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ABSTRACT

Parameter Estimation and Multilevel Clustering with
Mixture and Hierarchical Models

by
Nhat Pham Minh Ho

Chairs: Long Nguyen and Yaacov Ritov

In the big data era, data are typically collected at massive scales and often carry com-
plex structures, which lead to unprecedented modeling and computational challenges.
In numerous applications of engineering and applied sciences there are indisputable
evidence of the presence of hidden subpopulations in the whole data where each sub-
population has its own features. Due to their great modeling flexibility, mixture
and hierarchical models have been widely utilized by researchers to uncover these
multi-level structures. However, several outstanding problems arise from these mod-
els. Firstly, it has long been observed in practice that convergence behaviors of latent
variables in these models are problematic. Secondly, state of the art hierarchical mod-
els tend to perform unsatisfactorily under large-scale and complex structures settings
of data. Last but not least, in many practical problems mixture and hierarchical
models are strongly affected by outliers or departures from model assumptions.

The overarching themes in the thesis focus on dealing with these challenges. Our
main contributions include the following. We develop a systematic understanding of

statistical efficiency of parameter estimation in finite mixture models. Our studies

xii



make explicit the deep links between model singularities, parameter estimation con-
vergence rates, and the algebraic geometry of the parameter space for mixtures of
continuous distributions. Next, we develop robust estimators of mixing measure in
finite mixture models using the idea of minimum Hellinger distance estimator, model
selection criteria, and super-efficiency phenomenon. Finally, we propose efficient and
scalable joint optimization approaches to cluster a potentially large hierarchically
structured corpus of data, which aim to simultaneously partition data in each group

and discover grouping patterns among groups.
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CHAPTER I

Introduction

In this chapter, we outline several key contributions of the thesis in separate
sections. Background knowledge are included to make each section self-contained

and transparent.

1.1 Statistical efficiency of parameter estimation in finite

mixture models

1.1.1 Mixture models

Mixture models have been a popular modeling tool for making inference about
heterogeneous data [Lindsay, 1995, McLachlan and Basford, 1988]. They have been
used extensively in various application domains arising from biological, physical, and
social sciences. Under mixture modeling, data are viewed as samples from a collec-
tion of unobserved or latent subpopulations, each positing its own distribution and
associated parameters. Learning about subpopulation-specific parameters is essential
to the understanding of the underlying heterogeneity. Statistical efficiency related to
parameter estimation in finite mixture models, however, remain poorly understood
— as noted in a recent textbook [DasGupta, 2008] (pg. 571), “mixture models are

riddled with difficulties such as nonidentifiability”.



To be more concrete, let us state a specific formulation of mixture models. Assume
that each subpopulation is distributed according to a density function (with respect
to Lebesgue measure on an Euclidean space X') that belongs to a known density class
{f(z]0.5),6 c© CR", X e QC S, xeX}. Here, d; > 1,dy > 0, S;.F is the set
of all dy x dy symmetric positive definite matrices. A finite mixture density with
k mixing components can be defined in terms of f and a discrete mixing measure

G = Zle Pid(s,,x,) With k support points as follows

pale) = [ £(616.S)dG0.2) = 3 pif (el 5.

The standard goal of learning about subpopulation-specific parameters is to under-
stand behaviors of point estimates of the masses p; and the support points (6;, ;) of
G according to given sample X7, ..., X,, from the mixture density pg(z). However,
there are two fundamental challenges which had hindered the attempts of several
researchers. Firstly, for any two discrete probability measures G and G, typical sim-
ilarity metrics between probability distributions, such as Kullback-Leibler distance,
Hellinger distance, or Total variation distance, are not able to provide meaningful
results when they are used to study the distance between G and Gj. Secondly, the
Fisher information matrix with respect to G may be singular, which implies that
the estimation techniques such as the maximum likelihood estimator and standard
Bayesian procedures do not admit root-n parametric rate of convergence. These chal-
lenges necessitate the needs to develop an appropriate similarity distance between two
discrete probability measures, which is summarized in Section 1.1.2, as well as system-
atic methods to understand the complex singularity structures of Fisher information
matrix, which are also the main contributions of Chapter II, Chapter III, and Chapter

IV and are summarized in Section 1.1.3.



1.1.2 Wasserstein metric

As shown by Nguyen [2013], the convergence of mixture model parameters can
be measured in terms of a Wassertein distance on the space of mixing measures
G. In particular, let G = Zfﬂpi‘;(ei,&) and Gy = Zfil p%(gg’zg) be two discrete
probability measures on parameter space © x (), which is equipped with metric p.
Now, the Wasserstein distance of order r, for a given » > 1 (cf. Villani [2009]), can

be defined as

1/r

W,(G,Gy) = (irqleqijpr((é’i,Ei),(9?,2?))) ,
12

where the infimum is taken over all joint probability distributions q on [1,. .. k]

x[1,..., ko] such that, when expressing q as a k x ky matrix, the marginal constraints

hold: Zqij = p; and Zqzj = p?.

For]any sequence 0% discrete mixing measures G,,, the convergence of mixing mea-
sures (&, in Wasserstein distances can be translated to convergence of G,’s atoms
and probability masses. In particular, suppose that a sequence of mixing measures
G, — Gy under W, metric at a rate w, = o(1). If all G,, have the same number of
atoms k = kg as that of Gy, then the set of atoms of GG,, converge to the ky atoms
of Gy at the same rate w,, under p metric. If G,, have varying k,, € [ko, k] number of
atoms, where k is a fixed upper bound, then a subsequence of (G,, can be constructed
so that each atom of Gy is a limit point of a certain subset of atoms of G,, — the
convergence to each such limit also happens at rate w,. Some atoms of (G, may have
limit points that are not among (G’s atoms — the mass associated with those atoms

of G,, must vanish at the generally faster rate w] (since r > 1).



1.1.3 Statistical efficiency of parameter estimation

To address parameter estimation rates, a natural approach is to study the be-
havior of mixing distributions that arise in the mixture models. This approach is
well-developed in the context of nonparametric deconvolution [Carroll and Hall, 1988,
Zhang, 1990, Fan, 1991}, but these results are confined to only a specific type of model
— location mixtures. Beyond location mixtures there have been far fewer results. In
particular, when the parameter space © x {2 is univariate, parameter estimation in
over-fitted mixture models, i.e., the settings when the true number of subpopulations
(or equivalently components) is unknown and is bounded by some given number, was

/4 ynder second-order identifiability condi-

shown to have slow convergence rate n~
tion of kernel density function by [Chen, 1995]. For multi-dimensional parameters,
the (logn/n)'/* rate of posterior contraction of parameters was established by Nguyen
[2013] under Wasserstein metric of second order. However, the convergence rates of
parameter estimation under general setting of parameters with multiple types, includ-
ing matrix-variate parameters, remain poorly understood. In Chapter 11, we provide a
comprehensive understanding of parameter estimation behaviors under that multiple
types setting of parameters when we introduce and utilize first- and second-order iden-
tifiability condition of kernel density function, which are stronger versions of classical
identifiability condition [Teicher, 1961]. In particular, under the first order identifia-
bility of kernel density function and the exact-fitted setting of finite mixture models,
the convergence rates of estimating G is n~'/2 under W, metric. On the other hand,
under the second order identifiability of kernel density function and the over-fitted
setting of finite mixture models, the convergence rates of parameter estimation is
n~* under W, metric. However, these convergence rates are not applicable to clas-
sical mixture models such as location-scale Gaussian mixtures or shape-rate Gamma
mixtures, which belong to weakly identifiable models, i.e., those whose kernel density

functions do not satisfy the strong identifiability conditions.



Location-scale Gaussian mixtures are widely regarded as one of the most uti-
lized modeling tools in statistics. Problematic convergence behaviors exhibited by
Gaussian mixtures have long been observed in practice, but a concrete understanding
remains largely unavailable. In Chapter I1I, we demonstrated a remarkably interest-
ing phenomenon in over-fitted Gaussian mixtures: the minimax lower bound and the
MLE convergence rate of parameter estimation are characterized by the solvability
of a system of polynomial equations, which ultimately depends on how much we po-
tentially overfit these models. In particular, the estimation rate is n~'/® under the

—1/12 ynder

4-th order Wasserstein distance, if overfitting by one extra component; n
the 6-th order Wasserstein distance if overfitting by two extra components. These
results present a cautionary tale about the limitation of Gaussian mixtures, when it
comes to assessing the quality of parameter estimation, but only when the number of
mixing components is unknown. Since a tendency in practice is to ”over-fit” the mix-
ture generously with many more extra mixing components, our theory warns against
this because as we have shown, the convergence rate via standard methods such as
MLE for subpopulation-specific parameters deteriorates rapidly with the number of
redundant components.

Even though the results obtained for Gaussian mixtures contain considerable in-
sights about weak identifiability regarding parameter estimation in finite mixture
models, they only touch upon the surface of a more general phenomenon relating to
the degeneracy of Fisher information matrix. In Chapter IV, we proposed a com-
prehensive framework for analyzing parameter estimation behavior in finite mixture
models, addressing directly the situations where the non-singularity condition of the
Fisher information matrix may not hold. A fundamental notion that we introduced
is called singularity level, a natural or infinite value given to every element in the
parameter space. Fisher information singularities simply correspond to points in the

parameter space whose singularity level is non-zero. Within the set of Fisher in-



formation singularities, the parameter space can be partitioned into disjoint subsets
determined by different singularity levels. The singularity level describes in a precise
manner the variation of the mixture likelihood with respect to changes in model pa-
rameters. This concept enables us to quantify the varying degrees of identifiablity and
singularity, some of which were implicitly exploited in previous chapters mentioned
above.

The singularity level describes in a precise manner the variation of the mixture
likelihood with respect to changes in model parameters. The statistical implication of
the singularity level is easy to describe: given an i.i.d. n-sample from a (true) mixture
model, a parameter value of singularity level  admits n~/2"+Y) minimax lower bound
for any estimator tending to the true parameter(s), as well as the same maximum
likelihood estimator’s convergence rate (up to a logarithmic factor and under some
conditions). Thus, singularity level 0 results in root-n convergence rate for parameter
estimation. Fisher singularity corresponds to singularity level 1 or greater than 1,
resulting in convergence rates n=/4 n='/6 n=Y% or so on. The detailed picture of
the distribution of singularity levels, however, can be extremely complex to capture.
Remarkably, there are examples of finite mixtures for which the compact parameter
space can be partitioned into disjoint subsets whose singularity level ranges from 0
to 1 to 2,..., up to infinity. This leads us to a story of finite mixtures of skewnormal
distributions, which are rich and increasingly popular models used with asymmetric
data. The singularity structure of the skewnormal mixtures is perhaps one of the more
complex among the parametric mixture models that we have typically encountered
in the literature. We were able to identify subsets with singularity level 0,1,2, ...
all the way up to infinity even in the setting of mixtures with known number of
mixing components. As a result, if we were to vary the true parameter values, we
would encounter a phenomenon akin to that of "phase transition” on the statistical

efficiency of parameter estimation occurring within the same model class.



1.2 Robust inference with mixture and hierarchical models

In many practical problems, mixture and hierarchical models are strongly affected
by outliers or (at least) some departures from model assumptions. Therefore, it is
important to develop robust or semi-parametric inference of hierarchical models to
better reflect the instability and complex structure in the data. In finite mixture
models, apart from underlying mixing measures, true kernel density functions of each
subpopulation in the data are, in many scenarios, unknown. One popular way to
overcome such issue is to employ semi-parametric approach [Bickel et al., 1993]. In
particular, we estimate the true kernel function from some classes of functions and
achieve the estimation of mixing measure accordingly. However, parameter identifia-
bility guarantee for such method is very difficult to establish even when the parameter
space is simple [Bordes et al., 2006, Hunter et al., 2007]. Therefore, parameter esti-
mation from semi-parametric approach is usually not reliable.

Perhaps, the most common and simplest approach to avoid the identifiability issue
is to choose some kernel function that we tactically believe the data are generated
from, and utilize that kernel to fit the model to obtain an estimate of the mixing
measure. However, in various scenarios the chosen kernel and the true kernel are
most likely different, i.e., we are under a misspecified kernel setting. Hence, the
estimation of mixing measure under this approach may be highly unstable. The
robustness question is unavoidable. Our principal goal in Chapter V therefore, is the
construction of robust estimators of mixing measure where the estimation of both the
number of components and the values of its parameters are of interest. Moreover,
these estimators should achieve the best possible convergence rates under various
assumptions on both the chosen kernel and the true kernel. When the true number
of components is known, various robust methods had been proposed in the literature,

see for example [Woodward et al., 1984, Donoho and Liu, 1988, Cutler and Cordero-



Brana, 1996]. However, there has been scarce work for robust estimators when the
true number of components is unknown. Recently, Woo and Sriram [2006] proposed a
robust estimator of the number of components based on the idea of minimum Hellinger
distance estimator [Beran, 1977]. However, their estimator faces certain limitations
as it greatly relies upon the choice of bandwidth. In Chapter V, we propose flexible
robust estimators of the mixing measure that address the limitations of the estimator
in [Woo and Sriram, 2006]. Not only our estimators are computationally feasible and
robust but they also possess various desirable properties, such as the flexible choice
of bandwidth, the consistency of the number of components, and the best possible
convergence rates of the parameters. In particular, our main contributions in Chapter
V can be summarized in three major points. Firstly, we treat the well-specified kernel
setting and misspecified kernel setting separately. Under both settings, we achieve
the consistency of our estimators regarding the true number of components for any
fixed bandwidth. Furthermore, when the bandwidth vanishes to 0 at an appropriate
rate, the consistency of estimating the true number of components is also guaranteed.
Secondly, for any fixed bandwidth, when the true kernel is identifiable in the first

1/2 of parameter estimation is established under the

order the convergence rate n~
well-specified kernel setting. Additionally, when that kernel is not identifiable in
the first order, we demonstrate that our estimators still achieve the best possible
convergence rate of parameter estimation. Finally, under the misspecified kernel
setting, we demonstrate that our estimators converge to some mixing measure GG, that
is closest to the true model under the Hellinger metric for any fixed bandwidth. When
the chosen kernel is first order identifiable and G, has finite number of components,

1/2 is also established under mild conditions of both chosen

the convergence rate n~
kernel and true kernel. Moreover, when G, has infinite number of components, some

analyses about the consistency of our estimators are also discussed.



1.3 Multi-levels clustering via optimal transport perspective

In numerous applications in engineering and sciences, data are often organized in
a multilevel structure. For instance, a typical structural view of text data in ma-
chine learning is to have words grouped into documents, documents are grouped into
corpora. A prominent strand of modeling and algorithmic works in the past couple
decades has been to discover latent multilevel structures from these hierarchically
structured data. For specific clustering tasks, one may be interested in simultane-
ously partitioning the data in each group (to obtain local clusters) and partitioning
a collection of data groups (to obtain global clusters). Bayesian hierarchical models
provide a powerful approach, exemplified by influential works such as [Blei et al.,
2003, Pritchard et al., 2000, Teh et al., 2006]. More specific to the simultaneous and
multilevel clustering problem, we mention the paper of [Rodriguez et al., 2008]. In
this interesting work, a Bayesian nonparametric model, namely the nested Dirich-
let process (NDP) model, was introduced that enables the inference of clustering
of a collection of probability distributions from which different groups of data are
drawn. With suitable extensions, this modeling framework has been further devel-
oped for simultaneous multilevel clustering, see for instance, [Wulsin et al., 2016,
Nguyen et al., 2014, Huynh et al., 2016]. However, these models generally rely on
MCMC algorithms to compute the posterior distribution of latent variables where the
computational complexity grows exponentially as the data sizes are large.

The main focus of Chapter VI is on the multilevel clustering problem motivated in
the aforementioned modeling works, but we shall take a purely optimization approach
to deal with the computational issues of these works. We aim to formulate optimiza-
tion problems that enable the discovery of multilevel clustering structures hidden in
grouped data. Our technical approach is inspired by the role of optimal transport dis-

tances in hierarchical modeling and clustering problems. The Wasserstein distances



are intimately connected to the problem of clustering — this relationship goes back
at least to the work of [Pollard, 1982], where it is pointed out that the well-known
K-means clustering algorithm can be directly linked to the quantization problem —
the problem of determining an optimal finite discrete probability measure that min-
imizes its second-order Wasserstein distance from the empirical distribution of given
data [Graf and Luschgy, 2000].

If one is to perform simultaneous K-means clustering for hierarchically grouped
data, both at the global level (among groups), and local level (within each group), then
this can be achieved by a joint optimization problem defined with suitable notions of
Wasserstein distances inserted into the objective function. In particular, multilevel
clustering requires the optimization in the space of probability measures defined in
different levels of abstraction, including the space of measures of measures on the
space of grouped data. In summary, the main contributions of Chapter VI can be
summarized into the following major points. Firstly, we propose a novel optimization
formulation to the multilevel clustering problem using Wasserstein distances defined
on different levels of the hierarchical data structure. Secondly, fast algorithms by
exploiting the connection of our formulation to the Wasserstein barycenter problem
are introduced. Thirdly, we establish consistency theorems for proposed estimates
under very mild condition of data’s distributions. Last but not least, several flexible
alternatives are studied by introducing constraints that encourage the borrowing of
strength among local and global clusters. The demonstration of efficiency and flex-
ibility of our approach is carried out in a number of simulated and real data sets.
As a consequence, our proposed model offers an attractive alternative to popular

model-based approaches such as the nested Dirichlet Process model.

1.4 Thesis organization

The remainder of this thesis is organized as follows.
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Chapter II: On strong identifiability and convergence rates of parame-
ter estimation in finite mixtures This chapter studies several notions of strong
identifiability and convergence behaviors for parameters of multiple types, including
matrix-variate ones, that arise in finite mixtures, and the effects of model fitting with

extra mixing components. .

Chapter III: Convergence rates of parameter estimation for some weakly
identifiable finite mixtures This chapter establishes minimax lower bounds and
maximum likelihood convergence rates of parameter estimation for weakly identifi-
able models, including mean-covariance multivariate Gaussian mixtures, shape-rate

Gamma mixtures, and some variants of finite mixture models.

Chapter IV: Convergence rates of parameter estimation for some weakly
identifiable finite mixtures This chapter proposes a general framework for the
identification of singularity structures of the parameter space of finite mixtures, and
studies the impacts of the singularity levels on minimax lower bounds and rates of

convergence for the maximum likelihood estimator over a compact parameter space.

Chapter V: Robust estimation of mixing measures in finite mixture models
This chapter proposes simple and efficient robust estimators of the mixing measures
in finite mixture models, which are inspired by the combination of minimum Hellinger

distance estimators, model selection criteria, and the superefficiency phenomenon.

Chapter VI: Multilevel clustering via Wasserstein means This chapter in-
troduces novel joint optimization approaches to the problem of multilevel clustering,
which aim to simultaneously partition data in each group and discover grouping pat-

terns among groups in a potentially large hierarchically structured corpus of data.
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Chapter VII: Conclusions and suggestions This chapter summarizes the main

contributions of the thesis and proposes several directions for future research.
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CHAPTER II

On strong identifiability and convergence rates of

parameter estimation in finite mixtures

This chapter studies identifiability and convergence behaviors for parameters of
multiple types, including matrix-variate ones, that arise in finite mixtures, and the
effects of model fitting with extra mixing components. We consider several notions
of strong identifiability in a matrix-variate setting, and use them to establish sharp
inequalities relating the distance of mixture densities to the Wasserstein distances of
the corresponding mixing measures. Characterization of identifiability is given for a
broad range of mixture models commonly employed in practice, including location-
covariance mixtures and location-covariance-shape mixtures, for mixtures of symmet-
ric densities, as well as some asymmetric ones. Minimax lower bounds and rates of
convergence for the maximum likelihood estimates are established for such classes,

which are also confirmed by simulation studies. !

2.1 Introduction

Mixture models are a popular modeling tool for making inference about heteroge-

neous data [Lindsay, 1995, McLachlan and Basford, 1988]. Under mixture modeling,

IThis work has been published in [Ho and Nguyen, 2016c].
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data are viewed as samples from a collection of unobserved or latent subpopula-
tions, each positing its own distribution and associated parameters. Learning about
subpopulation-specific parameters is essential to the understanding of the underlying
heterogeneity. Theoretical issues related to parameter estimation in mixture models,
however, remain poorly understood — as noted in a recent textbook [DasGupta, 2008]
(pg. 571), “mixture models are riddled with difficulties such as nonidentifiability”.
Research about parameter identifiability for mixture models goes back to the early
work of Teicher [1961, 1963], Yakowitz and Spragins [1968] and others, and continues
to attract much interest [Hall and Zhou, 2003, Hall et al., 2005, Elmore et al., 2005,
Allman et al., 2009]. To address parameter estimation rates, a natural approach is
to study the behavior of mixing distributions that arise in the mixture models. This
approach is well-developed in the context of nonparametric deconvolution [Carroll
and Hall, 1988, Zhang, 1990, Fan, 1991], but these results are confined to only a spe-
cific type of model — location mixtures. Beyond location mixtures there have been
far fewer results. In particular, for finite mixture models, a notable contribution was
made by Chen, who proposed a notion of strong identifiability and established the
convergence of the mixing distribution for a class of over-fitted finite mixtures with
scalar parameters [Chen, 1995]. Over-fitted finite mixtures, as opposed to exact-fitted
ones, are mixtures that allow extra mixing components in their model specification,
when the actual number of mixing components is bounded by a known constant. More
recently, Nguyen showed that the convergence of the mixing distribution is naturally
understood in terms of Wasserstein distance metric [Nguyen, 2013]. He established
rates of convergence of mixing distributions for a number of finite and infinite mix-
ture models with multi-dimensional parameters — the case of finite mixtures can be
viewed as a generalization of Chen’s results. Rousseau and Mengersen studied over-
fitted mixtures in a Bayesian estimation setting [Rousseau and Mengersen, 2011].

They did not study the convergence of all mixing parameters, focusing only on the
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mixing probabilities associated with extra mixing components. Finally, we mention a
related literature in computer science, which focuses almost exclusively on the anal-
ysis of computationally efficient procedures for clustering with exact-fitted Gaussian

mixtures (e.g., [Dasgupta, 1999, Belkin and Sinha, 2010, Kalai et al., 2012]).

Setting The goal of this chapter is to establish rates of convergence for parameters
of multiple types, including matrix-variate parameters, that arise in a variety of finite
mixture models. Assume that each subpopulation is distributed according to a density
function (with respect to Lebesgue measure on an Euclidean space X’) that belongs
to a known density class {f(x|0,2),0 ECOCRL.YLeNC Sj;r,x € X}. Here, d; >
1,dy > 0, Sj; is the set of all dy X dy symmetric positive definite matrices. A finite
mixture density with £ mixing components can be defined in terms of f and a discrete

mixing measure G' = Zle Pid(s,,x,) With & support points as follows

pe(x) :/fme,z)dG(e, Z):Zpif(:zr\ei,&).

Examples for f studied in this chapter include the location-covariance family (when
d; = dy > 1) under Gaussian or some elliptical families of distributions, the location-
covariance-shape family (when d; > dy) under the generalized multivariate Gaus-
sian, skew-Gaussian or the exponentially modified Student’s t-distribution, and the
location-rate-shape family (when d; = 3,ds = 0) under Gamma or other distribu-
tions.

As shown by Nguyen [2013], the convergence of mixture model parameters can be
measured in terms of a Wassertein distance on the space of mixing measures GG. Let
G = Zlepi5(gi7gi) and Gy = Zfil pgé(ggzg) be two discrete probability measures on

O x , which is equipped with metric p. Recall the Wasserstein distance of order r,
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for a given r > 1 (cf. Villani [2009)])

1/r
W, (G, Go) = (igfz%pr((@i,za, (0?72?») ,
%,J

where the infimum is taken over all joint probability distributions q on [1,. .. k]
X[1,..., ko] such that, when expressing q as a k x ky matrix, the marginal constraints
hold: Zqij = p; and ZQij = p?.

To Jsee how converglence of mixing measure GG,, in Wasserstein distances is trans-
lated to convergence of (G,,’s atoms and probability masses, suppose that a sequence
of mixing measures GG,, — Gy under W, metric at a rate w, = o(1). If all G,, have the
same number of atoms k = kg as that of Gy, then the set of atoms of G,, converge to
the ko atoms of G at the same rate w,, under p metric. If G,, have varying k,, € [ko, k|
number of atoms, where k is a fixed upper bound, then a subsequence of GG,, can be
constructed so that each atom of Gy is a limit point of a certain subset of atoms of
G, — the convergence to each such limit also happens at rate w,. Some atoms of Gz,
may have limit points that are not among Gj’s atoms — the mass associated with
those atoms of (G, must vanish at the generally faster rate w], (since r > 1).

In order to establish the rates of convergence for the mixing measure G, our
strategy is to derive sharp bounds which relate the Wasserstein distance of mixing
measures G, G’ and a distance between corresponding mixture densities pg, per, such
as the variational distance V(pg, per). It is relatively simple to obtain upper bounds
for the variational distance of mixing densities (V' for short) in terms of the Wasser-
stein distances W,.(G,G") (shorthanded by W,). Establishing (sharp) lower bounds
for V' in terms of W, is the main challenge. Such bounds may not hold, due to a
possible lack of identifiability of the mixing measures: one may have pg = pgr, so

clearly V' =0 but G # G’, so that W, # 0.
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General theory of strong identifiability The classical identifiability condition
requires that pg = pg entail G = G’. This amounts to the linear independence of
elements f in the density class [Teicher, 1963]. In order to establish quantitative lower
bounds on a distance of mixture densities, we employ several notions of strong iden-
tifiability, extending from the definitions employed in Chen [1995] and Nguyen [2013]
to handle multiple parameter types, including matrix-variate parameters. There are
two kinds of strong identifiability. One such notion involves taking the first-order
derivatives of function f with respect to all parameters in the model, and insisting
that these quantities be linearly independent in a sense to be precisely defined. This
criterion will be called “strong identifiability in the first order”, or simply first-order
identifiability. When the second-order derivatives are also involved, we obtain the
second-order identifiability criterion. It is worth noting that prior studies on pa-
rameter estimation rates tend to center primarily on the second-order identifiability
condition or something even stronger [Chen, 1995, Liu and Shao, 2004, Rousseau and
Mengersen, 2011, Nguyen, 2013]. We show that for exact-fitted mixtures, the first-
order identifiability condition (along with additional and mild regularity conditions)

suffices for obtaining that

V(pa,pa,) 2 Wi(G, Go), (2.1)

when W1 (G, Gy) is sufficiently small. Moreover, for a broad range of density classes,
we also have V' < Wi, for which we actually obtain V(pg,pe,) < Wi(G,Go). A
consequence of this fact is that for any estimation procedure that admits the n=1/2
convergence rate for the mixture density under V' distance, the mixture model pa-
rameters also converge at the same rate under Fuclidean metric.

Turning to the over-fitted setting, second-order identifiability along with mild

regularity conditions would be sufficient for establishing that for any G that has at
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most k support points where k > ky + 1 and k is fixed,
V(pa:pay) 2 W3 (G, Go). (2.2)

when W5 (G, Gy) is sufficiently small. The lower bound WZ(G, Gy) is sharp, i.e.,
we cannot improve the lower bound to W7 for any r < 2 (notably, Wy > W;). A
consequence of this result is, take any standard estimation method (such as the MLE)
which yields the n~'/2 convergence rate for pg, the induced rate of convergence for
the mixing measure G is n~'/* under W,. This means the mixing probability mass
converge at n~'/2 rate (which recovers the result of Rousseau and Mengersen [2011]),
in addition to having that the component parameters converge at n~'/* rate.

We also show that there is a range of mixture models with varying parameters
of multiple types that satisfies the developed strong identifiability criteria. All such
models exhibit the same kinds of rate for parameter estimation. In particular, the
second-order identifiability criterion (thus the first-order identifiability) is satisfied
by many density families f including the multivariate Student’s t-distribution, the
exponentially modified multivariate Student’s t-distribution. Second-order identifia-
bility also holds for several mixture models with multiple types of (scalar) parameters.

These results are presented in Section 2.3.2.

Convergence of MLE estimators and minimax lower bounds Assuming that
n-iid sample Xy, ..., X,, are generated according to pg, and let @n be the MLE esti-
mate of the mixing distribution GG ranging among all discrete probability distributions
with at most k support points in © x 2 under the over-fitted setting or among all
discrete probability distributions with exactly ko support points in © x €2 under the
exact-fitted setting. The inequalities (2.1) and (2.2), along with the fact that these
bounds are sharp enable us to easily establish the convergence rates of the mixing

measures, and obtain minimax lower bounds. Such results are stated in Theorem
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2.4.2, Theorem 2.4.3, and Theorem 2.4.4. In particular, we obtain the minimax lower
bound n~1% under W, distance for the exact-fitted setting for any positive § < 2.

1

Under the over-fitted setting, the minimax lower bound is =% under W, distance

for any positive § < 4. The MLE method can be shown to achieve both these rates,

172 and n=Y* up to a logarithm term, under exact-fitted and over-fitted set-

ie., n~
ting, respectively. Note, however, that these are pointwise convergence rates, i.e., the
constants C7 in Theorem 2.4.2 and Theorem 2.4.3 depend on Gy. For a fixed Gy, we
think that the MLE upper bound n~'/* for the over-fitted setting is tight, but we do

not have a proof.

Summarizing, the technical contributions of this chapter include the following:

(i) Convergence of parameters of multiple types, including matrix-variate parame-

ters, for finite mixtures, under strong identifiability conditions.

(ii) A minimax lower bound, in the sense of Wasserstein distance W5, for estimating
mixing measures in an over-fitted setting. The maximum likelihood estimation
method is shown to achieve this lower bound, up to a logarithmic term, although

the convergence is pointwise.

(iii) Characterization results showing the applicability of our theory and the con-
vergence rates to a fairly broad range of mixture models with parameters of

multiple types, including matrix-variate ones.

(iv) Another noteworthy aspect of this work is that the settings of exact-fitted and
over-fitted mixtures are treated separately: the first-order identifiability crite-
rion is sufficient in the former setting, which attains convergence in Wy; while
the second-order identifiability criterion is sufficient in the latter, which achieves

convergence in Wy metric.

Finally, we note in passing that both the first and second-order identifiability are

in some sense necessary in deriving the MLE convergence rate n~/? and n=/* as de-
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scribed above. Models such as location-scale Gaussian mixtures, shape-scale Gamma
mixtures and location-scale-shape skew-Gaussian mixtures do not satisfy either or
both strong identifiability conditions — we call such models “weakly identifiable”.
It can be shown that such weakly identifiable models exhibit a much slower conver-
gence behavior than the standard rates established in this chapter. Such a theory
is fundamentally different from the strong identifiability theory, and will be reported

elsewhere.

Chapter organization The rest of the chapter is organized as follows. Section
2.2 provides some preliminary backgrounds and facts. Section 2.3 presents a general
theory of strong identifiability, by addressing the exact-fitted and over-fitted settings
separately before providing a characterization of density classes for which the general
theories are applicable. Section 2.4.1 contains consequences of the theory developed
earlier — this includes minimax lower bounds and convergence rates of maximum
likelihood estimation. The theoretical bounds are illustrated via simulations in Sec-
tion 2.4.2. Self-contained proofs of the key theorems are given in Section 2.5 while

proofs of the remaining results are presented in the Section 2.6.

Notation Given two densities p, ¢ (with respect to Lebesgue measure p), the vari-

ational distance is given by V(p,q) = (1/2) [ |p — ¢|dp. The Hellinger distance h is

given by h%(p,q) = (1/2) [(p'/? — ¢'/*)%dp.
As K,L € N, the first derivative of real function ¢ : RE*l — R of matrix ¥ is

defined as a K x L matrix whose (7,7) element is dg/0%;;. The second derivative
2

of g, denoted by % is a K% x L? matrix made of KL blocks of K x L matrix,

o (0
whose (7, j)-block is given by £ ( 8; ) Additionally, as N € N, for function
(]
go : RY x RE*E — R defined on (6,%), the joint derivative between the vector
gy 9

component and matrix component is a (KN) x L matrix of KL

000y  9¥00
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o (0
blocks for N-columns, whose (i, j)-block is given by — 92 .
00 \ 0%;;
Throughout this chapter, for any symmetric matrix ¥ € R4 X\ (2) and \g(X)
respectively denote its smallest and largest eigenvalue. Additionally, the expression
727 will be used to denote the inequality up to a constant multiple where the value

of the constant is fixed within our setting. We write a, < b, if both a, 2 b, and

a, < b, hold.

2.2 Preliminaries

First of all, we need to define our notion of distances on the space of mixing mea-
sures. In this chapter, we restrict ourselves to the space of discrete mixing measures
with exactly ko distinct support points on © x €2, denoted by &, (O x2), and the space

of discrete mixing measures with at most £k distinct support points on © x {2, denoted
k
by Or(© x2). Consider a mixing measure G = ) p;d, »,), where p = (p1,p2,..., )
i=1
denotes the proportion vector. Likewise, let G’ = Zle Pide,sy)- A coupling between

p and p’ is a joint distribution g on [1... k| x [1,..., k'], which is expressed as a
k
matrix ¢ = (ij)1<i<k,1 <j<i € [0,1]¥**¥ and admits marginal constraints Y g;; = p)
i=1
k/
and Y ¢; =p;foranyi=1,2,....kand j=1,2,... k. We call g a coupling of p
j=1

and p’, and use Q(p,p’) to denote the space of all such couplings.

As in Nguyen [2013], our tool for analyzing the identifiability and convergence
of parameters in a mixture model is by adopting Wasserstein distances, which can
be defined as the optimal cost of moving masses from one probability measure to
another [Villani, 2009]. For any r > 1, the r-th order Wasserstein distance between
G and G’ is given by

1/r
WAG.G) — ( inf ,)Zqz-j<||ez-—e;||+||zi—z;-n)’”) .
1,5

qeQ(p,p
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In both occurrences in the above display, || - || denotes either the 3 norm for elements
in R? or the entrywise Iy norm for matrices.

The central theme of the chapter is the relationship between the Wasserstein
distances of mixing measures G, G’ and the distances of the corresponding mixture
densities pg,per.  Clearly, if G = G’ then pg = per. Intuitively, if Wi(G,G") or
Wy (G, G') is small, so is a distance between pg and pg. This can be quantified by
establishing an upper bound for the distance of pg and pg in terms of Wi (G, G’)
or Wy(G,G"). There is a simple and general way to do this, by accounting for the
Lipschitz property of the density class and then appealing to Jensen’s inequality. We
will not go into such details and refer the readers to Nguyen [2013] (Section 2). The
followings are examples of mixture models that carry multiple types of parameter

including the matrix-variate ones, along with the aforementioned upper bounds.

Example 2.2.1. (Multivariate generalized Gaussian distribution [Zhang et al., 2013])
mI'(d/2)
(] 2m) IS
RY,m >0, and ¥ € Sj*. If ©; is a bounded subset of RY, Oy = {m e R* : 1 <m

Let f(z|0,m,%) = exp(—[(z — )TX " (x — 0)]™), where 0 €

<m<m), and @ = {Te S A< VA) < VAD) £ X}, where AX > 0,
then for any mixing measures G, Gy, we obtain h*(pg,,pa,) S Wi(G1,Gs) and

V<pG17pG2) 5 Wl (le GQ)

Example 2.2.2. (Multivariate Student’s t-distribution [Peel and McLachlan, 2000])
C, (v
Let f(2]0,%) = =5 (v + (z — )TE 7Yz - 09)) ( +d)/2, where v is a fixed positive

o |Z|1/2
L((v+d)/2)v"/?
['(v/2)wd/?
0= {E ESIT A< VME) < VE) < X}, then for any mixing measures G, G,

. If ©® is a bounded subset of R? and

degree of freedom and C), =

we obtain h*(pa,,pa,) S W3 (G1, Gs) and V(pe,, pa,) S Wi(Gi, Gs).

Example 2.2.3. (Exponentially modified multivariate Student’s t-distribution)
Let f(x]0,A,%) be the density of X =Y + Z, where Y follows the multivariate t-

distribution with location parameter 6, covariance matrix ¥, fixed positive degree of
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freedom v, and Z is distributed by the product of d independent exponential distri-

butions with combined shape parameter A = (Ay,..., ;). If © is a bounded subset

of R x R% and Q = {E €SI A< VAME) < VM) < X}, then for any mixing

measures G, Gy, we have h?(pg,, pg,) S W2(G1,Gs) and V(pg,, pa,) < Wi(Gh, Gs).

Example 2.2.4. (Modified Gaussian-Gamma distribution)

Let f(x]0,a, 3,%) be the density function of X =Y + Z, where Y is distributed by
the multivariate Gaussian distribution with mean 6, covariance matrix ¥, and Z is
distributed by the product of independent Gamma distributions with combined shape
vector & = (ay, ..., aq) and combined rate vector § = (B, ..., Bq4). If © is a bounded
subset, ofRdei xRi, 0= {E € S;LJF A< \/m < \/W < X}, then for any

mixing measures G1, Go, we have h?(pa,, pa,) SV (pay, pa,) < Wi(Gy, Gs).

2.3 General theory of strong identifiability

The objective of this section is to develop a general theory according to which
a small distance between mixture densities pg and pg entails a small Wasserstein
distance between mixing measures G and G’. The classical identifiability criteria
require that pg = pe entail G = G’, which is essentially equivalent to a linear
independence requirement for the class of density family {f(z]0,X)|6 € ©,% € Q}.
To obtain quantitative bounds, we shall need stronger notions of identifiability, ones
which involve higher order derivatives of the density function f, taken with respect to
the mixture model parameters. The strength of this theory is that it holds generally
for a fairly broad range of mixture models, which allows for the same bounds on
the Wasserstein distances. This in turn leads to “standard” rates of convergence for

mixing measures.
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2.3.1 Definitions and general identifiability bounds

Definition 2.3.1. The family {f(z|6,%),0 € ©,%X € Q} is identifiable in the first-
order if f(x|0,%) is differentiable in (0,%) and the following holds

Al. For any finite k different pairs (61,%1), ..., (0, Xr) € O x Q, if we have o; €
R, 3; € R4 and symmetric matrices v; € R%2*% (for alli =1,...,k) such

that for almost all x

k
> et ol 5+ 8 el %) (o1, 5, ) =,

then, a; = 0,3 =0 € R v, =0 € R2X%2 fori=1,... k.

Remark The condition that ~; is symmetric in Definition 2.3.1 is crucial, without
which the identifiability condition would fail for many classes of density. Indeed,
assume that g—é(xwi, ¥;) are symmetric matrices for all 4, which clearly holds for
elliptical distributions such as multivariate Gaussian, Student’s t-distribution, and
logistics distribution. Now, if we choose 7; to be anti-symmetric matrices with zero
diagonal elements, o;; = 0, §; = 0, then the equation in (A1) holds even when 7; # 0
for all 2.

Additionally, we say the family of densities f is uniformly Lipschitz up to the
first order if the following holds: there are positive constants 7, d such that for any
Ry, Ry, Ry > 0, 71 € R, v, € R2*% Ry < \/A(2) < /Ay, (8) < Ry, [|0]] < Ry,
01,05 € ©, 31,3, € Q, there are positive constants C'(R, Ry) and C(R3) such that

forallz e X

o (g(mwhz) - %@'92’ E))‘ < C(Ry, Ro)[|61 — 651 [ mll, (2.3)

tr ((g—é(ﬂ@, %) — g—é(xlé’, 22)) ’}/2>
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First-order identifiability is sufficient for deriving a lower bound of V(p¢g, pg,) in
terms of W1 (G, Gy), under the ezact-fitted setting: This is the setting where G has

exactly ko support points lying in the interior of © x €:

Theorem 2.3.1. (Exact-fitted setting) Suppose that the density family f is iden-
tifiable in the first order and admits a uniform Lipschitz property up to the first order.
Then there are positive constants ey and Cy, both depending on Gq, such that as long as
G € &, (0 xQ), the set of mizing measures with exact order ko, and W1(G, Go) < €,

we have

V(pa,pa,) = CoWi(G, Gy).

Although no boundedness condition on © or €2 is required, this lower bound is of
a local nature, in the sense that it holds only for those G sufficiently close to Gg by a
Wassertein distance at most €y, which again varies with Gj. It is possible to extend
this type of bound to hold globally over a compact subset of the space of mixing

measures, under a mild regularity condition, as the following corollary asserts:

Corollary 2.3.1. Suppose that all assumptions of Theorem 2.3.1 hold. Furthermore,
there is a positive constant o > 0 such that for any Gi,Gy € &, (© x ), we have
V(pe,,pa,) S WH(G1, Gy). Then, for a fixred compact subset G of E, (© x ), there

is a positive constant Coy = Cy(Go) such that

V(pa, pa,) = CoWi (G, Go)  for all G € G.

We shall verify in the sequel that the classes of densities f described in Examples
2.2.1,2.2.2, and 2.2.3 are all identifiable in the first order. Combining with the upper

bounds for V', we arrive at a remarkable fact for these density classes, that

V(pa,pa,) < Wi(G, Gy).
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Moving to the over-fitted setting, where Gy has exactly ko support points lying in
the interior of © x €2, but ky is unknown and only an upper bound for kg is given, a
stronger identifiability condition is required. This condition generalizes that of Chen

[1995:

Definition 2.3.2. The family {f(z|6,%),0 € ©,%X € Q} is identifiable in the second-

order if f(z|0,X) is twice differentiable in (0,%) and the following assumption holds

A2. For any finite k different pairs (01,%1), ..., (0, X) € O x Q, if we have o; €
R, B;,v; € R%, ;. m; symmetric matrices in R%2*% qsi=1,... k such that

for almost all x

k o2
>-{ s (alt 20 + 55 016,50 + F Gk w0 B+

=1

tr (GGl 20 ) + 2 | 3 (o (S—QMW%)H "

() o)) - o

then, a; = 0,3 =1, =0 € R v, =1, =0 € R®2*% forj=1,... k.

In addition, we say the family of densities f is uniformly Lipschitz up to the

second order if the following holds: there are positive constants ds3,d4 such that for

any Ry, Rs, Rg > 0,71 € RM, 7o € R2*%2 Ry < \/A(2) < /A, (2) < Rs, [|0]] < R,
01,05 € ©, 31,3, € Q, there are positive constants C; depending on (Ry, R5) and Cy

depending on Rg such that for all x € X

0*f 0 f 8 9
R (892( )0y, %) — 502 77 (@02, 3) )71 | < Ci|01 — 62|71 ]2,
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Let k> 2 and ko > 1 be fixed positive integers where k > ko + 1. Gy € &, while

G varies in Og. Then, we can establish the following results
Theorem 2.3.2. (Over-fitted setting)

(a) Assume the density family f is identifiable in the second order and admits a
uniform Lipschitz property up to the second order. Moreover, © is a bounded
subset of R and Q is a subset of Sjlj such that the largest eigenvalues of
elements of §2 are bounded above. Additionally, assume that for each 6 € ©, for
each x € X except a finite number of values in X, we have /\l%izr)n_m f(z]0,%) = 0.
Then there are positive constants ey and Cy depending on Go such that as long

as G € Or(O x Q), the set of mizing measures with their orders bounded above

by k, and Wo(G, Gy) < €, we have

V(pa, pa,y) > CoW5 (G, Gp).

(b) (Optimality of bound for variational distance) Assume f is second-order dif-
ferentiable with respect to 0,5 and all of its second derivatives are integrable

uniformly for all 0,%. Then, for any 1 <r < 2:

li inf T : < =0.
E%Geoﬁ@m){v(m,pco)/ﬂfl (G, Go) : W1i(G, Gy) _e} 0

(c) (Optimality of bound for Hellinger distance) Assume f is second-order differ-
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entiable with respect to 0, ¥ and for some sufficiently small ¢y > 0,

0? ’ )
sup / (%Té;a?(xw’ Z)) [f(z]0, X )dr < oo

10—0" |+ E—X"[[<co
zeX

where o € N g € N2X% 4 the partial derivative of f take any combination

such that |aq| + |ao] = 2. Then, for any 1 <r < 2:

i inf T : < =0.
el—r>r(l)GeOlk,r(le><Q){h(pG’pGO)/Wl(G7GO> Wl(G,GO)_e} 0

Here and elsewhere, ratio V/W,. is set to be oo if W,.(G,Gy) = 0. Some remarks:

(i)

(i)

A version of part (a) for finite mixtures with multivariate parameters was first
given in Nguyen [2013] (Proposition 1 and Theorem 1). The original statement
of Nguyen’s Theorem 1 contains a mistake, as it claims something unnecessarily
stronger: V(pg,,pa,)/Wi(G1,Ge) is bounded away from 0 as both G; and G
are sufficiently close to Gy in the sense of W5. This is not true, unless both G,
and G5 have the same number of support points as Gy. 2 This error can be
corrected in the overfitted setting, by fixing G5 to Gy, and allowing only G; = G
to vary near Gy. This is precisely our current statement of part (a) stated for

the more general matrix-variate mixture models.

The condition R %iZI)ILO f(z|0,%) = 0 is important for the matrix-variate param-
1

eter X. In particular, it is useful for addressing the scenario when the smallest

eigenvalue of matrix parameter X is not bounded away from 0. It is simple to

see that this condition is satisfied for the examples discussed in the previous

section. For instance, for the multivariate generalized Gaussian distribution, it

holds for each # € ©, and = # 6. Note also that this condition can be removed

2A counterexample was pointed out to the second author by Elisabeth Gassiat, who attributed
it to Jonas Kahn. A similar error is also present in Lemma 2 of Chen [1995], which admits the same
correction described above.
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if we additionally impose that all X € (2 are positive definite matrices whose

eigenvalues are bounded away from 0.

(iii) Part (b) demonstrates the sharpness of the bound in part (a). In particular, we
cannot improve the lower bound in part (a) to any quantity W[ (G, Gy) for any
r < 2. For any estimation method that yields n~'/? convergence rate under the
Hellinger distance for pg, part (a) induces n='/* convergence rate under W, for
G. A consequence of part (c) is a minimax lower bound n~'/* for estimating

the mixing measure G. See Section 2.4.1 for formal statements of such results.

(iv) It is also worth mentioning that the boundedness of O, as well as the bounded-
ness from above of the eigenvalues of elements of {2 are both necessary conditions
for the conclusion of part (a) to hold. Indeed, it is possible to show that if one
of these two conditions is not met, we are not able to obtain the lower bound of
V(pa, pa,) as established, because the distance h > V' can vanish much faster

than the distance W,.(G, Gy), as can be seen by:

Proposition 2.3.1. Let © be a subset of R and Q) = SC};JF. Then for any r > 1 and

£ >0 we have

1
lim  inf N h(pepa) : WalG,Go) < eb =0,
im  in ){exp (Wf( ) (e pay) ( 0) 6}

=0 GEOL(OXQ G, Go)

Finally, as in the exact-fitted setting, to establish the bound V > W2 in a global

manner, we simply add a compactness condition on the subset within which G varies:

Corollary 2.3.2. Suppose that all assumptions of Theorem 2.3.2 (part (a)) hold.
Furthermore, there is a positive constant o < 2 such that for any G, Gy € Or(© x ),
we have V(pa,,pay) S WGy, Ge). Then, for a fized compact subset O of O (O x )

there is a positive constant Cy = Cy(Gy) such that

V(pa, pa,) = CoW2(G,Gy) for all G € O.
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A consequence of this result is, take any standard estimation method such as the
MLE, which yields the n~'/2 convergence rate for p¢, the induced rate of convergence
for the mixing measure G is n~'/* under W,. This also entails that the mixing
probability masses converge at the n~/2 rate (which recovers the result of Rousseau
and Mengersen [2011]), in addition to having that the component parameters converge

at the n=4 rate.

2.3.2 Characterization of strong identifiability

In this subsection we identify a fairly broad range of density classes for which the
strong identifiability conditions developed previously hold either in the first or the sec-
ond order. Then we also present general results which show how strong identifiablity
conditions continue to be preserved under certain transformations with respect to the
parameter space. First, we consider univariate density functions with parameters of

multiple types:
Theorem 2.3.3. (Densities with multiple scalar parameters)

1
(a) Generalized univariate logistic densities: Let f(x]0,0) = —f ((x — 0)/0), where
o

o) = Ilp+q)  exp(pz)
P(p)l(q) (1 + exp(z))r+e’
{f(z|0,0),0 € R,0 € R,} is identifiable in the second order.

and p,q are fized in Ny. Then the family

(b) Generalized Gumbel densities: Let f(z|0,0,\) := lj‘"((x—H)/a, A), where f(x, \)
o

A
oY) exp(—A(x + exp(—x))) as A > 0. Then we have the family {f(x]0,0, \),
0 eR,oeR,\eR,} is identifiable in the second order.
. . 1% x v—1 T 14
(¢c) Weibull densities: Let f(z|v,\) = X <X) exp (— (X) ), for x > 0, where

v, A > 0 are shape and scale parameters, respectively. Then the family { f(x|v, A),

veR,,AeR,} is identifiable in the second order.

(d) Von Mises densities [Hsu et al., 1981, Kent, 1983, Mardia, 1975]: Let f(z|u, ) =

30



1
2rly(K)
modified Bessel function of order 0. Then the family { f(x|p, k), p € [0,27),x € Ry}

exp(k cos(x — ). Lzejo,om)y, where p € [0,2m),k > 0, and Io(k) is the

15 identifiable in the second order.

Next, we turn to the density function classes with matrix-variate parameter spaces,

as introduced in Section 2.2:
Theorem 2.3.4. (Densities with matriz-variate parameters)

(a) The family {f(z]6,5,m),6 € R", ¥ € ST, m > 1} of multivariate generalized

Gaussian distribution is identifiable in the first order.

(b) The family { f(x]6,%),0 € R%., X € S;+} of multivariate t-distribution with fized

odd degree of freedom is identifiable in the second order.

(c) The family {f(x|0, YA, 0 eRET € ST N e Ri} of exponentially modified
multivariate t-distribution with fived odd degree of freedom is identifiable in the

second order.

d) The family {f(z]|0,%2,a,b),0 e RS € STt aeRE beRLY of modified
d + +

Gaussian-Gamma distribution is not identifiable in the first order.

These theorems are the matrix-variate or multiple parameter-type counterparts of
results proven for density classes with a single scalar parameter [Chen, 1995]. As the
proofs of these results are technically involved, we present only the proof of Theorem
2.3.4 in the Section 2.6. A useful insight one can draw from these proofs is that the
strong identifiability of these density classes are established by exploiting how the
corresponding characteristic functions and moment generating functions behave at
infinity. Thus it can be concluded that the common feature in establishing strong
identifiability hinges on the smoothness of the density f in question.

Some additional details: regarding part (a), as the class of multivariate Gaussian

distribution (m = 1) is not identifiable in the second order, the conclusion of this
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part only holds for the first-order identifiability. However, if we impose the constraint
m > 1, the class of multivariate generalized Gaussian distributions is identifiable in
the second order. The condition odd degree of freedom in part (b) and (c) of Theorem
2.3.4 is mainly due to our proof technique. We believe both (b) and (c) hold for any
fixed positive degree of freedom, but do not have a proof. Finally, the conclusion of
part (d) is due to the fact that family of Gamma distribution is not identifiable in
the first order.

The results of Theorem 2.3.4 shed light on which classes of distribution satisfy
the inequality being established in Theorem 2.3.1 and Theorem 2.3.2. A consequence
is the following: take any standard estimation method (such that the MLE) which

yields the n=1/2

convergence rate for pg, the induced rate of convergence for the mixing
measure G is n~ Y2 under W for the exact-fitted setting or n~/* under W, for the
over-fitted setting. From the definition of Wasserstein distances, under the MLE,
the mixing probabilities’ estimate converge at the n~'/? rate; while the component
parameters converge at the rate n='/2 for the exact-fitted setting, and n~='/* for the
over-fitted setting.

Before ending this section, we state a result in response to a question posed by
Xuming He on strong identifiability in transformed parameter spaces. The follow-
ing theorem asserts that the first-order identifiability with respect to a transformed

parameter space is preserved under some regularity conditions of the transformation

operator. Let T' be a bijective mapping from ©* x Q* to © x 2 such that

T(n,A) = (Ta(n, A), Ta(n, A)) = (6,%)

for all (n,A) € ©* x Q*, where ©* C R", Q* C S;*. Define the class of density

functions {g(z|n,A),n € ©*, A € Q*} by

9($|777 A) = f(ZL‘|T<77, A))
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Additionally, for any (7,A) € ©* x Q*, let J(n, A) € R+aE)x(d+d) he the modified
Jacobian matrix of T'(n, A), i.e. the usual Jacobian matrix when (n, A) is taken as a

dy + d3 vector.

Theorem 2.3.5. Assume that {f(x]6,%),0 € ©,% € Q} is identifiable in the first
order. Then the class of density functions {g(xz|n,A),n € ©*, A € Q*} is identifiable

in the first order if and only if the modified Jacobian matriz J(n, A) is non-singular
for all (n,A) € ©* x Q*.

The conclusion of Theorem 2.3.5 still holds if we replace the first-order identifia-
bility by the second-order identifiability. This type of results allows us to construct
more examples of strongly identifiable density classes.

As we have seen previously, strong identifiablity (either in the first or second
order) yields sharp lower bounds of V(pg,pg,) in terms of Wasserstein distances
W,(G,Gyp). It is useful to know that in the transformed parameter space, one may

still enjoy the same inequality. Specifically, for any discrete probability measure

ko
Q = > pidm,.n,) € Eke(OF x ), denote
i=1

P/cg($):/9(x|77» )dQ(n, A sz (|, A

Let Qo to be a fixed discrete probability measure on &, (©* x Q*), while probability

measure () varies in &, (0* x QF).

Corollary 2.3.3. Assume that the conditions of Theorem 2.3.5 hold. Further, sup-
pose that the first derivative of f in terms of 0,5 and the first derivative of T in terms
of n, A\ are a-Holder continuous and bounded where o > 0. Then there are positive
constants €y == €y(Qo) and Cy := Cy(Qo) such that as long as Q € E, (O x Q%) and

W1(Q, Qo) < €, we have

V(pg,Pg,) = CoWi(Q, Qo).
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Remark. If © and €2 are bounded sets, the condition on the boundedness of the
first derivative of f in terms of 6, % and the first derivative of g in terms of 1, A can be
left out. Additionally, the restriction that these derivatives be a-Hdélder continuous
can be relaxed to only that the first derivative of f and the first derivative of g are
a1-Holder continuous and ao-Hoélder continuous where aq, s > 0 can be different.
Finally, the conclusion of Corollary 2.3.3 still holds for the lower bound W2(Q, Qo)
if we impose the second-order identifiability on the kernel density f as well as the

additional structures on the second derivative of T.

2.4 Minimax lower bounds, MLE rates and illustrations

2.4.1 Minimax lower bounds and MLE rates of convergence

Given n-iid sample X5, Xo, ..., X,, distributed according to the mixture density pg,,
where (G is an unknown true mixing distribution with exactly ko support points, and
the class of densities {f(z]0,X),0 € ©,% € Q} is assumed known. Given k € N such
that k£ > kg+ 1. The support points of G lie in © x Q2. In this section we shall assume
that © is a compact subset of R and 2 = {E €SI A<V ME) < VAg(®) <
X}, where 0 < A\, A are known and d; > 1,dy > 0. We denote ©* = O x Q. The

maximum likelihood estimator for Gy in the over-fitted mixture setting is given by

n

Gy — argmax 3" log(pa(X).
GeOL(Ox9) ‘=3

For the exact-fitted mixture setting, Oy is replaced by &, .

The inequalities established by Theorem 2.3.1 and Theorem 2.3.2 allow us to
translate existing results on convergence rates (under Hellinger distance) of maxi-
mum likelihood density estimation to that of the mixing measure (under Wasserstein
distance metrics). Under standard assumptions, the convergence rate for density

estimation using finite mixture densities is (logn/n)/2. Then it follows that the con-
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vergence rate for the mixing measure under W; distance in the exact-fitted setting
is also (logn/n)'/2. For the over-fitted setting, the rate is (logn/n)Y/* under W,
distance.

To state such results formally, we need to introduce several standard notions,
which will allow us to appeal to a general convergence theorem for the MLE (e.g., [van de

Geer, 2000]). For any positive integer number k;, define several classes of mixture

densities Py, (0%) = {pe : G € O (07)}, Py, (0%) = {pm .Ge okl(@w}, and
—1/2

1/2
P, (©) = {(pc-;co) G € Okl(@*)}. For any § > 0, define the intersection

with a Hellinger ball centered at pg, via

—1/2, ., 12 9
P(07,6) = {(pazao) € Py : hlpesy, pay) < 5}.
The size of this set is captured by the entropy integral:

1/2

jB(& 7_Dk1 (@*a5)7“) = / H;/2(u7fllc{2(@*au)a“)du v 57

52/213

where Hp denotes the bracketing entropy of 511{2(@*) under L, distance (cf. van de
Geer [2000] for a definition of the bracket entropy).
Before arriving at the main results in this section, we state the result of Theorem

7.4 of van de Geer [2000] with the adaption of notations as those in our paper

—1/2

Theorem 2.4.1. Take ¥(8) > Jg(§, P,/ (©*,0), 1) in such a way that W(5)/6? is a

non-increasing function of 6. Then, for a universal constant ¢ and for

Vs > cW(s,),
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we have for all § > 6,

néo>
P(h(pc,,pc,) > 0) < cexp {—?} .

Now, we are ready to state a general result on the MLE under the exact-fitted

mixture setting:

Theorem 2.4.2. (Exact-fitted mixtures) Assume that f satisfies the conditions

—=1/2

W)
of Theorem 2.5.1. Take W(0) > Jp(d, Py, (©%,9), po) in such a way that

5 a
52

non-increasing function of §. Then for a universal constant c, constant C; = C1(0%),

a non-negative sequence {0,} such that

and for all 6 > 6—", we have

e

Proof. By Theorem 2.3.1,

CLO"WE(G,Go) < Vi pa,pa,) < 2h*(pa, pa,) for all G € &, (0%), (2.5)

where C}(0%) is a positive constant depending only on ©* and Gy. Now, invoking

Theorem 2.4.1, as § > 9,,, there is a universal constant ¢ > 0 such that

no?
P(h(p@n,pgo) > §) < cexp 2 ) (2.6)
Combining (2.5) and (2.6), we readily achieve the conclusion of our theorem. O

Using the same argument we arrive at a general convergence rate result of the
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MLE under the over-fitted setting:

Theorem 2.4.3. (Over-fitted mixtures) Assume that f satisfies the conditions in

—=1/2

part (a) of Theorem 2.3.2. Take V(0) > Jg(d, Py

U(0)
52

Cy = C1(0%), {d,} is a non-negative sequence such that

(©*,9), o) in such a way that

is a mon-increasing function of 6. Then for a universal constant c, constant

and for all 6 > 5—" we have

vien

R 252
P(Wa(G,Go) > %) < cexp (—”015 ) |

c2

To derive the concrete rates ¢d,,, one simply need to verify the conditions on the
bracket entropy integral Jp for a given model class. As a concrete example, the
following results are concerned with the finite mixtures of multivariate generalized

Gaussian distributions.

Corollary 2.4.1. (Mixtures of multivariate generalized Gaussian distribu-
tions) Given © = [—a,,a,|? X [m,m] where a, < L(log(n))” as L is some pos-
itive constant, v > 0, and 1 < m < m are two known positive numbers. Let
{f(z|0,m,2)|(0,m) € ©,%
€ Q} to be the class of multivariate generalized Gaussian distributions.

(a) (Exact-fitted case) There holds P(Wy (G, Go) > 6,) < exp(—clog(n)), where

Sn is a sufficiently large multiple of (log(n)/n)/? and c is positive constant

depending only on L,~y, m,m, A\, \.

(b) (Over-fitted case) There holds P(WQ(G\TL,GO) > 01) < exp(—clog(n)), where

6! is a sufficiently large multiple of (log(n)/n)'* and c is positive constant

depending only on L,~v, m,m, \, \.
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Remark (i) The condition m > 1 can be relaxed to m > 1 under the exact-fitted
setting; however, it is crucial under the over-fitted setting that m > 1. In fact, the
location-covariance Gaussian mixtures (which correspond to m = 1) have to be ex-
cluded from the class of generalized Gaussian mixtures for the above results to hold.
This is a consequence of the fact that the (sub)class of location-covariance multivari-
ate Gaussian distributions is not identifiable in the second order. In fact, the failure to
satisfy the second-order identifiability leads to very slow convergence rate of the MLE
under the over-fitted location-scale Gaussian mixture setting, as we noted briefly in
the introduction. (ii) The conclusions of this corollary also hold for mixtures of mul-
tivariate Student’s t-distribution as well as all the classes of distributions considered
in Theorem 2.3.3 with suitable boundedness conditions on the parameter spaces.
Finally, we shall show that the convergence rates n=%/? and n~'/* for the exact-
fitted and over-fitted finite mixtures, respectively, are in fact minimax lower bounds.
Under the exact-fitted finite mixture setting, it is simple to establish the standard

—-1/2

n minimax lower bound:

Cinf  sup B, Wi(Gy, Go) = n V2,

Gnery Go€Ely  ©
where the infimum is taken over all possible sequences of estimate @n based on n-
samples. Perhaps more interesting is the following minimax lower bound result for

the over-fitted mixture setting.

Theorem 2.4.4. (Minimax lower bound for over-fitted mixtures) If the class
of densities f satisfies condition (c) of Theorem 2.5.2, then for any positive r < 4

and anyn > 1,

inf sup E Wl(@n, Go) = n Y.

~ el
Gn€eOy Goeok\oko—l

Proof. The proof is almost immediate following a standard argument for establishing
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minimax lower bounds. Fix a Gy € &, and r € [1,2). Let Cy > 0 be any fixed
constant. According to Theorem 2.3.2, part (c), for any sufficiently small € > 0, there
exists Gy € Oy, such that W1(Go, Gp) = 2¢ and h(pg,, pa;) < Coe”. Applying Lemma

1 from Yu [1997], for any sequence of estimates G, ranging in Oy, we obtain that

sup EpGI/Vl(@n, G)>e¢ (1 — V(pgo,pg6)> ,
Ge{Go.Gy }

where pg, denotes the density of the n-iid sample X, ..., X,,. Now,
V(P per) < h(pg, pe)

= 1 (1 R2(pc,. pey)”

< J1-(1-cgeny

As a consequence, we obtain

Sup Epcwl(an, G) > (1 — \/1 —(1-— 03627“)"> ‘
Ge{Go.Gy }

1
By choosing €*" = o the right hand side of the above inequality is bounded below
on
by Cie < n~ Y% for any r < 2 where C; is some positive constant. We achieve the
conclusion of our theorem. Noting that Gy, G, € Ok \ O, _1, this concludes the proof

of our theorem. N

2.4.2 Illustrations

For the remainder of this section, we shall illustrate via simulations the strong
identifiability bounds established in Section 2.3 for several classes of distributions
with matrix-variate parameter space for which strong identifiability conditions in

both the first and second order hold. In addition, we also present some simulations
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Figure 2.1: Mixture of Student’s t-distributions. Left: Exact-fitted setting. Right:
Over-fitted setting.

-3
x 10
5 ] o 585 26:9880.°0
%
4
¥
- B
O 3 %% iy
© & A
g 5 g
< o
@
1 —h =< W}
—h = Wa
00 0. 15 0.2

05 1 0.
w, el

Figure 2.2: Mixture of multivariate generalized Gaussian distributions. Left:
Exact-fitted setting. Right: Over-fitted setting.

for the well-known location-scale Gaussian finite mixtures, which satisfy the first-

order identifiability but not the second-order identifiability.

Strong identifiability bounds The inequalities V' = W; for exact-fitted mixtures
and V' 2> W2 for over-fitted mixtures are illustrated for the class of Student’s t-
distributions and the class of multivariate generalized Gaussian distributions, both
of which satisfy first and second-order identifiability. See Figure 2.1 and Figure 2.2.
Here we plot h against W, and W2, but note the relation h > V > h?%. The upper
bounds of V' and h in terms of W; were given in Section 2.2.

For details, we choose © = [—10, 10]? for Student’s t-distribution (Gaussian distri-

bution) or © = [—-10, 10]? x [1.5, 5] for multivariate generalized Gaussian distribution,

Q= {Z €Syt V2< VM) < V) < 2}. Note that closed interval [1.5,5] is
chosen for m to exclude Gaussian distributions, which corresponds to m = 1. Now,

the true mixing probability measure GGy has exactly kg = 2 support points with loca-
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9/4 1/5 5/2 2/5
tions 09 = (—2,2), 09 = (—4,4), covariances X} = , X9 = ,

1/5 13/6 2/5 7/3
mi = 2, my = 3 (for the setting of multivariate generalized Gaussian distribu-

tion), and p{ = 1/3,p5 = 2/3. 10000 random samples of discrete mixing measures
G € &£(0 x Q), 10000 samples of G € O3(O x Q) were generated to construct these
plots. Note that, since we focus on obtaining the lower bound of Hellinger distance in
terms of small Wasserstein distances, we generate G by making small perturbations
of G (that is, adding small random noise € to the mixing coefficients and support
points of Gy).

It can be observed that both lower bounds and upper bounds match exactly that of
our theorems for strongly identifiable classes of distributions such as the t-distribution
and the generalized Gaussian distribution. Turning to mixtures of location-covariance
Gaussian distributions (Figure 3.1), the bounds vW; > h = W) continue to hold
under the exact-fitted setting, but under the over-fitted setting it can be observed
that the lower bound h > W3 no longer holds. In fact, if the Gaussian mixture
is over-fitted by one extra component, it can be shown that h > W > Wy (see
illustrations in the middle and right panels), and that this bound is sharp. This has a
drastic consequence on the convergence rate of the mixing measure, which we discuss

next.

Convergence rates of MLE First, we generate n-iid samples from a bivari-
ate location-covariance Gaussian mixture with three components with an arbitrar-

ily fixed choice of Gy. The true parameters for the mixing measure Gy are: ) =

4.2824 1.7324 1.75 —1.25
(073)793 = (17_4)70g = (572)7 Z(1) = ) Eg = )
1.7324 0.81759 —1.25 1.75
10
¥ = ,and p¥ = 0.3,p9 = 0.4, p) = 0.3. The parameter spaces O, are iden-
0 4
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tical to those of multivariate Student’s t-distribution setting. MLE én is obtained by
the EM algorithm as we assume that the data come from a mixture of & Gaussians
where k > ky = 3. See Figure 3.2 where the Wasserstein distances between @n and
Gy are plotted against increasing sample size n (n < 30000). The error bars were
obtained by running the experiment 7 times for each n. The simulation results under
the exact-fitted case match quite well with the standard n=/2 rate. If we fit the data
to a mixture of k = kg + 1 = 4 Gaussian distributions, however, we observe empiri-
cally that the convergence rate of W4(@n, Go) (thus W, distance) is almost n~/® up
to a logarithmic term. This result is much slower than the “standard” convergence

1/4 under W, should second-identifiability condition holds. A rigorous theory

rate n~
for weakly identifiable mixture models such as location-covariance Gaussian mixtures
will be reported elsewhere.

x10° X107
—h= — <]
—h 2, —h =W,

8 0 1 h 2 3 4
PP )
mea (¢} GD

05 i . 2 46
W(GG) L WGG,

Figure 2.3: Mixture of location-scale Gaussian distributions, which satisfy
first-order identifiablity but not second-order identifiability condition. Left panel:
Exact-fitted setting. Middle and right panels are for over-fitted setting by one extra
component. Right panel shows that h > W3 no longer holds as h — 0.

2.5 Proofs of key theorems

In this section, we present self-contained proofs for two key theorems: Theo-
rem 2.3.1 for strongly identifiable mixtures in the exact-fitted setting and Theorem
2.3.2 for strongly identifiable mixtures in the over-fitted setting. These moderately

long proofs carry useful insights underlying the theory — they are organized in a
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n=sample size «10° n=sample size «10*
Figure 2.4: MLE rates for location-covariance mixtures of Gaussians. Left:

Exact-fitted — W; =< n~/2. Right: Over-fitted by one — W, =< n~/8,

sequence of steps to help the reader. The proofs of the remaining results are deferred

to Section 2.6.

2.5.1 Strong identifiability in exact-fitted mixtures

PROOF OF THEOREM 2.3.1 It suffices to show that
hr%lnf {V(pg,pgo)/Wl(G, GQ)|W]_(G, GD) S E} > 0, (27)
€e—

where the infimum is taken over all G € &, (© x ).

Step 1 Suppose that (2.7) does not hold, which implies that we have a sequence
of G, = f:pfd(gln,g?) € &, (O x Q) converging to Gy in the W) distance such that
V(pgn,pc:)l/Wl(Gn, Go) — 0 as n — oo. As Wi(G,, Gy) — 0, the support points of
G, must converge to that of Gy. By permutation of the labels 4, it suffices to assume
that for each ¢ = 1,... ko, (07,27) — (0?,329). For each pair (G,,Gy), let {at:}
denote the corresponding probabilities of the optimal coupling for the pair (G,,, Gy),

SO we can write:

WG, Go) = Y ai(l67 — &0l + 17 — =31).

1<4,5<ko
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Since (67,37) — (69,%?) and G,, and Gy have the same number of support points,
it is an easy observation that for sufficiently large n, ¢ = min(p?,p?). And so,
Doz by = S |t — p?|. Adopting the notations that AGF = g — 69, AX? =

¥ — 9 and Ap? = p? — p? for all 1 < i < kg, we have

ko
Wi(Gn,Go) = Y an(IAG7 ]+ [ASH) + > aller — 691 + 1157 — £21)
i=1 i#]

ko
S D rIAG + [AST]) + [Apy| =: d(Gh, Go).

i=1

The inequality in the above display is due to ¢, < p', and the observation that
167 — 69]], |12 — 9| are bounded for all 1 <4,j < ko for sufficiently large n. Thus,

we have V(pg,,pa,)/d(Gn, Go) — 0.

Step 2 Now, consider the following important identity:

For each z, applying Taylor expansion to function f to the first order to obtain

ko

Zpl 7,20 — a5 = Yot a0y ol 20) 4

=1

tr (SE(ZBWO EO)TAE”)} + R, (),

ko
where R, (z) = O <Z pr([|Agr || + HAE?HH‘S?)), where the appearance of d; and
i=1
09 are due the assumed Lipschitz conditions, and the big-O constant does not depend
on z. It is clear that sup, |R,(z)/d(G,, Gy)| — 0 as n — 0.

Denote A, (z) = izojlp? {(A@”)T f(;c\eo ¥Y) + tr (8 (z]6?, ZO)TAZ”)} B, (z) =

44



Z Ap? f(x]0?,%?). Then, we can rewrite

(P, (%) = pay (%)) /d(Gn, Go) = (An(2) + Bu(2) + Bn(2))/d(Gn, Go).

Step 3 We sce that A, (x)/d(G,, Go) and B, (z)/d(G,, Gy) are linear combinations
0 f of
o
ficients do not depend on z. We shall argue that not all such coefficients in the

of the scalar elements of f(x|6,%), (33\0 ¥) and —=(«]0,%) such that the coef-

linear combination converge to 0 as n — oo. Indeed, if the opposite is true, then the

summation of the absolute values of these coefficients must also tend to 0:

ko
{ S Ap] 4 P (IAG s + ||Az?||1>}/d<en,c> S0

=1

Since we have the entrywise ¢; and /5 norms are equivalent, the above entails

ko
{Z A+ PR AG ] + ||Az?||>}/d<an,eo> S0
=1

which contradicts with the definition of d(G,,, Gy). As a consequence, we can find at
least one coefficient of the elements of A, (z)/d(G,, Go) or B,(x)/d(G,, Gy) that does

not vanish as n — oo.

Step 4 Let m, be the maximum of the absolute value of the scalar coefficients of
A, (x)/d(G,, Gy), Bn(x)/d(G,,Gy) and d, = 1/m,, then d, is uniformly bounded

from above for all n. Thus, as n — oo,

AL (G Co) Zﬁf oy 16050 e (Lot )%,

B, (z)/d(Gy, Go) ZO‘Zf x|69, 29,
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such that not all scalar elements of «;, 8; and v; vanish. Moreover, v; are symmetric

matrices because X7 are symmetric matrices for all n,7. Note that

0,V (06, 960 (G, Go) = / dulpc, () — Py ()] /d(Go, Go)

_ /dn|An(x) + Bo(2) + Ro(2)]/d(Gr, Go) da — 0.

By Fatou’s lemma, the integrand in the above display vanishes for almost all . Thus,

for almost all z
0 v0 0 0 af 0 v0
5 a; f(x]67, %) 109(‘0 Z)—i—tr( (z]6?, 2T ):0.

By the first-order identifiability criteria of f, we have a; = 0,3; = 0 € R%, and

7 = 0 € R%2%% for all i = 1,2, ..., k, which is a contradiction. Hence, (2.7) is proved.

2.5.2 Strong identifiability in over-fitted mixtures

PROOF OF THEOREM 2.3.2 (a) We only need to establish that

1 I ; : < . .
i int {sup o) = ey DI/ WE(G,G) s W2(G.Go) < e} > 0. (29

The conclusion of the theorem follows from an application of Fatou’s lemma in the

same manner as Step 4 in the proof of Theorem 2.3.1.

Step 1 Suppose that (2.8) does not hold, then we can find a sequence G,, € O(O)
tending to Gy in W, distance and sup |pg, (z) — pa, (2)|/W2(G,, Go) — 0 as n — .
Since k is finite, there is some k* Gx e[zo, k] such that there exists a subsequence of G,
having exactly k£* support points. We cannot have k* = kj, due to Theorem 2.3.1
and the fact that W3} (G, Go) < Wi(G,, Go) for all n. Thus, kg + 1 < k* < k.

Write G,, = ip?é(@mz?) and Gy = ipgé(gg’zg). Since Wo(Gp, Gy) — 0, there
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exists a subsequence of G,, such that each support point (67, ¥?) of Gy is the limit of
a subset of s; > 1 support points of GG,,. There may also a subset of support points
of GG,, whose limits are not among the support points of Gy — we assume there are
m > 0 such limit points. To avoid notational cluttering, we replace the subsequence
of G,, by the whole sequence {G,}. By re-labeling the support points, G,, can be

expressed by

ko+m s; ko+m
=D D Py 0 Go= Z P50, 59)
=1 j=1

where (07, %7) — (07),%7) for each @ = 1,..., kg +m, j = 1,...,5;, p} = 0 for

1 < ko, and we have that pl = Z LDy — p? for all i. Moreover, the constraint
ko+1< fo{m s; < k must hold.

We note that if matrix ¥ is (strictly) positive definite whose maximum eigenvalue
is bounded (from above) by constant M, then ¥ is also bounded under the entrywise
¢5 norm. However if 3 is only positive semidefinite, it can be singular and its 5 norm
potentially unbounded. In our context, for ¢ > kg + 1 it is possible that the limiting
matrices XY can be singular. It comes from the fact that the some eigenvalues of
%7 can go to 0 as n — oo, which implies det(Xf;) — 0 and hence det(X?) = 0.
By re-labeling the support points, we may assume without loss of generality that

20

ko+m

EO

0
by ko+my

Rotls s are (strictly) positive definite matrices and X

ko+mi+1> o
are singular and positive semidefinite matrices for some m; € [0,m]. For those
singular matrices, we shall make use of the assumption that for each 8 € O, except
a finite number of values of © € X, we have Al%izr)nﬁo f(z|0,%) = 0 and the fact that
H?j as kg +mi1 +1 < i < ko +m will converge to at most m — my < k — kg limit
points: accordingly, for all  except a finite number of values in X, f (:13|9;;, ¥E) — 0

asn — oo for all kg+my+1 <i < ky+m,1 < j < s;. Here, we denote f(z]69,%9) = 0

forall ko +mi+1<i<ky+m.
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Step 2 Using shorthand notations A} := 65 — 67, AXY = X7 — ¥ for i =

o ko+myand 5 =1,... s, it is simple to see that
ko+mi1 s; ko+m
W3(Gn, Go) S d(Gn, Go) = ) Zp” 1AG 17+ IASEI) + > |of = p)),
=1 = =1

because WZ(G,,, Gy) is the optimal transport cost with respect to £3, while d(G,,, Gy)
corresponds to a multiple of the cost of a possibly non-optimal transport plan, which

is achieved by coupling the atoms (07, X7) for j = 1,...,s; with (67,%) by mass

min(p?, pY), while the remaining masses are coupled arbitrarily. From the assump-

tion, sup |pg, (z) — pa, (z)| /W3 (G, Go) vanishes in the limit, it also implies that

zeX

SUp PG, () = pay (2)]/d(Gn, Go) = 0.
xTE

For each x, we make use of the key identity:

k0+m1 Sj
PG, (@) = pao(x) = Y Y ph(f (65, ) — f(xl6f, %))

=1 j=1
ko+m1

+ > W —p)f (6l 5D
=1

ko+m Si

2 2o )

i=ko+mi1+1 j=1

= A,(z) + B,(z) + Cy(z). (2.9)

Step 3 By means of Taylor expansion up to the second order:

kotmi si ko+mi1
= 3 DA B — Sl S = 30 3D AL 005
=1 j=1

+R,(x),
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where a = (o, ap) such that a; + ay € {1,2}. Specifically,

S; a
A0 = e Y

j=1

Ap1 (07, %7) = zzz%jtlr(82 (6°, EO)TAE">

5g (107, %),

n n 82 n
AQ,O(QiO?E?) = _Z 1] Ae 862( |90 EO)Agzﬁ

0 ) T
n 0 0 . n 0 oNT n n
Ap(07,57) = 52 Pl tr (_az <tr <_a (z]6, 20)"AY] )) Azij),
AL (09,5)) = E (Ag)" { ( ( 2|69, 29) TAZ“)N

In addition, R,(x) = O < SRt g (AP ARy H2+‘5)) due to the second-

order Lipschitz condition. It is clear that sup, |R,(z)|/d(G,,Go) — 0 as n — oo.

Step 4 Write D,, := d(G,,, Gy) for short. Note that (pg, () —pe,(2))/ D, is a linear
combination of the scalar elements of f(x|6,%) and its derivatives taken with respect

to § and ¥ up to the second order, and evaluated at the distinct pairs (69, %?) for

i=1,...,ko+m. (To be specific, the elements of f(z]0, ), af( 10,%), af( 10,%),

0 f 0 f 0 f 0 f
aez( 716, %), ae2< 716, %), 322( 210, %), and oo5

cients associated with these elements do not depend on z. As in the proof of Theo-

(x]6,%)). In addition, the coeffi-

rem 2.3.1, we shall argue that not all such coefficients vanish as n — oo. Indeed, if

this is not true, then by taking the summation of all the absolute value of the coeffi-

2 2
cients associated with the elements of —= &92 as 1 <1 <d; and I3 for 1 <wu,v < ds,
we obtain

ko+mi s;
0> pUAG? + |AS,]1?)/ Dy — 0.
i=1 j=1
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ko+m
Therefore, > [pt —p?/D, — 1 as n — oo. It implies that we should have at
i=1
least one coefficient associated with an element of f(z|0,¥) (appearing in B,(z)/D,,
Cy(z)/D,,) not converging to 0 as n — oo, which is a contradiction. As a consequence,

not all the coefficients vanish to 0.

Step 5 Let m, be the maximum of the absolute value of the aforementioned co-
efficients. and set d, = 1/m,. Then, d, is uniformly bounded above when n is

sufficiently large. Therefore, as n — oo, we obtain

ko+m1
dyBy(x)/ Dy — Z o f(x]67,%7),

ko+m1 ko-l-ml

d, ZA (60,5°)/Dn — Z@T z|67, 50),

k0+m1 k0+m1 a
d,, ZA (6°,%29)/D, — Ztr< (|69, 2T )

=1
ko+m1 ko+mi1  s;
I D YD L Vo a6 )
i=1 j=1

ko+m1 ko+m1 s;
0
0 0 0 (AVA
3 AP S S 2 (i (st ).
ko+m1 ko+mi s; 8 af T
o 3 A0, = 3D (g (o (G mn) )

i=1 j=1
><77z‘j> )

where o; € R, i, v31, ..., Vs, € Ry, 1, - - , Mis; are symmetric matrices in Ré2xdz
forall 1 <i < ky+mq,1 <j<s;. Additionally,
ko+m Sq

duCo(x)/Dn =Dt > > dupll f(x|0), X)) —

i=ko+mi+1 j=1

20



due to the fact that for almost all z, f(2|0F;, %) — 0 for all kg +m; +1 < i <
ko +m,1 < j < s; and the fact that dnp?j/Dn <1forall ke+m;+1<i<ky+m,

1 <j <s;. As a consequence, we obtain for almost all x that

ko+m1

82
> {aus (el 52) 4 67 50 al60, = +Z O e Sy +

i=1

tr (gé( 109, x0T )+22 v;; [39( (gé(ﬂ@o N ))} +

Zt < ( (af( 1607, 29)" nij>)T77ij>} = 0. (2.10)

Now, in this paragraph we will argue that not all coefficients in (2.10) go to
0 as n — oo. There are two scenarios. Case 1: If m,, the maximum of all the
coefficients considered in Step 4, does not lie in the set {pz / Dn} as kg +m; +1 <
1 < kg+m,1 < j < s; for infinitely many n. Then, it indicates that at least one
coefficient in (2.10) should be 1. Our observation is proved. Case 2: Otherwise, m,,
lies in the set {pg‘j/Dn} asko+mi+1<i<ky+m,1 <j <s; for infinitely many n.
This means that we can find two indices ¢* € [ko +m1 + 1, ko +m], j* € [1, s;«] such
that m,, = pit;./D,. Assume now that all of the coefficents in (2.10) vanish to 0.

Therefore, d,|p; — Y|/ Dn = P} —p}|/pfje — 0 forall 1 <i < k0+m1 Since we have

ko+m Si ko+m1
p?;‘]* S Z Zp;; = Z ‘pz _pz‘ this leads to ‘pz _pzl/ Z |pz _pz‘ —0
i=ko+mi1+1 j=1 =1

for all 1 < i < kg + my as n — oo, which is a contradiction. Our observation is
proved.
Therefore, at least one coefficient in (2.10) is different from 0. However, from the
second-order identifiability of { f(x]6,3),0 € ©,% € Q}, we obtain oy; =0, 5; = v;3 =
vis; =0 € R& yy=ny =...= Nis; = 0 € R%xd for all 1 < i < kg + mq, which
is a contradiction. This concludes the proof of Eq. (2.8) and that of the theorem.

ko
(b) Recall Gy = > p?é(go s0). Construct a sequence of probability measures G,
i=1 v

o1



ko+1
having exactly ko + 1 support points as follows: G, = > p;Or xmy, where 07 =
i=1

1 1 1 1
69 — 51d1,93 =609 + E]—du =39 — E[d2 and 37 = X9 + ﬁ[dQ. Here, I, denotes

the identity matrix in R%*% and 1, a vector with all elements being equal to 1.
0

In addition, (07,,,%7.,) = (69,%9) for all ¢ = 2,... ko. Also, p} = p§ = % and

ply = pf for all i = 2,...,ko. It is simple to verify that E, := W(G,,Go) =

(p ) n n n n T (pO)T s 1 1
5 (167 = 811+ 1165 — 6811+ 1157 = S + (125 = 29)" = 5= (Vi + Vo) — =< —.

By means of Taylor’s expansion up to the first order, we get that as n — oo

2 af
>N (AQE)M(AZE)WW@W% 20+

=1 a1,

V(pa,pe,) = /

zekX

- [ IR,

where a; € N4 a, € N%X% in the sum such that |ai| + |as| = 1, Ry(x) is Tay-

+R;(z)| do

lor expansion’s remainder. The second equality in the above equation is due to

2
> (AGY)* (AXT)* = 0 for each ay, ag such that |ay| + |ag| = 1. Since f is second-
i=1

order differentiable with respect to 6,3, R;(z) takes the form

Z Z (AGF)* (AX])*2 x

i=1 Jaj=2 *
1

*f n
x/<1_t)800162a (|6 + tAGY, B9 + tAXT])dt,
0

where o« = (g, az). Note that, Z |AL [ AYE]*2 = O(n™?). Additionally, from
the hypothesis, sup / ‘ 9“182 ()09 + tAOY, X9 + tAYT)|de < co. Tt follows

te[0,1]

that [ |Ry(x)| do = ( ). So for any r < 2, V(pg,,,pc,) = o(W{(G,,Gy)). This

concludes the proof.
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(¢) Continuing with the same sequence G, constructed in part (b), we have

L[ (peu(®) = poy(@))? Ri(z)
Pore) < | FGasy S [ e

zeEX reX

where first inequality is due to \/pa, (z) + \/Pao(x) > /pa,(x) > /Pl f(x]69,%9)
and the second inequality is because of Taylor expansion taken to the first order.

The proof proceeds in the same manner as that of part (b).

2.6 Proofs of other results

2.6.1 Extension to the whole domain in exact-fitted mixtures

PROOF OF COROLLARY 2.3.1 By Theorem 2.3.1, there are positive constants
e = ¢(Gyp) and Cy = Cy(Gy) such that V(pg, pg,) = CoW1(G, Gy) when Wi (G, Gy) <
e. It remains to show that Geg:VVllr(lé,Go)>e V(pa, pa,)/Wi(G, Go) > 0. Assume the
contrary, then we can find a sequence of G,, € G and Wi(G,,Gy) > € such that
V(pc., pc,)
Wl (GTH GO)
Wi(G',Gy) > € such that G,, — G’ under Wi metric. It implies that Wy (G, Gy) —

— 0 as n — oo. Since G is a compact set, we can find G’ € G and

Wi(G',Gy) asn — oo. As G’ #Z Gy, we have nh_}rgo Wi (G,,Go) > 0. As a consequence,
V(pa,,pc,) — 0 as n — oo.

From the hypothesis, V(pg,,pe) < C(0, QW (G,,G), so V(pg,,pe) — 0 as
Wi (G,,G") — 0. Thus, V(per, pe,) = 0 or equivalently pg, = per almost surely. From
the first-order identifiability of {f(z|0,%),0 € ©,% € Q}, it implies that G’ = G,

which is a contradiction. This completes the proof.

2.6.2 The importance of boundedness conditions in the over-fitted setting

ko+1

PROOF OF PROPOSITION 2.3.1 We choose G, = 2 PPn sy € OL(OX Q)

such that (07, %7) = (67,%7) for i = 1,... ko, OF ., = 09, 5F = X0 + _eXpéz/_r)[dz
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1
where a = 35 Additionally, p} = p{ — exp(—n),pl* = p! for all 2 < i < kg, and
P41 = exp(—n). With this construction, we can check that W/ (G, Gp) = d§/2/\/ﬁ.

Now, as h?(pa, ,pa.) S V(pa, s pa,), we have

2 2y/n
) h*(pa, pa,) < exp (—n + d;/;) X
2

e —
P (Wf(Gn, Go)
/ 0S5 ) — F(2]6, 59)|de,

reX

which converges to 0 as n — oo. The conclusion of our proposition is proved.

2.6.3 Characterization of strong identifiability

PROOF OF THEOREM 2.3.4 Here, we only present the proof for part (a) and
part (b). The proofs for part (c) and (d) are somewhat similar and omitted.
(a) Assume that for given k£ > 1 and k different pairs (61, 31, m1), ..., (O, Xk, my), we

can find o; € R, 8; € R?, symmetric matrices v; € R and n; € R, for j =1,...,k

such that:
k
of of
Z o f(x]0;, X5, m;) + @T%(Iwg', ¥j,myj) + tf(a—z( 10,55, mj)T'Vj)
j=1
of

+77j8_m($|9j72jamj) =0,

Substituting the first derivatives of f to get

é{aﬁ (<ﬁ§>T(fc = 0;) + (x = 0;) "z — eﬁ) x

(o075 0 0)] N ogl(e — 6,7 e - i1}

exp (— {(m —0,)"5 (x - ej)] mj) = 0, (2.11)
where
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20;m,T(d/2) — myT(d/2) tr(Z5 ;) + 20,0(d/2) (1 - _w (2mj>>

= T [ ’
B N CIE) mT(d)2)

%= R T SR S 0
,_ —mal(d[2)

i = TR (d ) (2m,) |5,

Without loss of generality, assume m; < my < ... < my. Let i € [1,k] be the
maximum index such that m; = m;. As the tuples (0;, 3;, m;) are distinct, so are the
pairs (61,%1),...,(6;,%;). In what follows, we denote x = x;2” where x; is scalar and

2’ € R, Define
a; = (a')" !, b= [(8)" —20]] 2', ¢ =076, — (8)"6;,

di = ('S ) ey = =228, fi = 07510,

Borrowing a technique from Yakowitz and Spragins [1968], since (61,31), ..., (65, 35)

are distinct, we have two possibilities:

Possibility 1 If ; are the same for all 1 < j <, then 6y,...,6; are distinct. For

any ¢ < j, denote A;; = 0; —6;. Now, if 2’ ¢ U {u e R?: u' Ay = 0}, which is a
1<i<j<i
finite union of hyperplanes, then (/)76 ..., (2')T0; are distinct. Hence, if we choose

7’ € R? lying outside this union of hyperplanes, we will have ((z/)76, (z/)T%,2),. ..,
((xl)TQ{, (I')TE;-x’) are distinct.

Possibility 2 If ; are not the same for all 1 < j < i, then we assume with-
out loss of generality that >, ..., 3, are the only distinct matrices from >, ..., 3,

where m < i. Denote dij =2 —2jas 1 <i < j <m, then as 2’ does not belong

to U {ueR?:u"bu =0}, we will have (2/)'%2/, ..., (2/)TS,,2" are distinct.
1<i<j<m
Therefore, if 2/ does not belong to | J {u eRY: TS u = 0}, which is a finite
1<i<j<m
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union of conics, then we have ((2/)70, (2)TX12"), ..., ((2/)T 0,

(2/)TS,,2') are distinct. Additionally, for any 6; where m + 1 < j < i that shares the
same Y; where 1 < i < m, using the argument in the first case, we can choose x’ out-
side a finite hyperplane such that these (z/)76; are again distinct. Hence, for 2’ lying
outside a finite union of conics and hyperplanes, we have that ((z/)76, (z/)7%2), ...,
((2")T6;, (/)T S:2") are all different.

From these two cases, we can find a set D, which is a finite union of conics
and hyperplanes, such that as 2’ ¢ D, ((2/)70y, (2/)T212),... ((2)760;, (/)T 3:2") are
distinct. Thus, (d;, e;) are different as 1 < i <.

Choose d;; = min {d;}. Denote J = {1 <i<i:d;= dil}. Choose 1 < iy < @

1<i<i
such that e;, = max {e;}. Now, we define for all 1 < i < k that
1€

Ai(z)) = o + (a;22 + biwy + ) (dix? + eoy + fi)™ 1 +

) log(d;x? + e;xy + f;).
Multiplying both sides of (2.11) with exp —(d;,z? + e, x1 + fi,)™2, we get

Aig (-ﬁEl) + Z Aj(l'l) exXp {(dmx% + €iy X1 + fi2>mi2 -
J#i2

(djzt + ejzr + f;)™| = 0. (2.12)
Note that if j € J\{iz}, d; = d;,, m; = m,,, and e; > e;,. So,

(dipx? + ey + fi,)™2 — (djx} + ejay + f;)™ S —x1 as xy is large enough.
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This implies that when x; — o0,

Bi(z1) = Z Aj(xl)eXp[(disz% +eipx1 + fi,)™2 —
J#I\{i2}

(djaf +ejar + f;)™ | — 0.
On the other hand, if j ¢ J and 1 < j <, then d; > d;, and m;, = m;. So,
di, 22 + e, x1 + fi,)™2 — (d;x? + ey + )™ < 2™ g xy is large.
21 2 2 71 J J ~ 1 g
This implies that when xz; — oo,

By(m) = ) Aj(ﬁfl)eXp{(diﬂ% + e+ fi,)" =

g,
1<j<i

(dja} +ejmy + f;)™ | — 0.
Otherwise, if j > 7, then m; > m;,. So,
(diya? 4 5,1 + i)™ — (dja? + ejay + f;)™ < —a7™.
As a result,

B3(x1> = Z Aj<x1) exp |:(d22x% + €y L1 + fiz)miz -

§>i

(djaf +ejar + f)™ | — 0
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Now, by letting z; — oo,

> Aj(an) exp |:(di2x% +epm+ fiy)™2 = (djad + ez + )™ =
J#i2
Ai(z) + As(x) + As(z) — 0. (2.13)

Combining (2.12) and (2.13), we obtain that as ;7 — oo, A;,(x1) — 0. The only
possibility for this result to happen is a;, = b, = 7;, = 0. Or, equivalently,
(@) T2 = [(B)T —20L~),] 2’ = 0. If 7, # 0, we can choose the element 2’ ¢ D
lying outside the hyperplane {u e R :ulv u= O}. It means that (2/)"+],2" # 0,
which is a contradiction. Therefore, 4/, = 0. It implies that (3],)"a’ = 0. If 8, # 0,
we can choose 2’ ¢ D such that (8),)"2" # 0. Hence, 8], = 0. With these results,

a;, = 0. Overall, we obtain o}, = 3, = v;, = 1j, = 0. Repeating the same argument

/

to the remaining parameters «;

B3, v5s My, we get oy = B = =m; =0for 1 < j < k.
It is also equivalent that o; = 8, = ; =n; = 0 for all 1 < j < k. This concludes the

proof of part (a) of our theorem.

(b) Consider that for given £ > 1 and k different pairs (61,%,), ..., (0, X), where
0; € RY, ¥, € Sf forall 1 < j <k, we can find a; € R, 3; € RY, and symmetric
matrices v; € R¥? such that:
: 0f 0f
S s (a6, %) + 790 (al6, 5) + n(SL (el 5 ) =0, (214)
j=1

Multiplying both sides with exp(it’z) and taking the integral in R? after direct
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calculations, the above equation can be rewritten as

Z[/(a Lexp(i(2)°)Te)  exp(i(S)2)T2)(8)) w

o AN [ L T O e T,
/2 T
eXp( (E ) )33 M]l' o
o+ apyeremn - )dr| eptd;) = 0, (215)
tr(Z,—ly.) yid id )
where o = o, = g = g, an oy = LS e

To simplify the left hand side of equation (2.15), it is sufficient to calculate the
4T 4T NT
p(illn) / (exp(zt )(8)7a

d d
N PRIGE v |[z]?) a0 8

following quantities A = / (

C:/(exp(itT T)x TMa:R

v+ ||x]|?)+d+2 /2d$ where 8/ € R? and M = (M;;) € R,

In fact, by using an orthogonal transformation x = O.z, where O € R%*? and its first
21 la
[ ]
and dz = | det(O)|dz = dz and then we obtain the following results:

column to be (— )T, we can verify that exp(it?x) = exp(i||t||z1), ||z]]* = ||z]|%

exp(i|t]|z1)

A= / w1 3o
]Rd

. 1
= /exp(l||t||z1)/.../(V+||Z||2)(V+d)/2ddezd—1...dZ1
R R

R

= CrAL(||t]]),

exp(i|t'|z
where C; = H/(1+z2 = dzand/h /v+22|”+1 dz for any t' € R.
2R

R
Hence, for all 1 < ;5 <k

1/2
/eXp( (&, 1) ) do = Cy A (||5V2]). (2.16)

(v + [|][?) 0/
d
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Turning to B and C, by the same line of calculations we obtain
B exp(it'z1)z;
" (Z o ) [ i
= (Z Ojlﬁ;) CaAx([[]])

j=1
Co(8)"tAo(JIt))
2] '

1 exp(i|t'|z)
where Cy = H/ 15 2202 dz and Ay (t' / 0+ 20D /2 dz for

R
any t' € R.

d
¢ = Cs(ZM )AL (IEl) + Z 7101 0n)(CoAs([[1]]) = CsAw([It]))

= Z A + HtHQ Z jitit) (C2As([[t]]) — CaAw([[¢]]))-

where we can define (5 = / W H/ 5 29) V+2+J)/2 dz and
R

exp(i|t'|z) 22 .
As(t) = / v +(z‘2)("’23)/2dz for any ¢ € R. Thus, for all 1 < j <d

exp(@'@;/?t)%)(ﬁ;)%dx Cu(B)TS A2 (217
(v + [|=f?) a2z 7 2] ' '
s 1/2 T T
exp(z(Ejl- t) x)zt Mjz - 1 J l/2 1/2
/ (v+ ||x||2)(y+d+2)/2 dx = |’Ej1'/2t’|2(zy Muv[Ej t]u[zj t]y) X
d .
X (CoAs(IZH1) — Co AL (1Z5%H1)) + Cs (O M) AVIIS)H)),  (2.18)

=1

where M7, indicates the element at u-th row and v-th column of M; and [Ejl-/ 1

60



simply means the u-th component of 21/ 2

As a consequence, by combining (2.16),(2.17), and (2.18), we can rewrite (2.15) as

‘ (50"
Z[a Ay ||21/2t”)+02||ET2||JA2(” 5t +

Zl/Qt]u[Zuz

d

005,
ZMZ Al ||El/2t“) (ZMijw ]||21/2tﬁ2 (02A3(”E]1/2t||>
=1 j

U,V

J=1

chl(uz;/%H))} exp(itT0;) = 0.

Define t = t;t/, where t;, € R and ¢ € R% By using the same argument as
in the case of the multivariate generalized Gaussian distribution, we can find D
to be the finite union of conics and hyperplanes such that as ' ¢ D, we have
()01, (') 81t"), ..(t') bk, (t')"Egt’) are pairwise distinct. By denoting 0 = (¢')"6;,
o; = (')TS;t', we can rewrite the above equation as:
(2478, d

Z |:Oé Al U]ltl +CQ |t | jAQ O'J‘tl +Cg ZMl A1 0']’151
110;

= =1
1/21? ]u[21/2t,

(Z o2 : ]”)<02As<aj!t1|>—Og,Al(ajytl])] exp(ifit) = 0.

Since As(oj|t1]) = (i|t1])A1(oj]t1]), the above equation can be rewritten as:

(e o ),

j=1 J
LB,
x Ay (ojlt1]) +Cg(; o? ] )A?)(Uj‘tll) +

(El/2t/)T ’

J

As v is an odd number, we assume v = 2] — 1. By using a classical result in complex
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analysis, we obtain for any m € N that

+00 m
/ exp(i\tﬂz)dz _ 21 exp(—|t1|vV2l — Z
(22 4+v)m (2v/2] — 1)2m-1 =

—00

(2m— 1 —g) <2rt1wzfl>f—1] |

(=1

-1
It means that we can write A;(t1) = Cyexp(—|t1]vV2l — 1) > a,|t1|*, where Cy =
u=0
27 20 —u—2\ (2v2l-1)" )
a, =
(2v2l — 1)2-1 l—u—-1) o
exp(i|t1]2)

Simultaneously, as As(t1) = A1(t1) — V/ (v + 22)w3)2
R

dz we can write

l
Az(tr) = Cexp(—|t[V20 = 1) Y " bulta[",
u=0

20—u—2 1/20— 220 — 1)
Wherebu:{(l “ )——(l u)}%aSOﬁugl—l,aHdbl:

l—u—1 l—u
1(2v/20 = 1)!
_Z(l—') It is not hard to notice that ag,a;_1,b; # 0.

Now, for all ¢; € R, equation (2.19) can be rewritten as:

-1
(a +ﬁ (it )Zau “]151|“+'yJ Zb 0“]t1]“] X

2

j=1
exp (zw; —o;V20 — 1\tly> = 0,

d B2, (2T
where we have a; = Oé;_‘_c?’(lzl Mljl)_c3(z Mljw ’ 0—2 )7 6;/ = C12 : O :

= u,v ] b

. [21»/2t']u[21~/2t/]v
and 7;‘/ = Ca(Y_ M}, . 2 ! ). The above equation yields that for all t; > 0
u,v ]
-1 l
Z (aj + 5, (it1)> Z a0ty + 7, Z buo';.l’tlll’] %
i=1 u=0 u=0

exp (m o2 — 1 t1> ) (2.20)
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Using the Laplace transformation on both sides of (2.20) and denoting ¢; = 0;v/20 — 1—
i9§- as 1 < j <k, we obtain that as Re(s) > max { V20 — }

1<5<k
i - u‘au wlay,_ 10
Zaj (54 ¢;) “H + i Z (54 ¢;)wtt *
j=1 u=0
l
p wlb, oY
, —J = 0. 2.21
7.7 ; (S+Cj>u+1 ( )

Without loss of generality, we assume that o7 < 09 < ... < 0. It demonstrates

that —o;v2l — 1 = max { V2 — } Denote al = = a,0} and b/ = buJ;f for all

1<5<k
u. By multiplying both sides of (2.21) with (s + ¢;)'*1, as Re(s) > —01v/2[ — 1 and
s — —c1, we obtain |if;lla;_, + ~;bllb}| = 0 or equivalently 5, = +] = 0 since
a;_q, . Likewise, multiply both sides o . with (s-+c¢;)" and using the same
L b} # 0. Likewise, multiply both sides of (2.21) with ! and using th

. " . " " "
argument, as s — —c;, we obtain a; = 0. Overall, we obtain o; = 8, = v, = 0.

1"

Continue in this fashion until we get oz;»' = pB; = 'y;-/ =0forall<j < kor

equivalently a; = Bj =v; =0 forall 1 < j <k.

As a consequence, for all 1 < 5 < k, we have

d 1/2 / 1/24 1/2,\T a1
t' |y E t Y5 :
a;Jrcg(ZM 032 Jul ])zo,M:o,
I=1 o} 9
S
and Y M/, 5 = 0. Since we have
u, g;
Z 5PNt = (TSP M = (@)t

it is equivalent that
d

o+ C5(D M7y =0,(t)'S)*8; =0, and (')t = 0.

=1
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By the same argument as that of part (a), we readily obtain that o =0, 3 =
0 € RY, and v; = 0 € R™. From the formation of o, B, it follows that a; = 0,
B =0¢€ R¢, and v, =0¢€ R4 for all 1 < j < k. We achieve the conclusion of part

(b) of our theorem.
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CHAPTER III

Convergence rates of parameter estimation for

some weakly identifiable finite mixtures

We establish minimax lower bounds and maximum likelihood convergence rates
of parameter estimation for mean-covariance multivariate Gaussian mixtures, shape-
rate Gamma mixtures, and some variants of finite mixture models, including the
setting where the number of mixing components is bounded but unknown. These
models belong to what we call "weakly identifiable” classes, which exhibit specific
interactions among mixing parameters driven by the algebraic structures of the class
of kernel densities and their partial derivatives. Accordingly both the minimax bounds
and the maximum likelihood parameter estimation rates in these models, obtained

under some compactness conditions on the parameter space, are shown to be typically

2 1

much slower than the usual n='/2 or n=/* rates of convergence.

3.1 Introduction

Location-scale Gaussian mixtures are one of the most widely utilized modeling
tools in statistics. Shape-rate Gamma mixtures are also a useful modeling choice

for non-negative valued data. Yet convergence behaviors of the parameters arising

!This work has been published in [Ho and Nguyen, 2016a].
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in these model classes remain largely open questions [Lindsay, 1995, McLachlan and
Basford, 1988, DasGupta, 2008]. We seek to address these questions in this chapter.

For finite mixtures of Gaussians, some facts are known when only one type of
parameter varies (such as the mean/location or the variance/scale but not both).
Specifically, if the number of mixing components generating the data is given, then
the optimal rate of parameter estimation is the standard n=/2, where n is the sam-
ple size. If the number of mixing components is unknown but bounded by a known
constant, then the convergence rate n~'/* for estimating the mixing distribution is
achieved by a procedure established by [Chen, 1995]. For multi-dimensional parame-
ters, the (logn/n)* rate of posterior concentration of the mixing distribution was es-
tablished by [Nguyen, 2013], under Wasserstein distance W5. [Ho and Nguyen, 2016¢]
extended the results of Chen [1995] and Nguyen [2013] to a broader range of strongly
identifiable models, which admit general rates for the mixing measure under maxi-
mum likelihood estimation (MLE): (logn/n)'/? for exact-fitted mixtures under W,
metric, and (logn/n)Y/* for over-fitted finite mixtures under W, metric.

Strong identifiablity and related notions, as studied by Chen [1995], Nguyen [2013]
and several others (e.g., [Liu and Shao, 2004, Rousseau and Mengersen, 2011]), refers
to a linear independence condition on the class of kernel density functions and their
first and second-order partial derivatives with respect to the parameters. It is fruit-
ful to delineate this condition further: first-order identifiability requires linear in-
dependence of the density functions and their first-order derivatives; second-order
identifiability requires linear independence of the density functions and their partial
derivatives up to the second order [Ho and Nguyen, 2016¢|. The classical identifiabil-
ity condition — linear independence of the class of density functions — corresponds
to zero-order identifiability. Gaussian mixtures with both the mean and covariance
parameters varying are identifiable up to the first order, but not in the second-order.

Gamma mixtures are not identifiable even in the first-order, despite being identifiable
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in the classical sense. In each of these examples, the violation of such identifiability
conditions is due to a specific interaction among different parameters being present
in the model class. Such interactions are driven by specific algebraic structures of the
class of kernel densities and their partial derivatives. They can be succinctly expressed
by certain partial differential equations satisfied by the kernel density function.

We shall informally refer to those finite mixture models weakly identifiable if they
fail either the first or second-order identifiability condition, but otherwise are iden-
tifiable in the classical sense. Most relevant existing works on the asymptotics of
parameter estimation (e.g., Chen [1995], Nguyen [2013], Ho and Nguyen [2016¢]) con-
cern only the settings of strong identifiability, and thus quite inapplicable to weakly
identifiable classes. In fact, for such model classes the standard rates of convergence
n~Y2 and n~/* (modulo a logarithmic term) no longer hold in general — the rates
that we establish in this chapter are non-standard, and new. For instance, we shall
show that for a location-scale Gaussian mixture where the number of mixing com-
ponents is unknown and bounded by a constant, a minimax lower bound and the
MLE convergence rate for estimating the mixing measure depend on how much we
potentially overfit the model: the estimation rate is n~'/% under the 4th order Wasser-
stein distance Wy, if overfitting by one extra component; n~*/*2 under the 6th order
Wasserstein distance Wy if overfitting by two extra components. All these rates occur

—1/2 Remark-

while the MLE convergence rate of the mixture density remains to be n
ably, for Gamma and some other mixtures, the minimax lower bound for estimating
the mixing measure is shown to be worse than any polynomial rate of the form n=1/"
even when the number of mixing components is known.

In the special case of overfitting location-scale Gaussian mixtures by one extra
component, the poor convergence rate for parameter estimation has been noted before

by several authors. Most notably, Chen and Chen [2003] established the convergence

rate n~ /% of the mixing distribution under a hypothesis testing for homogeneity.
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Kasahara and Shimotsu [Kasahara and Shimotsu, 2014b] also achieved the rate n=/®

of MLE of finite normal regression mixtures (overfitted by one more component) when
parameters are reparameterized and mixing proportions are restricted to be bounded

away from zero. We are not aware of existing work on Gamma mixtures.

3.1.1 Main results for Gaussian mixtures

Given an n-iid sample X7, ..., X,, generated according to a Gaussian mixture den-
sity pa, (z) = /f(:c|0, ¥)Go(dh, dY), where Gy = %p?é(ggyzg) has ko > 1 distinct sup-
port points. The class of Gaussian densities is denozt:ejd by {f(x|0, ¥),0 €0 CRLY €
Q C 577}, where ST indicates the set of all symmetric positive definite matrices
on R¥™4 and d > 1. Throughout this chapter, ® and  shall be restricted to be
compact subsets where their precise formations are given in our main theorems. (We
note that without these compactness conditions, the MLE of Gy may not exist or
be inconsistent.) Now, we shall fit a mixture of £ Gaussian distributions using the
n-sample, where k& > ko + 1. Denote by O := Or(O x ) the set of probability
measures on © x € with at most k support points, &, = &, (O x ) the set of
probability measures on © x 2 with exactly kg support points. In addition, given

co € [0,1), define a subset of O,

k*
Oth = {G = szé(ghzl) € Ok L P 2 Co V1 < 1 < k’*} .

i=1

Let @n be an estimate of Gg. We seek to derive the rate of convergence of @n to

Gy under a number of settings. For evaluating the convergence of mixing measures,

Wasserstein distances have proved to be a natural choice [Nguyen, 2013, 2016]. Given
k K

two discrete probability measures G = ) p;d(, »,) and G’ = Zpgcs(g;,gg) on O x €,
i=1 i=1

recall that the s-th (s > 1) order Wasserstein distance between G and G’ takes the
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form [Villani, 2009]:

1/s
WG, ) — <mfzqw (16, - e;||+||zi—z;-||>s> ,

where the infimum is taken over all couplings g between p and p’, i.e., g = (¢;5)ij €
[0, 1]7** such that qu = pj and i gj=piforanyi=1,...,kand j=1,..., k.
In addition, ||.|| denotes either the EQ norm for elements in R? or the entrywise /5
norm for matrices.

To see how a convergence rate in Wasserstein distance W is translated to that of
the parameters, suppose that a sequence of mixing measures GG,, tending to GGy under
W metric at a rate w, = o(1). If all G,, have the same number of atoms k = kg
as that of Gy, then the set of atoms of G,, converge to the ky atoms of Gg, up to a
permutation of the atoms, at the same rate w, under || - || metric. If G,, have varying
k, € [ko, k] number of atoms, where k is a fixed upper bound, then a subsequence of
G, can be constructed so that each atom of Gg is a limit point of a certain subset
of atoms of G,, — the convergence to each such limit also happens at rate w,. Some
atoms of (G,, may have limit points that are not among (G’s atoms — the total mass
associated with those “redundant” atoms of GG, must vanish at the generally faster
rate w,.

For over-fitted Gaussian mixtures with both mean and variance varying, a main
result of this chapter is to show that the rate of convergence of the mixing measure
is determined by the order of a set of polynomial equations, which we now describe

precisely. Denote by 7 > 1 the minimum value of r > 1 such that the following

system of polynomial equations
k—ko+1 2 nl b’ng

Z Z =0 foreacha=1,...,r (3.1)
nl'ng

ni,n2
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does not have any non-trivial solution for the unknowns (a;, b;, cj)f;f“l. The ranges
of ny,ns in the second sum are all natural pairs satisfying n; + 2ny = a. A solution
is considered non-trivial if all of ¢;s are non-zeros, while at least one of the a;s is

non-zero.

Theorem 3.1.1. (Gaussian mixtures) Let L,v,\ < X\ be fized positive numbers.
Given © = [—ay, a,]? where a,, < L(logn)?, and Q be a subset of S+ whose eigen-

values are bounded in an interval [\, \].

(a) (Minimaz lower bound) For any r < 2T,

_inf sup B, Wl(@n,G) > cn V"

GreOy GEOk\OkO
Here, the infimum is taken over all sequences of estimates én ranging i O,
E,. denotes the expectation taken with respect to product measure with mizture

density p, ¢1 s a universal positive constant.

(b) (Mazimum likelihood estimation) Let ¢ = 0 if k — ko = 1 or 2, and ¢y > 0
otherwise. Assume that Gy € Ok, and let @n be the MLE ranging in Ok, .
Then,

P(Wi(Gy, Go) > C(logn/n)" ) < exp (—clogn) .

Here, probability P is taken with respect to pg,. C,c are positive constants

depending only on d, L,v, A\, X, co and Gy.

Part (a) of Theorem 3.1.1 establishes a minimax lower bound for estimating mixing
measure G under W, distance. Noting the general inequality Wi > Wy, this lower
bound obviously also holds for Wi In words, when the number of mixing components
is unknown except that it lies in the interval [k, k], then there is no method for
estimating G at a rate better than n~"/ ") uniformly for all G € Oy \ Oy,. The proof

actually obtains something stronger: the lower bound holds uniformly for any fixed or
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suitably shrinking W neighborhood in Oy, of any Gy € &,. Part (b) of Theorem 3.1.1
establishes that, under the compactness of the parameter spaces ©, 0, the rate n=/(7)
can be achieved, up to a logarithmic term logn, by maximum likelihood estimation.
We wish to emphasize that this is a pointwise convergence rate, i.e., constant C'
depends on Gy. For a fixed Gy, we do not know if the upper bound n="®" of the
convergence rate for the MLE may still be improved without additional assumptions
or not. As a consequence of part (a), the upper bound n~'/(?") is sharp in the sense
that it cannot be improved uniformly for any W; neighborhood for Gy.

The link of the estimation rate for location-scale Gaussian mixtures to the solv-
ability of the system of polynomial equations (4.24) established by the above theorem
is rather striking, as it describes precisely the hardness of parameter estimation in
over-fitted situations. Determining the solvability of a system of polynomial equa-
tions is a basic question in (computational) algebraic geometry. For system (4.24),
there does not seem to be an obvious answer as to the general value of 7. Since the
number of variables in this system is 3(k — ko + 1), one expects that 7 keeps increas-
ing as k — ko increases. Using a standard method of Groebner bases [Buchberger,
1965], we can show that for k — kg = 1 and 2, 7 = 4 and 6, respectively. In addition
if k —ky > 3, then 7 > 7. Thus, the convergence rate of the mixing measure for
Gaussian mixtures deteriorates rapidly as more extra components are included in the
model. We expect, but do not have a proof, that the value 7 in the rate n='/?" tends
to infinity as the number of redundant Gaussian components increases to infinity. We
note several recent results at the other end of the rate spectrum: when the number of
mixing components is unbounded (infinite), the convergence rate of the mixing mea-
sure under W5 is shown to be (logn)~'/? for the location Gaussian mixtures [Caillerie
et al., 2011, Nguyen, 2013]. This rate may also resonate with some classical results

in the deconvolution literature (e.g. [Zhang, 1990, Fan, 1991]), but one should be

reminded that these classical results are applicable to only location mixtures carry-
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ing smooth mixing densities. Interestingly, although the convergence rate of mixing
measures in over-fitted finite mixtures may be poor, if one is interested in mixing pro-
portions only, it follows from the previous discussion of Wasserstein distance Wi that
the rate (n='/")" = n=1/2 is still achieved by the MLE. This rate is also obtained

by a Bayesian estimation procedure studied by [Rousseau and Mengersen, 2011].

3.1.2 Results for other weakly identifiable classes

We now briefly describe other model classes studied in this chapter. Gamma
densities represent an interesting instance: the Gamma density f(z|a,b) has two
positive parameters, a for shape and b for rate. This family is not identifiable in the
first order. Moreover, we will show that there are particular combinations of the true
parameter values which prevent the Gamma class from enjoying strong convergence
properties. One the other hand, by excluding the measure-zero set of pathological
cases of true mixing measures, the Gamma density class in fact can be shown to be
strongly identifiable in both orders. Thus, this class is almost strongly identifiable,
using the terminology of [Allman et al., 2009]. The generic/pathological dichotomy in
the convergence behavior within the Gamma class is quite interesting: in the generic
case of true mixing measures, the mixing measure can be estimated at the standard
rate (i.e., n="/2 under W for exact-fitted and n~'/4 under W, for over-fitted mixtures).
The pathological cases are very unforgiving: even for exact-fitted mixtures, one can
do no better than a logarithmic rate of convergence in a minimax sense.

Let some readers wonder whether this unusually slow rate for the exact-fitted
mixture setting can happen only in the measurably negligible (pathological) cases,
we also introduce a location-extension of the exponential distribution, the location-
exponential class: f(z]6,0) := Lexp(—=2)1(z > ). We show that the minimax
lower bound for estimating the mixing measure in an location-exponentials is no

faster than a logarithmic rate, even when the number of mixing component is known.
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Practical implications In theory, mixture models enjoy strong asymptotic proper-
ties as a black-box modeling device for density estimation, see Genovese and Wasser-
man [2000], Ghosal and van der Vaart [2001], Rousseau [2010], Kruijer et al. [2010]
and the references therein. In practice, the parameters specific to each mixing com-
ponents may carry useful information about the heterogeneity among the underlying
(latent) subpopulations. Thus, understanding the statistical efficiency of parameter
estimation in mixture modeling is also relevant from a practical standpoint. Prob-
lematic convergence behaviors exhibited by widely utilized models such as Gaussian
mixtures may have long been observed in practice, but a concrete theory has been
largely unavailable. The results established in this chapter present a cautionary tale
about the limitation of Gaussian mixtures, when it comes to assessing the quality of
parameter estimation, but only when the number of mixing components is unknown.
Since a tendency in practice is to ”over-fit” the mixture generously with many more
extra mixing components, our theory warns against this because as we have shown, the
convergence rate via standard methods such as MLE for subpopulation-specific pa-
rameters deteriorates rapidly with the number of redundant components. For Gamma
and location-exponential distribution, our theory also paints wildly varied convergence
behaviors within each model class and thus a similarly extreme caution. We hope
that the theoretical results obtained may hint at practically useful ways for determin-
ing benign scenarios and imposing helpful constraints when the mixture models enjoy
strong identifiability properties and favorable convergence rates, and for identifying

pathological scenarios where the practioners would do well by avoiding them.

Chapter organization Section 3.2 is devoted to the proof of the results for Gaus-
sian mixture models. Section 3.3 investigates Gamma mixtures and a location exten-
sion of exponential distribution. The theoretical bounds are illustrated via simulations

in Section 3.4. Remaining proofs are given in Section 3.5.
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Notation In addition to Wasserstein distances for mixing measures, we also utilize
several familiar notions of distance for mixture densities, with respect to Lebesgue

1
measure. They are total variation distance V(pg, par) = 3 / Ipa(z) — per(z)|du(x)

1 2
and Hellinger distance h?*(pg, par) = —/ <\/pG(x) — \/pG/(m)> du(x).

2

3.2 Proof of main results for Gaussian mixtures

This section is devoted to proving Theorem (3.1.1). This theorem addresses only
over-fitted Gaussian mixtures, i.e., when the true number of mixing components is
bounded but otherwise unknown. If the number of mixing Gaussian components is
known, it was already shown that the rate of estimating the mixing measure G is the
standard rate n~'/2 under W, metric [Ho and Nguyen, 2016¢]. This is due to the fact
that the class of Gaussian densities with both mean and covariance parameters varying
is identifiable in the first order. However, the Gaussian family is not identifiable in the
second order — that is to say that the collection of Gaussian density functions and
their partial derivatives up to the second order taken with respect to the mean and
covariance parameters are not linearly independent. This can be seen by the following

identity, which represents a partial differential equation satisfied by Gaussian density

f(z]0,%):

O’ f _,of
S5 (@16, ) = 255 (216, 2). (3.2)

This identity, also noted previously by Chen and Chen [2003], Kasahara and Shimotsu

[2014b], will play a fundamental role in our proof of Theorem (3.1.1).

3.2.1 On the order 7

Before proceeding to the proof of the theorem, let us briefly discuss some properties
of T as defined in (4.24). This is a system of r polynomial equations with 3(k —ko+1)

unknowns. The condition ¢y, ..., cx_k,+1 # 0 is important. In fact, if ¢; = 0, then by
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choosinga; #0,a;, =0foralli =2,..., k—ky+1landb; =Oforallj =1,... k—ko+1,
we can check that system (4.24) is satisfied for all a > 1. Therefore, without this
condition, 7 does not exist.

To illustrate the possible values of 7, let us consider the case k = kg + 1, and let

r = 3. System (4.24) reduces to the equations:

cla; + c3ag =0

1
E(cfaf + c3a3) + by + caby = 0

1
g(c%ai’ + c2a3) + arby + cagby = 0.

It is simple to see that a non-trivial solution exists, by choosing ¢ = ¢; # 0, a; =
1,a9 = —1,b; = by = —1/2. Hence, 7 > 4. For r = 4, the system consists of the three

equations given above, plus

(Gt + el + o (Gadby + adh) + (G + B8 =0,
It will be shown in the sequel that this system has no non-trivial solution. Therefore
for k = ko + 1, we have 7 = 4.

Determining the exact value of 7 in the general case appears quite challenging.
For the specific value of k — kg, one can find 7 — there are well-developed methods
in computational algebra for dealing with this type of polynomial equations, such

as Groebner bases [Buchberger, 1965] and resultants [Sturmfels, 2002]. Using the

Groebner bases method, we shall show in Section 3.5 that

Proposition 3.2.1. 7 =4 if k = ko + 1, 7T=6 if k = kg + 2. If k > ko + 3, then

T>T.
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3.2.2 Discussion of conditions in Theorem 3.1.1

The main conditions in the statement of Theorem 3.1.1 are concerned with com-
pactness and boundedness of the mixture model’s parameters, including the param-
eters of mixing components, and the parameters for mixing probabilities.

The parameters of mixing components lie in €2 and ©. Compactness conditions
for €2 and © are required for three reasons. First, the compactness of €2 is impor-
tant in guaranteeing that the likelihood function is bounded. Indeed, if the smallest
eigenvalue of the covariance parameter is not bounded below or the largest eigen-
value of the covariance parameter is not bounded above, the likelihood function will
become unbounded [Day, 1969, Hathaway, 1985, Chen and Li, 2009]. Second, the
compactness of © and 2 are also crucial in obtaining upper bounds of the (bracket)
entropies that we need for Lemma 3.2.1. Such bounds yield convergence rate n=/2,
up to logarithmic factor, for the convergence of mixture density pg under Hellinger
distance. Third, and most importantly, these compactness assumptions are required
in establishing the lower bounds of Hellinger distance of mixture densities in terms of
Wasserstein distance of mixing measures (cf. Proposition 3.2.2), thereby allowing us
to translate the convergence rate of the mixture density into that of the correspond-
ing mixing measure. Our proof technique hinges upon the compactness conditions.
As pointed out by the referees, one may be able to relax somewhat the compactness
assumptions by penalizing the likelihood function appropriately [Chen et al., 2008,
Chen and Tan, 2009]. While the first two issues discussed above may still be ad-
dressed, the third issue will require a substantially new proof technique; moreover,
the rate of convergence will be likely different.

It is required in part (b) of the theorem that @n range in Oy ,, where ¢g > 0
when k — kg > 3. This requirement is sufficient for establishing the bound in part
(b) of Proposition 3.2.2. A consequence of this requirement is that it prevents the

Fisher matrix at the masses from being degenerate [Chen and Li, 2009, Chen et al.,
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2012, Kasahara and Shimotsu, 2014b]. As such, this condition is also crucial in
obtaining the asymptotic distribution of parameter estimates. We note, however,
that this requirement may not be necessary for the purpose of establishing rates of
parameter estimation. In fact, when the Gaussian mixture is overfitted by at most
two components, i.e., 1 < k—ky < 2, it will be demonstrated by Proposition 3.2.3 that
this requirement can be removed (by letting ¢y = 0) without affecting the conclusion

of the theorem.

3.2.3 Sharp identifiability bounds

A central ingredient in the proof of Theorem 3.1.1 are sharp inequalities which re-
late the distance of two Gaussian mixture densities to a Wasserstein distance between
corresponding mixing measures. Let V(pg, pg,) denote the variational distance, and
h(pa,pg,) the Hellinger distance of pg and pg,. The order 7 enters the following

bounds in an essential way:

Proposition 3.2.2. Let 7 be defined as above, and Gy € Eiy N Oky.eo for some cg > 0.

(a) For any 1 <r <T, there holds:

lim inf {h(pg,pgo)/W{(G, Go) i Wl(G, Go) < 6} =0.

e—0 GeOy,

(b) For any G € Ok, such that Wr(G, Gy) is sufficiently small, there holds:

h’(vapGo) Z V(pG7pGo) Z Wf(Ga GO) 2 WT(Ga GO)

e

The proof of this proposition is deferred to Section 3.5. We make several remarks.

(i) In part (a) the ratio h/W7] is set to oo if Wi = 0. In part (b), the multilying

constant in 2 bound depends only on Gj.
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(ii) Part (a) and part (b) together show that WI(G,Gy) is the sharp lower bound
for the distance of mixture densities V(pg, pg,). In particular, we cannot have

V Z W7 for any r <T.

(iii) In part (b), G is restricted to a subset of O, i.e., set Oy, which places a lower
bound constraint on the mixing probability mass. This restriction seems to be
an artifact of our proof technique. It can be removed completely with some

extra hard work, at least for the case k — ky < 2, as follows:

Proposition 3.2.3. Let k — ko =1 or 2. Fix Gy € &,. For any G € Oy, such that
W=(G, Gy) is sufficiently small, we have V (pg, pa,) = Wi (G, Gy).

The proof of Proposition 3.2.3 is deferred to Section 3.5.3. Given the two propositions

above, we can now complete the proof of Theorem 3.1.1.

3.2.4 Proof of Theorem 3.1.1

(a) The proof of this part follows from the same argument as that of Lemma
1 of Yu [1997] for establishing minimax lower bounds. Fix r < 7 and Gy € &,.
Let Cp > 0 be any fixed constant. According to part (a) of Proposition 3.2.2, for
any sufficiently small € > 0, there exists Gf, € Oy such that W;1(Gy, Gj)) = 2¢ and

h(pay,pay) < Coe”. Take any sequence of estimates @n ranging in Oy, we have

2 max  Ep, Wi(Gn, G) = Epg Wi(Go, Go) + E,, Wi(G, GY),

Ge{Go,Gy} )

where B, (resp. EpG,) denotes the expectation taken with respect to the product
0

measure with density pg, (pg{)). By the triangle inequality, W (én, Go)+W, (CA;n, Gy) >

Wi (Go, Gy) = 2¢. Thus,

By Wi(Gs Go) + By Wi(G, Go) = 26 inf By i+ By J2),

f17f2
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where the infimum is taken over all measurable nonnegative functions f; and f,
defined in terms of n arguments X, ..., X,,, subject to the constraint that f; + fo =
1. From the definition of the variational distance, the infimum value in the above

expression is equal to (1 — V(pg,, pgé)). Hence,

max _E,, Wi (G, G) > € (1 - V(pgo,p?;g)» .
Ge{Go.Gy}

Now, due to the general relationship between variational distance and Hellinger dis-

tance, i.e., V < h, and by our construction that h(pGO,pG/O) < Cpe", we have

V(0 ve) < h(pe, pe)
= \/1 - (1 - h2(pG07pG6))n
< 1 -cgeny

As a result,

max [, Wl(@n, G)>e (1 - \/1 —(1— 08627")"> '
Ge{Go.Gy }

By choosing €*" = %, the right hand side of the above inequality is bounded below
by cie < n='/?" for ;ny r < T where ¢; is some positive universal constant. Noting
that Go, Gj € Oy \ Oy, _1, this concludes the proof for part (a).

(b) The proof follows from combining the result of part (b) of Proposition 3.2.2
with a standard result on convergence of density estimation via MLE, from [van de
Geer, 2000]. To draw from the later, we first recall some additional standard notation
from the empirical process theory literature (which after this proof will unfortunately
not be needed for the rest of the chapter). Let ©* = © x Q, P,(0*) = {pc|G € Oy}.
Let N(e, Pr(0%),] - ||oo) denote the covering number of the metric space (Pr(©*), || -

o), and Hp(e, Pi(©*), h) the bracketing entropy of P,(0*) under Hellinger distance
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1/2

metric h. Put Py(0%) = {pG+G0 G e ok} and P,/ 2(0%) = { f1/?|f € P1(©")}. For
any 0 > 0, denote the intersection of a Hellinger ball centered at pg, and f,lcﬂ(@*)

as:

P(00) = {1 e PO f.pe) < 0}

The size of this set is captured by the entropy integral:

Ts(6,P, (0" /Hl/2 P20, u), p)du v 5,

52/213
. =12 =1/2, ..
where p denotes Lebesgue measure. Since P,/ (0*,u) C P, " (0*), for any u > 0,

—1/2

Hp(u, Py,

—1/2

(0%, u), Lo(p)) < Hp(u, Py (07), La(p)) (3:3)

= Hp(u/V2,Pr(0"),h),

where the identity is immediate from relationship between the Hellinger distance
metric and Lo (p).

Note that for any two mixing measures G1, Go, p(ci+co)/2 = (e, + Pay)/2. Note
also the fact that for any probability densities fy, fi, fo defined on the same space,
RA((f1+ f0)/2, (f2 + fo)/2) < R2(f1, f2)/2 (cf. Lemma 4.2 van de Geer [2000]). So,

for any two mixing measures Gy, Gy € Oy, we have

hQ(p@,p%) < h*(peyspay) /2.

This inequality yields Hg(u/v2, Pr(©%),h) < Hp(u,Px(0*),h). Combining with
Eq. (3.3) to obtain

Hy(u, P20, ), La(p)) < Hy(u, Pe(©%), h).
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This inequality allows us to obtain an upper bound of the LHS in terms of a bound

on the RHS. Specifically, we need the following

Lemma 3.2.1. Suppose that ©* = [—a,a]? x Q, where Q is a subset of ST+ whose

eigenvalues are bounded in an interval (A, |, a < L(log(1/€))”, v > 1/2, L > 0. Then

for 0 <e<1/2,

log N(e, Pr(©7), [|lo) < log(1/e), (3.4)

Hp(e, Pr(©7),h) < log(1/e). (3.5)

The proof of this lemma is an extension of the arguments in Ghosal and van der
Vaart [2001] to multivariate setting, and is deferred to Section 3.5.3. Now, we choose
L >0 and 7; = max{1/2,7} > 1/2 such that a, < L(log(n))". From Lemma 3.2.1,

as long as 0 < u < 1/2, we have

—=1/2

Hp(u, Py, (0%, u), La(pt)) < Hp(u, Pe(07), h) < log(1/u). (3.6)

Now, we state the result of Theorem 7.4 of van de Geer [2000] adapted to the notation

used in our chapter

Theorem 3.2.1. Take ¥(9) > jB(5,f,1€/2(@*,5),u) in such a way that W(4)/6 is a

non-increasing function of 6. Then, for a universal constant ¢ and for
Vs = b (s,),

we have for all 6 > 6,

n52]

P(h(pg, ,pc,) > 6) < cexp [—? .

Based on the bracket entropy bound in (3.6), we can choose ¥(d) = 6[log(1/8)]"/?
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for & > 0. Therefore, by choosing &, = O(logn/n)'/?, we obtain P(h(pg ,pa,) >
6n) < exp(—clog(n)), where constant ¢ > 0 depends only on L, v, A, \. Combining

this probability bound with part (b) of Proposition 3.2.2 concludes the proof.

3.3 Gamma mixtures and location extensions

a

['(a)

x > 0, and 0 otherwise, where a, b are positive shape and rate parameters, respectively.

a

The Gamma family of densities takes the form f(z|a,b) := ~texp(—bzx) for

T

The Gamma family is not identifiable in the first order when both shape and rate
parameters vary— this is to say that the collection of Gamma density functions and
their partial derivatives up to the first order taken with respect to the shape and rate

parameters are not linearly independent. This can be seen by the following identity:

B
a—g( la,b) = %f(x|a, b) — %f(x|a +1,b). (3.7)

Examining the identity in the above display shows that the violation of linear inde-
pendence of the collection of Gamma density functions and its derivatives is due to
certain combinations of the Gamma parameter values. This suggests that outside of
these value combinations the Gamma densities may well be identifiable in the first
order and even the second order. This observation leads to a remarkable consequence
for Gamma mixtures, which display wildly distinct behaviors in two disjoint categories
of the parameter values, which we call “generic cases” and “pathological cases”.

Fix Gy = ipgé(ag,bg) € &y = Eky(0) where ko > 2 and © C R3. Assume that
a? > 1 for all I <1 < kg. To delineate the structure underying parameter values of

G, we define
(A.1) Generic cases: {|a) — adl, by — b?|} #{1,0} for all 1 <14, j < k.

(A.2) Pathological cases: {|a? — a?|, [0 — b9} = {1,0} for some 1 <4, j < k.
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We have the following result under the exact-fitted setting of Gamma mixtures. Let

@n € &, denote the MLE estimate of Gy.

Theorem 3.3.1. (Exact-fitted Gamma mixtures) Given © = [a,a] X [b,b] where

a>1,a,bb are given positive numbers.

(a) Generic cases If the support points of G satisfy assumption (A.1), then

P(W1(Gn, Go) > 6,) < exp(—clogn),

1/2

where 0, is sufficiently large multiple of (logn/n)'* and c is positive constant

depending only on a,a,b,b.

(b) Pathological cases For any r > 2,

_inf  sup EpGWT((A}'ﬂ,G) >l
Gnegko GEgkO

While the result of part (a) may seem “obvious” due to the standard rate (logn/n)"/2,

this should be put in the context of the minimax lower bound of part (b), which
shows that one cannot estimate the Gamma parameters efficiently uniformly over a
W1 neighborhood of Gy, when we do not know whether GG is pathological or not. As
can be seen in the proof, the poor rate is due to the difficulty of distinguishing between
the pathological and generic instances — no polynomial rate estimation method is
possible.

Turning to the over-fitted Gamma mixture setting, as before let Gy € &, while
G varies in a larger subset of O := O, (©) for some given k > ko + 1. We have the

following categories regarding the true Gly:

(A.3) Generic cases: {[a) —a?],[b? — 09|} g_i{ {1,0}, {2,0}} for all 1 <4,5 < k.

83



(A.4) Pathological cases: {|af — a9|, |b) — 9]} E{ {1,0}, {2,0}} for some 1 < 4,5 <
ko.

Additionally, for any ¢y > 0 and [ > 1, define the following constrained set of O,

’

k
Ol,co :{G = Zpi(s(ai,bi)
=1

k' <k and |a; — a| € [1 — co, 1+ co

U[2 — cp, 2 + ]V (z,])}

Theorem 3.3.2. (Over-fitted Gamma mixtures) Assume the same conditions

on © as that of Theorem 3.5.1.

(a) Generic cases If Gy € Oy, and let CAJn € Ok, be the MLE estimation of Gy,
then P(Wa(Gn, Go) > 6,) < exp(—clogn), where 8, is sufficiently large multiple

of (logn/n)"* and c is positive constant depending only on cy,a,a,b,b.

Moreover, the following minimaz bound holds, for any 2 < r < 4,

inf sup E,., Wi (Gn,G) =07,

Gneok,co GEO}C,CO \Okofl

(b) Pathological cases For any r > 2,

_inf sup E,, Wr(an, G) = n V.
Gn€O GEOR\Opy—1
Part (a) shows that in the over-fitted setting, if the true Gy falls in the generic
cases, then the standard MLE method restricted to a suitable subset of O still yields
the (logn/n)Y* rate of convergence for the mixing measure. Outside of this category,
however, one cannot hope to estimate G at any polynomial rate of convergence.

Not all is bad news for Gamma mixtures: since the pathological cases represent
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a Lebesgue measure zero set, Gamma mixtures can be viewed as almost strongly

identifiable with the strong convergence properties for the parameter estimation.

Exponential location extension Let the reader think that pathological cases are
rare, we introduce a location extension of the exponential distribution, for which there
is no such generic/pathological dichotomy. With this family, the convergence behavior
of the mixing parameters is always slow, even when the number of mixing components

is known. The class of location-exponential distribution {f(z|6,0),0 € R,o0 € R} is

1 _
defined as f(z|0,0) = —exp (_w 9) 12>y for z € R. Direct calculation yields
o
that
of 1
%( |0,0) = gf(x|0,a) when x # 6. (3.8)

Since this identity holds in general, the linear independence of the kernel densities f
and their partial derivatives is clearly violated regardless of the true values of Go. We
shall state a result for the exact-fitted setting only. Let © = [—a,a] and Q = [g,7]

where a, 0,7 are fixed positive constants.

Theorem 3.3.3. (Exact-fitted location-exponential mixtures) For any r > 2,

_inf  sup EPGWI(an,G) >n U,
GnESkO GEgkO

This is quite a surprising bound, especially considering this is a finite mixture
model with the known number of mixing components ky. Yet, one cannot hope to
achieve a polynomial estimation rate uniformly over a neighborhood (in Wj) of any
mixing measure Go. As in the pathological cases of Gamma mixtures, the poor
convergence behavior of parameter estimation is due to the interaction of mixing
parameters # and o, which is induced by the algebraic structures of f and its partial

derivatives. As can be observed from the proof, the algebraic structure makes it
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difficult to distinguish between mixing measures GG carrying similar mixture densities.

3.4 Simulations

We illustrate via simulations the rich spectrum of convergence behaviors for weak
identifiable classes. Both identifiability bounds h > V' 2 W/, and the convergence

behavior of the MLE are examined.

x10 ) x10*
—h < I —h =W —h/W3
—h =W —h =W, —h/I7}

° 0.6

x10°

h(pg.Pg )
o
h(pg.Pg )

=~ B . = c
% 15 % 2 0 1 3 4

05 1 | 4 6 ho 2 4 6
W(6G) o W66, . Pes) 10 W66, h

x10°

Figure 3.1: Location-scale Gaussian mixtures. From left to right: (1) Exact-fitted
setting; (2) Over-fitted by one component; (3) Over-fitted by one component; (4)
Over-fitted by two components.

Weak identifiability bounds We experiment with classes of Gaussian densities.
The results for mixtures of location-scale Gaussian distributions are given in Fig-
ure 3.1. Simulation details are as follows. The true mixing measure G has exactly
ko = 2 support points with locations 69 = —2, 69 = 4, scales 0¥ = 1, ¢ = 2, and
) =1/3,py = 2/3. 5000 random samples of discrete mixing measures G' € &, 5000
samples of G € O3 and another 5000 for G € Oy, where the support points are uni-
formly generated in © = [—10,10] and ©Q = [0.5,5]. Additionally, to illustrate the
best lower bound W} when we overfit by one point, we also generate sequence G in
accordance with the construction of sequence G in the proof of part (a) of Proposition
3.2.2. The ratios h/W3 and h/W} are plotted in the third panel of Figure 3.1 to verify
that h = W} holds, but h = W3 does not. It can be observed that both the lower

bounds and upper bounds are in agreement with the theorems established earlier.
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Convergence rates of MLE First, we generate n-iid samples from a bivarite

location-covariance Gaussian mixture with three components with an arbitrarily fixed

choice of Gjy. The true parameters for the mixing measure Gy are: 69 = (0,3),609 =

(1,

—4),0

0
3

(5,2), 29

1

4.2824
1.7324

1.7324
0.81759

I

2y

1.75
—1.25

—1.25
1.75

10

0 4

and p{ = 0.3,p9 = 0.4,p5 = 0.3. MLE G, are obtained by the EM algorithm as we

assume that the data come from a mixture of k Gaussians where k > ky = 3. See

Figure 3.2 for a fixed choice of Gy. Wasserstein distances between @n and G are

plotted against increasing sample size n. The error bars were obtained by running

the experiment 7 times for each n. These simulation results match quite well with

the established rates and highlight that convergence slows down rapidly as k — kg

increases.

-~—Wi1

—25(log(n)/n)"?

- W4
—2.05(log(n)/n)"®

= W6

—3.6(log(n)/n)""?

—2.05(log(n)/n)"®
- W6

3.6(og(n)n)"'"

i"‘é&%ﬁs}%ﬁéﬁﬁqﬁm

1 2
n=sample size

1 2
n=sample size

x10

1 2
n=sample size

3 0 1 2 3

= i 4
n=sample size K10

Figure 3.2: MLE rates for location-covariance mixtures of Gaussians. L to R: (1)

Exact-fitted: W, < n='/2. (2) Over-fitted by one: Wy < n=/%. (3) Over-fitted by
~1/12.

two: W =< n

12

~W1 ~W2 =W =W
/e
—1.1(log(n)/n) "2 05 —1.4(log(n)/n)" 1 —1.9/(log(n))"? 1 —2.15/(log(n))"?
08 08
O.SMWH 08
} 04 04
0.1 02 02
0 0 0
0 05 2 25 0 05 15 2 25 0 05 15 2 25 0 05 1 15 2 25

n=sample size

x10*

n=sample size

x10*

n=sample size

x10*

= S si 4
n=sample size 10

Figure 3.3: MLE rates for shape-rate mixtures of Gamma distributions. L to R: (1)
Generic/Exact-fitted: W, (G, Go) < n~ /2. (2) Generic/Over-fitted: Wy =< n~1/4,
(3) Pathological /Exact-fitted: W, ~ 1/(logn)'/2. (4) Pathological /Over-fitted:

W, ~ 1/(logn)'/2.
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We turn to mixtures of Gamma distributions. For generic cases, we generate n-
iid samples from a Gamma mixture model that has exactly two mixing components.
The true parameters for the mixing measure Gg are: af = 8, a9 = 2, 1Y = 3, b = 4,
p? =1/3, p) = 2/3. For pathological cases, everything else remains the same, except
for our choice of Gy, for which we choose a9 = 8, a =7, % = 3, 19 = 3, p§ = 1/3,
Py =2/3.

It is remarkable to see the wild swing in behaviors within this same class. See
Figure 3.3. Even for exact-fitted finite mixtures of Gamma, one can achieve very fast
convergence rate of n~/2 in the generic case, or appear to be stagnant at a logarithmic

rate if the true mixing measure GGy belongs to the pathological category.

3.5 Proofs of other propositions and theorems

3.5.1 Proofs for over-fitted Gaussian mixtures

PROOF OF PROPOSITION 3.2.2 For the ease of exposition, we consider the

setting of univariate location-scale Gaussian distributions, i.e., both § and ¥ = o2

are scalars. The proof for general d > 1 is similar and omitted. Put v = 02, so we

ko
write Go = > pYdgo ,0).
Z:l K3 7

Step 1 For any sequence G, € Oy, since k is finite, there is some k* € [ko, k]
such that there exists a subsequence of G,, having exactly k* support points. Denote
G, = i Pidgr oy (here, without loss of generality, we replace the whole sequence by
its Suk:(;quence). Now if GG,, — Gy in W,., there exists a subsequence of GG,, such that
0

each support point (67, o*

) of Gy is the limit of a subset of s; > 1 support points of
G,. In general there may also a subset of support points of GG,, whose limits are not
among the support points of Gj.

Note that with part (a), we shall construct one sequence of G,, to prove its con-

clusion. In our construction there are no constraints placed on p} for all 7. On the
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other hand, regarding part (b), we shall impose the constraint that p? > ¢, for all i.
Under this constraint, all the limit points of support points of G,, will be only those
of Gy. To avoid notational cluttering, we replace the subsequence of G,, by the whole

sequence {G,}. By re-labeling the support points, GG, can be expressed by

Zzlpw (3.9)

=1 j=1

where (6]5,v7%) — (67,0)) | szz —p) foralli=1,...,k and j = 1,...,s;, where
S1,...,8k are some natural constants less than k. All G,, have exactly the same
= > 8; < k number of support points. This is the representation for G, that we

shall utilize in the proof of both part (a) and part (b).

Step 2 For any x € R,

pG( pGo Zzpz] x|9137 Z]) (xyefu 7,))

=1 j=1
ko

> — p)) ()60, ),

i=1

where pl' 1= Z pi;. For any r > 1, integer N > r and x € R, by means of Taylor
j=1

expansion up to the order N, we obtain

= ol
pG’( pGo ZZPWZ Aen al(A Z) D f(l'"gzv 7,)_|_

ol
i=1 j=1 |a|=1
Ay () + Ry (). (3.10)
Here, o = (a1, 02), o] = a1 + oy, @l = aqlay!, AGY = 67 — 00, Avfh = off — 0.
k ko si
Additionally, Ai(r) = 3 (5} — p0)F(2]69, ), and Ry(x) = (z > Dl (|AG
i—1 b |

+| Al \N+5)) for some positive constant § > 0.
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52
’f L Of .
02 5 (@l0,v) = 28'0 (x]6,v) for all x. This

8n1+n2f 1 8n1+2n2f
a9 0) = 5 g, (@l6:0):

Step 3 Enter the key identity (3.2):

entails, for any natural orders ny,no, that
Thus, by converting all derivatives to those taken with respect to only 6, we may

rewrite (3.10) as

(AGZ)™ (Avgy)"™ o~ f

P, (2) — peo(z) = 22 DL L ojg?, o)

1= a>1 ni,ne 2n2n1‘n2 8
+  Ai(x) + Ri(x)
= Ai(z) + Bi(z) + Ri(2), (3.11)

where nq,ny in the sum satisfy ny + 2n, = a,ny +ny < N.

Step 4 We proceed to proving part (a) of the proposition. From the definition of 7,
by setting r = 7 — 1, there exist non-trivial solutions (¢, af, b¥)¥=[*** for the system

of equations (4.24). Construct a sequence of probability measures G,, € Oy under the

representation given by Eq. (3.9) as follows:

* * 0 .%\2
a> " pilc: )
Q?j:€?+#, v?j:v?-l-n—;,p?fj:k_k::%]), forallj=1,....k—ko+1,
>, ()
i=1

and 07 = 69, vt = v pfy = p? for all i = 2,... ko. (That is, we set k* = k,
s1=k—ky+1, s, =1forall 2 <i < ky). Note that b; may be negative, but
we are guaranteed that vy, > 0 for sufficiently large n. It is easy to verify that

k—ko+1 s olp 1
Wi(Gn, Go) = > Y (% + M) =~ because at least one of the a} is non-

2
i=1 n
Z€ero.
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Step 5 Select N =7 in Eq. (3.11). By our construction of G,,, clearly A;(x) = 0.

Moreover,

‘? |
>_.

—ko+
. (A7 )™ (Avg )™ 9o f
Bi(z) — Z o Z 1) (AVE)™ O°F o )

2”2711'712' o0«

o
3 H

Ae?@ n1 Avlz)n2 aaf
2n2n1|n2' aea( |917U1)

ﬁ |

a

0 :1:\61, Uh —i—ZC’an ()67, 09).

a>r

z

In the above display, for each a > T, observe that C,,, = O(n~*). Moreover, for each

1<a<r—1,

k’—k‘()-i-l

_ 1 2 (@)™ (07)™
Ban = k—ko+1 Z (c7) Z nilng! 0,
ne Z (C;k)2 =1 ni1+2ns=«a

because (cf, a¥, b)) kot

70 Y Vi )i

form a non-trivial solution to system (4.24).

Step 6 We arrive at an upper bound for the Hellinger distance of mixture densities.

1 [ (pc.(x) = pay(2))?
2]9? f(z |‘91701)

h2(pGn7pG0) S dl’

> (aaf<x|el,v1>)2+3%<x>

dz,
/ (m|91,1}1)

R

AN

9 f

2
For Gaussian densities, it can be verified that ( (x|91,v1)> /f(x]69,0?) is in-

tegrable for all 1 < a < 27. So, h(pg, ,Pa,) < O(n™7) +/R2( )/ f(x|6°,0)) da
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Turning to the Taylor remainder R;(x), note that

k—ko+1

Ri(z)| S D

=1 |B|=F+1

a?—i—lf
0519

1z|182 X

1

x/(l—t)’"

0

———(2]0Y +tA0}, V) + tAUT)| dt.

Now, (AO2)P1(AvE)P2 < n=P1=282 = o(p=%). In addition, as n is sufficiently large,
we have for all |5| =7+ 1 that

T o
sup S0P D ———— (|0 + A, V) + tAV],) /f(x]Gl,vl)dx < 00.

t€[0,1]
z€R

It follows that h(pg,,pq,) = O(n™"). As noted above, Wi(G,,Gy) =< n~ !, so the

claim of part (a) is established.

Step 7 Turning to part (b) of Proposition 3.2.2; it suffices to show that
i int{ sup (o) b ()| WF(G. G

Wr(G, Go) < e} > 0. (3.12)

Then one can arrive at the proposition’s claim by passing through an argument using
Fatou’s lemma (cf. proof of Theorem 1 of Nguyen [2013] or step 4 in the proof of
Theorem 3.1 of Ho and Nguyen [2016¢]). Suppose that (3.12) does not hold. Then
we can find a sequence of probability measures G,, € Oy, that are represented by
Eq. (3.9), such that WZ(G,,Gy) — 0 and sup, |pg, (x) — pa, ()| /WL(G,, Gy) — 0.
Define

S kO
Dy, := d(G, Go) - ZZPH AT+ A0 + > ok — o).
=1

=1 j=1
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It is easy to see that WI(G,,Go) < D, since D, is the multiple of the WX cost of
moving mass from G, to Gy by a (possibly) non-optimal coupling. So, for all z € R,

(pc, () — pey (x))/ Dy, — 0. Combining this fact with (3.11), where N = 7, we obtain
(Ai(x) + Bi(z) + Ri(2))/D,, — 0. (3.13)

We have Ry(z)/D, = o(1) as n — o0.

(67

Step 8 A;(x)/D, and B;(z)/D,, are the linear combination of elements of —= F (x]6,v)

06«

where oo = ny 4 2ny and ny + ny < 7. Note that the natural order « ranges in [0, 27].

0
Let E,(6,v) denote the corresponding coefficient of (x]6,v). Extracting from

06~
(3.11), for a = 0, Ep(0?,0?) = (p? — p?)/D,,. For a > 1,

(AGZ)™ (Av,)"

2”2n1!n2!

/D,.

17 z Zplj Z

ni1+2n2=«
ni1+n2 <1

In the remainder of this proof step, we shall show that as n — oo, at least

one of the coefficients E,(6?

Y vY) must not vanish. Suppose this is not the case,

e, E,(02,09) — 0 for all i = 1,.. k:oand0<oz<27asn—>oo By taking

the summation of all |Ey(6?,0)|, we get Z Ip? — /D, — 0 as n — oco. As a

consequence, we obtain
ZZPW (JAGL" + [Av]") /Dy — 1 as n — oco.

i=1 j=1

Hence, we can find an index i* € {1,2,...,ko} such that as n — oo

Zpiij(lM?*f :L])F)/Dn # 0.
j=1
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Without loss of generality, we assume that i* = 1. Accordingly,

Fu(80.00) Ea(®), )
Zplj(lﬁe ™+ [Av;)7)
(Ae?j)m (Av?ij

n
Z 27D
J
=1 7 ni+2Zny=a 2m2m, Iny!
ni1+n2 <1

ZPU(|A9 7+ Av)7)
If s; = 1 then Fy(09,0Y) and Fyr(69,1)) yield
[0/ (A0 + [Aviy[7), |Avyy |7/ (JAGG ™+ |Avy [7) —

which is a contradiction. As a consequence, s; > 2.

[ [Avy V2,

1sq 10

Denote p, = max {p{,}, M, —max{|A911\ .| AT

1<j<s1
|Av?51|1/2}. Since 0 < py;/p, < 1 for all 1 < j < s, by a subsequence argu-
ment, there exist 02- = 11_>II010 pY; /D, for all j = 1,...,s;. Similarly, define a; :=
nh_}rgO AN /Mn, and 2b; := nh_{go Av?j/ﬂi for each 7 = 1,...,s;. By the constraints
of Ok.¢o» P1; = Co, s0 all of c? differ from 0 and at least one of them equals to 1. Like-
wise, at least one element of (a;, bj)jlzl equal to -1 or 1. Now, for each a« = 1,...,T,
divide both the numerator and denominator of F,(6?,v?) by p,, and then M: and let

n — 00, we obtain the following system of polynomial equations

n1 bng

Z Z n'n =0 foreach aa=1,...,T.
1:12:

7=1 n1+2n2=a

Since s; > 2, we get ¥ > 4. If a; = 0 for all 1 < i < s then by choosing o = 4,
S1

we obtain Z c?bj? = 0. However, it demonstrates that b, = 0 for all 1 < i < 57 —

a contradlctlon to the fact that at least one element of (a;, b;);%, is different from 0.

Therefore, at least one element of (a;);2, is not equal to 0. Observe that s; < k—ky+1
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(because the number of distinct atoms of G,, is Zf’il s; < k and all s; > 1). Thus,
the existence of non-trivial solutions for the system of equations given in the above
display entails the existence of non-trivial solutions for system of equations (4.24).
This contradicts with the definition of 7. Therefore, our hypothesis that all coefficients

Ea (6]

Y 1Y) vanish does not hold — there must be at least one coefficient which does

not converge to 0 as n — oo.

Step 9 Let m,, be the maximum of the absolute values of E, (6, v

9) where 0 < o <
2r, 1 <1 < kg and d,, = 1/m,,. Since m,, 4 0 as n — oo, d, is uniformly bounded

above for all n. As d,|E(09,v9)] < 1, we have d, E, (6, v

77 ’L

9) — By for all 0 < o < 27,
1 < i < kg where at least one of (;, differs from 0. Incorporating these limits to
Eq.(3.13), we obtain that for all z € R,

ko 27

(pe, (x) = pay(2))/ Dy %ZZ@@@G& (60, 00) = 0.

i=1 a=0

By direct calculation, we can rewrite the above equation as

7

ko /2741 ' (2 — 002
Z (Z Yij (@ — 9?)]_1> exp (—TO’) =0 forall z €R, (3.14)
i=1 \j=1 i

where «;; for odd j are linear combinations of B, for (j —1)/2 < Iy < 7, such
that all of the coefficients are functions of v{ differing from 0. For even j, 7;; are
linear combinations of Bj,41), for j/2 < lo < 7, such that all of the coefficients
are functions of v) differing from 0. Now, without loss of generality, we assume that

v] <v§ < ... <o} Denote i € [1, ko] to be the minimum index ¢ such that v = v, .

It implies that v = UEQ+1 = ... =y, Therefore, 69 are pairwise different as i < i < ko.
Now, let call i = argmax 6. Multiply both sides of (3.14) with exp[(z — 6Y)?/20}]
1<i<ko N N
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and let x — +o00, then we can check that

27+1

ZVJ 9? 150,

which only happens when 7,;; = O forall 1 < 7 < 27+41. Employing the same argument
to the remained indices, we obtain v;; =0 forallt =1,..., ko, 7 =1,...,2r+1. This

entails that ;, = 0 for all i =1,...,ky, « = 0,...,2Fr — a contradiction. Thus we

achieve the conclusion of (3.12).

PROOF OF PROPOSITION 3.2.1 Our proofis based on Groebner bases method
for determining solutions for a system of polynomial equations. (i) For the case

k — ko = 1, the system (4.24) when r = 4 can be written as

cla; + c3ag = 0 (3.15)
;(Cla’l +c3a3) + by + by = 0 (3.16)
3] o (clal + 3a5) + claiby + chaghy = 0 (3.17)
i! (caf + caa3) + 21 (c3a2by + caalby) + 1! (3b? + c3b3) = 0 (3.18)

Suppose that the above system has a non-trivial solution. If c;a; = 0, then equation
(3.15) implies coas = 0. Since ¢;,¢o # 0, we have a; = as = 0. This violates the
constraint that one of ai, as is non-zero. Hence, c¢jaq, coas # 0. Divide both sides of

(3.15),(3.16),(3.17),(3.18) by clay, c3a3, c2a}, ciaj respectively, we obtain the following
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system of polynomial equations

1+2%4=0
1+ 2%a® +2(b+2%) =0
1+ 2%a® 4+ 6(b + 2%ac) = 0

1+ 22%a* 4+ 12(b + 2%a’c) + 12(b* + 2°¢*) = 0

where x = ¢/¢1,a = ay/ay, b =by/ay, c = by/a;. By taking the lexicographical order
a = b= c = x, the Groebner basis of the above system contains 2%+ 2% +222+1 > 0
for all z € R. Therefore, the above system of polynomial equations does not have real
solutions. As a consequence, the original system of polynomial equations does not
have non-trivial solution, which means that 7 < 4. However, we have already shown

that as r = 3, Eq.(4.24) has non-trivial solution. Therefore, 7 = 4.
(ii) The case k — ko = 2. System (4.24) when r = 6 takes the form:

3
ZC?%' =0 (3.19)
=1

3 3
% Z cia; + Z cib; =0 (3.20)
12 A anb—o (3.21)

=1

3 3
214 Z R Z aZb; + = Zcfbf =0 (3.22)
1 2 T
20 - R Z alb; + = Zc?aib? =0 (3.23)
=1 =1

1 < 1< 1g 123
720i10a+24 €% +4 Citi% 6 % (3.24)

i=1 =1

Non-trivial solution constraints require that ci, cs, c3 # 0 and without loss of gener-
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ality, a; # 0. Dividing both sides of of the six equations above by c?ay, c3a?, cia3,

2.4 2.5 26 : :
ciaj, ciaj, cyay, respectively, we obtain

1+2%a+3°b=0

1
—(1+2%a* + y°b*) + c+ 2*d + y*e = 0

2

1

5(1 + 22a® + y*0?) + ¢+ 22ad + y*be = 0

1

E(1+x2a4—|—y2b4) t ot 22+ e + @ + B2 + 126 = 0

1 1

@(1 + 2%a® + y°b°) + g(c + 2%a’d + y*b’e) + ¢ + x*ad® + y*be* = 0
1 1 1

%(1 + 22a® + y°) + E(C + 22a*d + y*bre) + 5(02 + 22a®d + y*b’e)

1
+§(C3 + 22d® + y*e®) =0

where © = cy/c1,y = c3/ci,a = az/a,b = az/ai,c = by/a?,d = by/a? e = bs/a.
By taking the lexicographical order @ > b > ¢ > d > x > y, we can verify that the
Groebner bases of the above system of polynomial equations contains a polynomial
in terms of 22, y? with all of the positive coefficient numbers, which cannot be 0 when
x,y € R. Therefore, the original system of polynomial equations does not have a
non-trivial solution. It follows that 7 < 6.

When r = 5, we retain the first five equations in the system described in the above
display. By choosing x = y = 1, under lexicographical order a >= b > ¢ > d > e, we
can verify that the Groebner bases contains a polynomial of e with roots e = +1/2/3
or e = (—34+/2)/6 while a,b, ¢, d can be uniquely determined by e. Thus, system of
polynomial equations (4.24) has a non-trivial solution. It follows that 7 = 6.

(iii) For the case k — kg > 3, we choose ¢; = ¢y = ... = Cp—pys1 = 1, a; = b; =0
for all 4 < i < k — ko + 1. Additionally, take a; = as = 1. Now, by choosing r = 6
in system (4.24), we can check by Groebner bases that this system of polynomial

equations has a non-trivial solution. As a result, 7 > 7.
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3.5.2 Mixture of Gamma distributions and location-exponential distribu-

tions

PROOF OF THEOREM 3.3.1 The proof of this theorem proceeds in the same

manner as that of Theorem 3.1.1. Therefore, it suffices to prove the following.
Proposition 3.5.1. (Bounds for exact-fitted Gamma mixtures)
(a) (Generic cases) Assume that the support points of G satisfy assumption (A.1).

Then for G € &, and W1(G, Gy) sufficiently small, we have

V(pa, pa,) 2 Wi(G, Go).

(b) (Pathological cases) If the support points of Gy satisfy assumption (A.2), then
for any r > 1
iy int {wpa,pao)/vv:(a Go) : W, (€, Go) < } o
Proof. (a) For the range of generic parameter values of G, we shall show that the
first-order identifiability still holds for Gamma mixtures, so that the conclusion can

be drawn immediately from Theorem 3.1 of Ho and Nguyen [2016¢]. It suffices to

show that for any a;; € R (1 <17 < 3,1 <j < k) such that for almost sure x > 0

af af

Zal’bf I|CLZ, i +a21 a(x|a7,7 z) + asior b ('Tlaz’ z) 0 (325)
then a;; = 0 for all ¢, j. Equation (3.25) is rewritten as

ko

Z <ﬁ1,-a:“1 + Boi(log z)z ! + Bsiz” ) exp(—blz) = 0, (3.26)

i=1
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(bo)“? g ) " (log(b) — ¥(a)) ad(b)" ! (o)™
h i = Qi - : i~ o B = Qe
where e = gy N R YT R A1)
0 0
and By = —as; ; (cz) Without loss of generality, we assume that by < b) < ... <) .
Denote 7 to be the maximum index i such that b = 09. Then we have that a?, ... ,ag

are pairwise different. Multiply both sides of (3.26) with exp(b%z) and let x — +o0,

we obtain

Zﬁlzx o _I_ ﬁZz(lOg ZL') + 531x 1 — 0.

Since |a) — a0| # 1 and a? > 1 for all 1 < 4,j < i, the above result implies that
Bri = Bai = B3 = 0 for all 1 <4 <7 or equivalently ay; = ag; = ag; for all 1 < i < i.
Repeat the same argument for the remained indices, we obtain a1; = ag; = ag; = 0
for all 1 <17 < ky. This concludes the proof.
(b) Without loss of generality, we assume that {|a — a?], |65 — 9]} = {1,0}. In
0

particular, b) = b and assume aj = af — 1. We construct the following sequence
0

of measures Gy, = Y pf'd(ar pn), Where af = a for all 1 < i < ko, b} = 89,05 =
) =

W1+ —————— 1,00 =0"forall 3 <i <k, pt=pl+1 n=p9—1 n=p?

( +a2(np2_1)>, i =b; for <i < ko, pt = pi+1/n,py =py—1/n,pf = pi

for all 3 <4 < ko. We can check that W (G,,, Go) < 1/n+ (p§ —1/n)|by — 09" < n~!

as n — oo. For any natural order » > 1, by applying Taylor’s expansion up to the

([r] + 1)th-order, we obtain:

ba, ( pGO sz .CE‘(ZZ, i) (x|a7,? z))+(p?_pz) (ZB’CLZ, z)
= (¢} = p)) f(@lad, b)) + (b3 — ) f(]as, by) +
[r]+1
L5 — WY 0l
ZP22+|8 (x| 2abO)+R (). (3.27)
: J!
7j=1
The Taylor expansion remainder |R,(z)| = O(p5|b5 — b|+1+%) for some 6 > 0 due

to ay > 1. Therefore, R, (x) = o(W/(G,,Gp)) as n — oo. For the choice of pi, b5, we
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can check that as j > 2, pi(by — 9)) = o(W(G,,Gp)). Now, we can rewrite (3.27)

as

pe, () — pay () = Anz®® exp(—00z) + B,z exp(—bz) +

[r]+1 o
b — pONI I

> PSM—f-@ a3,09) + Ry (),

- J! obJ

7j=2

(bO)a? (bO)ag

where we have A, = F(la(f) (pt — py) — —F(lag)pg(bg — b)) = 0 and similarly B, =
(b)) ()1 | 57 |
F(lag) (5 —p5) + QF(lag) pa(b5 — %) = 0 for all n. Since a9 > 1, %( a9, 89)| is

bounded for all 2 < j < r+ 1. Tt follows that sup,., |pe, (z) — pe,(z)| = O(n™?).

Observe that

V(pe,.pc) = 2 / (b (@) — pes, (2)) d(2)

pPGp (x)<pG0 (x)

IN

2 / 1P (%) — pos ()| de.

z€(0,a3/bY)

As a consequence V(pc,, pe,) = O(n~"/?) sofor any r > 1, V(pg,,, pa,) = o(W(Gn, Go))

as n — oo. O

PROOF OF THEOREM 3.3.2 As in the proof of Theorem 3.3.1, it is sufficient

to prove the following.
Proposition 3.5.2. (Bounds for over-fitted Gamma mixtures)

(a) (Generic cases) Assume that we have Gy € Oy,. Then, for G € O, and

Wi (G, Gy) sufficiently small, we obtain

V(pG>pG0) 2 W22(Ga GO)

(b) (Pathological cases) Assume that the support points of Gy satisfy assumption
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(A.4), then for any r > 1,

lim inf {V(pg,pGO)/W:(G, Go) : W.(G,Gy) < e} =

e—0 GeO

Proof. (a) As in step 7 in the proof of Proposition 3.2.2; it suffices to show that

e—0 GEOkYCO zEX

lim inf {sup Ipa () — pay ()] /W3 (G, Go) :

WQ(G, GO) < 6} > 0. (328)

Suppose this does not hold, by repeating the arguments of step 1 of Proposition
3.2.2, there is a sequence G, = k(im SZpZ (am ) Gy = k(impl 0(a0,50) Such that
(aff, b)) — (a, b)) for all 1 < ilgl lggzit m where (a, b)) are hmlt points that lie
outside the support points of Gy as kg + 1 < i < ky + m. Additionally, p = 0
as kg +1 < i < kg +m. Invoke the Taylor expansion up to the second order and
assume that all of the coefficients corresponding to the first and second derivatives
with respect to the parameters go to 0. Use the same argument as that of step
8 in Proposition 3.2.2, by summing up all the coefficients of second derivative, we

obtain the contradiction. Now, by proceeding in the same way as that of step 9 in

Proposition 3.2.2 , as we let n — 0o, we have for almost every x,

ko+m
pGn( ) pGo af (9f
(G, Go) ), Z{Oéuf wlag, bf) + o a(x\az, Z)+aglab(;¢yal’ ) +

S o2 92 f
Zaiijaa zla, 0}) +Z e abg (]ag, bY) +2Za4z‘ja5z’jm(l’| ?75?)} =0,
=1

S; i Si
where at least one of oy, g, igs, D i, D 025,23 ugjais; is non-zero. We can
j=1 j=1 j=1
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rewrite the above equation as

ko+m

Z {Bhl’ i —|— ﬂgil’a? + 632‘.77&?4_1 + 542(10g m)x“g_l + (329)
=1
55i(10g93)2xa9_1+56i(logx)x“?}e_b?$ = 0,
e =l 02 (L) 4 BV ey 0 (0
PRI T e \ @) ) T () 49902 \ T(a))
; 0(,0 0\ad—2 ; 0(10\a?—1 0\a?
el 2 a; (az B 1)(bz> ‘ e 6 a; (bz) ¢ (bz) !
. 2 N
N T RSt T U N M
si ObO)a?—l si o (bO)a? si (bO)a?
2 2,,L 2 iU — v ;= 2 17
25y 2L g, (F(a?) o= STy
() o () a) (b)) ! 5o, ()
i = i 7 0N 2 i =y i = ;7 )
= gy +2 5 g gy ) 235 gy = S
0 a
and [g = —2 Z Ol 05—+ F( 0y Using the same argument as that of the proof of

part (a) of Proposmon 3.5.1, by multiplying both sides of the above equation with

exp(D¥x) and let 2 — +o0, we obtain

Z{ﬁlﬂag_l + 52i$a? + 53i15a?+1 + Bai(log $)$ag_1 +

=1

Bsi(log a:)zxag_l + Bei(log x)x“?} — 0.

By the constraints of Oy, we have |a) — af| & {1,2} for all 1 < 4,5 < ko + m.
Therefore, this limit yields f1; = Ba; = Bsi = Bai = Psi = Bgi = 0 forall 1 < i <4
or equivalently aq;; = aw;j = agij = i = as;; = 0 forall 1 <7 < ,1 < j <s,.
The same argument for remained indicies yields ov;; = aw;j = as;j = auj = as;; =0
forall 1 <7 < ky+m,1 <j <s;, which leads to contradiction. This concludes the
proof.

(b) If there exists (¢,7) such that {|a) — a9, o) — 09|} = {1,0}, then we can use

the same way of construction as that of part (b) of Proposition 3.5.1. Now, the only
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case of interest is when we have some (i, j) such that {|af — a2, 09 — b2} = {2,0}.

Without loss of generality, assume that ay = af — 2. We construct the sequence
ko+1

G, = Z:l PPoanry as af = af,ay = af = af,a} = a) | for all 4 < i < ko + 1,
1=

by .
b?:b‘f,bg—b?:b?—bg:ﬁ, by = by forall 4 < i < ko+1, pf = pf — ¢y,
2

0

1 1 gy o1 1
p§=%+§ (Cn‘f‘g) ,p§=%+§ (Cn—g),p?:p?_l for all 4 <1 < kg + 1 where

0 1 (0] 1
Cp = (271(:2_—’_1)352_ T Now, we can check that for any r > 1, W/ (G,,, Go) 2 ¢, + -
2

As r > 2, by means of Taylor expansions up to the ([r] + 1)-th order, we obtain

3
pe, (x) = poy () = (= p) f(wlal, ) + O pi — 19) f(]af, b))

=2
3 .
frl+1 gp?(b? — b)) o f
" Z im p 50 (x|ag, bg) + R, (x), (3.30)
j=1 '

where R, (x) is the remainder term and therefore |R, (z)|/W)(G,,Go) — 0. We can
3

check that as j > 3, > pi"(b — 02)7 /W' (G,,, Go) — 0 as n — oo. Additionally, direct
i=2

computation demonstrates that

(o7 — P f(xlad, ) + O p! — 19) f(x]ad,b3) +

=2
3
n(br — B0)
i’;pz<z z) 8]f( Obo) _
j' (9()] 27 Y2

The rest of the proof proceeds in the same way as that of Proposition 3.5.1 part

(b). O

PROOF OF THEOREM 3.3.3 It suffices to demonstrate the following bound:

104



Proposition 3.5.3. (Location-exponential mixtures) For any r > 1,

lim inf {V(pg,pgo)/W{(G, Go) : Wi(G, Gy) < E} =
e—0 Ge& ko
ko
Proof. Choose the sequence Gy, = 3 p}d(gn ony such that o] = of for all 1 < i <
ko, (p*,0") = (p?,6?) for all 3 < ¢ < kg. The parameters p},ph, 07, 05 are to be
determined. With this construction of G, we obtain W1 (G,,, Go) =< |p? — p¥| + |ph —
py| + P90 — 09 + pS|0n — 09]. Now, for any x & {67,605} and for any r > 1, taking

the Taylor expansion with respect to 6 up to the ([r] + 1)-th order, we obtain

Pe,(r) = peg(x) = Zpl (107, 07) = f (2167, 07) + (b — p}) f (2167, 07)

2 [r]+1 0 n
_ no__ 0 (9 (9 )j a]f
- ;(pz pz) (xwz? z) pz JZ_; ]' 80]( |017 z)
+ R(x)

[r]4+1

= 3 oot 3o | o +

=1 =

where the last inequality is due to the identity (3.8) and R(x) is the remainder of

Taylor expansion. Note that

[\

Eup }I (@)|/W{ (G, Go) < Z (167 = 67|"12) /167 — 671" — 0.
z¢{ 69,09 i=1

Now, we choose p} = p{ + 1/n, p% = p — 1/n, which means p? + p% = p{ + pJ and
pt — pl,py — Y. As p?/5!(0¥)7 are fixed positive constants for all 1 < j < [r] + 1.
It is clear that there exists sequences 07 and 65 such that for both i = 1 and i = 2,
(60— 7 _

07— 62 — 0, the identity p? >

1(00) —p? holds for all n (sufficiently large).
j=1  J\0;
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With these choices of pf, p3, 07, 05, we have

sup  |pe, (2) — pey (@) /W{(Gr, Go) = sup  |R(xz)|/W{ (G, Go) — 0.
mg{eg,eg} xg{eg,eg}

The rest of the proof proceeds in the same way as that of Prop. 3.5.1 part (b). O

3.5.3 Proofs for remaining results

PROOF OF LEMMA 3.2.1 For any set M, a set M, is called an e-net over M
if any element of M is within e distance of some metrics from an element of M.. It
is a known fact that we can choose an e-net S; over the k-dimensional simplex for
the [; norm such that |S;| < (g)k, where |.| denotes the cardinality of a set (e.g see
Lemma A.4 of Ghosal and van der Vaart [2001]). Additionaly, if we denote Sy to be
o Ld+D/2
2de-net of Q under metric ||.||, then we can verify that |Sy| < (T) .

Now, denote S3 to be the set of all pg € Pr(0*) such that G is supported on
((£he, £loe, ..., £lye), %), where T € Sy, 0 < I; < % for all 1 < i < d, with weights
come from & only. For each pg in Pi(©*), we firstly move the support points of G
to their closest support points in ((li€, £lse, ..., £l4€), ¥) to form G and then we

move the masses of G to their closest masses in S; to form G*. By means of triangle

inequality, we obtain

Ipe — palleo < llpe — palls + g — Pa-

oo

Due to the boundness of kernel density function f(z|f, %), it is not hard to verify

k1
that ||pg — pe+lleo S €. Additionally, denote G = ) pidg, ;) where £y < k. Then,
i=1

k U
G = s ]%5{@ 5 where (6;,%;) has the form ((lye, £lse, ..., £lge),X) and X € Ss.
i=1 o
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By means of triangle inequality, we obtain

k1

Ipe — palle < 3 pi (1Fel6s, 52) — £l Sl + 11l 52) — F (21, Eo)llo)-
=1

As ]i2| is bounded for all 1 < ¢ < ky, by means of mean value theorem, we achieve
1 (2|6, ) — F(2]6:, 5]l < ||16i — 0;]] < e. Similarly, by means of Taylor expan-
sion up to the first order regarding 3;, > and Cauchy-Schwarz’s inequality, we have

1f (63 5) = f(2l6:, Z)lloe S I = Sill S e Therefore, [lpe — po-

o S e Asa

consequence, the cardinality of S3 is bounded as

~~\ d(d+1)k/2 dk k
si<(7) (%) <)
€ € €

Hence, for some constants ¢; and ¢,
log N(ci€, F, ||.[|c) < log|Ss| < log(1/e),

which proves (3.4).

To establish (3.5), let n < € to be chosen later. From the assumption, it also
indicates that a < (log(1/n))”. Denote fi, fa,..., fy to be an n-net for ||.||o over
Pr(0%). Notice that as ¥ € Q, |X]| > A\?? and as ||z| > 2V/da,

VPR ) g S g I e
D S

Therefore, by defining

1 2
——_exp <_ ”I_”Q ) . if 2] > 2Vda
8A

otherwise,
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we obtain H(z) is an envelope for Pj(0*). We construct the brackets [pF, pV] as

7

follows

pi’(z) = max {fi(x) —n,0}, p(z) =min{fi(z) +n, H(x)}.

N
It is clear that Py(0%) C U [pF,pY]. Additionally, p¥ (z) — pF(z) < min{2n, H(z)}.
i=1

As a consequence, for any B > 2v/da, we have

/ (p (2) = pf (z))dz < / 2ndz + / H(z)dz.

Rd [zll<B =>B

B2
By means of spherical coordinates, we obtain H(x)dz < B 'exp (—TQ> . Ad-
8A

l«l|>B
ditionally, we also have

B
/ 2ndr < n/RdldR < nB*.
0

llzl|<B

By choosing B = max {2\/31), \/§X} (log(1/7n))”, then it is clear that

B? _
B exp (‘5) < n(log(L/m) ", nBY < 1 (log(1/n)" .

Thus,

[ 0@ = @) < nltost1/n)™.

Ra

With this result and that of (3.4), they imply that for some positive constant ¢

Hp (o (log(1/n)" Pu(€), |.l1) < N < log(1/n).

108



By choosing ¢ = ¢n (log(1/1))*", note that log(1/n) ~ log(1/¢). Therefore,
Hp(e, Pr(©7), [|.[l1) < log(1/€).

As we have h? < ||.||1, the above result implies that Hg(y/€, Pr(©*),h) < log(1/e).

Therefore,
Hp(e, Pe(©7), h) S log(1/e),

which proves (3.5).

PROOF OF PROPOSITION 3.2.3 We only consider the case k — kg = 1 (the
proof for the case k—kq = 2 is rather similar, therefore it is omitted). Since k—ky = 1,
from Proposition 3.2.1, we have 7 = 4. As in the proof of Proposition 3.2.2, it suffices

to show for d = 1 that

e=0Ge0, | gex

lim_inf { sup [P () — pay ()] /WE(G, Go) :

Wx(G, Gy) < e} > 0. (3.31)

2

Denote v = o°. Assume that the above result does not hold, i.e we can find a

ko+m s;

sequence of G, = >- 3~ plid(en on) — Go in Wi where (i}, 073, vfs) — (p?,69,0?) for
=1 j=1

al 1 <i<ky+m,1<j<s;andp?=0asky+1<i<ko+m Ask—Fky=1,
we have 0 < m < 1. Note that since we do not have the constraints on the masses of
mixing measures GG, as those in part (b) of Proposition 3.2.2, there are some atoms
of GG, that may converge to some limit points outside the set of atoms of G. That is
the reason why we define the possible additional atom (p) ,;,0) 1, v} ;1) Repeating
the same arguments as the proof of Proposition 3.2.2 up to step 8 when we have the
assumption that FE,(0,0vY) — 0 for all 1 <4 < kg +m and 0 < o < 2F as n — oc.

R
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Now, we can find an index i* € {1,2,..., kg + m} such that as n — oo

v:ij F)/Dn 7L) 0.

> (A
j=1

ko+m s; ko+m
where D,, = Z pr(|A9 "+ 1AvE") + > pf — p}]. Since Ex(6).,0).) — 0 for
=1 j= =1

all 1 <i < kg + m, it implies that Z D

;I"/Dyp — 0. Therefore, we obtain

Zp?*j Avf; F/ZP%OA@ i ") —0.
j=1 j=1
It implies that

As a consequence,

»
.
*

> i (JAOE ")
FL(00,00) = Fo(6%,02.)
ZPH ;7
K, (Aeﬁj)m(AUﬁj)nz
];1 P nlan n!ng!
= : — 0, (3.32)

Zpu

where ny +2ny = aand 1 < a < 4. As * € {1,2,...,ky+m}, we have i* €
{1,... ko} or i* € {ko+1,...,ko +m}. Firstly, we assume that * € {1,...,ko}.
Without loss of generality, let ¢* = 1. Since sy < k — kg + 1 = 2, there are two

possibilities.

Case 1 1If s; = 1, then FJ(09,09) = A0y, /| A0, |* 4 0, which is a contradiction.
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Case 2 If s; = 2, without loss of generality, we assume that p}; |A0Y | < pi,| A6T,
for infinitely many n, which we can assume to hold for all n (by choosing the subse-
quence). Since pf, (A0Y)* + piy(A67,)* > 0, we obtain 67, # 0 for all n. If A}, =
for infinitely many n, then F}(6%,v?) = A07,/(A67,)* /4 0, which is a contradiction.
Therefore, we may assume 07, # 0 for all n. Let a := nh_g)lo Py ALY /i, A0T, € [—1,1].
Dividing both the numerator and denominator of F}(6Y,v?) by p7,Af7, and letting

n — 00, we obtain a = —1. Consider the following scenarios regarding pY, /pi:

(1) If ppy/pty — oo, then ABY /A6, — 0. Since A6}, A6}, # 0, denote Av}y =
kM (AOY)?, Avt, = kR (A07,)? for all n. Now, by dividing the numerator and denom-
inator of FQ/(H?a ’U?)a Fé(Q?, U?)v in(e(l)v U(l)) by p?Q(A9?2)27 p?2<A9?2)3a and p?Q(Ae?Q)AL

respectively, we obtain

1 Pﬁ(Agﬁ)Q
My, = =+kp+ =il
n,1l 9 + 2 + 1 n (A@{LQ) — O7
1 p11<A97111>
Mn,2 = —+ kD —+ kn—n — 0,
3 2 12(A912>
M, = — 42 2 Ky 1 11\ 201 '
P A2 T +(2+ 2 ) paeg)y Y

1
If |k}, k5| — oo then M, 5 > 1 for sufficiently large n, which is a contradiction.

Therefore, at least one of |k}|, |k5| does not converge to co. If |k}'| — oo and |k} | 4 oo

P (A0T)? P (A7)
—| # o0. Therefore, ]k”—
T3 (A07)? T2 (A0]5)?
A0y
A0} JAOY, — 0 and kT EA@” ; — 0 as p},/p}y — oo. Combining these results with
12

1 1
M, 3, M, 4, we get ki + 3 — 0 and 1 + = 2 + — 2 — 0, which cannot happen. If

|kT| / oo, then M, and M, implies that k5 +1/2 — 0 and k% 4+ 1/6 — 0, which

then M, ; implies that |k} | — 0 as

cannot happen either. As a consequence, p, /p, /4 oc.

(i) If pt/pty — 0 then piy/pY, — oo. Since pi A0} /pl,A0Y, — —1, we have

|AOY, AOT,| — oo or equivalently AfT,/AO, — 0. From here, using the same argu-
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ment as that above, we are also led to a contradiction. So, pt, /pf, # 0.

(iii) If piy /Pty — b & {0,00}. It also means that AO}/AOY, — —1/b. There-
fore, by dividing the numerator and denominator of Fj(69,vY), F3(62,vY), F;(67,v)
by plh (A2, ph (A3, and pl,(AO,)* and let n — oo, we arrive at the scaling
system of equations (4.24) when r = 4 for which we already know that non-trivial

solution does not exist. Hence, the case s; = 2 cannot happen.

As a consequence, i* & {1,...,ko}. However, since m < 1, we have i* = kg + 1.
This implies that sg, 11 = 1, which we already know from Case 1 that (3.32) cannot
hold. Therefore, our hypothesis that all coefficients E,(6?,v{) vanish does not hold
— there must be at least one coefficient which does not converge to 0 as n — oo.

Repeating the same argument as step 9 in the proof of Proposition 3.2.2, we achieve

the conclusion of our result.

112



CHAPTER IV

Singularity structures and impacts on parameter

estimation in finite mixtures of distributions

Singularities of a statistical model are the elements of the model’s parameter space
which make the corresponding Fisher information matrix degenerate. These are the
points for which estimation techniques such as the maximum likelihood estimator and
standard Bayesian procedures do not admit the root-n parametric rate of convergence.
We propose a general framework for the identification of singularity structures of
the parameter space of finite mixtures, and study the impacts of the singularity
levels on minimax lower bounds and rates of convergence for the maximum likelihood
estimator over a compact parameter space. Our study makes explicit the deep links
between model singularities, parameter estimation convergence rates and minimax
lower bounds, and the algebraic geometry of the parameter space for mixtures of
continuous distributions. The theory is applied to establish concrete convergence rates
of parameter estimation for finite mixture of skewnormal distributions. This rich and
increasingly popular mixture model is shown to exhibit a remarkably complex range

of asymptotic behaviors which have not been hitherto reported in the literature. *

IThis chaper has been published in [Ho and Nguyen, 2016d].
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4.1 Introduction

In the standard asymptotic theory of parametric estimation, a customary regu-
larity assumption is the non-singularity of the Fisher information matrix defined by
the statistical model (see, for example, Lehmann and Casella [1998] (pg. 124); or
van der Vaart [1998], Sec. 5.5). This condition leads to the cherished root-n consis-
tency, and in many cases the asymptotic normality of parameter estimates. When the
non-singularity condition fails to hold, that is, when the true parameters represent
a singular point in the statistical model, very little is known about the asymptotic
behavior of their estimates.

The singularity situation might have been brushed aside as idiosyncratic by some
parametric statistical modelers in the past. As complex and high-dimensional models
are increasingly embraced by statisticians and practitioners alike, singularities are
no longer a rarity — they start to take a highly visible place in modern statistics.
For example, the many zeros present in a high-dimensional linear regression problem
represent a type of singularities of the underlying model, points corresponding to
rank-deficient Fisher information matrices [Hastie et al., 2015]. In another example,
the zero skewness in the family of skewed distributions represents a singular point
[Chiogna, 2005]. In both examples, singularity points are quite easy to spot out
— it is the impacts of their presence on improved parameter estimation procedures
and the asymptotic properties such procedures entail that are nontrivial matters
occupying the best efforts of many researchers in the past decade. The textbooks
by Biithlmann and van de Geer [2011], Hastie et al. [2015], for instance, address such
issues for high-dimensional regression problems, while the recent papers by Ley and
Paindaveine [2010], Hallin and Ley [2012, 2014] investigate statistical inference in
the skewed families for distribution. By contrast, with finite mixture models — a

popular and rich class of modeling tools for density estimation and heterogeneity
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inference [Lindsay, 1995] and a subject of this chapter, the singularity phenomenon
is not quite well understood, to the best our knowledge, except for specific instances.

One of the simplest instances is the singularity of Fisher information matrix in
an (overfitted) finite mixture that includes a homogeneous distribution. Lee and
Chesher [1986] analyzed a test of heterogeneity based on finite mixtures, address-
ing the challenge arising from the aforementioned singularity. Recent works on the
related topic include Chen and Chen [2003], Kasahara and Shimotsu [2014b]. Rot-
nitzky et al. [2000] investigated likelihood-based parameter estimation in a somewhat
general parametric modeling framework, subject to the constraint that the Fisher
information matrix is one rank deficient. For overfitted finite mixtures, Chen [1995]
showed that under a condition of strong identifiability, there are estimators which
achieve the generic convergence rate n~/* for parameter estimation. Recent works
also established generic behaviors of estimation under somewhat broader settings
of overfitted finite mixture models with both maximum likelihood estimation and
Bayesian estimation [Rousseau and Mengersen, 2011, Nguyen, 2013, Ho and Nguyen,
2016¢].

The family of mixture models is far too rich to submit to a uniform kind of behavior
of parameter estimation. In fact, it was shown only recently that even classical models
such as the location-scale Gaussian mixtures, and the shape-rate Gamma mixtures,
do not admit such a generic rate of convergence for an estimation method such as
MLE [Ho and Nguyen, 2016a]. For instance, singularities arise in the finite mixtures
of Gamma distributions, even when the number of mixing components is known —
this phenomenon results in an extremely slow convergence behavior for the model
parameters lying in the vicinity of singular points, eventhough such parameters are
(perfectly) identifiable. Finite mixtures of Gaussian distributions, though identifiable,
exhibit both minimax lowerbounds and maximum likelihood estimation rates that

are directly linked to the solvability of a system of real polynomial equations, rates
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which deteriorate quickly with the increasing number of extra mixing components.
The results obtained for such specific instances contain considerable insights about
parameter estimation in finite mixture models, but they only touch upon the surface
of a more general phenomenon. Indeed, as we shall see there is a much richer spectrum
of asymptotic behavior in which regular (non-singular) mixtures, strongly identifiable
mixtures, and weakly identifiable mixture models (such as the one studied by Ho and

Nguyen [2016a]) occupy but a small spot.

Objectives and main results In this chapter we propose a theoretical framework
for analyzing parameter estimation behavior in finite mixture models, addressing di-
rectly the situations where the non-singularity condition of the Fisher information
matrix may not hold. Our approach is to take on a systematic investigation of the
singularity structure of a compact and multi-dimensional parameter space of mix-
ture models, and then study the impacts of the presence of singularities on parameter
estimation. It is no longer sufficient to speak of the standard notion of Fisher informa-
tion singularities. A more fundamential notion that we introduce is called singularity
level, a natural or infinite value given to every element in the parameter space. Fisher
information singularities simply correspond to points in the parameter space whose
singularity level is non-zero. Within the set of Fisher information singularities the
parameter space can be partitioned into disjoint subsets determined by different sin-
gularity levels. The singularity level describes in a precise manner the variation of
the mixture likelihood with respect to changes in model parameters. This concept
enables us to quantify the varying degrees of identifiablity and singularity, some of
which were implicitly exploited in previous works mentioned above.

The statistical implication of the singularity level is easy to describe: given an
i.i.d. n-sample from a (true) mixture model, a parameter value of singularity level r

1/2(r+1)

admits n~ minimax lower bound for any estimator tending to the true param-
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eter(s), as well as the same maximum likelihood estimator’s convergence rate (up to
a logarithmic factor and under some conditions). Thus, singularity level 0 results in

root-n convergence rate for parameter estimation. Fisher singularity corresponds to

1/4 . —1/6 , —1/8

singularity level 1 or greater than 1, resulting in convergence rates n="/*, n="/° ' n
or so on. The detailed picture of the distribution of singularity levels, however, can
be extremely complex to capture. Remarkably, there are examples of finite mixtures
for which the compact parameter space can be partitioned into disjoint subsets whose
singularity level ranges from 0 to 1 to 2,..., up to infinity. As a result, if we were
to vary the true parameter values, we would encounter a phenomenon akin to that

of “phase transition” on the statistical efficiency of parameter estimation occuring

within the same model class.

Techniques A major component of our general framework is a procedure for char-
acterizing subsets of points carrying the same singularity level. It will be shown that
these points are in fact a subset of a real affine variety. A real affine variety is a
set of solutions to a system of real polynomial equations. The polynomial equations
can be derived explicitly by the kernel density functions that define a given mixture
distribution. The study of the solutions of polynomial equations is a central subject
of algebraic geometry [Sturmfels, 2002, Cox et al., 2007]. The connections between
statistical models and algebraic geometry have been studied for discrete Markov ran-
dom fields [Drton et al., 2009], as well as finite mixtures of categorical data [Allman
et al., 2009]. For finite mixtures of continuous distributions, the link to algebraic
geometry is distilled from a new source of algebraic structure, in addition to the pres-
ence of mixing measures: it is traced to the partial differential equations satisfied by
the mixture model’s kernel density function. For Gaussian mixtures, it is the relation
captured by Eq. (4.3) for the Gaussian kernel. The partial differential equations can

be nonlinear, with coefficients given by rational functions defined in terms of model
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parameters. It is this relation that is primarily responsible for the complexity of the
singularity structure. A quintessential example of such a relation is given by Eq. (4.2)
for the skewnormal kernel densities.

Although our method for the analysis of singularity structure and the asymptotic
theory for parameter estimation can be used to re-derive old and existing results such
as those of Chen [1995], Ho and Nguyen [2016a], a substantial outcome is to establish
new results on mixture models for which no asymptotic theory have hitherto been
achieved. This leads us to a story of finite mixtures of skewnormal distributions. The
skewnormal distribution was originally proposed in Azzalini [1986], Azzalini and Valle
[1996], Azzalini and Capitanio [1999]. The skewnormal generalizes normal (Gaussian)
distribution, which is enhanced by the capability of handling asymmetric (skewed)
data distributions. Due to its more realistic modeling capability for multi-modality
and asymmetric components, skewnormal mixtures are increasingly adopted in recent
years for model based inference of heterogeneity by many researchers [Lin et al., 2007,
Arellano-Valle et al., 2008, 2009, Lin, 2009, Schnatter and Pyne, 2009, Ghosal and
Roy, 2011, Lee and McLachlan, 2013, Prates et al., 2013, Canale and Scarpa, 2015,
Zeller et al., 2015]. Due to its usefulness, a thorough understanding of the asymptotic
behavior of parameter estimation for skewnormal mixtures is also of interest in its
own right.

The singularity structure of the skewnormal mixtures is perhaps one of the more
complex among the parametric mixture models that we have typically encountered in
the literature. By comparison, strongly identifiable models admit the same singularity
level (1, to be precise) for all parameter values residing in a compact space, resulting

1/4 convergence rate for the MLE. Most mixture models whose kernel density

in n~
function has only one type of parameter, such as location mixtures or scale mixtures,
are in this category. Location-scale Gaussian mixtures are a step up in the complexity,

in that all their parameter values carry the same singularity level, which depends only
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on the number of extra mixing components. Yet this is not the picture of skewnormal
mixtures. We will be able to identify subsets with singularity level 0, 1, 2,...all the
way up to infinity. Even in the setting of mixtures with known number of mixing
components, the singularity structure is remarkably complex. Thus, the results for
skewnormal mixtures present an useful illustration for the full power of the general
theory for finite mixtures of continuous distributions.

The source of complexity of skewnormal mixtures is the structure of the skewnor-
mal kernel density. The evidence for the latter was already made clear by Chiogna
[2005], Ley and Paindaveine [2010], Hallin and Ley [2012, 2014], whose works pro-
vided a thorough picture of the singularities for the class of skewnormal densities,
and their impacts on the non-standard rates of convergence of MLE. Not only can
we recover the results of Hallin and Ley [2012, 2014] in terms of rates of convergence,
which correspond to a trivial “mixture” that has exactly one skewnormal component,
an entirely new set of results are established for mixtures of two or more compo-
nents. It is in this setting that new types of singularities arise out of the interactions
between distinct skewnormal components. These interactions define the subset of sin-
gular points of a given level that can be characterized by a system of real polynomial
equations. This algebraic geometric characteration allows us to establish either the
precise singularity level or an upper bound for the mixture model’s entire parameter
space.

The plan for the remainder of our chapter is as follows. Section 4.2 lays out
the notations and relevant concepts such as parameter spaces and the underlying
geometries. Section 4.3 presents the general framework of analysis of singularity
structure, and the impact on convergence rates of parameter estimation for singular
points of a given singularity level. Section 4.4 and Section 4.5 illustrate the theory on
the finite mixture of skewnormal distributions, by giving concrete minimax bounds

and MLE convergence rates for this class of models for the first time. We conclude
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with a discussion in Section 6.6. Further details of the proofs and some additional

results are given in the Appendices.

4.2 Background

A finite mixture of continuous distributions admits density of the form pg(x) =
[ f(z|n)dG(n) with respect to Lebesgue measure on an Euclidean space for =, where
f(z|n) denotes a probability density kernel, n is a multi-dimensional parameter taking
values in a subset of an Euclidean space O, GG denotes a discrete mixing distribution on
©. The number of support points of G represents the number of mixing components

in mixture model. Suppose that G = "% | p;,,, then pa(z) = S pif (z|m).

4.2.1 Parameter spaces and geometries

There are different kinds of parameter space and geometries that they carry which

are relevant to our work. We proceed to describe them in the following.

Natural parameter space The customarily defined parameter space of the k-
mixture of distributions is that of the mixing component parameters 7;, and mixing
probabilities p;. Throughout this chapter, it is assumed that 7; € ©, which is a
compact subset of R? for some d > 1, for i = 1,..., k. The mixing probability vector
p=(p1,...,pr) € A¥L the (k — 1)-probability simplex. To simplify the theory we
will further assume (in Section 4.4) that all p; > ¢y for some small positive constant
co. For the remainder of the chapter, we also use €2 to denote the compact subset of

the Euclidean space for parameters (p, n).

Example 4.2.1. The skewnormal density kernel on the real line has three param-

eters n = (0,0,m) € R x R, x R, namely, the location, scale and skewness (shape)
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parameters. It is given by, for x € R,

f(al6.0m) = 2 f ( = 9) B (m(z — 0)/0),
where f(x) is the standard normal density and ®(z) = / f(&)1(t < z) dt. This gen-
eralizes the Gaussian density kernel, which corresponds to fixing m = 0. The pa-
rameter space for the k-mixture of skewnormals is therefore a subset of an Euclidean
space for the mixing probabilities p; and mixing component parameters 7; = (6;,v; =
o?,m;) € R3 For each i = 1,... k, 6;,0;,,m; are restricted to reside in compact

subsets ©; C R, 0, C R, 03 C R respectively, i.e., © = ©; X Oy X Os.

Semialgebraic sets The singularity structure of the parameter space carries a
different geometry. It will be described in terms of the zero sets (sets of solutions)
of systems of real polynomial equations. The zero set of a system of real polynomial
equations is called a (real) affine variety [Cox et al., 2007]. In fact, the sets which
describe the singularity structure of finite mixtures are not affine varieties per se. We
will see that they are the intersection between real affine varieties — the real-valued
solutions of a finite collection of equations of the form P(p,n) = 0, and the set of
parameter values satisfying Q(p,n) > 0, for some real polynomials P and ). The

intersection of these sets is also referred to as semialgebraic sets.

Example 4.2.2. Continuing on the example of skewnormal mixtures, we will see
that first two types of singularities that arise from the mixture of skewnormals are

solutions of the following polynomial equations
(i) Type A: Pi(n) =I5, m;.

2
(ii)) Type B: Py(n) = ngi;ﬁjgk{(ei —0;)*+ [02-2(1 + m?) — U?(l + mf)] }
These are just two among many more polynomials and types of singularities that

we will be able to enumerate in the sequel. We quickly note that Type A refers to
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the one (and only) kind of singularity intrinsic to the skewnormal kernel: P; = 0 if
either one of the m; = 0 — one of the skewnormal components is actually normal
(symmetric). This type of singularity has received in-depth treatments by a number
of authors [Chiogna, 2005, Ley and Paindaveine, 2010, Hallin and Ley, 2012, 2014].
One the other hand, Type B refers to something intrinsic to a mixture model, as it

describes the relation of parameters of distinct mixing components ¢ and j.

Space of mixing measures and transportation distance As described in the
Introduction, a goal of this work is to turn the knowledge about the nature of sin-
gularities of parameter space €2 into the statistical efficiency of parameter estimation
procedures. For this purpose, the convergence of parameters in a mixture model is
most naturally analyzed in terms of the convergence in the space of mixing measures
endowed by transportation distance (Wasserstein distance) metrics [Nguyen, 2013].
This is because the role played by parameters p, n in the mixture model is via mixing
measure G. It is mixing measure GG that determines the mixture density pg according
to which the data are drawn from. Since the map (p,n) — G(p,n) = G = >_ pidy,, is
many-to-one, we shall treat a pair of parameter vectors (p,m) = (p1,- -+, Pk; M1y - - - k)
and (p',n') = P\, ., Pk, ..., M) to be equivalent if the corresponding mixing
measures are equal, G(p,n) = G(p',n').

For r > 1, the Wasserstein distance of order r between G(p,n) and G(p',n’) takes
the form (cf. Villani [2003]),

1/r
W,(Gp,m). G ) —( inf S gyl — n;-u:) ,
)

where || - ||, is the £, norm endowed by the natural parameter space, the infimum is

taken over all couplings g between p and p/, i.e., ¢ = (g;;)i; € [0,1]**¥ such that
K k
Y. gij=pjand > g =p;foranyi=1,...,kand j =1,..., k. (For the example
i=1 j=1

of skewnormal mixtures, if n = (0,v,m) and ' = (¢',v',m’), then ||n — 7/'||l =
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0= 0"+ v —v'[" + [m —m/]").

Suppose that a sequence of probability measures G, = »_; pf'd,» tending to Gy
under W, metric at a rate w, = o(1). If all G,, have the same number of atoms
k., = ko as that of G, then the set of atoms of GG,, converge to the ky atoms of Gy, up
to a permutation of the atoms, at the same rate w,, under || -||. If G,, have the varying
k, € [ko, k] number of atoms, where k is a fixed upper bound, then a subsequence of
G, can be constructed so that each atom of Gy is a limit point of a certain subset
of atoms of (G,, — the convergence to each such limit also happens at rate w,,. Some
atoms of G, may have limit points that are not among Gy’s atoms — the total mass
associated with those “redundant” atoms of ,, must vanish at the generally faster

rate wy,.

4.2.2 Estimation settings

The impact of singularities on parameter estimation behavior is dependent on
whether the mixture model is fitted with a known number of mixing components, or
if only an upper bound on the number of mixing components is known. The former
model fitting setting is called “e-mixtures” for short, while the latter “o-mixtures”
(“e” for exact-fitted and “o” for over-fitted).

Specifically, given an i.i.d. n-sample Xi, Xs,..., X, according to the mixture
density pg,(z) = [ f(z|n)Go(dn), where Gy = G(p°,n°) = Zfil pd,p is unknown
mixing measure with exactly ko distinct support points. We are interested in fitting
a mixture of £ mixing components, where k > kg, using the n-sample X;,..., X,,. In
the e-mixture setting, k = kg is known, so an estimate G,, (such as the maximum
likelihood estimate) is drawn from ambient space &, , the set of probability measures
G = G(p,n) with exactly ko support points, where (p,n) € €. In the o-mixture

setting, G, is drawn from ambient space Oy, the set of probability measures G =

G(p,m) with at most k support points, where (p,n) € Q.
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Assumption Throughout this chapter, several conditions on the kernel density
f(z|n) are assumed to hold. Firstly, the collection of kernel densities f as 7 varies is
linearly independent. It follows that the mixture model is identifiable, i.e., pg(z) =
De, (x) for almost all = entails G = Gy. Secondly, we say f(xz|n) satisfies a uniform
Lipschitz condition of order r, for some r > 1, if f as a function of 7 is differentiable
up to order 7, and that the partial derivatives with respect to 7, namely 9%l f/on*,
for any k = (k1,...,kq) € N? such that |s| := k1 + ...+ kg = 7 satisfy the following:

for any v € R,

v < Cllm = m 2|7

I Bl
( Lt - W[(W)

for some positive constants 6 and C' independent of x and 1,7, € ©. It is simple to

|r|=r

verify that most kernel densities used in mixture modeling, including the skewnormal
kernel, satisfy the uniform Lipschitz property over compact domain ©, for any finite

r>1.

Notation We utilize several familiar notions of distance for mixture densities, with
respect to Lebesgue measure p. They include the total variation distance V (pg, pa,) =

/ Ipa(x) — pa, (7)|du(z) and the Hellinger distance with formulation h?(pg, pg,) =
2
5/ (\/pc — Ve, (@) ) ().

4.3 Singularity structure in finite mixture models

4.3.1 Beyond Fisher information

Given a mixture model

{pato

G=G(pn szm, p,M EQ}

124



from some given finite k£ and f a given kernel density (e.g., skewnormal), let 5 denote
the score vector, that is, the column vector made of the partial derivatives of the log-
likelihood function log pg(z) with respect to each of the model parameters represented
by (p,n). The Fisher information matrix is then given by I(G) = E(igl}), where the
expectation is taken with respect to pg. We say that the parameter vector (p,n) (and
the corresponding mixing measure G = G(p,n)) is a singular point in the parameter
space (resp., ambient space of mixing measures), if I(G) is degenerate. Otherwise,
(p,m) (resp., G) is a non-singular point.

According to the standard asymptotic theory, if the true mixing measure Gy is
non-singular, and the number of mixing components ky = k (that is, we are in the
e-mixture setting), then basic estimators such as the MLE or Bayesian estimator
yield the optimal root-n rate of convergence. Although the standard theory remains
silent when 1(Gy) is degenerate, it is clear that the root-n rate may no longer hold.
Moreover, there may be a richer range of behaviors for parameter estimation, requiring
us to look into the deep structure of the zeros of I(Gy). This will be our story for
both settings of e-mixtures and o-mixtures. In fact, the Fisher information matrix

I(Gy) is no longer sufficient in assessing parameter estimation behaviors.

Example 4.3.1. To illustrate in the context of skewnormal mixtures, where param-
eter n = (0,v,m), observe that the mixture density structure allows the following

characterization: [(G) is degenerate if and only if the collection of partial derivatives

jzl,...,k:}

as functions of x are not linearly independent. This is equivalent to having that for

Opa(z) Ope(z) | _ [Opa(r) Opa(r) Opa(r) Opa(r)
8pj ’ 677] . 8}9] ’ 893 ’ 311]- ’ 8771]'

some coefficients («;;), i =1,...,4 and j =1,...,k, not all of which are zeros, there
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holds

k
> s falny) + o o ebny) + v 90 (al) + g o(aly) =0, (4)

=1

for almost all z € R. Lemma 4.4.1 later shows that the (Fisher information matrix’s)

singular points are the zeros of some polynomial equations.

We have seen that for the e-mixtures G is non-singular if the collection of density
kernel functions f(x|n) and their first partial derivatives with respect to each model
parameter are linearly independent. This condition is also known as the first-order
identifiability. For o-mixtures, the relevant notion is the second-order identifiability
[Chen, 1995, Nguyen, 2013, Ho and Nguyen, 2016¢]: the condition that the collec-
tion of kernel density functions f(x|n), their first and second partial derivatives, are
linearly independent. This condition fails to hold for skewnormal kernel densities,
whose first and second partial derivatives are linked by the following nonlinear par-

tial differential equations:

2 3

Rf Lo miamos

002 ov v , om , (4.2)
of 5 o°f o°f

2mam+(m +1)8m2+2vm8'08m_

The proof of these identities can be found in Lemma 4.8.1 in Appendix B. Note that
if m = 0, the skewnormal kernel becomes normal kernel, which admits a (simpler)

linear relationship:

Of _,0f
902~ “ov

(4.3)

This relation plays a fundamental role in the analysis of finite mixtures of location-
scale normal distributions [Ho and Nguyen, 2016a]. Compared to Gaussian density
kernel, the nonlinear relationship exhibited by skewnormal density kernel results in

a much richer behavior. Analyzing this requires the development of a more general
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theory that we now embark on.

4.3.2 Behavior of likelihood in a Wasserstein neighborhood

Instead of dwelling on the Fisher information matrix, we shall employ a direct
approach which studies the behavior of the likelihood function pg(z) as G varies in a
Wasserstein neighborhood of a mixing measure Gy = Zfil pgén?.

Fix r > 1, and consider a sequence of G,, € Oy, such that W,.(Go, G,) — 0. Let
k., < k be the number of distinct support points of GG,,. Then each supporting atom

0

n; asi € {1,...,ko} of Gy will have at least one atom of G,, that converges to. By

relabelling the support points of GG,,, we can express it as

n

ko 5;

G =3 s, (44)

i=1 j=1

where 7} — nd foralli =1,...,ky, 7 =1,...,s". Additionally, f: st = k. There
exists a subsequence of G,, according to which £,, and all s} are cozrzlsltant in n. (Note
that for the setting of e-mixtures, the sequence of elements G,, is restricted to &y,
so k, = ko for all n. It follows that s} = 1 for all « = 1,...,ky. For o-mixtures,
to simplify the presentation, we have omitted the cases where some G, may have
atoms that do not converge to the atoms of Gy ). Thus, from here on we replace
the sequence of GG, by this subsequence. To simplify the notation, n will be dropped
from the superscript when the context is clear. In addition, we use the notation
Angj=my—n) fori=1,... ko, j=1,...,8. Also, p; = i pij, and Ap; = p; —p?,
for i = 1,...,ky. (For e-mixtures, since s; = 1 for all i,];llle notation is simplified
further: let An; := Any =n; — 10, Ap; = Ap;. = p; —p? for all i = 1,...,ky.) The
following lemma relates Wasserstein distance metric to a semipolynomial of degree r

(a semipolynomial is a polynomial of the absolute value of some variables).
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Lemma 4.3.1. Fizr > 1. For any element G represented by Eq. (4.4), define

GO; Zszlj ‘Anzj ‘ + Z |Apz

=1 j=1
We have that W) (G, Gy) < D,.(Go, G), as W,.(Gy,G) L 0

To investigate the behavior of likelihood function pg(z) as G tends to Gy in

Wasserstein distance W,., by representation (4.4), we can express

pe@) — pen(e) = 303 pi(flaln) — Fal) + 32 Mg flalil). (45)

=1 j=1 =1

By Taylor expansion up to order r, we obtain

i ||
b)) =3y 3 B0 f i) + 3 Apy Falf) + Bo(),(46)

i=1 j=1 |k|=1 i=1

where R, (z) is the Taylor remainder. Moreover, it can be verified that
sup | R, (z) /W (G, Go)| = 0

since f is uniform Lipschitz up to order r. We arrive at the following formulae, which
measures the speed of change of the likelihood function as G varies in the Wasserstein

neighborhood of Gy:

" il N\ 9l
e = X 2 ) G e gy ot
(4.7)
The right hand side of Eq. (4.7) is a linear combination of the partial derivatives
of f evaluated at Gy. In addition, by Lemma 4.3.1, the coefficients of this linear
representation is asymptotically equivalent to the ratio of two semipolynomials.

Equation (4.7) highlights the distinct roles of model parameters and the kernel
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density function in the formation of a mixture model’s likelihood. The former appear
only in the coefficients, while the latter provides the partial derivatives which appear
as if basis functions for the linear combination. We wrote “as if”, because the partial
derivatives of kernel f may not be linearly independent functions (recall the examples
in Section 4.3.1). When a partial derivative of f can be represented as a linear
combination of other partial derivatives, it can be eliminated from the expression
in the right hand side. This reduction process may be repeatedly applied until all
partial derivatives that remain are linearly independent functions. This motivates the

following.

Definition 4.3.1. The following representation is called r-minimal form of the mix-

ture likelthood for a sequence of miring measures G tending to Gy in W, metric:

P(x) = pay(z) _ - ( & (G)

Wr(G, Go) W (Go, @) ) ' @) (1), (48)

=1

which holds for all x, with the index | ranging from 1 to a finite T,., if
(1) Hl(r) () for all l are linearly independent functions of x, and
(2) coefficients Sl(r)(G) are polynomials of the components of An;;, and Ap; , pi;.

It is sufficient, but not necessary, to select functions H, l(r) from the collection of
partial derivatives 0%l f /On® evaluated at particular atoms 1) of Gy, where |k| < r, by
adopting the elimination technique. The precise formulation of fl(r)(G) and H, l(r)(:c)
will be determined explicitly by the specific Gy. The r-minimal form for each Gy is
not unique, but they play a fundamential role in our notion of the singularity level of

G relative to a class of mixing distributions G.

Definition 4.3.2. Fix r > 1 and let G be a class of discrete probability measures

which has a bounded number of support points in ©. We say G is r-singular relative

129



to G, if Go admits a r-minimal form given by Eq. (4.8), according to which there

exists a sequence of G € G tending to Gog under W, such that
£7(G) /W (G, Go) = 0 for alll =1,....T,.

We now verify that the r-singularity notion is well-defined, in that it does not
depend on any specific choice of the r-minimal form. This invariant property is
confirmed by part (a) of the following lemma. Part (b) establishes a crucial monotonic
property.

Lemma 4.3.2. (a) (Invariance) The ezistence of the sequence of G in the statement
of Definition 4.3.2 holds for all r-minimal forms once it holds for at least one r-

minimal form.

(b) (Monotonicity) If Gy is r-singular for some r > 1, then Gg is (r — 1)-singular.

Proof. (a) The existence of the sequence of G described in the definition of a 7-
minimal form implies for that sequence, (pg(x) — pg,(z))/W/](G,Gy) — 0 holds for

any x. Now take any r-minimal form (4.8) given by the same sequence. Let C(G) =

(r)
max;”, Wiﬁ(éfg) If liminf C(G) = 0, we are done. If not, we have liminf C(G) > 0.

It follows that
T

&7(@) ,
Z(c@)wm, GO>>HZ( (@) =0,

=1

Moreover, all the coefficients in the above display are bounded from above by 1, one
of which is in fact 1. There exists a subsequence of G by which these coefficients have
limits, one of which is 1. This is also a contradiction due to the linear independence
of functions H'" (z).

(b) Let G be an element in the sequence that admits a r-minimal form such that

(@)W (Go. G)
— 0 for all I = 1,...,T,. It suffices to assume that the basis functions Hl(r) are

selected from the collection of partial derivatives of f. We will show that the same
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sequence of G and the elimination procedure for the r-minimal form can be used to

construct a r — l-minimal form by which
(G /W (Go.G) = 0

forall l =1,...,T,_1. There are two possibilities to consider.

First, suppose that each of the r-th partial derivatives of density kernel f (i.e.,
0" f/On", where |k| = r) is not in the linear span of the collection of partial derivatives
of f at order r — 1 or less. Then, for cach [ = 1,...,T,_y, £ (@) = (@) for
some I' € [1,T;]. Since W/} (G,Gy) = W7(G,Gyp), due to the fact that the support

points of G and Gy are in a bounded set, we have that
&G /WG, @) £67(G) /W (Go, @)

which vanishes by the hypothesis.

Second, suppose that some of the r-th partial derivatives, say, 9l f/0n® where
|k| = r, can be eliminated because they can be represented by a linear combination of
a subset of other partial derivatives H. l(r_l) (in addition to possibly a subset of other
partial derivatives H. l(r)) with corresponding finite coefficients «,,;;. It follows that
foreach [ =1,...,T,_1, the coefficient El(r_l)(G) that defines the » — 1-minimal form

is transformed into a coefficient in the r-minimal form by

ko i
51(7)((;) = Sl(r_l)(G) + Z Zan,i,l ZPz‘j(Amj)ﬁ/“!-
=1

wilnl=r =1
Since fl(,r)(G)/Wf(G, () tends to 0, so does fl(,r)(G)/Wf:ll(G, Gp). By Lemma 4.3.1

for each k such that |k| = r, we have

Sq

ko
YD pis(Any)T /sl = o(Dro1(Go, Q) = o(W]=(G, Gy)).

i=1 j=1
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It follows that fl(rfl)(G)/W[_’ll(G, Gop) tends to 0, for each | = 1,...,T,_1. This

completes the proof. O

The monotonicity of r-singularity naturally leads to the notion of singularity level
of a mixing measure G (and the corresponding parameters) relative to an ambient

space G.

Definition 4.3.3. The singularity level of Gy relative to a given class G, denoted by
E(G()'g); is

0, if Gy is not r-singular for any r > 1;
0o, if Gy is r-singular for allr > 1;
otherwise, the largest natural number r > 1 for which Gg is r-singular.

The role of the ambient space G is critical in determining the singularity level of
Gy € G. Clearly, if G C G’ are both subsets of probability measures that contain Gy,
r-singularity relative to G entails r-singularity relative to G’. This means ¢(Gy|G) <

0(Go|G’). Let us look at the following examples.

o Take G = &, i.e., the setting of e-mixtures. It is easy to verify that if the
collection of {0%f/On"(z|n;)|j = 1,..., ko;|x| < 1} evaluated at Gy is linearly
independent, then G is not 1-singular relative to E,. It follows that ((Gy|G) =

0.

e On the other hand, if G = O, for any k > kg, i.e., the setting of o-mixtures.
Then it can be shown that Gy is always 1-singular relative to Oy, for any k& > k.
Thus, ((Gy|G) > 1. Now, if the collection of {0" f /On"(z|n;)|j =1, ..., ko;|x| <
2} evaluated at GY is linearly independent, then it can be observed that G is

not 2-singular relative to Ok. Thus, ((Gy|G) = 1.
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In fact, the conditions described in the two examples above are referred to as strong
identifiability conditions studied by Chen [1995], Nguyen [2013], Ho and Nguyen
[2016¢]. Our concept of singularity level generalizes such strong identifiability condi-
tions, by allowing us to consider situations where such conditions fail to hold. This
is when ¢(Gy|G) = 2,3,...,00. The significance of this concept can be appreciated

by the following theorem.

Theorem 4.3.1. Let G be a class of probability measures on © that have a bounded
number of support points, and fir Gy € G. Suppose that ((Go|G) = r, for some

0<r<oo.

(i) If r < oo, then inf lIpg = péilloo

0 > 1.
B WA (G Go) >0 forany s >r+

(i1) If r < oo, then inf V(pa, pa)

R i LS > 1.
B W (G Go) >0 for any s > r+

(11i) If 1 <r < oo and in addition,

(a) f is (r + 1)-order differentiable with respect to n and for some constant

co > 0,

s [ (5L wm) st < (49)

ln—n"lI<co
reX

for any |a| =17+ 1.

(b) There is a sequence G € G tending to Gy in Wasserstein metric W, and

the coefficients of the r-minimal form fl(r)(G) =0 forall=1,...,T,.

Then, for any 1 < s <r+1,

lim inf —h (PG, PGo)

= 0.
GeG:W1(G,Go)—0 W (G, Gy)
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(iv) If r = oo and the conditions (a), (b) in part (iii) hold for any | € N (here, the
parameter r in these conditions is replaced by 1), then the conclusion of part

(iii) holds for any s > 1.
We make a few remarks.

e Part (i) and part (ii) show how the singularity level of Gy relative to an ambient
space G may be used to translate the convergence of mixture densities (under
the sup-norm and the total variation distance) into the convergence of mixing
measures under a Wasserstein metric. Part (iii) shows a sufficient condition

under which the power 7 +1 in the bounds from part (i) and (ii) is in fact tight.

e In part (iii) the condition regarding the integrand of the partial derivative of
f (cf. Eq. (4.9) can be easily checked to be satisfied by many kernels, such as

Gaussian kernel, Gamma kernel, Student t’s kernel, and skewnormal kernel.

e Condition (b) regarding the sequence of G appears somewhat opaque in general,
but it will be seen in specific examples for skewnormal mixtures in the sequel. It
is sufficient, but not necessary, for verifying the r-singularity of Gy to construct
the sequence of G so that & Z(T) (G) =0forall 1 <[ <T,, provided such a sequence
exists. This requires finding an appropriate parameterization of a sequence of
G tending toward G that satisfy a number of polynomial equations defined in

terms of the parameter perturbations.

Proof. Here, we provide the proof for part (i) and (ii) of the theorem. The proof for
part (iii) and (iv) is deferred to the Appendix.
(i) It suffices to prove the first inequality for s = r+1. Firstly, we will demonstrate

that

Geg:VIVIRCIJI,lGO)AoHpG PGolloo/ W ( 0)
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If this is not true, then there exists a sequence of G such that W (G, Gy) — 0, and
for any z, (pa(x) — pg,(x))/WE(G, Gy) — 0. Take any s-minimal form for this ratio,

we have

pe(®) —pau(r) _~(_&7(G) N\ oo
W3(G, Go) _;<W>HZ (z) +o(1) — 0.

£7(@)
W3(Go, @)

this means Gy is s-singular, so ¢(Gy|G) > s. This violates the given assumption. So

For each G in the sequence, let C'(G) = max; . If liminf C'(G) = 0, then

we have liminf C(G) > 0. It follows that

< £9(Q) (s
Z<O<G>W;<G, GO>>Hl () = 0.

=1

Moreover, all coefficients in the above display are bounded from above by 1, one of
which is in fact 1. There exists a subsequence of G' by which these coefficients have a
limit, one of which is 1. This is also a contradiction due to the linear independence
of functions H l(s).

Therefore, we can find a positive number €y such that ||pg — pe, |l 2 WE(G, Go)

for any Wi(G,Gy) < €. Now, to obtain the conclusion of part (i), it suffices to

demonstrate that

inf — pella/WEG, Go) > 0.
oo G, Pc — Paolleo /W3 (G, Go)

If this is not the case, there is a sequence G’ such that W,(G’, Gy) > € and ||pgr —
Paillo/ W (G, Go)

— 0. Since © is compact and G contains only probability measures with bounded
number of support points in ©, we can find G* € G such that W (G’,G*) — 0 and
W (G*,Go) > €9. As W (G, Go) = W(G*,Gy) > 0, we have ||[per —pg,||oo — 0. Now,
due to the first order uniform Lipschitz condition of f, we obtain per(z) — pg+(z) for

all x € X. Thus, pe+(z) = pg,(x) for almost all € X', which entails that G* = Gy,
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a contradiction. This completes the proof.

(ii) Turning to the second inequality, we also firstly demonstrate that

Cinf s .
Geg:ltﬁflﬂglco)aoV(pG’pGO)/WS (G,Go) >0

If it is not true, then we have a sequence of G such that W (G,Gy) — 0 and

Vpa, pe,)/WE(G,Gy) — 0. By Fatou’s lemma

V(vapGo) / o .
> [ limint
COW:(G,Gy) = ) e

0 = liminf

The integrand must be zero for almost all x, leading to a contradiction as before.

Hence, to obtain the conclusion of part (ii), we only need to show that

inf |4 W5 (G, Gy) > 0.
GeGWA(G,Go)><o (Pas pe, )/ W3 (G Go)

where €y > 0 such that V(pg, pa,) 2 Wi(G, Gy) for any W(G, Gy) < €. If it is not
true, by using the same argument as that of part (i), there is a sequence of G’ such
that Wy(G',G*) — 0, V(pgr, pg,) — 0, while W (G*, Go) > €y and per(x) — pe«(2)

for all z € X. By Fatou’s lemma,

0 = liminf V(pgr, pa,) > /lim inf [per () — pa, (x)|de = V(pes, pay),

which leads to G* = G, a contradiction. We obtain the conclusion of this part. [J

We are ready to state the impact of the singularity level of mixing measure G
relative to an ambient space G on the rate of convergence for an estimate of Gy, where
G = &, in e-mixtures, and G = Oy, in o-mixtures. Let G be structured into a sieve of

subsets defined by the maximum singularity level relative to G.
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Qngr, where G, = {Geg‘é(mg)gr},r:0,1,...,oo.
r=1

The first part of the following theorem gives a minimax lower bound for the
estimation of the mixing measure G, given that the singularity level of Gy is known
up to a constant r > 1. The second part gives a quick result on the convergence rate

of a point estimate such as the MLE.

Theorem 4.3.2. (a) Fizx r > 1. Assume that for any Gy € G,., the conclusion
of part (iii) of Theorem 4.5.1 holds for G, (i.e., G is replaced by G, in that

theorem). Then, for any s € [1,r + 1) there holds

_inf sup B, Ws(én,Go) > /2,
Gnegr Goégr

Here, the infimum is taken over all sequences of estimates G, € G, and Epg, de-
notes the expectation taken with respect to product measure with mizture density
P -

(b) Let Gy € G, for some fixed r > 1. Let Gn € G, be a point estimate for Gy,

which is obtained from an n-sample of i.i.d. observations drawn from pg,. As

long as h(pg ,pa,) = Op(n~"/?), we have
W, 1(Gh, Go) = Op(n~1/20+0),

Proof. Part (a) of this theorem is a consequence of the conclusion of Theorem 4.3.1,
part (iii). The proof of this fact is quite standard, and similar to that of Theorem 1.1.
of [Ho and Nguyen, 2016a] and is omitted. Part (b) follows immediately from part

(ii) of Theorem 4.3.1, as we have h(pg ,pa,) > V(pg, Pcy) 2 W[Ll(@n, Go). O
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We conclude this section with some comments. It is well-known that many den-
sity estimation methods, such as MLE and Bayesian estimation applied to a compact
parameter space for parametric mixture models, guarantee a root-n rate (up to a loga-
rithmic term) of convergence under Hellinger distance metric on the density functions
(cf. [van de Geer, 2000, Ghosal and van der Vaart, 2001, DasGupta, 2008]). It follows
that, as far as we are concerned, the remaining work in establishing the convergence
behavior of parameter estimation (as opposed to density estimation) lies in the cal-
culation of the singularity levels, i.e., the identification of sets G,. For skewnormal
mixtures, such calculations will be carried out in Section 4.4 and Section 4.5. For the
settings of Gy where we are able to obtain the exact singularity levels, we can also
construct the sequence of G required by part (iii) of Theorem 4.3.1. Whenever the
exact singularity level is obtained, we automatically obtain a minimax lower bound
and a matching upper bound for MLE convergence rate under a Wasserstein distance
metric, thanks to the above theorem. In some cases, however, the singularity level of
Gy may be not determined exactly, but only an upper bound is given. In such cases,
only an upper bound to the convergence rate of the MLE can be obtained, while

minimax lower bounds may be unknown.

4.3.3 Construction of r-minimal forms

As we mentioned above, a simple way of constructing an r-minimal form is to select
a subset of partial derivatives of f taken up to order r such that all these functions
are linearly independent. A simple procedure is to start from the smallest order r = 1
and then move up tor = 2,3, ... and so on. For each r, assume that we have obtained
a linearly independent subset of partial derivatives up to order » — 1. Now, going over
the ordered list of r-th partial derivatives: {0!"lf/0n"|x € N? |k| = r}. For each &
such that |k| = r, if the partial derivative of f of order k can be expressed as a linear

combination of other partial derivatives already selected, then this one is eliminated.
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The process goes on until we exhaust the list of the partial derivatives.

Example 4.3.2. Continuing from Example 4.3.1, suppose that G satisfies Eq. (4.1).
According to the proof of Lemma 4.4.1, we can choose ay; # 0, so the partial deriva-

tive may be eliminated via the reduction:

of (zlnd) Z

om

ay, Of (@ln) | ag; OF (i)~ a O (aln)
k

T
&4kf($|77])+a 00 o Ov — oy Om

=1 j=1

Note that this elimination step is valid only for a subset of Gy = G(p°,n°) for which
Eq. (4.1) holds. That is, only if P;(n°) =0 or Py(n°) = 0.

Example 4.3.3. If f(z|n) = f(z|f,v,m) where m = 0, the skewnormal kernel
becomes the Gaussian kernel. Due to (4.3), all partial derivatives with respect to
both 6 and v can be eliminated via the following reduction: for any ki, ks € N, for

any 7 =1,..., ko,
O faln) 1 07 f(al))
K12 T 9k2 QPrit2ne

Thus, this elimination is valid for all parameter values (p°, n°), and r-minimal forms

for all orders.

Example 4.3.4. For the skewnormal kernel density f(x|n) = f(x]0,v,m), Eq. (4.2)
yields the following reductions: for any j = 1,...,ko, any n = (0,v,m) = 7}? =

(09,09, m3) such that m # 0

0% f of m? +m Of
% = 2o o om (4.10)
2 2 2
of _ _1of m+10°F (4.11)
ovom v Om 2um  Om?

This results in a ripple effect on subsequent eliminations at higher orders. For exam-

ples, partial derivatives up to the third order of f evaluated at n = n) = (67, v, mJ)
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for any j =1,..., kg where m? # (0 can be expressed as follows:

>rf 2@2]‘ - m’+m Pf
003 000v v 000m’
rf 282f+m3+mﬁ_m3+m 0% f
20200 T Ov? v2 Om v OvOm’
rr 5 f  3mP+10f mP+mO>f
0020m T ovom v Om v Om?’
Ff - mP+10f 3m’-10f
ovom?2 2vm  Om3 2um?2 Om?2’
rf 2 o*f _m2—|—1 O3 f
o2om v dvom 2um  JvOm?
(m?>+1)203f  (m?>+1)(Tm? 1) 0*f 2 Of
 4vm?2 Om3 4m3v? om?  v?2om’
o f m+1 Bf 1 %f 1o
000vOm 2um 000m? v 000m’ (4.12)

All three examples above demonstrate how the dependence among partial deriva-
tives of kernel density f, among different orders x, and among those evaluated at
different component ¢, has a deep impact on the representation of r-minimal forms.

In general, the r-minimal form (4.8) may be expressed somewhat more explicitly

as follows
pe() —pe,(¥) _ RGN H) (|G >+§I—Q®(G> f(x|n)) + o(1)
WiG.Go) o WG, G) T T Wi (Go, ) ‘

where Z C {1,...,ky} and K C N? of elements « such that |x| < r. It is emphasized
that the sets Z and K are specific to a particular r-minimal form under consideration.

Hi(f,;) are a collection of linearly independent partial derivatives of f that are also

independent of all functions f(x|n?). HZ-(;) are taken from the collection of partial

derivatives with order at most . We also observe that 51(72 and Ci(r) take the following
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polynomial forms:

£0(G) = pr An” +Zﬁm w(Go) Zp“ An” (4.13)

r i (An; W
Cz( )(G) = Apz +Z/7’LZ K/ GO Zp] 77]) (414)

In the right hand side of each of the last two equations, ¢’ is taken from a subset of
{1,... ko} and &’ is from a subset of N such that |x| < || < r. The actual detail
of these subsets depend on the specific elimination scheme leading to the r-minimal
form. Likewise, the non-zero coefficients §; . »/(Go) and ;. (Go) arise from the
specific elimination scheme. We include argument Gy in these coefficients to highlight
the fact that they may be dependent on the atoms of Gy (cf. Example 4.3.2 and 4.3.4).
By the definition of r-singularity for any r > 1, Gy is r-singular relative to G if
there exists a sequence of G tending to GGy in the ambient space G such that the se-
quences of semipolynomial fractions, namely, ( )/WI(G, Gy) and( ( )/ WG, Go)
(whose numerators are given by Eq. (4.13) and Eq. (4.14)), must vanish. As a con-
sequence, the question of r-singularity for a given element Gq is determined by the
limiting behavior of a finite collection of infinite sequences of semipolynomial frac-

tions.

4.3.4 Polynomial limits of r-minimal form coefficients

It is worth noting that the limiting behavior of semipolynomial fractions described
above is independent of a particular choice of the r-minimal form, in a sense that we
now explain. In part (a) of Lemma 4.3.2, we established an invariance property of the
r-singularity, which does not depend on a specific form of the r-minimal form. Let us
restrict the basis functions to be members of the collection of all partial derivatives
of f up to order r. In the proof of part (b) of Lemma 4.3.2 it was shown that the

coefficients fl(r)(G) have to be elements of a set of polynomials of An,;, Ap;., and p;;,
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which are closed under linear combinations of its elements. Let us denote this set by
P(G, Gy), which is invariant with respect to any specific choice of the basis functions
(from the collection of partial derivatives) for the r-minimal form. Moreover, Gy is
r-singular if and only if a sequence of GG tending to Gy in W, can be constructed
such that for any element £ (G) € P(G,Gy), we have £7(GQ)/Wr(G,Gy) — 0.
Equivalently,

£N(G) /D, (G, Go) — 0 for all &(G) € P(G, Gy). (4.15)

Extracting the limits of a single multivariate semipolynomial fraction (a.k.a. ra-
tional semipolynomial functions) is quite challenging in general, due to the interaction
among multiple variables involved [Xiao and Zeng, 2014]. Analyzing the limits of not
one but a collection of multivariate rational semipolynomials is considerably more
difficult. To obtain meaningful and concrete results, we need to consider specific
systems of multivariate rational semipolynomials that arise from the r-minimal form.

In the remainder of this chapter we will proceed to do just that. By working with
a specific choice of kernel density f (the skewnormal), it will be shown that under
the compactness of the parameter spaces, one can extract a subset of limits from the
system of rational semipolynomials fl(r)(G) /D, (G,Gp). These limits are expressed
as a system of polynomials admitting non-trivial solutions. For a given r > 1, if
the extracted system of polynomial limits does not contain admissible solutions, then
it means that there does not exist any sequence of mixing measures G for which a
valid r-minimal form can be constructed, because (4.15) is not fullfilled. This would
entail the upper bound ¢(Gy|G) < r. On the other hand, if the extracted system of
polynomial limits does contain at least one admissible solution, this is a hint that
the r-singularity level of Gq relative to the ambient space G might hold. Whether
this is actually the case or not requires an explicit construction of a sequence of
G € G (often building upon the admissible solutions of the polynomial limits) and

then the verification that condition (4.15) indeed holds. For the verification purpose,
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it is sufficient (and simpler) to work with a specific choice of r-minimal form, as
Definition 4.3.2 allows.

The foregoing description, along with the presentation in the previous subsection
on the construction of r-minimal forms, provides the outline of a general procedure
which links the determination of the singularity level to the solvability of a system
of polynomial limits. This procedure will be illustrated in the next sections for the

remarkable world of mixtures of skewnormal distributions.

4.4 O-mixtures of skewnormal distributions

In this section, we focus on the o-mixture setting of skewnormal distributions. To
avoid a heavy dose of technicality, we study the singularity level of Gy € &, relative
to ambient space Oy, for some k > kq and small constant ¢y > 0, where Oy ., C Oy
contains only (discrete) probability measures whose point masses are bounded from
below by ¢o. Moreover, we will analyze the singularity level of Gy € Sy, a subset to be
defined shortly by (4.16). This case is interesting in that it illustrates the full power of
the general method of analysis that was described in Section 4.3 in a concrete fashion.
Due to the complex nature and space constraints, we will not report any result on
the case where Gy is in the complement of Sy. ? Instead, in Section 4.5 we study the
singularity level of Gy relative to the smaller ambient space &, (that is, e-mixture

setting), for which a more complete picture of the singularity structure is achieved.

Lemma 4.4.1. For skewnormal density kernel f(x|n), the collection of {0" f /On"(z|n;)
l7=1,...,ko;0 < || < 1} is not linearly independent if and only if n = (n1, ..., M)

are the zeros of either polynomial Py or Py, which are defined as follows:

ko
Type A: Pi(n) = Hl m;.
]:

%Interested readers may consult Section 6 in technical report [Ho and Nguyen, 2016d] for such
results.
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e i = T {004 [2040m2) o314 0)]

1<i#j<ko

This lemma leads us to consider

S :{G _ a(p. n)‘(p, n) €, Pi(n) £0, By(n) # o}. (4.16)

In the o-mixture setting, we will see that ¢(Go|Oy,) may grow with k& — kg, the
number of extra mixing components. The main excercise is to arrive at a suitable
r-minimal form, for which the vanishing behavior of its coefficients can be analyzed.
Section 4.3.3 describes a general strategy for the construction of r-minimal form based
on the partial derivatives of the density kernel f with respect to the parameters
n = (0,v,m) up to order r.

For skewnormal kernel density f, the following lemma provides an explicit form

for reducing a partial derivative of f to other partial derivatives of lower orders.

Lemma 4.4.2. For any r > 1, denote

AT = {(on,09,03) : oan <1, a3 =0, and || <71}
Ay = {(ar,00,08) 0 a1 <102 =0,05 > 1, and |a] <7},

Let f(x|n) = f(x|0,v,m) denote the skewnormal kernel. Then, for any o = (aq, g, a3)

€ N3 and m # 0, there holds

K1,K2,K
ol f Z Pa agas(m) ol f
0621 0v2 Oms HS%;Z%’,Z?;,( JQat ey (V) 00%1 vtz Omrs’

K1,R2,R3 K1,R2,R3 K1,R2,R3 ) )
where, Prirzes(m), HEVG2ee(m), and QRin2e (v) are polynomials in terms of m,v

respectively.

Next, we show that the partial derivatives on the RHS of the above identity are
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Figure 4.1: The illustration of the elimination steps from a complete collection of
derivatives of f up to the order 3 to a reduced system of linearly independent partial
derivatives, cf. Lemma 4.4.3. The circled derivatives are eliminated from the partial
derivatives present in the 3-minimal form. A — B means that B is involved in the
representation of A under the reduction.

in fact linearly independent, under additional assumptions on Gj.

Lemma 4.4.3. Recall the notation from Lemma 4.4.2. If Gy € Sy, then for any
r > 1, the collection of partial derivatives of the skewnormal density kernel f(x|n),

namely

{aﬂﬂﬂm

0 0
fr1R2mkKs K= (Hl,ﬁ:?a '%3) € ‘7:7«777 =M. 777k0}

15 linearly independent.

Figure 4.1 gives an illustration of Lemma 4.4.3 when r = 3. Armed with the
foregoing lemmas we can easily obtain a suitable r-minimal form for the mixture

densities of skewnormals.

4.4.1 Special cases

To illustrate our techniques and results, consider a special case in which G has
exactly one atom, and k = ky+1 = 2. The general results will be presented in Section

4.4.2.

145



Gy is 1-singular G € Sy implies that all first order derivatives of f are linearly

independent. Hence, from Eq. (4.8), the 1-minimal form takes the form:

pc(x) — pao(®) _ 1 of
Wi(G,Go) — Wi(G, Gy) (Apl (xlr) + thA‘glz (x[n?)

0
+2phmh ! e +2phAmhaf (@) o). (47

Since k = 2 and k:o = 1, we have Apl = 0. A sequence of G can be chosen so that

thAHh =0, thAvh =0, thAmh = 0. Clearly, all of the coefficients in

=1 =1 =1

(4.8) are 0. Hence Gy is 1-singular relative to Oy .

Gy is 2-singular Using the method of elimination described in Example 4.3.4 we

obtain the following 2-minimal form:

olel f o
DKL Do k2 o 3. 1 4.1
W2 G GO ( Z gm K2,K3 86“181)”23771”3( |771)) + 0( ), ( 8)

where 55;21),@,,-;3 are given by

2 2 2
5{2&0 = ZPMAQM, fé,zl),o = ZPMAUM + Zp1i<A91i)2>

my)° +m
g(gg = (1)2#1 Zplz Aglz - Zplevlemlz + Zplemlza
1 i=1
2 (m}
020 = Zpu Avy,)?, ((),3,2 = _211—ml ;pleUhAmu + 221:]?11 (ma;)?,

1 1 0 — Zpleglevlu 51 ,0,1 — Zpleelemlz

=1 =1

Note in particular the formulas for 50 100 5001 and 55?872 are the results of reduction

equation (4.10). It remains to construct a sequence of G tending to Gy so that
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¢ JW2(G, Gy) vanish for all k = (K1, Ko, k3) € Fa. Define
M = max {|A911|7 AT |AU11|1/2, |AU12’1/2, \Am11|1/2, |Am12|1/2}.

Then, it can be observed that W2(G, Gy) = M’ and €D pms = O(MMHHQHW’). So,
for any xk € F, such that k; + 2Ky + 2k3 > 3, as 5,221)7,%,.;3 = O(M’) where s > 3, it
implies that &2, xs JW3(G,Gy) — 0. So we only need to consider the coefficients
where k1 + 2k + 2k3 < 2 and k; < 1. They are 5572870/W22(G,G0), 5(()721),0/W22(G, Go),
and 5872&1 JWZ(G,Gy). Now, by dividing both the numerator and numerator of each
of these coefficients by M, MQ, and MQ, respectively, we extract the following system

of polynomial limits:

dia; + dyay = 0,
dial + dsa3 + diby + d3by = 0,

0\3 0
+
_ (m1>2U my (d?a% + d%a%) + d%cl + d%CQ =0, (4.19)

i
where A0y /M — a;, Avu/HQ — by, Amu/WQ — ¢, py — d? forall 1 <4 < 2.
One solution to the above system of polynomial equations is di = ds, a3 = —aso,
by = by = a3/2, c; = co = (—(m?)3 +mY)/20). Tt follows that if we choose the
sequence of G so that py; = p1p = 1/2, Al = —Abye, Avyy = Avyy = (Aby)?/2,
and Amy; = Amyy = (A011)*(—(m?)?+m?) /20, then all coefficients of the 2-minimal

form vanish. Hence, G is 2-singular relative to Oy, .

Gy is 3-singular The proof for this is similar. A 3-minimal form can be obtained
by applying the reductions (4.12), which eliminate all third order partial derivatives
in terms of lower order ones that are in fact linearly independent by the condition
that Gy € Syp. As in the foregoing paragraphs, we can obtain a system of polynomials

that turn out to share the same solution as the one described. This leads to the same
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choice of sequence for G according to which all coefficients of the 3-minimal form

vanish. Thus, Gy is 3-singular relatively to Oy .

(Gp is not 4-singular Applying the same approach to obtain a 4-minimal form and
their rational semipolynomial coefficients, from which we extract the following system

of real polynomial limits:

d%al + d%ag = 0,

d?a? + d5a3 + diby + d3by = 0,

m?)3 +m?
—(l)le(dl 1—|—d2a2) ‘|‘d C1 +d302 = O,
1

1
(B0 + 8a3) + dhasby + By =0,
0\3 0
_%(Cﬁa? + d3a3) + diayc; + diascy = 0,
1

(d§§‘+d2 5) + diaiby + d3asby + = (d262+d2b2) 0,

6
((m9)° + ml)? (m?)° +m}
i%ﬁyl(ﬁﬁ+d%®——4;¢—%ﬁﬁa+££@%—
1
#(d%lq + d2bycy) + d2c2 + dick = (4.20)
vimy

such that at least one among ay, as, by, ba, ¢1, ¢3 is non-zero and dy, dy # 0. At the first
glance, the behavior of this system may be dependent on the specific value of v?, m?.
However, if we remove the third, fifth and eighth equations, we obtain a system of
real polynomials that does not depend on the specific value of Gy. In fact, it can be
verified that this system does not admit any non-trivial real solution. Thus, there
does not exist any sequence of G € Oy, according to which all coefficients of the
4-minimal form vanish. So, G is not 4-singular. We conclude that ¢(Gy|Os,,) = 3.
We end this illustrative exercise with a remark. The fact that there exists a

subset of the limiting polynomials of the coefficients of r-minimal forms that do not

depend on specific value of GGy is very useful, because it allows us to provide an upper
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bound on the singularity level the holds uniformly for all Gq € Sy. It is interesting
to note that this subset of polynomials also arises from the same analysis applied to
the Gaussian kernels studied by [Ho and Nguyen, 2016a]. This observation can be
partially explained by the fact that Gaussian kernels are a special case of skewnormal
kernels with zero skewness. A highly nontrivial consequence from this observation is
that the singularity level in a skewnormal mixture is always bounded from above that
the singularity level in a Gaussian mixture. Thanks to Theorem 4.3.2 we arrive at
a somewhat surprising conclusion that the MLE and minimax bounds for parameter
estimation in skewnormal o-mixtures are generally faster than that of Gaussian o-
mixtures. Now we are ready for results for the general setting of Gy € Sy, which also

articulates this remark more precisely.

4.4.2 General results

In this section we shall present results on ¢(Gy|Oy.,) for the general case k > ky.
To do so, we shall define the system of the limiting polynomials that characterizes
the singularity level of Gy,.

Recall the notation introduced by the statement of Lemma 4.4.2. For given r >

1, for each i = 1,... ko, the system is given by the equations of real unknowns
(aﬁbjﬂcjvdj);:fo—i_l:
k—ko+1 81,82, 2 1109 «
o Hatazas (m )Qﬁaﬂz&( ;) arlazlas!
BeFN{b+26+28 < r}} (4.21)

where the range of o = (ay, an, a3) € N? in the above sum satisfies a; + 209 + 203 =

Bi+ 202 + 253.
Note that the above system of polynomial equations is the general version of

the systems of polynomial equations described in the previous section. There are

149



2r — 1 equations in the above system of 4(k — kg + 1) unknowns. A solution of
(4.21) is considered non-trivial if all of d; are non-zeros while at least one among
aiy...,a;,b1,...,b;,¢1,...,¢; is non-zero. We say that system (4.21) is unsolvable if
it does not have any non-trivial (or admissible) solution. The main result of this

section is the following.

Theorem 4.4.1. For eachi = 1,... ko, let p(v, mQ, k — ko) be the minimum r for
which system of polynomial equations (4.21) is unsolvable. Define

R(Go, k) = max p(v),md, k— ko). (4.22)

1<i<kg

[f Go < So, then K(GO\OMO) S R(Go, k) — 1.

Remark: We make the following comments regarding the results of Theorem 4.4.1.

(i) If K — ko = 1, we can obtain R(Gy, k) = 4 from the examples given in Section
4.4.1 (although in the examples we only worked out the case that ky = 1, for
general ky > 1 the techniques are the same). Since Gy is in fact 3-singular, the

bound is tight.

(i) In order to determine R(Gy, k), we need to find the value of p(v), m{, k — ko)
for all 1 <4 < kg. One may ask whether the value of p(v), m?, k — ko) depends
on the specific values of v?, m{. The structure of p(v{, m?, k — kq) will be looked

at in more detail in the next subsection.

Proof. The strategy is clear: First, we shall obtain a valid r-minimal form for Gj,
cf. Eq. (4.8). This requires a method for obtaining linearly independent basis func-
tions H;(x) out of the partial derivatives of kernel density f. Second, we obtain the
polynomial limits of collection of coefficients of the r-minimal form. Third, we obtain
bounds on r according to which this system of limiting polynomials does not admit

non-trivial real solutions. This provides upper bounds on the singularity level of Gg.
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Step 1: Construction of r-minimal form It follows from Lemma 4.4.2 and

Lemma 4.4.3 that a r-th minimal form for Gy can be obtained as

Pa(t) = pey(2) _ Ai(z) + Ba(z)
Wr(G,Go) Wr(G,Go)

where A;(z) and Bi(x) are given as follows

Pllogos(md)  pi(A0)* (Aviy)* (Amg;)™
Ay(r) = ZZ <ZZH,31ﬁ2 )Qﬁ1,32/83( ) ’ : Ozl!ozg!j@gl ; )

i=1 BeF, * j=1 |a|<r ~TALO2, 043 a1,02,03
518
—f<x’9 194, O)a
3951 OvP20mps i i

Bl(‘r) = ZAP% ;L”@“ g;,m )

Suppose that there exists a sequence of GG tending to GGy under W, such that all the
coefficients of A, (z)/W/!(G,Gy) and By(z)/W/!(G,Gyp) vanish. Then for all 1 < i <
ko, we obtain that Ap; /W] (G, Gy) — 0 and

E517,32,53(90 v} mO) =

79 Y

5 3 PirEEs (m]) pij (Abi;)* (Avi;)*? (Amy;)*
ST 1A HEL20 (mQ)Qariesls, (v9) ayla!as! o
WG, Go) ’

as 0 € F,.. According to Lemma 4.3.1,
W:(G, Go) = DT(G(], G)

k
So, ZO: |Ap; |/ D (Go, G) — 0. It follows that

=1
k‘o S;

DD (180517 + |Avy|" + |Amy[") /Dy (Go, G) — 1.

i=1 j=1
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This means there exists some index i* € {1,..., ko} such that

*j r)/Dr(GOaG) 7L> 0.

> piei (100"
j=1

By multiplying the inverse of the above term with Ej, 5, 5,(0%, 0%, m.) as 8 € F,
and using the fact that W’ (G, Go) < D,(Gy, G), we obtain

Fi3, 6,85 (02*7 U?* ) m?*) =

>y Py imas (m) Pirj (Aix;)* (Avie;)* (Amne ;)

=1 Al Hayiazah (mf.)Qaiiesia (v artazlas! o
S pies (1A + ")

J=1

Step 2: Greedy extraction of polynomial limits We proceed to extract poly-
nomial limits of all Fj, g, g, (6%, vd, md). This technique has been demonstrated in
Section 4.4.1 for specific cases. Note that the numerators of the F, g, g, (6%, o3, mf.)
are inhomogeneous polynomials in general. Let

1/2

)

1/2}'

Denote the limits for the relevant subsequences, which exist due to the boundedness:

1/2
/ ;--wlAUi*si*

A,

) ’AUM

Mg = maX{|A9i*1 s

|Ami*1 1/

2
ey |Ami*5i*

Abyj /M, — aj, Avi*j/Mz — b;, and Ami*j/ﬁz — ¢;, and pg; — d; for each j =
1,...,s;. Here, at least one element of (a;, b;, cj) , equals to -1 or 1. For any index

vector B = (B, B2, B3) such that 3 € F,, the lowest order of M, in the numerator of

T)v
* 4 —

MT, it is clear that F, g, g, (0%, 0%, m{.) vanishes as long as 1 + 205 + 203 > r + 1.

51
F/BI,B%,BS (9 * U?*, *) 1s M61+2/32+253 Since Z pi*j(’Ae-* AT
j=1

Thus, we only need to concern with Fp, g, ,(0%, 0%, m{.) when 8 € F, and 31 +285+

2% Yk

2,83§’f’.
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For any 8 = (54, Be, 83) such that § € F, and p; + 206, + 2083 < r, by dividing

g2 (i.e the lowest

the numerator and denominator of Fj, g, g, (6%, v, m?.) by Mﬁl

1%y Yk

0

order of M, in the numerator of F, g, g,(65%, 0%, m%)), we obtain the following system

of equations

Sq* ﬁ 75 7ﬁ‘ 0 2 o & &
SN ) GO B (4.23)
S HELR () QA (b)) anlanlas!

where the range of @ = (aq, as,a3) in the above sum satisfies a; + 2as + 2a3 =
g

b1+ 2P2 4+ 283. The above system of polynomial equations is the general version of
the systems of polynomial equations (4.19) and (4.20) that we considered in Section

4.4.1. Now, one of the elements of a;s, b;s, ¢;s is non-zero. Since G € Oy, and

8% 8%

0 : 2 2 _ .0
> Dirj — Dy, we have the constraints d; > 0 and > d; = p;-. However, we can
=1 j=1

remove the constraint on the summation of di by putting di = p?*(d;-)Q)/ i (d;)z)
where we the only constraint on d;-s is d;- #0foralll1 <j<s+. Asa Consjez(iuence,
when we talk about system of polynomial equations (4.23), we can consider only the
constraint d? # 0 for any 1 < 7 < s;«. By Definition 4.3.2, Gy is not r-singular

relative to Oy, as long as the system (4.23) does not admit any non-trivial solution

S;*

for the unknowns (ay, bj, ¢;, d;);Z;.

Step 3: Deriving an upper bound There are two distinct features of system
of polynomial equations (4.23). First, i* varies in {1,2,...,ko} as G € Oy, tends
to Gp. Second, the value of s;+ of the subsequence of G is subject to the constraint
that s+ < k — ko + 1. (This constraint arises due to number of distinct atoms of
G, % 55 < k' < k and all s; > 1foral 1l <j < k). Itfollows from these two
obsgxlfations that the system (4.23) admits a non-trivial solution only if the system

(4.21) also admits a non-trivial solution. This cannot be the case if » > R(G, k), by

the definition given in Eq. (4.22). This concludes our proof.
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4.4.3 Properties of the system of limiting polynomial equations

The goal of this subsection is the present additional results on the structure of
function p(v,m,k — ko), which is a fundamental quantity in Theorem 4.4.1 (Here,
v?,m? are replaced by v, m). It is difficult to obtain explicit values for p(v, m, k — ko)
in general. Nonetheless, we can obtain a nontrivial upper bound for p. Now, let
1 = {(v,m) € ©3 x ©3: m #0}. Recall that p(v,m,l), where | = k — ko > 1,

is the minimum value according to which system (4.21) does not admit non-trivial

real-solution.

Proposition 4.4.1. Let 7(I) the minimal value of s > 0 such that the following

system of polynomial equations

mZym n2
Z Z —=2J =0 foreacha=1,...,s (4.24)
nl'ng
7=1 n1+2no=a
ni,n2>0
does not have any solution for (x1,..., 21, Y1, ..., Y, 21, -, 21) such that xy,... x; are
non-zeros, and at least one of y1,...,y; is non-zero. For alll =1,2,..., there holds
sup  p(v,m,1) <7(1).
(v,m)e=y

Remarks (i) The proof of this proposition is given in Appendix B, which proceeds
by verifying that system (4.24) forms a subset of equations that define system (4.21).

Combining with the statement of Theorem 4.4.1, we obtain

UGo|Oper) < T(1) — 1.

(i) A remarkable fact is that 7() is nothing but the singularity level of Gy relative to

Ok, in the context of location-scale Gaussian mixture. This statement can be proved
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directly using the same method of proof described in the previous section for the
skewnormal mixtures. The proof for the Gaussian mixture is much simpler, because
the r-minimal form for Gaussian mixtures can be obtained via the relatively simpler
elimination steps given by Example 4.3.3. The fact that the coefficients involved in
this elimination are constant with respect to the model parameters is the fundamental
reason why the singularity level of Gy for the Gaussian mixtures is uniform over the
entire space of parameters. See also Theorem 1.1 of Ho and Nguyen [2016a].

(iii) Combining the above remark with the results established by Theorem 4.3.2 leads
us to conclude this: it is statistically more efficient to estimate location-scale-shape
parameters of skewnormal o-mixtures than to estimate location-scale parameters of

Gaussian o-mixtures that carry the same number of extra mixing components.

Dependence of p on (v,m) To understand the role of parameter value (v,m) on
singularity levels, we shall construct a partition of the parameter space for (v, m)

based on the value of function p. For each [,r > 1, define an “inverse” function

pfl(r> - {(U,m) SIS p(v,m, l) = T}'
Additionally, take
p(l) =min{r: p; " (r) # 0}, p(l) = max {r: p; ' (r) #0}.

It follows from Proposition4.4.1 that p(l) < 7(I). In addition, p;'(r) are mutually

disjoint for different values of r. So, for each fixed [ > 1,

r=p()

Proposition 4.4.2. For each | > 1,7 > 1, p; '(r) is a semialgebraic set.
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Proof. For each v > 1, let A, be the collection of all (v, m) € Z; such that the sys-
tem of polynomial equations (4.21) contains admissible solutions. Furthermore, B,
denotes the collection of all solutions (v, m, {a;}._,, {b:}'_,, {e:}'_,, {di}._,) of sys-
tem of polynomial equations (4.21), i.e., we treat v, m as two additional unknowns of
the system. Since PZUS2055(m), HEVE2Es (m), and Q51525 (v) are polynomial func-
tions of m,v for all «, 3, by definition B, is a semialgebraic set for all » > 1. By
Tarski-Seidenberg theorem [Basu et al., 2006], since A, is the projection of B, from
dimension (47 + 2) to dimension 2, A, is a semialgebraic set for all » > 1. It follows

that A¢ is semialgebraic for all r > 1. Since p;'(r) = ASN A, for all r > 1, the

conclusion of the proposition follows. m
The following result gives us some exact values of p(l) and p(l) in specific cases.
Proposition 4.4.3. (a) Ifl =k — ko =1, then p(l) = p(l) = 4.

(b) If l = k — ko = 2, then p(l) =5 and p(l) = 6. Thus, Zy is partitioned into
two subsets, both of which are non-empty because {(1,—-2),(1,2)} C p; ' (5), and

(1, 25) € o (6)

From the definition of R(Gy, k), we can write

R(Go, k) = max{r

there isi = 1, ..., ko such that(v), m?) € p,;lko (T)}

According to the Proposition 4.4.3, if k — kg = 1, we have R(Gy, k) = 4 (see also our
earlier remark). If k — kg = 2, we may have either R(Gy, k) = 5 or 6, depending on
the value of parameters (v, m) that provide the support for Gy.

We end this subsection by noting that we have just provided specific examples
in which R(Gy, k) — 1 may vary with the actual parameter values that define Gj.
Although this is an upper bound of the singularity level, we have not actually proved

that the singularity level of Gg may generally vary with its parameter values. We will
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be able to do so in the sequel, when we work with the e-mixture setting.

4.5 E-mixtures of skewnormal distributions

E-mixtures are the setting in which the number of mixing components is known
k = ko. In this section, we study the singularity structure of mixing measure G
relative to the ambient space &,, where kg is the number of supporting atoms for Gj.

Recall from the previous section the definition of Sy, the subset &y C &, of
measure Gy = Go(p°, n°) such that (p° n°) satisfy P;(n°)P2(n°) # 0. P, and P, are
polynomials given in the statement of Lemma 4.4.1. It is simple to verify that for
any Gy € Sp, as a consequence of this lemma, the Fisher information matrix I(G) is

non-singular. It follows that
Theorem 4.5.1. If Gy € Sy, then ((Go|E,) = 0.

We turn our attention to the singularity structure of set &, \ Sy. For any Gy €
Eko \ So, the parameters of Gy satisfy Py(n°)Py(n") = 0. Accordingly, for each pair of
(1,7) = 1,..., ko the two components indexed by i and j are said to be homologous
if

(69 = 092 + (o9 (1 + (m0)?) — (1 + (md)2)* = 0.

Moreover, for each 1 < i < kg, let I; denote the set of all components homologous
to (component) i. By definition, it is clear that if i and j are homologous, I; = I;.
Therefore, these homologous sets form equivalence classes. From here on, when we say
a homologous set I, we implicitly mean that it is the representation of the equivalent
classes.

Now, the homologous set consists of the indices of skewnormal components that
share the same location and a rescaled version of the scale parameter. A non-empty
homologous set [ is said to be conformant if for any ¢ # j € I, m?m? > 0. A

non-empty homologous set [ is said to be nonconformant if we can find two indices
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Figure 4.2: The singularity level of Gy relative to &, is determined by partition
based on zeros of polynomials P;, P, into subsets Sy, Si, S», S3. Here, "N C” stands
for nonconformant.

i,j € I such that m{m) < 0. Additionally, Gy is said to be conformant if all the
homologous sets are conformant or nonconformant (NC) if at least one homologous
set is nonconformant. Now, we define a partition of &, \ Sy as follows &, = SoUS; U

Sy U 83, where

2

S ={G=G(p,n) € &,| Pi(n) #0,P(n) =0,G is conformant}

S ={G=G(p,n) €&, | Pi(n) =0, if Py(n) =0 then G is conformant}

S3={G=G(p,n) € &, | P»(n) =0 and G is nonconformant} .
\

Figure 4.2 summarizes singularity levels of elements residing in &,, except for Ss.

4.5.1 Singularity level of Gy € S U S,

The main results of this subsection are the following two theorems
Theorem 4.5.2. If Gy € Sy, then ((Go|E,) = 1.

Theorem 4.5.3. If Gy € Sy, then ((Go|E,) = 2.
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The complete proofs of both theorems are given in in Appendix. In the following,
we shall present the proof for a simple setting of Gy € &;, which illustrates the
complete proofs, and also helps to explain why the partition of according to Sy, i.e.,

the notion of conformant, arises in the first place.

Proof. (of a simplified setting) The simplified setting is that all components of G are

homologous to one another. By definition all components of G are non-Gaussian (be-
L0 L0

Pi(n°) #0). Thus, we have 6) = ... =) and —*—— = ... = —F__

cause Pi(n") #0) us, we have 6] ko a0d T (m0)? 5 (ml )2

Additionally, m? # 0 for all 1 <1 < ky. Since Gy is conformant, m? share the same

sign for all 1 < i < ko. Without loss of generality, we assume m{ > 0. We need to

show that Gy is 1-singular, but not 2-singular.

Gy is 1-singular Given constraints on the parameters of Gy, it is simple to arrive

at the following 1-minimal form (cf. Eq. (4.8)):

& — 6 Oz — 69
m{ 2 [ﬁﬁ) + B3 (e — ) + ) (- 9?)2)] / (x - 1) @ (%)
’ i=1 i i

0

+ l%l) + {9 (@ - eg’)} exp (—%@ - 99)2) } +o(1), (4.25)

where coefficients Bh ,621 ,Bgz ,71 ,7§ ) are the polynomials of Af;, Av;, Am;, and

2Ap; pZsz 2p; Ab; 5 i Av;

_0’1- (a9)3 (00)2 7 73 T (00)5
k k

(1) _ 20: _pjmjAej 1 _ ZO: _ijjAUj p;Am;

77(0?)2 » 2 27?(0?)4 + W(U?)2.

ﬁ2z -

J=1

Note that, the conditions m? # 0 for all 1 <1 < kg allow us to have the following
_ 90 0 _ 90 0)2 1

terms f (x 5 1) P (W) and exp (—%(w - 9?)2) are linearly in-
o; o 2v]

dependent. It is clear that if a sequence of G (represented by Eq. (4.4)) is chosen

159



k
such that A9; = Av; = Ap, = 0 for all 1 < i < kg, and ZopiAmi/v? = 0, then
i=1
we obtain A1, /Wi(G, Go) = ' /Wi(G, Go) = B3 /Wi(G, Go) = 1" /Wi(G, Go) =
vV /Wi (G, Go) = 0. Hence, Gy is 1-singular relative to &, .

Gy is not 2-singular Indeed, suppose that this is not true. Then from Definition
4.3.2, for any sequence of G that tends to Gy under Ws, all coefficients of the 2-

minimal form must vanish. A 2-minimal form is given as follows:

m{ym ) () ()

+ 2 S T C e | RO NCED

where B ; ,7] are polynomials of A#;, Av;, Amy, and Ap; for [ =1,..., kq:

e (P (o) 4007 T (003 (o)

R T L S v L A e

S S _pmsAGs | 2om(A0)(Av) _ 20,00, A,

=Gk (o))" IR

7(2) kzo _pjm?AUj . p](( ) + 2m )(Ae ) + ijmj I 5pjm?(Avj)2 B ijvjAmj

2 i 27?(0?)4 27 (o ) 7T(0']0~)2 871'(0'?)6 7T(0']0~)4

7(2) _ Z p](Q( ]> )AQ Am] B p]((m?)g -+ 2m9)A93A’U]

T & m(o])? 27 (09)° ’

NO i _p](( 92 +2m9)(Av;)? B pmi(Amy)? N p;((m9)? + 1) Av; Am;

4 =t 8 (o j) 27r(0§))4 w(a?)ﬁ :

Now, 55? JWE(G, Go) — 0leads to Ap;/W2(G, Gy), A /W2(G, Go), Av; [WE(G, Go) —

0 for all 1 < i < kg (The rigorous argument for that result is in Step 1.1 of the full
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§max{§(G0),2} P37é0 PgZO
i
level > 3 - Py #0
level = oo ‘ P, =0
S31 Sso Sa3

Figure 4.3: The level of singularity structure of Gy € S when P;(n°) = 0. Here,
"NC” stands for nonconformant. The term 5(Gy) is defined in (4.37).

proof of this theorem in Appendix B). Combining with Lemma 4.3.1, we obtain
ko
>_pilAmi| /W3 (G, Go) £ 0. (4.27)
i=1
Additionally, the vanishing of coefficients ’yj@) JW2E(G, Gy) for 1 < j < 4 entails
ko
(Z piAm; /v$> JWE(G, Gy) — 0,
i=1
ko
0 2 /(02 2
(Z pim?(Am;)?/ (0°) )/W2 (G, Gy) — 0. (4.28)
Combining (4.27) and (4.28), it follows that
k‘o kO
(X mmbam /) 3 pdam -0,
i=1 =1

which is a contradiction due to m? > 0 for all 1 <17 < ky. Hence, GGy is not 2-singular

relative to &,. We conclude that ¢(Go|&,) = 1. O
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Figure 4.4: The level of singularity structure of Gy € S; when P;(n°) # 0. Here,
"NC” stands for nonconformant. The term 35(Gy) is defined in (4.37).

4.5.2 Singularity levels of G, € S§5: a summary

The singularity structure of Sz is much more complex than those of previous
settings of Gg. &3 does not admit an uniform level of singularity for all its elements
— it needs to be partitioned into many subsets via intersections with additional
semialgebraic sets of the parameter space. In addition, we can establish the existence
of subsets that correspond to the infinite level of singularity. In most cases when the
singularity level is finite, we may only be able to provide some bounds rather than an
exact values. As in o-mixtures, the unifying theme of such bounds is their connection
to the solvability of a system of real polynomial equations.

If Gy = Go(p°,m°) € S, then its corresponding parameters satisfy Py(n°) = 0, i.e.,
there is at least one homologous set of Gy. Moreover, at least one such homologous set
is nonconformant. For any Go € Ss, let I, ..., I; be all nonconformant homologous
sets of GGy. The singularity structures of Ss arise from the zeros of the following
polynomials:

o Type CU: P’ n”) =TT (T (SmTIot) )

i=1 \ SCI;,|S|>2 \j€S ~ i#j
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e Type C(2): Pu(p°,m°) = 712[ ) uz; + (mlo) +mia))? + (p)o) — plof)?|,
1<i£5<ko

where u?, = (69 — 02)% + (v(1+ (m9)?) — v9(1 + (mg)Q))Q'

i J

Type C singularities, including both C(1) and C(2), are distinguished from Type A
and Type B singularities by the fact that the Type C polynomials are defined by
not only component parameters n°, but also mixing probability parameters p’. Note
that C(1) singularity implies that there is some homologous set I; of G such that
IT ( 2l m?) = 0. A homologous set of Gy having the above property is
SCI,|S|>2 \jeS = I#j
said to contain type C(1) singularity locally. Similarly, type C(2) singularity implies
that there is some pair 1 < i # j < ko such that uf;+(m{o)+mio)*+(p)o) —pfo?)? =
0. A homologous set of Gy having this pair is said to contain type C(2) singularity
locally. It can be easily checked that a homologous set containing type C(2) singularity
must also contain type C(1) singularity, since P;(p°, n°) = 0 entails Ps(p°,n") = 0.
Now, we define the following partition of S3 according to the definition of type C(1)
and C(2) singularity: S3 = S31 U S32 U S35, where

(

831 = {G = G(pﬂ?) € 83 | P3(p717) 7é 0}

Sz = {G =G(p,n) € Ss | Ps(p,m) =0, Py(p,m) # 0}

\533 = {GZ G(Pvﬂ) € S3 | P3(P>77) :OaP4(p777) = 0}-

Due to the highly technical nature of our analysis of the singularity structure of Ss,
we defer such details to Section 4.7.1 in Appendix A. Here, we only provide a summary
of such results. Figure 4.3 and 4.4 provide additional illustrations. Specifically, when
Gy € Ss1, it is shown that £(Go|E,) < max{2,35(Gy)}, where 5(Gy) is defined by a
system of polynomial equations that we obtain via a method of greedy extraction of
polynomial limits, see Section 4.7.1.1. In some specific cases, the precise singularity
level of Gy € S31 will be given. If Gy € 532, we need a more sophisticated method of

extraction for polynomial limits; our technique is illustrated on on a specific example
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of Gy in Section 4.7.1.2. Finally, if Gy € Sss, it is shown that ¢(Gy|E,) = oo in
Section 4.7.1.3.

4.6 Discussion and concluding remarks

Understanding the behavior of parameter estimates of mixture models is useful
because the mixing parameters represent explicitly the heterogeneity of the underlying
data population that mixture models are most suitable for. In this chapter, a general
framework for the identification of singularity structure arising from finite mixture
models is proposed. It is shown that the singularity levels of the model’s parameter
space directly determine minimax lower bounds and maximum likelihood estimation
convergence rates, under conditions on the compactness of the parameter space.

The systematic identification of singularity levels and the implications on parame-
ter estimation is a crucial step toward the development of more efficient model-based
inference procedures. It is our view that such procedures must account for the pres-
ence of singular points residing in the parameter space of the model. As a matter
of fact, there are quite a few examples of such efforts applied to specific statistical
models, even if the picture of the singularity structure associating with those models
might not have been discussed explicitly. This raises a question of whether or not it
is possible to extend and generalize such techniques in order to address the presence

of singularities in a direct fashion. We give several examples:

(1) For overfitted mixture models, methods based on likelihood-based penalization
techniques were shown to be quite effective (e.g., [Toussile and Gassiat, 2009,
Chen, 2016]). Our work shows that parameter values residing in the vicinity of
regions of high singularity levels should be hard to estimate efficiently. Can a
penalization technique be generalized to regularize the estimates toward subsets

containing singularity points of smaller levels?
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(2) Suitable choices of Bayesian prior have been proposed to induce favorable poste-
rior contraction behavior for overfitted finite mixtures [Rousseau and Mengersen,
2011]. Can we develop an appropriate prior for the mixture model parameters,

given our knowledge of singular points residing in the parameter space?

(3) Reparametrization is an effective technique that can be employed to combat
singularities present in the class of skewed distributions [Hallin and Ley, 2014].
It would be interesting to study if such reparameterization technique can be

systematically developed for the mixture models as well.

We also expect that the theory of singularity structures carries important con-
sequences on the computational complexity of parameter estimation procedures, in-
cluding both optimization and sampling based methods. The non-uniform nature of
the singularity levels reveals a complex structure of the likelihood function: regions in
parameter space that carry low singularity levels may observe a relatively high curva-
ture of the likelihood surface, while high singularity levels imply a “flatter” likelihood
surface along a certain subspace of the parameters. Such a subspace is manifested
by our construction of sequences of mixing measures that attest to the condition of
r-singularity. It is of interest to exploit the explicit knowledge of singularity levels
obtained for a given mixture model class, so as to improve upon the computational
efficiency of the optimization and sampling procedures that operate on the model’s

parameter space.
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4.7 Appendix A

This Appendix contains additional results on the singularity structure of e-mixtures

of skewnormal distributions.

4.7.1 Singularity structure of S;: detailed analysis

To develop intuition and obtain bounds for singularity level for Gy € Sz, we start
by considering a simple case similar to the exposition of subsection 4.5.1. That is,
G has only one homologous set of size ky. Gy € Sz means that m? do not share the
same signs for all i = 1,...,kg. To investigate the singularity level for G, we first
obtain an r-minimal form, for r > 2, of (pa(z) — pg,(x))/ W/} (G, Gy) by

1 2 (= oy z— 00\ (md(x— o)
e | o (e )s (o) e (M)

]

+ ( ZI%(-T) (z — 9?)j‘1> exp (—%(m - 9?)2)} +o(l),  (4.29)

where 61 ,7j are polynomials of Af;, Av;, Amy, and Ap; as 1 < 4,1 < kg and

(r)

1 < 7 <2r+1. For concrete formulas ofﬂ i'»7; » we note that for any a = (o, g, arg)

such that |a| < r, there holds

8\a|f B 2r Uiahocg,aa (m) i T —0 m(x . 0)
D Do —(Zv—@)@ ~0) 1)f < ~ ) / <T> N

-1 @

1 2r+1 L?q,ozz,a:s i1 T — 0 mlxr — 6
;(ZN@TM(@@_@) )f( - >q>( & )).

i=1 4

AABAS () VPO () NP2 () are polynomials in terms

In the above display U;

of m,v and L;"**“ are some constant numbers. As ag > 1, we can further check
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that L% =0 for all 1 <1i < 2r and oy, ag such that |a| <. It follows that

ﬁ(r) B 2Ap11 Z La1a2a3 i(Aei)al(Avi)az(Ami)a3
AT N o

o ZZUWW( 1) pi(AG) (Avi)* ()

1,002,063 ' ' '
V arlaslas!
im1 al<r 1:Q:(x3

where 1 <7 <kpand 1< j <2r+1. Since L;”’O‘Q’a?’ =0 as a3 > 1, we further obtain

that

a17a270 a a
" 2Apl 1 L; Pi( A0;)* (Av;)*?
B’ = Ly +=5 D ’

( a1,a2,0/ .0 leva!
-7 ar1tas<r NJ <Ui ) Q1

Therefore, 5;:) are polynomials of Ap;, A6;, Av;, while fy(-r)

;* are polynomials in terms

of Ab;, Av;, Am;, for 1 <i < ky, 1 <j<2r+1.

Suppose that there is a sequence of G tending to Gy (in W, distance) such
that all coefficients of its r-minimal form in (4.29) vanish. It can be checked that
BJ(-;)/W[(G, Go) — 0 for all even j € [1,2r + 1] entails that A8, /W' (G, Gy) — 0 for
all 1 < i < ko. Similarly, 85 /W7 (G, Go) — 0 for all odd j € [3,2r + 1] entails
that Av; /W' (G, Go) — 0 for all 1 < i < k. So, as B\ /W (G, Go) — 0, we obtain
Ap; /W1 (G, Go) — 0. Tt follows that, as 817 /W (G, Go) — 0 forall 1 < j < 2r+1, we
must have Ap; /W (G, Gy), Ab; /W (G,Gy), Av; /W (G,Gy) — 0 for all 1 < i < ky.

These results imply that

ko
; |Api| + pi(|AG;|" + [Avy|")
W:(G7 GO)

— 0.

If Am; =0 for all 1 <i < kg, then by means of Lemma 4.3.1,
ko

> AP+ pil|AG]" + |Avi|") = Dy (Go, G) < W] (G, Go),

=1
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which contradicts with the above limit. Therefore, we must have 11<na>];: |Am;| > 0.
i<

Turning to fyl ) and the fact that
ApZ/W:(G, Go), AQZ/WTT(G, Go), A?)z/W:(G, Go) —0

if 7Z(T)/W[(G, Go) — 0 as 1 <[ < 2r, we also have that

(ZZ%Z )y (A;ZZ) )/W:(G,GOHO

=1 O¢3<T

We can verify that as 1 <[ < 2r is odd, UJQ’O’“?’ (m{) =0forall azg < rand 1 <i < k.

Additionally, as 1 <[ < 2r is even, the above system of limits becomes

zl 2i9—1 A
(X Z Pt~ A i Go gy 0 (a0
i1 —io=1/2 !
where 1 <y <7, iy < (iy —1)/2 as iy is odds or 49 < 7;/2 — 1 as iy is even. Here, ¢;;
are the integer coefficients that appear in the high order derivatives of f(z|0,0,m)

with respect to m:

(s—1)/2 9
85+1f q(8+1),jms 2 25—2j4+1 T — 6 m(:)ﬁ — 9)
g = | 2y gwera GO ) (T

when s is an odd number and

s/2

rHf G(s+1)m° 7 25—2j+1 x—0 m(z — 0)
Bt = | 2 gy @O P ) (T

when s is an even number. For instance, when s = 0, we have ¢ = 2 and when
s =1, we have ga 9 = —2.
Summarizing, in order for all the coefficients in the r-minimal form (4.29) to

vanish, i.e we have 6 ; ,% /WT(G Go) — 0, the system of limits (4.30) is the key
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factor to determine the singularity structure of Gy € S3. We are going to explore the

structure of this system of limits under the specific settings of Go € Ss.

4.7.1.1 Singularity level of G, € S3;

Recall from the above argument that, as we have ﬁj(.:) JWI(G,Gy) when 1 < i,1 <
ko and 1 < 7 < 2r 4 1, we obtain Af;, Av;, Ap; /W] (G,Gy) — 0 for all 1 < i < ky.
Combining with Lemma 4.3.1, it follows that

ko

D> _lAmil /Wi (Gr, G) # 0. (4.31)

Since we have max |Am;| > 0, a combination of (4.30) and (4.31) leads to
i<ko

11 2i9—1
( Z qzl,.l2 sz Amz )/szyAmz’ —>O (4.32)

i1—io=l/2

t9 =m/o?, and At; = Am;/o?

17 71

for any even [ such that 1 <1 < 2r. Let ¢; = p;/0?

for all 1 <17 < kg, then the above limits can be rewritten as

ko
(Z QZ.1,12 (tO)zl 2ig—1 At )/qu|At | — 0, (433)

— = ip!
1=1 41 —i9=1/2

where in the summation of the above display, 1 <i; <7, iy < (i —1)/2 as 4; is odd,
or is <i7/2—1 as 4y is even and [ is an even number ranging from 2 to 2r. These are
the limits of the ratio of two semipolynomial functions. The existence of these limits

will be shown to entail the existence of zeros of a system of polynomial equations.

Greedy extraction of limiting polynomials As explained in the main text, it is
generally difficult to obtain all polynomial limits of the system of rational semipolyno-
mial functions given by (4.33). However, it is possible to obtain a subset of polynomial

limits via a greedy method of extraction. We shall demonstrate this technique for the
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specific case r = 3, and then present a general result, not unlike what we have done
in subsections 4.4.1 and 4.4.2 for o-mixtures. For r = 3, we only have three possible
choices of | in (4.33), which are [ = 2,4 and 6. As | = 2, we have (i1,42) = (1,0).
As | = 4, we obtain (i1,43) € {(2,0),(3,1)}. Finally, as | = 6, we get (i1,72) = (3,0).
Here, we can compute that ¢ o = 2,00 = —2,¢31 = —2,q30 = 2. Therefore, as

r = 3, the system of limits (4.33) becomes

ko ko
(ZQiAti)/ZQi|Ati’3 — 0,
1
(Zqzto At)? + 3ql (At;) )/ZqAAt > =0,
i=1
(qu (t9)%(At) )/ZqAAt 13— 0. (4.34)

Denote |Aty,| = 12%}150{|Ati‘}' In each of the limiting expressions in the above
display, we shall divide both the numerator and denominator of the left hand side
by |Atg,|*, where « is the smallest degree that appears in one of the monomials in
the numerator. Since |At;|/|Aty,| is bounded, there exist a subsequence according to
which At;/|Aty,| tends to a constant, say k;, for each i =1,..., ko. Note that at least

one of the k; is non-zero. Moreover, we obtain the following equations in the limit

k
Zq?’f =0, ZqotO 220, 3 ) 0.
i=1

t9 =m? /o for all 1 < i < kg, by rescaling k;, the above system of

17 71

Since ¢) = p/o?

polynomial equations can be rewritten as

ko ko ko
> Pk =0, > piml(k:)* =0, Y pY(m))*(k:)* =0
=1 =1 =1

Now we shall apply the greedy extraction technique to the general system (4.33).
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This involves dividing both the numerator and the denominator of the left hand side
in each equation of the system by (Aty,)"? for any 2 < [ < 2r and [ is even. This

leads to the existence of solution for the following system of polynomial equations

ko
S m) P <o, (4.35)
=1

where the index [ is even and 2 < [ < 2r. In this sytem, at least one of k; is non-zero.

At this point, by a contrapositive argument we immediately deduces that if system
of polynomial equations (4.35) does not have a valid solution for the k;, one of which
must be non-zero, then Gy is not r-singular relative to &,. It follows that £(Go|E,) <
r—1. This connection motivates a deeper investigation into the behavior of the system

of real polynomial equations (4.35).

Behavior of system of limiting polynomial equations We proceed to study the
solvability of the system of polynomial equations like (4.35). Consider two parameter
sequences a = {ai}fﬁl, b= {bl}fil such that a; > 0,b; # 0 for all 1 < i <[ and b;
are pairwise different. Additionally, there exists two indices 1 <1; # 71 <[ such that
bi,bj, < 0. We can think of a; as taking the role of p) and b; the role of m}.

Define 5(ko, a, b) to be the minimum value of s > 1 such that the following system

of polynomial equations
ko
Z aibicitt =0, foru=0,1,...,s (4.36)

=1

does not admit any non-trivial solution, by which we require that at least one of
¢; is non-zero. For example, if s = 2, and kg = 2, the above system of polynomial

equations is

2 2 2.3 2.3
ayc1 + asey = 0, arbic] + asbac; =0, arbic] + azbsc; = 0.
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In general, it is difficult to determine the exact value of s(ko, @, b) since it depends
on the specific values of parameter sequences a and b. However, it is possible to obtain

some nontrivial bounds:
Proposition 4.7.1. Let kg > 2.

(a) If for any subset I of {1,2,... ko} we have Y a; [] b; #0, then35(ko,a,b) <
i€l jel\{i}
ko — 1.

(b) If there is a subset I of {1,2,... ko} suchthat) a;, [[ b; =0, thens(ko,a,b) =
el jel\{i}
0.

(¢c) Under the same condition as that of part (a):

If ko = 2, then s(ko,a,b) = 1.

ko
If kg = 3, and Y a; [] b; > 0, then 5(ko,a,b) = 1. Otherwise,
=1 j#i,<ko

g(k‘o, a, b) = 2.

Remarks (i) Applying part (a) of this proposition to system (4.35), since Gy €
ko
Sa1, i.e Ps(p®,n°) = > p) [T m) # 0, Go is not 5(ko, {pO¥e  {mO}™ ) + l-singular

i=1 g
ko

relative to &,. Therefore, the singularity level of Gy is at most 5(ko, {p?}72,, {m{}% ).

i Ji=1
(ii) Part (a) provides a mild condition of parameter sequences a,b under which a
nontrivial finite upper bound can be obtained. A closer investigation of the proof
establishes that this bound is tight, i.e., there exists (a, b) such that 5(ko, a, b) = ky—1
holds. This motivates the definition of Ss;. (iii) Part (b) suggests the possibility of
infinite level of singularity, even as kq is fixed. We will show that this happens when

Gy € S33. (iv) Part (c) suggests that the singularity levels of Gy may be different for

different values of (p°, n°) for the same k.

General bounds for singularity level of Gy € S3; So far, we assume that

Gy has exactly one homologous set without C(1) singularity of size ky. Now, we
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suppose that Gy has more than one nonconformant homologous set without C(1)
singularity of components, and that there are no Gaussian components (i.e., P;(n°) =
Hfozl m? # 0). It can be observed that the singularity level of Gy can be bounded in
terms of a number of system of polynomial equations of the same form as Eq. (4.35),
which are applied to disjoint subsets of noncomformant homologous components. The
application to each subset yields a corresponding system of polynomial limits like
(4.33). If none of such systems admit non-trivial solutions, then we are absolutely
certain that their corresponding systems of limiting equations cannot hold. As a

consequence, we obtain that ¢(Gy|&,) < 5(Gy), where
5(Go) == max5(|1, {p{ }ier, {my}ier), (4.37)

where the maximum is taken over all nonconformant homologous subsets I of com-
ponents of Gj.

If, on the other hand, Gy has one or more Gaussian components, in addition to
having some nonconformant homologous subsets, then by combining the argument
presented in Section 4.5.1 with the foregoing argument, we deduce that the singularity
level of Gy is at most max{2,5(Gy)}. Summarizing, we have the following theorem
regarding the upper bound of singularity levels of Gy € S3; whose rigorous proof is

deferred to Appendix B.
Theorem 4.7.1. Suppose that Gy € Ss;.
(a) [f P1<’l70) §£ O, then E(G0|(€k0> < §<G0) < k*—1 < kO —1.

(b) If PL(n°) =0, then {(Go|&,) < max{2,5(Go)} < max{2,k* —1} < max{2, ky—
1}.

where k* is the maximum length among all nonconformant homologous sets without

C(1) singularity of Gy.
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Exact calculations in special cases Since our proof method was to extract only
an (incomplete) subset of polynomial limits, we could only speak of upper bounds of
the singularity level, not lower bounds in general. For some special cases of Gy € Ss1,
with extra work we can determine the exact singularity level of GGy. This is based
on the specific value of k*, which is defined to be the maximum length among all

nonconformant homologous sets without C(1) singularity of G in Theorem 4.7.1:

Proposition 4.7.2. (Exact singularity level) Assume that Gy € S3; and Py(n°) #
0.

(a) If k* = 2, then ((Go|&,) = 1.

(b) Let k* = 3. In addition, if all homologous sets I of G such that |I| = k* satisfy
>0 T m) >0, then £(Go|&,) = 1. Otherwise, {(Go|E,) = 2.

il jel\{i}

4.7.1.2 Singularity structure of Ss,

For the simplicity of the argument in this section, we go back to the simple setting
of Gy, i.e., Gy has only one homologous set of size ky. Since Gy € S3z, we have
P3(p°,n°) = iojp? [[m} = 0. This entails that S(ko, {p{},{m{}) = oo according
to part (b) o;zlgrolg?sition 4.7.1. As a result, 5(Gy) = oo, i.e., the upper bound
given by Theorem 4.7.1, that is, £(Go|&Ek,) < S(Go), is no longer meaningful for Sss.
This does not necessarily imply that the singularity level for Gg € Sso is infinite.
It simply means that the system of polynomial equations in (4.35) will not lead to
any contradiction for any order r. In fact, these equations described by (4.35) are
no longer sufficient to express the polynomial limits of the system (4.32). The issue
is that our greedy extraction of polynomial limits for the system (4.32) treats each
equation of the system separately. For instance, in system (4.34), a special case of
system (4.32) when r = 3, we do not consider the interaction between two summations
f:lqit?(Ati)Q and %0: %qi

=1

(At;)? in the numerator of the second limit. As a result, the
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limiting polynomials obtained are dependent only on the lowest order monomial terms
that appear in the numerator of each of the r-minimal form’s coefficients.

To go further with S35, we introduce a more sophisticated technique for the poly-
nomial limit extraction, which seeks to partially account for the interactions among
different summations in the numerators of all the limits in system (4.32). This can
be achieved by keeping not only the lowest order monomial in the numerator of the
r-form’s coefficient, but also the second lowest order monomials. As a result, we can
extract a larger set of polynomial limits than (4.35). This would allow us to obtain
a tighter bound of the singularity level for elements of S3p. Although our extrac-
tion technique is general, the system of limiting polynomials that can be extracted is
difficult to express explicitly for large values of ky. For this reason in the following
we shall illustrate this technique of polynomial limit extraction on a specific case of

ko = 2.

Proposition 4.7.3. Assume that Gy € S32 and Gy has only one homologous set of

size ko. Then as ko = 2, we have €(Go|E,) = 3.

Remark: (i) The assumption that G has only one homologous set is just for the
convenience of the argument. The conclusion of this proposition still holds when
Gy € 53 has multiple homologous sets and the maximum length of homologous sets
with C(1) singularity is 2. (ii) By using the same technique, we can demonstrate that
UGo|Ery) = ko + 1 when kg < 5 and Gy € S35 has only one homologous set of size k.

We conjecture that this result also holds for general k.

Proof. The proof proceeds in two main steps

Step 1: We will demonstrate that G is 3-singular relative to &,. As r = 3, the

system (4.32) consists of the following limiting equations, as ¢; — ¢? > 0 and At; — 0
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forall 2 =1, 2,

2 2
Zqz‘Ati/Zqz‘|Ati|3 — 0,
(Zqzto At;)? + qz (At;) )/Zqzmt =
=1
(qu t9)?(At) )/Z%]At > =0,

where ¢; = p;/o?,qY = p?/o? 1 = m/o?, and At; = Am;/o? for all i = 1,2. The

condition of C(1) singularity means P3(p°,n°) = 0. That is p?m3 + pdm{ = 0. So,

1 1

13 + g3t = 0. By choosing Aty = 1/n, At; = — (—@ + —4> where ¢; = ¢? +1/n
n\ ¢ n

and go = —qit3/t) + 1/n?, we can check that all of the above limits are satisfied.

Hence, Gy is 3-singular relative to &, .

Step 2: It remains to show that Gy is not 4-singular relative to &, and hence, Gy’s
singularity level is 3. Let r = 4, the system (4.32) consists of the following limiting

equations

2 2
qut?/ Z a; |AL [t = 0,
ity (A (AL) ALY =0,
(;q )+3q >/ZCI| " —
1 1
Z . (+9)2 A 0 A A 4
(;3(]1(251)( ti)° +4Q1t t:) >/ZQZ| ti|* =0,
2
> at)P (ALt Z 4| At — 0.
=1 =1

In order to account for the second-lowest order monomials of the numerator in each of

the equations, we raise the order of the denominator in each equation to the former.
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That is,

K, = ZqZAt/ZqZ|At 2 =0,
i=1

2
Ky = (Z AO(AL)? + qZ (AL )/ZqZ|At|3—>O

2
. 1 0 4
Ky = (Z +4th (At)) )/qumu — 0,

2
Ky = Z (t93(At) /Zqz\At|4—>0
=1

=1

We assume without loss of generality that |Ats| is the maximum between |At;| and
|Aty|. Denote Aty = kiAts where ky; € [—1,1] and k; — k7. The vanishing of K
yvields ¢k} +¢3 = 0. So, ky = —¢3/¢} = 5/t9.

Divide both the numerator and denominator of K; by (Aty)?, we obtain (q1k; +
q2)/ Aty — 0. Write u = k1 +¢2/q1, then qyu/Aty — 0, which implies that u/Aty — 0.

Next, divide both the numerator and denominator of Ky by (Ats)3, we obtain

(Z Gt? (AL;)? + éqi(Atif’) /(Aty)® = 0

=1

Plug in the formula of k; and the fact that u/Aty — 0, it follows that

2
1
(qlt? (2) + q2t8> )
1

Thus, we get P := (t0q2 +15q1) /Aty — ——(ql(k:’) +¢9). Tt is simple to verify that
this limit is non-zero, otherwise we would have ¢ = ¢9, which violates the definition
that Gy does not have C(2) singularity, i.e Gy € Sas.

Continuing, divide both the numerator and denominator of K3 by (Aty)*, and with

3 0)2
G grasaor

the same argument, we obtain Py := (t9g2—13¢1 ) (t%q2+13q1)/ Aty — — il
2
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Gl3)-
By dividing P, by P; and let it to vanish, we can extract the following polynomial
in the limit:

A} (k) + @) (115 — 19¢7) = 97 (a7 t)(K})* + g5t9).

By plugging in k] = —¢9/¢} and t%¢9 + t9¢Y = 0, we can deduce that ¢¥ = ¢, which

is a contradiction. Thus, we conclude that G is not 4-singular relative to &y, . O

4.7.1.3 Singularity level of Gy € S33

As we can see from the proof of Proposition 4.7.2, the condition of without C(2)
singularity plays a major role in guaranteeing that Gy € S35 is not 4-singular relative
to &, when Gy has only one homologous set of ky = 2. Therefore, for elements G
in S33, we expect the singularity level of Gy may be very large. In fact, we can show

that
Theorem 4.7.2. If Gy € Ss3, then ((Go|E,) = 0.

Proof. Here, we present the proof for ky = 2. For general values of kg, the proof is
similar and deferred to Appendix B. For ky = 2, the condition that Gy € S33 entails
Py(p®,m°) = 0, ie pj/o} = p3/oy and mi/o} = —mj/o). By choosing Am /oy =

—Amy /a9, p1 = py = pY = pY, we can check that

= pi(md)* (Amy)

(0—0>U+U+1

%

=0,

i=1

for all odd numbers u € [1,v] when v is even number, or for all even numbers u € [0, v]
when v is odd number.

Take order » > 1 to be an arbitrary natural number. Incorporating the iden-

tity in the previous display into (4.29) and (4.30), we obtain the vanishing of all

%(T)/W[(GhG) for all 1 <1 < 2r and [ is even. If we choose Af; = Av; = 0 for all
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1 < ¢ < 2, we also have the coefficients ﬁj(-:)/Wf(G, Go) =0 forall 1 <i <2 and

1 < j < 2r+ 1. Additionally, we also have vl(r)/Wf(G, Go) =0forall 1 <[ <2r
and [ is odd. Hence, G is r-singular relative to &, for any r > 1. As a consequence,

U(Gol&g) = 0. O

4.8 Appendix B

This Appendix contains the remaining proofs of the results presented in this chap-

ter.

4.8.1 Proofs for Section 3

PROOF OF THEOREM 4.3.1 Since the proofs for part (iii) and (iv) are similar,
we only provide the proof for part (iii). The proof of this part is the generalization
of that of part (c¢) in Theorem 3.2 in [Ho and Nguyen, 2016¢|. By means of Taylor

expansion up to r-th order, we have

(Se @@+ i) d

Pa, (ZE)

X

h? (PG, Pao) < / (pG(x)_pGO(x))Qd:c = /

yden (l’)
xeX TeEX

reX

Here, R,(x) has the following form

1

Z ZZ Z ! + L Anm / 1 - t r+1f(l"7]l + tAThg)dt

i=1 j=1 |a|=r+1 ’ 0
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Hence, as pg,(z) > pdf(z|n) for all 1 <i < kg, for any s < r + 1, we have

1*(paspa,) / s
W2(G, Go) Wes( G Go pGo( )
zeX
Si r -+ 1 1 'r’+1f 2
(22 TR - i v eana)
- Z j=1a|=r+1 & 0 on I
s r+1 1 o+l 2
£ (S e fa- oG Ll + onga)
Z / j= 1 |a|=r+1 Q. 0 n* du
J W (G, Go)pl f(x|ny) 7

where the last inequality comes from Cauchy-Schwarz’s inequality. Now, for any

s <1+ 1, by utilizing Lemma 4.3.1, we obtain

Aol el 1A
= < —0 4.38
Wi (G, Go) - Di(Go.C) ~ [Angl (4.38)

for any |a| =7 + 1. According to the hypothesis, as An;; < ¢y, we have

1 r+1f 2 ar-i—lf 2
<J (1 — t)r 87704 ($|T}? +tAT]U)dt) ( a'r]a (q:|77? +tA77U)>
der < / dx
/ Py f(xlny) i f(zny)
zeX rzeX
< 0. (4.39)

Combining (4.38) and (4.39), we achieve h(pg, pa,)/ Wi (G, Go) — 0, which yields the

conclusion of this part.

4.8.2 Proofs for Section 4

PROOF OF LEMMA 4.4.1 For any kg > 1 and kg different pairs n; = (61, 01, m;),

My = (Okg, Okgs M), let oy € Rfor i =1,...,4, j =1,..., ko such that for al-
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most all z € R

ko
of of of
> au;f(xln) + Q2j g (@l15) + sy 55 (@lnj) a5 (xln;) = 0.

J=1

We can rewrite the above equation as

ko 2
(x — 6. — 0,
Z{[ﬁlj + Boj(x — 0;) + Bsj(x — 6;)*]® (M) exp (—M) +
= 0j 20]-
(r— 0. — )2
(g + 05 — ) (P20 oy (CE BTN (4.4
O'j 20'j
20015 3 20v9; a3 2009, M5
where 8;; = J A =2 = 2T nd
ﬁlj V2o 27?053 B2J 2V 27ra§? ng 2V 27?0]5- N 271'0]2-
o Qvas
’)/2]' = — ag]m] a4j fOI' allj = 1,...,]{30.

27r0;-1 v/ 2’/T0'J2-

”Only if” direction: Assume by contrary that the conclusion does not hold, i.e.,
b
14 m?
1 < 5 < kg. For the simplicity of the argument, we assume that o; are pairwise

both type A and type B conditions do not hold. Denote ok, = for all

o2
different and !

g -4 {0']2 :1<j <ko} forall 1 <i < ky. The argument for the
other cases is similar. Now, o; are pairwise different as 1 < j < 2ky. The equation

(4.40) can be rewritten as

2kg

;{WU + Baj(w — 0;) + Bs;(x — 0;)7] x
’ (%ﬂ_%» o G%)} =0, (4.41)

2714 2795
where m; = 0, Oj4x, = 05, Bigjtn) = \/% Ba(jtke) = \/%aﬁfij =0as ko +1<

j < 2ky. Denote i = argmax {c;}. Multiply both sides of (4.41) with the term

1<i<2kg

—9-)? (x — b
exp <(962—22)> /P (M) and let x — 400 if m; > 0 or let x — —oo if
o= o;

ms3 < 0 on both sides of the new equation, we obtain B; + B: (2 — 65) + By (x —05)? — 0.
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It implies that 3,; = By; = B3; = 0. Repeatedly apply the same argument to the
remaining o; until we obtain fy; = [o; = (3; = 0 for all 1 < i < 2ky. It is equivalent

to a; = aig; = aiz; = ay; = 0 for all 1 <@ < kg, which is a contradiction.

”If” direction: There are two possible scenarios.

Type A singularity There exists some m; = 0 as 1 < j < ky. In this case, we
assume that m; = 0. If we choose a1; = agj = ag; = auj = 0 for all 2 < j < ko, then

equation (4.40) can be rewritten as

@jL 711 +<@+ V21 )(x—01)+@(x—91)2=0.

2 V2T 2 V2T 2
Qo1m Q
By choosing a3, =0, a1 = 2 g = _4;01’ the above equation always equal

V2mo; o V2T

to 0. Since a1, a1, a1 are not necessarily zero, the first-order identifiability (i.e.,

linear independence condition) is violated.

2
Type B singularity There exists indices 1 < i # j < kg such that (%, QZ) =
ms

(2

o?
—2  f; |. Without loss of generality, we assume that i = 1,5 = 2. If we choose
1+m3

a1 = qgj = agj = ay; = 0 for all 3 < j < ky, then equation in (4.40) can be rewritten
as
2

Z{[ﬁlj Y Boy(x — 0,) + By — 0,)2] (M) exp (_M>} +

= oj 20]2-
2 2
1 (m?+1)(x—91)2>
—  + (x—0,) |exp | — = 0.
\/ﬁ (; 71] ;7%( 1)) p < 20_%
Now, we choose a1; = agj = agj =0 forall 1 < j <2, Oé—421 + a_422 = 0 then the above
o1 02

equation always hold. Since a4 and ays need not be zero, the first-order identifiability

condition is violated. This concludes the proof.
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PROOF OF LEMMA 4.4.2 The proof proceeds via induction on |«|. As |a| < 2,
we can easily check the conclusion of the lemma. Assume that the conclusion holds
for any |a] < k — 1. We shall demonstrate that it also holds for |a| = k. Indeed,

there are two settings:

Case 1: a; = k Under this setting, a, = a3 = 0. From the induction hypothesis,

olelf 0 oled=1f
D01 DvzImes o0 (aeallavaz Omes )
0 Pl s (M) ol f
1> )

HE5 () QT () 06% 0ur=0mss

a;—laz,a3 a;—laz,a3

PtV aas (1) o+ f

R (m)Qm,mﬁa (v) HOr1 L yR2 Omks’

a;—l,az,a3 a;—l,az,a3

KES |a|—1
Pt oo (M) oI+ f
= Z [ fr2ks (m)QF»hfiz,m (U) OOF1+1 k2 Omrs

KEF),_1:k1=0 ~a1—Laza3 a1—1,az,a3

PrUREES | (m Hlrl+1
T S ——= D L
HEVR2Rs  (m)QRbrre - (v) 09mH19um2 9mes

KEF_1:k1=1 a1—1l,az,a3 a1 —1,a2,03

where the second equality is due to the application of the hypothesis for ay — 1+ s+

az =k — 1. For any xk € Fj_1 such that k; =1,

a\nHlf B amflf Qa_f B m3 + mﬁ
00 +19vR20mss Qur2dmss \ Ov v Om
el f Blsl=1f (m3 +mdf

Qv t1gmes — Gurzdmprs

). (4.43)

) om

From the inductive hypothesis, since |k| = ko + k3 + 1 < k — 1,

P PR () o'
f _ 2 : 0,k2+1,K3 f (4 44)
Ovr2t1ompes K ,Kkh,KG K Kb,k kY Kb K4 '
H/E.FM‘ 0,k2+1,k3 (m) 0,k2+1,k3 (U) 80 av am
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In addition,

Z Aﬁlﬂz (m) 8\ﬂ|f

girl=1 f <m3 + mﬁ)

Ovr20mss v Om
B:1B|<|kl,B1 <K2,B2<Kk3+1

Since |8] < |k| < k — 1, from the hypothesis,

el Pyt (m) "

—f — 0,81,82 f

R Rl S Rer v o yar P WG T T W
k"€F |5 £10,81,62 (m) 0,81,82 (U)

Bﬁl,ﬁz (U) ovPrOmB2’

(4.45)

(4.46)

Combining equations (4.42), (4.43), (4.44), (4.45), and (4.46), we arrive at the con-

clusion of the lemma.

Case 2: a; < k—1 Under this setting, assume without loss of generality that

Oé221.

olelf o glel=1¢
901 9vo20mas %(aealavw—le)maa>

P pr (m) o f
HETE™ L (m)QATE™ o (0) 0651 v 0m

. a Prlaaly o, (m) okl f
a Ov \ HZVr2" - (m)Qutr2™s  (v) ) 0051 dvk2dmbs

ai,az2—1,a3 aj,az2—1a3

PrLkesRs (m) a|n|+1f

+ Z ai,az—1,a3
Hm,nz,f% (m)Q517H2,53 (U) 8«9”18U”2+18m”3.

KEF|a|_1 ay,az—1a3 ay,az—1a3

K1,K2,K3 1
Denote A = Z Pal,azfl,ozg (m> a"“‘JF f
T k1,K2, R1,R2,R
56‘7:‘04—1 Hai,aifiaS (m)QaigaQQ*:i,Oég (U) 89K18UH2+1amH3
that
A= Painat s (m) plel+1 ¢
KEF|q|—1:£3=0 Hgi:ngiag (m)QZII:ZQQTias (U) 00r1 Dpre+1omeKs
+ S PrUReRs L (m) Pinl+1
HE™= () QS () 9w ot ames

KEF|q|—1:k2=0,k3>1 an,az—1laz
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(4.47)

, we further have

(4.48)



Since m # 0, for any k € F|4—1 such that xk; = 0 and k3 > 1, we have

a|n|+lf B a|n|—1f B lﬁ B m2 +1 a2f
001 Qv t1gmes 9 Omps—1 vOom 2muv  Om?
|&| |k|—1 2 2
_ _1 o f B 0 f m*+10°f (4.49)
v00F1Omss 00 Omss—1\ 2mu  Om?

Since |k| = k1 + k3 < k — 1 and k; < 1, we have (ky,0,k3) € Fr. Additionally, we

can represent

IR (mE4 102\ Z Al(m) omtTf

001 0mms=1\ 2mv Om2 ) L Brm)Cr(v) 90 om™’

STSKR3

where A (m), BL(m), C.(v) are some polynomials of m and v. Since k1 + 7 <
K1+ k3 + 1 < kand k; <1, we have (k1,0,7) € Fr. Combining these results with

equations (4.47), (4.48), and (4.49), we achieve the conclusion of the lemma.

PROOF OF LEMMA 4.4.3 The proof of this lemma proceeds by induction on
r. Ilfr=1,

laf
(20 o e 5} = {220, 01,

foryazmas 00 ov’ Om

which are linearly independent with respect to Gy € &y due to the conclusion of
Lemma 4.4.1. Assume that the conclusion of the lemma holds up to r. We will

demonstrate that it continues to hold for r + 1. In fact,

{ﬂ : (o, g, 03) € ]-"7«+1} B {ﬂ (o 00,09 € ]:r} N

forpazmas ferpe2mes
r+1 r+1 r+1 r+1
a f7a f? a f’ a f * (4'50)
000v™ " Qv 9000m"’ Omr+1
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Assume that there are coefficients 5&)7%% where 1 <i < kg and (ay, ag, a3) € Frq1

such that for all x

i gl f 0
> > 5&1),042,@3W($|m) =

=1 (o,02,03)EFr41

Using the fact from (4.50), we rewrite the above equation as

i ol f p O
Z Z ﬁ(gl),o&,ag galva2m ( | 0) + 6%,1)”,0 898’UT (I‘|77,?) +

i=1 (a1,02,03)EF

; 8r+1f ; ar—i—l r+1f
Bops1.0 3y (@) + By s (@lil) + Bop a5y (alif) = 0. (4.51)

Equation (4.51) can be rewritten as

3 (S ) () o ()

3 (2

ko, 2r+2 2
: ] (md)? +1
+§Z(§Z(*1 wl)mp(— @ —#) =0

(r+1)

where 7;,7" are a combination of Bgf,agm when (ay, 9, a3) € Fri1 and ag = 0.

Additionally, 7; + ) are a combination of ﬁgl)m,as when (aq, ag, a3) € F.yq1. Due to

the fact that there are no type A or type B singularities in {17(1), . ,7720} by using

the same argument as that of the proof of Lemma 4.4.1, we obtain that 7](7;“) 0

forall1<i<hky1<j<2r+3and7; " =0foralll<i<hky,1<j<2r+2 It

(r+1) _ +1) _

can be checked that 7y, 3, =0 anhes 60 r+1,0 = 0 while VQT 12 = 0 implies ﬁﬁo =0

for all 1 <+ < ky. Similarly, 7'27, +2 ; = 0 implies 60 0r+1 = 0 while 7'2(:: ; = 0 implies

ﬁ{%ﬂ" =0 for all 1 <1i < k. As a consequence, Eq. (4.51) is reduced to

ko
. olel f
(@) 0y _
S Y e -0 )

=1 (o,02,a3)EFr
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According to the hypothesis with r, we obtain that 5&?@2,03 =0foralll <i<

ko, (a1, g, avg) € F,.. This concludes our proof.

PROOF OF PROPOSITION 4.4.1 From the formation of system of polynomial
equations (4.21), if we choose 53 = 0 (i.e., we only reduce to derivatives with respect to

the location and scale parameter), then we have P%1:52:53 (;m) | H51:52,83 () Q518283 (1) =

1,002,003 1,002,003 a1,02,03

292 when az = 0 and P51:52:55 () | HP1:52:55 (1)

1,002,003 1,002,003

lelﬁéﬁé(v) =0 as ag > 1 for any v,m and ay + 2as + 2a3 = (1 + 205 + 203. This

shows that the system of polynomial equations (4.21) contains the following system

of equations

29221 H?

l
Z > aijQ!j:O’ (4.53)

a14+2a2=51+202

where (1 + 206, < r and (7 < 1. This is precisely the system of polynomial equations
(4.24) if we replace d; by z;, a; by y;, 2b; by z;, a1,as by ny,ne. Now, if we
choose r > 7(I), the system of polynomial equations (4.53) has only trivial solution
a; = b; = 0 for all 1 < j < [. Substitute these results back to system of polynomial
equations (4.21), we also obtain ¢; = 0 for all 1 < j < [, which is a contradiction.

This completes our proof.

PROOF OF PROPOSITION 4.4.3 The proof of part (a) is straightforward
from the discussion in Section 4.4.1. For the proof for part (b), we will present an
explicit form for the system of polynomial equations to illustrate the variablity of p(()
and p(l) based on the values of (m,v).

(b) Asl = 2 and r = 6, the system of polynomial equations (4.21) can be rewritten
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as

3 3 3
Zd?ai =0, Zd?a?qLd? i = 0, Z (m® +m)d:a; + 2vdie; = 0,
i i i=1

3

Z 3dfaf’ + d?a;b; = 0, Z m?® +m)d?a? + 6vdia;c; = 0,
3
(m? + m)2d2a4 B m> + Mmoo m? +1

d2bie; + d2c =0,
12U2 1 1 U 1 1 Um 1 11

=1

1
B+ d2a2h, + S =0, Z L0+ b + s dPad? =0,

3
;611 27,1 3011 311 212
3
(m?+m)? 5 5 (m*+m) , 4 m?+1 5, Lo o
- Bade, — T Bagbies + 5 ad = 0,
D a0 2002 i Go G T Ty didibici g daic

=1
1
§ d2 6 d2 4b d2 2b2 d2b3:0
9011 1221+2’LZ7,+6’L7, ?

3
+m
d2 a; Z—FTanC +

(2 2

m+1

d?bz 4+ 6d3c§ =0. (4.54)

When r = 4, the system of polynomial equations (4.21) contains the first 7 equations
in the system of polynomial equations (4.54). Now, m and v are considered as two
additional variables in the above system of polynomial equations. Hence, there are 13
variables with only 7 equations. If we choose d; = dy = d3 and take the lexicographical
ordering a; > as = ag > by = by = b = c1 = ¢co = c3 = m = v, the Grobener bases
(cf. Buchberger [1965]) of the above system of polynomial equations will return a
non-trivial solution (due to the complexity of the roots, we will not present them
here). As a consequence, p(l) > 5 under the case [ = 2.

For [ = 2 and r = 5, the system of polynomial equations (4.21) retains the first
9 equations in system (4.54). It can be checked that if we choose m = +2,v = 1,
then the system of polynomial equations when » = 5 does not have any non-trivial

solution (note that, we also use the same lexicographical order as that being used in
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1
10
to 0 in general) and v = 1 will lead the system of polynomial equations (4.54) to not

the case r = 4). So, p(l) = 5. However, we can check that the value of m = — (close
having any non-trivial solution. Thus, p(I) = 6. This concludes the proof or part (b)

of the proposition.

4.8.3 Proofs for Section 5

FULL PROOF OF THEOREM 4.5.2 Here, we shall complete the proof of
Theorem 4.5.2, which is the generalization of the argument in Section 4.5.1 for a
special case for GGy. Note that, the idea of this generalization is also used to the other
settings of Gy ¢ S1. Now, we consider the possible existence of generic components in
G, i.e., there are no homologous sets or symmetry components. Let u; =1 < uy <

0 0

Uy 0 0,,,0
- —t 0 d m? > ( for all
T e ) = (T Gy ) et > 0o

u; < j,1 <wuggr—1,1 <4 <iy—1. The constraint mimy > 0 is due to the conformant

... <, € [1,ky+1] such that (U—j 09) = (

property of the homologous sets of Gy. By definition, we have |[,,,| = u; 41 — u; for all
1 <i<i; —1 where I,,, denotes the set of all components homologous to component
Uj.

To show that Gy is 1l-singular, we construct a sequence of G € &, such that
(pi, 05, v5,m;) = (p2,602,0%,mY) for all uy < i < ko, i.e., all the components of G
and Gy are identical from index us up to ky. Hence, in the construction of the
components from index u; to us — 1 of G we consider only the homologous set [,,, of
Gy. Utilizing the argument from the special case proof of Theorem 4.5.2 in Section
4.5.1, the construction of the sequence of GG is specified by Af; = Av; = Ap; = 0 and
%22_1 piAm;/v) = 0. Thus Gy is 1-singular. It remains to demonstrate that Gy € S is
i=uy

not 2-singular relative to &, .

Indeed, consider any sequence G € &, — Gy under Wy distance. Since W3 (G, Gy) =<
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Dy(Gy, G) (cf. Lemma 4.3.1), we have the 2-minimal form for the sequence G as

pa(x) — pa,(r) _ Ai(w) + As(x)
W3(G,Go) ~ Ds(Go,G)

where Ay (z)/D2(Go, G) and Ay(x)/Dy(Go, G) are linear combinations of the ele-
olel f

forrpr2mas

Ai(x)/Dy(Go, G), the indices of the components range from 1 to s;; — 1 while in

ments of the forms (z[n?) for any 1 < i < kg and 0 < |a] < 2. In
Ay(x)/Dy(Go, G), the indices of the components range from u; to k. It is conve-
nient to think of the term A;(z)/D2(Go, G) as the linear combination of homologous
components, and Ay(x)/Dy(Gp, G) as the linear combination of generic components,
i.e., no Gaussian nor homologous components.

Regarding Ay(x)/Da(Go, G), since we have the system of partial differential equa-
olel f
001 v2me3

are not linearly independent. Employing the same strategy described in Section 4.4,

tions in (4.2), the collection of functions in { (xnd): |a| <2,1<i < k’o}

we obtain a reduced system of linearly independent partial derivatives in Lemma 4.4.3.

olel
This is the set {m(xh}?) N FQ, 1 S 1 S ]{?0} Let Agl21)a2a3(n?)/D2(GO’ G)
olel
be the coefficient of the terms e—fs(ﬂn?) for any s; <i < ko and o € F5. The
Q12

formulae for )\&21),042,@3 will be given later in Case 2.
0

v
Regarding A;(z)/D2(Go, G), by exploiting the fact that (—1 n (jm?)yQ?) —
0
(1 +1()lm?)27910) for all u; < j,1 <wipy — 1,1 <4 <y — 1, the term Ay(z)/Dy(Go, G)

can be written as

e R e <Z{Z {iﬁﬁ)@ - egl)jl}f (:E;—Oeo> "

I=1 j=

@(—m?(i; 92’)> }+ {24:73)(% _ 021)j_1} eXp( - —(m?;zz - (z — 021)2)),

i ug

where f(z) = exp(—x—). (This form is a general version of Eq. (4.26) in Section

1
V2T
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(4.5.1) when #; = 2,u; = 1,uy = ko + 1). The detailed formulas of ﬁ](.?l) and 7;?) for

1<i<i—1,uy <i<uy;—1,and 1 < j <5 are thus similar to that of (4.26). Here,

we rewrite their general fomulations for the transparency of subsequent arguments:

2Ap; piAv; pi<A9i)2 3pz(AUz) 2p; A0, 6piA9¢AU¢

T I P N = O
piAv;  pi(AG;)? B 3pi(Av;)? (2) _ 2p; AY; Av; (@) _ pi(Av;)?
@ T T Tty P = Ty i = gy

up+1—1 pjm?AHj N ijmgAejAvj 2ij9jAmj

Z -~ w(09)? m(o)) 7(0?)?

= J j
Sli_l_pjmgm}j  pil(m3)? +2m3)(A)? L PiAmy
= 2m(0f)* 2m (o)t m(09)?
bp;m; (Av;)” _ pjAm;Av;

8m(07)° m(a3)*

szi_l pi(2(m3)* + 2)Am;A0;  p;((m])* + 2m3)Ab; Av;
Jj=si 7(09)4 277—(0-?)6 7
Slifl ~ pi((m§)* 4 2my)(Av;)*  pym(Am;)?

8m(af)® 2m(07)*

Jj=si J
p;((m )2 + 1)AmJAU]
m(a9)s

where 1 <1 <4, — 1 and u; < i < uyq — 1. Now, suppose that all the coefficients

of Ai(z)/Da(Go,G) and As(z)/D2(Go,G) go to 0. It implies that 7§?)/D2(G0,G)

(1 SJS 4a 1 S [ Sgl_l)v B](zQZ)/DQ(G()?G) (1 SJS 57 Uy S [ S ul-i-l_la

1 <1 <3 —1), and Auyas (7°)/Do(Go, G) (for all |a| < 2) go to 0. From the

formation of Dy(Gy, G), we can find at least one index 1 < i* < kg such that (\Api* +

Pix (

T(Dis, O, Vie, M) = [Apye| + pis

: 2)>/D2(GO,G) # 0. Let

).
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Now, there are two possible cases for ¢*:

Case 1 u; <" < wu; — 1. Without loss of generality, we assume that u; < * <

us — 1. Denote
uz—1
d(pie, Ope, vie,mie) = > |Ap;| + pi(|AG]7 + [Avy|* + [Amy ).

Jj=u1

Since T(p;x, O;+, v+, mys )/ Da(Go, G) 4 0, we have

d<pi*7 gi*a U’i*ami*)/DQ(GO, G) 7L> 0.

Qi1
d(pis, 0=, Vi, ™+ )
our argument for this case is organized further into two steps:

Therefore, for 1 < j <5 and uy <i <wuy—1, D; := — 0. Now,

Step 1.1 From the vanishes of Dy and Dy, we obtain p;A0; /d(p;«, O, vy, mix) — 0
for all u;1 < i < ugy — 1. Combining this result with D; — 0 and D5 — 0, we achieve

for all vy <i <wuy — 1 that
Ap; [d(pis, Op=, V=, mys ), piAV; [ d(Die, O, Vi, M) — 0.
Therefore, for all uqy <@ <wuy — 1,
Pi(Aei)z/d(pi*,9i*,Uz’*,mi*), pi(vi>2/d(pi*79i*aUi*ami*) — 0.
These results eventually show that

ugz—1
U 1:< > Pj(Amj)2> [d(pi=; Oix; v, M) 75 0.

Jj=u1
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Step 1.2 Since p;A0; /d(pix, O, vie, M), piAv; /d(pis, O, vix, i+ ) — 0, by using the

result that fyﬁ)/d(pi*, Oi+, Vi, mix) — 0, we have

uz—1 (Am)
V= Z T)] /d(pZ , vi*,mi*) — 0.
J=u1 J
As U -4 0, we obtain
ug— 1 uz—1
Am
V/U = Z /) /> pi(Amy)* = 0. (4.55)
Jj=u1 J=u1

Since m?mg > 0 for all uy <1i,5 < wuy — 1, without loss of generality we assume that

m? > 0 for all s; < j < sy — 1. However, it implies that

us—1 ug—1 uz—1

uz—1 (Am
[Z @‘—)] /ij Am;)? > Mupin Zpg Am;) /ij Am;)?, (4.56)
Jj=u1 J Jj=u1 Jj=u1 Jj=u1
mO
where My, :=  min { Oj 1 } Combining with (4.55), My, = 0 — a contradic-
u1 <j<uz—1 (Uj)

tion. In sum, Case 1 cannot happen.

Case 2 wu; < i* < ky. We can write down the formation of As(x)/D2(Go, G) as

follows

A2($) 8\a|f o
DQ(GO, G) D, GO < Z Z a1 02,03 7]@ 0% 9vo2 e (.I|771) ,

i= uz, acFs
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where A2 ay.05(n0) are given by

A 0@0) = Api, AL o(10) = pilAs, AL o) = pilv; + pi(A6;)?,

(m})° + mj 1
)\823) () = —IQTIZ%(AQM)Q — _?piAUiAmi + piAm,,
+1
A2 o) = pil ), A2 ) = — 0L vy A, ()
1My

/\ﬂ,o(m) PiAd; Av;, /\101(771> piAO; Am;.
From the assumption with the coefficients of As(x)/Da(Go, G), we have

A 0s(00)/D2(Go, G) — 0

1,002,003

for any u; <i < ko. From the hypothesis with i*, 7(p;«, 0=, vi=, ms+) / Do (Go, G) # 0.
Therefore, it leads to )\&21)7042,&3 (109)/7(pi=, O3, V3=, my) for any u;, < i < kg and a € Fo.
Now, since )\52()) o(M%) /T (pix, O, vix,mix ) — 0, we obtain A /T (pp, Op, Vi, Mg ) —

0. Combining this result with A} 00(771*)/7'(]?1 ,Oix, v, M) — 0, we have
Avp [T (i, Oi, vy, M) — 0.

Furthermore, as )‘(()?()JJ(???*)/T(M*, O, Vi, M) — 0, We get Am- /7 (pie, Op, Vir, M) —

0. Hence, since )\(()?())70(77?*)/7'(1)1-*, B+, v, my«) — 0, we ultimately obtain

| Api*

«|?)

,*(

T(pl* ) Qi* y Ugry mz*)

1= — 0,

which is a contradiction. As a consequence, Case 2 cannot happen.
Summarizing, not all the coefficients ; l)/DQ(GU,G) (1<j<4,1<1<4 1),
B/ Do(Go, G) (1< 5 <5, uy <0<y — 1, 1< LTy — 1), Agas (09)/D2(Go, G)
(for all @« € F3) go to 0. From Definition 4.3.2, Gy is not 2-singular relative to &,.

This concludes our proof.
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FULL PROOF OF THEOREM 4.5.3 We divide the proof of this theorem into

two main steps.

Step 1: To illustrate our calculations, we consider at first a simple setting of Go €

S, in which m{,mJ,...,mj = 0, leaving out the possible setting of conformant
homologous sets and generic components. A complete proof for all possible settings

of Gy € S§; will be given in Step 2.

pa(r) — pa, ()

Gy is 2-singular To establish this, we look at 2-minimal form for W2(G.Gy)

which is asymptotically equal to

ko 5

m[Z(;Cﬁ)(ﬂf—@?)jl)f(x ;?0?)], (4.57)

i=1

where Cl(f) are the polynomials in terms of Af;, Av;, Am;, and Ap; as 1 <4,5 < ko
and 1 <[ < 5. To make all the coefficients vanish, it suffices to have (Av;)? /W2 (G, Gy)

— 0 and

~ pidy pi(AG)° 3pi(Avi)® 2piAgiAm;  Ap;]
2(07)*  2(o7)? 8(a7)° Vor(od)? o]

WG, Go) — 0,

008 Varaly 2ol varepp) )0

Av;  (A6,)?  2A8;Am,)
{2«79)5 T2 T V(o)1)
AG; Av; Av;Amy;

[ 20007 V2m(ol)o

JW3(G, Go) = 0,

JW2(G, Go) — 0. (4.58)

This can be achieved by choosing a sequence of G — Gy in Wy such that Af; =
Av; = Am; = Ap; = 0 for all 2 < ¢ < kqy; only for component 1 do we set Af; =

—2Amy09 /21 and Av; = (AB;)?/2. Tt follows that Gy is 2-singular relative to &, .
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Gy is not 3-singular The 3-minimal form of (pg(z) —pg,(z))/W3 (G, Gy) is asymp-

totically equal to

el G o)) o

K3

where Cl(f’) are the polynomials in terms of Af;, Av;, Am;, and Ap; as 1 <4,5 < ko
and 1 <[ < 7. Suppose that there exists a sequence G — G, under W3 such that
all the coefficients of the 3-minimal form vanish. For any 1 < i < kg, it follows after

some calculations that

C(i) ._{ piAv; pi<A9i>2 3171;(A?Jz‘)2 2p; A0; Amy; 3]91'(A9¢)2AU1+
o= =

2AoDP 200 8P Ver(el)e | A(DF

2p; A0; Av; Amy; Apl
V2 (af)! ]
C,éi) — |:piA9i QPiAmi 3piA;Av;  2piAv;Am, pi(Aei)g .

JWEG, Gy) — 0,

= + —
(07 Vom(a?)?  2(o}) Ver(oh)t  2(0})
3p1 (A91)2Aml 15p1A91(Avl)2 2pl(Avl)2Amz

Var(o?)! o T e )/ G =0

(@) ._ pilv; | pi(AY;)? _ 3pi(Av)* | 2piAG;Am; _ 3pi(AG;)? Av; B
G [2@?)5* 200 A T Vam(ed)r 200y
5A0; Av;Am; 3
.60

2(a)7 - V2m(a?)6 - 6(c))"  3v2m(c?)*
pz(AGl)QAml _ 5p1A91(A’01) 2pl(Avl)2Amz
V27 (o?)6 4(ad)? V27 (o?)8 ] /W3 (G, Go) =

ol - [2080 | pduimy  p(00)_ i
(.

@ [pi(Av)? B 5pi(Av;)3 pi(A0)2Av;  piAO; Av;Am; 5
I e VW (GG =
Ce “{ E SR, = 0)10}/ Wi (G, Go) = 0,
CY = pi(Avy)? 148(a0 P W3 (G, Go) — 0. (4.60)
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Since the system of limits in (4.60) holds for any 1 < i < kg, to further simplify the
argument without loss of generality, we consider ky = 1. Under that scenario, we can
rewrite W3(G, Go) = p1(|]A0 ]2 + |Avi|® + |Am4|?) where p; = 1. Additionally, for
the simplicity of the presentation, we denote C; := C’i(l) for any 1 <14 < 7. Now, our

argument is organized into the following key steps

Step 1.1: We will argue that Ay, Avy, Amy # 0. If Af; = 0, by combining the
vanishing of C5 and C7, we achieve (Avy)?/W3(G, Gy) — 0. Combining this result
with C3 — 0, we obtain Av;/W3(G,Gy) — 0. Combining the previous results with
C; — 0 eventually yields that (Amq)3/W3(G,Go) — 0. Hence, 1 = py(JAv > +
|Amy|?)/W3(G, Gy) — 0, which is a contradiction.

If Av; = 0, then C; +A6;Cy — 0 implies that (Af;)?/W3(G,Gy) — 0. Combining
this result with C; — 0, we achieve (Am,)3/W3(G, Gy) — 0, which also leads to a
contradiction.

If Am; = 0, then Cs — 0 leads to (A0;)(Av)?/W3(G,Gy) — 0. Combine this

result with C; — 0 leads to

(AG)(Av) | (AT
2o 6oy E G0 = 0 (4.61)

The combination of the above result and C3 — 0 implies that Av, /W3 (G, Gy) — 0.
Combine the former result with (4.61), we obtain (A#;)?/W3(G,Gy) — 0, which is

also a contradiction. Overall, we obtain the conclusion of this step.

Step 1.2: If |Avy| is the maximum among |A6,|, |Avy|, and |Amy|. Then from

C7 — 0, we obtain |Av [*/(|A01 ]2 + |Avy|* 4+ |Am4[*) = 0, which is a contradiction.
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Step 1.3: If |A#;|is the maximum among |Af;|, |Avy|, and |Amy|. Denote Avy /A6

— ki and Amy /A0, — ky. From C7, we obtain k; = 0. As Cy — 0, we obtain
—A0y/(0))? +2Am, /v 2#(0?)2] [(|AO| + |Avy| + [Amy]) — 0.

By diving both the numerator and denominator of this ratio by A#,, we quickly obtain
the equation 1/(09)3 42k, /v/21(0?)? = 0, which yields the solution ky = —/7/v/2079.

Now, Cs5 — 0 yields that (Avy)?/(JAO]* + |Av]* + |Amy|?) — 0. Applying this
result to C3 — 0 and Cy — 0, we have M7, My — 0 where the formations of My, M,

are as follows:

- Av, (A6))*  2(A0)(Amy) 3 Nt a3
= (S o e ) (0P A ),

— (<A91)(A01) (Avy)(Amy) | (AB,)? (Amy)?

20T Van(@h)e 6@ 3van(el)

M 3 v 3 m 3
) 1A + [P+ A )

M

+

A91 2Am1 ) .
Now, + M; — M, yields that
((09)2 Varay) T

[(Aml)?’ 4 2((91)(Am1)2 2(A01)2(Am1) i (A01)3
N o} r(hr 3

By dividing both the numerator and denominator of this term by (A#6;)3, we obtain

k3 2k?2 2k 1 N3
the equation —=——+—2 + + = (. Since ky = ———=—, this equation
4 3W2r wol 2r(09)2 3(0))3 ? V20?9 d

yields w/6 — 1/3 = 0, which is a contradiction. Therefore, this step cannot hold.

Step 1.4: If |Am,| is the maximum among |A#,|, |Avy|, and |Am;|. The argument

in this step is similar to that of Step 1.3. In fact, by denoting A6y /Am; — k3 and

2
Avy/Amy — ky then we also achieve ky = 0 and k3 = V2 (by Cy — 0). Now

/7ol

by using the limits C3,Cy — 0 as that of Step 1.3 and after some calculations, we
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k3 2k2 2k3 1
S+ S+
3(0?)  V2m(0y)? mol} 327

as a solution — a contradiction.

obtain the equation = 0, which also does not admit

ks = V2
T moY
In sum, we have shown under that simple setting of Gog € Sy, it is 2-singular, but

not 3-singular relative to &,. Therefore, ((Gy|E,) = 2.

Step 2: Now, we address the general setting of Gy € Sy, which accounts for the pos-
sible presence of both generic components and conformant homologous sets. Without
loss of generality, we assume that m{, m3,...,m;, =0 where 1 < 19 < ko denotes the
largest index i such that m{ = 0. The remaining components are either conformant
homologous sets or generic components. Using the exact same construction as that
of Step 1, we establish easily that G is 2-singular relative to &,. It remains to show
that Gy is not 3-singular relative to &, .

Consider the 3-minimal form for any sequence G € &, — G under W3 distance.

Since W3 (G, Go) < D3(Gy, G) (cf. Lemma 4.3.1), we have

pc(@) — pa,(z) _ Aj(x) + Ay(z)
W3(G,Go) — D3(Go,G)

where A’ (x)/Ds3(Gy, G) is the linear combination of Gaussian components, i.e., the
indices of components range from 1 to iy, while Ay(x)/Ds(Gp, G) is the linear combi-
nation of conformant homologous components and generic components.

Suppose that all the coefficients of A{(x)/D3(Go, G), Ay(z)/D3(Go, G) go to 0.
Similar to the argument in the proof of Theorem 4.5.2, observe that there is some
index i € [1, ko] such that (|Ap;|+p;(|AG;]? +|Av; |2 +|Am,|*)) / D3(Go, G) # 0. There

are two possible cases regarding i .

Case 2.1 i€ [1,iy]. Applying a similar argument as that from Step 1 of this proof
where we have only Gaussian components, we conclude that not all of the coefficients

of A\(z)/Ds(Go, G) vanish, which is a contradiction. Therefore, Case 2.1 cannot
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happen.

Case 2.2 i€ [iy + 1, ko). Define

ko
D new(Go, G) = Z ([Api] + pi(|AG:|" + [Avy|" 4+ [Amy]")),
i=ig+1

for any r € {2,3}. The idea of D, ew(Go, G) is that we truncate the value of
D,(Gy, G) from the index 1 to iy, i.e., all the indices correspond to Gaussian compo-
nents.

It is clear that D3 new(Go, G) S Do pew(Go, G). Since D3 pew(Go, G)/D3(Go, G) #
0, we have Ds pew(Go, G)/D3(Go, G) # 0. By multiplying all the coefficients of
AY(x)/D3(Go, G) with Dg e (Go, G)/D3(Go, G), we eventually obtain all the coeffi-
cients of A} (2)/Danew(Go, G) go to 0. However, by utilizing the same argument as in
the proof of Theorem 4.5.2, we reach to the conclusion that the second order Taylor
expansion is sufficient to have all the coefficients of A} (x)/D2 pew(Go, G) not vanish.
Thus, not all the coefficients of A)(z)/D3;(Go, G) go to 0, which is a contradiction.
As a consequence, Case 2.2 also cannot happen.

In sum, under no circumstance can all the coefficients of A’ (x)/D3(Go, G) and
Al (z)/D3(Gop, G) be made to vanish. Hence, Gy € S, is not 3-singular relative to &,

which concludes the proof.

4.8.4 Proofs for Section 4.7

PROOF OF PROPOSITION 4.7.1 (a) The proof proceeds by induction on
[. When [ = 1, the conclusion clearly holds. Assume that that conclusion of the

proposition holds for [ — 1. We will demonstrate that it also holds for [. Denote

yi = a;c; and z; = bie; for all 1 < ¢ < [+ 1. Then, we can rewrite system of
141

polynomial equations (4.36) as follows: »_ zly; = 0 for any 0 < u < [. If there exists
i=1

some 1 < 43 < [+ 1 such that ¢;; = 0, then we go back to the case | — 1, which
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we have already known from the hypothesis that we do not have non-trivial solution.
Therefore, we assume that ¢; # 0 for all 1 <7 <[+ 1, which implies that y; # 0 for

all 1 <i <[+ 1. Now, the system of equations has the form of Vardermonde matrix,

11 ... 1
T : : : .
which is . By suitable linear transformations, we can rewrite the
_zf zZ5 ... sz_
original system of equations as the following equivalent equations [] (z; — z;)y; = 0
J#i
forall 1 <i<[+1. Sincey; #0forall 1 <i <[4 1, weobtain [[(z; —z) =0
J#
for all 1 < i <[+ 1. As a consequence, there exists a partition Ji, .Js, ..., J, of

{1,2,...,14 1} for some 1 < s < [I/2] such that if iy,i3 € J, for 1 < u < s, we have
2, = 2y and for any 1 <14 # j < s, any two elements z;, € J;, 2;, € J; are different.
Choose any j; € J; for all 1 <1 < s. It is clear that the system of equations can

be rewritten as Z z Yy =0forall 0 <u <I{+1 Ifs>2 it indicates that

|J;| <1 for all 1Z:§1 ) ];{9 Now, if we have some 1 < iy < s such that Z y; =0

then we obtain Z ajc; = 0. Since z;, = z;, for any i,y € J;,, this e(:ilel;igion can

be rewritten as JEZ%M a; H b, = 0, which is a contradiction to the assumption of part

(a) of the prop(jgii;%n.v?herefore, Y y; #0forall 1 <i<s. However, by using
J€Js

the same argument as before, again by linear transformation, we can rewrite the new

system of polynomial equations as . y; [[ (25, —2;,) = 0 for all 1 < ¢ < s. This
jeJ; ”L);ﬁi

implies that there should be some 1 < uy # us < s such that Zjuy = Zjugs which is a

contradiction.

As a consequence, we have s = 1, i.e., |I1] = [+ 1. Hence, bjc; = bycs = ... =

I+1 I+1
bit1¢41. Combining this fact with the equation ) a;c; = 0, we obtain Y a; [[ b; = 0,
i=1 =1 g

which is a contradiction to the assumption of the proposition. This concludes the
proof.

(b) We choose ¢; = 0foralli ¢ I C {1,...,l}. The system of polynomial equations
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(4.36) becomes Z a;bicit = 0 for all u > 0. Notice that by choosing bc; = b;c; for
all 4,7 € I, we hﬁ\sfe Zaib;‘cﬁ”“ = bjc; Z%’Ci =0 for some j € I and for all u > 1 as
long as Z a;c; = 0. %Iombining all théeéonditions, we obtain Z a; H b; = 0, which
completleeslthe proof. .

(c) The result for the case [ = 1 is obvious. For the case | = 2, after replacing
c3 in terms of ¢y, cy, we obtain the following quadratic equation (ajazb; + a3bs)ci +
2a1a9bscico + (azasby + a3bs)ci = 0. Note that, ¢, co # 0 due to the assumption
of part (c). Therefore, we does not have solution of this quadratic equation when
ajasbi < (ayasby + a3by)(agazby + a3bs). It is equivalent to iai H b; > 0, which
confirms our hypothesis. We are done. -
FULL PROOF OF THEOREM 4.7.1 Here, we only provide the proof for part
(b) as the proof for part (a) is similar. This is a generalization of the argument in
Section 4.7.1. Under this situation, apart from the nonconformant homologous sets
without C(1) singularity, we also have for G the presence of Gaussian components

components and possibly some conformant homologous sets, in addition to some

generic components.

VY 0
Letu; =1 <wuy <...<uy, € [1,ko+1] such that (T;no)?’e?) = (#;9?)
J l

for all u; < j,1 < uiy1 — 1, 1 < i < i3 — 1, ie., all the nonconformant homologous
components without type C(1) singularity are from index 1 to u;,. The remaining
components are either Gaussian ones or conformant homologous sets or generic ones.
It follows that |I,,| = u;11 —u; forall 1 <i < i3 — 1 and all I,,, are nonconformant
homologous sets without C(1) singularity.

Consider the 7-th minimal form for any sequence G € &, — G| under Wi distance

where 7 = max {S,E(GO) + 1}. Since WI (G, Gy) < D#(Gy, Q) (cf. Lemma 4.3.1), we
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have

pa(x) — pay(x) _ Bi(x) + By(x)
W (G, Go) Dr(Go,G)

where By (x)/D#(Gy, G) is the linear combination of nonconformant homologous com-
ponents, i.e., the indices of components range from 1 to i3 while By(z)/D#(Gy, G) is
the linear combination of conformant homologous components, Gaussian components,
and generic components.

Now, suppose that all the coefficients of By(x)/D#(Go, G), Bo(z)/D#(Go, G) go to
0. Similar to the argument employed in the proof of Theorem 4.5.2, there is some
index i € [1, ko| such that (|Ap;|+pi(|A0:|"+ |Av;|"+ |Am;|"))/Dr(Go, G) 4 0. Now,

there are two possible scenarios regarding ¢

Case 1.1 i€ [1,u;, — 1]. Under that case, we can check that

» Yig

it maar (e & [ e ()

=1 1=uy

)

z uy

This representation of Bi(x)/Dz(Go,G) is the general formulation of the equation
(4.26) in Section (4.5.1) where i3 = 2,u; = l,up = ko + 1, and ¥ = r. Since
€ [1,u;, — 1], there exists some index I* € [1,i3 — 1] such that i € [w, upyq — 1].

By means of the same argument as that of Section 4.7.1 for 5 3k /D (Go,G) — 0 and

’yﬂ / D#(Gyp, G) — 0, we can extract the following system of polynomial limits:
ul*+1—1

> Amd)P (k)2 =0,

i:ul*
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where at least one of k; differs from 0. Here, [ is any even number such that 2 <[ < 27.

From the formulation of 5(Gy), since 7 > 5(Go)+1 > 5(|1,,.

) {p?}ielul* ) {m?}ielul* )+
1, we can guarantee that the above system of polynomial equations does not have any

non-trivial solution, which is a contradiction. Therefore, Case 1.1 cannot happen.

Case 1.2 i€ [y

i,» ko). Using the same argument as that in the proof of Theorem

4.5.3, the third order Taylor expansion is sufficient so that not all the coefficients of
Bsy(x)/ D3 pew(Go, G) go to 0 where
ko

D3 pew(Go, G) = Z (|1Ap;] +pi<‘A9i‘3 + ’AUiP + !Amz!?’))

Z:'U,g3

Since 7 > 3, we have Djpen(Go, G)/Dr(Go, G) # 0. As all the coefficients of
By(x)/D#(Go, G) vanish, it leads to all the coefficients of Bs(z)/D3new(Go, G) g0
to 0, which is a contradiction. Thus, Case 1.2 cannot happen.

In sum, for any sequence of G tending to Gy in W5, not all the coefficients of
By (z)/Dr(Gy, G) and Bs(x)/D#(Goy,G) go to 0. By Definition 4.3.2, we conclude

that Gy € Sy is not 7-singular relative to &,. As a consequence, ((Go|E,) <T—1=

moc {2,5(6o) .

PROOF OF PROPOSITION 4.7.2 Here, we utilize the same assumption on
G as that in the proof of Theorem 4.7.1, i.e., all the nonconformant homologous sets
without C(1) singularity are from index 1 to u;,. We also rearrange the components
of Gy such that the first nonconformant homologous set without C(1) singularity I,
has exactly k* elements, i.e., us — u; = k*. As u; = 1, we have uy = k* + 1.

(a) We will demonstrate that Gy is 1-singular relative to &,. Indeed, the sequence
of G is constructed as follows: p; = p,0; = 09, v; = v for all uy = k* +1 <1 < ko,
i.e., we match all the components of G and G except the first £* components of Gy.

Now, by proceeding in the same way as described in Section 4.7.1 up to Eq. (4.33), to
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verify that Gy is indeed 1-singular, the choice of the first k* components of G needs

to satisfy
ug—1 ug—1
Z ¢t/ Z qi|At;| — 0,
1=u1 i=u1

where ¢; = p;/o? and At; = Am; /o as uy < i < uy—1. A simple choice is to take the
uz—1

first k* components of G by > ¢:At; = 1Aty + g2 Aty = 0, which is always possible.
i=u1

We conclude that Gy is 1-singular relative to &,. Since 5(Gy) = 1 as k* = 2, by
combining with the upper bound of Theorem 4.7.1, we have ¢(Go|E,) = 1.

(b) There are two cases to consider in this part

Case 1:  All the homologous sets I of G such that [I| = k* satisfy 3 p{ ] m) >
el jel\{i}
0. To demonstrate that Gy is 1-singular relative to &, we utilize the same construc-

tion of G as that of part (a), i.e., p; = p?,0; = 09 v; =) for all uy = k* +1 <1 < kg
uz—1

and > ¢;At; = 0. Next, we will show that Gy is not 2-singular relative to &,. Using
1=u1

the same argument as that of the proof of Theorem 4.7.1, we obtain the following

system of limiting rational polynomial functions:

Ul*+1—1 ul*+1—1
Z G AL/ Z | At;[* = 0,
T=Up* T=Up*
upx 41 —1 Upr 41 —1
>t (AL D alALP -0,
T=Up* i=upx

where [* is some index in [1,i3 — 1] and ¢; = p; /o), At; = Am; /02, 19 = mY /0¥ for all

up <1 < upgq — 1. By employing the greedy extraction technique being described

in Section 4.7.1.1, we obtain the following system of polynomial equations:

ul*+1—1 ul*+1—1
0. _ 0,02
E p; ¢ =0, E p;m;c; =0,
i:ul* i:ul*
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where at least one of ¢; differs from 0. Now, we have two possible scenarios:

Case 1.1: |],,

= up«11 — up = 2. Then, by solving the above system of equations,
we obtain Y, p? [] m? = 0, which means I, is nonconformant homologous

1€ Ty, J€Lup \{i}
set with C(1) singularity of Gy — a contradiction to the fact that Gy € Ss;.

Case 1.2: [[,,.

= upy1 — up = k¥ = 3. Then, by solving the above system of
equations, we obtain > p? ] m? < 0 — a contradiction to the assumption of

i€Zup jE€lu \{i}
Case 1.

Thus, Gy is not 2-singular relative to &,. As a consequence, £(Gg|Ex,) = 1 under

Case 1.

Case 2: There exists at least one nonconformant homologous set I of G such that
[I] = k* satisfies > p) J] m) < 0. Without loss of generality, we assume the
i€l jel\{i}
homologous set I, of Gy to have the property GZI: Y | ]H\{.} m] < 0. We will show
1&lug jE uq \1?
that G is 2-singular relative to &,. In fact, we construct the sequence of G by letting

pi =pY,0; =09 v; =Y for all uy = k* +1 < i < ky. In order for Gy to be 2-singular,

it is sufficient that

ug—1 ug—1
Z qAt;/ Z | Ati]* = 0,
i=uq T1=u1
uz2—1 uz2—1
D Gt (ALY al At — 0.
1=ul 1=ul
ug—1 us—1
The simple solution to the above system of limitsis Y. ¢At; = 0and > ¢t?(At;)* =
1=u1 1=U1
0. One solution to these two equations is p; = p{ and Am; = (09)%d;/n for all

uy <1 < uy — 1 where dy, do, ds satisfy



which is guaranteed to have non-trivial solution as > p{ ] mg-) < 0. Therefore,
i€luy  j€lu \{i}

G is 2-singular relative to &,. Since 5(Gy) = 2 as k* = 3, combining with the upper

bound of Theorem 4.7.1, we obtain ¢(Go|E,) = 2 under Case 2. This concludes our

proof.

FULL PROOF OF THEOREM 4.7.2 Here, we shall provide the complete proof
of Theorem 4.7.2, which is also the generalization of the argument in Section 4.7.1.3.
Indeed, without loss of generality, we assume that (p?/c?, m%/a?) = (p3 /09, —m3/0?).
Next, we proceed to choosing a sequence of G € &y, as follows: p; = p?, 0; = 6, v; = 1
forall 1 <i < ko, and my = m?+1/n, my = m3—03/ne?, m; = mf for all 3 <i < k.
The choice of my, my is taken to guarantee that Am, /oY + Amy /0l = 0 as we have
discussed in Section 4.7.1.3. Then, we can check that 22: pi(m)“(Amy)*/(a9) " =
0 for all odd numbers v < v when v is even number or] ;r all even numbers 0 < u < v

when v is odd number. From here, the completion of the proof follows in the same

way as that of the special case previously described.

4.8.5 Proofs for auxiliary results

Lemma 4.8.1. Let {f(z|0,0,m),0 € ©1,0 € Oz, m € O3} be a class of skew normal

distribution. Denote v := o2, then

0 f af m3 +m Of B

w( |970-7m)_2%('r’9707m>+ a_m< ’«9,0,m)—0

Qmﬁ(ﬂ@ o,m)+ (m?+1) O (x]6,0,m) 4+ 2vm i (x|0,0,m) =0
Om> om2 ovom T T
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Proof. Direct calculation yields

%(mlﬁ,a, m) :{ (—\/%03 + 2%55)2) d (m(ma_ 9)) —

i B (o )

artaoem = (< o) o (M5 -

L, e ()

» a_m“'e’“mlmfz;f(m(; @)“p <<x202>z)’
B~ S (o0 (1)
8vam(x|07a’m):(_ \(/%Ui)+(m J:/1_2)7r(§6 0) )exp (_(mzaf) )

From these equations, we can easily verify the conclusion of our lemma.
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CHAPTER V

Robust estimation of mixing measures in finite

mixture models

In finite mixture models, apart from underlying mixing measures, true kernel den-
sity functions of each subpopulation in the data are, in many scenarios, unknown.
Perhaps the most popular approach is to choose some kernel functions that we em-
pirically believe our data are generated from and use these kernels to fit our models.
Nevertheless, as long as the chosen and the true kernels are different, statistical infer-
ence of mixing measures under this setting may be highly unstable. To overcome this
challenge, we propose simple yet efficient robust estimators of the mixing measures in
these models, which are inspired by the combination of minimum Hellinger distance
estimators, model selection criteria, and the superefficiency phenomenon. We demon-
strate that our estimators consistently recover the true number of components and
achieve the optimal convergence rates of parameter estimates under both the well-
and mis-specified kernel settings for any fixed bandwidth. These desirable asymptotic
properties are illustrated via careful simulation studies with both synthetic and real

data.
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5.1 Introduction

Finite mixture models have become a popular model tool for making inference
about the heterogeneity in data, starting, at least, with the classical work of Pearson
[1894] on biometrical ratios on crabs. They have been used in various domains arising
from biological, physical, and social sciences. For a comprehensive introduction of
statistical inference in mixture models, we refer the readers to the books of McLachlan
and Basford [1988], Lindsay [1995], Peel and McLachlan [2000].

In finite mixture models, we have our data X;, X,..., X,, € X C R? (d > 1) to

be i.i.d observations from a finite mixture density function
ko
pego(@) = [ folal6)dGo(6) = S o0 folal6?)
i=1

where Gg = Zfil p?égg is a true but unknown mixing measure with exactly ky < oo
non-zero components and { fo(z|0),0 € © C Rdl} is a true family of density func-
tions, possibly partially unknown where d; > 1. There are essentially three principal
challenges to the models that have attracted a great deal of attention from various
researchers. They include estimating the true number of components kg, understand-
ing the behavior of parameter estimations, i.e., the atoms and weights of true mixing
measures G, and determining the underlying kernel density fj of each subpopulation
in the data. The first topic has been an intense area of research recently, see for ex-
ample [Roeder, 1994, Escobar and West, 1995, Dacunha-Castelle and Gassiat, 1997,
Richardson and Green, 1997, Dacunha-Castelle and Gassiat, 1999, Keribin, 2000,
James et al., 2001, Chen et al., 2012, J.Chen and Khalili, 2012, Kasahara and Shi-
motsu, 2014a]. However, the second and third topic have receive much less attention
due to their great mathematical difficulty. When the kernel density function f; is

assumed to be known and kg is bounded by some fixed positive integer number, there
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have been substantial advances in the understanding of parameter estimations of Gj.
More specifically, when kq is known, i.e., the exact-fitted setting, Ho and Nguyen
[2016¢] introduced a stronger version of classical parameter identifiability condition,
which is first order identifiability, to guarantee the standard convergence rate n~'/?
of parameter estimations. When kg is unknown and bounded, i.e., the over-fitted
setting, Chen [1995], Nguyen [2013], Ho and Nguyen [2016¢| utilized the notion of

—1/4 of parameter esti-

second order identifiability to establish the convergence rate n
mations. Recently, Ho and Nguyen [2016a,b] introduced the ”singularity level” notion
of the Fisher information matrix to characterize the convergence rates of parameter
estimations when either the first or the second order identifiability condition fails to
hold. When the kernel density function fy is unknown, there have been some work
utilizing the semiparametric approaches [Bordes et al., 2006, Hunter et al., 2007]. The
high level idea of these work is that we estimate f; from some classes of functions
with infinite dimension and achieve the estimations of mixing measure Gy accord-
ingly. However, it is very difficult to establish a guarantee for the identifiability of the
parameters, even when the parameter space is simple [Hunter et al., 2007]. Therefore,
semiparametric approaches for estimating G are usually not reliable.

Perhaps, the most common approach to avoid the identifiability issue of fy is to
choose some kernel function f that we tactically believe the data are generated from,
and utilize that kernel to fit the model to obtain an estimate of the mixing measure
Gy. In view of its simplicity and prevalence, this is also the approach that we consider
in this chapter. However, it is likely that the chosen kernel f and the true kernel fy
are different, i.e., we are under a misspecified kernel setting. Hence, the estimation of
mixing measure G under this approach may be highly unstable. The robustness ques-
tion is unavoidable. Our principal goal in this chapter therefore, is the construction
of robust estimators of GGy where the estimation of both the number of components

and the values of their parameters are of interest. Moreover, these estimators should
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achieve the best possible convergence rates under various assumptions on both f and
fo- When the true number of components kg is known, various robust methods have
been proposed in the literature, see for example [Woodward et al., 1984, Donoho and
Liu, 1988, Cutler and Cordero-Brana, 1996]. However, there is scarce work for ro-
bust estimators when the true number of components kg is unknown. Recently, Woo
and Sriram [2006] proposed a robust estimator of the number of components based
on the idea of minimum Hellinger distance estimator [Beran, 1977, Lindsay, 1994,
Lin and He, 2006, Karunamuni and Wu, 2009]. However, their work faces certain
limitations. Firstly, their estimator relied greatly upon the choice of bandwidth. In
particular, in order to achieve the consistency of the number of components under
the well-specified kernel setting, i.e., when {f} = {fo}, the bandwidth should vanish
to 0 sufficiently slowly (cf. Theorem 3.1 in Woo and Sriram [2006]). Secondly, the be-
haviors of parameter estimates from their estimators are hard to interpret due to the
subtle choice of bandwidth. Last but not least, they also argued that their method
achieved the robust estimation of the number of components under the misspecified
kernel setting, i.e., when f and f; are different. Not only does their statement lack
theoretical guarantee, their argument turns out to be also erroneous (see Section 5.3
in Woo and Sriram [2006]). More specifically, they considered the chosen kernel f
to be Gaussian kernel and the true kernel fy to be Student’s kernel with some fixed
degree of freedom. The parameter space © consists of mean and scale parameter
while the number of components ky = 2. They demonstrated that their estimator
still maintained the correct number of components of Gg, i.e., kg = 2, under that
setting of f and fy;. Unfortunately, their argument is not clear as their estimator
should maintain the number of components of some mixing measure G, which min-
imizes the appropriate Hellinger distance to the true model. Of course, establishing
the consistency of their parameter estimators under the misspecified kernel setting is

also a non-trivial problem.
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Inspired by the idea of minimum Hellinger distance estimator, we propose flexible

robust estimators of the mixing measure Gy that address all the limitations of the

estimator in [Woo and Sriram, 2006]. Not only our estimators are computationally

feasible and robust but they also possess various desirable properties, such as the flex-

ible choice of bandwidth, the consistency of the number of components, and the best

possible convergence rates of the parameters. In particular, our main contributions

in this chapter can be summarized as follows

(i)

(iii)

We treat the well-specified kernel setting, i.e., {f} = {fo}, and misspecified
kernel setting, i.e., {f} # {fo}, separately. Under both settings, we achieve
the consistency of our estimators regarding the true number of components
for any fixed bandwidth. Furthermore, when the bandwidth vanishes to 0 at
appropriate rate, the consistency of estimating the true number of components

is also guaranteed.

For any fixed bandwidth, when fy is identifiable in the first order the opti-

1/2 of parameter estimates are established under the

mal convergence rates n~
well-specified kernel setting. Additionally, when fy is not identifiable in the
first order, we demonstrate that our estimators still achieve the best possible

convergence rates of parameter estimates.

Under the misspecified kernel setting, we demonstrate that our estimators con-
verge to some mixing measure (G, that is close to the true model under the
Hellinger metric for any fixed bandwidth. When f is first order identifiable and

G, has finite number of components, the optimal convergence rates n~'/2

are
also established under mild conditions of both f and f;. Moreover, when G,
has infinite number of components, some analyses about the consistency of our

estimators are also discussed.

Finally, our argument, so far, has mostly focused on the setting when the true mixing
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measure G is fixed with the sample size n. However, we note in passing that in a
proper asymptotic model, Gy may also vary with n and converge to some distribu-
tion in the limit. Under the well-specified kernel setting, we demonstrate that our
estimators also achieve the minimax convergence rate of estimating Gy under certain

condition on the identifiability of kernel density function f.

Chapter organization: The rest of the chapter is organized as follows. Section
6.2 provides preliminary backgrounds and facts. Section 5.3 presents an algorithm to
construct a robust estimator of mixing measure based on model selection perspective.
Theoretical results regarding that estimator are treated separately under both the
well- and misspecified kernel setting. Section 5.4 introduces another algorithm to
construct a robust estimator of mixing measure based on the idea of superefficiency.
Section 5.5 addresses the performance of estimators developed in Section 5.3 and
Section 5.4 under non-standard setting of kernel density function and true mixing
measure. The theoretical results are illustrated via careful simulation studies with
both synthetic and real data in Section 5.6. Discussions regarding possible future
work are presented in Section 6.6 while self-contained proofs of key results are given

in Section 5.8 and proofs of the remaining results are given in the Appendices.

Notation: Given two densities p, ¢ (with respect to the Lebesgue measure p), the

1
total variation distance is given by TV (p, q) = 3 / Ip(z) — q(x)|dp(z). Additionally,

1
the square of Hellinger distance is given by h?(p,q) = 5 / (Vp(x) — V() du(z).
olsl f olrl f
o) = —I
a0~ (10) 0071 . ..89df1
0 = (01,...,04). Additionally, the expression a, = b, will be used to denote the

(x|0) where

For any k = (K1, ..., kq,) € N we denote
inequality up to a constant multiple where the value of the constant is independent

of n and fixed within our setting. We also denote a,, < b, if both a,, = b, and a,, < b,

hold.
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5.2 Background

Throughout the chapter, we assume that the parameter space © is a compact
subset of R%. For any kernel density function f and mixing measure G, we define
pas(x) == [ f(z|0)dG(0). Additionally, we denote &, := &, (O) the space of discrete
mixing measures with exactly ko distinct support points on © and Oy := O(O)
the space of discrete mixing measures with at most &k distinct support points on ©.
Additionally, denote G := G(0) = ke%u & the set of all discrete measures with finite
supports on ©. Finally, G denotes the space of all discrete measures (including those
with countably infinite supports) on ©.

As described in the introduction, a goal of our paper is to construct robust es-
timators that maintain the consistency of the number of components and the best
possible convergence rates of parameter estimations. As in Nguyen [2013], our tool-
kit for analyzing the identifiability and convergence of parameters in a mixture model
is based on the Wasserstein distances, which can be defined as the optimal cost of
moving masses transforming one probability measure to another [Villani, 2009]. In
particular, consider a mixing measure G = zk: pidy,, where p = (p1,pa,...,px) de-
notes the proportion vector. Likewise, let G’ ;:1253/:1 péég;. A coupling between p and
p’ is a joint distribution g on [1... k] x [1,..., k'], which is expressed as a matrix
q = (ij)1<i<k1 <j<k € [0, 1]’“’“’ with margins il Qmj = p} and kzl Gim = p; for any
1=1,2,....,kand j = 1,2,..., k. We use Q(T;:p’) to denote t7}n1; space of all such

couplings. For any r > 1, the r-th order Wasserstein distance between G and G’ is

given by
1/r
WG, G = inf ( i (10: — 03] > ,
©6) = g, (Saste-o)
where || - || denotes the Iy norm for elements in R%. It is simple to argue that if a
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sequence of probability measures G, € &, converges to Gy € &, under the W, metric
at a rate w, = o(1) then the set of atoms of G, converges to the ky atoms of G, up
to a permutation of the atoms, at the same rate w,.

We recall now the following key definitions that are used to analyze the behavior
of mixing measures in finite mixture models (cf. [Heinrich and Kahn, 2016+, Ho and

Nguyen, 2016b]). We start with

Definition 5.2.1. We say the family of densities { f(z|0),6 € ©} is uniformly Lips-
chitz up to the order r, for some r > 1, if f as a function of 0 is differentiable up to

the order r and its partial derivatives with respect to 0 satisfy the following inequality

(G wlon - 2L )

< C|\0y — 0|12y

2.

|r|=r

g~ g~

for any v € R% and for some positive constant 6 and C' independent of x and 0y,0, €

dy
73 _
©. Here, v" = [[ 7" where k = (K1, ..., Kq,)-
i=1

We can verify that many popular classes of density functions, including Gaussian,
Student’s t, and skew normal family, satisfy the uniform Lipschitz condition up to

any order r > 1. Now, we have the following stronger notion of identifiability

Definition 5.2.2. For any r > 1, we say that the family {f(z|0),0 € ©} is identi-
fiable in the r-th order if f(x|0) is differentiable up to the r-th order in 6 and the

following holds

Al. For any k > 1, given k different elements 0y,...,0, € ©. If we have ol for

1<i<k, k€N and |k| <r such that for almost all x

r k . 8|H|f
Y3pD) DL R

1=0 |r|=l i=1
then oc,(.f) =0 foralll <i<kand|sl <r.
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Rationale of the first order identifiability: Throughout the chapter, we denote
I(G, f) := E(lglL) the Fisher information matrix of the kernel density f at the
probability measure GG. Here, I := %log pas(x) is the score function, where C
means the derivatives with respect to all the components and masses of G. The first
order identifiability of f is an equivalent way to say that the Fisher information matrix
I(G, f) is non-singular for any G. Now, under the first order identifiability and the

first order uniform Lipschitz condition on f, a careful investigation of Theorem 3.1

and Corollary 3.1 in Ho and Nguyen [2016¢] yields the following result

Proposition 5.2.1. Suppose that the density family f is identifiable in the first order
and uniformly Lipschitz up to the first order. Then, there is a positive constant Cy

depending on Gy such that as long as G € Oy, we have
h(par,pgr) = CoWi(G, Go).

Note that, the result of Proposition 5.2.1 is slightly stronger than that of The-
orem 3.1 and Corollary 3.1 in Ho and Nguyen [2016¢] as it holds for any G' € O,
instead of only for any G € &, as in these later results. The first order identifiability
property of kernel density function f implies that any estimation method that yields
the convergence rate n~/? for Pey under the Hellinger distance, the induced rate of

1

convergence for the mixing measure G is n~'/? under W, distance.

5.3 Minimum Hellinger distance estimator with non-singular

Fisher information matrix

Throughout this section, we assume that two density families {fy(z|f),60 € O}
and {f(z]0),0 € ©} are identifiable in the first order and admit uniform Lipschitz

condition up to the first order. Now, let K be any fixed multivariate density function
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1
and K,(z) = =K <£> for any o > 0. We define
o

[ Kol(2]0) = / F( — yl6) Ko (y)dy

for any 6 € ©. The notation f % K, can be thought as the convolution of the density

family {f(x|f)} with kernel function K,. From that definition, we have

k k
por Ko = if < Kolalt) = i [ fa — ylf) Kalo)dy

k _

for any discrete measure G = Y p;dp, in G. Now, our approach to define a robust
i=1

estimator of Gy is inspired by the minimum Hellinger distance estimator [Beran, 1977]

and the model selection criteria. Indeed, we have the following algorithm

Algorithm 1: Let C,n~"? = 0 and C,n'/? = 0o as n — oo.

e Step 1: Determine @nm = argmin h(pgs * K, P, * K,,) for any m > 1.
GeOp,

e Step 2: Choose

S > R < R
m, = inf {m >1 h(prL,m * Ko, Py * KU) > h<pc;{hm+

x Ko Py K) + C’nn_l/Q},

e Step 3: Let én = @nmn for each n.

Note that, the choice of C), is to guarantee that m,, is finite. Additionally, it can

be chosen based on certain model selection criterion. For instance, if we use BIC,

then C,, = v/(d; + 1)logn/2. The above algorithm is rather similar to the algorithm
considered in Woo and Sriram [2006] except the fact that we take the convolution of
pas with K, in both Step 1 and Step 2. In fact, with the adaptation of notations as

those in our paper, the algorithm in Woo and Sriram [2006] is as follows
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Woo-Sriram (WS) Algorithm:

e Step 1: Determine En,m = argmin h(pgrs, P, * K,,) for any n,m > 1.
GeOn,

e Step 2: Choose

m, = inf {m >1:h(pgr  Pux K,) < h( P, % K,) —l—C’;nm},
n,m 1

rall
pGn,m+

where C/n~12 — 0.
e Step 3: Let G, = En,mn for each n.

The convolution trick in Algorithm 1 was also considered in James et al. [2001] to
construct the consistent estimation of mixture complexity. However, their work was
based on the Kullback-Leibler (KL) divergence rather than the Hellinger distance.
Under the misspecified kernel setting, i.e., {f} # {fo}, the esimatiors of mixing
measures GGy from KL divergence may be unstable. Additionally, they only worked
with true kernel function f; to be Gaussian, while in many applications, it is not
realistic to expect that fy is Gaussian.

To demonstrate the advantages of our proposed estimator @n over Woo-Sriram’s
estimator G,,, we will provide a careful theoretical study of both these estimators
in the chapter. For readers’ convenience, we provide now a summary of our later
analyses of the convergence behaviors of @n and G,,. Under the well-specified setting,
e, {f} = {fo}, the convolution trick in Algorithm 1 is crucial to guarantee the
optimal rate n=/2 of G, to G for any fixed bandwidth o > 0. It comes from the fact
that P, x K,(z) is the unbiased estimator of p¢g, * K,(x) for all x € X'. Hence, under
suitable conditions of fy we can guarantee that h( P, * K, Peho *K,) = O,(n~1/%) when
the bandwidth o is fixed. However, it is not the case for WS Algorithm. Indeed, we
demonstrate later in Section 5.3.3 that for any fixed bandwidth o > 0, G,, converges
to Gy where Gy = arg EIgin h(paso, Pglo * K,) under certain conditions of true kernel
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fo, K and Gy (cf. Theorem 5.3.3). Unfortunately, Gy may be very different from G
even if they may have the same number of components. Therefore, even though we
may recover the true number of components with WS algorithm, we hardly can obtain
good estimates of parameter values. It shows that Algorithm 1 is more appealing than
WS Algorithm under the well-specified kernel setting with fixed bandwidth o.
When the bandwidth o is allowed to vanish to 0 as n — oo, with the additional
condition no? — 0, we are able to guarantee that m,, — ko almost surely (cf. Propo-
sition 5.3.1). This result is also consistent with the result m,, — ko almost surely from
Theorem 1 in [Woo and Sriram, 2006]. Moreover, under these conditions of bandwidth
o, both the estimators @n and G,, converge to Gy as n — oo. However, we can not
establish the exact convergence rate n=/2 of G,, to Gy, but only n~/2 up to some log-
arithmic factor under some choices of the bandwidth o. It is due to the fact that our
current technique is based on the evaluation of the term h(P, x K, p Gl * K,), which
does not converge to 0 at the rate n=*/? when o — 0. The situation is similar for the
convergence rates of G, as we also need to rely on studying h(P, * K, Pglo * K,).
Under the misspecified kernel setting, i.e., when chosen kernel f may be different
from true kernel fjy, the convolution trick continues to be useful for studying the
convergence rate of @n to some G, where G, = arg min h(pas * Ko,pGgo * K,). In
fact, as G, has finite number of components, under CeGriagmin conditions on f, fy, and K,
we are able to establish the convergence rate n='/2 of G, to G, (cf. Theorem 5.3.2)
for any fixed bandwidth ¢ > 0. When the number of components of G, is infinite,
we also report the consistency of the number of components of CA}n (cf. Proposition
5.3.2) under certain conditions of f and K. However, the convergence rates of @n
to G, are very complicated to establish. Therefore, we leave that scenario for future

work.
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5.3.1 Well-specified kernel setting

In this section, we consider the setting that fy is known, i.e., {f} = {fo}. As we
have seen from the discussion in Section 6.2, the first order identifiability condition

—1/2 of parameter estimations

plays an important role to obtain the convergence rate n
under mixture models. As Algorithm 1 relies on studying the variation around kernel
function fj* K, in the limit, we would like to guarantee that f,* K, is identifiable in

the first order for any ¢ > 0. Fortunately, we have a mild condition of K such that

the first order identifiability of fy * K, is maintained

Lemma 5.3.1. Assume that K (t) # 0 for almost allt € RY where K (t) is the Fourier

transform of kernel function K. Then, as long as fo is identifiable in the first order,

we obtain that fox K, is identifiable in the first order for any o > 0.

The assumption K (t) # 0 is very mild. Indeed, some popular choices of K to
satisfy the condition of Lemma 5.3.1 are the Gaussian and Student’s t kernel. Inspired
by the result of Lemma 5.3.1, we have the following result establishing the convergence

rates of @W, to Gy under W; distance for any fixed bandwidth ¢ > 0
Theorem 5.3.1. Let 0 > 0 be given.

(i) If fo * K, is identifiable, then m,, — ko almost surely.

(ii) Assume further the following conditions

(P.1) The kernel K is chosen such that fo * K, is also identifiable in the first

order and admits a uniform Lipschitz property up to the first order.

(P.2) U(Gy,0) ;:/ 9(2|Go, o)

——————"dx < oo where g(x|Gy, o K2 dy.
pG(f)O*Ka( z) glxlGo / prO( )4y

Then, we have

Wi(Ga, Go) = 0p< %ﬁ;;)n_m)
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h C X f h(prO * Ko’vp(;g() * KU)
e OO = G

Remarks:

(i)

Condition (P.1) is satisfied by many kernels K as the consequence of Lemma

5.3.1. By assumption (P.1) and Proposition 5.2.1, we obtain the following bound
h(paro Kmpago * Ky) 2 Wi(G, Gy)

for any G € Oy,, i.e., Ci(c) > 0.

Condition (P.2) is mild. One easy example for such setting is when fy and K
are both Gaussian kernels. In fact, when f; and K are standard univariate

Gaussian kernels, we achieve

ki

o0 [ K2z — y) foly|6, o0
LGo.0) = Z/p : Peio *)K(( l) o

J K2(x — ) fo(u]6, o?)dy
< Z/ oy A

x Z(( o)’ +0%) [o® < o0.

i=1

Another specific example is when f, and K are both Cauchy kernels or generally
Student’s t kernels with odd degree of freedom. However, assumption (P.2) may
fail when K has much shorter tails than f,. For example if f; is Laplacian kernel

and K is Gaussian kernel, then V(Gy, o) = oo.

Comment on G, as ¢ — 0: To avoid the ambiguity, we now denote {,,} as the

sequence of varied bandwidths o. The following result shows the consistency of m,,

under specific conditions on o, — 0
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Proposition 5.3.1. Given a sequence of bandwidths {o,} such that o, — 0 and

no? — oo as n — co. If fy is identifiable, then m,, — ko almost surely.

Our result shows that if o,, is small enough, the parametric n'/? rate of convergence
of én to Gy is achieved. It would be more elegant to argue that this rate is achieved
for some sequence o, — 0. However, this cannot be done with the technique employed
in the proof of Theorem 5.3.1. In particular, even though we still can guarantee that
aliglo C1(0,) > 0 (cf. Lemma 5.10.1 in Appendix B), the difficulty is that V(Gy, 0,,) =
O(on : (d)) for some 3(d) > 0 depending on d as o,, — 0. As a consequence, whatever
the sequence of bandwidths o, — 0 we choose, we will be only able to obtain the
convergence rate n~'/2 up to the logarithmic term of @n to Gy. It can be thought
as the limitation of the elegant technique employed in Theorem 5.3.1. We leave the
exact convergence rate n='/? of @n to G under the setting o, — 0 for the future

work.

5.3.2 Misspecified kernel setting

In the previous section, we assume the well-specified kernel setting, i.e., {f} =
{fo}, and achieve the standard convergence rate n~'/2 of G, to Gy under mild condi-
tions on fy and K for any fixed bandwidth ¢ > 0. However, the well-specified kernel
assumption is often violated in practice, i.e., the chosen kernel f may be different
from the true kernel fy. Motivated by this challenge, in this section we consider the
setting when {f} # {fo} and demonstrate that the convergence rates of G, are still
desirable under certain assumptions on f, fp, and K. Due to the complex nature of
misspecified kernel setting, we will only study the behavior of @n when the bandwidth

o > 0 is fixed in this section. Now, for any o > 0 assume that we can find

G. = argmin h(pgs * Ky, pon0 * Ky ).
Geg ¢
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With the above formulation, G, is a discrete mixing measure that minimizes that
Hellinger distance between pgs * K, and p a0 * K,. As G, may be not unique, we
0

denote

M = {G €g:da, —argmmh(pgf*Kg,pro*K)}
Geg

That is, M is the collection of G, being the discrete mixing measure that minimizes
the Hellinger distance between pgr * K, and p af® * K,. We start with the following
0

key property of elements G, in M

Lemma 5.3.2. For any G € G and G, € M, it holds

[ por s Kot

With the above result, we have the following important property of M

(5.1)

Lemma 5.3.3. For any two elements G1,., G2, € M, we obtain Poi K,(x) =

Pay * K, (z) for almost surely x € X.

Now, we consider the partition of M to the union of My = {G, € M : G, has k
elements} where k € [1,00]. Let k, := k.(M) be the minimum number &k € [1, 0]
such that M, is non-empty. Now we divide our argument into two distinct settings

of k,.: k, is finite and k. is infinite.

5.3.2.1 Finite k,:

By Lemma 5.3.3, M, will have exactly one element G, as long as f x K, is
identifiable. Furthermore, My is empty for all k£, < & < co. However, it is possible
that M still contains various elements . Fortunately, due to the parsimonious nature

of Algorithm 1 and the result of Theorem 5.3.2, we will be able to demonstrate that @n
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still converges to the unique element G, € M, at the optimal rate n~/? regardless
of the behavior of M.

For the simplicity of our later argument under that setting of k., we denote G,
the unique element in My . One simple example for k, < oo is when f is location-
scale family and fj is finite mixture of f. In particular, fo(x|n,7) = %fo((a: — n)/T)
where 77 and 7 are location and scale parameters respectively. Additionally, fo(z) =
Yo pif(x|n;, 7F) for some fixed positive integer m and fixed pairwise distinct com-
ponents (pf, nf, 7)) where 1 < i < m. Under that setting, we can check that k. < mkq
and p,s (x) = Pglo () almost surely. The explicit formulation of G, therefore, can be
found from the combinations of Gy and (pf,nF, 77) where 1 < i < m. From inequality

(5.1) in Lemma 5.3.2, we have the following well-defined modification of Hellinger

distance

Definition 5.3.1. Given o > 0. For any two mizing measures G1,Gs € G, we define

the distance h (pG{ * Kg,pgg * K,) by

2

(h*(pG{ Ky pegy # Kg))Q _ %/ (\/pr o) = [ Kg(:v))

The notatable feature of A* is the involvement of term \/pG(,;O * Ko () /pes * Ko ()
in its formulation, which makes it slightly different from the traditional Hellinger
distance. Aslong as {f} = {fo}, we obtain h*(pG{ * Ko, pgy xK,) = h(pG{ * Ko, gy *
K,) for any G1,G5 € G, i.e., the traditional Hellinger distance is a special case of h*
under the well-specified kernel setting. The modified version of Hellinger distance h*
is particularly useful for establishing the convergence rates of G, to G, for any fixed
o> 0.

Note that, in the context of the well-specified kernel setting in Section 5.3.1 the
key step we utilized to obtain the convergence rate n=/? of @n to G was based on

the lower bound of the Hellinger distance and the first order Wasserstein distance in
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inequality (5.1). With the modified Hellinger distance h*, it turns out that we have

the similar kind of lower bound as long as k, < oo.

Lemma 5.3.4. Assume that [ * K, is identifiable in the first order and admits Lip-

schitz property up to the first order. If k, < oo, then for any G € Oy, there holds
h*(pr * Kaapgf * Ka) Z Wl(G7 G*)

Equipped with the above inequality, we have the following result regarding the

convergence rate of @n to G, under the setting k, < oo
Theorem 5.3.2. Assume k, < oo for some o > 0.
(i) If f % K, is identifiable, then m,, — k. almost surely.

(ii) Assume further that condition (P.2) in Theorem 5.5.1 holds, i.e., W(Gg,0) < 00

and the following conditions hold:

(M.1) The kernel K is chosen such that f * K, is identifiable in the first order

and admits a uniform Lipschitz property up to the first order.

(M.2) Sup/ V[ * Ky (x|0)dx < M(o) for some positive constant My (o).
90

(i.5) sup |25

stant Ms(o).

(216)/(f + Ko (210))™"||

< My(o) for some positive con-

Then, we have

WG Gy — O, ( \/ MQ(gif((go, o)n—l/z)

. h*(pr *Kavp ! *Ko)
where C, 1(0) = Gle%fk AL GG*)

and M (o) is some positive con-

stant.
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Remarks:

(i) As being mentioned in Lemma 5.3.4, condition (M.1) guarantees that C, ;(o) >
0.

(ii) Conditions (M.2) and (M.3) are mild. An easy example is when f is Gaussian

kernel and K is standard Gaussian kernel.

(iii) When fp is indeed a finite mixture of f while both of them are location-scale
kernels, a close investigation of the proof of this theorem reveals that we can

relax condition (M.2) and (M.3) for the conclusion of this theorem to hold.

5.3.2.2 Infinite k,:

So far, we have assumed that k, has finite number of support points and achieve

~1/2 of G, to unique element G, € M, under certain

the cherished convergence rate n
conditions on f, fy, and K. It is due to the fact that m, — k, < oo almost surely,
which is eventually a consequence of the identifibility of kernel density function f* K.
However, for the setting k, = oo, to establish the consistency of m,,, we need to resort

to a slightly stronger version of identifiability, which is finitely identifiable condition.

We adapt Definition 3 in Nguyen [2013]:

Definition 5.3.2. The family { f(x]0),0 € ©} is finitely identifiable if for any G € G

and Gy € G, ]pG{ (x) — Pey ()| =0 for almost surely x € X implies that G; = Gs.

An example of finite identifiability is when f is Gaussian kernel with both location
and variance parameter. Now, a close investigation of Step 1 in the proof of Theorem

5.3.2 quickly yields the following result

Proposition 5.3.2. Given o > 0 such that f x K, is finitely identifiable. If k, = oo,

we achieve m,, — oo almost surely.
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Even though we achieve the consistency result of m, when k, = oo, the con-
vergence rate of @n to G, still remains an elusive problem. However, an important
insight from Proposition 5.3.2 indicates that the convergence rate of G,, to some ele-
ment G, € My may be much slower than n='/2 when k, = co. It is due to the fact
that both @n and G, € M, have unbounded numbers of components in which the
kind of bound in Lemma 5.3.4 is no longer sufficient. We leave the detail analyses of

@n under that setting of k, for the future work.

5.3.3 Analysis of WS Algorithm

So far, we have focused on studying the behaviors of @n in Algorithm 1, i.e.,
we established the consistency of the number of components of @n as well as the
convergence rates of parameter estimates of @n under various settings of f and fy
when the bandwidth o is fixed. As we mentioned at the beginning of Section 3, we
also would like to demonstrate the flexibilities and advantages of our estimator @n
over Woo-Sriram’s estimator G, in WS algorithm. As a consequence, in this section
we also provide a careful analysis for the estimators G,, from WS Algorithm under
the fixed bandwidth setting. For the simplicity of our argument, we only consider the
well-specified kernel setting, i.e., {f} = {fo}. Rememeber that f; is identifiable in
the first order and has uniform Lipschitz up to the first order. Assume now we can

find

aO = arg mlLl h(pr07pr0 * KU))
Geg 0

i.e., G is the discrete mixing measure that minimizes that Hellinger distance between

Pao and pso x K. Similar to Lemma 5.3.2, we also have the following property
0
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characterizing Gy:

/pr(x)

for any G € G. As being argued in Section 5.3.2, Gy may either have infinite number

of components or unique; however, for the sake of simplicity, we assume in this section
that there exists Gy having finite number of components. Using the same argument
as in the proof of Lemma 5.3.3, we can treat G as unique mixing measure with finite
number of components.

We denote ky the number of components of Gy. Fortunately, the form of G can
be determined explicitly under various settings of fy and K. For instance, assume
that fp are either univariate Gaussian kernels or Cauchy kernels with parameters
0 = (n,7) where n and 7 are location and variance parameter respectively and K are
either standard univariate Gaussian kernels or Cauchy kernels respectively. Then, a
simple calculation shows that kg = kg and Gy = 20: PO (g0 70) Where 77 = /(1) + 02
for any 1 <7 < kg and o > 0. -

From inequality (5.2), we have the following well-defined modification of Hellinger

distance

Definition 5.3.3. Given o > 0. For any two mizing measures G1, Gy € G, we define

the distance between p s and p.so as
1 2

(o) =3 (g )

As fy is identifiable in the first order and admits uniform Lipschitz condition up

to the first order, we obtain that

E(prmpégo) Z W1<G>§0) (5.3)
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for any G € Op,. The proof of this bound is omitted since it is similar to that
of Lemma 5.3.4. The above inequality leads to the following result concerning the

convergence rate of G,, to Gy when ko < oo
Theorem 5.3.3. Given o > 0. Assume that ko < 00.
(i) If fo* K, is identifiable, then T, — ko almost surely.

(ii) Assume further that condition (P.2) in Theorem 5.3.1 holds, i.e., V(Gy,0) <

o0o. Additionally, we have the following conditions

(S.1) sup/ V fo(x|0)dz < M for some positive constant M.
0€o

< M, for some positive constant M.
oo

(5.2) sup |2 a10)(ota10))

€O

Then, we obtain

W@ Go) = O, (\/ (Mlo) ¥ (G "%—1/2)

h(proapé(J)‘())

where C(o) := inf ——="—
GGOEO WI(GaGO)

and M (o) is some positive constant.

Condition (S.1) and (S.2) are indeed very mild as it is satisfied by many popular
kernels, such as Gaussian, Laplacian, and Student’s t with degree of freedom greater
than 3. As being indicated in Theorem 5.3.3, the estimators G,, from WS algorithm
will not converge to the true mixing measure Gy for any fixed bandwith ¢. It demon-
strates that Algorithm 1 is more appealing than WS algorithm under this setting.
For the setting when the bandwidth is allowed to vanish to 0, our current approach
in the proof of Theorem 5.3.3 is not sufficient to determine whether it is possible to
achieve the convergence rate n=1/? of WS’s estimatorG,, to Gy. Similar to the remark
after Proposition 5.3.1, one of the main difficulties with our current technique is that

the term W(Gy, o) = O(a7P@D) for some 3(d) > 0 depending on d. Another difficulty
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is associated with the term M (o) as it may also converge to 0 as ¢ — 0. We leave

this intriguing question for the future work.

5.4 Different approach with minimum Hellinger distance es-

timator

From the previous section, we develop a robust estimator of mixing measure G,
based on the idea of minimum Hellinger distance estimator and model selection cri-
teria. That estimator is shown to possess various desirable properties, including the
consistency of number of components m,, and the optimal convergence rates of @n In
this section, we take a rather different approach of constructing such robust estimator.

In fact, we have the following algorithm

Algorithm 2:

e Step 1: Determine @nm = argmin h(pgs * K, P, * K,) for any n,m > 1.
GeOp,

e Step 2: Choose
m, = inf {m >1:h(par * K, Py xK,) < e},

where € > ( is any given positive constant.
e Step 3: Let CNJn = @nmn for each n.

Unlike Step 2 in Algorithm 1 where we consider the difference h(pgr * Ky, P, *

K;) — hpgs

n,m+1

x K, P, x K,), here we consider solely h(péfl,m * K,, P, * K,). The
above robust estimator of mixing measure is based on the idea of minimum Hellinger
distance estimator and sufficiency phenomenon. The superefficiency idea was also
considered in [Heinrich and Kahn, 2016+]; however, their construction was based on

minimum distance estimator without the convolution kernel K, and the threshold ¢
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was allowed to go to 0 as n — oo. Needless to mention, minimum distance estimator
is neither computationally simple nor robust.

Our focus with Algorithm 2 in this section will be mainly about its attractive
theoretical performance. As we observe from Algorithm 2, the choices of f, fy, and
Gy play crucial roles in determining the convergence rate of G, to Gy for any € >
0. Similar to the argument of Theorem 5.3.1 and Theorem 5.3.2, one of the key
ingredients to fulfill that goal is to find the conditions of f, fy, and Gj such that we
obtain the consistency of m,,, i.e., m,, — ko under the well-specified kernel setting or
m, — k, under the misspecified kernel setting where k, is defined as in Section 5.3.2.
The following proposition yields the sufficient and necessary conditions to answer that

consistency question
Theorem 5.4.1. For any o > 0, we have

o Under the well-specified kernel setting, m,, — ko almost surely if and only if
e <hlpgrn  * Koyppso * Ky) (5.4)
0,kg—1 0

where Go gy—1 = argmin h(pgro * Ko, poso * Ko ).
G€£k0,1 0

e Under the misspecified kernel setting, if k. < oo, then m,, — k. almost surely if
and only if

h(pGi‘ * Kmpgé‘o * KG’) <e< h(pr

* kg —1

*Kmp(;go x K, ) (5.5)

where G y,—1 = argmin h(pgs * Ko, pon * Ky) and G € M with exactly k.
Gegk*,l 0

components.

If we allow € — 0 in Algorithm 2, we achieve the inconsistency of m,, under the
misspecified kernel setting when k, < oo. Hence, the choice of threshold e from

Heinrich and Kahn [2016-+] is not optimal regarding the misspecified kernel setting.
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Unfortunately, the conditions (5.4) and (5.5) are rather cryptic as in general, it is
hard to determine the exact formulation of G x,—1, G« k,—1, and G.. Thus, we would
like to have simple conditions on f, fy, and Gy. Under the well-specified setting, it
appears that condition (5.4) can be recasted as condition regarding the lower bound
on the smallest mass of Gy and the minimal distance between its point masses as

follows

Proposition 5.4.1. (Well-speficied kernel setting) For any given o > 0, assume
that fo *x K, is uniformly Lipschitz up to the first oder and identifiable. Then, there

exists a positive constant C depending on fy, Go, K,© and o such that if we have

in p¥ i O _ 99 > )
nin p; min |67 — 05 > Ce, (5.6)

then we obtain the inequality in (5.4).

Unlike (5.4), it is tricky to derive simple conditions for (5.5) to hold under the
misspecified kernel setting due to the wide range of possibility of f. Before arriving

at these conditions, we define the following norm || - || between any two classes of

density functions {fi(z|f) : 6 € ©} and {fa(z|f) : 6 € O} as follows

1fs = foll = sup / Fu(zl9) — fola]®)|d.
0cO

When ||f1 — fo|| = 0, for each § € © we have fi(z]0) = fo(x|f) for almost surely
r € X. Now, we have the following definition regarding the distinguishability of any

two classes of density functions {fi(x|0)} and {fa2(x|6)}

Definition 5.4.1. Given any two classes of density functions { fi(x|0),0 € ©} where
1 <i <2 We say that fi and fy are distinguishable if we have h(p s, pyr) > 0
1 2

for any finite discrete mixing measures G, Go in ©.
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Example 5.4.1. If f; is location-scale univariate Gaussian family and fs is location-
scale univariate Student’s t family with fized degree of freedom v > 1, then f; and fo

are distinguishable.

The proof for this example is deferred to Appendix B. Equipped with all the above

definitions, we have the following sufficient condition regarding the inequality in (5.5)

Proposition 5.4.2. (Misspecified kernel setting) Given o > 0. Assume that
K is chosen such that that fox K, and f x K, are distinguishable and are uniformly
Lipschitz up to the first order. If k, < kg, there exists a positive constant C; depending
only on f, fo,Go, K, 0O, and o such that as long as ||f — fol| < 2€¢* and

in p¥ ' 0 _ g9 >
1Zigke T 1<in) 2k 167 = 0311 = Cae,

we obtain the inequalities in (5.5).

Remarks:

(i) The distinguishability of fy * K, and f x K, is needed for the following lower

bound (cf. Lemma 5.9.2 in Section 5.8)
h(pes * Ko P * Ko) 2 CiWA(G, Go)

for any G € &,_1 where (] is some positive constant depending only on

fa f07 G07 67 and o.

(ii)) The assumption k, < ko is purely for the argument of the proposition to go
through. Indeed, from the lower bound in part (i), our proof relies on the

nf Wi (G, Gy) as in the proof of Proposition 5.4.1.

evaluation of the quantity i
Ge€y, 1

As k, > ko, this quantity becomes zero, which is not informative to further lower

bound the right hand side of the inequality in part (i). Therefore, the current
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approach employed in our proof of Proposition 5.4.2 is not effective to deal with

the setting k, > ko.

5.5 Extension to non-standard settings

In this section, we briefly demonstrate that the robust estimator from Algorithm
1 (similarly Algorithm 2) also achieves the most desirable convergence rates under
non-standard settings. In particular, we consider first the situation where f, or f may
be not identifiable in the first order. In the second setting, the true mixing measure
Gy changes with the sample size n and converges to some discrete distribution éo

under W, distance.

5.5.1 A singular Fisher information matrix

The results in the previous sections are under the assumption that both the true
kernel fy and chosen kernel f are identifiable in the first order. This is equivalent to
the non-singularity of the Fisher information matrix of Peho and p,sr when G, € M,
i.e., both I(Gy, fo) and I(G,, f) are non-singular. Therefore, we achieve the cherished
convergence rate n~'/? of én Unfortunately, these assumptions do not always hold.
For instance, both the Gamma and skew normal kernel are not identifiable in the first
order [Ho and Nguyen, 2016a,b]. According to Azzalini and Valle [1996], Wiper et al.
[2001], these kernels are particularly useful for modelling various kinds of data: the
Gamma kernel is used for modeling non-negative valued data and the skew normal
kernel is prevalently used to model asymetric data. Therefore, it is worth considering
the performance of Algorithm 1 under the nonidentifiability in the first order of both
kernels fy and f. Throughout this section, for the simplicity of the argument we
consider only the well-specified kernel setting and the setting that f; may be not
identifiable in the first order. The argument for the misspecified kernel setting and

not first order identifiability of both f or fy can be argued in the similar fashion.
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The non-identifiability in the first order of f, implies that the Fisher information
matrix (G, fo) of Pglo is singular at some particular values of GGy. Therefore, the
convergence rate of G, to G will be much slower than the standard convergence rate
n~Y2. In order to precisely determine the convergence rates of parameters under the
singular Fisher information matrix setting, Ho and Nguyen [2016b] introduced the
notion of singularity levels of the Fisher information matrix I(Gy, fo) (cf. Definition
3.1 and Definition 3.3). Here, we adapt the definitions of singularity levels according
to the notations in our paper for the convenience of readers. In particular, we say
that G is r-singular relative to the ambient space Oy, and the kernel f, as long as
I(Go, fo) admits r-th level of singularity level for 0 < r < oo, i.e., we have

Gielgko TV(pgfo;pGgo)/W;(G, Go) = O, S = 1, Lo, T

TV (paro,Dgro) 2 WiHH(G, Gy),  for all G € Ok,. (5.7)

T

The infinite singularity level of the Fisher information matrix I(Go, fy) implies that
inequality (5.7) will not hold for any r > 0.

When fj is identifiable in the first order, I(Gy, fo) will only have zero order sin-
gularity level for all Gy € &, ie., r = 0 in (5.7). However, the singularity levels
of the Fisher information matrix (G, fo) are generally not uniform over Gy when
I(Go, fo) is singular. For example, when f, is skew normal kernel, I(Gy, fo) will ad-
mit any order of singularity levels, ranging from 0 to oo depending on the interaction
of atoms and masses of Gy[Ho and Nguyen, 2016b]. The notion of singularity level
allows us to establish the convergence rates of any estimator of GGy immediately. In
fact, if » < oo is the singularity level of I(Gy, fo), for any estimation method that
yields the convergence rate n~'/2 for Pelo under the Hellinger distance, the induced
best possible rate of convergence for the mixing measure Gy is n="/20+D under W, 4

distance. If r = oo is the singularity level of I(Gy, fo), all the estimation methods
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will yield the non-polynomial convergence rate of Gy, i.e., not of the form n=/?* for
any s > 1.

Now, by using the same line of argument as that of Theorem 5.3.1 we have the fol-
lowing result regarding the convergence rate of én to Gy when the Fisher information

matrix I(Gy, fo) has r-th singularity level

Proposition 5.5.1. Given o > 0. Assume that the Fisher information I(Gy, fo)
has r-th singularity level where r < oo and that condition (P.2) in Theorem 5.5.1
holds, i.e., W(Gy,0) < oo. Furthermore, the kernel K is chosen such that the Fisher
information matriz I(Gy, fo * K,) has r-th singularity level and fo * K, admits a

uniform Lipschitz property up to the r-th order. Then, we have

~ U (G, —1/9(r
WT+1(Gn, GO) = Op( %n 1/2( +1)>

h(prO * KrfvafO * KG’)
where C,.(c) = inf -
GEOky W (G, Go)

Remarks:

(i) A mild condition such that (G, fo) and (G, foxK,) have the same singularity
level is K(t) # 0 for all t € R? where K (t) denotes the Fourier transformation

of K (cf. Lemma 5.10.2 in the Appendix B).

(ii) Some examples of f; that are not identifiable in the first order and satisfy
U(Gy,0) < oo are skew normal and exponential kernel while K is chosen to be

Gaussian or exponential kernel respectively.

(iii) The result of Proposition 5.5.1 implies that under suitable choice of kernel K,
Algorithm 1 still achieves the best possible convergence rate for estimating G

even when the Fisher information matrix I(Gy, fy) is singular.
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5.5.2 Extension to varying true parameters

So far, our analysis has relied upon the assumption that Gy is fixed as n — oo.
However, there are situations where in proper asymptotic models the true mixing
measure GGy also varies with n and converges to some distribution 5’0 under W;
distance as n — oo. In this section, we will demonstrate that the estimator in
Algorithm 1 still achieves the optimal convergence rate.

Denote the number of components of Go by Eo. For the clarity of our argument
we only work with the well-specified kernel setting and with the setting that fy is
identifiable in the first order. As we have seen from the analysis of Section 5.3.1, when
Gy does not change with n, the key steps used to establish the standard convergence

1

rate n=1/2 of én to G are through the combination of the convergence of m, to ko

almost surely and, under the first order identifiability of fy * K, the lower bound
h(pan * Ko, poro * Ko) Z Wi(G, Go) (5.8)

for any G € Oy,. Unfortunately, these two results no longer hold as G, varies with
n. In this section, to avoid the ambiguity of the later argument, we denote by G{ the
true mixing distribution when the sample size is n. Similarly, let kj be the number
of components of Gfj. Assume that limsup kj = k < oco. We start with the following

n—o0

result regarding the convergence rate of m,, under that setting of G

Proposition 5.5.2. Given o > 0. If fo* K, is identifiable, then |m, — k| — 0

almost surely as n — oco.

According to the above proposition, m,, will not converge to 7{?0 almost surely when
k> k. Additionally, from that proposition, inequality (5.8) no longer holds since
both the number of components of @n and Gj vary. In fact, we need to impose a

much stronger condition on the identifiability of fy x K.
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Throughout the rest of this section, we assume that d = d; = 1, i.e., we work with
the univariate setting of fy,. Equipped with the result of Theorem 4.6 in Heinrich and

Kahn [2016+], we have the following bound

Proposition 5.5.3. Given o > 0. Let K be chosen such that fo*x K, is identifiable
up to the (2k — 2%0)—0rder and admits a uniform Lipschitz condition up to (2k — 2%0)—

order. Then, there exist ¢g > 0 and N(ey) € N such that
h(prO * KzﬂpGr"va * KCT) > CU(O->W121€72E0+1(G7 Gg) (59)
0
for any n > N(ey) and for any G € Oy such that W, (G, Go) < €. Here, Cy(0) is

some positive constant depending only on ég and o.

Similar to the argument of Lemma 5.3.1, an easy example of K and fy for the
assumptions of Proposition 5.5.3 to hold is K (t) # 0 for all t € R? and f; is strongly
identifiable up to the (2k — 2%0)—order, which is satisfied by location family of density
functions (c¢f. Theorem 2.4 in [Heinrich and Kahn, 2016+]). Now, a combination
of Proposition 5.5.2 and Proposition 5.5.3 yields the following result regarding the

convergence rate of G,, to G§}

Corollary 5.5.1. Given the assumptions in Proposition 5.5.3. Assume that ¥(Gy,0) <

oo for all n > 1. Then, we have

e UGy, o) _ &
Wl(G"“GEL) = Op( %TL 1/(4k 4k0+2))

where C, (o) is the constant in inequality (5.9).

Remark:

(i) As k = ko, we recover the result in Theorem 5.3.1.
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(ii) If fo is univariate Gaussian or Cauchy family and K is standard Gaussian or

Cauchy kernel respectively, then (G2, o) — ¥(Gy, o) as n — .

(iii) If Wi (G2, Go) = O(n~ Y/ k=4kot2)+5) for some k > 0, then the convergence rate

n~Y/Wh=4kot2) of G to G is minimax (cf. Theorem 3.2 in [Heinrich and Kahn,
2016+]). Therefore, Algorithm 1 also achieves the minimax rate of convergence
for estimating Gf, which is consistent with the minimax rate of convergence
of minimum distance estimator in Heinrich and Kahn [20164]. However, our
estimator from Algorithm 1 is more appealing than that from Heinrich and Kahn
[2016+] as it is computationally feasible and robust while the minimum distance

estimator is neither computationally feasible nor robust. We will illustrate the

result of Corollary 5.5.1 in the simulation studies in Section 5.6.

5.6 Empirical studies

We present in this section numerous numerical studies to validate our theoretical
results in the previous sections. To find the mixing measure @nm = alég glin h(pgs * Ky, Py x Ky),
we utilize the HMIX algorithm developed in Section 4.1 of [Cutler and %otdero—Brana,
1996]. This algorithm is essentially similar to the EM algorithm and ultimately gives

us local solutions to the minimization problem.

5.6.1 Synthetic data

We start with testing Algorithm 1 using synthetic data. The discussion is divided
into separate enquiries of the well- and mis-specified kernel setups.
Well-specified kernel setting Under this setting, we assess the performance of

estimator in Algorithm 1 under two cases of Gy:

Case 1: (@ is fixed with the sample size. Under this case, we consider three choices

of fy: Gaussian and Cauchy distribution for the first order identifiability, and skew
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normal kernel for the fail of first order identifiability.

e Case 1.1 - Gaussian family:

atnor) = e (210

1 1 1
Go = 5% + §0-05.vom) T 3003.v5%)

e Case 1.2 - Cauchy family:

1
mr(L+ (x —n)?/7?)

folzln, ) =

1 1 !
Go = 5% + §0-05.vom) T 7003.v5%)

e Case 1.3 - Skew normal family:

2
fo(x|777 T, m) = exp (_
2nT
1

1 1
Go = 55(0,\/@0) + 15(—0.3,\/0.05,0) + 15(0.3,\/0.05,0)-

(z —n)?
2712

)@ e = n)/7)

where @ is the cumulative function of standard normal distribution.

For the Gaussian case and skew normal case of fy, we choose K to be the standard
Gaussian kernel while K is chosen to be the standard Cauchy kernel for the Cauchy
case of fy. Note that, regarding skew normal case it was shown that the Fisher
information matrix (G, fo) has second level singularity (cf. Theorem 5.3 in [Ho and
Nguyen, 2016b]); therefore, from the result of Proposition 5.5.1, the convergence rate
of G, to Go will be at most n~Y/6. Now for the bandwith, we choose o = 1. The
sample sizes will be n = 200 ¢ where 1 < ¢ < 20. The tuning parameter C,, is chosen
according to BIC criterion. More specifically, C,, = v/3logn/v/2 for Gaussian and

Cauchy family while C), = v/2logn for skew normal family. For each sample size n,
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we perform Algorithm 1 exactly 100 times and then choose m,, to be the estimated
number of components with the highest probability of appearing. Afterwards, we take
the average among all the replications with the estimated number of components m,,
to obtain Wl(émGo). See Figure 5.1 where the Wasserstein distances Wl(én,Gg)
and the percentage of time m, = 3 are plotted against increasing sample size n
along with the error bars. The simulation results regarding Gaussian and Cauchy

1/2 convergence rate from Theorem 5.3.1 while

family match well with the standard n~
the simulation results regarding skew normal family also fit with the best possible

convergence rate n~'/% as we argued earlier.

W1 W
25 - o012 - 05712

—-Gaussian
~Cauchy
-+ Skewnormal

0 1000 2000 .~ 3000 4000 G0 1000 2000 3000 4000 00 1000 2000 3000 4000 W e w o w @
n=sample size n=sample size n=sample size n=sample size

Figure 5.1: Performance of G, in Algorithm 1 under the well-specified kernel setting
and fixed Gy. Top figures - left to right: (1) W;(Gy, Go) under Gaussian case. (2)
W1 (G, Go) under Cauchy case. Bottom figures - left to right: (1) Wy(Gn, Go) under
Skew normal case. (2) Percentage of time m,, = 3 obtained from 100 runs.

Case 2: (g is varied with the sample size. Under this case, we consider two choices
of fyo: Gaussian and Cauchy distribution with only location parameter.

e Case 2.1 - Gaussian family:

foleli) = e (—%)

1 1 1
G — _5—77, _6 n _57
0 411/—1*41+1/+22

where n is the sample size.
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e (Case 2.2 - Cauchy family:

1

folzln) = T+ (z —7n)?)

1 1 1
Gy = 15171/\/5 + 151+1/ﬁ + 551+2/\/ﬁ-

~ 1 1
With these settings, we can verify that Gy = 5(51 + 5(52 for the Gaussian case and
Gy = 0y for the Cauchy case. Additionally, Wy (Gy, Go) = 1/n for the Gaussian case

and W1 (Go, Go) =< 1/y/n for the Cauchy case. According to the result of Corollary

5.5.1, the convergence rate of Wl(@n, Go) is n=/% for the Gaussian case and is n /10

for the Cauchy case, which are also minimax according to the values of Wi (G, CNJO).
The procedure for choosing K, o, n, and m,, is similar to that of Case 1. See Figure
5.2 where the Wasserstein distances Wl(@n, Gy) and the percentage of time m,, = 3

are plotted against increasing sample size n along with the error bars. The simulation

results for both Gaussian and Cauchy family agree with the convergence rates n=/6

—-1/10

and n respectively.

—W1 ~—Wi

. -- 15,9516 ' - 5.g 110
3 3 -

GU 1000 2000 3000 4000 00 1000 2000 3000 4000 N
n=sample size n=sample size n=sample size

——Gaussian
—Cauchy

Figure 5.2: Performance of G, in Algorithm 1 under the well-specified kernel setting
and varied Gy. Left to right: (1) W;(G,, Go) under Gaussian case. (2) Wi(G,, Gy)
under Cauchy case. (3) Percentage of time m,, = 3 obtained from 100 runs.

Misspecified kernel setting Under that setting, we assess the performance of

Algorithm 1 under two cases of f, fo, and G.
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e Case 2.1 - Gaussian distribution: f is normal kernel,

folaln,m) = 3f@—2n7)+ (x4 2ln,7)

1 2
Gy = =6 —d(1 1.
0 3002) + 300.3)

e (Case 2.2 - Cauchy distribution: f is Cauchy kernel,

folaln,m) = 3f@—2n7)+ 5 + 2, 7)

1 2
Go = =002 + =0(3).

With these settings of f, fo, Go, we can verify that G, = éé(_gg) + %5(_1,3) + %5(2,2) +
55(3,3) for any o > 0. The procedure for choosing K, o,n, and m,, is similar to that
of Case 1 in the well-specified kernel setting. Figure 5.3 illustrates the Wasserstein
distances Wl(@n, G.) and the percentage of time m, = 4 along with the increasing
sample size n and the error bars. The simulation results under that simple misspecified

seting of both families suit with the standard n—'/? rate from Theorem 5.3.2.

—Wi1

112]

- 33

-+-Gaussian
--Cauchy

00 1000 2000 3000 4000 00 1000 2000 3000 4000 Wm0 a0 w0 o
n=sample size n=sample size n=sample size

Figure 5.3: Performance of G, in Algorithm 1 under misspecified kernel setting. L
to R: (1) Wi(Gp, Gs) under Gaussian case. (2) Wi(G,,, G) under Cauchy case. (3)

Percentage of time m,, = 4 obtained from 100 runs.

5.6.2 Real data

We begin investigating the performance of Algorithm 1 on the well-known data

set of the Sodium-lithium countertransport (SLC) data [Dudley et al., 1991, Roeder,
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1994, Ishwaran et al., 2001]. This simple dataset includes red blood cell sodium-
lithium countertransport (SLC) activity data collected from 190 individuals. As being
argued by Roeder [1994], the SLC activity data were believed to be derived from
either mixture of two normal distributions or mixture of three normal distributions.
Therefore, we will fit this data by using mixture of normal distributions with unknown
mean and variance. We choose the bandwidth ¢ = 0.05 and the tuning parameter
C,, = v/3Togn/+/2 where n is the sample size. This follows BIC, which is the criterion
appropriate for modelling parameters estimation. The simulation result yields m,, = 2
while the values of én are reported in Table 5.1.

The SLC activity data was also considered in Woo and Sriram [2006] when the
authors achieved m,, = 2. In particular, they allowed the bandwidth ¢ to go to 0 and
chose the tuning parameter C,, = 3/n, which is inspired by AIC criterion. They also
obtained similar result of estimating the true number of components when utilizing
the minimum Kulback-Leibler divergence estimator (MKE) from [James et al., 2001].
The values of parameter estimates from these two algorithms were presented in Table
7 in Woo and Sriram [2006] where we will use them for the comparison purpose with
the results from Algorithm 1. Moreover, we also run the EM algorithm to determine
the parameter estimates when we assume the data are from mixture of two normal
distributions. All the values of parameter estimates from these three algorithms
are included in Table 5.1. Finally, Figure 5.4 represents the fits from parameter
estimates of all the mentioned algorithms to SLC data. Even though the weights
from Algorithm 1 are not very close to those from WS algorithm and EM algorithm,
the fit from Algorithm 1 is comparable to those from these algorithms, i.e., their fits
look fairly similar. As a consequence, the results from Algorithm 1 with SLC data

are in agreement with those from several state-of-the-art algorithms in the literature.

245



D1 b2 Ui 72 T1 T2
Algorithm 1 0.264 0.736 0.368 0.231 0.118 0.065
WS algo- | 0.305 0.695 0.352 0.222 0.106 0.060

rithm
MKE algo- | 0.246 0.754 0.378 0.225 0.102 0.060
rithm
EM algo- | 0.328 0.672 0.363 0.227 0.115 0.058
rithm

Table 5.1: Summary of parameter estimates in SLC activity data from mixture of
two normal distributions with Algorithm 1, WS algorithm, MKE algorithm, and EM
algorithm. Here, p;, n;, 7; represents the weights, means, and variance respectively.

6r
) —Algo 1
ol 5/ P ---WS
““““ MKE
200 4 :’ - EM
Z f
23 3
[} 9
o 9
10F 2+
of 1t
; 0 ‘ ‘ :
o 02 05 06 07 0 0.2 04 0.6 0.8

0.3 0.4
slc activity slc activity

Figure 5.4: From left to right: (1) Histogram of SLC activity data. (2) Density plot
from mixture of two normals based on Algorithm 1, WS algorithm, MKE algorithm,
and MLE.

5.7 Summaries and discussions

We propose flexible robust estimators of mixing measures in finite mixture models
based on minimum Hellinger distance idea. Our estimators are shown to exhibit the
consistency of the number of components under both the well-and mis-specified kernel
setting. Additionally, the best possible convergence rates of parameter estimates are
achieved under various settings of both kernel f and fy. Another salient feature of
our work is the flexible choice of bandwidth, which circumvents the subtle choice of
bandwidth from many proposed estimators in the literature. However, there are still
open questions relating to the performance or the extension of our robust estimators

in the chapter. We give several examples:
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5.8

As being mentioned in the previous sections, the estimators in Algorithm 1
and WS algorithm achieve the consistency of the number of components when
the bandwidth goes to 0 sufficiently slow. Can we determine the setting of
bandwidth such that the convergence rates of parameter estimates from these

algorithms are optimal, at least under the well-specified kernel setting?

Our analysis is based on the assumption that the components of GGg belong
to compact set ©. When G is finitely supported, this is always the case,
but the set is unknown in advance and, in practice, we often do not know
the range of the true parameters. Therefore, it would be interesting to see
whether estimators in Algorithm 1 and 2 still achieve both the consistency of the
number of components and optimal convergence rates of parameter estimates

when © = R%,

Bayesian robust inference of mixing measures in finite mixture models has been
of interest recently, see for example [Miller and Dunson, 2015]. Whether the idea
of minimum Hellinger distance can be adapted to that setting is an interesting

direction to consider in the future.

Proofs of key results

We provide now the proofs of Theorem 5.3.1 and Theorem 5.3.2 in Section 5.3.

The remaining proofs are given in the Appendices.

PROOF OF THEOREM 5.3.1 We divide the main argument into three key

steps:
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Step 1: m, — ko almost surely. The proof of this step follows the argument from

[Leroux, 1992]. In fact, for any positive integer m we denote

Gom = argmin h(pegr * Ko, poso * Ko).
GeOm, 0

Now, as n — oo we have almost surely that

h(pgn * Ko, Py Kq) — h(p x Ky, Pyx Ky) = dpy,

a£0m+
where d,, = h(poro * Ko, poso ¥ Ko) —h(poso % Ko, poso* Ky) and the limit is due to
0,m 0 0,m+1 0
the fact that h(P,*K,, pg,*K,) — 0 almost surely for all o > 0. Now, to demonstrate
that m,, — kg almost surely, it is sufficient to prove that d,, = 0 as m > kg and d,,, > 0
as m < kg. In fact, as m > ko, we have Gi:%f h(paso * Ko, poio * K,) = 0. Therefore,
€0m 0

dy, =0 asm > k.

When m < ko, we assume that d,,, = 0, i.e., h(pon * Ko, poso ¥ Ko) = h(por %

0,m 0

0,m+1

Ko, pgso x Ko). It implies that
0
h<pG£?m * Kavago * Ko) < h(prO * Kavp(;(lio * Ko) VGe Om+1'

For any € > 0, we choose G = (1 —€)Gy , + €59 where 6 € © is some component. The

inequality in the above display implies that

/(pggo * Ky (2))'? < {(1 — Wgp * Ko(w) +ef + Ko(a:|9)] "

(pGgOm * Kg(x))l/z) dx < 0.
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As € — 0, the above inequality divided by € becomes

/ (Pto * Ko@) P (pps * Kolx))?dz >
0 o,m

/(pGgo * Kg(az))l/zfo * Ka(f”‘e)(pcgom % Ka<x))—l/2d$'

Now, by choosing 6 = 9 for all 1 < i < kg, as we sum up the right hand side of the

above inequality, we obtain

v

[ g Kol) g, « Fola))

o,m 0,m

/(pGgo « Ko (1)) (pore * Ko(x)) ™ Pda
1

v

Therefore, we have h(p Gl * K, p Gl ¥ K,) = 0. Due to the identifiability assumption
of fy * K,, the previous equation implies that Gy ,, = Gy, which is a contradiction
as m < kg. Thus, we have d,, > 0 for any m < ky. We achieve the conclusion that
m, — ko almost surely.

\I/(G(], O')

Step 2: h(P, *x K,,pg, * K,) = Op(
n

). Indeed, by means of Taylor

expansion up to the first order, we have

Py x Ko (1) — ppso * Ko
hQ(Pn*KU,prO x K,) = <1— 1+ 0
0

(@)\?
K dzx.
pG(f)o " KU(ZE) ) pG(J;O * U(ZL') X

—

12

1 =

Z.

/ (P, x K, () — Pglo * K,(z))?
Pgo * K,(x)

Notice that,

E(/ (Po# Ko(x) = pso * Ka(x))de) _ / Var(Py 5 Ky (2)) |

Pglo * Ky () Pglo * Ko ()
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From assumption (P.2), we obtain /

Var (P, * KG(I))dx _ O(M)- It follows

Pelo * K,(x) n
that

E(/ (Po s Ko (%) = Pipo *Ka(rc))zdm) _ O(w)'

pG(J;O * Ko.(,flf) n

\IJ(G(), 0')
n
any € > 0, we can find M, > 0 and the index N;(e) > 1 such that

P(h(Pn # Ko piso + Kg) > MMW) <€/2 (5.10)

for all n > Ny (e).

Therefore, we achieve h(P, * Ko, p,s * Ky) = Op< > It implies that for
0

Step 3: Now, denote the event A = {m,, — ko as n — oo}. Under this event, for
each w € A, we can find N(w) such that as n > N(w), we have m,, = ko. It suggests
that @n € Oy, as n > N(w). Define A,, = {we A: Vn>m we have m,, = ko}.
From this definition, we obtain A; C Ay... C A,, C ... and Ej A,, = A. Therefore,
7711_1}1;@ P(A,,) = P(A) = 1. Therefore, for any ¢ > 0 we canmgrlld the corresponding
index Nj(e) such that P(An,@)) > 1 —€/2.

Now, for any w € Ap, (), we have m,, = kg as n > N(e). From assumptions (P.1)

and the definition of C} (o), we obtain

Cl(U)Wl(@n,G(]) < h(p@n * KU7PG£O * K, )
< hpgso * Ko, Po* Ko) + h(P, * Kmpcgo x K, )

< 2h(Py* Koy pono * Koy ). (5.11)
0
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Using the inequalities from (5.10) and (5.11), we have

o \I/(Go,O') . o \I/(Go,O')
P(Wl(GmGO) > 2M. W) = P<<W1(GmG0> > 2M. C2(o)n Lag,
~ \I/(Go,O')
+P(<W1(Gm Go) > 2M. W) L‘Nz(e))
~ \I/(G[),O')
<e€/2+ P((W1(Gn, Go) > 2M. W) ﬂANQ@) <€

for all n > max {N;(€), Na(e)}. We achieve the conclusion of the theorem.
PROOF OF THEOREM 5.3.2 We also divide our argument into two key steps

Step 1 m, — k., almost surely. Indeed, by carrying out the same argument as that
of Step 1 in the proof of Theorem 5.3.1 (here, we replace fy by f and G, by Gim,

as m < k), we eventually obtain the following inequality

/(pgé‘o * Kg($))1/2(paf7m * Kg(x))lmdx >

/(pcgo « K (x)Y2f « Kg(x|9)(pG{’m « K, (z)) Y ?dx.

for any 0 € ©. By choosing 6 € supp(G.), the set of all support points of G, and

sum over all of these components, we achieve

/@Géo * Ko (2)) P (pgy,, * Kq(2))!?de >

[ g+ K@) Py + Kol)pey, 5 K)o
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From the above inequality, we have

2(/ VPapp * Bolw)froy, + Ko (@) - / VPajo * Ko@)y /por Kg(x)dx> <0,

where the second inequality is due to the fact that G, minimizes h(pgs * Ko, pso * Ko)
0

among all G € G. The above inequality implies that s * Ko() = por * Ky () for
almost surely x € X. Due to the identifiability of f x K,, we obtain G" = G, which
is a contradiction to the fact that m < k,. Therefore, we achieve m,, — k, almost

surely.

Step 2 Now, since m,, — k, almost surely, using the same argument as Step 3 in
the proof of Theorem 5.3.1, we can find N(e) such that m, = k. for any n > N(e)
and such that P(Ane)) > 1 —€/2 for any € > 0. Additionally, since G, = @nmn

minimizes h(pgr * Ky, P, * K,) among all G € Op, , it implies that

/, [pgs * Ko(2)\/ P % Kq(x)da > / \/Par * Ko@)/ Py Ko(z)da.

when n > N(e). From this inequality, we obtain

/(\/pr*K \/pr*K )(\/P * Ky ( 1/prO>|<K )
/,/prO*K 1/QDGf*K d:p—/dprO*K ,/pr*K B(5.12)
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By means of the inequality in Lemma 5.3.2, we have

B > /,/péﬁ*Kg(:r;) dw—/,/pGgo * Ko () /par * Ko(v)dz

2
— 2<h*(p§£ * Ko pos * Ko)> — B.

pGgo * KU($)
Pes * Ko ()

2
It implies that B Z(h*(péf * Ko, s * K(,)) . Plugging this inequality to (5.12)

leads to

C= [ (Ve = Koo = foar * Koli) ) (Vs Ralo) = figy Ko a) s =

2

(h*(P@{ * Ko, P KU))(5.13)

For the left hand side (LHS) of (5.13), we have the following inequality

< tray + Ko = (g 1)

/((p&{ x Ko ()" + (pgy * Ka(x))m) "

‘\/Pn * K, (x) — | [Pt * K,(x)

' H@ag « K 4 (py = K)

[e.9]

dx

X
2

V2h(P, % Ky, pase * Kop.14)
0

sH(p@; x« Ko) '/t = (pgy + Ko)'/*

where the last inequality is due to Holder’s inequality. Now, our next argument will

be divided into two small key steps
Step 2.1 With assumption (M.3), we will show that

D ::H@Gf W ) (pgy # K)| < M)W (G, G) (5.15)

e}

for any G € O, where M3(0) is some positive constant.
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k ks
In fact, denote G = ) pidp, where k < k, and G. = ) pjdp-. Using the same
i=1 1=1
proof argument as that of (5.31) in the proof of Proposition 5.4.1, there exists a

positive number €y depending only G, such that as long as W1(G,G.) < €, G will
have exactly k, components, i.e., k = k,. Additionally, up to the relabelling of the
components of G, we also obtain |p; — pf| < oW1 (G, G,) where ¢, is some positive
constant depending only on G,. Therefore, by choosing G such that Wi (G, G,) <

*

. . D; .
Cy = min min — e achieve < min 2. Hence, p; > mln 2
0 {60’ 1Zisk, 20 ve |pi = pjl 1Zick i 7 bi= 24P 2

for all 1 <i < k,. Under this setting of G, for any coupling q of p = (p1, ..., pr) and

p* = (p1,...,pi. ), by means of triangle inequality we obtain

D =

pas ¥ Ko = pey * Ko
H {(pr * Ko )4+ (pgr * Ka)1/4} {(paf * Ko )2 + (pgr Kg)l/Q} H
< Z% f* K, (x]6;) — f = KU(J;\Gj) H
irj {(pr * K, )14+ (pG{ * Kg)1/4} {(pr « K,)1/2 4 (pG£ « Kg)l/Q}

where the ranges of 7, 7 in the above sum satisfy 1 <i,j < k,. It is clear that for any

a e {1/2,1/4)

(s * Kol@))* + (pes * Kol))® > min {p2, (01} {(/f )+ (f Ko (e]0))")
> min (-) (F % Ko (al0) + (f # Ko (2]0))°)

Therefore, we eventually achieve that

D<qu

« Ky (2]6,))* — (f # K, (2]0)*

(e 9]

Now, due to assumption (M.3) and mean value theorem, we achieve for any = € X

that
|f o Ko (2]0,)* — (f * Ko (x]0)Y*] < Ma(0)]]6; — 67]].
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Thus, for any coupling q of p and p*
DS g0 — 63

1,J

As a consequence, we eventually have

DS inf ) gylle; - 65|l = Wi(G,G.)
2

q€Q(p,p*)

for any G € Oy, such that Wi(G,G,) < Cy. Now, for any G € Oy, such that
Wi (G,Gy) > Cy, as D is bounded, it is clear that D < Wi (G, G,). In sum, we

achieve inequality (5.15).

Step 2.2 Due to assumption (M.2), we also can quickly verify that

H(péi * Ko)1/4 + (pG£ * Ka)1/4

< 2/ k.M (o). (5.16)
2
Combining (5.14), (5.15), (5.16), we ultimately achieve that
2 ~
(h*(péfl * Kaapgi * Ka)) < M(U)Wl(Gm G*)h(Pn * KmpGgo * Ka)

where M (o) is some positive constant. Due to assumption (M.1), from the result of

Lemma 5.3.4 and definition of C, (o), we have
W (pas * Kopgr # Ko) 2 Can(0) Wi (G, Ga).

U (G

Combining the above results with the bound h(P,* K, Do xK,) =0, ( M)
0 n

from Step 2 in the proof of Theorem 5.3.1, we quickly obtain the conclusion of the

theorem.
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5.9 Appendix A

In this Appendix, we provide the proofs of several key results in Section 5.3 and

Section 5.4.

PROOF OF LEMMA 5.3.1 The proof of this lemma is a straightforward applica-
tion of the Fourier transform. In fact, for any finite k different elements 64, ...,60;, € ©,

assume that we have a; € R, 3; € R4 (for all i = 1,..., k) such that for almost all x

afo*K

mewK(xWH@T (2]6:) =

By means of Fourier transformation on both sides of the above equation, we obtain

for all t € R? that

k
0D et + o L) =0

Since I/(;(t) =K (ot) # 0 for almost all t € R? and f is identifiable in the first order,
we obtain that a; = 0,3, = 0 € R for all 1 < i < k. We achieve the conclusion of

this lemma.

PROOF OF LEMMA 5.3.4 We denote the following modification of the total

variation distance

1/4
pG(J;O *Ka(ﬂf)) /dw

. 1 K
TV (pG{ * Ka,pgg * Ky) = B / ‘PG{ * Ko(1) — Pt * "<x)‘ <p 7 Ky ()
e o
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for any two mixing measures G, Gy € G. By Holder’s inequality, we have

. 1
TV (pr * Kaan£ * KO’) < E

(/ (‘/m+ \/mrdﬂﬁ) " < V20 (par * Ko, pes * Ky).(5.17)

Therefore, in order to obtain the conclusion of the lemma it suffices to demonstrate

that

Giergk* TV*(pas * Kq,par % Ko) /Wi (G, G,) > 0. (5.18)

Firstly, we will show that

lim inf
e—0 GEOk*

{TV*(pr * Kmpgf * Ko)

: x) < .
WI(G,G*) Wl(G,G ) _6} >0

Assume that the above inequality does not hold. There exists a sequence G,, € O,
such that Wi (Gn, G.) — 0 and TV*(pgs * Ko, pgs % Ko) [Wi(Gy, Gi) — 0. By means

of Fatou’s lemma, we obtain

prO * Ko’ 1/4
K, — K| =
0 limn; fTV*(prz *Ko.,pG{ * Ka‘) S 1 - ‘prl * Ny pG£ * Ny (sz: " Ko.) ]
e Wi (Gy, G.) - _/ s Wi (Gy, G,) L
Therefore, for almost surely x € X, we have
prO * KO’ 1/4
x* K, — * K, || ——onr
) prfL prj <pG£>I<KJ> _0 - 19
e Wi (G, G,) -9 (5.19)

Since W1(G,,G,) — 0 and G,, € Oy,, we can find a subsequence of k, such that
k., = k.. Without loss of generality, we replace that subsequence of k, by its whole

sequence. Then, G, will have exactly k, components for all n > 1. From here, by
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using the same argument as that in the proof of Theorem 3.1 in Ho and Nguyen
[2016¢], equality (5.19) cannot happen - a contradiction.

Therefore, we can find a positive constant number €y such that TV*(pgs x K, Pai *
K,) 2 Wi(G,G,) for any W1(G,G,) < €. Now, to obtain the conclusion of (5.18),

we only need to verify that

inf TV* K,, K,)/Wi(G, G, 0.
GEOL, W (G.Ca)>en (Pesr * Koy pgs * K5) /Wi( ) >

In fact, if the above statement does not hold, we can find a sequence G, € Oy, such
that Wi(Gn, G.) > €0 and TV (pgs x Ko, pes * Kq)/Wi(GY, Gi) — 0. Since © is
a closed bounded set, we can find G’ € Oy, such that a subsequence of G/, satisfies
Wi(G!,G") — 0 and Wy (G, G,) > €. Without loss of generality, we replace that
subsequence of G/, by its whole sequence. Therefore, T'V* (pG'Tf * Ko, por * K,) — 0 as
n — oo. Since W1(G!,,G') — 0, due to the first order Liptschitz continuity of f x K,
we obtain ps * K,(z) — Pai * K,(x) for any x € X when n — oo. Now, by means

of Fatou’s lemma

1/4
<pG£0 * KO') / I

0= lim TV*(pors * Ko, pr ¥ K5) > /liminf ‘pG/f * Ky —por + Ko
n * n * pGi * KO’

n—oo n—o0

= TV*(pgff * Kmpgf * KG)?

which only happens when pgir * Ky(2) = por * Ko(z) for almost surely z. Due to
the identifiability of f * K, the former equality implies that G’ = G,, which is a

contradiction to W1 (G’, G,) > €. We achieve the conclusion of the lemma.

PROOF OF PROPOSITION 5.3.1 In this proof, to avoid the ambiguity we

denote an,m,an = @n,m and Go o, = argminh(pgs, * Ko, pgso * K,) for any o > 0.
GeO,, 0
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Now, as n — oo, we will prove for almost surely that

h(pgrn % Koy, Pux Ko,) = h(pan « Ky Py« Ky, ) —d (5.20)

n,m,on n,m+1,0n

where d), = h(p.so ,Pt0) — M(Dafo Do) Where Gy, = argmin h(pgre, P 0 ). To
Goom TGy Goom+1’ " Gy Geo,, Gy

achieve this result, we start with the following lemma

Lemma 5.9.1. For any sequence G, and o, — 0, we have as n — oo that

Mpgto * Ko, Pgio) = 0.

The proof of this lemma is deferred to the Appendix. Now, applying the result of

Lemma 5.9.1 to the sequences G, and o,, we have

lim h(p,s

n—oo 0,m,on

* Kgn,pGgo x K, ) = lim h(pGgom gn,pG(,)cO) > h(pGgom,pGgo). (5.21)

n—oo

On the other hand, from the definition of Go .o, , We have h(ps

0,m,on

X Kgn,pG({O *

K,,) < h(pro * Ko,y Doto * K,,). Therefore,
0,m 0

TLh—EEO h(pGg?m,an ¥ Kan’pG(f)O ¥ KO'n) S TLh—{{.lo h(pGg?m ¥ Kdnapcgo * KO'n)
= h’<pG£0m7pG£0)' (522)
Combining the results from (5.21) and (5.22), we have
7}1—{20 h(pcé?m,f,n * Kgn,pGécO x K,, ) = h(p(;g?m’p(;gﬂ)' (5.23)

Now, we will demonstrate that

im hipgso  * Ko, , Pox Ky,) = lim h(ps

n—00 n—00 0,m,on

* Kgn,pGgo x K,)). (5.24)
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In fact, from the definition of én’m’% we quickly obtain that

im hipgro  * Ko, Pox Ky,) < lim h(p,r  * K,,, Py x Ko,)

n—oo n,m,on n—0o0 0,m,on
= lim h(p,p  * Ko, pon * Ko,) (5.25)
n—o0 0,m,on 0

where the last equality is due to the fact that h(P, x K, ,p o 7o) — 0 almost surely as
0

n — 00, 0, — 0 and nag — 00. On the other hand, from the formulation of Gy, 4,

we have
M hpeg, | * KowPopo ¥ Kon) < Iim Mg+ Kowspgp * Ko)
- nh_}rr@l() h<p@ﬁ?m,gn x K, , Pyx K,,) (5.26)

Combining (5.25) and (5.26), we obtain equality (5.24). Now, the combination of
(5.23) and (5.24) leads to

hm h(péfo

n—o0 n,m,on

* KUmPn * KO"n,) = h<pG6’0 ’pG[’;O)'

Therefore, we obtain the conclusion of (5.20). From here, by using the same argument
as Step 1 of Theorem 5.3.1, we ultimately get d/, = 0 as m > kg and d,, > 0 as
m < ko. As a consequence, m, — ko almost surely as n — oo. The conclusion of the

proposition follows.

PROOF OF LEMMA 5.3.2 The proof proceeds by using the idea from Leroux’s
argument [Leroux, 1992]. In fact, from the definition of G, we have h(p.s * K, Pefo *
* 0
K,) < hMpgs * Koy pgso * Ko) for any G € G. Now, for any # € O, by choosing
0

G = (1 — €)G, + €y and letting € — 0 as Step 1 in the proof of Theorem 5.3.1, we
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eventually obtain

/(pcgo *Ka(x))lm(pd % Ko(x))1/2d:p

> /(P(;go * Kg(x))lﬂf * Kg(xye)(pai« * Kg(x))—l/de'

By choosing 6 € supp(G,) and summing over all of these components, we readily

obtain inequality (5.1), which concludes the result of the lemma.

PROOF OF LEMMA 5.3.3 By means of Holder inequality, we obtain

prO * KO’('T)

2
(/ \/pG{'y* * Kg(x)\/pGgo * Ka(as)da:) < /pG{,* * K, () mda; %
X / \/pGg* * Kd(x) \/pG(f)O * Ko'<x)dx

From the definition of G , and G5 ., we achieve

/\/pG{* * Kg(x)\/pGgo * Ky(z)dx = / \/pgg’* * Kg(:c)\/pGgo * K, (x)dx

Therefore, the above inequality along with innequality (5.1) in Lemma 5.3.2 lead to

{L‘

Palo *
/pG{**KU(x) oy, K@) dm—/\/pr * Ko ( \/prO*K

It eventually implies that

prO * Ka’(x)

2
/<\/pr *K \/pr *K ) mcll'zo
2,%

Therefore, py *K,(x) = por *K(z) almost surely » € X'. We obtain the conclusion
1, 2,%

of the lemma.
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PROOF OF THEOREM 5.3.3 The proof of the theorem is rather similar to
that in Theorem 5.3.2. Therefore, we only give a sketch of this proof. In fact, to

demonstrate that m,, — ko, we only need to show that d,, > 0 when m < ky where

dm = h(pég?m7pGo * Ka) - h(pgé‘?mvaGo * Ka) (527)

and EO,m = arg Gmén h(pg,prO x K,). If d,, = 0 for some m < ko, following the
€Om 0

technique in Step 1 in the proof of Theorem 5.3.2 we eventually achieve

2
/ (\/pcé?m - \/pG£0)
0
2 [ o+ (g, + e g R Yo <0

which is a contradiction. Therefore, m,, — ko almost surely.

To establish the convergence rate of G, to Gy, by using inequality (5.2) we ulti-

mately get the following inequality

— 2
/ (1 /pgflo - \/pGé‘o) <\/Pn * K, — \/pGgU * Ka) dx > <h(p§£o;p§go)>

Couple with condition (S.1), (S.2), and inequality (5.3), by using the same technique

as that from Step 2 in the proof of Theorem 5.3.2, we have
{C(0)} W2 (G, Go) < M(0)Wi(Gr, Go)h( Py # Koy, Do + Ko),

which immediately yields the conclusion of the theorem.

PROOF OF THEOREM 5.4.1 Here, we provide the proof for part (b) only as

it is the generalization of part (a). The proof is similar to that in Step 1 of Theorem
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5.3.2. In fact, as n — oo we have for almost surely that
hpg,.,, * Ko, Pox Ko) = h(pgs  * Kmpggo * K,) (5.28)

where G, ,, = argmin h(pgs * Ko, poso * K,). From the argument of Step 1 in the
Geo,, 0

proof of Theorem 5.3.2, we have

h(pr

*,m—+1

* Ko,pGgo x K,) < h(pGic’m * KU,pGgO x K,) (5.29)

for any 1 < m < k, — 1. It implies that G, ,, € &, for all 1 < m < k.. Now, if we
would like to have m,, — k, as n — oo, the sufficient and necessary condition is

h<pGI * K(HpGgO * Ko’) S €< h(pr

s, kg —1

* KaapGg;O * Ko’)7

which is precisely the conclusion of the theorem.

PROOF OF PROPOSITION 5.4.1 Using the argument from Step 1 in the
proof of Theorem 5.3.1, we obtain that G ,—1 has exactly kg — 1 elements. Now,
since fy * K, is uniformly Lipschitz up to the first order and identifiable, we obtain

Geig]liil h(pgro * Kmpcgo * Ky) /Wi(G,Go) = C"

where C” is some positive constant depending only on fy, Go, ©, and o. Therefore,
we get

h<pr0

0,kg—1

* Kg,pro * Ka’) > Clwl(Go, GO,kO—l) > C" inf Wl(G, Go) (530)

G€5k0,1
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ko—1
Now, for any G = Y p;ds, € Ek,—1, we can find the index j* € [1, ko] such that
i=1

1|6; —90 | > min H@Z-—Q?H

1<j#5*<ko

for any 1 <7 < kg — 1. Therefore, we obtain

2|0; — 0;)

16: = 6511 = _min_ |6 — 6]

1<j#5*<ko 1<uzv<ko

for any 1 < i < kg — 1. From the definition of W (G, Gy), we can find the optimal

coupling g € Q(p, p°) such that Wi (G, Go) = 3 ¢;5]16; — 03]]. Hence, we get

v

Wl (G7 GO)

g0
N Ui

ko
> aellei—6
=1
> (i ||e?—99||)/2

1<i<ko 1<i#j<ko

for all G € &,—1. It implies that

inf Wi(G,Gy) > ( min p) X min ||0,?—9?||)/2. (5.31)

GEERy—1 1<i<kg 1<i#j<ko

. . . . 0 . 0 _ Q > !
By combining (5.30) and (5.31), if we choose [nin pp | _min 167 — 63| > 2¢/C",

then € < h(p,5

0,kg—1

* K‘”pGSO x K,). As a consequence, by defining C' = 1/C" we

obtain the conclusion of the lemma.

PROOF OF PROPOSITION 5.4.2 The proof proceeds by treating two sides of

(5.5) separately.
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Inequality h(p,s * Ko, poso * K,) <e: From the definition of G,, we obtain
* 0

IN

hQ(pr * Kaapggo * Ka) S hQ(pG(/; * Kavpggo * Ko) V(pGg * KaapG(J;O * KO’)

< |If = foll/2

It implies that as long as we choose f, fo such that ||f — fo|| < 2¢%, we achieve

h(pgf * KG’?Z)GgO * Ka) S €.

Inequality € < h(p,s * Ky, pono * Kp): We start with the following lemma
s,k —1 0

Lemma 5.9.2. Under the hypothesis of Proposition 5.4.2, we obtain

h(par * Ko, poso x Ko) 2 CIIWLI(G, Go)

for any G € &, 1 where Cy is some positive constant depending only on f, fo, Go, O,

Q, and o.

The proof of Lemma 5.9.2 is deferred to the Appendix. Now, from the above

lemma, we have

A%

Cl lIlf Wl(G, Go)

GEgk*,l
> Cl inf Wl(G,Go)

G€5k071

h(pr

s ky—1

* KcmpGgO * KG’) Z CIWI<G07 G*,k*—l)

where the last inequality is due to k, < ky. By ultilizing the same argument as that

of the well-specified setting in the proof of Proposition 5.4.1, if we choose

i 0 i 0 _ g0 >
nin p; | min |10; — 01| = 2¢/C,

then € < h(pgs LK Ko, pgs0 * K,). Combining all of the above argument, we achieve
s kg —1 0

the conclusion of the proposition.
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PROOF OF PROPOSITION 5.5.3 The proof of this proposition is a straight-
forward combination of Fatou’s lemma and the argument from Theorem 4.6 in Hein-
rich and Kahn [2016+]. In fact, for any € > 0, as W, (G§, 5’0) — 0 we can find M () €

N such that Wy (GP,Gp) < € for any n > M(e). Additionally, as limsup k? = k, we

n—oo

can find T'(¢) € Nsuch that kff < k for alln > T'(¢). Denote N(e) = max {M (€),T(¢)}

for any € > 0. Now, assume that for any € > 0, we have

inf B h(pgfo * Ka,pGn»fo * KU)/Wfk_WCO—H (Gv Gg) =0.
GEOn W1 (G,Go)<e 0

as long as n > N(e). For each n > N(e), it implies that we have a sequence G, €

Oz C Oy, such that Wy (G7,, Go) < e for all m > 1 and
WPt * Ko Pggto * Ko ) [WEERTH (G G) = 0
as m — 0o. By means of Fatou’s lemma, we eventually have
limni)iorgf (pGZ{fO * K, (x) — Pgroto * Ko($)> /Wfk*QEOH(an, Gg) — 0

almost surely x € X. However, from the argument of Theorem 4.6 in Heinrich and
Kahn [2016+4], we can find ¢y > 0 such that for all G, G2 € Oy, where W1(G™, Go) V

Wi (G, Go) < €, not for almost surely z € X that
<pGn,f0 * Ko (2) — ponoso * Kg(x)> /Wfk_ﬂOH(an, Gy) — 0
m 0

for each n > N(¢), which is a contradiction. Therefore, we achieve the conclusion of

the proposition.
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5.10 Appendix B

This appendix contains remaining proofs of the main results in the chapter.

PROOF OF PROPOSITION 5.2.1 A careful investigation of the proof of The-

orem 3.1 in [Ho and Nguyen, 2016¢] implies that
h(pas.pgsr) 2 Wi(G, G), (5.32)

for any G € O, such that Wi(G,Gy) is sufficiently small. The latter restriction
means that the result in (5.32) is of a local nature. We also would like to extend this
lower bound of h(pgr, pGg) for any G € Oy,. It appears that the first order Lipschitz
continuity of f is sufficient to extend (5.32) for any G € O,. In fact, by the result
in (5.32), we can find a positive constant ¢, such that

inf h WG, Gy) > 0
GEOkO:I/II/?(G,GO)SEO (pr’pG(;)/ 1(G, Go)

Therefore, to extend (5.32) for any G € Oy,, it is sufficient to demonstrate that

inf h Wi(G, Go) > 0
GEOkOIWI/?(G,GO)>50 (pr’png)/ (G, Gy)

Assume by the contrary that the above result does not hold. It implies that we can find
a sequence G,, € Oy, such that W;(G,, Gy) > € and h(prL,pGg)/Wl(Gn, Go) — 0 as
n — oco. Since O is a compact set, we can find G’ € Oy, such that a subsequence
of G, satisfies W(G,,G") — 0 and W1(G',Gy) > ¢. Without loss of generality,
we replace that subsequence by its whole sequence. Therefore, h(pG{L, pGg) — 0 as

n — oo. Due to the first order Lipschitz continuity of f, we obtain prl(:c) — pars ()
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for any x € X when n — oco. Now, by means of Fatou’s lemma, we have

2
0= hm h(pr pr) /hmlnf <\/pr \/pGg(x)) dr = h(pG/f,pGg).

Since f is identifiable, the above result implies that G’ = G, which contradicts the
assumption that Wi(G’, Go) > €. As a consequence, we can extend inequality (5.32)

for any G € Oy, when f is uniformly Lipschitz up to the first order.

PROOF OF EXAMPLE 5.4.1 Assume by the contrary that f; and f, are not
distinguishable. We denote 6 = (), 7) where 7 represents the location parameter and
T represents the variance parameter Now, the assumption implies that we can find
G, = 20415(771 ) and Gy = Z@ 1) such that h(prl,pG%fQ) = 0. Therefore, we

have

t1 to
Z o fi(xn, ) = Zﬁifg(xmg,ﬁ) for almost surely = € R

=1

The above equation can be rewritten as

1 t2 —(v+1)/2
Za; exp( — (a;7% + bz, + cz)> - 25; (y + alxy + by + ¢ ) , (5.33)
i=1 i=1
i 1 i ; , C.05;
where o, = —— ,ai:—Q,bi:n—z,ci: 7722 as 1 < i<t and B = @,a;:
V27T 27 T; 27; J T
1 2 "2 T v+1
b, = — U = ;) for all 1 < j <ty with C, = ( )

D R Cr ER Y CFIE \/ﬁf( )

Choose a;, 1r<r11<r% {a;}. Denote J = {1 <i<t;:a;=a;}. Choose 1l <iy <t
1

such that b;, = max {b;}. Now, multiply both sides of (5.33) with exp(a;,z} + b;,z1 +
1€
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Ci,), we obtain

aj, + Z o} exp (aiﬂ? + biy @1 + Ciy — (a;2; + by + CJ)) =
itin

t —(v+1)/2
Z Bl exp(a,a® + bi,z1 + ci,) (V + ajxt + biwy + ci) .
i—1

As x — oo, the left hand side of the above equation goes to «;, while the right hand
side of the above equation either goes to 0 if 5 = 0 for all 1 <i <y or goes to +o0
if at least one of 3] differs from 0. As a consequence, we obtain aj, = 0 and 3] =

for all 1 <17 <ty. It leads to 5; = 0 for all 1 < ¢ < ty, which is a contradiction. As a

consequence, we achieve the conclusion of the example.

PROOF OF LEMMA 5.9.1 The proof idea of this lemma is similar to that of
Theorem 1 in Chapter 2 of [Devroye and Gyorfi, 1985]. However, it is slightly more
complex than that of this theorem as we allow G,, to vary when o, vary. Here, we
provide the proof of this lemma for the completeness. Since the Hellinger distance
is upper bound by the total variation distance, it is sufficient to demonstrate that
V(pgto * Ko, pgre) = 0 as n — oo. Firstly, assume that fo(x|¢) is continuous and
vanishes outside a compact set which is independent of § and . For any large number
M, we split K = K'+ K" where K’ = K1) <p and K" = K1) ~». Now, by using

Young’s inequality we obtain

/’pG£O x Ko, (2) — Do (z)|dx < / Peio * K, (x) — Do (z) /K;n(y)dy dr +

/|pG£0 *K:f/n(x)|d-’f+/pego(x)dx/K{,’n(x)dx
S\/’
A

Pefo * Koo (5) = pego (@) [ K5, (oo +2 [ K, ()d,
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for some compact set A. It is clear that for any € > 0, we can choose M (¢€) such that

as M > M(e), /Kgn(x)dx = /K”(m)dm < €. Regarding the first term in the right

hand side of the above display, by denoting G,, = Zn P dgr we obtain

i=1
A

et * Ko (0) = pego(@) [ B, o|do < [ [ Inggola =) = g @)K, ()l dyda

A

< S ol — yl67) — foleloD) K, ()| dyda
A/ / > sl :

< w(May) K, (y)ldydz < w(Ma,)u(A) — 0
/]

where w(t) = sup |fo(z]0) — fo(y|@)| denotes the modulus of continuity of f, and
1 denotes the ‘fgiﬁtgue measure. Therefore, the conclusion of this lemma holds for
that setting of fo(x|@).

Regarding the general setting of fo(x|6), for any e > 0 since O is a bounded set,

we can find a continous function g(x|6) being supported on a compact set B(e) that

is independent of § € © such that / | fo(z|0) — g(x|0)|dx < e. Hence, we obtain

dr +

/|PG£0 * Ko, () = pero (@)|dr < /‘(prP —pG%) * Ko, (2)
/’pcﬁo (x) = pag (z)]dz + / Ipcy * Ko, (1) — peg (x)|d

< 2t [ Iy + Ko, (2) = peg 0)]ds

where / Ipas * Ko, () — pgs (x)|dz — 0 as n — oco. We achieve the conclusion of the

lemma.

Lemma 5.10.1. Assume that fo and K satisfy condition (P.1) in Theorem 5.3.1.
Furthermore, K has an integrable radial majorant U € Ly (p) where U(x) = sup |K(y)|.

lyl1>lll
Then, we can find a positive constant € such that as o < €}, for any G € Oy, we
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have
h(paso * Koy pgio ¥ Ko) 2 TV (paso * Koy D * Ko) Z Wi(G, Go).

, i.e., Ci(o) > Cy as 0 — 0 where Cy only depends on G.

Proof. We divide the proof of this lemma into two key steps

Step 1: We firstly demontrate the following result

lim inf
e—0 GEOkO ,0>0

{TV(prO * KO’qu(J;O * KO’)

‘ < : 34
Wi(G, Go) Wi(G,Go) Vo < 6} >0.  (5.34)

The proof idea of the above inequality is essentially similar to that from the proof
of Theorem 3.1 in Ho and Nguyen [2016¢]. Here, we provide such proof for the
completeness. Assume that the conclusion of inequality (5.34) does not hold. There-
fore, we can find two sequences {G,} and {o,} such that TV (p,s * Kan,pGgo *
K,,)/W1i(G,,Go) — 0 where W (G,,,Gy) — 0 and 0, — 0 as n — co. As G,, € O,,
it implies that there exists a subsequence {G,, } of {G,} such that G,, has ex-
actly ko elements for all m. Without loss of generality, we replace this subsequence
by the whole sequence {G,}. Now, we can represent G, as G, = i():p?égln such
that (p?,0") — (p?,6?). Similar to the argument in Step 1 fromlfcile proof of
Theorem 3.1 in Ho and Nguyen [2016¢|, we have W;(G,,Go) < d(G,,Gy) where
d(Gp, Go) = %p?HAQZ"H + |Apl| and Aplr = pi —pY, AP = 67 — 69 for all 1 < i < k.
It implies th;?V(p

* Ko, Dito * Ko, ) [d(Gr, Go) — 0.

afo alo

Now, we denote g, (z|0) = /fo(x —y|0)K,, (y)dy for all € ©. Similar to Step
2 from the proof of Theorem 3.1 in Ho and Nguyen [2016¢|, by means of Taylor

expansion up to the first order we can represent

Poto * Ko () — pono * Ko, (7 ) 1 90
= o A 0 n 0
d(Gy, Go) d(G,,Gy) (Z pi'gn (167 + P}’ =7 20 (x |91)>
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which are the linear combinations of the elements of g,,(]6?), z|0?) for 1 < i < k.

89(

Denote m,, to be the maximum of the absolute values of these coefficients. We can
argue that m, 4 0 as n — oo. Additionally, since K satisfies condition (P.3),

from Theorem 3 in Chapter 2 of Devroye and Gyorfi [1985], for any 6 € O, we have

9Jo

gn(z]0) = fo(x]6) and agn( 10) — 50

——(x|0) for almost surely x. Therefore, we obtain

| (g K 0) = g+ B
My (G, Go)

9fo

= zazfo (416) + 67 22 (216?)

where not all the elements of «;, 8; equal to 0. Due to the first order identifiability

of fy and the Fatou’s lemma, TV(prO * Ko\ Doto * K,,)/d(Gr, Gy) — 0 will lead to
n 0

a; = 0,8 =0 ¢ R for all 1 < i < kg, which is a contradiction. We achieve the

conclusion of (5.34).

Step 2: The result of (5.34) implies that we can find a positive number €} such that

as W1(G,Go) Vo < €, we have
h(peso * KU,pGgo x K,) > TV (paso * Kg,pcgo x K,) 2 Wi(G, Gy). (5.35)
In order to extend the above inequality to any G € Oy,, it is sufficient to demonstrate

that

. h‘(prO * KUaprO * KU)
inf : > 0.
a<e?,W1(G,Go)>6? W1<G7 GO)

In fact, if the above result does not hold, we can find two sequences G/, € Oy, and o,
such that Wy (G, Go) > €, o/, < € and h(pG/fO * Ko Do * Ko ) /Wi(G, Go) = 0
as n — 0o0. Since O is closed bounded set, we can find two subsequences {G;m} and
{of, } of {G,} and {o),} respectively such that W(G,, ,G') — 0 and |0, —o'| =0

as m — oo where G’ € Oy, and o’ € [0, €].
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Due to the first order Lipschitz continuity of f * K,, for any m > 1, we achieve
Pgito * K1 () = perso * Ko (2) for any x € X. Here, pgiso * Kor = persy when o’ = 0.
Therefore, by utilizing the Fatou’s argument, we obtain h(pgs, * KU“pGgO x K,) =0,
which implies G’ = Gy, a contradiction. As a consequence, when o < €, for any

G € Oy, we have
h<pr0 * Kmpg({o * Kcr) > V(prO * Kmpggo * Ka) Z Wl(Ga GO)

We achieve the conclusion of the lemma. OJ

PROOF OF LEMMA 5.9.2 To obtain the conclusion of this lemma, it is equiv-
alent to demonstrate that

inf  h(pgrs * Kg,pG(J)cO x K, )/Wi(G,Gy) > 0.

GEgk*_l

Assume by the contrary that the above conclusion does not hold. It implies that we
can find sequence of measures GG,, € &, _1 such that h(pG{L*KO., Pgio «K,) /W1 (Gp, Go) —
0 as n — oo. Since O is closed bounded set, it implies that we can find a subsequence
of GG, that converge to G' € &, 1 in W; distance. Without loss of generality, we
replace this subsequence by the whole sequence of G, i.e W1(G,,G") — 0. Since
k. < ko, it implies that Wi(G’,Gy) # 0. Therefore, W1(G,,Go) # 0 as n — oc.
Hence, h(prJ‘ * Ka,pGérO x K,) — 0 as n — 0o. Now, from the triangle inequality, we

obtain
|h(pgfl * KmpGgo * Ka) - h(pG’f * Kaapcgo * KU)| < h(pcfl * Ko, pars * KU)'

As W1(G,,G") — 0, from the uniform Lipschitz continuity of f and Holder’s in-

equality, we obtain h(prL *« Ko porr x Ky) < h(prL,pG/f) — 0 as n — oo. Thus,
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h(par * Koy pono * Ko) = hM(pars * Ko, paso * Ko) = 0. Since f and fj are distinguish-
n 0 0
able, we achieve G' = G, which is a contradiction. As a consequence, we achieve the

conclusion of the lemma.

Lemma 5.10.2. Assume that K(t) # 0 for almost all t € R where K(t) is the
Fourier transform of kernel function K. Then if I(Gy, fo) has r-th singularity level

for some r > 0, then I(Go, fo * K,) also has r-th singularity level for any o > 0.

Proof. Remind that, (G, fo) has r-th singularity level is equivalent to Gq is 7-
singular relative to the ambient space Oy, and kernel function fj in [Ho and Nguyen,
2016b]. Now, for any p € N, given any sequence G,, = 'kznp?(%ln € O, and G,, = Gy
in W, metric. We can find a subsequence of G,, such thl.;t1 k,, = ko and each atoms of
G will have exactly one component of GG,, converges to. Without loss of generality, we
replace the subsequence of (G,, by its whole sequence and relabel the atoms of (z,, such
that (p7,00) — (p?,69) for all 1 < i < ky. Denote AG? = 0 — 02 and Ap? = pl' — p!
for all 1 <i < kg. From Definition 3.1 in Ho and Nguyen [2016b], a p-minimal form

of G,, from Taylor expansion up to the order p satisfies

prLO (.’ﬂ) _pGgO (.1') To

_ &G\ oo
WIGnGo) ;(WHGO,@))HI( (@) +ol1),

for all z. Here, H l(p )(:v)are linearly independent functions of = for all /, and coefficients
§l(p )(G) are polynomials of the components of Af;, and p; for [ ranges from 1 to a

finite T,,. From the above representation, we achieve

Ty

prO*KU (x) — pGgo*K" (:C) éﬁl(p)<G ) (
: =M (AT VHP K, 1 5.36
Wi (G, Go) IZZ;(W;(GO,Gn)) 7 Ko@) +oll), - (5.36)
where H”) K, /H z—y)K,(y)dy for all 1 <[ < T,. We will show that

H l(p ) * K, (x) are linearly independent functions of = for all 1 <1 < T,. In fact, assume
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that we can find the coefficients «; € R such that

Ty
> wHY « Ky (x) =0
=1

for all x. By means of Fourier transformation in both sides of the above equation, we

obtain
()
K(t)(ZCYIHZ 8 (t)) =0
=1

forallt € R% As K (t) £ 0 for allt € R? and H, l(p ) (x) for all [ are linearly independent
functions of x for all 1 < [ < T, the above equation implies that oy = 0 for all
1 <1 < T, Therefore, H, l(p ) K,(x) are linearly independent functions of z for all
1<1<T,and peN.

From the hypothesis, since (G, fy) has r-th singularity level, it implies that
for any sequence G, € O, such that W/ (G,,Gy) — 0, we do not have all the
ratios §;T+1)(Gn)/W[j11(Gg,Gn) in (5.36) go to 0 for 1 <1 < T,4;. It in turns also
means that not all the ratios flr)(G;l)/W:(Go, G!) in (5.36) go to 0. Additionally,
as I(Gy, fo) has r-th singularity level, we can find a sequence G/ € Oy, such that
Wr(G,Go) — 0 and £7(GL)/W!(Go,GL) in (5.36) go to 0 for 1 < | < T,. It
in turns also means that all the ratios {l(r)(G;l)/Wf(Go, G’) in (5.36) go to 0. As a
consequence, from Definition 3.3 in Ho and Nguyen [2016b], we achieve the conclusion

of the lemma. O
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CHAPTER VI

Multilevel clustering via Wasserstein means

We propose a novel approach to the problem of multilevel clustering, which aims
to simultaneously partition data in each group and discover grouping patterns among
groups in a potentially large hierarchically structured corpus of data. Our method
involves a joint optimization formulation over several spaces of discrete probability
measures, which are endowed with Wasserstein distance metrics. We propose a num-
ber of variants of this problem, which admit fast optimization algorithms, by exploit-
ing the connection to the problem of finding Wasserstein barycenters. Consistency
properties are established for the estimates of both local and global clusters. Finally,
experiment results with both synthetic and real data are presented to demonstrate

the flexibility and scalability of the proposed approach. !

6.1 Introduction

In numerous applications in engineering and sciences, data are often organized in
a multilevel structure. For instance, a typical structural view of text data in ma-
chine learning is to have words grouped into documents, documents are grouped into
corpora. A prominent strand of modeling and algorithmic works in the past couple

decades has been to discover latent multilevel structures from these hierarchically

!This chapter has been published in [Ho et al., 2017].
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structured data. For specific clustering tasks, one may be interested in simultane-
ously partitioning the data in each group (to obtain local clusters) and partitioning
a collection of data groups (to obtain global clusters). Another concrete example
is the problem of clustering images (i.e., global clusters) where each image contains
partions of multiple annotated regions (i.e., local clusters) [Oliva and Torralba, 2001].
While hierachical clustering techniques may be employed to find a tree-structed clus-
tering given a collection of data points, they are not applicable to discovering the
nested structure of multilevel data. Bayesian hierarchical models provide a powerful
approach, exemplified by influential works such as Blei et al. [2003], Pritchard et al.
[2000], Teh et al. [2006]. More specific to the simultaneous and multilevel clustering
problem, we mention the paper of Rodriguez et al. [2008]. In this interesting work,
a Bayesian nonparametric model, namely the nested Dirichlet process (NDP) model,
was introduced that enables the inference of clustering of a collection of probability
distributions from which different groups of data are drawn. With suitable extensions,
this modeling framework has been further developed for simultaneous multilevel clus-
tering, see for instance, [Wulsin et al., 2016, Nguyen et al., 2014, Huynh et al., 2016].

The focus of this chapter is on the multilevel clustering problem motivated in the
aforementioned modeling works, but we shall take a purely optimization approach.
We aim to formulate optimization problems that enable the discovery of multilevel
clustering structures hidden in grouped data. Our technical approach is inspired by
the role of optimal transport distances in hierarchical modeling and clustering prob-
lems. The optimal transport distances, also known as Wasserstein distances [Villani,
2003], have been shown to be the natural distance metric for the convergence theory
of latent mixing measures arising in both mixture models [Nguyen, 2013] and hier-
archical models [Nguyen, 2016]. They are also intimately connected to the problem
of clustering — this relationship goes back at least to the work of [Pollard, 1982],

where it is pointed out that the well-known K-means clustering algorithm can be
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directly linked to the quantization problem — the problem of determining an opti-
mal finite discrete probability measure that minimizes its second-order Wasserstein
distance from the empirical distribution of given data [Graf and Luschgy, 2000].

If one is to perform simultaneous K-means clustering for hierarchically grouped
data, both at the global level (among groups), and local level (within each group), then
this can be achieved by a joint optimization problem defined with suitable notions of
Wasserstein distances inserted into the objective function. In particular, multilevel
clustering requires the optimization in the space of probability measures defined in
different levels of abstraction, including the space of measures of measures on the
space of grouped data. Our goal, therefore, is to formulate this optimization precisely,
to develop algorithms for solving the optimization problem efficiently, and to make
sense of the obtained solutions in terms of statistical consistency.

The algorithms that we propose address directly a multilevel clustering problem
formulated from a purely optimization viewpoint, but they may also be taken as a
fast approximation to the inference of latent mixing measures that arise in the nested
Dirichlet process of [Rodriguez et al., 2008]. From a statistical viewpoint, we shall
establish a consistency theory for our multilevel clustering problem in the manner
achieved for K-means clustering [Pollard, 1982]. From a computational viewpoint,
quite interestingly, we will be able to explicate and exploit the connection betwen
our optimization and that of finding the Wasserstein barycenter [Agueh and Carlier,
2011], an interesting computational problem that have also attracted much recent
interests, e.g., [Cuturi and Doucet, 2014].

In summary, the main contributions offered in this work include (i) a new opti-
mization formulation to the multilevel clustering problem using Wasserstein distances
defined on different levels of the hierarchical data structure; (ii) fast algorithms by ex-
ploiting the connection of our formulation to the Wasserstein barycenter problem; (iii)

consistency theorems established for proposed estimates under very mild condition of
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data’s distributions; (iv) several flexibile alternatives by introducing constraints that
encourage the borrowing of strength among local and global clusters, and (v) finally,
demonstration of efficiency and flexibility of our approach in a number of simulated
and real data sets.

The chapter is organized as follows. Section 6.2 provides preliminary background
on Wasserstein distance, Wasserstein barycenter, and the connection between K-
means clustering and the quantization problem. Section 6.3 presents several opti-
mization formulations of the multilevel clusering problem, and the algorithms for
solving them. Section 6.4 establishes consistency results of the estimators introduced
in Section 6.4. Section 6.5 presents careful simulation studies with both synthetic
and real data. Finally, we conclude the chapter with a discussion in Section 6.6.

Additional technical details, including all proofs, are given in the Supplement.

6.2 Background

For any given subset © C RY, let P(0) denote the space of Borel probability
measures on ©. The Wasserstein space of order r € [1,00) of probability measures
on © is defined as P,(O) :{G € PO) : [|z"dG(x) < oo}, where ||.|| denotes
Euclidean metric in R?. Additionally, for any & > 1 the probability simplex is denoted
by Ay = {u eRF: u; >0, iluz = 1}. Finally, let Ox(©) (resp., E(O)) be the set

)

of probability measures with at most (resp., exactly) k support points in ©.

Wasserstein distances For any elements G and G’ in P,.(©) where r > 1, the

Wasserstein distance of order r between G and G’ is defined as (cf. [Villani, 2003)):

wc.e)=( e [ Hx—yurdﬁ(x,y))”r

rell(G,G")
@2
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where II(G, G’) is the set of all probability measures on © x © that have marginals
G and G'. In words, W!(G,G") is the optimal cost of moving mass from G to G’,
where the cost of moving unit mass is proportional to r-power of Euclidean distance
in ©. When G and G’ are two discrete measures with finite number of atoms, fast
computation of W,.(G,G’) can be achieved (see, e.g., Cuturi [2013]). The details of
this are deferred to the Supplement.

By a recursion of concepts, we can speak of measures of measures, and define
a suitable distance metric on this abstract space: the space of Borel measures on
P.(©), to be denoted by P,.(P.(0)). This is also a Polish space (that is, complete
and separable metric space) as P,.(0) is a Polish space. It will be endowed with a
Wasserstein metric of order r that is induced by a metric W, on P,(0©) as follows (cf.

Section 3 of Nguyen [2016]): for any D, D’ € P,.(P.(0))

W,(D, D) :=<inf / WG, G )dn (G, G’)) v
P ()2
where the infimum in the above ranges over all 7 € II(D, D’) such that II(D,D’) is
the set of all probability measures on P,(©) x P,(0) that has marginals D and D'
In words, W,.(D,D’) corresponds to the optimal cost of moving mass from D to D,
where the cost of moving unit mass in its space of support P,.(©) is proportional to
the r-power of the W, distance in P,(©). Note a slight notational abuse — W, is
used for both P,.(0) and P,.(P.(0)), but it should be clear which one is being used

from context.

Wasserstein barycenter Next, we present a brief overview of Wasserstein barycen-
ter problem, first studied by [Agueh and Carlier, 2011] and subsequentially many oth-
ers (e.g., [Benamou et al., 2015, Solomon et al., 2015, Alvarez Estebana et al., 2016)).
Given probability measures Pj, Py, ..., Py € Py(©) for N > 1, their Wasserstein

barycenter FM » 18 such that
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N

Py = argmin Z \NWE(P, P) (6.1)
PeP2(0) i=1

where A € Ay denote weights associated with P;,...,Py. When Pi,..., Py are
discrete measures with finite number of atoms and the weights A are uniform, it was
shown by [Anderes et al., 2015] that the problem of finding Wasserstein barycenter
Py over the space Po(©) in (6.1) is reduced to search only over a much simpler
space O0;(O) where [ = évj s; — N + 1 and s; is the number of components of P; for
all 1 < ¢ < N. Efﬁcieiq:t1 algorithms for finding local solutions of the Wasserstein
barycenter problem over Ok (0©) for some k& > 1 have been studied recently in [Cuturi
and Doucet, 2014]. These algorithms will prove to be a useful building block for our

method as we shall describe in the sequel. The notion of Wasserstein barycenter has

been utilized for approximate Bayesian inference [Srivastava et al., 2015].

K-means as quantization problem The well-known K-means clustering algo-
rithm can be viewed as solving an optimization problem that arises in the problem of
quantization, a simple but very useful connection [Pollard, 1982, Graf and Luschgy,
2000]. The connection is the following. Given n unlabelled samples Y;,...,Y, € ©.
Assume that these data are associated with at most k& clusters where k£ > 1 is some
given number. The K-means problem finds the set S containing at most k& elements

01, ...,0r € © that minimizes the following objective

inf 31, 9). (6.2)

S:|SI<k N 4
=1

]_ n
Let P, = — ) Jy, be the empirical measure of data Yj,...,Y,. Then, problem (6.2)
i=1
is equivalent to finding a discrete probability measure G which has finite number of
support points and solves:

inf W2(G, P,). 6.3
Gel(’)rllc(@) 2( } ) ( )
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Due to the inclusion of Wasserstein metric in its formulation, we call this a Wasser-
stein means problem. This problem can be further thought of as a Wasserstein
barycenter problem where N = 1. In light of this observation, as noted by [Cu-
turi and Doucet, 2014], the algorithm for finding the Wasserstein barycenter offers
an alternative for the popular Loyd’s algorithm for determing local minimum of the

K-means objective.

6.3 Clustering with multilevel structure data

Given m groups of n; exchangeable data points X;; where 1 < j <m,1 <7 < nj,
i.e., data are presented in a two-level grouping structure, our goal is to learn about
the two-level clustering structure of the data. We want to obtain simultaneously local

clusters for each data group, and global clusters among all groups.

6.3.1 Multilevel Wasserstein Means (MWM) Algorithm

For any 7 = 1,...,m, we denote the empirical measure for group j by P,JL'], =
% %J: dx;,,- Throughout this section, for simplicity of exposition we assume that the
nljlrfl)ler of both local and global clusters are either known or bounded above by a
given number. In particular, for local clustering we allow group j to have at most
k; clusters for j = 1,...,m. For global clustering, we assume to have M group

(Wasserstein) means among the m given groups.

High level idea For local clustering, for each j = 1,...,m, performing a K-means
clustering for group j, as expressed by (6.3), can be viewed as finding a finite discrete
measure G; € O, (0) that minimizes squared Wasserstein distance W3 (G}, P,{j). For
global clustering, we are interested in obtaining clusters out of m groups, each of
which is now represented by the discrete measure G, for j = 1,...,m. Adopting

again the viewpoint of Eq. (6.3), provided that all of G;s are given, we can apply K-
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means quantization method to find their distributional clusters. The global clustering

in the space of measures of measures on © can be succintly expressed by
inf WZ(H 1 Zm: Sc.
Heeu(Pa) 2\ m —

However, G; are not known — they have to be optimized through local clustering in

each data group.

MWDM problem formulation We have arrived at an objective function for jointly

optimizing over both local and global clusters

inf 2(3.. PJ 2 — 0a. ). 4
6yl ), 22 WE G PL) + WE ) b (6.4)
HeEr (P2(0)) 7™ ]7

We call the above optimization the problem of Multilevel Wasserstein Means
(MWM). The notable feature of MWM is that its loss function consists of two types of
distances associated with the hierarchical data structure: one is distance in the space
of measures, e.g., W3 (G}, PT{J_), and the other in space of measures of measures, e.g.,
W3 (H, % il da,). By adopting K-means optimization to both local and global clus-
tering, thej ;nultilevel Wasserstein means problem might look formidable at the first
sight. Fortunately, it is possible to simplify this original formulation substantially, by
exploiting the structure of H.

Indeed, we can show that formulation (6.4) is equivalent to the following opti-
mization problem, which looks much simpler as it involves only measures on ©:

- (6.5)

inf W2(G;, P?.
Gje(’)lg(e),H; 3Gy )+

where djy, (G, H) = min W3(G,H;) and H = (Hy,...,Hy), with each H; €

1<i<M

P2(0). The proof of this equivalence is deferred to Proposition B.4 in the Sup-
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plement. Before going into to the details of the algorithm for solving (6.5) in Section
6.3.1.2, we shall present some simpler cases, which help to illustrate some properties
of the optimal solutions of (6.5), while providing insights of subsequent developments
of the MWM formulation. Readers may proceed directly to Section 6.3.1.2 for the

description of the algorithm in the first reading.

6.3.1.1 Properties of MWM in special cases

Example 1. Suppose k; = 1 and n; = n forall 1 < j < m, and M = 1. Write

H = H € P,(0). Under this setting, the objective function (6.5) can be rewritten as

Glgg Z Z 16 — Xll* + W5 (69, H) /m, (6.6)

HEPy(0) i=1 i=1

where G; = 9y, for any 1 < j < m. From the result of Theorem A.1 in the Supplement,

> 2(QG
9122)21/‘/2 %;, ) = Helgfi@)z_:% (G, H)

= ZH@ - Z )/ml?,

where second infimum is achieved when H = 5( U Thus, objective function
i) /m
j=1

(6.6) may be rewritten as

Anf ZZH@ Xall® + llmf; — (o)l /m?.
=1

]17,1

Write Yj = (D Xj;)/n forall 1 < j < m. As m > 2, we can check that the
i=1

unique optimal solutions for the above optimization problem are 6; = ((m2n+ 1)7]- +
Zyi)/(mzn +m) for any 1 < j < m. If we further assume that our data X;,; are

i#j
i.i.d samples from probability measure P? having mean p; = Ex.ps(X) for any
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1 < j < m, the previous result implies that 6; /4 6; for almost surely as long as
Wi 7 ptj. As a consequence, if p; are pairwise different, the multi-level Wasserstein

means under that simple scenario of (6.5) will not have identical centers among local

groups.
2
On the other hand, we have W3 (G;, G;) = ||6; — 0| —( mn ) 1X: — X%
mn + 1
Now, from the definition of Wasserstein distance
o 1 <&
W3(PL, P = min—Y [ Xiy— Xj00l
2( n? n) HED n ; || ) Js (l)H
> [IX = X7,
where ¢ in the above sum varies over all the permutation of {1,2,...,n} and the

second inequality is due to Cauchy-Schwarz’s inequality. It implies that as long as
WZ(P¢, PJ) is small, the optimal solution G; and G; of (6.6) will be sufficiently close
to each other. By letting n — 0o, we also achieve the same conclusion regarding the

asymptotic behavior of G; and G; with respect to Wy (P, P7).

Example 2. k;=1andn; =nforalll <j<mand M = 2. Write H = (H;, H>).

Moreover, assume that there is a strict subset A of {1,2,...,m} such that

ijeA

max{ max Wy (P!, PY),

max WQ(P;,Pg)}<< min Wy (P!, PJ),

i,jEAC €A, jeAC

i.e., the distances of empirical measures P! and P’ when i and j belong to the same
set A or A¢ are much less than those when 7 and j do not belong to the same set.
Under this condition, by using the argument from part (i) we can write the objective

function (6.5) as
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. . WQ((SGJ'; Hl)
91,2(% Z Z 105 — Xll* + QT
H &P, (0) JEA i=1
W22(69]7 HQ)

n
. ) .
i, ZEw s M
The above objective function suggests that the optimal solutions 6;, 6, (equivalently,
G, and G;) will not be close to each other as long as i and j do not belong to the
same set A or A i.e., P’ and PJ are very far. Therefore, the two groups of “local”
measures G; do not share atoms under that setting of empirical measures.
The examples examined above indicate that the MWM problem in general do not
“encourage” the local measures G; to share atoms among each other in its solution.
Additionally, when the empirical measures of local groups are very close, it may also

suggest that they belong to the same cluster and the distances among optimal local

measures G; can be very small.

6.3.1.2 Algorithm Description

Now we are ready to describe our algorithm in the general case. This is a procedure
for finding a local minimum of Problem (6.5) and is summarized in Algorithm 1. We
prepare the following details regarding the initialization and updating steps required

by the algorithm:

e The initialization of local measures Ggp) (i.e., the initialization of their atoms
and weights) can be obtained by performing K-means clustering on local data
X for 1 < 57 < m. The initialization of elements Hi(o) of H® is based on a
simple extension of the K-means algorithm. Details are given in Algorithm 3 in

the Supplement;

e The updates thﬂ) can be computed efficiently by simply using algorithms

from Cuturi and Doucet [2014] to search for local solutions of these barycenter
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Algorithm 1 Multilevel Wasserstein Means (MWM)

Input: Data Xj;, Parameters k;, M.
Output: prob. measures G; and elements H; of H.

Initialize measures Ggo)’ elements HZ.(O) of HO ¢ =0.
while Y;.(t) o' H" have not converged do

Y5 3
1. Update Yj(t) and by) for1<j<m:
for j =1tomdo
i; ¢ argmin W;(th), D).
1<u<M
G§~t+1) < argmin WQQ(Gj,ng)—i—
G1E0,(0)
+W3(Gy, HY) [m.
end for
2. Update HZ-(t) for 1 <i< M:
for j =1 tom do
i; < arg min WQZ(G?H), aM.
1<uM
end for
for i =1to M do
HY  argmin S W2(H;, GI"™Y).
H;€P2(0) IeC;

end for
3.t t+ 1.
end while

problems within the space O, (0) from the atoms and weights of th);

e Since all G;Hl) are finite discrete measures, finding the updates for Hl-(tﬂ) over

the whole space P(©) can be reduced to searching for a local solution within
space O;x where [() = Zé |supp(G§-tH))] — |C;] from the global atoms HZ»(t)
of H® (Justification of ]tehizs reduction is derived from Theorem A.1 in the
Supplement). This again can be done by utilizing algorithms from Cuturi and
Doucet [2014]. Note that, as I(¥) becomes very large when m is large, to speed

up the computation of Algorithm 1 we impose a threshold L, e.g., L = 10, for

[® in its implementation.

The following guarantee for Algorithm 1 can be established:
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Theorem 6.3.1. Algorithm 1 monotonically decreases the objective function (6.4) of
the MWM formulation.

6.3.2 Multilevel Wasserstein Means with Sharing

As we have observed from the analysis of several specific cases, the multilevel
Waserstein means formulation may not encourage the sharing components locally
among m groups in its solution. However, enforced sharing has been demonstrated to
be a very useful technique, which leads to the “borrowing of strength” among different
parts of the model, consequentially improving the inferential efficiency [Teh et al.,
2006, Nguyen, 2016]. In this section, we seek to encourage the borrowing of strength
among groups by imposing additional constraints on the atoms of G1,...,G,, in the

original MWM formulation (6.4). Denote Ay s, :{Gj € Ox(0©), H e &u(PO)):

supp(G;) € Sk V1 < j < m} for any given K, M > 1 where the constraint set Sy
has exactly K elements. To simplify the exposition, let us assume that k; = K for
all 1 < 57 < m. Consider the following locally constrained version of the multilevel

Wasserstein means problem

f S WG, Pi 20 LN

1nij;W2 (Gj, P, + W3 (H, — ;(scj). (6.7)
where Sk, Gj,’H € A s, in the above infimum. We call the above optimization the
problem of Multilevel Wasserstein Means with Sharing (MWMS). The local constraint
assumption supp(G;) € Sk had been utilized previously in the literature — see
for example the work of [Kulis and Jordan, 2012], who developed an optimization-
based approach to the inference of the HDP [Teh et al., 2006], which also encourages

explicitly the sharing of local group means among local clusters. Now, we can rewrite

objective function (6.7) as follows

288



m

inf > WG, P+ (6.8)

Sic.Gj HEBu,syc ©=
where By s, :{Gj € Ok(©), H = (Hy,...,Hy) :supp(Gj) C Sk V1 < j < m}.
The high level idea of finding local minimums of objective function (6.8) is to first,
update the elements of constraint set Sk to provide the supports for local measures
G; and then, obtain the weights of these measures as well as the elements of global
set H by computing appropriate Wasserstein barycenters. Due to space constraint,

the details of these steps of the MWMS Algorithm (Algorithm 2) are deferred to the

Supplement.

6.4 Consistency results

We proceed to establish consistency for the estimators introduced in the previous
section. For the brevity of the presentation, we only focus on the MWM method;
consistency for MWMS can be obtained in a similar fashion. Fix m, and assume that

PJ is the true distribution of data X, for j = 1,...,m. Write G = (Gy,...,G,,) and

n=(ny,...,ny). Wesay n — oo if n; = oo for j = 1,...,m. Define the following
functions
[n(GH) =) W3 (G, PL) + W3 (H, — Zég
j=1
G H = Z +W22(%75215G])7
: ]:

where G € Oy, (0), H € Ex(P(O)) as 1 < j < m. The first consistency property of
the WMW formulation:

Theorem 6.4.1. Given that P € Py(©) for 1 < j < m. Then, there holds almost

surely, as m — 0o
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inf (G, H)—  inf , .
et e, MG = B, [(GH) =0

HEE}L{(PQ(@)) HeEM (PQ(Q))

The next theorem establishes that the “true” global and local clusters can be recov-
ered. To this end, assume that for each n there is an optimal solution (@71“, cee @Z{”, 7—7")
or in short (én,H”) of the objective function (6.4). Moreover, there exist a (not
necessarily unique) optimal solution minimizing f(G,H) over G; € O, (©) and
H € Ey(P2(O)). Let F be the collection of such optimal solutions. For any
Gj € O;(0) and H € Ey(P2(O)), define

d(G,H,F)= inf W2(G;, GY) + W2(H, H).
( ) (GO}SO)eszl 2 (G, Gj) + W5 ( )

Given the above assumptions, we have the following result regarding the convergence
of (G, H™):

Theorem 6.4.2. Assume that © is bounded and P’ € Py(O) for all 1 < j < m.

Then, we have d(én, 7/-2", F)— 0 as n — oo almost surely.

Remark: (i) The assumption © is bounded is just for the convenience of proof
argument. We believe that the conclusion of this theorem may still hold when © = R%.
(ii) If | F| = 1, i.e., there exists an unique optimal solution G°, H° minimizing f(G,H)
over G; € O;(0) and H € Ey(P2(O)), the result of Theorem 6.4.2 implies that

Wg(@;”,G?) —0for1<j<mand Wg(ﬁ",%o) — 0 as n — oo.

6.5 Empirical studies

6.5.1 Synthetic data

In this section, we are interested in evaluating the effectiveness of both MWM
and MWMS clustering algorithms by considering different synthetic data generating

processes. Unless otherwise specified, we set the number of groups m = 50, number
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Number of groups Number of groups Number of groups

Figure 6.1: Data with a lot of small groups: (a) NC data with constant variance;
(b) NC data with non-constant variance; (¢) LC data with constant variance; (d) LC
data with non-constant variance

ce to truth

tein distan

Number of observations per group

Figure 6.2: Data with few big groups: (a) NC data with constant variance; (b) NC
data with non-constant variance; (¢) LC data with constant variance; (d) LC data
with non-constant variance

of observations per group n; = 50 in d = 10 dimensions, number of global clusters
M = 5 with 6 atoms. For Algorithm 1 (MWM) local measures GG; have 5 atoms
each; for Algorithm 2 (MWMS) number of atoms in constraint set Sk is 50. As a
benchmark for the comparison we will use a basic 3-stage K-means approach (the
details of which can be found in the Supplement). The Wasserstein distance between
the estimated distributions (i.e. él, e ,G’m; f[l, e ,ﬁM) and the data generating
ones will be used as the comparison metric.

Recall that the MWM formulation does not impose constraints on the atoms of
G, while the MWMS formulation explicitly enforces the sharing of atoms across these
measures. We used multiple layers of mixtures while adding Gaussian noise at each
layer to generate global and local clusters and the no-constraint (NC) data. We varied
number of groups m from 500 to 10000. We notice that the 3-stage K-means algorithm

performs the best when there is no constraint structure and variance is constant across

clusters (Fig. 6.1(a) and 6.2(a)) — this is, not surprisingly, a favorable setting for the
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basic K-means method. As soon as we depart from the (unrealistic) constant-variance,
no-sharing assumption, both of our algorithms start to outperform the basic three-
stage K-means. The superior performance is most pronounced with local-constraint
(LC) data (with or without constant variance conditions). See Fig. 6.1(c,d). It is
worth noting that even when group variances are constant, the 3-stage K-means is no
longer longer effective because now fails to account for the shared structure. When
m = 50 and group sizes are larger, we set Sx = 15. Results are reported in Fig.

6.2 (c), (d). These results demonstrate the effectiveness and flexibility of our both

algorithms.

6.5.2 Real data analysis

signroad

S kysnowy mountain _aa

field

s ea‘t an%eer

oad
sky car

building g
Figure 6.3: Clustering representation for two datasets: (a) Five image clusters from
Labelme data discovered by MWMS algorithm: tag-clouds on the left are
accumulated from all images in the clusters while six images on the right are
randomly chosen images in that cluster; (b) StudentLife discovered network with
three node groups: (1) discovered student clusters, (3) student nodes, (5) discovered
activity location (from Wifi data); and two edge groups: (2) Student to cluster
assignment, (4) Student involved to activity location. Node sizes (of discovered
nodes) depict the number of element in clusters while edge sizes between Student
and activity location represent the popularity of student’s activities.
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We applied our multilevel clustering algorithms to two real-world datasets: La-
belMe and StudentLife.

LabelMe dataset consists of 2,688 annotated images which are classified into
8 scene categories including tall buildings, inside city, street, highway, coast, open
country, mountain, and forest Oliva and Torralba [2001] . Each image contains
multiple annotated regions. Each region, which is annotated by users, represents an
object in the image. As shown in Figure 6.4, the left image is an image from open
country category and contains 4 regions while the right panel denotes an image of tall
buildings category including 16 regions. Note that the regions in each image can be
overlapped. We remove the images containing less then 4 regions and obtain 1, 800

images.
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Figure 6.4: Examples of images used in LabelMe dataset. Each image consists of
different annotated regions.

We then extract GIST feature Oliva and Torralba [2001] for each region in a
image. GIST is a visual descriptor to represent perceptual dimensions and oriented
spatial structures of a scene. Each GIST descriptor is a 512-dimensional vector. We
further use PCA to project GIST features into 30 dimensions. Finally, we obtain
1,800 “documents”, each of which contains regions as observations. Each region now
is represented by a 30-dimensional vector. We now can perform clustering regions in
every image since they are visually correlated. In the next level of clustering, we can

cluster images into scene categories.
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Table 6.1: Clustering performance for LabelMe dataset.

Methods NMI  ARI  AMI Time (s)
K-means 0.349 0.237 0.324 0.3

TSK-means 0.236 0.112  0.22 218
MC2 0.315 0.206 0.273 4.2
MWM 0.373 0.263 0.352 332

MWMS 0.391 0.284 0.368 544

StudentLife dataset is a large dataset frequently used in pervasive and ubiqui-
tous computing research. Data signals consist of multiple channels (e.g., WiFi signals,
Bluetooth scan, etc.), which are collected from smartphones of 49 students at Dart-
mouth College over a 10-week spring term in 2013. However, in our experiments, we
use only WiFi signal strengths. We applied a similar procedure described in Nguyen
et al. [2016] to pre-process the data. We aggregate the number of scans by each Wifi
access point and select 500 Wifi Ids with the highest frequencies. Eventually, we
obtain 49 “documents” with totally approximately 4.6 million 500-dimensional data
points.

Experimental results. To quantitatively evaluate our proposed methods, we
compare our algorithms with several base-line methods: K-means, three-stage K-
means (TSK-means) as described in the Supplement, MC2-SVI without context
Huynh et al. [2016]. Clustering performance in Table 6.1 is evaluated with the image
clustering problem for LabelMe dataset. With K-means, we average all data points
to obtain a single vector for each images. K-means needs much less time to run since
the number of data points is now reduced to 1,800. For MC2-SVI, we used stochastic
varitational and a parallelized Spark-based implementation in Huynh et al. [2016] to
carry out experiments. This implementation has the advantage of making use of all
of 16 cores on the test machine. The running time for MC2-SVI is reported after
scanning one epoch. In terms of clustering accuracy, MWM and MWMS algorithms

perform the best.
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Fig. 6.3 demonstrates five representative image clusters with six randomly chosen
images in each (on the right) which are discovered by our MWMS algorithm. We also
accumulate labeled tags from all images in each cluster to produce the tag-cloud on
the left. These tag-clouds can be considered as visual ground truth of clusters. Our
algorithm can group images into clusters which are consistent with their tag-clouds.

We use StudentLife dataset to demonstrate the capability of multilevel clustering
with large-scale datasets. This dataset not only contains a large number of data points
but presents in high dimension. Our algorithms need approximately 1 hour to perform
multilevel clustering on this dataset. Fig. 6.3 presents two levels of clusters discovered
by our algorithms. The innermost (blue) and outermost (green) rings depict local and
global clusters respectively. Global clusters represent groups of students while local
clusters shared between students (“documents”) may be used to infer locations of
students’ activities. From these clusteing we can dissect students’ shared location

(activities), e.g. Student 49 (U49) mainly takes part in activity location 4 (L4 ).

6.6 Discussion

We have proposed an optimization based approach to multilevel clustering using
Wasserstein metrics. There are several possible directions for extensions. Firstly, we
have only considered continuous data; it is of interest to extend our formulation to
discrete data. Secondly, our method requires knowledge of the numbers of clusters
both in local and global clustering. When these numbers are unknown, it seems
reasonable to incorporate penalty on the model complexity. Thirdly, our formulation
does not directly account for the “noise” distribution away from the (Wasserstein)
means. To improve the robustness, it may be desirable to make use of the first-
order Wasserstein metric instead of the second-order one. Finally, we are interested
in extending our approach to richer settings of hierarchical data, such as one when

group level-context is available.
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6.7 Appendix A

In this appendix, we collect relevant information on the Wasserstein metric and
Wasserstein barycenter problem, which were introduced in Section 6.2 in this chap-
ter. For any Borel map g : ©®© — © and probability measure G on ©, the push-
forward measure of G through g, denoted by g#G, is defined by the condition that
[ fy)d(g#G)(y) = | f(g(x))dG(x) for every continuous bounded function f on ©.
e e

k K
Wasserstein metric When G = Z pidy, and G’ = Z pide are discrete measures
with finite support, i.e., k and &’ are flil_lite, the Wasserst;:i_li distance of order r between
G and G’ can be represented as

r no__ . )
W(G,G") = Teg}g}@)(ﬂ Me.cr) (6.9)

where we have
(G, ¢ = {T e REF Ty, = p, T1), = p’}

such that p = (p1,...,pr)" and p’ = (), ..., pp)", Mae = {||6; — 9;”}” c REX¥
is the cost matrix, i.e. matrix of pairwise distances of elements between G and
G', and (A, B) = tr(ATB) is the Frobenius dot-product of matrices. The optimal
T € II(G,G’") in optimization problem (6.9) is called the optimal coupling of G and
G', representing the optimal transport between these two measures. When k = £/,
the complexity of best algorithms for finding the optimal transport is O(k®logk).
Currently, Cuturi [2013] proposed a regularized version of (6.9) based on Sinkhorn
distance where the complexity of finding an approximation of the optimal transport is
O(k?). Due to its favorably fast computation, throughout the chapter we shall utilize

Cuturi’s algorithm to compute the Wasserstein distance between GG and G as well as
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their optimal transport in (6.9).

Wasserstein barycenter As introduced in Section 6.2 in this chapter, for any
probability measures Pi, Py, ..., Py € Po(0©), their Wasserstein barycenter FNA is

such that

N
Py = argmin Z \NW3 (P, P)

PeP2(0) ;4
where A € Ay denote weights associated with P, ..., Py. According to [Agueh and
Carlier, 2011], Py, can be obtained as a solution to so-called multi-marginal optimal
transporation problem. In fact, if we denote 7} as the measure preseving map from

Py to Py, ie., P, =T!#P, for any 1 <k < N, then

N
Py = ( > Akal) 4P,
k=1

Unfortunately, the forms of the maps T} are analytically intractable, especially if no
special constraints on Py, ..., Py are imposed.

Recently, [Anderes et al., 2015] studied the Wasserstein barycenters Py, when
Py, Py, ..., Py are finite discrete measures and \ = (1/N, ce 1/N). They demon-
strate the following sharp result (cf. Theorem 2 in [Anderes et al., 2015]) regarding

the number of atoms of FN, A

Theorem A.1. There exists a Wasserstein barycenter FNA such that supp(FNA) <

N
=1

Therefore, when Pj,..., Py are indeed finite discrete measures and the weights
are uniform, the problem of finding Wasserstein barycenter FM » over the (computa-
tionally large) space P2(0) is reduced to a search over a smaller space O;(©) where

N
i=1
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6.8 Appendix B

In this appendix, we provide proofs for the remaining results in this chapter. We
start by giving a proof for the transition from multilevel Wasserstein means objective
function (6.4) to objective function (6.5) in Section 6.3.1 in this chapter. All the no-
tations in this appendix are similar to those in the main text. For each closed subset
S C Py(0), denote the Voronoi region generated by S on the space Py(0) by the col-
lection of subsets {Vp}pes, where Vp := {Q € Po(0) : WZ(Q, P) = Iélelg Wi Q,G)}.
We define the projection mapping s as: ms : Po(©) — S where m5(Q) = P as
@ € Vp. Note that, for any P, P, € S such that Vp, and Vp, share the boundary,
the values of g at the elements in that boundary can be chosen to be either P; or

P,. Now, we start with the following useful lemmas.

Lemma B.1. For any closed subset S on P2(0), if Q € Pa(P2(O)), then
Exo(dy, (X, S)) = W3 (Q, ms#Q)

where dy, (X,S) = IIDIEI‘fS W3(X,P).

Proof. For any element 7 € T1(Q, ns#Q):

/ W2(P,G)dr(P.G) > / &, (P, S)dx(P,G)

= /d%VZ(P,S)dQ(P)
= Ex.o(diy,(X,8))

where the integrations in the first two terms range over Py(©) x S while that in the
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final term ranges over P,(0). Therefore, we obtain

W2(Q,ms#Q) — inf / W2(P,G)dn(P.G)
P2(0©)xS
> Bxeol@y,(X,S)) (6.10)

where the infimum in the first equality ranges over all 7 € I1(Q, 1s#Q).

On the other hand, let g : P2(0) = P2(0©) x S such that g(P) = (P, ns(P)) for
all P € P,(0). Additionally, let pir, = g#Q, the push-forward measure of Q under
mapping g. It is clear that p., is a coupling between Q and ms#Q. Under this

construction, we obtain for any X ~ Q that

E (W2(X,7s(X)) = / W2(P.G)djns (P.C)
> inf / W2(P,G)dn(P,G)

= W3 (Q,ms#Q) (6.11)

where the infimum in the second inequality ranges over all 7 € I1(Q, ms# Q) and the

integrations range over Py(0) x S. Now, from the definition of 7g

BV (X,ms(X))) = [ WHP.ms(P))dQ(P)

= /d%VQ(P,S)dQ(P)
= B(d},(X,S)) (6.12)

where the integrations in the above equations range over P2(0). By combining (6.11)

and (6.12), we would obtain that

Exo(diy,(X.8)) = WH(Q.ms#Q). (6.13)
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From (6.10) and (6.13), it is straightforward that Ex.q(d(X,5)?) = W3(Q, ms#Q).

Therefore, we achieve the conclusion of the lemma. O

Lemma B.2. For any closed subset S C P2(©) and p € Po(P2(O)) with supp(p) C S,
there holds W3(Q, u) > W3 (Q,ns#Q) for any Q € Pa(Pa(O)).

Proof. Since supp(u) C 8, it is clear that W2(Q, ) = %[I(lg ) / W3 (P,G)dr(P,G).
s M
P2(0)xS

Additionally, we have

/ W2(P,G)dn(P,G) > / &, (P,8)dx(P,G)
= /d%VZ(P,S)dQ(P)
= Ex.q(diy,(X,5))

= W3 (Q,ms#Q)

where the last inequality is due to Lemma B.1 and the integrations in the first two
terms range over P2(0©) x S while that in the final term ranges over P»(0). Therefore,

we achieve the conclusion of the lemma. OJ

Equipped with Lemma B.1 and Lemma B.2, we are ready to establish the equiv-
alence between multilevel Wasserstein means objective function (5) and objective

function (4) in Section 6.3.1 in the main text.

Lemma B.3. For any given positive integers m and M, we have

1 m
A= inf WEH,—) g,
HeEnm (P2(O)) 2( mjzl GJ)
1 m
= f d, (G:,H):=B
mH=(I}R...,HM)Z w,(Cs H)

1 —
Proof. Write Q@ = — > ég,. From the definition of B, for any € > 0, we can find H
m j=1
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such that

B > —Zd (G, H) —
= EX~Q(dW2(X,H))—

= W3(Q,mg#Q) —e
A—¢€

Vv

where the second equality in the above display is due to Lemma B.1 while the last
inequality is from the fact that T7#Q is a discrete probability measure in Py (P2(0))
with exactly M support points. Since the inequality in the above display holds for
any ¢, it implies that B > A. On the other hand, from the formation of A, for any
e > 0, we also can find H' € £y/(P2(©)) such that

A

v

W22<H/> Q) -

v

WQ(Q T #Q) — €

= —Zd (G, H') -

B—e

v

where H' = supp(H’), the second inequality is due to Lemma B.2, and the third
equality is due to Lemma B.1. Therefore, it means that A > B. We achieve the

conclusion of the lemma. O

Proposition B.4. For any positive integer numbers m, M and k; as 1 < j <m, we
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denote

C = f W2 (G P]
G;€0y, (g)l Vi<j<m, Z 2(G, Fyy)
HEgM(P2( )

1 m
+ W2(H, ~ Z dc,)

D = inf ZW2 G-,PTJL'],)

G; eOk (©) V1<i<m,

m

Then, we have C = D.

Proof. The proof of this proposition is a straightforward application of Lemma B.3.
Indeed, for each fixed (Gy,...,G,,) the infimum w.r.t to H in C leads to the same
infimum w.r.t to H in D, according to Lemma B.3. Now, by taking the infimum

w.r.t to (Gy,...,Gy) on both sides, we achieve the conclusion of the proposition. [

In the remainder of the Supplement, we present the proofs for all remaining the-

orems stated in the main text.

PROOF OF THEOREM 6.3.1 The proof of this theorem is straightforward from
the formulation of Algorithm 1. In fact, for any G; € &,(©) and H = (Hy, ..., Hy),

we denote the function

" . dy (G H
f(G H) =) WG P))+ %
j=1
where G = (G, ...,G,,). To obtain the conclusion of this theorem, it is sufficient to
demonstrate for any ¢ > 0 that
f(G(t-H t+1 ) < f( )).
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This inequality comes directly from f(G*V, H®) < f(GY, HY), which is due to
the Wasserstein barycenter problems to obtain G(-tﬂ) forl1 <j<m,andf (G(t“) H (Hl)) <
f (G(t“), H®Y ), which is due to the optimization steps to achieve elements H, (D) of

H"Y a5 1 < u < M. As a consequence, we achieve the conclusion of the theorem.

PROOF OF THEOREM 6.4.1 To simplify notation, write

L, = inf fn(G,H),

G Eokj (©),
HEeENM (PQ(@))

Lo= inf  f(G,H).

G;€0;(9),
HeEM(P2(O))

For any € > 0, from the definition of Ly, we can find G; € Oy, (0) and H € Ey(P(O))

such that
FG )< LY+

Therefore, we would have

Ly -1

IN

LY? — (G, H)V? + ¢

IN

[a(GH)2 = f(G )2 + e
fn(GH) - f(G,H)
fn(G H)V2+ f(GH)Y?
Z |W2 (G]’,Pnj) - W (G Pj)|
B j— WQ(Gj,Pq"{j) + WQ(G]aPJ)

+ €

+e€

1

S (P
j=1

IN

By reversing the direction, we also obtain the inequality Ly~ 1/ 2> Z Wy (P! PJ )—
=

e. Hence, ]L}/Q 1/2 Z Wy (P! Pj)] < ¢ for any € > 0. Since P? € Py(0) for

all 1 < 7 < m, we obtaln that WQ(ng,Pj) — 0 almost surely as n; — oo (see for
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example Theorem 6.9 in [Villani, 2009]). As a consequence, we obtain the conclusion

of the theorem.

PROOF OF THEOREM 6.4.2 For any € > 0, we denote

Ale) :{Gi € O (0),H € Eu(P(O)) :

(G, H,F) > e}.

Since © is a compact set, we also have Oy, (©) and &£y/(P2(©)) are compact for any
1 <i < m. As a consequence, A(e) is also a compact set. For any (G, H) € A(e), by
the definition of F we would have f(G,H) > f(G°,H°) for any (G°, H") € F. Since
A(e€) is compact, it leads to

inf 0 240,
(Gér)leA(E)f(G,H) > f(G",H")

for any (G°,H°) € F. From the formulation of f, as in the proof of Theorem 6.4.1,
we can verify that nll—I>Ic>lo Fu(G"HP) = nll_{rolo F(G",H™) almost surely as n — oo.
Combining this result with that of Theorem 6.4.1, we obtain f(é", ﬁ") — f(G°,H°)
as n — oo for any (G°,H°) € F. Therefore, for any e > 0, as n is large enough, we
have d(én, ’}—A[”, F) < e. As a consequence, we achieve the conclusion regarding the

consistency of the mixing measures.

6.9 Appendix C

In this appendix, we provide details on the algorithm for the Multilevel Wasser-
stein means with sharing (MWMS) formulation (Algorithm 2). Recall the MWMS
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objective function as follows

m

inf > W3G, P+

SK,Gj7H€BM,SK =

where By s, :{Gj € Ox(©), H=(Hy,...,Hy) :supp(G,) CSk V1 < j < m}
We make the following remarks regarding the initializations and updates of Algo-

rithm 2:

(i) An efficient way to initialize global set S}?)

{ago),...,ag?)} € R™K is to
<m,1<7

perform K-means on the whole data set X;; for 1 < j < < ny;

(ii) The updates a§t+1) are indeed the solutions of the following optimization prob-

lems

which is equivalent to find ag»t) to optimize

mzz uHa Xuwll?

u=1 v=1

u t
+3 N v el — |
u=1 v

where T7 is an optimal coupling of GY), P7 and U7 is an optimal coupling of

Gg-t), H »(_t). By taking the first order derivative of the above function with respect

®) (t+1)

;s we quickly achieve a; as the closed form minimum of that function;

to a;

(iii) Updating the local weights of G(-tﬂ) is equivalent to updating Gg-tﬂ) as the

atoms of G( 1 are known to stem from Sk (t+1)

Now, similar to Theorem 3.1 in the main text, we also have the following theoretical
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Algorithm 2 Multilevel Wasserstein Means with Sharing (MWMS)

Input: Data X;;, K, M.
Output: global set Sk, local measures G, and elements H; of H.

Initialize S}?) = {a§°>, e ,ag)}, elements Hi(o) of H® and t = 0.
while S}?, Gg.t), Hi( ) have not converged do
1. Update global set Sﬁ?

for j =1tom do

i ¢ arg min W22(G§t), aiM.
1<u<M

T7 < optimal coupling of GY), PJ (cf. Appendix A).
U7 «+ optimal coupling of th), Hi(;).

end for

for i =1to M do
hgt) < atoms of Hz-(t) with hgtg as v-th column.

end for

for:=1to [ﬂg (}lo .
mD < m > Z > U

u=1v= u=1 v#i
agt—i_l) ( i i uv+
u=1v=

s, Ju,,)/mD

end for

2. Update G;t) for1 <7 <m:
for j =1tomdo
Gyﬂ) < argmin WGy, P))
Gj:supp(Gj)ESXJrl)
W3 (G, ) fm.
end for
3. Update HZ-(t) for 1 <i < M as Algorithm 1.
4. t«+—t+1.
end while
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guarantee regarding the behavior of Algorithm 2 as follows

Theorem C.1. Algorithm 2 monotonically decreases the objective function of the

MWMS' formulation.

Proof. The proof is quite similar to the proof of Theorem 6.3.1. In fact, recall from
the proof of Theorem 6.3.1 that for any G; € &,(©) and H = (Hy,...,Hy) we

denote the function

NG, H) = iWQQ(Gj,PT{) + diy, (Gj, H)

m
i=1

where G = (Gy,...,Gy). Now it is sufficient to demonstrate for any ¢ > 0 that
f(G(tJrl), t+1 ) < f( ())

where the formulation of f is similar as in the proof of Theorem 6.3.1. Indeed, by the

definition of Wasserstein distances, we have

E=mf(GY HY) =

sz v 0l — X2+ UE [0l — B |12

u=1l jv

+1)

Therefore, the update of agt from Algorithm 2 leads to

E > sz uHaH—l u,v”2

u=1 jv
- ||a“+” he |12
> m Z WGV P+ S WGV, 1Y)
=1 j=1
>

my WG P+ diy, (G HY)
j=1 j=1

= mf(G,(t)’ H(t))
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where G’ = (th)/, ceey Gﬁf}'), th)l are formed by replacing the atoms of Gg-t) by
the elements of StJr ), noting that supp(Gg.t),) - S[(?rl) as 1 < 5 < m, and the
second inequality comes directly from the definition of Wasserstein distance. Hence,

we obtain
FGY, HY) > (6", HY). (6.14)
From the formation of Gétﬂ) as 1 < j < m, we get

Zd GV, HO) ZCF GV HWY).

Thus, it leads to

FG'Y HYY > f(GUY, HD). (6.15)
Finally, from the definition of H; (tH) . ,H](\ZH), we have
f(G(tJrl),H t)) > f( t+1 H(t+1)) (616)

By combining (6.14), (6.15), and (6.16), we arrive at the conclusion of the theorem.
[l

6.10 Appendix D

In this appendix, we offer details on the data generation processes utilized in the
simulation studies presented in Section 6.5 in the main text. The notions of m,n, d, M
are given in the main text. Let K; be the number of supporting atoms of H; and
k; the number of atoms of G;. For any d > 1, we denote 1; to be d dimensional

vector with all components to be 1. Furthermore, Z; is an identity matrix with d
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dimensions.

Comparison metric (Wasserstein distance to truth)

1 & - -
W= EZM@(G%G]') +dM(H>H)

j=1

where H := {Ifll,...,lfIM}, H = {Hy,...,Hy} and dM(fI,H) is a minimum-

matching distance Tang et al. [2014], Nguyen [2015]:
du(H, H) := max{d(H, H),d(H, H)}

where

d(H,H):= max min Wy(H;, H;).

1<isM 1<j<M

Multilevel Wasserstein means setting The global clusters are generated as fol-

lows:

means for atoms p; :=5(1 —1),1=1,..., M.
atoms of H; : ¢ij ~ N (wila, L), j =1,..., K;.

weights of atoms: m; ~ Dir(1g;).

K;
Let Hz = Zﬂ'ijd(z,ij.

J=1
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For each group 7 = 1,...,m, generate local measures and data as follows:

pick cluster label z; ~ Unif({1,..., M}).
mean for atoms : 7;; ~ H, ;i =1,...,k;.
atoms of Gj : jS ~ N(Tji,Id),i = 1, R ,k‘j.

weights of atoms p; ~ Dir(1y;,).
kj

Let Gj = iji(SjS.
i=1

data mean p; ~ Gj,i=1,...,n;.

observation X;; ~ N (u;, Zy).
For the case of non-constrained variances, the variance to generate atoms 6;; of G; is
set to be proportional to global cluster label z; assigned to Gj.

Multilevel Wasserstein means with sharing setting

The global clusters are generated as follows:

means for atoms p; :=5(i —1),i=1,..., M
atoms of H; : ¢ij ~ N(wile,Zy),j =1,..., K;.

weights of atoms m; ~ Dir(1g;,).
K;
Let HZ = Zﬂij5¢ij'
j=1
For each shared atom k=1,..., K:

pick cluster label zj ~ Unif({1,...,M}).
mean for atoms : 7, ~ H,, .

atoms of Sk : 0 ~ N (14, Zy).
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For each group 7 = 1,...,m generate local measures and data as follows:

pick cluster label Z; ~ Unif({1,..., M}).
select shared atoms s; = {k : z; = Z,}.

weights of atoms p,, ~ Dir(1j5,); G, := Zpiégi.

€S,
data mean p; ~ Gj,1=1,...,n;.

observation X;; ~ N (p;, Zy).

For the case of non-constrained variances, the variance to generate atoms 0; of Gj;
where ¢ € s; is set to be proportional to global cluster label Z; assigned to G;.
Three-stage K-means First, we estimate G; for each group 1 < j < m by using
K-means algorithm with £; clusters. Then, we cluster labels using K-means algorithm
with M clusters based on the collection of all atoms of G;s. Finally, we estimate the
atoms of each H; via K-means algorithm with exactly L clusters for each group of local
atoms. Here, L is some given threshold being used in Algorithm 1 in Section 6.3.1 in
the main text to speed up the computation (see final remark regarding Algorithm 1

in Section 6.3.1). The three-stage K-means algorithm is summarized in Algorithm 3.
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Algorithm 3 Three-stage K-means

Input: Data X;;, k;, M, L.

Output: local measures G; and global elements H; of H.

Stage 1

for j =1tom do
G < k; clusters of group j with K-means (atoms as centroids and weights as
label frequencies).

end for

C < collection of all atoms of Gj.

Stage 2

{D1,...,Dy} < M clusters from K-means on C.

Stage 3

for i =1to M do
H; + L clusters of D; with K-means (atoms as centroids and weights as label
frequencies).

end for
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CHAPTER VII

Conclusions and suggestions

In this thesis, we have investigated several fundamental challenges of mixture and

hierarchical models. Our main contributions can be summarized briefly as follows:

e A systematic understanding of statistical efficiency of parameter estimation in

finite mixture models.
e Robust estimators of mixing measure in finite mixture models.
e Efficient joint optimization approaches to cluster complex multilevel data.

In the following sections, we will outline several directions that we would like to

pursue in the future

7.1 Statistical efficiency, computational complexity, and high

dimensionality of mixture and hierarchical models

7.1.1 Statistical efficiency of parameter estimation

In Chapter II, Chapter III, and Chapter IV, the systematic understanding of
statistical efficiency regarding parameter estimation is developed thoroughly. It in-

dicates crucial steps toward the development of more efficient model-based inference
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procedures. In particular, this raises the following directions at both inference and

modeling questions that we intend to pursue in the future

(1)

Methods based on likelihood-based penalization techniques were shown to be
quite effective. In many cases, parameter values residing in the vicinity of re-
gions of high singularity levels should be hard to estimate efficiently. Developing
a penalization technique generalized to regularize the estimates toward subsets
containing singularity points of smaller levels is an interesting problem we hope

to address.

Suitable choices of Bayesian prior have been proposed to induce favorable pos-
terior contraction behavior for overfitted finite mixtures. It is of significant in-
terest to develop an appropriate prior for the mixture model parameters given

our knowledge of singular points residing in the parameter space.

Reparametrization is an effective technique that can be employed to combat
singularities present in the class of skewed distributions [Hallin and Ley, 2014].
It would be interesting to study if such reparametrization technique can be

systematically developed for the mixture models as well.

7.1.2 Computational complexity of parameter estimation

The improved understanding of statistical efficiency of parameter estimation in

finite mixture models carries notable consequences on the computational complexity

of parameter estimation procedures, including both optimization and sampling based

methods. More specifically, the non-uniform nature of the singularity levels reveals a

complex structure of the likelihood function: regions in parameter space that carry

low singularity levels may observe a relatively high curvature of the likelihood sur-

face, while high singularity levels imply a “flatter” likelihood surface along a certain

subspace of the parameters. Given such interpretation, one of the important direc-
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tions is to explore the convergence behaviors of EM algorithm in Gaussian mixture
models when both the location and covariance parameter are of consideration. Cur-
rent studies in the literature demonstrated that when only the location parameter
is of interest, a suitable initialization in the neighborhood of global maximizers will
guarantee the geometric convergence of EM algorithm to these maximizers [Balakr-
ishnan et al., 2017]. Tt is our view that the insights from these studies along with our
improved understanding of geometric structures of the model’s parameter space will

shed light on the performance of EM algorithm under these models.

7.1.3 Efficient models in high dimensional clustering

Apart from the future directions arising from the previous chapters, the general
themes of our future research are to move beyond mixture models toward more chal-
lenging regimes with several promising applications in practice. In particular, high
dimensional data with grouping structures, such as gene microarray data, are om-
nipresent nowadays. Empirical studies suggested that only a few dimensions in such
data are actually influential while the remaining dimensions usually do not contain
important information. Motivated by the fact that traditional clustering methods are
not effective to capture such phenomena in big data, some models like regularized K-
means or mixture models [Pan and Shen, 2007, Sun et al., 2012] have been proposed
recently in the literature to address this challenge. Nevertheless, these models used
very strong assumptions regarding data structures; fitting them is computationally
costly or even infeasible when the dimension and the sample size are rather large.
Given the significant impacts of this problem in practice, our principal goals in this
research direction are to develop efficient and scalable models such that they perform

sufficiently well with various settings of high dimensional data.
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7.1.4 Computational complexity of MCMC methods

Sampling techniques based on MCMC have been used extensively in machine
learning and statistics applications in the recent years due to the huge advancement
in high performance computing. In Bayesian statistics, various MCMC algorithms
have been proposed to keep up with increasingly complex structures of hierarchical
models. However, current studies demonstrated that certain MCMC algorithms tend
to have very slow mixing times, a criterion used to measure the number of iterations
needed for the posterior distribution to be within some small distance of the sta-
tionary distribution. For instance, the collapsed Gibbs sampling algorithm for the
posterior distribution of group labels in Gaussian mixture models was shown to have
its mixing times at least of some large power of the sample size [Tosh and Dasgupta,
2014]. Given these computational challenges, our future goals are two-fold: we intend
first to explore the computational complexity of contemporary MCMC algorithms in
hierarchical models, and secondly to utilize these understandings to develop fast and

scalable alternative MCMC algorithms for these models with rapid mixing times.

7.2 Semi-parametric inference of finite mixtures of regres-

sion models

Finite mixtures of regression models are utilized when regression data are believed
to belong to distinct unobserved categories. One simple instance of such models is
when each group shares the same regression relationship but the error distributions
among categories are different. Due to their great modeling flexibility, these models
have been used extensively in machine learning applications, market segmentation,
and social sciences. Nevertheless, most of the previous works with these models
in the literature tend to rely on parametric assumptions about dependence of the

parameters on covariates, which are usually not realistic. To address these limitations,
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an important direction is to explore the semiparametric inference with finite mixture
of regression models. This approach had been considered by Huang and Yao [2012]
where they made use of kernel regression to obtain parameter estimation; however,
their work was only restricted to the univariate setting of covariates. Our current
directions are to develop more computationally efficient semiparametric models that
can be applied to much broader settings of data. Last but not least, we also intend to
extend our current insights of semiparametric inference to more challenging regimes
of finite mixture of regression models, such as the high dimensional settings when the

number of covariates are much larger than the sample size.

7.3 Statistical applications of optimal transport theory

Given the promising applications of optimal transport to complex multi-level data

in Chapter VI, there are two main directions that we would like to pursue in the future

(1) Firstly, our current work with multi-level data in Chapter VI has focused mostly
on moderate size settings. One worthy yet challenging direction is to scale up
our approach to million data points or more. Secondly, we have only consid-
ered continuous data; it is of interest to extend our formulation of multilevel
Wasserstein means to discrete data. Thirdly, our method requires knowledge
of the numbers of clusters both in local and global clustering. When these
numbers are unknown, it seems reasonable to incorporate penalty on the model
complexity. Fourthly, our formulation does not directly account for the “noise”
distribution away from the (Wasserstein) means. To improve the robustness,
it may be desirable to make use of the first-order Wasserstein metric instead
of the second-order one. Finally, we are interested in extending our approach
to richer settings of hierarchical data, such as one when group level-context is

available. Another interesting direction is to incorporate the optimal transport
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perspective to more complex practical settings of multi-centers data, such as

those with center-level contexts.

Current advances in clustering analysis witness valuable statistical insights
about the geometric structures of latent mixing measures arising from hierar-
chical models based on Wasserstein metric. In particular, the variation of like-
lihood function in mixture models can be captured effectively by the changes in
Wasserstein neighborhood or the borrowing strength phenomenon in hierarchi-
cal Dirichlet Process models can be analyzed under optimal transport perspec-
tive [Nguyen, 2016]. Motivated by such fruitful connections, there has been a
growing interest of extending the understandings of Wasserstein metric to other
statistical settings, such as a multi-label classification problem with Wasserstein
loss function [Frogner et al., 2015]. Our ultimate goals under this direction
concern with exploring the methodological and algorithmic aspects of optimal
transport to improve statistical and computational efficiencies of several state
of the art models in statistics. We believe that it will be an extraordinarily

fertile area with potentially numerous applications in the future.
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