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ABSTRACT
Indefinite Theta Functions and Zeta Functions

by
Gene S. Kopp

Chair: Jeffrey C. Lagarias

We define an indefinite theta function in dimension g and index 1 whose modular
parameter transforms by a symplectic group, generalizing a construction of Sander
Zwegers used in the theory of mock modular forms. We introduce the indefinite
zeta function, defined from the indefinite theta function using a Mellin transform,
and prove its analytic continuation and functional equation. We express certain
zeta functions attached to ray ideal classes of real quadratic fields as indefinite zeta
functions (up to gamma factors). A Kronecker limit formula for the indefinite zeta
function—and by corollary, for real quadratic fields—is obtained at s = 1. Finally, we
discuss two applications related to Hilbert’s 12th problem: numerical computation
of Stark units in the rank 1 real quadratic case, and computation of fiducial vectors

of Heisenberg SIC-POVMs.
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CHAPTER I

Introduction

The goal of this thesis is to introduce new transcendental functions and prove new
formulas for special values of L-functions of interest to Hilbert’s 12th problem. This
chapter begins with a discussion of the history of that problem. Afterwards, we give
an overview of the most important definitions and the main theorems of the thesis.
Finally, we discuss applications to the Stark conjectures and to the construction of

SIC-POVMs in quantum information theory.

1.1 Hilbert’s 12th problem

In the year 1900, David Hilbert published a list' of 23 open problems then in-
spired a great deal of mathematical development over many decades. Hilbert’s 12th
problem asks for an “Extension of Kronecker’s Theorem on Abelian Fields to any
Algebraic Realm of Rationality.” “Kronecker’s theorem”—more commonly known
as the Kronecker-Weber theorem—states that the abelian extensions of the ratio-
nal number field Q are obtained by adjoining the values of the complex exponential

2miz

function e(z) = €*™ when z is a rational number. It was also known to Hilbert

that special values of elliptic functions generated abelian extensions of imaginary

IHilbert’s problems were translated into English by Mary Frances Winston Newson in 1902 [23].



quadratic fields.? Hilbert asks for “the extension of Kronecker’s theory to the case
that, in place of the realm of rational number or of the imaginary quadratic field,
any algebraic field whatever is laid down of as realm of rationality.” He poses the
challenge of “finding and discussing those functions which play the part for any al-
gebraic number field corresponding to the exponential function in the real field and
the elliptic modular function in the imaginary quadratic number field.” Hilbert’s
12th problem is sometimes referred to as “Kronecker’s Jugendtraum,” because Kro-
necker (in a letter to Dedekind) described the sought-after proof that the elliptic
functions generated the abelian extensions of imaginary fields as “meinen liebsten

9

Jugendtraum,” or “my favorite youthful dream.”

(Class field theory over an arbitrary number field was mostly developed during the
1920s. Takagi defined the “ray class groups” and proved the existence of the corre-
sponding “ray class fields” with his Takagi existance theorem. Artin’s reciprocity law
specified the isomorphism between a ray class groups and the Galois group of the ray
class field as coming from a product of local Frobenius maps. Later developments
included the introduction of the algebraic objects that appear in a modern treatment
of the subject—Brauer groups by Brauer, class formations by Artin and Tate, ideles
by Chevalley.

Abstract class field theory does not give a procedure to actually construct class
fields. Explicit constructions of class fields beyond the imaginary quadratic case
did not come until Shimura extended the theory of complex multiplication from
elliptic curves to abelian varieties. Shimura constructed class fields of CM fields,

that is, totally complex quadratic extensions of totally real fields. This explicit

construction used special values of analytic functions—certain modular functions of

2 Although Hilbert hints that elliptic function are enough to generate all such extensions, in fact, the j-invariant
is also needed.



several variables—as Hilbert desired. The Shimura reciprocity law relates the Galois
action on the special values to the action of the modular group on the functions
themselves.

In a series of papers [42, 43, 44, 45], Harold Stark suggested a new approach
to Hilbert’s 12th problem using special values of derivatives of L-functions. Stark
formulated a series of conjectures about the leading term of the Taylor series of an
Artin L-function at s = 1 or s = 0. If p : Gal(L/K) — GL,(C) is an irreducible
Galois representation and L(s, p) vanishes to order r at s = 0, the Stark conjectures
predict the existence of a “Stark regulator” attached to p, a determinant of an r x r
matrix of linear forms of logarithms of algebraic units (more generally, S-units)
generalizing the regulator of a number field appearing in the class number formula.
In the case when L/K is an abelian extension, any Artin L-function L(s, p) is equal
to the Hecke L-function of a finite-order Hecke character—specified by data internal
to K—and the units are predicted to live in the corresponding class field. The
abelian Stark conjectures could thus provide an answer to Hilbert’s 12th Problem,
constructing class fields explicitly from special values of derivatives of L-functions.
Thus is especially true in the “rank 1”7 case (r = 1), when the Stark units may be

recovered from the derivative L-value by exponentiation.

1.1.1 Kronecker’s first limit formula and imaginary quadratic L-values

The abelian Stark conjectures are known over Q and over any imaginary quadratic
field. In the imaginary quadratic case, the proof uses the first and second Kronecker
limit formulas for real analytic Eisenstein series.

The real analytic Eisenstein series

Im(7)*
|mT + n|?s

(1.1) E(r,s):== Y
(m,n)€Z>
(m,n)#(0,0)



is closely related to the zeta function of an imaginary quadratic ideal class

(1.2) C(s, A) =Y N(a)™.

acA

Specifically, if A is an ideal class of the ring of integers Ok of an imaginary quadratic
field K, and we choose any b € A~! such that bNQ = Z and write b = Z + 7Z for

Im(7) > 0, then

(1.3) N(b)™*((s,A) = > N(ba)™

acA
(1.4) = Y N(a)™
acb/O%
(1.5) =0%]> N(a)™*
a€b
(1.6) = ]O,X(‘ Z |m7 +n|™°
(m,n)€Z>
(m,n)#(0,0)
_ og]
(17) = mE(T, S).

Write 7 = x + yi for real numbers x,y. The real analytic Eisenstein series has a

Fourier series in x (see, e.g., [10], chapter 1, pages 67-69). We write it using the

completed Eisenstein series E*(7, s) := 37 *T'(s)E(7, s) and the completed Riemann

zeta function ((s) := 7%/ (5) ((s).

(1.8)  E*(r,8) =C(28)y" +((25 — 1)y~

(1.9) 205 Y Iml o aa(m) K,y (27 |mly)e(ma).
meZ\{0}

By sending s — 1 in this Fourier expansion, we obtain the first Kronecker limit

formula.

s—1

(1.10) lim (E*(T,s) _ ﬁ) — 2log n(7)|.
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Here, n(7) is the Dedekind eta function n(7) = e(7/24) H(l — e(dT)), a modular
form of weight % A detailed proof of the first Kronecker lidrit formula may be found
in [29], chapter 20, pages 273-275.

From this formula, we can obtain the constant term of the Taylor expansion of
((s,A) at s = 1, or, equivalently, the value of ('(s, A) at s = 0. Using results from
the theory of elliptic curves with complex multiplication, one can show that integral
linear combinations of the ¢'(0, A) whose coefficients sum to zero are logarithms of
algebraic numbers (as they’re logarithms of absolute values of modular functions
evaluated at moduli of CM elliptic curves). Moreover, one may show that these
algebraic numbers are algebraic units satisfying the conditions desired by Stark.
Stark does so in the first paper of his series [42].

We will discuss and prove Kronecker’s second limit formula later; it is Proposi-
tion IV.3. The two Kronecker limit formulas, together with the theory of complex

multiplication and singular moduli, are the essential ingredients in the proof of the

main theorems of [42].

1.1.2 “Kronecker limit formulas” for other fields

Several mathematicians have found analogues of the Kronecker limit formula in
other settings. With an eye toward the Stark conjectures, we are particularly inter-
ested in analogues for other number fields beyond the imaginary quadratic case.

Hecke found a Kronecker limit formula for real quadratic fields in the case of
a wide (modulus 1) ideal class. An exposition of Hecke’s formula may be found in
Siegel’s Tata lectures [41] (p. 90-93) as well as in a paper of Zagier [51]. A Kronecker
limit formula for narrow (modulus 1) ideal classes of real quadratic fields case was

found by Herglotz [22] and rederived in a different form by Zagier [51].



The first problem one runs into in trying to find a Kronecker limit formula for
number fields is that, for any number field K other than Q or an imaginary quadratic
field, the group of units O is infinite, so eq. (1.5) doesn’t make sense. Shintani [40]
resolved this issue for any totally real field, by choosing a finite set of integral cones
that tile Minkowski space under the action of Oj, and writing ((s, A) as a sum of
several Dirichlet series on cones. The Shintani decomposition of the unit group for
any totally real number field and the Shintani zeta functions are exposed in [32],
chapter VII, §9.

Shintani [38, 39] gives a Kronecker limit formula for ray class zeta functions of
real quadratic fields in the rank 1 case (zero of multiplicity 1 at s = 0) and also
proves results for more general totally real fields [40]. Shintani’s main theorem for

real quadratic fields (as stated in [39]) is

Theorem I.1 (Shintani’s Kronecker limit formula). Let K be a real quadratic field,
and let A be a narrow ray ideal class modulo § in Ok. Let R be the ray ideal class of

all aOy, with a totally positive and a = —1 (mod f). Then,
(1.11) C(0. A) — (0. RA) = log X;(A).

The quantity X;(A) is defined to be a certain finite product of special values of
F(z,w) = %, where I'y is the double gamma function introduced by Barnes
[7]. The function F'(z,w) was later named the double sine function by Kurokawa and
Koyama [27]. Shintani uses his formula to prove the (rank 1, real quadratic) Stark
conjecture in the case when the ray class field is a degree 2 extension of a totally
abelian field [39].

More recent work on Kronecker limit formulas by Yamamoto [49, 50], Vlasenko

and Zagier [47], and Liu and Masri [30] builds on the earlier results of Shintani,



Herglotz, and Zagier. This work has not yet led to proofs of new cases of the Stark
conjectures.

Kronecker limit formulas for Eisenstein series EjF (z,s) for noncongruence sub-
groups I' < SLy(Z) have been considered by Posingies [33]. These Ej (2, s) are not
known to specialize to Artin L-functions or related functions; nonetheless, Posin-
gies’s formulas may have unexplored applications to explicit class field theory. They
express the constant term of Ej(z,s) at s = 1 in terms of the absolute value of a
noncongruence modular function. When Q(z) is an imaginary quadratic field, the
modular function will evaluate to an algebraic number in a (generally non-abelian)

extension of Q(z).

1.1.3 From indefinite theta functions to a new Kronecker limit formula

We present a new approach to deriving a formula for ¢’(0, A) — (’(0, RA) for
real quadratic fields. The existing literature is based on Shintani decomposition—
splitting up the zeta function into finitely many sums over cones or double cones.
Shintani zeta functions are Dirichlet series that interpolate between arithmetically
interesting zeta functions. Instead, we set out to interpolate in a way that preserves
the functional equation, but were willing to give up the interpolating functions being
Dirichlet series. The tool for the job is the indefinite theta functions introduced by
Sander Zwegers.

Zwegers introduced the indefinite theta functions in his Ph.D. thesis [56]. He
used them to construct harmonic weak Maass forms whose holomorphic parts are
the mock theta functions of Ramanujan. Part of this work was contained in an
earlier paper [55]. Zwegers’s work triggered an explosion of interest in mock modular
forms, with applications to partition identities [9], “quantum modular forms” and

“false theta functions” [16], period integrals of the j-invariant [14], sporadic groups



[15], and quantum black holes [12]. A summary of Zwegers’s thesis and some of the
work by others that immediately followed is given by Zagier [52].

This thesis makes no direct use of mock modular forms. Rather, we are interested
in certain Mellin transforms of indefinite theta functions, which we call indefinite zeta
functions (even though they only sometimes have Dirichlet series). In dimension 2,
the indefinite zeta functions interpolate between certain zeta functions associated
to real quadratic fields, just as Eisenstein series do for imaginary quadratic fields.
By computing certain Fourier series with respect to the action of a one-parameter
unipotent subgroup {7%}, a Kronecker limit formula for indefinite zeta functions—
thus, for real quadratic fields—emerges.

We also generalize Zwegers’s construction by introducing more general indefinite
theta functions transforming by a symplectic group. We allow complex values of the
parameters ¢; and cp that Zwegers treats as real vectors defining the boundary of a

cone.

1.2 Terminology and definitions

This dissertation uses many special functions and a few nonstandard pieces of
notation. We list some of the most commonly-used notation that may need clarifi-

cation.

e ¢(z) := exp(2miz) is the complex exponential, and this notation is used for

z € C not necessarily real.

e §={7:Im7 > 0} is the complex upper half-plane.

e Non-transposed vectors v € C9 are always column vectors; the transpose v' is

a row vector.

o If M is a g X g matrix, then M T is its transpose, and (when M is invertible)



M~ is a shorthand for (M),

e Qu(v) denotes the quadratic form Qp(v) = v Mv, where M is a g X g matrix,

and v is a g X 1 column vector.

o f(o)|:Z., = f(ca) = f(c1), where f is any function taking values in an additive
group.
U1 2 . . 9 . U1
o Ifv = € C? and f is a function of C*, we may write f(v) = f
V2 V2

rather than f ( (Ul ) > :
Vg

e We will often need to express (2 = N 4+iM where N, M are real g X g symmetric
matrices; N and M will always have real entries even when we do not say so
explicitly.

We turn now to the definitions required to state the main results of this thesis.

1.2.1 Siegel intermediate half-space
The space on which the modular parameter of an indefinite theta function lives

is 53;1), where ﬁgk) is defined as follows.

Definition 11.14. For 0 < k£ < g, we define the Siegel intermediate half-space of

genus g and index k to be
(1.12) ﬁgk) ={QeM,C): Q=0T and Im(Q) has signature (g — k, k)}.
1.2.2 Incomplete Gaussian transform

Definition I1.21. For any complex number « and any holomorphic test function f,

define the incomplete Gaussian transform

(1.13) Er(a) = /Oa Flw)e™™ du,
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along any contour from 0 to a.. In particular, for 1(z) = 1, set

(1.14) Ela) =& (a) = /00‘ e™ du.

When « is real, define £f(a) for an arbitrary continuous test function f:

(1.15) Er(a) = /Oa Flwe™ du.

In terms of the similar function used by Zwegers [56], £(a) = 1E(a).

1.2.3 Indefinite theta functions and indefinite theta nulls with characteristics

The incomplete Gaussian transform provides variable coefficients used to define

an indefinite theta function.

Definition I1.22. Let 2 = N+iM be a complex symmetric matrix whose imaginary

part has signature (g — 1,1); that is, 2 € 5’_)(91). Define the indefinite theta function

Cc2

T Im(Q 1
¢ Im{@n +2) e(—nTQn—i-nTz),

(116)  ©2[f](2,Q) = > &

nezs —1cTIm(Q)c 2

c=c1
where z € C9, cj,cp € C9, &' Mey < 0, &' Mey < 0, and f(£) is a continuous
function of one variable satisfying the growth condition log|f(£)| = o (|§ |2) If the
¢; are not both real, also assume that f is holomorphic.

Set ©2(z, Q) := ©2[1](z, ).

Zwegers’s theta function is defined in arbitrary dimension g for real ¢; when N is
a scalar multiple of M. More precisely, if M is real symmetric matrix of signature
(9g—1,1), 7 € 9, and ¢1,co € RY, then ©2(Mz, 7 M) is equal up to an exponential

factor to the function ¥}, (z,7) introduced by Zwegers on page 27 of [56].

Definition IL.27. Let Q = N +iM € $". Define the indefinite theta null with
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characteristics p,q € RY:

1 c1,c2
(1.17) O, 21f1() = e (ﬁqTQq +qu) 07 (p+Qq;Q);

1
(1.18) O1:2(Q) =e <§QTQQ + qu) O (p+ Qg; Q).

where c1,c; € C9, 61 ' Mc, < 0, &' Mcy < 0, and f(£) is a continuous function of
one variable satisfying the growth condition log|f(§)| = o (|§|2) If the ¢; are not

both real, also assume that f is holomorphic.
1.2.4 Definite and indefinite zeta functions

We define the definite zeta function using a Mellin transform of the Riemann zeta
function O, ,(£2) with real characteristics.

Definition ITI.1. Let Q) = N+iM € ﬁgo) and p, ¢ € RY, and suppose ¢ ¢ Z9. Define

the definite zeta function

. o d
(1.19) Cpag(€2; ) :/0 G)p,q(tQ)ts?t-

We define the indefinite zeta function using a Mellin transform of the indefinite

theta function with characteristics.

Definition II1.2. Let 2 = N +iM € f_)él). The indefinite zeta function is

p,q

~c1,c > c1,¢ sdt
(1.20) Le2 () ) = /O O (1)1

where p, ¢ € R, and ¢;, ¢, € C9 are parameters satisfying ¢; ' Mc; < 0and &' Mey <

0.

1.2.5 Ray class zeta functions and differenced ray class field zeta functions

We now define two Dirichlet series, (4(s) and Z4(s), attached to a ray ideal class

A of the ring of integers of a number field.
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Definition III.13 (Ray class zeta function). Let K be any number field, and let
¢ be an ideal of the maximal order Of. Let S be a subset of the real places of K
(i.e., the embeddings K < R). Let A be a ray ideal class modulo ¢ U S, that is, an
element of the group

(1.21) Clus(Ok) : {nonzero fractional ideals of O coprime to c}

- {aOk :a=1 (mod ¢) and a is positive at each place in S}

Define the zeta function of A to be

(1.22) (s, A) =) N(a)™.

acA

This function has a simple pole at s = 1 with residue independent of A. The pole

may be eliminated by considering the function Z4(s), defined as follows.

Definition II1.14 (Differenced ray class zeta function). Let R be the element of

C.us defined by
(1.23) R ={a0k :a=—1 (mod ¢) and a is positive at each place in S}.
Define the differenced zeta function of A to be
(1.24) Za(s) =((s,A) = (s, RA).
The function Z4(s) is holomorphic at s = 1.

1.3 Statement of results

In this section, we summarize the main results of this thesis, roughly in the order

they appear. These results rely on the definitions in section 1.2.

1.3.1 Indefinite theta functions

We begin with the results on indefinite theta functions from chapter II. The first
two results describe the elliptic and modular transformation properties, respectively,

of the indefinite theta function.
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Proposition I1.24 (Elliptic transformation laws). The indefinite theta function sat-
isfies the following transformation law with respect to the z variable, for a + Qb €

79 + Q779:
1
(1.25) O (z4+a+0bQ) =e (—§bTQb — sz) 09 (2 Q).

Theorem I1.26 (Modular transformation laws). The indefinite theta function sat-

isfies the following transformation laws with respect to the ) variable, where A €
GL,(Z), BeE My(Z), B=B":

(1) ©5(2; ATQA) = O (A7 T2 Q).

(2) O (2;Q+2B) = 05"7(2;Q).

e(%zTQz) o1 o)

(3) @12 (z; —Q71) = det(iQ*l)@iﬂ leQ_lC?(Qz;Q).

Of special interest are indefinite theta functions satisfying a particular sort of

symmetry, which we call P-stability.

Definition I1.30. Let P € GLy(Z) be fixed. Let z € C7, Q € 9", c1,¢, € R9
satisfying ch Im(Q)c; < 0. The quadruple (cy, cg, 2, Q) is called P-stable if PTQP =

Q, Pc; = ¢y, and PTz = 2 (mod Z?).

The condition of P-stability is also related to holomorphy in the 7-variable for
Zwegers’s indefinite theta functions. The indefinite theta function attached to a

P-stable quadruple satisfies the following remarkable condition.

Theorem II.31 (P-stability theorem). Let P € GL,(Z). Let z € C9, Q € Y,

c1, co € RY satisfying ch Im(Q)c; < 0.If (¢, ¢2, 2,82) is P-stable, then for any r € C
r+1

with Re(r) > 1, we have ©°(z, Q) = ©<2[f,](2,Q) for f.(u) = ”—T)WT

(e
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1.3.2 Indefinite zeta functions

Now we state the results on indefinite zeta functions from chapter II1. The indef-

inite zeta function has an analytic continuation and functional equation.

Theorem III.3 (Analytic continuation and functional equation). The function (Agfb’cz (9, s)
may be analytically continued to an entire function on C. It satisfies the functional

equation

fer,co g _ .\ _ e(aTb) 2Qc1,Qco
(1.26) S CEEDE T (@)

The indefinite zeta function may be specialization to differenced zeta functions

attached to ray ideal classes of real quadratic fields.

Theorem III.15 (Specialization of indefinite zeta). For each A € Cioo;,00,} and
integral ideal b € A™!, there exists a real symmetric matrix M of signature (1,1),

along with ¢, ¢z, ¢ € C2, such that
(1.27) (27N (b)) *T(5) Za(s) = (542 (iM, 5).

The indefinite zeta function also has a general series expansion—given in Theo-
rem II1.11—which involves hypergeometric functions and is not a Dirichlet series.

1.3.3 Kronecker limit formulas

In Chapter IV, we derive a Kronecker limit formula for indefinite zeta functions
in dimension g = 2. The classical “second” Kronecker limit formula for definite zeta

functions, stated in our notation, is as follows.

Proposition IV.3 (Second Kronecker limit formula). Let p = <p1> € R?*\ Z? and
D2

_ - 1 Re(T)
Q=iM = ( Re(7) it > for 7 € . Then,

(1.28)  (po(92,1) = —2log

W P/2+1/12 ( 1/2 _ =1/2 ﬁ 1— v . udv—l)
d=1
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where u = e(7) and v = e(ps — p17). This formula may be written more compactly

as

(1.29) (o0(Q,1) = —2log

This thesis generalizes Proposition IV.3 to arbitrary Q2 € .650).
Theorem IV.1 (Generalized second Kronecker limit formula). Let p = <p1> € R?
P2

with 0 < p1,po < 1, and let Q = N +iM € S’Jg)). Let z = 71 and z = 7 be the

solutions of Qg ( i) = 0 in the upper and lower half-planes, respectively. Then,

(1.30) po(,1) = m ((log fp) (11) + (log fp) (—72)) ,

where the function f, : § — C may be written either of the following ways,

2

((p1 - _) (p2 + )) 191+p2 5—p1< )
n(7)

(131) fp(T) —e < p2> uP1/2+1/12 1/2 1/2 H 1 _ u ,UT 1 _ uiv;l)
d=1

(1.32) =

where u, = e(7), v, = e(ps — p17), ¥ is the Jacobi theta function, and 7 is the

Dedekind eta function. Here Log f, is the branch satisfying

1 :
— )T as T — ioco.

(13 (Lo )7) ~ i (32 =1+

Our main result in chapter IV is the following new Kronecker limit formula for
indefinite zeta functions. It involves an integral of a rapidly convergent infinite

product against a function k¢ (f) built out polynomials and square roots.

Definition IV.5. Suppose @ = N +iM € §, ¢ € C%, and s € C. Let A, =

— TM. Then, we define, for v = ) e C?,
Qn(c) Vo
.
M
(1.34) kS, (v) = c v

4min/=Qu(€)Qa(v)/—2iQx. (v)
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The formula is as follows.

Theorem IV.6 (Indefinite Kronecker limit formula). Let @ = N 4+ iM € 53;1),

p = <p1> € R?, and ¢;,c; € C? such that ¢;' Mc¢; < 0. For ¢ = ¢, ¢q, factor the
D2

quadratic form

(1.35) @Ac@ = a(e)(§ = ()€ - 7 (o).

where 7% (¢) is in the upper half-plane and 77 (¢) is in the lower half-plane. Then,
(1.36) ER 1) = THer) — I (ex) — () + I (c0),

where

I#(c) = — Lig(e(&p1))K§, (é)

+ (7% (c) + it) @t
) .

(1.37) + 2@'/ (LOg ©py tp) (E7(C) + i) K, <
0
The function ¢y, ,, : § — C is defined by the a product expansion,

(e 7L e ((d+p)é +p2)
(1.38) (€)= (1= e(p& +p2>>£[1 Y (7 B

and its logarithm (Log ¢,, p,) (§) is the unique continuous branch with the property

log(1 —e(p2)) ifp1 =0,

Here log(1 — e(py)) is the standard principal branch.

(1'39) lim (Log 90;01,172) (5) =

E—ioo

The following specialization looks somewhat simpler and contains all of the cases

of arithmetic zeta functions Z4(s) associated to real quadratic fields.

Theorem IV.7 (Indefinite Kronecker limit formula, pure imaginary case). Let M

be a 2 x 2 real matrix of signature (1, 1), and let Q = iM. Let p = (p1> € R?, and
P2

c1, ¢y € R? such that chMcj < 0.

~

(1.40) Coo 2 (1) = 2iIm (I (cp) — I(c1)),
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where

(1.41) I(c) = —Li2(€(p1>>"i§z<1>

(1.42) 42 /0 " (Log ¢y 0n) (7(c) + i), (T(C)1+ it) dt.

Here, Log ¢y, », and k¢ are defined as in the statement of Theorem IV.6, and £ = 7(c)

is the unique root of the quadratic polynomial @4, <§> in the upper half plane.

1.4 Applications to the Stark conjectures

The rank 1 abelian Stark conjecture is known when K = Q or K is an imaginary
quadratic field. It is not known for any other particular base field (e.g., it is open
for K = Q(v/3)). We give a statment of the rank 1 abelian Stark conjecture for
real quadratic fields in terms of the functions Z4(s). Precisely, the following is a
restatement of Conjecture 1 from [44] in the real quadratic case, along with two
addional requirements—Conjecture 2 of [44] and the assumption (included in the
general conjecture in [45]) that the isomorphism between the ray class group and the

Galois group is the Artin map.

Conjecture 1.2 (Stark conjecture, rank 1 real quadratic case). Let ¢ be a nonzero
tdeal of the ring of integers of a real quadratic number field K with the property that,
if e € O such that e = 1 (mod ¢), then one of € or —e is totally positive. Let A
be a ray ideal class in Cla(oc,}- Let Hj be the ray class field of K modulo ¢ U {oc0;},
and let p; be an embedding of H; that embeds K wusing the jth real place, so that
p1(Hs) = pa(Hy) is a real field and py(Hy) = po(Hs) is complex. Then,

(1) Z',(0) = log(pi(ea)) for a unit e4 € Hs.

(2) The units 4 are compatible with the Artin map Art : Clyjeo,y — Gal(H/K).

Specifically, €4 = z—:?rt(A).
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Our Kronecker limit formula for indefinite zeta functions specializes to an analytic
formula for rank 1 “Stark units” over a real quadratic base field. It deals with the
same cases as Shintani’s Kronecker limit formula [38], although our formula is very
different. It can be used for numerical computation of special values. So far, we have

not been able to obtain any results on algebraicity by these methods.

1.4.1 Stark conjecture example

Now we consider an example. Let K = Q(+/3). The ring of integers is O =
Z[v/3], and Ok has class number 1. A rational prime p # 3 splits in K if and only if
p==+1 (mod 12), by quadratic reciprocity. In particular, (5) is inert, so ¢ = 50 is
a prime ideal in K. Let p; be the real embedding sending v/3 +— v/3 (determining the
infinite place 0o, ), and let p be the real embedding sending v/3 +— —+/3 (determining
the infinite place cos).

The fundamental unit of Ok is ex := 2 + /3. Since Ok has class number 1,
Cliu{oo,} may be identified with (Og/c)* x R*/RY modulo the action of the unit
group {£(2 +V3)" : n € Z}. We can use —1 to get into R, so we're left with
(O /e)*/ {2+ V/3). But (Og/c)* is a cyclic group of order 24, and (2 + V/3)* =
26 + 15v/3 =1 (mod 5) so 2 + /3 has order 3 modulo 5; thus, Cle o, = Z/8Z.

Let Hy be the ray class field of O for Clifoe,). The field Hy is unramified at
oo;—that is, a real field with respect to any embedding extending p;—but ramified
at oop—that is, complex with respect to some (indeed, all) embeddings extending
p2. We calculated (with the help of Magma) the intermediate fields between K and

H,, each a quadratic extension of the previous one.
« K =0Q(V3),
o [ = K(\/g)a
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. M:L(,/2(5+\/3)),
. ngM(\/—5+10\/§+\/3+2\/1_5+(3—\/§+\/5)\/2(5+\/5)>.

As expected, that L and M are totally real, whereas Hs is real but not totally real.

In chapter III, we will check the Stark conjecture numerically in this case using a
rapidly convergent formula for the analytic continuation of indefinite zeta functions.

We will see that, if I is the identity element of Clfs,}, then

(1.43) exp (Z7(0)) = 3.8908617139430792553376...
is equal (to 100 digits) to an algebraic unit, specifically, a root of the polynomial

2® — (8 4+ 5vV3)x" 4 (53 4+ 30v3)x® — (156 + 90v/3)z” + (225 + 130v/3)z*
(1.44)  — (156 + 90V/3)z® + (53 + 30v3)z® — (8 + 5V/3)z + 1.

This unit generates the field Hy over K.
In Chapter IV, we will numerically check our Kronecker limit formula in this case

and observe at least 30 decimal places of agreement.

1.5 Applications to SIC-POVMs

The existence of symmetric informationally complete positive operator-valued
measures (SIC-POVMs) in every dimension was conjectured by Zauner in 1999 [53]
and remains open. Much of the progress on this problem has been in the form of
numerical investigations—enumerating all or some of the SIC-POVMs in particular
dimensions. The numerical evidence strongly supports a surprising connection be-
tween SIC-POVMs and Hilbert’s 12th problem for real quadratic fields discovered
numerically by Appleby, Flammia, McConnell and Yard [5, 6].

An SIC-POVM is a set of d? “equiangular complex lines” in d-dimensional Hilbert

space. In other words, it is a set of one-dimensional subspaces Cvy, Cvy, ..., Cvg C
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C? such that ‘@@—”]F)‘ takes the same value for all ¢ # j. It is known that
J

ivvi><vj7’u
at most d?> complex lines can be equiangular in C%. Moreover, it is known that

1 . .
=77 in this case.

(vi Vs >2
(vi,0i) (V5 ,05)

It is conjectured that SIC-POVMs exist in every dimension, and that there are
only finitely many in each dimension except for d = 3. Moreover, it is conjectured
that, excluding exceptions in dimensions d = 2,4,8, all SIC-POVMSs are unitary-
equivalent to Heisenberg SIC-POVMs, which are the orbit of a fiducial vector under
the action of a certain Heisenberg group.

SIC-POVMs were introduced by Zauner in 1999 in his Ph.D. thesis [53] (translated
[54] into English from German in 2011). SIC-POVMs appear in quantum informa-
tion processing (e.g., [46, 11]) and quantum foundations (specifically the theory of
quantum Baysianism [18]), and they have been connected to Lie and Jordan algebras
[3, 4]. Computer calculations by Scott and Grassl have found at least one SIC-POVM
in every dimension up to d = 121 [37, 36]. The case d = 4 is described in detail is

[8]. An overview of the SIC-POVM problem is provided by the preprint [17].

1.5.1 SIC-POVM example

The numerical example for the Stark conjecture discussed in section 1.4.1 corre-
sponds to the ray class field associated to the d = 5 Heisenberg SIC-POVM according
to conjectures of Appleby et. al. [6], which are verified in this case. We found nu-
merically that the derivative differenced zeta values Z’,(0) for the narrow ray class
group of Z[+/3] modulo (5)co, can be related to the phase factors of a fiducial vector
for a d = 5 Heisenberg SIC-POVM. This work will be described in chapter V of this

thesis.



CHAPTER II

Indefinite Theta Functions

In this chapter, we give a theory of indefinite theta functions. For compari-
son, we first provide an overview of the classical theory of Riemann (definite) theta
functions, which are attached to complex symmetric matrices whose imaginary part
defines a quadratic form of signature (g,0). We then define analogous indefinite
theta functions attached to complex symmetric matrices whose imaginary part de-
fines a quadratic form of signature (¢ — 1,1). Our definition is a generalization of
the definition of indefinite theta functions provided in Zwegers’s thesis [56].

This thesis treats theta functions as explicit functions of several complex variables
and doesn’t rely formally on any results from algebraic geometry. However, we will

give an overview of the geometric role of these functions to provide context.

2.1 Riemann theta functions

The definite theta function—or Riemann theta function—of genus ¢ is a function
of an elliptic parameter z and a modular parameter €). Riemann’s theory generalizes
the “genus 17 case of Jacobi theta functions. The elliptic parameter z lives in CY,
but may (almost) be treated as an element of a complex torus CY/A, which happens
to be an abelian variety. The parameter () is written as a complex g X g matrix

and lives in the Siegal upper half-space §),, whose definition imposes a condition on

21
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M = Im(Q).

2.1.1 Definitions and geometric context

An abelian variety over a field K is a connected projective algebraic group; it
follows from this definition that the group law of is abelian. (See [31] as a reference
for all results mentioned in this discussion.) A principal polarization on an abelian
variety A is an isomorphism between A and the dual abelian variety AY. Over K = C,
every principally polarized abelian variety of dimension g is a complex torus of the
form A(C) = C9/(Z9 + QZ9), where Q is in the Siegel upper half-space (sometimes

called the Siegel upper half-plane, although it is a complex manifold of dimension

1
9(92-5- )).

Definition I1.1. The Siegel upper half-space of genus g is defined to be the following

open subset of the space M,(C) of symmetric g x g complex matrices.
(2.1) .6;0) =9, ={QeM,C): Q2=0Q" and Im(Q) is positive-definite}.
When g = 1, we recover the usual upper half-plane $; = $ = {7 € C: Im(7) > 0}.

Definition II.2. The definite (Riemann) theta function is, for z € C9 and Q € §,,

(2.2) O(Q) =) e (%nTQn + nTz> .

nez9

Definition I1.3. When g = 1, the definite theta functions is called a Jacobi theta

function and is denoted by J(z,7) = O([2], [7]) for z € C and 7 € $.

It is a theorem that the complex structure on A(C) determines the algebraic
structure on Ac¢. The functions ©(z + ;) for representatives t € C9 of 2-torsion
points of A(C) may be used to define an explicit holomorphic embedding of A as an
algebraic locus in complex projective space. These shifts ¢ are called characteristics.

More details may be found in Chapter VI of [28], in particular pages 104-108.
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The positive integer g is called the “genus” because the Jacobian Jac(C') of an
algebraic curve of genus ¢ is a principally polarized abelian variety of dimension g.
Not all principally polarized abelian varieties are Jacobians of curves; the question
of characterizing the locus of Jacobians of curves inside the moduli space of all

principally polarized abelian varieties is known as the Schottky problem.

2.1.2 A canonical square root
On the Siegel upper half-space £),, det(—i€2) has a canonical square root.

Lemma I1.4. Let Q2 € §,. Then,

(2.3) (/xew e (éfm) dm)2 = m.

Proof. Equation (2.3) holds for Q diagonal and purely imaginary by reduction to
the one-dimensional case ffooo e~ g = \/La Consequently, eq. (2.3) holds for any
purely imaginary €2 by a change of basis, using spectral decomposition.

g(g+1)

Consider the two sides of eq. (2.3) as holomorphic functions in £ complex

g(g+1)
2

variables (the entries of ); they agree whenever those variables are real.

Because they are holomorphic, it follows by analytic continuation that they agree

everywhere. O

Definition II.5. Lemma II.4 provides a canonical square root of det(—if2):

(2.4) Ao = ( [ (%xm) dx>

Whenever we write “y/det(—iQ2)” for Q € $,, we will be referring to this square

root.

We will later need to use this square root to evaluate a shifted version of the

integral that defines it.
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Corollary II.6. Let Q € ), and c € CI. Then,

(2.5) /IGRQ c (%(x 4O + c)) iz — m.

Proof. Fix €. The left-hand side of eq. (2.5) is constant for ¢ € RY, by Lemma I1.4.

Because the left-hand side is holomorphic in ¢, it is in fact constant for all c € C9. [

Note that, if Q € §,, then Q is invertible and —Q~" € §,. This is a special case
of Proposition I1.15, which says, in particular, that §), is closed under the fractional

linear transformation action of the symplectic group,
A B _ A B
(2.6) ( c D > Q= (AQ+ B)(CQ+ D) ! for ( C D ) € Sp,(R).

. O __[ o 71
In particular, ( I 0 > Q) =-07"

The behavior of our canonical square root under the modular transformation

Q — —Q~1is given by the following proposition.

Proposition IL.7. IfQ € §,, then \/det(—iQ)/det(iQ1) = 1.

Proof. This follows from Definition I1.5 by plugging in €2 = i, because the expression

V/det(—iQ)y/det(iQ1) is a continuous function of , and §, is connected. O

2.1.3 Transformation laws of definite theta functions

Proposition I1.8. The definite theta function for z € CI and Q) € §, satisfies the

following transformation law with respect to the z variable, for a + Qb € 79 + Q79 :
1
(2.7) O(z+a+Qb,Q) =e (—§bTQb — sz) O(z, Q).

Proof. The proof is a straightforward calculation. It may be found (using slightly

different notation) as Theorem 4 on page 8-9 of [34]. O
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Theorem I1.9. The definite theta function for z € CJ and Q) € $§, satisfies the
following transformation laws with respect to the 0 variable, where A € GLy(Z),
BeM,(Z), B=B":

(1) O(2; ATQA) = O(A" T2, Q).

(2) ©(z;Q2+2B) = O(z; Q).

e(%zTQz)

. 0O-1) _
(5) Oz —Q77) = det (iQ~1)

O(Qz; Q).

Proof. The proof of (1) and (2) is a straightforward calculation. A more powerful
version of this theorem, combining (1)—(3) into a single transformation law, appears
as Theorem A on pages 86-87 of [34].

To prove (3), we apply the Poisson summation formula directly to the theta series.

The Fourier transforms of the terms are given as follows.

[ e(@uto + 73 (=nT) dn
(2.8) = /Rg e (QQ(TZ) + nT(z — l/))
(2.9) =e(—Q_qg-1(z — 1)) / e (QQ (n + Q7 Nz - 1/)))

_e(-Qo(z-v)

(2.10) det(—iQ)

In the last line, we used Lemma II.4 and Definition II.5. Now, by the Poisson

summation formula,

(2.11)  O(z,Q) = Z e(—Q _g-1(z —v))

hpt det(—i2)
(2.12) oY) ng: (Q@-a1(v) +v'Q72)

e Q, -1\ 2 TA-1 .
(2.13) = %%e (Q-a-1(v) —v'Q7'2) (sending v +— —v)
(2.14) _ela2 @ )y (-2~

det(—iQ2)
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If Q is replaced by —Q~!, we obtain (3). O

As was mentioned, it is possible to combine all of the modular transformations

into a single theorem describing the transformation of 2 under the action of Sp,,(Z),

(2.15) ( o0 ) Q= (AQ+ B)(CQ+ D).

This is already complicated in genus ¢ = 1, where the tranformation law involves
Dedekind sums. The general case is done in Chapter IIT of [34], with the main

theorems stated on pages 86-90.

2.1.4 Definite theta functions with characteristics

There is another notation for theta functions, using “characteristics,” and it will
be necessary to state the transformation laws using this notation as well. We replace
z with z = p 4+ Qq for real variables p,q € R9. The reader is cautioned that the
literature on theta functions contains conflicting conventions, and some authors may

use notation identical to this one to mean something slightly different.

Definition I1.10. Define the definite theta null with real characteristics p,q € RY,

for 2 € 4

1
(2.16) Opq(8)) = ¢ (§qTQq + qu) O (p+Qq,Q).
The transformation laws for ©, ,(2) follow from those for O(z,2).

Proposition I1.11. Let 2 € §, and p,q € RYI. The elliptic transformation law for

the definite theta null with real characteristics is given by
(2.17) Oprag+s(Q) =€ (a' (¢ +0)) 0,4(Q).

fora,beZ9.
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Proposition I1.12. Let Q € $, and p,q € RI. The modular transformation laws
for the definite theta null with real characteristics are given as follows, where A €

GLg(Z), B e MQ(Z), and B = B'.
(]) QM(ATQA) = @A‘Tp,Aq(Q)~
(2) ©pg(Q+2B) = e(—q" Bq)Oyp12844(Q).

e T
(3) 00 (—01) = 2o (),
2.2 Indefinite theta functions

If we allow Im(£2) to be indefinite, the series expansion in eq. (2.2) no longer
converges anywhere. We want to remedy this problem by inserting a variable co-
efficient into each term of the sum. In Chapter 2 of his Ph.D. thesis [56], Sander
Zwegers found—in the case when € is purely imaginary—a choice of coefficients that
preserves the transformation properties of the theta function.

The results of this section generalize Zwegers’s work by replacing Zwegers’s indef-
inite theta function ¥5;“(z,7) by the indefinite theta function ©¢“[f](z, ). The

function has been generalized in the following ways.

e Replacing 7M for 7 € $ and M € M,(R) real symmetric in of signature (g—1,1)

by Q@ € H5". (Adds @ — 1 real dimensions.)
e Allowing ¢, ¢y to be complex. (Adds 2¢g — 2 real dimensions.)

e Allowing a test function f(u), which must be specialized to f(u) = 1 for all the

modular transformation laws to hold.

One motivation for introducing a test function f is to find transformation laws for
a more general class of test functions (e.g., polynomials). We may investigate the

behavior of test functions under modular transformations in future work.
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2.2.1 The Siegel intermediate half-space

Definition 11.13. If M € GL,(R) and M = M, the signature of M (or of the
quadratic form Q) is a pair (4, k), where j is the number of positive eigenvalues of

M, and k is the number of negative eigenvalues (so j + k = g).

Definition I1.14. For 0 < k£ < g, we define the Siegel intermediate half-space of

genus ¢ and index k to be
(2.18) ﬁgk) ={QeM,(C): Q=0T and Im(Q) has signature (g — k, k)}.

We call a complex torus of the form Ty = C9/(Z9 + QZ9) for Q € ﬁék), k#0,g9, an

ntermediate torus.

Intermediate tori are usually not algebraic varieties. An example of intermediate
tori in the literature are the intermediate Jacobians of Griffiths [19, 20, 21]. Inter-
mediate Jacobians generalize Jacobians of curves, which are abelian varieties, but
those defined by Griffiths are usually not algebraic. (In contrast, the intermediate
Jacobians defined by Weil [48] are algebraic.)

The symplectic group Sp,,(R) acts on the set of g x g complex symmetric matrices

by the fractional linear transformation action,

(2.19) (é g)-fz: (AQ + B)(CQ + D).
Proposition T1.15. If 2 € & and ( 4 B Sp,, (R), then (AQ + B)(CQ
position IL.15. [fQ € H;" and ( ~ 5, | € Py, (R), then (AQ + B)(CQ +

D)l e Sﬁék). Moreover, the Y)ék) are the open orbits of the Spy,(R)-action on the set

of g X g complex symmetric matrices.

0 I 0 Al

For ( ?. _OI ), we have Im(—Q7!) = L(—-Q7' + ﬁ_l) =

-
Proof. Trivial for < LB ) For ( 4 0 ), this is Sylvester’s Law of Inertia.

—1, —

Q (-Q+90!t =

1
2i



29

—1 ——1

Q Im(Q)Q ! = (Q )TIm(Q)Q_l, so Im(—Q~!) and Im(f2) have the same signa-
ture. These three types of matrices generate Sp,,(R).

Now suppose 21,8y € ﬁék). There exists a matrix A € GLy4(R) such that
AT Im(2;)A = Im(s). For an appropriate choice of real symmetric B € M, (R), we

thus have ATy A + B = Q,. That is,

I B AT 0

so ) and {2y are in the same Sp,, (R)-orbit.
Thus, the Sﬁgk) are the open orbits of the Sp,,(IR)-action on the set of g x g

symmetric complex matrices. O

2.2.2 More canonical square roots

From now on, we will focus on the case of index k& = 1, which is signature (g —
1,1). The construction of modular theta series for & > 2 utilizes higher-order error
functions arising from physics [1]. More research is needed to develop the higher

index theory.

Lemma I1.16. Let M be a real symmetric matriz of signature (g — 1,1). On the
region Ry = {z € C9 : "Mz < 0}, there is a canonical choice of holomorphic

function g(2) such that g(2)? = —2"Mz.

Proof. By Sylvester’s law of inertia, there is some P € GL; (R) (i.e., with det(P) >

0) such that M = PTJP, where

100 0
0 10 0
(2.21) J=1 0 01 ... 0
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The region S = {(22,...,24) € CI971 1 [29>+- -+ |2,|> < 1} is simply connected (as it is
a solid ball) and does not intersect {(2s,...,2,) € C97': 25 4--- 4 22 = 1} (because,

if it did, we'd have 1 = |23 +---+ 22| < |z|* + -+ |2-)* < 1, a contradiction).

Thus, there exists a unique continuous function \/ 1—22—-- = zz on S sending

(0,...,0) + 1; this function is also holomorphic. For z € R, define

(2.22) gs(2) = zl\/l— (j—?)z—---— (E—T)Q

This g; is holomorphic and satisfies g;(2)? = —2"Jz, g;(az) = ag;(2), and gs(e;) =
1 where
1
(2.23) o1 = !
0
Conversely, if we have a continuous function g(z) satisfying g(2)? = —2z"Jz and

g(e1) =1, it follows that g(az) = ag(z), and thus g(2) = g;(z).

Now, we'd like to define gy(2) := g;(Pz), so that we have gy (2)? = —2"Mz.
We need to check that this definition does not depend on the choice of P. Suppose
M = PTJP, = PJJP, for P,,P, € GL:(R). So J = (RP ") J(RP), that
is, ,P[' € O(g — 1,1). But det(PP; ") = det(P)det(P)~! > 0, so, in fact,
PPt €S0O(g—1,1).

For any Q € SO(g—1,1), we have g;(Qe;)* = 1. The function Q +— g;(Qe;) must
be either the constant 1 or the constant —1, because SO(g—1, 1) is connected. Since
gs(er) =1 (Q = I), we have g;(Qe;) = 1 for all Q € SO(1,g — 1). The function
z — g;(Qz) is a continuous square root of —z'Jz sending e; to 1, so g;(Qz) =
gs(2). Taking Q = P,P;! and replacing z with Pz, we have g;(Pyz) = g;(P,2), as

desired. O
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Definition I1.17. If M is a real symmetric matrix of signature (g — 1,1), we will

write v/ —zT Mz for the function gj(z) in Lemma II.16. We may also use similar

notation, such as /—32zTMz := \/ié —2"Mz.

Lemma I1.18. Suppose M is a real symmetric matriz of signature (g — 1,1), and
c € C9 such thate"Mc < 0. Then, M + M Re <(—%CTMC)71 ccT> M s well-defined

(that is, c" Mc # 0) and positive definite.
Proof. Because M has signature (g — 1,1) and ¢' Mc¢ < 0,

=T T
(2.24) (ETMC)2 - ’cTMc‘2 = det ( ¢ Me e Mc ) < 0.

¢'Meé c¢"Me

Thus,

cTMc| > (ETMC)2 > 0,50 ¢ Mc#0and M + MRe <(—% T]\40)_1 ccT) M

is well defined. Let
1 -1
(2.25) A= M+ MRe ((—ECTMC) CCT) M
(2.26) — M — M ("Mc) ™ ee™M — M (¢" Mé) e M.

On the (g — 1)-dimensional subspace W = {w € C9 : ¢' Mw = 0}, the sesquilinear
form w — w' Mw is positive definite; this follows from the fact that ' Mc < 0,

because M has signature (g — 1,1). For nonzero w € W,

(2.27) W' Aw =w' Mw — (c¢"Mc)™ (@' Mc)(c" Mw) — (€' Me)™ (w'" Me)(e" Mw)

(2.28) = Mw — (c"Mc)™H0)(c" Mw) — (" Me) " (w " Me)(0)
(2.29) =w' Mw > 0.
Moreover,

(2.30) ¢ Aw =c"Mw — (c"Mc) (" Mc)(c" Mw) — (2" Me) (¢ Me)(c" Mw)
(2.31) =c'Mw —c"Mw — (2" M2)"(c" Me)(0)

(2.32) — 0,
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and

(2.33)  c'Ae=c'Me— (c"Mc) (" Mc)(c"Me) — (" Me) (" M¢e)(c" Mg)

(2.34) =c'M¢—c"M¢—c'Me
(2.35) = —c' Mc
(2.36) = —¢' Mc>0.

We have now shown that A is positive definite, as it is positive definite on subspaces

W and Cg, and these subspaces span C9 and are perpendicular with respect to A. [

Lemma 11.19. Let Q = N + iM be an invertible complexr symmetric g X g matriz.

Consider ¢ € CI such that ¢" Mc < 0. The following identities hold:
(1) MO = QIm (—Q71).

(2) M —2iMQ™ M = QIm (—Q1) Q.

cTﬁlm(—Q_l)ﬁc
c'Mc

(3) det (=i (2 — A-Mcc" M)) = det(—i)

c'Mc

Proof. Proof of (1):

(2.37) MQ™*t = %(Q -t

(2.38) _ %([ _ g0

(2.39) = 52%(5_1 U

(2.40) =QIm (-Q7").

Proof of (2):

(2.41) M — 2iMQ "M = MQ ™ (Q — 2iM)

(2.42) =QIm (-Q7") (2= (2—1Q)) using (1)

(2.43) — QIm (-0 Q.
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Proof of (3): Note that det(/ + A) = 1+ Tr(A) for any rank 1 matrix A. Thus,

(2.44) det (—i <Q — %MCCTM))

(2.45) — det(—iQ) det (1 + CTQJ\ZC(QMc)(Mc)T>

(2.46) = det(—i() (1 + Tr (%(QMC)(MC)T))

(2.47) = det(—iQ) (1 + (CT% CcTMQ—lMc))

(2.48) = det(—iQ) —c (M__Cizj\jflM) ¢

(2.49) — det(—iQ) mlOM I_Hclﬁﬁz_l) ()

using (2) in the last step. O

Definition II.20 (Canonical square root). If € $5Y, then we define +/det(—if)
as follows. Write Q = N + iM for N, M € M,(R), and choose any c¢ such that
¢'Mc < 0. By Lemma I1.18, M + M Re ((—%CTMC)_l CCT> M is positive definite.

Write M + M Re <(—%CTMC)71 ccT> M =1Im (Q— A-_Mcc"M). By part (3) of

c'Mc

Lemma II.19,

(2.50)  det <—i (Q - CTZX/[CMCCTM>) _ det(—ig) ~0) I_Ircl T(ijl) ()

We can thus define /det(—if2) as follows:

vV —cTMc\/det (—z' (Q — CT2X/ICMCCTM))
V(@) T Im (—071) ()

where the square roots on the RHS are as defined in Definition I1.5 and Defini-

(2.51) Vdet(—i) ==

Y

tion I1.17. This definition does not depend on the choice of ¢ because the set

{c € C9:2"Mc < 0} is connected.
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2.2.3 Definition of indefinite theta functions

Definition I1.21. For any complex number oo and any entire test function f, define

the incomplete Gaussian transform

(2.52) Er(a) = /Oa Flw)e™™ du,

where the integral may be taken along any contour from 0 to «. In particular, for

the constant functions 1(u) = 1, set
@ ) Q |af? )
(2,53) g(a) =& (@) — / e~y = _/ 4172 —m(a/le)?t gy
0 2[al Jo

When « is real, define £,(«) for an arbitrary continuous test function f:

(2.54) Er(a) :/ Flu)e™ du.
0
Definition I1.22. Define the indefinite theta function attached to the test function
f to be
c2
T Im(Q 1
(2.55) 02 fl(z;Q) = Z Es ¢ Im{@n+2) e (énTQn + nTz) :

nez9 —%CT Im(Q)c
c=cy
where Q) € ﬁgl), 2 € C9, ¢1,c9 € C9, &' Me; < 0, &' Mey < 0, and f&) is
a continuous function of one variable satisfying the growth condition log |f(&)| =

0 (|§|2) If the ¢; are not both real, also assume that f is entire.

Also define the indefinite theta function ©2(z; Q) := ©2[1](z; Q).

The function ©°(z; Q) = O2[1](z; Q) is the function we are most interested
in, because it will turn out to satisfy a symmetry in Q — —Q~1. We will also show
that the functions ©2[u — |u|"](z;2) are equal (up to a constant) for certain
special values of the parameters.

Before we can prove the transformation laws of our theta functions, we must show

that the series defining them converges.
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Proposition I1.23. The indefinite theta series attached to f (eq. (2.55)) converges
absolutely and uniformly for z € RY +iK, where K is a compact subset of R? (and

for fized ), c1, co, and f).

Proof. Let M = Im{). We may multiply ¢; and ¢y by any complex scalar with-
out changing the terms of the series eq. (2.55), so we may assume without loss of
generality that Re(c;' Mey) < 0.

For A € [0, 1], define the vector ¢(A) = (1—X)c;+Acy and the real symmetric matrix
A(N) == M + MRe ((—gc(A)TMc(A))*1 c(A)c(A)T> M. Note that ¢(A) Mc(\) =
(1=N)%e1 " Mep+2X(1=X) Re(er " Mey)+2%c; " Mey < 0 because each term is negative
(except when A = 0 or 1, in which case one term is negative and the others are zero).
By Lemma I1.18, A()) is well-defined and positive definite for each A € [0, 1].

Consider (z,\) — z" A(\)x as a positive real-valued continuous function on the
compact set that is the product of the unit ball {x"z = 1} and the interval [0,1]. It

has a global minimum ¢ > 0.

c(A T (Mn+vy)
—Le(N)TMe(N)’

/ f(u e ™ du.

The parametrization v : [0,1] — C, v()) := defines a countour

cf (Mnty) to -2 2 (Mnty) , o that

\/——clTMcl \/—ch

(2.56) & ( (Mn ty >

from

cTMc

c=

We give an upper bound for

1
(2.57) Am[ax] e Ve <§nTQn + nTz)
0.1
. e
(2.58) =™ MY max em(C(A)TM(MM v)) e‘”(n+M*1y)TM(n+M*1y)
A€[0,1]
(2.59) — ™' M7 max e_”<”+Mfly)TA()‘)(”+M71y>
A€[0,1]

(2.60) < e M ygmellnaryl|”



36

Thus,
c"(Mn+y)\|” L ¢ T
Ey <W> . e <§n n+n z)
L _ 2
(2.61) < / (F )| e M vl g,
Tn
(2.62) < p(n)e =l 271"

where logp(n) = o(||n||?). Thus, the terms of the series are o <e_%(”"”2+HM71y”))>

and so the series converges absolutely and uniformly for x € RY and y € K. O]
2.2.4 Transformation laws of indefinite theta functions

We will now prove the elliptic and modular transformation laws for indefinite
theta functions. In all of these results, we assume that z € C9, Q € ﬁél), c; € ¢I

satisfying ¢; " Im(Q)c;, and f is a function of one variable satisfying the conditions

specified in Definition 11.22.

Proposition I1.24. The indefinite theta function attached to f satisfies the following

transformation law with respect to the z variable, for a + Qb € 79 + Q79 :
(2.63) O2[fl(z +a+ Qb Q) =e (—%bTQb - sz> 012 f](z; Q).
Proof. By definition,

O fl(z + a+ Qb;Q)

(261) — ng (c Im(Qn+(z+a+Qb))>

B —2cTIm(Q)c

Cc2

e (Qa(n) +n'(z+a+Qb)).

c=cy

nez9
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Because a € Z9, Im(a) is zero and e(n'a) = 1, so

OV f](z + a + Qb; Q)

(265) =) & ( = CT(?HT(Q): Z>>

c2

e (Qa(n) +n'(z+ Qb))

nez9I c=cy
o7 cz
(2.66) — (——bTQb) Y& ( m( CT(?I:(Q; ’Z)> e (Qa(n+b)+n"2)
nezI c=c1
(2.67) = (——bmb) R (C 11;?5(5;)> C. (Qa(n) + (n—1b)"2)
nez9 c=cq
(2.68) —e (—%bTQb - sz) QL7 (2 Q).
The identity is proved. O]

Proposition I1.25. The indefinite theta function satisfies the following condition

with respect to the ¢ variable:
(2.69) O [f(2 Q) = ©2([f](2 Q) + O [f](2; Q)

Proof. Add the series termwise. m

Theorem 11.26. The indefinite theta function satisfies the following transformation

laws with respect to the Q variable, where A € GLy(Z), B € M(Z), B = B :
(1) ©<2[f](z; ATQA) = @4 [f](A7 T2 Q).
(2) ©42(f](z;Q+2B) = ©=[f](2 Q).
(3) In the case where f(u) = 1(u) = 1, we have

T
eTiz Qz

2.70 (= S @
(2:70) (5707 = o
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Proof. The proof of (1) is a direct calculation.

012 f](z; ATQA)

(2.71) =Y &

c2

c'Im(ATQAn + 2)

e (%nTATQAn + nTZ>

nezs —3¢" Im(Q)c
c=c1
TIm(ATQ 2 1
(2.72) = Z & ¢ Im( m+2) e (—mTQm + (A_lm)Tz)
mezZ9I —%CT Im(Q)c 2
c=c;
by the change of basis m = An, so
O2[f](z; ATQA)
C2
TIm(Q AT 1
(2.73) = Z &y m(Sim + ?) e (—mTQm + mTATz)
mezs —§CT Im(Q)c - 2
2.74 = 0442 f1(A7 T2 Q).
(2.74)

The proof of (2) is also a direct calculation.

02 fl(z; Q2+ 2B)

.
(2.75) Z £ c¢' Im((Q2+2B)n + z)

nez9 —%CT Im(Q)c

Cc2

1
e (inT(Q +2B)n + nTz>

T ©
(2.76) Z £ ¢ (Im(()n + 2)) + 2Im(B)n ¢ (Qa(n) +n" Bn+n"2)
nez9 —%CT Im(Q)C B
T “
2m) =Y &|° Im({§)n + 2) e (Qa(n) +n'2)
neZs —1cTIm(Q)c

(2.78) = 072 [f](= Q)
where e (nTBn) = 1 because the n' Bn are integers, and Im(B) = 0 because B is a

real matrix.

The proof of (3) is more complicated, and, like the proof of the analogous property

for definite (Jacobi and Riemann) theta functions, uses Poisson summation. The
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argument that follows is a modification of the argument that appears in the proof of
Lemma 2.8 of Zwegers’s thesis [56].

We will find a formula for the Fourier transform of the terms of our theta series.
Most of the work is done in the calculation of the integral that follows. In this

calculation, M = Im (2, and z = x + iy for x,y € C9. The differential operator Vv, is

a row vector with entries 88 and similarly for v,
TM T ’
Ve / E cdntey e (QQ (n—|— Q_lz)) dn
neRe \/—icTMe
T T a
M
(2.79) = / e ALY g, (e (Qa(n+tQ7'2))) dn
neRg \/ —icTMe
T .\ |°
M
(280) = / e[ MUY g (e(Qa(ntz) dn |0
neRe \/—3¢"Mc
c'Mn+c' ¢ Mn+cy -1
(281) = |- V| € ¢ (Qa(n+Q'2)) dn | Q
neRy ——cTMc

Cc2

)
c=cy

(2.82) = (k:/neRge (_;MC (¢" Tm( n)Q) (Qa(n + a.)) dn) T MO

—2

where k = —=2— € C, a, = Q 'z — M 'y € CY, and integration by parts was
v/ —3cT Mc r ’
used in eq. (2.81). Continuing the calculation,

Cc2

T T
Ve / & M e (QQ (n + Q_lz)) dn
neRY

,/—%CTMC
c=c1

1
2i MCCTM(’I”L) + aTQn + §aTQa) dn) CTMQ_l

(2.83) =k (/ e (QQ E
n€RY c' M

1 2 ! 1
(2.84) = ke <—§aTQ (Q — U\Z MccTM) Qa + §aTQa) I9cT MO
C C

Cc2

c=cy
c2

c=c1
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where
(& 2 -
(2.85) 1 = /eRge ( Q-2 MecTM (n—i— (Q— CTMCMccTM) Qa)) dn
1
(2.86)

det /< (2~ A MecTM)
by Lemma I1.4.

We can check (by multiplication) that

2i -1 2
287) (O — Mce™ M =0 ' - QO "Mce" MQ™.
(2.87) ( T Mc ) ¢ Mc — 2ic' MQ—"Me “
Thus,
2 -t 2
2.88 O-Q(Q- Mcc"™ M) Q= Mce" M.
(2.88) ( TMc ) T Mc — 2icn MO Mc ¢

Now compute, using Lemma I1.19, Ma = MQ 7'z —y = QIm (-Q ")z —y =

Q (Im (—Q 1)z - §_1y> =10 ((—Q’l + §_1> z— ﬁ_l(z — E)) =4

i

@]
|
<
(\2}—‘
+
o)

QIm (—Q712). Also by Lemma I1.19, M — 2iMQ*M = QIm (—Q~1) Q, and

sy (= (o= o)) - e A

Cc C

We have now shown that

c2

TIm (9
(2.90) Ve / g€ m (n + 2) e (Qa (n+Q7'2)) dn |Inn
neRry \/—3c"Mc
- —2e ((ﬁc) (o) (09 (c" Ma)®
VAet(=i0) /4 (@) Tm(—01)
—2e (= L (c"Ma)?
(2.92) - <(“C’Im(‘“ )@ (Qc)T Im(Q~)

VAet(=i9), /=1 (@) Im(—0-1) (e)

Cc2

¢ MO

(2.91) >_
(Qc) .

(2.93) N Q)T (Im(—QHn + Im(—Q~12))

det(—iQ) \/_%(QC) Im(—Q1)(Qc)

c=c1
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Define the following function on CY,

(204)  C(2) =CY(2) ::/ £ ( ¢ Im (On +2) ) (Qa (n+Q7'2)) dn

cTQc

—

1 O 12)
(2.95) - 7 £ = ,
Vdet(i \/_5(90) Im(—Q* )(Qc)
suppressing the dependence of C(z) on 2 and ¢. We have just showed that A,C(z) =
0, so C(z + a) = C(z) for any a € RY. By inspection, C'(z + Q7'b) = C(z) for any
b € RY. Tt follow from both of these properties that C'(z) is constant. Moreover, by

inspection, C(—z) = —C(z); therefore, C(z) = 0. In other words,

T “
/ el Im (n + 2) e (QQ (n + Q_lz)) dn
neR? \/—3cTQc -

1 @9 -0z [
2.96 = £
(2.96) det(—iQ) (\/%(ﬁc) Im(ﬂl)(ﬁc)> _

c=c1

Now set g(z) := ©°(z; ), which has Fourier coefficients

(2.97) cn(g)(z) =€ (CT Im (§n + Z)) e (%nTQn + nTz) :

\/ —%CTQC
c=c1

By plugging in z—v for z in eq. (2.96) and multiplying both sides by e (=4 (z — v) TQ 7 (z — 1)),

we obtain the following expression for the Fourier coefficients of ¢:

(2.98) ¢, (§) (2) = /n g (CT\I/H%Z)) 02 eGnTanTz) e(—n"v)dn

(2.99) _ (=) —v) Qo In(-07ty — 072) ’
det(—i€2) \/_%(ﬁc) Tm(—Q-1)(Qe) .
(2.100) _elm32' 7)o (@) Im(—07 N (—y) - Q') N
det(—i2) \/_%(ﬁc) Im(_QA)(ﬁc) i

(2.101) ‘e (%I/T(—Q_I)V + (—V)T(—Q_lz)> :
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It follows by Poisson summation that

(2.102) 02 (%0) = Y e (9) ()

vEeZI
1 TQ—I L
(2103) — € ( 2% Z) 9901,902 (—Q_lz; —Q_l) ‘
det(—i€2)
We obtain (3) by replacing Q with —Q~1. 0

2.2.5 Indefinite theta functions with characteristics

Now we restate the transformation laws using “characteristics” notation, which

will be used when we define indefinite zeta functions in chapter III.

Definition I1.27. Define the indefinite theta null with characteristics p,q € R9:

(2.104) 02 [f](Q) = e T gere £ (p 4 Qg; Q)

(2.105) O3t () = e T gees (p 4 g, Q).

The transformation laws for ©512[f](€2) follow from the transformation laws for

O [f](2; Q).

Proposition I1.28. The elliptic transformation law for the indefinite theta null with

characteristics 1s:

(2.106) Oy el f1(Q) = e(a’ (q + )OS [£1(%).

Proposition I1.29. The modular transformation laws for the indefinite theta null

with characteristics are as follows.

(1) O3, [fI(ATQA) = 0547 [F1(2).

(2) Op2[f1(Q +2B) = e(—q" Bq)O, 55, ,[f1(42).

p+2Bq,q

9 @Cl ,C2 -1\ __ e(p’q) @—ﬁflcl,—ﬁflq 0
(5) O(~071) = e o e ),
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2.2.6 P-stable indefinite theta functions

We now introduce a special property of the parameters (cy, s, 2, 2), which we call

P-stability. In this section, ¢y, cy will always be real vectors.

Definition I1.30. Let P € GLy(Z) be fixed. Let z € C9, Q € 9", ¢1,c, € R9
satisfying c;-r Im(Q)c; < 0. The quadruple (cy, g, 2, Q) is called P-stable if PTQP =

Q, Pc; = ¢y, and PTz =z (mod Z?).

Remarkably, P-stable indefinite theta functions attached to f(u) = |u|” turn out

to be independent of  (up to a constant factor).

r4+1
Theorem II.31 (P-Stability Theorem). Set ©2(z;) = F’EZ)@Cl’C?[f](z; Q)
2

when f(u) = |ul" for Re(r) > —1. If (c1,¢q,2,9Q) is P-stable, then ©2(z,Q) is

independent of r.

Proof. Let M =1Im(Q2) and y = Im(z). If @ € R and Re(r) > 1, then
(2.107) E (o) = / u| e ™ du
0

o .
(2.108) zsgn(a)/ u"e” ™ du
0
a)

o
__Sgn( r—1 —7u?
(2.109) == /0 u d(e )

sgn(a o [l o 2
(2.110) - g27(r ) (ur_l - u|0—/0 e~ d(ur_1)>
sen (o 1 _ led P
(2.111) =— g27(r ) <|a|r e (r—l)/o u e ™ du)
(2.112) _ % (~sn(@) ol e + (r ~ )& (@)

Let of = %ﬂn(ﬁ) Set A := M + M Re ((—QM(C))_l cc’) M, so that A and
—m(c

A are positive definite, as in the proof of Proposition I1.23. Thus,
71_7“/2

(2113) @fnl’cQ (Z, Q) = —TS + @i1_7622(2, Q),
r (=)
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where

c2 1
(2.114) S = Z sgn () | exp (= (a%)2) ‘CZCI e (gnTQn + nTz) :

nez9

The ¢; and ¢y terms in this sum decay exponentially, because

(2.115)

exp (= (a2)?) e (%nTQn ; nTz) ‘ — exp (<20Qu (n+ M1y)).

Thus, the series may be split as a sum of two series:

1
(2.116) S = Z sgn (a2?) [a2" ! exp (= (aff)2) e (gnTQn + nTz>
nez9
1
(2.117) — Z sgn (@) [a " exp (-7 (a,‘fj)Q) e (§nTQn + nTz) :
nez9

Now we use the P-symmetry to show that these two series are, in fact, equal. Note

that Im(P"z) = Im(z) because P'z = z (mod Z?), so

_ (Pc) " Im(QPn + 2)
(2.118) app(c2) = 0w (Pe)
(2.119) _ cf Im(PTQPn+ P'z)
. —Qprup(c1)
(2.120) _ ¢ ITm(Qn + 2)
—Qu(cr)
(2.121) = ap(c1).
Moreover,
(2.122) S(P)TQ(Pn) + (Pn)Tz = n (PTOP)n + 0" (PT2)
(2.123) = %nTQn +n'z (mod Z?).

Thus, we may substitute Pn for n in the first series (involving ;) to obtain the
second (involving ¢;).

We’ve now shown the periodicity relation

(2.124) 0 (2,Q) = OV (2,9).
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Note that this identity provides an analytic continuation of ©¢-*(z,) to the entire
r-plane. To show that it is constant in r, we will show that it is bounded on vertical
strips in the r-plane. As in the proof of Proposition I1.23, bound (z,\) — 2" A(\)z,
considered as a positive real-valued continuous function on the product of the unit
ball {x"x = 1} and the interval [0,1], from below by its global minimum & > 0.

Thus,

c2
(M 1
g [ Mnty) . (Qnmn N nTZ>

,/—%CTMC
c=cq

c; Im(Qn+z)

(2.125) zed i@z ™) dy oy My e[| n -y |

cir Im(Qn+z)

\/ 7%c1r Im(Q)cq

_ 2
(2126) S pRe(r)(n)eiﬂ-EHn+M ly” ,

where pge(ry(n) is a polynomial independent of Im(r). Hence, ©7%(z, ) is bounded
_ 2

on the line Re(r) = o by >, 7, pg(n)e_m||”+M WII” It follows that it is bounded on

any vertical strip. Along with periodicity, this implies that ©5°2(z, ) as a function

of r is bounded and entire, thus constant. O



CHAPTER III

Indefinite Zeta Functions and Real Quadratic Fields

In this chapter, we consider the Mellin transforms of definite and indefinite theta
functions. In the definite case in dimension 2, they are generalize analytic Eisenstein
series, and they specialize to zeta functions of imaginary quadratic ideal classes. In
the indefinite case in dimension 2, we recover certain L-series attached to (ideals
of orders of) real quadratic fields. The class of L-series we recover spans the same
vector space as those Hecke L-functions attached to Hecke characters of finite order

ramified at exactly one infinite place.
3.1 Definite zeta functions and real analytic Eisenstein series

We define the definite zeta function as a Mellin transform of the indefinite theta

null with real characteristics.
Definition IIL.1. Let Q € ' and p,q € R9. The definite zeta function is

R J(tQ) e if ¢ ¢ 79,
(3'1) gp,q<Qa S) = fO
I (©,4(tQ) — 1) t54 if g € Z29.

By direct calculation, QA"p’q(Q, s) has a Dirichlet series expansion.

(32) Cra(2,8) = (2m) T (s) D e(p" (n+0))Q-inln +q) ",
"Eg

46
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where Q_;q(n + q)~° is defined using the standard branch of the logarithm (with a
branch cut on the negative real axis).
Now, suppose g = 2, 2 = i M for some real symmetric, positive definite matrix M,

0
b= (O) ,and g ¢ Z2. Then the definite zeta function may be written as follows.

(3.3) Coq(€8) = (2m)°T(s) > Quln+q)~°
(3.4) = (2m)°T(s) Y Qu(n)™".
n€Z2+q

Up to scaling, M is of the form M = Iml(T) ( Rel(T) Rj_(;) ) for some 7 € §; scaling

M by A € R simply scales CAM(Q, s) by A™%, so we assume M is of this form. Write

n 1
(3.5) Qum (n;) = 2 Tm(7) (n% +2Retning + Tan)
(3.6) — a4 nar?
) ~ 2Im(7) T
Thus,
(3.7) Cog(Q8) =7T(s)Im(T)* D |7 +ng| .

( n )EZQ+q

If ¢ € Q2 and the ged of the denominators of the entries of ¢ is N, this is es-
sentially an Eisenstein series of associated to I'y(/V). Choose k,¢ € Z such that

k/N
q= <€;N> (mod 1) and ged(k,¢) = 1. Then, we have

(3.8) CAO’q(Q, s) = (#N)~°T'(s) Im(7)* Z ler +d| 7>

c=k (mod N)
d=¢ (mod N)

The Eisenstein series associated to the cusp oo of 'y (V) is

(3.9) B vy (7, 8) = Z Im(y-7)*
YELP (N\T1(N)
(3.10) =Im(r)" > er+d ™.
¢=0 (mod N)
d=1 (mod N)
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Here, I'°(N) is the stabilizer of oo under the fractional linear transformation action;

that is, T®°(V) = {i( (1) | ) ‘n € Z}.
Choose u,v € Z such that det ( Z Z > = 1. We have
uT +

- ur+v Y\ v\’
(3.11) B, (mw’s) —Im(k7+€> >

¢=0 (mod N)
d=1 (mod N)
(3.12) =Im(7)° Z \(cu + dk)T + (cv + db)| %
¢=0 (mod N)
d=1 (mod N)
(3.13) =Im(r)° > |dr+d|[".
¢’=k (mod N)
d’=¢ (mod N)
Combining eq. (3.8) and eq. (3.13), we see that
F 0 s oo urT + v
(3.14) Coq(£2,8) = (TN) F<5)Er1(N) e S

3.2 Indefinite zeta functions: definition, analytic continuation, and func-
tional equation
As usual, let Q € H, p.g €RI, 1,00 € C9, & Mey < 0, 6 Mey < 0.
We define the indefinite zeta function using a Mellin transform of the indefinite

theta function with characteristics.

Definition III.2. The indefinite zeta function is

AC C > c1,C Sdt
(3.15) 12 (), ) :/0 05 (1)t .

p,q

~

The terminology “zeta function” here should not be taken to mean that ¢;1-2(€2, s)
has a Dirichlet series—it (usually) doesn’t (although it does have an analogous series
expansion involving hypergeometric functions, as we’ll see in section 3.3). Rather,
we think of it as a zeta function by analogy with the definite case, and (as we’ll see)

because is sometimes specializes to certain classical zeta functions.
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By defining the zeta function as a Mellin transform, we’ve set things up so that
a proof of the functional equation is a natural first step. Analytic continuation and
a functional equation will follow from Theorem 11.26 by standard techniques. Our
analytic continuation will also converge quickly everywhere, unlike eq. (3.15) or the

series expansion in section 3.3.

Theorem IIL.3. The function (; 01 ©2(Q, s) may be analytically continued to an entire
function on C. It satisfies the functional equation
i~ g e(qu) 2Qcy Qe -1
3.16 Cl’”(Q,——s)z—_l’ (=07 s) .
( ) Cp,q 2 det(—'LQ)C q,p ( )
Proof. Fix r > 0, and split up the Mellin transform integral into two pieces,

(3.17) ferer (), 5) = / o (1) 2
0

> c1,C2 sdt " c1,C2 S
(3.18) = / 5.2 (t)t s /0 OF2 (t)t°—
Replacing ¢ by ¢~!, and then using part (3) of Theorem I1.26, the second integral is

c1,c >~ 1,62 (41— fsdt
(3.19) /@1 e = [ epea

(p q) th thg( (_19)_1”_8@

/det(—itQ)

(3.21) :—(p ? 00@901 eyt

Vdet(—iQ) Sy

(Recall that scaling the ¢; does not affect the value of ©7,:2(2).) Putting it all

(3.20)

together, we have
o0 Gdt
Cl 2 (Q,s) / O, (t)t -
(p Q) e Qc1,Qc —1\\, 2 dt
3.22 @_ DR (=)t —.
(3.22) et S O T
As we showed in the proof of Proposition 11.23, the ©-functions in both integrals

decay exponentially as ¢ — o0, so the right-hand side converges for all s € C. The
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right-hand side is obviously analytic for all s € C, so we’'ve analytically continued

Cl:CZ

s1e2(€, s) to an entire function of s. Finally, we must prove the functional equation.

If we plug § — s for s in eq. (3.22), factor out the coefficient of the second term, and
switch the order of the two terms, we obtain

2et,co <Q g S) _ €<pTQ) /oo @ﬁchﬁcz (t(_Q—l))ts@

P2 det(—iQ) \Jr-1 ~** t

(3.23) R A}
det(:Q2-1) J, t
Reusing eq. (3.22) on {Ber ftea (—Q7',s), and appealing to the fact that ©%,%(Q2) =

—q,p

-2 (), we have

—pP,—q
Aﬁcl ,ﬁcz —1 > ch ,QCQ —1 S dt
—q,p (_Q ’8) - . @—qp (=)t I
e(-p'q) [~ -
3.24 - O (tQ)tz " —.
(3.24) Vdet(i Q1) S, P (1)
The functional equation now follows from eq. (3.23) and eq. (3.24). O

The formula for the analytic continuation is useful in itself. In particular, we
have used this formula for computer calculations, as it may be used to compute the

indefinite zeta function to arbitrary precision in polynomial time.

Corollary 111.4. The following expression is valid on the entire s-plane.

61,62 ’ / @Cl ,C2 tQ

elp'q)  [* qaase Ciyyasdt
3.25 + O (=)t —.
(3.29 B | ety
Proof. The is eq. (3.22). O

3.3 Series expansion of indefinite zeta function

In this section, we give a series expansion for indefinite zeta functions, under the

assumption that ¢; and ¢y are real. Specifically, we write égfq’” (Q,s) as a sum of
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three series, the first of which is a Dirichlet series and the others of which involve
hypergeometric functions. This expansion is related to the decomposition of a weak
harmonic Maass form into its holomorphic “mock” piece and a nonholomorphic piece
obtained from a “shadow” form in another weight. However, we don’t describe the
relationship here.

To proceed, we will need to introduce some special functions and review some of

their properties.

3.3.1 Hypergeometric functions and modified beta functions

Let a, b, c be complex numbers, ¢ not a negative integer or zero. If z € C with

|z| < 1, the power series

(3.26) 2Fi(a,bci2) =) % ' 2—7:

converges. Here we are using the Pochhammer symbol (w),, := w(w+1) - - - (w4+n—1).

Proposition II1.5. There is an identity

(3.27) o1 (a,byc;2) = (1 — 2) % F) <b,c —a;c; : ) ,

"2 —1

valid about z = 0 and using the principal branch for (1 — z)=°.
Proof. This is part of Theorem 2.2.5 of [2]. O

Using this identity, we extend the domain of definition of 3 F(a, b; ¢; x) from the
unit disc {|z| < 1} to the union of the unit disc and a half-plane {|z| < 1} U
{Re(z) < 1}. At the boundary point z = 1, the hypergeometric series converges

when Re(c) > Re(a + b), and its evaluation is a classical theorem of Gauss.

Proposition II1.6. If Re(c) > Re(a +b), then

L(e)T(c—a—10)

(3.28) oFi(a,b;c;1) = Tle—al(c—b)
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Proof. This is Theorem 2.2.2 of [2]. O

Of particular interest to us will be a special hypergeometric function which is a

modified version of the beta function.

Definition ITI.7. Let x € R and a,b € C. The beta function is
(3.29) B(z;a,b) = / t N1 — )t
0

and the modified beta function is

(3.30) Blaia,b) = / 1+ )P dr,
0
The following proposition enumerates some properties of the modified beta func-

tion.

Proposition IT1.8. Let x € R, and let a,b be complex numbers with Re(a), Re(b) > 0

and Re(a+b) < 1. Then,
(1) B(z;a,b) =B ——a,1—a—b
:c,a, - x+17a7 a Y

- 1
(2) B(z;a,b) = —a%F(a,1 —bja+ 1;—x),
a

(3) B (i;a, b) = F(a)I{‘((ll:;L)— b _ B(z;1 —a—b,b), and

[(a)T(1 —a—Db)

(4) B(+o00;a,b) = B(1;a,1 —a —b) =

I'(1—0b)
Proof. To prove (1), we use the substitution ¢ = $*-.
(3.31) B(z;a,b) = / (L + )t
0
=z _ a—1 b—1
ot u u du
3.32 = 1
8 6 () 7
zj»l
(3.33) :/ w1 —u) "t du
0

(3.34) - (L;m—a—b).
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To prove (2), expand G(x;a,b) as a power series in z (up to a non-integral power).

(335  Blxiab) — / 11 4 1) dt
0
e (b—1
) — tn—i—a—l dt
(3.36) /O nz:% ( . )
— (b—1) 1
3.37 = nta
( ) ; n ) n—+ aw
& bm)ont -1 1
(3.38) = RZ:O W P
(D" =b) - (2-b)--(n—b) a"
3.39 =z R
(3:39) v ; n+a n!
- (@)n(1=b)n (—2)"
A4 = z° .
(3.40) v nz:; ala+1), n!
1
(3.41) = axGQFl(a, 1 —bja+1;—x).
To prove (3), use the substitution ¢ = <.
/1 1/x
(3.42) B <—;a,b> :/ L1 4+ )01 dt
x 0
* 1\ du
4 — —a+1 1 - o
049 Lo (en) (8)
(3.44) = / w14 u) " du
(3.45) =G(+00,1 —a—10b,b) — G(xz,1 —a—b,b)

To complete the proof of (3), we need to prove (4). Note that it follows from (4)

that B(+00,1 —a — b,b) = W The first equality of (4) follows from (1)
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with © — +00; we will now derive the second. By (2),

~ 1
(3.46) B(z;a,b) = —x%Fi(a,1 —b;a+1;—x)
a
1
(347) = afﬂagFl(l — b, a;a —+ 1, —iL'>
1 _
(3.48) = 2" (1 - (~2) P (a, (@+1)—(1—b)a+1; (_aj)—x_1>
1 r \" x
(349) :5(1+]}> QFl (CL,(I"‘b,(I‘i‘l,m—H)

Proposition II1.5 was used in eq. (3.48). Sending x — 400 and applying Proposi-

tion I11.6 yields the second equality of (4). ]

Lemma II1.9. Let A\, i > 0, and Re(s) > 0. Then

> dt 1 1\ ~/7mA 11
3.50 E(V At —put)t*— = —g Y2 5T VB(22. 2 - —5).
(3.50) /0 (VA exp(—pt)t’— = om ™ FuT | s+ o P

Proof. First of all, note that the left-hand side of Equation (3.50) converges: The
integrand is exp(—O(t)) as t — oo and O <tRes_%> as t — 0. Write E(V/\t) =

: 0 u~/2e™du. The left-hand side of Equation (3.50) may be rewritten, using the

substitution u = “t in the inner integral, as
- sdt 1 o —1/2 —(mu+pt) s dt
: VAt) exp(— — == u e u—
(3.51) E(V ) exp(—put)t KOt d ;
0

—-1/2
(352) / / (/Ltl) ) (Hthth ts d @

The double integral is absolutely convergent (indeed, the integrand is nonnegative,
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and we already showed convergence), so we may swap the integrals. We compute

(3.53)
A
> dt 1 2 (o o0 dt
/ 5(\/ /\t) exp(—lut)t‘g_ = _ <H> / g v/ (/ e—ut(v-&-l)ts-i-% _) dv
A
1 vz [w 1 1
(3.54) S <H> / v 1/2 (F (8 + _) (v + 1))—(s+§)> dv
2 \m 0 2
D
1 o
(3.55) = §7T_1/2,u °T (3 + —) / ! U_I/Q(U + 1)—(5-&-%) dv
0
1 s 1\ 5 (72 11
(3.56) = 5T u F(S+2)B(M’2’2 s).
This proves Equation (3.50). O

Lemma IIT1.10. Let vy,v5 € R and p € C satisfying Re(n) > —mmax{v?, v2} if

sgn(vy) = sgn(ve) and Re(p) > 0 otherwise. Then,

/ £ (l/tl/Q) ‘Ziyl exp(—ut)ts%
0

= < (sgn(v) — sgn()) D)™

1 1

2s 2 2 %)
(3.57) + Sgn(yl)ﬂ*(H%)F s+ E |V1|_28 oF | 5,5+ E s+ 1; _ P,
2s 2 2 Tomd

Proof. Initially, consider A\, u > 0, as in Lemma II1.9. We have

/00 £ (@) exp(—ut)t® dat

t
(358) = %w%,ﬂr <5 + %) B (l—A % % - 3)
(3.59) = %w—éu‘sr (S + %) (?ii)_l;(;) - B (:—)\, s,1— s)>
(3.60) = %F(s)u‘s - %W‘éu_sf‘ s+ %) B (W—u)\, s,1— s)
(3.61) = %I‘(s)u‘s — 2—1S7r_(5+§)1“ (s + %) A% (s, 5+ %, s+ 1; —7%\> ;
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using parts (2) and (3) of Proposition II1.8. Equation (3.57) follows for positive
real . But the integral on the left-hand side of eq. (3.57) converges for Re(u) >
—mmax{v?, v3} if sgn(v;) = sgn(rs) and Re(u) > 0 otherwise, and both sides are
analytic functions in p on this domain. Thus, eq. (3.57) holds in general by analytic

continuation. OJ

3.3.2 The series expansion

Theorem IIL.11. If ¢1,c0 € R, and Re(s) > 1, then the indefinite zeta function
may be written as

~

(362 G5 (Ons) = TG 0) = DT (54 3) (65000 - ,(02.9)

where M = Im(Q2) and

(363 s =1 3 (sm(e] Mn) —sau(e] Mn)) e (p7n) Qnn)

neZ?+q

(009 =5 3 senleTMne (p7n) (%)

vEZ2+q
1 2Qm(c)Q—
(3.64) <o FY (s, s+ 305 +1; Agc(fi\in)g!(n)) :

Proof. Take the Mellin transform of the theta series term-by-term, and apply Lemma II1.10.
Note that the series for fgg(ﬂ, s) converges absolutely, so the series may be split up

like this. O

The function .

1Le2(€), s) here is a sum over a double cone, with the boundaries of
the cone weighted by % Even ignoring the weighting, this is not generally a difference

of two Shintani zeta functions. To be a Shintani zeta function (up to minor changes),

the boundary of the double cone would need to contain a basis for Z9.

Theorem II1.12. Suppose (c1,cz, p+S2q,82) is P-stable. Then, &1 (2, s) = &2,(€2, 5)

and é;}q’@(ﬂ, s) = m T ()52 (€2, s).

p,q
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Proof. The equality of the &7(Q, s) follows by the substitution n — Pn and the

definition of P-stability. The equation

(3.65) e (), s) = T (s)EL2 (9, 5)
then follows from Theorem III.11. OJ

3.4 Zeta functions of ray ideal classes in real quadratic fields

In this section, we will specialize indefinite zeta functions to obtain certain zeta
functions to obtain certain zeta functions attached to real quadratic fields. We define
two Dirichlet series, C4(s) and Z4(s), attached to a ray ideal class A of the ring of

integers of a number field.

Definition II1.13 (Ray class zeta function). Let K be any number field and ¢ an
ideal of the maximal order Of. Let S be a subset of the real places of K (i.e., the
embeddings K < R). Let A be a ray ideal class modulo ¢ U S, that is, an element

of the group

{nonzero fractional ideals of Ok coprime to c}

3.66) Clys(Ok) = .
(8:66) Cleus(Ox) {aOk :a =1 (mod ¢) and a is positive at each place in S}

Define the zeta function of A to be

(3.67) (s, A) =) N(a)™.

acA

This function has a simple pole at s = 1 with residue independent of A. The pole

may be eliminated by considering the function Z4(s), defined as follows.

Definition ITI.14 (Differenced ray class zeta function). Let R be the element of

Cus defined by

(3.68) R ={aOk :a=—1 (mod ¢) and a is positive at each place in S}.



58

Define the differenced zeta function of A to be
(3.69) Za(s) = C(5, A) — (s, RA).

The function Z4(s) is holomorphic at s = 1.
Now, specialize to the case where K = Q(v/D) be a real quadratic field of dis-
criminant D. Let Ok be the maximal order of K, and let ¢ be an ideal of Of. Let

A be a narrow ray ideal class modulo ¢, that is, an element of the group

{ideals of Ok coprime to ¢}

3.70 Cefooy.003 (O) 1= — - .
(3.70) Ufoer.0e2} (O) {principal ideals aOf with a =1 (mod ¢)}

We show that the indefinite zeta function specializes to the L-series Z4(s) attached

to a ray class of an order in a real quadratic field.

Theorem III.15. For each A € Ciifoo,, 00} and integral ideal b € AL, there exists

a real symmetric 2 x 2 matriz M, vectors ci,co € R%,and g € Q? such that
(3.71) (27N (6))~°T(8)Za(s) = (L2 (iM, s).

Proof. The differenced zeta function Z4(s) is

(3.72) Za(s)=> N(a)™—=> N(a)™

acA acERA
We have
(3.73) N(b)*Za(s) =) N(ba)™ — ) N(ba)
acA aceRA
(3.74) = > NOBT- > N
beb beb
(b)el (b)ER
up to units up to units

Write bc = 11Z 4 42Z. The norm form N(n;y; + neye) = Qu <n1> for some real
n2

symmetric matrix M with integer coefficients. The signature of M is (1, 1), just like



59

the norm form for K. Since b and c¢ are relatively prime (meaning b+ ¢ = Ok), there
exists by the Chinese remainder theorem some by € Ok such that b = by (mod bc) if
and only if =0 (mod b) and b=1 (mod ¢). Express by = p1y1 + pay2 for rational

numbers pq, pa, and set p = <p1 )
P2

Let g9 be the fundamental unit of O, and let € (= &f for some k) be the smallest
totally positive unit of Ok greater than 1 such that e =1 (mod ¢).

Choose any ¢; € R? such that Q(c;) < 0. Let P be the matrix describing the
linear action of &€ on b by multiplication, i.e., e(87n) = 3T (Pn). Set ¢y = Pc;.

Thus, we have

s 1
(3.75) N(B)*Za(s) = 5 Z (sgn(cy Mn) — sgn(c; Mn)) Qu(n).
n€Z?+q
Moreover, (¢, ¢, p, 2) is P-stable. So, by Theorem II1.12, eq. (3.75) may be rewritten

as
(3.76) (27N (6))"*T(s)Za(s) = (L2 (M, s),
completing the proof. O

3.5 Example

Let K = Q(v/3), so Ox = Z[v/3], and let ¢ = 50,. This example was introduced
in Chapter I, and the ray class group Clifoo,} = Z/8Z. The fundamental unit
e=24++3is totally positive: e’ = 1. It has order 3 modulo 5: €3 = 26 + 153 =
1 (mod 5). In this section, we use the analytic continuation eq. (3.25) for indefinite

zeta functions to compute Z;(0), where I is the principal ray class of Clico,}-

By definition, Z; = ((s,I) — ((s, R) where

(3.77) R ={a0k :a=—1 (mod ¢) and a is positive at coq}

(3.78) ={a0k :a =1 (mod ¢) and a is negative at 0oy }.
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Write I =1, LU I_and R = Ry U R_, where I and R are the following ray ideal

classes in Cli{oo; 000}

(3.79) I. ={aO0k :a=1 (mod ¢) and a has sign + at co; and + at 0oy},

(3.80) Ry ={aOk :a=1 (mod ¢) and a has sign + at co; and — at 0oy }.
Thus, Z;(s) = ((s,I+)+((s,I-) —((s, Ry) —((s, R-). The Galois automorphism

(aq + ag\/g)" = (a; — ag\/g) defines a norm-preserving bijection between I and R,

so the middle terms cancel and

(3.81) Zi(s) = Cls, 1) — (s, R-) = Z1.(s).

To the principal ray class I of Clifoo, 000}, We associate 2 = ¢M where M =
1/5
( (2) —06 ) and ¢ = ( (/) ) We may choose ¢; € R? arbitrarily so long as ¢] M¢; <

0
0; take ¢ = (1 ) The left action of € on Z + /37 is given by the matrix P =

( ? :23 ) By Theorem III.15,

(3.82) (2m)°T(5) Z1, (5) = &L (iM, s).
Taking a limit as s — 0, and using eq. (3.81), eq. (3.82) becomes
(3.83) Z(0) = Z} (s) = (o7 (1M, 0).

For the purpose of making the numerical computation more efficient, we split up the

right-hand side as

(3:84)  Z;(0) = (55 M 0) + Grg T (M, 0) + G T (iM, 0)
(3.85) = Gl (1M, 0) + G5l (1M, 0) + Gy (1M, 0),

1 1 1 2 1 2 .
where qo = ¢ = ¢ 0 1 =q=z ) ,and go = q = ¢ A are obtained from

the residues of €%, ¢!, £2 modulo 5.
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Using eq. (3.25), we computed Z7(0) to 100 decimal digits. The decimal begins
(3.86) Z7(0) = 1.35863065339220816259511308230 . . . .

The conjectural Stark unit is exp(Z;(0)) = 3.89086171394307925533764395962 . . ..
We used the RootApproximant[] function in Mathematica, which is uses lattice
basis reduction internally, to find a degree 16 integer polynomial having this number
as a root, and we factored that polynomial over Q(v/3). To 100 digits, exp(Z(0)) is

equivalent to be the root of the polynomial

2® — (8 + 5v3)2” + (53 + 30v/3)z8 — (156 + 90v/3)z® + (225 + 130v/3)z*

(3.87)  — (156 +90V/3)z® + (53 + 30v/3)z? — (8 + 5V/3)z + 1.

We have verified that this root generates the expected class field Hs, as discussed in
chapter 1.

We have also computed Z7(0) a different way in PARI/GP, using its internal
algorithms for computing Hecke L-values. We obtained the same numerical answer

this way.



CHAPTER IV

Kronecker Limit Formulas

The goal of this chapter is to prove a Kronecker limit formula for the indefinite
zeta function is dimension g = 2, that is, a formula for CA;}q’C? (Q,1) or A;}(I’CQ(Q,O).
Specifically, we will give such a formula at s = 1 when ¢ = 0. (By the functional
equation, one can then obtain a formula at s = 0 when p = 0.) We retain the term
“Kronecker limit formula” for historical value, even though there is no pole to be
removed and so no limit is being taken.

First, we work through a proof of the classical “second” Kronecker limit formula
for real analytic Eisenstein series. In the process of doing so, we generalize the
classical second limit formula to a limit formula for definite zeta functions. The
method of proof is to compute the Fourier series in a single real variable £ for a definite
theta function with respect to an action by a one-parameter unipotent subgroup {7}
of SLy(R). We then take the Mellin transform term-by-term and send s — 1.

We will use complex logarithms throughout this chapter. If f(7) is any nonvanish-
ing holomorphic function on the upper half plane £, there is some holomorphic func-
tion (Log f)(7) such that exp ((Log f)(7)) = f(7), because § is simply connected.
Specifying a single value (or the limit as 7 approaches some element of R U {oco})

specifies Log f uniquely. It won’t necessarily be true that (Log f)(7) = log(f(7)).
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4.1 Statement of results

Theorem IV.1 (Generalized second Kronecker limit formula at s = 1). Let p =

<p1> € R2\ Z* with 0 < py,ps < 1, and let @ = N +iM € sago). Let z = 1
b2

and z = Ty be the solutions of Qq i = 0 in the upper and lower half-planes,
respectively. Then,
. ~1
(4.1) Go(2,1) = ———== ((Log f;) (11) + (Log f,) (—=72)),
det(—i2)

where the function f, :  — C may be written either of the following ways,

(1 — uﬁvT) (1 — u‘f_v;l)

13

b2 2 _
(42)  fylr) = e (=2 ) ud/an iz vz 021
d

e =3) (P24 3) Vi, (7
(43) - 7o) ’

1

~—

where u, = e(7), v, = e(pa — p17), U is the Jacobi theta function, and n is the

Dedekind eta function. Here Log f, is the branch satisfying

1
(4.4) (Log fp)(7) ~ mi (p? —p+ 6) T as T — 100.
Theorem IV.2 (Generalized second Kronecker limit formula at s = 0). Let ¢ =

<Q1) e R*\Z* with 0 < q1,q2 < 1, and let Q = N +iM € 5’_)(20). Let z = 7
qz

and z = Ty be the solutions of Qq ) = 0 wn the upper and lower half-planes,

respectively. Then,

(4.5) Gro(%1) = — ((Log g,) (11) + (Log g,) (—72)) .

where the function g, : $ — C is given by

(4.6) golr) = —2tae
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Our formulas in the definite case specialize to the classical Kronecker second limit

formula, which we state here at s =1 and s = 0.

Proposition IV.3. Letp = P ¢ R*\Z? and Q = iM = Imi(T) ( R L Re(_T> )
D2 e(tr) 77T

form € 9. Then,

ﬁl+p1,%—p2 (T)

(4.7) Go(2,1) = —2log |2 (7)

Proposition IV.4. Let g = <Q1> cR2 and Q) =iM = —L ( Rl Re(;) ) for
a2

T€$. Then,

(4.8) Co.4(€2,0) = —2log

The method of proof in the indefinite case is the same—compute the Fourier series
in ¢ for an indefinite theta function with respect to an action by a one-parameter
unipotent subgroup {7¢} of SLy(R). However, we take Mellin transforms and spe-
cialize some variables earlier in the calculation than in the definite case. Unlike in
the definite case, the Fourier coefficients of the indefinite theta are not elementary
functions. The final formula involves an integral.

The Kronecker limit formula at s = 1 for indefinite zeta functions requires the
following definition of the function k(v), which is the square root of a rational

function and will appear as a factor in the integrand.

Definition I'V.5. Suppose Q = M +iN € 3351), c € C? satisfying Qys(c) < 0, v € C?,

and s € C. Let A, = Q — ij(c) Mcc" M. Then, we define

¢ Mv

" 4min/=Qu(0)Qa(v)\/—2iQn.(v)

We now state the formula.

(4.9) rq(v)
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Theorem IV.6 (Indefinite Kronecker limit formula). Let Q@ = N + iM =€ 5551):
p= <p1> € R2\Z?, and c1,cy € C? such that ;" Im Qc; < 0. For ¢ = ¢y, cq, factor

b2
the quadratic form

(4.10) Q. (f ) = () (€~ )€~ n(e)

where T (¢) is in the upper half-plane and 7= (c) is in the lower half-plane. Then,
(4.11) G (1) = T (ca) = I (c2) = I (1) + T (c),

where

(4.12) I*(c) = — Lig(e(&p1))w§, (é)

(413 21 [ (Log o) (750 + D) ( s ) @,

The function @p, p, : $ — C is defined by the a product expansion,

—(1—e 11— e((d+p)é+p2)
(414) ¥Pp1,p2 (5) T (1 (plgt +p2)) }_le 1—¢ ((d — p1)§ _p2)7

and its logarithm (Log vy, »,) (§) is the unique continuous branch with the property

log(1 —e(p2)) if p1 =0,

0 if pr # 0.

(4'15) lim (Log 3010171)2) (5) =

E—ioo
Here log(1 — e(py)) is the standard principal branch.

The following specialization looks somewhat simpler and contains all of the cases

of arithmetic zeta functions Z4(s) associated to real quadratic fields.

Theorem IV.7 (Indefinite Kronecker limit formula, pure imaginary case). Let M

be a 2 x 2 real matriz of signature (1,1), and let Q = iM. Let p = <p1> € R?, and
2]
c1, ¢ € R? such that chMcj < 0. Then,

~

(4.16) Coo 2 (1) = 2iIm (I(cp) — I(c1)),
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where
(4.17) I(c) = —Li2(€(P1))’€scz<1>

(4.18) 42 /O " (Log ¢y, 4,) (7(c) + i), (T(C)1+ it) dt.

Here, Log @, p, and kg, are defined as in the statement of Theorem IV.6, and & = 7(c)

is the unique root of the quadratic polynomial Qx, (f) in the upper half plane.

4.2 Kronecker limit formulas for definite zeta functions

In this section, we’ll find a formula for Qtpyo(Q, 1) in terms of logarithms of modular

forms. This formula will specialize to the classical second Kronecker limit formula.

4.2.1 Fourier series of a unipotent transform of a definite theta function

Consider the definite (Riemann) theta function in dimension g = 2, for z € C?

and ) € ﬁéo);

(4.19) O(z,Q) =) e (%nTQn + nTz) :

nez?

01

Fourier expansion of the function

Let T¢ = < L< ) for £ € R, and fix z and €). In this section, we will calculate the

(4.20) g(&) =O((T%) = (T8) aT%) = Y e (% (T¢n) " Q (Tén) + (T%n) " z) .

nez?

We have g(€ + 1) = g(£) by an integral change of basis on Z?. We will compute the

Fourier coeflicients

(4:21) ax = / 9(€)e(—ke) de.
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Proposition IV.8. The Fourier coefficeints of g(§) are given by the following for-

mulas. If k # 0,

(4.22)
e (2]{:(«112—2%) 1 k k,Q
2w11 2
= e 2 (5o ((@er 20022 e + 223 - 5 )

dlk
For k=0, and using 9(z,w) to denote the Jacobi theta function, we have

e (21)2111> (,ﬁ (WIIZQ — W1221 det Q> . 1> .

\/ — w1 w11 w11

(423) ag — 19(21,6&)11) +

Proof. Express ) = ( Wi @i ),n = <n1>,z = (j) Write g(&) = D00 Gno(£),

Wiz W22 No 9

where g;(€) is the sum over the terms with n, = j. First, calculate go(¢):

(424) MRS (gm+n)
(4.25) = (21, w11),

where ¢ is the Jacobi theta function. We may write g,,,(£)e(—k€) as

Gna (§)e(—KE)

> w
- Z € <711(”1 + 7125)2 + wiane(ny + nok)
n|=-—00
(4.26) + %n% + (ng + no)z1 + ngzg — sz)
> w k
= Z e (%(nl + n2£)2 + <w12n2 + 21— n—) (n1 + n2£)
S 2
k
2 To
> w wians + 21 — k/na\°
(4.28) = Z bry o€ <% ((m + k) + 12702 - 1 / 2> ) 7
11
ni=—oo

where by, n, = € ((mn% + nozg + %) — (w12"2+zl_k/"2)2>. Note that by, 4nyn, =

2 2w11
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bn, my, and, moreover,

(4.29)
no—1 2
w , wiaNg + 21 — k/n
s (€ = buyms Z (% <(n1+n2(§+j))+ 2 w111 /2> )
n1=0 j=—00
Thus,

/ a0 kE) de
(4.30) = Wzlbm n/ e (“’2“ <(n1 o) 4 2T AT k/”2>2> dé

w
n1=0 11

no—1
(4.31) s :
1;0 \/ —ZWH’NI%

by Corollary I1.6.

(4.32)
1 na—1
. /_Z(JJll |n2’ 7;) L
. e (450 +npzy) — Combazbinal § (i)
. = e
VvV —uuu |n2|

n1=0

/0 Gy (E)e(—KE) dE =

(4.34) N <(%"5 +npzy) — Lanatal) "2)2> . if ok

0, else.

Thus, for k£ # 0, we have fol V(z1, wi1)e(—kE) d§ = 0 and

. W22 o (W12d+21 — k/d)Q
(4.35) ak_%m (( &+ dz ) 5

dlk

2kwio—22

6< 2w11 1) 1

= ﬁ Z (& (E ((det Q)d2 + 2(W1122 — wlgzl)d
deZ

dlk

ko K2
4. Do — — ) ).
(4.36) * 19 d2)>
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For k = 0, we have f01 I(z1,wir)e(—kE) dé = 9(z1,wr1) and

1 W2 (wi2d Zl)2
4. =1 + E — (—d2 +d ) -
(4.37) ag (21, w11) = - 116 ( 5 29 oo

2
W11

det 2 —
(4.38) = V(21,w11) + : e ( € 42+ W12 — Wi221 d)
V—iw11 dez\{0} wWi W11
22
© (2“’111) w1129 — wig2; det
( ) (Zl wll) Vv — W11 < ( w11 w11 ) )
This completes the proof of the proposition. 0

From now on, we will use the notation Z in place of Z This is nonstandard—

d|k dez.
dlk

we are summing over all integral divisors of k, not just positive divisors. A sum over
the divisors of 0 is a sum over all integers.

Use the definite theta with characteristics to define a function of &,t € R,
(4.40) h(&,t) i= OpeyTpr—eq (H(TC) TQTF)
t
(4.41) =e (QqTQq + pTQ) O ((T) (p + t9q), H(TS)TQTE) .

Write this function as a Fourier series,

(4.42) hEt) = ) bilt)e(ke).

k=—o00

The Fourier coefficients of h(&,t) are given by the following corollary.

Corollary IV.9. If k # 0, then

t1/2 (det Q) (g2 + d)?
bi(t) = t
k( ) \ —iwn % c < 2&)11
(4.43) +<W11p2 —wi2(p1 — k/d)) (g2 + d) + wiigik/d o (p1 — k’/d)Qt_l) .
W11 2Wll
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For k =0, we have

(4.44)
- w w
bo(t) = Z e ((%(% +n)? + wia(qr +n)ge + %q%) t+ (p1n + p2go +P1n))
t12 ((det V(g2 +d)?* | (wips —wiep)(@+d)  pi 1)
+ - e t+ — t .
V—iwy 4Bl 2w11 w11 2w11
Proof. Follows from Proposition IV.8. [

4.2.2 Taking the Mellin transform term-by-term

Next, we will shift our focus from theta functions to zeta functions. We will
need to take a Mellin transform term-by-term in an infinite sum, and, to do this,
we will need an absolute convergence result. First, we need the following technical
inequality.

w11 W12
W12 W22

s ()50 (=)

Proof. Express €2 in terms of its real and imaginary parts,
(4.46) Wil Wi2 _( M1 N2 +i M1t Mig .
Wiz W2 N2 Mo22 Miz  Mag

Note that my; # 0 because mymas — m2, = det M > 0, and thus w;; # 0. By an

Lemma IV.10. Let Q) = < > € ﬁgo). Then

algebraic calculation,

(4.47) Im (__1) Im <detQ) B (Im (ﬂ))Q _ Mgy — m2,
“u Wi “i ngy +mi

Now, my1mey — m3, = det M is positive, and so is n?; + m?,. Thus, the inequality

eq. (4.45) holds. O

Here is another inequality that we will need later.
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W12 Wa2

Lemma IV.11. Let Q = ( Wi @i ) € 55&0). The two roots of Qq (i) =0 are

7 = —erveenTy) Vdet(Zi) 1 Ty = WfTM. Then, Im(7) > 0 > Im(7).

w11

Proof. We have Qq (i) = w1122 + 2wi22 + way, and the expressions for the roots
come from the quadratic formula.
For any complex numbers o = aq+iay and 8 = by+iby, (Im(a3))*—Im(a?) Im(5?) =

(a1by — azby)? > 0. Thus, (Im(af))? > Im(a?) Im(52).

In particular, taking oo = \/171 and = —%ﬁ;m (for any choice of \/—wi1), we

—w1

obtain the inequality

s () o (5 m ()
(4.49) I (;_D - (dj_l(lg)>

Appealing to Lemma IV.10, we see by transitivity that

50 (i (VEE)) - (m(22))

By subtracting the left-hand side and factoring, this inequality may be rewritten

as 0 > Im(m ) Im(7). So Im(m) and Im(7) are always nonzero real numbers with
1
0

connected, we always have Im(7;) > 0 > Im(m). O

opposite signs. In the special case 2 = < (2 ), 71 =1 and T = —i. Since ﬁ;o) is

We will encounter Bessel functions in both our absolute convergence argument
and our calculation of the Fourier coefficients in the next section. Let K, denote the

K-Bessel function. That is, for Re(a) > 0,

(4.51) K (a) == /Ooo exp <_% (t+ t—l)) ts%
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This function satisfies the identities K (o) = K_4(«) and K1 ( 1 = /3=~ It also
has exponential decay in «a; specifically, | K (a)| = o(exp(—a)) as Re(a) — oo. (See
p. 66 of [10] and chapter 4 of [2].)

We can use the Bessel function to write certain integrals in a more compact form.

Lemma IV.12. Suppose a,b € C, Re(a) > 0, Re(b) > 0. Taking the standard

branch of all power functions with a branch cut along the negative real axis,
~ -1 s dt s/2
(4.52) exp (— (at +bt71)) ¢ — = 2(b/a) " K, (2Vab).
0

Proof. Substitute t = \/gu

o Lt
/0 exp (— (at—l—bt 1))t -
VN
(4.53) = (b/a)*? Jim. i exp (—\/@ (u+ u*1)> u® C%U

ot =@t fm, /OMN+ / ﬂi exp (—vab (u+ ) ) ur 22
VIEIv

(4.55) = (b/a)** lim exp (‘\/@ (u+ u‘1)> u’ d_:

N—oo /o
(4.56) = 2(b/a)** K (2Vab).
In eq. (4.54), we used the bound

(4.57) ‘/ exp Vab (u+ u_1)> u® du < exp(—bN)poly(N) — 0
u

as N — oo, where poly(N) denotes some polynomial. ]

Now, we’ll prove an absolute convergence result that will allow us to reverse the

order of summation/integration.

Proposition IV.13. For any o € R,

(4.58) 3 / ) 7% < oo

keZ\{0}
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Proof. We bound by (t) by

(4.59) |bp(t)] < |wn| 2 t72 > exp (—7r <Im (dem> (d+ )t

dk Wi
(4.60) +2Tm <Z—i) (k/d —p1)(d + ) + Im (;—111) (k/d — p1)2t_1>) .

Thus, we have (for some polynomial function p(k))

/OOO |1 (t)] ta% < p(k) exp (% Tm (ﬂ) (k/d —p1)<d+p2>>

W11

(4.61) 'K, (27r\/1m (;-i) Im (df)tlfz) |(k/d —pl)(d+pz)\>
< p(k) exp (—27r <\/Im (;—111) Tm (iﬁi?) +Tm (Z—i))

(4.62) l(k/d—pl)(d+p2)l>-

In the second line, we used the fact that, as « — oo, K,(a) = o(exp(—a)). Now, by

Lemma IV.10, there is a constant € > 0 so that

(4.63) /Ooolbk(t)lt”% < exp (e|(k/d —pi)(d+p2)l) .

Thus,

(464 Y / T < S exp el pi) o o)) < o

k=—o00 d1#0 da 0

This completes the proof of the proposition. O
Now we may compute the Fourier series in & for {(re)r, ¢, ((T°)TQT%, s).

Proposition IV.14. The Fourier coefficients By (s) of (reytpr-¢q ((Tg)TQTﬁ, s) are



74

giwen by the following formulas. If k # 0, then

2 wnips — wia(pr — k/d)) (g2 + d) + wingi/d
Bu(s) = \/Twn%e(( p (p /M)l)(q ) aik/ )
(der(igy) 3+ [ =1
(4.65) Koy (VAT - )+ ).
For k=0,
/0 N bo(t)ﬁ%
(4.66) = (2m)"°T'(s) _f: e(p1g1 + page +pm)QQ<QI;n>S

=

2 (w11p2 — wi2p1) (g2 + d) s
(4.67) + , E e ( (det(—iQ)) 2"
VTR oy Wi

1

4.68 .
( ) G2+ d

T (zim pi(az + d”) |

2 \Wwn

Proof. 1t follows from Proposition IV.13 that we may take the Mellin transform

term-by-term.

> dt > dt
(4.69) (ireyrpr—eq (T9)TQTE, s) = / h(g,t)ts? = Z ( / bk(t)ts?) e(kE).
0 o \JO
The formulas follow by Lemma 1V.12. O]

4.2.3 Proof of the Kronecker limit formulas

We will need a standard result on the values of the polylogarithm Lis(z) =

(o.9)
E k~%2" at positive integers s = n.
k=1

Proposition IV.15. Supposen € Z, n>1, x € R, and 0 < x < 1. Then,

(4.70) Li,(e(z)) + (=1)" Li,(e(—x)) = —

where Bo,(x) is the (2n)th Bernoulli polynomial.



(0]
Proof. A proof may be found in [2].

We will only need this result at s = 2.

Corollary IV.16. If x € R, and {z} denotes the fractional part of x, then

1
(4.71) Liy(e(r)) + Lig(e(—2)) = 27? ({x}2 —{z}+ 6) :
Proof. Plug n =1 into Proposition 1V.15.

Using the change of variables (dy,d;) = (4, d), we have

éP,Q(Qv 8)

= (2m)"°I'(s) Z e(prq1 + p2ga + P1n)Q—io (Ch; n>
2

2 (wips — wia(pr — k/d))(q2 + d) + wnqik/d
V—iwry %Ze ( W11 )

n=—oo

+

dlk
d#0

s—=
1

- (det(—i€2)) "2 "4

(4.72) K, (@\/det(—iﬂ) [(p1 — k/d)(q2 + d)!)

2 \W1i1

q2

2 — —d d d
. Z Z . <(W11P2 wia(p1 ))(q2 + d2) +wnq 1)
VTN 1z dyezn{o) “i

= (2m)"°I'(s) Z e(prq1 + p2ga + P1n)Q i (ql * n)

n=—oo

+

1
)

p1—dy
Q2 + ds

(4.73) K, (@\/det(—zﬁ) (pr — di)(qz + d2>y> .

2 \W11

- (det(—iQ))"3F7
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0
Specialize to the case when s =1, ¢ = (()), and pypy # 0. Now,

2
nezZ\{0}
2 (w11p2 - w12(p1 - dl))d2> . _1
+—>" ) e ( (det(—i)) "
VT ez dyezn o} w1
—d 2 271 ,
(474) 7 1 K% (wn det( ZQ) |(p1 — d1)d2|>
1 ) .
= i (Lig(e(p1)) — Liz(e(—p1)))
2 (wi1p2 — wiz(p1 — dl))dQ) . _1
+——>" ) e ( (det(—iQ))
VT e dyezn {0} w11
d_ dl (\/ _Zzwll det(_iQ)_1/4 |(p1 o d1>d2|—1/2)
2
(475) ( \/det ’lQ | P1— d1 d2>
1 2 2 1
- —— ({m )+ )

w11P2 — w12(p1 - dl))d2
\/det Z Z ( w11

d €Z dgGZ\{O}

(4.76) —w—um'pl a) d2)
- ({pl} — {1} + )

Wi1P2 — w12(p1 - dl))d2
\/det Z Z ( w11

d1€Z dgeZ\{O}

(477) ——\/det ZQ | P1 — dl dg) .

W11




Split the series up into four pieces.

(s

. - '
orol 1) = —tn ({P1}2 —{pi} + 8)
da2
_ det(—iQ)
ZZ_G( wm e( : )(dl—pl)
\/m = = ™
da2
det(—:i€)
5 5 Lo et
W di1<p1 d2>0 w11
d2
wig + +/det(—if2
Z Z P2+ 12 m(dl—pl)
\/F di>p1 d2<0 w11
d2
wia — y/det(—i)
o 2 Z P2t (di — 1)
\/m di<p1 d2<0 w11
({p1}2 —{p}+ 6)
- — y/det
D> log 1—6<p2+w12 W ))
det(_ZQ) d1>p1 w11
- det(—i2)
e )
det(_ZQ) d1<p1 w11
det(
1 D> log 1—e<—p2—“12+¢e7 ))
det(_ZQ) d1>p1 it
1 — /det
(479) — Z log 1—e (—p2 _ W19 \/67 >>
det(_ZQ) d1<p1 w11
ket W12_\UJ/1@ nd 7 wlﬁW) so that QQ< > = %tz -
(= = 7). Then 252 = ST and

(4.80)

— /det(—i)(0(Q,1) = —

+ Y log(l—e(po—m(d —p

d1>p1

+ Z log (1 —e(—ps+7i(di —p1))) +

di1>p1

& <{p1}2 —{p} + é)

1)) + Z log (1 —e(p2 — m1(di — p1)))

di<p1

Z log (1 — e (=p2 + m2(d1 — p1))) -

d1<p1
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Assume that 0 < p; < 1. The first term may be rewritten as

T
—2m

T2 <{P1}2 —{p:} + %) = log (6(_172/2)6(7'1)p%/2+1/126<p2 - p171)1/2>

(4.81) +1Og< (—pa/2)e(—1o)P1/>1/12¢ (p2+p172)1/2>

So, the whole thing can be written

(4.82) —y/det(—iQ) CPO (1) = (Log fp,.p.) (1) + (Log fm,pa) (=72),

where

(4.83)  fprpa(7) = e(=pa/2)e(r)P* 2 (e(py — pim)' 2 — e(py — pi7) %)

(4.84) : H (1—e(r)e(pr —pi7)) (1 —e(r)% (p2 — plT)_l) ;

and (Log fp, p,)(7) is its unique holomorphic function on § with the properties that

exp ((Log prPZ)(T)) = fpl,pz (T) and

1 :
— | T as T — ioco.

(4.5 (Log )(7) ~ i (3 =1+

This proves the first part of Theorem IV.1.

Now rewrite f,, ,,(7) as a ¥-function. The Jacobi triple product identity says,

Theorem IV.17. For z,w € C, |z| < 1, w # 0, the following identity holds:

(4.86) H (1-2") (1—w) (1—w ') = Z (1) w" 2"
d=1 n=—00
Proof. See Theorem 10.4.1 of [2]. O

Proposition IV.18. If0 < pi,ps <1 and 7 € $, then

(= 3) (4 3) Dy )

(4.87) Jorpa(T) = n(7)
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Proof. Let u = e(7) and v = e(py — p17), and rewrite this formula as

(4.88)  foum(T) =€ (—%) Vitkanlis (01/2 - U_I/Q) H (1- udv) (1- udv_l) :

d=1
Now, use the Jacobi triple product identity to rewrite the product as a sum.

o0

(01/2 — v’l/z) (1 — udv) (1 — udv’l)

(4.89) = e [J(1 = (u)*)(1 = (u2)* (ub0))(1 — (u2)*(uv) ™)

ol/21/24 2 )
4.90) = ——— —1)"u A2y,
(4.90) e > (-1

n=—oo

using Theorem IV.17 in the last line. Thus,

1/2, p3/2+1/8
P2\ vTutL n2 n/2 n
€ <_&) - 2 2
(4.92) — ( ; Z W2 24P 241/8 n+1/2.
T n=-—0oo
We have

(— 1)nun2/2+n/2+p'i’/2+1/svn+1/2

:€(<n_2+ﬁ+p_%+1)7_+<n+l) (pz—pﬂ')—l—ﬁ)
2 2 2 8 2 2
= <n2—2<p1—1)n+p%—p1+1>1+(n+1>p2+ﬁ)
2 4/ 2 2 2
1 n
+(n+§>pz+§>
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completing the proof of the proposition. n

This completes the proof of Theorem IV.1.

Now we will prove Theorem IV.2, the Kronecker limit formula at s = 0. If we

Wil Wiz \ 1 1 Wo2  —Wi2 L By /det(iQ )
set( ).— —Q = T , T1 = and

Wiz Wa2

—@12+4/det(iQ1)

“) N\ —wip Wi wit ’

Ty = — , it is easy to show that 74 = —1/7 and 7, = —1/7m. Moreover,
(4.96)
Jorpe(—1/7) = ¢ (P —3) (P24 3)) V319 4 (Z1/7)
P1,p2 - 77(_1/7_)
o) (= 3) 2 ) e (G +2) 3= 1) VoD g (7)
| —i1n(T)
(4.98) _ gm0

n(7)

Thus, using the functional equation for the definite zeta function,

. 1 . »
(4.99) Co,q(62,0) = m@w(—f} 1)
1
- e s (e ) (1)
(4.100) + (Log fi—gi,1-¢.) (1/72))
(4.101) = — ((Log gquqz) (11) + (Log gq17¢I2> (=72)),

9
1oq1.3 a7

e . This completes the proof of Theorem IV.2.

where g4, 4, <T> =

Proposition 1V.3 and Proposition IV.4 follows by specialization of the variables.

4.3 Kronecker limit formulas for indefinite zeta functions

In this section, we’ll find a formula for é’;}o’”(Q, 1) in terms of the dilogarithm
function and a rapidly convergent integral.
Let ¢1,co € C? satisfying ¢;' Mc; < 0, and consider the indefinite theta (:);}f?

with characteristics p,q € R?, introduced in Chapter II. Let ¢t > 0, Q2 € ﬁ;l), and
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M =TIm(€2). Write the indefinite theta of €2 as

(4.102) O () = Y pils oy (n+ @) e (Qa(n+ )t +p"(n+q))
neZz?
(4.103) = o (n+ )t e (Qa(n+q)t+p' (n+4q)),
nez?
where
1.6 cg Mv 1 Mv
(4.104) ) =€ | —2——_ | - ¢ :
@/——c2 Mecy @/——c1 Mey
and
(4.105) £(z) = / e dy,
0

4.3.1 Some integrals involving &(u)
We will now prove a few integral formulas that we will need.

Lemma IV.19. Suppose that o, 3 € C satisfy Re (a® — 2i3) > 0. Then, using the

standard branch of the square root function,

(4.106) /O " e (atV)e(B) di 4m5¢:§—7w'

Proof. By integration by parts,

(4.107) / E(at*’?)e(Bt) dt /8 (at'/?) (e<ft))dt

2mﬁ d
1 o 2
(4.108) = g (St etnf, - [T e G )
—a [ B o 12 di
(4.109) = 10 ), exp (— (ra — 2mif) t) t ;
—« u Y2
4110 = dmig J P (m) w

(4.111)

- _ du
— / e uu1/2 -,
4m3/2i8\/a? — 2i8 Jo u
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where the contour C is a ray from the origin through the point o? — 2i3. If z € C
with = Re(z) > 0, s € C with 0 = Re(s) > 0, and [z1, 25| denotes the oriented line

segment from z; to zo, then

d d d
(4.112) lim et & = lim (/ eyt +/ e “u’ _u)
N—=00 Ji0,Nz] u  N—oo \ Jjo,Na] u [Nz,Nz] u

d
(4.113) =I'(s) + lim eyt 2
N—roo [Nz,Nz] u
- : —Nz n70
(4.114) =T(s) + lim O (e™V*N7)
(4.115) = T(s).

Thus, in particular, [, e tul/? 4 — T (3) = 7'/2. Plugging this into eq. (4.111) gives

eq. (4.106). O

As usual, let M = Im(f2). Define the following auxiliary function, which will

appear as a factor in the integral in the indefinite Kronecker limit formula.

Definition IV.20. For v € C? and s € C, set

(4.116) ro(v, ) == —/ pir (v'7%) € (Qa(v)?) ts%-
0
Also, set
(4'117) '%?21702 (U7 S) = "4'?22 (’U, S) - H?Zl (Uv S)
(4.118) = / 5 (1) e Qa()r) 1 5
0

In the case s = 1, we will leave out s and set k§,(v) := kG (v, 1), kg (v) = kg @ (v, 1).

In particular,

Corollary IV.21. Let A, = Q—QLMCCTM. Note that A, € 5350) by Lemma I1.18.

m(c)

Then,

¢ Muv

" 4min/—Qur(©)Qa(v)\/—2iQx.(v)

(4.119) kG (V)
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Proof. Follows from Lemma IV.19. O

The following lemma will be needed to evaluate certain integrals.

Lemma IV.22. For any real number a € R,

o dt
(4.120) / P (vat'?) e (Qa(v)at) t* 7= Mngm (v, ).
0

N B
Proof. Follows from the definition of k¢* (v, s). O

4.3.2 Fourier series of a unipotent transform of an indefinite theta function

Consider the function of £ € R (although ¢ will be allowed to be complex later

On) and t € Rzo,

(4121)  h(E0) =07 AT (1 (1) Q)

(7€) p7=a
(4.122) = o5 ((Tn+q) t'%) e (Qa(Tn + q)t +p" (Tn + q)) .
nez?

Write this function as a Fourier series,

(4.123) hE) = > bi(t)e(ke).

k=—00

We are ultimately interested in the Mellin transform of this function,

AT—€cy, T 6co T o o s dt
(4.124) C(Ts)Tp,qu«T&) QT5’3> = /0 he. e
(4.125) =3 Bls)elhe),
k=—oc0
where, as we will show,
o s dt
(4.126) Br(s) ::/0 bi(t)t e

Express 2 = ( Wi @ ), n=|" ,p= h ,q = M) Write h(&,t) =
Wiz W2 ny D2 P

Sy (€,1) = ho(E,t) + h(E,t), where hj(€,t) is the sum over the terms with

ng=—00

ny = j, and h(&,t) is the sum over all the terms where ny # 0.
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Also, assume that ¢ = g2 = 0.

First, calculate ho(¢,t):

0o e n1t1/2 1 )
(4.127) ho(&,t) = Z Pq’ 0 e 50011”1754‘]91”1 :

np=—oo
The n; = 0 term of this sum vanishes.

We write, for ny # 0,

| st tre(-re)

_ e c1,c2 ny + na§ 1/2
Lz ("))
(4.128) -e<Qg<nl+n2€>t+pT<nl+n2§>>6(—/€§)df
%) Mo
B ne—1 oo 1o ny + TLQS 1/2
Sl ()
(4.129) e <Q9<n1+n2§>t+pT<nl+n2§)> e(—ke) de
%) N9
_”2_1 > c1,C2 3 1/2
(4.130) .6<QQ<”25>t+pT<n2£>>e(_k <g_@>) de
Mo N9 U]
no—1
— X @ = C1,C2 6 /
N <nz:0€ ( - )) /_oopM <<1>n2t1 2)
(4.131) e <QQ (f)@t +p' <§)n2> e (—k&) de.

no—1
kn .
The exponential sum E e (—1) evaluates to |ng| if ng|k, and to 0 otherwise.
U

n1=0
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Thus, for all k € Z (including k = 0),

(4.132)

- Z [n2 /°° P <(§>n2t1/2> e (Qsz(i)n%t—i—pT(f)nz) e (—k§) d¢.
nalk -

Recall that, by our convention, a sum over ny|k ranges over both positive and negative

ne (and over all integers when k& = 0).

4.3.3 Shifting the contour vertically

Fix a positive real number \ to be specified later. Let C* (C~) be the contour
consisting of the horizontal line Im(z) = A (Im(z) = —\), oriented towards the right
half-plane. For each dy,dy € Z, dy # 0, let C(dy,ds) be CT if dydy > 0 or dy = 0
and dy > 0; let C(dy,ds) be C~ if dydy < 0 or d; = 0 and dy < 0. The integrands
in eq. (4.132) approach zero as Re(§) — +o0, so we may rewrite this formula using

contour integrals

(4.133)

/0 B(E t)e(—ke) d

— C1,C2 3 1 . 13 2 - ¢ .
_%’n2|/c<rgm2>PM ((1)71275) (QQ<1> ot +p (1> 2) (—k&) dE.

4.3.4 Taking Mellin transforms term-by-term

To calculate the Mellin transform of hg(&,t), we need to check absolute conver-

gence to justify reversing the order of summation/integration.

Proposition IV.23. If 0 = Re(s) > 3, then

(4.134) / ) i ey [N (L
. ; Pa 0 € 2w11n1 b1

ny=—oo

. dt
17 — < o0.
t
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Proof. We bound the integral as follows.

oo [ tY? 1
(4.135) / Z o 2( ' )e (§wun%t+p1m)

n1=—00
crc t1/2 Lo t\7 dt
el -w — | —
2 M n? t

(4.136) / Z
(4.137) = ( > |n1\2"> (/OOO L C?(tl()/2>e (%wllt)

ny=—oo

_dt
t7 —
t

Udt)
t -
t

The sum converges for o > %, and the integral converges for o > 0 (as the integrand

(4.138) < o0.

approaches a constant at ¢ — 0 and decays exponentially as ¢t — 00). O]

Therefore, we can switch the sum and the integral, and by Lemma IV.19 and

dropping the subscript on nq,

(4.139) /OOO ho(g,t)ts%:— > W#Hg@ <(é>s)

nez\{0}
(4.140) = — (Ligs(e(p1)) — Lias(e(—p1))) kg™ ((1> ,s) :

Next, we're going to calculate the Mellin transform of ﬁ(f ,t). We need an absolute

convergence result to justifty our calculation here, too.

Proposition IV.24. Suppose o = Re(s) >

5 L

Then,

1
3

o (9
1

kEZ nalk
na7#0
(4.141) e (QQ G)ngt +p' (f)m) e (—k&)ts %dﬁ < 00.
Proof. Let
e d
(4.142) K* :/0 /Ci v ((f)ﬁ”) e (Ch(i)t) to dg%

(4.143) < o0.
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Set K = max{K™", K~ }. We have
61 c2 g) t1/2>
237y C (¢
na7#0
e <QQ<£>n§t+pT<£>n2) 6(—k£)ts ﬂdf
1 1 +
B Lo (oL
s
(4.144) . e—QﬂAktU %df
01 C2 5 1/2 S
2L L ()
n2#0
Come [t dt
(4.145) e (n_%) % i
(4.146) g[(zze 2k,
kEZ nalk
n27#0
(4.147) =K Z Z ¢~ 2rdidal 20
d1€Z da€Z\{0}

(4.148) < oc.

The proposition is proved.

[]

Now we may justify taking the Mellin transform of the Fourier series term-by-

term. It follows from Proposition 1V.24 that

ST—Ec1 T—6co T [  dt
(4.149) C(Tsyp,o ((Té) QT5’3> - /0 he. e~
(4.150) = Y Buls)e(k)

k=—o00
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where [(s) = / br(t)t° % Define f;(s) := / be ()18 %; then,
0 0
(4.151)

— (Ligs(e(p1)) — Ligs(e(—p1))) kg ((é) : s) + Bo(s) if k=0,

Br(s) if & 0.

Proposition IV.24 also implies that we can switch the order of integration to compute
(4.152)

[ i te(-neyder
0 0

(4151) =y enlm) /C (1 PP P2) RO (6 )

4.3.5 Series manipulations

In this subsection, we set £ = 0 in eq. (4.150). We will manipulate the right-hand

side of this equation to prove Theorem IV.6. First of all, we have

(4.155)
& ( Z Bi(s
(4.156) = — (Ligs(e(p1)) — Ligs(e(—p1))) kS0 <<(1)>s) + ) Buls).

We will rewrite the sum of the f;(s) using the substitution (dy,dy) = (n%, ns). The

following manipulation is legal by Proposition IV.24.

(4.157)
> A= 3 Sg“ /  (na(pi€ + pa) — kE) K€, 5) d
k=00 vz ralt. | ¢ (5 mz)
no7#0
_ Sgn c1,c2
(4.158) = Z Z e /C(dhdg)e(dz(plfﬂLpQ) dids§) ko (€, 5) d€.

d1€7Z dy€7)\{0}
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Split up the series into four pieces.

— - d2p2 e1,¢2
D0 Al == 3 30 S [ el ) (e o) de

k=—oc0 d1>0d2>0
dp C1,C2
#3205 [ et w6 o)
d1>0d2<0 2
d c1,c2
DI 22132 / e (—(dy — p1)dal) K2 (E, 5) dE
d1<0da>0 |d2 c+
d c1,c
(4.159) Py Al / e (—(dy — p1)dat) K32 (€, 5) de
d1<0d2<0 ‘d ‘ (O
d c1,C2
ST S B (- i) 6 5)
d1>0ds>0 |d2 c+
e(d .
#3203 [ o)) w6 )
d1>0do<0 192
d c1,c2
DI 22]52 / e (—(dy — p1)da€) K2 (€, 5) dE
d1<0da>0 |do| c+
d c1,c2
(4.160) DI 4 ‘ifi/me ((dy — p1)da) KL% (=€, 5) d
d1<0d2<0
d c1,C2
:_ZZ 231? / e ((dy — p1)ds€) kg (=€, 5) d€
d1>0d2>0 ct

T Z Z 6(;;321;?2) /C+ e ((dy — p1)da€) kg (&, s) dE

d1>0dy>0 2

- Z Z 65;222%) - e ((di + p1)da) kG (&, 8) dE

di1>0dy>0 2

(4.161) +ZZ P2) / e ((dy + p1)da€) G2 (€, ) dE.

d1>0 dy>0 2

Now, move the contour integral outside the sums, and rewrite the series as

(4.162)
. . _ da2 do
SEICEY] (Z “ pji;f]f@ (6 s) - Y P e
k=—o00 Ot \do>0 d2>0 2
DW= (e (= p) +p2)™ e (s + )6 — p2)™ ) wg (€.
d1>0d2>0

(e ((dy = pE = p2)™ — e ((dh + P& +p2)™) 1 (6,9)) ) de.
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Setting s = 1, we obtain

(4.163)

> A1)

k=—00

:/ (—log(l—e( P2 + pi§))Kg CQ( g) +log(1 — e(p2 + p1§))rg CQ<§>
C+ 1 1

+Z <log (1 —e((di = p1)§ +p2)) —log (1 — e ((dr + p1)§ — p2))) Clc2<_1€>

di=1

(—log (1 —e((d —p1)§ = p2)) +1og (1 — e ((di + p1)§ + p2))) g™ <§>>> h

We want to write this sum of logarithms as a logarithm of a product, but there is

the issue of the choice of branch. In order to make a clear choice, let

o

(4.164) Pprpe(§) = (1 — e (p1€ + p2) H (CHPIE +§Z;

for £ € . This is a function on the upper half-plane which is never zero, and the
upper half-plane is simply connected, so it has a choice of continuous logarithm. Let

(Log ¥p, p,) () be the branch such that

log(1 —e(pz)) ifp1 =0,

(4.165) A (Log . 5,) () =

—>ZOO

Here log(1 — e(p2)) is the standard principal branch. Thus,

> Be(1) = /C+ (— (LOg @py.—py ) (£) - RS,CQ(—f)

k=—o00

(4.166) T (LOg Ppupn) (€) - KE (f )) de.
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D

Adding back the other piece of B(1) into (5%(,1) = Z Br(1), we obtain

(4.167) Grio(Q,1) = — (Lia(e(pr)) — Liz(e(—p1))) w ( 1>

c1,C2 _5
(4'168) + /C+ <_ (Log 901?1,—1?2) (5) " Ro < 1 )
(4.169) +(Log o) (6) - 5 (f )) &,

4.3.6 Collapsing the contour onto the branch cuts

We could declare ourselves done at this point. Equation (4.167) is a formula for
CA;}(;CQ(Q, 1), as we desired, and it appears very difficult to evaluate or simplify the
contour integral in any way. However, eq. (4.167) is not a useful formula for compu-
tation because the integral converges slowly. The integrand decays polynomially as
¢ — +o0 along the horocycle C'™.

We will obtain a Kronecker limit formula with rapid convergence by shifting the
contour so that the integrand decays exponentially. In doing so, we will also split up
the formula as a difference of a ¢q-piece and a co-piece. The movement of the contour

is shown in Section 4.3.6.

Let A, = Q — QMi(c) Mcc" M for ¢ = ¢, ce, as we did in Corollary IV.21. Factor

the quadratic polynomial Q4 (f) in &,

(4170 Qn, (f ) = a(e)(¢ = ()€~ lc))

Since A, € 53%0) by Lemma I1.18, we know by Lemma IV.11 that we may choose 7(c)
to be in the upper half-plane and 73(c) in the lower half-plane.
The complex function £ — kg (i) has branch cuts along the vertical ray from

71(c) to ioco and the vertical ray from m(c) to —ico. We check that this function is
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holomorphic away from these branch cuts. Since kg, (f) has simple poles at the

roots & = rq, 19 of Qg ) = 0, we must check that the residues at the poles cancel

when taking the difference kg, <§) = Kg (f) — K (f) . We have

o[ €
I'€S§_>7«1 K‘/Q 1

CTM<§)
(4.171) = lim (§ — )

§—r1 2
21iQq ¢ c'M § —2iQm(c)Qa ;
1 1 1
c'M < ¢ )
1
(4.172) = lim
f—)?”l g 2 6
miw1 (£ — 72) (cTM < 1) —2iQu(c)Qq ( 1)
1
4.173 = —
( ) Tiwy(ry — 1r3)
and similarly, res¢_,, K (f) = m These residues do not depend on ¢, so

they cancel, and kg ¢ is holomorphic at r; and 5.
¢ 1

Move the countours of integration above the zeros of Qg ) ) Now we may
safely split up the integral into a term for ¢; and a term for c,.

Now we retract the integral onto the branch cut. As £ = 7% + ¢ and ¢ — 0,
the denominator of the integrand blows up like €!/2, so the integral converges. The

integrand changes sign when we cross the branch cut. Thus, eq. (4.167) becomes

(4.174) (H2(Q,1) = It () — I (e2) — I (er) + I (cn),
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Y

1(C2) 11(C2)

rq r

JT1(c1) Ln(er)

C-+-

Y
Y
f
Y

r p)

1(C2)

rq rq

| 71(C1)

[ ) r2 [ ) r2

Figure 4.1: The contour C'* is moved above the poles of £, ( § >7 then collapsed onto branch cuts.
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where
+ : e 1
I=(c) = — Lig(e(£p1)) kg 0

£ (7% (c) + z’t)) "
1

(4.175) + 2 /OOO (LOg @py,pa) (77 (€) + it)A (

We have now proven Theorem IV.6. Theorem IV.7 follows by specialization of the

variables, setting {2 = ¢M and restricting to ci,co € RY.

4.4 Example

We will continue our running example with K = Q(v/3) and ¢ = 50k, which
appeared previously in Chapter I and Chapter III. In this section, we use the Kro-
necker limit formula for indefinite zeta functions to compute Z;(0), where [ is the
principal ray class of Clijoc,}-

By the discussion in Chapter III, we have
2c1,P3¢y -
(4.176) Z3(0) = L7 (iM, 0).

Use the functional equation for indefinite zeta functions to write Z7(0) in terms of

an indefinite zeta value at s = 1:

1 .. .
(4.177) Z1(0) = —= 2@‘:;%‘“’*’“3‘“ (iM1,1).

0 - _
We have Mc¢; = ( 6) = —6¢;. Let P = MPM™! = ( _23 21 ) We may

rescale the c¢; without changing the value of the indefinite zeta function. Thus,

(4178) Z}(O) — 73 Ai1q,’13361 (iM_l, 1)

Now we want to use Theorem IV.7 to compute the right-hand side of eq. (4.178).

- —15 5
If we try to do so directly, we obtain P3c; = ( o6 ) and /153‘31 ((f),l) =
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6v/2(456+26) The branch point of /<;P “ ((5) , 1) in the upper half-
7(362—1)1/ 405362 +46806+1351 1

—2340+4v/3

1055 > which is very close to the real axis. That means we’d need to

plane is £ =

log(10) N
m/3/4053

use about ~ 1700N terms in the product expansion of ¢,, ,,(£) to compute
Z7(0) to N decimal places of accuracy. We technically have exponential decay, but
it’s not very useful.

It is much more practical to break up the zeta function into pieces. We can also

improve the rate of convergence by choosing ¢; optimally; here, we will use ¢ = (3) ,

@:<?)

(4179) (0 (—071) = 55530<—Q—1, )

(4.181) — (el (—a! 1)+CC£CO( o 1)+CC§ZCO( 074 ),

2 2
where qp = ¢ = = < ),Ch <1>,and quq:%<4> are obtained from

the residues of €%, ¢!, 2 modulo 5

Now, we have m&(i) = —3V6(z—1) and H56(§> _ 3v6(z+1)

m(3x2—1)v322—3z+1 7(3x2—1)v322+3z+1’

which is much more manageable. We computed the following values in Mathematica

using 40 terms of the product expansion of ¢, ,,.

Io(Pc) — Iy(c) ~ — 0.05923843917544488329354507987
(4.182) + 3.65687839020311786132893850239;

I,(Pc) — I)(¢) ~ — 1.33733021085943469210685014899
(4.183) + 0.52477812529424663387556899167

L(Pc) — L(c) ~ 2.64057587271922212456484190607

(4.184) + 0.52477812529424663387556899167:
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We now obtain

(4.185)  Z;(0) = _—\/% (Coma(=7 1)+ Corta (=7 1) + Eopi (=27, 1)
(4.186) _ % 1 ((Io(Pe) — 1o(e)) + (1(Pe) — L(e) + (Ia(Pe) — Io(e)))
(4.187) ~ 1.35863065339220816259511308230.

This agrees (to 30 decimal digits) with the computations described in Chapter III.



CHAPTER V

Connections to the SIC-POVM Problem

In this chapter, we discuss a geometric problem having an interpretation in quan-
tum information theory. A SIC-POVM (symmetric informationally complete posi-
tive operator-valued measure) is a set of d? equiangular lines in d-dimensional Hilbert
space. Such configurations are conjectured to exist in all dimensions, and have been
proven to exist (by explicit construction) in dimensions d < 151. In 2016, Appleby,
Flammia, McConnell, and Yard [5] numerically described a connection between SIC-
POVMs and Hilbert’s 12th problem for real quadratic fields. We connect our running
numerical example for Q(v/3) to a known SIC-POVM in dimension d = 5. By work-
ing out this example in detail, we discover a suggestive relationship between the
conjectural Stark unit exp(Z;(0)) ~ 3.8908617139430792553376 and a 5-dimensional

SIC-POVM.

5.1 Equiangular complex lines

In d-dimensional complex Hilbert space C?, there is a well-defined notion of a
configuration of equiangular lines, which yields a mathematically rich theory. A
complex line in C? is a one-dimensional complex subspace. For two complex lines Cv

)

and Cw, the angle between them is defined to be Z(v, w) = arccos (

(v,w)
£/ (v,0) 4/ (w,w)
T

as for real lines—but using the Hermitian inner product (v, w) =7  w.

97
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Definition V.1. A set of equiangular complex lines is a set of one-dimensional

subspaces Cuy, ..., Cvy such that Z(v;,v;) takes the same value whenever ¢ # j.

(v,w)

We also define the overlap of v and w to be ——=———, so the absolute value of
P v/ (v,0) 4/ (w,w) v

the overlap is cos (£(v,w)). We may therefore write

(v, w)

(v, v)/(w, w)

(5.1) = cos (L(v,w)) e,

where €% is called the overlap phase.
The maximal number of equiangular complex lines possible in C? is d?; this was

originally proved in 1975 by Delsarte, Goethals, and Seidel using orthogonal polyno-

mials [13].

Proposition V.2 (Delsarte, and Goethals, and Seidel [13]). Let o > 0. Consider a
set V of unit vectors in C? spanning equiangular lines; that is, | (v, w>|2 = a whenever

v,w €V and v #w. Then, |V| < d?.

Proof. The following proof is due to Koornwinder [26]. Let C¢ have coordinates
(21,...,2q), and let M(1,1) be the complex vector space of bihomogeneous polyno-
mials of degree (1,1) in (21,...,24;21,...,24). A basis for M(1,1) is given by {z;Z,},
so dim M(1,1) = d*.

Consider the polynomials in M(1,1) given by F,(z) = = (|(z,v)|2 —a(z, z))
forve V. lf weV, then Fy(w) = 0if v # w and F,(w) = 1 if v = w. Thus,
{F,(z) : v € V} is a set of linearly independent elements of M(1,1). Therefore,

V| < 2 O

It was also shown by Delsarte, Goethals, and Seidel [13] that for any set of d?

equiangular complex lines,

(5.2) a=—-
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and thus the common angle is arccos ( dl +1>.

5.2 Definition of SIC-POVMs

The presence of SIC-POVMs in quantum information theory is due to Zauner’s
1999 thesis [53] (see English translation [54]). The term SIC-POVM was attached

to the concept in 2004 by Renes, Blume-Kohout, Scott, and Caves [35].

Definition V.3 (SIC-POVM). A symmetric informationally complete positive operator-
valued measure (SIC-POVM) is a set of d* equiangular complex lines in d-dimensional

Hilbert space. In other words, by the discussion in the previous section, it is a set of

1

(vi,05)2 _
T d+1

(0,0 (05,03) for

one-dimensional subspaces Cvy, Cvs, . .., Cvge in C? such that

all 7 #£ j.

There are two types of operators on C? preserving the SIC-POVM property. A
SIC-POVM {Cuy,...,Cup} may be “rotated” by any unitary matrix U € U(d) =
{U € GL(C?) : U = 1} to obtain another SIC-POVM {CUwvy,...,CUv42}. More-
over, if Cy is the complex conjugation operator on C¢, so that Cjyv := ¥, then Cy also
preserves the SIC-POVM property (and the same holds for any “antiunitary” oper-
ator of the form CyU). These may be collected together by considering the extended

unitary group.
Definition V.4. Define the eztended unitary group EU(d) := U(d) L C;U(d)
Lemma V.5. The action of EU(d) takes SIC-POVMs to SIC-POVMs.

Proof. The action of U(d) preserves the Hermitian inner product; CyU(d) conju-
gates the Hermitian inner product. Thus, both preserve its absolute value and thus

preserve the SIC-POVM property. O
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5.3 Definition of Heisenberg SIC-POV Ms

Heisenberg SIC-POVMs are a special class of SIC-POVMs. Let (4 = € (%) =

2ms

exp (T) be a dth root of unity.

Definition V.6 (Heisenberg group). Let d' = d if d is odd, d' = 2d if d is even. Let
I be the d x d identity matrix. The Heisenberg group H(d) is the finite group of

order d'd? generated by the d x d scalar matrix (yI and the d x d matrices

00 -~ 01 10 0 -+ 0
10 -+ 00 0 ¢ 0 -~ 0
(5.3) X=(01--00|,2Z2=l00 ¢ -+ 0
00 -~ 10 00 0 - ¢!

The Heisenberg group spans the vector space My(C) of d x d complex matrices,

and a canonical basis is given as follows.

Al mn
Definition V.7 (Heisenberg basis). The set of d* matrices A, = (;?>  X™Z" for

0 <m,n <d-—1 forms a basis of M,(C) over C.

Empirically, many known SIC-POVMs are orbits of the Heisenberg group action,

and this observation motivates the following definition.

Definition V.8 (Heisenberg SIC-POVM). A Heisenberg SIC-POVM is a SIC-POVM
of the form {CA,,,v: 0 < m,n < d— 1} for some vector v € C? This v is called a

fiducial vector.

The elements of EU(d) that preserve the property of being a Heisenberg SIC-
POVM are restricted to a finite group, the extended Clifford group EC(d), defined

to be the normalizer of H(d) inside EU(d).
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Lemma V.9. Ifv is a fiducial vector for a Heisenberg SIC-POVM, and v € EC(d),
then yv is also a fiducial vector for a Heisenberg SIC-POVM. Conversely, if v and

w are EU(d)-equivalent fiducial vectors, they are in fact EC(d)-equivalent.

Proof. See Scott and Grassl [37]. O

5.4 Main conjectures about SIC-POVMs

The following two conjectures concerning SIC-POVMs are due to Zauner [53].

Conjecture V.10 (Existence of SIC-POVMs). SIC-POVMs ezist in every dimen-

stond>1

Conjecture V.11 (Existence of Heisenberg SIC-POVMSs). Heisenberg SIC-POVMs
exist in every dimension d > 1. Moreover, a Heisenberg SIC-POVM exists with
fiducial vector v an eigenvector with eigenvalue 1 of a particular d X d unitary matrix

(the “Zauner matriz” [37]) having order 3, specified in [53].

Scott and Grassl’s extensive computations [37, 36] enumerating EC(d)-orbits of
Heisenberg SIC-POVMs find a “putatively complete” list with high probability when
d < 90. Their computations strongly support the following conjecture, which is

remarked on my Fuchs, Huang, and Stacey [17].

Conjecture V.12 (Number of Heisenberg SIC-POVMSs). There are finitely many
EC(d)-orbits of Heisenberg SIC-POVMs for every d, with the exception of d = 3,

when there is a continuous one-parameter family of orbits.

In a fixed dimension d, enumerating Heisenberg SIC-POVMs is much more com-
putationally feasible than enumerating all SIC-POVMs. Conjecture V.11 has focused

the search for SIC-POVMs on the Heisenberg covariant case. According to Fuchs,



102

Hoang, and Stacey [17], the complete set of SIC-POVMs is only known uncondi-
tionally in dimensions 2 and 3, and the following observation “could be an artifact”
of the methods used to find SIC-POVMs. They indicate that all currently known
SIC-POVMs are EU(d)-equivalent to Heisenberg SIC-POVMs except in dimension
d = 8, where the Hoggar lines [24, 25] give rise to a single sporadic EU(d)-orbit.

A fiducial vector v is only determined up to multiplication Av by a complex scalar

A € C*. The ratios o+ = i are independent of his choice. Additionally, the overlap
J

Av;

phases e?m» on the unit circle defined by

A 0m,n
(5.4) 0 Amnt) _ e
(v, v) Vd+1

are independent of the choice of scalar A.

5.5 SIC-POVMs and number theory

Much of the progress on the SIC-POVM problem has been in the form of numerical
investigations. The work of Scott and Grassl [37], Scott [36], and Fuchs, Hoang, and
Stacey [17] has produced Heisenberg SIC-POVMs in every dimension up to d = 151
and some higher dimensions. In many cases, exact as well as numerical solutions
have been given, making exploration of the algebraic and Galois-theoretic properties
of SIC-POVMs feasible.

In 2016, Appleby, Flammia, McConnell, and Yard [5, 6] numerically discovered
a surprising connection between SIC-POVMs and Hilbert’s 12th problem for real
quadratic fields. For all Heisenberg SIC-POVMs they were able to check, they
found that the ratios of the entries of the fiducial vector lie in an abelian exten-

sion of the real quadratic field Q(y/(d+ 1)(d — 3)). This field contains the unit

_ (@=D+/(@+D)(d-3)

5 , which need not be a fundamental unit.

Let K = Q(+/(d+1)(d — 3)), and let E be the field generated by the ratios of the
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entries of the fiducial vector along with the d’'th roots of unity, where d’ = d if d is
odd, and d' = 2d if d is even. If v is a Heienberg fiducial vector and ¢ € Gal(E/K),
then v7 is also a Heisenberg fiducial vector; v may or may not lie in the same EC(d)
orbit as v. This Galois action respects orbits because (yv)? = v7v7 and EC(d) is

Galois-closed.

Definition V.13. The set of all those EC(d)-orbits of fiducial vectors, which are

Galois equivalent to a given EC(d)-orbit, is called a multiplet.

Appleby et. al. [6] made the following conjecture about the “minimal multiplet”

(i.e., the multiplet of smallest cardinality).

Conjecture V.14 (Field of the minimal multiplet, Appleby et. al. [6]). For d > 3,
there is a unique “minimal multiplet” in dimension d, of cardinality the class number
of hie of the real quadratic field K = Q(+/(d + 1)(d — 3)). Suppose that v is a fiducial
vector belonging to a class in the minimal multiplet. Then, the field E generated by
the ratios of the entries of the fiducial vector along with the d'th roots of unity is the
ray class field of K modulo d'oo1009, where 001,009 are the two real places of K.

(Here, d = d if d is odd, and d' = 2d if d is even.)

5.6 The case d =15

In this section, we show a striking relationship between the d = 5 Heisenberg SIC-
POVM (there is only one up to EC(d) equivalence) and the (conjecturally) algebraic
unit exp(Z;(0)) ~ 3.8908617139430792553376 appearing in the running example
throughout this thesis.

The Heisenberg SIC-POVM of dimension 5 appears in Zauner’s thesis [53]. Scott
and Grassl [37] show that there is only one EC(d) orbit as part of their calculations

of exact fiducial vectors.
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5.6.1 Fiducial vector

The case d = 5 is small enough that the fiducial vectors v of Heisenberg SIC-
POVMs may be enumerated by brute force. The conditions defining a Heisenberg
SIC-POVMs become algebraic if we “complexify” by regarding v; and 7; as indepen-
dent variables. Using Mathematica’s symbolic computation capabilities, we solved
these algebraic equations and (as expected) recovered the single EC(d) orbit de-
scribed by Scott and Grassl [37].

By trial and error, we found the following fiducial vector, whose overlap phases

are particularly nice. Our fiducial vector—normalized so that v; = 1— is given as

1 1.000000000
Vs —0.5929852324 + 0.5068571680i
(5.5) v=| v3 | = | 1.1020919741 — 0.5049907538; |
v —0.728472837 + 1.654872222i
vs 0.3374000837 + 0.2797530365i

where vq, U3, v4, U5 are roots of the polynomial

252% + 2002 + 8002™ + 23002* + 55002 + 1100027 + 196002°
+ 271502%° 4 300202** + 238202%* + 209302** + 268602 + 573252
+ 669702 + 1142302 + 8784027 4- 13382126 + 421242
+ 1005002 + 17002" + 474402'% — 128782 + 226782'° — 112402
+ 95052° — 452027 + 26532° — 10782° + 4502* — 1302° + 3522

(5.6)  —6x+ 1.

Observe that the v; are 5-units; this seems to be related to the fact that we will be

allowing ramification at the prime (5).
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5.6.2 Overlap phases

Let K = Q(V/3), e = €5 = 2+ /3, and consider the ray class group Cl(5)ufo0s} Of
Ok modulo (5) U {ooy}. Here, oo is the infinite place associated to the real embed-
ding p1 : V3 = V/3, and oo, is associated to the real embedding ps : V3 — —v/3.
As discussed in section 1.4.1, Cls)ufee,} = Z/8Z. Its elements may be enumerated
as follows, for 0 < m,n < 4 not both zero, with each class appearing three times

because of the action of (¢):
(5.7) Apien = {aOkg : a =m +en (mod (5)) and ps(a) > 0}.
Let ¢ be the root of the polynomial

2® — (8 + 5v3)2” + (53 + 30v/3)28 — (156 + 90v/3)z + (225 4 130v/3)z*

(5.8)  — (156 + 90v3)a® + (53 + 30v3)x? — (8 + 5v/3)x + 1.

that is given approximately by 0 ~ 3.8908617139430792553376. As discussed in
section 1.4.1, the field Hy = K(6) is the class field associated to Clis)uee,} by class
field theory. As noted in section 3.5, the Stark conjectures predict that, if I is the

identity element of Cl(5)u(sc,}, then
(5.9) § = exp(Z7(0)).

This is true to 100 digits, but unproved.

Let Art : Cls)ueo,y — Gal(H/K) be the Artin map of class field theory. The
eight Galois conjugates of § over K are of the form §4(4m+n<) and are real numbers.
The other eight Galois conjugates of § over Q are complex numbers on the unit circle.

Our results are summarized in the next two observations.

Observation V.15. The squares of the overlap phases of the fiducial vector v €

C® in eq. (5.5) are Galois conjugates of & over Q. Specifically, there is a Galois
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automorphism o € Gal(Hy/Q) such that, for 0 < m,n < 4 not both zero,

(0, D) \? 337 Amsn)g
(v,v) o d+1

We have discovered an apparent relationship between L-values and overlap phases,

(5.10)

as follows.

Observation V.16. Let 6 ~ 3.8908617139 be the algebraic unit given as a root of
eq. (5.8), let v € C° be the fiducial vector given by eq. (5.5), and let Apine (for
0 < m,n < 4 not both zero) be the ray classes defined in eq. (5.7). Then the eight
real Galois conjugates of § appear to be exp(Z)y . (0)) (at least to 100 digits), each
appearing three times. The eight remaining Galois conjugates of & over Q on the unit
circle are the squares of the overlap phases of the Heisenberg SIC-POVM generated

by v. (Each overlap phase occurs 8 times in the list of 5> — 1 = 24 overlap phases.)
5.7 SIC-POVMs and orders
Appleby et. al. [6] recognize that SIC-POVMs generate class fields in all known

cases, but they only predict the precise class field attached to the minimal multiplet.

In this section, we give a new conjecture about the class field of an arbitrary multiplet.

Conjecture V.17. Fix an integer d > 3. Consider the real quadratic field K =

Q < (d+1)(d— 3)) and the associated unit 4 = (D (2d+1)(d_3) € Ok.
(1) The multiplets of SIC-POVMs in dimension d are in one-to-one correspondence
with the orders O of K satisfying Zle] C O C Ok. (In particular, the “minimal
multiplet” of Appleby et. al. [6] is the one corresponding to Ok.)

(2) The size of the multiplet corresponding to O is the class number of O.

(3) The field Eo generated by the multiplet corresponding to O is the compositum

of the ray class field of K modulo d' U {ocoy,002} and the ring class field of O.
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(Here, d' = d if d is odd, and d' = 2d if d is even.)

We have accumulated the following evidence in favor of this conjecture. Points
(1) and (2) have been checked numerically for all SIC-POVMs in Scott and Grassl’s

first list [37]. Point (3) has been checked for a few small d.
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