
Master Equation Analysis of Post Normal ShockWaves of Nitrogen

Jae Gang Kim∗

Sejong University, Seoul 143-747, Republic of Korea

and

Iain D. Boyd†

University of Michigan, Ann Arbor, Michigan 48109

DOI: 10.2514/1.T4249

One-dimensional post normal shock flow calculations are carried out using state-of-the-art thermochemical non-

equilibrium models. Two-temperature, four-temperature, and electronic master equation coupling models are

adopted in the present work. In the four-temperature model, the rotational nonequilibrium is described by Parker

andmodified Parkmodels. In the electronic master equation couplingmodel, recently evaluated electron and heavy-

particle impacts and radiative transition cross-sections are employed in constructing the system of electronic master

equations. In analyzing the shock-tube experiments, the results calculated by the state-of-the-art thermochemical

nonequilibrium models are compared with existing shock-tube experimental data. The four-temperature and

electronic master equation coupling models with rotational nonequilibrium described by the modified Park model

approximately reproduce the measured rotational, vibrational, and electronic temperatures.

I. Introduction

T HE energy modes contained in atoms or molecules are usually
characterized by a temperature. In a thermochemical non-

equilibrium gas mixture, the temperatures that characterize these
different modes of energy may be different from each other. Two-
temperature and multitemperature models [1] are widely used
approaches for characterizing these different energy modes. In the
two-temperature model, one approximates this situation with two
main assumptions. First, one assumes that there are only two different
temperatures. The rotational temperature of molecules is assumed to
be the same as the translational temperature of heavy particles.
Vibrational temperatures of all molecules are assumed to be the same
as the electron temperature and the electronic temperature. Second,
the forward and reverse rate coefficients for the chemical reactions
involving molecules are assumed to be a function of a geometrically
averaged temperature evaluated using the translational and vibra-
tional temperatures. In the multitemperature approach, unlike the
two-temperature model, the vibrational temperature is considered as
a species-dependent characteristic temperature. Computational fluid
dynamic results calculated by these temperature models show fairly
good agreement with previous hypersonic flight experiments [2].
However, the two-temperature and multitemperature models are not
able to correctly predict the shock standoff distance for a sphere at
intermediate hypersonic speeds betweenMach numbers of 10 to 15 in
air. In the work of Furudate et al. [3], a comparison of the measured
and calculated shock standoff distances was performed. The mea-
surement was made in a ballistic range at Tohoku University, Japan.
The calculations were made using the extended two-temperature
model in which the vibrational temperatures of N2, O2, and NO
were considered different from each other. In this work, it was shown
that the two-temperature model tends to underestimate the shock
standoff distance. In reentry calculations in which the velocity
exceeds 10 km∕s, significant diffierences are shown between the

results calculated by those thermochemical models and measured
data [4]. These disagreements between the calculated and measured
data show the uncertanties of two- and multitemperature models and
also show that the thermochemical nonequilibrium behind a strong
shock wave is not understood well in the intermediate and higher
hypersonic speeds.
One of the modeling uncertainties is the rotational nonequilibrium

of air species. The spectrum of radiation emitted in the flow behind a
shock wavewas measured and analyzed by several researchers [5,6].
At the point of peak radiation intensity of the N2�2�� band, the
spectrum was analyzed in detail. From such analyses, it was found
that the rotational temperature is not higher than the vibrational
temperature at the peak-intensity point. In a recent measurement by
the coherent anti-Stokes Raman scattering (CARS) method [7,8], the
temperature of electronic ground state N2 was estimated from
radiation of the strong shockwave in a free-piston, double-diaphragm
shock tube. In this experiment, the estimated rotational temperature is
not higher than the vibrational temperature. In theoretical calcula-
tions of the electronic ground state ofN2, master equation studies and
one-dimensional (1D) post normal shock flow calculations were
performed by Kim and Boyd [9] by using a NASA database [10,11]
of state-to-state transition rates for N2. In this study, it was recom-
mended that the rotational energy of N2 should be treated as a non-
equilibrium mode in hypersonic reentry calculations.
In the present work, 1D post normal shock flow calculations of

N2 are carried out to analyze existing shock-tube experiments [5–8]
by state-of-the-art thermochemical nonequilibrium models. The
two-temperature (2T), four-temperature (4T), and electronic master
equation coupling (EM) models are adopted in these post normal
shock flow analyses. In the 4T model, the rotational, vibrational,
and electron-electronic energies are considered as nonequilibrium
modes. The rotational nonequilibrium of the 4T model is described
by Parker [12] and modified Park models [9,13] in the present work.
In the EM model, the nonequilibrium populations of the electronic
states of N andN2 are determined by solving the system of electronic
master equations in order to treat the electronic nonequilibrium
energy mode. The system of electronic master equations is con-
structed by recently evaluated electron and heavy-particle impacts
and radiative transition cross-sections of N andN2. In the EMmodel,
this system of electronic master equations is coupled with the 4T
model with the rotational nonequilibrium of themodified Parkmodel
in calculating the post normal shock flows.

II. Thermochemical Nonequilibrium Model

In the present work, five species of N, N2, N
�, N�2 , and e− are

adopted to carry out the post normal shock flow calculations. For the
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neutral species, 82 electronic states of N and 5 electronic states ofN2

are employed, and for the charged species, the electronic ground
states of N� and N�2 are considered. The spectral data of each
electronic states are obtained from the work by Hyun [14].
In calculating the post normal shock flows, the jump conditions

immediately behind a shock wave are derived by using the Rankine–
Hugoniot relations assuming the electronic, rotational, and vibrational
energy modes to be frozen. The downstream flow is calculated by
solving the one-dimensional conservation equations of mass, momen-
tum, and global energy. These conservation equations are defined as

∂
∂x

24 ρsu
ρu2 � p

ρu�h� 1
2
u2�

35 �
24 msωs0

−Qrad

35 (1)

where s is the species index; ρ is the density; x and u are the distances
from the shockwave and thedownstreamvelocity, respectively;h is the
specific enthalpy;ms is the speciesmass; andωs is the rate of formation
of species number density. In the 2T and 4T models, the radiative
energy lossQrad is set to zero.However, in the EMmodel, the radiative
energy loss caused by the radiative processes is considered in the
global energy conservation equation. In addition to Eq. (1), the
thermochemical nonequilibrium equations of the 2T, 4T, and EM
models are solved to analyze the 1D post normal shock flows.

A. Two-Temperature Model

In Fig. 1, a schematic diagram of nonequilibrium energies and
temperatures is presented for the 2T model. In the 2T model, the
transrotational energy is treated as equilibrium, and the electron-
electronic-vibrational energy (Eeev) is treated as a nonequilibrium
mode. In this 2T model, the electron-translational energy (ET),
electron-rotational energy (ER), and vibrational-translational energy
transfers (VT) and energy removal due to chemical reactions are
adopted in describing the relaxation of the electron-electronic-
vibrational energy. Then, the electron-electronic-vibrational energy
conservation equation is constructed as

u
∂Eeev

∂x
�
Xh
s

Naγe
2me
ms

vs
3

2
k�T − Teev�

�
Xm
s

Naγe
2me
ms

gr;svs
3

2
k�T − Teev�

�
Xm
s

�
fD
gev;s�T�Naγs − Ev;s

τv;s

�
− ΨvDN2

NaωDh −DN2
NaωDe − INNaωEI

�ΨvDN�
2
NaωAI − Ψv�DN2

−DN�
2
�NaωCER (2)

whereNa is Avogadro’s number, γ is the species concentration, and k
is the Boltzmann constant. In the energy loss term of Eq. (2),D and I
are the dissociation and ionization energies, respectively. In Eq. (2),
ωD are the dissociation rates by the electron and heavy-particle-
impact processes,ωEI is the electron-impact ionization rate,ωAI is the
associative ionization rate, and ωCER is the charge exchange reaction
rate. In the 2T model, all of the chemical reactions are treated by
Arrhenius-type rate coefficients with geometrically averaged temper-
ature of the translational and electron-electronic-vibrational temper-
atures of T and Teev. In the present work, the reaction rate parameters
are obtained from the reference data proposed by Park et al. [15]. The
equilibrium constants are applied to derive the backward reaction

rates, and these equilibrium constants are calculated by a rigorous
method of partition function relations [1]. In the present work, the
normalized vibrational energy loss ratioΨv is set to a constant of 0.5
based on recent master equation studies [9,16] of N2 and H2. In the
ET transfer of Eq. (2), the collision frequency vs is calculated as

vs � nsσe;s
�
8kTeev

πme

�
1∕2

(3)

where ns is the species number density andme is the electronmass. In
the present work, the effective cross-section σe;s for neutral species is
obtained from a curve fit proposed by Gnoffo et al. [17]. For charged
species, the effective cross-section with the Debye cutoff
approximation [1] is adopted in the present work,

σe;s �
4

3

4.39 × 10−6

T2
eev

ln

�
1.24 × 104T1.5

eev�����
ne
p

�
(4)

where ne is the electron number density. In the ER transfer of Eq. (2),
amodel proposed byNishida andMatsumoto [18] is employed. In the
present work, the coefficient gr;s of the ER transfer is set to a constant
of 10.0 for neutral and charged particles [18]. In the VT transfer, the
Millikan–White relaxation time [19] τv;s with the collision-limited
correction term [20] τc is adopted in the present work. This collision-
limited correction term is defined as

τc �
�
ntσv

���������
8kT

πμ

s �−1

(5)

σv � σ�v

�
50; 000

T

�
2

(6)

where nt and μ are the total number density of colliding particles and
the average mass of the mixture, respectively. In the 2T model, σ�v is
set to 3.0 × 10−17 cm2 as proposed by Park [20]. The diffusion
correction factor fD of the VT transfer in Eq. (2) is defined as

fD �
���� Tsw − Teev

Tsw − Teevsw

����a−1 (7)

where a is an arbitrary parameter given as 3.5 × exp�−5; 000∕Ts�
for N2 and N�2 . Tsw and Teevsw

are the translational and electron-
electronic vibrational temperatures immediately behind the shock
wave.

B. Four-Temperature Model

In Fig. 2, a schematic diagram of nonequilibrium energies and
temperatures is presented for the 4T model. In the 4T model, four
pools of energy are considered, consisting of the translational, rota-
tional, vibrational, and electron-electronic energy modes. In describ-
ing rotational nonequilibrium, the Parker [12] and modified Park
[9,13] models are taken into account in the present work.
In the Parker [12] model, rotational-translational energy transfer

(RT) is treated by a Landau–Teller type of equation with the theo-
retically calculated RT relaxation time. This relaxation time is derived
by using the rigid rotator assumption [12]. Then, the rotational energy

Fig. 1 Schematic diagram of nonequilibrium energies and temper-

atures in 2T model.

Fig. 2 Schematic diagram of nonequilibrium energies and temper-

atures in 4T model.
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conservation equation is constructed by the ER and RT transfers and
the rotational energy losses due to chemical reactions,

u
dEr
dx
� −

Xm
s

Naγe
2me
ms

gr;svs
3

2
k�Tr − Tee�

�
Xm
s

�ger;s�T�Naγs − Er;s
τr;s

�
−ΨrDN2

NaωD �ΨrDN�
2
NaωAI −Ψr�DN2

−DN�
2
�NaωCER (8)

where Tr and Tee are the rotational and electron-electronic temper-
atures, respectively. The normalized rotational energy loss ratio Ψr is
set to a constant of 0.3 in the present work. The RT relaxation time τr;s
of the Parker model is defined as

τr;s � ZR;s
�X

k
σrotnk

�
8kT

πμs;k

��−1
(9)

and ZR;s is given by

ZR;s �
Z∞
R;s

1� �π3∕2∕2��θrot;s∕T�1∕2 � ��π2∕4� � π��θrot;s∕T�
(10)

where θrot;s is the characteristic rotational temperature. In the present
work, the collision cross-section σrot and number Z∞

R;s are set to
10−15 cm2 and 15.7 for N2 and N�2 , respectively. In the vibrational
energy conservation equation, the electron-vibrational energy (EV)
and VT transfers and the vibrational energy losses due to chemical
reactions are adopted. This vibrational conservation equation is
defined as

u
∂Ev
∂x
�

gev;N2
�Tee�Naγs − Ev;N2

τeVN2

�
Xm
s

�
fD
gev;s�T�Naγs − Ev;s

τv;s

�
−ΨvDN2

NaωD �ΨvDN�
2
NaωAI −Ψv�DN2

−DN�
2
�NaωCER

(11)

where the EV relaxation time τeV ofN2 is obtained from the measured
value by Lee [21] with the curve-fit function of electron-electronic
temperature Tee.
In the modified Park model [9,13], the RT relaxation time of

N2 � N2 proposed by Park is adopted in the present work. This
relaxation time is derived from the results of master equation
calculations with the existing state-to-state rotational transition rates.
This RT relaxation time is much slower than the relaxation time
proposed by Parker [12] at temperatures above 10,000 K. In the
rotational-vibrational energy (RV) transfer ofN2 � N2, the model of
Kim and Boyd [9] is adopted in the present work. In Park’s original
model [13] of the RV transfer, the fractional contribution of the RV to
the total energy transfer is set to a constant of 0.4, and this value is
derived from fRV � kT∕�kT � 1.5kT�. In the present work, unlike
Park’s original model, the fractional contribution for species s is
determined by

fRV;s �
�ξv;s∕2�kT

�ξr;s∕2�kT � 1.5kT
(12)

where ξr;s and ξv;s are the number of degrees of freedom of the
rotational and vibrational modes, respectively. In the modified Park
model, the rotational-vibrational-translational energy (RVT) transfer
ofN2�X� � N�4S� is calculated by coupling the full master equations
[9] with the rovibrational state-to-state transition rates obtained from
the NASA Ames Research Center database [10,11]. Then, the ER,
EV, RT,VT, RV, andRVT transfers and energy losses due to chemical
reactions are employed in constructing the rotational and vibrational
energy conservation equations, and these are given as

u
dEr
dx
�−

Xm
s

Naγe
2me
ms

gr;svs
3

2
k�Tr−Tee�

�
Xm
s

�fer;s�T�Naγs−Er;s
τr;s

�fRV;s
Ev;s−gev;s�Tr�Naγs

τv;s

�

�
XN2�X�

i�N2�X;v;J�

XN2�X�

j�N2�X;v;J�
erN2
�i�K�i;j�

�
Qi
Qj

γj−γi
�
ρN2

aγN�4S�

−
XN2�X�

i�N2�X;v;J�
erN2
�i�K�i;c�

�
γi−

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
ρN2

aγN�4S�

−
XN2�X�

i�N2�X;v;J�
erN2
�i�Kp�i;c�

�
γi−

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
Na

−ΨrDN2
NaωD�ΨrDN�

2
NaωAI−Ψr�DN2

−DN�
2
�NaωCER (13)

u
dEv
dx
�
gev;N2
�Tee�Naγs−Ev;N2

τeV;N2

�
Xm
s

�
�1−fRV;s�fD

gev;s�T�Naγs−Ev;s
τv;s

�fRV;s
gev;s�Tr�Naγs−Ev;s

τv;s

�

�
XN2�X�

i�N2�X;v;J�

XN2�X�

j�N2�X;v;J�
evN2 �X�

�i�K�i;j�
�
Qi
Qj

γj− γi

�
ρN2

aγN�4S�

−
XN2�X�

i�N2�X;v;J�
evN2 �X�

�i�K�i;c�

×
�
γi−

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
ρN2

aγN�4S�

−
XN2�X�

i�N2�X;v;J�
evN2 �X�

�i�Kp�i;c�
�
γi−

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
Na

−ΨvDN2
NaωD�ΨvDN�

2
NaωAI−Ψv�DN2

−DN�
2
�NaωCER (14)

where indices of i and j denote the rovibrational state
of N2�X�. The bound-bound and bound-free rates of K�i; j� and
K�i; c� are the rovibrational state-to-state transition rates
for N2�X� � N�4S�, respectively. In Eqs. (13) and (14), Qi is the
rovibrational partition function of the electronic ground state of N2.
In themodified Parkmodel, the predissociation ofN2�X� is included,
and its rate is described by Kp�i; c�. In the previous master equation
studies for N� N2[9] and H2 and He mixtures [16,22,23], it was
observed that the rotational and vibrational relaxation times become
identical when the temperature increases. In the work by Kim and
Boyd [9], the collision-limiting cross-section σv of Eq. (6) was
modified to a constant of 3.0 × 10−18 cm2 to satisfy these relaxation
patterns. In themodified Parkmodel, this corrected collision-limiting
cross-section is employed.
In Eqs. (13) and (14), the unknown variable is the rovibrational

concentration γi of electronic ground state N2. Unfortu-
nately, we cannot directly calculate γi from state-to-state kinetics
because of the lack of knowledge about the transition rates for
N2�X� � N2�X�. In the present work, the rovibrational concentration
γi is determined from the Boltzmann distributions using the
nonequilibrium temperatures as

γi �
η�i; Tr; Tv�P
i η�i; Tr; Tv�

γN2
(15)

η�i; Tr; Tv� � ϵgegs�2J� 1� exp
�
−
er�i�
kTr

−
ev�i�
kTv

�
(16)
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where J is the rotational quantum number, ϵ is a symmetry factor, and
ge and gs are the total degeneracy of the electronic state and the
nuclear spin multiplicity of N2, respectively.
In species conservation equations of the modified Park model, all

of the chemical reactions are described by using theArrhenius type of
equations except the dissociation of N2�X� � N�4S� and the predis-
sociation ofN2�X�. These dissociation and predissociation processes
are evaluated by coupling the rovibrational master equation of the
bound-free transitions. These are given as

ωDjN2�N �
XN2�X�

i�N2�X;v;J�
K�i; c�

×
�
γi −

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
ρNaγN�4S� (17)

ωDjN2
�

XN2�X�

i�N2�X;v;J�
Kp�i; c�

�
γi −

QiQtN2
Q2
NQ

2
tN

exp

�
Di
kT

�
ρNaγ

2
N�4S�

�
(18)

The electron-electronic energy conservation equation using the
Parker and modified Park models is constructed by ET, ER, and EV
transfers and is defined as

u
dEee

dx
�
Xh
s

Naγe
2me
ms

vs
3

2
k�T − Tee�

�
Xm
s

Naγe
2me
ms

gr;svs
3

2
k�Tr − Tee� −

gev;N2
�Tee�Naγs − Ev;N2

τeV;N2

− �1 −Ψr −Ψv�DN2
NaωDe − INNaωEI (19)

C. Electronic Master Equation Coupling Model

In Fig. 3, a schematic diagram of nonequilibrium energies and
temperatures is presented for the EM model. In the EM model, the
rotational and vibrational energy relaxations are treated in a similar
way as the 4Twith the rotational nonequilibrium of themodified Park
model. However, the number density populations of electronic states
of N andN2 are evaluated by solving the system of electronic master
equations.
In atomic elementary processes of the system of electronic master

equations, the N atom is more efficiently excited and ionized by
electron impact than by the heavy-particle-impact processes. In

electron-impact excitation, the excitation rates of the first three states
of N are obtained from the work by Bultel et al. [24]. The electronic
state-to-state transition rates of the other states are obtained from the
work by Panesi et al. [25,26]. In electron-impact ionization, the rate is
well known for atomic H [14], and this rate form is adopted for
ionization of N in the present work. This electron-impact ionization
rate is defined as

Ke�i; c� �
5.45

T3∕2
e

�
0.62

kTe
IN − Ei

E1

�
IN − Ei
kTe

�
− 0.534

E1�Ec�
Ec

�
(20)

where index i denotes the electronic state of N and Te is the electron
temperature. Ec is Ec � �IN − Ei�∕�kTe� � 0.56, and E1�θ� is the
exponential integration defined as

E1�θ� �
Z

1

0

exp�−θ∕s�s−1 ds (21)

In molecular elementary processes, electron and heavy-particle
impact excitation and dissociations are adopted in the EMmodel. The
overall rate of electron-impact excitation is defined as

�Ke�e; e 0� �
P

v exp�−Gv∕kTv�
P

J�2J� 1� exp�−FJ∕kTr�
P

v 0 q�v; v 0�
P

J 0 �2J 0 � 1�K�e; v; J; e 0; v 0; J 0�P
v exp�−Gv∕kTv�

P
J�2J� 1� exp�−FJ∕kTr�

(22)

where q�v; v 0� is the Franck–Condon factor. Gv and FJ are the
vibrational and rotational energies, respectively. In Eq. (22), the rate
of transition Ke�e; v; J; e 0; v 0; J 0� is given by

K�e; v; J; e 0; v 0; J 0� � 8π������
me
p

�
1

2πkTe

�
3∕2 Z ∞

E�
σe exp

�
−
E

kTe

�
E dE

(23)

where E� is a threshold energy for electronic excitation and σe is the
electron-impact excitation cross-section. In the present work, the
electron-impact excitation cross-section and Franck–Condon factor
are obtained from the work by Hyun [14]. In the EM model, the
electron-impact dissociation rates of the molecular elementary
processes are given by

KDe �i; c� � A
�
Te

6; 000

�
n

exp

�
−
Td
Te

�
(24)

where the parameters A, n, and Td are obtained from a database of
electron-impact transition rates proposed by Park [27]. In the heavy-
particle-impact excitation and dissociation, the bound-bound and
bound-free transition rates are given as

Kh�i; j� � A
�

T

6; 000

�
n

exp

�
−
Td
T

�
(25)

where the parameters A, n, and Td are obtained from a database of
heavy-particle-impact transition rates proposed by Park [28].
In radiative transition processes, the radiative transition model for

N is obtained by grouping elementary levels having similar
characteristics. The equivalent spontaneous emission probability of
each average level is determined based on the detailed emission
probabilities from the work by Hyun [14]. In the present work,

Fig. 3 Schematic diagram of nonequilibrium energies and temper-

atures in EM model.

244 KIM AND BOYD

D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f 

M
ic

hi
ga

n 
- 

D
ud

er
st

ad
t C

en
te

r 
on

 D
ec

em
be

r 
14

, 2
01

7 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.T

42
49

 

http://arc.aiaa.org/action/showImage?doi=10.2514/1.T4249&iName=master.img-002.jpg&w=238&h=103


radiative and dielectric recombination is adopted in describing the
recombination of N� and e−, and the rate coefficients are obtained
from the work by Bourdon and Vervisch [29]. In the radiative
transitions for N2, the radiative transition probability from the
electronic state i to state j < i is expressed as

A�i; j� �
P

v Av�i; j� exp�−Gv∕kTv�P
v exp�−Gv∕kTv�

(26)

where the transition probabilities Av�i; j� are obtained from the work
by Hyun [14]. In the present work, the possible reabsorption of the
emitted radiation is estimated by using the escape factors α without
solving the radiative transport equations. It is assumed that an
optically thin medium is associated with an escape factor of 1,
whereas for an optically thickmedium, the escape factor is set to zero.
The system of the electronic master equation of N and N2 can be

constructed by the electron and heavy-particle impact and radiative
transitions, and the rates of the electronic concentration of N can be
written as

u
∂γi
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�
XN
j
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� αDRi KDR�c; i��ρNaγN�γe (27)

where k and l denote the electronic states of the dissociated N atom.
The Dirac delta function is δ, and ϵ is the symmetric factor defined as
ϵk;l � 2 if k � l or ϵk;l � 1 if k ≠ l. Ke is the electronic-impact
excitation rate. KDe and KDh are the electron- and heavy-particle-
impact dissociation rates. KRR and KDR are the radiative and
dielectric recombination rates, respectively. In Eq. (27), Qe is the
partition function defined by the electron temperature Te, and Q

h is
defined by the translational temperature T. The rates of change of the
electronic concentration of N2 are expressed as
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In the EM model, the electron energy loss and gain due to electron-
impact processes of the bound-bound and bound-free transitions
need to be considered. In the present work, these detailed electron
energy processes are fully implemented in the electron energy
conservation equation of Eq. (19) with some modifications. In the
EM model, electron energy conservation due to the electron-impact
processes is ensured using a bin-counting method for each electron-
impact process. For example, for electron-impact bound-bound
transitions of N, the electronic excitation of N is carried out by
obtaining the threshold energy from the electron impact. Then, this
threshold energy is removed from the electron translational energy.
Also, in the EMmodel, the rotational and vibrational energy loss and
gain due to chemical reactions of Eqs. (13) and (14) are modified to
describe the chemical reactions in each electronic state. In the EM
model, the associative ionization and charge exchange reaction are
considered by the Arrhenius type of equations with an assumption
that these reactions occur in the electronic ground state. The radiative
energy loss Qrad due to radiative transition and radiative recombi-
nation of Eq. (1) are modeled as

Qrad �
XN;N2

s

X
i;j;j<i

αi;j�Ei − Ej�As�i; j�Naγi

�
XN
i

�IN − Ei��αRRi KRR�c; i� � αDRi KDR�c; i��ρN2
aγN�γe (29)

III. Post Normal Shock Flow Calculations

The post normal shock flow calculations are carried out for
existing shock-tube experiments [5–8] by the state-of-the-art
thermochemical nonequilibrium 2T, 4T, and EMmodels. The results
from the calculations are compared with the shock-tube measured
data and analyzed in detail. In the present work, the post normal
shock flow calculations are performed by an implicit integration
method with parallelization algorithm to reduce the computa-
tion time.
In Fig. 4, the calculated translational, rotational, and vibrational

temperatures by the 2T, 4T, and EM models are compared with the
shock-tube data measured by Sharma and Gillespie [5] and AVCO
Everett Research Laboratory, Everett, MA [30], in the optically
thin medium. In these calculations, the upstream pressure is 1.0 torr,
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and the shock velocity is 6.2 km∕s. In this case, the total enthalpy
of the freestream is about 20 MJ∕kg, and the density is
1.497 × 10−6 g∕cm3. In Fig. 4a, the calculated results by the 2T
and 4T with Parker models are compared with the experimental
values. The rotational and vibrational relaxations between the 2Tand
4T models are almost identical, and the rotational relaxation of the
4T model is fast enough to treat as an equilibrium temperature. In
comparison with the experimental values, the calculated relaxations
of the rotational and vibrational temperatures are much faster than

the measured values by Sharma and Gillespie, and the rotational
temperature underestimates the measured rotational temperature
by AVCO. In Fig. 4b, the calculated temperatures by the 4T with
modified Park and EM models are compared with the shock-tube
measured values. The calculated rotational relaxation of the 4Twith
modified Park model is slow enough to treat as a nonequilibrium
state, and the calculated rotational and vibrational temperatures agree
with the data measured by Sharma and Gillespie. In the downstream
region, the rotational temperature of the EM model is slightly lower
than the 4T with modified Park model. This is because the depen-
dence on the dissociation rates of the excited states of the EMmodel
were determined by an empirical manner due to the lack of knowl-
edge of these processes. In the EMmodel, the effects of electron- and
heavy-particle-impact dissociation on the electronic excited states of
N2 are obtained from the work by Park [27,28]. Thus, uncertainty in
themodeling of these processes affects the rovibrational relaxation of
N2. However, the calculated rotational temperature of the 4T with
modified Park and EM models agree with the data measured
by AVCO.
In Fig. 5, the calculated electronic temperatures of N2�B3Πg� by

the 2T, 4T, and EM models are compared with the shock-tube data
measured byAVCO [30]. In the EMmodel, the electronic excitations
with andwithout heavy-particle-impact processes are also compared.
In the 2Tand 4Twith Parkermodels, the estimated electronic temper-
atures of Teev and Teex are higher than the measured electronic
temperature of N2�B3Πg� by AVCO. In the 4T with modified Park
model, the estimated electronic temperature of Teex is also higher
than the measured value, and it cannot accurately reproduce the
electronic temperature of N2�B3Πg� immediately behind the shock

Distance from shock wave, cm

T
em

p
er

at
u

re
, K

0 0.5 1
0

5

10

15

20

25 Ttr, 2T
Teev, 2T
Ttr, 4T, Parker
Tr, 4T, Parker
Tv, 4T, Parker
Tr, AVCO RR 186 [30]
Tr, Sharma and Gillespie [5]
Tv, Sharma and Gillespie [5]

x1000

a) 2T and 4T with Parker models

Distance from shock wave, cm

T
em

p
er

at
u

re
, K

0 0.5 1
0

5

10

15

20

25 Ttr, 4T, Modified Park
Tr, 4T, Modified Park
Tv, 4T, Modified Park
Ttr, EM model
Tr, EM model
Tv, EM model
Tr, AVCO RR 186 [30]
Tr, Sharma and Gillespie [5]
Tv, Sharma and Gillespie [5]

x1000

b) 4T with modified Park and EM models
Fig. 4 Comparisons of the calculated translational, rotational, and vibrational temperatureswith the shock-tubedatameasuredbySharmaandGillespie

[5] and AVCO [30].
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Fig. 5 Comparisons of calculated electronic temperatures ofN2�B
3Πg�

with the shock-tube data measured by AVCO [30].
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Fig. 6 Comparisons of the electronic number density populations of the EM model and the Boltzmann distributions specified by the electron

temperature.
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wave. In comparisons of the electronic temperature between the EM
model without the heavy-particle-impact processes and the experi-
mental values, it is observed that the EM model is unable to accu-
rately describe the electronic excitation immediately behind the
shock wave. This is because the number density of electrons is too
low in this region to excite the electronic energy levels of N2. In the
EM model with the heavy-particle-impact processes, the calculated

electronic temperature of N2�B3Πg� agrees better than the other
models. It shows that, immediately behind a shock wave, most of the
electronic excitation of N2 occurs through the heavy-particle-impact
processes. After the electrons are generated by associative ionization,
the dominant electron processes become important in the electronic
excitation of N2. However, differences of the electronic temperature
between the EM model with heavy-particle-impact processes and
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Fig. 7 Comparisons of the species mole fractions in the case of the shock-tube experiments by Sharma and Gillespie [5] and AVCO [30].
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Fig. 8 Comparisons of the calculated translational, rotational, and vibrational temperatures with the shock-tube measured values by CARS

method [7,8].
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the measured values still exist and are most likely due to a lack of
accuracy in the cross-sections for the heavy-particle-impact
excitation.
In Fig. 6, the electronic nonequilibrium populations ofN andN2 of

the EM model are compared with those of the Boltzmann distribu-
tions specified by the electron temperature. In Fig. 6a, the non-
equilibrium populations of N are presented. Immediately behind the
shock wave, large deviations of the number density between the EM
model and the Boltzmann distributions are observed in the highly
excited states. The populations of the low electronic states can be
treated as Boltzmann distributions specified by electron temperature.
However, the nonequilibrium populations of the highly excited states
are not converged to the Boltzmann distributions, and the degree
of nonequilibrium does not decrease uniformly as the flow goes
downstream because of the electronic quasi-steady state established
through the coupled electronic transitions of electron-impact excita-
tion and ionization [1]. This phenomenon is typical of the non-
equilibrium conditions encountered during a high-speed shock
velocity [25]. In Fig. 6b, the number density populations of the
electronic states of N2 from the EM model are compared with the
Boltzmanndistributions.Weakdeviationsbetween the nonequilibrium
populations and the Boltzmann distributions are observed behind the
shock wave, and these nonequilibrium populations are almost
converged to the Boltzmann distributions in the downstream.
In Fig. 7, the species mole fractions of the 2T, 4T, and EMmodels

are compared. In Figs. 7a and 7b, it is observed that the chemical
reactions by the 2T and 4T with Parker models occur more rapidly
than the chemical reactions by the 4T with modified Park and EM
models. This is because, immediately behind the shock wave, the

heavy-particle-impact dissociation has an important role in chemical
reactions, and this dissociation is dominated by the rotational and
vibrational relaxations. As seen in Fig. 1, such relaxations of the 2T
and 4Twith Parker models are much faster than those of the 4Twith
modified Park and EM models. When the dissociated N atom is
generated, the electron is easily produced by associative ionization.
Then, the electron-impact processes and the other chemical reactions
occur. These results show that the heavy-particle-impact rotational
and vibrational relaxations immediately behind the shock wave have
an important role in the nonequilibrium chemical reactions in post
normal shock flows.
In Fig. 8, comparisons of the calculated translational, rotational,

vibrational, and electronic temperatures with the shock-tube experi-
ments [7,8] are presented in an optically thinmedium. In these shock-
tube experiments, the CARS method was employed to measure the
temperatures of the ground state from the radiation behind the strong
shockwave.ND:YAGand dye laserswere used in thismethod.When
these lasers excited the N molecules behind the shock wave, the
CARS signal was collected by a spectrograph. Then, the rotational
and vibrational temperatures were estimated using a spectral match-
ing method. In these shock-tube experiments by CARS [7,8], the
rotational and vibrational temperatures were measured at the shock
wavevelocities of 7.6 and 5.9 km∕s and ambient pressures of 2.5 and
10.0 torr, respectively. In the present work, the post normal shock
flow calculations are performed for these conditions. In Figs. 8a–8d,
it is observed that the calculated rotational and vibrational
temperatures of the 4Twith modified Park and EM models increase
more slowly behind the shock wave than those of the 2Tand 4Twith
Parker models. Also, the rotational and vibrational relaxations are
almost identical in the 4T with modified Park and EM models. In
comparing with the measured values, all of the calculated rotational
and vibrational temperatures overestimate the experimental values,
even though themeasured rotational and vibrational temperatures are
not identical in the equilibrium positions. However, in the CARS
analysis work byMatsuda et al. [8], it is observed that the theoretical
CARS spectrum was calculated based on a simple model without the
pressure effect, and the measured data could be improved by
improving the spectral model.
In Fig. 9, comparisons of the electronic temperatures of N and N2

are presented. The estimated electronic temperatures of the 2Tand 4T
with Parker models rapidly increase because of the ET and EV
transfers of N2. However, the electronic temperatures of the 4T
with modified Park and EM models slowly increase because the
vibrational relaxation occurs more slowly than the 2T and 4T with
Parker models. Also, in the EM model, it is shown that the heavy-
particle-impact processes efficiently affect the electronic excitation
of N2 behind the shock wave.
In Fig. 10, the nonequilibrium populations of N andN2 of the EM

model are compared with those of the Boltzmann distributions
specified by the electron temperature. In Fig. 10a, it is shown that the
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Fig. 9 Comparisons of the electronic temperatures for the 2T, 4T with

Parker, 4T with modified Park, and EMmodels in the case of the shock-

tube experiment by Sakurai et al. [7].
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the case of the shock-tube experiment by Sakurai et al. [7].
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nonequilibrium populations at low electronic energy of N are enough
to treat as the Boltzmann distributions specified by electron
temperature. However, the nonequilibrium populations of the highly
excited states are not converged to the Boltzmann distributions. In
Fig. 10b, the number density populations of the EM model and the
Boltzmann distributions are compared for the electronic states ofN2.
Immediately behind the shock wave, weak deviations between the
nonequilibrium populations and the Boltzmann distributions are
observed, and the nonequilibrium populations are almost converged

to the Boltzmann distributions specified by the electron temperature
in the downstream.
In Fig. 11, comparisons of the speciesmole fractions for the 2T, 4T,

and EMmodels are presented. In Figs. 11a and 11b, it is observed that
the chemical reactions by the 2T and 4T with Parker models occur
more rapidly than the chemical reactions by the 4T with modified
Park and EM models because the rotational and vibrational relaxa-
tions of the 2Tand 4Twith Parker models are much faster than the 4T
with modified Park and EMmodels. These rotational and vibrational
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Fig. 11 Comparisons of the species mole fractions in the case of the shock-tube experiment by Sakurai et al. [7].
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c) Comparisons between the calculated and
measured temperatures

Fig. 12 Comparisions of the calculated translational, rotational, vibrational temperatures with the shock-tube data measured by Fujita et al. [6].
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relaxations affect the heavy-particle-impact dissociations, and the
other chemical reactions are triggered by the dissociated N atoms. In
Fig. 11b, the chemical reactions of the EMmodel occur more rapidly
than those of the 4Twith modified Park model. In the EMmodel, the
heavy-particle-impact dissociation of each electronic state of N2 is
described, and these chemical reactions produce faster dissociation
than the 4T with the modified Park model. The fast dissociation
affects the associative ionization, electron-impact processes, and the
other chemical reactions.
In Fig. 12, the computed translational, rotational, and vibrational

temperatures are compared with the shock-tube experiments by
Fujita et al. [6]. In the shock-tube experiments, air radiation from
behind strong shock waves was measured for the N2�2�� system
using a free-piston double-diaphragm shock tube. The radiation
spectra were obtained using spatially resolved imaging spectroscopy
at a shock velocity of 11.9 km∕s in the ambient pressure at 0.3 torr. A
series of pointwise spectroscopy analyses was carried out in order to
obtain a spatial profile of temperatures. In the post normal shock flow
calculations, the freestream conditions are set to the shock-tube
experimental conditions. In Figs. 12a–12c, the rotational relaxation
of the 4Twith Parker model is more rapidly converged to the trans-
lational temperature than the vibrational temperature. In the com-
parisons of the rotational and vibrational temperatures between the
2T and 4T with Parker models and the experimental values, it is
shown that the calculated vibrational temperatures overestimate the
measured temperatures, and the calculated rotational temperature of
the 4T with Parker model has a discernable difference with the
measured rotational values. In the rotational and vibrational temper-
atures of the 4Twith modified Park and EM models, the relaxations

occur more slowly than those of the 2T and 4T with Parker models,
and the calculated rotational and vibrational temperatures fall within
the error bars of the measured rotational and vibrational temper-
atures. These results show that strong rotational and vibrational
nonequilibrium exists behind the strong shock wave, and the 4Twith
modified Park and EM models can capture this phenomenon.
In Fig. 13, the calculated electronic temperatures by the 2T, 4T

with Parker, 4T with modified Park, and EM models are compared
with the measured electronic temperature of the N atom. The mea-
sured electronic temperature of N is estimated by the spectral
matching method for the wavelength of 380–440 nm. In this
wavelength, the radiative transitions of 3s2P − 3p4D, 3s2P − 5p2D,
3s2P − 3p2D, and 3s4P − 4p4S are dominant. In the EMmodel, the
electronic temperature of N is evaluated using the electronic excited
states above 3s2P and compared with the experimental values. As
shown in Fig. 13, such electronic temperatures of N do not accurately
reproduce the experimental values. In this shock-tube experiment, the
translational temperature immediately behind the shock is about
90,000 K, and this temperature is outside the range of the existing
transition rate data. The existing heavy-particle-impact transition
rates are mostly extrapolated from rates at temperatures under
3,000 K. This limitation may account for the difficulty in accurately
reproducing the measured electronic temperature. However, the
electronic temperature of atomic N predicted by the EM model is
closer to the experimental values the results obtained with the other
2T, 4Twith Parker, and 4Twith modified Park models.
In Fig. 14, comparisons of the speciesmole fractions for the 2T, 4T,

and EM models are presented. In Figs. 14a and 14b, it is shown that
the chemical reactions by the 4Twith modified Park and EMmodels
occur more slowly than those of the 2T and 4T with Parker models.
These patterns of the chemical reactions are observed in Figs. 7 and
11. Unlike the chemical reactions in the above post normal shock
flow cases, the electron-impact ionization and radiative recombina-
tion are dominant chemical reactions in the downstream. In the EM
model, such electron-impact ionization and radiative recombination
are accurately described by considering the chemical reactions of
each electronic state.
In Fig. 15, the speciesmole fractions and temperatures for optically

thin and thick media are compared in the case of the shock-tube
experiments by Fujita et al. [6]. In Figs. 15a and 15b, the mole frac-
tions and the electron number density obtained with each radiative
escape factor are presented. Immediately behind the shock wave,
there is no obvious effect of the radiative escape factor. However, in
the downstream region, the escape factor has an important role in
radiative and dielectric recombination. The electrons produced by
electron-impact ionization are recombined by the radiative processes,
and the electron number density in the optically thick medium
is about two times larger than that in the optically thin medium.
The temperature differences between the optically thin and thick
media are shown in the profiles of translational, rotational, and
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Fig. 13 Comparison of the electronic temperatures for the 2T, 4T with

Parker, 4T with modified Park, and EMmodels in the case of the shock-

tube experiment by Fujita et al. [6].
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Fig. 14 Comparisons of the species mole fractions in the case of the shock-tube experiment by Fujita et al. [6].
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vibrational temperatures of Fig. 15c. In the optically thinmedium, the
rovibrational relaxation occurs more slowly than that in the optically
thick medium because the radiative recombined number density of
N2 in the optically thin medium is larger than that of the optically
thick medium. However, in the profiles of the species electronic
temperatures of Fig. 15d, the differences of the temperatures between
the optically thin and thick media are negligible because the species
electronic excitation is dominated by the heavy-particle- and
electron-impact processes.

IV. Conclusions

In the present work, one-dimensional post normal shock flow
calculations of N2 are carried out in order to analyze existing shock-
tube experiments. State-of-the-art thermochemical nonequilibrium
models of the two-temperature (2T), four-temperature (4T), and
electronic master equation coupling (EM) models are adopted in
the present work. In the 4T model, the rotational nonequilibrium is
described by Parker andmodified Parkmodels. In the EMmodel, the
system of electronic master equations is constructed by the recently
evaluated electron and heavy-particle impacts and radiative transition
cross-sections. In the 4T with modified Park and EM models, the
rotational and vibrational relaxations are slow enough to be treated as
a nonequilibrium state, and the calculated temperatures agree with
the shock-tube measured data. However, the rotational relaxation of
the 4T with Parker model is much faster than the 4T with modified
Park and EM models. These rotational and vibrational relaxations
affect the heavy-particle-impact dissociation behind the shock wave.
As a result of these relaxations, the chemical reactions of the 4Twith
modified Park and EM models occur more slowly than the chemical
reactions of the 2T and 4Twith Parker models. Immediately behind

the shock wave, the electronic states are mostly excited by the heavy-
particle-impact processes, and the measured electronic temperatures
at the intermediate shock speed of 6 km∕s are accurately reproduced
by the present EM model. However, there is a limitation to describe
the excitation at a translational temperature above 90,000 K because
this temperature is beyond the available range to describe heavy-
particle-impact processes by the existing transition rate data. In the
chemical reactions of the high-speed and high-temperature flows, the
electron-impact ionization and radiative recombination are dominant
chemical reactions in the downstream flows, and the radiative escape
factor has an important role in describing these processes.
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