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ABSTRACT

Optimal control for the canonical model of systems with linear dynamics and quadratic
operating costs (known as LQ systems) is a well-studied problem in the stochastic control
literature. When the true system dynamics are unknown, an adaptive policy is required for
learning the model parameters and planning a control policy simultaneously. Addressing
this trade-off between accurate estimation and good control represents the main challenge
in area of adaptive control. Another important issue is to prevent the system becoming
destabilized (in the sense that its state grows in an uncontrolled fashion) due to lack of
knowledge of the system dynamics. Asymptotically optimal approaches have been thor-
oughly investigated in the literature, but non-asymptotic results are few and rather incom-
plete. To derive such results, new concepts and technical tools need to be developed for the
estimation during the stabilization period of the system.

In adaptive control, the system performance is measured by the regret, which is the
difference between the cost of the adaptive policy and that of the optimal control designed
according to the known dynamics. In this work, we establish non-asymptotic high probabil-
ity regret bounds, which are modulo a logarithmic factor, optimal, for different LQ systems
with and without identifiability assumptions. We also provide high probability guarantees
for a stabilization algorithm based on random linear feedbacks. The results obtained are
fairly general, since the assumptions needed are those of: (i) stabilizability of the matrices
encoding the system’s dynamical, and (ii) on the heaviness of the distribution for the noise
vectors.

The study provides also novel results regarding the estimation of the parameters for



presumably unstable Vector Autoregressive (VAR) models. In the classical literature, there
are hardly any results for the unstable case, especially regarding finite sample bounds, that
is the subject of this work. Our results relate the sample size required as a function of the
problem dimension and key characteristics of the true underlying transition matrix and the
innovation distribution. To obtain them, appropriate concentration inequalities for random

matrices and for sequences of martingale differences are leveraged.
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CHAPTER 1

Introduction

In this work, we consider adaptive control of the following LQ system. Given the initial

state z(0) € R?, fort =0, 1, --- we have

z(t+1) = Apx(t)+ Bou(t) + w(t+ 1), (1.1)

¢ = z(t)'Qx(t) + u(t) Ru(t). (1.2)

Above, at time ¢, the vector z(t) € RP? is the state (and output) of the system, u(t) € R"
is the control action, and {w(t)},~, is the sequence of noise (disturbance) vectors. Further,
¢; 1s the quadratic instantaneous cost function (the transpose of the vector v is denoted by
v'). The dynamics of the system, i.e. both the transition matrix Ag € RP*?, as well as the
input matrix By € RP*", are fixed and unknown. The positive definite matrices of the cost,
Q € RP*P. R € R"™", are however known.

The goal is, roughly speaking, designing a control policy {u(t)},-, in order to minimize
the expected average cost. Conceptually, in order to preserve causality, the design of the
control action at every time needs to be according to the observations so far. This objective
will be formally expressed later in Section 2.1. Designing an efficient adaptive policy is
challenging, since it requires to both estimate the unknown true matrices Ag, By, as well
as design a control policy accordingly. In fact, the exact knowledge of the true parameters

Ay, By is required in order to design an optimal control policy, while on the other hand,



the user needs to deal with the system by applying some control action, to collect the

observations for the estimation of the unknown parameters.

1.1 Asymptotic Literature

The asymptotic analysis of adaptive control for systems evolving according to linear
dynamics is a canonical problem in the classical literature. Since the dynamics of the
system is unknown, a natural way to design the control action is the certainty equivalence
(CE) approach [1]. Intuitively, its prescription is to apply a control policy as if the estimated
parameter is the true one the system is evolving according to. It was soon realized that
the least-squares estimation does not need to be generally consistent, even if the open-
loop system is stable [2]. Later, it was shown for stochastic approximation algorithm, that
convergence to incorrect parameter occurs with positive probability [3].

Bypassing the consistency, an extensive amount of the classical literature is devoted
to address the problem of adaptive tracking where the objective is to adaptively steer the
system to track a reference trajectory. For open-loop stable systems, assuming the reference
signal is bounded, a sharp regret bound is provided under the uniform boundedness of the
noise terms [4]. Namely, a conservatively defined regret is shown to be of logarithmic
order, which is optimal [5]. Later, convergence rates were established for the more general
case that the noise is not necessarily bounded [6]. Ensuing works addressed the problem
for tracking both a reference trajectory as well as a reference model [7]. The stability
assumption of open-loop system can be removed by using a stochastic gradient algorithm
parallel to the least-squares, in order to slow down the possible explosion of the system [7],
[8].

The asymptotic results for optimality of tracking performance are general, although,
the results with regards the consistency issue are fairly restrictive. More precisely, in order
to ensure the consistency,

(i) either an additional identifiability assumption [4], [7],



(1) or a minor deviation from the straightforward CE approach,

is required. The latter case consists of adding a random (independent diminishing) per-
turbation to the control signal [2], [9]. Even if the noise is assumed to be a white normal
process, consistency is still a persistent issue, as the convergence is not necessarily to the
true parameter [10]. Thus, despite the non-adaptive version of the problem in stochas-
tic control where output-observation and control-design completely decouple in Linear-
Quadratic-Gaussian (LQG) systems [11], it is not the case for consistency the adaptive
version. Importantly, what really prevents the guarantee of consistency, is the reduction of
open-loop identification to “closed-loop identification” [10].

In adaptive tracker type of approaches discussed above, the operating cost is not directly
a function of the control signal. Unlikely, when it is the case, the cost of an adaptive policy
designed based on certainty equivalence can be strictly non-optimal [12]. The intuition be-
hind both this non-optimaliy, as well as the reduction mentioned above, is intrinsically of
the type of the usual exploration-exploitation dilemma. The aforementioned methods (i),
(ii) are basically examples of the attempts to address this dilemma. Technically, applying
any control policy, the observations lead to accurate information about the unknown pa-
rameters of the dynamics, only in some specific directions [12]. Hence, to gather compre-
hensive information about the open-loop parameter, different control actions are required
to be applied. On the other hand, to avoid major deviations from the optimal value in the
cost, control actions need to be in some sense similar.

Therefore in general, neither cost optimality, nor consistency will automatically be pro-
vided by certainty equivalence. Still, asymptotic cost optimality results in the literature
hold, mainly because sufficient assumptions are imposed to enable the planning of an op-
timal adaptive policy regardless of a consistent learning of the parameter. In addition to
control-free costs, these assumptions are for instance non-singularity of the true input ma-
trix [9], and lack of common factors [7]. For example, there exist situations where the

estimation is almost surely inconsistent, while because it is asymptotically in-line with the



true parameter [3], optimality is automatically gifted, needless to consistency. Further,
if the instantaneous cost is control-free, closed-loop identification suffices for asymptotic
optimality of the average cost [10]. But, for general quadratic costs, availability of an ap-
proximation which is in-line with the true parameter, as well as full identification of the
closed-loop, are insufficient to design an optimal policy.

While direct application of the least-squares estimation fails to provide an optimal adap-
tive policy, a modification resolves the issue [12]. In fact, it suffices to use the following
idea of Optimism in the Face of Uncertainty (OFU), which was originally invented for ef-
ficient allocation rules [13]. After constructing a confidence set, the prescription is to “Bet
On the Best (BOB)” [14], i.e. to design a control action as if the most optimistic parameter

in the confidence set is the true one.

1.2 Non-Asymptotic Literature

Recently, the non-asymptotic approach to adaptive control of LQ systems has been
taken first in the work of Abbasi-Yadkori and Szepesvari [15]. The authors provide an
adaptive control algorithm, for which the regret is shown to be optimal, apart from a log-
arithmic factor. In the regret bounds presented in the above paper, there exist constants
scaling exponentially with respect to the dimension. This, motivated the second paper due
to Ibrahimi et al. [16], which attacks the problem in the high dimensional regime, assuming
the true dynamics matrices are sparse. The latter paper also shows that the presented re-
inforcement learning algorithm leads to an optimal regret bound, apart from a logarithmic
factor.

The aforestated works consider a fairly restricted setting, which requires strong as-
sumptions. A concrete example to demonstrate these restrictions will be discussed in the
next chapter. There are two assumptions both recent papers share, and the analysis of the
presented algorithms fails without. First, controllability and observability are assumed for

the true dynamics matrices of the system. Second, the closed-loop transition matrix when



the optimal linear feedback is applied to the system (see Proposition 2.1), is assumed to
have the operator norm (denoted here by ||-||,) less than one. Note that the first assumption
does not imply the second one because the closed-loop dynamics matrix is only known to
be stable, assuming the system is controllable and observable [17].

We relax both of these assumptions to stabilizability (see Definition 2.1), which is min-
imal. More precisely, the problem becomes trivial if one does not assume stabilizability of
the system. There are straightforward situations where one can simply see that the strong
assumptions of the above papers fail. For example, the first restriction above will be vi-
olated when the true dynamics matrices are too sparse that controllability fails, while the
system is still stabilizable. The sparsity of the true dynamics matrices is specially com-
mon in large systems. Note that, it is exactly the case where the high dimensional setting
of the second paper makes sense. The other restriction is even more serious, since a ran-
domly chosen stable matrix does not need to satisfy the operator norm condition mentioned
above. As a matter of fact, the class of systems for which the closed-loop transition ma-
trix has operator norm less than one is significantly smaller than the family of stabilizable
systems.

Furthermore, the important issue of stabilization is fully overlooked in the second paper.
Technically, the constants scaling exponentially with the dimension appear in the regret
bounds of the first paper, mainly because of the transient period the system needs to spend,
in order to gradually stabilize itself. The second paper bypasses the stabilization period by
assuming that a linear feedback which stabilizes the system is automatically provided to
the user at the beginning of the interaction with the system. Of course, the way the first
paper is addressing the self stabilization of the system, is mainly based on the operator

norm restriction we discussed before.



1.3 Contributions

In addition to resolving all aforementioned issues, we generalize the high probabil-
ity regret bounds to an extensively larger class of noise distributions. Technically, in the
papers discussed above, the noise vectors are assumed to be sub-Gaussian or Gaussian, re-
spectively, and the coordinates of the noise vectors are assumed to be uncorrelated. In this
work, we assume a sub-Weibull distribution for the noise vectors, and that coordinates can
be correlated.

Based on OFU, we provide non-asymptotic regret bounds for a class of adaptive control
policies, for a remarkably extensive family of Linear-Quadratic systems. Namely, we prove
that the reinforcement learning algorithms presented in Chapter 3 are with high probability
near optimal, under the minimal assumption of stabilizability, and heavy-tailed distribution
for the noise process. Note that unlike a rich literature providing asymptotic results for the
problem at hand, non-asymptotic analysis is sparse with few results. In order to study the
finite time behavior of adaptive policies, new conceptual and technical approaches need to
be developed.

First, from an exploitation (i.e. cost optimality) viewpoint, whenever non-asymptotically
studying a policy, all involved quantities need to be carefully examined. More precisely,
one needs to provide a scalable specification of the decay-rate, for the terms (such as the
gap between the average and the expected value of a sequence of ransom variables) which
vanish in asymptotic. In asymptotic regime however, it is only required to verify that the
expressions vanish, if normalized by the leading term. For example, the objective in the
aforementioned asymptotic literature is to show that the average cost of the adaptive policy
under study converges to the optimal expected average cost of the system. These type of
results, lead to sub-linearity (with respect to the time horizon) for the accumulative devia-
tion of the adaptive cost from the optimal value. In the finite time analyses presented in this
work, we establish fairly stronger statements, and show that this accumulative deviation

approximately scales as the square-root of the time horizon.



Second, from the exploration (i.e. consistency) viewpoint, it is well known that com-
pared to an infinite sample setting, estimation results are essentially harder to achieve when
the sample size is finite. For instance, one can immediately apply the Law of Large Num-
bers to ensure the asymptotic convergence of random matrices. In spite of that, to ensure
the high probability convergence of finitely many random matrices, more advanced tools
such as concentration inequalities are required. Besides, the theory of concentration in-
equalities is mainly based on (moment) generating functions which do not necessarily exist
for heavy-tailed noise process of this work. So, an extra layer of technicality is necessary to
achieve the useful estimation results. Finally, it is needless to mention that from practical
viewpoint, the actual horizon is always finite in real world problems.

We also address the important issue of stabilizing a system with unknown dynamics, es-
tablishing high probability guarantees for the presented finite time stabilization algorithm.
Key estimation results concerning the finite sample learning of the unknown dynamics in
both stable and unstable dynamical systems are being leveraged to analyze the stabilization
algorithm, as well as the adaptive control algorithms. Finite sample analysis of estimation
in a more general setting is comprehensively discussed in Chapter 4.

This work is structured as follows. First, in Section 2.1 we rigorously formulate the
adaptive control problem for LQ systems. As mentioned before, planning issues, as well
as those of learning, need to be addressed. Therefore, the problem from a pure control
viewpoint is discussed in Section 2.2, where we investigate the properties of the optimal
policies. The estimation approach is the content of Section 2.3, where we establish the key
estimation results for vector autoregressive processes as the cornerstone of the algorithms
presented in this work. On one hand, in order to stabilize the system, a stabilization al-
gorithm is proposed and analyzed in Section 2.4. On the other hand, once the system is
stabilized, an adaptive policy is required to minimize the expected average cost. For this
purpose, we present different reinforcement learning algorithms in Chapter 3.

Subsequently, we provide the detailed structures of the contributed results. In order to



Lemma 2.5 Lemma 2.4
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Figure 1.1: Diagram of the contributed results. Sections , 2.3, and 2.4, are shown re-
spectively by , red, and blue. Chapters 3 and 4 are shown by violet and brown,
respectively.

Stabilizing Set

stabilize the system in finite time, Lemma 2.1 states that the system can be stabilized if one
can find a stabilizing neighborhood of the unknown parameters A, By. Then, according to
the estimation results of Section 2.3, the high probability accurate estimation of the closed-
loop transition matrix is possible. In fact, by Theorem 4.3, it suffices for the unstable
closed-loop transition matrix
(1) to be regular, and
(i1) having no eigenvalue of unit size.
Regularity basically is related to the explosive eigenvalues of the closed-loop transition
matrix (i.e. eigenvalues of magnitude larger than one). In fact, as formally defined in
Definition 2.3, the geometric multiplicity of every explosive eigenvalue of a regular matrix
is one.

Then, applying a random linear feedback, Lemma 2.4 shows that condition (i) is satis-
fied, while condition (ii) is implied by Lemma 2.5. Putting all together, Section 2.4 provides
Theorem 2.4, which states that Algorithm 1 returns a high probability stabilization set. The

diagram of this logical structure is illustrated on the left-side of Figure 1.1.



The next objective, namely design of an adaptive policy to minimize the regret (formally
defined in (2.1)), is addressed in Chapter 3. For this purpose, once the system is stabilized
(e.g. using Algorithm 1), different reinforcement learning algorithms can be applied. These
algorithms, are designed according to the useful estimation and prediction results regarding
the stable Vector Autoregressive (VAR) process developed in Section 2.3. More precisely,
using the analysis of the empirical covariance matrix of the VAR processes provided by
Theorem 2.1, we prove Lemma 2.3. The former, presents a high probability prediction
bound, and is used to design Algorithm 2. Theorem 3.1 states that the adaptive policy
designed by the reinforcement learning scheme of Algorithm 2 leads to a high probability
bound for the regret, which is optimal, apart from a logarithmic factor.

The other estimation result, Theorem 2.2, shows that the transition matrix of a stable
VAR process can be accurately estimated with high probability. This is what Algorithm 3
for weakly identifiable systems is leaning on. The weak identifiability condition, formally
defined in Definition 3.1, holds, when for an approximation of Ay, By, different linear
feedbacks yield closed-loop matrices of comparable precision. Theorem 3.2 states the
high probability near optimal regret bound of Algorithm 3 under the weak identifiability
condition. Both Algorithm 2 and Algorithm 3, are designed using the idea of Optimism
in the Face of Uncertainty (OFU) principle, aka Bet On the Best (BOB) [14]. Essentially,
BOB prescribes an adaptive control action which is designed according to an optimistic
approximation of the true parameters.

Finally, when side information about the true parameter leads to strong identifiability,
one can apply Algorithm 4. When a system is strongly identifiable, as rigorously presented
in Definition 3.2, an accurate approximation of the closed-loop matrix leads to that of the
open-loop parameters. In this case, the step based on the OFU principle can be removed
from the reinforcement learning algorithm, and the regret is again near optimal, as pre-
sented in Theorem 3.3. The analysis is using Theorem 2.2, as well as Lemma 2.2 which is

regarding the Lipschitz continuity of the optimal expected average cost with respect to the



dynamics parameters. Figure 1.1 describes the structure of the pieces of this work.

1.4 Notations

The following notations will be used throughout this thesis. For matrix A € CP*?, A’
is the transpose of A. When p = ¢, the smallest (respectively largest) eigenvalue of A (in
magnitude) is shown by Apin(A) (respectively Ayax(A)) and the trace of A is shown by
tr (A). For

vyeER,v> 0,z € CY

q 1/~
]l = (ZM’W) :

=1

~v-norm of vector z is

Further, when 7 = oo, the norm is defined according to ||z||» = Imax | ;).
S1xq

We also use the following notation for operator norm of matrices. For 3,y € (0, oo},
and A € CP*9, define
|1 Av] 5

Al :
veCa\{0} HUH7

=8

Whenever v = 3, we simply write [|A[|;. To show the dimension of manifold M over
the field F', we use dimp (M). Finally, the sigma-field generated by random vectors

Xy, , X, isdenoted by o (X1, -+, X,).

10



CHAPTER 2

Optimality, Estimation, and Stabilization

2.1 Introduction

Now, we formally discuss the adaptive control problem this work is addressing. The
evolution of the system is governed by the linear dynamics (1.1), and the instantaneous
quadratic cost ¢; is defined according to (1.2). The true dynamics is assumed to be stabiliz-

able, as defined below.

Definition 2.1 (Stabilizability). [Aq, By] is called stabilizable if there is L € R"*? such that
| Amax (Ao + BoL)| < 1.

The linear feedback matrix L is called a stabilizer.

Remark 2.1. For convenience, henceforth for A € RP*P, B € RP*", we use [A, B] and

© € RP*Y interchangeably, where ¢ = p + .

Next, the following example provides a situation where the system is not controllable,
and the operator norm of the closed-loop dynamics can not be less than one, while the

stabilizability assumption still holds.

11



Example 2.1. Let the dynamics matrices be

05 2 0 0 0
Ao=10 05 0[,Bo= (0 0
0 0 3 1 -1

Computing Kalman’s controllability matrix, we get

00 0 0 0 O
[Bo, AgBo, AiBol =10 0 0 0 0 0],

1 -1 3 -3 9 -9

which clearly is not full rank, i.e. the system is not controllable [17].
In addition, for an arbitrary linear feedback L = [L;;] € R?*3, the closed-loop transi-

tion matrix is

0.5 2 0
AO + B()L - O 05 O )

Ly —Lig Lig— Loy 3+ L1z — Log

which is stable if and only if |3 + L3 — La3| < 1, while the operator norm condition cannot
be satisfied because

[ Ao + BoLlll, > 2,

for all L.
In the stochastic dynamics of the system presented in (1.1), {w(¢)};-, are independent

mean-zero homoscedastic noise vectors with full rank covariance matrix C';

E[w(t)] =0, E[w®)w)] =C, [Amn(C)] > 0.

The tail behavior of every coordinate of the noise vector satisfies the condition below.

12



Assumption 2.1 (Sub-Weibull noise distribution). There exist positive constants by, bo, and

a, such that

P (jus()] > 9) < by exp (—g—) |

forallt =1,2,---;i=1,--- ,p;y > 0.

Note that assuming a sub-Weibull distribution for the noise coordinates is more general
than the sub-Gaussian assumption routinely made in the literature, where o« > 2, as well
as sub-Exponential, where o > 1. In fact, when « < 1, the noise coordinates w;(¢) do not
need to have a moment generating function. Therefore, as mentioned before, concentra-
tion inequalities of random matrices, which are the foundation of non-asymptotic statistical
analyses, cannot be applied directly. Furthermore, the noise coordinates can be either dis-
crete or continuous random variables, and are not assumed to have a probability density
function (pdf). Henceforth, the special case of bounded noise can be obtained from the

presented results, by simply letting o — o0.

Remark 2.2. The results established also hold if the noise vectors are martingale difference

sequences.

The rigorous formulation of the objective is as follows. For an arbitrary control policy

{u)}2 0, let T ag.8, ({u(t)};2,) be the expected average cost of the system:

T
jAOvBO ({u(t)}t:()) = lim sup T Z ]Ectv
T—o00 =1

where ¢, is the resulting instantaneous cost, when the policy {u(t)},°, is applied. Above,
the dependence of Je, (-) to the known cost matrices @, R is suppressed. Moreover, sta-
bilizability of © is a minimal assumption, since otherwise, the instantaneous cost ¢; will
explode, leading to the trivial situation Je, (-) = oo. Then, among all control policies,
an optimal policy is one which minimizes the expected average cost. Note that due to the

independence of the noise vectors, an optimal policy can be assumed to be causal (i.e. the

13



control action can not depend on the future observations). Besides, due to Markovity of the
state process {x(t)},- . the control can assumed to be memoryless (i.e. forallt = 0,1, - -,
u(t) is a function of only the current state x(¢)).

The optimal expected average cost is defined by

j* (AOa BO) = {uf(il)a{}o 7:40,30 ({U(t)}:io) )

where the minimum is taken over all control policies {u(t)},-,, including non-adaptive
policies which are based on the known parameter 6. Since the evolution of the system is
stochastic, an open-loop control policy can not achieve the optimal average cost. A linear
feedback however, can provide the optimal policy (see Proposition 2.1). As one can expect,
the dynamics matrices Ay, By need to be exactly known, in order to find the optimal linear
feedback.

For an adaptive control policy though, dynamics matrices A, By are unknown. There-
fore, the user requires to simultaneously learn the dynamics, and plan a control policy. Here
we assume perfect observation, i.e. the output of the system provides the state vector ac-
curately. In other words, the sequence of the states {x(t)};_, is fully observed during the
period the user is dealing with the system. So, in a period of length n, the user applies
an adaptive policy {u(t)}/—, to the system, and observes the sample {z(t)},_, to estimate
Ay, By accordingly.

In order to measure the quality of an adaptive policy, the resulting cost will be compared
by the optimal expected average cost defined above. More precisely, for adaptive policy
{u(t)};2,. letting c; be as (1.2), the comparison between adaptive control policies is made

by regret, which at time 7" is defined formally as
T
R(T) = Z [ci — T (Ao, Bo)] - (2.1)

t=1

The regret is basically nothing but the accumulative deviation of the instantaneous cost of

14



the corresponding adaptive policy from the optimal expected average cost (which is based

on a non-adaptive policy).

2.2 Optimal Policies

In this section, we investigate the properties of optimal policies. For general © € RP*9,
it is well known from classical literature that to achieve [J* (©), one has to solve Riccati

equation,

K(©) = Q+AK(©)A-AK(©)B(BK(©)B+R) 'BK(©)A4, (22

L(®) = —(BK(®)B+R) 'B'K(©)A. (2.3)

A solution, is a positive semidefinite matrix K (O) satisfying (2.2).

For the sake of completeness, we present and prove the following proposition, which
provides an optimal linear feedback to minimize the expected average cost. Moreover,
it establishes the existence and uniqueness of the solution of Riccati equation supposing

stabilizability.

Proposition 2.1 (Optimal policy). If [Ag, By is stabilizable, (2.2) has a unique solution

and u(t) = L (©y) x(t) is an optimal control policy leading to
J*(0) =tr (CK (6y)) .

Conversely, if K (O) is a solution of (2.2), L (©) defined by (2.3) is a stabilizer.

Note that in the latter case of Proposition 2.1, the solution K (©y) is unique and u(t) =
L (©g) x(t) is an optimal policy which yields J* (0g) = tr (CK (Oy)).

The next result describes the asymptotic distribution of the regret. In general, since
the state of the system xz(t), and so the instantaneous cost ¢;, are random, R (7°) can not

be bounded as 7' grows. Proposition 2.2, which is basically a Central Limit Theorem

15



for R (T), states that even if the control action {u(t)},~, is the optimal policy u(t) =
L (©y) z(t) described above according to the known dynamics matrices Ay, By, the regret

R (T) scales as O (T"/?).

Proposition 2.2 (Regret lower-bound). Applying optimal control action u(t) = L (©g) z(t),

R(T)
T1/2

the distribution of lim 1S a mean-zero normal.
T—

o0

An immediate consequence is that the followings hold when applying the optimal linear
feedback u(t) = L (©y) x(t):

T

T
1 1 .
A, 7 2 Ble) = fim 73 e =T (80).

Moreover, Proposition 2.2 provides a lower bound for the regret of the adaptive policies.
Namely, a high probability regret bound to hold with probability at least 1 — J, needs to
satisfy

R(T) >0 <T1/2 (—log 5)1/2> .

Note that the definition of regret in (2.1) covers the accumulative deviation from the
optimal expected average cost due to both the stochastic evolution of the system (random-
ness of {w(t)},”,), as well as the uncertainty about the dynamics (unknownness of ©).
For example, if one defines the regret as the difference between the instantaneous cost (c;)
of the adaptive policy and that of the non-adaptive optimal one u(t) = L (Oy) z(t), then
the regret vanishes by applying the optimal linear feedback L (0g). The latter definition
for regret, takes into account only the fraction due to lack of full knowledge about the dy-
namics. But, the take home message of Proposition 2.2 is that from pure control point of
view, the convergence of accumulative cost is with the rate O (T 1 2). So, trying to push the
second fraction of the regret (which is due to learning of the unknown dynamics) to have a
rate less than O (T""/?) is actually unnecessary.

To proceed, we define a notations, helpful to simplify the expressions throughout this
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chapter. For arbitrary stabilizable O, ©, € RP*9, let

Therefore,

0,L (©,) = Ay + B, L (6)

The adaptive control policy {u(t)},~, is to be defined without knowing ©,. Because
according to Proposition 2.1 an optimal policy is to apply the linear feedback L (©), a
candidate adaptive policy is a linear feedback of the form L ((:)(1)>, where ©1) is an
approximation of the true parameter O, which is learned when the system evolves.

In the reminder of this section, results concerning properties of these type of policies
will be provided, which will be helpful later to analyze the performance of the algorithms
of Chapter 3. The first issue is stability of the system (which evolves according to ©y),
when a linear feedback of the form L (@(1)> is applied. To address that, existence of a

stabilizing neighborhood is established in the following lemma.
Lemma 2.1 (Stabilizing neighborhood). There is 5 > 0, such that for every stabilizable
O, if

1© = Bolll, < <o,

then O, L () is stable.

Next, the following lemma shows the Lipschitz continuity of matrix K (©) defined
in (2.2), with respect to ©. Note that a direct consequence of Lemma 2.2 is Lipschitz

continuity of L (©) and J* (©), respectively using (2.3) and Proposition 2.1.

Lemma 2.2 (Lipschitz continuity). Assume ©;,0, € RP*? are stabilizable. There is a

constant ' < oo, such that

1K (©1) = K (©2)]ll, < Tk [|©1 — Oz,

17



Furthermore, there are 'y, [" 7 < oo, such that

1L (©2) = L(©)ll, < TLl[O2 = O]y,

([T (02) =T (©1)] < T7[[|0©2 =64,

2.3 Estimation

When applying a linear feedback, denoted by L € R"*?, to the system, the closed-loop

dynamics will be a Vector Autoregressive (VAR) process of the form

z(t+1) = Dx(t) + w(t + 1),

where D = Ay + ByL. Moreover, since designing a stabilizer L. may be impossible with-
out knowing a neighborhood of ©, (Lemma 2.2), matrix D does not need to be stable.
Therefore, studying the performance of estimation for such a process is of interest. The
non-asymptotic analysis of unstable VARs under a more general setting, is the subject of
Chapter 4.

We present bounds on the number of observations to have arbitrarily small estimation
error, with high probability. Results of this section will be used later in Section 2.4, and
Chapter 3, to construct a stabilizing neighborhood, as well as design of adaptive control
algorithms. First, we define row-wise least-squares estimation, for matrix D, as follows.

Observing samples {z(t)},_,, define the sum-of-squares loss function

|
—

n

LOWG) = (ai(t+1)—0x(t))’.

n
t

Il
o

Then, the true transition matrix D is estimated by

A ~

R /
Dn: |:d17"' 7dp:| )

18



where fori = 1, - - - | p, the vector d; is a minimizer of the above sum-of-squares, i.e.

£ (J,) — min £ ().
OcRP
In the sequel, after introducing some notations, we study performance of the estimation

Dn, first when the true transition matrix D is stable, and then, when it is unstable.

Next, for A € C, the following matrix is called the size m Jordan matrix of .

A1 0 0 0
0A 1 0 0
e cmm,
0 0 0 A 1
00 0 0 A

Then, for matrix D € RP*?, we define 1 (D) as follows.

Definition 2.2 (Constant 1) (D)). Let the Jordan decomposition of D be D = P~*AP, i.e.
A is block diagonal,
A = diag (A, -+, Ag),

where fori = 1,--- |k, A; € C™*™i is a Jordan matrix of \;. Fort = 1,2, -- -, letting

mifl 7.]
() = inf gt 30

S
> !
p>| Al =0 J

define 7, (A) = max n; (A;). Then, let

1<i<k

2(D) = H>P-1>>>M|||P|||m§_°;m ).

where 79 (A) = 1.
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Clearly, n (D) < oo if and only if | A\yax (D)| < 1. Also note that

m(D)-1 —j
(D)-1 ' [ Amax (D)
0 0) S PO (D) 3 S
]:

where 1 (D) = max m;. For example, if the stable matrix D is diagonalizable, we have
1<i<k

w(D)=1,ie.

[ o P |
1- |)‘maX (D)|

2.3.1 Stable Case

Define the following notations which will be used throughout this subsection to estab-

lish high probability estimation results.

b
%w>—@m%w<%%,

™ (6) = 0 (D) (lz(0)llc + v (9)) -

As the proofs reveal, one can see that v, (§), 7, (0) are respectively the high probability
uniform bounds for the size of the noise vectors {||w(t)| .}, and state vectors {|z(t)|/,} /-
As a matter of fact, if the noise process is uniformly bounded, v, (¢), and so 7,, (9), are fixed
constants, not depending on n, 9.

Then, let N ; (¢, 0) be large enough, such that the followings hold foralln > Ny (¢,0):

n 18 | Amax (C)] + 2¢ 4p
> log | —= 2.4
@ o2 plog{ =], (2.4)
n 288 9 4p>
S L— ) = 2.5
s > Il s (] 05)
n 6 2
> Z(IDJIZ+1). 2.6
R 2 - (1015 +1) (2.6)
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Defining the empirical covariance matrix
V=) x(t)z(t), (2.7)

the following theorem provides a high probability lower bound for the smallest eigenvalue

of Vn+1 .

Theorem 2.1 (empirical covariance matrix). Suppose that D is stable. If n > Na; (€, ),
then

P ([Amin (Vas1)| < 7 ([Amin (C)] = €)) < 26.

Moreover, lim 1V, = - DiCD".

n—00 i=0
Using Theorem 2.1, we present the following bound on the prediction error of the least-

squares estimator.

Lemma 2.3 (Prediction bound). When D is stable, if n — 1 > Ny (225, 5}, then the

following holds, with probability at least 1 — 36:

(2.~ 2) v (.- D) || <m0,
where
0= Gy O 708 (7).

We also present bounds for the number of observations sufficient to guarantee high
probability accurate estimation of closed-loop transition matrix D. Indeed, there is N5 5 (€, 9)
as the least number of observations, to estimate DD with error at most ¢, with probability at

least 1 — 24. For this purpose, assume the followings hold for all n > N5 (¢, §):

N> N (M,§)+1, 2.8)
2 2
n—2 32p 4p)
> log (22 . 2.9
T (01 (6)2 7 Pauin (O)7 €2 Og(5 &2
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Theorem 2.2 (Stable estimation). Assume D is stable. If n > Ny 5 (¢, d), then

#(

Do, > ) <

2.3.2 Unstable Case

Results of the previous subsection concern about the estimation when the closed-loop
transition matrix D is stable. But, for stabilization of the system, one needs to have accurate
estimation of not necessarily stable matrix D. In the sequel, we provide results when D
is unstable. As expected, D still needs to meet some requirements, which we will prove
later can be satisfied, if a random linear feedback will be applied to the system. In fact, the
transition matrix D needs to be regular, according to the following definition, in order to

have an accurate estimation.

Definition 2.3 (Regularity). D € RP*? is called regular if for any explosive eigenvalue of

D, denoted by A, the geometric multiplicity of A is one.

Regularity implies that the eigenspace corresponding to A is one dimensional, and vice
versa. There are other equivalent formulations for regularity. Indeed, D is regular if and
only if for any explosive eigenvalue ), in the Jordan decomposition of D there is only one
block corresponding to A. In other words, no matter how large the algebraic multiplicity
of A is, the geometric multiplicity is one. Another equivalent formulation is the following

one. D is regular if and only if
rank (D — \I,) > p —1,

for all A € C such that |A| > 1. For example, let P;, P, € C**? be arbitrary invertible
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matrices, and assume

P P

0
P17D2:P271 PQ;
0 p 0 p

Dlzpfl

are real 2 x 2 matrices, where p € C satisfies |p| > 1. Then, D is regular, but D; is not.
To sum up this section, we present the accuracy of the least-squares estimation, in
general (i.e. unstable) VAR processes. The following theorem states the accuracy of the
estimation, when the matrix D is regular, and has no eigenvalue exactly on the unit circle
of the complex plane. As we will see in Section 2.4, these assumptions are not restrictive
when a random linear feedback is applied to a stabilizable system with unknown dynamics.
The sample size for unstable case is based on the constant A ,s.pie, as Well as the func-
tion ¢ (Dy, §). Technically, Auple is @ constant depending on the matrices C, D, as well
as the parameters by, by,  specified in Assumption 2.1. Further, the function v (Do, ¢)
depends on both D and the distribution of the noise sequence {w(t)},-,, and we have
¥ (Dy,0) > 0, for all 6 > 0. If in addition there exists ¢, > 1 such that the noise w(ty) is a
continuous random vector with a bounded probability density function on RP, then, for all

0 > 0 we have

w <D07 5) Z ¢057

where 1)y is a positive constant, and does not depend on §. More details are provided in
Section 4.4.

Let Ny 3 (¢, d) be large enough, such that for all n > Ny 3 (¢, ),

n Aunstable
) 4/a — 62

o ((~1088)"*** —10g s (D, 9) ).

Theorem 2.3 (Unstable estimation). Suppose that D is regular, and has no eigenvalue of
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the unit size. As long as n > Ny 3 (¢, 6), we have

(oo =) =15
2

2.4 Stabilizing the System

In this section, we show how the system can be stabilized. Even though the true param-
eter Op is unknown, according to Lemma 2.1, a stabilizing linear feedback L (©) can be

designed, if one can find a stabilizing neighborhood Q) such that

QO c{OeR*:||© -6, <e}- (2.10)

Algorithm 1 : Stabilization
Input: Stabilization Radius ¢, Failure Probability o
Output: Stabilizing Set Q)

Letk =1+ (%1,7’0 =0
fori=1,---  kdo
foryj=1,--- ,pdo
Draw column j of L; from N (0, I,.), independently
end for
end for
Define M, € according to (2.11), (2.12), respectively
fori=1,--- ,kdo
Define 7; by (2.13)
while ¢ < 7; do
Apply control action u(t) = L;x(t)
end while
Estimate D by (2.14), (2.15)
Construct Q) by (2.16)
end for .
Let Q0 = [} Q)
i=1
return (¥

Once a random linear feedback is applied to the system, using Theorem 2.3 we show

that with high probability, 2(*) can be learned, if one observes the state vectors {x(t)};_,.
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Since in Theorem 2.3 the closed-loop transition matrix needs to be regular with no eigen-
value of the unit size, first we need to show that these conditions can be satisfied.

Lemma 2.4, and Lemma 2.5 do this, with no knowledge beyond stabilizability of
[Ap, By]. Based on the properties of the distribution of a random linear feedback matrix L,
the above lemmas provide general statements, which hold almost surely. Then, we present
an applicable stabilizing algorithm, and prove that it will provide us the desired stabilizing
neighborhood. To proceed, we define the following classes of probability distributions over

real valued vectors and matrices.

Definition 2.4 (Full rank distributions). Let X be a random vector in R™. We say X has a

linearly full rank distribution if for any arbitrary hyperplane in R™ such as P, it holds that

P(X €P)=0.

Further, X has a general full rank distribution, if for every manifold M C R™ such that

dimg (M) < m — 1, it holds that

P(X eM)=0.

Example 2.2. Let Z € R? be normally distributed, Z ~ N (i, X)), with arbitrary mean
1 € RP, and positive definite covariance matrix > € RP*P, Then, Z has a general full rank
distribution. Letting

Z

Y = iz,
1z], 77"

the random vector Y has a linearly full rank distribution, but since Y lives on the unit

sphere, Y does not have a general full rank distribution.

Random linear feedbacks with full rank distributions, induce the desired properties to
the closed-loop transition matrix Ay + ByL. In the next lemmas, we rigorously present that

the desired properties hold almost surely.
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Lemma 2.4 (Closed-loop regularity). Assume [A, By] is stabilizable. Let the columns of
L € R"™? be independent (but not necessarily identically distributed), with linearly full

rank distributions. The matrix Ay + ByL is regular, with probability one.

In addition to regularity, Ay + ByL is unit-root free, if the distribution of the linear

feedback L is not only linearly full rank, but also generally full rank.

Lemma 2.5 (Eigenvalues of closed-loop). Assume [Ag, By is stabilizable. Let L € R"*?
have a general full rank distribution over R"*P. With probability one, Ag + ByL has no

eigenvalue of the unit size.

Subsequently, an algorithmic procedure to find a stabilizing neighborhood will be pre-
sented based on random linear feedbacks discussed above. Let the columns of random lin-
ear feedbacks Ly, --- , Ly € R"™*? be drawn from arbitrary general full rank distributions
independently, where k = 1+ Uﬂ Note that because of independence, forall: =1,--- |k,
the random feedback L; has a general full rank distribution, and so, according to Lemma
2.4 and Lemma 2.5, Theorem 2.3 can be applied.

According to Theorem 2.3, every closed-loop transition matrix DW = Ay + ByL; can
be estimated with high probability arbitrarily accurate, if the number of observations is

large enough. We show how to find a high probability confidence set for O, using those

for DUV, ... D). More precisely, letting 7, = 0,
I - I
M = |7 Pl e Ro<kp, 2.11)
Ly - Ly
_ € . . IIOM]l, }
€ —inf¢{ —-2:0 € RP*?} (2.12)
2k { el
note that since Ly, -- , Ly are independent, we have rank (M) = ¢, almost surely, i.e.

P (€ > 0) = 1. Even if € became too small, one can repeat the drawing of the columns of

the linear feedbacks, in order to avoid pathologically small values of €.
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Using the sample size No 3 (-, -) used in Theorem 2.3, fori = 1,-- - , k define

1)
Ti = Ti—1+ Nas (g’ E)’ (2.13)
Ti—1

() . 2
d;i’ = arggrelﬁg;til (z;(t+1)—0'x(t))", (2.14)
po — [ng@,...?dg)}, (2.15)

| Ll .
0D = {eerri. |6 — DOl <é&3. (2.16)
L;
2

In fact, 7; shows the time points where the control action (i.e. the linear feedback) changes,
DM is nothing but the least-squares estimate of D@, and Q® is a high probability confi-

dence set for O, based on L;. Design of 7; implies by Theorem 2.3 that with probability at

. , . I
least 1 — %, we have H‘D(Z) — D® ‘ < & Since DY = Q, P , letting
2

Li
k
00 — ﬂ 0.
i=1
clearly
k
P (00 ¢ Q") <) P(6, ¢ Q) <.
i=1

Further, for arbitrary ©; € Q) as long as ©, € Q) we have

Iy
(©1 — o)
L;
2
I . I A
< e, | 7| =D +llle, | | - D®
L; L;
2 2
< 2
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foralli =1,--- k. Thus, |[(©; — ©g) M|, < 2ké, which according to (2.12) implies

2k |I(©1 = ©o) M,  2ke
101 = 60ll, = 1 =60ll, ~ e’

or equivalently

191 — Ol < €0,

i.e. (2.10) holds, with probability at least 1 — 6. Algorithm 1 returns Q(*), taking stabi-
lization radius €, and failure probability ¢ as inputs. Obviously, the normal distribution
N (0, I,.) used in Algorithm 1 is not unique, and can be substituted by any general full rank

distribution over R". Putting all together, we get the following theorem.

Theorem 2.4 (High probability stabilization). Let Q) be the stabilizing set provided by

Algorithm 1. For arbitrary © € Q) we have

P (‘Amx (@OE (@))‘ < 1) >1—6
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2.5 Technical Proofs

2.5.1 Proofs of Section 2.2

Proof of Proposition 2.1. For convenience, let Ky = K (©g), and Ly = L (). First,
assume [A, By| is stabilizable, L is a stabilizer, D = Ay + ByL, and |Apax (D)| < 1. For

arbitrary fixed PSD matrix P,, define P, (F),t = 1,--- , T recursively,

P (Py) = Q+ APy (Py) Ag— AyPr_1 (Py) Bo (ByPiy (Po) Bo + R) ™' ByPi1 (Py) Ao
(2.17)
Letting c; be as defined in (1.2), according to classical literature [17], the optimal control

policy for minimizing the finite horizon accumulative cost
T-1
Jr =Y _Ela] +E[x(T) Py (T)]
=0
isu(t) = Lyx(t),t =0,---,T — 1, where
Ly = — (ByPr_1 (Py) Bo+ R) ™' ByPr_y_ 1 (Py) Aq. (2.18)

Moreover, this optimal policy yields the optimal cost
T-1
min Jr = 2(0) Pr (Po) 2(0) + Y _tr (CP, (Py)). (2.19)

t=0

On the other hand, applying the control policy u(t) = Lx(t), fort = 0,--- ,T — 2 we have

Elcipilz(t)] = E[z(t+1)(Q+ L'RL) x(t + 1)|x(t)]
= E[(Dz(t) + w(t+1)) (Q+ L'RL) (Dz(t) + w(t + 1)) |z(t)]

= 2(t)'D'(Q+ L'RL) Dx(t) + tr (C (Q + L'RL)),
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and

E [x(T) Pox(T)|z(T = 1)] = (T —1)'D'PyDz(T — 1) + tr (CF).

Hence, the finite horizon cost becomes

T-1

Fr = 2(0) Pr (Po) 2(0) + Y tr (CPy (Ry))

t=0

where P, (Py) ,t = 1,--- , T are defined recursively as

Py (P) = P,

.Pt(P()) - Q+L/RL+D,P15_1 (Po) D

(2.20)

(2.21)

(2.22)

Since |Amax (D)| < 1, Tlim Pr(Py) = P, for a PSD matrix Ps,. Letting C' — 0, by
—00

(2.19), (2.20) we have

2(0) Pr (Py) 2(0) < 2(0)'Pr (Py) x(0),

ie. z(0) Pr(FPy)x(0),T =1,2,--- is bounded. If P, = 0, this sequence is nondecreasing,

because minimizing both sides of

subject to

x(t +1) = Apx(t) + Bou(t),

we get

2(0) Pr (0) 2(0) < 2:(0) Pr1 (0) 2(0).
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Therefore, the nondecreasing bounded sequence x(0)' Pr (0) 2(0), T = 1,2, - - - converges.

Since z(0) is arbitrary, Pr(0),7 = 1,2, - - - itself converges:

lim Pr(0) = Py(0).

T—o0

According to the recursive definition of P;(0) in (2.17), P (0) is a solution of (2.2). This
shows the existence of solution, and uniqueness will be shown later.

Next, since lim Pr(0) = P (0), (2.19) implies tlim tr (CP,(0)) = tr (CPx(0)). So,
—00

T—o00

the Cesaro mean also converges to this limit, i.e.
T (0g) = tr (CPx(0)).

Optimality of the linear feedback u(t) = Lox(t), is concluded by (2.18). Now, we are

ready to show that L is a stabilizer. Letting
D = AO + B()L[),C — O,KO = POO(O),

we show that for arbitrary z(0), z(t) = D'z(0) vanishes as ¢ grows. First, note that by

(2.2), (2.3),

(ByKoBo+ R) Ly = —ByKoA,

Ly (BiKoBy+ R) Ly = A\KyBy(BLKoBy+ R)™" BiKyA,.
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Therefore, doing some algebra we get

Q + LyRLy + D'KyD
= Q+ AyKoAg + Ly (ByKoAo + R) Lo + AyKoBoLo + Ly B{ KA
= Q+ AlKyAy — AJKyBy (B)KoBy + R) ™" B,KyA,
+ [L4 (B\KoBy + R) + Ay KoBo] Lo + Lj, [(B,KoBy + R) Ly + B, Ko Ag]

= K07

1.e.

Ky — D'KoD = Q + LyRLy. (2.23)

So,

(t+1) Koz (t+1)—z(t) Koz (t) = 2(t)' (D'KoD — Ko) 2(t) = —2(t)' (Q + LyRLo) x(t).
(2.24)

Adding up both sides of (2.24), because K is PSD we have

t

—2(0)' Koz(0) < z(t + 1) Kox(t + 1) — 2(0) Koz (0) = — Z x(1) (Q + LyRLy) x(i),

i=0
(2.25)
in other words,
tlim z(t) (Q + LyRLy) x(t) = 0.
— 00
Thus, since () is positive definite, tlim x(t) = 0, i.e. Lo is a stabilizer. Back to the
—00

proof of the existence of a solution K, we show that for arbitrary PSD F,, it holds that

lim Pr(Fy) = Px(0). To do so, minimize both sides of

T—o0

32



subject to

x(t+1) = Apx(t) + Bou(t),

to get
z(0)' Pr (0) 2(0) < z(0)' Pr (Pp) z(0). (2.26)
T-1
On the other hand, applying controller u(t) = Loz(t), the cost > ¢; + x(T) Pyx(T)
=0
becomes
-1
2(0)D" (Q + L) RLy) D'z(0) 4+ z(0)' D' PyDTz(0). (2.27)

t=

Note that because of stability | Apax (D)| < 1, we have

lim z(0)' D" PyD"x(0) = 0.

T—o00

Therefore, by (2.26), (2.27), and (2.23),

z(0) Py (0) 2(0) = Tli_rgox(O)’PT (0)z(0) < Th_1>r01o z(0) Pr (Fy) z(0)
< lim i 2(0)' D" (Q + L RLo) D'z(0) + 2(0) D'" PyDTa(T)
= Jim ix(o)'p’t (Ko — D'KoD) D'(0)

= z(0)' Kox(0),

1.e. for arbitrary F,

lim Pr(By) = Ps(0).

T—o0
Using this, we show that K is the unique solution of (2.2). If P, is another solution,
let Py = P,, which plugging in (2.17) implies P, (P,) = P,, fort = 1,2,---. Hence
P, = Tlglgo Pr (P,) = Px(0), i.e. the solution K| of (2.2) exists, and is unique.
Conversely, if K is a solution of (2.2), define L as (2.3) and D = Ay+ By L. Note that
K is positive semidefinite, and let Py = K. Define F; by (2.17), which yield P, = K,
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fort = 0,1,---. As before, (2.2), (2.3) imply (2.23). Similarly, (2.24), (2.25) hold, i.e.
lim Dz(0) = 0 for arbitrary 2(0), which means L, defined in (2.3) is a stabilizer. O

t—00
Proof of Proposition 2.2. When applying the linear feedback L (©y), the closed-loop tran-
sition matrix will be D = OyL (©,) = Ay + ByL (6y). Letting P = Q + L (6,)' RL (0),

we have the followings. First,

)ﬂ
L

R(T — 1)+2(0Y P2(0)=T* (©9) = S a(t) Pa(t)—TT* (Qp) = tr (PVy)—TT* (Oy),

t

Il
o

where V7 is defined in (2.7).

Second, z(t + 1) = Dz(t) +w(t + 1) implies Vi = DV D' + Ep, where

Er = Ur+Cr+ D (x(0)x(0) — (T — 1)a(T — 1)") D" + x(0)x(0)’,

Ur = g [Dx(t)w(t+ 1) +w(t+ 1)z(t) D],
Cr = . w(t)w(t).

Third, by Proposition 2.1, 7* (©g) = tr (K (6) C). Finally, stability of the system yields
[lim —s|lz(T — 1)|5 = 0, almost surely. Putting all above together, and using (2.23), we
— 00

get

! 1 N o o~
Jim s R(T) = jlgrgomtr<Pz;D ErD —TCE%D PD)

> -T
_ Ztr (D’"PD” lim Ur+Cr C) .
n=0

T—o0 T1/2

According to Lindeberg’s Central Limit Theorem [18], the asymptotic distribution of all

2p? entries of the matrices ngc, T({% is a multivariate mean-zero normal. By | Apax (D)] <

1, the matrix Y D" PD" is bounded. So, the desired result holds, since a linear combina-
n=0

tion (tr (-)) of jointly normal random variables is normal as well. O
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Proof of Lemma 2.1. Since © is stabilizable, according to Proposition 2.1, ©L (©) is sta-

ble,

A (OL(0)) <129,

for some p > 0. For arbitrary 1 < ¢ < p,1 < j < g, let all entries of matrix X;; € RP*? be

zero, except the ij-th entry, which is one. Then, for § € R, consider the polynomial
fo (\) = det ((@ +0X,)L(O) - Mp) .

All coefficients of fy (\) are linear functions of ¢. Further, the magnitudes of the roots
of fp (\) are continuous with respect to the coefficients, and so, are also continuous with
respect to . Since all roots of f, (\) are in magnitude at most 1 — 2p, there exists €;; > 0,

such that |f| < ¢;; implies that all roots of fj (A) are in magnitude at most

1
1= (2= )0
pq

Taking ¢) = mine;;, by [|© — Ogl[|, < €, O can be written in the form of ©y = © +
2y

P 4q
1%, Where |0;;| < €;4, for all 7, . erefore, all roots o
0,;X;, where |0,;| < e, for all 4, j. Therefore, all f
i=1j=1

F ) = det (eoi @) — Mp)

are in magnitude at most 1 — p, which is the desired result. [

Proof of Lemma 2.2. First, Let D, D, € RP*P be stable, and P € RP*P be a positive

semidefinite matrix. For i = 1,2, define F; = > D/*PD!'. We show that

n=0

IF — Bsll, < TrllDy — Dol (2.28)
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for some I'r < co. Forn =1,2,---, we have

103 = Dilll, = [I(D1r+ D> — D1)" = DYl
< > || D [ (D> — D) DY
ap+ g (aj+b;)=n, g a;<n =1 2
= i=0
jgjoaj g:l E
< >, IDAlllz™ D2 = Dz
ap+ in: (aj+b;)=n, fj a;<n
j=1 j=0
— (n n—¢ ¢
= 3 (5 umals: - Dl
=1
(1Dl + (I3 — Dsll5)"
< nf|Dy = Dy,
Dl ’
Then, there is k& < 0o, such that
k k k k
max { [ DF Ly, D1, 1122 L,s [ D21l 3 < 1 =20,
for some p > (. Define
k—1
E,=D},P;=>» D/"PD}.
n=0

Noting that

D5 = Dill, < Tolll D2 = Dilll,,
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we have

(I D1lly + 1Dz — Dil)*

|1Ey — Erlf, < Dill k| Dy — Dy = Trll[Da — D1,
2
(D4l + 1D — Dylll5)"*
IE; — Efll, < 2 D! |ﬁ 2 k|| Dy — Dill, = Tl D2 — Dy,
1112

E

-1

1P, — P, < IlD3* P (D5 — DY), + I(D5" — DY) PDY|,)

IA
?‘rz
L

DI NP3 = Dyl + DT D5 = D [lo] 1257
n=1

Lp|| D2 — Dilf,-

IN

Suppose that || Dy — Dy||,, is small enough to satisfy
max {[[| B2 = Exlly, 1E5 = Eill,} < p.

Eill, B = Esll, < 1—p,and Fy = 3 EPE},

n=0

Since ||| Ex[lly+[[[ By — Eafll, < 1—p,

similar to the upper bound above for || D5 — DY|||, we have

(EL, + N1E> = Exfl,)"

&5 — Effl, < nll|Ex — Ei|
2R &, ?
I'g n
< |||E1H| H’D2 - Dl”lQn (1 - p) )
2
n_ m (£l + £ — E4ll,)"
Ny - By, < et Al Ay ey,
£l
< LE D, = Dyflyn(1- )"
&L,

So,

o

IE: = Fill, < Y UIES Py (B — By + (B — Ef) PER |l + BT (Py — Fr) Bl

n=0
= [P, (1Pl e on
S n+ n+Tp| (1—p)7" [|[D2 — Dil|
HZ:O { £l I1E7 N, 2
= I'p|[Dy — Dy,
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i.e. (2.28) holds. Now, we prove the desired inequality. Consider two systems (1), (2),
with accumulative costs J = i ¢, where for ¢+ = 1,2, System (i) evolves according
tox(t+ 1) = Ajz(t) + Biu(t)t,: an both systems share the initial state x(0) = =z, for
| o[, = 1. Denoting the optimal accumulative cost of System (i) by 7 ¥, according to the
proof of Proposition 2.1, we have J ) = z} K (©;) . Without loss of generality, assume
JU > 7@,

Using Lemma 2.1, assume [|©; — Os]||,, is sufficiently small, such that both matrices

©,L (0,),0,L (0,) are stable. Then, apply control policy u(t) = L (0,)z(t) to both

systems. The closed-loop matrices D; = ©; L (O9) are stable, and
102 = Dall, < || £ (©2)]] l1€1 = ©xl (2.29)

Letting P = Q + L (0,)' RL (0,), as we saw in the proof of Proposition 2.1, the accumu-

lative cost of System (i) is z( F;zo, where F; = Y D{"PD!. The linear feedback L (©5)
n=0

is an optimal policy for System (2), i.e. ) K (©y) xo = ) Fhxo, and JV) is the minimum

accumulative cost for System (1), i.e. K (01) zo < x(F1xo. Therefore,
0<JW - TP = (K (01) 20 — w(K (0) mg < wfy (Fy — Fa) o < |11y — By,
Since x is an arbitrary unit vector, by (2.28), (2.29) we have
1K (©1) = K (Os)lly < Trl|Dy — Dol < Tkll[©1 = Oall,,

which is the desired result. ]
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2.5.2 Proofs of Section 2.3

Lemma 2.6 (Noise upper bound). Forn = 1,2,---,and 0 < 6 < 1, define the following

event.
We have

Proof of Lemma 2.6. First, note that forall y > 0;¢ = 1,--- ;p;t = 1,--- . n, by As-

sumption 2.1 we have

5)* by log 2112 5
P (Jw;(t)] > v, (0)) < brexp (—””é ) ) —blexp< %) _ 2
2 2

So, using union bound we get

WCSZZ (lwi(t)] > v (8)) < 4.

]

Lemma 2.7 (State upper bound). Letting D = P~!AP be the Jordan decomposition of

stable matrix D, on the event YV we have

lz(@®)ll, < (9)

forallt=1,2,--- ,n

Proof of Lemma 2.7. First, the behavior of [|A[|_ is determined by the blocks of A. In
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fact, letting A = diag (A4, - -, Ag), simply the definition of operator norm ||| implies

Al < max J[Af]l-

T <<k

Then, to find an upper bound for the operator norm of an exponent of an arbitrary block,

such as ) )
A1 0 -0
O x 1 .---0
A, = e cCm™ ™,
0 0 0 X
we show that
SILE
t m—1 t
A8l < £ I D (2.30)
j=0
For this purpose, noting that for £ = 0,1, - - -,
)\k (’16) /\kfl (m]il) /\kferl
k —-m
Ak _ 0 )\k (m—2) )\k +2
0 0 AP
= 1,---,m, the (-th coordinate of Alv is

let v € C™ be such that ||v| = 1. For ¢
'%, is at most the right hand side of (2.30).

J2°

m—~
3 (;) M=Jv;1 41, which, because of (;) <
-, AL), we have ||A*]|| . < n: (A). Now, by z(t)

=0
Therefore, because of A* = diag (A},

t
D'z(0) + > D'*w(i), by Lemma 2.6, on the event V/ we have

i=1

t
PT'A'Px(0) + ) P AT Pu(i)

i=1

1 (IO + Y o]

T (9) .

lz@®)l, =

IN

IN
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Lemma 2.8 (Noise empirical covariance). Define C;, = £ 3~ w(i)w(i)’, and assume
=1

.

n 6 [Amax (C)| + 2¢ 2p
> 1 — . .
e (02 = 3¢2 AW 231)

On the event VW, we have
P (| Amax (Cr, — C)| > €) < 0.

Proof of Lemma 2.8. In this proof, we use the following Matrix Bernstein inequality [30]:

Lemma 2.9 (Matrix Bernstein). Let X; € RP*P ¢ = 1 ---  n be a sequence of indepen-
dent symmetric random matrices. Assume for all ¢ = 1,--- ,n, we have E [X;] = 0 and

| Amax (Xi)| < A. Then, for all y > 0 we have

n 3y2
P >\max Xz > §2 T 5 9 0 oA |
(e ()| 2) =200 (-5t

e (S E062]) |

Letting X; = w(i)w(i)) — C,and A = max |lw(i)|)3, clearly E[X,] = 0, and

where 02 =

Amax (Zn:E [Xﬂ) ‘

Z!Amax [ (Dl (iuiy] — C)] < nA A (C)].

IN
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On W, we have A < pv, (5)2. Therefore, by (2.31) we have

3ne?

IP)(|>‘max (Cn _C)| > 6) = P <

< 2pexp (

" 6A [Amax (C)] 4 2A¢

)<

Lemma 2.10 (Average cross product matrix). Assume |Apax (D)| < 1, and define

n—1

1
u, = — [Dx(D)w(i + 1) +w(i+ 1)x(i) D'].

n

=0

Assume in addition
n 32p 2p)
> log [ — | .
D50 (8)* m, (8)* — € g ( 0

On the event WV, we have

P (| Amax (Un)| > €) < 6.

(2.32)

Proof of Lemma 2.10. In this proof, we use the following Matrix Azuma inequality [30]:

Lemma 2.11 (Matrix Azuma). Let X; € RP*? 4 = 1,---  n be a martingale difference

sequence of symmetric matrices, i.e. for some filter {F;}! ,, X; is F;-measurable and

E [X;41]Fi] = 0. Assume for fixed symmetric matrices M;,i = 1,---

M? — X? are positive semidefinite. Then, for all y > 0 we have

y2
P > <2 S
2y < pexp( 802>,

)\max <i1 Xz)

42
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Letting

M; = 2p"v, (8) m () | Dlllo Ly,

clearly, E [X;|F;] = 0. Further, M? — X? is positive semidefinite, since by Lemma 2.6,

and Lemma 2.7, on YV we have

1/2
max [lw(@), < p/"wn(d),
Jnax [lz@)ly < 7 (9).

Therefore, 02 = 4np|| D||3v, (6)* 7, (§)*, and by (2.32) we have

< 2pe ne’ <4
X — .
= PP 2D, 0 (07 )

P (I Amax (Un)| > €) = P (

Proof of Theorem 2.1. First, by the dynamics equation z(t + 1) = Dx(t) + w(t + 1), we

have
Vigr = ’+§i i) +w(i+1)) (Dx(i) +w(i+ 1))
— 2(0)z(0) + D X : (i)a(i)' D’
+§f w(i+1) +w(i+ 1)z +Zﬁ

= DVnHD +nU, +nC, + D (2(0)z(0) — x(n) (n)") D"+ x(0)x(0)',
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where C,,, U, are defined in Lemma 2.8, and Lemma 2.10, respectively. Letting

E,=U,+C,+ %D (x(0)z(0) — z(n)z(n)") D" + %x(()):p(())',

since | Amax (D)] < 1, the Lyapunov equation V,, .y = DV, 11D’ + nE, has the solution

Vasi=nY D'E,D", (2.33)

=0

i.e. |[Amin (Via1)| = 7| Amin (Er)|- Henceforth in the proof, we assume the event YV holds.

According to Lemma 2.8, (2.4) implies that
€ 0
P (e (Ca = O)] > £) < 5. (234)
In addition, by Lemma 2.10, (2.5) implies that

P (]Amax (U,)| > %) <3 (2.35)

Finally, using Lemma 2.7, by (2.6) we get

(D115 + 1) (=) + le(n)l3) < 5. (2.36)

S|

€
3
Putting (2.34), (2.35), and (2.36) together,

|)\max (En - C)l S |>\max (Cn - C)| + |>\max (Un>|

(DI +1) ()1 + () 13)

IN

€,
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i.e. on the event VW, with probability at least 1 — ¢, it holds that

[Amin (Bn)| 2 [Amin (C)] = €.

Substituting in (2.33), we get the desired result. Moreover, since | Apax (En)| < [Amax (C) |+

€, we have

1
)\max (_Vn+1> ‘ -
n

M (i DiEnD’i>
1=0

i )Am (DiEnD”')

1=0

(s 503 |27

< (Paax ()] +€)n (D)

IN

IN

2
2

Thus, when 2¢ = |\, (C)|, with probability at least 1 — 20 we have

1 3 ,
)\max (ﬁvn—i-l) ‘ S 5 |Amax (O)| n (D )2 . (237)

When n — oo, the conditions hold for arbitrary €, d. So, [Anin (E,)| = [Amin (C)|, which

implies the desired result. [

Proof of Lemma 2.3. First, since n > Ny (M, 5> + 1, by the proof of Theorem

2.1, on the event W, with probability at least 1 — 9, we have

D,—D= <" w(t + 1)x(t)’> vt
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which yields
A~ ~ /
(Dn . D) v, (Dn . D) — UV,

n—1

where U,, = > z(t)w(t + 1)’. Therefore,
t=0

2
1T

= —l)\min Al (2.38)

‘H (Dn - D) Vo (Dn D)l

To proceed, for arbitrary matrix H € R***, define the linear transformation

a(my= | M| eroorn

H' Opxe
As a well known fact, the equality ||H|||, = [Amax ( (H))| holds [30]. Note that ¢ (H)
is always symmetric. Next, letting X; = z(t)w(t + 1), apply Lemma 2.11 to ¢ (X;) €
R?>*2P_ Since

byt = |+ DO O |

Opxp () 3w (t + Lw(t + 1)

by Lemma 2.6, and Lemma 2.7, all matrices ® (M,)> — ® (X,)” are positive semidefinite
on the event VW, where

M, = p'?v,, (8) 7, (6) I,

0'2:

Aas (i o <Mt>2> ' = np, (6)% 7, (5)°.

t=0

letting y = 8'/20log'/? (%), Lemma 2.11 implies

P10l > 1) = P (P (@ (Ua))] > ) < 2p exp (—é) _s
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Plugging in (2.38), we get the desired result. O

Proof of Theorem 2.2. Similar to the proof of Lemma 2.3, condition (2.8) implies that on
the event W, [Ain (V)| > "\LQ(C)‘ (n — 1), with probability at least 1 — §/2. Further, by
D, —D = U, V.71, we get

- U]l
Dn—Dm < NG, (2.39)
‘ 2 ’)\min (Vn)’
Then, 02 = npu,, ((5)2 Tn (5)2, and letting y = M (n — 1) ¢, according to Lemma 2.11,
condition (2.9) implies
2
Y )
PO, > ) < 2pesp (~ ;) < 5.
Plugging in (2.39), we get the desired result. 0

2.5.3 Proofs of Section 2.4

Proof of Lemma 2.4. Let the event G be irregularity of D = Ay + ByL. The statement we
prove is slightly stronger than regularity. Indeed, we prove that for all A € C, |A| > 1, with
probability one,

rank (D — A\L,) > p— 1.

Note that the recent result implies that P (G) = 0.
First, let Y; € R™ 2 = 1,--- ,m have linearly full rank distributions. Define ¥ =
[Y1,---,Y,], and let M (\) be a m x m matrix, with all coordinates being real polynomials

of \. Let f () be a real polynomial of A as well. We show that

1

P(HAGC,f{A)#O:rank(Y—m

M (A)) <m— 1> = 0. (2.40)
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If

rank(Y— ! )M(AO)) cm—1,

F )
letting o0 M(AO) = [My, -, M,], two of the vectors Y; — M;,i = 1,---  m, such
as Y,,. 1 — M,,_1,Y,, — M,,, can be written as linear combinations of the others. There
are finitely many values of )\ for which Y, ; — M,,_; is a linear combination of Y; —
My, - Y, o — M, _», since for every such a \q, det (Y) = 0, where Y is the square
matrix whose columns are Y; — My, --- ,Y,,_1 — M,,_1, removing an arbitrary row. Note
that det ()7) is a polynomial of Ay, divided by f (\g), and f (A\g) # 0.

Note that )\ is a deterministic function of Y7, - - - | Y,,. For every such a )\, the dimen-
sion of the subspace P spanned by Y; — My, --- Y, o — M, o, M,, is at most m — 1.
Because Y, is independent of Y7, --- ,Y,,_1, and Y,,, has a linearly full rank distribution,
P(Y,, € P) =0, i.e. (2.40) holds.

Now, let m = rank (By). If m = p, applying the above argument to
V=D M) =M, f(N) =

we have P (G) = 0, since full rankness of B, implies linearly full rank distributions for all
columns of ByL. If m < p, there is a p X p permutation matrix .J, and K € RFP—m)x

such that

where B € R™*" is full rank. Let Lg be a stabilizer, Dy = Ag + ByLg, and

D,
JDy = ,D; € R™P, D, € R—m)xr
D,
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to get

Dy + B (L — L)
J(Ag+ BoL) = JDy + JBy (L — Lg) =

Dy + KB (L — L)

J
Writing J = ' similarly, we have

J

rank (Ag + BoL — \l,) = rank(J (Ag+ BoL) — \J)

Im Omx(pfm)
= rank (J (Ao + BoL) — \J)
S

Dy + B(L — Ly) — \J;

= rank

[_K7 ]p—m] J (DO - /\]p)

Call the last matrix above X. Since |Amax (Do)| < 1, for |A| > 1 the matrix Dy — A, is

full rank. Therefore, because of

rank ([—K, I,_,]) =p—m,

we have

rank ([—K, I,_,,,| J (Do — A\l,)) = p —m.

Rearrange columns of matrix X to get

X1 X N (p—m) (p—m)
X = , X1 € C™ Xoo € CPT™XP™™ rank (Xgg) = p — m.

X21 X22

In other words, p —m linearly independent columns of [— K, I,,_,,] J (Dy — AI,) have been
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put together to form Xoo. If D is not regular,

v

p—2 rank (X)

= rank (X)

Im O x (p—m)

—X{;le Iy—m

= rank | X

X1 — X12X231X21 Xi2

= rank

O(pfm) xm X22

Hence,

rank (XH — X12X231X21> S m — 2.

Remember that columns of [X;;, X;5] are exactly the same as D; + B (L — Lo) — M\Jy,
and all coordinates of det (Xa9) X12X. ;21X21 are polynomials of A (since all coordinates of

det (X2) X' are polynomials of the coordinates of Xs,). Taking
f ()\) = det (XQQ) s

by (2.40), since full rankness of B implies linearly full rank distributions for all columns

of B(L — Ly), we have
P (rank (Xn - X12X2_21X21) S m — 2) = O,

which is the desired result since rank (Xs5) = p — m. O

Proof of Lemma 2.5. Assume D = Ay + ByL has a unit-root eigenvalue, denoted by

A € C, |\ = 1. Assuming m = rank (B,), let permutation matrix .J and K € R(P—m)xm
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be such that
B L.| -
JBy = = B,

KB K

where B € R™*" is full rank. Letting Lo be a stabilizer, Dy = Ay + ByolLg, and X =

B (L — Ly) € R™*P note that X has a general full rank distribution, thanks to full rankness

of B. Since Dy is stable, det (Dy — AI,) # 0, and

0 = det (Ao + B()L — )\Ip)

I

= det | JDo+ | | X = AJ
K
— det | (Do —AL) T X 41,
K
-1 71 [m
= det | X (Do —AL) ' J +1, |,
K

where the last equality above is implied by Sylvester’s determinant identity. Denote the

complex conjugate of A by )\, and define the real matrix

M) =M(A) = (Do—AL,) " (Do —AL) " J! fr
K

Further, define the space of eigenvectors in C™ as follows. First, consider the equivalence

relation ~ on C™, defined as

x ~y,if x = cy for some c € C, ¢ # 0.
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Letting S = % be the direction space in C™, we have dim¢ (S) =m — 1, i.e.
dimg (S) = 2m — 2.

Note that for every matrix ¥ € C™*™ and every vector v € C™, Yv = 0 if and only if

Y v = 0 for every v ~ v. Thus,
—1 -1 ]m
det | X (Do —A,)  J +1,]1 =0

implies that there is v € S, v # 0, such that
(X (Do = AL,) M (X) +I,) v=0 (2.41)

Denote the set of all matrices X satisfying (2.41) by X (A, v) C R™*P. Separating real ()

and imaginary () parts, we get

Now, we partition S' to

S =38 J% %)%=
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where

S1 = {veS:alv),b(v) are in-line },

Sy = {veS:a(v),b(v) are not in-line }.

Whenever v € S, for j = 1,--- ,m, the j-th row of X needs to be in the intersection of

two nonparallel hyperplanes Py, P. C RP, where

P = {yeR”:ya(v) = R(v;)},

Py = {yeR”:y'bv) =S(v))}.
Since dimg (P;) < p — 1, dimg (Ps) < p—1,and v € S, we have
dimR (Pl N PQ) S D — 2.

Therefore, for v € Sy, we have dimg (X (A, v)) < m(p — 2). Since dimg (|A| =1) = 1,

using dimg (S2) < 2m — 2 we have

dimg | | X\o)| <14+2m—24m@p—2)=mp—1. (2.42)
[A|=1,0€S2

On the other hand, for v € S, there is a real number, say a(v), such that b(v) =
a(v)a(v). Then,
I (v) = Xb(v) = a(v)Xa(v) = a(v)R (v), (2.43)

i.e. whenever v € S, the vectors R(v), (v) are in-line. So, dimg (S;) = m — 1, and for

v € 51, we have P; = P, i.e.

dimg (X (A, v)) <m(p —1).
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Doing some algebra, we get

0 = av)a(v) —b(v)
= a(0) RO I+ a()S (V) I, — Do) M () R (v)
— (@R I =S A) [, = a(v)Do) M (A) R (v)

= (1+a@)?) SN MQAN)R (),

i.e. either & (\) = 0, or M (A\) R (v) = 0. According to the definition of M (), the latter
case implies f (v) = 0, which because of (2.43) leads to v = 0, and is impossible. So, by

dimg (|JA] = 1,3(A) = 0) = 0, we have

dimg U x| <m-14+mp-1)=mp-1. (2.44)
[A=1,3())=0
Writing
x= |J x(\vc U 20 |u U xo.

IA|=1,v€S IA|=1,v€ S5 IA|=1,3(\)=0

according to (2.42), (2.44) we have dimg (X') < mp — 1, and by general full rankness of
the distribution of X, P (&X') = 0. O
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CHAPTER 3

Reinforcement Learning Algorithms

3.1 Introduction

Once the system is stabilized, an adaptive policy is required to minimize the regret. In
this chapter, we present some reinforcement learning algorithms for adaptive control of the
LQ systems. Different situations, such as those with and without identifiability assump-
tions, will be considered. Note that in advance to apply any of the following algorithms,
we assume that there is a stabilizing set, provided as an input to the corresponding rein-
forcement learning algorithm. According Theorem 2.4, a stabilizing set with arbitrary high
probability guarantee can be constructed, although, it is not the unique way to stabilize the
system. In fact, depending on the application, stabilization can be provided to the user by
some additional side information.

If one uses Algorithm 1 in order to find a high probability stabilizing set, the state vector
can end up with a large value, since the closed-loop transition matrix is not necessarily
stable during Algorithm 1. This will not cause any problem, because the system is fully
stabilized now. Indeed, one can let the stabilized system proceed for a while, in order to
push down the state vector to a reasonable magnitude.

In the episodic algorithms below, the estimation will be reinforced at the end of every
episode. Indeed, the algorithms are based on construction of a sequence of confidence sets,

which are constructed according to the estimation results established in Section 2.3. This
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sequence, will be tightened at the end of every episode, i.e. the provided confidence sets
become more and more accurate. According to these sequences, the adaptive control policy
will be updated after every episode. We present and prove high probability regret bounds,
applying the corresponding algorithm.

First, we provide a high level explanation of the algorithms. Detailed expression of
every algorithm will come separately later. Starting with the stabilizing set Q(*), we select
a parameter denoted by ©() € Q). Depending on the identifiability assumptions, the
selection of O can be either arbitrary (see (3.15)), or based on OFU principle, i.e. oW
is a minimizer of the optimal expected average cost over the corresponding confidence set
(see (3.1)).

Then, assuming ©() is the true parameter the system evolves according to, the algo-
rithm applies the optimal linear feedback L (@(1)>, during the first episode. Once the
observations during the first episode are collected, they are used to improve the accuracy of
the high probability confidence set. Therefore, () is tightened to get V), and the second
episode starts by iterating the above procedure, and so on. The lengths of the episodes will
be as an increasing fashion, to make every confidence set significantly more accurate than
all previous ones.

The intuition behind the proficiency of the OFU principle is as follows. As shown in

Section 2.3, applying a linear feedback L, observations of the state vectors will lead only

- I
to the accurate estimation of the closed-loop matrix. Letting L = g , the closed-loop

L

transition matrix is Ay + BoL = @OE. Note that in general, an accurate estimation of G)Oi
does not lead to that of ©y. In fact, since for arbitrary © € RP*?, we have OL € Rp*p,

there is a linear subspace P C RP*?, such that
(©g+041) L = 6yL,
for all ©; € P (the subspace P is not trivial because dimg (P) > pq—p? = pr). Therefore,
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without an additional side information, approximating O is impossible, regardless of the
accuracy in the approximation of O L.

But, in order to design an adaptive policy to minimize the expected average cost, it is
an effective approximation of L (©¢) which is required. More precisely, as long as ©; is
available satisfying L (©;) = L (Oy), one can apply an optimal linear feedback L (©1), no
matter how large ||©; — ©Og|, is. In general, estimation of such a ©, is not possible. Yet,
a confidence set in addition to an exact knowledge of the closed-loop dynamics lead to an

optimal linear feedback, thanks to the OFU principle.

Lemma 3.1. If 7* (©,) < J*(0,) and ©,L (6,) = ©yL (0,), then L (©,) is an optimal

linear feedback for the system evolving according to O.

In other words, applying a linear feedback designed according to optimistically selected
parameter O, as long as the closed-loop matrix is learned absolutely accurate, an optimal
control action is automatically provided. Remember that the lengths of the episodes are
growing, such that the estimation of the closed-loop matrix becomes more precise at the
end of every episode. Thus, the approximation ©,L (©;) ~ ©yL (6,) is becoming more
and more accurate. Rigorous analysis of the discussion above, leads to the high probability

near optimal regret bounds.

3.2 General Systems

Now, we explain Algorithm 2, which is designed for general settings, where no identi-

fiability condition is assumed about the true parameter ©g. The algorithm takes the inputs

QO cRPX 65 >0, v>1,
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explained below. Q) is a bounded stabilizing set: for every © € Q) the system will be

stable if the optimal linear feedback of © is applied, i.e.

Further, 66 > 0 is the highest probability that the near optimal regret bound fails (see
Theorem 3.1). The reinforcement rate y determines the growth rate of the lengths of the

time intervals (episodes) an adaptive policy is applied until being updated (see (3.2)).

Algorithm 2 : Adaptive Control of General Systems
Input: Stabilizing Set (%), Failure Probability 65, Reinforcement Rate > 1.
Let 7 0= 0
fori=1,2,--- do
Define ©® and 7, according to (3.1) and (3.2), respectively
while ¢ < 7; do
Apply control action u(t) = L (é(i)> x(t)
end while
Estimate D by (3.3), (3.4)
Defining V' by (3.5), Construct Z*) according to (3.6)
Update Q) by (3.7)
end for

The algorithm provides an adaptive policy as follows. For: = 1, 2, - - -, at the beginning
of the i-the episode, we apply linear feedback u(t) = L (é“’) x(t), where

0" carg min J*(O). (3.1)
0cn(i-1)

Indeed, based on OFU principle, at the beginning of every episode, the best parameter
among the all we are uncertain about is being selected. Note that “the best” parameter is a
minimizer of the optimum average cost J* (-).

The length of episode 7, which is the time period we apply the adaptive control policy
u(t) =L ((:)(i)> x(t), is designed according to the following equation. Letting 75 = 0, we

update the control policy at the end of episode ¢, i.e. at the time ¢ = 7;, defined according
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to

; >\min C 5
T =T+ <N2A1 <%7 2_2) + 1) ) (3.2)

where No (-, -) is defined in Section 2.3 by (2.4), (2.5), and (2.6). After the i-th episode,
we estimate the closed-loop transition matrix 6L ((:)(i)> by the following row-wise least-

squares estimator:

Ti—1
dY = argmin Y (x;(t+1) - 0'x(1)’, (33)
tZTi,
DO — [d117... ’dl()l)} ' (3.4)
Letting
[1:]1—1
Vo= 3 (bl (3.5)

t= ’—7'1'—11
be the empirical covariance matrix of episode 7, define the high probability confidence set

=0 by

=0 {@ cwn |yt (o (69) - )

2
< Bron (%) } 66
9 3

where 3, (0) is defined in Lemma 2.3. Note that according to Lemma 2.3,

P(6yeEW) >1— ?—f.

Then, at the end of episode ¢, the confidence set Q01 will be updated to
00 — Q-1 ﬂ E(i)7 (3.7)

and episode 7 + 1 starts, finding QU+ by (3.1), and then iterating all steps described above.

Remark 3.1. The choice of ©@ does not need to be as extreme as (3.1). In fact, it suffices
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to satisfy

j* (é(l)) S (Ti — Tl'fl)_l/Q + inf ._7* (@) .

0cn(i-1)
The following theorem states that performance of the above adaptive control algorithm
is optimal, apart from a logarithmic factor. Compared to O (-), the notation O (-) used

below, hides the logarithmic factor.

Theorem 3.1 (Regret bound for general systems). Assuming Q%) is bounded, the following

upper bound for the regret of Algorithm 2 holds with probability at least 1 — 64:

Qe

R(T) < O (TY?) (~log )" .

A direct consequence of Theorem 3.1 is a generalization of the work of Abbasi-Yadkori
and Szepesvari [15], where the uncertainty about the true parameter O is limited to a
bounded subset of R?*?, i.e. Q) is bounded. Note that as mentioned before, Theorem 3.1
is fairly more general than the result of the above paper, because
(i) the controllability assumption is removed,

(i1) the operator norm assumption is relaxed to stabilizability,

(iii) the sub-Gaussian distribution of noise vectors is extended to the sub-Weibull one.

3.3 Weakly Identifiable Systems

In this section, we show that the above reinforcement learning algorithm can be im-
proved under a condition. First, in Theorem 3.1, the stabilizing set Q© needs to be
bounded. Although Algorithm 1 provides a high probability bounded stabilizing set sat-
isfying (2.10), in general, boundedness of 0O does not require to hold. For instance, con-
sidering the system of Example 2.1, sufficient and necessary condition for a linear feedback
to be a stabilizer is 2 < Log — L3 < 4. So, in general the user can be provided with an

unbounded Q.
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Technically, the situation where the provided stabilizing set can be unbounded is re-
markably extensive. Subsequently, we discuss the general case intuitively. First, the do-
main of function L (-) (which maps the stabilizable © to L (0©)) is R?*9, while its range is
R"*P. Level sets of L (©) are manifolds of dimension pg — pr = p?. These level sets can

be unbounded, i.e. the stabilizing set

L7H{L(®) : [|© = Ooll, < e} € RP*

can be unbounded.

The second issue is regarding the laziness of Algorithm 2. Technically, according to
(3.2), the length of every episode of Algorithm 2 is approximately ~'/9 times larger than
the previous one. By Theorem 2.2, accuracy of the estimation scales with square root of the
episode length, apart from a logarithmic factor. So, at the end of every episode of Algorithm
2, accuracy of the estimation of the closed-loop matrix improves approximately with rate
~1/24, This improvement rate can be small, specifically if ¢, the number of columns of the
parameter matrix O, is not small. If one substitutes the factor 7i/ % in (3.2) with 4%, then a
constant of the form ~¢ appears in the high probability regret bound of Theorem 3.1.

This slowness of the accuracy improvement, as well as possibly unbounded Q) dis-
cussed above, motivate the modification of Algorithm 2. Particularly, when in the real
world adaptive control problem the emphasis is on the situations where the time period
0 <t < T during which the user is interacting with the system is not lengthy. For this
purpose, we present Algorithm 3, which provides an adaptive policy, near optimal under
weak identifiability condition stated below. Overall, Algorithm 3 outperforms Algorithm 2
in the following ways:

(i) the stabilizing set Q) can be unbounded,
(i1) improvement rate of the estimation is faster, i.e. the high probability guarantee for re-

gret is better (specially for decent 7',
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(ii1) the number of policy changes (which might affect the performance in real applications)
is approximately 2q times less.

To proceed, we define weak identifiability. Essentially, it is stating that if the approx-
imation O, of © is accurate in terms of the closed-loop matrix when the linear feedback

L (©y) is applied, it is also accurate if one applies the linear feedback L (Os).

Definition 3.1 (Weak Identifiability). We say O, is weakly identifiable, if there is =(*) C

RP*¢ such that O € =@, and for all stabilizable ©;, 0, € =),

‘H(@z —©) L (@2)’”2 <Te,

(02— 60) L) (338)

for some constant I'g, < oo.

Weak identifiability can be implied by some other conditions discussed subsequently.

First, consider linear transformations

L(©;): RP*1 s RP*P j=0,1,2

mapping © € RP*? to OL (0,) € RP*?. Theoretically, letting P; be the null space of
L (©;), (3.8) holds if

(©p+P1)NZO) C (Oy + Py),

where =) is the closure of =@, In the sequel, we discuss more intuitive conditions which
ensure weak identifiability. The following example illustrates the situations where weak

identifiability holds, if a neighborhood and a subspace are available as the side information.

Example 3.1. Suppose that M is a subset, and M, is a subspace of RP*¢, such that

sup [|© — O, < €, (3.9
0cM;

PonM, = {0}. (3.10)
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There is ¢y > 0 such that =0 = M; N M, satisfies (3.8).

To see that, because M is a subspace, by (3.10), for arbitrary ©, € My we have
H‘(G)Q —©y) L (@O)m2 > o102 — G0,
for some constant I'y > 0. Then, using Lemma 2.2, by (3.9) we have
H‘E (6) - L (@o)HL < I're,
fori=1,2. So,

[[CHSENIACH

> (To —T'reo) [|©2 — B0,

2

m(@z — Q) L(6,) ‘2 < (Po+Tre) 192 — Oollly,

ie. if I'rey < I'g, the condition (3.8) holds for I'g, = %

Therefore, as long as we know that the true parameter O is living in a subspace M,
satisfying (3.10), weak identifiability holds. Note that if one uses Algorithm 1 to stabilize
the system, (3.9) can be satisfied.

An application of Example 3.1 is when the true parameter O is known to have at
most s nonzero entries, for some s < p®. Entries of ©, are mostly zeros, for example
if the actual dynamics of the system is of smaller dimension with longer memory [9].
Furthermore, assuming sparsity for the dynamics matrices is realistic for example if the
system is describing the behavior of a network [19].

To study the case above, for arbitrary © € RP*9, let [O] . be the smallest magnitude

of the nonzero entries of © = [©;;], formally defined as

O], = min{[O;] : 1 <i<p; 1<j<gq Oy5#0}

min
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First, the set of all p X ¢ matrices with at most s nonzero entries is a finite union of s
dimensional subspaces of RP*?. Let M, be one of these subspaces, which contains O.

If € < [O] (3.9) leads to exact identification of My among all subspaces. Namely,

any subspace M which has a nonempty intersection with neighborhood M, contains ©,.
Note that if the number of nonzero entries of O is exactly s, the subspace M, is unique.
Otherwise, one can search for M5 among the subspaces of lower dimensions.

Then, assuming (3.10) holds, ©, is weakly identifiable. The linear transformation
L (©p) is surjective, i.e. dimg (Py) = pr. So, dimg (My) < p? is required to satisfy
(3.10), i.e. s < p?. In the work of Ibrahimi et al. [16] a much stronger identifiability

condition is defined and assumed, which implies that both a condition similar to (3.10), as

well as the sparsity of at most p, need to hold for every row of the p x ¢ parameter matrices.

Algorithm 3 : Adaptive Control of Weakly Identifiable Systems
Input: Stabilizing Set Q(*), Identifiability Set Z(*), Failure Probability 68, Precision ¢, Re-
inforcement Rate v > 1.
Letg =0
fori=1,2,--- do
Define ©® and 7; according to (3.11) and (3.12), respectively
while ¢ < 7; do
Apply control action u(t) = L (9(“> x(t)
end while
Estimate D by (3.3), (3.4)
Update Q) according to (3.13)
end for

When Oy is weakly identifiable, Algorithm 3 provides an adaptive policy of near opti-

mal regret. In addition to

QO cRPX 65 >0, v>1,

explained before, the inputs include precision e > 0, and identifiability set Z(*). Note that
despite Algorithm 2, here QO can be unbounded. Further, the precision € > 0 is arbitrary

and determines the lengths of the episodes, while the growth rate of the episode size is
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determined by v (see (3.12)).
Below, we explain Algorithm 3 for weakly identifiable systems, comparing with Algo-

rithm 2 for the general case.

e The linear feedback u(t) = L ((:)(i)> x(t), applied during the i-the episode, where
O is defined by

09 carg min J*(0). (3.11)
0eii-1)N=(0)

Again, similar to Remark 3.1, the choice of O can be relaxed. Note that the set of

0)

parameters 0~ N Z(© over which the minimum is being taken, is different than

(3.1).

e The lengths of the episodes, is now determined by

)
7= Ti1+ Nos (3 .—2) , (3.12)
DA’

where the function No 5 (-, -) is defined in Section 2.3 according to (2.8), (2.9).
e Estimation of the closed-loop transition matrix remains the same as (3.3), (3.4).

e At the end of episode %, the confidence set 2~ will be updated to

v = [o e [Jof (o) - b

< i}. (3.13)
2

e Similarly, episode 7+ 1 starts by finding QU+ according to (3.11), and then iterating

all steps described above.

According to Theorem 2.2, for confidence set 0 defined above we have

PO, 00) 214

The following theorem provides the regret bound of Algorithm 3.
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Theorem 3.2 (Regret bound under weak identifiability). If O, is weakly identifiable, the

regret of Algorithm 3 is with probability at least 1 — 66 bounded by

N |=

R(T) <O (T"?) (—logé)%Jr :

3.4 Strongly Identifiable Systems

Finally, supposing a stronger identifiability condition, certainty equivalence principle
holds, and we can remove some steps of the above two algorithms. Namely, the OFU
based computation of 0 in (3.1) and (3.11), as well as the construction of the confidence
sets in (3.6), (3.7), and (3.13) can be omitted, if the system is strongly identifiable. This
condition, roughly speaking, holds, whenever the dynamics parameter © can be estimated,
with an accuracy comparable to that of the estimation of the closed-loop transition matrix
6L (69).

Definition 3.2 (Strong Identifiability). © is called to be strongly identifiable, if there is

=) ¢ RP*4 such that ©, € =, and for all stabilizable ©,, 0, € =),

|||®2 - 90”|2 < FGO

(©:—00) L (0| (3.14)

for some constant I'g, < oo.

As we will see later, strongly identifiable systems can be adaptively controlled with near
optimal regret, if an arbitrary estimation of the dynamics parameter O is used to design
the adaptive linear feedback.

First, similar to the previous section, there are more intuitive conditions to ensure strong
identifiability. Consider linear transformations L (©;) and the null spaces P; defined in the

previous section. Theoretically, (3.14) holds if

(@0 + 731) N E(O) - {(“)0} .
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Obviously, the strong identifiability implies the weak one according to Lemma 2.2, but the

opposite is not true. For example, if

L(@1> = L(@2)7

0, -0y € P,

then both sides of (3.8) are zero, while the left-hand side of (3.14) is nonzero if Oy # O,.
Further, the situation of Example 3.1 where a neighborhood and a subspace are avail-
able as the side information, implies strong identifiability. To verify that, note that as we

saw before,

[[CHSENIACH

, = (o= i) 102 = O,

So, the condition (3.14) holds for I'g, = I'g — I'L€y. Similarly, the situation where ©, has

at most s nonzero entries, implies strong identifiability as well.

Algorithm 4 : Adaptive Control of Strongly Identifiable Systems
Input: Stabilizing Set QO Identifiability Set =), Failure Probability 69, Precision €, Re-
inforcement Rate v > 1.

Let 7 = 0, and choose ©1) € QO N Z© arbitrarily
fori=1,2,--- do

Define 7; by (3.12)

while ¢ < 7; do

Apply control action u(t) = L (@(i)> z(t)

end while

Estimating D® by (3.3), (3.4), update ©6+D by (3.15)
end for

Algorithm 4 is a reinforcement learning one for strongly identifiable systems. Exclud-
ing the selection of 01, other steps are similar to Algorithm 3. Here, during episode ¢, the

linear feedback u(t) = L (@“’) x(t) is applied, where

Ol+Y ¢ {@ c=0.0f (é“)) - f)“’)} (3.15)
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is arbitrarily selected. The following theorem states the non-asymptotic optimality of the

CE principle for strongly identifiable systems.

Theorem 3.3 (Regret bound under strong identifiability). If O is strongly identifiable, the

regret of Algorithm 4 is bounded by

=

R(T) < O (TY?) (~logd)=+2,

with probability at least 1 — 6.

A consequence of Theorem 3.3 is that in the work Ibrahimi et al. [16], the step of
the proposed algorithm which is based on OFU principle can be removed. Indeed, as
mentioned before, in the above paper it is proven that in high-dimensional setting, under
some restrictive identifiability assumptions, the dynamics parameter O, can be estimated
accurately, with high probability. This open-loop identification, which is similar to (3.14),
leads to optimality of CE principle.

We finish this chapter with a short explanation about the situation of uniformly bounded
noise vectors, as well as the asymptotic behavior of the presented reinforcement learning

algorithm.

Remark 3.2. The logarithmic factors becomes double logarithmic for bounded noise.
More precisely, in Theorem 3.2 and Theorem 3.3, if the noise sequence is uniformly

bounded, we get

N[

R(T)=0 (T1/2 loglog T') (—logd)? .

Moreover, asymptotic analysis of algorithms 2, 3, and 4 shows that

<oo):1,

_|R(T)
F (%520’ T2

which is according to Lemma 2.2, optimal.
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3.5 Technical Proofs

Proof of Lemma 3.1. Suppose that 7* (01) < J* (©y) and D = ©,L (0,) = OyL ().
Applying the linear feedback u(t) = L (0;) z(t) to a system evolving according to the
dynamics parameter O, the closed-loop matrix will be x(t + 1) = Dz(t) + w(t + 1).
Letting P = Q + L (0©,)' RL (), we have

Ele] = Elz(t) Px(t)]
— E[z(t—1)D'PDx(t — 1)] +IE[ (&) Pw(t)]

— .= 2(0YD"PD'(0 +ZE[ ) D" PD (i)

Note that by stabilizability of O, the inequality J* () < J*(0y) implies that O, is
stabilizable, i.e. by Proposition 2.1, [Ay.x (D)| < 1. Thus,

lim 2(0)' D" PD'2(0) = 0. (3.16)

t—o00

-1

Furthermore, by E [w(i)w(i)'] = C, the second term is tr (C > D”PDZ). Therefore,
i=0

using (3.16) we get

. . 1% 7
lim E [¢)] = tr (CZD PD) .

i=0
The above convergence holds for the Cesaro mean of the sequence {E [¢;]},~, as well, i.e.

the expected average cost is

Te, {u(t)},) = tr (cz D PDi> .

=0
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Similarly, since u(t) = L (©) z(t) is optimal for a system of open-loop parameter O,

T (Og) > T (©1) = tr (CiD'iPDi>

=0

= Je, ({u(t)}iZy) = T* (©0),

i.e. the linear feedback L (©) is an optimal policy for a system of dynamics parameter O,

which is the desired result. ]

Proof of Theorem 3.1. The stabilizing set Q) is assumed to be bounded, so let

Ay = sup [|©, < co. (3.17)
0ecn)
Suppose that for t = 1,2, - - -, the parameter O, is being used to design the adaptive linear

feedback u(t) = L (©;) z(t). So, during every episode, ©, does not change, and for 7;,_; <
t < 7; we have ©, = O,
Letting F; = o (w(1),--- ,w(t)), the infinite horizon dynamic programming equations

[17] are

T (0) +x(t) K (0 x(t) = x(t)Qx(t)

+u(t) Ru(t) +E [y(t + 1)K (0,) y(t + 1)(3] ,
where u(t) = L (©;) x(t), and
y(t+1) = Az(t) + Buu(t) + w(t + 1) = O,L (0,) z(t) + w(t + 1) (3.18)

is the desired dynamics of the system. Note that since the true evolution of the system is

governed by Oy, the next state is in fact
z(t +1) = Agz(t) + Bou(t) + w(t + 1) = 0oL (0,) x(t) + w(t + 1). (3.19)
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Substituting (3.18), and (3.19) in the dynamic programming equation, and using (1.2) for

the instantaneous cost ¢;, we have

T (6) +z(t) K (0,) z(t)

= ¢+E [y(t 1)K (0) y(t + 1)

7

- ct+E[w(t+1)’K(@t)w(t+1)

7]
+ 2(t)L(6,) OK (1) ©,L (,) x(t)

= ¢ +E [w(t + 1)K (0, w(t+1)

7]
+ z(t)L(6,) OLK (6,) OL (6,) x(t)
+ z(t)L(6,) O,K (0,) O.L () z(t)
— z2(t)L (8, O,K (©,) OuL (0,) z(t)

— ¢ +E [as(t F1)YK (0) a(t+1)

7

+ a:(t)i (@t)l [@;K (@t) O, — @6[( (675) @0] L (675) x(t)
Addingup fort =1,--- T, we get
T
R (T) = Z [Ct - j* (@0)] = Tl -+ Tg -+ Tg -+ T4, (320)

where

7))

~+
—_

Ty = SE[e(t+1) (K () — K (©)a(t +1)

.

Ty = > x(t)L(6,) [0,K (6,) Oy — O/K (6,) O] L (6,) x(1).
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Let m (7') be the number of episodes started until time 7. So,
To(r) < T < To(1)41-

Now, letting n; = |7; — 7,1 | be the length of episode i, define the following events

~ 5
g B Q{ﬂr{lgt}in ”w(t)Hoo < Vn, (2_2) } s

1=
o0

" o= [{6en?}.

=1

Similar to the proof of Lemma 2.3, one can simply see that

P(gmH)z1—Z§—fz1—5d (3.21)
=1

Henceforth in the proof, we assume that G N ‘H holds.

Lemma 3.2 (Bounding T;). On G N H, we have T; < 0.

Proof. Foralli =1,2,---,aslongas ©, € Q01 according to (3.1) we have J* ((:)(i)> <
J*(0Og),1.e. T*(0y) — T* (0) < 0, which implies the desired result. O

Lemma 3.3 (Bounding T5). On G N H, we have
P (Tz > Ay + (87)2A3 (logm (T))”* (— log 5)1/2+2/a) <,

for some constants Ay, Az < 00.
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Proof. First, write

T+1

T, = Zm(t)’K(@t)x(t)—ZE[x(t)’K(@t)x(t)

Fia
= E[Q)VK (©)2(1)] ~E [2( + 1K (Or2) «(T + )| Fy]

)}

+ Z (x(t)’K (O z(t) — E [x(t)'K (©¢) x(t)

Then, letting
= [ (o)

1<i<oo

, (3.22)
2

note that the above sequence we are taking supremum on, is bounded because for positive

definite matrix C, on H the OFU principle of (3.1) implies
T (€0) = 7" (69) =t (K (69) C),
hence,

J* (6y)

IV

o (0 (9) 1)
> ’)\max <C1/2K (é(i)) C1/2>

S CROENTT
= sup 2

oo ol VOl

Amin (O] [Amax (K (é(i)))‘ ’

Vv

1.e.

J* (o)
I W o

To proceed, using boundedness of 0O,
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for some Ay < oo. Defining the stable closed-loop matrices D; = 0oL ((:)(i)> J1o=
1,--+,m(T), similar to Lemma 2.7, one can simply show that on the event G, for constant

1 (D1, , Dpry) < 00, it holds that

)
max [2(0)ll, <1 (D1, -+  Doiry) v ( ) | (3.24)

1<t<T
J < J
max U, | - | < v
1<i<m(T)  \i? g m (T)”

is used above. Therefore, for martingale difference sequence

where the fact

(X)L, = (oK () 2(t) ~ E [s()K (0 2(0)] 7]},

on G we have

2
2 )

X < 2K @)zl < Ay (D, , D) ( )
m(T)

< Ay (logm (7)) (= log8)**,
for some Az < oo. letting

T
o2 = AT (logm ()" (—log 6)"* > ZX?,
=1

y = BT)/*Ag(logm (T))"" (~logd)"*F/,

apply Lemma 2.11 to get

T 2
P (ZXt > y) < exp (—%) <9,

t=1

74



which in addition to (3.23) implies the desired result, because of

E|o(T + 1)K (©r41) (T + 1))&} > 0.

Lemma 3.4 (Bounding T3). On G N H, we have
Ty < Ay (logm (7)) (—log 6)/*m (T),

where Aj is the same as Lemma 3.3.

Proof. Note that as long as both of ¢,7 + 1 are in episode ¢, we have
O, =01 = 108

So, using (3.22), and (3.24), on G N H we have

m(T)—1

= S B (x (60) - (69)) i)

B s
< Alm(T>n(D1"" ’Dm(T))QVT (m((ST)z)2

< Ay (logm (T))** (—1og 6)** m (T).

Lemma 3.5. Letting Uy = [,, fort = 1,2, -- - define the symmetric ¢ x ¢ matrix U; as

U =1L (@m) VO <(:)<i>>’ _i (@(i)) Z 2()z(t)L (@<i>>’7
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and for arbitrary nonzero © € RP*?, let real-valued sequence {s; (@)}j’;l be

ot

=0

2

5 (©) = 11—
m@ S ver
=0

2

Note that s; (©) does not depend on the magnitude of ©. On the event G N 7, the Cesaro

mean of the sequence {s; (©)}>Z, is bounded, i.e. for some constant A4, on GNH we have

n>1 T

1 n
sup — Z 5;(©) < Ay
j=1
Proof. First, applying the second part of Theorem 2.1, we have

1 -
lim —V® = lim Y D/CD}’, (3.25)
1— 00 77,1- 1—00
=0

where D; = O, ((:)(i)) is the stable closed-loop transition matrix during episode <.

Then, the sequence {L (@(")>} converges as follows. According to (3.17), it is

i=1

bounded. So, divergence of this bounded sequence implies convergence of two subse-
quences to distinct limits. Let L, be the limit point of a subsequence. According to (3.7),
{QW}" s strictly decreasing: Q20D S Q). Further, by Theorem 2.2,
1

0= lim (é@ - @0) L (é@) = lim (é(“ - @0> '

1—00 11— 00
L.

o
So, L is a stationary point in the sense that for some O, € QO we have
i=0

Asx + BoLo = Ao + ByLeo. (3.26)

Since H holds, and at the end of every episode we are using OFU to pick 01, we have
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J* (Ox) < J*(0g). Hence, by Lemma 3.1, (3.26) implies that L, is an optimal linear
feedback for the true system ©,. But, according to Proposition 2.1, L (6,) is unique, i.e.
Ly = L (©y). Therefore, the limit is unique, which contradicts the divergence. Moreover,

the convergence is to L (), i.e.

lim D; = ©yL (©,) = Dy. (3.27)

1—00

Next, as shown in the proof of Lemma 2.2, D,‘C Dgf is a Lipschitz function of D;. Thus,
(=0

plugging (3.27) in (3.25) we get

. 1 i - J4
zlg?o det (n_iV( )) = det (Z Dy'CD), ) )

=0

which yields

lim det (iU@) = det <£ (©0) ) Do'CD,L (@0)’> :

1— 00
=0

Therefore, defining

we have

J—00 j—00 nj—1

J
q det (ni Z Uz)
.. . n; 7 i=0
lim 5; = lim ( )
e

J
Note that according to (2.37), on G N ‘H the matrix %Ui, and so the matrix ni > U, are
¢ 7 i=0

bounded. Using the definition of episode size in (3.2), we get

lim 5; = 7. (3.28)

Jj—00
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Finally, according to Lemma 11 in the work of Abbasi-Yadkori and Szepesvari [15],

So, (3.28) implies the desired result. 0

Lemma 3.6 (Bounding T,). On the event G N H, it holds that

1/2
Ty < Agm (T) Br (ﬁ) (logm (T))"* (= log &)/ T2,

for some constant Ag < 00.
Proof. Assuming G N H holds, consider the following expression:

2

2

T
T, =Y H(@t —00) L(0)) z(t)
t=1
Since ©, does not change during every episode, we can write
m(T) [7;]1-1

IS H((:)(j)—@o>i<(:)(j))x(t)

J=1 t=[7j-1]

2

(3.29)

2.
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J
Letting {U; },°, be as defined in Lemma 3.5, ) U, is invertible and

1=0
[rj1-1 J —1/2 ?
3 (Z Ui> L(69)x(t)
=11 || \i=o )

t=[71j_1] =0
[751-1 J -1 ,
— (%) 7 ()
t%ﬂm«((;m) L(@ )x(t):c(t)L(@ ))
. U

Further, using definition of {s; (©)}Z, in Lemma 3.5 we have

i 1/2]||2
((Z)(j) _ @0> (; UZ-) 2
; 1/2 ; 1/2
- (zn) (@-0) (090 (30 |
50) _ . 50) _ ')
< tr ((@ﬂ @0) > U, (@J @0)
J /
50) _ (eu) _
< pf| (6" @0);&(@] ©) 2
- i1 ~ !
< p <@(J) — @0> 3 U, <@(J) — @0) 23] <@(J) — @0> ,

. - i1
but according to definition of Q) in (3.7), both ©V), and O belong to (] =, i.e. (3.6)

=1
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implies

j—1

(6 - 60) - 0i (6 - &)
- =0 2
]i (@m _ 90) U, (@(j) _ @0>’
1=0

[CER) +4zﬁ (%)

< 4N +4m (T) Br (ﬁ) ;

IN

IN

where in the last inequality above (3.17), n; < T, and i < m (T') are used. Now, putting

together we have

[mj1-1 9

2

2 [T51-1 2

3 H (@(j) _ @0> i (@(j)) 2(t)
2

(@(j) _ @0> (i: U@_) 1/2
i=0 o t=[7j-1]
< 4pgs; (09— 0,) (Ag“"( )ﬁT( (1) ))

Plugging in (3.29), and using Lemma 3.5, leads to

IN

j ~1/2
( U,) L (é@)) ()

=0

2

Ts < 4pgAym (T') (A% +m (T) Br (m (5T>2)) : (3.30)

Going back to T,, write it as

Z "(©0+6,) K (0,) (0 —0,) L(0,)x(t).
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Cauchy-Schwartz inequality leads to

T,

IN

iH )(©0-+0) L(O)x(1)| (00— €) L (@) (1)

2

IN

Ty [ZHK ) (80 +6,) L H]

By (2.23), for all stabilizable © € RP*9, the equality
L(©)©'K(©)0L(0)=K(©)—-Q - L(0) RL(O)

holds. So, since Q + L (©)" RL (©) is PSD and R is PD, we respectively get

Muas (L(©) 0K (©)OL(0))| £ e (K(O)] <21, (331)

< A5 < . (3.32)

1)

‘ 2

Now, (3.31) in addition to (3.22) and (3.24) lead to

|K©)eL@©)e)| < |K©)7 ||K©)7 6L ©) 20,
< A (Dh e 7Dm(T)) vr (m <6T)2) ;
while (3.32) similarly implies
HK CACYACHY: H < A A1O0lyn (Drs -+ Do) v (me)2>.

Putting all together and using (3.30), on G N H we have

5
Ty < T3 7200 (14 A50€0lly) n (D1, , Dongry) v (m<T)2)

5 1/2
)2) (log m (7)) (~ og §)"/* T2

< Agm(T) Br (W
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for some Ag < 0o, which is the desired result. ]

Lemma 3.7 (Bounding m (T)). On the event G N H, it holds that

m(T) < a log (T(’yl/q_l) +1>.

~ log~y 1

Proof. According to definition of episode size in (3.2), we have

; )\min C 5
Ti — Tic1 = ’Yl/q <N2.1 (%7 2_2) + 1)

o (v (RO 5 )

1—1
= 77 9 T1.

v

Since 7,1y < T', we have

m(T)
T > Z (i — Tie1) > R
i=1

which yields

~ logy

m(T) < d log<T(le/q_1>—|—1>.

Finally, note that definition of (3, (J) in Theorem 2.3 implies
B (0) = O ((logm)"/* (= log &) ) .
Therefore, plugging Lemmas 3.2, 3.3, 3.4, 3.6, and 3.7 into (3.20), we get
R(T) =0 <T1/2 (log T) " (log log T)"/*™/* (= 1og §)"/*T/ “) ,
with probability at least 1 — § on G N H. Hence, according to (3.21), the failure probability
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is at most 69, which completes the proof of Theorem 3.1. [l

Proof of Theorem 3.2. Let
Tla ']T27 T37 T47 m (T) ) g7 H

be as defined in the proof of Theorem 3.1, and let n, = 7; — 7;_; be the length of episode 7.

Similarly, the regret can be written as
T
R(T) = lee—T*(O)] = Ty + Ty + Ts + Ty (3.33)

t=1

Simply, Lemma 2.6 and Theorem 2.2 imply that

| w

>1—56. (3.34)

[\

=, 30
P(GNH)>1-—
(GNH) > ; ;
Henceforth in the proof, we assume that G N H holds. Bounding of Ty, Ty, T3 is exactly
similar to Lemmas 3.2, 3.3, 3.4, respectively. We state and prove the following lemma,

which will be used in order to upper bound T.

Lemma 3.8. Let {M (i)}zl be a sequence of p X p matrices. Whenever 7;,_; <t < 7;, let
M, = M. Define
T
2
To = S [Mar(t)].
t=1

On G N H, it holds that
m(T)

To < A7 3 nif| MO,

i=1

for some constant A; < oo.

Proof. Letting D; = OoL (é(i)> be the stable closed-loop matrix during episode ¢, and



be the empirical covariance matrix of episode i, according to (2.37), on G N ‘H we have

})\max (V(i))‘ < %ni, where
3
A7 = §p2 [Amax (C)| 7 (DQQ < 0.

Therefore,

Te = ix(t)’M{Mtx(t)

t=1
m(T)
= Y o (MOVOMW)
=1
= (@) @)’
< ;p\Amax(v )[4
m(T)
< 218 o <M<">M<’>’)
- p =1
A m(T)
< =7 t (M(n/M(z))
<5 ;n r
m(T) .
< Ay nif|MOY,
=1

Lemma 3.9 (Bounding T,). On the event G N H, it holds that
T4 S AIO (log T)Q/Oé (logm (T))1/2+3/Oé (_ log 6)1/2+3/a T1/2,

for some constant Ay < oo.

84



Proof. Defining M, = (0 — ©,) L (6,), Cauchy-Schwartz inequality leads to

T,

IN

2

> | @00+ 00 £ 00 a0 |10 - 00 L @110

1/2
2

IN

2

TV? [Z H K (©,) (80 +6,) L(©,)x(t)

where Tg is the same as Lemma 3.8. Then, since ©,, 0 e Q=1 (3.13) implies
(00 -0) £ (0 20
which by weak identifiability condition of (3.8) leads to
(-2 (60)], e
Therefore, according to (3.31), (3.32),
[[M@|], < 2(1+ As||O0]l,) Ao ey
On the other hand, by (2.8), (2.9), for some constant 0 < Ag < 0o, we have
' 4 5\ L/
Asy? < ny < Ag (logng) /™ €722 (— log 2—2) :

Thus, by n; < T',i < m (T'), putting (3.35), (3.36) together we get

m(T) (T)2 1+4/«
T6§A7Zni“‘]\/[(i)|||z < Ay <logm6 ) (log )" .
i=1
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for some Ag < oo. The reminder of proof is similar to Lemma 3.6, i.e.

1)
T, < TV’T1A, <1+A5r||@o|||2>n(D1,---,Dm(T>)uT<m (T)Q)

< AlO (log T)2/a (logm (T))1/2+3/a (_ IOg 5)1/2+3/a T1/2,

which is the desired result. O]

To bound m (T), note that according to (3.36), we have Agy>™(1)=2 < T, i.e.

m (T) < log T — log Ag
2logy

+ 1. (3.37)

Finally, since T, T, T3 were bounded before exactly similar to the proof of Theorem
3.1, plugging Lemma 3.9, and (3.37) into (3.33), we get the following regret bound which

holds with probability at least 1 — 64;

R(T)=0 (Tl/2 (log T)** (log log T)"/**¥/* (= log 5)1/2+3/a) :

]
Proof of Theorem 3.3. Letting
Th T?? T?)u T47 m (T) ) g7 Ha n;
be as defined in the proof of Theorem 3.2, the regret can be written as
T
R(T) =) [ —T*(©)] = Ty + Ty + Ts + Ty (3.38)

t=1

Further, (3.34) holds similarly. Bounding of T5, T3, T, is exactly similar to Theorem 3.2,
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with the following upper bound for A;:

IA

i 22 P (O)] P (K (60) )] < 7% (6)

7o nifor o

IA

IN

j* (@0) + FJF90€>

< OQ.
2

But since Algorithm 4 is not using OFU, the term T is not necessarily non-positive.

1.e.

s TR G o (e)

Lemma 3.10 (Bounding T;). On the event G N H, we have
T, < Aus (logm (1)) (log )/ T2 (— log 8)' />,

for some A3 < 00.

Proof. First, the design of episode size in (3.12) implies that
I(69 ~e0) 2 (62)]|, < 7
2

Therefore, by strong identifiability condition (3.14),

60— 6], < Taner ",
2
which according to Lemma 2.2 implies that

‘J* (é(i)) T (@0)‘ < FJFGOGV_HI-
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So, using (3.36),

m(T)

i=1

m(T) 1+4/a

4/a — i —i
< ZlAB (logn;)* e 22 (—log 2—2) Pyl ey
/ 1+4/«

< Ay (logD)Y* [ =10 m(T)
= 11 ( g ) ( g m (T)Q) v

for some constant A;; < co. On the other hand,
T > Nyy(ry—1 > Arp (—log 5)1+4/a »Am@),
for some A5 > 0. Thus, for some A3 < 00,
Ty < Ay (logm (T))* (log T)Y/* TY? (— log §)/* %/ |

which is the desired result

This finishes the proof, implying that with probability at least 1 — 69;

R(T)=0 <T1/2 (log T)** (log log T)" ™/ (— log 5)1/2+3/a> :
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CHAPTER 4

Estimation in General VAR models

4.1 Introduction

Estimation of the transition matrix in VAR models has been extensively studied in the
statistics and econometrics literature for the stable case [20]. Further, new work has also
addressed this topic under high-dimensional scaling and extra assumptions on sparsity im-
posed on it [21]. However, in settings where the underlying process is not stable, the topic
has not been adequately examined. A key issue that arises in this case is that the mag-
nitude of the vector process explodes exponentially over time, with high probability [22].
Nevertheless, in addition to adaptive control of the systems evolving according to linear
dynamics, estimation of the transition matrix in the non-stable case is of interest due to a
number of applications that give rise to such instances, such as asset bubbles and (Yugoslav)
hyperinflation [23], [24].

Some of the work on the topic provides asymptotic results [22]. Early work investigated
the asymptotic distribution of the VAR model under a set of restrictive assumptions on the
transition matrix [25]. Ensuing work dealt with asymptotic consistency of the estimates for
a class of structured transition matrices [26]. Further extensions to more general classes
were established by Nielsen [27], [28]. Finally, additional asymptotic results together with
the important concept of irregularity of the transition matrix (see Definition 2.3) which

leads to inconsistency, are presented in the literature [29]. However, finite sample results
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are not currently available.
In this chapter, we consider a VAR process z(t) € RP,t = 0,1, - - - that evolves accord-
ing to

z(t+ 1) = Doz(t) + w(t + 1), “4.1)

starting from an arbitrary initial state x(0). We examine the general case where the process
is not necessarily stable (as technically defined in the next section). The key contributions
of this chapter are:

(i) establishing finite sample bounds for the /5 error of the least-squares estimates of the
transition matrix Dy,

(i) under a fairly general heavy tailed noise process {w(¢)},-,. In addition, the results due
to the presence of a heavy-tailed noise term are of independent interest for the stable case as
well (see Corollary 4.1). The novel results provided identify how the sample size required
scales both with the dimension of the VAR model, as well as with the characteristics of the
transition matrix and the noise process.

In order to establish results for finite sample estimation of Dy, one needs to overcome a
set of issues. First, as long as Dy has eigenvalues outside of the unit circle in the complex
plane, the behavior of the Gram matrix is governed by a random matrix. The second issue
arises when Dy has eigenvalues both inside and outside of the unit circle. In this case, the
smallest eigenvalue of the Gram matrix scales linearly with respect to sample size, while its
largest eigenvalue grows exponentially. This leads to the failure of the classical approaches
to establish consistency. The above issues are addressed in Section 4.4 and Section 4.5,
respectively. In the proofs, we leverage selected concentration inequalities for random
matrices [30], as well as an anti-concentration property of martingale difference sequences
(see Lemma 4.2) [31].

Recently, the problem of forecasting non-stationary mixing [32], [33], and non-mixing
[34] time series has received attention, assuming the loss function is bounded. Unstable

VAR models are a special, yet interesting, case of non-stationary time series. However, the
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problem of estimation is not still addressed in the existing literature. Moreover, the results
on forecasting are not applicable to estimation, since the sum-of-squares loss function em-
ployed in this study is not bounded. However, note that our results on estimation imply

those on forecasting.

4.2 Technical Details

The VAR process {z(t)};-, evolves according to (4.1), while the unknown transition
matrix Dy € RP*? is not assumed to be stable, i.e. the eigenvalues of D do not necessarily
lie inside the unit circle. Further, {w(¢)},-, is the sequence of independent mean-zero

noise vectors with covariance matrix C, i.e.

Remark 4.1. The results established also hold if the noise vectors are martingale differ-
ence sequences. Further, the generalization for heteroscedastic noise, where the covariance

matrix C'is time varying, is rather straightforward.

The objective is to estimate Dy, using the row-wise least-squares estimator. Technically,

observing samples {z(t)};_,, define the sum-of-squares loss function

i
L

LOWG) = (z;(t+1)—0z(t)”.

-
I
o

Then, the true transition matrix Dy is estimated by

~ A

R /
DTL: |:d1a"' 7dp] y
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where fori = 1, - - - | p, the vector d; is a minimizer of the above sum-of-squares, i.e.

£ (J,) — min £ ().

OcRP

The main contribution of this chapter is showing that with high probability, accurate esti-
mation of the true transition matrix is achieved, excluding a pathological case. Formally,
D, is with probability at least 1 — ¢ within an e-neighborhood of D,, where apart from a
logarithmic factor, the sample size n scales quadratically with %, and logarithmically with
% (see Theorem 4.3).

To analyze the finite sample behavior of the above estimation procedure, Assumption
2.1 is assumed for the tail-behavior of every coordinate of the noise vector. To proceed, we
define a property of the population covariance matrix of a VAR process. It can be seen in
the proofs of the presented results, that the following property is necessary and sufficient for
accurate estimation of the VAR parameters. The motivation behind Definition 4.1 becomes

clear by the example presented later on.

Definition 4.1 (reachability). The pair [D,, C] is called reachable if
rank ([01/2, DyCY2, ... ,Dgilc’l/ﬂ) =p.
Clearly, reachability is equivalent to | A, (K(C))| > 0, where
p—1 ‘
K(C)=> DiCDy'.
i=0
Specifically, if C' is positive definite, then [Dy, C] is reachable for all Dy € RP*P, and
|)‘min (K(C))| > |)‘min (C)‘ > 0.
Note that reachability is conceptually equivalent to the population covariance matrix of
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the process being positive definite. More precisely, the evolution of the process over time
implies
x(t) = Dz (0) Z D w
Therefore, since the noise vectors are independent, the covariance matrix of x(t) is
given by
t—1
> DiCDy;
=0
i.e. reachability is in fact stating that for ¢ > p, every coordinate of x(¢) has a non-
degenerate randomness. In the following example, we describe a situation to demonstrate
the usefulness of reachability.
Back to Definition 4.1, a natural question arising concerns the motivation behind con-
sidering reachable pairs rather than simply assuming positive definiteness of C'. There is
an extensive family of settings, including the following example, where the latter stronger

condition does not essentially hold.

Example 4.1 (Time series with longer memory). Consider a VAR(k) model, where the
evolution of the process to the next time step is determined by the & previous lags, for some

k > 1. Fort > k, the process Z(t) € R™ evolves according to

Z SE(t—7) +w(t),

for some initial vectors Z(0),--- ,Z(k — 1) € R™, and transition matrices Dy, -+, Dy €

R™*™ assuming Dy, # 0.

Suppose that the covariance matrix of @(t), C' € R™*™  is positive definite. Arranging

blocks of Z(t) accordinlgly, the process can be written in the form of a VAR(1) model, as
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follows. Letting

w(t+k—1)
Ft+k—1)
0
o(t) = : € R*™, w(t) = €R*™,

(1)

0
we get z(t + 1) = Dox(t) + w(t + 1), where
py= | P i,
I(k—1ym 0

Obviously, the covariance matrix of w(t), denoted by C, is not full rank, although, one
can show that [ Dy, C|] is reachable. Hence, for processes exhibiting longer range temporal
dependence, reachability constitutes a very natural and critical assumption.

Next, we establish results regarding the sample size needed so that with high probability
the least squares estimate of [y is accurate within a certain degree. First, we study the
stable case where all eigenvalues of D, are inside the unit circle, i.e. |Apax (Do)| < 1.
Subsequently, the explosive case where all eigenvalues lie outside of the unit circle, i.e.
| Amin (Do)| > 1, is examined. Finally, finite sample estimation results are presented for the
general case which is the combination of these two regimes.

Some straightforward algebra shows that the least-squares estimator of the transition

matrix can be written as

[y

n—

A

Dy = z(t+1)z@t)V, ",
=0
n—1
where V,, = > x(t)z(t) denotes the empirical covariance matrix of the VAR process,
t=0

which is assumed to be non-singular.
The latter result implies that the behavior of V;, needs to be carefully studied and this

constitutes a major part of the following two subsections. The proofs of all the results
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established, as well as the required preliminaries, are provided in Section 4.6. Further, all
constants being referred to in this chapter, can be explicitly recovered from the detailed

restatements of the results in the corresponding proofs.

4.3 Stable Case

The stable case has been extensively studied before, customarily under the stronger
assumption of sub-Gaussian noise [35]. Next, we generalize the results to sub-Weibull
noise vectors previously defined in Assumption 2.1. Further, these results will be used for
the general case in Section 4.5, where we address the general non-stationary case.

In the stable regime, the process has a stationary limit distribution. In this case, the em-
pirical covariance matrix has an approximately deterministic behavior, which is described
by population covariance matrix of the asymptotic distribution. Specifically, if the sample

size is large enough, V;,, once normalized properly, can be approximated by « (C'), where
k(C) =Y _ DiCDy'
i=0

is the asymptotic covariance matrix. The following lemma provides a finite sample bound
determined by the estimation error ¢, the failure probability ¢ and the tail exponent c.
Henceforth, one can let @« — oo in all inequalities presented for sample size, if the noise

vectors w(1),w(2), - - - are bounded.

Theorem 4.1 (Stable covariance). Assuming |Ayax (Do)| < 1, there is a constant A; < oo,

such that for arbitrary €, > 0 if

A
- > (=
(logn)4/a - 62

Then
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A direct consequence of Theorem 4.1 is the following corollary, which shows that high
probability accurate estimation can be ensured, if reachability, as defined in Definition 4.1,

is assumed. Note that reachability implies that x (C') is positive definite.

Corollary 4.1 (Stable estimation). Suppose that |A\y.x (Do)| < 1, and [Dy, C] is reachable.

Then, there is Ay < 00, such that

n AV 144/
> — (—logd :
(log n)4/a € ( )
implies
P <H‘Dn = Dof| >€) <o
2

Remark 4.2. The scaling of the constants A1, A, used above, is polynomial with respect
to the dimension p. The degree of this polynomial depends on the size of the largest block
in the Jordan form of Dy. For example, if Dy is diagonalizable, A, A, scale linearly with

respect to p.

The explicit dependence of Ay, Ay on Dq (in fact through |Ayayx (Do)

), the noise co-
variance matrix C' (namely, |Apax (C)| for Ay and |Apin (K(C))| for Ay), as well as the

parameters by, by, o specified in Assumption 2.1, can be found in the corresponding proofs.

4.4 Explosive Case

In the explosive case, the empirical covariance matrix V,, grows exponentially with
respect to n. In addition, unlike the stable case, V,,, once normalized properly, can be
approximated by a random matrix. Therefore, the eigenvalues of the normalized empirical
covariance matrix are stochastic as well. In order to find deterministic bounds for the
eigenvalues of V,,, new quantities, denoted by ¢ (Dy) , ¥ (Dy, ), need to be defined.

Subsequently, after providing the formal definition of the above quantities, we present

in Theorem 4.2 bounds for the eigenvalues. Then, a sufficient and necessary property of Dy
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for the accurate estimation will be introduced, followed by Lemmma 4.1, and Lemma 4.2,
which establish the positiveness of ¢ (-) , % (-, -). This section concludes with Corollary 4.2
that deals with estimation in the explosive case.

First, for explosive Dy, we define the nonnegative functions ¢ (Dy) , % (Do, d) as fol-
lows. Assuming [Api, (Do)| > 1, let Dy = P~'AP be the Jordan decomposition (detailed

definition, as well as some properties, can be found in Section 4.6). Letting

Ao0) = a(0)+ 3 Dy,

P = [Plv"'7pp]/a
for > 0 define

¥ (Dy,0) = sup {y ER:P (min |P/z(c0)| < y) < 5}.

1<i<p

Note that according to this definition, all coordinates of the vector Pz(occ) are in magnitude

at least ¢ (Dy, 9), with probability at least 1 — §. Next, define

1 [ ,
¢ (Do) = |IP|I; ., inf —— aa AT
( 0) H| |H2a a€RP\ {0} Ha”l ; +1 .

where for an arbitrary matrix M € C™ %, [M] . is the smallest magnitude of the nonzero

min

entries of M:

[M] i = min{| M| : 1 <4 <m; 1 < j < k;y My # 0}

In fact, as the proofs show, ¢ (D) represents the deterministic portion of the smallest
eigenvalue of the random matrix F,, which approximates the normalized V,,. It only de-
pends on Dy, while 1) (Dy, §) represents the stochastic portion which depends on both Dy

and the distribution of the noise sequence {w(t)},~,. Intuitively, ¢ (Dy) denotes the mini-
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mum nontrivial distance between the polynomials of D! and the origin, and 1 ( Dy, §) de-
notes the high probability minimum distance of the vector Pz(co) from the origin. These

minimum distances show up, because for v € R?, v/

5o 1s determined by the product of a
polynomial of D' (with coefficients determined by v), and Pz(co). More details can be
found in the proof of Theorem 4.2.

Now, the behavior of the normalized empirical covariance matrix can be approximated

as follows:

Theorem 4.2 (Explosive covariance). Suppose that |\, (Do)| > 1; then, there is a con-

stant £ (D) < oo such that

P ()Amax (Dg”vnHDg‘”)

> € (Do) (— log 5)2/'1) <4

Further, there is A < oo, such that n > Ajlog (—1og5) implies

€

P (| Awin (D5"Vae D)

<6 (Do) ¥ (Do,0)" — ) <4, 4.2)

Remark 4.3. The sample size n > Aglog (%g(i) in Theorem 4.2 is interesting in follow-

ing two ways. First, the accuracy e decays exponentially fast when n grows. Second, the

failure probability § decays double exponentially with respect to n.

This surprising strong behavior is intuitively caused by the exponential growth of z(¢).
Roughly speaking, the growing signal (i.e. z(t)) to noise (i.e. w(t)) ratio leads to the super
fast decay of € and 6.

If ¢ (Do) ¢ (Dy,d) = 0, obviously (4.2) holds, and Theorem 4.2 becomes mute. Thus,
the main interest is in the case where ¢ (Dy) ¢ (Dg, d) # 0, which we will show that holds,
under certain conditions, and is necessary to ensure accurate estimation. In fact, the first
case is of no interest, since it can be shown that V,, will be singular, and thus accurate

estimation of D fails, even if the sample size becomes infinitely large [29]. For the second
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case, the transition matrix [y needs to be regular, according to Definition 2.3. Regularity
(of course in addition to reachability), leads to accurate estimation, as will be established

in Corollary 4.2.
Lemma 4.1. Assuming |y, (Do)| > 1, regularity of Dy is equivalent to ¢ (D) > 0.

The next lemma shows that positiveness of ¢ (Dy, 0) is implied by reachability. Lemma
4.2 also reveals a linear scaling of ¢ (Dy, §) with respect to §, when the noise is a continuous

random vector.

Lemma 4.2. Assume |\, (Do)| > 1, and [Dy, C1] is reachable. We then have
ﬂ’ (D07 5) > 0.

Moreover, if there is ¢ > p, such that w(i —p+1), - - -, w(7) have bounded pdfs over certain
subspaces of R?, then, ¢ (Dy, ) > 1)y0, for some constant 1y > 0. If the bounded pdfs

mentioned above correspond to the normal distribution, then

1/2

T >\min K C _ .

go > | TPmn (KON (m uPiuz)-
2 [Amax (Do’ Dy') | 1<i<p

Now, we are ready to state the key result for the sample size required to achieve accurate

estimation for an explosive transition matrix.

Corollary 4.2 (Explosive estimation). Suppose that |y, (Dg)| > 1, Dy is regular, and

[Do, C] is reachable. There exists Ay < 0o, such that

—logd

implies

it

Do, =) <o
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Considering (4.3), while similar to Remark 4.3 the super fast decay of ¢ still holds, the
behavior of ¢ is of the common exponential order of n now (assuming the linear scaling of

¥ (Dy, 0) with respect to d).

Remark 4.4. Another interesting property of the explosive case is that A, A, scale loga-

rithmically with respect to the dimension p.

Further, A3, A4 depend on Dy (indeed through | A, (Do)|), as well as by, by, v speci-
fied in Assumption 2.1. The constant Ay also depends on ¢ (D). These dependencies, are

spelled out explicitly in the corresponding proofs.

4.5 General Case

The preliminary results previously stated set the stage for the main result of this chapter.
Theorem 4.3 establishes the accuracy of the estimation, when the regular matrix D, has no
eigenvalue on the unit circle. As the following result shows, this assumption includes

almost all matrices, with respect to Lebesgue measure on set of all square matrices.

Lemma 4.3. The set of all p x p real matrices with at least one eigenvalue on the unit circle

has Lebesgue measure zero. Moreover, almost all matrices are regular.

Excluding two pathological cases of square matrices with at least one eigenvalue on
the unit circle, and irregular matrices, the estimation of the transition matrix for a general
VAR process is with high probability arbitrarily accurate, assuming that the sample size
is large enough, as given by the following theorem. Before stating this result, we extend
the domain of the non-negative function ) (Dy, d) to arbitrary matrices. Technically, when
Dy is not explosive, (i.e. has some nonexplosive eigenvalues), let D be a real matrix (of
smaller size) formed by the explosive eigenvalues of D, with exactly the same algebraic
and geometric multiplicities. We define ¢ (Dy,d) = 1 (D, d). The relationship between

Dy, D is formally discussed in the proof of Theorem 4.3.
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Theorem 4.3 (General estimation). Suppose that Dy is regular, has no eigenvalue on the

unit circle, and [Dy, C] is reachable. Then, there exists a constant A5 < oo, such that for

m > % <(—10g 5)1+4/a — log v (Do,é)) , 4.4)
we have
P <H‘Dn - o[, > () <o

Remark 4.5. Note that Lemma 4.2 implies that —log 1) (D, ) < oo, and apart from a
constant, it is less than — log ¢, if the noise vectors have bounded pdfs. In addition, the be-
havior of Aj is fully determined by that of the constants A,, A, (used in Corollary 4.1, and
Corollary 4.2). For example, if Dy is diagonalizable, A5 scales linearly with the number of
stable eigenvalues of Dy, and logarithmically with the number of explosive eigenvalues of
Dy. Other dependencies are also similar to those of As, A4, and are explicitly discussed in

the proof of Theorem 4.3.
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4.6 Technical Proofs

4.6.1 Proofs of Section 4.3

Proof of Theorem 4.1. Indeed, we prove the following. Let N, (¢, ) be large enough,
such that the followings hold for all n > Ny (¢, §).

n 18 P (O) £26 0 a (4p
va (6)° - €2 i (D) log (7) (4.5)
n 288p I\4 9 4p
e aE 2 a1 Il o (ﬂ “wo
i 6 2 1\2 2
< UlPollz + 1) n (Do)™n (Do) 4.
Ol @) = e WPoll+1)n(D6)"n (Do) @

We prove that on the event VW defined in Lemma 2.6, for all n > Ny (¢,0) we have

"

First, according to (2.33), letting

Amax <an+1 — K(C)) ‘ > e) < 0.
n

E,=U,+C,+ %Do (2(0)z(0) — z(n)z(n)") Dy + %x(O)x(O)/,

since |Amax (Do)| < 1, the Lyapunov equation V,,.1 = DyV,,+1D} + nE,, has the solution

1 — i
~Voe1 =Y DyE,Dy =k (E,).
=0

n

Henceforth in the proof, we assume the event JV holds. According to Lemma 2.8, (4.5)
implies that

€ J
P{ | Amax (Cr, = C — | < . 4.8
(M (G= 00> 5] < 5 “®
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In addition, by Lemma 2.10, (4.6) implies that

€ )
Pl [Dpax (Up)| > — ) < =.
(' () 377(D6)2> 2

Finally, using Lemma 2.7, by (4.7) we get

1
2 (U0l + 1) (1O + o)) <
Now, since
Solpe| = nh.
—o co—2
and [[[ D[, < [ D6 o> we have
0 2 0 2
Sl < (Z |2 ) <n(Dp)*.
t=0 2 t=0 2

Putting (4.8), (4.9), (4.10), and (4.11) together, on the event V) we have

s (5 (B~ O < 3 A (D5 (B, — 0) DY)

with probability at least 1 — ¢, which is the desired result.

4.9)

(4.10)

4.11)

<n (D6)2 ‘)‘max (En — C)‘ <

]

Proof of Corollary 4.1. We prove that if the followings hold, then, on the event WW we

have ‘

the proof of Theorem 4.1, suppose that

i (K(C))]
n > Ny (#7§> +1,
n—2 32p 4p
v = lo — .
P 0F — Dam(E(O)Fe ( 6)
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2
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(4.13)



First, by Theorem 4.1, (4.12) implies that on the event WV,

1
n—1

|)‘min (Vn)l Z |)‘min (’{ (C))| -

1
)\max — 1 Vn T Z - 5
(n — Vo — K (C)) ’ 5
4.14)
with probability at least 1 — §/2. Since [Dy, C] is reachable, | Apin (K(C))| > 0. Thus,

n—1
Dy, =Y a(t+1)z(t)V, " = Do+ U,V, 7,
=0
n—1
where U,, = > w(t + 1)x(t)’, which leads to
t=0
- I1Txlll
D, — Dyl| < ——+5. (4.15)
’ 2 7 [Amin (Vi)

To proceed, for arbitrary matrix H € R**£_ define the linear transformation

a(my = | 7| epwsoxin

H' Opxe
As a well known fact, the equality ||H|||, = |Amax (® (H))| holds [30]. Note that ¢ (H)
is always symmetric. Next, letting X; = w(t + 1)z(t)’, apply Lemma 2.11 to ¢ (X;) €
R*>*2P_ Since

byt = [FORCEDUEEY 0

Opp lw(t + 1)z () (t)

by Lemma 2.6, and Lemma 2.7, all matrices ® (Mt)2 - P (Xt)2 are positive semidefinite
on the event VW, where

M, = p'?v, (8) 7, (0) I,.
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0'2:

Amax (i P (Mt)2> ‘ = npv, (0) T, (5)2 ,

t=0

letting y = w (n — 1) ¢, according to Lemma 2.11, (4.13) implies

2
Y )
P10l > 1) = P (s (B )] > ) < 2000 (-5 < 5,
which in addition to (4.14) gives the desired result, once plugged in (4.15). [

4.6.2 Proofs of Section 4.4

Lemma 4.4. Let 2(n) = z(0) + > Dy'w(t), where Dy is an explosive matrix with Jordan
=1

decomposition Dy = P~'AP. Define the event

Y= { sup |[|lz(n)], < g(Do,é)},

1<n<oo

where

» [e%e] . 2blpt2 1/a
£ (D0,8) = (O)lly + [P~ ol Pllc D_ e (A >(b210g 5 ) =
t=1

We have P (V) > 1 — §. Note that apart from a constant, £ (Dy, §) is less than or equal to

(—log 6)M*.

Proof of Lemma 4.4. First, according to Lemma 2.6,

) )
P (Il < (5) ¥ =120 ) = 1=F (w0l >0 () 3= 1200

- )

> 13 p (e > (5)
=6

> 1 i

- 1 22752
t=1

> 1—4.
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Then, similar to the proof of Lemma 2.7, we have
A7l < m (A7)

So, on the above event, foralln =1, 2, - - -, we have

Izl < D 11D6" | allw®)
t=1

- 0
< 1Ol + 1P allPe o (A7) 21 (55) =€ (D00,

t=1
with probability at least 1 — 9. ]

Proof of Theorem 4.2. Letting Dy = P~'AP be the Jordan decomposition of Dy, and

2(0) = z(0), forn =1,2,--- , 00, define

2(n) = x(0)+ > Dy'w(t)
t=1
Un - D()_n n+1D/_n

RHZZDZ n) Dy~
First, using x(t) = D}z(t), since
U—ZDx tYDy " = ZDW ty Dy ",
by Lemma 4.4 and (4.11), on the event )V we have

Amax (Un)] < Z D5 z(n = 1)|5 < S {105 5 1(n — 6)lI5 < 0 (Dg")* € (Do, 8)°,

t=0

which is the desired result, because the right hand side above is at most € (D) (— log §)**,

for some constant £ (D) < oo. In the sequel, we prove the desired result about the smallest
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eigenvalue. Letting

2
o= 2 (1Pl malPlla (057 40 (D) U W[ P ) oo,

pr = 2 (D5")" (240 (D) 1P [Pl e,

assume the followings hold for all n > Ny, (€,0):

€

- plf (D076>,

€

S —27
025 (DOJ 6)

Uy (8) 02 P0) | X (Do)~ 2"7® (4.16)

PO~ I\ i (Do) " 4.17)

where 11 (Dy) is the largest size of blocks in the Jordan decomposition, as defined in the

discussion after Definition 2.2. For all n > Ny (€, ), we show that

P (| Awin (P3"Var D)

< 6(Do)* 4 (Do, 6)* — e) < 46.

On the event W, similar to the proof of Lemma 2.7, forallt = 1,--- ,n we have

n

lz0) =z =), < 3 D@,

1P Pl () D i (A7),

i=n—t+1

IA

Similarly, letting 79 (A~1) = 1, note that ; (A’"!) = n, (A1), fort =0,1,2,---. So,

D6, < 105 M et < NP Moo

P (A (4.18)
According to the discussion after Definition 2.2, we have

me (A1) < P\ (D)7 elmin (@I (4.19)
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Thus,

IN

IA

IN

IN

2
2

3 lettn — &) — 2G| 25

n/3 n
S letn— 1) — =l | oo+ 32 et — 1) — =) 27|,
t=0 2 t=n/3 2
n n/3 . 9
1P~ el Pl ) 32 m (A7) ) 32 || 267,
i=2n/3 t=0
2

> ltn 1) = 2l (1Pl | P

t=n/3

2=

)

—2n/" . —1\2
1Pl cvn (8) PO i (Do) |27 ePmin 0l (D1

00—2
2

1(D5") v (0) P2 P[P D (D)) 2 2P0

1

51V (8) 2P0 | X i (Do) | 722,

which by (4.16) implies

2 €
) < m. (4.20)

3 bt — &) — =(m) | 25
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By x(t) = Diz(t), since

U= = ZD v(t)a(t) Dy " = Dy 'x(m)=(n) Dy
- ZD ")) Dy = Dyta(n)z(n) Dy
= Z Dy'z(n = t)z(n — 1)’ Dy~ = Dy*z(n)z(n) Dy
= ZD 2(n—t)2(n — 1)/ = 2(n)2(n)) Dy "
s (Un = Fn)l- < ;Hzm—w—z<n>||2||z<n—t>+z<n>2

2 ( sup ||z(n)||2> Zn: |z(n —t) — Z(”)Hngé_t

1<n<oo

IN

using (4.20), and Lemma 4.4, on the event YW [V, we get

[Amax (Un — F)| < 4.21)

[\.’)Im

On the other hand, one can use the same argument used in the proof of Lemma 4.4, to show

that the following holds with probability at least 1 — 6.

i Dytw(n +t)

t=1

l2(00) = 2(n)ll, < [|[ D5l < [[[D5™ ||l ,¢ (Do, 0).

2
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Therefore, using (4.18), on the event )V, with probability at least 1 — § we have

2

e (Fao — F)| < an mlallz(o0) + 2l | 67

+ Z 15 "2(0)I;

t=n+1

2 (Dy,8) |2(00) — (n HQZ\HD”

i 5(D0,5>2|||Do‘"\H§ZH!D6*t
t=1
0 (DY) € (Do, 6)° (2+ |||Da“m2> 105",

1 (D571)" € (Do0,0)* 2+ (D5) [Pl ol Pl (A7)

IN

IN

IN

By (4.19), (4.17) implies that on V), with probability at least 1 — 9,

‘)\max (Foo - Fn)‘ S g (422)
Next, we show that with probability at least 1 — ¢,
Amin (Foo)| = (& (Do) ¢ (P,6))* = Ao (4.23)

For this purpose, we need the following lemmas.

p—1 ,
Lemma 4.5. Letting f(x) = > a;412" be a real polynomial, we have
i=0
P (Hf (Dg) Z(OO)H2 < |lall,¢ (Do) ¢ (Do, 8)) < 6.
Lemma 4.6. If ¢ (Dg) ¢ (Dy,0) # 0, then,

P (rank ([2(c0), Doz(00), -, Dy 'z(c0)]) < p) =
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If \yp = 0, (4.23) is trivial, because F, is always a PSD matrix. Otherwise, assume

| Amin (Foo)| < Ao, and let v € RP be such that ||v||, = 1, and v'F.xv < Ag. Then,

p—1
Ao > Z v' Dyt z(00)z(c0) Dh " w
=0
p—1
— Z (v’DO_tz(oo))2
t=0
= [l zt00), - D (0]
> ||/ [2(00), -+, Dg" ()] |12
= Dnax }U’Do_iz(oo)‘2 :
-1
By Lemma 4.6, almost surely, there is a € RP, such that v = pZ aiy1Dg z(00). So,
i=0

loll, =

IA
=
s
=
-
=)
x
g

which, by Lemma 4.5, holds with probability at most 9, i.e. (4.23) holds. Putting (4.21),
(4.22), and (4.23) together, on the event W[V, we get the following, which holds with

probability at least 1 — 24.

|>‘min (Un)|

v
>
£
=}
e

- |/\max (Foo - Fn)| - |)\max (Un - Fn)'

which is the desired result. O]
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Proof of Lemma 4.5. If ¢ (D,) = 0, obviously the statement holds. So, assume ¢ (D) >

0. Letting Dy = P~'AP be the Jordan decomposition, we have
f(DgY)y =P 'f (AP

The matrix A is block diagonal, thus, f (A~1) is block diagonal as well. Further, every
block of A™%, as well as every block of f (A™!), is upper triangular (see proof of Lemma
2.7). Therefore, since ¢ (Dy) > 0, the matrix f (A~!) needs to have at least one nonzero
entry. So, there is at least one row of the block-wise upper triangular matrix f (A~!), which
has exactly one nonzero entry.

This nonzero entry, by definition of ¢ (D), is in magnitude at least

lall 1211000 (Do) -

On the other hand, by definition of ¢ (Dy, d), all coordinates of the vector Pz(co) are in
magnitude at least 1) (D, 0), with probability at least 1 — §.

So, with probability at least 1 — 4, the vector u = f (A™!) Pz(00) has a coordinate,
which is in magnitude at least ||a|, || P|l|,_, @ (Do) ¥ (P,§). This implies the desired in-

equality, because

lall lPllse (Do) ¥ (P,0) < [[f (A7) Pz(o0)]|
= [[PF(Dy") 2(=0)l,

< Pl (Po™) 2(00)],

]

Proof of Lemma 4.6. Let Dy = P~'AP be the Jordan decomposition of Dy. Whenever
rank ([2(c0), - - ,Dapﬂz(oo)}) <p,
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there is a nontrivial real polynomial f of degree at most p — 1, such that
f(Dg!) z(00) = P7'f (A7) Pz(o0) = 0.

Since ¢ (Dg) > 0, similar to the proof of Lemma 4.5, there is at least one row of f (A1),
say the ¢-th row, which has exactly one nonzero entry, say the 7;-th entry.

Therefore, since the i-th coordinate of the vector f (A™!) Pz(oo) = 0, is zero, j-th
coordinate of Pz(co) = 0 must be zero, i.e. P/z(co0) = 0, where P = [Py, -+, P,]'. So,

the desired result holds because
P (rank ([2(c0), -+, D7"*'2(00)]) < p) =P (3j : Pjz(o0) = 0) = 0.

To verify the last equality above, note that as we will see in the proof of Lemma 4.2, for all

j=1,-,p, Pj’z(oo)‘ has a continuous distribution, which yields
P (|Pjz(c0)| = 0) =0.

]

Proof of Lemma 4.1. Assume D, is regular. Clearly, the infimum in the definition of
¢ (Do), can be taken over |la[, = 1. We will show that there is no polynomial f of degree

at most p — 1, such that f (DS 1) = (. Note that this finishes the proof as follows. Let
St ={aeR:|a|, =1}

The function G : R? — R, defined as

G(a) = [Z a; A

1=0

min
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is continuous. Since S is a closed subset of R?, G (S7) C R is closed as well. Therefore,

if for all a € S}, we have G(a) > 0, then
inf G (S7) > 0,

which means ¢ (Dy) > 0.
If there is a polynomial f, such that f (Dg') = 0, let Dy' = P~'T'P be the Jordan

decomposition of Dy 1 where
' =diag (I'y,--- , %),

and I'; is a size m; Jordan matrix of -;, as defined before Definition 2.2. Now, f (DO_ 1) =0
implies f (I') = 0, which in turn yields f (I';) = 0, forall i = 1,--- , k. As shown in the
proof of Lemma 2.7, diagonal coordinates of f (I';) are all f (v;), i.e. f (7;) = 0.

Let f(x) = g(z) (x — )™ -+ (x — y%)"*, where none of 1, - - - , 7, is a root of g(x).

We show that for all ¢, n; > m,, so,

k k
deg f > ni > mi=p,
i=1 =1

which is a contradiction. Note that by regularity of Dy, 71, -- , 7, are distinct, i.e. for
i # j, 'y — ;1 is invertible (since it is a Jordan matrix of ; —; # 0). Hence, f (I';) =0
implies (I'; — v;L,,,)"™ = 0. But, as shown in the proof of Lemma ??, an exponent of
size m Jordan matrix of O is zero matrix, only if the exponent is not smaller than m, i.e.
n; > my;, which is the desired result.

Conversely, assume D is not regular, i.e. there are 1 < ¢, j < k, such that 7; = ;, and
m; > m; > 1. Letting g(x) = det (Dy — x1,), define

1

f@) = -——g(a).
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if ~y; is real, and

1
fx) = @ (= V_i)g(:v),

otherwise, where ; is the complex conjugate of ;.

Clearly, deg f < p— 1, but we will show that f (Dy ") = 0, which leads to ¢ (Do) = 0.
Note that since Dy is regular, the polynomial f(x) can not be a trivial one. As seen in the
first part of the proof, it suffices to show that f (I')) = 0, forall { = 1,--- k. If £ # i, 7,
we have g (I'y) = 0, so, f (I'y) = 0. Since the multiplicity of the root ; in g(x) is m; +m;,
its multiplicity in f(x) is at least m; + m; — 1 > m,, which is greater than or equal to the

dimension of I'; and I';. Therefore, f (I';) = 0, for ¢ = i, j, which finishes the proof. [

Proof of Lemma 4.2. We use the following Lemma [31].

Lemma 4.7. Let {(,}>°, be a martingale difference sequence of random variables with

respect to the filter {F,,}>° ,, such that

liminf E [¢3|F,-1] > 0.

n—oo

If the real sequence {a, }>° ;, satisfies

o0

Zaigoo

n=1

a, # 0, infinitely often,

oo
then > a,(, has a continuous distribution.
n=1

For an arbitrary row P/ of P, let v be one of the real vectors R (F;) or & (F;). Note that

since P is invertible, P; # 0, and we can assume v # (. Taking

a, = HDE)_WUH,
2
1 <
I y—i (o
G = — g v' Dy w(7),
ay, .
i=np—p+1
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we have a,, # 0 infinitely often, and by [Apin (Dg)| > 1 we have Y a2 < oco. Furthermore,

n=1
by reachability we have
E[¢] = L i V' Dy CDy "
n - CL2, 0 0
N i=np—p+1

1 =
= ————/'Dy" DiCDy | Dy
ERA (Z ) e

v

|Anﬂn(}((cv>’:> O'

(e}
So, v'z(00) = v'z(0) + Y. a,(, has a continuous distribution. Letting FF; be the

n=1

Cumulative Distribution Function (CDF) of |P/z(c0)|, FF; is continuous, and because of

| Pjz(00)| 2 [v'2(0)

, one has IFZ-_I (g) > (. Since,

P (IP;z(oo)l <F; (g)) = % (4.24)

¥ (Dy,d) > min F; (5> > 0,

1.e.
1<i<p p

which is the desired result.
To proceed, we use the following fact. For two independent random variables X, Y, if

X has bounded pdf fx, then X + Y has bounded pdf fx .y, and

sup fx4v(y) < sup fx(y).
yeR yeR
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To see that, note that for all y € R,

fmﬂwz/h@—ﬂﬂﬂﬂﬁGwhﬁo/ﬂMﬂzwwﬂﬂ

TER TER

Now, suppose that the supports of w(i — p 4+ 1),--- ,w(7) are certain subspaces of
RP, and they have bounded pdfs. Then, all of the random variables v’ D, P 71w(i —p+

1), -+ ,v'Dy"w(i) cannot be degenerate. Since otherwise,
Var (v' Dy P w(i — 7)) =0,

forallj =0,--- ,p—1,1.e.

which is a contradiction. Therefore, there exists j, such that D sl w(i — j) lives in a
subspace not orthogonal to v, i.e. v Dy “/w(i — j) is a continuous random variable, with a
bounded pdf (since pdf of w(i — j) is bounded).

Using the fact mentioned above, pdf of v’z (00), as well as pdf of | P;z(o0)

, denoted by

f; are bounded. Letting v, ' = p max sup f;(y) < oo,

1<i<p yeR
Pod 5
EW@Z/ﬁ@@S%%wﬂwéﬂ
; yeR p

ie. F71(2) > 190, which is the desired result.
? p
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p—1 o -
For normal case, v > D™"w(i — j) is normal with pdf f, and
j=0

p—1
Var (v’ZDO_ij(i — ])) = V' Dy'K(C)D) v
=0

. 2
> P (K(O)]|| D50 > 0,
2

1.e.

—i -
Dy~ v

2

sup f(y) < (2 A (K (C))))7?

yeR
iy 1/2
< (Do BB
= \arpniopy) M

Denote the last expression above by %p. By the fact above, v'z(o0) has a pdf such as f,

bounded by %p. Letting IF be CDF of |v'z(c0)|, we have

Y

bd
F (b6) = / Fly)dy <266 sup  fly) < 26 sup fily) <

—b6<y<bs yeR
—bs

>

which by |P/z(c0)| > |v'z(00)]|, implies F;* (%) > bo. Plugging in (4.24), we get the

desired result. O]

Proof of Corollary 4.2. Indeed, we prove that if the followings hold, then, we have

with probability at least 1 — 46. Letting Ny (-, -) be as defined by (4.16), and (4.17) in the

Doy <e
2
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proof of Theorem 4.2, suppose that

n Z N4_2 ()\0, 5) + 1, (425)

Xoe > puy (8) PO Ny (Do) T (4.26)
where

Yo = 56(D) Dy, 6,

p = pV% (Do, 8)n (Dg") ||| P7Y|| o 1Pl i POl
First, by Theorem 4.2, (4.25) implies that on the event W[V,

‘Amin (Dg"“VnD’O‘"“) > Ao, (4.27)

with probability at least 1 — 20. According to Lemma 4.1 and Lemma 4.2, regularity, in

addition to reachability, imply Ay > 0. Thus,

n—1
Dp = 2t +1)z@)V,' = Do+ U,Dy" 'V, 1,
=0
n—1 1
where U, = > w(t + 1)z(t)’ D)™, which leads to
=0

1Tl [l 20~ Il
in (D07n+1VnD07n+l) | .

(4.28)

Since z(t) = Dfz(t), Lemma 2.6 and Lemma 4.4 imply that on the event W () V),

D= Dif|, = 5
n—1

1Tally <Y w(t + V)l[|Dg " 28], < p'/%vn ()€ (Do, 6)n (D) (4.29)
t=0
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Plugging (4.27) and (4.29) in (4.28), and using (4.19), we get

which by (4.26) is at most €, holding with probability at least 1 — 26 on W[ V. O

By = D[, < -t (O)m™~ Ph (D0)"

4.6.3 Proofs of Section 4.5

Proof of Lemma 4.3. Assume X € RP*P has an eigenvalue of unit size, denoted by \ €
C,|A| = 1. Further, define the space of eigenvectors in C? as follows. First, consider the

equivalence relation ~ on CP, defined as
x ~y,if x = cy for some ¢ € C, ¢ # 0.
Letting S = % be the direction space in C?, we have dim¢ (S) =p — 1, i.e.
dimg (S) = 2p — 2.

Note that for every matrix ¥ € CP*P and every vector v € CP, Yv = 0 if and only if
Y v = 0 for every 0 ~ v. Thus, det (X — AI,) = 0 implies that there is v € S, v # 0, such
that

Xv =)\ (4.30)

Denote the set of all matrices X satisfying (4.30) by X’ (A, v) C RP*P. Separating real and

imaginary parts, we get
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Then, we partition .S to
S =515 5[5 =0,

where
S1 = {veS:R(w),S(v) are in-line },
Sy = {veS:R(w),J(v) are not in-line }.
Whenever v € Sy, for 7 = 1,--- | p, the j-th row of X needs to be in the intersection of

two nonparallel hyperplanes Py, P, C RP, where

Pr = {y eR?:y'R(v) = R(\v);},

Py = {y e R :y'I(v) = I(Mv);}.
Since dimg (P;) < p — 1, dimg (P2) < p — 1, and v € Sy we have
dimR (Pl N PQ) S P — 2.

Therefore, for v € Sy, we have dimg (X (A, v)) < p(p — 2). Because of dimg (|A| = 1) =

1, and dimg (S2) < 2p — 2, we have

dimg | ) X (\o) | <dimg (]A] = 1) + dimg (S5) + dimg (X (A, v)) < p* — L.
[A|=1,0€S52

4.31)

On the other hand, for v € Sj, there is a real number, say «(v), such that S (v) =

a(v)R (v). So, dimg (51) = p — 1, and for v € S;, we have P; = Po, i.e.

dimg (X (A, v)) < p(p — 1),
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and
0=a()XR(v) - XTI () =a@)R () - I (W) = (1+a®)’) I\ R @),

i.e. either & (\) = 0, or i (v) = 0. Note that the latter case is impossible because it implies

v = 0. So, since {|A\| = 1,3 (\) =0} = {1, —1} is of dimension zero,

dimg ( U X (), v)> < dimg (S;) + dimg (X (\,v)) < p* — 1. (4.32)

A=—1,1

Therefore, letting X = |J X (A, v), (4.31) and (4.32) imply dimg (X) < p? — 1,1e. Xis
AU
of zero Lebesgue measure in RP*?.

To prove that irregular matrices are of zero Lebesgue measure, for || > 1 define
Y(A) ={Y e R :rank (Y — A[,) <p—1}.

First we show that for a fixed matrix Y = [Y},---,Y}], there are at most p — 1 values
of A such that Y € Y (A). Letey,--- e, be the standard basis of RP. If Y € Y (\),
two of Y; — Ape;, e = 1,--- ,p,suchas Y, 1 — Aoe,—1, Y, — Aoep, can be written as a linear
combinations of the others. There are at most p—1 values of A, for whichY,,_; —X¢e,_1isa
linear combination of Y71 —\peq, - - -, Y,_a—Aoep_2, since for every such a )¢, det <}~/> =0,

where Y is the square matrix whose columns are
Y1 —Aoer, -0, Y1 — Aoy,

removing an arbitrary row. Note that det (?) is a polynomial of degree p — 1.

Now, denote those values of A by Ay (Y), -, A\, (Y), where m < p — 1. For every
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1 =1,---,m, the dimension of subspace P; spanned by
Vi—A(Y)e, Y0 —Ai(Y)ep,6

is at most p — 1, which leads to

&mRa]R>§p—L

i=1

Because \; (V) is uniquely determined by Y7, - - -, Y,—1, sois P;. Therefore,

dimg (Uyw) < dimg ([Ya, -+, Ypa]) +dimg (CJP) <pp-D+p-1=p"-1,

=1
which is the desired result. O]

Proof of Theorem 4.3. As a well known fact, there is an invertible matrix M € RP*P,
such that

A= MDyM™ ' € RP*?

is a block diagonal matrix,

where for i = 1,2, we have D; € RPi*Pi p; + p, = p, and
|)\max (D1)| <1< |)\min (D2)| .

We split the original VAR process to two, which are evolving according to transition ma-

trices Dy, and D,. First, let

~ Cy C
&~ MOM — 11 Ci2 ’
Co1 Oy
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where C;; € RPI*Pi fori = 1,2. Then, fort = 0,1, - -, defining

we have
T(t+1) = M (Dox(t)+w(t+1))
= AMux(t) + Mw(t +1)
= Ai(t) +w(t+1).
Note that letting

bip (n + 1))“@

e (6) = (11 1} (1o 2%

similar to Lemma 2.6, we have P (W) > 1 — ¢, for

W={ max_max {u(t)] o, [ (0]} < Vs <6>}.

1<t<n+1
Let
i(r) = [+, 2@0))"

wt+1) = [w(t+1),wPt+1)],

where for: =1, 2,

29 (), wD(t +1) € R,
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Since A is block diagonal, the processes (V) (t), z(?)(t) are separated:

m("')(t +1) = D,z (t) + wm(t + 1),

Ci = EwPt+1D)uw?+1)].

Both new processes inherit reachability from the original one.
Lemma 4.8. If [D,, C] is reachable, then for i = 1,2, [D;, C;] is reachable as well.

Now, we define the following parameters, which will be used in the proof. Letting Dy =

P~'A, P be the Jordan decomposition of the explosive matrix Do, and K7 = Y D{Cy; D b
t=0

define
11 Min (5] \1?
Po = 5—5(1—m) :
- 212p | Amin (D2)| € (D2, 6) | P/l oo ||| P H||  €Pein (P2 |
¢ (D2) ¢ (Ds, 6)
py = (D) ¢ (Dy, 6) |\|2P—1yHoMl”p,”weumi,,(m) |
¢ (D2)" ¢ (D2, 0)
b~ AU (K 3) M
Amin (K1)['% po ’
oy = 2p1/25(D2,5) H|p—1”‘OO%‘”p”‘ooemmi,,([)g)\’
6 (D2) ¢ (D2, 0)
P 2HIP‘1Hloo%||IP|Hooe'*mi"<D2>‘7
¢ (D2) ¢ (D2, 6)
P = |||P/|||OO—>2|||PI_1|||oo€‘)\min(D2)|‘)\min (K1)|1/2.

¢ (D2) ¥ (Ds, )

Note that the constants pg, p3 do not depend on 9, and all other parameters depend on 4,

only through £ (Dy,d) and ¢ (Dy, ). Using Ny (-, -), and Ny (+,-) defined in Theorem
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4.1 and Theorem 4.2, respectively, suppose that the followings hold.

D)2 ) (Dy. 6)*
n > Niy <¢( 2 ﬁ( ) ,6>, (4.33)
>\min K
n > 3N, (%5) (4.34)
PO > puD=1/2 ) (D)2 (4.35)
P1
1
= v (8) nP2) | N\ (Do), (4.36)
2
€
>y (8) ntPDT2 ) (DY) 4.37
S = +1(6) | (Dy)] (4.37)
C > U (0)2 DT\ (D) (4.38)
30305
1
— > pHPITY2 )\ (Do) (4.39)
P6
In addition, assume the followings.
2 1—1 2 D 2 4
n*(n+1) 2 > 81703772( 1) log( (p~|—p1)), (4.40)
(lzM(0) || g + Vg1 ()" Vg (9) € 0
2 2
—— > 72p2’)3log<—4(p+p2)),. (4.41)
Vn+1 (5> € 6

We show that with probability at least 1 — 60, it holds that
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where fori =1, 2,
n—1
v = S,
t=0
n—1
Y, = Y a® )ty
t=0
Let the event £ C W[V be the following:

Low
/\min _V
<TL n+1)‘

—n 2 —-n
‘Amin <D2 V71(+)1D; >

v

1
a /\min K )
= P (5|

> %cﬁ (D2)*4 (D3, 0)*.

According to Theorem 4.1, and Theorem 4.2, (4.33), (4.34) imply P (£) > 1 — 5J. Hence-

forth in the proof, we assume the event £ holds. Define the invertible symmetric matrix

—-1/2

(1)
Un - Vn+1 Opl e € Rpxpa

2
Op2 Xp1 Vn(Jr)l

and let
1) —1/2 9y —1/2
U A I, Vi YV
n — Un n+1 n — _1/2 _1/2
2 1
Vn( +)1 YnJr 1 Vn( +)1 I p2
‘We show that

Letm = (%W ,and v; € RPi for¢ = 1, 2, where

U1

S
I

€ va ||U||2 =1L
%)
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Then,

—1/2 —1/2
VEw=1+20V 3 Py v TP = 1y 2T, 12Ty,
where

n ~1/2 1/2
I S A A IO A )

t=0

n —1/2 —1/2

T, = V@ @y v T 0 ).

t=m-+1

By Cauchy-Schwarz inequality,

~1/2 —1/2 ~1/2 —1/2
T] < (Uivn(}r)l Vn(11421vn(}r)1 Ul) <Uévn(~2k)1 Vn(’L2+)1vn(i)1 U2)
20 12 2) ~1/2 0 —ny (2 —n g (2) ~1/2
< forl3loal; [Amae (VT DEDVEL DY DV

2) ~1/2 ) yn(2) ~1/2
A (Vi DDV |

2 2
< lvalzlloally

—n 2 -n
o (D52, D1)

Letting z(t) = Dy 'z®(t), by Lemma 4.4 we have

m 2
—ny (2 —n —n
e (D2 VD) | < =3 o
t=0
2 = N2
S €(D276)2 ‘”P/mian Pl ' Ooznnft (A21) )
=0

) A <V(i)1_1/2 prpy Y@ —1/2)

~1/2 ~1/2
n+1 < tr (Vn(-z&-)l /DSD;”V@) /)

n+1

-1
N )

<vp \Amin (Dz‘“v,f?lpg—") B
< 2pp (Da) 4 (Ds,6)
According to (4.19),
S (A51)? < @D [ (D)
t=0
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So, by (4.35), we have
Ty < JJoulyl|vallyoim P22 A (Do) 72" < poflon []|vall,- (4.43)

Similarly, Cauchy-Schwarz inequality implies
n 1/2
“1/2_yy 2
< funly | 30 (V55 00) ) <ol (0= 200), @44
t=m+1

because according to Theorem 4.1, (4.34) implies

n

1) —1/2 2 1) —1/2 1 1 1) —1/2
Z <U1Vn(+)1 x(l)(t)) - UivrSJr)l <Vn(+)1_vﬂ(1421) Vn(+)1 U1
t=m+1
1) —1/2 1) —1/2
< ol (1= P (vé& Vi)
A
9 ’ min m—i—l)
S HUIHQ 1 (1)>
max n+1
Amin (K1)
< 2 1 — ‘ min
= Hv1”2< 3n‘)\max ),)
Amin (K1)
< 2 | min 1
< puulg (1 g

= iz (1 —2p0)".

Thus, by (4.43) and (4.44), for arbitrary unit vector v we have

VEw 2 il + lloalls = 2lv1llloally (o + 1 — 2p0)

2 2 2
= po (loally + loallz) + (X = po) (Jvilly = val,)”

1.e. (4.42) holds.

Then, define

Yip = Vn(izl(m) + Z DY@ (m)x® (m) DY,
t=m+1
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Since

Vi = Sa= > Dh(2(t)2(t) — z(m)z(m)) Dy,

t=m+1

and for m + 1 <t < n, according to (4.19),

t
> [Pz @),

12(t) = 2(m)ll, <
i=m+1
t
< P ol Pllacviss 0) D mi (A5
i=m+1
S H‘P_l H‘oo—>2|||P|||ooV"7»+1 (6) 6|>\min(D2)‘t#(D2) |>\min (D2)|_m_1 9

using Lemma 4.4, we have

e (D37 (VI =20 D7)| < 26(Ds00) DL
t=m~+1
< 2 (Dy0) (Dél>2mgg§9 J=(6) = =(m)l,
< 1026 (D2 0 (D30 vy (6) 0P P (D)
< & P (DV 20,

In the last inequality above, (4.36) is used. Hence,

S ‘)\min (Vn(i)1> )

DN | —

)Am (vﬁ)l — zn)

which implies

H

Therefore, letting

2) ~12||1* _ (2) ~1/2 (2 ~U2\| _ 3
nt1 ‘HQ = ’)‘max (IPQ + Vo (Z - Vn+1> Vi )’ < 5

—1/2
n /Ipl 0P1><P2

—1/2
OPQ Xp1 En /
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we have

To proceed, define the following matrices:

U-tu,

n

s

2
<[t <
2 +1 2 7 | Amin (K1)]

? @) 3
‘2 +|[[mev, LI @)

71/2H

n

Gn = n 'Y wt+1)zW(t),
t=0

H, = n ' wt+1)z®(t)s;.

t=0

Further, for t = 0,--- ,n + 1, define the sigma-fields F; = o (w(1),--- ,w(t)). Letting

® (-) be as defined in the proof of Theorem 4.1, and
X, =@ (w(t+ 1)z (1))

be a martingale difference sequence of symmetric matrices with respect to {F;}7_, all

matrices

p (1(D) (|2 VO] + vis1 (8)) viss (8))° Ly, — X7

are by Lemma 2.7 positive semidefinite. Letting

o> = pn (D1)* (|2 (0)]| . + vr1 (8))” visr (6)* (n + 1),

according to Lemma 2.11, by (4.40) we have

IED (|||Gn|||2 > i) = P ( )\max (Z Xt)
ps3 =0

On the other hand, ||H,,|||, can be upper bounded as well. Indeed, using (4.19) and Lemma

P3 8022 2
(4.46)

€ ne? )
>n— | <2(p+p1)exp < -
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4.4, we have

m—1

n 2 w(t + 1)a® ()
t=0

2

m—1
< w23 e + Dl 1@l |52,
t=0

n

< PP P (96 (D20 1720501, DS (IDa

t=n—m+1
< palnir (8) nH P12 ) (D)7
Thus, by (4.37) we have
m—1 )
—1/2 @) (1\/5—1/2
" wit + D)2, ) < g 447
Z (t+ D2 (1) < .

Moreover, for t = m, - - - | n, letting
X, = (w(t +1)z® (m)’D;t*’"E;lﬂ)

be a martingale difference sequence with respect to {F;}™_, = (note that both ¥, and z* (m)

are JF,, measurable), all matrices
_ - 2 5
(02041 (0) 202D "D (m)||,)” Lpspy — X7

are positive semidefinite, so, according to Lemma 2.11, we have

(- ()

nl/2

3p3

€

>

n€2
Fo | < 2(p+p2)exp TT02,2 )
3
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where

n

0_2 — Z (p1/27/n+1 (5) HE;1/2D§_m$(2)(m)H2)2

t=m
n

= i (8) Z (D§*m$(2) (m))/ S D@ (m)

t=m

= praa ()"t (25 > De e (m)at? <m>'D;t—m> < P (9.
t=m

The last inequality above is simply implied by the definition of X,,. Now, applying (4.41),

we get
- (2) (V! Ty E—Ts—1/2 n'/%e 0
P> wt+1)a® (m) Dy "5, 2 <3 (4.48)
t=m 9 P3
Since fort =m,--- ,n,
Hzgl/Qx(Q) (t) o Z;l/QDg_mZL‘(z)(m) HQ
= ||1=, 2Dy Dy (2(8) — 2(m))),
IRNEY; ¢ ,
S ‘)\min (DQ_nZnD/Q ) Z D2—n+t—zw(2) (Z)
i:m+1 2
= NP s llIP Mo P2y (8) 02 | A (Do) ™
= . —on 1172
Ain (D57S,D57™)|
S Ps5Vn+1 (5) nM(DQ) ’)\min (D2)|7n/3 )
by (4.38),
n . nl/2¢
> w(t+1) (a@(t) =2 myDy ") B <
P3
t=m 2

So, (4.48) implies that the following holds, with probability at least 1 — g.

n~4/? Z w(t + 1)z (1) 512

t=m

2
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which, in addition to (4.47), yields

€ )
Pl H.,>—) < =. 4.49
(Wl > <) <5 (449)

Finally, since the event £ holds, (4.39) implies
~1/2 ~1/2
2, < a2 22 < 2 e i 509

This will finish the proof as follows. Writing

n

Dn+1 — Dy, = Zw(t + 1)33(15)"/”;11

t=0

n—1
_ (n—1/2zw(t+ 1)x(t)’M’ﬁn> (U;IU,L) (U MV MU~ 022U, M

t=0

— G, H,] (ﬁn‘lUn) E-nl2U, M,

according to inequalities (4.42), (4.45), (4.46), (4.49), and (4.50), on the event &, with

probability at least 1 — ¢,

1B = 2ol =i+ ety [ | N =,
2¢ 2 3 1/2
s o\ooow T2 _123/2 )\min K 12 M =€,
pz»,(mmm(m 2) " 272 i (K1)~ |2,
which is the desired result. -

Proof of Lemma 4.8. Assume ¢ € RP* ¢ # 0. We show that [D;, (1] is reachable.

Defining v = [/, 0;x,,] € R,

p—1 p—1
0 < [|M"0[|3 [Ain (K(C))] < v'ME(C)M'v =/ ( Zv’é[w’) v="1 ( DiCy DY’
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p—1 .
so, the matrix Y DJC4; D}’ is positive definite, or equivalently,
=0

rank ([0111/2, DIC'lll/Q, e 7D;1:—10111/2]> =

But, by Cayley-Hamilton theorem, (4.51) is equivalent to

rank ([0111/2, e 7D§)1—10111/2]> = p1,

which is nothing but the reachability of [Dy, Cy1]. The proof for [Dy, Cys] is similar.
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CHAPTER 5

Future Works

We studied the adaptive control schemes for linear dynamical systems with quadratic
costs. While the classical literatures mainly focus on the asymptotic analyses, the approach
in this work is non-asymptotic. Based on Optimism in the Face of Uncertainty, we estab-
lished non-asymptotic optimality results for a fairly general settings that certainty equiv-
alence fails to address. Different scenarios with and without identifiability assumptions
are considered, under the minimal assumption of stabilizability. Further, the probabilistic
properties of the noise process is assumed to be sufficiently general, as it covers a class of
heavy-tailed distributions.

Studying the non-asymptotic performance of the analogous reinforcement learning al-
gorithms in different regimes is of potential interests. From a planning viewpoint, exten-
sions to non-asymptotic analysis of optimality under imperfect observations can be a topic
of future investigation. Another interesting aspect to scrutinize is trying to formulate suffi-
cient and necessary conditions for the true dynamics, to ensure optimality of the traditional
certainty equivalence procedure. On the other hand, approaches leaning to learning chal-
lenges such as consistency toward the true dynamics parameter, as well as those considering
the problem in a high-dimensional settings (assuming sparsity), can be listed as interesting
subjects to be addressed in the future.

In the reminder of this thesis, we studied the problem of providing finite sample bounds
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for the least-squares estimates of general VAR processes where the transition matrix does
not need to be stable. The relationships between different parameters involved, such as
sample size, accuracy of the estimation, failure probability, transition matrix, noise covari-
ance matrix, and dimension are discussed. We prove that apart from a pathological case of
zero Lebesgue measure, the least-squares estimator is with high probability accurate, if the
sample size scales similar to standard results in learning theory, i.e. quadratic scaling with
the inverse estimation error and logarithmic scaling with failure probability.

Such finite sample results for such a widely used model can be helpful for analogous
results for more complicated models exhibiting temporal dependence, such as nonlinear
time series. Further, the techniques used in this work to analyze the estimation accuracy
when the transition matrix is not necessarily stable, provide insight for settings where more
knowledge about the structure of the transition matrix is available. In particular, potential
extensions to a high-dimensional setting (assuming that the transition matrix is sparse),
or other structured classes such as low-rank matrices, is a topic of interest and for future

investigation.
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