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ABSTRACT

Shokurov proved that certain conjectures for Minimal Log Discrepancy imply the ter-
mination of Minimal Model Program. The effort towards proving those conjectures di-
rectly has not been very successful. In this context, the notion of Mather Minimal Log
Discrepancy was introduced by Ishii in recent papers, in a way similar to the usual Mini-
mal Log Discrepancy. It is not surprising that their properties are closely related, as shown
in some recent papers. In this thesis, we compute this invariant via jet schemes and arc

spaces for toric varieties and very general hypersurfaces.
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CHAPTER I

Introduction

1.1 History and background

One of the fundamental objects of research in algebraic geometry is the classification
of algebraic varieties up to isomorphism classes. However, the difficulty of this objective
has made people consider variations and simplifications of this problem. Classification up
to birational classes is one that has caught much attention from mathematicians.

The so-called Minimal Model Program (MMP) is exactly aimed at taking each alge-
braic variety to the ”simplest” birationally equivalent model through a conjecturally finite
sequence of ’decreasing” birationally equivalent models. The program originates in the
study of the classification of surfaces due to geometers of Italian School around 1900.
However, the major modern concepts were introduced in the 1980s.

It was noticed that even if one is only interested in classifying smooth varieties, one has
to also include algebraic varieties with mild singularities. One way to measure singularities
is the notion of minimal log discrepancy, which was introduced by Shokurov in [Sho88].
It is connected to solving the termination problem of flips in the Minimal Model Program.

Recently, the notion of Mather minimal log discrepancy was introduced by Ishii in
[Ish13]. It is closely related to the minimal log discrepancy and they share many similar

properties. But the Mather minimal log discrepancy has the advantage of being easier to



compute than the minimal log discrepancy. This thesis is concerned with the computa-
tion of Mather minimal log discrepancy in the context of toric varieties and very general
hypersurfaces.

Let us start by introducing the minimal log discrepancy. Let X be a normal Q-Gorenstein
variety over an algebraically closed field & of characteristic zero and K x be the canonical
divisor on X. The (Q-Gorenstein condition means that there is some positive integer r such
that » K'x is a Cartier divisor. Given a birational morphism f : ¥ — X with Y normal,
the relative canonical divisor, denoted by Ky, is the unique Q-divisor on Y which is
supported on the exceptional locus and linearly equivalent to Ky — f*(Kx ). Here f*(Kx)
is defined as % f*(rKx) where r is as above. If both X and Y are smooth varieties, Ky, x
is an effective divisor locally defined by the Jacobian determinant of f.

We also need the following notion. A divisor over X is a prime divisor on a normal
variety Y with a birational morphism f : Y — X (Y is called a birational model over
X). This divisor E defines a discrete valuation ordg on K (Y) = K(X). Two divisors over
X are equivalent if they define the same valuation on K (X). In particularif g : Z — Y
is a birational morphism with Z normal, then ' is equivalent to its strict transform on Z.
For a nonzero ideal a on X, by pursuing higher birational models, we may assume that £/
is a divisor on a smooth variety Y over X such that the birational morphism f : Y — X
factors through the blow-up along a. Hence a - Oy = Oy (—D) for an effective divisor
D on Y, and we have ordg(a) equals the coefficient of £ in D. The center of E is the
closure of f(E) in X and is denoted by cx (£). For each divisor E over X as above, we
denote by kg the coefficient of F in Ky, x; it is known to be independent of choice of Y’
and £ C Y.

For a divisor £ over X and an ideal a in Oy, the log discrepancy of (X, a) with respect



to E is defined as

a(E; X, a) := kg —ordg(a) + 1.

For each closed subset 1V in X, the minimal log discrepancy of (X, a) with respect to
W is
mld(W; X, a) := min{a(E; X, a)|cx(E) C W}.
It is well known that certain conjectures on the minimal log discrepancy imply the ter-
mination of MMP (see [Sho04]). However, not much about minimal log discrepancy is

known compared to other invariants defined in similar settings such as the log canonical

threshold. An introduction to minimal log discrepancies can be found in [Amb06].

The main tools of this thesis are jet schemes and arc spaces. The concepts were intro-
duced by Nash in [Nas64]. They were further developed and attracted a lot of attention
due to the theory of motivic integration by Kontsevich, Denef and Loeser in [Kon95] and
[DL99].

We now describe our basic setting. Let & be an algebraically closed field of characteris-
tic zero (later assumed to be C) and X be an algebraic variety over k. For each nonnegative
integer m, the m™ jet scheme of X, denoted by X,,, parameterizes all m-jets on X, that is,
morphisms Spec k[t]/(t™ 1) — X. In particular, X, is isomorphic to X and X is the
total tangent space of X. The higher jet schemes X, are higher order generalizations of
the total tangent space. There are naturally truncation maps 7, ,, : X,, — X,, for every

pair m, n with m > n induced by the canonical truncation maps
K[t/ (™) — K[/ ().

When n = 0 we simply write m,, instead of ,, . Vaguely speaking the variety X has

”good” singularities if the dimension of X, is small. In fact, the dimension of X, is at



least (m + 1) dim(X), which is attained when X is smooth.

The arc space X, is the projective limit of the projective system {X,,}o<m<oo. It
parameterizes germs of formal arcs on X, that is, morphisms Spec k[t] — X. Unlike jet
schemes, the arc space X, is not usually of finite type (infinite-dimensional). We denote
by 1, the induced map from X, to X,,. When m = 0, we simply denote the map by 7.
Contrary to the intuition about X, above, X has ”good” singularities if the dimension of
m(Xs) is large. In fact, the dimension of 1, (X..) is at most (m + 1) dim(X). When
X is smooth, ¥,,,(X ) is equal to X,,,.

One is usually interested in a special type of subsets of X, called contact loci, consist-
ing of arcs with specified order along an ideal sheaf. More precisely, let a be an ideal sheaf
on X and v : Spec k[t] — X be an arc on X. The order ord,(a) of v along an ideal a is
the t-order of the inverse image a - k[t] of a viay. A contact locus of the form Cont="(a)
is the subset of X, consisting of those arcs  with ord,(a) > m. In this dissertation, we
will compute the dimension of the image of special subsets of X, in X,,, by decomposing
the subsets into contact loci.

Mustatd first explored the link between jet schemes and arc spaces with certain in-
variants of singularities (more specifically, the log canonical threshold) in [Mus01] and
[Mus02]. This link has been studied further afterwards. In particular, Ein, Mustatd and
Yasuda described the minimal log discrepancy in terms of jet schemes and arc spaces in
[EMYO02]. While this is a general description, it is effective in proving some of the existing
conjectures on the minimal log discrepancy (Inversion of Adjunction and the semicontinu-
ity conjectures) only in the case of smooth varieties (see [EMY02, Theorem 0.1, Theorem
0.3]), and more generally, in the case of local complete intersection varieties (see [EMO04,
Theorem 1.1, Theorem 1.2]).

The notion of Mather minimal log discrepancy was introduced in this context. Let



f Y — X be a resolution of singularities so that Y is a sufficiently "high” birational
model over X (will be made clear in Chapter II). It is defined in a similar way to the
usual minimal log discrepancy (by simply replacing the relative canonical divisor with
the Mather discrepancy divisor) but it is much easier to describe in terms of jet schemes
and arc spaces. The Mather minimal log discrepancy for a closed point x of a variety
X is denoted by n/lﬁ(:v, X). Of the many nice properties of the Mather minimal log
discrepancy, one of the most important is Inversion of Adjunction ([dFD11, Theorem 4.10]
and [Ish13, Proposition 3.10]).

Unlike the usual relative canonical divisor, the Mather discrepancy divisor is defined
for arbitrary varieties rather than just normal (Q-Gorenstein varieties. When both notion are
defined, the two differ by the pull back of a certain ideal sheaf ([Ish13, 2.2]). In particular,
Mather minimal log discrepancy is always larger than or equal to the usual minimal log
discrepancy. Their relation has been further studied in [IR13], [EI15] and [dFT16]. We
note that contrary to usual minimal log discrepancies, the variety has ”good” singularities
when Mather minimal log discrepancies are small (see [Ish13, Theorem 4.7] for more
precise description). We recall these results in Chapter I11.

The Mather minimal log discrepancy is related to jet schemes and arc spaces by [Ish13,
Lemma 4.2]. We review this relation carefully in Chapter III. This allows us to compute
Mather minimal log discrepancies by computing the dimension of certain subsets of jet
schemes instead.

In this dissertation, we compute the Mather minimal log discrepancy via jet schemes
and arc spaces for a closed point in two different classes of varieties: toric varieties and
hypersurfaces. Our result for hypersurfaces requires a generality condition on the coeffi-
cients of the defining equations. It only gives a lower bound for the Mather minimal log

discrepancy, which gives a precise formula in many examples.



1.2 Outline and main results

Now let us give an outline of the thesis.

In Chapter II we give an overview of jet schemes and arc spaces. We start with the def-
inition of jet schemes. A large portion is devoted to proving the existence of jet schemes.
The proof shows that the jet schemes of an affine variety X are also affine and we get
explicit defining equations for X,,. In fact, if X = V(fy,..., f,) in A", the jet scheme

X, 1s the set of m-jets ~y that correspond to morphisms of k-algebras

v k[, xn)/(fr e fr) — K[/ (.

So if we write

m

O 2P0 2Dy =37 GI in k[t /(e ,
§=0 =0

Jj=0

Xm:speck:[:cgj)u <i<n,0<j Sm}/(Gﬂl §l§7’,0§j§m).

This will be important for our analysis in Chapter V.
Next we review arc spaces and cylinders (especially contact loci). The arc space of a
variety X is the projective limit of the projective system {X,, }o<m<oo Of jet schemes and

cylinders are inverse images of constructible subsets of X, in the arc space X ..

In Chapter III we review the basics about Mather minimal log discrepancy. We start by
defining the notion of Mather discrepancy divisor through Nash blow-ups. Then we prove

the following proposition.



Proposition L.1. ([Ishl3, Lemma 4.2]) Let X be a variety over an algebraically closed

field k of characteristic zero. If x is a closed point of X, then we have

mld(z; X) = lim ((m + 1) dim(X) — dim (¢, (7~ (2)))).

m—r0o0
We show that the above limit exists and is a finite number by showing that the sequence
mdim(X) — dim(t,, (71 (z))) is stationary for m > 0. The key point for the examples
considered in Chapter IV and Chapter V, is to compute/bound dim(2,,,(7~!(x))) for m

large enough.

Chapter IV is devoted to the study of the Mather minimal log discrepancy for toric
varieties. Recall that a toric variety is a normal algebraic variety containing a torus 7' as
an open dense subset such that the group action of the torus on itself extends to an action
on the entire variety. The geometry of a toric variety is completely determined by the fan
associated to the variety. Thus, it is not surprising that our formula for the Mather minimal
log discrepancy is given in terms of the combinatorial data of this fan.

We compute the Mather minimal log discrepancy of a toric variety at a closed point x.
The question is local so we assume X = X (o) is the affine toric variety associated to the
cone o C Ng := N®zR, where N = Z" is the lattice of 0. We further assume that ¢ spans
Nrg. First, we consider the case when x is a torus-invariant point. By Proposition I11.22,
the key is to compute dim(t,,,(7*(x))) for m large enough. This space is decomposed
into T,,-orbits. Here T}, is the m'™ jet scheme of the torus 7" in X and it naturally acts on
X,,. We use the fact that those orbits correspond to lattice points in the interior of . The
characterization of orbits follows from the work of Ishii ([Ish04]).

The problem thus comes down to finding the dimension of each 7}, orbit, which is in
turn done by computing the dimension of the stabilizer.

In order to state our result, we introduce some notation. Let n be the dimension of X



and M = NV be the dual lattice. We define the dual space My := M &z R and the dual
cone 0’ := {u € Mg|(u,v) > 0forallv € o}.
With the above notation, we show the dimension of the 7,,,-orbit associated to a lattice

point « in the interior of ¢ is equal to

(m + 1)n — min { Z(a, wi)|ua, . .., u, span Mg, withu; € M No" for each i},
i=1

where the minimum is run over all linearly independent sets of vectors {uy,...,u,} in
M N oV. Now we just need to let a vary and take the maximum. Hence we get the

following theorem:

Theorem 1.2. Let X be an affine toric variety associated to a cone o of dimension n over
an algebraically closed field k of characteristic zero. Let N be the lattice of o and M be

the dual lattice. If o spans Ng and x is the torus-invariant point, then we have

n/lﬁ(x;X) = min {min{Z(a,ui)]ul, ..., uy, span Mg, u; € MNo" for eachi}},
=1

a€ht(a)NN
where the second minimum is taken over all linearly independent sets of vectors {uy, . .., uy, }
inMnNaoV.

We use the theorem to compute I‘I/ll?i((l?, X) in some examples. For example, we show
that if X is a toric surface, then I’I/lﬁ(l’, X) = dim(X) (which is 2). In higher dimension,
the same conclusion holds if the torus-fixed point z is an isolated singularity point and X
is simplicial. We also give some examples where rﬁﬁ(x, X) # dim(X).

We conclude Chapter IV by considering arbitrary closed point on a toric variety X.
Recall that the set of closed points of X is a disjoint union of 7™-orbits associated to faces of
the cone o. Each orbit is generated by a distinguished point associated to the corresponding
face. Therefore, the problem reduces to computing the Mather minimal log discrepancy at
these distinguished points, and it is further reduced to the case of a torus-invariant point in

the following sense:



Theorem 1.3. Let X = X(o) be an affine toric variety of dimension n over an alge-
braically closed field k of characteristic zero. Let T be a face of o of dimension k < n and
x, be the distinguished point associated to 7. If Y is the k-dimensional affine toric variety

associated to the cone T and y is the torus-invariant point of Y, then we have
rm(xT;X) —n= rr/ll\d(y; Y)— k.

We consider the case of very general hypersurfaces in Chapter V. A hypersurface is a
closed subvariety of an affine space that is defined by a single polynomial equation. Let
f =N apa" be the defining equation of a hypersurface X C A"+!, where I* are multi-
indices and 2" stands for H;l;rllx][; The support of fisthe set A := {I',... IV} C Z"1,
When A # (), the dimension of A is the dimension of the linear span over Q of the convex
hull of A — a, for any a € A. Following from the result of Yu ([Yul6, Theorem 3]), we
deduce that for a support A such that dim(A) > 2 or dim(A) = 1 and the convex hull of
A contains exactly two integral points, and for general coefficients a;:, X is an integral
hypersurface. Then, under a certain generality condition, we give a lower bound for the
Mather minimal log discrepancy of X at the origin. As in the case of toric varieties, we
write ,,,(771(0)) as a disjoint union, up to the image of a thin set, of subsets C™, with
a = (aq, ..., a,y1) running over all (n+ 1)-tuples of positive integers. For simplicity, we
define the product of an (n 4 1)-tuple o with a multi-index [ as o - [ := Z;jll a;l;. An
(n + 1)-tuple « is called feasible if min;<;<n{c - I'} is attained by at least two different

i’s. We show that C"™ = () if « is not feasible; when f has a fixed support and very general

coefficients, dim(C”") is bounded above by

n+1
mn_zlmj_l)_l—i_é%g}v{l caf — min, {I' a—aj}.
J:

1<j<n+1 with [1>0

By taking the maximum over all feasible a’s, we obtain the following theorem:



Theorem 1.4. Let [ = Zf\il ariz’ be a polynomial with a fixed support A such that f
has no constant term and that f is not divisible by any x;, and let X be the hypersurface
defined by f. If A is 1-dimensional and the convex hull contains only two integral points,
or if A has dimension > 2, then for very general coefficients (aji)1<;<n, the hypersurface

X is integral and we have

n+1
mld(0; X') > m;n{z(aj -1)+1- 11;1;1]\[{[ ca}+ min {I' a—a;}}+n,
‘]:

1<j<n+1 with 1;>0

where the first minimum is taken over all feasible (n + 1)-tuples o

In spite of the fact that the theorem only gives a lower bound of Mather minimal log
discrepancy, we can use the proof of the above result to show that the inequality is actually
an equality in many cases. We end the chapter with various examples. These examples
show that the lower bound can be attained in many cases, but we also see that the inequality

in the theorem can be strict.
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CHAPTER 11

Jet Schemes and Arcs Spaces

In this chapter we review basic properties of jet schemes and arc spaces that we need in
the following chapters. We mostly follow [EMO09]. For more details, see [Mus14], [DL99]

and [dF16].

2.1 Jet schemes

A variety is an integral, separated scheme of finite type over a field. Let k be an alge-
braically closed field of arbitrary characteristic and X be a scheme of finite type over k.
For each nonnegative integer m, we define the m™ jet scheme of X, denoted by X,,,, to be

a scheme over £ such that for every k-algebra A we have a functorial bijection
2.1 Homgg /1 (Spec(A), X,,) = Homge, 1 (Spec Aft]/(t™1), X).

Note that if jet schemes exist, then they are unique up to a canonical isomorphism since
the bijection (2.1) describes the functor of points of X,,. In particular, each element of the
left-hand side of the bijection (2.1) is an A-valued point of X,,, which is also called an A-
valued m-jet of X. A k-valued point of X, is simply called an m-jet of X. Clearly when
m = 0 we have Xy = X. Assuming the existence of all X,,, the canonical truncation map

Alt] /(™) — A[t]/(#PT1) for m > p induces the map
Hom(Spec A[t]/(t"*1), X) — Hom(Spec A[t]/ ("), X).

11



This induces via the bijection (2.1) a canonical projection 7, , : X,, — X,. We denote
this map by 7, when p = 0. These canonical projections satisfy the obvious compatibili-
ties mp 4 O My p = Ty g fOrm > p > q.
Remarks 11.1. Assuming for now the existence of jet schemes, the following facts follow
easily from the definition:

W If f: X — Y is a morphism of schemes of finite type over k, then there is an
induced morphism of jet schemes f,, : X,, — Y,,. Note that the induced maps f,, are
compatible with the canonical projections , 4, i.6. Ty, p © fin = fp © T p.

(ii) For schemes X and Y of finite type over k, there is a canonical isomorphism
(X X Y)n =2 X, X Yy,

for every m > 0.
(iii) If G is a group scheme over k acting on a scheme X of finite type over k, then G,

is also a group scheme over £ and it acts on X,,.

We now prove the existence of jet schemes. The ingredients of the proof will be impor-

tant to our analysis in the following chapters. We begin with the following lemma:

Lemma IL.2. Suppose that X, exists and let 7, : X,, — X be the canonical projection.

If U is an open subset of X, then U, also exists and is isomorphic to ' (U).

Proof. Let A be a k-algebra and consider an A-valued m-jet v : Spec (A[t]/ (™)) — X.

Then 7,,(7) is an A-valued point of X obtained by composing with the map
Spec (A) — Spec (A[t]/(t™11)).
Clearly ~ factors through U if and only if 7, () factors through U. This establishes the

bijection (2.1) for 7' (U). Hence U, exists and is isomorphic to 7, (U). O

12



Proposition I1.3. If X is a variety over k, then the jet scheme X,, exists for every m > Q.

Moreover, X,, is of finite type over k.

Proof. First we assume that X is affine. Choose an embedding X — A" andletgy,..., g, €
klxy,...,x,] be generators for the ideal defining X. For a k-algebra A, consider an A-
valued m-jet y of X represented by v : Spec A[t]/t™™ — X. Giving 7 is equivalent to

giving a morphism of k-algebras
fy* : k[xla s 7‘7;”]/[917 cee 797"] — A[t]/<tm+1)

Let us write

v (x;) = ngj)tj, forl <i<n.
=0
They should satisfy g;(v*(x1),...,v*(z,)) = 0in k[t] /™ for 1 <1 < r. If we write

a2t D) =3 "GP (@) (mod £,
— : :
we see that
22) X, =Specklz? |1 <i<n,1<j<m]/(GV1<I<r0<j<m).

In particular, we conclude the jet schemes of an affine scheme are also affine schemes, of
finite type over k.

Consider now the general case, when X is an arbitrary scheme of finite type over k.
Let {U;}; be an affine open cover of X. According to what we just showed, for each U;
there is a jet scheme (U;),,. Moreover, Lemma II.2 shows that for each i and j, one has a
canonical isomorphism (7%~ (U; N U;) — (m%j )~ (U; N U;), since both are isomorphic
to (U; N Uj)m. The scheme X, is constructed by gluing the schemes (U;),, along these

isomorphisms. In addition, the projections 7' glue together to give 7> : X,, — X. [

Remark 11.4. It follows from the proof that the canonical projections ,, , : X,, — X, are

affine morphisms.

13



Remark 11.5. Another consequence of the above proof is that if X — A" is a closed
immersion, then the induced morphism of jet schemes X,, — (A"),, is also a closed
immersion. Moreover, we deduce from the explicit description of the equations of X, in
(A™),, that more generally, if X < Y is a closed immersion then so is the induced map

X, — Y.

Example I1.6. The simplest (but important) example is X = A”. It follows immediately
from equation (2.2) that (A"),, = Al - Fyurthermore, the canonical projections 7, ,

are just projections along certain coordinate planes.

Lemma IL7. ([EMO09, Lemma 2.9]) If f : X — Y is an étale morphism, then for every

m > 0 the following commutative diagram is Cartesian:

X, Iy

X Y
Tm J{ Tm J{

x L,y

Corollary I1.8. If X is a smooth variety of dimension n, then the canonical projections
Tm,p are locally trivial fibrations with fiber Am=P) Iy particular, X,, is smooth of di-

mension (m + 1)n.

Proof. For every point x € X, one can find an open subset € U and an étale morphism
U — A™. Using Lemma II.7, the assertion is reduced to the case of an affine space, which

follows from Example II.6. [

Suppose X is a closed subvariety of A", whose ideal is generated by ¢y, ..., g,. Fora
k-algebra A, an A-valued m-jet is a morphism v : Spec A[t]/(t™*!) — X. Giving this is

equivalent to giving the corresponding morphism of k-algebras

(2.3) v k[, xa) /(g gr) — AJt]/(ETT.

14



m o 0)

We often write the image of z; under the above morphism as » " z; tJ as in the proof

of the existence of jet schemes.

2.2 Arc spaces and cylinders

We work in the same settings as in the previous section. Given a scheme X of finite

type over k, we have a projective system
. — X, — X — . — Xy — X=X,

in which all morphisms are affine. Therefore, the projective limit exists in the category
of k-schemes. The projective limit is denoted by X, and it is called the arc space of X.
Unlike the jet schemes, the arc space is typically not of finite type over k. We denote by
¥, the canonical map X, — X,,. We also write 7 := ¢y : Xoo — Xo = X for the
projection to the original scheme X.

It follows from the definition of jet schemes and projective limit that for every field

extension K of k, we have functorial isomorphisms

Hom(Spec(K), X)) = hin Hom(Spec K[t]/t", X) = Hom(Spec K[t], X).
A k-valued point of X, is called an arc on X and is represented by
(2.4) 7v : Spec k[t] — X.

For every field extension K of k, a K-valued point of X, is called an K -valued arc of
X. From now on, whenever we deal with X,,, and X, we will restrict to their k-valued
points. Since the jet schemes are of finite type over k this causes no ambiguity. Note that
since we only consider the k-valued points, X, is the set-theoretic projective limit of the

X, and the Zariski topology on X, is the projective limit topology.
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Remark 11.9. As in the case of jet schemes, if f : X — Y is a morphism of schemes of
finite type over k, then we have an induced map on the arc spaces f, : Xo, — Y thatis

compatible with canonical projections.

Remark 11.10. For schemes X and Y of finite type over k, there is a canonical isomorphism

(X X V) = X X Y, and we have the following commutative diagram:
(X XY)oo — Xoo X Yoo
w | |

(X XY)m — Xy X Y.

We now define the notion of cylinders. Recall that a constructible set in a scheme of
finite type over k is a finite union of locally closed subsets. A cylinder in X, is a subset
of the form C' = ¢,1(.9), for some nonnegative integer m and some constructible subset
S of X,,. The arc spaces are typically not of finite type over k. So far most study on arc
spaces has been focusing on cylinders and their irreducible components.

There is a special type of cylinders, the contact loci, that will play an important role in
what follows. To an ideal sheaf a, we associate subsets of arcs with prescribed vanishing
order along a. More precisely, if v : Spec k[t] — X is an arc, the inverse image of a is
an ideal in k[t] generated by ¢", for some r (if the ideal is not zero). This r is the order of
7 along a, denoted by ord, (a). When the inverse image is zero, we put ord, (a) = co. A

contact locus is a subset of X, of one of the following forms:
Cont®(a) := {y € X,|ord,(a) = e},

or

Cont=¢(a) := {7 € X,.|ord,(a) > e}.

We can similarly define subsets of X, with specified order along a, namely Cont®(a),,

and Contze(a)m, for m > e. Itis clear that for every m > e, we have
Cont(a) = 1, }(Cont®(a),,), Cont=¢(a) = 1.} (Cont=¢(a),,).
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This implies that Cont®(a) is a locally closed set and Cont=%(a) is a closed set.

Definition I1.11. Let X be a scheme of finite type over k£ of pure dimension d. A subset
A C X is thin if there is some closed subvariety S of X whose dimension is strictly less

than d such that A C S... If a subset A is not thin, it is fat.
We need the following result for our discussion in the following chapters:

Lemma IL.12. (/[EMOS5, Proposition 5.10]) Let X be a variety over k of dimension d. Then
(1) For every m > 0, we have
dim(¢ (X)) < (m+ 1)d.
(2) For every m, n > 0 with m > n, the fibers of 1,,( X)) — ¥n(Xoo) are of dimen-
sion < (m —n)d.

Proof. Clearly assertion (1) follows from assertion (2) since ¢y(X) = X. Moreover, it
suffices to prove assertion (2) when m = n + 1. The question is local, hence we may
assume that X is affine.

Let X be a closed subscheme of AN = Spec k[x1, ..., xy] defined by an ideal gener-
ated by ¢, ..., g,. Consider v € X,, given by u = (uy,...,uy) where each u; € k[t] has

degree < n. Let T' = Spec k[t] and Z be the subscheme of T x AY defined by the ideal
Iy = (gi(u+t""2), ... g (u+t""2)).
Let Z' be a subscheme of 7' x A" defined by
Iz = (f|hf € I for some nonzero h € klt]).

Then clearly Z’ C Z, and by construction Z = Z’ over the generic point of 7. Moreover,
we claim that Z’ is flat over 7'. It suffices to show that for every prime ideal p = (P) of

k[t], (Orxan/1z), is flat over k[t],. This comes down to computing
Tort ™ ((Orsan /L)y, Kltly/ (£)k11]y)
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for every nonzero f € k[t] according to the local criterion for flatness ([Eis13, Theorem

6.8]) and the fact that k[t] is a PID. Since

I

Torlf[t]p (K[t / (F)E[t]p, (Orsan /1z:)y)

= {b€ (Opxan/Iz),|fb=0} =0,

Tor]f[t]p (Orxan/Iz)p, kltly/(f)E[t]p)

we conclude that Z’ is flat over 7.

Note that the generic fiber of Z over 7" is isomorphic to X Xy, k(t). So the fiber of Z’
over the origin is either empty or has dimension d. On the other hand, every element in the
fiber of 1, 11(Xoo) — ¥ (X ) over 7y is the (n + 1)-jet of an arc in X given by u + t"w
for some w € (k[t])N. Thus g;(u + ¢"w) = 0 for every i. By definition of I/, we see
that if f € I/, then f(¢,w) = 0. This shows that the fiber over 7 is embedded in the fiber

of Z' over the origin of 7". Hence its dimension is < d. O]
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CHAPTER 111

Mather Minimal Log Discrepancy

In this chapter we introduce the Mather minimal log discrepancy following [Ish13].
The definition is very similar to the usual minimal log discrepancy. Details on usual mini-
mal log discrepancy and its relation to arc spaces can be found in [EMY02]. In Section 3.1
we define Mather minimal log discrepancy and in Section 3.2 we relate it to jet schemes

and arc spaces.

3.1 Mather minimal log discrepancy

We start by introducing some notion.

Definition III.1. Let X be a variety over a field k and f : Y — X be a proper birational
morphism of varieties, with Y normal. Each prime divisor £ on Y gives a valuation ordg
on K(Y) = K(X). Here E is called a divisor over X and we equate two divisors on
two normal varieties over X if they give rise to the same valuation on X. The center of
E 1s the closure of the image of £ on X. A divisorial valuation on X is one of the form

v = q - ordg where ¢ is a positive integer and F is a divisor over X.

Let X be a variety of dimension d over an algebraically closed field & of characteristic

zero. For simplicity we write (2x for the sheaf of relative differentials {2x ;.. The projection
T Px(/\de) — X
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is an isomorphism over the smooth locus X, C X. In particular, there is a section

o Xreg — Px(/\de).

Definition I1L.2. The Nash blow-up of X is the closure of the image of ¢, and is denoted by
X.Itisa variety over k with a projective morphism 7| : X — X thatis an isomorphism

over the smooth locus of X . The line bundle

Kx = O[P’X(/\dﬂx)(l)‘f(
is called the Mather canonical line bundle of X.

Remark 111.3. If X is smooth, then clearly X =Xand K x 18 just the canonical line bundle
of X. More generally, the Nash blow-up can be thought of as the parameter space of limits

of all tangent directions at smooth points of X.

One can always find a resolution of singularities f : ¥ — X that factors through the

Nash blow-up. Then the image of the f*(A%Qx) under the canonical homomorphism
Af - (ANQx) = Ay

is of the form J A? )y where J is an invertible ideal sheaf on Y ([dFEIO7, Proposition
1.7]). Let K v,x be the effective divisor defined by J. This is supported on the exceptional
locus of f and it is called the Mather discrepancy divisor. For each prime divisor £ on
Y, we define kp = ordE(IA(y/X). If v = ¢ - ordg is a divisorial valuation, we write

k,:=q-kg.

Definition II1.4. Let (X, a) be a pair where X is a variety over & and a is a nonzero ideal
in Ox. For a closed subset W of X, the Mather minimal log discrepancy of (X, a) along

W is defined as
@(W; X, a) := inf{kp — ordg(a) + 1| E is a divisor over X with center in 1¥'}.
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When dim(X') = 1 and the infimum is negative, we make the convention that

mld(W; X, a) = —oo.
Remark TILS. If dim(X) > 2 and mld(W; X,a) < 0, then mld(W; X, a) = —oo (see
[Ish13, Remark 3.4]). This is why we make the convention for the case when dim(X') = 1.

When W = {z} for some closed point z € X and a = Ox, we denote the Mather min-
imal log discrepancy by n/lﬁ(x, X) for simplicity. The Mather minimal log discrepancy

has many nice properties. We quote a few important ones here without proof.

Proposition II1.6. [Ishi3, Corollary 4.3] For every closed point x of a variety X of di-

mension d, we have

mld(z; X) > d.
Proposition I1L.7. [IR]3, Proposition 1.2] Let X be a variety of dimension d. Then, for
every closed point x € X and effective R-Cartier divisor B on X, we have

mld(z; X, Jx - Ox(B)) < d,

where Jx is the Jacobian ideal of X. Moreover, equality holds if and only if x is a non-

singular point and B = 0 around .

Proposition IIL8. [Ishi3, Corollary 3.14] Let X be a variety of dimension d and a be a
nonzero ideal of Ox. Then the function x > rm(a:, X,a-Jx), forx € X a closed point,

is lower semicontinuous.

The Mather minimal log discrepancy can be computed via jet schemes and arc spaces

as follows:

Proposition II1.9. [Ishi3, Proposition 3.7] Let X be a variety of dimension d and a be a
nonzero ideal of Ox. If W is a proper closed subset of X and Iy is the (reduced) ideal of

W, then we have the following:
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(1) @(W, X,a) = ing{codim(Contm(a) N Cont="(Iyy)) — m}.
me

(2)  mld(W;X,a) = inf {codim(Cont="(a) N Cont>" (Iy/)) — m}.

meN

Probably the most important property is Inversion of Adjunction:

Proposition I11.10. [Ishi3, Proposition 3.10] Let X be a variety of dimension d and A
be a non-singular variety containing X as a closed subvariety of codimension c, with
ideal I. Let W be a proper closed subset of X and a C O, be an ideal such that

a:=a-0Ox C Ox is a nonzero ideal. Then we have
mld(W: X, a- Jx) = mld(W; A, a- ).

As their definitions suggest, the Mather minimal log discrepancy and the usual minimal
log discrepancy are closely related. The following result on minimal log discrepancy was

proved using Mather minimal log discrepancy:

Proposition IIL.11. [dFT16, Theorem 1.5] Let X be a normal Q-Gorenstein variety of di-
mension d and x € X be a closed point such that the exceptional divisor of the normalized

blow-up of X at x has a generically reduced irreducible component. Then
mld(z; X, Ox) < d,

and equality holds if and only if X is smooth at x.

If X is a normal Q-Gorenstein variety, one can show that r?ll\d(W, X,a) > mld(W; X, a)
for every closed subset W and nonzero ideal a. To see this, let r be a positive integer such
that rkx is a Cartier divisor on X and f : Y — X be a resolution of singularities that

factors through the Nash blow-up. If we write the image of the homomorphism

(/\de)(@T — Ox<TKx)
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as I - Ox(rKy), where I, is an ideal of Oy, then clearly we have
f*(fr) . Oy(?“f?y/x) = Oy(TKy/X).

In particular, we have IA(y/X > Ky/x. Then n/ﬂTi(W, X,a) > mld(W; X, a) follows by
definition.

More results on the relation between Mather minimal log discrepancy and the usual
minimal log discrepancy can be found at [EI15] and [IR13]. For more details on Mather

minimal log discrepancy, we refer to [Ish13], [EI15] and [IR15].

3.2 Relation to jet schemes and arc spaces

Let k£ be an algebraically closed field of characteristic zero and X be a variety over k
of dimension d. We specialize to the case when W C X is a closed point and a = Oy,
and establish the relation between Mather minimal log discrepancy and jet schemes and

arc spaces. For that purpose, we need to introduce the notion of maximal divisorial sets.

Definition III.12. If v is a divisorial valuation on a variety X, the maximal divisorial set

corresponding to v, denoted C'x (v), is defined as the Zariski closure of
{7 € Xlord, = v}.

Definition III.13. If X and Y are varieties over k, and A C X and B C Y are con-
structible subsets. Then amap f : A — B is a piecewise trivial fibration with fiber F, if
there exists a finite partition of B into locally closed subsets S of Y such that f~1(S) is
isomorphic to S x F and f|s-1(g) is the projection S x F' — S under the isomorphism.
Recall that for a scheme X of finite type over k, there are canonical morphisms 7 :
Xoo — X and ¥, : Xoo — X, forevery m > 0. A cylinder A C X, is stable at level

n € Nif it is a union of fibers of v, and if ¥, 1(Xs) — ¥ (X)) is a piecewise trivial
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fibration over 1,,(A) with fiber A4™(X) for each m > n. A is called stable if it is stable
at some level. If A is stable at level n, then the codimension of A is (m + 1) dim(X) —

dim(v,,(A)) for any m > n. Clearly this is independent of choice of m.
We quote the following results without proof:

Proposition II1.14. ([Ishi3, Proposition 2.9]) Let X be an affine variety and c; C Ox
for 1 < 1 < r be non-zero ideals. Then for any ey, ... e, € N, every fat irreducible

component of Cont=*'(a) N ... N Cont=*"(cv,.) is a maximal divisorial set.

Proposition II1.15. ([Ishl3, Proposition 2.13]) For a divisorial valuation q - valg on a
variety X, the corresponding maximal divisorial set is stable and its codimension is given
by

codim(Cx (¢ - valg)) = q(kg + 1).
More details on divisorial valuations and maximal divisorial sets can be found in [dFEIO7].

Definition II1.16. Fix a closed point x of X. Recall that from Section 2.2 we have canon-
ical morphisms v,,, : Xo — X,,,, and in particular, 7 = 1)y : X, — X. For every m > 0
we define

A () 1= md — dim 1, (771 ().
When there is no confusion we simply write \,, instead of \,,(x).

Remark 111.17. Corollary I1.8 shows that when X is a smooth variety and z is a closed

point of X, we have for each m > 0,
A () = m dim(X) — dim(2,, (771 (z))) = 0.

Proposition II1.18. For every m > 0, we have \,, > 0 and )\, 11 > A\
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Proof. The first assertion is the consequence of the second one and the fact that \q = 0.

So we only need to prove the second assertion. According to Lemma I1.12, the map

U (17(2)) — Yu(77 (2))

has fibers of dimension at most d. Thus, we have

dim (¢ 1 (771 () < dim (P (771 (2))) + d.
This shows that \,,,. 1 > \,,, for m > 0. ]

The sequence )\, is nondecreasing, hence it has a limit (finite or infinite). The limit
is an integer if the sequence is stationary when m is large enough. We first quote the

following result:

Proposition I11.19. (/dFEIO7, Proposition 3.5]) If X is a variety over k, then the number

of irreducible components of a cylinder on X, is finite.

Lemma II1.20. Let X be a variety over k of dimension d and x be a closed point of X.

Then for m > 0, \,, is constant.

Proof. The question is local so we assume that X is affine. Since 7! () is a contact locus,
by Proposition I1II.19 it has a finite number of irreducible components C, ..., C,., Z,..., Zs,
where C;’s are fat and Z;’s are thin. Each thin component Z; is contained in the arc space

of some subvariety of X of dimension < d — 1. By Lemma II.12, we have
dim(¢m(Z;)) < (m+1)(d — 1),

for every m > 0 and 1 < 5 < s. On the other hand, by Proposition III.14, each C; is a
maximal divisorial set C'x(g; - valg,) for some positive integer ¢; and divisor E; over X.

Hence, according to Proposition III.15, we have
dim (¢ (Cy)) = (m + 1)d — g;(kp, + 1),
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for every 1 < ¢ < rand m > 0. We conclude that for m > 0, we have

dim (¢, (771 (2))) = max {dim(¢,,(C;))} = md — ),

1<i<r

where \ = minlgigr{qi(l;’Ei + 1)} —d. ]

Definition IIL.21. Let X be a variety of dimension d and x be a closed point of X. The
sequence (A, (z))m>o introduced above is stationary for m > 0. So lim \,,(z) exists
= m—0o0

and it is equal to \,, () for all m large enough. We denote this limit by A\(z). When there

1s no confusion, we also write this limit as .

The following result from [Ish13] describes the Mather minimal log discrepancy in

terms of jet schemes and arc spaces. It is a special case of Proposition IIIL.9.

Proposition I11.22. If X is a variety over k of dimension d and z is a closed point of X,
then

A(z) = mld(z; X) — d.

Proof. By the proof of Lemma I11.20, we have

up to a thin set in X .. We see that C; = C'x(g; - valg, ), where each ¢, - valg, is a divisorial
valuation centered at {x}. For each i, since C; is an irreducible component of 7! (z), we
have ¢; = 1. On the other hand, every divisor E over X with center {z} is equivalent to
one of the F;’s since an arc -y with ord., = ordz must be contained in one of C;’s.

By definition A(z) = codim(7~!(z)) — d = 112'i2r {codim(Cx(gq; - ordg,)} — d. Ac-
cording to Proposition III.15, 121}; {codim(Cx(q; - valg,)} = lrgjélr{l%];i + 1}. It follows

from the above analysis and the definition of Mather minimal log discrepancy that this

minimum is equal to @(x, X). O
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Remark 111.23. If X is smooth and x € X is a closed variety, by Remark III.17 we have
Am(x) = 0 for every m > 0. Hence, by Proposition II1.22 we have n/lﬁ(x, X) =dim(X).
The same conclusion holds if we only assume z is a smooth point of X because in this
case we may replace X by a smooth open neighborhood of z. Therefore, we only consider

singular points in the following chapters.
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CHAPTER IV

Mather Minimal Log Discrepancy of Toric Varieties

This chapter is devoted to the computation of the Mather minimal log discrepancy
associated to a closed point on a toric variety. We will first do the computation for a torus-
invariant point, and then show the computation generalizes to an arbitrary closed point.

The computation depends only on local properties of the toric variety so we assume
throughout the chapter that X = X (o) is an affine toric variety associated to a cone o over
an algebraically closed field of characteristic zero.

We write z, for the torus-invariant point in X (when it exists), and therefore according
to Proposition II1.22, computing the Mather minimal log discrepancy associated to z, is
equivalent to computing the dimension of C™ := 1), (7~ !(z,)) for m large enough. More
precisely, rm(ma; X) = mn — dim(C™) when m > 0. We will decompose C"™ into
orbits under the 7,-action, where 7 is the torus in X, and compute the dimension of C™

by computing the dimension of these orbits instead.
4.1 Quick review

In this section we provide a quick review of basic facts on toric varieties. For details
we refer the reader to [Ful93].

Let & be an algebraically closed field of characteristic zero. An affine toric variety of

dimension n is defined using a lattice N = 7" and a cone o in Ny := N ®z R. A cone
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o is a rational convex cone in Ny containing no nonzero linear subspace and which is
generated by finitely many lattice vectors.

Let M := Homy(N,Z) be the dual lattice and we put Mg = M ®7; R. We denote by
(-, -) the canonical pairing M x N — Z. The affine toric variety associated to the cone o

is defined as

X (o) := Spec k|[M na"],

where ¢V is the dual cone contained in Mg, i.e. 0¥ = {u € Mg|(u,v) > 0forallv € o}.

The semigroup algebra k[M N oV]is definedas & k- x*, with y* - x¥ = x**". Then

ueEMnoVv
clearly for some elements uy, ..., us € M NoY, we have x*, ... x"s generate k[M Nc"]
if and only if uy, ..., us generate M N oV as a semigroup.

A k-valued point x of X (o) corresponds to a homomorphism of k-algebras
¥kl N M| — k.

We put 0 := {u € Mg|{u,v) = 0forallv € o}. A face of o is a subset of o of the
form {v € o|(u,v) = 0}, for some u € ¢". The distinguished point x corresponding to

a face 7 of o is defined by 27 (x*) = 1 if u € 7+, and 27 (x*) = 0 otherwise.

Remark IV.1. The point z, exists if Ng is the linear span of o. This point will play a
special role in what follows. The computation when Ny is not spanned by o can be easily
reduced to this case, since X (o) will be a product of a torus with a lower-dimensional toric

variety that contains a torus-invariant point. So from now on, we assume that o spans Ng.

The toric variety X = X (o) contains the torus 7" = Spec k[M] = (k*)" and the group
action of 7" on itself extends to an action on X. More precisely, the T-action on X is given

by G : T x X — X, which is equivalent to the following morphism of k-algebras:

4.1) kMNoY] — kM]@kMnNao'], x" — x" @ x"
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It is a general fact that the T-orbit O(7) that contains z, is of dimension equal to the
codimension of 7 in o. In particular, the point x, is the unique torus-invariant point. The
toric variety X is the disjoint union of the orbits O(7) with 7 varying over all faces of o.
Therefore, any point of X lies in the same orbit with one of the x’s.

A torus-invariant prime divisor D is the closure of the orbit associated to a one-dimensional

face. Let us call this one-dimensional face 7. Then we have
D =V(r):=Spec kM no¥Nrtl.

4.2 Characterization of orbits in C'™

Definition IV.2. Recall that for each variety X over k there are canonical morphisms

Um * Xoo = Xppand 71 X — X. For every m > 1, we define C"™ a subset of X, as

= V(7 (24))-

Let T be the torus in X = X (o). It follows from Remark II.1 (iii) that there is a natural
group action of 7, on X,,. In this section, we approximate C" by a union of 7,,,-orbits
and show that these orbits can be represented by lattice points in the interior of . This
section builds on the work of Ishii [Ish04] who gave a similar description for the 7, -orbits
in X,. We denote by Z> the set of nonnegative integers.

Let v : Spec k[t]/(t™"!) — X be an m-jet inside C™ and let § : Spec k[t] — X be

an arc on X which lifts . Then we have the following commutative diagram:

KM N o] —5 s k[

\ |

tm-l—l)
where the vertical map is the canonical truncation.
Let 7q,. .., 74 be the one-dimensional faces of o and D; := V (7;) be the corresponding

torus-invariant prime divisors of X. We assume that ¢ is not in the arc space of any D;.
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Equivalently, 6*(x*) # 0 for every u € M N ¢”. Thus the order in ¢ of 0*(x*) € k[t]
is well-defined. We put ords(u) := ordy(6*(x*)) for each u € M N V. Let S, be the
set {0,1,...,m,o00} and T'rp, : Z>o — S,, be the obvious truncation map that takes any
number larger than m to oco. We define ord,, to be the composition of ords with 7'r,,,. Then

we get the following commutative diagram:

MY —2%

Z’ZO
m lTrm
S
Note that for each u € M N ¢V, the value of ord, (u) only depends on v*(x*). Thus
ord, is independent of choice of  and we call it the order map of .
Since ord; is an additive map that takes lattice points in the cone ¢ to nonnegative

integers, it corresponds uniquely to a lattice point in . Now we give a first description of

some of the T,,,-orbits of C™.

Lemma IV.3. With the above notation, 1, ( X\ U (D;)wo) is preserved by the T,,-action
and its orbits are in one-to-one correspondence with the maps M N oV — S,, that can be
lifted to additive maps M N o — Zsq. The corresponding map is exactly the order map
of any element in the orbit.

Moreover, ¥, (17 (25)\ J (D;)so) is also preserved by the T,,-action and its orbits are
in one-to-one correspondence with the maps M N o" — S,, that can be lifted to additive

maps M 0 o" — Z>o, such that the inverse image of {0} is {0}.

Proof. First let us describe the 7;,,-action on X,,, and the 7T,.-action on X .. Let
g : Spec k[t]/(t™!) — Spec k[M]
be a point of 7;,, and
7 : Spec k[t]/(t™) — Spec k[M N o]
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be a point of X,,. Then g -~y is a morphism Spec k[t]/(t™ ') — Spec k[M N V] that is

equal to G o (g,7). By equation (4.1), for each u € M N o we have
(g-7)"(X*) =g (x") - " (x")-

Similarly, if 0 : Spec k[t] — k[M] is a point in T, and « : Spec k[t] — k[M NoV]is a

point of X, then for each u € M N ¢ we have
(6-a)"(x") ="(x") - a"(x")

Note that both g*(x*) and §*(x“) above are units since y“ has an inverse x ~* in k[M].

Now let 7y be an m-jet in 1y, (Xoo\ U (D;)oo) with a lifting § in X\ U (D;)oo. For each
a € T,,, there is a lifting £ € T.,, of a by smoothness of T". Since £*( ") is a unit for each
u € M, (£-0)"(x*) # 0foreachu € M No”. Hence £ - 0 is also in X\ U (D) oo-
Therefore, v -y = ¥, (€ - §) is in Py, (X oo\ LZJ (D;)oo)- This shows that 1), (X \ LZJ (Di)oo)
is preserved by the 7;,,-action.

For v, (77 (z,)\ U (D;)s), one applies the same argument and observes that an arc
J lies above the torus-invariant point z,, if and only if 6*(x*) has positive order whenever
u # 0, which is equivalent to ord; ' (0) = {0}. Since £*(x*) is a unit for each u € M and
¢ € T, € - § also lies above 0. This shows that ¢, (7 (x,)\ U (D;)so) is also preserved
by the T},-action.

Pick two m-jets a € T}, and 7y € 1, (X 0\ U (D;)oo)- The morphism o* takes any x*,
with v € M, to a unit. Therefore, multiplying v by o does not change the order map ord,.
In other words, ord,, = ord,.,. This shows that the order map is the same for all points in
a T,,-orbit.

Now we show that two m-jets in 1, (X \ U (D;)s) with the same order map are in

the same 7,,,-orbit. Let v be in 1),,( X\ U (D;)s) and ¢ be its order map. We define the

32



special m-jet -y, whose associated morphism is
75 KM N oY) — K[/ (™), (") = 7,

with the convention that > = 0. If we write ¢(a) + ¢(b) = oo whenever the sum is
> m + 1, then we have ¢(a) + ¢(b) = ¢(a + b) forany a,b € M No". Therefore, 7} is a
homomorphism of k-algebras.

Let 0 € X\ U (D;) be a lifting of v and ¢ be the order map of §. Then we may

define an arc d,, such that
oy kM Na'] — E[t], 6,(x") = AL

Obviously, 6, lifts 74, and it has the same order map as 0. Hence we have a morphism of

k-algebras as follows:
a* tk[MNo’] — k[t], o (x") = 6" (x")/0y(x").

a* extends to the entire k[M] since M N ¢ spans M and since a*(x“) is a unit for each
uw € MNo". Hence a € Ty, and clearly we have o+ 0, = 9, and therefore, 1), () -7 = 7.
This shows that - is in the same 77,,-orbit as the special m-jet 4, and so is any other m-jet
with the same order map.

Finally, we show that each map ¢ : M N oY — S, that can be lifted to an additive
map ¢ : M No¥ — Zsg is the order map of some m-jet in ¥, (X \ U (D;)o). Define
the special m-jet 7, and the arc J,, that lifts -, in the same way as above. Then we have
dyp € Xoo\ U (Di)oo because 0y, (x*) has finite order for each u € M N . Therefore,
Ve is an m-jet in ¥, (Xoo\ U (Di)so) and clearly ord,, = ¢. Hence we have produced a

T,,-orbit whose corresponding order map is equal to the map ¢ that we started with. [

As mentioned above, an additive map M No" — Z>( corresponds uniquely to a lattice

point in o. Denote by ¢, the additive map corresponding to the lattice point a and ¢, the
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composition of ¢, with the truncation map 7'r,,,. Then clearly every order map in Lemma
IV.3 is equal to ¢, for some a € o N N. In particular, the order map takes only 0 to 0 if
the lattice point a is contained in Int(c), the interior of o. However, there could be more
than one such a. To understand the additive maps M N oY — Zs( better, we first study

the semigroup M N ¢ and show that there is a unique minimal set of generators.

Definition IV.4. An element u € M N oV is called irreducible if it cannot be written as

the sum of two nonzero elements of M NaV.

Lemma IV.5. The semigroup M N oV has a unique minimal set of generators consisting

of all the irreducible elements.

Proof. First, since o is a convex polyhedral cone, M No" is finitely generated. Therefore,
there exists a minimal set of generators.

Second, we show that any element of M N can be generated by irreducible elements.
Pick an element v € Int(o) N N. Then (u, v) is a positive integer for any u € M No". We
claim that for each u € M N oY, u can be written as the sum of at most (u, v) irreducible
elements. If (u,v) = 1, then v must irreducible. Otherwise, there are nonzero elements
u1,ug € M N oY such that u = ug + ug. But (uy,v) and (us, v) are both positive integers
since v € Int(o)NN. This is not possible as they add up to (u, v) = 1. Inductively, suppose
our claim holds for all u such that (u, v) < p. Picku € M No" such that (u,v) = p+1. If
u is irreducible, then we are done. Otherwise, there are nonzero elements uq,uy € M No"
such that u = wu; + up. Both (uy,v) and (us,v) are < p. By assumption, u; and usy
can be written as the sum of at most (u;,v) and (us, v) irreducible elements respectively.
Therefore, u can be written as the sum of at most (uy,v) + (uz,v) = p + 1 irreducible
elements.

Finally, note that any set of generators must contain all irreducible elements by defi-
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nition. We conclude that the set of irreducible elements form the unique minimal set of

generators for M NoV. O
Remark IV.6. If uy, ..., u, form the unique minimal set of generators of M N ¢, then
X", ..., x" also form the unique minimal set of monomial generators of k[M N oV].

The following lemma makes a connection between the set of order maps and the set of

lattice points.

Lemma IV.7. Fix an integer m > 1 and let x"*, x"?, ..., x" be the minimal set of mono-

mial generators of k[M N cV]. For each integer ¢ > 0 we define
P. .= {a c€on N’the set {u;|pa(u;) < m+ c} spans MR}.

Then the following hold:
(1) For any two different a,b € Py, ¢, # Py.

(2) There exists some co € 7" such that for any a € o0 N N one can find b € P,, with
Pa = Pb-
Proof. First let’s assume we have a,b € Fy and ¢, = ;. Define

Lo = {wilpa(ui) < m}.

Since ¢, = ¢y, we deduce that ¢, and ¢, take the same values on I'y. By definition of

Py, I'g spans Mpg. Thus we conclude that ¢, = ¢, which implies that a = b.

For (2), we choose a positive integer ¢, large enough such that for any subset S C

{uy,usg, ..., us} that does not span Mpg, there is some v € N satisfying

4.2) y(u;) =0, forallu; € S, and 1 < mg;c{gpv(uz)} < cp.
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Such a number ¢, exists because there are only finitely many subsets of {1,2,...,s}.
For each point b € o N N we put S := {u € {uy, ..., us}|os(u) < m+co}. If there is
some b such that ¢, = @, and such that S, spans Mg, then we are done.

Now suppose there is no such b. We pick a point b such that ¢, = ¢, and such that .S,
is maximal. By relabeling we may write S, = {uy,...,u;} for some integer [ < s. By
assumption 5, does not span Mg, so we can fine v € N that satisfies (4.2) with S replaced

by Sy. Clearly there is some positive integer k£ such that
©o—ko(u;) > m, foralli > [,

bk (Uiy) < M + ¢, for some ig > [.

Notice that @k, = @p = P4, and hence b — kv € o N N. But clearly we have
Sb ; {u17 <o, U, uio} C Sb—k:v-

This contradicts the maximality of S,. So we conclude that there must be some b € P,

such that ¢, = @p. [
Remark TV.8. We have proved that for each ¢ € o N N, the map p, corresponds to a
Ton-orbit in ¥, (Xoo\ U; (D;)eo). We denote this orbit by 75, ,.

Remark IV.9. For each a € Int(o) N N, ¢, is an additive map M N o¥ — Zso such
that ¢, '(0) = {0}. According to Lemma IV.3 the corresponding orbits 7, , are all the
T,,-orbits contained in ¥, (77! (2, )\ U; (D;)s0)-

Corollary IV.10. The sets 1,,(Xoo\ U (D;) o) and ¥, (77 (25)\ U (D;)s) contain only
finitely many T,,-orbits.

Proof. According to Lemma IV.3, we just need to show there are finitely many order maps

Py fora € o N N. By Lemma IV.7, there is a positive integer ¢, such that every order map

is equal to ¢, for some a € P, . Therefore, it suffices to show that P, is compact.
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For any u;,,...,u;, C {u1,...,us} that span My, we define
K o gni={a € o N Nlpa(uj,) <m+coforl <i<n}.

Then P,

v 18 the union of all K ;. as (ji)i<i<n varies such that uj,,...,u;, span Mg.

Since this is a finite union, it suffices to show that each K;, _; is compact.
By relabeling let us assume that j; = 7 for 1 < ¢ < n. Let vy,...,v; be a minimal set
of generators of o N N. Since uy, ..., u, span Mg, for each v; there exists some u; with

1 < j < nsuch that (v;, u;) is a positive integer. Therefore,

!
n C {aEaﬁN|a:Zcivi, with 0 < ¢; < 'm + ¢, for each ¢}.
i=1

K12

1Ly

This shows that K 5, is compact. U]

Remark IV.11. The structure of the jet schemes of toric varieties is in general very hard to
describe unlike the case of arc spaces. One can find a description of jet schemes of toric
surfaces in [Moul1]. Instead of the entire jet schemes, we only describe the structure of

images of the arc space in the m™ jet scheme.

4.3 Main results

In this section we compute the dimension of the orbit 75, , by computing the dimension
of the corresponding stabilizer. Denote by H,, , the stabilizer of any element of 77, , under

the 7;,-action. We start with the following lemma.

Lemma IV.12. Let uy,...,u, € M be elements that generate My over R. For every
a;; € kwithl <i <nand0 < j < msuch that a;, # 0 for all i, the set of elements
« € T,, such that

(4.3) a"(x") = ait/ for1 <i<n
=0

is nonempty and finite.
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Proof. Consider the subgroup M’ of M generated by w4, ..., u, and the corresponding
torus 7" = Spec k[M’]. Note that we have an induced morphism f: T — T". It is well-

known that in characteristic 0, this map is finite and étale. This follows, for example, by

choosing a basis wy, ..., w, of M such that dyw,...,d,w, is a basis of M’, for some
positive integers d1, . . ., d,. In this case, it follows from Lemma II.7 that
Tm ~ TT/n Xpr T.

In particular, the induced morphism 7, — 7, is finite and étale and its fibers are non-
empty and finite. Since it is clear that there is a unique 8 € T such that 5*(x“) =

Z;n:o ai”jtj for all 7, we deduce the assertion in the lemma. ]

Definition IV.13. For each a € Int(c) N N, we define

44)  ®(a) :=min { Y (a,u;)|us, ... u, span Mz, withu; € M No" for each i},
=1

where the minimum is run over all linearly independent sets of vectors {uy,...,u,} in
MnoV.

Remark 1V.14. Clearly if the minimum in (4.4) is attained at some elements uq, ..., Uy,
each u; must be irreducible. We show in the following one way to find elements u1, . . . , u,

at which the above minimum is achieved.

Fix a € Int(o) N N. Let uy, . .., us be the minimal set of generators of the semigroup
M NnoY and let Sy := {wy,...,us}. We first choose u;, € Sy such that p,(u;,) =

(a,u;,) is minimal and define S; := S;\Span(u;, ). Recursively, foreach 1 <i <n —1,

assuming u;,, ..., u;, are chosen and S; = Sp\Span(u,,, ..., u;), we choose u;,,, € S;
such that ¢, (uj,,,) = (a,u;,,) is minimal and define S;, := So\Span(u;,, ..., u;,,).
Once uj,, ..., u;, are all chosen, it is clear that they span M.
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Lemma IV.15. For each a € Int(o) N N and uj,, ..., u;, chosen as above, we have

n

Z<a7 U’jk> = ®(a).

k=1
Proof. By Remark 1V.14 we can find ¢4, ..., %, such that u, , ..., u;, span Mg and they
compute ®(a). If the set {w;,,...,u;, } is equal to {u;,, ..., u;, }, the claim in the lemma
follows immediately. Hence we assume that by relabeling, there exists some k, with 1 <
k < n,such thati; = ji,...,i,1 = jx—1 and i, # ji. If K = n, we have (a,u;,) <

(a,u;,) by the choice of u;, . Hence

n n

Z<a7 ujk> < Z(G, u1k>

k=1 k=1

This proves the claim in the lemma.
Now suppose the conclusion holds when k& > k, for some ky < n, and we consider the

case when k = ky. We claim there exists some [/, with kg < [ < n, such that

Ujy & Span(w;y, ..., Uiy, .., U,).

Otherwise, we have

n
ujko c ﬂ Span(uil, ceey Uy e s ,Uz'n)
I=ko

= Span(u;,, ... 7%071)

= Span(ujp . 7ujk0—1)'

But this contradicts the fact that u;,, ..., u;, span Mg.

The above claim implies that if we replace w;, by w;, , w;, ..., u;, still span Mg. It

n

also shows that
ui, & Span(wjy, .-, uj ),
and hence by the choice of uj, , we have (a,u;, ) < {a,u;). We conclude that if we

replace u;, by Wiy s the question is reduced to the case when k£ > kg + 1, and we are done

by induction. 0
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Theorem IV.16. Fix a lattice point a € Int(o). Let x**, x"2, ..., x" be the minimal set of
monomial generators of k|M N o"]. If H,, o is the stabilizer of any element of T,,, , under
the T,,-action, then the following hold:

(1) We have dim(H,, ) = ®(a) for

4.5) m > max{lrrglgﬁm,uﬁ}},

where the maximum is taken over all possible choices of n vectors u;j,, ..., u;, among

Uy, Us, ..., Ug that span Mg, and such that the minimum in (4.4) is attained.
(2) If m does not satisfy the inequality (4.5), then we have either dim(H,, ,) = ®(a) or

m < dim(H,,q) < O(a).

Proof. For simplicity we write ,,, for min{m, ¢, }, and ¢ for min{m+1, ¢,}. Let H,, o
be the stabilizer of the special jet v, defined in Lemma IV.3. Then an m-jet o € T, is

contained in H,, , if and only if
(4.6) o (1) - 197 = " WD i k] /() for 1 < i < s.

This is clearly equivalent to
af(x") =1+ Z a; it if o™ (w;) < m,
J=mAl—p™(u;)

o (X") = Z ajt’, if " (u;) = m+1,

=0

4.7)

for each ¢ and for some a; ; € k, with the condition that a; o # 0 when ¢™(u;) = m + 1.
Choose any n vectors from {uy,...,us} that span Mg. By relabeling, let us assume

they are 1, . . ., u,. We define A := AXi=1¢"(®) and the map
T Hpo — A, (@) = (i) 1<i<nmr1-om ) <j<m-

Then Lemma IV.12 implies that 7 has finite fibers. Therefore, we have

dim(H,,,) < dim(A) = Z O™ (u;).

40



By letting w4, . . ., u, vary so that they span Mg, we conclude that

dim(H,,4) < min{z o™ (uj,)

=1

Wjy, ..., uj, span Mg} < ®(a).

In what follows, we assume that after relabeling, w4, ..., u, are chosen as in Lemma
IV.15. We claim that
(4.8) dim(Hpa) > > om(u;).
i=1
Consider the subgroup M’ of M generated by u;,...,u, and the corresponding torus
T" = Spec k[M']. By the proof of Lemma IV.12, the commutative diagram

T, — T},

!

r — 1.
is Cartesian. Hence, for each o/ € T, that lies over (1,...,1) € 7", there is a unique
a € T, lying over (1,...,1) € T such that « is mapped to /. We claim that for each

o/ € T! lying over (1,...,1) that satisfies (4.7) for 1 < ¢ < n, the corresponding o € T,
is an element in H,, ,.

To prove this, we just need to show that « satisfies conditions (4.7) for 1 < ¢ < s.
Since « maps to ¢, it automatically satisfies (4.7) for 1 < ¢ < n. Now pick an integer z

such that n + 1 < z < s. Then there exist integers [ > 0, d; and ¢ < n such that
q
(4.9) lu, = dyu;,
i=1

where d, # 0. By applying o on both sides, we get
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By using (4.7) for 1 < i < n, we see that the t-order of [[{_, o* (x“)% — 1, hence also
that of a*(x"*)" — 1, is at least min;<;<,{m + 1 — ¢,,,(v;)}. Since « lies over (1,...,1),
this implies that the ¢-order of a*(x"#) — 1 is at least miny<;<,{m + 1 — ¢,,,(u;) }. On the

other hand, equation (4.9) implies that

u, € {uy, ..., us\Span(uy, ..., uy),

for each k£ with 1 < k£ < ¢ — 1. By the construction of uy, ..., u,, we have p,(u,) >

©q(uy) for each 1 < k < ¢. Hence, we have

m+1—¢"™(u,) < min{m+1—¢"(u)}.

~ 1<i<q

So the t-order of a*(x*s) — 1is > m + 1 — ¢™(u,). This, however, implies condition
(4.7) for ¢ = 2. Since z is arbitrary, « satisfies conditions (4.7) for 1 < 7 < s, and hence
a € Hy, g

Define the affine space A and the map = : H,,, — A as above with respect to
ui,...,Uu,. LetY C A be the subspace defined by a;o = 1 for 1 < ¢ < n such that
©"™(u;) = m + 1. Then the above discussion shows that Y is contained in the image of 7.

We conclude that

n

dim(Hy,e) > dim(Y) = >~ om(u;).

1=1

According to Lemma IV.15, the minimum in (4.4) is achieved by uq, ..., u,. Hence,
the condition (4.5) guarantees that m > ¢, (u;) for each 1 < ¢ < n. Under this condition,

we have
dim(Hma) 2 Y om(u) = Y palus) = ®(a).
i=1 i=1
This completes the proof of (1).

For (2), we consider two cases. If m > maxj<i<, @a(u;), then (4.8) implies that

dim(H,,,) > ®(a) as in (1). If there is some 7, with 1 < ¢ < n, such that m < ¢, (u;),
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then ¢,,(u;) = m. So (4.8) implies that dim(H,, ) > ©m(u;) = m. Since we have proved

that dim(H,, ) is always < ®(a), the conclusions in (2) follow. O

Corollary IV.17. With the same assumptions as in Theorem IV.16 and for all m > 0, the

dimension of the orbit T, , satisfies one of the following:

(4.10) dim(T, ) = (m+ 1)n — ®(a), or

(4.11) (m+1)n —®(a) < dim(T,,) < (Mm+ 1)n —m.

Proof. Observe that 1" is smooth of dimension n. Hence by Corollary I1.8, dim(7,,) =

n(m + 1). The conclusions follow immediately from Theorem IV.16. [l

Now we can prove our main result. Recall that the Mather minimal log discrepancy
can be computed in terms of the invariant A\ defined in Definition II.21, via Property
II1.22. According to Lemma III.20, this in turn can be computed from the dimension of
C™ (defined in Definition IV.2), when m is large enough. We have seen that C"™ can be
approximated by a union of explicit 7},,-orbits. Thus computing the dimension of C" boils

down to computing the dimension of these 7, -orbits.

Theorem IV.18. For m large enough we have

(4.12) dim(C™) =n(m+1)— min (a),

a€nt(c)NN

where ® is defined in Definition IV.13.

Proof. First of all, note that 7, , lies over the torus-fixed point z,, if and only if a is in
the interior of the cone o (see Lemma IV.3). Therefore C™ is the union of finitely many
T,,-orbits T, , (by Lemma IV.3 and Corollary IV.10), for a in the interior of o, and of
the orbits contained in the image of the (D;)s. But dim(¢,,((D;)s0) < (n—1)(m + 1)

by Lemma II.12. When m is large enough, the dimension of these orbits contained in
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the image of the (D)., is smaller than mn — A(x,). Thus, we only need to compute
MaX,emi(o)nn dim(7r, ) when m is large enough. Note that even though Int(c) N IV is an
infinite set, we are actually taking maximum over the finite set of 7,,,-orbits.

By Lemma II1.20 we thus see if m is large enough, then

mn — Az,) =dim(C™) = max dim(T},,4)-

a€lnt(o)NN

Let us fix such m such that, in addition, m > n + A(z,). From Corollary IV.17, we see

two cases (4.10) and (4.11). If dim(7},,,) < (m + 1)n — m, then we have
nm+1) —®(a) < dim(Tpq) < (m+1Dn—c-m <mn — A(z,).

Therefore, replacing these dim(7,, ,) by n(m + 1) — ®(a) does not change the maximum

of dim(7},4). So we get

max dim(7},,)
a€lnt(c)NN

=  max {(m—l—l)n—@(a)}

a€lnt(c)NN

— 1) — ] D(a).
n(m+1) - min = @(a)

The last formula gives the assertion in the theorem. 0

Corollary IV.19. Let X be an affine toric variety over k of dimension n associated to a
cone o. Let N be the lattice and M be the dual lattice. If o spans Ng and x, € X is the
torus-invariant point, the invariant \(x,) defined in Definition IIL.21 is computed by the
following formula

A o) — I o — 7Y
(7o) = _min = ®(a) —n

where the function ® is defined in Definition 1V.13.

The following is a direct corollary of Corollary IV.19 and Proposition I11.22.
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Corollary IV.20. With the same assumptions as in Corollary IV.19, we have

r;ﬁ(xg;X) = min {min { Z(a,uiﬂul, ..., Uy span Mg, u; € MNo" for each z}},
=1

a€nt(c)NN
where the second minimum is run over all linearly independent sets of vectors {uy, ... u,}

inMnaoV.

4.4 Examples

The conclusions of Theorem IV.18 and Corollary IV.19 involve two minima. It is not
clear whether the formula can be simplified in the case of an arbitrary toric variety. How-
ever, we can simplify this formula in some special cases. In this section, we provide some

examples of computations of the invariant \.

Example IV.21. Suppose o C R? is the two dimensional cone generated by 2¢; — e, and
¢, where e; and ey form the standard basis of N. Then ¢V is a cone in My generated
by e} and e} + 2¢5, where e] and e form the dual basis. It’s easy to see that u; = eJ,
us = ef + eb and uz = e} + 2¢} form the minimal set of generators of M NoV.

For each a € N we write a = (z,y), where z, y are coordinates with respect to the
standard basis. In order that a € Int(o) N N, we need to have x > 0 and = + 2y > 0.

Therefore, according to Corollary IV.19 we have

Mz,) = min ~ min{x + (z +y),z + (z + 2y), (x +y) + (v + 2y)} — 2
x>0,2+2y>0

= I inq{2 2 dyp — 2.
e

It’s easy to see that the minimum is equal to 0, which is attained when x = 1 and y = 0,

and hence n/lﬁ(xg; X) =dim(X) = 2.
In fact, we have the following general result:

Proposition IV.22. [f the torus-invariant point x, is an isolated singularity of a simplicial

toric variety X, then \(z,) = 0, and hence n/lﬁ(xa; X) = dim(X).
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Proof. First we claim that if z, is an isolated singularity, then all facets (faces of codimen-
sion 1) of o are nonsingular. Suppose that there is a proper face 7 of o that is singular.
Recall that

O(7) = Spec k[M N 7t] = (k*)r—dim™)

is the T-orbit that contains the distinguished point x.. Denote by NV, the subgroup of N

generated by N N 7. Then we may choose a splitting of N and write
N=N,® N, r=7&{0},
where 7’ is a cone in (N, )g. Dually, we can decompose M = M, @& M'. Let
U, = Spec k[M N 7Y],

and let U, be the affine toric variety corresponding to the cone 7" and lattice N,. With this

notation, we have
(4.13) U, = Spec k[M, N 7"V x Spec k[M'] =2 U, x (k*)"~4m(),

Note that U, is an open subset of X that contains O(7). Since 7’ is a singular cone,
the torus-fixed point x,» € U, is a singular point. In this case, the orbit O(7), which
corresponds via the above isomorphism to {z.} x Spec k[M'] is a subset of dimension
n — dim(7) contained in the singular locus of X and that contains 0 in its closure. This
contradicts the fact that O is an isolated singular point of X. So we conclude that all facets
are nonsingular.

Since X is simplicial, the cone o has only n one-dimensional faces. Assume that
vy, . . ., U, are the primitive lattice vectors on these one-dimensional faces. Then vy, ..., v,
span a facet of o, and is therefore nonsingular. By applying an automorphism on /N one
may assume that vy = ey,..., v,_1 = e, 1 and v, = a1e; + - -+ + a,_1€,_1 + te, with

0<aqg;<t.Definea=¢e;+---+e,.
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Note that o; := te; — a;e; is orthogonal to the facet spanned by v4,...,0;,...,v, for
every i, with 1 <4 < n— 1. In fact, the dual cone ¢ is spanned by o1, ..., 0,_1, €. Since
(0;,a) =t —a; > 0and (e},a) = 1, a is in the interior of o.

Clearly e3, ..., e’ are all in the dual cone ¢". In fact, each e is on the face spanned by
o; and €. Since ¢,(ef) = 1, we have ®(a) < n and hence A(z,) = 0. By Proposition

I11.22 we get n/lﬁ(xa; X) = dim(X). O
Corollary IV.23. If X is a two-dimensional affine toric variety, then \(z,) = 0.

Proof. Observe that every two-dimensional affine toric variety is simplicial, and that ev-
ery facet is one-dimensional, hence nonsingular. Thus z, is an isolated singularity of a

simplicial toric variety. The conclusion follows immediately from Proposition IV.22. [

The above examples might suggest that A is always 0, or mld is always equal to
dim(X), for any toric variety. But this is not true in general, as we will see shortly. Now
let us look at an example of a different type. We discuss this class of examples in detail
in the next chapter (see Example V.23 for details); we refer to this section for the proof of

the formula that we use.

Example IV.24. Let X C A™"! be the hypersurface defined by the binomial function

n—1
f=mxy 2, —y

for some n > 3. The dimension of X is n while the dimension of X, is n—2. Since X is
Cohen-Macaulay, being a hypersurface, it follows from Serre’s criterion that X is normal.
It is a general fact that X is a toric variety if it is normal and defined by binomials ([Stu95,
Lemma 1.1]). By applying formula (5.17) below from Chapter V, we immediately get

A= 1
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4.5 Extension to arbitrary closed points

Corollary IV.19 gives the formula that computes the invariant )\ associated to the torus-
invariant point for an affine toric variety X over k that corresponds to a cone that spans
Ng. In this section, we show how this computation is generalized to an arbitrary closed

point of a toric variety X. We start by proving the following proposition:

Proposition IV.25. Let X and Y be two varieties over k such that Y is smooth. For any
closed points © € X and y € Y, the invariant \ for the closed point (x,y) € X X Y is

equal to \(x).

Proof. By definition, we have
M(z,)) = (dim(X) + dim(Y))m — dim (g, " (X x Y)oo),
for m large enough. According to Remark I1.10, this is equal to

(dim(X) 4 dim(Y))m — dim(¢2 (Xo0)) — dim(ep) (Yao)) = A(z) + A(y).

m m

According to Remark I11.23, A\(y) = 0. Therefore, A((x,y)) = A(x). O

The key fact is that any closed point is in the orbit of the distinguished point of a face of
0. More precisely, let X be the affine toric variety associated to a cone o and O(7) be the
T-orbit that contains the distinguished point z. for some face 7 of 0. Then X = U,O(7)
with 7 varying over all faces of 0. We refer the reader to [Ful93, Chapter 3] for details.
Then A(p) = A(z,) for every p in O(7), because there is an element ¢ € T that maps p to
x,, and such that multiplication by ¢ gives an automorphism of X. Therefore, it is enough
to compute A(z, ), where 7 is a face of 0.

Following the notation in the proof of Proposition IV.22, we have an open subset U, =

U, x (k*)"~4m() of X that contains O(7). The point 2. € O(7) is mapped to (x,., 1) by
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the isomorphism, where z,/ is the torus-invariant point in U,.. Therefore, we are reduced

to computing A\((z,, 1)) and we obtain the following corollary by using Proposition I'V.25:

Corollary IV.26. With the above notation, if X = X (o) is an daffine toric variety over k

of dimension n and 7 is a face of o, then we have \(x,) = \(x,/). Equivalently, we have

H/lﬁ(ZET; X)—n= n/lﬁ(xT/; U,) — dim(7).
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CHAPTER V

Mather Minimal Log Discrepancy of Hypersurfaces

This chapter is devoted to the computation of the Mather minimal log discrepancy of

the origin on a hypersurface whose defining equation has very general coefficients.

5.1 Basic setup
Throughout this chapter, we assume that X is an integral hypersurface in
A" = Spec C[zy, ..., Tnyi1),

for some positive integer n, over the field of complex numbers. We have dim(X) = n.
After a change of coordinates, we may and will assume that the origin of A"*! is contained
in X.

Let f be the defining equation of X in A"*!. We can write f = Zf\; apiz!', where
I'= (I}, I,..., I ) are multi-indices and z'" stands for H?;l x]IJl . Suppose that all the
coefficients a: are nonzero. Then IV, the number of monomials in the polynomial f, is at
least 2 by the integrality assumption, unless X is a coordinate plane. We denote by Z . the

set of positive integers and by Zx the set of nonnegative integers.

Definition V.1. The support of a multi-index I" is |I'| := {;j|I; > 0}. Given an (n + 1)-

tuple o = (aq,...,a,41) € Z™ and a multi-index I, we define the product as o - I :=
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Z;‘;l a;I;. The support of a polynomial f = Zf\il apiz”, with all aj: # 0, is the set
A={I" .. IV} C (Zso)" ™.
The dimension of A is defined by dim(A) = dimg(Spany{A — a}), for any a € A.

Remark V.2. Clearly the dimension of a support A is independent of the choice of a. By

our assumption on f, the support A of f has at least two points, hence dim(A) > 1.

Remark V.3. We may assume without loss of generality that
Ur<ien| I’ = {1,2,...,n+ 1}.

Otherwise, X is the product of an affine space with a hypersurface of lower dimension.
Then by Proposition IV.25, computing A for the origin in X is reduced to computing the

corresponding A(0) on the lower dimensional hypersurface.

Remark V4. If 0 is a smooth point, then the invariant \(0) is trivially zero by Remark
II1.23. So we focus on the case where 0 is a singular point of X. In particular, we assume

that X is not a hyperplane.

In order that the hypersurface X contains the origin, we require that f is a polynomial
in (z1,x9,...,2,) - Clzy,x9,...,2ny1], or equivalently, the point (0,0,...,0) is not in
the support of f. By requiring that X is irreducible and is not a hyperplane, we see that
f is not divisible by x; for each 7. This means that the support of f contains at least one
point in each coordinate plane x; = (0. We first characterize those A, such that a general
polynomial with support A defines an integral hypersurface. We denote by conv(A) the

convex hull of A. The following result is a simplified version of [Yul6, Theorem 3]:

Theorem V.5. Let R = Clzi', ..., 2},] be the Laurent polynomial ring in n + 1 vari-
ables. Then a general polynomial f with support A generates a proper prime ideal in R if

and only if one of the following holds:
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(1) dim(A) > 2, or

(2) dim(A) = 1 and conv(A) contains only two integral points.

Lemma V.6. Let R = C[a:l R, n+1] be the Laurent polynomial ring in n + 1 variables
and f be a polynomial in Clxy, ..., ,1] that is not divisible by any z;. If f generates a
prime ideal in R, then f also generates a prime ideal in Clxq, ..., Tpyq].

Proof. The assertion follows from the fact that

fClry, ..., xpp] = f-Claf', ... 2f N Clay, ..., Tpi]-

This follows easily, using the fact that C[xy, ..., x,,1] is a UFD, from the fact that f is

not divisible by any z;. 0
Definition V.7. A finite subset A of (Zs()™ " is called integral if the following conditions
hold:

(1) A contains at least one point in each coordinate plane z; = 0,

(2) A does not contain the origin (0, ...,0), and

(3) dim(A) > 2, or dim(A) = 1 and conv(A) contains only two integral points.
Let |A| be the cardinality of A. We denote by F(A) C (C*)I4l the set of coefficients,
such that a polynomial f with support A and these coefficients generates a prime ideal in

the Laurent polynomial ring R.

By Theorem V.5, the set F(A), for each integral subset A C (Z>)" ™!, contains a

nonempty open subset of (C*)I4l. The following is a direct corollary of Lemma V.6:

Corollary V.8. If f is a polynomial with an integral support A and coefficients in F(A),

then f defines an integral hypersurface in A" containing the origin.
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In what follows, we fix an integral subset A C (ZZO)"le with cardinality N > 2, and
assume that the defining equation f has support A and coefficients in F'(A). Recall that

we write f = Y. apz! with all a;: # 0. In this case we have A = {I*,... IV},

Definition V.9. For each positive integer m, we define as in the previous chapter the sets
C™ := 1),,(m71(0)) in the m™ jet scheme of X, where 0 is the origin of A"*!. For each

(n + 1)-tuple o € Z™! such that 1 < a; < m for each j, we define
Cgb = Cm N (ﬂlSanHConto‘j (l’])m)

In other words, C7" is a subset of C™ with prescribed order along each x;.

Now we fix a with a; > 1 for each j. Let no(a) = minj<;<n{a - I'}. After relabeling
we may assume that the minimum is attained by precisely those ¢ with 1 < ¢ < k for some

k > 1. Then the image of f under the map

5.1 Clay, 2o, 2pe] — (Clal 1 <j <nt 1L s > a)[t], 25— Y 2Pr

5:(1]‘
has t-order > ng(c) and the coefficient of ¢"0(*) is
(5.2) N R S Z ap Il (™)),
Py is an element in C[z\™", 25" ... 2{%"]. We define the condition A%, which will be

used in the statements of the main result in this chapter, as follows:

Condition V.10. We say that the condition A* holds for f if

ﬁlv( i) ) NV(P) =0

(aj)
j:l ax] 7
in the torus
* 1 "
(C*)"+! = Spec Clz!™"), éa”’---»”J";ifl)](zi“l),zé“” ,,,,, )
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n+1

v 7 . '
i1 Hf;l asgﬁ *) is the sum of the superscripts

Definition V.11. The weight of a monomial | |
> i 7 the weight of a polynomial in (l’gu)>1§ j<n+1; u>0 18 the smallest weight among its

monomials.

Remark V.12. 1t is easy to see that for every s, each monomial in the coefficient of ¢* in

the image of a polynomial under the map (5.1) has weight s.

5.2 Main results

We begin with a few lemmas.

Lemma V.13. For a fixed o = (o, ..., any1) € (Z)"1, the set
F, :={(as)1<i<n € (C*)"|condition A* is satisfied}
contains a nonempty open subset of (C*)".

Proof. We use the Kleiman-Bertini Theorem in characteristic zero, which states that the
general element of a linear system of divisors on a variety Y is nonsingular away from the
base locus of the linear system and the singular locus of Y.

Let Y be the affine space C"' = Spec C[z\™, 2{** ... 2] and Z be the hy-
persurface in Y defined by the polynomial Py = S7 | apIT}] (xﬁaj "\I3. Note that the
left-hand side of the equation in condition A® is the singular locus of Z. Therefore, it
suffices to show that for a general choice of coefficients, Z will be nonsingular away from
the coordinate planes.

The linear system of divisors H on Y consisting of hypersurfaces defined by polyno-
(aj)

mials of the form p = Zle ari H?Ll (z;

; )15, for a;i € C, is clearly base point free away

from the coordinate planes because each monomial 27" is already so. By the Kleiman-
Bertini Theorem, the hypersurface Z is nonsingular away from the coordinate planes for a

general choice of (aji)1<i<n € (C*)V. O
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We now study the image of f under the map (5.1). It suffices to study the image of each

monomial of f. The image of f is just the sum of the images of all the monomials of f.

Lemma V.14, Fix a = (ay,...,an1) € (Z4)""1. For each s > 1, the coefficient of t* in
the image of 22"z . .. xf{ff under the map (5.1) is equal to

n+1 ]))Ci’j
5 > (TToe- T,

Cij Jj>ay

where the sum is over all ¢; j with 1 <1 < n + 1and j > «; such that
Z] c¢i; = sand ZCU = b; for all 7.
Jjzo
Proof. By considering the weight of a monomial []/~; 15, (e, it is clear that
if this monomial appears with nonzero coefficient in the coefficient of #°, then we have
>.ijJ ¢y = s. If such a monomial shows up in the image of il f[ff, then
it clearly satisfies ) isai Cij = b; for all :. Moreover, it follows from the multinomial

formula that if these conditions are satisfied, then the coefficient of the above monomial is

n+1

I

Jj>o; 17 .

]

This lemma shows that the images of two different monomials under the map (5.1) do
not mix together. Thus, the number of monomials in the coefficient of ¢* of the image of
f is the sum of the numbers of monomials in the coefficient of ¢* for the image of each of
the monomials of f. Similarly, the highest superscript in the coefficient of ¢° of the image
of f is equal to the maximum of the highest superscript in the coefficient of ¢* that appears

in the images of all the monomials of f.

Lemma V.15. Fix a = (o, ..., 1) € (Zy)"*! and a monomial x5 2% . . n’ff Then

for each s > ZnH b, the largest superscript appearing in the coefficient of t° in the
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image of xlilxgz .. .xf{fﬁf under the map (5.1) is equal to s — i for some fixed number |i.

Moreover, this largest superscript only appears in the monomials of the form

(xgoa))ln (xgaz))bg o (Ztg-aj))bj_l o ($£?f1)>bn+l ) :L‘;S_M),

. 1
for some j such that a; = maxy<;<,+1 ®;, and we have j = Z::l bia; — .

Proof. According to Lemma V.14, the coefficient of ¢* in the image of the monomial

ababz . alnrl consists of monomials of the form [T H?Zl xiﬁj ), with 3! > «; for
every i and j and such that 3, ; 3} = s. When s < S biay;, there is no such monomial.

: 1 1 : .
Hence we require that s > 3" ! b;;. When s = 37! b;a;, there is only one monomial

(™) (25) () ()

in the coefficient of ¢°. Hence the largest superscript that shows up in this case is equal
to max; a;. In what follows, we assume that s > E?:ll b;cv;. Then the largest superscript

that appears in the coefficient of ¢° is given by the following optimization problem:

max  max{fj}
Z?]
S.t. ,B;- > «; for each ¢

and Z 6} =s.
2

Let ( B;), ; give the optimal solution to this optimization problem. We claim that there
exist ip and jo, with 1 < 4g < n+ Land 1 < j, < by, such that 3! = o if and
only if (i,7) # (i, jo). First we show that if the maximum is attained by 6_;8 then we
have B;g > «,,. By relabeling, we assume that a; = max; ;. Consider another feasible
solution (/3?) to the optimization problem, with 3} = ay +s — 37} b;oy; and B = o for

(i,7) # (1,1). Then clearly maxi’j{/f;’;-} = 3} > max; o;. Hence
Bio = max{5}} > H%gX{Bj-} > .
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Now suppose contrary to our claim, that we have another pair (i1, j1) # (4o, jo), such that
Bit > ;. We define 82 = B if (i, ) # (io, jo), (i1, 1), B = B + 1 and B = B! — 1.
Then clearly (3!) is also feasible, while max; ;{3.} > max; ;{3}. This contradicts our
choice of (3}).

The above discussion shows that the largest superscript that appears in a monomial in

the coefficient of ¢* shows up only in monomials of the form

DRI N C ) KN C e R

Moreover, such monomials appear in the coefficient of ¢° for all j.
By considering the weight of such a monomial, we get s = 3,(s) — «o; + ZnH b;c;.

This implies that when j;(s) is the largest superscript, o; = max; ¢, and
n+1

s)=s— Zbiai + .
i=1

n+1

This proves the lemma with o = ) """ b;c; — max; a;. O

Remark V.16. With the same proof as above, one can show that for each fixed index 7,
with 1 < j < n + 1, the largest superscript for x; appearing in the coefficient of ¢* in the

image of 225 .. f[ff under the map (5.1) appears in the monomials of the form

(xgal)y)l ($é02))b2 ce (:)jgaj)>bﬂ_1 . (zgﬁf—l))bnﬂ . x?—p))

where 1 = 3" bi; — .

Combining Lemma V.14 and Lemma V.15, we see that if P = 25 ... :BZTII and if
aj, = max;q;, then for s > E”J’l b;c;, the term with the highest superscript in the

coefficient of ¢* for the image of P under the map (5.1) is equal to

oP

O ()l -l

- It Jo s
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with 1 = S by — aj,. When s = S by, the coefficient of ¢° is equal to

P( (a1) (Oén+1))

Ty ..., T, ). This is the smallest s such that the coefficient of ¢* is nonzero.

Similarly, for each fixed index j, the term with the highest superscript of z; is equal to

op
al'j

(@t ey gl

with ,u’ = Z?ill biOéZ' — Q.
Since the image of different monomials of f do not mix, by Lemma V.15 the coefficient

of t* in the image of f under the map (5.1), for s > max;<;<y{a - I'}, is of the form

To(x\™), 2" .. ,:cgf_‘ﬁl))x;-z_”jo)
(5.4)
ﬂ,
+Qs($§ Doy < B < s — pjos iy < Bjo < 5 — o),
for some index jy, some /1, > 0, and polynomials 7 and (). In other words, the highest
superscript is s — p;, and it is attained at the index jy. Recall that f = Zfil apz’ and

no(a) = min;{c - I'} and this minimum is attained by all 1 < 7 < k. For each i with

I’ > 0, we compute the product « - I* and define

no(a) := }gli;%{oz I'}and o :={1<i< NI >0, a-I'=no(a)'}.
Jo

Clearly we have ng(«)” > ng(a). According to the discussion for a monomial above,

no(c)" is the smallest integer such that the coefficient of ¢"0(*)" contains a monomial divis-

(O‘jo)

ible by x%) for some ¢ (in fact it is divisible by x; **"). Moreover, the coefficient of ¢ro(a)’

is equal to
(5.5 Pyt 28 2lene)) 4 other terms without

where Py (71, %2, ..., Tng1) = D i, apz!. Clearly if ng(a)’ = no(a), theno C {1,2,...,k}.
Otherwise, if ng(a)’ > no(a), then o C {k+1,..., N}. By the discussion for the case of

a monomial, we have

(1) | (a2) (an41)
(1) _(a2) (antr)y  OP(xy ey )
(56) T0<x1 y Loy Ty Ty ) - 8;5@30) .

Jo
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For each fixed index j, similar arguments for the highest superscript of z; also hold.

Remark V.17. Consider the weight of the first term in equation (5.5), we get I* - o =
no(a)' for each i € o. Hence each monomial in Tp(«{*", 5™ .. 2!*")) has weight
no(a) —aj, = I'-a—ay, forevery i € o. Consider the weight of the first term in equation

(54)wegets=1I"a—aj +s— p,, foreach i € o, or equivalently, y1;, = I' - @ — v, .

But s — 11, is the highest superscript appearing in the coefficient of ¢°. Therefore, we have

(5.7) Wi = min {I' a—qj},

1<i<N
1<j<n+1 with 1;1>0

and the minimum is attained when 7 € o and 7 = j,. The condition [ JZ > 0 is equivalent

oP
to pRCH) # 0.
Tj

Recall that C™ = 1,,,(7~1(0)) is a contact locus in X, and
ng =CM"N (mlngnJrlCOntaj (l’])m)

is a contact locus in C™ for each (n + 1)-tuple .. The following lemma gives an upper

bound to the dimension of C".

Lemma V.18. Fix o = (aq,...,a,11) € (Z)""'. Let m be an integer such that oy < m
for each j. If miny <;< n{a- I'} is attained by a unique i, then C™ = (). If min;<;<n{a- 1"}
is attained by at least two different i’s and if (ayi)1<i<y € Fo N F(A), where F, is as

defined in Lemma V.13 and F(A) is as defined in Definition V.7, then we have

n+1
(5.8) dim (7' < mn—Z%(og—l)—l%—lrSI%lSnN{[ ca} — nin {I' a—qj},
]:

1<j<n+1 with I;>0

for all m large enough.

Remark V.19. An (n + 1)-tuple a € (Z, )" is called feasible if min;<;<n{a - I'} is
attained by at least two different i’s. Otherwise, it is called non-feasible. According to

Lemma V.18, C" = () if « is non-feasible.
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Proof. Consider the affine space

Spec Clz{™, z{¥D g glems) plenat g im) ] = gmied )= SiE (eih),
Clearly z\™, 2$**) ... 2"+ are regular functions on this affine space. We denote by
U,, the open subset of A™r+D=X10 (@i=1) where z{*) 242 . ,:L*gﬁff ") do not vanish.

Let my = maxi<j<p+1{a;}. When m > my, CI" is naturally embedded in U,,.

Pick an arc v in X N (Ni<;j<p+1Cont®(z;)). Then + is represented by a homomor-
phism of C-algebras
(5.9 v Clzy, ..oy xng1] — C[t], v (x;) = i xgj)tj,

=

such that v*(f) = 0 and xgo"') # 0 for each ¢. Let us write G for the coefficient of ¢° in
v*(f). Then by definition (equation (5.2)), we have G () = Po(2$) 2™ ,xfﬁ:fl)).
Hence, as long as m > no(a), we have C™ C V(By(«\), 2. 2*))). But
when min;<;<y{a - [ 1} is attained by a unique ¢, Fy is a monomial. Thus, we have
V(Py(2\*, 25 2 ))) = () in U,,, which implies that C™" = ). This shows
that C"™ = () if « is non-feasible. In what follows, we assume that « is feasible and
(a,); € F, N F(A), and show that in such a case, C7" is a finite union of locally closed
subsets of U,,, all of them having dimension less than or equal to the right-hand side of
(5.8).

For each m > my, we define Ay := C"\V(1y). Since (ar,); € F,, we can find j such

that
0P,
8x§aj)

Then for each s > 1, consider the highest superscript of z; in the coefficient of ¢"0(®)+s

(xgal), xé”), . ,xffrfl)) £ 0.

and we get

0P,

(5.10) Gro(a)+s = )
o(a)+ aléoej)

(xgal), xg”), . ,xﬁﬁffl)) . xgaﬁs) + R,,
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where Ry is a polynomial in {:cgti)

a; <t;<a;+sforalli# j,a; <t; <a; +s}. For
each s > 1, if we consider the highest superscript among all z;, for 1 < ¢ < n + 1, in the

coefficient of t"0(®)'+5 we get

(.11 Gglay+s = To(ai™ 2§ . o)) 2l 4 B,

where R, is a polynomial in {xgt")|ozi <t; <aj, +sforalli # j, o, <tj, <, + s}
Note that

Gno(a)’+m—aj0 = TO (x§a1)7 xga2)7 ce 71.20—[;?1)) ’ :Cg:]n) + Rm—”O(a)"

Every variable in the above expression of G (a)+m-a;, has a superscript < m. The
same holds for Gy, with ng(a) < k < ng(a) + m — a;,. Hence each V(Gy), with
no(a) < k < ng(a) +m — vy, can be considered as a closed subset of U,,.

We claim that if m > ng(«)’, then
AO = V(Gno(a)y G?’Lo(a)+17 ceey Gno(a)’+mfaj0)\V(TO) C Um

In fact, if we embed Ay naturally in A, := Spec C[xgsi)

1<i<n+1,s > ), and

consider each V(G},) as a subset of A, then we have
Ap=UnN (HSZOV(Gno(aHS))\V(TO)-

Hence, Ay is contained in V(Fy, Gpo(a)+1s - - - » Gno(a)’+m—aj0)\V(T0) c U,

On the other hand, for each s > 1, if we fix

{xl(t") a; <t <o;+sforalli#j,o; <t;<a;+s}
such that %(m&al), 23 al)Y £ 0, then the equation Gy (q)1s = 0 has a unique

J

solution for 2%

p . Similarly, if we fix

{x(ti)

o; < t; SO[jO+SfOI‘alli7éjo,O[jo Stjo <O[j0+8}
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such that Ty (24, 25| 2{*)) 2£ 0, then the equation G,y 4+ = 0 has a unique

(C“jo +s)

solution for T . The existence of solutions for G,(a)+s = 0 and G,y (ay4+s = 0, for

each s > 1, shows that every element in Uy, N V(Fy, Gpoa)+1s - - - » Gno(a)/+m,aj0 NV(Tp)
can be lifted to an element in X, and hence contained in Ay. Moreover, we see that each
equation G, (a)+s = 0 0r Gpg(a)+s = 0 cuts down the dimension exactly by 1. This shows
that the codimension of A in U, is exactly the number of equations unless Ay = (). We

conclude that if Ag # (), then

n+1

dim(4y) = mn+1)— Z(ai — 1) +ng(e) — (no(e) — ajy) — 1 —m

= mn— Z(ozi —1) — 1+ no(a) — wjy-

=1

Now suppose that 1,,,(7) € C7 N V(1p). Then the first term on the right-hand side
of equation (5.11) vanishes. If we delete the first term and rearrange the equation to get
a new highest-superscript term, we claim that for s sufficiently large (independent of m),

the equation (5.11) becomes

(s—p1)
J1

(s—p1)

Gro(ay+s = 11 - x; + Remaining Terms without x

for some polynomial 7} and some number i1, with s — 11 being the highest superscript.
To prove this, let us consider the monomials in the expression of G445 after deleting
(C“jo +s)

RREN . According to the proof of Lemma V.13, they are of the form H?;l H?: 1 xE'B 2

for some i, with 3/ > a; and D ik B = ng(a)’ + s. Hence, the number
J
max{max -5
e {max {51} — 5}
is bounded above. In fact, it is bounded above by «;,. Suppose that the maximum is

attained by some sy > 1 and (53]); ., with 3 = max;{5]}. In other words, the highest

superscript appears in the monomial

m ) Twn @)
x%ﬁl)...:pl i xfl) a1 -xfl)
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On the other hand, for each s > sy, G, (a)+s contains the monomial

o0 T O gt

1 PR jl . e Tl+1 jl

This shows that maxszl{maxj,k{ﬁi} — s} is attained by all s > sg and the same j;.

Hence the highest superscript in G (a)/+s is equal to s — pu; for some fixed y; and for s

(s—p1)
1

sufficiently large. We also see that if M - T is a monomial in G, (o) +s that contains

the highest superscript, then M - xﬁ/_“ ") is a monomial in Gng(a)y+s that contains the
highest superscript for each ' > s. Moreover, for every such monomial, the weight of
M is equal to ng(«)’ + 1. There are only finitely many monomials with a fixed weight.

Hence, we get

(s—na)
J1

Gro(ay+s = T1 - a:’é-f*“ ") + Remaining Terms without =

for s sufficiently large and for a fixed polynomial 7;. Clearly, we have s — 1 < o, + s,
or equivalently, 11, > —ay,.

Let m; be > the largest superscript appearing in 7} and m; > mgy. Then for each
m > my, we define A, := C* N V(Ty)\V(T}) C U,,. With the same analysis as above
we can show that A; = V(T5, Groa), Gno(a)+1s - - - » Gg(a)+m+m) \V(T1) and that each

G; cuts down dimension exactly by 1. Hence either A; = () or

n+1
dim(4;) < m(n+1)— Z(ai — 1) +no(a) =1 —np(a) — g —m
i=1
n+1

< mn— Z(ai —1) = 1+ ng(a) — (no(@)" — aj,)

= mn—Y (i —1) = 1+ng(a) — ;.

i=1

Inductively, suppose we have A, = C7" N (Mj<x-1V(1}))\V(T}) for each m > my, for

some number my, > maxo<;<x—1{m;}, and when 1,,,(y) € Ay we have

(5.12) Gro(ay+s = Tk - glEhe) 4 Remaining Terms,

S
Jk
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for s sufficiently large and some number 1, > —a;,, where s — 1, is the highest super-
script.

Now suppose that 1,,,(7) € C"N(M<xV(1})), then the first term of the right-hand side
of equation (5.12) vanishes. If we delete the first term and rearrange the equation to get a

new highest-superscript term, with the same proof as above we can show that

(5—pk+1)

et + Remaining Terms,

Ghgay+s = Ther - 2

for s sufficiently large (independent of m). Clearly, we have p 1 > g, > —a,.
Let my., be > the highest superscript in 7,1 and my,1; > my. For each m > my.1,
we define Ay = O N (M<xV(77))\V(T)41). With the same analysis as in the case

when k£ = 0 we can show that
Ak+1 == V(T()? e ,Tk, Gno(a)y Gno(a)+17 . e 7Gn;€+1+m>\v(Tk+1>

and that each G; cuts down dimension exactly by 1. Hence either A, = () or

n+1
dim(Ag1) < m(n+1)— Z(ai — 1)+ no(a) =1 —ng(a) — gy —m
i=1
n+1

< mn— Z(ai — 1) — 1+ no(a) — pjo-
i=1
We claim that there can be only finitely many such steps. First note that the highest
superscript decreases, or equivalently, the number 1 increases, by at least 1 as k increases

by n + 1 because we must have used the same subscript j; during n + 2 steps. Second, the

decrease in highest superscript must eventually stop because G, (q)+s contains the term

0P, n (a '+s) N s OP n

M(aoﬂ (asgal), 2 ,xfﬁfl)) -x; 7" for some j, with —&c(fj) e S ,xﬁfl)) #
i j

0, and for every s > 1. Hence, for each m large enough, we can decompose C!" into a
finite union U,;>¢A;, where each A; either is empty or has dimension less than or equal to

the number in the lemma. This completes the proof. [
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Remark V.20. From the proof of Lemma V.18 we see that for a fixed feasible «, coefficients

(ar,); € F, N F(A) and m large enough, if Ay # (), then we have

n+1

(5.13) dim(CY') = mn— Z —1)—1+ min {I"-a}— min {I' a—ay}.

1<i<N 1<i<N
1<j<n+1 with I;Z>0

We also see that G, ()45 = 0 for each s > 1 has a solution as long as Tj # 0. Therefore,
Ay # 0 for m large enough if and only if V(P)\V(7y) # 0 in the torus (C*)"™! C
Spec C[z\™", ..., z{%""]. Note that the condition V(P,)\V(Ty) # 0 is independent of
m.

Recall that if we fix an integral support A = {I',...,I"}, then F(A) and F, are
subsets of (C*)" defined in Definition V.7 and Lemma V.13 respectively. Each of them
contains an open dense subset of (C*)V. An (n + 1)-tuple @ = (o, ..., 1) is called
feasible if min;<;<y{a - [ Z} is attained by at least two different 7’s. For each feasible o,
we define polynomials Fj by equation (5.2) and 7j by equation (5.4). Using the above

lemmas we obtain the following theorem:

Theorem V.21. Let A = {I',... IV} be an integral support. If

(arh<isv € () FaNF(A)

feasible

and X is the hypersurface in A" defined by f = va 1 apzl, then X is an integral
hypersurface containing the origin O and the invariant X (defined in Definition I11.21) for

the origin satisfies

n+1

(5.14) X(0) > mm{z —1)4+1— min {I"-a} + min {I' a—aj}},

1<i<N 1<i<N
1<j<n+1 with I3>0

where the first minimum is taken over all feasible (n + 1)-tuples a.
Moreover, assume the first minimum is attained at some feasible . If for this o, we have
V(P)\V(Ty) # 0 in the torus (C*)"*' C Spec Clz{™, ... ,xi?fl)], then the inequality

(5.14) is in fact an equality.
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Proof. Let f be fixed with (ai)1<;<n € NoFn N F(A). By Corollary V.8, X is an integral
hypersurface containing the origin 0. According to Proposition II1.19, 7—!(0) contains
only finitely many irreducible components C1,...,C,, Z1,..., Z,, where each C} is thin
and each Z; is fat. We have dim(C™) = mn — A(0) when m is large enough. For
each thin irreducible component C;; of 7 1(0), however, by Lemma II.12 we see that

dim(¢,,(C;)) < (m + 1)(n — 1). Thus, for m large enough, we have
dim(C™) = max dim(¢,,(Z;)).

1<i<q

By Lemma I1.12, the fibers of ), 1(7~(z)) — ¢, (7~!(z)) have dimension < n.

Since dim(C™) = mn — A(0) for every m large enough, we have
dim(C™) = dim(C™) + n for m > 0.
This also implies that there is some ¢ such that
dim(C™) = dim(¢,,(Z;)) for all m > 0.

In fact, pick a positive integer M such that dim(C™!) = dim(C™) + n for all m > M.

If dim(¢,,(Z;)) < dim(C™) for some m > M, then

dim(Vmix(Z:)) < dim(,(Z;)) + nk
< dim(C™) +nk
= dim(C™™"),
forevery k > 0. It follows that if there exists m; > M for each i such that dim(¢,,,(Z;)) <

dim(C™), we have dim(C™) > max;<;<,dim(¢,,(Z;)) when m > max;<;<,{m;}, a

contradiction. Therefore, by relabeling we may assume that
dim(C™) = dim(¢,,(Z1)) for all m > M.
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Since X = V() is irreducible and is not a hyperplane, we have V(z;, f) € V(f) for
each i. This implies that the fat component Z; is not contained in Cont™(z;) for each i,
or equivalently, Z; does not have infinite order along any ;. Choose an (n + 1)-tuple

o =(oh, ..., ) € (Zy)"T with
o, = min{ord, (z;)|y € Z1},1 <i<n+1.

Then if m > max{M, o}, ..., o)}, CI contains a dense open subset of 1,,,(Z1), hence

dim(C™) = dim(C?). By applying Lemma V.18, we get for m > 0,

n+1
: my < _ _ _ 7 _ : i_ r_ )
dim(C™) < mn Z;(oz 1) 1+1I<T11<1}V{I o'} min {I'- o' = a}}.
]:

1<j<n+1 with I5>0

Therefore, for m > 0 we have

A0) = mn—dim(C™)

n+1
> /' _ _ : 7 . / : 1 . I /'
> Z(&J 1)+1 1213%{1 o'} + i {I'-o —a}}
Jj=1 1<j<n+1 with I} >0
n+1
> . . . i . i '
> fegilglga{ Z 1)+1 mm {[ al + Din {I' a—o;}}

1<j<n+1 with I;i>0

Now suppose the first minimum in (5.14) is attained at some feasible o and that for this

o we have
n+1
dim(Cg") :mn—z;( —1) _14'11313 {I'-a} - 1SiEN {I'-a—oa5}.
]:

1<j<n+1 with I;i>0
Since C7" € C™, we have dim(C7") < dim(C™). On the other hand, we have dim(C7*) >

dim(C?}) = dim(C™) by the choice of a.. This shows that

A0) = mn—dim(CY)

n+1
= z;(aj — 1)+1—121§V{I cat+ min {I' a—aj}.
]:

1<j<n+1 with [1>0
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In other words, we obtain an equality if dim(C") attains the upper bound in the state-
ment of Lemma V.18 for some feasible o where the first minimum in (5.14) is attained.

According to Remark V.20, this happens when V(Py)\V(Tp) # () for such an a. O

Combining Lemma V.13, Theorem V.21 and Proposition II1.22, we get the following

corollary:

Corollary V.22. Let A = {I',..., IV} C (Zs0)""" be a fixed integral subset (see Def-
inition V.7). If X is a hypersurface in A" defined by a very general polynomial with

support A, then X is an integral hypersurface containing the origin O and we have

(5.15)
o n+1
. > mi _ — mi i, i oy — v
mld(0; X') > mln{z;(a] 1)+1 1rglglgnN{l al + nin, {I'-a—a;}}+n,
]:

1<j<n+1 with 1;1>0
where the first minimum is taken over all (n+1)-tuples « such that 1gignN{Ii -a} is attained
by at least two different i’s.

Moreover, assume the first minimum is attained at some feasible «. If for this «,
the polynomials Fy (defined in equation (5.2)) and T}y (defined in equation (5.4)) satisfy
V(Py)\V(Ty) # 0 in the torus (C*)"*' C Spec Clz{™, . .. ,:vf{i"f’l)], then the inequality

(5.15) is in fact an equality.

5.3 Examples

There are many interesting examples of hypersurfaces where the inequality in Theorem
V.21 turns out to be an equality. According to Theorem V.21, we just need to show that
the coefficients are in [, F,, N F/(A), and that V(P)\V(T,) # () for certain feasible .
In these cases, the invariants A and Mather mld are independent of the coefficients in the

defining equations.
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Example V.23. Let X = V(f) C A™™! be an integral variety of dimension n where f is
a binomial. Note that X is not necessarily normal. So it might not be a toric variety. The

irreducibility of X implies that we can write f in the form

_ B, B2 Bp _ 1.,.Bp+1, Bpy2 Bp+q
[=ax"zy’ - "Iy bxp+1 Lpt2 = Lpiq s

where p+q <n+ 1. If p+q < n+1, X is the product of a lower dimensional binomial
hypersurface with an affine space. The question is hence reduced to the case when p+¢q =
n + 1. By assuming 0 € X, we also require that p > ¢ > 1. The support A contains
N = 2 elements (S, fa,...,0,0,...,0) and (0,...,0,Bpt1,...,Bp+q). By requiring
that A is integral (see Definition V.7), we further assume that the line segment connecting
these two points does not contain any other integral point. Hence X is integral if the
coefficients (a,b) € F(A) according to Corollary V.8. On the other hand, by applying a
coordinate change that takes x; to c-x and preserves all z», . . ., T, 44, We see that any two
such hypersurfaces X and X', with different coefficients (a, b) and (a’, b'), are isomorphic.
Hence, we conclude that F/(A) = (C*)2. Clearly, an (n+ 1)-tuple a € (Z, )" is feasible

(see Remark V.19) if and only if

p p+q
(5.16) daiBi= ) api
i=1 i=p+1

For any feasible «, following the notation in the previous section, we have ng(«a) =

p
?_ a;f; and

Pofat™, a5, ) = fay®™ 2
is of weight no(«). Since 88(1203_ s is a monomial for each j, F,, = (C*)? for each feasible a.
i
Now fix a feasible a.. Clearly if o, = max {¢;}, then we get
1<j<n+1
@) (o a Of (xie) 202 . glonsy)
Ty(ale, o, altpyy = PO T il ),

8x(»aj°)

Jo
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In particular, P, is binomial while T is a monomial. Hence V(P,)\V(7j) # 0 in the torus

(C*)"*1. According to Remark V.20, for each feasible o, we have

nt1
dim(CY') = mn — aj—1)—1+ min {I"-a} — min I' - a—aq;
() Z( ;=1 =1+ min {I'-a} o I;>o{ i}
nt1
= mn— ;(aj —-1)+ 1§r£1§85§r1{ai -1}
Therefore, Theorem V.21 implies that
n+1
(5.17) A= min{; & — IMax o;— n},
or equivalently,
- n+1

(5.18) mld(0; X) = min{; a; = max o},

where the first minimum is taken over all o € (Z, )" that satisfy equation (5.16).

Example V.24. Consider the Whitney Umbrella X = V(22 — y22). The nonsingular
locus of X has codimension 1. Therefore it does not follow in the framework discussed
in Chapter 1V, since it is not normal. Nevertheless, we can use the formula (5.17) and

conclude that A = 1 and rm(o; X)=3.

Remark V.25. The binomial hypersurfaces are nice examples where A\ and Mather mld can
be computed directly in a simple form. Note that the result is independent of coefficients
a and b. This makes sense because we have seen that any two binomial polynomials with
the same support define isomorphic hypersurfaces. However, this is not the case if f is

more complicated, and then \ indeed depends on the coefficients.

Example V.26. Let X be a curve in A2 defined by f = a 22 + asy? + aszy + asy®. For a
very general choice of coefficients a;, A has a lower bound given by equation (5.14). The

lower bound is 0, which is achieved when oy = g = 1.
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First, assume all a; are equal to 1. Then X is integral. For any choice of feasible «
(see Remark V.19), it’s clear that Py(x,y) can only be 2% + y? + xy. Thus the condition
A® (see Condition V.10) is satisfied, or equivalently, we have (1,1,1,1) € N,F,. Since
To(z,y) = 2z or 2y, we get V(Py)\V(Ty) # 0 in the torus (C*)*. By Theorem V.21, we
conclude that A = 0, and the minimum in equation (5.14) is attained at the tuple o with
a1 = ag = 1.

Now instead we assume that a; = as = a4 = 1 and a3 = 2. X is still integral.
But condition A” is no longer satisfied. By computing dim(t,,,(7~1(0))) directly from

definition, it can be shown that A = 1.

Example V.27. Let X C A™*! be a hypersurface defined by f = 7! 2% with n > 2.
As Lemma V.18 suggests, we consider only feasible (n + 1)-tuples « (see Remark V.19).

Clearly, « is feasible if and only if 1<n§n+1{biai} is attained by at least two different ¢’s.

Note that for any feasible a, 3(123) is always a monomial for each j. Thus, we have
Oz

J

Neeasible o Foe = (C*)" 1. Clearly, when n > 2, X is an integral hypersurface.
Similarly, T} is always a monomial for any feasible «. So we conclude V(FPy)\V(Ty) #

(). According to Theorem V.21, we get

n+1
(5.19) X = mln{z = 1) +1—1<5n<1£1 {baz}+11;glg+l{( — Day}}, or
- n+1
mld(0; X) = mln{z — 1) +1—1<IZILITILI {bici } + Ilfgglﬂ{( —Dai}t} +n,

where the first minimum is taken over all feasible «.

There are many classical examples that fall into the category of Example V.27. A large

portion of the following class of examples are of this type.

Example V.28. Consider here the ADE singularities. All the varieties here are integral.
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(1) Singularities of type A;: X is defined by f = 2" 422 4+ .- 22 forn > 3.
Choose multi-index o with a; = 1 for 1 < ¢ < n. The minimum weight ng(«) is
attained by n — 1 monomials if £ > 1, or n monomials if £ = 1. In both cases, « is

feasible. Let by = k + 1 and b; = 2 for 2 < ¢ < n. Then we have

n+1

Z(ai —1)+1- mln {b a;}+ min {(b; — 1)y} = 0.

1<i<n 1<i<n+1
=1

Hence according to equation (5.19), we get A = 0 or n/qu(o; X)=n-1

(2) Singularities of type Dy: X is definedby f = 2" ' + 222+ 22+ - + 22 with k > 4.
One checks easily that the coefficients are in N, F,.
If n > 4, then there are at least two quadratic terms. Hence o = (1, ..., 1) is feasible,

which achieves the minimum 0 in equation (5.14). Note that we have

and Ty = 8P§) = 2x31) Therefore, V(P)\V(T}) # 0. By Theorem V.21, we get A = 0 or

(
Z3

mld(0; X) =n — 1.

When n = 3, the minimum 1 of equation (5.14) is achieved when o = (2,1, 2). With
similar analysis, we obtain A = 1 or Elﬁ(o; X)=n=23.
(3) Singularities of type Fg: X is defined by f = z{ + 23 + 22 + ... + 2. This belongs
to Example V.27. So we use equation (5.19).

Ifn >4, with o = (1,...,1), we get A = 0 or mld(0; X) = n — 1. When n = 3, the
minimum is achieved when o = (1, 2,2), and we get A = 1 or 61?1(0; X)=n=23.
(4) Singularities of type F7: X is defined by f = z3zy + 23 + 22 + ... + 22,

This is very similar to case (2). Again one checks easily that the coefficients satisfy

Condition A for all feasible multi-indices a.

Ifn >4, a=(1,...,1)is feasible. Similar to (2) we get A = 0 or mld(0; X) = n — 1.
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When n = 3, a = (2,2, 3) is feasible and it gives minimum in equation (5.14). Simple
analysis similar to the ones above shows that we have an equality and hence A\ = 2 or
mld(0; X) = n+1=4.

(5) Singularities of type Es: X is defined by f = x% + z3 + 22 + ... + z2. This belongs
to Example V.27 so we can apply formula (5.19).

When n > 4, we get A = 0 or rm((]; X) = n — 1. The minimum is attained when

a=(1,...,1). When n = 3, we have A\ = 20rn/1E1(O;X) =n+ 1 =4, and it is attained

when o = (2,2, 3).

5.4 Possible generalizations

We only treat the case when the hypersurface is defined by a very general polynomial
with a fixed support. An obvious question is: what can we say if the hypersurface is
defined by a general polynomial (so that it is integral) with a fixed support? Unfortunately,
the polynomials F, defined in equation (5.2) and 7; defined in equation (5.4) don’t behave
well and our method fails.

An obvious generalization of the results in this chapter is to treat the class of complete
intersection varieties. However, our method doesn’t work well when there are multiple

defining equations.
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