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Multi-parameter estimation for spatially-resolved measurement
of two-component velocity using absorption tomography

Mirko Gamba*
The University of Michigan, Department of Aerospace Engineering, Ann Arbor, MI 48109

In this work, we extend the use of absorption tomography typically used for the spatial measurement of
species concentration and/or temperature over a planar region of a flow to the measurement of the local two-
component velocity and potentially, simultaneously with temperature and pressure. The reconstruction is
allowed by a compact reconstruction scheme based on the properties of the absorption lineshape (assumed
to be a Voigt lineshape). Here, we will present the mathematical formulation of the problem, we will offer a
possible solution strategy and we will demonstrate the method through a numerical experiment.

1. Introduction

ASER absorption spectroscopy (LAS) has now evolved into a robust diagnostic sensing scheme for a variety of

flows. The general configuration for fluid flows and combustion applications is that of a line-of-sight (averaged)
measurement of one or more state properties (pressure, temperature and/or species concentration) which are inferred
from the radiation absorption characteristics along the path across the region of interest.! In practice, with reference
to Fig 1a, this is achieved by shining a laser beam tuned to an absorption line across the region of interest, monitoring
the fractional change of laser intensity across the line-of-sight (LOS), and inferring the sought quantity. Tunable diode
lasers are typically used. Although different approaches have been developed,””’ here we focus on scanned-wavelength
direct absorption measurements because it is most relevant to the work that will presented here.

II. Background

The amount of light absorbed by a medium along a path-length L where properties are uniform, can be described
by the Beer-Lambert relation:
Iy =1y o " (1)

where Ky is the spectral absorption coefficient at a wavenumber v (quantities with a subscript v indicate spectral
quantities). The term I, /I, , is the fractional change of laser intensity across the absorbing medium and it is what is
measured. The spectral absorption coefficient is further expressed as:

Ky = xpS(T)P(v); 2)

where y is mole fraction of the absorbing species, p is pressure, S(T) is the linestrength of the transition line at
temperature 7, and ¢(Vv) is the lineshape function (which depends on p and T due to broadening from molecular
processes; pressure shift is here neglected). Under most conditions, the lineshape function can be approximated by
a Voigt profile (convolution of a Gaussian and a Lorenzian function) and it is the result of the combined effect of
collision-broadening (Lorenzian profile) and Doppler-broadening (Gaussian profile). The integral of k, defines the
integrated absorption coefficient A.

Assuming a Voigt profile, the lineshape of k;,, depends on the primitive variables p and 7. An alternative form is
to reduce its description to the set of parameter a, ¢ and v,:8 K, (a,0,V,). Both descriptions are however equivalent
as the parameters a and ¢ (a measures of the collisional and Doppler linewidths) are a function of p and 7. In this
regard, ky(a,0,V,) contains all information about (p,T). Thus, a measure of (a,0) could be used to directly extract a
measure of (p,T). However, for temperature measurements, the more robust two-line ratiometric schemes are usually
employed to infer 7' from the ratio of A measured for two different absorption lines.”?
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Figure 1: Schematic diagram of tunable diode laser absorption spectroscopy setup: (a) overall setup, (b) Doppler-shift
velocimetry configuration.
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The Doppler shift of the transition center line position (Avy) can also been used to infer the bulk-average, one-
component velocity measurements.> %14 The Doppler shift arises when the absorbing species move with a (bulk)
velocity U in a direction with a relative angle o with respect to the measurement LOS:

Avg ~ |U|cos (3)

See Fig 1b for a schematic diagram. We here neglect any other sources of shift in the center line position, such as
pressure-induced shifts.

The typical sensor configuration for velocimetry and data processing is the same as for thermometry (Fig 1b).
The difference is that the quantity of interest extracted from an absorption measurement is the shift in the absorption
line-center, AVs = V, measured — Vo nominal» and it is then related to the flow speed. The resulting velocity measurement
is a LOS-average value, and thus the method applies when properties are uniform, and some knowledge of the flow
direction (i.e., &) has to be known. Thus, velocimetry is usually applied to configurations where there exists a preferred
bulk flow velocity in a principal direction.

The single-line implementation of LAS is valid only if flow properties are uniform. For non-uniform flows, one
possible approach is the use of tomography to generate a spatial measurements of properties. Tomography has now
found widespread applications in fluids and combustion applications. A discussion of the use of tomography in non-
medical applications is described elsewhere.!> The book by Herman'® offers many details on computed tomography.

The main idea behind absorption tomography'”-!8 (AT) is to gather measurements of the flow of interest using a
set of laser beams oriented at different directions relative to each other. Each measurement generates an independent
LOS measurement, or what is referred to as a “projection” P. The set of projections is then used to reconstruct the
two-dimensional spatial distribution of the property of interest (typically temperature and/or concentration) over the
plane defined by the set of projections. Traditionally, information along multiple lines is collected by using multiple
simultaneous beams, by sweeping or traversing a beam across the measurement area, and replicating the measurement
from different directions. Then, tomography reconstruction methods (like the ART method) are used to inferred
the underlying field of interest. This approach typically leads to time-average properties due to the time needed to
collect multiple projections. Some successful implementations of this method can be found in many references.!*28
Tomography has however been used to infer only scalar quantities. How to develop a mathematical formulation to
allow an implementation of the method for the measurement of non-scalar quantities (such as velocity) and/or for
multiple quantities is the topic of this work.

In this work, we attempt at constructing a mathematical formulation of laser absorption based on the traditional
Beer-Lambert relation, but that is capable of formulating the problem in a form that can by handled by tomography-
like reconstruction approaches. Here we outline the method that has been developed so far and it will be demonstrated
on a simple numerical example.

20f9

American Institute of Aeronautics and Astronautics



Downloaded by University of Michigan - Duderstadt Center on December 14, 2017 | http://arc.aiaa.org | DOI: 10.2514/6.2015-1222

12 3... P
11 e 1 ///Pr(k)
y 2 (22| A M //
A B A
e L // "
L, L1 K
2 / L
r 7 :
r+1 L LA ] N
.Rk

Figure 2: Schematic diagram of parallel-beam configuration in AT.

III. Mathematical formulation

A. Single-parameter formulation of tomography

Figure 2 shows a notional diagram of an AT setup over a non-uniform region. For convenience, we can here assume
that all properties are uniform over the measurement region other than temperature, which is what we would like
to infer from the measurements. The following is representative of existing methods. The measurement region is
discretized in some fashion (a cartesian grid, for example, of elements {n = 1,...N}), over which properties (other
than temperature) are assumed to be uniform over each element. We can refer to each element n as a pixel. A set
of absorption projections P,(k> is generated over discrete R laser beams. The subscript r refers to ray r, while the
superscript (k) refers to a particular projection direction defined by the angle 6(®) (relative to the x—axis, for example).
For the reconstruction, multiple directions 6("), {k=1,...K}, are required (each with R beams).

For this problem, the Beer-Lambert law governing the absorption process over each laser beam can be expressed
in discretized form as:

N k
PY =Y xyallh) 4)
n=1

where &y, = kv(p, ), and Ly;) is the chord-length of the r-th beam along the projection direction k subtended by

the n-th pixel. PV(? is what would be measured. Note that Eq 4 and its terms have to be interpreted as spectral

quantities (i.e., it is not a scalar value, but it is a quantity as a function of wavenumber). Thus, in a spectral view,
P‘Skr) is nothing more than a weighted sum of each spectral absorption coefficient at pixel n (ky ,) weighted by the path

length subtended by each pixel along the LOS (Lg(n)). Scanned direct absorption methods can be used to construct the
problem in this form.

Because it is not necessary to work with spectral quantities (and we do not like it because it makes things less
tractable), Eq 4 is further reduced by integrating the spectral projections and rewrite the problem in terms of inte-
grated local absorption coefficients (A,) and projections. This step reduces the problem to a more tractable scalar
representation of unknowns A,,, which depends solely on the local temperature 7,:

pb)

7

ALY) 5)

M=

n=1

Writing an equation of the type of Eq 5 for each ray in each projection direction, will then define a linear system
of equations of the type Ax = b. The solution to this system will then produce the local value of A, from which 7}, can
be extracted at each point n. Multi-line thermometry and concentration measurement approaches are mere extensions
of single line methods in the context described here. In most applications, the number of rays and/or projections is
limited, therefore Eq 5 is typically underdetermined and its solution requires some appropriate computed tomography
reconstruction method.
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Figure 3: Schematic diagram of two-component LAS velocimetry.

B. Extension to multi-parameters, including two-components velocity

Consider now the case where multiple parameters are non-uniform on the measurement region and/or velocity is
sought as well. Here we are primarily interested in the velocity field. First of all, note that extending the single beam
configuration to the measurement of the Doppler shift, a two beam configuration could be used to extract the two
components of velocity in the plane formed by the laser beams. Because each beam is subject to a different amount of
Doppler shift (proportional to |U|sin(y — 0)), if two beams are traveling in different directions, it is straightforward
to show that by combining each measurement, it is possible to extract two velocity components (i.e., |U| and y). This
is shown schematically in Fig 3 where two beams / and m propagating at (known) angles () and 8(") (relative to the
x—axis), probe a (uniform) flow with a bulk velocity U and direction y. Let us assume that the case shown in Fig 3 is
representative of each pixel » in Fig 2.

In writing Eq 4, we noticed that each projection is the weighted sum of the spectral absorption coefficient. From
our introductory discussion, all information about pressure, temperature and Doppler shift are enclosed in a local
measure of Ky ,. In particular, (p,T’) can be inferred from the spectral profile, while U from the doppler shift. (Note,
that here U should be interpreted as being only the in-plane 2C velocity of the true three-component field.) Note
however, that in constructing this problem we have increased our number of unknown to four: p, T and U = (|U|, y).
Furthermore, there is an implicit dependance on the four parameters that cannot be simply decoupled as in the case
only temperature is sought. This dependance is introduced by the fact that Ky , becomes a function of 8 through the
Doppler shift and it differs (i.e., it is shifted) between different projection directions. Thus, we need to reduce the
problem in a different form to resolve this limitation.

If we can assume that the local (i.e., at each pixel n) lineshape can be approximated by a Voigt profile, we can use
the properties of Voigt profiles and the linearity of the absorption operator (Eq 1) to rewrite Eq 5 as:

(k)
q.r =

o), 6)

M=

n=1

(k)

where §; y ®)

+ is the moment of order g of the Fourier transform of any P\S’, and flg s, is the moment of order g of the

Fourier transform of the local K\(,k,l Both ?q(kr) and ,ﬁ,g{r),, are now local scalar quantities of the corresponding spectral
ones. We can then write an equation like Eq 6 for any moment of order g for the system of equations defined by
r=1,..Rand k = 1,...K (i.e., for any ray and projection). In practice, we write the first M moments and thus we
obtain a system of size R x K x M. Finally, it can be shown that the moments are a unique representation of the
parameters (a, o, Avy), thus a solution of Eq 6 allows us to reconstruct these three parameters and thus (p, T, |U|, y),
at each pixel. This is shown with a numerical example.

IV. Numerical example

To show the method, the following simple numerical example is constructed. The example is based on a geometry,
configuration and discretization as shown in Fig 2. An arbitrary distribution of pressure, temperature and in-plane
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Figure 4: (a) Exact spatial distribution of temperature 7 (left), pressure p (middle) and in-plane two-component
velocity (JU|,y) (right) of target field (phantom field). (b) Resampled phantom on a 8 x 8 grid — these are the
distributions to be reconstructed from projections.

two-component velocity was assumed and it is shown in Fig 4. For representation purposes, Fig 4a shows the exact
distribution on a fine grid. However, for demonstration purposes and for an initial assessment of the method, a resam-
pled representation on a coarse grid is used. Figure 4b shows the resampled distribution over an 8 x 8 grid. This latter
set of distribution is the initial point of the numerical analysis. In all effects, these distributions are the phantoms of the
reconstruction process. For consistency in the reconstruction process, the domain is discretized in a 8 x 8 grid (N = 64)
from which projections are constructed over 4 different directions (K = 4), each with 16 beams (R = 16). We used
the first 3 moments (M = 3). Absorption was assumed to be for an H,O transition near 7205.246 cm ™' (spectroscopy
data taken from Liu et al.”®) where a uniform distribution of water was assumed for simplicity (otherwise it would be
a Sth parameter to estimate from the reconstruction process). With reference to Fig 4, note that pressure was taken to
span across the domain from 0.5 atm to 1.5 atm; temperature from 600 K to 1100 K; velocity to vary from 400 to 700
m/s (with associated line-center shift in the range 0.001 —0.01 cm™!); ¥ = 1 throughout.

Given the target initial distributions (phantoms) of (p, T, |U|, ¥), Ky, were first computed for each beam, direction
and n combination, and then the corresponding projections were computed. This was the starting point of the recon-
struction method and simulates what a measurement would provide. The solution of the resulting system of equations
was achieved using a recursive ART algorithm where each projection was solved independently (for the local moments
of the local Voigt profiles), velocity information was extracted from two projections, and the results combined to pro-
vide an initial guess to the following step in the recursive process. Pressure and temperature were also reconstructed
at each step. The process was repeated until the (spatial median) error on 3 of the 4 parameters (p, T, |U|, ), Ky, was
less than 1% (this choice is arbitrary made to speed up convergence to a final solution for demonstration purposes). In
this example the error was computed as the local difference between the reconstructed and true values (i.e., Fig 4b) of
each of the four quantities of interest.

Starting from the projections, the local moments of (the Fourier transform of) xy ,, and thus ky , itself, were
reconstructed. An example of the reconstructed local ky , are shown in Fig 5 (red dash line) along with the exact
initial profile (black solid line) at one intermediate iteration (after 20 cycles) before convergence to a final solution
was achieved. A qualitative comparison between the exact and reconstructed ky , can give a qualitative indication of
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Figure 5: Exact (solid black line) and reconstructed (red dash line) ky , at one intermediate iteration (before conver-
gence to a final solution was achieved): each plot refers to k , in each of the 8 x 8 pixels (i — j ordering as used in Fig
4) and represents the combined local contribution of the local (p, T, |U|, ¥), Ky » to Ky ,. The x-axis is v — v,.

the difference between the true values of the primitive variables (p,T,|U|, y): the closer the two ky , are, the closer
are the corresponding aerothermodynamic states they represent. We can thus observe that in certain locations of the
phantom we reconstruct Ky , fairly well, but in many locations the two differ significantly. However, as the iteration
progresses, the reconstructed ky , tends to the exact one.

To summarize the converge to the exact solution, Fig 6 shows the error in the reconstructed properties (p, T, |U|, v)
after inverting Ky , as a function of iteration number. For this simplified example, a final solution to within 1% of the
true value (in a median sense) was recovered after about 300 cycles. We can observe that different properties converge
to the true solution at different rates. For example, the algorithm converges to the true value of temperature fairly
quickly. Pressure also tends to converge faster than the velocity terms. In this example we observe that the quantity
that is less accurate is speed. In general, it was observed that either y or |U]| are the quantities that limit convergence.
We can also observe that the convergence does not have a constant rate. In fact, the convergence rate is very fast
initially, but it significantly slows down afterwords. The overall errors could be decreased further than what observed
here by increasing the number of iterations. After some point, however, the convergence rate becomes very slow.
Another observation is that during the iteration process the (median) error was observed to increase momentary, and
then recover. The exact reason for this behavior is currently not known, but it is most likely due to the fairly crude
iterative process being considered at this point. Further improvements of the solution schemes are in fact needed to
improve convergence of the reconstruction method. It was however clear that this process was initiated by obtaining
a large local error (e.g., at one pixel) somewhere in the reconstructed field, which then propagated to other pixels in
subsequent iterations. The solution was however able to recover after some iterations.

The reconstructed fields (p,7,|U|,y) at the end of the iteration process are shown in Fig 7. For the in-plane
velocity components, the figure shows both the reconstructed components (red vectors) and the true components (black
vectors) for a more direct comparison. For the pressure and temperature fields, Fig 4 can be referred to. Overall, the
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Figure 6: Reconstruction error of p, T,|U|, y as a function of iteration.

qualitative distribution of all quantities of interest have been reconstructed satisfactorily. To be more specific, the
spatial distributions of the (percentage) error, defined as the difference between reconstructed and true value (relative
to the true value), for some of the quantities of interest (p,T,|U|) are shown in Fig 8. In general, the errors in p and
T are limited to a few percent, while larger percentage errors are observed for the speed (and similarly for ¥). Even
though the methodology appears promising, the method and its implementation still requires many improvements to
attempt at reducing the discrepancy further. Note, however, that as introduced above, if more iterations are considered,
the various errors do tend to decrease (although at a slowing rate). To conclude, numerical tests over larger systems
have also been conducted (up to N = 15 X 15 using only 4 projection directions). However, as the size of the problem
increased, the accuracy of the solution significantly degraded (relative errors as large as 50% have been observed).

V. Conclusions and outlook

We have here presented the use of AT with a compact representation of the absorption process to write a system of
equations that captures the dependance of multi-parameters (p,T,|U|, ¥) to be used in a tomography reconstruction
method to infer a local measure of the in-plane two-component velocity along with temperature and pressure. Here
a brief view of the mathematical model is given. The method is also demonstrated with a simple numerical example.
The method appears to be capable of describing the problem and providing a reconstruction methodology in these
well-defined simple numerical experiment. However, much work is needed to improve the overall methodology,
the mathematical representation, and the numerical implementation of the method before more realistic situations
can be considered. In particular, it is now clear that one of the limitations is the implementation of a more robust
reconstruction algorithm. In the numerical experiment presented here the reconstruction algorithm was based on a
sequential use of the ART method where velocity information was extracted from applying ART to two independent
set of projections. Furthermore, during the iterative process, no intermediate vector validation scheme was used (as
one might do in particle image velocimetry), which could improve the convergence, for example by removing outliers
that could contaminate the entire solution in subsequent iterations (as observed in this numerical experiment). At
this stage the method is still in its infancy. It will require much more development and testing over more complex
and realistic configurations. The importance of the new method proposed here is that it will enable the estimation
of multiple parameters, and in particular a ‘spatially resolved’ measurement of the two-component velocity in flows
without the need of tracer particles like in particle image velocimetry.
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velocity (|U|, w) (right) of the phantom field. For the velocity field, both exact and reconstructed vectors are presented;
in particular: black vectors indicate exact field, while the red vectors indicate the reconstructed field.

2 15
3 0
E ‘M ;
g
0.5
1
13
I 2 3 a 5 3 7 ]
i

Figure 8: Spatial distribution of the reconstruction error in temperature T (left), pressure p (middle) and speed |U|
(right) of the phantom field.
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