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The results for a set of vibrational nonequilibrium models with a range of fidelity are
compared to experimental data for several post-normal shock test cases. The present
work focuses solely on oxygen flows with an emphasis on the modeling of O2-O. The two-
temperature (2T) model is the widely used approach for hypersonic analysis and is pre-
sented as the computationally efficient, lower fidelity modeling approach in this work. In
contrast, the full state-to-state (STS), master equation approach is presented as the higher
fidelity modeling approach. Both approaches have several available methods for obtaining
rate data that are investigated. Specifically, the 2T model is driven by the rates from
Millikan-White (MW) as well as recently available rates that are derived from a detailed
quasi-classical trajectory (QCT) analysis for the O2-O system. The STS model uses tran-
sition rates from the forced harmonic oscillator (FHO) model and dissociation rates from
previous work for O2-O system. The O2-O system uses recently available QCT results for
STS transitions and dissociation. The test case results show that capturing non-Boltzmann
behavior in the vibrational population distribution is critical to accurate nonequilbirium
modeling of hypersonic flows containing oxygen.

Nomenclature

A,B Millikan-White coefficients
Ev Vibrational eenergy [J]
E∗v Equilibrium vibrational energy [J]
K Reaction rate [cm3/sec]
µ Reduced mass [kg]
P Pressure [atm]
ρ Density [kg/m3]
Tt Translational temperature [K]
Tv Vibrational temperature [K]
τv Vibrational relaxation time [sec]
v Vibrational quantum state

I. Introduction

Computer simulation is the primary analysis tool for hypersonic vehicles. The accuracy of the physics
modeling dictates the design margin that is required for the vehicle systems, such as the thermal protec-
tion system (TPS). Many of the hypersonic flight conditions and geometry do not allow the flow to reach
equilibrium before interacting with the vehicle. Modeling this nonequilibrium thermochemistry is one of the
main sources of simulation uncertainty. Recent advances in computational power has made it possible to
investigate the use of high fidelity modeling methods for hypersonic vehicle analysis.
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The two-temperature model is the widely used approach for hypersonic vehicle analysis.1 For vibrational
relaxation, the approach relies on a relaxation time equation that is a function of temperature to evolve the
Landau-Teller equation for vibrational energy. The Millikan-White (MW) vibrational relaxation parameter
formula is generally used, and correlates well with experimental data for many interactions.2 However,
predicted vibrational relaxation of the O2-O system does not correlate well with experimental data.3,4 The
O2-O system violates many of the assumptions that are present in the underlying Landau-Teller theory
that dictates the temperature dependence of the Millikan-White formula. Park and others have adjusted the
Millikan-White coefficients for O2-O to correlate better with experimental data.5 However, the previous work
has assumed the temperature dependence dictated by the Landau-Teller theory. The vibrational relaxation of
O2-O is studied in this work using recently developed rates from a detailed quasi-classical trajectory (QCT)
analysis.6 Chemistry is captured by reaction rates that use Arrhenius-type rate coefficients. Additionally, the
Arrhenius form uses the geometrically averaged temperature of the translational and vibrational temperature
(Ta =

√
TtTv) in order to capture nonequilibrium, thermochemical coupling.

The state-to-state (STS) model is a higher fidelity approach to describing the vibrational energy mode.
The STS model is much more computationally expensive since the population of each vibrational state is
accounted for. The populations are evolved directly based on STS rates and dissociation rates. This approach
allows for multi-quantum transitions and non-Boltzmann distributions to be captured.7,8 There are two
widely used methods for deriving the required STS transition rates. They are the forced harmonic oscillator
(FHO) model of Adamovich9–11and the (QCT) analysis.6,15 The FHO model is a semi-classical analytical
method based on assumptions about the collision event and the form of the potential energy surface (PES).
The analytical form of the FHO method makes it very attractive due to the low computational expense
required to generate transition rates. The QCT method is more general and can be performed on any PES.
The QCT method simulates thousands of individual collision events to calculate transition probabilities and
rates for STS transitions and dissociation transitions. The QCT method is computationally expensive, but
the recent increase in computational power has made it tractable for some systems. As mentioned, the
results of a QCT analysis for O2-O are investigated. In particular, the QCT transition rates will be reduced
to a vibrational relaxation time, as well as used in a full STS analysis. The O2-O2 system has not been
analyzed using the QCT method to date. The STS rates for O2-O2 utilize the FHO model.

In summary, the presented work will focus on two nonequilibrium modeling approaches (standard two-
temperature model and the state-resolved method). First, the details of the modeling approaches are de-
scribed. Next, a set of test cases with experimental data is used to compare the different modeling techniques.
Finally, the test cases are used to determine requirements of fidelity in nonequilibrium modeling.

II. Thermochemical Nonequilibrium Model

In the present work, the post normal shock calculations use the jump conditions derived from the Rankine-
Hugoniot relations. The derivation assumes that the electronic and vibrational modes are frozen across the
shock wave. The flow downstream of the shock wave is calculated by solving the one-dimensional compressible
flow equations plus the equation(s) associated with the vibrational energy mode. The compressible flow
equations are shown in Eq. (1).

∂

∂x

 ρs u

ρ u2 + p

ρ u
(
h+ 1

2u
2
)
 =

 msωs

0

0

 (1)

A. Two-Temperature Model

In the two-temperature (2T) model, nonequilibrium in the energy modes is captured by separating the
translation energy, Et(Tt), and the vibrational energy, Ev(Tv). The other energy modes are modeled, however
they are assumed to be in equilibrium with either the translational or vibrational mode. The present work
assumes that the rotational energy mode is in equilibrium with the translational mode and the electronic
energy mode is in equilibrium with the vibrational mode. It should also be noted that the present work
accounts for only the ground electronic state. Oxygen is known to have accessible, low-lying electronic
excited states, however that topic will be the focus of future investigations.

The vibrational energy evolution is governed by the Landau-Teller equation, Eq. (2).
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d Ev

d t
=
E∗v − Ev

τv
(2)

The relaxation time, τv, in Eq. (2) can be obtained from various methods. The most widely accepted
method is the Millikan-White relaxation time shown in Eq. (3). The values for A and B are unique for each
interaction, and can be calculated based on the reduced mass and vibrational characteristic temperature,
A=0.00116µ

1
2 θ

4
3 and B = 0.015µ

1
4 .

pτv = exp(A (T−
1
3 −B)− 18.42) [atm− sec] (3)

The Millikan-White relaxation time is modified with the collision-limited correction term shown in Eq. (4)
and Eq. (5). It is also referred to as the high temperature correction (HTC). The correction terms include
the number density, n, and the mean particle velocity, c. In this work, σ∗v is set to 3.0×10−21 m2 as proposed
by Park.

τPark =
1

n σv c
[sec] (4)

σv = σ∗v

(
50, 000

T

)2

[m2] (5)

The Millikan-White relaxation time equation is derived from Landau-Teller theory. The Landau-Teller
theory derives a particular temperature dependence for the relaxation time equation. The Millikan-White
relaxation time retains the dominant temperature dependence of the Landau-Teller theory, and is known
to describe many species interactions accurately, including the O2-O2 system. The present work adopts
the Millikan-White relaxation time for the O2-O2 system.5,13 However, the assumptions do not apply well
to a system containing a molecule and an open shell atom, like the O2-O system.3,12,14 These types of
systems deviate due to the effect of additional mechanisms such as non-adiabatic transitions and and the
possibility of atom exchange. The experimental data for the O2-O system has been shown to not follow the
Millikan-White suggested behavior. Park5 proposed new Millikan-White coefficients for O2-O, however, the
temperature dependence was still assumed to be consistent with Landau-Teller theory. O2-O2 has Millikan
White coefficients of A=135.91 and B=0.030. The widely accepted Millikan White coefficients for O2-O are
A=47.7 and B=0.0271.

One of the main areas of focus for this work is to apply the newly available QCT calculated transition
rates for O2-O from Andrienko and Boyd.6 Two sets of state-to-state transition rates are constructed. First,
a simplified Hulbert-Hirshfelder (H-H) PES is applied in a pairwise fashion. The PES supports a maximum
of 36 vibrational states and 223 rotational levels for electronic ground-state O2. This simplified H-H PES
is computationally less expensive than a more accurate PES, and has been shown to successfully capture
the rovibrational relaxation of O2-Ar. Second, an accurate many-body PES is adopted. The Varandas and
Pais PES6 generates 47 vibrational states and a maximum of 236 rotational levels for electronic ground-state
molecular oxygen. Equation (6) presents the curve fit form of the vibrational relaxation parameter for the
QCT results. Further details on the QCT analysis can be found in Ref. 6.

Pτvib = (ax3 + bx2 + cx+ d)× 10−8 [atm− sec] (6)

Table 6 summarizes the curve fit coefficients for each QCT PES.

a b c d

HH PES -4.407 ×10−6 -0.005662 0.5433 0.08702

Varandas PES 2.304×10−3 -0.07254 1.245 1.70

Table 1. Vibrational relaxation curve fit coefficients obtained from QCT analyses

Figure 1 compares the vibrational relaxation parameter from different methods for O2-O (O2-O2 is also
shown for reference). There is much insight that can be gained from this plot. First, the unadjusted MW
relaxation parameter for O2-O does not match up well with the experimental data of Breen.16 This is what
lead Park to adjust the MW coefficients to match the experimental data. The experimental data for O2-O is
only available at relatively low temperatures (less than 4000K), which makes it difficult to infer the correct
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temperature dependence. Park and others have assumed the same form as the Landau-Teller temperature
dependence. No temperature dependence is assumed in the QCT method. Secondly, the QCT results deviate
from the Landau-Teller temperature dependence. This is plausible, if not expected, given that the O2-O
system does not adhere to the assumptions of Landau-Teller theory.

Figure 1. Vibrational relaxation parameter obtained from various
models

In the 2T model, the dissociation process is treated by Arrhenius-type rate coefficients with the geomet-
rically averaged temperature of the translational and vibrational temperature (Ta =

√
TtTv). The Arrhenius

form is shown in Eq. 7. Additionally, the Arrhenius coefficients associated with various models are sum-
marized in Table 2. When a molecule dissociates, its vibrational energy is lost, and this effect must be
accounted for in the model. Since the dissociating molecule could be at a low vibrational state or a high
vibrational state, an assumption must be made as to an average energy loss due to dissociation. The present
work assumes this energy loss due to dissociation to be 0.45 of the dissociation energy.

kd = C Tn
a exp

(
− θd
Ta

) [
cm3

s

]
(7)

C n θd

MW (Park) 1.00×1022 -1.5 59500

HH PES 1.170×1018 -0.512 60650.0

Varandas PES 1.725×1018 -0.4037 60540.0

Table 2. Arrhenius parameters of dissociation reaction, pre-exponential factor is in cm3/s/mole

B. State-To-State Model

A detailed QCT analysis was performed by Andrienko and Boyd6 for the O2-O system. The state-to-state
transition rates and dissociation rates are reduced to a relaxation time and dissociation rate through a
series of master equation analyses. The final results are provided in a curve fit form as shown in Eq. 8
and Eq. 9. The transition rates for the O2-O2 system are taken from FHO analysis.9–11,13 These rates are
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used in a post-normal shock calculation using the master equation approach outlined in Ref. 8. It can be
noted that a STS model explicitly represents the populations of each vibrational state. The evolution of the
population distribution is driven by the STS rates and dissociation rates. There is no assumption made for
the population distribution or the coupling between the vibrational relaxation and dissociation.

Kv→v′ = 1× 10−12 exp[A+
B

log(x)
+ C log(x)] x =

T

1000
[
cm3

s
] (8)

log(Kv→diss) = A+B log(T )− C

T
[
cm3

s
] (9)

III. Post Normal Shock Flow Results

A. Two-Temperature Results

The post normal shock flow calculations are carried out for an existing set of shock tube experiments
conducted by Shatalov et al.17 The flow conditions for the test cases are summarized in Table 3. All flow
conditions have a pure O2 freestream composition.

Test Case Shock Velocity [ km
s ] P1 [Torr] T1 TPost [K]

C1 3.07 2.0 295 5,300

C2 3.95 1.0 295 8,620

C3 4.44 0.8 295 10,820

Table 3. Summary of flow conditions investigated17

Figure 2 shows the temperature profiles of the various 2T models for Case C1. All of the models perform
nearly identically. C1 is a mild condition with a relatively low post-shock temperature. The mild temperature
leads to a very small amount of atomic oxygen being present during the vibrational relaxation. Figure 3
shows the composition evolution. Note the difference in time scale for the composition plot. Since there is
little to no atomic oxygen present during the vibrational relaxation, the O2 -O2 behavior dominates. All of
the models are utilizing the same MW coefficients for O2-O2, so it is not a surprise that they all have almost
identical behavior. Only slight differences are observed after 0.5µsec due to the start of dissociation, and
thus the presence of atomic oxygen. It is also observed that the results from all models fall within the error
bars of the experimental data.

Figure 4 shows the temperature profiles and Fig. 5 shows the composition evolution for Case C2. For this
condition, dissociation occurs during the vibrational relaxation process. This introduces atomic oxygen that
influences the vibrational relaxation process, and slight differences are seen in the prediction of the different
models. Specifically, after 0.2µsec the behavior differs significantly due to the different dissociation models.
The results generally agree with experimental data until 0.25µsec. After this point, the models all under
predict the vibrational temperature.

The temperature profiles for the model results for Case C3 are shown in Fig. 6. Once again the results
from all the models have very similar behavior. They also agree well with the experimental data. Case C3 has
the highest temperature of the test cases. In this high temperature scenario, the vibrational relaxation occurs
very quickly, more rapidly than the dissociation process (see Fig. 7). This leads to the end result being
similar to Case C1 in which the vibrational relaxation is completed before any atomic oxygen is present.
This leads to O2 -O2 dominating the vibrational relaxation behavior. The differences in the behavior is
primarily from the dissociation modeling.

B. State-to-State Results

The results in this section focus on comparing the current state of the art method (2T with Millikan-White)
with the highest fidelity model in this study (STS with QCT Varandas rates).

Figure 8 presents the evolution of temperature for the two modeling approaches for Case C1. There
is a fundamental difference in the vibrational temperature profile. The STS QCT Varandas vibrational
temperature results begin rising more slowly than the Millikan-White results. However, the STS QCT
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Figure 2. Temperature profiles obtained with different relaxation
models for C1: T1 = 295K, P1 = 2.0 Torr, V = 3.07 km/s, Pure O2

freestream

Figure 3. Composition profile for C1: T1 = 295K, P1 = 2.0Torr, V =
3.07 km/s, Pure O2 freestream

Varandas results have a more linear profile early, and crosses over the MW profile around 0.4 µsec. Both
models follow the low end of the experimental data error band. Prior to 0.4 µsec, the MW results follow
the experimental data more closely. Conversely, the STS QCT Varandas results follow the experimental
data better after 0.4 µsec. Figure 9 shows the difference in composition and may account for the differences
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Figure 4. Temperature profiles obtained with different relaxation
models for C2: T1 = 295K, P1 = 1.0 Torr, V = 3.95 km/s, Pure O2

freestream

Figure 5. Composition profile for C2: T1 = 295K, P1 = 1.0Torr, V =
3.95 km/s, Pure O2 freestream

observed in the vibrational temperature profile. While there are differences in the fundamental profile
shapes of the two models, neither model shows a distinct advantage in replicating the experimental data
for vibrational temperature. Figure 10 presents the evolution of vibrational state population distribution
for the STS model. The Boltzmann distributions plotted represent a temperature equivalent distribution
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Figure 6. Temperature profiles obtained with different relaxation
models for C3: T1 = 295K, P1 = 0.8 Torr, V = 4.44 km/s, Pure O2

freestream

Figure 7. Composition profile for C3: T1 = 295K, P1 = 0.8Torr, V =
4.44 km/s, Pure O2 freestream

for that given time. The first time location (t=0.00 µsec) represents the vibrational population distribution
just before the shock passage. The flow is in equilibrium and the distribution does not deviate from the
Boltzmann distribution. However, once the shock passes, the distribution is non-Boltzmann throughout the
vibrational relaxation and dissociation processes. Specifically, the distribution is overpopulated (relative to
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the Boltzmann distribution) for the mid and high level states early in the evolution, while the vibrational
relaxation is the dominant process. The overpopulation begins to be mitigated as the dissociation process
becomes more significant. When comparing the 0.04 µsec and 0.36 µsec distributions, the effect of dissociation
has begun to diminish the overpopulation at the high level states. This effect continues into the 0.75
µsec distribution. At this time, the distribution is primarily Boltzmann except for the high energy tail
that is underpopulated due to the dissociation process. This distribution profile remains until the species
populations settle out and the system reaches equilibrium. The end equilibrium vibrational population
distribution is omitted from the figure for clarity. Similar qualitative evolution behavior is observed in C2
and C3 for the vibrational population distribution.

Figure 8. Temperature profiles obtained with different relaxation
models for C1

Figure 11 and 12 present the evolution of temperature and composition for the two modeling approaches
for Case C2. The difference in the behavior between the two models is significant. Case C2 is interesting
in that the dissociation process and the vibrational relaxation are occurring simultaneously. It appears that
the ability of the STS model to describe non-Boltzmann behavior and multi-quantum transitions is critical
to properly modeling flows with this vibrational relaxation and dissociation process interaction. Figure 10
presents the vibrational population distribution. The behavior is similar to that described for Case C1.

Figure 14 and 15 present the evolution of temperature and composition for the two modeling approaches
for Case C3. The difference in the behavior between the two models is significant once again. Case C3
also has the dissociation process and the vibrational relaxation are occurring simultaneously. The results are
similar to Case C2. The STS model can describe the behavior more accurately than the 2T model. Figure 16
presents the vibrational population distribution. The behavior is similar to that described for Case C1.

It should be noted that the non-Boltzmann behavior observed in the vibrational population distributions
is linked to the profile shape differences observed in vibrational temperature evolution. The 2T method
assumes a Boltzmann distribution throughout the process as well as single quantum transitions. Theses
assumptions lead to a smoother (more constant curvature) profile. The STS model allows for non-Boltzmann
distributions and multi-quantum transitions that lead to different relaxation and dissociation behavior,
causing additional inflection points in the vibrational temperature profile. Similar behavior has been observed
for nitrogen.18
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Figure 9. Composition profiles obtained with different relaxation
models for C1 (Note the timescale difference)

Figure 10. Vibrational population distribution evolution for C1

IV. Conclusion

Vibrational nonequilibrium and dissociation models of varying fidelity are presented in this work. First,
the widely used two-temperature model is presented with various potential vibrational relaxation rate and
dissociation rate expressions. The results show only small differences between the different vibrational relax-
ation rate methods for O2-O. The results suggest that the differences in behavior is due to the dissociation
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Figure 11. Temperature profiles obtained with different relaxation
models for C2

Figure 12. Composition profiles obtained with different relaxation
models for C2

rates for the various models. Two vibrational relaxation rate functions are presented that were obtained from
QCT analysis of two different PES. The test case results show a slight difference between the two different
PES, but not a fundamental difference in behavior. Additionally, detailed state-to-state calculations were
performed using the transition rates from the FHO model and QCT analysis for O2-O2 and O2-O, respec-
tively. The investigation showed that there is strong non-Boltzmann behavior in the vibrational population
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Figure 13. Vibrational population distribution evolution for C2

Figure 14. Temperature profiles obtained with different relaxation
models for C3

distributions for the cases studied, specifically C2 and C3. The results show that there need to capture non-
Boltzmann behavior and multiquantum transitions for flow conditions that have both vibrational relaxation
and dissociation occurring simultaneously. Additionally, the importance of accurate STS transition rates for
O2-O2 is highlighted.
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Figure 15. Composition profiles obtained with different relaxation
models for C3

Figure 16. Vibrational population distribution evolution for C3
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