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ABSTRACT 

A theoretical study of the influence of tire-mechanics 
characteristics on the behavior of an automobile undergoing man- 
euvers requiring the tires to produce combined longitudinal and 
lateral forces was performed, A simulation model specifically 
designed to study vehicle response under skidding and near- 
skidding conditions was developedand mcchanized on an analog 
computer. The model included a representation of wheel rotation 
a1 degrees of freedom, and relationships expressing the longi- 
tudinal and lateral tire shear force components as analytical 
functions of tire normal load, sideslip and inclination angles, 
and longitudinal slip. The tire shear force relationships, de- 
rived by extrapolating from the existing theory of the traction 
mechanics for a freely rolling tire, were shown to agree quali- 
tatively with available experimental data. The simulation was 
applied to examine the influence on vehicle responses to various 
open-loop steering and brake-control inputs of variations in the 
values of three parameters: lateral tire stiffness, longitudinal 
tire stiffness, and the coefficient of friction at the tire-road 
interface. 
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1. INTRODUCTION 

B 

The broad purpose of the study reported herein was to inves- 

tigate the influence of mechanical characteristics of pneumatic 

tires on the behavior of an automobile undergoing maneuvers re- 

quiring the tires to produce combined longitudinal and lateral 

forces. To this end the study was directed toward accomplishing 

the following specific tasks: 

Compile and synthesize existing theoretical and 

experimental information on the mechanics of 

pneumatic tires to develop a mathematical repre- 

sentation describing the dependence of tire- 

traction components on (1) the kinematic variables 

associated with the tire's rolling/sliding motion 

and (2) the mechanical properties of the tire. 

2, Incorporate the tire mechanics representation in 

an analog-computer simulation of the dynamics of 

a motor vehicle formulated specifically for the 

purpose of this investigation. 

3. Using this simulation, perform a parametric study 

to examine the extent to which a vehicle's res- 

ponses to various specified combinations of brake, 

throttle, and steering control inputs are affected 

by realistic variations in the values of principal 

tire-mechanical characteristics. 

In accor~lance with the study objective, the analysis empha- 

sized the cliaracterization of the traction mechanics of the 

pneumatic tirc, rather than the exact representation of the 

mechanics of the automobile. Only those factors reckoned on the 

basis of past research experience to exert a "first-order" in- 

fluer~cc on the directional bch:ivior of a motor vehicle operated 

at, or ncnr, Ihe friction lir~~it were included in the mathematical 

representation of the automobile. 



In general, the sh.ea.r force generated at the tire-road in- 

terfacx is a function of a multiplicity of variables describing 

(1) the geometric and material properties of the road surface, 

(2) the state of interface contamination, (3) the mechanical prop- 

erties of the tire, and (4) the kinematics of the tire's rolling/ 

sliding motion. In the study reported herein, the effects of road 

variables and interface contamination were not considered. Tire- 

road friction was described in terms of a friction coefficient p 

whose dependence upon .m:oad and interface contamination properties 

was left unspecified and unexplored. - 

Another important constraint on the scope of the study was 

that differences in properties among the four tires mount:ed on a 

vehicle at any one time were not considered. That is, simulation 

conditions were restricted to cases where the properties of all 

four tires were identical. 

Section 2 of this report is concerned with the mathematical 

modeling of tire-traction mechanics. The representation developed 

here is discussed in light of previous related research and the 

current study objectives. Tire characteristics curves generated 

on the basis of the model are compared with available experimental 

data. Section 3 discusses the vehicle mechanics model, its mechan 

ization on the analog computer, and the format and scope of the 

parametric study in which it was applied. Significant simulation 

results are presented and discussed in Section 4, and the princi- 

pal conclusions and recommendations deriving from the study are 

summarized in Section 5. The derivation of the tire mec'hanics 

representation, detailed description of the simulation model, and 

a discussion of some simulation results of secondary interest are 

included in Appendices to the report. 



2. FlATHEhIAT ICAL REPRESENTATION OF 
TIRE TRAC'TlOhT FIECHANICS 

4 

2 . 1 .  DEFINITIONS AND INTRODUCTORY REMARKS 

Let us consider a tire moving parallel to the ground at 

a velocity V , with a slip angle a , and an inclination angle 
y , as shown schematically in Figure 1. Let FZ represent the 

normal load exerted on the tire by the road (see Figure l), and 

let s represent the l.ongitudina1 slip ratio, defined by 

a is the wheel spin velocity (see Figure 1); uw is the corn- 

ponent of the tire velocity (V) along the longitudinal (x') 
axis (see Figure 1); and Re is the effective rolling radius of 

the tire, defined as 

where no is the angular velocity of a tire rolling freely with 
all other kinematics equivalent. 

In light of the study ob~ectives and constraints outlined 

in the ~ntroduction, let us symbolically define a set of "tire- 

traction performance relationships" of the form 

F Fxw9 yw' and MZ are, respectively, the longitudinal tire force, 

the lateral tire force, and the tire aligning torque, all defined 

as indicated in Figure 1; po 
is a nortinally defined friction 
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coefficient, 3 property of tire characteristics and the ambient 

roadway surface conditions; and tl,*..,tn are variables describ- 

ing all other tire properties significantly influencing traction 

In analytical terms, the first requisite for the achievement 

of the study objective was the determination of functional forms 

for each of the fi's of equations 3, 4, and 5. It was recog- 

nized from the outset that the existing state of theoretical and 

empirical knowledge of pneumatic tire mechanics by no means con- 

stituted a wholly adequate foundation for research to this end. 

Accordingly the tire modeling activity was viewed as exploratory, 

It was intended to provide a mathematical representation which 

would agree at least qu~~litatively with the very limited available 

data and could serve as the basis for parametric studies designed 

to identify priorities for subsequent experimental and/or theoreti- 

cal work on tire mechanics. 

In terms of gross effect on the directional response of an 

automotive vehicle, tire aligning torques clearly are of a lesser 

order of importance than either lateral or longitudinal forces. 

Principally they affect the steering system's degree of freedom 

through. variations in the yawing moments exerted about the steer- 

ing kingpins [ 1 ].*Vccordingly, and in light of the virtual 

nonexistence of experimental data on tire aligning torques under 

conditions of combined lateral and longitudinal slip, it was 

decided to approximate the actual dependence of aligning torque 

on the kinematic variables of influence by setting 

* Note that "tire dynamics" effects (i'e., dependence of tire 
forces and moments on the time derivatives of the kinematic 
variables) have been neglected, This may or may not be a justi- 
fiable assumption - -  virtually no d a t a  exist to evaluate it - -  
but it is certainly a conventional one. 

* *  The numbers in brackets refer to the list of references 
appended to the papcr, 
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where x 
P ' 

the "pneumatic trail," is assumed invariant with res- 

pect to changes in the values of all kinematic variables. Al- 

though more or less con.ventional this assumption is known to be 

in considerable error when appreciable sliding takes place in the 

tire contact patch [ 2 1 .  Its adoption for the purposes of the 

present study is regarded as justified for purely practical reasons. 

The development of a more accurate tire aligning torque model 

certainly appears to be a suitable objective for future research. - 

2.2. BACKGROUND 

In discussing the traction mechanics of the pneumatic tire 

as represented by equations 3, 4, and 5, it is profitable to dis- 

tinguish among three different performance domains: 

1. Free rolling (s = 0 ) )  

2. Straight running (a = 0) , 

3. Combined side and longitudinal slip 

Strictly speaking, the performance of a tire in use on a 

moving vehicle generally falls in domain 3. From a practical 

standpoint, however, the analysis of vehicle dynamics in rather 

broadly defined classes of motions may be adequately performed 

by assuming tire performance to be restricted to one of the first 

two, simpler domains. Accordingly, the great bulk of previous 

experimental and theoretical research on the mechanics of pneu- 

matic tires has been devoted to the study of these less compli- 

cated performance regimes. 

blotivrlted by the demands of the vehicle stability and con- 

trol analyst, previous investigators have compiled a relatively 

extensive body of tire mechanics data for the case of the freely 

rolling tire. Systematic mcasuremcnts [ e . g . ,  3-81 have been made 

of both 1: l tc rn l  forccs (F ) and n1igni.n~ torques (!IZ) as functions 
YW 

of vertical load ( F Z ) .  sideslip angle (a), inc1inat:ion angle 

(y), and to n much lesser extent, velocity (V) . In addition, 



1 
Fiala [ 9 ] has developed a mathematical model expressing F 

Y W  
as a fynction of F , a, and y ,  which has been shown to 

2 
compare favorably with experimental data over wide ranges of test 

conditions [8-101. 

Under conditions of zero sideslip and inclination angle, the 

tire generates contact forces only in the Longitudinal direction. 

A substantial quantity of experimental data have been obtained 

under these conditions, relating the longitudinal force Fxw to 

V, FZ, and, primarily, s [e.g., 11-14]. Unlike the case of the 

freely rolling tire, however, no-accepted analytical model ex- 

pressing the functional relationship among the variables of influ 

ence is known to exist. 

For the case of the tire roXPing with combined side and 

longitudinal slip, available experimental data are extremely limited 

[5, 7, 8, 15-17]. By far the most valuable source is the measure- 

ments obtained by Holmes and Stone [17J using the Road Research 

Laboratory (Ministry of' Transport, U.K,) controlled-slip tire 

test vehicle [18]. Previous analysts of the mechanics of' vehicles 

in combined steeringlbraking maneuvers [e.g., 19-21] have employ- 

ed a "friction circle" concept to account for the simulta.neous 

effects of side and longitudinal tire slip. This concept appears 

to be valid in a quali1:ative sense; it states that the total shear 

force vector cannot exceed the normal force times a prevailing 

friction coefficient. However, recent experimental data [IS-171 

indicate that tire force predictions based on friction circle 

theories may be in considerable error. Moreover, the previous 

analyses have involved the assumption that the longitudinal trac- 

tion component is a quantity imposed - a priori, to be accounted 

for insofar 3 s  it may affect the lateral traction component, but 

invariant with respect to the generalized trajectory of motion. 

As has been noted previously [ 2 2 ] ,  this practice is analogous to 

the situation prevailing with respect ta the prediction of tire 

cornering forces prior to the introduction of the slip angle 

concept. I'hc modern a:nalyses of vehicle directional dynamics 



, 
(in the absence ol significant longitudinal traction) [ c . g . ,  231 

have rcvcnlcd that the csscnce of dynamic performance is the intcr- 

dependence of the applied forces and moments and the kinematic 

variables of motion. It therefore appears clear that the accurate 

prediction of vehicle rriotions involving combined steering and 

braking requires the representation of tire force and moment com- 

ponents as explicit functions of both side and longitudinal slip. 

ON THE DERIVATION OF THE TIRE MECHANICS 

In view of the large number of independent. variables involved, 

a strictly empirical determination of tire traction relationships 

of the form of equations 9 through 5 llrould require a tremendous 

data base, certainly far in excess of the comparatively meager 

results cited in the preceeding section. On the other hand, the 

theoretical model developed by Fiala [9] for the case of the 

freely rolling tire does provide a starting point for the formula- 

tion of a more general set of relationships, applicable to the 

case of a tire rolling with both side and longitudinal slip. 

The derivation of a set of tire traction relationships based 

on extrapolations of Fialars arguments is presented in Appendix 

A, The derived relationships represent both an extension and 

a simplification of the earlier work - -  an extension in as much 

as they apply to a much more general class of tire-road kinematics; 

a simplification in that their derivation involves certain assump- 

tions made in the interest of reducing mathematical complexity 

which, although reckoned totally compatible with the limited goals 

sf the present study, are somewhat less rigorous than those of 

the original analysis (e.g., the present analysis assumes a uni- 

form lateral deformation of the tire carcass, whereas Fiala 

computes an approximately parabolic deformation by considering the 

carcass as an elastically supported beam with a point load at the 

center of the contact patch). 



In  c o n c e p t u a l  t e r m s ,  t h e  e s s e n t i a l  q u a l i t y  o f  t h e  new t i r e  

model i s  t h a t  i t  assumes two components o f  e l a s t i c  d e f o r m a t i o n ,  

e ach  o f  which i n c r e a s e s  l i n e a r l y  from a  z e r o  v a l u e  a t  t h e  c o n t a c t  

pa. tch l e a d i n g  edge t o  a  maximum a t  a  p o i n t  i n  t h e  p a t c h  where 

t h e  r e s u l t a n t  s h e a r  s t r e s s  due t o  e l a s t i c  d e f o r m a t i o n  e q u a l s  t h e  

normal  p r e s s u r e  t i m e s  t h e  i n t e r f a c i a l  f r i c t i o n  c o e f f i . c i e n d t ,  and 

t h e  t r e a d  b e g i n s  t o  s l i d e .  A t  %ow v a l u e s  of  s i d e  and l o n g i t u d i n a l  

s l i p ,  no c o n t a c t  p a t c h  s l i d i n g  o c c u r s  and t h e  t i r e  f o r c e s  a r e  

l i n e a r l y  r e l a t e d  t o  t h e  s l i p  v a r i a b l e s .  A t  h i g h e r  s l i p  v a l u e s ,  

c o n t a c t  p a t c h  s l i d i n g  becomes a p p r e c i a b l e ,  and t h e  r a t e  o f  i n -  

c r e a s e  o f  t h e  t i r e  f o r c e s  w i t h  i n c r e a s e s  i n  t h e  s l i p  v a r i a b l e s  

becomes l e s s  t h a n  l i n e a ~ r  and ,  u l t i m a t e l y ,  n e g a t i v e  a s  a  r e s u l t  

o f  t h e  d e c r e a s e  i n  f r i c t i o n  c o e f f i c i e n t  a s s o c i a t e d  w i t h  i n c r e a s i n g  

s l i d i n g  s p e e d .  

2.4. COMPARISON WITH AVAILABLE DATA 

2 . 4 . 1 .  FREE ROLLING. Under c o n d i t i o n s  o f  z e r o  l o n g i t u d i n a l  

s l i p  and i n c l i n a t i o n  a n g l e ,  t h e  t i r e  s i d e  f o r c e  e q u a t i o n  ( e q u a t i o n  

A-21) may be w r i t t e n  i n  t h e  form 

F 
- - 
a ,  f o r  - . 5  SaL.5 ;  

-..YE= - -- 
I. pFz 1 - -- % o r  / Z /  > , 5 ;  

4z 

- 
where a ,  t h e  no rma l i zed  s i d e s l i p  a n g l e ,  i s  g i v e n  by 

- C a  t a n a  
a  = 

"z 
9 

w i t h  C a  , t h e  t i r e  c o r n e r i n g  s t i f f n e s s ,  d e f i n e d  i n  acco rdance  

w i t h  c o n v e n t i o n  [ 2 4 ]  a s  



and p , t h e  i n t e r l a c e  f r i c t i o n  c o e r f i c i e n t ,  g i v e n  by 

VS i s  t h e  s l i d i n g  v e l o c i t y  of t h e  t i r e  r u b b e r  and y o  i s  t h e  

v a l u e  of  t h e  i n t e r f a c e  f r i c t i o n  c o e f f i c i e n t  a t  VS = 0 .  The 

s l i d i n g  v e l o c i t y  i s  g i v e n  by 

The 

l l i n g  

g u r e  2 

n o r m a l i z  

t i r e  (equ 

b  i s  a  "c  

on t h e  d  

ed  f o  

a t i o n  

a r p e t  

imens 

rm o f  t h e  s i d e  f o  

7 )  i s  d e p i c t e d  g  

p l o t , "  i . e . ,  a  g 

i .onal  v a r i a b l e s  

i c e  e q u a t i o n  f o r  t h e  f r e e -  

r a p h i c a l l y  i n  F i g u r e  2a .  

r a p h  showing t h e  dependence 

and c o n s t r u c t e d  

u s i n g  e q u a t i o n  6 and t h e  p a r a m e t e r  v a l u e s  shown on t h e  f i g u r e .  

A c a r p e t  p l o t  d e r i v e d  e x p e r i m e n t a l l y  from measurements w i t h  a  

r e p r e s e n t a t i v e  au tomot ive  t i r e  [ 2 5 ]  i s  g i v e n  i n  F i g u r e  2c .  

The e x c e l l e n t  q u a l i t a t i v e  agreement  between c a l c u l a t . e d  and 

measured s i d e  f o r c e  c h a r a c t e r i s t i c s  f o r  t h e  f r e e l y  r o l l i n g  t i r e  

i s  a p p a r e n t  f rom a  compar i son  of  F i g u r e s  2b and 2c.  The p r i n c i -  

p a l  d i s c r e p a n c y  between t h e  two p l o t s  i s  a t t r i b u t a b l e  t o  t h e  

m o d e l ' s  assun lp t ion  t h a t  t h e  e f f e c t  of  t i r e  normal  l o a d  (FZ) on 

c o r n e r i n g  s t i f f n e s s  ( C u )  i s  n e g l i g i b l e .  Wi th in  t h e  c o n t e x t  of  

t h e  p r e s e n t  a n a l y s i s ,  t h e  i n a c c u r a c y  a s s o c i a t e d  w i t h  t h i s  s i m p l i -  

f i c a t i o n  i s  r e g a r d e d  a s  i n s i g n i f i c a n t .  For  o t h e r  a p p l i c a t i o n s  

r e q u i r i n g  g r e a t e r  a c c u r a c y ,  r e v i s i o n  of  t h e  model t o  t a k e  app ro -  

p r i a t e  a c c o u n t  of  t h e  i n f l u e n c e  of  F  on C a  i s  i n d i c a t e d .  z 

2 . 4 . 2 .  3TRAIG14T R U N N I N G .  Under c , o n d i t i o n s  of z e r o  s i d e s l i p  

and i n c l i n a t i o n  a n g l e s ,  t h e  l o n g i t u d i n a l  t i r e - f o r c e  e q u a t i o n  

( e q u a t i o n  A - 2 0 )  may b e  w r i t t e n  a s :  



( b )  C a r p e t  P l o t  Computed U s i n g  Above S i d e  Force  E q u a t i o ~ i  

u = 5 0  f t / s e c  
W 

( e )  T y p i c a l  E x p e r i m e n t a l l y  l ) c r i ved  C a r p e t  I ' l o t  ( R e f .  2 5 )  



I where 

with p again given by equation 10, but with the sliding velocity 

in this case given by 

The analogy between C the tire longitudinal stiffness, and s 

Ca ' the lateral stiffness (see equation 9), is apparent. 

The normalized form of the straight-running longitudinal 

tire force equation (equation 12) is depicted graphically in 

Figure 3a. (It will be noted that the functions depicted in 

Figures 2a and 3a are identical--compare equations 7 and 12.) 

Figure 3b is a plot of Fxw/FZ versus s, for two different values 

of uw, computed using equation 12 and the parameter values in- 

dicated on the figure. 

Examination of the curves shown in Figure 3b reveals that 

equation 12 is certainly in agreement with generally accepted con- 

ceptions of the "typical" brake force/slip characteristic [e.g., 

26,271. The predictions also compare very favorably with partic- 

ular experimental data to be found in the literature--see, for 

example, curves (1) and (2) of Figure 3c. On the other hand, 

experimental data may also be found which differ rather markedly 

in character from the calculated results--for example, see curves 

(3) and (4) o:E Figure 3c. There are many possible exp1a:nations 

for these differences, including, of course, experimental in- 

accuracies. ttowever, the most likely explanation irlvolves the 

relationship between the tire-road friction coefficient and speed. 

The calculatcd cnrvcs (Figure 3b) are based on a linear p-VS 
relation (equation 10) and a particular value chosen for its slope. 



( b )  P l o t  o f  FxW/F 2, , v s ,  s Computed Us ing  Above E q u a t i o n  

t s l i p  

( c )  E x p e r i m e n t a l l y  D e r i v e d  P l o t s  o f  Fxw/FZ vs. s 

R e f .  18 

5 . 2 5  x 1 6  l ' i r c  

Snlooth , l la r  s h  

(Wct) , I s p h a l t  Pavement 

R e f .  2 8  

. 4  I 80 S e r i e s  B i a s  P l y  T i  

(Dry) P o r t l a n d  Cement 

.2 
C o n c r e t e  Pavement 
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Merely c l ~ a n f i i r l g  t h e  v n l u c  o f  t h c  p - V s  s l o p e  can  produce  a  r a t h e r  

s u b s t a n t i a l  change i n  t h c  n a t u r e  o f  t h e  i o r c c  s l i p  c u r v e  ( s e e  

F i g u r e  4 ) .  A change j n  t h e  b a s i c  form of t h e  11-V s r e l a t i o n  can  

p roduce  even  more pronounced e f f e c t s  ( s e e  F i g u r e  4 a g a i n ) .  As 

n o t e d  i n  t h e  model d e r i v a t i o n  (Appendix A ) ,  t h e  a s sumpt ion  of 

t h e  l i n e a r  u - V S  r e l a t i . o n  i s  a  p r a g m a t i c  one ,  made, i n  t h e  absence  

o f  s u b s t a n t i a l  e x p e r i m e n t a l  d a t a ,  i n  k e e p i n g  w i t h  t h e  p r a g m a t i c  

p h i l o s o p h y  o f  t h e  p r e : i e n t  s t u d y .  A d d i t i o n a l  work t o  deve lop  a  more 

g e n e r a l  p -Vs  r e l a t i o n ,  which might  a c c o u n t  f o r  a  b r o a d  r a n g e  

o f  e x p e r i m e n t a l l y  o b s e r v e d  f o r c e - s l i p  c h a r a c t e r i s t i c s ,  r e p r e s e n t s  

a  p r o m i s i n g  l i n e  o f  i n q u i r y  f o r  f u t u r e  r e s e a r c h .  For p u r p o s e s  o f  

t h e  p r e s e n t  s t u d y ,  however ,  i t  i s  f e l t  t h a t  t h e  l i n e a r  a p p r o x i -  

ma t ion  a g r e e s  s u f f i c i e n t l y  w i t h  t h e  q u a l i t a t i v e  a s p e c t s  o f  e x p e r i -  

m e n t a l  f i n d i n g s  t o  j u s t i f y  i t s  a d o p t i o n .  

2.4.3. COJIBINED SIDE .AND LONGITUDINAL SLIP. F i g u r e  5 

compares c a l c u l a t e d  and measured v a l u e s  of  Fxw/FZ and Fyw/FZ 

u n d e r  c o n d i t i o n s  of  combined s i d e  and l o n g i t u d i n a l  s l i p .  F i g u r e s  
5 a  and g b ,  r e s p e c t i v e l y ,  a r e  t y p i c a l  t h e o r e t i c a l  and e x p e r i m e n t a l  

c u r v e s  o f  Fxw/FZ v e r s u s  s ,  f o r  a = 0 ° ,  409  l o 0  . F i g u r e s  

5c and gd a r e  s i m i l a r  c u r v e s  o f  Fyw/Fz v e r s u s  a ,  f o r  s  = 0 . 1 ,  

0 0 2 ,  0 . 4 ,  1 . 0 .  A l l  o f  t h e  e x p e r i m e n t a l  d a t a  shown a r e  from t h e  

r e c e n t  p a p e r  by Holmes and S tone  [ 1 7 ] .  

The r e s u l t s  d e p i c t e d  i n  F i g u r e  5 speak  f o r  t h e m s e l v e s .  The 

d i s c r e p a n c i e s  between t h e  c a l c u l a t e d  and measured r e s u l t s  c an  be  

a t t r i b u t e d  t o  a n o m a l i e s  i n  t h e  s t r u c t u r e  o r  t e s t i n g  of  t h e  p a r t i -  

c u l a r  t i r e  employed i n  t h e  experiment, r a t h e r  t h a n  t o  a  b a s i c  

i n c o m p a t i b i l i t y  between t h e  model and t h e  a c t u a l  pe r for inance  of  

pneuma t i c  t i r c s .  A c c o r d i n g l y ,  t h e  d e r i v e d  e q u a t i o n s  f o r  F 
XW 

and F equ:l t ions A-19 t h r o u g h  A - 2 1  a p p e a r  t o  c o n s t i t u t e  a  t i r e  yh' 
mechanics  model which a g r e e s  q u a l i t a t i v e l y  w i t h  a v a i l a b l e  e x p e r i -  

m e n t a l  d a t a ,  and r e p r e s e n t s  c o n c i s e l y  t h e  complex phenomena of 
i n f l u e n c e  i n  t e rms  of  a  l i m i t e d  number o f  b a s i c  p a r a m e t e r s ,  e ach  

h a v i n g  a n  e f f e c t  on g r o s s  v e h i c l e  r e s p o n s e  t h a t  i s  amenable t o  

s y s t e m a t i c  s t u d y  t h r o u g h  c o m p u t e r - a i d e d  a n a l y s i s .  
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3 .  DEVELOPMliNT A N U  R P P L I  CATION OF 

TIIE ANALOG S IMULAT I ON 

3 . 1 .  VEHICLE MECHANICS REPRESENTATION 

F i g u r e  5A i s  a  b l o c k  d iagram of t h e  h o r i z o n t a l  p l a n e  s i m u l a -  

t i o n  model d e v e l o p e d  f o r  t h i s  s t u d y .  E v e r y t h i n g  o u t s i d e  o f  t h e  

" t i r e  mechanics"  b l o c k  i n  t h e  lower  c e n t e r  o f  t h e  d iagram comes 

u n d e r  t h e  h e a d i n g  o f  " v e h i c l e  mechan i c s ,  " 

As e x p l a i n e d  i n  t .he I n t r o d u c t i o n ,  t h e  d i r e c t i o n  o f  p r i m a r y  

emphasis  i n  t h e  model f o r m u l a t i o n  was t awards  comple t e  c h a r a c t e r i -  

z a t i o n  o f  t h e  t i r e ' s  t r a c t i o n  m e c h a n i c s ,  Given t h e  i n e v i t a b l e  

l i m i t a t i o n s  on t o t a l  s i . m u l a t i o n  " s i z e "  a s s o c i a t e d  w i t h  a v a i l a b l e  

computer  c a p a c i t y ,  t h i s  p r i o r i t y  d e c i s i o n  imposed a  r i g i d  c o n s t r a i n t  

on t h e  d e g r e e  o f  c o m p l e x i t y  i n  t h e  r e p r e s e n t a t i o n  of  t h e  mechanics  

o f  t h e  v e h i c l e .  I n  s p i t e  o f  t h i s ,  t h e  model r e p r e s e n t s  a  v e r y  s i z e -  

a b l e  s i m u l a t i o n ,  i n v o l v i n g  v e h i c l e  dynamics ,  v e h i c l e  s t a t i c s ,  

whee l  r o t a t i o n  dynamics ,  t i r e  k i n e m a t i c s ,  t r a j e c t o r y  k i n e m a t i c s ,  

s t e e r i n g  s y s t e m  dynamics ,  a e rodynamics ,  and f o r c e  and moment com- 

ponen t  r e s o l u t i o n .  The e q u a t i o n s  o f  mot ion  and k i n e m a t i c  r e l a t i o n -  

s h i p s  employed t o  d e s c r i b e  t h e  mechanics  o f  t h e  v e h i c l e  a r e  p r e s e n t e d  

i n  f u l l  i n  Appendix B, 

The m a j o r  s i m p l i f i c a t i o n  i n  t h e  v e h i c l e  dynamics a n a l y s i s  i s  
t h e  a s s u m p t i o n  t h a t  t h e  v e h i c l e  i s  a  r i g i d  mass c o n s t r a i n e d  t o  

move i n  a h o r i z o n t a l  p l lane,  T h i s  s i m p l i c a t i o n  was n o t  t a k e n  l i g h t l y  

because  i t  i s  known t h a t  t h e  i n f l u e n c e  o f  r o l l  and p i t c h  dynamics 

on t h e  d i r e c t i o n a l  r e s p o n s e  o f  a u t o m o t i v e  v e h i c l e s  can  be  i m p o r t a n t  

[ 2 3 ] ,  One s u c h  m a n i f e s t a t i o n  i s  t h e  ' ' l o a d  t r a n s f e r  e f f e c t , "  where  

i n e r t i a -  induced  changes  i n  v e r t i c a l  t i r e  l o a d i n g  c o u p l e  w i t h  non-  

l i n e a r  m e c h a n i c a l  p r o p e r t i e s  of  t h e  t i r e  t o  p roduce  s i g n i f i c a n t  

v a r i a t i o n s  i n  l a t e r a l  and l o n g i t u d i n a l  f o r c e s  p roduced  a t  t h e  t i r e -  

r o a d  i n t e r f a c e .  Al though  t h e  a n a l y s i s  does  n o t  c o m p l e t e l y  a c c o u n t  

f o r  r o l l  and p i l c h  dynamics ,  t h e  l o a d  t r a n s f e r  p r o c e s s  i s  a p p r o x i -  

mated by q u a s i - s t a t i c  r e l a t i o n s h i p s  ( s i m i l a r  a p p r o x i m a t i o n s  have 

been  made i n  t h e  p a s t  by o t h e r  i n v e s t i g a t ~ r s  , e  .g  . , Goland and 

J i n d r a  [ 2 8 ]  ) , 
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A second c l a s s  o f  r o l l - p i t c h - y a w  coup l ing  e f f e c t s  e x e r t i n g  

s i g n i f i c a n t  i n f l u e n c e  on t h e  d i r e c t i o n a l  r e sponse  of  t h e  motor 

v e h i c l e  a r e  t h e  v a r i a t i o n s  i n  t i r e - r o a d  i n t e r f a c e  k i n e m a t i c s  due 

t o  v e h i c l e  r o l l  and p i t c h .  A p rocedure  employed h e r e  t o  compensate 

f o r  t h e  n e g l e c t  of  sprung mass r o l l  dynamics c o n s i s t s  of  q u a s i -  

s t a t i c  c a l c u l a t i o n s  t o  account  f o r  ( 1 )  wheel r o l l - s t e e r  and ( 2 )  

wheel camber e f f e c t s ,  I-Iales [30] has  demons t ra t ed  t h e  v a l i d i t y  o f  

q u a s i - s t a t  i c  approxima1;ion t o  account  f o r  t h e s e  e f f e c t s  i n  b o t h  

s t e a d y - s t a t e  and dynamic r e sponse  c a l c u l a t i o n s .  

The wheel r o t a t i o n  degrees  of freedom have n o t  been c o n s i d e r e d  

i n  p r e v i o u s  v e h i c l e  h a n d l i n g  a n a l y s e s  [ e V g . ,  1 9 - 2 1 ,  31- 3 5 1 .  As 

d i s c u s s e d  i n  S e c t i o n  2 , > 2 ,  t h e  o b j e c t i v e s  of t h e  p r e s e n t  s t u d y  demand 

t h i s  e x t e n s i o n  of t h e  s t a t e  of t h e  v e h i c l e  s i m u l a t i o n  a r t .  Accord- 

i n g l y ,  t h e  v e h i c l e  mechanics r e p r e s e n t a t  ion  i n c l u d e s  equa . t ions  des -  

c r i b i n g  t h e  r o t a t i o n a l  dynamics of  each  w h e e l ,  which p e r m i t  t h e  

computa t ion  o f  i n s t a n t a n e o u s  v a l u e s  of l o n g i t u d i n a l  s l i p  r a t i o  f o r  

each  t i r e  when e i t h e r  b r a k i n g  o r  d r i v i n g  t o r q u e s  a r e  a p p l i e d ,  

J , 2 ,  COMPUTER MECI3ANIZATION 

The e q u a t i o n s  and f u n c t i o n s  r e p r e s e n t i n g  t h e  v e h i c l e -  t i r e  

sys tem were mechanized on an Appl ied  ~ y n a m i c s  AD4 analog  computer 

( h a l f - e x p a n d e d )  w i t h  e x t r a  summers and m u l t i p l i e r s .  I n  o r d e r  t o  

minimize computer equipment n e e d s ,  t h e  ana log  c i r c u i t s  f o r  c a l -  

c u l a t i n g  t i r e  f o r c e s  were t i m e - s h a r e d  u s i n g  t h e  t r a c k - s t o r e  i n t e -  

g r a t o r s ,  e l e c t r o n i c  s w i t c h e s ,  and l o g i c  e l emen t s  a v a i l a b l e  on t h e  

AD4. Each computed t i l r e  f o r c e  was updated  e v e r y  4 m i l l i s e c o n d s ,  

e  250 t i m e s  p e r  second ( t h i s  u p d a t e  f r equency  appea r s  t o  be 

adequa te  f o r  r e p r e s e n t i n g  con t inuous  phenomena o c c u r r i n g  a t  f r e -  

q u e n c i e s  up t o  approx ima te ly  40 H e r t z ) ,  I n  a l l  o t h e r  r e s p e c t s  

t h e  ana log  mechan iza t ion  was c o r ~ v e n t i o n a l  i n  t h a t  t h e  computing 

e l e m e n t s  o p e r a t e d  i n  p a r a l l e l  i n  producing  a  r e a l - t i m e  s o l u t i o n ,  

MODEL VAL I DAT I  ON 

The scope  of  t h i s  s t u d y  d i d  n o t  a l low f o r  any t e s t i n g  t o  

e x p e r i m e n t a l l y  v a l i d a t e  t h e  developed s i m u l a t i o n .  I t  was p o s s i b l e  , 
however., t o  compare thc: p r e s e n t  s i m u l a t i o n  r e s u l t s  w i t h  r e s u l t s  



o h t a i n c d  previously h y  o t h e r  i n v e s t i g a t o r s .  F i g u r c  6  i s  one 

example  o f  such  a compar i son .  'I'hc d a t a  shown a.re c y u i l i b r i u m  

v a l u e s  o f  p a t h  c u r v a t u r e  as  a  f u n c t i o n  o f  s t e e r  a n g l e  ancl a p p l i e d  

d r i v e  t o r q u e  ( o r  t h r u s t ) ,  computed ( 1 )  by Radt and Pacejk.a [ 3 6 ] ,  

and ( 2 )  by  u s ,  u s i n g  t h e  deve loped  s i m u l a t i o n  w i t h  correc;ponding 

v a l u e s  f o r  a l l  i n p u t  d a t a .  

Comparisons  have  a l s o  been  made w i t h  r e s u l t s  p roduced  by a  

d i g i t a l  m e c h a n i z a t i o n  o f  a  m a t h e m a t i c a l  model deve loped  by blcHenry , 
e t  a l ,  1[37]. The d i g i t a l  mode? i n c l u d e s  a  s u s p e n s i o n  s y s t e m ,  un-  

sp rung -mass  d e g r e e s  o f  f reedom,  and r o l l ,  p i t c h ,  and bounce dynamics .  

F i g u r e  7 i s  a  compar i son  o f  t r a j e c t o r i e s  and y a w - r a t e  t i m e  h i s t o r i e s  

p r o d u c e d  by t h e  r e s p e c t i v e  models  f o r  a  r a p i d  l ane-change  maneuver .  

The two s e t s  o f  r e s u l t s  a r e  n e a r l y  i d e n t i c a l .  S i m i l a r  compar i sons  

f o r  c a l c u l a t i o n s  o f  r e s p o n s e  t o  mode ra t e  s t e p  i n p u t s  o f  f r o n t  whee l  

a n g l e  and  b r a k e  t o r q u e  a l s o  d e m o n s t r a t e  c l o s e  ag reemen t .  For  b r a k e  

i n p u t s  l a r g e  enough t o  c a u s e  one whee l  t o  l o c k ,  however ,  t h e  r e s -  

p o n s e s  p r e d i c t e d  by t h e  two models  a r e  c o n s i d e r a b l y  d i f f e r e n t ;  t h e  

r e s u l t s  p roduced  b y  t h e  d i g i t a l  s i m u l a t i o n  model a r e  c h a r a c t e r i z e d  

by l ower  yaw r a t e s  and  s i d e s l i p  v e l o c i t i e s ,  i , e . ,  l e s s  t endency  t o  

s p i n  ( s e e  F i g u r e  8 ) ,  Undoubted ly ,  t h e  whee l  d e g r e e  of f reedom and 

t h e  d i f f e r e n c e  i n  t h e  method of comput ing t i r e  f o r c e s  a r e  t h e  main 

r e a s o n s  f o r  t h e  d i s c r e p a n c y .  V e h i c l e  t e s t i n g  i s  r e q u i r e d  t o  

e v a l u a t e  t h e  a c c u r a c y  o f  t h e  model i n  p r e d i c t i n g  " sk idd ing"  b e h a v i o r  

when o n e  o r  more whee l s  l o c k .  

3 . 4 ,  ON THE SCOPE OF THE PARAMETRIC STUDIES 

The g e n e r a t i o n  of a  m a t h e m a t i c a l  model of  a  motor  v e h i c l e  

and i t s  t i r e s  and i t s  s u b s e q u e n t  m e c h a n i z a t i o n  f o r  computer  s o l u -  

t i o n  i s  b a s i c a l l y  a  s t r a i g h t f o r w a r d  t a s k  f rom a  c o n c e p t u a l  p o i n t  

o f  v i e w ,  A d m i t t e d l y ,  judgements  must  b e  made a s  t o  d e t a i l s  t o  

be  i n c l u d e d  i n  t h e  model s o  t h e  d e v e l o p e d  s i m u l a t i o n  w i l l  be  s u f -  

f i c i e n t l y  b r o a d  i n  s c o p e  and a c c u r a c y  t o  j u s t i f y  t h e  c o n c l u s i o n s  

drawn.  However, i t  i s  much more d i f f i c u l t ,  i n  b o t h  c o n c e p t i o n  

and e x e c u t i o n ,  t o  u t i l i z e  t h e  g e n e r a t e d  s i m u l a t i o n  t o  a c q u i r e  

r e s u l t s  amenablt! t o  m e a n i n g f u l  i n t e r p r e t a t i o n .  
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T h i s  p r o b l e m ,  which i n v o l v e s  making v a l u e  judgements  a b o u t  

v e h i c l e  b e h a v i o r  ( g o o d ,  b a d ,  o r  i n d i f f e r e n t ) ,  h a s  p e r p l e x e d  many 

i n v e s t i g a t o r s  [ c , f . ,  3 8 - 4 0 ] .  I t s  i n h e r e n t  d i f f i c u l t y  s tems  f rom 

t h e  l a c k  o f  m e r i t - c r i t e r i a  a p p l i c a b l e  e i t h e r  t o  m a t t e r s  o f  h i g h -  

way s a f e t y  o r  t o  m a t t e r s  i n v o l v i n g  c o n t r o l .  q u a l i t y  and c o n t r o l  

o p t i m i z a t i o n .  Given t h e  absence  o f  e s t a b l i s h e d  c r i t e r i a  f o r  e v a l u -  

a t i n g  t h e  pe r fo rmance  o f  e i t h e r  t h e  d s i v e r - v e h i c l e -  t i r e  s y s  tern 

o r  t h e  v e h i c l e - t i r e  s y s t e m ,  and t h e  u n d e r s t a n d i n g  t h a t  t h e  d e v e l o p -  

ment of s u c h  c r i t e r i a  would c o n s t i t u t e  a  ma jo r  r e s e a r c h  a c t i v i t y  

f a r  beyond t h e  s c o p e  o f  t h e  i n v e s t i g a t i o n ,  i t  was n e c e s s a . r y  t o  

i m p r o v i s e  i n  t h i s  s t u d y ,  

To a  c e r t a i n  e x t e n t  t h e  c r i t e r i o n  prob lem was s i d e s t e p p e d  

by  r e s t r i c t i n g  t h e  o b j e c t i v e s  o f  t h e  s t u d y ,  As s t a t e d  i n  t h e  

I n t r o d u c t i o n ,  t h e  t h i r d  t a s k  c o n s i s t e d  of a  p a r a m e t r i c  i n v e s t i g a -  

t i o n  " t o  examine t h e  e x t e n t  t o  which  a  v e h i c l e f  s  r e s p o n s e s  t o  

v a r i o u s  s p e c i f i e d  c o m b i n a t i o n s  of b r a k e ,  t h r o t t l e ,  and s t e e r i n g  

c o n t r o l  i n p u t s  a r e  a f f e c t e d  by r e a l i s t i c  v a r i a t i o n s  i n  t h e  v a l u e s  

o f  p r i n c i p a l  t i r e  m e c h a n i c a l  c h a r a c t e r i s t i c s . "  T h u s ,  we have  

r e s t r i c t e d  t h e  s t u d y  t o  a  d e t e r m i n a t i o n  of  t h e  i n f l u e n c e  o f  t i r e -  

t r a c t i o n  p a r a m e t e r s  on a  v a r i e t y  o f  o p e n - l o o p  v e h i c l e  maneuvers 

whose s p e c i f i c a t i o n  and s e l e c t i o n  were  n o t  e s t a b l i s h e d  a  p r i o r i  

b u t  r a t h e r  e v o l v e d  t h r o u g h  a p r o c e s s  r e l y i n g  h e a v i l y  on t h e  j u d g e -  

ment o f  t h e  r e s e a r c h e r s  i n v o l v e d .  To a c e r t a i n  e x t e n t ,  a  p r a g -  

m a t i c  v i e w p o i n t  was a d o p t e d .  I t  a p p e a r e d  l o g i c a l  t o  s e l e c t  maneuvers  

t h a t  i n v o l v e  p h y s i c a l l y  r e a l i s t i c  s t e e r i n g  whee l  a n g l e  and b r a k i n g -  

o r  d r i v i n g  t o r q u e  i n p u t s  such a s  a r e  r e q u i r e d  t o  e x e c u t e  ex t r eme  

t u r n s ,  l a n e  c h a n g e s ,  and r a p i d  s t o p s ,  An a t t e m p t  was made t o  

d e f i n e  t h e s e  maneuvers  by  a s y s t e m a t i c  p r o c e s s  employ ing  : (1 )  
s u b j e c t i v e  f o r n u l a t i o n  by  a  p a n e l  of r e s e a r c h e r s ;  and ( 2 )  e x p e r i -  

m e n t a l  e f f o r t s  u t i l i z i n g  an i n s t r u m e n t e d  v e h i c l e ,  I n  t h e  f i n a l  

a n a l y s i s ,  howeve r ,  t h e  maneuvers  employed t o  d e v e l o p  t h e  f i n d i n g s  

d i s c u s s e d  below d e r i v e  f rom a  c o m b i n a t i o n  o f  t h e  e f f o r t s  mentionerl  

a b o v e ,  p l u s  s u b s t a n t i a l  t r i a l  and e r r o r ,  supp l emen ted  by knowledgc 

o f  v e h i c l e  dynamics  and  j u s t  p l a i n  r e a s o n i n g .  



S i n c e  t h i s  s t u d y  was c o n c e i v e d  a s  a p r e l i m i n a r y  s t e p  i n  

d e f i n i n g  t i  r e - t r a c t i o n  p a r a m e t e r s  and r e l a t i n g  thcm t o  t h e  p r e  - 
L 

c r a s h  " s a f e t y  q u a l i t y "  o f  a  motor v e h i c l e ,  a t t e n t i o n  was c e n t e r e d  

on s i t u a t i o n s  i n  which t h e  v e h i c l e  i s  pushed t o  t h e  l i m i t  imposed 

by t h e  f r i c t i o n a l  c o u p l e  p r e v a i l i n g  a t  t h e  t i r e  - r o a d  i n t e r f a c e .  

T h i s  view i s  e q u i v a l e n t  t o  d e f i n i n g  hori t i r e -  t r a c t  i o n  p a r a m e t e r s  

( 1 )  i n f l u e n c e  t h e  deve lopment  o f  a  " s k i d "  and ( 2 )  d e t e r m i n e  

" s k i d d i n g "  b e h a v i o r  f o l l o w i n g  i t s  i n i t i a t i o n .  T h i s  i s  a  c o n c i s e  

b u t  r a t h e r  u n s c i e n t i f i c  s t a t e m e n t  o f  t h e  s t u d y  o b j e c t i v e ,  s i n c e  

t h e  t e r m  " s k i d "  h a s  y e t  t o  be  g i v e n  a  p r e c i s e  meaning ,  
-, 

From t h e  l a y  d r i . v e r l s  p o i n t  o f  v i e w ,  a  " s k i d "  i s  a  c o n d i t i o n  

i n  which  t h e  c o n t r o l s  o f  h i s  v e h i c l e  s u d d e n l y  l o s e  t h e i r  e f f e c t i v e -  

n e s s .  The d r i v e r  a l s o  a s s o c i a t e s  u n c o n t r o l l a : > l e  v e h i c l e  s p i n n i n g  

and  s i d e s l i p p i n g  w i t h  t h e  s k i d d i n g  c o n d i t i o n .  Such a  d e f i n i t i o n  

i s  r e l a t i v e ,  however ,  s i n c e  t h e  more h i g h l y  s k i l l e d  t h e  d r i v e r ,  

t h e  f u r t h e r  t h e  bounda ry  be tween  c o n t r o l  and l o s s  o f  c o n t r o l  w i l l  

b e  moved i n t o  t h e  " s k i d d i n g "  r e g i m e .  F u r t h e r ,  t h e  t r a j e c t o r y  ( o r  

p a t h )  o f  a  motor  v e h i c l e  i s  e x t r e m e l y  s e n s i t i v e  t o  t h e  manner and  

r a t e  w i t h  which t h e  c o n d i t i o n  o f  maximum s h e a r  f o r c e  i s  app roached .  

F o r  example ,  t h e r e  a r e  combina t  i o n s  o f  s t e e r i n g  wheel  d i s p l a c e m e n t  

and  d r i v e  t h r u s t  which i f  a p p l i e d  s u d d e n l y  would c a u s e  t h e  v e h i c l e  

t o  r e spond  i n  a  h i g h l y  u n d e s i r a b l e  manner ,  whe rea s  i f  t h e y  a r e  

a p p l i e d  s l o r i l y  t h e  v e h i c l e  a c h i e v e s  an e q u i l i b r i u m  t u r n i n g  c o n d i t i o n .  

Time, f u n d s ,  and i n g e n u i t y  d i d  n o t  p e r m i t  a  t ho rough  i n v e s t i -  

g a t i o n  o f  t h i s  h i g h l y  n o n l i n e a r  phenomenon, name ly ,  " s k i d d i n g , "  

R a t h e r  t h e  o b j e c t i v e s  o f  t h e  s t u d y  and t h e  p r agma t i sm  o f  t h e  

app roach  r e s t r i c t e d  t h e  i n v e s t i g a t i o n  t o  c o n s i d e r a t i o n  o f  f o u r  

maneuvers  : 

t u r n i n g  

2 .  B rak ing  f rom a  s t e a d y  t u r n  

3 .  Response t o  a s t e e r i n g  increment a t  h i g h  l a t e r a l  

a c c e l e r a t i o n s  

4 ,  A com1)ined l a n e - c h a n g e  and b r a k i n g  maneuver 



The i n f l u e n c e  of t i r e - t r a c t i o n  pa ramete r s  on t h e  pelrformance 

of  a  p r o t o t y p i c a l  v e h i c l e  undergoing each of  t h e s e  maneuvers i s  

d i s c u s s e d  i n  S e c t i o n  4 .  

3.5. VARIATION OF TIRE-TRACTION PARAMETERS 

The g e n e r a l i z e d  f u n c t i o n a l  forms of t h e  t i r e - t r a c t i o n  r e l a t i o n -  

s h i p s ,  e q u a t i o n s  3 through 5 ,  i n v o l v e  t h e  k i n e m a t i c  v a r i a b l e s ,  F Z  , 
a , s , y , V ;  t h e  nominal t i r e - r o a d  f r i c t i o n  c o e f f i c i e n t ,  p o  ; 

and an u n s p e c i f i e d  number of v a r i a b l e s  d e s c r i b i n g  t h e  p r o p e r t i e s  of  

t h e  t i r e ,  t l , , , ,  , t n  denoted  a s  " t i r e  mechanics c h a r a c t e r i s t i c s .  ' I  

Refe rence  t o  e q u a t i o n s  A - 2 0  through A - 2 9  of Appendix A r e v e a l s  t h a t  

t h e  s p e c i f i c  t i r e -  t r a c t  i on  r e  l a t i o n s h i p s  d e r i v e d  t h e r e i n  invo lve  

a  t o t a l  of f i v e  t i r e  mechanics c h a r a c t e r i s t i c s ,  C a ,  C s ,  C *' x  
Y' P '  

and As ( i n  a d d i t i o n  t o  p )  These a r e  n o t  t h e  on ly  t i r e  p r o p e r -  

t i e s  i n f l u e n c i n g  t h e  d i r e c t i o n a l  response  of t h e  au tomobi l e ;  t h e  

e q u a t i o n s  d e s c r i b i n g  wheel r o t a t i o n  dynamics p r e s e n t e d  i n  Appendix 

B i n v o l v e  f o u r  o t h e r s ,  C Z ,  C x 9  R ,  and R R ,  each of  which a f f e c t s  

wheel  s l i p ,  and t h u s ,  i n d i r e c t l y  i n f l u e n c e s  t h e  t i r e  s h e a r  f o r c e  

components.  

S t r i n g e n t  l i m i t a t i o n s  on t ime and funds made i t  n e c e s s a r y  

t o  r e s t r i c t  t h e  domain of  t h e  p a r a m e t r i c  s t u d i e s  t o  a  sma l l  p o r t i o n  

o f  t h e  o v e r a l l  mult  i - d i m e n s i o n a l  "space" d e f i n e d  by t h e  r e a l  -world 

v a r i a b i l i t y  of each of  t h e s e  independent  v a r i a b l e s .  Based on (1 )  

judgements s f  t h e  r e l a t i v e  importance o f  each p o t e n t i a l  v a r i a b l e  

w i t h  r e s p e c t  t o  g r o s s  t r a j e c t o r y  r e s p o n s e ,  and ( 2 )  a v a i l a b i l i t y  of 

e x p e r i m e n t a l  d a t a  from which r e a l i s t i c  v a r i a t i o n  l e v e l s  and bounds 

c o u l d  be e s t a b l i s h e d ,  i t  was dec ided  t o  c o n c e n t r a t e  on s t u d y i n g  

t h e  i n f l u e n c e  o f  t h e  two s t i f f n e s s  p a r a m e t e r s ,  Ca and C s ,  and 

t h e  nominal  f r i c t i o n  c o e f f i c i e n t ,  
p o  . 

'Three l e v e l s  were chosen f o r  each of t h e  s t i f f n e s s  p a r a m e t e r s ,  

t h e  middle  v a l u e  co r re spond ing  t o  a  " t y p i c a l "  v a l u e  f o r  conven- 

t i o n a l  p a s s e n g e r  t i r e s  of  U,S. manufac tu re ,  and t h e  end p o i n t s  , 

d e s i g n e d  c s s c n t i a l l y  t o  b r a c k e t  t h e  r anges  of v a l u e s  f o r  r e a l  o r  



p r a c t i c a l  t i r e s .  The v a l u e s  of C were based  on d a t a  from [ S ,  
C1 

1 5 ,  3 2 ,  4 1 ,  421; t hosc  f o r  C s  on d a t a  from [ l l - 1 4 ,  431. F i g u r e s  

9 and 10 illustrate how v a r i a t i o n s  o v e r  t h e  r a n g e s  s e l e c t e d  f o r  C a  
and CS , r e s p e c t i v e l y ,  i n f l u c n c e  o v e r a l l  t r a c t i o n  performance o f  a 

t i r e  o p e r a t i n g  w i t h  combined l a t e r a l  and l o n g i t u d i n a l  s l i p .  

C a l c u l a t i o n s  were made f o r  nominal f r i c t i o n  c o e f f i c i e n t s  of  

0 .53  and 1 . 0 5 ,  O r i g i n a l l y  c a l c u l a t i o n s  were a l s o  t o  be made f o r  

f r i c t i o n  c o e f f i c i e n t s  much lower than  p o  = 0 . 5 3 ,  b u t  s u b s t a n t i a l  

s c a l i n g  d i f f i c u l t i e s  were encoun te red  and t ime d i d  n o t  p e r m i t  r e -  

working t h e  computer mechan iza t ion  t o  accomplish t h i s  o b j e c t i v e ,  

Values  f o r  a l l  o t h e r  t i r e  mechanics c h a r a c t e r i s t i c s  were f i x e d  

th roughou t  t h e  s i m u l a t i o n  program, a s  i n d i c a t e d  i n  Table  11, These 

v a l u e s  a r e  i n t e n d e d  t o  be r e p r e s e n t a t i v e  of  t y p i c a l  U.S. t i r e s ,  

e s t i m a t e d  on t h e  b a s i s  of  a v a i l a b l e  d a t a .  

TABLE 1. 

VALUES OF TIRE 3IECHANICS CHARACTERISTICS 1 
EMPLOYED IN SIFlULATION STUDY I 

I 

I I Corner ing  s t i f f n e s s  1 6 , 0 0 0 ;  1 0 , 0 0 0 ;  14,000 l b s / r a d  ; 

I s Y M B o L  I NAME VALUE ( s )  

L o n g i t u d i n a l  s t . i f f n e s s  

Nominal f r i c t i o n  c o e f f i -  
c i e n t  

I F r i c t i o n  r e d u c t i o n  f a c t o r  1 0.00335 s e c / f t  

5 ,000 ;  20,000 ; 40,000 l b s / u n i t ;  
s l i p  i 

1 
I 

0 . 5 3 ,  1 . 0 5  1 
R e l a t i v e  camber s t i f f n e s s  

Pneumatic  t r a i l  

1 V e r t i c a l  d e f l e c t i o n  r a t e  I 0.001 i n l l b s  

0 ,167  

0 . 1  f t .  

Cx 
R 
RR 

V e r t i c a l  f o r c e  o f f s e t  r a t e  

Norninal t i r e  rad. ius  

R o l l i n g  r e s i s t a n c e  f a c t o r  

0 .0005 i n l l b s  

1 . 1 4 5  f t ,  

0 .02 

- 



= L O ,  O O I I  I I ) / [ I I ~  I t s I I I ) ,  
-- 

L l  o - ! 1 = I O ! ,  I = 51) f t / s e c  
5 S h 

(: zz 0 000 1 I ) /  racl 
(x ( = I d  , 0 0 0  lt)/r;itl 

f X  
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Values  o f  a l l  v e h i c l e  pa ramete r s  invo lved  i n  t h e  s i m u l a t i o n  

were s e l e c t e d  t o  be  r e p r e s e n t a t i v e  of  a  t y p i c a l  f u l l - s i z e  American 

s e d a n ,  The v a l u e s  used a r e  g iven  i n  Tab le  2 ,  

TABLE 2 .  

VALUES OF VEHICLE CHARACTERISTICS 

EMPLOYED IN SIMULATION STUDY 

Hal f  t r e a d  

Yaw moment of i n e r t i a  

F r o n t  r o l l  s t i f f n e s s  2 4 , 0 0 0  f t - l b / r a d  

S t e e r i n g  s t i  f f n e s s  

Kingpin o f f s e t  

S t e e r i n g  damping 2 0  f t - l b / r a d / s e c  

Rear  r o l l  s t e e r  c o e f f i -  

Rear r o l l  s t i f f n e s s  12,000 f t - l b / r a d  

Wheel i n e r t i a  about  a x l e  

F r o n t  s p r i n g  r a t e  

Drag c o e f f i c i e n t  

C r o s s - s e c t i o n a l  a r e a  

Wheel clamping $ 1 5  f t - l b s / r a d / s e c .  I 



4 . 1 .  INFI,UI:NCli OF 'TIRE-TRACTION PARAhIETERS O N  ST13AI)Y AN11 
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The most complete  p u b l i s h e d  a n a l y s i s  of t h e  s t e a d y  s t a t e  

t u r n i n g  perEormance o f  an au tomot ive  v e h i c l e  i s  p r e s e n t e d  by Radt 

and Pace jka  [ 3 6 ]  . These r e s e a r c h e r s  i n v e s t i g a t e d  t h e  performance 

o f  a  p r o t o t y p i c a l  v e h i c l e  c o n f i g u r a t i o n  d e f i n e d  by one p a r t i c u l a r  

s e t  o f  v e h i c l e - t i r e  p r o p e r t i e s .  Although t h e  s t u d y  does n o t  p e r -  

m i t  one t o  draw s p e c i f i c  c o n c l u s i o n s  r e l a t i n g  t o  t h e  i n f l u e n c e  of  

t h e  s h e a r - f o r c e  c h a r a c t e r i s t i c s  of pneumatic  t i r e s ,  t h e  r e s u l t s  do 

s e r v e  t o  d e f i n e  t h e  "anatomy" of a  s t e a d y  t u r n .  I t  i s  p o s s i b l e  t o  

o b s e r v e  t h e  l o c u s  of  t h e  t u r n  c e n t e r  moving forward  w i t h  i n c r e a s e d  

d r i v e  t o r q u e  and s t e e r  a n g l e ,  and t o  s e e  t h e  o r i g i n  of  t h e  "drag" 

f o r c e  o c c u r r i n g  a t  h i g h  l a t e r a l  a c c e l e r a t i o n s .  I n  t h i s  manner,  t h e  

l a r g e  r e d u c t i o n s  i n  t h e  trim value  o f  l o n g i t u d i n a l  v e l o c i t y  accom- 

panying  a t i g h t  t u r n  a r e  f u l l y  e x p l a i n e d .  In a d d i t i o n ,  t h e  a n a l y s i s  

i l l u s t r a t e s  t h e  u n d e r s t e e r  e f f e c t  a s s o c i a t e d  w i t h  t h e  l a r g e  l a t e r a l  

l o a d  t r a n s f e r  on t h e  f r o n t  wheels  (caused  by t h e  e x i s t e n c e  of a  

r o l l  s t a b i l i z e r  b a r )  and t h e  o v e r s t e e r  e f f e c t  r e s u l t i n g  from r e a r -  

a x l e  d r i v e ,  

As a  r e s u l t  of t h e  r equ i remen t  f o r  examining t h e  i n f l u e n c e  

sf t i r e  t r a c t i o n  pa ramete r s  on s t e a d y  t u r n i n g  b e h a v i o r ,  c a l c u l a t i o n s  

have been performed i n  t h i s  i n v e s t i g a t i o n  t h a t  c o n s t i t u t e ,  i n  

e f f e c t ,  an e x t e n s i o n  of  t h e  scope  of t h e  s t u d y  pur sued  by Radt and 

P a c e j k a ,  S p e c i f i c a l l y ,  c a l c u l a t i o ~ s  have been made demons t ra t ing  

how t h e  t i r e  t r a c t i o n  p a r a m e t e r s  C a ,  C s ,  and p i n f l u e n c e  t h e  
0 

f o l l o w i n g :  

1. Veh ic l e  " c o r n e r i n g  e f f i c i e n c y , ' '  a  performance 

measure d e f i n e d  h e r e i n  as  t h e  maximum o b t a i n -  

a b l e  l a t e r a . 1  a c c e l e r a t i o n  ( i n  g  u n i t s )  r a t i o e d  

t o  t h e  f r i c t i o n  c o e f f i c i e n t ,  uo 

2 ,  P a t h  c u r v a t u r e  r e s p o n s e ,  and 

3 .  The l i m i t  t u r n  c o n d i t i o n  beyond which i t  i s  n o t  

p o s s i b l e  t o  m a i n t a i n  t h e  v e h i c l e  on a  p a t h  of  

f i x e d  c u r v a t u r e .  



F i g u r e  11  i s  a p l o t  of calculated v a l u e s  of s t e a d y  s t a t e  pa th  

c u r v a t u r e  nchicved b y  a  v c h i c l c  on a  s u r f a c e  w i t h  p o  = 1 - 0 5 ,  a s  

a f u n c t i o n  of  s t c c r i n g - w h c c l  d i sp lacemen t  and r e a r - w h e e l  d r i v e  

t o r q i l e ,  'I'hc cu rves  show t h c  i n f l u e n c e  of t h e  s e l c c t e d  v a l u e s  of 

co rnc r i r ig  s t i f f n e s s  ((:a = 6 , 0 0 0 ;  10,000 ; 14,000)  when l o n g i t u d i n a l  

s t i f f n e s s  i s  h c l d  f i x e d  ( C s  = 20 ,000) .  The r e d u c t i o n  of p a t h  

c u r v a t u r e  w i t h  i n c r e a s e d  d r i v e  t h r u s t ,  t y p i c a l l y  a s s o c i a t e d  w i t h  

t h e  ~ l n d e r s t e e r  v e h i c l e ,  i s  s e e n  t o  be a c c e n t u a t e d  by i n c r e a s e s  i n  

t h e  c o r n e r i n g  s t i f f n e s s  of t h e  t i r e .  The i n f l u e n c e  o f  C a  on 

p a t h  c u r v a t u r e  i s  n e g l i g i b l e  a t  t h e  lower l e v e l s  of  d r i ~ r e  t o r q u e .  

In t h i s  r e g i o n  i t  i s  t h e  s t a t i c  margin and n o t  t h e  t o t a l  c o r n e r i n g  

s t i f f n e s s  t h a t  i s  t h e  c o n t r o l l i n g  f a c t 0 0  [ 2 3 ] .  We may conclude 

t h a t  t h e  n o n l i n e a r  t i r e  mechanics a s soc  : a t e d  w i t h  i n c r e a s e d  c o r n e r -  

i n g  s t i . f f n c s s  produce in . c reased  u n d e r s t c e r  w i t h  i n c r e a s e d  t h r u s t  

u n t i l  a l e v e l  of d r i v e  t h r u s t  i s  r eached  a t  which i n c r e a s e d  t h r u s t  

p roduces  an i n c r e a s e  i n  t h e  p a t h  c u r v a t u r e .  This  phenomenon i s  

d e p i c t e d  by t h e  c u r v e s  a s s o c i a t e d  w i t h  6'sw = 1 6  d e g r e e s .  Note 

t h a t  t h e  o v e r s t e e r  tendency produced a t  h i g h  l e v e l s  o f  d r i v e  t o r q u e  

(a  phenomenon d i s c u s s e d  i n  [ 3 6 ] )  i s  s h a r p e s t  f o r  t h e  v e h i c l e  w i t h  

t h e  t i r e s  hav ing  t h e  :high c o r n e r i n g  s t i f f n e s s .  F u r t h e r ,  t h e  v e h i -  

c l e  w i t h  t i r e s  hav ing  t h e  h i g h e s t  v a l u e  o f  Ca (14,000 i b / r a d )  

r e a c h e s  t h e  l i m i t - t u r n  c o n d i t i o n *  a t  a  lower d r i v e  t o r q u e  t h a n  

t h o s e  t o r q u e s  a t t a i n e d  a t  t h e  t u r n  l i m i t s  when Ca = 10,000 o r  

6 , 0 0 0 .  These f i n d i n g s  i n d i c a t e  t h a t  t h e  lower t h e  c o r n e r i n g  s t i f f -  

n e s s ,  t h e  lower t h e  u n d e r s t e e r  q u a l i t y  a t  l a r g e  l a t e r a l  a c c e l e r a t i o n s ,  

and t h e  more g r a d u a l  t h e  change t o  o v e r s t e e r  as  t h e  l i m i t - t u r n  

c o n d i t i o n  i s  approached;  t h e  g r e a t e r  t h e  c o r n e r i n g  s t i f f n e s s ,  t h e  

* The l i m i t - t u r n  c o n d i t i o n  i s  t h a t  p o i n t  a t  which t h e  i n s i d e  r e a r  
wheel  o f  a  t u r n i n g  v e h i c l e  becomes s o  unloaded t h a t  any a t t e m p t  
t o  o b t a i n  i n c r e a s e d  d r i v e  t h r u s t  through a t o r q u e - d i v i d i n g  d i f f e r -  
e n t i a l  causes  t h e  unloaded r e a r  wheel t o  s p i n .  T h i s  c o n d i t i o n  
canno t  be r eached  i f  t h e  e n g i n e  i s  unab le  t o  d e l i v e r  t h e  n e c e s s a r y  
t o r q u e  ,. 
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I the case: 6'sw = 1.6' I 



g r e a t e r  t h e  u n d c r s t c e r  q u a l i t y  a t  l a r g e  l a t e r a l  a c c e l e r a t i o n s  

and t h e  s h a r p e r  t h c  changc t o  o v e r s t e e r  a s  t h e  l i m i t - t u r n  c o n d i -  

t i o n  i s  approached.  
J 

S i m i l a r  r e s u l t s  a r c  o b t a i n e d  when Ca i s  h e l d  f i x e d  and C S  

i s  v a r i e d ,  F i g u r e  1 2  shows t h a t ,  i n  g e n e r a l ,  C s has  l e s s  i n f l u -  

ence  on t h e  s t e a d y  t u r n i n g  performance o f  a  motor v e h i c l e  than  C , 

S i g n i f i c a n t  d i f f e r e n c e s  due t o  C s  a r e  obse rved  f o r  6 # s w  = 16 
a 

d e g r e e s  and i t  a p p e a r s  t h a t  reduced  b r a k i n g  s t i f f n e s s  has  an e f f e c t  

comparable t o  r educed  c o r n e r i n g  s t i f f n e s s .  

Based on t h e  f i n d i n g s  of Kadt and P a c e j k a ,  we would e x p e c t  

t h a t  i n c r e a s i n g  t h e  c o r n e r i n g  s t i f f n e s s  of a l l  f o u r  t i r e s  would 

r e s u l t  i n  i n c r e a s e d  speeds  i n  a s t e a d y  t u r n  e s t a b l i s h e d  by a  g i v e n  

t h r u s t  and s t e e r  a n g l e .  This  e x p e c t a t i o n  i s  borne  o u t  by t h e  

r e s u l t s  p l o t t e d  i n  F i g u r e  1 3 ,  F u r t h e r ,  t h i s  r e s u l t  h o l d s  when t i r e s  

a r e  b e i n g  o p e r a t e d  a t ,  o r  n e a r ,  t h e i r  f r i c t i o n  l i m i t ,  I n  F igure  1 3 ,  

t h e  s p e e d ,  V , e s t a b l i s h e d  i n  a s t e a d y  t u r n ,  i s  p l o t t e d  a s  a  

f u n c t i o n  of  C a  and Cs f o r  a  s t e e r i n g  wheel ang le  of  16 degrees  

and a  d.r ive t o r q u e  of 1.000 f t - l b s  (  = 0 )  Maximum v e l o c i t y  

i s  ach ieved  when C a  and Cs a r e  a t  t h e i r  maximum v a l u e s .  A 

minimum v e l o c i t y  i s  ach ieved  when Ca and Cs a r e  a t  t h e i r  lowes t  

v a l u e s .  

For t h e  v e h i c l e  s t u d i e d  h e r e  (and f o r  t h e  range of t i r e  

pa ramete r s  c o n s i d e r e d )  s t e a d y - s t a t e  c a l c u i a t i o n s  ( s e e  F igure  14)  
Vr show t h a t  t h e  c e n t r i p e t a l  a c c e l e r a t i o n ,  ( - ) , ach ieved  when t h e  

g  
s t e e r i n g  i n p u t  ( JSW) i s  16 degrees  i s  ve ry  c l o s e  t o  t h e  peak 

c e n t r i p e t a l  a c c e l e r a t i o n  a t t a i n a b l e  f o r  any s t e e r  a n g l e .  Thus i t  

becomes p r a c t i c a l  t o  u s e  t h i s  s t e e r  d i sp lacemen t  v a l u e  f o r  e v a l -  

u a t i n g  t h e  i n f l u e n c e  o f  Ca , C s 7  and p o  on t h e  maximum s t e a d y  

t u r n i n g  c a p a b i l i t y  of  t h e  s i m u l a t e d  motor v e h i c l e ,  V a r i a t i o n s  i n  

b r a k i n g  s t i f f n e s s ,  C s ,  h a v e ,  p r a c t i c a l l y  s p e a k i n g ,  no e f f e c t  on 

t h e  v a r i a b l e  Vr/g p l o t t e d  as  a  f u n c t i o n  o f  d r i v e  t o r q u e  T . On 

t h e  o t h e r  hand ,  v a r i a t i o n s  i n  Ca and 11, p roduce  t h e  r e s u l t s  

shown i n  F igure  1.5. '4s e x p e c t e d ,  h i g h e r  c o r n e r i n g  s t i f f n e s s e s  p r o -  
duce h i g h e r  e c n t r i p e t a l  a c c e l e r a t i o n s ,  a t  t h e  lower v a l u e s  of d r i v e  

t o r q u e .  No te ,  Iiowever, t h a t  t h i s  f i n d i n g  h o l d s  f o r  a l l  d r i v e - t o r q u e  
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FIGURE 13. INFLUENCE OF TIRE STIFFNESS ON 'l'b1E 
VELOCITY PRODUCED IN A STEAIIY 'SUKh; 



FIGURE 14. V r / g  VS. TORQUE FOR 5'  = 4 0 ,  
SW R O ,  16", 32' A N D  p o  = 1 . 0 5  





v a l u e s  up t o  t h e  p o i n t  a t  which t h e  e q u i l i b r i u m  t u r n  l i m i t  i s  

r e a c h e d .  For t h e  p r e s e n t ,  we must conc lude  t h a t  i n c r e a s e d  c o r n e r -  

i n g  s t i f f n e s s  p roduces  i n c r e a s e d  t u r n i n g  c a p a b i l i t y  f o r  a  g i v e n  

'SW 
and  T , even  when t h e  t i r e s  a r e  o p e r a t i n g  n e a r  t h e i r  f r i c -  

t i o n  l i m i t .  U n t i l  a d d i t i o n a l  s t u d i e s  a r e  made t o  i n v e s t i g a t e  t h e  

i n f l u e n c e  o f  l o a d  t r a n s f e r  on t h e  c o r n e r i n g  s t i f f n e s s  p a r a m e t e r ,  

Ca ' t h i s  c o n c l u s i o n  seems w a r r a n t e d  f o r  t i r e s  e x h i b i t i n g  l i t t l e  

change i n  c o r n e r i n g  s t i f f n e s s  w i t 1 1  change i n  v e r t i c a l  l o a d .  

P l o t t i n g  t h e  c e n t r i p e t a l  a c c e l e r a t i o n ,  Vr/g , a c h i e v e d  d u r -  

i n g  s t e a d y  t u r n s  on t h e  lower  f r i c t i o n  s u r f a c e  (p = 0 . 5 3 : )  shows 
0 

t h e  same t r e n d s  o b t a i n e d  on t h e  h i g h e r  f r i c t i o n  s u r f a c e  ( s e e  

F i g u r e  1 5 ) .  I f ,  howeve r ,  we i n t r o d u c e  t h e  c o n c e p t  o f  c o r n e r i n g  

e f f i c i e n c y  ( i . e . ,  t h e  r a t i o  of l a t e r a l  a c c e l e r a t i o n  i n  g  u n i t s  

t o  t h e  p r e v a i l i n g  f r i c t i o n  c o e f f i c i e n t )  and n o r m a l i z e  t h e  

d r i v e  t o r q u e ,  T , we o b t a i n  F i g u r e  1 6 .  I t  i s  a p p a r e n t  t h a t  t h e  

v e h i c l e  i s  a b l e  t o  a c h i e v e  a  h i g h e r  c o r n e r i n g  e f f i c i e n c y  and a  

h i g h e r  n o r m a l i z e d  d r i v e  t o r q u e  on t h e  s u r f a c e  w i t h  t h e  l ower  f r i c -  

t i o n  c o e f f i c i e n t ,  S p e c i f i c a l l y ,  f o r  t h e  t i r e  s t i f f n e s s  p a r a m e t e r s  

i n d i c a t e d ,  t h e  v e h i c l e  a c h i e v e s  a  c o r n e r i n g  e f f i c i e n c y  e q u a l  t o  

a p p r o x i m a t e l y  7 4  p e r c e n t  on t h e  p o  = 1 . 0 5  s u r f a c e ,  whe rea s  i t  

e x h i b i t s  an e f f i c i e n c y  o f  84 p e r c e n t  on t h e  = 0 . 5 3  s u r f a c e ,  

C o n s e q u e n t l y ,  t h e  t u r n i n g  c a p a b i l i t y  s f  a  p n e u m a t i c - t i r e d  v e h i c l e  

does  n o t  d e c r e a s e  i n  d i r e c t  p r o p o r t i o n  t o  r e d u c t i o n s  i n  t h e  co-  

e f f i c i e n t  of  f r i c t i o n  f o r  t h e  t i r e - r o a d  i n t e r f a c e ,  I t  s h o u l d  b e  

u n d e r s t o o d ,  however ,  t h a t  t h i s  s t a t e m e n t  i s  r e s t r i c t e d  t o  t h e  c a s e  

o f  smooth r o a d s  w i t h  a d d i t i o n a l  a n a l y s e s  and measurements  r e q u i r e d  

' t o  e x t r a p o l a t e  t h e s e  r e s u l t s  t o  a  r e a l .  w o r l d  env i ronmen t  p o s s e s s -  

i n g  t y p i c a l  l e v e l s  s f  r o a d  r o u g h n e s s .  

4 ' 2 ,  THE PATII RliSPONSE PRO1)UCED BY BRAKING IN A STEADY TURV 

4 , 2 , 1 ,  INTRODUCTORY REMARKS, In  c o n t r a s t  t o  t h e  s t e a d y -  

t u r n i n g  s  t a t e  p roduced  b y  a  s t e e r i n g - w h e e l  d i s p l a c e m e n t  and 

r eap -whee l  d r i v e  t o r q u e ,  no e q u i l l - b r i u m  s t  a t e  r e s u l t s  when t h e  
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t o r q u e  on t h c  r e a r  whec l s  i s  r e v e r s e d  t o  p roduce  a  b ra .k ing  t h r u s t  

i n s t e a d  o f  a  d r i v i n g  t h r u s t .  C o n s e q u e n t l y ,  a  compar i son  of  t h e  

b e h a v i o r  o f  v e h i c l e s  i n f l . u e n c e d  by  b r a k e  t h r u s t  r e q u i r e s  t h a t  t h e  

m o t i o n s  ( t r a j e c t o r i e s )  p r o d u c e d  i n  r e s p o n s e  t o  a  s p e c i f i e d  b r a k -  

i n g  a c t i o n  b e  compared.  Two prob lems  a r i s e .  One i n v o l v e s  t h e  

s e l e c t i o n  o f  t h e  i n i t i a l  s t a t e  o f  mo t ion  from which b r a k i n g  i s  

i n i t i a t e d .  The s e c o n d  c o n c e r n s  t h e  s e l e c t i o n  o f  t h e  b r a k i n g  i n p u t  

i t s e l f .  

With r e s p e c t  t o  t h e  f i r s t  s e l e c t i o n ,  t h e r e  a r e  t h r e e  g e n e r a l  

p o s s i b i l i t i e s .  One p r o c e d u r e  i n v o l v e s  p u r e l y  symmet r i c  b r a k i n g  

r e s u l t i n g  i n  s t r a i g h t  l i n e  m o t i o n ,  a s  g e n e r a l l y  o c c u r s  when t h e  

s t e e r i n g  whee l  i s  tr immed t o  p r o d u c e  a z e r o  t u r n i n g  i n p u t .  A 

s e c o n d  p r o c e d u r e  i s  t o  b r a k e  f rom t h e  i n i t i a l  t u r n i n g  s t a t e  e s t a b -  

l i s h e d  by s t e e r i n g  whee l  d i s p l a c e m e n t  and  d r i v e  t h r u s t .  A t h i r d  

p o s s i b i l i t y  u t i l i z e s  a  maneuver i n  which  b o t h  b r a k i n g  and s t e e r i n g  

i n p u t s  a r e  imposed on a  v e h i c l e  which i s  i n i t i a l l y  p r o c e e d i n g  i n  

s t r a i g h t  l i n e  m o t i o n ,  To t h e  e x t e n t  t h a t  any of  t h e s e  o p e n - l o o p  

maneuvers  c o r r e s p o n d  t o  r e a l - w o r l d  e m e r g e n c i e s  i n  which  t h e  t i r e s  

a r e  f o r c e d  t o  o p e r a t e  a t ,  o r  n e a r ,  t h e  f r i c t i o n  l i m i t ,  i t  i s  

a p p r o p r i a t e  t o  c o n s i d e r  them f o r  t h i s  s t u d y .  A c c o r d i n g l y  t h i s  

i n v e s t i g a t i o n  a t t e m p t s  t o  e v a l u a t e  t h e  e f f e c t s  o f  t h e  t i r e  t r a c -  

t i o n p a r a m e t e r s  C a ,  C and o n :  
5; ' 0 

" t r a i g h t - l i n e  b r a k i n g  e f f i c i e n c y  

" The t r a j e c t o r y  r e s u l t i n g  f rom b r a k i n g  i n  a  c u r v e d  p a t h  

An o p e n - l o o p  l a n e  change  maneuver w i t h  a  s i m u l t a n e o u s  

d e c e l e r a t i o n .  

The f i r s t  s t u d y  c o n s t i t u t e s  an i n v e s t i g a t i o n  o f  t h e  e x t e n t  

t o  which t h e  b r a k i n g - s t i f f n e s s  p a r a m e t e r  i n f l u e n c e s  t h e  d e g r e e  

t o  which  n motor  vehic1.e  can  u t i l i z e  t h e  a v a i l a b l e  f r i c t i o n  w i t h -  

o u t  e x p e r i e n c i n g  w h e e l - l o c k u p  on e i t h e r  a x l e ,  The a n a l y s i s  p roved  

t r i v i a l  i n  t h a t  v e r y  l i t t l e  e f f c c t  was f o u n d ,  Fo r  t h e  i n t e r e s t e d  

r e a d e r ,  a  b r i e f  summary o f  t h e  methodology and , t h e  f i n d i n g s  i s  



g iven  i n  Appendix C .  The second s t u d y  i s  r e p o r t e d  i n  t h i s  

s e c t i o n  of t h e  r e p o r t  and t h e  t h i r d  s t u d y  i s  t r e a t e d  i n  a  sub-  

s e q u e n t  s e c t i o n .  

Braking t o  ze ro  v e l o c i t y  wh i l e  t r a c k i n g  a  curve  of  f i x e d  

r a d i u s  can bc  n e c e s s a r y  i n  r e a l - l i f e  s i t u a t i o n s .  I n  g e n e r a l ,  

t r a c k i n g  such  a curve  d u r i n g  a  b r a k i n g  maneuver r e q u i r e s  making 

s t e e r i n g  c o r r e c t i o n s .  Thus ,  t h e  amount of s t e e r i n g  r e q u i r e d  t o  

produce a  t r a j e c t o r y  o f  c o n s t a n t  c u r v a t u r e  could  be used .to measure 

t h e  e x t e n t  t o  which b r a k i n g  a c t i o n  i n t e r f e r e s  w i t h  curve  t r a c k i n g .  

S ince  we cannot  de te rmine  t h e  s t e e r i n g  r e q u i r e d  t o  c o r r e c t  f o r  t h e  

i n f l u e n c e  of braking u n l e s s  we s t r u c t u r e  a  c l o s e d - l o o p  a n a l y s i s ,  

t h e  d e p a r t u r e  of t h e  open- loop v e h i c l e  from t h e  d e s i r e d  t r a j e c t o r y  

i s  used  a s  a  measure of t h e  i n f l u e n c e  e x e r t e d  by t h e  v a r i o u s  t i r e  

t r a c t i o n  p a r a m e t e r s ,  F u r t h e r ,  t h i s  maneuver produces  a  s t r o n g  

tendency f o r  ? ' s p i n  down" and " lockupt f  of t h e  r i g h t  r e a r  wheel r e -  

s u l t i n g  from t h e  un load ing  o f  t h i s  wheel d u r i n g  combined l a t e r a l  

and l o n g i t u d i n a l  a c c e l e r a t i o n ,  The s i m u l a t i o n s  showed t h a t  t h e  

lockup tendency c o u l d  be made a s  m a r g i n a l  a s  d e s i r e d  by modifying 

e i t h e r  t h e  i n i t i a l  t u r n  c o n d i t i o n  o r  t h e  l e v e l  of  t h e  b r a k i n g  i n p u t .  

The p a t h - c u r v a t u r e  r e sponse  produced by b r a k i n g  (wi th  s t e e r -  

i n g  wheel h e l d  f i x e d )  i s  i n f l u e n c e d  by a  number of f a c t o r s .  F i r s t ,  

t h e  p a t h  c u r v a t u r e  w i l l  t e n d  t o  i n c r e a s e  beyond t h e  i n i t i a l  v a l u e  

o f  c u r v a t u r e  s i n c e  b r a k i n g  causes  t h e  forward  v e l o c i t y  t o  d e c r e a s e  

w i t h  t i m e ,  and t h e  normal s t a t i c  d i r e c t i o n a l  s t a b i l i t y  of  t h e  

v e h i c l e  c a u s e s  t h e  p a t h  c u r v a t u r e  t o  i n c r e a s e  as  t h e  speed  of t h e  

v e h i c l e  d e c r e a s e s  [ 2 3 ] .  T h i s  u n d e r s t e e r  e f f e c t  occur s  i n  a l l  

v e h i c l e s  hav ing  a  p o s i t i v e  s t a t i c  margin which ,  of  c o u r s e ,  i s  u s u a l  

d e s i g n  p r a c t i c e ,  Added t o  t h i s  u n d e r s t e e r  phenomenon, i s  t h e  

i n f l u e n c e  of  t h e  n o n l i n e a r  mechanics o f  t h e  t i r e s ,  S ince  t h e  t i r e s  

a r e  b e i n g  f o r c e d  t o  o p e r a t e  i n  t h e  v i c i n i t y  of t h e  f r i c t i o n  l i m i t ,  

b r a k i n g  i n  a t u r n  may be e x p e c t e d  t o  produce  t r a j e c t o r i e s  h i g h l y  

s e n s i t i v e  t o  t h e  n o n l i n e a r  mechanica l  c h a r a c t e r i s t i c s  of pneu-  

m a t i c  t i r e s ,  
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r u n s ,  two i n i t i a l  t u r n i n g  s t a t e s  were s e l e c t e d  f o r  t h i s  b rak ing  

maneuver.  The f i r s t  t u r n  s t a t e  had a curve  r a d i u s  of 3 5 7  f e e t .  

With v e l o c i t y  p r i o r  t o  b r a k i n g  e q u a l  t o  7 0  f t / s e c  ( 4 8  rnph), l a t -  

e r a l  a c c e l e r a t i o n  norma.1 t o  t h e  p a t h  was 0.426 g ,  i n d i c a t i n g  a  

r a t h e r  s e v e r e  t u r n .  The second t u r n  s t a t e  had a  256 f o o t  curve 

r a d i u s .  With v e l o c i t y  p r i o r  t o  b r a k i n g  e q u a l  t o  49 .5  f t / s e c  (34 

mph), l a t e r a l  a c c e l e r a t i o n  was 0.297 g ,  which on a  h igh  f r i c t i o n  

s u r f a c e  i s  approx ima te ly  t h e  l i m i t i n g  maneuver c o n d i t i o n  a t  which 

i t  i s  v a l i d  t o  d e s c r i b e  t h e  v e h i c l e  and i t s  t i r e s  by l i n e a r i z e d  

e q u a t i o n s  of  motion [ z 3 ] .  This  second t u r n  s t a t e  was s e l e c t e d ,  

however ,  t o  examine v e h i c l e  b e h a v i o r  when o p e r a t i n g  on a  s u r f a c e  

hav ing  a  f r i c t i o n  c o e f f i c i e n t  of 0 .53.  The t i r e s  of a  ve :h ic le  

t u r n i n g  w i t h  a l a t e r a l  a c c e l e r a t i o n  o f  0 . 3  g  o n ' a  s u r f a c e  w i t h  - 0 . 5 3  o p e r a t e  i.n a  regime i n  which t h e i r  mechanica l  c 'harac-  

t e r i s t i c s  a r e  h i g h l y  n o n l i n e a r .  

A s e r i e s  of e l e v e n  b r a k i n g  r u n s  was made, i n c l u d i n g  seven  

on t h e  l a r g e r  r a d i u s  cu rve  and f o u r  on t h e  s m a l l e r  r a d i u s  c u r v e .  

The assumed v a l u e s  o f  t i r e  t r a c t i o n  pa ramete r s  (C,, C s ,  and po) 

and t h e  s t e e r  d i s p l a c e m e n t  and d r i v e  t h r u s t  r e q u i r e d  t o  e s t a b l i s h  

t h e  d e s i r e d  e q u i l i b r i u m  s t a t e  a r e  t a b u l a t e d  f o r  each  run i n  Table  3.  

I t  w i l l  be n o t e d  t h a t  t h e  t a b u l a t e d  s e t  of motion v a r i a b l e s  v a r y  

s l i g h t l y  f o r  each  r u n .  T h i s  v a r i a t i o n  d e r i v e s  from t h e  n e c e s s i t y  

t o  i t e r a t e ,  s t a r t i n g  from e s t i m a t e s  based  on t h e  s t e a d y  t u r n  

a n a l y s e s ,  t o  t h e  f i n a l  v a l u e s  o f  6'sw and T r e q u i r e d  , t o  ach ieve  

t h e  d e s i r e d  e q u i l i b r i u m  s t a t e ,  For each r u n ,  t h e  s t e e r  a n g l e  was 

h e l d  f i x e d ,  t h e  d r i v i n g  t h r u s t  was t e r m i n a t e d ,  and b r a k e  t o r q u e  

was a p p l i e d  d u r i n g  a  0 . 5  second i n t e r v a l  a s  shown i n  t h e  s k e t c h  

below, 

A 
Brake 
Torque 

- 
0 0 . 5  1.0 

t ime - seconds  
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A t y p i c a l  v a l u e  f o r  f r o n t - t o  r e a r - a x l e  b r a k e  d i s t r i b u t i o n  

( v i z . ;  60 p e r c e n t ,  f r o n t ;  40 p e r c e n t ,  r e a r )  was assumed i n  t h e s e  

s i m u l a t i o n s .  For  t h e  s u r f a c c  w i t h  t h e  h i g h  c o e f f i c i e n t  o f  f r i c -  

t i o n ,  t h e  t o t a l  a p p l i e d  b r a k e  t o r q u e  was 2500 f t - l b s ;  f o r  t h e  low 

f r i c t i o n  s u r f a c e ,  t h e  a p p l i e d  b r a k e  t o r q u e  was 1700 f t - l b s .  With 

t h e s e  i n p u t  c o n d i t i o n s ,  t h e  a p p l i e d  b r a k e  t o r q u e  was j u s t  s u f f i c i e n t  

t o  l o c k  t h e  r i g h t - r e a r  wheel and no  o t h e r  whee l  i n  r u n  number 2 .  

(See T a b l e  3 ) .  

The t r a n s i e n t  r e s p o n s e  o f  t h e  v e h i c l e ,  c a u s e d  by t h e  assumed 

b r a k i n g  i n p u t ,  can  b e  i n t e g r a t e d  t o  d e t e r m i n e  t h e  t r a j e c t o r y  o f  

t h e  c e n t e r  o f  g r a v i t y  w i t h  r e s p e c t  t o  an  e a r t h  r e f e r e n c e ,  On s o  

d o i n g ,  one o b t a i n s  t h e  t r a j e c t o r i e s  p l o t t e d  i n  F i g u r e  1 7  f o r  r u n s  

one  t h r o u g h  t h r e e .  

F i g u r e  17  shows t h a t  d u r i n g  t h e  l a t t e r  p o r t i o n  o f  t h i s  t u r n -  

i n g - b r a k i n g  maneuver ,  t h e  t r a j e c t o r y  o f  t h e  c e n t e r  o f  g r a v i t y  l i e s  

i n s i d e  t h e  c u r v e d  p a t h  which  would be t r a c e d  by t h e  v e h i c l e  i f  

b r a k i n g  were  n o t  t a k i n g  p l a c e ,  As men t ioned  e a r l i e r ,  t h i s  r e s u l t  

would b e  a n t i c i p a t e d  b e c a u s e  o f  t h e  i n c r e a s e d  p a t h  c u r v a t u r e  

accompanying a  r e d u c t i o n  i n  t h e  l o n g i t u d i n a l  v e l o c i t y .  As a  r e -  

s u l t  o f  b r a k i n g ,  we m i g h t  a l s o  e x p e c t  t h e  v e h i c l e  t o  change i t s  

a t t i t u d e  w i t h  r e s p e c t  t o  i t s  t o t a l  v e l o c i t y  v e c t o r .  I f  l a r g e  

a n g l e s  o f  s i d e s l i p  o c c u r ,  a  v e h i c l e  w i l l .  e x t e n d  beyond i t s  l a n e  o f  

t r a v e l  even  i f  t h e  p a t h  c u r v a t u r e  r ema ins  c o n s t a n t ,  

F i g u r e  1 8  p r e s e n t s  p l o t s  v e r s u s  t i m e  o f  t h e  i n s t a n t a n e o u s  

r a d i i  o f  c u r v a t u r e  and  v e h i c l e  s i d e s l i p  a n g l e s  t h a t  a r e  p roduced  

by t h r e e  v a l u e s  o f  c o r n e r i n g  s t i f f n e s s ,  when Cs = 20,000 and 

= 1 . 0 5 .  ( F i g u r e s  1 7  and 1 8  a p p l y  t o  r u n s  one t h r o u g h  t h r e e , )  

With t h e  t i r e s  o f  low c o r n e r i n g  s t i f f n e s s  (C = 6 , 0 0 0 ) ,  t h e  
a 

v e h i c l e  e x p e r i e n c e s  an a n g l e  o f  s i d e s l i p  a p p r o a c h i n g  16 d e g r e e s  

n e a r  t h e  end  o f  t h e  maneuver .  The h i g h e r  t h e  c o r n e r i n g  s t i f f n e s s ,  

t h e  s m a l l e r  t h e  s i d e s l i p  a n g l e  i n  t h e  s t e a d y  t u r n  and t h e  s m a l l e r  

t h e  i n c r e a s e  o r  d e p a r t u r e  f rom t h e  i n i t i a l  s i d e s l i p  trim v a l u e  

a s  t h e  maneuver p r o g r e s s e s  and t h e  v e h i c l e  comes t o  a s t o p .  The 

p a t h  r a d i u s  i n i t i a l l y  i n c r e a s e s  and t h e n  d e c r e a s e s  a s  t h e  v e h i c l e  

s l ows  down i n  t h e  b r a k e d  t u r n ,  For  t h e  two lower  v a l u e s  o f  
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c o r n e r i n g  s t i f f n e s s  ( C a  = 6 , 0 0 0 ;  1 0 , 0 0 0 ) ,  cx t r emcly  s h o r t  t u r n -  

ing  r a d i i  a r c  encoun te red  a t  t h e  end of t h e  maneuver. The l a r g e r  

v a l u e  of c o r n e r i n g  s t i f f n e s s  ( C a  = 14 ,000)  n o t  on ly  p r e v e n t s  t h e  

s i d e s l i p  a n g l e  from g e t t i n g  l a r g e  b u t  a l s o  m i t i g a t e s  a g a i n s t  any 

f i n a l  tendency t o  t u r n  more and more s h a r p l y ,  

Figure19 p r e s e n t s  d a t a  ( s i m i l a r  t o  t h a t  i n  F igure  18)  f o r  t h a t  
c a s e  i n  which t h e  b r a k i n g  s t i f f n e s s  i s  s m a l l  (Cs = 5 ,000)  and t h e  

v e h i c l e  i s  assumed t o  be o p e r a t i n g  on a  h igh  f r i c t i o n  s u r f a c e  

(po = 1 . 0 5 ) .  The d e t a i l e d  t ime h i s t o r i e s  produced i n  t h e  s i m u l a -  

t i o n  show t h a t  on ly  i n  run  f o u r  (Ca = 6,000)  does t h e  r i g h t - r e a r  

wheel lock  up. F u r t h e r ,  t hey  show t h a t  a  r e d u c t i o n  i n  b r a k i n g  

s t i f f n e s s  t ends  t o  r e t a r d  t h e  tendency f o r  wheel s p i n  down t o  a  

lockup c o n d i t i o n .  T h i s  tendency towards l e s s  s p i n  down i s  respon-  

s i b l e  f o r  t h e  s m a l l e r  v a l u e s  of  s i d e s l i p  ang le  t h a t  r e s u l t  when 

C = 5 , 0 0 0 ,  a s  compared w i t h  t h e  s i d e s l i p  ang les  produced when 
S 

Cs = 20,800 ( s e e  F igure  1 8 )  . A s m a l l e r  b r a k i n g  s t i f f n e s s  a l s o  

produces  a  s i g n i f i c a n t  improvement i n  t h e  p a t h  r a d i u s  r e s p o n s e ,  

i n  t h a t  t h e r e  i s  a  much reduced  tendency f o r  "windupu n e a r  t h e  

end of t h e  s t o p ,  I n c r e a s e s  i n  c o r n e r i n g  s t i f f n e s s ,  on t h e  o t h e r  

hand,  cause  t h e  r e d u c t i o n  i n  p a t h  r a d i u s  w i t h  t ime t o  d e c r e a s e .  

I t  would appear  t h a t ,  i n  t h i s  p a r t i c u l a r  maneuver on a  h igh  f r i c -  

t i o n  s u r f a c e ,  t h e r e  a r e  advantages  i n  having  t i r e s  w i t h  a h i g h  

c o r n e r i n g  s t i f f n e s s  and a  lower b r a k i n g  s t i f f n e s s .  A d i r e c t  com- 

p a r i s o n  of t h e  i n f l u e n c e  o f  C g ,  f o r  f i x e d  C a ,  i s  g iven  i n  

F igure  20, 

Run seven  i s  comparable t o  run two e x c e p t  t h e  f r i c t i o n  co- 

e f f i c i e n t ,  I J ~ ,  was reduced  from 1 . 0 5  t s  0 .53 .  S ince  t h e  trim 
c e n t r i p e t a l  a c c e l e r a t i o n  o f  t h e  v e h i c l e ,  i n  g  u n i t s ,  r a t i o e d  

t o  t h e  f r i c t i o n  c o e f f i c i e n t ,  p o p  i s  approximate ly  0 , 8 ,  ( s e e  

Table  3 ) ,  i t  i s  a p p a r e n t  t h a t  t h e  t i r e s  a r e  o p e r a t i n g  n e a r  t h e i r  

f r i c t i o n  l i m i t ,  When b r a k i n g  i s  i n i t i a t e d ,  t h e  p a t h  r a d i u s  

approaches  i n f i n i t y  and t h e  c e n t e r  of g rav i - ty  moves approx ima te ly  

i n  a  s t r a i g h t  ' l i n e ,  The d e t a i l e d  t ime I : ! is tor ies  show t h a t  a11 
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four wheels lock and the computation of the trajectory indicates 

that tbc v c h i c l c  displaces laterally only 2.12 feet from the tan- 

gent to the curve at the time braking is initiated. Insplection 

of the sideslip angle response shows that it exceeds -25 (degrees 

four seconds after the start of the maneuver. 

Simulations similar to runs one through six were also made 

to evaluate the influence of a reduced coefficient of friction 

when the initial trim state was such that the vehicle would remain 

in a curved path following the onset of braking. Table 3 shows 

that the trim value of centripetal acceleration, in g units, is 

approximately 55 percent of the available friction coefficient 

for runs eight through eleven in contrast to the 40 percent pre- 

vailing in runs one through six. As noted earlier, however, the 

total braking torque applied in runs eight through eleven was 

only 68 percent of that a~plied in runs one through six. In 

Figure 21 we note results similar to those discussed above, with 

the exception that, following the onset of braking, the path radius 

increases much more sharply than on the surface with the higher 

coefficient of friction prior to the subsequent reduction in path 

radius with time. Based on the results depicted in Figure 22, it 

seems reascnable to conclude that lower values of braking stiffness 

also provide some advantage on a surface with a reduced coefficient 

of friction. 

4.3. VEHICLE TRANSIENT STEERING RESPONSE AS INFLUENCED BY THE 

NONLINEAR FIECHANICS OF TIRES 

Before discussing the rc:sults of the lane change-braking 

simulation study, we shall consider some findings obtained from 

transient steering simulations using the initial conditions selected 

for the turni-ng-braking maneuvers discussed in Section 4.2. above. 

The maneuver, as designed, produces results which augment existing 

understanding of the mechanics of pneumatic-tired vehicles. 
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'I'hc n~;lncuver c o n s i s t s  o f  a  v e h i c l e  i n  a s t c a d y  t u r n  ( a s  p r o -  

ducecl, 1)y I'i xcd steering-wheel d i s p l  acemcnt and d r i v e  t h r u s t )  b e i n g  

f o r c e d  t o  a new t u r n  c o n d i t i o n  by a  ramp change i n  s t e e r i n g - w h e e l  

d i s p l a c e m e n t .  The i n c r e m e n t a l  s t e e r i n g  wheel  d i s p l a c e m e n t ,  A 6  'sw , 
i s  f o u r  d e g r e e s ,  The maneuver ,  a s  e x e c u t e d ,  does  n o t  f o r c e  any 

o f  t h e  t i r e s  t o  o p e r a t e  v e r y  c l o s e  t o  t h e  f r i c t i o n  l i m i t .  Never-  

t h e l e s s ,  t h e  t i r e s  o p e r a t e  i n  t h e i r  n o n l i n e a r  regime and i t  i s  

p o s s i b l e  t o  g a i n  some i n s i g h t  i n t o  t h e  e f f e c t  o f  t h e  t i r e - t r a c t i o n  

p a r a m e t e r s  on t h e  t r a n s i e n t  r e s p o n s e  o f  a  motor  v e h i c l e  t o  s t e e r -  

i n g  i n p u t s ,  - 
The n o n l i n e a r  a s p e c t s  o f  t i r e  b e h a v i o r  have been  emphas ized  

by c o n s i d e r i n g  a  v e h i c l e  t o  b e  i n  e i t h e r  o f  t h e  two s t e a d y  t u r n  

s t a t e s  i d e n t i f i e d  i n  T a b l e  3 ,  With t h e  t i r e s  modeled i n  t h e  manner 

d i s c u s s e d  i n  S e c t i o n  2 ,  and w i t h  t h e  wheel  r o t a t i o n  d e g r e e  o f  

f reedom i n c l u d e d  i n  t h e  a n a l y s i s ,  t h e  computed r e s p o n s e s  t o  s t e e r -  

i n g  d e p a r t  s u b s t a n t i a l l y  f rom t h e  t r a n s i e n t  r e s p o n s e  p roduced  by 

a s i m i l a r l y - s i z e d  s t e p  ( o r  ramp) s t e e r i n g  i n p u t  imposed on a  non-  

t u r n i n g  v e h i c l e .  

As shown i n  T a b l e  3 ,  b o t h  i n i t i a l  t u r n i n g  s t a t e s  r e q u i r e  a 

s t e a d y  s t e e r i n g - w h e e l  d i s p l a c e m e n t  a p p r o x i m a t e l y  e q u a l  t o  f o u r  

d e g r e e s ,  T h i s  means t h a t  i n  t h e  maneuver u n d e r  d i s c u s s i o n ,  t h e  

i n i t i a l  s t e e r i n g  d i s p l a c e m e n t  i s  a p p r o x i m a t e l y  d o u b l e d ,  F i g u r e  

23 shows t h e  yawing and l o n g i t u d i n a l  v e l o c i t y  r e s p o n s e s  p roduced  

by a  f o u r  d e g r e e  i n c r e m e n t  i n  s t e e r i n g - w h e e l  d i s p l a c e m e n t ,  con-  

s i s t i n g  of  a l i n e a r  i n c r e a s e  i n  s t e e r i n g  a t  a  r a t e  o f  e i g h t  d e g r e e s  

p e r  s econd  f o r  h a l f  a s e c o n d ,  I n  t h e  maneuver ,  t h e  d r i v i n g  t h r u s t  

i s  h e l d  f i x e d  and t h e  v e h i c l e  s l ows  down a s  a  r e s u l t  of  t h e  i n -  

c r e a s e d  d r a g  p roduced  by t h e  d e c r e a s e d  t u r n  r a d i u s  and t h e  i n c r e a s e d  

l a t e r a l  a c c e l e r a t i o n ,  

For  t h e  c a s e  i n  which = 1 . 0 5 ,  Ca  = 1 0 , 0 0 0 ,  and CS = 20 ,000 ,  

t h e  v e h i c l e  i n i t i a l l y  e x h i b i t s  t h e  r a p i d  yawing v e l o c i t y  r e s p o n s e  

a s s o c i a t e d  w i t h  t h e  d i r e c t i o n a l  r e s p o n s e  mode of t h c  c o n s t a n t -  

s p e e d  v e l i i c l e ,  v i z . ,  a  mode h a v i n g  a n a t u r a l  f r e q u e n c y  o f  0 . 5  c y c l e s  
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p e r  s e c o n d .  A p seudo-s t eady  s t a t e  i s  ach ieved  i n  t h i s  s h o r t  

p e r i o d  r e sponse  whose v a l u e  ( r = 0 . 3 2  r a d .  / s e c .  ) i s  s i g n i f i c a n t l y  
r 

l e s s  t h a n  double t h e  s t e a d y  t u r n  v a l u e  ( r=0 ,1956  r a d . / s e c .  ) .  

Thus t h c  s i z e a b l e  n o n l i n e a r i t y  o f  t h e  sys t em,  a t t r i b u t a b l e  p r i -  

m a r i l y  t o  n o n l i n e a r  mechanics of  t h e  t i r e s ,  i s  e v i d e n t .  F u r t h e r -  

more, i t  t a k e s  almost  30 seconds  t o  e s t a b l i s h  a  new s t e a d y  t u r n  

c o n d i t i o n .  During t h e  l e n g t h y  p e r i o d  i n  which t h e  v e h i c l e  i s  

s lowing down and e s t a b l i s h i n g  a  new trim l o n g i t u d i n a l  v e l o c i t y ,  

t h e  yawing v e l o c i t y  s lowly  i n c r e a s e s  producing  t h e  i n c r e a s e d  p a t h  

c u r v a t u r e  r e q u i r e d  t o  s a t i s f y  t h e  k i n e m a t i c  e q u i l i b r i u m  t h a t  must 

be achieved  b y  a  v e h i c l e  t h a t  i s  b a s i c a l l y  u n d e r s t e e r .  I n  t h e  

e q u i l i b r i u m  t u r n  ach ieved  30 seconds  a f t e r  i n c r e a s i n g  t h e  s t e e r i n g  

wheel d i sp lacemen t  by a  f a c t o r  of 2 .09  (8' = 3.66 d e g ,  ; 

A6' = 4 .0  d e g , ) ,  t h e  speed  i s  d e c r e a s e d  
SW 

'winit '  from 7 0 . 0  f t / s e c  

t o  4 7 . 5  f t / s e c . ,  t h e  yawing v e l o c i t y  i s  i n c r e a s e d  from 0.1956 

r a d / s e c .  t o  0.366 r a d l s e c ,  , t h e  t u r n  r a d i u s  i s  d e c r e a s e d  from 

357 f t .  t o  130 f t . ,  and t h e  l a t e r a l  a c c e l e r a t i o n  i s  i n c r e a s e d  from 

0.426 g t o  0 . 5 4  g .  These r e sponse  c h a r a c t e r i s t i c s  c o n t r a s t  mark- 

e d l y  w i t h  what i s  o b t a i n e d  when s t e e r i n g  i n p u t s  a r e  r e s t r i c t e d  t o  

s m a l l  magnitudes (such t h a t  t i r e  s i d e  f o r c e  i s  roughly  a  l i n e a r  

f u n c t i o n  of s l i p  a n g l e )  and t h e  p e r t u r b a t i o n  v e l o c i t i e s  a r e  s u f -  

f i c i e n t l y  s m a l l  s o  t h a t  l o n g i t u d i n a l  components of t h e  i n e r t i a l  

f o r c e s  and t h e  t i r e  f o r c e s  ( a c t i n g  on t h e  v e h i c l e )  a r e  n e g l i g i b l e .  

S e v e r a l  o t h e r  o b s e r v a t i o n s  s l lould be made. With t h e  f r i c t i o n  

c o e f f i c i e n t  g iven  by iio = 0 . 5 3 ,  s u c h  t h a t  an i n i t i a l  l a t e r a l  

a c c e l e r a t i o n  of 0 .297 g  r e p r e s e n t s  an o p e r a t i o n  c l o s e r  t o  t h e  

f r i c t i o n  l i m i t  t h a n  t h e  case  j u s t  t r e a t e d ,  t h e  v e h i c l e  e x h i b i t s  

a  s h o r t  p e r i o d  r e sponse  much s l o w e r  t h a n  t h a t  o b t a i n e d  on t h e  

h i g h e r  f r i c t i o n  s u r f a c e .  With t h e  c o r n e r i n g  s t i f f n e s s  of t h e  t i r c  

unchanged,  i  . e . ,  C = 1 0 , 0 0 0 ,  a  s u b s t a n t i a l  d e c r e a s e  i n  t h e  
a 

s h o r t  p e r i o d  f r equency  i s  o b s e r v e d .  With a  d e c r e a s e  i n  c o r n e r i n g  

s t i f f n e s s ,  i . c , ,  C = 6 , 0 0 0 ,  t h e  yawing v e l o c i t y  r e sponse  on t h e  
a 

reduced f r i c t i o n  s u r f a c e  i s  slowed f u r t h e r .  F i n a l l y ,  t h e r e  i s  



a tendency f.or thc short period oscillation to persist on the 

retluccd friction surface and to be aggravated by a reduct-ion in 

either thc cornering 0.r braking stiffness of the tires. 

4.4. THE TRANSIENT RESPONSE TO SIMULTANEOUS STEERING AND BRAKING 

A series of lane-change maneuvers, made with and without 
the application of the brakes, indicates the extent to which this 

maneuver is sensitive to variations in the tire-traction parameters, 

cs 9 cCI$ and vo . The simulation study employed a combination of 

steering and braking inputs selected on the basis of measurements 

of driver control activity in fast lane-changes and stops. In 

retrospect, the study might have included more severe combinations 

of steering and braking in order to produce transient responses in 

which the vehicle "spins out," that is, exhibits a trajectory and 

attitude response far removed from the intended maneuver objective. 

Such an expansion of the study would, however, have imposed very 

large demands with respect to synthesis and interpretation of the 

results. At the expense of possibly gaining some insight into the 

behavior of the vehicle pushed beyond the friction limit, the study 

objective was restricted to ascertaining the extent to which non- 

linear tire mechanics (as defined by the selected parameters) 

govern open-loop response in a typical emergency maneuver. 

A lane-change is defined as a maneuver in which a motor vehicle 
is steered so that it is displaced laterally with its hea,ding in 

.the same direction at the completion of the maneuver as it was before 

the maneuver began. In theory, this maneuver can be perfectly 

executed by displacing the wheel first to the left/right and then 

to the right/left, controlling the steering amplitude and. timing 

to produce the result pictured in Figure 24, Here, two triangular 
pulses of steering displacement, following each other without delay, 
produce (a) a yawing response whose integral is zero over the 
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maneuver, and (b) lateral displacement of 11.3 feet. (A lane on 
a modern highway is typically 12 feet wide.) Note that the maneuver 

diagrammed in Figure 24 is accomplished in approximately 170 feet 

of travel with steering activity completed in 2.4 seconds. When 

accompanied by braking on a reduced coefficient of friction sur- 

face, this maneuver becomes marginal in the sense that the tires 

are forced to operate near their friction limit. 

To establish a baseline, the influence of tire-traction para- 

meters on a lane-change maneuver executed at 60 ft/sec without 

braking is first considered. Figure 25 (a) shows the influence of 

cornering stiffness on the lateral displacement produced by the 

steering input diagrammed at the top of Figure 24, on a high co- 

efficient of friction surface (po = 1.05). Essentially perfect 

lane changes occur even though the magnitude of the lateral dis- 

placement is influenced slightly by the cornering stiffness of the 

tires. Figure 25(b) compares the lateral displacement trajectories 

achieved on surfaces with a high and moderate coefficient of fric- 

tion. Almost perfect lane changes are produced in both cases. How- 

ever, the magnitude of the lateral displacement is slightly less 

on the lower-friction surface. An examination of the simulation 

time histories shows that very little speed reduction occurs in 

these maneuvers when drive thrust is held constant. 

On applying a braking input of the following waveform to the 

front wheels (and on applying brake torques equal to two-thirds of 

the front-wheel torque to each of the rear wheels), significantly 
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different.latera1 displacements are obtained for the two coefficients 

of friction considered in this study. As noted earlier, the assumed 

braking input is based on wavef~rms obtained in vehicle tests. 

This simulated braking action is assumed to begin 0.1 second after 

the steering input is initiated. Since braking forces reduce the 

tires' lateral force output, it was found necessary to increase 

the amplitude of the simulated steering input from 5.0 to 6.87 

degrees to obtain essentially the same lateral displacement achieved 

in the absence of braking on the high friction surface. The timing 

(i.e., the waveform) of the steering input was unchanged, however, 

for this combined lane-change and stop maneuver. Whereas, without 

braking, the assumed steering waveform essentially produced a zero 

heading change, Figure 25(c) indicates that braking during the 

lane-change results in a final heading slightly different: from the 

initial heading. With tire stiffness held fixed (Ca = 10,000; 

C s  = 202000), a reduction in friction coefficient produces a large 

change in the lateral displacement achieved when steering and 

braking are combined. 

Figure 26 shows the variation in vehicle trajectories caused 

by changes in tire traction parameters during a combined steering 

and braking maneuver. The influence of cornering stiffness on 

lateral displacement (see Figure 2 6 ( a ) )  is greater when braking 

than in a constant speed maneuver (see Figure 25(a)). Note, however, 

that braking i~nd subsequent slowing of the vehicle cause a heading 

change at the completion of the steering maneuver. Rather than 

modify the steering waveform to produce a zero heading change, the 

steering and braking inputs were held fixed, so that the variation 

in path and other response elements indicate the traction parameters' 

influence. Whereas the vehicle performs a nominal lane change 

on a surface bit11 a high coefficient of friction when steering and 

braking are combined (see Figure 26 (a)), Figures 26 (b) and 26 (c) 

show that with a friction coefficient of 0.53 widely different tra- 

jectories depending on the corneri-ng and braking stiffness of the 

tires occur. 





It should be noted that the vehicle is not braked sufficiently 

hard t,o bring it to a complete stop at the completion of the steer- 

ing response. (Figure 27 shows that longitudinal velocity is re- 

duced only a little more than half, on both the high- and low- 

friction surface, at the completion of the steering response.) The 

longitudinal deceleration in this maneuver is approximately 0.3 g. 

On a surface of p o  = 0.53 , with this level of longitudinal decel- 
eration and the lateral. accelerations associated with the lane 

change the tires generate forces in the vicinity of their friction 

limit. - 
The failure of the vehicle to produce a lateral displacement 

on the lower-friction surface approximately equal to that achieved 

on the higher-friction surface, plus the failure to produce a zero 

heading change on the lower-friction surface, can be understood 

by examining the detailed time histories. Figure 27 shows a few 

of the pertinent details including differences in both response and 

in the total external tire forces generated on the high- and moderate- 

friction surfaces. When po = 1.05, the yawing velocity response 

is reasonably symmetrical, like that obtained when no braking occurs 

(see Figure 24). Further, the total lateral tire force, F 
Y '  

follows the waveform of the input brake torque. For the same tire 

stiffnesses, but with uo reduced from 1.05 to 0.53, the initial 
peak braking input causes the wheels to spin down, as shown by the 

time history of longitudinal slip, s , for the left front tire. 1 
During the short interval in which the longitudinal slip is high, 

the total lateral force output of the four tires is reduced to a 

very small value and the yaw rate of the vehicle fails to build up 

as occurs on the high friction surface. The yaw velocity response 
and the time history of F become asymmetrical, resulting in 

Y 
(1) highly modified lateral displacement trajectories, and (2) 

variable headings at the completion of the maneuver. The failure 

of the total longitudinal force, Fx , t o  follow the trace of the 

applied b r a k c  torque, when u o  = 0.53, indicates that the tires 
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are operating at their friction limit during that period in which 

peak brakc torque occurs, It can be concluded that the open-loop 
0 

response in n Ianc-change and stop maneuver is very much dependent 

on the frictional demands placed on the available surface, and 

that the motion response is a sensitive function of tire stiffness 

when the frictional demands are high. For the particular combina- 

tion of control inputs and friction level used in this study 

(pO = 0 . 5 3 ) '  increased cornering stiffness and decreased braking 

stiffness produce an increased lateral displacement in a lane-change 

and stop maneuver. 
- 



5. SUMMARY AND CONCLUSIONS 

5.1. SUMMARY OF RESULTS 

A theoretical study has been performed to investigate the 

influence of mechanical characteristics of pneumatic tires on the 

behavior of an automobile undergoing maneuvers requiring the tires 

to produce combined longitudinal and lateral forces. The analysis 

emphasized the characterization of the traction mechanics of the 

pneumatic tire, rather than the exact representation of the mech- 

anics of the automobile. In spite of this, the model developed 

to represent the vehicle on an analog computer constitutes a simu- 

lation of substantial complexity. 

The simulation model was specifically designed to study the 

dynamic response of a motor veh.icle operated at, or near, the 

"limit" imposed by the frictional couple at the tire-road interface. 

Given this objective, it was considered necessary that the vehicle 

mechanics representation take account of the wheelst rotational 

degrees of freedom. In this respect, the model developed constitutes 

an extension of the vehicle simulation art. For maneuvers of low 

and moderate severity (i.e., maneuvers in which no "skidding" occurs), 

results of both steady-state and dynamic trajectory simulations 

are in excellent agreement with results obtained from previously 

developed models. Vehicle testing is required, however, to evaluate 

the simulation's accuracy in predicting "skidding" behavior when 

one or more wheels lock. 

For the purposes of this study, it was necessary to represent 

mathematically the dependence of tire-traction components on (1) 

the kinematic variables associated with the tire's rollinglsliding 

motion and (2) the mechanical properties of the tire. No existing 

representation of sufficient generality was available. Further, 

available experimental data on tire-traction characteristics by no 

means constituted an adequate base for a strictly empirical deter- 

mination of the required relationships, Within this context, a 



theoretical analysis was undertaken of the shear-force mechanics 

of a pneumatic tire operating with combined side and longitudinal 
4 

slip. Expressions for the longitudinal and lateral components of 

the traction force were derived. The rationale of the analysis was 

extremely pragmatic, and a number of bold assumptions were made in 

the interest of reducing mathematical complexity. Nevertheless, 

the results derived constitute a tire-mechanics model that agrees 

qualitatively with available experimental data, and represents the 

complicated phenomena of influence concisely in terms of a limited 

number of basic parameters. - 
Because of the lack of established criteria for evaluating 

the control quality of a tire-vehicle system, the interpretation 

of vehicle simulation results in terms of the relative merits of 

alternate system configurations is a very difficult task. The "lack 

of criteria problem1' was more or less sidestepped in this study, 

by considering a number of open-loop vehicle maneuvers, and merely 

examining the influence on the vehicle responses of realistic 

variations in the values of three tire parameters, (1) the 

lateral stiffness, C a  , (2) the longitudinal stiffness, Cs , and 
(3) the nominal coefficient of tire-road interface friction, uo . 
It was assumed that the four vehicle tires had identical properties. 

The significant findings for each of the open-loop maneuvers 

considered are summarized in the following sections. 

5.1.1. STEADY-STATE TURNING. Nonlinear tire mechanics pro- 

duce steady turning response characterized by increased under- 

steer with increased thrust, until a thrust level is reached at 

which the effect reverses. This phenomenon is accentuated by high 
values of C or (to a lesser extent) C a a s 

Equilibrium speed in a steady turn established by a given 

thrust and steer angle is a monotonically increasing function of 

both Ca and CS . 



For a given thrust and steer angle, steady turning capability 

(measurcd in terms of the centripetal acceleration produced) in- 

creases with increasing values of C a  . This finding holds for 

all drive-torque values up to the equilibrium turn limit. Turning 

capability does not decrease in direct proportion to decreases in 

the friction coefficient uo , i.e., cornering efficiency (peak 

value of 'r ) decreases with increases in po 
(over the range 

studied) . 'og 

5.1.2, BRAKING FROM A STEADY TURN. In this maneuvler, high 

values of two response variables, (1) change of path curvature, 

and (2) sideslip angle, are considered to reflect poor quality of 

performance. Based on these criteria, the simulaticn results indicate 

that superior performance is achieved with (1) high values of C a  

and (2) low values of Cs . The effects of the stiffness variables 

are accentuated at high values of 
po . Poor performance in this 

maneuver is generally associated with wheel slowdown to lockup, or 

near lockup, conditions. 

5.1.3, TRANSIENT STEERING RESPONSE AT HIGH LATERAL ACCELERATIOS. 

Because of nonlinear tire characteristics, a vehicle's directional 

response to a given steer input depends strongly on its initial 

trim condition. The more severe the initial trim state (i.e., the 

nearer the tires are to operating at the friction limit), the more 

pronounced is the difference in response from that associated with 

variations from straight running conditions. 

Response to a short (4") ramp of steering input from an initial 

steady turn trim condition (with no change in drive torque) is 

characterized by (1) a. rapid yawing velocity response analogous to 

the response mode of a constant-speed vehicle, (2) the achievement 

of a pseudo-steady-state condition (a non-linear function of initial 

trim), and then (3) a very slow transient stage during which the 

vehicle slows to a new trim velocity, and the yawing velocity con- 

sequently increases because of the vehicls's understeer characteristic. 



The initial short. period oscillation tends to persist on a lower 

friction surface and is aggravated by reduction in either C or a 

5.1.4, COMBINED LANE CIIANGING AND BRAKING MANEUVERS. Vehicle 

response in combined lane changing and braking maneuvers is very 

much dependent upon the frictional demand placed on the pavement 

surface. When the frictional demand is high (i.e., when the resul- 

tant tire shear forces approach a value equal to the product of 

the tire-road friction coefficient and the dynamic vertical tire 

load), the motion response is a sensitiee function of tire stiff- 

ness properties. At the lower interface-friction level considered 

here ( v o  = 0 . 5 3 ) ,  lateral displacement per unit steer input (for 

a given level of braking) increases with increasing values of Ca 
and decreasing values of CS . 

5.2. CONCLUDING REMARKS 

The results summarized above represent only a beginning in 

the general study of the relationships between tire-traction pro- 

perties and the pre-crash safety of a motor vehicle. As a starting 
point for further investigation they raise a number of important, 

as yet unanswered, questions. 

The most compelling of these questions fall within the domain 

of the experiinentalist. The tire-mechanics model presented here 

agrees qual-itatively with the very limited relevant experimental 

data available. In order to precisely assess the quantitative vali- 

dity of the model, however, a considerable base of appropriately 
structured and accurately measured tire shear force data is required 

To evaluate the accuracy of the vehicle simulation model in 

predicting skidding and near-skidding maneuver responses, it will 
be necessary to conduct vehicle response tests. Experimental counter- 
parts of the maneuvers performed on the computer in this study would 

be appropriatc for this purpose. 



In a marc theoretical vein, a great deal of research is 

certainly needcil to formulate basic criteria for assessing vehicle 

control quality from a safety point of view. Pending the develop- 

ment of such criteria, however, it appears profitable to continue 

to perform pragmatic simulation studies such as the one just com- 

pleted. In particuler, it would be of interest to investigate the 

effects associated with the operation of tires with unequal pro- 

perties, and to study the influence of variations in tire and vehicle 

parameters other than C a p  CS, and p,  . 
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a d d i t i o n  t o  t h e  a u t h o r s )  o f  Mr, P .S .  C a r r o l l ,  Dr, R . L .  H e s s ,  Dr, 

J.W. M e l v i n ,  and Dr. R . G ,  h i o r t imer ,  a l l  of  t h i s  I n s t i t u t e ,  We 

w i s h  t o  t h a n k  a l l  o f  t h e s e  gen t l emen  f o r  t h e i r  t i m e  and e f f o r t ,  

We a l s o  would l i k e  t o  acknowledge t h e  g e n e r a l  a s s i s t a n c e  o f  >lr, 
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r e t u r n e d  t o  h i s  work a t  t h e  Toyota  blotor Co . ,  L t d , ,  o f  J a p a n ,  
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i s o n  p u r p o s e s  was made a v a i l a b l e  t o  HSRI by t h e  O f f i c e  o f  Resea rch  

and Development o f  t h e  Bureau  o f  P u b l i c  Roads .  Thanks a r e  due t o  

Mess r s  C a r l  F .  I z z a r d  and John  E i c h e r  o f  t h a t  o f f i c e ,  and Mr, 

R ,  R .  McHenry o f  C o r n e l l  A e r o n a u t i c a l  L a b o r a t o r y ,  f o r  h e l p i n g  t o  

a r r a n g e  t h i s ,  



APPENDIX A 

A TIRE MECHANICS MODEL FOR TIIE CASE OF 

COMBINED SIDE AND LONGITUDINAL SLIP 

The development which follows is directly derivative of 

the classic analysis of the freely rolling tire due to Fiala [9]. 

In many respects, however, it is less rigorous; several as- 

sumptions made here in the interest of mathematical simplicity 

represent masked relaxations of the theoretical precision of 

the earlier work. Each of these simplifications will be care- 

fully pointed out. Refinement of the analysis .through elim- 

ination of the various simplifications is regarded as manifestly 

appropriate for subsequent applications wherein greater accu- 

racy may be required. 

The derivation is based on an idealization of the tire- 

road contact region geometry as shown in Figure A-1. The tire 

is considered to have zero inclination angle; the effects of 

inclination on the forces produced are accounted for approx- 

imately through the introduction of an "equivalent slip angle" 

which is a function of the inclinaticn angle and the tire's 

camber stiffness. This approximation, a departure from the 

Fiala analysis, is discussed in detail at a later point in the 

development. 

Line 0 - 1 - 2  (Figure A-1) is the longitudinal centerline 

of the tire-road contact patch. The 5-rl ground plane coord- 
inate system has its origin at point 0, the tread touchdown 

point, with the 5 axis passing through point 2, the tread 

liftoff point. Line 3-4 is the longitudinal centerline of 

the tire carcass. Each point on the carcass centerline is 

assumed to be elastically connected to the tread (line 0-1-2) 



FIGURE A-1. TIRE-ROAD CONTACT REGION GEOMETRY 



through orthogonal "springs" producing independent forces in 

the 6 and q directions. Thus a point on the tread follows 
0 

the path of the carcass so long as no shear force acts on it; 

in particular, points 3 and 4 lie on vertical lines passing 

through points 0 and 2,respectively. 

In the original Fiala analysis, the configuration of the 

carcass centerline, line 3-4, is derived by assuming it to 

behave as an elastically supported beam subjected to a point 

(lateral) load at its center. The resulting infinite series 

is approximated by a parabola. In the present analysis, we 

make the more arbitrary assumption that the carcass centerline 

deformation may be approximated by a constant; thus line 3-4 

lies in the vertical plane passing through the 5 axis (see 
Figure A-1). The validity of this rather bold assumption 

can only be assessed from a practical standpoint on the basis 

of such comparisons with experiment as in Section 2 of this 

report. 

Point 1 of the tire tread centerli.ne represents the "slid- 

ing boundary"; points on the tread forward of point I (line 

segment 0-1) adhere to the ground surface without sliding. 

At point 1, the elastic stresses due to tread deformation reach 

a value corresponding to the tire-road shear stress limit and 

the rubber begins to slide relative to the ground. Accordingly 

the shear deformation along line segment 1-2 is a function of 

the local sliding friction potdntial, dropping off monoton- 

ically towards a zero value at the tread liftoff point, point 

2. 

Figure A-2 is a sketch depicting the hypothesized deforma- 

tion condition prevailing at a typical point P ( E , q )  on the non- 
sliding segment (0-1) of the patch centerline. The longitudinal 

coordinate of point P is equal to the product of the tire's 

longitudinal vclocity (u 1 and the time interval, At, from the 
w 

instant wllen P entered the patch at 0 to the instant pictured, 



FIGURE A 2 .  STRAIN CONDITION IN NON-SLIDING 
PORTION OF CONTACT PATCH 
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l 'he maximum allowable total shear stress at any point in 

the centact patch is determined by the tire-road shear stress 

limit, nmax The limit, omax , varies over the contact patch. 
One of the main factors determining omax is the normal pressure 

distribution over the contact patch. For simplicity, we will 

assume here that the pressure is uniform over the patch, with its 

value given by 

Z 
is the normal load on the tire, 2 R  is the length of the 

contact patch, and w is the width of the contact patch. 

This approximation is fairly realistic except at the edges 

of the patch. The tire-road shear stress limit accordingly is 

given by 

where p is the coefficient of friction at the interface. (The 

quantity p will be discussed later,) 

Using equation A-8, we can determine the position of the 

sliding boundary point (point 1 in Figure A-1), where the re- 

sultant elastic deformation stress just equals the tire-road shear 

stress limit, i.e., where 

Let 5, denote the longitudinal coordinate of the sliding bound- 

ary point. Then, substituting into equation A-9 from equations 

A - 4  and A-5, we obtain 

uIF,I 2 2 - P / 2  
5 ,  = z e w  [(Kxs) + (K tan a:) ] 

Y 



Let t,' denote t h e  longitudinal coordinate of the point 
S 

on the tire carcass associated with point 5s , as per Figure 
A-2. Then, from equation A-3 

(A- 11) 

In order that we may be able to simply compute the resultant 
tire shear forces by closed-form integration, we assume that the 

actual deformation field of the sliding portion of the contact 

patch may be approximated by a uniform deformation. Although 

compatible with the assumption of a uniform normal pressure dis- 

tribution, this approximation is obviously considerably in error 

at points in the rearmost portion of the contact patch (see Figure 

A-1). In keeping with the pragmatic philosophy of the ainalysis, 

we will not attempt to defend it on any grounds other than it 

appears to produce answers which are reasonable. 

Based on the assu.med form of the contact patch deformation 

field, we may compute the values of the longitudinal and lateral 

tire shear forces, Fg and F , respectively, as follows: 
n 

where, from equations A-3 and A-4, 

o [ C P )  = 5 Kxs 5; 

1-s ' for 5' > 5; 



and 

where, from equations A-3 and A-6, 

K tan a 5; 
- A  

1 - s for 5' > 5; 

Note that the stress distribution is assumed to be uniform with 

respect to the contact patch width. Thus 

2kLwKxs 

1-s for 5; 2 - 2L (no sliding in the patch), 

(A- 12) 
9 

2kwKxs5; wKXs (5;) ' 
- for E ;  < 2L , 1-s 2 t1-s) 

-2kLw K tan a 
for [ #  2 2!L (no sliding in the patch), 1-s S - 

(A- 13) 

-2kw K tan a 5; wK tan a (5;) 2 .. 
+ +d.EI - - - -  , for 5; < 2L . 

1 - s 

The derived results can be written more concisely in terms 

of the following auxiliary variables 

2k" w K tan a 



(A- 15) 

(A-16) 

- 
Note that the variable sR may be considered to constitu.te a 

- 
"resultant normalized slip vector," whose components are a 

- 
and s . 

Equations A-14, A-15, and A-16 may be used together with 

equation A-11 to rewrite equations A-12 and A-13 in the form 

where 

Note from equations A-16, A-17, and A-18 that the quantity 

represents the resultant shear force exerted at the tire-road 

interface. 
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Similarly, by considering the case s=o , we may show that 
equation A-14 is cyui.valent to 

( A -  2 5 )  

The tire-road friction coefficient, p , is known to be a 
function of sliding speed and normal pressure, as well as a host 

of quantities describing the material and geometric properties 

of the road surface and any interface contaminants 1 4 5 1 .  For 

the purposes of this study, by far the most important of these 

effects is that due to speed. On the basis of some very limited 

experimental data due to Krempel [Is], it appears that this effect 

can be approximated by a simple linear equation of the form 

where Vs , the "total sliding velocity," is given by 

2 1 / 2  Vs = U  [ s 2  + (tana) ] w 

(A-  2 6 )  

( A -  2 7 )  

The implications of the assumed form of the friction/speed relation 

are discussed in some detail in the main body of the report. 

The influence of tire inclination, i.e., camber angle, remains 

to be taken into account. This is done on the basis of ,an "equi- 

valent slip angle" approximation derivative of the work of 

McHenry, et a]., [ 3 7 ] .  For the application of refererice [ 3 7 ] ,  very 

large camber angles were studied; for the vehicle maneuvers con- 

sidered here, the camber angles are small, Thus we have used a 

much simpler (linear) expression for the equivalent slip angle 

than employed previously, viz., 



where C* the "relative camber stiffness," is an empirically 
Y 

derived property of the tire. 

The total slip angle (i.e., the value to be employed for 

computing the tire forces as per equations A-20 and A-21) is 

given by 

where a. is the slip angle as defined by usual convention ( c . f . ,  

Figure 1 and equation B-30). 



APPENDIX R 

4 THE VEHICLE MECHANICS MODEL 

This  appendix i n c l u d e s  a  d e t a i l e d  d e s c r i p t i o n  of a l l  a s p e c t s  

o f  t h e  v e h i c l e  s i m u l a t i o n  model e x c l u s i v e  of  t h e  t i r e  mechanics 

r e p r e s e n t a t i o n  p r e s e n t e d  i n  Appendix A .  

Veh ic l e  Motion Equat ions  

The motion o f  t h e  v e h i c l e  i n  t h e  h o r i z o n t a l  p l a n e  i s  d e s c r i b e d  

i n  terms of v e l o c i t y  components <n a  body f i x e d  x - y - z  c o o r d i n a t e  

system w i t h  o r i g i n  a t  t h e  v e h i c l e  c e n t e r  of g r a v i t y  ( see  F igure  

I ) ,  A p p l i c a t i o n  of  Newton's second law f o r  f o r c e s  a long t h e  x 

and y  axes and moments about  t h e  z - a x i s ,  r e s p e c t i v e l y ,  y i e l d s  

m i s  t h e  mass of t h e  v e h i c l e ,  I  i s  i t s  yaw moment of i n e r t i a ,  

Fx i s  t h e  t o t a l  l o n g i t u d i n a l  f o r c e  on t.he v e h i c l e ,  F  i s  t h e  
Y 

t o t a l  l a t e r a l  f o r c e  on t h e  v e h i c l e ,  and T i s  t h e  t o t a l  t o r q u e  

a p p l i e d  t o  t h e  v e h i c l e  about  t h e  v e r t i c a l  (z)  a x i s  through i t s  C G ,  

Applied Forces and Moments i n  t h e  H o r i z o n t a l  P lane  

The e x t e r n a l  f o r c e s  c o n s i d e r e d  t o  a c t  on t h e  v e h i c l e  i n  t h e  

h o r i z o n t a l  p l a n e  a r e  i l l u s t r a t e d  i n  F igure  B - 1 ,  Thus 
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FIGURE B1. V E f l I C L E  GE'OMETKY 



Note t h a t  we have n e g l e c t e d  t h e  e f f e c t s  of  t i r e  a l i g n i n g  t o r q u e s  

i n  e q u a t i o n  B - 0 .  The t i r e  f o r c e  components a long t h e  v e h i c l e  

axes  a r e  computed from t h e  r e s u l t s  of t h e  t i r e  mechanics model 

c a l c u l a t i o n s  ( e q u a t i o n s  A-20 and A-21) by a p p l i c a t i o n  o f  t h e  

f o l l o w i n g  c o o r d i n a t e  t r a n s f o r m a t i o n  e q u a t i o n s :  

F = y i  Fxwi s i n  6 i  + F ywi c o s  d i  . 

The a n g l e  6i i s  t h e  s t e e r i n g  a n g l e  of  t h e  i th wheel .  For t h e  
- 

f r o n t  w h e e l s ,  d i  i s  de te rmined  by t h e  s t e e r i n g  a n g l e  6Fw 

( s e e  e q u a t i o n  B - 2 3 ) .  For  t h e  r e a r  w h e e l s ,  6 i  . i s  g i v e n  by t h e  

r e a r  a x l e  r o l l  s t e e r  a n g l e  tirs ( s e e  e a u a t i o n  B-31 ) .  

The aerodynamic d rag  f o r c e ,  FD , i s  computed from 

where CD i s  t h e  v e h i c l e ' s  aerodynamic d r a g  c o e f f i c i e n t ,  p i s  
3 t h e  mass d e n s i t y  o f  t h e  ambient  a i r  ( t a k e n  a s  $ 0 0 2 3 8  s l / f t  ) and 

AD i s  t h e  c r o s s - s e c t i o n a l  ( f r o n t a l )  a r e a  o f  t h e  v e h i c l e .  

T i r e  Normal Loads 

The t i r e  normal l o a d s  dcpend upon t h e  s t a t i c  l o a d i n g  of t h e  

v e h i c l e  and t h e  dynamic l o a d  t r a n s f e r  accompanying a c c e l e r a t e d  

v e h i c l e  mot ion ,  As n o t e d  i n  t h e  main body o f  t h e  r e p o r t ,  t h e  

c u r r e n t  model makes use  of a  q u a s i - s t a t i c  approx ima t ion  t o  accoun t  

f o r  t h e  dynamic l o a d  t r a n s f e r  e f f e c t ,  The r o l l .  a n g l e  o f  t h e  sprung 

mass ,  4 , i s  e s t i m a t e d  from 



where I < r m  i s  t h e  r e a r  r o l l  s t i f f n e s s  and K f m  i s  t h e  f r o n t  

r o l l  s t i  Efncss .  Superpos ing  t h e  l o a d  t r a n s f e r  components,  f r o n t  
4 

and r e a r ,  due  t o  t h i s  r o l l  a n g l e  upon t h e  ( q u a s i - s t a t i c )  l oad  

t r a n s f e r  due t o  p i t c h i n g  [ c . f . ,  4 4 1  g i v e s  

(B-12) 

(B-  13 )  

Wheel R o t a t i o n  Dynamics 

The c o o r d i n a t e  sys tem employed t o  d e s c r i b e  t h e  dynamics o f  

t h e  ith wheel i s  shown i n  t h e  s k e t c h  below. 

w and T i  i 



Note t h a t  t h e  wheel r o t a t i o n a l  v e l o c i t y  i n  t h i s  s y s t e m ,  w i  , i s  

t h e  n e g a t i v e  of t h e  s p i n  v e l o c i t y  S1 i d e f i n e d  i n  t h e  main body 

o f  t h e  r e p o r t  ( s e e  F i g u r e  1) .  A p p l i c a t i o n  of  Newton's second law 

f o r  moments abou t  t h e  wheel s p i n  a x i s  y i e l d s  

0 

'wy 'i = T. + F ( R - 6  . )  - Fzixzi - C . w  
1 xwi 7.1 w i  i 

( B -  15)  

=wv i s  t h e  moment of i n e r t i a  of t h e  r o t a t i n g  p a r t  of t h e  wheel 

abbu t  t h e  s p i n  a x i s  o f  t h e  w h e e l ,  oi  i s  t h e  a n g u l a r  v e l o c i t y  of  

t h e  w h e e l ,  T i  i s  t h e  b r a k e  t o r q u e  a p p l i e d  t o  t h e  whee l ,  Fxwi  
- 

i.s t h e  l o n g i t u d i n a l  t i r e  f o r c e  i n  t h e  wheel p l a n e ,  R i . s  t h e  

u n d e f l e c t e d  r a d i u s  of  t h e  t i r e ,  6 z i  i s  t h e  amount of v e r t i c a l  

t i r e  d e f l e c t i o n ,  FZi i s  t h e  normal l o a d  on t h e  t i r e ,  x  z 1 . i s  

t h e  amount of l o n g i t u d i n a l  o f f s e t  of t h e  c e n t e r  of v e r t i c a l  p r e s -  

s u r e  from t h e  wheel c e n t e r ,  and Cwi i s  t h e  wheel damping c o e f f i -  

c i e n t ,  

The v e r t i c a l  t i r e  d e f l e c t i o n  i s  computed from an e m p i r i c a l  

e q u a t i o n  , 

- 6 Z i  - C Z i  ( - F Z i )  + , 0 3 3  R , ( B -  1 6 )  

where C Z i  t h e  v e r t i c a l  d e f l e c t i o n  r a t e  o f  t h e  t i r e ,  i s  an 

e m p i r i c a l l y  de termined p r o p e r t y  o f  t h e  t i r e ,  The l o n g i t u d i n a l  

o f f s e t  o f  t h e  c e n t e r  of  v e r t i c a l  p r e s s u r e  i s  computed from 

where Cxi  t h e  " v e r t i c a l  f o r c e  o f f s e t  r a t e , "  i s  a l s o  de te rmined  

e m p i r i c a l l y ,  The form o f  e q u a t i o n  R-17 was s u g g e s t e d  b y  some v e r y  

l i m i t e d  exper in len ta l  d a t a  g i v e n  by Goodenow, e t  a l .  [ I l l .  



The r e p r e s e n t a t i o n  o f  t h e  s t e e r i n g  sys t em i s  l a r g e l y  d e r i -  

v a t i v e  o f  t h e  model developed i n  [ I ] .  The i n p u t  t o  t h e  sys tem i s  

6 '  
S W  

, t h e  s t e e r i n g  wheel a n g l e  d i v i d e d  by t h e  s t e e r i n g  r a t i o .  The 

degree  o f  freedom a s s o c : i a t e d  w i t h  t h e  s t e e r i n g  wheel i n e r t i a  i s  n o t  

i n c l u d e d .  The f r o n t  wheel s t e e r  a n g l e s ,  61 and 6 2  , a r e  combined 

t o  o b t a i n  an  e f f e c t i v e  f r o n t  wheel a n g l e ,  6Fw , where : 

E q u a t i o n  B-18 r e p r e s e n t s  a  r e a s o n a b l e  way o f  combining t h e  s t e e r  

a n g l e s  t o  approximate  t h e  s t e e r i n g  d e f l e c t i o n s .  The moment, Ms , 
on e i t h e r  o f  t h e  f r o n t  wheels  due t o  t h e  s t e e r i n g  compl iance ,  KS5 , 
i s  g i v e n  by 

The e q u a t i o n  f o r  r o t a t i o n  o f  t h e  l e f t  f r o n t  wheel abou t  t h e  k i n g -  

p i n  i s :  

IFw 61 = M 
S 

K + AT1 -' ' ~ 1  ' Fxwl p ( B -  2 0 )  

I FW i s  t h e  wheel  moment o f  i n e r t i a  about  t h e  k i n g p i n ,  CF1 i s  
t h e  coulomb f r i c t i o n  i n  t h e  sys t em,  K i s  t h e  k i n g p i n  o f f s e t ,  and 

P  v 
AT1 i s  t h e  a l i g n i n g  t o r q u e .  The e f f e c t  of yaw a c c e l e r a t i o n ,  r , 
h a s  been  o m i t t e d  because  i t  i s  s m a l l ,  The e q u a t i o n  f o r  th.e r i g h t  

f r o n t  wheel  i s  

( B -  21) 



For s i m p l i f i c a t i o n ,  i t  i s  assumed t h a t  t h e  e f f e c t s  of  coulomb 

f r i c t i o n  can be approximated i n  terms o f  an " e q u i v a l e n t  v i s c o u s  
I 

damping" c o e f f i c i e n t  C F  , def ined  b y  

Then,  combining e q u a t i o n s  B - 1 9 ,  2 0 ,  and 2 2 ,  we have 

(B- 22) 

The a l i g n i n g  t o r q u e s  a r e  computed u s i n g  a  c o n s t a n t  pneumatic  t r a i l ,  

x The e q u a t i o n s  a r e :  
P 

(B-24) 

(B- 2 5 )  

T i r e  Kinemat ics  

The l o n g i t u d i n a l  and l a t e r a l  components of t h e  v e l o c i t i e s  

o f  each  wheel a r e  g iven  by ( s e e  F i g u r e  B-1) 

u l = u +  t r ,  

u 4 = u +  t r ,  

v 2 = v +  a r ,  

v 3 = v - b r ,  t (B- 26 )  



T h e  v e l o c i t y  components i n  t h e  wheel p l a n e  uwi, a r e  computed 

Prom t h e  nbovc u s i n g  t h c  followi.ng e q u a t i o n :  
4 

'wi = u  i cos 6 i  + V .  I. s i n  6 i ,  (B- 2 7 )  

where 6 i  i s  t h e  s t e e r i n g  a n g l e  o f  t h e  i th wheel ( see  n o t e  

a f t e r  e q u a t i o n  B -  8 ) ,  

The l o n g i t u d i n a l  s l i p  r a t i o ,  

(B- 2 8 )  

i s  computed u s i n g  u w i  from e q u a t i o n  B - 2 7 ,  i from e q u a t i o n  

B-15, and a  v a l u e  f o r  Re i  t h e  e f f e c t i v e  r o l l i n g  r a d i u s ,  e s t i -  

mated from 

(B- 2 9 )  

where J Z i  t h e  v e r t i c a l  t i r e  d e f l e c t i o n ,  i s  g i v e n  by  e q u a t i o n  

B-16. 

The t i r e  s i d e s l i p  a n g l e ,  a j  i s  g i v e n  b y  ( s e e  s k e t c h )  : 

( B -  30 )  

P f wheel heading  



As noted  i n  t h e  main body of t h e  r e p o r t ,  q u a s i - s t a t i c  

approx ima t ions  a r e  employed t o  account  f o r  wheel r o l l  - s t e e r  and 

camber e f f e c t s .  The r e a r  a x l e  r o l l - s t e e r  i s  g iven  by 

where Csll 9 t h e  r o l l - s t e e r  c o e f f i c i e n t ,  i s  an e m p i r i c a l l y  de -  

r i v e d  pa ramete r  o f  t h e  v e h i c l e ,  and t h e  sprung mass r o l l  a n g l e ,  

4 , i s  g iven  by e q u a t i o n  B-10, 

The camber ang le  of t h e  l e f t  f r o n t  wheel  yl i s  a  f u n c t i o n  
- 

o f  t h e  v e r t i c a l  d e f l e c t i o n  zl o f  t h e  wheel from t h e  c h a s s i s .  

The d e f l e c t i o n  of t h e  wheel depends upon bo th  p i t c h  and r o l l  of 

t h e  sprung mass.  The p i t c h  ang le  8 of  t h e  sprung mass i s  

approximated  by:  

(B- 32) 

where Kf i s  t h e  f r o n t  s p r i n g  r a t e .  The f r o n t  s u s p e n s i o n  d e -  

f l e c t i o n s  a r e  g iven  b y :  

( B -  33) 



- - 
The f r o n t  whccl  camber a n g l e s  a r e  f u n c t i o n s  o f  z 2  and z l  . 
These f u n c t i o n s  a r e  implemented i n  t h e  s i m u l a t i o n  u s i n g  d iode  

f u n c t i o n  g e n e r a t o r s .  The forms of t h e s e  f u n c t i o n s  a r c  shown 

be low:  

The v a l u e s  used  f o r  t h e s e  f u n c t i o n s  were o b t a i n e d  from t h e  i n p u t  

t a b l e  f o r  t h e  d i g i t a l  v e h i c l e  mechanics model developed by 

McHenry, e t  a l ,  [ 3 7 ]  , 

T r a j e c t o r y  Kinemat ics  

The motion e q u a t i o n s  ( B - 1 ) ,  ( B - 2 ) ,  and ( B - 3 )  a r e  s o l v e d  b y  

i n t e g r a t i o n ,  i , e . ,  



The a n g u l a r  o r i e n t a t i o n  o f  t h e  v e h i c l e  body axes w i t h  r e -  

s p e c t  t o  x ,  y -  axes  f i x e d  i n  t h e  e a r t h  i s  i l l u s t r a t e d  i n  t h e  

s k e t c h  be low:  

x i n e r t i a l  a x i s  / / x body a x i s  

I 

/ 
/ 

u Y > +  y i n e r t i a l  - a x i s  

--\ 
y  body axis%\  

The o r i e n t a t i o n  a n g l e  Y i s  t h e  r e s u l t  of t h e  v e h i c l e  r o t a t i n g  

away from i t s  o r i g i n a l  o r i e n t a t i o n  a n g l e .  S ince  t h i s  r o t a t i o n  t a k e s  

p l a c e  w i t h  a n g u l a r  v e l o c i t y  r , 



The conlponents of: t h e  v e h i c l e  v e l o c i t y  i n  t h e  body a x i s  

s y s t e m  u and v ,  a r e  r e s o l v e d  i n t o  t h e  e a r t h  a x i s  s y s t e m  by 

u s i n g  t h e  f o l l o w i n g  c o o r d i n a t e  c o n v e r s i o n s :  

( B -  3 9 )  

(B-  4 0 )  

The p o s i t i o n  o f  t h e  v e h i c l e  i s  o b t a i n e d  by i n t e g r a t i n g  t h e  

v e l o c i t i e s ,  Thus 

( B - 4 1 )  

(B- 4 2 )  



6 BRAKING EFFICIENCY SIMULATION 

The vehicle simulation was operated at various friction values. 

At each friction value the brake torque was increased until either 

a front wheel or a rear wheel locked up. The value of total tire 

force which would just avoid wheel lock was recorded. The results 

of the calculations are given in Figure Cl. The results for 

C s  = 20,000 lbslunit sl-ip compared to those for Cs = 5,000 lbs/unit 

slip show that decreasing C made about a 1% increase in the 
S - 

brake efficiency, F This is certainly not a significant x -- 
difference. P0mg 

peak 

Fx -- 

60-40 Brake proportioning 

u(o) = 90 ft/sec 

REAR L O C K U P  

C = 20,000 lbs/unit slip 
S 

Ibs/uni t slip 

FIGURE C1. BRAKE EFFICIENCY, C s  I N F L U E S C E  



SYMBOLS 

cross-sectional area 

CS 

C 
SF 

' w i  

'x i  

'zi 

C a 

C 
Y 

C *  
Y 

friction reduction factor (see eq,uation 10) 

tire aligning torque 

distance, center of gravity to front axle 
of vehicle 

distance, center of gravity to rear axle 
of vehicle. 

aerodynamic drag coefficient 

equivalent viscous steering damping 
coefficient (see equation B-22) 

steerin system coulomb friction associated 
with I. 'fh wheel 

tire traction stiffness (see equation 14) 

rear roll steer coefficient 

wheel damping coefficient 

tire vertical force offset rate 

tire vertical stiffness 

tire cornering stiffness 

tire camber stiffness 

relative camber stiffness 

aerodynamic drag force 

magnitude of tire shear force vector 

total longitudinal force from tires 

tire force along forward body axis 

longitudinal tire force in the wheel 

total lateral f o r c e  from tires 

plane 



tire force along lateral. hody axis 

tire force normal to wheel plane 

normal load on the tire 

acceleration of gravi-ty 

center of gravity height 

yaw inertia 

wheel moment of inertia about kingpin 

wheel inertia about wheel spin axis 

index for tires, 1 means left front, 
2 means right front, 3 means right rear, 
4 means left rear 

front spring rate 

front roll stiffness 

kingpin offset 

rear roll stiffness 

steering stiffness 

tire longitudinal deflection constant 

tire lateral deflection constant 

contact patch half length 

steering moment 

aligning torque 

vehicle mass 

normal pressure in contact patch 

nominal tire radius 

effective radius 

rolling resistance 



yaw rate 

longitudinal slip ratio 

normalized slip (see equation A-24) 

total normalized slip (see equation A-16) 

yaw moment about vehicle center of gravity 

brake torque applied to the wheel 

drive torque applied to the wheel 

wheel torque - 
half tread 

forwa..sd velocity of vehicle cg 

wheel center longitudinal velocity 

wheel center velocity component in the 
wheel plane 

total velocity 

sliding velocity 

lateral velocity of vehicle cg 

wheel center lateral velocity 

tire tread width 

longitudinal inertial coordinate 

x inertial velocity 

tire pneumatic trail 

amount of longitudinal offset of the center 
of vertical pressure from the wheel center 

lateral inertial coordinate 

y inertial velocity 

suspension deflections 

static suspension deflection 



slip angle 

modified slip angle which includes a 
contribution due to camber angle 

normalized slip angle 

equivalent slip angle for camber 

camber angle 

increase of steer angle input 

front tire steer angle 

tire steer angle 

rear axle roll steer angle 

steering input 

amount sf vertical tire deflection 

contact patch lateral coordinate 

pitch angle 

friction coefficient 

nominal coefficient of friction' at zero 
velocity 

contact patch longitudinal coordinate 

carcass longitudinal coordinate 

Pongitudinal coordinate where sliding begins 
in contact patch 

mass density of air 

tire-road shear stress limit 

tire longitudinal shear stress 

tire lateral shear stress 

roll angle 



orientation angle 

wheel spin veloci-ty 

spin velocity of freely rolling tire 

angular velocity of the wheel 

tire longitudinal force 

tire lateral force 
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