
View-Factor Approach as a Radiation Model
for the Reentry Flowfield

Daniil A. Andrienko∗

University of Michigan, Ann Arbor, Michigan 48109

Sergey Surzhikov†

Institute for Problems in Mechanics, 119526, Moscow, Russia

and

Joseph Shang‡

Wright State University, Dayton, Ohio 45435

DOI: 10.2514/1.A33305

An accurate and efficient radiation transfer model, based on the view-factor approach, is proposed for the reentry

flowfield. The radiation transfer equation is coupled to the gasdynamic system of equations in order to describe the

energy transfer in the absorbing and emitting air plasma in two-dimensional axisymmetric and three-dimensional

geometries. A newly derived semi-analytical expression for the radiative flux density dramatically simplifies the

calculation of the spectral and integral characteristics of the radiation flowfield in the axisymmetric geometry. The

comparison with the ray-tracing method and tangent slab approximation revealed an asymptotic accuracy of

radiation flux density.

Nomenclature

A = surface of element
F, E = incomplete elliptic integral of first and second kind
J = spectral intensity of radiation
Jb = spectral intensity of the black body
T = attenuation factor
V = volume of element
W = radiation flux density
κν = absorption coefficient
τ = optical thickness

Subscripts

i, j = indices of gasdynamic grid
ν = spectral index

I. Introduction

S UPERORBITAL reentry experiments [1–3] have revealed a
significant contribution of radiation transfer into the total heat

flux on the surface of a space vehicle. At the same time, a large
number of studies that deal with the problem of an accurate and
efficient simulation of radiation transfer have been published over the
past decades. However, the problem of radiation transfer in the
nonequilibrium gas, heated by a shock wave, is not yet completely
solved. One of the possible reasons for this is a strong dependence of
radiation properties from chemical composition and thermodynamic
state of high-temperature gas. Another factor that complicates the
numerical simulation of radiation transfer is the mathematical com-
plexity of the radiation energy conservation equation. The integral
radiation intensity depends on the spatial and angular coordinates as

well as on the wavelength. These problems make the numerical
simulation of radiation transfer very prohibitive in multidimensional
geometries.
An efficient and accurate model of radiation transfer is currently a

very desirable item in aerothermodynamics. Until recently, the
tangent slab (TS) approximation [4] was generally used to evaluate
the radiation flux incident on the heat shield of a space vehicle, while
the radiation heating of the leeward surface was often neglected due
to its relatively small contribution and the inaccuracy of the TS
approximation for nonshock flows. With increasing computational
resources, the ray-tracing method (RTM) became available [5]. One
of the important advantages of the RTM is the accurate description of
radiation flux for the entire flowfield [6,7]. However, the RTM is
computationally expensive, especially in multidimensional geom-
etries. Another disadvantage of the RTM is a necessary approxi-
mation of the computed flowfield on the tracing ray, involving an
algorithm of the nearest neighbor search (NNS). This approximation
is required evenwhen no estimation of optical thickness of the tracing
ray is required. While a significant effort must be spent to obtain a
high-quality, artifact-free flowfield that captures a shock wave [8],
inaccurate approximation may compromise the overall accuracy of
the radiation transfer model.
On the other hand, the spherical harmonics method [9] offers a

relatively simple and efficient way to account for the multi-
dimensional radiation transfer utilizing the same mesh, used for the
solution of gasdynamic equations. Recently, the P1 approximation
was successfully applied to develop a two- and three-dimensional
model of radiation transfer for the entry of a Martian probe [10,11].
While the reasonable agreement with the RTM was achieved, the P1

approximation was found to give inaccurate results in the optically
transparent gas.
Among other radiation transfer models, the view-factor (VF) ap-

proach can be used to access the heat flux on the surface of a space
vehicle. This approach, also known as the zonal method, was origi-
nally proposed in [12] to account for the radiation energy exchange
between isothermal elements separated by an absorbing and emitting
media. The key idea of the VF approach is to establish the parameter
of visibility between the elements participating in the radiative
energy exchange. In the case of nonparticipating media, the visibility
parameter simply equals to the fraction of the solid angle at which
the emitting element is observed by the receiving element. Hence, the
visibility parameter is often referred to as a VF. When the media
between exchanging elements has its own radiative properties,
the attenuation of radiation is often included in the definition of the
VF. The latter can be established for the surface-to-surface,
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volume-to-surface, and volume-to-volume types of energy exchange
[13], regarding the particular geometry. This paper concentrates on
the second of three cases, which takes place when the surface of a
space vehicle is heated by the shock flowfield.
TheVF approach is an efficient tool to determine the radiation flux

or temperature in the multidimensional radiating enclosure. The
indisputable advantage of this method is the possibility to derive the
VF in the closed form for some geometric configurations. A com-
prehensive review of some analytical formulas is given in [14]. One
should note that the VF approach generates an asymptotically ac-
curate solution; hence, thismethod should be considered as one of the
few that can be applied in the wide range of input parameters and
demonstrate high efficiency and accuracy.
However, the VF approach has attained little attention in aero-

thermodynamics. The use of the VF approach under the assumption
of optically transparent media between the shock layer and the
surface of a space vehicle is performed in [15,16]. Radiation heating
rates were obtained for the Titan Aeroshell NASA mission [17]. It is
shown that the VF approach is generally more accurate than the TS
approximation. The latter severely overestimates the radiation heat-
ing rate at the shoulder of the heat shield. Improvement of the
accuracy is contrasted to the increased cost of the radiation transfer
model by a factor of two orders of magnitude. The main reason for
this is that no attemptwasmade to obtain an expression for theVF in a
closed form.
Meanwhile, efficiency is a crucial aspect of a radiation transfer

model. The state-of-the-art calculations of spectral and integral
characteristics of radiation field in a shock-heated gas at temperatures
of a few tens of thousands degrees involve millions of integration
points on the wavelength scale. These calculations are often referred
to as the line-by-line optical model [18]. Taking into account that the
integration over the angular and spatial coordinates is also required,
the computational efficiency of the radiation transfer model becomes
a vital element. However, in some cases, there is no need for an
excessive accuracy of the spectralmodel, because the nonequilibrium
model of chemically reactive gasmay also contain a large uncertainty
[19]. An alternative approach, used in the present paper, is to divide
the spectral range into a number of intervals of nonuniform length and
perform an averaging of optical properties within each interval.
Previously, this approach has been successfully applied to resolve
spectral radiation heating in a number of space missions [10,20,21].
The present paper extends the VF approach to the problem of

radiation transfer during the flight in Earth atmosphere. The VF
approach is investigated in the air plasma, generated in the vicinity of
theRAM-C II reentry probe [22]. This choice of a flight experiment is
due to the verified applicability of the multitemperature model to the
reentry flow at moderate velocities [23]. The radiation flowfield is
treated from the two- and three-dimensional points of view, although
the reentry of the probe occurred with the zero angle of attack. This is
done to access the accuracy and efficiency of the VF approach in
multidimensional geometries.
An important novelty of the present research is the closed analyt-

ical relations for the spectral radiation flux density on the surface of
space vehicle in the axisymmetric geometry. Although it can be done
only assuming an optical transparent gas, these computational relax-
ations demonstrate an asymptotically accurate and extremely effi-
cient way of estimation of the radiation flux. This method can be
incorporated in the spectral model of any complexity and used for
the estimation of radiation flowfield at high altitudes, when the
absorption of radiation is generally insignificant. The VF approach is
compared with the ray-tracing and TS methods. The radiation
transfer model is applied to the flow at different altitudes, from nearly
transparent to strongly absorbent flows.
In the present paper, the VF approach is coupled to the Navier–

Stokes solver. For the description of thermally and chemically
nonequilibrium flowfield, the standard finite rate chemistry module
and equations of trans-rotational, vibrational, and electron-electronic
energy conservation are adopted. The three-temperature model of
chemically reactive, viscous, conductive, and radiative hypersonic
flow is applied to the wide range of altitudes. The present paper
concentrates on the improving of accuracy and efficiency of existing

radiation transfer model, rather than on the validation against avail-
able flight data. This is due to the complexity and large uncertainty of
themultiphysicalmodels, presently adopted in aerothermodynamics.
However, it was shown before that the thermodynamic, spectral, and
radiation transfermodels, considered in the present paper, are capable
of describing the experimental data [24].
The structure of the paper is as follows. The governing equations

of radiation transfer are described in Sec. II. The nonequilibrium
physical and chemical models are briefly reviewed in Sec. III. The
test case and the derivation of final relations for two-dimensional
axisymmetric geometry are discussed in Sec. IV. Analysis of radia-
tive heating rates using two- and three-dimensional relaxations is
given in Sec. V, followed by conclusions.

II. Radiation Transfer Model

A. View-Factor Approach

The governing equations of radiation energy transfer are derived to
describe the propagation of electromagnetic energy in nonscattering,
emitting, and absorbing media under the assumption of local thermal
equilibrium (LTE). The latter is important because it allows simpli-
fication of the source term in the radiation transfer equation when the
Boltzmann population of energy levels is assumed. Deviation from
equilibrium may occur in a strong shock wave. However, the LTE is
widely used in a large number of engineering applications. While the
VF approach can be coupled with the thermodynamic model to
account for the nonequilibrium radiation [16], the focus of the present
paper is the numerical simulation of radiation transfer.
The radiation transfer equation in nonscattering, emitting, and

absorbing media under the assumption of LTE can be formulated for
the spectral radiative intensity Jν�s;Ω�:

∂Jν�s;Ω�
∂s

� κν�s�Jν�s;Ω� � κν�s�Jb;ν�s� (1)

where s andΩ are the vectors of coordinates and solid angle, κν is the
spectral absorption coefficient, and Jb;ν is the spectral emissivity of
black body. The transient term in Eq. (1) is omitted because the
radiative process occurs with the speed of light rather than with the
characteristic velocity of the flow. No scattering is assumed, because
at typical temperatures in the shock layer the concentration of
scattering centers is vanishingly small.
The formal solution of the radiation transfer equation along

selected direction s eliminates the angular dependence, and under the
assumption of LTE the radiation intensity Jν�s� is obtained in a closed
form:

Jν�τ0� �
Zτ

τ0

Jb;ν�τ 01�e−�τ−τ
0� dτ 0 (2)

where τ is the optical thickness of the participating media, and τ0 and
τ1 are the optical thickness at the beginning and at the end of the
interval �τ0; τ1�. The one-side radiation flux density at the surface of
the space vehicle is then computed as

Wν�s� �
Z
2π

ΩJν�s;Ω� dΩ (3)

The VF approach uses Eqs. (2) and (3) to obtain the flux density in
two- and three-dimensional geometries. An emitting volume Vi and
receiving surface Aj are shown in Fig. 1. The VF of the volume Vi

with the respect to the surface Aj is given by

Fi;j �
Bi;j

Vi

Z
Aj

Z
Vi

Ti;j;ν

cos θi;j
4πr2i;j

dVi dAj (4)

where Bi;j accounts for the shadowing between Aj and Vi, Ji;ν is the
spectral emissivity of the volume Vi, and Ti;j;ν is the attenuation
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factor along the distance ri;j dependent on the wavelength.
Equation (4) is valid for any size and mutual location of Vi and Aj.
The spectral radiation flux density at the surface Aj is then

calculated as

Wi;j;ν �
Z
Aj

Z
Vi

Ti;j;νBi;j

Ji;ν
Aj

cos θi;j
4πr2i;j

dVi dAj (5)

where Ji is the spectral emissivity of the volume Vi. If the sizes of Vi

and Aj are much smaller than ri;j, then Eq. (4) can be simplified, as it
was done in [25]:

Fi;j;ν � Bi;jTi;j;ν

cos θi;j
4πr2i;j

Aj (6)

Equation (6) is valid only when relations

ri;j ≫
�����
Vi

3
p

(7a)

rij ≫
�����
Aj

p
(7b)

are held. However, each pair of volume and surface can be divided
into smaller subelements in such a way that Eqs. (7a) and (7b) are
valid. A pair of subelements has an individual VF, but emitting
properties and attenuation factor of all subelements belonging to the
same element are identical. Thus, the spectral flux density emitted by
the volume Vi that reaches the surface Aj is calculated as

Wi;j;ν �
Fi;j;ν

Aj

Z
Vi

Ji;ν dVi (8)

When the volume Vi is isothermal with the constant absorption
coefficient κi, Eq. (8) can be simplified further:

Wi;j;ν �
Fi;j;ν

Aj

Ji;νVi (9)

The spectral radiation flux density at the surface Aj is obtained by
integration over all elements Vi, visible toAj. Now, if the database of
temperature, pressure, and species concentrations is available at
nodes of either structured or unstructured grid, the spectral flux
density can be calculated as Wj;ν �

P
j Wi;j;ν. The integral flux

density is found by integration of Wj;ν over the entire range of
wavenumber.
The attenuation factor Ti;j;ν is given by the Beer–Lambert–

Bouguer lawas an integral of the spectral absorption coefficient along
the geometrical path �s0; s1�, corresponding to the optical interval
�τ0; τ1�:

Ti;j;ν � exp

�
−
Z

s

s0

κν�s� ds
�
� exp�−τν� (10)

When the absorption between emitting and receiving elements is
small, that is, τν ≪ 1, the attenuation factor virtually turns to unity.
If the flowfield is axisymmetric, it is possible to integrate Eq. (6)

over the azimuthal angle φ ∈ �0; 2π� of the cylindrical system of
coordinates (r, z), shown in Fig. 2. Emitting elements that are located

on the same distance ~r from the axis of symmetry and have the same
axial coordinate ~z have the same Jb;ν and κν. Hence, the VF can be

established for the toroidal element ~V, as it is shown in Fig. 2. Taking
into account Eq. (4) and integrating over φ within the cylindrical
volume ~V � 2π ~rΔ ~r, one can obtain spectral radiation flux that comes
from the element ~V, formed by the element Vi, on the surface Aj:

Wi;j;ν �
Z2π

0

Z
Aj

Bi;j�φ�
Ji;ν
Aj

cos θi;j�φ�
πr2i;j�φ�

Ti;j�φ� ~rΔ ~r dAj dφ (11)

whereB,T, θ, I, and r are dependent onφ unless the receiving surface
Aj is located on the axis of symmetry.
Shadowing factor Bi;j varies from zero to unity. For the inter-

mediate value of Bi;j, the surface Aj is irradiated only by the fraction
of ~V. Equation (11) provides the spectral flux density at the surfaceAj

from the toroid formed by the volume Vi.
It is of interest to obtain an analytical expression of the integral in

Eq. (11). In the case of an axisymmetric flowfield, the radiation
intensity does not depend on azimuthal angle and can be taken out of
the integral. It was found that the remainder can be expressed in
elliptic integrals of first and second kind. The latter can be con-
veniently calculated by using either tabulated values or approximate
methods [26]. The final derivation and resulting equations are given
in the test case section.
In the case of three-dimensional geometry it is not possible to obtain

an analytic form for the VF because the temperature and optical path
vary with the azimuthal angle φ. The radiation flux density has to be
calculated via direct numerical integration of Eq. (11):

Wi;j;ν �
XNφ−1

k�1

Z
Aj

�
Bi;j

Ji;ν
Aj

cos θi;j
πr2i;j

Ti;j ~rΔ ~r

�
φk�1∕2

dAj�φk�1 − φk�

(12)

where subscript φk�1∕2 means the average of integrand on the interval
�φk;φk�1�, total azimuthal angle is divided intoNφ–1 sectors, andBi;j

accounts for the shadowing between element Aj and the sector of
the volume ~V, formed by Vi and sector �φk;φk�1� and defined by
sign�cos θ�. Direct numerical integration in Eq. (12) increases the cost
of radiation model. In the present paper the comparison between
Eqs. (11) and (12) is provided to shed light on the computational
efficiency of the VF approach.

B. Ray-Tracing Method

The RTM has been extensively applied previously [7,21,27] to
obtain the radiation flux to the surface of a space vehicle. The key
feature of the RTM is the direct angular integration of radiation inten-
sity in the form given by Eq. (2). Because the mainfold integration of
Eq. (3) over the angular variables is invoked, the RTM is extremely
prohibitive. The RTM is extremely prohibitive because of the multi-
ple integration over angular and spatial variables, required to estimate
the left-hand side of Eq. (3).
Assuming that the LTE is valid, the numerical solution of Eq. (2)

can be written in the following form:

Fig. 1 Schematic of emitting and receiving elements.

Fig. 2 Schematic of the VF approach for the reentry environment.
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Jν�τν� �
XN−1

k�1

~Jb;νe
−�τν;k−τν��τν;k�1 − τν;k� (13)

where the interval �s; s0� along the ray s is divided intoN–1 intervals,
and ~Jb;ν is the average spectral emissivity of the black body of the
interval �τk; τk�1�. The summation in Eq. (13) is held along the entire
path of the photon emitted from the point with coordinate s 0 until it
reaches the surface. Typically, for the numerical estimation of
Eq. (13) the black body emissivity is chosen as the arithmeticmean of
Jb;ν at the end points of the interval �τk; τk�1�.
The resulting spectral flux density is given by Eq. (3). The angular

integration in Eq. (3) can be performed using the conventional
trapezoidal rule:

Wν�s��
Z

2π

0

dψ

Z
π∕2

0

Jν�s;Ω� cos θ sin θdθ�

�
XNψ−1

m�1

dψ
XNθ−1

n�1

Jν�Ωm;n��sin θn�1 cos θn�1− sin θn cos θn�dθ

(14)

where dψ � ψn�1 − ψn and dθ � θn�1 − θn are the increment of
angles of local spherical system of coordinates on the surface of the
space vehicle (shown in Fig. 3).
Equation (14) implies that the radiative properties on the tracing

ray must be known. Because the grid on the tracing ray does not
generally correspond to the node location of the gasdynamic grid, the
data interpolation is required. The NNS procedure is involved to
determine the node of the gasdynamic grid that is nearest to the
current location on the tracing ray. Because the summation in Eq. (13)
is performed in a consecutivemanner, it is more efficient to search for
the nearest neighbor of point k in a vicinity of the previous point k-1
on the same tracing ray, for which the nearest neighbor has already
been determined. This method performs a search of the nearest
neighbor in a consecutivemanner and is referred to as the consecutive
nearest neighbor search (CNNS) algorithm [28]. The CNNS method
is one of themost efficientmethods to determine the optical thickness
along the tracing ray. An alternative algorithm is to search for the
nearest neighbor over all nodes of the gasdynamic grid. This method
is often referred to as a brute search algorithm.
The schematic of the search domain is shown in Fig. 4. If the

nearest neighbor is known for point 1, the nearest neighbor for point 2
is located in the area shownwith the dashed line. The improvement in
the efficiency using CNNS algorithm compared with the brute search
is significant. For the purpose of comparison the present paper adopts
both the CNNS and brute NNS algorithms.
The RTM uses Nψ � 41 rays in the azimuthal direction and

Nθ � 41 rays in the radial direction. The distribution of integration
points along the tracing ray is given by Gauss–Lobatto quadratures,
previously applied to improve the accuracy of integration in Eq. (2)
[21]. By clustering points at the bounds of the tracing ray, the number
of points can be reduced by approximately a factor of four. The
properties between the two nearest grid points are linearly inter-
polated. To understand the importance of this step, a set of calcula-
tions with no interpolation is performed. For the latter, the gas
properties on the tracing ray are simply assigned as the properties of
the nearest node of the gasdynamic grid.

When themedia between emitting and receiving elements is nearly
transparent, the calculation of optical thickness can be omitted. It is
then assumed that emitted photons reach the surface without atten-
uation. In the case of the RTM, the NNS is still required to determine
the properties of the emitting point along the tracing ray (see Fig. 4).
When the VF approach is applied, this step is omitted, because the
emitting volume is built on the node of the gasdynamic grid with
originally computed properties. This fact is an additional advantage
of the VF approach.

III. Physical Model

The solution of gasdynamic equations provides the database for
determining the optical and radiation properties and precedes the
implementation of the radiation transport model. Simulation of high-
enthalpy hypersonic flow involves physical and chemical models
at different molecular scales. To comply with previous models of
nonequilibrium flows, the present work adopts a three-temperature
model to describe the thermal nonequilibrium behind a shock wave.
The vibrational and electron-electronic modes are treated separately
from each other for the accurate description of electronic temperature
and concentrations behind the shock wave, because the reaction of
impact ionization appears to be the second important mechanism of
the source of free electrons [28]. Governing system of equations
employs theNavier–Stokes equations coupledwith the trans-rotational
energy conservation law, chemical species mass conservation equa-
tions, and amodel for the energy exchange between integral degrees of
freedom. The resulting multiphysical model is described in detail
in [28].
The spectral radiation model contains 96 groups of nonuniform

width and covers interval of wavenumber from 103 to 105 cm−1. The
absorption coefficient depends on the temperature, pressure, and gas
composition. An averaging procedure is applied to obtain spectral
absorption coefficient within each spectral group [6]. The radiation
transfer model is decoupled from the gasdynamic equations due to
the small ratio of radiative flux to the small Goulard parameter [29].

IV. Test Case

The reentry of the RAM-C II probe is chosen to investigate the
efficiency and accuracy of radiation transfer models. This choice of
the flight experiment is caused by a significant amount of experi-
mental data and theoretical investigations on the plasma composition
behind the shock wave conducted over the past four decades. At the
same time, the reentry velocity of theRAM-C II probe is less than that
of superorbital probes. This fact allows avoiding the coupling of
gasdynamics and radiation transfer.
Parameters of the ambient flow at three altitudes are shown in

Table 1. The velocity of the probe at the beginning of descent is
7.5 km∕s and the Goulard parameter does not exceed 10−3. The flow
regime spans from a significant nonequilibrium at the altitude of
81 km to a nearly equilibrium at the altitude of 61 km.
To ensure the convergence of results, the flowfield is computed on

two grids with the dimensions of (186 × 94) and (326 × 186) nodes,
referred to as coarse and fine grid and shown in Fig. 5. The grid
number density used in present calculations is equal to or exceeds theFig. 3 Spherical system of coordinates on the surface.

Fig. 4 Schematic of the CNNS algorithm.
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typical resolution used for this problem [23]. The VF approach is
tested on both of these grids.
To apply the VF approach to the axisymmetric flow, the shape and

location of emitting elements must be established. The distinct
advantage of the VF approach is in the fact that such elements can be
formed on a basis of an existing computational grid that was used
originally to compute temperature, pressure, and species composition.
For each grid point (x0, y0), shown in Fig. 6, the emitting volume ~V

with the quadrangular cross section ABCD is constructed. The
emitting volume ~V is a toroid with the cross-sectional area SABCD and
radius ~r. Because ~V contains only a single grid point, the properties of
radiating media within ~V are assumed constant and equal to the
properties at grid point (x0, y0). The schematic of the emitting volume
and receiving surface is shown in Fig. 2. Substituting the trivial
geometric expression for the radius vector ri;j and angle θi;j into
Eq. (5), the expression for the radiation flux density can be obtained:

Wi;j;ν � JiSABCD ~r

Zφ2

φ1

Tij

�xi−xn�nx−ynny�Riny cos φ

��xi−xn�2�R2
i �y2n−2Riyn cos φ�3∕2

dφ

(15)

where (nx, ny), (xn, yn) are coordinates of the unit normal vector n to
Aj and the center of Aj. The shadowing factor Bi;j in Eq. (15) is
replaced by integration over the azimuthal angle φwithin the interval
(φ1;φ2) when the volume ~V is visible forAj. The azimuthal anglesφ1

and φ2 can be easily computed for two-dimensional axisymmetric
geometry. For three-dimensional geometry the shadowing factor
Bi;j;k of the segment k simply takes the Boolean value. In case of no
shadowing, φ1 � 0 and φ2 � 2π.
The integral in Eq. (15) cannot be expressed in the elementary

functions. However, a semi-analytical expression is available by
mean elliptic integrals of the first and second kind. The numerical
calculation of elliptic integrals is a well-known problem and efficient
solutions are available [26]. The integral, used in present compu-
tations, is given by Eq. (16). The right-hand side of Eq. (15) can be
transformed to the left-hand side of Eq. (16), while the analytical
expression for the resulting flux density is given by right-hand side
Eq. (16). The total flux on the surface element Aj can be obtained by
summation in Eq. (15) over all radiating volumes Vi

Z �cos �x� � a�
�cos �x� � b�3∕2 dx � C� A�b − a� sin�x�

− A

�
�b� 1��b − a�

�������������������������
b� cos �x�

b� 1

r
E

�
0.5x

���� 2

b� 1

��

� A

�
�b2 − 1�

�������������������������
b� cos �x�

b� 1

r
F

�
0.5x

���� 2

b� 1

��
(16)

where A � 2∕��b2 − 1� ������������������������
b� cos �x�p �.

Equation (15) is derived under the assumption that the surface
element Aj and volume element Vi are far enough from each other
and so the radius vector and angle θi;j in Eq. (8) can be assumed
constant during the integration. In the case of closely spaced elements
Vi and Aj, an additional subdivision into smaller elements may be
necessary [16]. This situation takes placewhen attempting to account
for the contribution of elements located close to the surface. Although
the emission near thewall is typicallymuch lower in comparisonwith
the contribution of the shock layer, the absorption of radiation in the
near-surface region can be significant. It will be shown further that for
the flow at low altitudes the absorption of radiation is noticeable and
an accurate treatment of closely spaced elements is required. Once
again, Eqs. (15) and (16) provide a semi-analytical expression for the
spectral flux density on the surface of a spacevehicle resulting in two-
dimensional axisymmetric geometry, assuming emitting but not
absorbing media.
Analytical expressions, given by Eqs. (15) and (16), are applicable

also on unstructured grids of arbitrary topology, because the present
derivation does not assume any specific shape of emitting element.
Moreover, the general expressions of the VF approach, given by
Eqs. (11) and (12), hold for two- and three-dimensional unstructured
grids too. However, the algorithm of NNS, if invoked, should be
adapted for the appropriate grid topology.

V. Results

A. Simulation of Flowfield

The reentry of the RAM-C II probe serves as a classical tool for the
validation of nonequilibrium flowfieldmodel. During the reentry, the
critical number density of electrons was measured by a set of
microwave reflectometers at four locations on the surface of the probe
[22]. This experimental data provides a background for the validation
of gasdynamic model, adopted in the present work.
Translational and N2 vibrational temperatures along the axis of

symmetry, computed for three altitudes, are shown in Fig. 7. At high
altitudes the vibrational temperature is substantially lower than gas
kinetic temperature for the entire relaxation zone and reaches the
equilibrium only in the vicinity of the surface. The shock front is
smeared, which is due to the relatively large mean free path. As
shownbelow, the rarefied flowfield at the altitude of 81 km results in a
very minor absorption of radiation.

Table 1 Parameters of ambient flow

Altitude, km M T∞, K Re P∞, Pa Kn

61 23.9 254.80 19,500 19.5 1.8 × 10−3

71 25.9 219.58 6,280 4.9 6.1 × 10−3

81 28.3 198.64 1,580 1.0 2.8 × 10−2

Fig. 5 Geometry and grid of RAM-C II probe.

Fig. 6 Schematic of the cross section SABCD and location of emitting
volume Vi.
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The flowfield at the altitude of 61 km possesses a certain degree of
nonequilibrium as well. However, the equilibration of internal tem-
perature under these conditions occurs at the much smaller scale than
that at the altitudes of 71 and 81 km. The shock standoff distance
and the peak temperature decrease with the altitude. The latter is
explained by a more pronounced dissociation of species behind the
shock wave at increased density of the ambient flow.
The critical number density of free electrons is compared with the

experimental data in Fig. 8 for the altitudes of 61, 71, and 81 km.
Solid curves correspond to the present results; symbols describe the
measured concentrations. The electron number density strongly
depends on the flight conditions and quickly diminishes toward the
base of the vehicle. A satisfactory agreement between computed data
and experiment is established. A larger discrepancy of theoretical and
experimental results for the altitude of 61 km may be explained by a
significant sensitivity of the electron number density to the chemical
model, as stated in [30].
The database of temperature, pressure, and gas composition is

generated for each flight condition and is used to calculate the multi-
group absorption coefficient κν at each point of the gasdynamic grid,
shown in Fig. 5. A sample of spectral absorption coefficient behind
the shock wave is shown in Fig. 9 for the altitudes of 61, 71, and
81 km. There is a significant drop in the absolute value of κν for
studied range of altitudes as well as for the wavenumber of interest.
Namely, the absorption coefficient is several orders of magnitude

lower for the altitude of 81 km. Thus, the case of radiation transfer in
the optically thin media should receive a special attention.

B. Convergence of Radiation Flux Density

When absorption of radiation is neglected, the VF approach uses
Eq. (15). The attenuation factorTi;j is equal to unity for each emitting
element Vi, and no approximation of gas properties is needed to cal-
culate optical thickness of the media. However, in order to properly
account for the emission from the volumes closely spaced to thewall,
the refinement is needed. The decision on the refinement can bemade
based on the ratio of the element size and its distance to the surface
element.When this ratio is small, say, 0.1, no refinement is needed. In
the opposite situation, each gasdynamic cell is divided into m sub-
elements in i and n subelements in j directions, where i and j are the
indices of two-dimensional gasdynamic grid. Following this proce-
dure, converged results are obtained taking into account even grid
elements adjacent to the surface. For the VF approach the cost of the
refinement is significantly smaller than the cost of calculation of the
emitting properties. In the present case, the refinement takes no more
than 10% of the total computational time.
Refined and nonrefined VFs in the vicinity of the front stagnation

point are shown in Fig. 10. The refinement does not introduce any
visible changes for the elements at the shock layer (x ≈ 0.9 cm).

Fig. 7 Translational andN2 vibrational temperatures.

Fig. 8 Critical electron number density, particles∕cm3.

Fig. 9 Spectral absorption coefficient, cm−1.

Fig. 10 View factor for the stagnation point.
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However, the VF for elements next to the surface can be over-
estimated by a factor of 2–3. Meanwhile, the VF in axisymmetric
geometry is a nonmonotonic function of the distance. TheVF reaches
a local maximum at some distance from the surface, due to the large ~r
for these elements.
Convergence of the flux density for the front stagnation point is

presented in Fig. 11 for the altitude of 81 km. The RTM is applied
using the linear approximation (square symbols) of properties
between the two nearest grid points as well with no approximation
(triangular symbols). The total number of points corresponds to the
overall amount of integration points along each ray for the RTM. In
the case of the VF approach, given by the dashed line, the total
number of points defines the overall amount of subelements used in
the calculation.
The number of subelements required for a converged solution is in

the order of 2 × 102 for the VF approach. The RTM generates a
converged solution only at a very high number of points, unaccept-
able in the everyday practice. The small, but nonvanishing difference
between the VF approach and RTM is due to the inaccuracy in the
properties approximation in the vicinity of the shock wave. In this
sense, the utilization of the original grid by theVF approach becomes
a clear advantage.

C. Radiation Flux Density

The case when absorption is taken into account makes utilization
of the VF approach more complicated and expensive. The optical
thickness has to be calculated for each pair of emitting and receiving
elements, and thus the search on nearest neighbor is involved. The
points along the distance between emitting volume and receiving
surface are equally distributed and gas properties are evaluated at
their location. To avoid an excessive number of points for a short
distance (when emitting element is located near the surface), the
available number of nodes of gasdynamic grid is estimated. For a
point with grid index (is, js) at the surface and emitting volume
(iv, jv), the number of points is estimated asmax�jis − ivj; jjs − jvj�.
This step saves a significant amount of computational resources.
The normalized flux density at three altitudes, considered in

Table 1, is presented in Figures 12–14. The horizontal coordinate is
equal to the ratio of surface length to the radius of hemispherical cap,
starting from the front stagnation point. Figures 12–14a describe the
heating of the front shield, while Fig. 14b presents the heating of
the leeward surface. The results of the TS approximation include the
absorption and are given by the short dashed line; the RTM and VF
approach are shown by solid and long dashed lines, respectively.
Symbols correspond to the calculation without taking into account
the absorption of radiation.

TheTS approximation generally has unsatisfactory accuracy of the
radiative flux density only on the hemispherical cap of the vehicle.
The difference between the TS approximation and the RTM and the
VF approach does not exceed 30% for the front surface, which is in
the range of expected error due to the surface and shock layer
curvature [25]. The TS approximate works better for lower altitudes
when the mean free path is short and the shock is less smeared. The
large underestimation of the flux density by the TS approximation at
the afterbody is observed in Fig. 14b with a maximum of two times.
This fact is explained by the shape of the shock wave that can no
longer be approximated as an infinite slab.
The stagnation flux calculated by the RTM for both absorbing and

transparent media is given in Table 2. The radiation absorption at a
given entry conditions plays an important role only for low-altitude
points of trajectory. The unimportance of absorption at high altitudes
can be explained by a relatively low density of the atmosphere.
However, at the altitude of 61 km, attenuation due to the absorption is
more than 20% of the total contribution by the shock layer and has to
be taken into account.
Overall, theRTMandVFapproach reach a satisfactory agreement.

The maximum of the normalized difference is not more than 5% for
the forebody and 10% for the afterbody. The nonvanishing difference
is caused by the grid-to-grid approximation of properties employed
by the RTM, as it follows from Fig. 11.

Fig. 11 Convergence of VF and RTM. Fig. 12 Normalized flux density, 61 km.

Fig. 13 Normalized flux density, 71 km.
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The overall heating rates and the percentage of the radiation flux
are presented in Table 3. The convective component of flux density
prevails over the radiation heating rate for all three altitudes of
trajectory, which is an expected results for the reentry velocity below
10 km∕s. Theoretical estimations of the RAM-C II convective flux
are rarely reported in the literature. The heat flux for the altitude of
71 km ranges between 96 and 218 W∕cm2 [31]. This large uncer-
tainty is caused, first of all, by the particular chemical model em-
ployed in calculations. Present convective heating rate at the altitude
of 71 km falls in the acceptable range. To the authors’ knowledge, the
data, similar to that in Table 3, were not previously given in the open
literature.
Radiative component of the flux decreases with the altitude from

20.67 to 8.39%. It is worth to note that the absolute value of radia-
tion flux can be possibly overestimated due to the assumption of local
thermodynamic equilibrium. This situation is particularly important
in the rarefied flows at altitude of 81 km, where the deviation from
thermal equilibrium is significant. However, the purpose of the pre-
sent research is only to demonstrate the advantage of theVF approach
as a radiation transfer model. Future investigation will be related to
the coupling of the VF approach and a more accurate thermody-
namic model.

D. Efficiency of Radiation Model

The computational efficiency of the RTM and VF approach is
reported when radiation flux is calculated at the stagnation and after-
body points. Calculations are performed taking into account absorp-
tion in the real spectrum of high-temperature air as well as assuming

that the gas is optically transparent. This numerical experiment aims
to estimate an effect of attenuation on the computational cost of the
radiation transfer model.
The cost of the VF approach at different numbers of subelements is

presented in Table 4 for the altitude of 81 km, neglecting the absorp-
tion of radiation. The number of subelements varies from n � 3 � 1
(no refinement) to n � m � 5 in i and j directions. For the latter, two
grids (186 × 94, coarse mesh) and (326 × 186, fine mesh) are used.
Comparison is performed for the point with surface index i � 1 at the
stagnation point (x � 0 cm) and i � 171 at the base (x � 112 cm)
of the vehicle. The reported times include the calculation of the VF as
well as of the radiation properties.
The refinement of emitting elements has a minor effect on the effi-

ciency of the VF approach. Indeed, the computational time increases
by 2.7 and 5.1% for the stagnation point when the number of
subelements is increased 5 and 25 times, respectively, indicating that
the main effort is spent to obtain the emitting properties. The com-
putational time at the afterbody is slightly large: 3.1 and 7.7%,
respectively, which is explained by a larger size of grid elements
compared with the stagnation region. When absorption is taken into
account, one can expect even less influence of the refinement on the
overall efficiency of the VF approach.
The computational time and operation count for all three radiation

models are presented in Table 5. In all cases the absorption of radia-
tion is taken into account if the opposite is not stated. To highlight the
computational cost of the particular approach, the total count and
optical properties count are reported separately. In the case of the
RTM, calculations are performed for both consecutive and bruteNNS
algorithms.
It follows from Table 5 that the TS approximation is the most

efficient and least accurate radiation transfer model. High efficiency
of the TS approximation is due to the semi-analytical integration of
the angular dependence of the radiation intensity using integral–
exponential functions [32]. However, it seems that for space vehicles
with a small curvature of the surface, the TS approximation may
generate misleading results. The computational time of the VF

Fig. 14 Normalized flux density, 81 km.

Table 2 Radiation flux density (W∕cm2), with and without
absorption taken into account

Altitude, km With absorption Without absorption Relative difference

81 27.42 28.21 0.028
71 32.60 36.06 0.096
61 28.90 36.92 0.217

Table 3 Convective and radiation flux densities, W∕cm2

Altitude, flux, km Convective Radiative Total Rad./total, %

61 305.59 28.90 344.49 8.39
71 191.53 32.60 224.13 14.54
81 105.20 27.42 132.62 20.67

Table 4 Required time (in seconds) of the VF approach for different
numbers of subelements

Subelements m � n � 1 m � 5, n � 1 m � n � 5 m � n � 5

Grid point Coarse mesh Coarse mesh Coarse mesh Fine mesh
i � 1 (stagnation) 4.29 4.41 4.52 8.30
i � 171 (afterbody) 28.51 29.42 30.83 72.56
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approach is only 6.8 times larger than the TS approximation if no
absorption is taken into account.
When compared with the RTM, the VF approach demonstrates

significant savings in computational time. In the case of transparent
media, the difference in the efficiency is 151.5 and 533.8 times when
consecutive and brute NNS algorithms are used, respectively. An
increased cost of the VF approach when absorption is taken into
account is caused primarily by the cost of the calculation of the
optical properties. This conclusion follows from the increase of the
properties count by nearly the same factor as the total count of cal-
culations. In this light the development of more efficient optical
models is highly desired because it is a restriction factor of the overall
efficiency.
The study of the efficiency is also performed for the fine mesh and

presented in Table 6. The computational time of the VF approach
increases linearly with the number of grid points along in one direc-
tion.On the contrary, the cost of theRTM increases faster than that for
the VF approach. This is explained by the increased costs of the
radiation transfer model, given by Eq. (2), regardless of the optical
model. It follows from Tables 5 and 6 that the former shares nearly
80% of total computational time in the case of a coarse grid, and only
40% when a fine grid is used. In other words, the radiation transfer
model based on the VF approach demonstrates less sensitivity in the
cost to the grid refinement, compared with the RTM.

VI. Conclusions

The radiation transfer model based on the view-factor (VF)
approach is developed to solve the radiation transfer equation for the
reentry flowfield. Newly derived equations for the radiation flux
density are coupled to the gasdynamic code and are tested using the
multigroup opticalmodel of the air plasma. The radiation flux density
on the surface of the RAM-C II space vehicle is obtained in the semi-
analytical form when the VF approach is applied in two-dimensional
geometry in optically transparent media. The accuracy and compu-
tational efficiency of the VF approach greatly exceeds that of the ray-
tracing method (RTM).
In the case of absorbing media, the accurate treatment of atten-

uation and VF in the vicinity of the surface is performed. The
absorption of radiation brings significant computational expenses in
the radiation transfer model. However, such computational cost is
related mostly to the optical model and, to a lesser degree, to the VF
approach itself. Moreover, the calculation of radiation flux under the
assumption of optically transparent media by means of the VF
approach provides an efficient and accurate estimation of the flux
density incoming from the shock wave.
The advantage of radiation transfer model based on the original

gasdynamic grid rather than on the grid in a local system of coordi-
nates is demonstrated. The overall efficiency of the VF approach can
be two orders of magnitude higher than the RTM. At the same time,
the cost of the VF approach demonstrates less sensitivity to the grid
refinement than that of the RTM.
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Table 5 Time andnumber of operations forVFapproach,
RTM, and TS method, (186 × 94) grid

Method Time, s Total count Properties count

TS 0.5 1.02 × 109 7.59 × 108

VF, no absorption 3.4 1.41 × 1010 5.20 × 109

VF, with absorption 4.0 × 102 7.41 × 1011 1.20 × 1011

RTM, CNNS 5.2 × 102 1.02 × 1012 8.09 × 1011

RTM, brute NNS 1.8 × 103 4.48 × 1012 6.86 × 1011

Table 6 Computational time and operation count of VF
approach and RTM, (326 × 186) grid

Approach/parameters Time, s Total count Properties count

VF, no absorption 9.8 2.1 × 1010 1.7 × 1010

VF, with absorption 7.9 × 102 1.3 × 1016 4.6 × 1015

RTM, CNNS 4.2 × 103 8.87 × 1016 4.14 × 1016
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