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ABSTRACT

A theoretical study of the influence of tire-mechanics
characteristics on the behavior of an automobile undergoing man-
euvers requiring the tires to produce combined longitudinal and
lateral forces was performed. A simulation model specifically
designed to study vehicle response under skidding and near-
skidding conditions was developed. and mechanized on an analog
computer. The model included a representation of wheel rotation-
al degrees of freedom, and relationships expressing the longi-
tudinal and lateral tire shear force components as analytical
functions of tire normal load, sideslip and inclination angles,
and longitudinal slip. The tire shear force relationships, de-
rived by extrapolating from the existing theory of the traction
mechanics for a freely rolling tire, were shown to agree quali-
tatively with available experimental data. The simulation was
applied to examine the influence on vehicle responses to various
open-loop steering and brake-control inputs of variations in the
values of three parameters: lateral tire stiffness, longitudinal
tire stiffness, and the coefficient of friction at the tire-road
interface.
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1. INTRODUCTION
o
The broad purpose of the study reported herein was to inves-
tigate the influence of mechanical characteristics of pneumatic
tires on the behavior of an automobile undergoing maneuvers re-
quiring the tires to produce combined longitudinal and lateral
forces. To this end the study was directed toward accomplishing

the following specific tasks:

1. Compile and synthesize existing theoretical and
experimental information on the mechanics of
pneumatic tires to develop a mathematical repre-
sentation describing the dependence of tire-
traction components on (1) the kinematic variables
associated with the tire's rolling/sliding motion
and (2) the mechanical properties of the tire.

2. Incorporate the tire mechanics representation in
an analog-computer simulation of the dynamics of
a motor vehicle formulated specifically for the

purpose of this investigation.

3. Using this simulation, perform a parametric study
to examine the extent to which a vehicle's res-
ponses fo various specified combinations of brake,
throttle, and steering control inputs are affected
by realistic variations in the values of principal

tire-mechanical characteristics.

In accordance with the study objective, the analysis empha-
sized the characterization of the traction mechanics of the
pneumatic tire, rather than the exact representation of the
mechanics of the automobile. Only those factors reckoned on the
basis of past research experience to exert a "first-order" in-
fluence on the directional behavior of a motor vehicle operated
at, or ncar, the friction limit were included in the mathematical

represcentation of the automobilc.



In general, the shear force generated at the tire-road in-
terface is a function of a multiplicity of variables describing
(1) the geometric and material properties of the road surface,

(2) the state of interface contamination, (3) the mechanical prop-
erties of the tire, and (4) the kinematics of the tire's rolling/
sliding motion. In the study reported herein, the effects of road
variables and interface contamination were not considered. Tire-
road friction was described in terms of a friction coefficient u
whose dependence upon road and interface contamination properties
was left unspecified and unexplo;ed.

Another important constraint on the scope of the study was
that differences in properties among the four tires mounted on a
vehicle at any one time were not considered. That is, simulation
conditions were restricted to cases where the properties of all

four tires were identical.

Section 2 of this report is concerned with the mathematical
modeling of tire-traction mechanics. The representation developed
here is discussed in light of previous related research and the
current study objectives. Tire characteristics curves generated
on the basis of the model are compared with available experimental
data. Section 3 discusses the vehicle mechanics model, its mechan-
ization on the analog computer, and the format and scope of the
parametric study in which it was applied. Significant simulation
results are presented and discussed in Section 4, and the princi-
pal conclusions and recommendations deriving from the study are
summarized in Section 5. The derivation of the tire mechanics
representation, detailed description of the simulation model, and
a discussion of some simulation results of secondary interest are
included in Appendices to the report.



2. MATHEMATICAL REPRESENTATION OF
TIRE TRACTION MECHANICS

@

2.1. DEFINITIONS AND INTRODUCTORY REMARKS

Let us consider a tire moving parallel to the ground at

a velocity V , with a slip angle o , and an inclination angle

y , as shown schematically in Figure 1. Let FZ represent the
normal load exerted on the tire by the road (see Figure 1), and
let s represent the longitudinal slip ratio, defined by

QRe
s =1-—. (1)

Q 1is the wheel spin velocity (see Figure 1); u, is the com-
ponent of the tire velocity (V) along the longitudinal (x')
axis (see Figure 1); and Re is the effective rolling radius of

the tire, defined as

u
& | (2)

=
i
|=

where 2, is the angular velocity of a tire rolling freely with

all other kinematics equivalent.

In light of the study objectives and constraints outlined
in the Introduction, let us symbolically define a set of "tire-

traction performance relationships' of the form

FX‘N = fl(FZ, u’? S? Y’ V’ UO’ tl""’tn)’ (3)
wa = fz(FZ; oy Ss ') V; 110, t1’°",tn)7 ' (4)
MZ = fS(FZ, Ay, S, Y, Va UO’ t1’°°')tn)° (5)
wa, wa, and MZ are, respectively, the longitudinal tire force,

the lateral tire force, and the tire aligning torque, all defined

as indicated in Figure 1; Mo is a nominally defined friction
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coefficient, a property of tire characteristics and the ambient

roadway surface conditions; and t <.,tare variables describ-

1
ing all other tire properties significantly influencing traction

mechanics¥,

In analytical terms, the first requisite for the achievement
of the study objective was the determination of functional forms
for each of the fi's of equations 3, 4, and 5. It was recog-
nized from the outset that the existing state of theoretical and
empirical knowledge of pneumatic tire mechanics by no means con-
stituted a wholly adequate foundation for research to this end.
Accordingly the tire modeling activity was viewed as exploratory.
It was intended to provide a mathematical representation which
would agree at least qualitatively with the very limited available
data and could serve as the basis for parametric studies designed
to identify priorities for subsequent experimental and/or theoreti-

cal work on tire mechanics.

In terms of gross effect on the directional response of an
automotive vehicle, tire aligning torques clearly are of a lesser
order of importance than either lateral or longitudinal forces.
Principally they affect the steering system's degree of freedom
through variations in the yawing moments exerted about the steer-
ing kingpins [ 1 ].** Accordingly, and in light of the virtual
nonexistence of experimental data on tire aligning torques under
conditions of combined lateral and longitudinal slip, it was
decided to approximate the actual dependence of aligning torque

on the kinematic variables of influence by setting

* Note that "tire dynamics" effects (i.e., dependence of tire
forces and moments on the time derivatives of the kinematic
variables) have been neglected. This may or may not be a justi-
fiable assumption -- virtually no data exist to evaluate it --
but it is certainly a conventional one.

#%  The numbers in brackets refer to the list of references
appended to the paper.



M= -

; Xpwa (6)

where Xx the "pneumatic trail," is assumed invariant with res-

)
pect to Ehanges in the values of all kinematic variables. Al-
though more or less conventional this assumption is known to be
in considerable error when appreciable sliding takes place in the
tire contact patch [ 2 ]. Its adoption for the purposes of the
present study is regarded as justified for purely practical reasons.
The development of a more accurate tire aligning torque model

certainly appears to be a suitable objective for future research.

2.2. BACKGROUND

In discussing the traction mechanics of the pneumatic tire
as represented by equations 3, 4, and 5, it is profitable to dis-

tinguish among three different performance domains:

0),

2. Straight running (a

1. Free rolling (s

0),

3. Combined side and longitudinal slip

Strictly speaking, the performance of a tire in use on a
moving vehicle generally falls in domain 3. From a practical
standpoint, however, the analysis of vehicle dynamics in rather
broadly defined classes of motions may be adequately performed
by assuming tire performance to be restricted to one of the first
two, simpler domains. Accordingly, the great bulk of previous
experimental and theoretical research on the mechanics of pneu-
matic tires has been devoted to the study of these less compli-

cated performance regimes.

Motivated by the demands of the vehicle stability and con-
trol analyst, previous investigators have compiled a relatively
extensive body of tire mechanics data for the case of the freely
rolling tire. Systematic measurements [e.g., 3-8] have been made
of both latcral forces (wa) and aligning torques (MZ) as functions
of vertical load (FZ), sideslip angle (a), inclination angle

(v), and to a much lesser extent, velocity (V) . In addition,



Fiala [ 9 ] has developed a mathematical model expressing wa
as a fynction of Fz , o, and vy, which has been shown to
compare favorably with experimental data over wide ranges of test

conditions [8-10].

Under conditions of zero sideslip and inclination angle, the
tire generates contact forces only in the longitudinal direction.
A substantial quantity of experimental data have been obtained
under these conditions, relating the longitudinal force wa to
v, Fz, and, primarily, s [e.g., 11-14]. Unlike the case of the
freely rolling tire, however, no.accepted analytical model ex-
pressing the functional relationship among the variables of influ-

ence 1s known to exist.

For the case of the tire rolling with combined side and
longitudinal slip, available experimental data are extremely limited
[5, 7, 8, 15-17]. By far the most valuable source is the measure-
ments obtained by Holmes and Stone [17] using the Road Research
Laboratory (Ministry of Transport, U.K.) controlled-slip tire
test vehicle [18]. Previous analysts of the mechanics of vehicles
in combined steering/braking maneuvers [e.g., 19-21] have employ-
ed a "friction circle" concept to account for the simultaneous
effects of side and longitudinal tire slip. This concept appears
to be valid in a qualitative sense; it states that the total shear
force vector cannot exceed the normal force times a prevailing
friction coefficient. However, recent experiméntal data [15-17]
indicate that tire force predictions based on friction circle
theories may be in considerable error. Moreover, the previous
analyses have involved the assumption that the longitudinal trac-
tion component is a quantity imposed a priori, to be accounted
for insofar as it may affect the lateral traction component, but
invariant with respect to the generalized trajectory of motion.

As has been noted previously [22], this practice is analogous to
the situation prevailing with respect to the prediction of tire
cornering forces prior to the introduction of the slip angle

concept. Thec modern analyses of vehicle directional dynamics



(in the abscnce of significant longitudinal traction) [e.g., 23]
have revecaled that the essence of dynamic performance is the inter-
dependence of the applied forces and moments and the kinematic
variables of motion. It therefore appears clear that the accurate
prediction of vehicle motions involving combined steering and
braking requires the representation of tire force and moment com-

ponents as explicit functions of both side and longitudinal slip.

2.3. ON THE DERIVATION OF THE TIRE MECHANICS MODEL

In view of the large numbef of independent variables involved,
a strictly empirical determination of tire traction relationships
of the form of equations 3 through 5 would require a tremendous
data base, certainly far in excess of the comparatively meager
results cited in the preceeding section. On the other hand, the
theoretical model developed by Fiala [9] for the case of the
freely rolling tire does provide a starting point for the formula-
tion of a more general set of relationships, applicable to the
case of a tire rolling with both side and longitudinal slip.

The derivation of a set of tire traction relationships based
on extrapolations of Fiala's arguments is presented in Appendix
A. The derived relationships represenf both an extension and
a simplification of the earlier work -- an extension in as much
as they apply to a much more general class of tire-road kinematics;
a simplification in that their derivation involves certain assump-
tions made in the interest of reducing mathematical complexity
~which, although reckoned totally compatible with the limited goals
of the present study, are somewhat less rigorous than those of
the original analysis (e.g., the present analysis assumes a uni-
form lateral deformation of the tire carcass, whereas Fiala
computes an approximately parabolic deformation by considering the
carcass as an elastically supported beam with a point load at the
center of the contact patch).



In conceptual terms, the essential quality of the new tire
model is that it assumes two components of elastic deformation,
each of which increases linearly from a zero value at the contact
patch leading edge to a maximum at a point in the patch where
the resultant shear stress due to elastic deformation equals the
normal pressure times the interfacial friction coefficient, and
the tread begins to slide. At low values of side and longitudinal
slip, no contact patch sliding occurs and the tire forces are
linearly related to the slip variables. At higher slip values,
contact patch sliding becomes appreciable, and the rate of in-
crease of the tire forces with increases in the slip variables
becomes less than linear and, ultimately, negative as a result
of the decrease in friction coefficient associated with increasing

sliding speed.

2.4. COMPARISON WITH AVAILABLE DATA

2.4.1. FREE ROLLING. Under conditions of zero longitudinal
slip and inclination angle, the tire side force equation (equation

A-21) may be written in the form

o, for -.5 <ug.5;
= _ 7
2 1- ==, for |&] >.5; i
4a

e

e ]

U

where o, the normalized sideslip angle, is given by

C tana
o

o= = 8
uFZ (8)

with Ca , the tire cornering stiffness, defined in accordance
with convention [24] as

a -~ da a=o0, (9)



and p , the interfacec {riction coefficient, given by
W= ug (- AV ) (10)

VS is the sliding velocity of the tire rubber and My is the
value of the interface friction coefficient at VS = 0. The
sliding velocity is given by

VS = u _tana (1D)
The normalized form of the side force equation for the free-

rolling tire (equation 7) is depicted graphically in Figure 2a.

Figure 2b is a "carpet plot," i.e., a graph showing the dependence

of wa on the dimensional variables o and FZ , constructed

using equation 6 and the parameter values shown on the figure.

A carpet plot derived experimentally from measurements with a

representative automotive tire [25] is given in Figure 2c.

The excellent qualitative agreement between calculated and
measured side force characteristics for the freely rolling tire
is apparent from a comparison of Figures 2b and 2c. The princi-
pal discrepancy between the two plots is attributable to the
model's assumption that the effect of tire normal load (FZ) on
cornering stiffness (Ca) is negligible. Within the context of
the present analysis, the inaccuracy associated with this simpli-
fication is regarded as insignificant. For other applications
requiring greater accuracy, revision of the model to take appro-

priate account of the influence of FZ on Cu is indicated.

2.4.2., STRAIGHT RUNNING. Under conditions of zero sideslip
and inclination angles, the longitudinal tire-force equation
(equation A -20) may be written as:

F s, for - .5 <s
T TWE, 1 - —%— , for |s]|>.5; (12)
4s
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. B CSS
S = m FZ 1-s , (13)
aFXW
Cs 5 - 33 s=0 (14)

with 1y again given by equation 10, but with the sliding velocity

in this case given by
V. = us . - ' (15)

The analogy between Cs’ the tire longitudinal stiffness, and

Ca , the lateral stiffness (see equation 9), is apparent.

The normalized form of the straight-running longitudinal
tire force equation (equation 12) is depicted graphically in
Figure 3a. (It will be noted that the functions depicted in
Figures 2a and 3a are identical--compare equations 7 and 12.)
~ Figure 3b is a plot of wa/Fz versus s, for two different values
of U computed using equation 12 and the parameter values in-
dicated on the figure.

Examination of the curves shown in Figure 3b reveals that
equation 12 is certainly in agreement with generally accepted con-
ceptions of the '"typical" brake force/slip characteristic [e.g.,
26,27]. The predictions also compare very favorably with partic-
ular experimental data to be found in the literature--see, for
eXample, curves (1) and (2) of Figure 3c. On the other hand,
experimental data may also be found which differ rather markedly
in character from the calculated results--for example, see curves
(3) and (4) of Figure 3c. There are many possible explanations
for these differences, including, of course, experimental in-
accuracies. However, the most likely explanation involves the
relationship between the tire-road friction coefficient and speed.
The calculated curves (Figure 3b) are based on a linear u—VS

relation (cquation 10) and a particular valuc chosen for its slope.
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Merely changing the value of the u-VS slope can produce a rather
substantial change in the naturc of the force slip curve (see
Figure 4). A change in the basic form of the u-VS relation can
produce even more pronounced effects (see Figure 4 again). As
noted in the model derivation (Appendix A), the assumption of

the linear u-VS relation is a pragmatic one, made, in the absence
of substantial experimental data, in keeping with the pragmatic
philosophy of the present study. Additional work to develop a more
general U'Vs relation, which might account for a broad range

of experimentally observed force-slip characteristics, represents

a promising line of inquiry for future research. For purposes of
the present study, however, it is felt that the 1inear approxi-
mation agrees sufficiently with the qualitative aspects of experi-

mental findings to justify its adoption.

2.4.3. COMBINED SIDE AND LONGITUDINAL SLIP. Figure §

compares calculated and measured values of F__ /F and F__/F

xw’ "z yw' z
under conditions of combined side and longitudinal slip. Figures
S5a and 5b, respectively, are typical theoretical and experimental
curves of FXW/FZ versus s, for o = 0°, 4°, 10° . Figures
5c and 5d are similar curves of wa/Fz versus o, for s = 0.1,
0.2, 0.4, 1.0. All of the experimental data shown are from the

recent paper by Holmes and Stone [17].

The results depicted in Figure 5 speak for themselves. The
discrepancies between the calculated and measured results can be
attributed to anomalies in the structure or testing of the parti-
cular tire employed in the experiment, rather than to a basic
incompatibility between the model and the actual performance of
pneumatic tires. Accordingly, the derived equations for wa
and wa, equations A-19 through A-21 appear to constitute a tire
mechanics model which agrees qualitatively with available experi-
mental data, and represents concisely the complex phenomena of
influence in terms of a limited number of basic parameters, each
having an cffect on gross vehicle response that is amenable to

systematic study through computer-aided analysis.
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3. DEVELOPMENT AND APPLICATION OF
THE ANALOG SIMULATION

3.1. VEHICLE MECHANICS REPRESENTATION

Figure 5A is a block diagram of the horizontal plane simula-
tion model developed for this study. Lverything outside of the
"tire mechanics" block in the lower center of the diagram comes

under the heading of "vehicle mechanics."

As explained in the Introduction, the direction of primary
emphasis in the model formulation was towards complete characteri-
zation of the tire's traction mechanics. Given the inevitable
limitations on total simulation 'size' associated with available
computer capacity, this priority decision imposed a rigid constraint
on the degree of complexity in the representation of the mechanics
of the vehicle. In spite of this, the model represents a very size-
able simulation, involving vehicle dynamics, vehicle statics,
wheel rotation dynamics, tire kinematics, trajectory kinematics,
steering system dynamics, aerodynamics, and force and moment com-
ponent resolution. The equations of motion and kinematic relation-
ships employed to describe the mechanics of the vehicle are presented

in full in Appendix B,

The major simplification in the vehicle dynamics analysis is
the assumption that the vehicle is a rigid mass constrained to
move in a horizontal plane. This simplication was not taken lightly
because it is known that the influence of roll and pitch dynamics
on the directional response of automotive vehicles can be important
[23]. One such manifestation is the "load transfer effect," where
inertia-induced changes in vertical tire loading couple with non-
linear mechanical properties of the tire to produce significant
variations in lateral and longitudinal forces produced at the tire-
road interface. Although the analysis does not completely account
for roll and pitch dynamics, the load transfer process is approxi-
mated by quasi-static relationships (similar approximations have
been made in the past by other investigators, e.g., Goland and
Jindra [28]),
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A second class of roll-pitch-yaw coupling effects exerting
significant influence on the directional response of the motor
vehicle are the variations in tire-road interface kinematics due
to vehicle roll and pitch. A procedure employed here to compensate
for the neglect of sprung mass roll dynamics consists of quasi-
static calculations to account for (1) wheel roll-steer and (2)
wheel camber effects., Hales [30] has demonstrated the validity of
quasi-static approximation to account for these effects in both

steady-state and dynamic response calculations.

The wheel rotation degrees of freedom have not been considered
in previous vehicle handling analyses [e.g., 19-21, 31-35], As
discussed in Section 2.2, the objectives of the present study demand
this extension of the state of the vehicle simulation art. Accord-
ingly, the vehicle mechanics representation includes equations des-
cribing the rotational dynamics of each wheel, which permit the
computation of instantaneous values of longitudinal slip ratio for

each tire when either braking or driving torques are applied.

3.2, COMPUTER MECHANIZATION

The equations and functions representing the vehicle-tire
system were mechanized on an Applied Dynamics AD4 analog computer
(half-expanded) with extra summers and multipliers. In order to
minimize computer equipment needs, the analog circuits for cal-
culating tire forces were time-shared using the track-store inte-
grators, electronic switches, and logic elements available on the
AD4. Lach computed tire force was updated every 4 milliseconds,
‘i.e., 250 times per second (this update frequency appears to be
adequate for representing continuous phenomena occurring at fre-
quencies up to approximately 40 Hertz). In all other respects
the analog mechanization was conventional in that the computing

elements operated in parallel in producing a real-time solution,

5.3, MODEL VALIDATION

The scope of this study did not allow for any testing to
experimentally validate the developed simulation. It was possible,
however, to compare the present simulation results with results

- 19 -



obtained previously by other investigators. Figurc 6 is one
example of such a comparison. The data shown are cquilibrium
values of path curvature as a function of steer angle and applied
drive torque (or thrust), computéd (1) by Radt and Pacejka [36],
and (2) by us, using the developed simulation with corresponding

values for all input data.

Comparisons have also been made with results produced by a
digital mechanization of a mathematical model developed by McHenry,
et al, [37]. The digital model includes a suspension system, un-
sprung-mass degrees of freedom, and roll, pitch, and bounce dynamics.
Figure 7 is a comparison of trajectories and yaw-rate time histories
produced by the respective models for a rapid lane-change maneuver.
The two sets of results are nearly identical. Similar comparisons
for calculations of response to moderate step inputs of front wheel
angle and brake torque also demonstrate close agreement. For brake
inputs large enough to cause one wheel to lock, however, the res-
ponses predicted by the two models are considerably different; the
results produced by the digital simulation model are characterized
by lower yaw rates and sideslip velocities, i.e., less tendency to
spin (see Figure 8). Undoubtedly, the wheel degree of freedom and
the difference in the method of computing tire forces are the main
reasons for the discrepancy. Vehicle testing is required to
evaluate the accuracy of the model in predicting "skidding" behavior

when one or more wheels lock.

3.4. ON THE SCOPE OF THE PARAMETRIC STUDIES

The generation of a mathematical model of a motor vehicle
and its tires and its subsequent mechanization for computer solu-
tion is basically a straightforward task from a conceptual point
of view. Admittedly, judgements must be made as to details to
be included in the model so the developed simulation will be suf-
ficiently broad in scope and accuracy to justify the conclusions
drawn. However, it is much more difficult, in both conception |
and execution, to utilize the generated simulation to acquire

results amenable to meaningful interpretation,

- 20 -
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This problem, which involves making value judgements about
vehicle behavior (good, bad, or indifferent), has perplexed many
investigators [c.f., 38-40]. Its inherent difficulty stems from
the lack of merit-criteria applicable either to matters of high-
way safety or to matters involving control quality and control
optimization. Given the absence of established criteria for evalu-
ating the performance of either the driver-vehicle-tire system
or the vehicle-tire system, and the understanding that the develop-
ment of such criteria would constitute a major research activity
far beyond the scope of the investigation, it was necessary to

improvise in this study.

To a certain extent the criterion problem was sidestepped
by restricting the objectives of the study. As stated in the
Introduction, the third task consisted of a parametric investiga-
tion "to examine the extent to which a vehicle's responses to
various specified combinations of brake, throttle, and steering
control inputs are affected by realistic variations in the values
of principal tire mechanical characteristics.”" Thus, we have
restricted the study to a determination of the influence of tire-
traction parameters on a variety of open-loop vehicle maneuvers
whose specification and selection were not established a priori
but rather evolved through a process relying heavily on the judge-
ment of the researchers involved. To a certain extent, a prag-
matic viewpoint was adopted. It appeared logical to select maneuvers
that involve physically realistic steering wheel angle and braking-
or driving torque inputs such as are required to execute extreme
turns, lane changes, and rapid stops, An attempt was made to
define these maneuvers by a systematic process employing: (1)
subjective formulation by a panel of researchers; and (2) experi-
mental efforts utilizing an instrumented vehicle, In the final
analysis, however, the maneuvers employed to develop the findings
discussed below derive from a combination of the efforts mentioned
above, plus substantial trial and error, supplemented by knowledge

of vehicle dynamics and just plain reasoning.



Since this study was conccived as a preliminary step in
defining tirc-traction paramecters and relating them to the pre-
crash‘”safety quality'" of a motor vehicle, attention was centcred
on situations in which the vehicle is pushed to the limit imposed
by the frictional couple prevailing at the tire-road interface.
This view is equivalent to defining how tire-traction parameters
(1) influence the development of a "skid" and (2) determine
""skidding'" behavior following its initiation. This is a concise
but rather unscientific statement of the study objective, since

the term 'skid" has yet to be given a precise meaning,

-

From the lay driver's point of view, a '"skid" is a condition
in which the controls of his vehicle suddenly lose their effective-
ness. The driver also associates uncontrollable vehicle spinning
and sideslipping with the skidding condition. Such a definition
is relative, however, since the more highly skilled the driver,
the further the boundary between control and loss of control will
be moved into the "skidding" regime. Further, the trajectory (or
path) of a motor vehicle is extremely sensitive to the manner and
rate with which the condition of maximum shear force is approached.
For example, there are combinations of steering wheel displacement
and drive thrust which if applied suddenly would cause the vehicle
to respond in a highly undesirable manner, whereas if they are

applied slowly the vehicle achieves an equilibrium turning condition,

Time, funds, and ingenuity did not permit a thorough investi-
gation of this highly nonlinear phenomenon, namely, "skidding."
Rather the objectives of the study and the pragmatism of the
approach restricted the investigation to consideration of four

maneuvers:
1, Steady-state turning
2. Braking from a steady turn

3. Response to a steering increment at high lateral

accelerations

4, A combined lane-change and braking mancuver



The influence of tire-traction parameters on the performance
of a prototypical vehicle undergoing each of these maneuvers is

discussed in Section 4.

3.5. VARIATION OF TIRE-TRACTION PARAMETERS

The generalized functional forms of the tire-traction relation-
ships, equations 3 through 5, involve the kinematic variables, FZ ,
@, S, Y , V; the nominal tire-road friction coefficient, Wy
and an unspecified number of variables describing the properties of
the tire, sty denoted as '"tire mechanics characteristics."
Reference to equations A-20 through A-29 of Appendix A reveals that
the specific tire-traction relationships derived therein involve
a total of five tire mechanics characteristics, Cu, Cs’ Ct, Xp’
and AS (in addition to uo). These are not the only tire proper-
ties influencing the directional response of the automobile; the
equations describing wheel rotation dynamics presented in Appendix
B involve four others, Cz’ Cx’ R, and RR, each of which affects
wheel slip, and thus, indirectly influences the tire shear force

components.

Stringent limitations on time and funds made it necessary
to restrict the domain of the parametric studies to a small portion
of the overall multi-dimensional "space'" defined by the real-world
variability of each of these independent variables. Based on (1)
judgements of the relative importance of each potential variable
with respect to gross trajectory response, and (2) availability of
experimental data from which realistic variation levels and bounds
could be established, it was decided to concentrate on studying
the influence of the two stiffness parameters, Ca and Cs’ and

the nominal friction coefficient, Ho

Three lecvels were chosen for each of the stiffness parameters,
the middle value corresponding to a "typical" value for conven-
tional passenger tires of U,S. manufacture, and the end points
designed cssentially to bracket the ranges of values for real or



practical tircs.
15, 32, 41, 42]; thosc for CS on data from [11-14, 43].

9 and 10 illustratc how variations over the ranges selected for

The values of Ca were based on data from [5,

Figures

Q.

and CS , respectively, influcnce overall traction performance of a

tire operating with combined lateral and longitudinal slip,

friction coefficients much lower than

working the computer mechanization to accomplish this objective,

Calculations were made for nominal friction coefficients of
0.53 and 1.05. Originally calculations were also to be made for

o = 0.53, but substantial

scaling difficulties were encountered and time did not permit re-

throughout the simulation program, as indicated in Table 1.

values are intended to be representative of typical U.S. tires,

estimated on the basis of available data.

Values for all other tire mechanics characteristics were fixed

TABLE 1.

VALUES OF TIRE MECHANICS CHARACTERISTICS
EMPLOYED IN SIMULATION STUDY

SYMBOL

NAME VALUE(S)

Ca Cornering stiffness 6,000; 10,000; 14,000 1lbs/rad

C Longitudinal stiffness 5,000; 20,000; 40,000 1bs/unit
slip

Hy Nominal friction coeffi-

cient 0.53, 1.05

C*Y Relative camber stiffness 0,167

Xp Pneumatic trail 0.1 ft.

AS Friction reduction factor | 0.00335 sec/ft

CZ Vertical deflection rate 0.001 in/1bs

CX Vertical force offset rate| 0.0005 in/1bs

R Nominal tire radius 1.145 ft.

RR Rolling resistance factor 0.02

- 727 -
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3.6. VEHICLE PARAMETERS

Values of all vehicle parameters involved in the simulation
were selected to be representative of a typical full-size American

sedan. The values used arec given in Table 2.

TABLE 2.
VALUES OF VEHICLE CHARACTERISTICS
EMPLOYED IN SIMULATION STUDY

SYMBOL NAME | VALUE
m Mass 124 slugs
t Half tread 2.5 ft
a Distance, CG to front axle |4.5. ft
b Distance, CG to rear axle |5.5 ft
I Yaw moment of inertia 3000 slug-ft2
h CG height 2,0 ft
Kf¢ Front roll stiffness 24,000 ft-1b/rad
K Steering stiffness 6,000 ft-1b/rad
| Wheel inertia about kingpin |0.75 slug-ft2
Kp Kingpin offset 0.2 ft
Cf Steering damping 20 ft-1b/rad/sec
CSR Rear roll steer coeffi-
cient 0.04
Kr¢ Rear roll stiffness 12,000 ft-lg/rad
Iwy Wheel inertia about axle 1,5 slug-ft
K¢ Front spring rate 4,000 1bs/ft.
CD Drag coefficient 0.45
Ap Cross-sectional area 25.5 ft2
C, Wheel damping 0.15 ft-1bs/rad/sec.




4. RESULTS OF THII PARAMETRIC STUDY

4.1. INFLUENCL OF TIRE-TRACTION PARAMETERS ON STEADY AND

MAXIMUM TURNING PERFORMANCE

The most complete published analysis of the steady state
turning performance of an automotive vehicle is presented by Radt
and Pacejka [36]. These researchers investigated the performance
of a prototypical vehicle configuration defined by one particular
set of vehicle-tire properties. Although the study does not per-
mit one to draw specific conclusions relating to the influence of
the shear-force characteristics of pneumatic tires, the results do
serve to define the "anatomy'" of a steady turn. It is possible to
observe the locus of the turn center moving forward with increased
drive torque and steer angle, and to see the origin of the ''drag"
force occurring at high lateral accelerations. In this manner, the
large reductions in the trim value of longitudinal velocity accom-
panying a tight turn are fully explained. In addition, the analysis
illustrates the understeer effect associated with the large lateral
load transfer on the front wheels (caused by the existence of a
roll stabilizer bar) and the oversteer effect resulting from rear-

axle drive.

As a result of the requirement for examining the influence
of tire traction parameters on steady turning behavior, calculations
have been performed in this investigation that constitute, in
effect, an extension of the scope of the study pursued by Radt and
Pacejka. Specifically, calculations have been made demonstrating

how the tire traction parameters Ca’ C., and Mo influence the

S’
following:

1.  Vehicle "cornering efficiency," a performance
measure defined herein as the maximum obtain-
able lateral acceleration (in g units) ratioed
to the friction coefficient, Ko

2. Path curvature response, and

3. The limit turn condition beyond which it is not

possible to maintain the vehicle on a path of

fixed curvature.

- 31 -




Figurce 11 is a plot of calculated values of steady state path
curvature achieved by a vehicle on a surface with Hy = 1.05, as
a function of stcering-wheel displacement and rear-wheel drive
torquc. The curves show the iﬁflucnce of the sclccted values of
cornering stiffness (Ca = 6,000; 10,000; 14,000) when longitudinal
stiffness is hecld fixed (CS = 20,000). The reduction of path
curvature with increased drive thrust, typically associated with
the understeer vehicle, is seen to be accentuated by increases 1in
the cornering stiffness of the tire. The influence of Cu on
path curvature is negligible at the lower levels of drive torque.
In this region it is the static margin and not the total cornering
stiffness that is the controlling facto- [23]. We may conclude
that thc nonlincar tire mechanics assoc.ated with increased corner-
ing stiffness produce increased understeer with increased thrust
until a level of drive thrust is reached at which increased thrust
produces an increase in the path curvature. This phenomenon is
depicted by the curves associated with G’Sw = 16 degrees. Note
that the oversteer tendency produced at high levels of drive torque
(a phenomenon discussed in [36]) is sharpest for the vehicle with
the tires having the high cornering stiffness. Further, the vehi-
cle with tires having the highest value of Ca (14,000 1b/rad)
reaches the limit-turn condition* at a lower drive torque than
those torques attained at the turn limits when Ca = 10,000 or
6,000. These findings indicate that the lower the cornering stiff-
ness, the lower the understeer quality at large lateral accelerations,
and the more gradual the change to oversteer as the limit-turn
condition is approached; the greater the cornering stiffness, the

* The limit-turn condition is that point at which the inside rear
wheel of a turning vehicle becomes so unloaded that any attempt

to obtain increased drive thrust through a torque-dividing differ-
ential causes the unloaded rear wheel to spin. This condition
cannot be reached if the engine is unable to deliver the necessary
torque.
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greater the understecr quality at large lateral accelerations
and the sharper the change to oversteer as the limit-turn condi-

tion is approached.
@

Similar results arc obtaincd when Ca is held fixed and CS
is varied. Tigure 12 shows that, in general, CS has less influ-
ence on the steady turning performance of a motor vehicle than C

Significant differences due to CS are observed for G'SW =16 °
degrees and it appears that reduced braking stiffness has an effect

comparable to reduced cornering stiffness,

Based on the findings of Radt and Pacejka, we would expect
that increasing the cornering stiffness of all four tires would
result in increased speeds in a steady turn established by a given
thrust and steer angle. This expectation is borne out by the
results plotted in Figure 13. Further, this result holds when tires
are being operated at, or near, their friction limit. In Figure 13,
the speed, V , established in a steady turn, is plotted as a
function of Cq and CS for a steering wheel angle of 16 degrees
and a drive torque of 1000 ft-1bs (uo = 1.05). Maximum velocity
is achieved when Ca and CS are at their maximum values. A
minimum velocity is achieved when Ca and CS are at their lowest

values.

For the vehicle studied here (and for the range of tire
parameters considered) steady-state calculations (see Figure 14)
show that the centripetal acceleration, ( Ké , achieved when the
steering input (6SW) is 16 degrees is very close to the peak
centripetal acceleration attainable for any steer angle. Thus it
becomes practical to use this steer displacement value for eval-
uating the influence of Ca , Cs, and H, on the maximum steady
turning capability of the simulated motor vehicle. Variations in
braking stiffness, Cs’ have, practically speaking, no effect on
the variable Vr/g plotted as a function of drive torque T . On
the other hand, variations in Cu and o produce the results
shown in Figure 15. As expected, higher cornering stiffnesses pro-
duce higher centripetal accelerations, at the lower values of drive
torque. Notec, howcver, that this finding holds for all drive-torque
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values up to the point at which the equilibrium turn limit 1is
reached. For the present, we must conclude that increased corner-
ing stiffness produces increased turning capability for a given
6’sw and T , even when the tires are operating near their fric-
tion limit. Until additional studies are made to investigate the
influence of load transfer on the cornering stiffness parameter,
Cy» this conclusion seems warranted for tires exhibiting little

change in cornering stiffness with change in vertical load.

Plotting the centripetal acceleration, Vr/g , achieved dur-
ing steady turns on the lower friction surface (uo = 0.53) shows
the same trends obtained on the higher friction surface (see
Figure 15). If, however, we introduce the concept of cornering
efficiency (i.e., the ratio of lateral acceleration in g units
to the prevailing friction coefficient) and normalize the |
drive torque, T , we obtain Figure 16. It is apparent that the
vehicle is able to achieve a higher cornering efficiency and a
higher normalized drive torque on the surface with the lower fric-
tion coefficient. Specifically, for the tire stiffness parameters
indicated, the vehicle achieves a cornering efficiency equal to
approximately 74 percent on the Hy = 1.05 surface, whereas it
exhibits an efficiency of 84 percent on the My = 0.53 surface,
Consequently, the turning capability of a pneumatic-tired vehicle
does not decrease in direct proportion to reductions in the co-
efficient of friction for the tire-road interface, It should be
understood, however, that this statement is restricted to the case
of smooth roads with additional analyses and measurements required
to extrapolate these results to a real world environment possess-

ing typical levels of road roughness.

4.2, THE PATH RESPONSE PRODUCED BY BRAKING IN A STEADY TURN

4.2.1, INTRODUCTORY REMARKS. In contrast to the steady-
turning statc produced by a steering-wheel displacement and
rear-wheel drive torque, no equilibrium state results when the
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torque on the rear wheels is reversed to produce a braking thrust
instead of a driving thrust. Consequently, a comparison of the
behavior of vehicles influenced by brake thrust requires that the
motions (trajectories) produced in response to a specified brak-
ing action be compared. Two problems arise. One involves the
selection of the initial statc of motion from which braking 1is
initiated. The second concerns the selection of the braking input

itself.

With respect to the first selection, there are three general
possibilities. One procedure involves purely symmetric braking
resulting in straight line motion, as generally occurs when the
steering wheel is trimmed to produce a zero turning input., A
second procedure is to brake from the initial turning state estab-
lished by steering wheel displacement and drive thrust. A third
possibility utilizes a maneuver in which both braking and steering
inputs are imposed on a vehicle which 1s initially proceeding in
straight line motion. To the extent that any of these open-loop
maneuvers correspond to real-world emergencies in which the tires
are forced to operate at, or near, the friction limit, it is
appropriate to consider them for this study. Accordingly this
investigation attempts to evaluate the effects of the tire trac-

tion parameters Ca’ C., and M, on:
Straight-line braking efficiency
The trajectory resulting from braking in a curved path

An open-loop lane change maneuver with a simultaneous

deceleration.

The first study constitutes an investigation of the extent
to which the braking-stiffness parameter influences the degree
to which a motor vehicle can utilize the available friction with-
out experiencing wheel-lockup on either axle. The analysis proved
trivial in that very little effect was found. For the interested
reader, a brief summary of the methodology and the findings is |



given in Appendix C. The second study is reported in this
section of the report and the third study is treated in a sub-

sequent section.

Braking to zero velocity while tracking a curve of fixed
radius can be necessary in real-life situations. In general,
tracking such a curve during a braking maneuver requires making
steering corrections. Thus, the amount of steering required to
produce a trajectory of constant curvature could be used to measure
the extent to which braking action interferes with curve tracking.
Since we cannot determine the steering required to correct for the
influence of braking unless we structure a closed-loop analysis,
the departure of the open-loop vehicle from the desired trajectory
is used as a measure of the influence exerted by the various tire
traction parameters. Further, this maneuver produces a strong
tendency for "spin down" and "lockup'" of the right rear wheel re-
sulting from the unloading of this wheel during combined lateral
and longitudinal acceleration. The simulations showed that the
lockup tendency could be made as marginal as desired by modifying
either the initial turn condition or the level of the braking input.

The path-curvature response produced by braking (with steer-
ing wheel held fixed) is influenced by a number of factors. First,
the path curvature will tend to increase beyond the initial value
of curvature since braking causes the forward velocity to decrease
with time, and the normal static directional stability of the
vehicle causes the path curvature to increase as the speed of the
vehicle decreases [23]. This understeer effect occurs in all
vehicles having a positive static margin which, of course, is usual
design practice, Added to this understeer phenomenon, is the
influence of the nonlinear mechanics of the tires. Since the tires
are being forced to operate in the vicinity of the friction limit,
braking in a turn may be expected to produce trajectories highly
sensitive to the nonlinear mechanical characteristics of pneu-

matic tires.



4.2.2, DISCUSSION OF RESULTS. After making some preliminary
runs, two initial turning states were selected for this braking
mancuver. The first turn state had a curve radius of 357 feet.
With velocity prior to braking equal to 70 ft/sec (48 mph), lat-
eral acceleration normal to the path was 0.426 g, indicating a
rather severe turn. The second turn state had a 256 focot curve
radius. With velocity prior to braking equal to 49.5 ft/sec (34
mph), lateral acceleration was 0.297 g, which on a high friction
surface is approximately the limiting maneuver condition at which
it is valid to describe the vehicle and its tires by linearized
equations of motion [23]. This second turn state was selected,
however, to examine vehicle behavior when operating on a surface
having a friction coefficient of 0.53. The tires of a vehicle
turning with a lateral acceleration of 0.3 g on a surface with
Hy = 0.53 operate in a regime in which their mechanical charac-
teristics are highly nonlinear.

A series of eleven braking runs was made, including seven
on the larger radius curve and four on the smaller radius curve.

The assumed values of tire traction parameters (Ca’ C., and uo)

)
and the steer displacement and drive thrust required io establish
the desired equilibrium state are tabulated for each run in Table 3.
It will be noted that the tabulated set of motion variables vary
slightly for each run. This variation derives from the necessity
to iterate, starting from estimates based on the steady turn
analyses, to the final values of G'Sw and T required to achieve
the desired equilibrium state, For each run, the steer angle was
held fixed, the driving thrust was terminated, and brake torque

was applied during a 0.5 second interval as shown in the sketch

below.

A

Brake
Torque

time - seconds

- 43 -



ov62°0]6200°| 0S°6¢V ¢I6T"| ¢€2°0- 0S°6V 96T | oT9°S | 000°0T|000°S ¢S’ | 11
Ivr62°0}16€00°| 0S°6V 806T°| LTI°0+ 0S° 6V V8T | o0S°¢ | 000°vT|000°02] €S ] 0T
T062°0({8¢00°| Vv 6V ¥68T°| 22°0- Vv o6ty S6T | oI9°¢ | 000°0T|000°07] ¢€S° 6
§782°016£00°| Ssv-o6v voer"| TT'T- vvoev SZZ | 2S°¥ | 000°9 |[000°02 €S- 8
0STIV 0|8200°| LL"69 0¢6T"] €87 ¢~ L9769 0LS | 2SSV | 000°0T{000°02] ¢S° L
ISZv°0{8200°| TO'0L 9S6T"| ¢¥V°1- 00702 162 | o19°¢ | 000°¥T|{000°S so"Thy 9
SLZV°0]8C200°| €£70L 9S6T"| SV '1- g 0L 767 | o19°€ | 000°0T{000°S €01 S
€LZv°0|8200°| 6C°0L yS61"| 62°¢- 227 0L 8v¢ | cT0“¥ | 000°9 [000°S SO°'T} ¥
0L2¥°0|8200° vZ 0L ¥S6T°| £9°0- vZ 0L 99Z | ob¥P S | 000°¥T{000°02] SO'T| ¢
SLZV 082007 ££°0L 9S6T°| OV 1- 2e 0L 267 | .99°¢ | 000°0T{000°0Z| SO°TI| ¢
6vZ¥°0|8200°| v¥8°69 9G6T"| 91°¢- LL"69 StS | 02T ¥ | 0009 [000°02] SO'T| T
Q MS 0 s o #
_9 d A £z A n L .9 0] ) n uny
1A 1 |29s/313| oos/pea|d9s/33 | 09s/31F | q1/3F
sandug sio3oueded
soTqeTae)\ UOTIOR Tox13uo0) UOT3DBI] OIT]
ONINVYE OL YOI¥d SNOILIGNOD NINL AAVALS "¢ HTIVL

44



A typical value for front-to rcar-axle brake distribution
(viz.; 60 percent, front; 40 percent, rear) was assumed in these
simulations. For the surface with the high coefficient of fric-
tion, the total applied brake torque was 2500 ft-lbs; for the low
friction surface, the applied brake torque was 1700 ft-1bs. With
these input conditions, the applied brake torque was just sufficient

to lock the right-rear wheel and no other wheel in run number Z.

(See Table 3).

The transient response of the vehicle, caused by the assumed
braking input, can be integrated to determine the trajectory of
the center of gravity with respect to an earth reference. On so
doing, one obtains the trajectories plotted in Figure 17 for runs

one through three.

- Figure 17 shows that during the latter portion of this turn-
ing-braking maneuver, the trajectory of the center of gravity lies
inside the curved path which would be traced by the vehicle if
braking were not taking place. As mentioned earlier, this result
would be anticipated because of the increased path curvature
accompanying a reduction in the longitudinal velocity. As a re-
sult of braking, we might also expect the vehicle to change its
attitude with respect to its total velocity vector. If large
angles of sideslip occur, a vehicle will extend beyond its lane of

travel even if the path curvature remains constant.

Figure 18 presents plots versus time of the instantaneous
radii of curvature and vehicle sideslip angles that are produced
by three values of cornering stiffness, when CS = 20,000 and
M, = 1.05. (Figures 17 and 18 apply to runs one through three.)
With the tires of low cornering stiffness (Ca = 6,000), the
vehicle experiences an angle of sideslip approaching 16 degrees
near the end of the maneuver. The higher the cornering stiffness,
the smaller the sideslip angle in the steady turn and the smaller
the increase or departure from the initial sideslip trim value
as the maneuver progresses and the vehicle comes to a stop. The
path radius initially increases and then decreases as the vehicle

slows down in the braked turn. For the two lower values of
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cornering stiffness (Ca = 6,000; 10,000), cxtremely short turn-
ing radii arc encountcred at the end of the maneuver. The larger
value of cornering stiffness (Ca = 14,000) not only prevents the
sideslip angle from getting large but also mitigates against any

final tendency to turn more and more sharply.

Figurel9 presents data (similar to that in Figure 18) for that
case in which the braking stiffness is small (CS = 5,000) and the
vehicle is assumed to be operating on a high friction surface
(uo = 1.05), The detailed time histories produced in the simula-
tion show that only in run four (Cu = 6,000) does the right-rear
wheel lock up. Further, they show that a reduction in braking
stiffness tends to retard the tendency for wheel spin down to a
lockup condition. This tendency towards less spin down is respon-
sible for the smaller values of sideslip angle that result when
C

S

Cs

produces a significant improvement in the path radius response,

5,000, as compared with the sideslip angles produced when

20,000 (see Figure 18). A smaller braking stiffness also

in that there is a much reduced tendency for "windup" near the
end of the stop. Increases in cornering stiffness, on the other
hand, cause the reduction in path radius with time to decrease.
It would appear that, in this particular maneuver on a high fric-
tion surface, there are advantages in having tires with a high
cornering stiffness and a lower braking stiffness. A direct com-
parison of the influence of Cs’ for fixed Cu’ i1s given in

Figure 20.

Run seven is comparable to run two except the friction co-
efficient, Hy» Was reduced from 1.05 to 0,53. Since the trim
centripetal acceleration of the vehicle, in g wunits, ratioed
to the friction coefficient, Hos is approximately 0,8, (see
Table 3), it is apparent that the tires are operating near their
friction 1limit, When braking is initiated, the path radius
approaches infinity and the center of gravity moves approximately
in a straight line, The detailed time Listories show that all
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four wheels lock and the computation of the trajectory indicates
that thc vehicle displaces laterally only 2.12 feet from the tan-
gent to the curve at the time braking is initiated. Inspection

of the sideslip angle responsc shows that it exceeds -25 degrees

four seconds after the start of the maneuver.

Simulations similar to runs one through six were also made
to evaluate the influence of a reduced coefficient of friction
when the initial trim state was such that the vehicle would remain
in a curved path following the onset of braking. Table 3 shows
that the trim value of centripetal acceleration, in g wunits, is
approximately 55 percent of the available friction coefficient
for runs eight through eleven in contrast to the 40 percent pre-
vailing in runs one through six. As noted earlier, however, the
total braking torque applied in runs eight through eleven was
only 68 percent of that arplied in runs one through six. 1In
Figure 21 we note results similar to those discussed above, with
the exception that, following the onset of braking, the path radius
increases much more sharply than on the surface with the higher
coefficient of friction prior to the subsequent reduction in path
radius with time. Based on the results depicted in Figure 22, it
seems reascnable to conclude that lower values of braking stiffness
also provide some advantage on a surface with a reduced coefficient

of friction.

4.3. VEHICLE TRANSIENT STEERING RESPONSE AS INFLUENCED BY THE
NONLINEAR MECHANICS OF TIRES

Before discussing the results of the lane change-braking
simulation study, we shall consider some findings obtained from
transient stecering simulations using the initial conditions selected
for the turning-braking maneuvers discussed in Section 4.2. above.
The maneuver, as designed, produces results which augment existing

understanding of the mechanics of pneumatic-tired vehicles.
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The mancuver consists of a vehicle in a stcady turn (as pro-
duced, by fixed steering-wheel displacement and drive thrust) being
forced to a new turn condition by a ramp change in steering-wheel
displacement. The incremental steering wheel displacement, Aé’sw ,
is four degrees. The maneuver, as executed, does not force any
of the tires to operate very close to the friction limit., Never-
theless, the tires operate in their nonlinear regime and it is
possible to gain some insight into the effect of the tire-traction
parameters on the transient response of a motor vehicle to steer-

ing inputs.

The nonlinear aspects of tire behavior have been emphasized
by considering a vehicle to be in either of the two steady turn
states identified in Table 3. With the tires modeled in the manner
discussed in Section 2, and with the wheel rotation degree of
freedom included in the analysis, the computed responses to steer-
ing depart substantially from the transient response produced by
a similarly-sized step (or ramp) steering input imposed on a non-

turning vehicle.

As shown in Table 3, both initial turning states require a
steady steering-wheel displacement approximately equal to four
degrees. This means that in the maneuver under discussion, the
initial steering displacement is approximately doubled, Figure
23 shows the yawing and longitudinal velocity responses produced
by a four degree increment in steering-wheel displacement, con-
sisting of a linear increase in steering at a rate of eight degrees
per second for half a second. In the maneuver, the driving thrust
is held fixed and the vehicle slows down as a result of the in-
creased drag produced by the decreased turn radius and the increased
lateral acceleration.

For the case in which Hy = 1.05, Cu = 10,000, and CS = 20,000,
the vehicle initially exhibits the rapid yawing velocity response
associated with the directional response mode of the constant-

speed vehicle, viz., a mode having a natural frequency of 0.5 cycles
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per second. A pseudo-stcady statc is achieved in this short
period response whose value (r=0.32 rad./sec.) is significantly
less zhan double the steady turn value (r=0.1956 rad./sec.).

Thus the sizcable nonlincarity of the system, attributable pri-
marily to nonlinear mechanics of the tires, is evident. Further-
more, it takes almost 30 seconds to establish a new steady turn
condition. During the lengthy period in which the vehicle is
slowing down and establishing a new trim longitudinal velocity,
the yawing velocity slowly increases producing the increased path
curvature required to satisfy the kinematic equilibrium that must
be achieved by a vehicle that is basically understeer. In the
equilibrium turn achieved 30 seconds after increasing the steering
wheel displacement by a factor of 2.09 (é’sw. _ = 3.66 deg.;
Aé’sw = 4.0 deg.), the speed is decreased It from 70.0 ft/sec
to 47.5 ft/sec., the yawing velocity is increased from 0.1956
rad/sec. to 0.366 rad/sec., the turn radius is decreased from

357 ft. to 130 ft., and the lateral acceleration is increased from
0.426 g to 0.54 g. These response characteristics contrast mark-
edly with what is obtained when steering inputs are restricted to
small magnitudes (such that tire side force is roughly a linear
function of slip angle) and the perturbation velocities are suf-
ficiently small so that longitudinal components of the inertial

forces and the tire forces (acting on the vehicle) are negligible.

Several other observations should be made. With the friction
coefficient given by Hy = 0.53, such that an initial lateral
acceleration of 0.297 g represents an operation closer to the
friction 1imit than the case just treated, the vehicle exhibits
a short period response much slower than that obtained on the
higher {riction surface. With the cornering stiffness of the tire
unchanged, 1i.e., Cu = 10,000, a substantial decrease in the
short period frequency is observed. With a decrease in cornering
stiffness, 1i.c., Cu = 6,000, the yawing veclocity response on the

reduced friction surface is slowed further. Finally, there is



a tendency for the short period oscillation to persist on the
reduced friction surface and to be aggravatcd by a reduction in

either the cornering or braking stiffness of the tires.

4.4, THE TRANSIENT RESPONSE TO SIMULTANEOUS STEERING AND BRAKING

A series of lane-change maneuvers, made with and without
the application of the brakes, indicates the extent to which this
maneuver is sensitive to variations in the tire-traction parameters,
Cs s Cu’ and Hy - The simulation study employed a combination of
steering and braking inputs selected on the basis of measurements
of driver control activity in fast lane-changes and stops. In
retrospect, the study might have included more severe combinations
of steering and braking in order to produce transient responses in
which the vehicle "spins out," that is, exhibits a trajectory and
attitude response far removed from the intended maneuver objective.
Such an expansion of the study would, however, have imposed very
large demands with respect to synthesis and interpretation of the
results. At the expense of possibly gaining some insight into the
behavior of the vehicle pushed beyond the friction limit, the study
objective was restricted to ascertaining the extent to which non-
linear tire mechanics (as defined by the selected parameters)

govern open-loop response in a typical emergency maneuver.

A lane-change is defined as a maneuver in which a motor vehicle
is steered so that it is displaced laterally with its heading in
the same direction at the completion of the maneuver as it was before
the maneuver began. In theory, this maneuver can be perfectly
executed by displacing the wheel first to the left/right and then
to the right/left, controlling the steering amplitude and timing
to produce the result pictured in Figure 24. Here, two triangular
pulses of steering displacement, following each other without delay,

produce (a) a yawing response whose integral is zero over the
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maneuver, and (b) a latecral displacement of 11.3 feet. (A lane on
a modern highway is typically 12 feet wide.) Note that the maneuver
diagrammed in Figure 24 is accomplished in approximately 170 feet
of travel with steering activity completed in 2.4 seconds. When
accompanied by braking on a reduced coefficient of friction sur-
face, this maneuver becomes marginal in the sense that the tires

are forced to operate near their friction limit.

To establish a baseline, the influence of tire-traction para-
meters on a lane-change maneuver executed at 60 ft/sec without
braking is first considered. Figure 25 (a) shows the influence of
cornering stiffness on the lateral displacement produced by the

steering input diagrammed at the top of Figure 24, on a high co-

efficient of friction surface (uo 1.05). Essentially perfect
lane changes occur even though the magnitude of the lateral dis-
placement is influenced slightly by the cornering stiffness of the
tires. Figure 25(b) compares the lateral displacement trajectories
achieved on surfaces with a high and moderate coefficient of fric-
tion. Almost perfect lane changes are produced in both cases. How-
ever, the magnitude of the lateral displacement is slightly less

on the lower-friction surface. An examination of the simulation
time histories shows that very little speed reduction occurs in

these maneuvers when drive thrust is held constant.

On applying a braking input of the following waveform to the
front wheels (and on applying brake torques equal to two-thirds of
the front-wheel torque to each of the rear wheels), significantly
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different.lateral displacements are obtained for the two coefficients
of friction considercd in this study. As noted earlier, the assumed
braking input is based on waveforms obtained in vehicle tests.

This simulated braking action is assumed to begin 0.1 second after
the steering input is initiated. Since braking forces reduce the
tires' lateral force output, it was found necessary to increase

the amplitude of the simulated steering input from 5.0 to 6.87
degrees to obtain essentially the same lateral displacement achieved
in the absence of braking on the high friction surface. The timing
(i.e., the waveform) of the steering input was unchanged, however,
for this combined lane-change aﬂh stop maneuver. Whereas, without
braking, the assumed steering waveform essentially produced a zero
heading change, Figure 25(c) indicates that braking during the
lane-change results in a final heading slightly different from the
initial heading. With tire stiffness held fixed (Ca = 10,000;

CS = 20,000), a reduction in friction coefficient produces a large
change in the lateral displacement achieved when steering and
braking are combined.

Figure 26 shows the variation in vehicle trajectories caused
by changes in tire traction parameters during a combined steering
and braking maneuver. The influence of cornering stiffness on
lateral displacement (see Figure 26(a)) is greater when braking
than in a constant speed maneuver (see Figure 25(a)). Note, however,
that braking and subsequent slowing of the vehicle cause a heading
change at the completion of the steering maneuver. Rather than
modify the steering waveform to produce a zero heading change, the
steering and braking inputs were held fixed, so that the variation
in path and other response elements indicate the traction parameters'
influence. Whereas the vehicle performs a nominal lane change
on a surface with a high coefficient of friction when steering and
braking are combined (see Figure 26(a)), Figures 26(b) and 26(c).
show that with a friction coefficient of 0.53 widely different tra-
jectories depending on the cornering and braking stiffness of the
tires occur.
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It should be noted that the vehicle is not braked sufficiently
hard to bring it to a complete stop at the completion of the steer-
ing response. (Figure 27 shows that longitudinal velocity is re-
duced only a little more than half, on both the high- and low-
friction surface, at the completion of the steering response.) The
longitudinal deceleration in this maneuver is approximately 0.3 g.
On a surface of u,=0.53 , with this level of longitudinal decel-
eration and the lateral accelerations associated with the lane
change the tires generate forces in the vicinity of their friction
limit.

The failure of the vehicle to produce a lateral displacement
on the lower-friction surface approximately equal to that achieved
on the higher-friction surface, plus the failure to produce a zero
heading change on the lower-friction surface, can be understood
by examining the detailed time histories. Figure 27 shows a few
of the pertinent details including differences in both response and
in the total external tire forces generated on the high- and moderate-
friction surfaces. When Hy = 1.05, the yawing velocity response
is reasonably symmetrical, like that obtained when no braking occurs
(see Figure 24). Further, the total lateral tire force, Fy ,
follows the waveform of the input brake torque. For the same tire
stiffnesses, but with M reduced from 1.05 to 0.53, the initial
peak braking input causes the wheels to spin down, as shown by the
1 for the left front tire.
During the short interval in which the longitudinal slip is high,

time history of longitudinal slip, s

the total lateral force output of the four tires is reduced to a
Véry small value and the yaw rate of the vehicle fails. to build up
as occurs on the high friction surface. The yaw velocity response
and the time history of F_ become asymmetrical, resulting in

(1) highly modified lateral displacement trajectories, and (2)
variable hecadings at the completion of the maneuver. The failure
of the total longitudinal force, F o to follow the trace of the

applied brake torque, when Hy = 0.53, indicates that the tires
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are operating at their friction limit during that period in which
peak brake torque occurs. It can be concluded that the open-loop
respoﬁsc in a lanc-change and stop maneuver is very much dependent
on the frictional demands placed on the available surface, and

that the motion response is a sensitive function of tire stiffness
when the frictional demands are high. For the particular combina-
tion of control inputs and friction level used in this study

(uo = 0.53), increased cornering stiffness and decreased braking
stiffness produce an increased lateral displacement in a lane-change
and stop maneuver.



5. SUMMARY AND CONCLUSIONS

5.1. SUMMARY OF RESULTS

A theoretical study has been performed to investigate the
influence of mechanical characteristics of pneumatic tires on the
behavior of an automobile undergoing maneuvers requiring the tires
to produce combined longitudinal and lateral forces. The analysis
emphasized the characterization of the traction mechanics of the
pneumatic tire, rather than the exact representation of the mech-
anics of the automobile. In spite of this, the model developed
to represent the vehicle on an analog computer constitutes a simu-

lation of substantial complexity.

The simulation model was specifically deéigned to study the
dynamic response of a motor vehicle operated at, or near, the
"limit" imposed by the frictional couple at the tire-road interface.
Given this objective, it was considered necessary that the vehicle
mechanics representation take account of the wheels' rotational
degrees of freedom. In this respect, the model developed constitutes
an extension of the vehicle simulation art. For maneuvers of low
and moderate severity (i.e., maneuvers in which no "skidding" occurs),
results of both steady-state and dynamic trajectory simulations
are in excellent agreement with results obtained from previously
developed models. Vehicle testing is required, however, to evaluate
the simulation's accuracy in predicting '"skidding'" behavior when
one or more wheels lock.

For the purposes of this study, it was necessary to represent
‘mathematically the dependence of tire-traction components on (1)
the kinematic variables associated with the tire's rolling/sliding
motion and (2) the mechanical properties of the tire. No existing
representation of sufficient generality was available. Further,
available experimental data on tire-traction characteristics by no
means constituted an adequate base for a strictly empirical deter-

mination of the required relationships. Within this context, a



theoretical analysis was undertaken of the shear-force mechanics

of a pneumatic tirc operating with combined side and longitudinal
slip. ‘Expressions for the longitudinal and lateral components of
the traction force were derived. The rationale of the analysis was
extremely pragmatic, and a number of bold assumptions were made in
the interest of reducing mathematical complexity. Nevertheless,
the results derived constitute a tire-mechanics model that agrees
qualitatively with available experimental data, and represents the
complicated phenomena of influence concisely in terms of a limited

number of basic parameters.

-

Because of the lack of established criteria for evaluating
the control quality of a tire-vehicle system, the interpretation
of vehicle simulation results in terms of the relative merits of
alternate system configurations is a very difficult task. The '"lack
of criteria problem" was more or less sidestepped in this study,
by considering a number of open-loop vehicle maneuvers, and merely
examining the influence on the vehicle responses of realistic
variations in the values of three tire parameters, (1) the
lateral stiffness, Ca , (2) the longitudinal stiffness, CS , and
(3) the nominal coefficient of tire-road interface friction, Mo
It was assumed that the four vehicle tires had identical properties.

The significant findings for each of the open-loop maneuvers
considered are summarized in the following sections.

5.1.1. STEADY-STATE TURNING. Nonlinear tire mechanics pro-
duce steady turning response characterized by increased under-
steer with increased thrust, until a thrust level is reached at
which the effect reverses. This phenomenon is accentuated by high

values of Ca or (to a lesser extent) CS

Equilibrium speed in a steady turn established by a given
thrust and steer angle is a monotonically increasing function of
both C and C

a s



For a given thrust and steer angle, steady turning capability
(measured in terms of the centripetal acceleration produced) in-
creases with increasing values of Ca . This finding holds for
all drive-torque values up to the equilibrium turn limit. Turning
capability does not decrease in direct proportion to decreases in
the friction coefficient Hy s i.e., cornering efficiency (peak
value of Yz__) decreases with increases 1in Mo (over the range
studied). Ho8

5.1.2. BRAKING FROM A STEADY TURN. In this maneuver, high
values of two response variables, (1) change of path curvature,
and (2) sideslip angle, are considered to reflect poor quality of
performance. Based on these criteria, the simulaticn results indicate
that superior performance is achieved with (1) high values of Cu
and (2) low values of CS . The effects of the stiffness variables
are accentuated at high values of Hy - Poor performance in this
maneuver is generally associated with wheel slowdown to lockup, or
near lockup, conditions.

5.1.3. TRANSIENT STEERING RESPONSE AT HIGH LATERAL ACCELERATION.
Because of nonlinear tire characteristics, a vehicle's directional
response to a given steer input depends strongly on its initial
trim condition. The more severe the initial trim state (i.e., the
nearer the tires are to operating at the friction 1limit), the more
pronounced is the difference in response from that associated with

variations from straight running conditions.

Response to a short (4°) ramp of steering input from an initial
steady turn trim condition (with no change in drive torque) is
characterized by (1) a rapid yawing velocity response analogous to
the response mode of a constant-speed vehicle, (2) the achievement
of a pseudo-steady-state condition (a non-linear function of initial
trim), and then (3) a very slow transient stage during which the
vehicle slows to a new trim velocity, and the yawing velocity con-

sequently increases because of the vehicle's understeer characteristic.
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The initial short period oscillation tends to persist on a lower

friction surface and is aggravated by reduction in either Ca or

Cs

5.1.4. COMBINED LANE CHANGING AND BRAKING MANEUVERS. Vehicle
response in combined lane changing and braking maneuvers is very
much dependent upon the frictional demand placed on the pavement
surface. When the frictional demand is high (i.e., when the resul-
tant tire shear forces approach a value equal to the product of
the tire-road friction coefficient and the dynamic vertical tire
load), the motion response is a sensitive function of tire stiff-
ness properties. At the lower interface-friction level considered

0.53), lateral displacement per unit steer input (for

here (uo
a given level of braking) increases with increasing values of Ca

and decreasing values of CS

5.2. CONCLUDING REMARKS

The results summarized above represent only a beginning in
the general study of the relationships between tire-traction pro-
perties and the pre-crash safety of a motor vehicle. As a starting
point for further investigation they raise a number of important,

as yet unanswered, questions.

The most compelling of these questions fall within the domain
of the experimentalist. The tire-mechanics model presented here
agrees qualitatively with the very limited relevant experimental
data available. In order to precisely assess the quantitative vali-
dity of the model, however, a considerable base of appropriately
structured and accurately measured tire shear force data is required.

To evaluate the accuracy of the vehicle simulation model in
predicting skidding and near-skidding maneuver responses, it will
be necessary to conduct vehicle response tests. Experimental counter-
parts of the mancuvers performed on the computer in this study would
be appropriate for this purpose.



In a morc theoretical vein, a great deal of research is
certainly nceded to formulate basic criteria for assessing vehicle
control quality from a safety point of view. Pending the develop-
ment of such criteria, however, it appears profitable to continue
to perform pragmatic simulation studies such as the one just com-
pleted. In particuler, it would be of interest to investigate the
effects associated with the operation~of tires with unequal pro-
perties, and to study the influence of variations in tire and vehicle

parameters other than Cu’ CS, and Ho
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APPENDIX A

A TIRE MECHANICS MODEL FOR THE CASE OF
COMBINED SIDE AND LONGITUDINAL SLIP

The development which follows is directly derivative of
the classic analysis of the freely rolling tire due to Fiala [9].
In many respects, however, it is less rigorous; several as-
sumptions made here in the interest of mathematical simplicity
represent marked relaxations of the theoretical precision of
the earlier work. Each of these simplifications will be care-
fully pointed out. Refinement of the analysis through elim-
ination of the various simplifications is regarded as manifestly
appropriate for subsequent applications wherein greater accu-

racy may be required.

The derivation is based on an idealization of the tire-
road contact region geometry as shown in Figure A-1. The tire
is considered to have zero inclination angle; the effects of
inclination on the forces produced are accounted for approx-
imately through the introducticn of an "equivalent slip angle"
which is a function of the inclination angle and the tire's
camber stiffness. This approximation, a departure from the
Fiala analysis, is discussed in detail at a later point in the

development.

Line 0-1-2 (Figure A-1) is the longitudinal centerline
of the tire-road contact patch. The &-n ground plane coord-
inate system has its origin at point 0, the tread touchdown
point, with the £ axis passing through point 2, the tread
liftoff point. Line 3-4 is the longitudinal centerline of
the tire carcass. Each point on the carcass centerline is

assumed to be elastically connected to the tread (line 0-1-2)
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FIGURE A-1. TIRE-ROAD CONTACT REGION GEOMETRY
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through orthogonal "springs'" producing independent forces in
the £ fnd n directions. Thus a point on the tread follows
the path of the carcass so long as no shear force acts on it;
in particular, points 3 and 4 lie on vertical lines passing

through points 0 and 2, respectively.

In the original Fiala analysis, the configuration of the
carcass centerline, line 3-4, 1s derived by assuming it to
behave as an elastically supported beam subjected to a point
(lateral) load at its center. The resulting infinite series
is approximated by a parabola. In the present analysis, we
make the more arbitrary assumption that the carcass centerline
deformation may be approximated by a constant; thus line 3-4
lies in the vertical plane passing through the & axis (see
Figure A-1). The validity of this rather bold assumption
can only be assessed from a practical standpoint on the basis
of such comparisons with experiment as in Section 2 of this
report.

Point 1 of the tire tread centerline represents the '"slid-
ing boundary'; points on the tread forward of point 1 (line
segment 0-1) adhere to the ground surface without sliding.

At point 1, the elastic stresses due to tread deformation reach
a value corresponding to the tire-road shear stress limit and
the rubber beginsvto slide relative to the ground. Accordingly
the shear deformation along line segment 1-2 is a function of
the local sliding friction potential, dropping off monoton-
ically towards a zero value at the tread liftoff point, point
2.

Figure A-2 is a sketch depicting the hypothesized deforma-
tion condition prevailing at a typical point P(£,n) on the non-
sliding segment (0-1) of the patch centerline. The longitudinal
coordinate of point P is equal to the product of the tire's
longitudinal velocity (uw] and the time interval, At, from the

instant when P entered the patch at 0 to the instant pictured,
i.e.,



CARCASS QZ'

T PATCl q;

| .

i

I p gtana/
i

7

S&

FIGURE AZ. STRAIN CONDITION IN NON-SLIDING
PORTION OF CONTACT PATCH



ION‘I

*o918ue oAt1le30U ®
ST 7-Y 9i1n3T4j ut umoys » of3ue dITsopIs oyl eyl 910Ngy

*110dox 2y3 o1 pepuadde sTOqWAS FO ISTT @AYl UT PAUTISP
oxe sadtpuadde ay3 Io 3iodex oyl jo Apoq oy3 I9Y1ITo UT pasn
sToqudAs 11y ‘xtpuadde STyl ur pourjopod A131d17dxo 30U oie
110da1 oy3l o Apoq UTeW 29U} UL POUTIOpP STOQUAS ‘Jeiousd Uy

"UOT1D0TFop [eI9leT 3Tun Iad ‘yiptm 3tun 1od ‘yaduay

1tun xod spunod ut ,,‘SSoUFFTIS OXI3 [BIIELI, OYI ST >x QIaym

(9-v) “3(0 cmpvxx-u Uy

01 Tenbs sT 4 2® Jusuodwod SS913S [BIDIB] oYl Snyj

(s-v) yx® UBY 3- = U

t(z-v
9In3T14 99s) Aq udAT3 ST 4 jurod JO UOTJBWIOFOP [BISIB] 9YJ

*uoTr3daTFep teurpnitduoyr 3tun 1ad ‘yipin 3tun 1ad ‘yidusy 31UNn

1ad spunod utr ,,‘ssoujFTis o413 TBUIPNITSUOT,, 9yl ST xx 9I9UM

(p-v) ‘95X = ER

03 Tenbs sT g 3jutod 3e S$sox31s Jo jusuodwod TBUIPNITSUOT 8yl pue

(¢-v) ‘3s

M
n

M
wn (——-1)
N

17%48 - 19 = ,3 - 9

£q uaAId ST ,d

qutod 03 oAT3eTa2X J 3uTod JO UOTIRWIOFOP [BUIPNITSUOT Y3 SNYJL

(z-v) 17°%u8 = .3

¥
Aq uoATId ‘,3 SDUB3ISIP B pIAOU SRy

(1eAZ93UT 99Uyl JO 31B3IS oYl 3® ¢ jurod ylIm POPIDUTOD YOdTYyMm) dUTT

-I03U9D ssedIrd Oyl uo ,q utod ‘3y [eAadjul owes oyl Juiang

(1-V) y™n = 9



The maximum allowable total shear stress at any point 1in
the contact patch is determined by the tire-road shear stress
limit, o . The limit, o , varies over the contact patch.
max max
One of the main factors determining O max is the normal pressure
distribution over the contact patch. For simplicity, we will
assume here that the pressure is uniform over the patch, with its

value given by

Fz
p = Tw . (A-7)

Fz is the normal load on the tire, 22 1is the length of the
contact patch, and w is the width of the contact patch.

This approximation is fairly realistic except at the edges
of the patch. The tire-road shear stress limit accordingly 1is

given by

max =~ *P T 7w (A-8)

where 1y is the coefficient of friction at the interface. (The

quantity wu will be discussed later.)

Using equation A-8, we can determine the position of the
sliding boundary point (point 1 in Figure A-1), where the re-
sultant elastic deformation stress just equals the tire-road shear

stress limit, i.e., where

2 . 2.1/2 . _ulE | |
(05 ¥ On) © %max T TIaw (A-9)

Let gs denote the longitudinal coordinate of the sliding bound-
ary point. Then, substituting into equation A-9 from equations
A-4 and A-5, we obtain

[

u|F )
2 , :
&S = —7TW£ [(sz) + (ky tan a)z]

"1/2 (A-10)




Let &’S denote the longitudinal coordinate of the point
on the tire carcass associated with point gs , as per Figure

A-2. Then, from equation A-3

[}

g)

S

(1-s) &g

ul|F ;
= 2 (1-3) [(sz)2 + (K, tan 0)2171/2

(A-11)

In order that we may be able to simply compute the resultant
tire shear forces by closed-form integration, we assume that the
actual deformation field of the sliding portion of the contact
patch may be approximated by a uniform deformation. Although
compatible with the assumption of a uniform normal pressure dis-
tribution, this approximation is obviously considerably in error
at points in the rearmost portion of the contact patch (see Figure
A-1). In keeping with the pragmatic philosophy of the analysis,
we will not attempt to defend it on any grounds other than it

appears to produce answers which are reasonable,

Based on the assumed form of the contact patch deformation
field, we may compute the values of the longitudinal and lateral
tire shear forces, Fg and Fn , respectively, as follows:

e

S - . 2% - -
og (£7)dg” + IE; O (€7)dg7) dw ,

_ oW
FE, —/ IO (fO

where, from equations A-3 and A-4,

sz £’
1-s , for &7 <&l
O¢ (£7) = )
sz Es . "
15 s for &7 > ¢ s



and

g
_ W S - - 22
F =17 (IO on C& )dg” + fg’

o, (E7)dEM)dw
S

where, from equations A-3 and A-6,

K tan o &7

. y - -
1-s ’ for ‘E é E ’
o, (87) =
K. tan o &7
) y S - .
1-s , for &7 > &g

Note that the stress distribution is assumed to be uniform with

respect to the contact patch width. Thus

2

28 wsz
—T > for E; > 2% (no sliding in the patch),
FF = (A-12)
? 2
20wK_sg” wK_s(£7)
— X 5 . X -2 for §7 < 2%
1-s 2 U-s) ’ S ’
) .
-28°"w K_ tan o
1_2 , for E; > 28 (no sliding in the patch),
Fn = (A-ls)
- .y 2
-20w K_ tan o & wK_tan a (&5) -
Y S y S ¢ -
T=s t TS , for &5 < 24

The derived results can be written more concisely in terms

of the following auxiliary variables

222 w K tan o

b
uiF | (I-s) ’

(A-14)

- 79 -



22 w K s
X
ulF_ [ (1-s) ’

(A-15)

w|

SR= (5 2va yHl? (A-16)

Note that the variable s, may be considered to constitute a

whose components are «a

R
"resultant normalized slip vector,

1"
and s

Equations A-14, A-15, and A-16 may be used together with

equation A-11 to rewrite equations A-12 and A-13 in the form

F - F ‘
—-T-éT— = S R (A-17)
u F — u ]Fl 5 ]
z SR z
Fn o Fr
T T T 5 WIRT (A-18)
z SR z
where
: Sp for S < 0.5,
R
= (A-19)
U IFZI . _
1 - — , for Sp 2 0.5
s =
R

- Note from equations A-16, A-17, and A-18 that the quantity

2:1/2

_ 2
= (Fg + Fﬂ)

Fr

represents the resultant shear force exerted at the tire-road

interface.
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Similarly, by considering the case s=o , we may show that

equation A-14 is equivalent to

Cutan o

W [F ] (I-5) (A-25)

The tire-road friction coefficient, u , is known to be a
function of sliding speed and normal pressure, as well as a host
of quantities describing the material and geometric properties
of the road surface and any interface contaminants [45]. For
the purposes of this study, by far the most important of these
effects is that due to speed. On the basis of some very limited
experimental data due to Krempel [15], it appears that this effect

can be approximated by a simple linear equation of the form
b= (- AV.) (A-26)

where VS , the "total sliding velocity,'" is given by

VS =u, [ 52 + (tan u)Z]l/Z

(A-27)
The implications of the assumed form of the friction/speed relation
are discussed in some detail in the main body of the report.

The influence of tire inclination, i.e., camber angle, remains
to be taken into account. This is done on the basis of an "equi-
valent slip angle' approximation derivative of the work of
McHenry, et al., [37]. For the application of reference [37], very
large camber angles were studied; for the vehicle maneuvers con-
sidered here, the camber angles are small. Thus we have used a

much simpler (linear) expression for the equivalent slip angle

than employed previously, viz.,




= - C$ Y s (A'ZS)

where C$ , the "relative camber stiffness," is an empirically

derived property of the tire.

The total slip angle (i.e., the value to be employed for
computing the tire forces as per equations A-20 and A-21) is
given by

= oy - CE oy, (A-29)

where o, is the slip angle as defined by usual convention (c.f.,
Figure 1 and equation B-30).
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APPENDIX B
THE VEHICLE MECHANICS MODEL
This appendix includes a detailed description of all aspects
of the vehicle simulation model exclusive of the tire mechanics

representation presented in Appendix A.

Vehicle Motion Equations

The motion of the vehicle in the horizontal plane is described
in terms of velocity components in a body fixed x-y-z coordinate
system with origin at the vehicle center of gravity (see Figure
B-1). Application of Newton's second law for forces along the x
and y axes and moments about the z-axis, respectively, yields

m(u -rvVv) = Fx’ (B-1)
m(; + 1 u) = Fy’ (B-2)
I ; =T, (B-3)

m 1is the mass of the vehicle, I 1is its yaw moment of inertia,
Fx is the total longitudinal force on the vehicle, F_ 1is the
total lateral force on the vehicle, and T 1is the total torque
applied to the vehicle about the vertical (z) aXis through its CG,

Applied Forces and Moments in the Horizontal Plane

The external forces considered to act on the vehicle in the
horizontal plane are illustrated in Figure B-1, Thus

N T Y7 TN S SR (B-4)
Fy = Fyl + Fyz + Fy3 + Fy4, | (B-5)
T =

t(Fxl i l:x2 ) FX3 * Fx4) v a(Fyl * FyZ)

- b(Fy3 + Ft4). (B-6)
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FIGURE B1.

VEHICLE GEOMETRY
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Note that we have neglected the effects of tire aligning torques
in equation B-6, The tire force components along the vehicle
axes are computed from the results of the tire mechanics model
calculations (equations A-20 and A-21) by application of the
following coordinate transformation equations:

Fog = Frg COS 85 - wai sin 6 (B-7)

Fyi = wai sin Gi + wai cos Gi . (B-8)

The angle Si is the steering angle of the ith wheel, For the
front wheels, Si is determined by the steering angle 5Fw
(see equation B-23), For the rear wheels, Gi .is given by the

rear axle roll steer angle drs (see eauation B-31 ).

The aerodynamic drag force, Fy is computed from

2
Fy = 1/2 Cy o Aj u® (B-9)

where Cp is the vehicle's aerodynamic drag coefficient, p 1is
the mass density of the ambient air (taken as ,00238 sl/fts) and

AD is the cross-sectional (frontal) area of the vehicle,

Tire Normal Loads

The tire normal loads depend upon the static loading of the
vehicle and the dynamic load transfer accompanying accelerated
vehicle motion, As noted in the main body of the report, the
current model makes use of a quasi-static approximation to account
for the dynamic load transfer effect, The roll angle of the sprung

mass, ¢ , is estimated from

o= —rr— (B-10)
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hr¢

roll stiffness.

where

is the rear roll stiffness and Kf¢

is the front

Superposing the load transfer components, front

and rear, due to this roll angle upon the (quasi-static) load

transfer due to pitching [c.f., 44] gives

Fp1 = - E%
Fog = - E%—
Fp3 = - mg
Fog = - _%g

Wheel Rotation Dynamics

hF K hF
b, X . £ Y (B-11)
a+b 2(a+b) Kf¢ + Kr¢ 2t ’
hF K hF
b, X fé y (B-12)
a+b  2(a+b) Kf¢ + Kr¢ 2t
a hFx Kr¢ th
arb "~ 7(avh) K, v Ky, 7E (B-13)
hF K hF
a X Tro y (B-14)
a+b 2 (a+b) Kf¢ + Kr¢ 2t

The coordinate system employed to describe the dynamics of

the ith

wheel is shown in the sketch below.

Wy and Ti
R
f >>uwi
R-8§ .
zi
* ~ - - ’>wa.
B 1
—» X,
i
Fz.
i
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Note that the wheel rotational velocity in this system, Wi is
the negative of the spin velocity Qi defined in the main body
of the report (see Figure 1), Application of Newton's second law

for moments about the wheel spin axis yields

€ o

=T. + F_ . (R-6

w®i =T P ) - F.x_. - C_ .u. (B-15)

71 z1%z1 wi i

Iwy is the moment of inertia of the rotating part of the wheel
about the spin axis of the wheel, Wy is the angular velocity of

the wheel, Ti is the brake torque applied to the wheel, wai

is the longitudinal tire force in the wheel plane, R 1is the

undeflected radius of the tire, azi is the amount of vertical

tire deflection, in is the normal load on the tire, X,

the amount of longitudinal offset of the center of vertical pres-

is

sure from the wheel center, and Cyi 18 the wheel damping coeffi-

cient.

The vertical tire deflection is computed from an empirical
equation |

6, =C. (-F,;) + 033 R, (B-16)

where C,i s the vertical deflection rate of the tire, is an
empirically determined property of the tire. The longitudinal
offset of the center of vertical pressure is computed from

X,; = CoiFipq * 0,02, (B-17)

where CXi , the "vertical force offset rate," is also determined
empirically, The form of equation B-17 was suggested by some very

limited experimental data given by Goodenow, et al. [11].
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Steering System Dynamics

The representation of the steering system is largely deri-
vative of the model developed in [1]. The input to the system 1is
G'Sw , the steering wheel angle divided by the steering ratio. The
degree of freedom associated with the steering wheel inertia is not
included. The front wheel steer angles, 61 and 62 , are combined

to obtain an effective front wheel angle, GFw , where:

_ 1 2 :
GFW = (B-18)

Equation B-18 represents a reasonable way of combining the steer
angles to approximate the steering deflections. The moment, M_ ,

s
on either of the front wheels due to the steering compliance, KSS ,

is given by

K

_ Tss . i
Ms - 2 (8 SW GFW) ’

(B-19)

The equation for rotation of the left front wheel about the king-

pin is:

I 6, =M+ C,y + F_ K + AT

e 01" M T B T P B 1 (B-20)

Irw is the wheel moment of inertia about the kingpin, CFl 1is
the coulomb friction in the system, Kp is the kingpin offset, and
AT,

has been omitted because it is small, The equation for the right

is the aligning torque. The effect of yaw acceleration, r ,

front wheel is

(B-21)
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For simplification, it is assumed that the effects of coulomb
friction can be approximated in terms of an "equivalent viscous
@

damping'" coefficient CF , defined by

° ny
Cr GFw = Cpp * Cpy (B-22)
Then, combining equations B-19, 20, and 22, we have
2l (8py) = Koo (875 = Spyy) * Cpd py Kp(wal- waz)
+ AT, + AT (B-23)

1 2

The aligning torques are computed using a constant pneumatic trail,

Xp . The equations are:
AT, = - F B-
1 *p ywy (B-24)
AT, = -x_ F B-2
2% % Fro (B-25)

Tire Kinematics

The longitudinal and lateral components of the velocities

of each wheel are given by (see Figure B-1)

u;p = u+ tr , vV, =V +ar,
U, = U - tr , vV, =V +ar ,
Uz = u - tr, Vz =V - br , (B-26)
Uy = u+ tr , Vy =V - br ,



The velocity components in the wheel planc u.g» are computed

from the above using the following equation:
4

U, = Uy cos éi + v, sin 6, (B-27)

where 61 is the steering angle of the ith wheel (see note

after equation B-8).

The longitudinal slip ratio,

WiRe; -
s.= 1+ T , (B-28)

is computed using u s from equation B-27, wi from equation
B-15, and a value for Rei , the effective rolling radius, esti-
mated from

R.=R- 2% | (B-29)

where dzi , the vertical tire deflection, is given by equation
B-16.

The tire sideslip angle, oy is given by (see sketch):

-1 (Vi
a. = tan ﬁ; - Gi (B-30)
//jheel heading

AT

I
|
|
|
|
I
|
>
V. .
/ i
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As noted in the main body of the report, quasi-static
approximations are employed to account for wheel roll-steer and

camber effects. The rear axle roll-steer is given by

6.6 = -Cip ¢, (B=31)

where C_p, , the roll-steer coefficient, is an empirically de-
rived parameter of the vehicle, and the sprung mass roll angle,

¢ , is given by equation B-10.

The camber angle of the left front wheel Yq is a function
of the vertical deflection ?1 of the wheel from the chassis.
The deflection of the wheel depends upon both pitch and roll of
the sprung mass. The pitch angle 6 of the sprung mass is
approximated by:

+ F

F
- 1 zl z2 mgb )
6 = —x —— +L\—&5.a+ )) (B-32)

where Kf is the front spring rate. The front suspension de-

flections are given by:

= _!{_mgb 1\ i 3
2, =% )Qf/ + 0a - ¢t (B-33)

- _ _mgb
Zl = LF‘;%ETKE) + Ba + ¢t (B'34)
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The front whecel camber angles are functions of EZ and Zl .
These functions are implemented in the simulation using diode
function generators. The forms of these functions arc shown

below:

The values used for these functions were obtained from the input
table for the digital vehicle mechanics model developed by
McHenry, et al, [37].

Trajectory Kinematics

The motion equations (B-1), (B-2), and (B-3) are solved by

integration, 1i.e,,

u(t) = f%o u o dt o+oult) , (8-35)
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v(t) = i v odt e v(t) (B-36)
0

r(t) = /5 orodt+or(t) . (B-37)
t
0

The angular orientation of the vehicle body axes with re-

spect to x, y- axes fixed in the earth is illustrated in the

/ e
/ x body axis

sketch below:

x inertial axis

y 1lnertial axis
vV ~

™~

~

y body axis \\\\\\

The orientation angle V¥ is the result of the vehicle rotating
‘away from its original orientation angle. Since this rotation takes

place with angular velocity 1 ,

t

t
()

Y(t) = f r(t)dt + W(to) (B-38)
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The components of the vehicle velocity in the body axis
system u and v, are resolved into the earth axis system by

using the following coordinate conversions:

ucos ¥ - v sin ¥ | (B-39)

> oe
1]

usin ¥ + v cos Y . (B-40)

< .
1}

The position of the vehicle is obtained by integrating the

velocities. Thus

x(t) = f§ x dt + x(t) | (B-41)
0

y(t) = Jp y dt + y(t,) (B-42)
(0]
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APPENDIX C

. BRAKING EFFICIENCY SIMULATION

The vehicle simulation was operated at various friction values.
At each friction value the brake torque was increased until either
a front wheel or a rear wheel locked up. The value of total tire
force which would just avoid wheel lock was recorded. The results
of the calculations are given in Figure Cl1. The results for
Cs = 20,000 1bs/unit slip compared to those for CS = 5,000 1bs/unit

slip show that decreasing CS made about a 1% increase in the

brake efficiency, PX . This is certainly not a significant
difference. M mg
peak 60-40 Brake proportioning
u(o) = 90 ft/sec
A
1.0 b—
REAR LOCKUP
FRONT
LOCKUP C, = 5,000 1bs/unit slip
8
CS = 20,000 1bs/unit slip
6 ~ l . '
0 .2 A .6 .8 1.0 U

FIGURE C1. BRAKE EFFICIENCY, CS INFLUENCE
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SYMBOLS

cross-sectional area
friction reduction factor (see equation 10)
tire aligning torque

distance, center of gravity to front axle
of vehicle

distance, center of gravity to rear axle
of vehicle

aerodynamic drag coefficient

equivalent viscous steering damping
coefficient (see equation B-22)

steering system coulomb friction associated
with ith wheel

tire traction stiffness (see equation 14)
rear roll steer coefficient

wheel damping coefficient

tire vertical force offset rate

tire vertical stiffness

tire cornering stiffness

tire camber stiffness

relative camber stiffness
aerodynamic drag force

magnitude of tire shear force vector
total longitudinal force from tires
tire force along forward body axis

longitudinal tire force in the wheel plane

total lateral force from tires




Fyi tire forcec along lateral body axis

wai tire force normal to wheel plane

Fz’ in normal load on the tire

g acceleration of gravity

h center of gravity height

I yaw inertia

IFw wheel moment of inertia about kingpin

Iwy wheel inertia gpout wheel spin axis

i index for tires, 1 means left front,
2 means right front, 3 means right rear,
4 means left rear

Kf | front spring rate

Kf¢ front roll stiffness

Kp kingpin offset

.Kr¢ rear roll stiffness

KSS steering stiffness

Kx tire longitudinal deflection constant

Ky tire lateral deflection constant

L contact patch half length

MS steering moment

Mz aligning torque ¢

m 4 vehicle mass

p normal pressure in contact patch

R nominal tire radius

Re effective radius

RR rolling resistance




yaw rate

longitudinal slip ratio

normalized slip (see equation A-24)

total normalized slip (see equation A-16)
yaw moment about vehicle center of gravity
brake torque applied to the wheel

drive torque applied to the wheel

wheel torque

half tread

forward velocity of vehiclé cg

wheel center longitudinal velocity

wheel center velocity component in the
wheel plane

total velocity

sliding velocity

lateral velocity of vehicle cg
wheel center lateral velocity
tire tread width

longitudinal inertial coordinate
X inertial velocity

tire pneumatic trail

amount of longitudinal offset of the center
of vertical pressure from the wheel center

lateral inertial coordinate
y inertial velocity

suspension deflections

‘static suspension deflection
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slip angle

modified slip angle which includes a
contribution due to camber angle

normalized slip angle

equivalent slip angle for camber

V.
tan ) ai— , sideslip angle

camber anzle

increase of steer angle input
front tire steer angle

tire steer angle

rear axle roll steer angle
steering input

amount of vertical tire deflection
contact patch lateral coordinate
pitch angle

friction coefficient

nominal coefficient of friction at zero
velocity

contact patch longitudinal coordinate
carcass longitudinal coordinate

longitudinal coordinate where sliding begins
in contact patch

mass density of air

tire-road shear stress limit
tire longitudinal shear stress
tire lateral shear stress

roll angle
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orientation angle

wheel spin velocity

spin velocity of freely rolling tire
angular velocity of the wheel

tire longitudinal force

tire lateral force
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