7 — 1) —wo (R — )
Dupe (6.45)
—wo(l — 1) —wo(f — )

Moreover, note that

(I)yl = (I)yol + (I)wo,fv
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where

—wo(fl — 1) tee —U)o<77L — no)
- e RU-At1)xmo, (6.46)
—w0(€ — 1) v —w0(€ — 710)
Using (6.43), (6.42) can be written as
T o, , T, , T o, , OT,®,,
R ;{" o ;{" o+ ;’" " T” 0, (6.47)
Quo,EQyO)Z ®u0,é¢u0,e q)uo,f®w0a€ ®u07f®wzz

Since U and W are uncorrelated zero-mean random processes, it follows that

elg(l)lo }Dy Pyt = hm €<I>y0 @0t (6.48)
1;1})10 E(I)y 1Dt B! hm ECI)yO Dot (6.49)
Jim écpy Pt 2 hrn écbwo e T (6.50)
Jim zqm%g 2! lim €<1>w0 Do —02 My, (6.51)
lim g@uoeébwog "2 0,0 lim Z@Emzcbw,z "2 0o (6.52)

Using (6.48)—(6.52), dividing (6.47) by ¢, and letting ¢ — oo yields

w 1| T @ T @, ol Ha, —02 My
Ehm é(l)y o, Z\Ilyf 21 hm Z y0,0 = Yo, y0,0 = o, 9 G 0,
o e (I)uméq)yol (I)u07l(1)uo-,l 0(n0+1)><ﬁ 0(n0+1)><(ﬂ+1)

02 MG, Dw — 02 HwNy
=Tof + (6.53)
O(no+1)x1
Using (6.39) and (6.53), (6.38) yields
2 2
oiHa, Dy — 0o HiwN
Ilim 655 =Te0+ | " N 0

{—00
0(n0+1)>< 1
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Theorem 6.1 assumes that the signals Uy and VW used for regression are uncorre-
lated. These signals are correlated for the direct closed-loop identification architec-
tures considered in Section 4, but they are uncorrelated for the indirect closed-loop
architectures considered in Section 5. Note that, depending on the closed-loop iden-
tification architecture, the model input uy might or might not represent the control
signal.

Assuming that I' is positive definite, Theorem 6.1 shows that the bias b in the
asymptotic least squares estimate limy_, 9}8 is given by

b2 im grs g = (T7'T) — Topgs1) 0+ T 02Ha, Dy — 02 Hy Ny (65

{—00
O(no+1)x1

By setting b = 0, Theorem 6.1 gives the necessary and sufficient condition 7) under
which the least squares estimate is consistent. As a special case, assume that n = ny,
N, =1, and D, = Dy. Then 7:[Gw = H¢,, and, since the relative degree of GG, is nyg,
it follows that H.,, = 0yyx(ng+1)- Therefore, i) is satisfied, and thus b = 0. This case is

considered in [95, p. 205] and [83, p. 186].

6.3.2 Prediction Error Methods

For prediction error methods, y is written as

y(k) = Go(a)uo(k) + wo(k), (6.55)

where

wo(k) = Guw(q)w(k) (6.56)
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and G, represents the noise dynamics, the order of GG, is i, and w is zero-mean white

noise. The one-step-ahead predictor of (6.55) is defined by [95]

2

fl](k\éé, éw,ﬁ,f) (1 - Gyulq, éw,ﬁ,é)il)u(](k) + Gu(q, éw,n,e)flGo(qa éé)y(/f), (6.57)

where Gy(q, ég) and G,(q, éwﬁ,g) are models of Gy(q) and G, (q), respectively, and
Gu(q, éwﬁ’g) is minimum phase.

The prediction error is defined as

A A A R A A
e(k|0¢, 0w e) = y(k) — Gkl 0w ne). (6.58)
From the one-step-ahead predictor model (6.57) the prediction error estimate éEEM
of 0 is
GEEM arg min Vi(0,0umt), (6.59)
96R2n0+1 é ﬁeR2ﬁ+1
1
Vi(0e, 0 - e(k|0¢, O i) |I? 6.60
(02, 0u5.0) = 5 ; 10, 0uw,n0) |7, (6.60)

In Sections 6.6 and 6.7 we use the Matlab System Identification Toolbox [96] to obtain
PEM-based estimates of the plant NMP zeros. Note that the predictor filters in (6.57)
are functions of both Gy and the noise model G,,. Unlike LS, PEM estimates a model
of the noise dynamics G,,. As discussed in [83, p. 209], if the order of the model is
underparameterized, the parameter estimates will converge to a minimum point of
the asymptotic loss function, and thus will not give consistent estimates. Therefore,
for all examples in this chapter, we choose the order of the model of GG, to be equal to
order ng of Gy. When utilizing PEM within the System Identification Toolbox, we use
the Box-Jenkins model structure. Through numerical testing (not shown) the choices

of model structures yielded similar trends for each of the examples we consider and
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are thus omitted in the results.

6.4 Direct Closed-Loop Architectures

Consider the discrete-time closed-loop system in Fig.6.1 consisting of the SISO
transfer functions, plant GG of order n, and controller G, of order n.. Note that the

plant and controller are defined as

4 N(q)

(6.61)

The signal r is the command, y is the measured output, the error e = r — y, and wy
represents sensor noise. Direct closed-loop identification is used to identify the open-
loop transfer function within a closed-loop system by using measurements of the input
and output of the plant. In this section we define three architectures associated with
direct closed-loop identification. For all three of the direct closed-loop architectures,
the estimated transfer function G,, is of order n, the plant G = Gy, and the noise
transfer function G,, = 1. As stated in Section 6.3.2, the order of the PEM noise

model estimate is chosen to be of order n.

6.4.1 Direct Closed-Loop Identification

In direct closed-loop identification (DCL), the plant G = G is identified from the
control input u to the output y as shown in Fig. 6.1. The measured output y is given

by

y(k) = yo(k) + wo(k), (6.62)
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where

G(q)u(k). (6.63)

ID

U Yo

< IG)

Wo

Figure 6.1: Direct closed-loop identification from u to y.

6.4.2 Standard Auxiliary Direct Closed-Loop Identification

In standard auxiliary direct closed-loop (ADCL/S) identification, the auxiliary
signal vy is added to the controller output u., and G = G is identified by using u

and y, where

u(k) = uc(k) + vo(k), (6.64)

as shown in Fig. 6.2. Note that, if v = 0, then ADCL/S is equivalent to DCL

identification.

6.4.3 Intercalated Auxiliary Direct Closed-Loop Identification

In intercalated auxiliary direct closed-loop (ADCL/I) identification, the auxiliary

signal vy is added to the controller output w;,, between the numerator and denomi-
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D Ge & G >
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Figure 6.2: Standard auxiliary direct closed-loop identification from u to y.

nator of the controller, where

vo(k), (6.65)

and G = Gy is identified by using v and y as shown in Fig. 6.3, where, by using
(6.64) and (6.65),

vo (k). (6.66)

Note that, if vg = 0, then u = uj,, and ADCL/I is equivalent to DCL identification.

ID

Vo
T C e %ﬁ?) *.® Uint@ U G(q) Yo C

Wo

Y a"c—Dc(q)
e

Figure 6.3: Intercalated auxiliary direct closed-loop identification from u to y.
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6.5 Indirect Closed-Loop Architectures

Indirect closed-loop identification can be used to estimate the open-loop transfer
function within a closed-loop system by first estimating the closed-loop system and
then determining the open-loop plant by using knowledge of the controller. However,
the zeros of the plant do not move when the loop is closed. Therefore, for the purpose
of estimating the NMP plant zeros, it is not necessary to extract a model of the open-
loop plant. In this section we define three architectures associated with indirect
closed-loop identification. For all three of the indirect closed-loop architectures, the
true model GG varies for each architecture but the order for each is the same, that is
ng = n+n.. The noise model G,, for each architecture is the sensitivity function and
is also of order n = n + n.. Therefore, the estimated transfer function G,, is of order
n + n., and as stated in Section 6.3.2, the order of the PEM noise model estimate is

chosen to be of order ng.

6.5.1 Indirect Closed-Loop Identification

In indirect closed-loop identification (ICL), the closed-loop transfer function from

r to y is identified as shown in Fig. 6.4. The measured output y is given by

y(k) =T(q)r(k) + S(a)wo(k), (6.67)
where
 G(q)Gelq) N(q)Ne(q)
1= 176, (@)6@ ~ D@D.(a) + Na)Ne(a) (6.68)
S(q) = 1 _ D(q)Dc(q) ‘ (6.69)

Note that for ICL, Go(q) = T'(q) with ng = n + n., and G, (q) = S(q).
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Figure 6.4: Indirect closed-loop identification from r to y.

6.5.2 Standard Auxiliary Indirect Closed-Loop Identification

In auxiliary indirect closed-loop identification (AICL) as well as in ADCL iden-
tification, we specify an auxiliary signal vy that is added to the controller output.
Unlike ADCL identification, however, we identify the closed-loop transfer function
from r to y. In standard indirect auxiliary closed-loop identification (AICL/S), the
auxiliary signal vy is added to the controller output u., as shown in Fig. 6.5, where

vo(k) = ar(k) and « is a constant scalar value. The measured output y is given by

y(k) = T(q)r(k) + T(q)vo(k) + S(q)wo(k),

= (T(q) + al'(q))r(k) + S(q)wo(k) (6.70)

where T" and S are defined in (6.68) and (6.69), respectively, and

Gla N(a)D(q) (6.71)

"1+ G(a)G(a)  D(a)De(a) + N(a)Ne(q)’

I'(q)

Note that the zeros of the transfer functions 7" and I' both include the zeros of G and

the transfer function from r to y is

(6.72)
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and the noise transfer function G,,(q) = S(q).

l ID

Yo

®

< lG)

Wo

Figure 6.5: Standard auxiliary indirect closed-loop identification from r to y.

6.5.3 Intercalated Auxiliary Indirect Closed-Loop Identification

In intercalated auxiliary indirect closed-loop identification (AICL/I), the auxiliary
signal vy is added to the controller output u;,; between the numerator and denomina-
tor of the controller written as in (6.65) with the plant input u specified in (6.66). The
transfer function from r to y is identified as shown in Fig. 6.6, where vy(k) = ar(k)

and « is a constant scalar.

i 1D
U o 9
r e Ne(q) int U 0
Lo w Lo ¢ O
Y ‘ q"c—Dc(q) wo
q"c

Figure 6.6: Intercalated auxiliary indirect closed-loop identification from vy and r to y.
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The plant output y is given by

y(k) = T(a)r(k) + Tin(q)vo(k) + S(q)wo(k),

= (T'(q) + alw(q))r(k) + S(q)wo(k), (6.73)

where

qr N(aq)q™

Fine(q) = T'(q) D.(q)  D(q)D.(q) + N(q)Ne(q)’

(6.74)

and 7" and S are defined in (6.68) and (6.69), respectively. Note that I'y given by
(6.74) is similar to (6.71) except that the numerator of (6.74) includes n. zeros at 0

rather than the controller denominator. The transfer function from r to y is given by

N(q)(Ne(q) + aq™)
D(q)D.(q) + N(a)Ne(q)’

Go(a) =T(aq) + al'n(a) = (6.75)

and the noise transfer function G,,(q) = S(q). For each identification architecture,
Table 6.1 summarizes the input to the estimated transfer function G,,, the estimated
transfer function G,,, and the order of G,,.

Table 6.1: Summary of direct and indirect closed-loop identification architectures with inputs, esti-
mated transfer function, and order of the estimated transfer function.

Architecture Input of G,, Gm Order of G,,
DCL Ge(q)e(k) G(a) n
ADCL/S Ge(a)e(k) +vo(k) G(q) n
Ge(q)e(k) +
ADCL/I ne G
/ [;1 - vo (k) (a) n
ICL r(k) T(q) n 4+ ne
AICL/S r(k) T(q)+ ol'(q) n+ ne
AICL/1 r(k) T(q)+alin(q) n+ ne
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6.6 Numerical Investigation of Direct Closed-Loop Identifi-

cation Architectures

In this section, we investigate the accuracy of the NMP-zero estimates obtained
from LS and PEM for the direct closed-loop architectures. Two examples are consid-
ered, both of which involve a third-order plant with one minimum-phase zero and one
NMP zero. The first plant is asymptotically stable with a pole near the unit circle,

while the second plant is unstable.

Example 6.2 (Asymptotically stable, NMP plant.). Consider the asymptotically
stable, NMP plant

(q—0.6)(q — 1.5)

G(q) = , 6.76
(a) (q—10.1)(q — 0.5)(q — 0.98) (6.76)
where the true NMP zero is zyyp = 1.5, and the controller is given by
—0.5174q> + 0.3315q — 0.02795
Ge(a) (6.77)

" q® — 0.2265¢2 + 0.6855q — 0.5142

The exogenous inputs r, wy, and vy (when applicable) are independent zero-mean
white noise signals whose standard deviations are listed in Table 6.2. For each archi-

tecture, the signal wy is adjusted so that the signal-to-noise ratio defined by

RMS(y)

A
SNRyp 2 20 log,—2\¥)
aB B0 RS (wp)

(6.78)

where RMS(z) represents the root mean square of the sampled signal z, is fixed to
be 31.5 dB for all simulations. This noise level corresponds to an SNR of 40.

For the direct closed-loop architectures and both identification algorithms, Fig.
6.7 shows the mean absolute value of the error in the estimated NMP zero and the

corresponding standard deviation averaged over 2000 independent realizations of the

109



Table 6.2: Direct closed-loop architecture exogenous-signal standard deviations for Example 6.2.
The standard deviation of the noise wy is adjusted so that the signal-to-noise ratio (6.78) is 31.5 dB
for each simulation.

Architecture Command » Auxiliary Signal vy Noise wy
DCL 1.2 — 0.024
ADCL/S 1.2 0.5 0.034
ADCL/I 1.2 0.5 0.032

inputs for increasing number of samples /. The NMP-zero estimate is found by taking
the minimum of the difference between the real part of the roots of the estimated
transfer function numerator and the true zero zxyp. Note that, since the input w is
correlated with the noise wy, the LS estimates are not consistent for each of the three
architectures. In contrast, the accuracy of the PEM estimates improves as the number
of samples increases, thus suggesting consistency. For both identification algorithms,
the standard deviation decreases in a similar fashion, with PEM at a lower value.

Figure 6.7: Simulation statistics for Example 6.2 for the direct closed-loop architectures for both
identification algorithms. The upper plot shows the absolute value of the mean NMP error over

2000 independent realizations of the inputs over varying number of samples. The lower plot shows
the standard deviation of the NMP error.

Mean NMP Error

—— LS DCL

— — LS ADCL/S
--e--LS ADCL/I

PEM DCL

— — PEM ADCL/S
--e---PEM ADCL/I

10? 103 10* 10
Number of Samples

Standard Deviation of NMP Error
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Table 6.3 compares the accuracy of the LS estimates, where the NMP-zero errors
are averaged over ¢ = 10° samples, with the error based on the analytical bias expres-
sion (6.54). Note that, because of the correlation between the input « and the noise

wo, the NMP-zero error based on (6.54) is inaccurate by an order of magnitude.

Table 6.3: Direct closed-loop architecture comparison between the LS NMP zero error estimates
with ¢ = 105 and the NMP error based on (6.54) for Example 6.2

Architecture Averaged NMP-Zero NMP-Zero Error

Error Based on (6.54)
DCL 2.92 x 1074 4.54 x 1073
ADCL/S 7.98 x 1074 3.61 x 1073
ADCL/I 1.16 x 10~* 3.63 x 1073

Example 6.6.2: Unstable, NMP plant. Consider the unstable, NMP plant

(g —0.6)(q—1.5)
(q—0.1)(q—0.5)(q — 1.3)’

G(q) = (6.79)

where the true NMP zero location zyyp = 1.5, and the stabilizing controller is

_ —6.357q> + 3.827q — 0.3191
T q® 4 0.1312q2 4 6.943q — 4.419°

Ge(q) (6.80)

The input to the system, r, wy, and vy (where applicable), are all independent zero
mean white noise signals whose standard deviations are listed in Table 6.4. As in
the previous example, wy is adjusted in order so that the signal-to-noise ratio is a

constant 31.5 dB for all simulations.

For all three direct closed-loop architectures and both identification algorithms,

Fig. 6.8 shows the absolute value of the mean errors in the estimated NMP zero

111



Table 6.4: Direct closed-loop architecture input signal standard deviations for Example 6.2. The
nosie wy is regulated so that the signal-to-noise ratio (6.78) remains at 31.5 dB for each simulation.

Architecture @ Command r Auxiliary Signal vg Noise wy
DCL 0.134 — 0.033
ADCL/S 0.134 0.5 0.147
ADCL/I 0.134 0.5 0.040

and the standard deviations based on 2000 independent realizations of the inputs for
various values of /. Note that, as in the last example, the LS result does not yield
consistency for each of the three architectures since the input u is correlated with the
noise wy, whereas PEM has a trend of consistency. For both identification algorithms,
the standard deviation decreases as the number of samples increases.

In all three direct closed-loop architectures, the input u is correlated with the
noise signal wy. Table 6.3 provides the mean of NMP-zero error obtained from LS
averaged over 2000 independent realizations of the inputs at ¢ = 10° samples and
using the results based on (6.54). Note that, due to the correlation between the input

u and the noise wy, the NMP error based on (6.54) is inaccurate.

Table 6.5: Comparison for the direct closed-loop architectures of the LS NMP-zero error estimates
with £ = 10% and the NMP error based on (6.54) for Example 6.6.2.

Averaged NMP-Zero NMP-Zero Error

Architecture Error Based on (6.54)
DCL 0.194 0.353
ADCL/S 0.183 0.333
ADCL/1T 0.167 0.309
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Figure 6.8: Simulation statistics for Example 6.6.2 for all three direct closed-loop architectures for
both identification algorithms. The upper plot shows the absolute value of the mean NMP error
over 2000 independent realizations of the inputs over varying number of samples. The lower plot
shows the standard deviation of the NMP error.

10 , :
S
iy
a i
2
- — — LSADCL/S SN
8 ~-e--LS ADCLII N
2 PEM DCL N
— — PEM ADCL/S N
e PEM ADCL/I
10-5 2 : 3 : 4 5
10 10 10 10
10° , ,

'4 1 1
10
102 10° 10* 10°
Number of Samples

Standard Deviation of NMP Error

6.7 Numerical Investigation of Indirect Closed-Loop Identi-

fication Architectures

In this section, the same two examples that are used in the previous section are
used to illustrate the consistency in computing the NMP zero using both LS and
PEM identification algorithms for all three indirect closed-loop architectures.

Example 6.7.1: Asymptotically stable, NMP plant. We consider the asymptoti-
cally stable NMP plant and controller in Example 6.1 The inputs into the system, r
and wy, are both independent zero-mean white noise signals and for the AICL/S and
the AICL/T architectures, the value of v = 0.5, such that vo(k) = 0.57(k). As in the
previous examples, the standard deviation of wy is adjusted so that the signal-to-noise
ratio is a constant 31.5 dB for all simulations shown in Table 6.6.

For the indirect closed-loop architectures and both identification algorithms, Fig.
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Table 6.6: Indirect closed-loop architecture input signal standard deviations for Example 6.7.1. The
nosie wy is regulated so that the signal-to-noise ratio (6.78) remains at 31.5 dB for each simulation.

Architecture Command r Noise wy
ICL 1.2 0.0235
AICL/S 1.2 0.0341
AICL/1 1.2 0.0267

6.9 shows the absolute value of the mean errors in the estimated NMP zero and
the standard deviations based on 2000 independent realizations of the inputs for
various values of /. Note that the LS result does not yield consistency for each of
the three architectures. Although the input signal r and w, are uncorrelated and
both the model and noise transfer functions have the same denominator, the matrix
H., N, is not zero, and thus 7) of Theorem 3.3 is not satisfied. For both identification
algorithms, the standard deviation decreases as the number of samples increases.

Figure 6.9: Simulation statistics for Example 6.7.1 for all three indirect closed-loop architectures for
both identification algorithms. The upper plot shows the absolute value of the mean NMP error

over 2000 independent realizations of the inputs over varying number of samples. The lower plot
shows the standard deviation of the NMP error.
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In all of the indirect closed-loop architectures, the input r is uncorrelated with
the noise signal wy. Table 6.7 provides the mean of the NMP-zero error from LS
averaged over 2000 independent realizations of the inputs at ¢/ = 10° samples and
using the results based on (6.54). Note that, since the input r and noise wy are
uncorrelated, the NMP error based on (6.54) agrees with the bias provided by the
analytical expression given by Theorem 3.3 as ¢ — co.

Table 6.7: Comparison of indirect closed-loop identification architecture between the LS NMP zero
error estimates with £ = 10° and the NMP error based on (6.54) for Example 6.7.1.

Architecture Averaged NMP-Zero NMP-Zero Error

Error Based on (6.54)
ICL 0.84 x 1074 1.28 x 1074
AICL/S 1.80 x 107° 2.76 x 107°
AICL/I 1.70 x 10~* 1.63 x 1074

Example 6.7.2: Unstable, NMP plant. We consider the same unstable, NMP
plant given in (6.79) and the stabilizing controller in (6.80) for the use in the com-
parison for all of the three indirect architectures. The inputs into the system, r and
wp, are both independent zero-mean white noise signals and for the AICL/S and the
AICL/T architectures, the value of a = 0.5, such that vy(k) = 0.57(k). As in the pre-
vious examples, the standard deviation of wyq is adjusted so that the signal-to-noise
ratio is a constant 31.5 dB for all simulations shown in Table 6.8.

Table 6.8: Indirect closed-loop architecture input signal standard deviations for Example 6.7.2. The
nosie wy is regulated so that the signal-to-noise ratio (6.78) remains at 31.5 dB for each simulation.

Architecture Command r Noise wy
ICL 0.134 0.0334
AICL/S 0.134 0.0383
AICL/1 0.134 0.0322

For all three indirect closed-loop architectures and both identification algorithms,
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Fig. 6.10 shows the absolute value of the mean errors in the estimated NMP zero and
the standard deviations based on 2000 independent realizations of the inputs for var-
ious values of £. Note that, for all of the three architectures, the LS estimates are not
consistent. Although the input signal » and w, are uncorrelated and both the model
and noise transfer functions have the same denominator, the matrix H, N, is not
zero, and thus 7) of Theorem 3.3 is not satisfied. For both identification algorithms,

the standard deviation decreases as O(£~1/2) as the number of samples increases.

Figure 6.10: Simulation statistics for Example 6.7.2 for all three indirect closed-loop architectures
for both identification algorithms. The upper plot shows the absolute value of the mean NMP error
over 2000 independent realizations of the inputs over varying number of samples. The lower plot
shows the standard deviation of the NMP error.
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In all three indirect closed-loop architectures, the input r is uncorrelated with
the noise signal wy. Table 6.9 provides the averages of the NMP-zero errors using
the LS algorithm for 2000 independent realizations of the inputs at ¢ = 10° samples
and using the results based on (6.54). Note that, since the input r and noise wy are

uncorrelated, the NMP-zero error based on (6.54) agrees with the bias provided by
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the analytical expression given by Theorem 3.3 as ¢ — co.

Table 6.9: Indirect closed-loop architecture comparison between the LS NMP zero error estimates
with ¢ = 10° and the NMP error based on (6.54) for Example 6.7.2.

Averaged NMP-Zero NMP-Zero Error

Architecture Error Based on (6.54)
ICL 3.05 x 1073 3.26 x 1073
AICL/S 9.19 x 1073 9.44 x 1073
AICL/I 3.94 x 1073 3.95x 1073

6.8 Conclusions and Future Research

The objective of this chapter was to numerically investigate the effectiveness of
architectures for closed-loop identification. Three direct closed-loop identification
architectures and three indirect closed-loop identification architectures were consid-
ered. These architectures included standard cases with and without auxiliary signals
as well as two novel architectures involving intercalated injection of the auxiliary
signal. Infinite impulse response models were fit using least squares (LS) estima-
tion, which provided a baseline method, and prediction error methods (PEM), which
account for noise correlation. To simplify the study, the plant order was assumed
to be known; for the indirect architectures, the auxiliary signal was chosen to be
a multiple of the command; and errors-in-variables noise was not considered. The
signal-to-noise ratio was normalized across all architectures. Motivated by adaptive
control, the performance metric was chosen to be the accuracy of the estimate of the
nonminimum-phase (NMP) zero of the plant. Two examples were considered, both
of which were third-order and NMP. One plant was asymptotically stable, and the

other was unstable.
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As expected, for all of the architectures and for both examples, the least squares
estimates exhibited bias, whereas the PEM estimates indicated consistency. In com-
paring architectures, the numerical results do not allow definitive conclusions, but
some observations can be made. Based on PEM for direct closed-loop identification,
standard injection of the auxiliary signal appears to be advantageous; direct closed-
loop and auxiliary direct closed-loop with intercalated injection provide roughly the
same accuracy. For indirect closed-loop identification, the conclusions are less clear.
For the asymptotically stable plant, standard injection of the auxiliary signal appears
to be advantageous, whereas, for the unstable plant, intercalated injection appears
advantageous.

In view of the practical importance of closed-loop identification, further investiga-
tion is warranted. A more detailed study would include consideration of instrumental
variables as an alternative to PEM, uncertainty in the plant order, EIV noise, and

higher order plants with multiple NMP zeros.
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CHAPTER 7

Retrospective Cost Adaptive Control and
Closed-Loop Identification for Target Model

Construction

7.1 Introduction

The complex aerodynamics encountered by flight vehicles typically requires some
form of gain scheduling, where the feedback control law is tailored to the current
flight condition. By using wind tunnel data to parameterize the force and moment
coefficients as functions of angle of attack, sideslip, and velocity, the feedback control
gains can be smoothly modulated to provide the desired closed-loop response over a
wide flight envelope [97, 98].

Although this approach is often highly successful, errors in the aerodynamic forces
and moments as well as unsteady effects can lead to degradation in the desired closed-
loop performance. In order to overcome these effects, robust controllers can be gain
scheduled [47, 99, 100], where, for each flight condition, the robust controller must ac-
count for the worst-case variation of the aerodynamic effects. This approach depends
on knowledge of the possible variations of the forces and moments and, assuming that
these variations can be modeled, may sacrifice performance under nominally modeled

conditions.
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As an alternative approach, adaptive control methods have been widely applied to
aerospace systems [5]. Although there is no precise definition of an adaptive controller,
an adaptive controller can be viewed as a robust control law that modifies its gains
in response to the actual plant dynamics, thereby overcoming the loss in performance
associated with robust control.

A key distinction between adaptive control and gain-scheduled control is the fact
the gain-scheduled controller gains change according to the autopilot logic. This
protocol facilitates flight certification and performance guarantees. In contrast, the
gains of an adaptive controller can change “on the fly” in response to the actual
aerodynamics encountered by the vehicle, whether or not these are modeled or even
modelable. Consequently, it is challenging to validate the flight performance of an
adaptive autopilot. These points are discussed in detail in [101-103].

To overcome these challenges, the present chapter investigates a hybrid approach,
called semi-adaptive control, where the baseline controller is gain-scheduled and an
adaptive controller is used to assist the baseline controller when its performance is
degraded for any reason. To illustrate this approach, we consider the well-known
benchmark problem of a planar three-degree-of-freedom (3DOF) missile [12, 48]. As-
suming accurately modeled aerodynamics scheduled on Mach number and angle of
attack, a three-loop autopilot (3LA) is designed in [99] to provide satisfactory and
reliable performance over a broad flight envelope. For the adaptive component of
the semi-active controller, we consider retrospective cost adaptive control (RCAC).
The theoretical development of RCAC is detailed in [8, 24, 104], and application to
the NASA GTM Model is presented in [11, 105]. In preliminary studies, RCAC was
applied to the 3DOF missile in [12, 13, 37].

The contents within the present chapter goes beyond [12; 13, 37] by taking ad-
vantage of recent developments described in [36]. In particular, it is shown in [36]

that the retrospective cost function used by RCAC is based on the residual of a fit
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between a specific closed-loop transfer function (called the intercalated transfer func-
tion) and the user-specified target model. The intercalated transfer function arises
due to the way in which the virtual controller perturbation, due to the adaptation, is
injected into the closed-loop system. Since plant zeros are invariant under feedback,
it immediately becomes clear why plant nonminimum-phase (NMP) zeros must be
reproduced in the target model: if these zeros are not included in the target model,
RCAC may cancel them.

For the 3DOF missile, it is possible to compute the NMP zeros as a function of
angle of attack and Mach number at each linearized flight condition. Although this
could be done, the estimates of the NMP zeros depend on the available model and
thus maybe erroneous due to model uncertainty. Therefore, we take an alternative
approach, where the NMP zeros of the missile are estimated online and the estimates
are used to update the target model at each time step. The contribution of this
chapter is thus a detailed study of the feasibility of semi-adaptive control, where
RCAC is used along with concurrent estimation of the plant NMP zeros in order
to update the target model. This approach is demonstrated using a fully nonlinear

simulation of the 3DOF missile.

Chapter Nomenclature

m = mass, kg

Iy, = moment of inertia, kg-m?

Shref = reference area, m?

drof = reference length, m

divu = distance of the IMU from the CG along the body frame z-axis, m

U = inertial velocity component along the body frame x-axis of the CG, m/s
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|44 = inertial velocity component along the body frame z-axis of the CG, m/s

V = magnitude of the velocity, m/s

M = Mach number

« = angle of attack, rad

vy = flight path angle, rad

Om = pitch angle, rad

q = pitch rate, rad/s

F, = force about the CG along the body frame z-axis, N

C, = aerodynamic force coefficient along the body frame z-axis

F, = force about the CG along the body frame z-axis, N

C, = aerodynamic force coefficient along the body frame z-axis
M, = moment about the body frame y-axis, N-m

Cn = aerodynamic moment coefficient along the body frame y-axis
q = dynamic pressure, N/m?

p = air density, kg/m?

0a = actuated fin deflection angle, rad

a = altitude dependent speed of sound, m/s

p = altitude dependent air density, kg/m?

Gmeas = measured pitch rate, rad/s

A, meas = measured normal acceleration from the inertial measurement unit, m/ s?
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7.2 The Adaptive Servo Problem

Consider the discrete-time, linear time-invariant system

2(k + 1) = Az(k) + Bu(k), (7.1)
yo(k) = Ca(k) + Du(k) (7.2)
y(k) = yo(k) + w(k), (7.3)
e(k) = y(k) —r(k), (7.4)

where z(k) € R™ is the state, y(k) € R is the measurement, u(k) € R is the control
input, (k) € R is the reference command, w(k) € R is the sensor noise, and e(k) € R
is the performance variable. The output of the system y, can be written in terms of

the forward-shift operator q as

where

a@éC(g_mﬁB+ngﬂl (7.6)

Furthermore, the controller has the form

u(k) = Ger(qle(k) = —=——<e(k), (7.7)

where G.x(q) = Nex(q)/Dex(q) is updated at each time step based on the perfor-

mance metric e(k). Figure 7.1 illustrates the adaptive servo problem.
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Figure 7.1: The adaptive servo problem.

7.3 The Retrospective Cost Adaptive Control Algorithm

In this section, the retrospective cost adaptive control (RCAC) algorithm is pre-
sented for application on the adaptive servo problem shown in Figure 7.1. The system,
G is assumed to be single-input, single-output (SISO) but extensions to RCAC oper-
ating on multiple-input, multiple-output systems are discussed in [8, 24, 106]. RCAC
minimizes the measured error e, which may be corrupted by noise.

7.3.1 The Controller Structure

The controller G, is constructed as a strictly proper time-series dynamic com-

pensator of order n., such that the control u(k) is given as
u(k) =Y PkJu(k —i) + Y Qu(k)e(k — i), (7.8)
i=1 i=1

where P;(k), Q;(k) € R are the controller coefficients. The transfer function of the

controller from e to w is given by

Gerl(a) = (q™ = Pu(k)q™ " =+ = P (k) (Qu(R)q™ "+ + Qu.(R)) . (7.9)

We focus in SISO controllers, and hence G, is written as

Gex(q) = =

Qi(B) g™ + -+ + Q. (k) Nex(q)
G P Rq P~ Dor(a) (7.10)
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Note that the controller coefficients in (7.8) are time-dependent, and thus G.j is a

linear time-varying controller. The controller (7.8) is expressed as

u(k) = o(k)0(k), (7.11)

where the regressor vector ¢(k) and controller coefficient vector 8(k) is defined as

¢(k)é{u(k;—1) o ulk—nd) elk—1) - e(k;—nc)}eRIXlg? (7.12)

1>

o) [H(k) o Po(k) Quk) - @m(m} R, (7.13)

where [y 2 2n.. As explained in Section 7.3.3, the controller can be written as
D, N,
u(k) = <1 - ﬂ) u(k) + ﬂe(k;), (7.14)

qe q"

and a block diagram representation is shown in Figure 7.2.

/
¢ Ne(a) o u

qne
/
1 _ Dc,k(q)

qne

Figure 7.2: Alternative representation of the adaptive controller architecture.

7.3.2 The Retrospective Performance Variable

The retrospective performance variable is defined as

2(k) = Gr(a)[u(k) — ¢(k)d], (7.15)
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where z(k) = e(k) is the performance variable, § € R, and Gi(q) is a filter specified
below. The rationale underlying (7.15) is to replace the control u(k) with ¢(k)§*,
where 6* is the vector of retrospectively optimized controller coefficients obtained by
minimizing the retrospective cost function in Section 7.3.4. The updated controller

coefficient are given by 0(k + 1) = é*, and the control implemented at step k + 1 is
u(k+1)=o¢(k+1)0(k+1). (7.16)
The strictly proper filter Gy, which is of order ny and has the form

Gr(q) = Dy (q)Ni(a), (7.17)

B Nig¥=t 4o N,
qnf + qunffl + .4 an’

(7.18)

and is constructed in Section 7.4 based on required modeling information. For reasons
given in Section 7.3.3, Gy is referred to as the target model. Using (7.17), equation
(7.15) implies that

Di(a)z(k,0) = Di(a)z(k) — Ne(@)[u(k) — ¢(k)0) (7.19)
Defining
2(k,0) 2 De(q)2(k,0),  2(k) 2 Di(q)2(k), (7.20)
ér(k) = Ne(@)o(k), ur(k) £ Ne(a)u(k), (7.21)
(7.19) can be written as
0(k, 0) = 2z (k) — ug(k) + o¢(k)6. (7.22)
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7.3.3 The Target Model

By minimizing a cost function based on the retrospective performance variable
(7.15), the controller coefficient vector 0 is determined such that Ge(q)[u(k) — ¢ (k)0
provides the best fit to the performance variable z(k). In other words, 0 is chosen
such that the transfer function from u(k) — ¢(k)6 to z(k) matches G¢(q). In terms of

the optimal controller coefficient vector é*, (7.15) is written as
1) = 2(k) — Gr(a)lu(k) — 6(k)6"]. (7.23)
Defining
u(k) —u*(k), (7.24)
where u*(k) = ¢(k)0*, (7.23) can be rewritten as
2(k,0) = z(k) — G¢(q)u(k). (7.25)
It follows from (7.24) that
u(k) = u* (k) + a(k), (7.26)
and thus the controller (7.8) can be written as
u* (k) = i Pr(k)u*(k—1)+ i Pr(k)u(k —1i)+ i Q; (k)e(k —1i). (7.27)
i=1 i=1 i=1

Hence

—) [u*(k) + u(k)] + ——e(k), (7.28)
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where

D} (q) =q"™ — P{(k)q* " — - — Pr (k), (7.29)

Np(q) = Qi(R)q™ ™ + -+ + Qp (k). (7.30)

In (7.26), u(k) is written as the sum of the pseudo control input u*(k) and the virtual
control perturbation @(k). Note that neither of these signals is explicitly used in

RCAC. Figure 7.3 represents the controller (7.28) within the adaptive servo problem.

U
TN =E M@ | u /L u AN
® #2 —(o0—O G O,
Y 1— Dj,Sf‘) w

Figure 7.3: The adaptive servo problem based on the controller (7.28).

It can be seen from Figure 7.3 that the closed-loop transfer functions from the

inputs 7, 4, and w to z are given by

2(k) = =G, (q)r(k) + Gealq)u(k) + Gouw(@)w(k), (7.31)
where
% _ A 2 D(q)D.(q)
Gl = ol = B(g1D @)~ Ma)Nela) 732
Gealq) 2 Nig)q™ (7.33)

As discussed in [36], (7.25) is the residual of the fit between z and the output of the

target model G¢ with the input u. However, (7.31) shows the actual transfer function
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G5 from @ to z. Since G arises from the injection of the virtual control perturbation
@ between the numerator and denominator of Gy, G4 is the intercalated transfer
function. Note that the zeros of éza include the zeros of GG. Therefore, in order to
avoid inadvertent cancellation of NMP zeros, the numerator N; of the target model

G is constructed to include the NMP zeros of GG, as discussed in Section 7.4.

7.3.4 The Retrospective Cost Function

The retrospective cost function (7.22) is optimized over a sliding window of data.

Define the windows of data

z(k) z(k—1)
Z(k) 2 : eRr, Z(k)2 € R, (7.34)
_z(k—pc+1)_ _z(k—pn)_
u(k —1) o(k —1)
Uk) 2 eR™, d(k)2 € RPxlo, (7.35)
| u(k _pn) i | Qb(k _pn> |

where p. > 1 is the window size, and p, = pe + ng — 1. Furthermore, define the

windowed retrospective performance variable as

Z:(k,0) & Z(k) + DZ(k) + N[U(k) — (k)d], (7.36)
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where Z(k,0) € RP, and

D, D, 0 0
0 D D,
D=| o o p D, € RPexPn, (7.37)
0
0 0 D Dy,
Ny -+ N, 0 0
0 M N,
NEL g 0w N, € RPexPn, (7.38)
0
0 0 M N,

)2 78 (k,0)Ze(k,0) + (0 — 0(k — 1)) Rs(0 — 0(k — 1)), (7.39)

where the positive-definite matrix R; € R¢*! is the learning-rate weighting. Substi-

tuting (7.36) into (7.39) yields

(7.40)
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where

Ag(k) 2 ®(k)"NTNO(k) + Ry, (7.41)
bo(k) 2 d(k)"NTU(k) — Rsf(k — 1), (7.42)
co(k) 2 U(k)TU (k) + 0(k — 1)TRs0(k — 1), (7.43)
U(k) 2 Z(k) + DZ(k) — NU(k). (7.44)

If Ag(k) is positive definite, then (7.40) has a unique global minimizer 6* given by

/\*A

0 = —Ag(k) 'by(k). (7.45)

7.4 Target-Model Construction

As explained in [36], RCAC matches a specific closed-loop transfer function Gz
to Gt. Consequently, RCAC may cancel NMP zeros that are not included in Gy.
Since zeros are invariant under feedback, the NMP zeros of GG also appear as NMP
zeros of ézﬂ. We thus estimate the NMP zeros of GG, and then use this information to
construct the numerator of the target model N;. The estimation is performed online

by identifying G' during closed-loop operation.

7.4.1 Direct Closed-Loop Identification

Although G is operating inside a feedback loop, we perform direct identification of
G, where the input and output of G are used for regression. Alternative architectures
can be considered for closed-loop identification, see [107].

Figure 7.4 shows the signals used to perform the direct identification of G' during
closed-loop operation, which is the input v and measured output y. An external
exogenous input v is used to enhance persistency and thus accuracy of the identi-

fication. The estimated model is an infinite impulse response (IIR) model of order
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Figure 7.4: Direct closed-loop identification illustrating the signals used for regression.

n > n, which is written as

j(k) = G(@u(k) = ——u(k). (7.46)
The estimate of G' can thus be written as

g(k) = bk — i) = > an_y(k — i) = Oipdip(k), (7.47)
=1 =1
where

0w = [ba—1 -+ by @p1 ---aol, (7.48)

d(k) =[u(k —=1) - u(k—n) —y(k—-1) - —ylk—n)]", (7.49)

and the coefficients b; represent the coefficients of the estimated numerator. A batch
sliding window least squares algorithm is used for estimation with window size p. >
2n. The identification window size is chosen to be the same as the RCAC window

size for convenience. Define

Y(k)=[y(k) - y(k—pc+1)] € RV, (7.50)

O (k) 2 [din(k) - ok — pe +1)] € R, (7.51)
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such that the least squares solution is

i = Y (k) By (k) (i (k) By (k)" (7.52)

In order to extract the necessary information from the estimated system, we first

define

A

N(q) = ba1q" "t 4 -+ -+ by, (7.53)

which is the numerator of the estimated system transfer function.

The information needed to construct the numerator N; of the target model is
the leading numerator coefficient b;_; and all NMP zeros. Let NNMp(q) be a monic
polynomial whose roots consist of the roots of N (q) whose magnitude is greater than

1. Then, the numerator of the target model is constructed as

Ni(q) = b1 Nanip (q)- (7.54)

7.4.2 Adaptive Control with Concurrent Target-Model Construction

The adaptive control with concurrent target model construction works in two
steps. First, the numerator of the target model N; is constructed by performing the
direct identification discussed in the previous section. The denominator of the target
model Dy is constructed by the user and the roots are the desired locations of the
closed-loop poles. Second, the coefficients of the adaptive controller are found by

minimizing the retrospective cost function, as shown in Section 7.3.4.
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7.5 Longitudinal Missile Model

In this section, RCAC is applied to the planar, three-degree-of-freedom, nonlinear
longitudinal missile model shown in Figure 7.5. This model is studied in [12, 13, 37, 48]
and is available in MATLAB [108]. To intercept the target, the missile is equipped
with a guidance section that provides the autopilot with a normal acceleration com-

mand A, .na that the missile must follow to reach its target.

2B

21
Figure 7.5: Missile kinematics, where (-)g represents the body frame and (-); represents the inertial
frame. The velocity components and angles relative to the inertial frame are shown.
The nonlinear dynamics and linear kinematics of the missile are described in the

body frame as

mU + mgW = F, (7.55)
mW —mqU = F,, (7.56)
1,,Q = M,, (7.57)

O = q, (7.58)

where U(0) = Uy, W(0) = Wy, q(0) = qo, and 0,,(0) = Oryo. Assuming a flat Earth

and neglecting gravity, the forces and moment about the missile’s center of gravity
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(CG) are

Fa: = quefCaca
Fz = qsrefcza

My = quefdremea
where ¢ = % pV? is the dynamic pressure and the aerodynamic coefficients

Cx = Gy,

M
C, = a,a® + b,ala| + c, (2 - 3) o+ d,0,,

8
Cpy = a0 + || + ¢, (§M — 7) a + dpda + €mg

(7.59)
(7.60)

(7.61)

(7.62)

(7.63)

(7.64)

are based on the force and moment data given in [48] and summarized in Table 7.2.

Normal and Axial Force Data

a,=19.373 b, =-31.023 ¢, =-9.717 d, = —1.948 a; = —0.300

Pitch Moment Data

ay = 40.440 b, = —64.015 ¢, =2.922 d, =—11.803 ¢, = —1.719

Table 7.2: Aerodynamic data

Using the relations

Vi=U?+W? M:K, tanoz:%, v=0-a,
a
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(7.55)-(7.58) can be rewritten as

. 1
M = 2—pM2aSref (Cpeos a+ Clsin ), (7.66)
m
1
&= 2—pMaSref (C,cos oo — Cysin a) + ¢, (7.67)
m
1
A= 5 pMaS,e (C,cos a — Cysin «) , (7.68)
m
. 1 2 2
g = FpM @ SrotdretChp. (7.69)
vy

The pitch-rate measurement gmeas, normal-acceleration measurement A, eas, and
longitudinal-acceleration measurement A, jeas are assumed to be provided by an on-
board inertial measurement unit (IMU) and thus are available for feedback. The

normal acceleration is given by
1 .
A, = —F, — qdmv, (7.70)
m

where dpu is the distance from the CG to the IMU. It is assumed that the IMU is
forward of the missile CG, and thus dpyy > 0. The actuator dynamics are represented

by
5a - _wzéa - 2C\:WaSa + wri(sreqa (771)

as well as magnitude- and rate-saturation nonlinearities, where d,¢q is the actuator
setting requested by the autopilot. Table 7.3 provides the missile parameters. A
standard atmospheric model is assumed, where the air density p and speed of sound

a are altitude-dependent.

Variable m Sref ot I, divu Wq Ca
Value 204.022  0.041 0.228 247436  0.500  314.160  0.700
Units kg m? m kg-m? m rad/s -

Table 7.3: Missile parameters.
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7.5.1 Three-Loop Autopilot

The three-loop autopilot (3LA) is a multi-input, single-output, proportional-integral
control law that is gain scheduled on angle-of-attack and Mach number and is tuned
for robust performance at an altitude of 3.0 km [99]. As shown in Figure 7.6, the 3LA
receives a normal acceleration command A, ¢,q from the guidance section and uses
the measured normal acceleration A, jess and the measured pitch rate gpeas from the
IMU for feedback. The values K,, K, K;, and K, are the scheduled 3LA gains based
on angle-of-attack and Mach number. The output dyeqsr.a = dreq Of the 3LA is the

requested actuator setting, as discussed in the previous section.

A cmd : K _): Ko ICC K, @LA

w =

Qmeas

AZ meas

Figure 7.6: The missile three-loop autopilot architecture.

The 3LA is written as

$c = Bc,yymeas + BC,AAz,cmda (772)

5req,3LA = chc + Dcymea57 (773>

where the scalar state z. is shown in Fig. 7.6, Ymeas = [Az.meas Qmeas) > and

BC:?J = [_KaKKI KI]7 BC,A = KKIu Ce= Kg7 D.= [0 Kg] (774>
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7.5.2 Simultaneous Identification and Adaptive Control of the Linearized

Missile

To illustrate RCAC, the missile is linearized about the trim condition correspond-

ing to My, ap, and ¢p. The linearized dynamics are given by

jm - Amxm + Bm6a7
Ymeas = mem + Dmdaa
= Um,ATm + Dm,Aéaa

Az,meas

Jmeas = C’m,qgjm + Dm,qdaa

where x,, = [Oé Q]T, Ymeas = [Az,meas Qmeas]T> and
Jole’ [o)e"
A, = | % ! B, = | D, = D
0i o0 ) m N ) m
do 9 0. Ding
C _ Cva C 4= 8fqz,meas aAz,meas
o Ox dq
OA, meas
Dm,A = 675 y Dm,q = Oa Om,q = [0 1]7
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where

% B %PaMoSref(Cz%cos o — C;sin ag — Cc08 ),
g{i = %IOCLMOSrefCZ%COS Qo;
% _ ﬁpawgsmfdrefcm%,
2_3 _ FlyprLQMOQSrefdremeqo?
aAgCr:eaS — %pﬁMgSrefOzaoa
aAg(I]n - 2[1yy P CLQM(? Sref drEmeqo A,
aglg;m = ﬁpaQMg SretCs, -

The aerodynamic derivatives are given by

M,
Ceny = 3a.af + 2b.|ao| + c. (2 — ?0) )

8
Crney = 3amag + 2b|ao] + cm <§MO - 7) ,

Cz(;a = dm C’mqO = €m, Cm(ga = dm

In state space form, the linear actuator dynamics in (7.71) can be written as

i'a = Aaxa + Ba(sreq,

5& = Caxau
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where z, = [5a 5. and

—2(wa —wz w

A, = , B,= . Co=10 1]. (7.95)
1 0 0

In terms of the adaptive servo problem shown in Figure 7.1, G consists of the combined

actuator and missile dynamics, which are given by

Ta A, 0 Ta B,
- o + Sreq (7.96)
./I.;m Bmca Am xm 02)(1
Ta
Az,meas: [0 Dm,A] Cm,A ) (797)
Tm

where the input d,eq is the requested actuator setting and the output A, meas is the

measured normal acceleration. The resulting closed-loop equations are given by

T A, + B,D.D,,C, B,D.C., B,C. Ta 0
I | = BnC, A 0 tm | T 0 | Asema,
e BeyDuC B.yCu 0 Te Be.a
(7.98)
Ta
Asret = | [0 D]l Cuma 0 Tm | - (7.99)
T

Figure 7.7 shows how RCAC is combined with the linearized missile model G,
which consists of the linearized missile and actuator dynamics (7.96) and (7.97) with
Input dreq = Oreq,roac and output A, e.s. The goal of the setup in Figure 7.7 is to
use RCAC to adaptively place closed-loop poles that match those corresponding to
those of the 3LA. To do this, the loop is first closed with the 3LA, and then the
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resulting closed-loop poles are used to construct Dg¢. In particular, with D¢ chosen
based on the 3LA simulation, the direct identification technique in Section 7.4.1 is
used to estimate GG described by (7.96), (7.97). The estimate of G is then used to
construct the numerator N; of the target model based on (7.54). To enhance the
accuracy of the identification, an external perturbation signal dpey is added to the

controller output.

ID
5pert
5req,RCAC G
F G ) (7.96), (7.97)
<

Az,meas

Figure 7.7: RCAC combined with the linear missile model in the absence of commands. The goal is
to use RCAC to place closed-loop poles that match those arising from the 3LA. The same setup is
used to demonstrate the use of direct identification of G to construct the numerator N of the target
model Gs.

For this example, the adaptive controller has order n. = 5 and is written as

5 (k) B Ql(k;)q4 + o+ Q5(k)
req,RCAC = q° — Pl(]g>q4 — = P5(k?>

Az meas (k). (7.100)

The model is linearized at the flight condition My = 2.0, oy = 0.0 rad, and gy = 0.0
rad/s. For this flight condition, the gains for the 3LA are K, = 0.945, K = 0.027,
Ky = 22.556, and K, = 2.125. Equations (7.98) and (7.99) are discretized at 1000 Hz
using zero-order hold, and the resulting discrete-time equations are used to construct

the denominator

D¢(q) = q° — 4.551q* + 8.296q> — 7.574q” + 3.464q — 0.635, (7.101)

of the target model, whose order is ny = 5. The roots of D¢, which are the target
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closed-loop poles, are [0.856 0.865 + 0.1427 0.982 + 0.021y).
In order to evaluate the accuracy of the identification, G which is represented by
(7.96) and (7.97), is discretized at a sampling rate of 1000 Hz using the zero-order

hold operation which yields

_ —3.235q¢" + 3.639q% + 2.357q — 2.757
gt —3.551q3 + 4.739q2 — 2.823q + 0.635 1

A meas (k) (k), (7.102)

with poles located at [0.993 4 6.326 x 107*7 0.782 + 0.178j] and zeros located at
[—0.863 0.969 1.018]. Note that there is one NMP zero located at 1.018. Thus,
accurate identification of G and proper extraction of the leading numerator coefficient

and NMP zero location yields

Ni(q) = —3.235q"* + 3.293¢°. (7.103)

In Figure 7.7, the external perturbation signal dper is zero-mean white noise with
standard deviation 1.0 x 1077 rad. To identify G, a 6th-order IIR model with a
sliding window least squares algorithm with window size p. = 300 time steps is used,
as discussed in Section 7.4.1. Note that this window size equates to a data buffer of
0.3 s. The leading coefficient and all NMP zeros are extracted from the numerator
of the identified model and are used to update the numerator N¢ of the target model
Gy according to (7.54). Figure 7.8a shows the estimated and true coefficients for the
target model numerator N;. At time 0.3 s, the data buffer is full and the estimate of
Ny is provided for the RCAC target model. RCAC is also run with the same sliding
window of size p. = 300 with the learning-rate weight Rs = 1.0x10771},. Figure 7.8b
shows the evolution of the coefficients of the adaptive controller, where, at time 0.3 s,
the buffer is full and RCAC is controlling the linearized missile dynamics. Figure 7.9
compares the desired closed-loop pole locations with the closed-loop pole locations

obtained by RCAC at the final simulation time of 10.0 s. Note that the adapted
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closed-loop poles are located near the desired closed-loop pole locations, with the

additional closed-loop poles located near the origin.
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(a) Coefficients of Nj. (b) RCAC controller coefficients 6(k).

Figure 7.8: Evolution of the estimated polynomial coefficients used in the target model numerator
Nt and the adaptive controller coefficients (k) for the linear missile example.
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Figure 7.9: Comparison of the desired and actual closed-loop pole locations. The closed-loop system
is evaluated using the controller coefficients at the final time 10.0 s.

7.5.3 Simultaneous Identification and Adaptive Control of the Nonlinear

Missile

In order to construct the semi-adaptive autopilot, 3LA is combined with RCAC

by applying the augmented control law

51“eq<k) = 5req,3LA(k> + 5req,RCAC(k) + §pert(k)7 (7104)
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where Oyeq 3.4 is the gain-scheduled 3LA contribution, d,eqrcac is the adaptive con-
tribution, and d,er is an external perturbation signal for enhancing persistency. This
augmentation is designed to improve the performance of the closed-loop system when
the performance of the 3LA is degraded by modeling errors. The adaptive controller is
provided with the reference normal acceleration command A, ;e through the sched-
uled transfer function Gy . Note that, although G, is represented by (7.98) and
(7.99), it is updated at each time step as a function of & and M. The scheduled G,ef
also updates the denominator Dy of the target model with the desired closed-loop
polynomial. The numerator Nt of the target model G is updated through LS direct
identification with a sliding window of size p. = 300 and a 10th-order IIR model,
as discussed in Section 7.4.1. Figure 7.10 shows how RCAC augments the 3LA. The
sensor noise w is zero-mean white noise with standard deviation of 1.0 x 1076 for both

the acceleration A, jeas and the pitch-rate gmeas-

(Sreq,RCAC

5req Az,meas

ID

w
.
>

Nonlinear Missile g
(7.66)—(7.69), (7.71) CLSOLS

] —

Figure 7.10: Block diagram of the semi-adaptive control law for the nonlinear missile model consisting
of the 3LA augmented with RCAC.

Az,cmd

For the following examples, the multi-input, single-output adaptive controller is
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finite impulse response (FIR), of order n. = 5, and written as
5req,RCAC(k:) - Z Pl,i(k)Az,des(k - Z) + Z PZ,i(k)Az,meas(k - @)7 (7105)
i=1 i=1

The performance variable is z(k) = A, meas(k) — Az ret (k). In terms of the retrospective
performance variable (7.22), u(k) = 6req(k) — Oreq,31.a(k), so that the RCAC optimizes
based only on the control contribution of the adaptive control effort. The retrospective
performance variable is optimized over sliding window of p. = 300 with a learning-rate
weight Rs = 1.0 x 10%1.

The examples given below compare the performance of the 3LA and the semi-
adaptive autopilot. The first example assumes no model error, while the second

example considers uncertainty in the pitch moment coefficient and control authority.

Example 7.1 (Nominal Performance). In this example, we compare the 3LA with the
semi-adaptive autopilot under no uncertainty. The model is initialized at M (0) = 3,
a(0) =0, ¢(0) = 0, and §(0) = 0. The external perturbation signal dpey is zero-mean
white noise with standard deviation 1.0 x 107° rad. Figure 7.11 compares the desired
and measured normal acceleration of the 3LA and the semi-adaptive autopilot. Note
that the 3LA contributes the majority of the control signal. Since G is a linearized
gain scheduled transfer function and the missile dynamics are nonlinear, small errors
arise between the reference normal acceleration command A, and the measured
normal acceleration A, jeas, Which leads to a small adaptive controller contribution,
as shown by the adaptive controller coefficients in Figure 7.12b.

Figure 7.12a compares the target model numerator coefficients based on lineariza-
tion of the nominal model at each time step versus on-line identification. Note that,
at time 0.3 s, the on-line identification starts and converges to the nominal linearized

coeflicients. [ |

Example 7.2 (Performance Under Uncertainty.). We now compare the 3LA with the

145



N

,_‘
b
&

B

3

g

3LA Results (g)
[\N o

N

N

c

2 — = Aemd
21t — A, mea
[0

& \

O Oty

< |

ol

-1

+

<

J .2 I I I I I

® 7o 2 4 6 8 10 12

Time (sec)

Figure 7.11: Comparison of the 3LA and the semi-adaptive autopilot for the nominal nonlinear
model for Example 7.1.
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(a) Coefficients of Np. (b) RCAC controller coefficients 6(k).
Figure 7.12: Evolution of the estimated polynomial coefficients used in the target model numerator
Nt and the adaptive controller coefficients §(k) for Example 7.1.
semi-adaptive autopilot in the case where the missile aerodynamics are uncertain. In

particular, we consider the model errors

Cony = 2.0¢,,,  C.y = 0.9d.. (7.106)

dc

The model is initialized at M (0) = 3, «(0) = 0, ¢(0) = 5 rad/s, and 6(0) = 0. The
external perturbation signal dper is zero-mean white noise with standard deviation
1.0 x 1075 rad. Figure 7.13 compares the desired and measured normal acceleration

of the 3LA with the response of the semi-adaptive autopilot. Note that, due to the
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uncertainty in the nonlinear missile model, the 3LA exhibits oscillatory behavior at
the beginning of the flight and as well as at the terminal phase. For the semi-adaptive
autopilot, the acceleration is initially oscillatory but damps out as the flight progresses
due to the adaptive contribution to the control effort and is not as aggressive during
the terminal phase. Note that the adaptive controller coefficients shown in Figure

7.14b change rapidly at the beginning of the flight and converge as the simulation

progresses.
. .
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Figure 7.13: Comparison of the 3LA with the semi-adaptive autopilot for Example 7.2, which
assumes uncertainty in the nonlinear model.

Figure 7.14a compares the target model numerator coefficients based on lineariza-
tion of the nominal model at each time step versus the on-line identification. Note
that at time 0.3 s, the on-line identification starts and converges to values that differ
from the nominal linearized coefficients due to the control effectiveness C.; differing

from the nominal model. [ |

7.6 Conclusions

The contents within this chapter represents a first step in demonstrating that
adaptive control can assist a gain-scheduled autopilot by compensating for uncer-

tainty in the underlying model. To achieve this objective, RCAC was combined in a
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Figure 7.14: Evolution of the estimated polynomial coefficients used in the target model numerator
Ny and the adaptive controller coefficients §(k) for Example 7.2.

semi-adaptive control architecture with a baseline gain-scheduled three-loop autopi-
lot for a planar three-degree-of-freedom missile model. To facilitate the use of RCAC
without depending on the aerodynamic model, concurrent identification was used
to estimate the leading numerator coefficient and nonminimum-phase (NMP) zero.
Since the model used for identification is linear, this approach is arguably incompat-
ible with the nonlinear missile dynamics. Nevertheless, the concurrent identification
was able to estimate the NMP zeros of the instantaneously linearized missile dynam-
ics under off-nominal conditions, and RCAC was able to use this data to the extent
that cancellation of NMP zeros was avoided. Future work will stress this technique
to a much greater extent by flying the missile under higher Mach numbers and angles
of attack. The ultimate test of this approach is to apply it to a fully nonlinear 6DOF

missile model and, ultimately, flight tests.
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CHAPTER 8

Conclusions

This dissertation presented advances in the retrospective cost adaptive control
(RCAC) algorithm. In chapter 2, the basic RCAC algorithm was presented. The
adaptive controller can be used for stabilization, command following, and distur-
bance rejection for multi-input, multi-output, linear, time -invariant, minimum phase,
nonminimum-phase, discrete-time systems. The require minimal modeling informa-
tion needed includes the plant transfer function leading numerator coefficient and any
nonminimum-phase (NMP) zeros. We applied RCAC to the NASA GTM model under
unanticipated and unknown changes to the aerodynamics of the aircraft. Specifically,
we used a single RCAC block within the simulation that controls the aircraft to a
desired steady level flight by commanding five actuation channels (left and right en-
gines, aileron, elevator, and rudder). The goal is to examine the evolution of the
RCAC controller gains in response to changes in the aerodynamic coefficients from
the linearized aircraft dynamics. To show this, simulations in the Simulink GTM were
run, all with the desire for the aircraft to fly in a straight and level flight configura-
tion. At a certain time (unknown to RCAC) the aerodynamic coefficients changed.
Presented were three different aerodynamic parameter modifications, including an
icing example, a sudden increase in drag, and a sudden decrease in lift. For all three

examples, only a single tuning was used for each RCAC block.
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Results in chapter 2 showed that RCAC is able to adapt its gains in order to com-
pensate for the unknown time-varying aerodynamic perturbations while maintaining
the desired performance. The icing example showed that both the elevator and en-
gines were used to compensate for an increase of 700% drag and decrease of 30% in lift
production over a 500 sec interval. In the drag example, RCAC overcame a increase
in the aerodynamic drag coefficient by over 200% by increasing the engine thrust and
using minimal elevator deflections. The gains evolved substantially to compensate
for the amount of drag induced. Finally, we considered an example where the lift
decreased by 40%. Given the constraints imposed by the performance variable on the
airspeed, RCAC used the elevator to increase the angle of attack to maintain altitude.
Future research focus on additional aerodynamic stability derivative changes as well
as a method for relaxing constraints to maintain safe level flight.

In chapter 3, we extended [12, 13] in the RCAC formulation by including a variable
forgetting factor and Kalman Filter. This extension allowed for continual parameter
estimation in the adaptive controller update, a feature that is essential to controlling
a system with nonlinear dynamics. Additionally, an inner-loop/outer-loop control ar-
chitecture is used to adaptively adjust the pitch-rate command based on the normal
acceleration command. The adaptive pitch-rate command loop is appropriate due
to the inability to infer such a command when given an arbitrary normal accelera-
tion command. Results show that the CFF, although effective, leads to aggressive
adaptation that may lead to instabilities. We also showed that both RCAC/VFF
and RCAC/KF allow for gain adapting through the entire flight and were able to
track the normal acceleration command as well as the 3LA. The adaptive controller
excelled when an aerodynamic coefficient modification was introduced to the system
as well as having a lower bandwidth actuator.

Chapter 4 proposed a technique that minimizes the innovations based on retro-

spective optimization of the process noise covariance. We showed that minimizing the
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cumulative innovations is equivalent to minimizing the cumulative state-estimation er-
ror for the parameter estimation problem under certain assumptions. This technique
is applied to system identification problems where the parameters to be estimated
can be time-varying and thus have an unknown () value. We compared our technique
to the standard Kalman filter and IAKF. Results show that when applied to time-
varying parameter estimation problem, this technique performs as well if not better
than TAKF.

The cost function associated with RCAC was used for concurrent optimization
of the controller gains and the target model due to its natural biquadratic structure
in chapter 5. A modified version of the alternating convex search (ACS) and the
MATLAB fminsearch algorithm demonstrated the ability to concurrently optimize
these coefficients for a command-following problem. The novel element in this chapter
is the ability to minimize the cost function without prior knowledge of the plant
transfer function, including NMP zero locations. Future work will focus on improving
the computational efficiency of the concurrent optimization along with guarantees of
global convergence.

The objective of chapter 6 was to numerically investigate the effectiveness of archi-
tectures for closed-loop identification. Three direct closed-loop identification archi-
tectures and three indirect closed-loop identification architectures were considered.
These architectures included standard cases with and without auxiliary signals as
well as two novel architectures involving intercalated injection of the auxiliary signal.
Infinite impulse response models were fit using least squares (LS) estimation, which
provided a baseline method, and prediction error methods (PEM), which account for
noise correlation. To simplify the study, the plant order was assumed to be known;
for the indirect architectures, the auxiliary signal was chosen to be a multiple of the
command; and errors-in-variables noise was not considered. The signal-to-noise ratio

was normalized across all architectures. Motivated by adaptive control, the perfor-

151



mance metric was chosen to be the accuracy of the estimate of the nonminimum-phase
(NMP) zero of the plant. Two examples were considered, both of which were third-
order and NMP. One plant was asymptotically stable, and the other was unstable.

As expected, for all of the architectures and for both examples, the least squares
estimates exhibited bias, whereas the PEM estimates indicated consistency. In com-
paring architectures, the numerical results do not allow definitive conclusions, but
some observations can be made. Based on PEM for direct closed-loop identification,
standard injection of the auxiliary signal appears to be advantageous; direct closed-
loop and auxiliary direct closed-loop with intercalated injection provide roughly the
same accuracy. For indirect closed-loop identification, the conclusions are less clear.
For the asymptotically stable plant, standard injection of the auxiliary signal appears
to be advantageous, whereas, for the unstable plant, intercalated injection appears
advantageous.

In view of the practical importance of closed-loop identification, further investiga-
tion is warranted. A more detailed study would include consideration of instrumental
variables as an alternative to PEM, uncertainty in the plant order, EIV noise, and
higher order plants with multiple NMP zeros.

The contents within chapter 7 represents a first step in demonstrating that adap-
tive control can assist a gain-scheduled autopilot by compensating for uncertainty
in the underlying model. To achieve this objective, RCAC was combined in a semi-
adaptive control architecture with a baseline gain-scheduled three-loop autopilot for a
planar three-degree-of-freedom missile model. To facilitate the use of RCAC without
depending on the aerodynamic model, concurrent identification was used to estimate
the leading numerator coefficient and nonminimum-phase (NMP) zero. Since the
model used for identification is linear, this approach is arguably incompatible with
the nonlinear missile dynamics. Nevertheless, the concurrent identification was able

to estimate the NMP zeros of the instantaneously linearized missile dynamics under
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off-nominal conditions, and RCAC was able to use this data to the extent that can-
cellation of NMP zeros was avoided. Future work will stress this technique to a much
greater extent by flying the missile under higher Mach numbers and angles of attack.
The ultimate test of this approach is to apply it to a fully nonlinear 6DOF missile

model and, ultimately, flight tests.
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