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T h i s  workbook is a  r e s u l t  o f  a  growing a w a r e n e s s  on t h e  p a r t  o f  t h e  

S h i p  P r o d u c t i o n  Commi t t ee ' s  SP-9 E d u c a t i o n  P a n e l  t h a t  b o t h  t h e  Deming 

p h i l o s o p h y  o f  modern  management and s t a t i s t i c s  s h o u l d  be  used  more ex- 

t e n s i v e l y  i n  t h e  U n i t e d  S t a t e s  s h i p b u i l d i n g  i n d u s t r y .  The workbook w a s  

w r i t t e n  a s  a  s u p p l e m e n t  t o  f o u r  e d u c a t i o n a l  v i d e o t a p e s  on:  t h e  3eming 

p h i l o s o p h y  o f  management, t h e  s t a t i s t i c a l  c o n t r o l  c h a r t ,  s t a t i s t i c s  f o r  

d i s c r e t e  r andom e x p e r i m e n t s ,  a n d  s t a t i s t i c s  f o r  c o n t i n u o u s  random 

e x p e r i m e n t s .  Al though t h e  workbook is s e l f - c o n t a i n e d ,  i t  is  recommended 

t h a t  t h e  f o u r  e d u c a t i o n a l  m o d u l e s  b e  v i e w e d  p r i o r  t o  r e a d i n g  t h e  

workbook. The e d u c a t i o n a l  modules p r e s e n t  t h e  s u b j e c t  m a t t e r  i n  a  l e s s  

m a t h e m a t i c a l  way and  w i t h  a  s l i g h t l y  d i f f e r e n t  v i e w p o i n t .  They s h o u l d ,  

t h e r e f o r e ,  p r o v i d e  a  b a s i c  i n t r o d u c t i o n  which w i l l  a s s i s t  you i n  r e a d i n g  

t h e  workbook. 

The workbook i s  d e s i g n e d  t o  r e a c h  a  wide v a r i e t y  o f  p e o p l e  w i t h  a 

r a n g e  o f  e d u c a t i o n a l  backgrounds .  For t h e  p e r s o n  who i s  i n t e r e s t e d  i n  

o n l y  a n  overv iew of  t h e  s u b j e c t  m a t t e r ,  t h e  a u t h o r s  recommend t h a t  o n l y  

C h a p t e r  1 b e  s t u d i e d .  For t h o s e  who wish  t o  l e a r n  t h e  b a s i c s  of s t a t i s -  

t i c s  and t o  u n d e r s t a n d  t h e  t h e o r y  b e h i n d  t h e  s t a t i s t i c a l  c o n t r o l  c h a r t ,  

i t  is  recommended t h a t  t h e  e n t i r e  workbook b e  s t u d i e d ,  
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1 .  I N C E N T I V E S  FOR LEARNING S T A T I S T I C S  - 
THE DEMING APPROACH T O  MODERN MANAGEMENT 

AND THE S T A T I S T I C A L  CONTROL CHART 

1.1 The Deming Philosophy of Modern Management 

I n  1950, a t  t h e  i n v i t a t i o n  o f  t h e  J a p a n e s e  U n i o n  o f  S c i e n c e  a n d  

E n g i n e e r i n g ,  Dr. W. Edwards Deming i n t r o d u c e d  t o  J a p a n e s e  i n d u s t r i a l i s t s  

h i s  a p p r o a c h  t o  modern  management .  S i n c e  t h a t  t i m e  Dr. Deming h a s  

d e m o n s t r a t e d  r e p e a t e d l y  t h a t  h i s  p h i l o s o p h y  works and t h a t  a l l  o r g a n i z a -  

t i o n s ,  b o t h  l a r g e  and  s m a l l ,  c a n  b e n e f i t  f rom t h e  approach .  As a  r e s u l t  

Dr. Deming i s  b e i n g  r e f e r r e d  t o  by many i n d i v i d u a l s  a s  t h e  f a t h e r  o f  t h e  

t h i r d  wave o f  t h e  i n d u s t r i a l  r e v o l u t i o n .  The f i r s t  wave i n v o l v e d  t h e  

u s e  o f  f a c t o r i e s  a n d  m o d e r n  m a c h i n e r y  ( e . g . ,  E l i  W h i t n e y ) ;  t h e  second  

wave d e a l t  w i t h  mass p r o d u c t i o n  ( e . g . ,  Henry F o r d )  ; a n d  t h e  t h i r d  wave 

i s  c h a r a c t e r i z e d  by t h e  u s e  o f  s t a t i s t i c a l  methods t o  improve q u a l i t y  

( e , g . ,  W .  E d w a r d s  D e m i n g ) .  I n  h i s  s e r i e s  o f  v i d e o t a p e s  a n d  i n  h i s  

t e x t b o o k  [ I  1 i t  i s  s t a t e d  r e p e a t e d l y  t h a t  q u a l i t y  is  t h e  r e s p o n s i b i l i t y  

o f  e v e r y o n e  i n  t h e  o r g a n i z a t i o n  a n d  t h a t  q u a l i t y  m u s t  b e  l e d  b y  

m a n a g e m e n t .  A s p e c i f i c  approach  f o r  implement ing  t h e  Deming p h i l o s o p h y  

o f  modern management i s  d e s c r i b e d  i n  a  r e c e n t  s e r i e s  o f  v i d e o t a p e s  b y  

Dr. Myron Trybus  [ 2 ] .  "Management s F i v e  Deadly D i s e a s e s "  and rrRoadrnap 

f o r  Change," two v i d e o t a p e s  p r o d u c e d  by t h e  E n c y c l o p e d i a  B r i t a n n i c a  

E d u c a t i o n a l  C o r p o r a t i o n  [31[ 41, p r o v i d e  an  e x c e l l e n t  i n t r o d u c t i o n  t o  t h e  

Deming a p p r o a c h  t o  modern  management  a n d  g i v e  a  c a s e  s t u d y  o n  i t s  

i m p l e m e n t a t i o n .  T h e s e  t a p e s  s h o u l d  be viewed by i n d i v i d u a l s  a t  e v e r y  

l e v e l  of management and by e v e r y  worker .  



I n  the  Deming approach managers must t ake  the  pos i t ion  t h a t  an i m -  

provement i n  q u a l i t y  w i l l  l ead  t o  an increase  i n  product iv i ty  and t o  a 

decrease i n  c o s t s .  T h i s  p o s i t i o n  is  d i r e c t l y  o p p o s i t e  t o  t r a d i t i o n a l  

t h i n k i n g ,  i n  w h i c h  managers assumed t h a t  h i g h e r  q u a l i t y  cou ld  be 

achieved only by  decreasing p roduc t iv i ty  and by increas ing c o s t s .  

I n  a modern q u a l i t y  assurance program i t  is assumed t h a t  the  cus- 

tomer is  t h e  u l t ima te  judge of q u a l i t y  and t h a t  the  hidden c o s t  of poor 

q u a l i t y  must be t a k e n  i n t o  a c c o u n t .  When a company manufactures  a 

product of poor q u a l i t y ,  one of two s i t u a t i o n s  is  encountered: 

o The customers don ' t  complain and they go elsewhere, o r ,  

o The product comes back but t h e  customers don' t , 

Managers who f a i l  t o  t a k e  i n t o  accoun t  t h e  h idden  c o s t  of poor 

q u a l i t y  a r e  considered by Dr. Deming t o  have one of the  f i v e  major d i s -  

eases of management. The q u a l i t y  of t h e  process,  which includes  product 

design,  ma te r i a l s ,  and production sys  terns, can be evaluated more c l e a r l y  

by management. Furthermore, with l eadersh ip  by management, t h e  qua1 i t y 

of t h e  p r o c e s s  can be c o n t r o l l e d  and improved. This can be achieved 

only i f  everyone i n  t h e  o rgan iza t ion  understands t h e  system; i f  everyone 

becomes an i n s p e c t o r ;  and i f  eve ryone  down t h e  l i n e  is t r e a t e d  a s  a 

customer. Management must l e a d  t h e  way t o  improve t h e  sys tem and t o  

a c h i e v e  t h e  u l t ima te  ob jec t ive  of producing a product without any f i n a l  

inspect ion.  



Any o r g a n i z a t i o n ,  including for-prof i t  organizat ions  which e i t h e r  

manufacture a  product or provide a  s e r v i c e  and those  which o p e r a t e  on a  

non-prof i t b a s i s ,  can be viewed a s  an extremely complicated system t h a t  

c o n s i s t s  of a  huge number of o p e r a t i n g  subsys tems .  Each subsystem 

o p e r a t e s  w i t h  inherent  v a r i a b i l i t y  and t h e r e f o r e  contr ibutes  t o  t h e  in- 

herent randomness of the  o v e r a l l  organization.  The Deming approach  t o  

modern management recognizes t h i s  s i t u a t i o n  and, furthermore,  i t  recog- 

nizes t h a t  the  worker i s  i n  t h e  bes t  pos i t ion  t o  understand a  p a r t i c u l a r  

subsystem and t o  make suggestions f o r  improvement. I n  order t o  search 

f o r  improvements, both t h e  worker and management must communicate e f f e c  

t i v e l y  i n  t h e  common language of s t a t i s t i c s .  

In  t h e  Deming philosophy modern managers must be w i l l i n g  t o  admit  

t h a t  80-85 percent of a l l  v a r i a b i l i t y  i s  a  d i r e c t  r e s u l t  of the  subsys- 

tem i t s e l f  and of the i n t e r a c t i o n s  between subsystems. Most v a r i a b i l i t y  

i s  no t  t h e  r e s u l t  of poor performance on the  par t  of the  worker. The 

modern approach i s  t o  assume t h a t  any adversa r i a l  r e l a t i o n s h i p  between 

management and t h e  worker i s  harmful t o  t h e  o v e r a l l  purpose  of the  

organization:  namely, t o  continue t o  s t a y  i n  b u s i n e s s  by p r o v i d i n g  a  

b e t t e r  product or s e r v i c e  a t  a lower cos t .  The l ack  of a  "constancy of 

purposetT is  a l s o  c o n s i d e r e d  t o  be one  of t h e  f i v e  major d i s e a s e s  of 

management, The worker and management must communi c a t e  e f f e c t i v e l y  i n  

the  language of s t a t i s t i c s ,  and t h e  communication must t a k e  p l a c e  i n  a  

cooperati  ve environment t h a t  i s  f r e e  of f e a r  and puni shment . 
In  a  modern q u a l i t y  assurance program, the  r o l e  of management mus t 

be changed t o  t h a t  of improving t h e  system. Deming suggests t h a t  t r a d i -  

t iona l  TTmanagement by object ives t1  be changed t o  t h a t  of I t  management by 



walk ing  around" ( M B W A )  . From the  chief executive o f f i c e r  down t o  t h e  

production superv i so r ,  MBWA must become t h e  way of doing business.  T h i s  

approach r e q u i r e s  maj or changes i n  t h e  a t t i t u d e s  of everyone. Corporate 

executives w i l l  be r equ i red  t o  deve lop  a  c o r p o r a t e  goa l  s t a t e m e n t  i n  

which q u a l i t y  i s  emphasized and numerical goals r e l a t e d  t o  growth and 

p r o f i t  a r e  de-emphasized. The corporate  goal statement should  become a  

document  t h a t  a l l  p e o p l e  i n  t h e  o r g a n i z a t i o n  c a n  s u p p o r t  w i t h  

ent  husi asm , 

T h o s e  who p r a c t i c e  M B W A  w i l l  be r e s p o n s i b l e  f o r  l o c a t i n g  and 

e l imina t ing  a l l  b a r r i e r s  t o  q u a l i t y  and product iv i ty .  One of these  bar- 

r i e r s  i s  t h e  p r o d u c t i o n  q u o t a .  In  t h e  Deming approach a l l  production 

quotas a r e  considered t o  be det r imenta l  t o  t h e  t a s k  of improving q u a l i t y  

and product iv i ty .  S imi la r ly ,  the  imposit ion of higher qua1 i t y  s tandards  

(e .g . ,  ze ro  d e f e c t s )  without any change i n  t h e  system i s  c o n s i d e r e d  t o  

be u n a c c e p t a b l e  p r a c t i c e .  A r t i f i c i a l  q u a l i t y  s t a n d a r d s ,  production 

quotas,  and performance eva lua t ion  based on annual dividends and p r o f i t ,  

a l l  c r e a t e  an environment i n  which t h e  worker and management a r e  a f r a i d  

t o  do the  job.  Fear i s  cons ide red  t o  be a  major  b a r r i e r  t o  improved 

q u a l i t y  and product iv i ty .  I n  MBWA,  t h e  manager's job  i s  t o  i d e n t i f y  a l l  

s i t u a t i o n s  which c r e a t e  f e a r  and t o  change t h e  system t o  e l iminate  f e a r .  

C r e a t i v i t y ,  r e s p o n s i b i l i t y ,  r isk tak ing ,  and honest communication a r e  

a l l  reduced by f e a r  and, as  a  r e s u l t ,  f e a r  i s  considered t o  have a  nega- 

t i v e  impact on q u a l i t y .  I n  t h e  p a s t ,  managers who gained experience a t  

Several  companies over a  s h o r t  period of t ime  were  c o n s i d e r e d  t o  have 

upward m o b i l i t y .  T h i s  p r a c t i c e  c r e a t e d  managers who were unfamiliar  



w i t h  t h e  sytem t h e y  were  a s s i g n e d  t o  manage. I t  a l s o  enhanced t h e  prac- 

t i c e  o f  m a n a g e m e n t  by o b j e c t i v e s  w i t h  a n n u a l  m e r i t  r a t i n g  a n d  a n  

emphas i s  o n  s h o r t - t e r m  p r o f i t s .  M o b i l i t y ,  a n n u a l  m e r i t  r a t i n g ,  a n d  em- 

p h a s i s  o n  s h o r t - t e r m  p r o f i t s  a r e  c o n s i d e r e d  by Dr. Deming t o  be t h r e e  

more of t h e  f i v e  ma jo r  d i s e a s e s  of management. 

Another ma jo r  b a r r i e r  t o  improved q u a l i t y  a n d  p r o d u c t i v i t y  i s  f o u n d  

i n  t h e  t r a d i t i o n a l  p r a c t i c e  o f  p u r c h a s i n g  from s u p p l i e r s  who p r o v i d e  t h e  

l o w e s t  b i d .  I n  t h e  Deming p h i l o s o p h y  m o d e r n  m a n a g e r s  m u s t  make a  

s i n c e r e  e f f o r t  t o  r e d u c e  t h e  number of s u p p l i e r s  and  t o  do b u s i n e s s  w i t h  

o n l y  t h o s e  who c a n  d e m o n s t r a t e  a  d e d i c a t i o n  t o  q u a l i t y .  I n  t h i s  ap- 

p roach  t h e  p u r c h a s i n g  a g e n t  becomes d i r e c t l y  i n v o l v e d  a n d  s p e c i f i c a t i o n s  

t o  s u p p l i e r s  a r e  w r i t t e n  t o  emphasize  q u a l i t y .  

P r o d u c t i o n  q u o t a s  a n d  f e a r  a r e  t w o  f a c t o r s  t h a t  i n t e r f e r e  w i t h  

p r i d e  o f  w o r k m a n s h i p .  I n  t h e  Deming p h i l o s o p h y  modern managers  must  

i d e n t i f y  a l l  f a c t o r s  t h a t  h a v e  a  n e g a t i v e  e f f e c t  o n  p r i d e  o f  

w o r k m a n s h i p .  T h e s e  f a c t o r s  must  be e l i m i n a t e d  a n d  a n  environment  must  

be c r e a t e d  t o  enhance p r i d e  o f  workmanship. 

Dr. Deming t s  approach  i s  c h a r a c t e r i z e d  by t h e  f o l l o w i n g  1 4  p o i n t s :  

1,  C r e a t e  c o n s t a n c y  of p u r p o s e  toward  improvement of p r o d u c t  
and s e r v i c e ,  w i t h  a  p l a n  t o  become c o m p e t i t i v e  and t o  s t a y  
i n  b u s i n e s s .  

2. Adopt t h e  new p h i l o s o p h y .  We a r e  i n  a  new e c o n o m i c  a g e .  
We c a n  n o  l o n g e r  l i v e  w i t h  commonly a c c e p t e d  l e v e l s  of 
d e l a y s ,  m i s t a k e s ,  d e f e c t i v e  m a t e r i a l s ,  a n d  d e f e c t i v e  
workmanshi p. 

3. C e a s e  dependence o n  mass i n s p e c t i o n .  R e q u i r e ,  i n s t e a d ,  
s t a t i s t i c a l  e v i d e n c e  t h a t  q u a l i t y  i s  b u i l t  i n ,  t o  
e l i m i n a t e  n e e d  f o r  i n s p e c t i o n  o n  a  mass b a s i s .  P u r c h a s i n g  
managers  have a  new j o b ,  a n d  must  l e a r n  i t .  

4. End t h e  p r a c t i c e  o f  a w a r d i n g  b u s i n e s s  o n  t h e  b a s i s  o f  
p r i c e  t a g .  I n s t e a d ,  d e p e n d  o n  m e a n i n g f u l  m e a s u r e s  of 



q u a l i t y ,  a l o n g  w i t h  p r i c e .  E l i m i n a t e  s u p p l i e r s  t h a t  c a n -  
no t  q u a l i f y  w i t h  s t a t i s t i c a l  e v i d e n c e  of q u a l i t y .  

5. F i n d  problems.  I t  i s  management ' s  j o b  t o  work c o n t i n u a l l y  
o n  t h e  s y s t e m  ( d e s i g n ,  incoming m a t e r i a l s ,  c o m p o s i t i o n  o f  
m a t e r i a l ,  m a i n t e n a n c e ,  improvement of m a c h i n e ,  t r a i n i n g ,  
s u p e r v i s i o n ,  r e t r a i n i n g ) .  

6. I n s t i t u t e  modern methods  of t r a i n i n g  o n  t h e  j o b .  

7. I n s t i t u t e  m o d e r n  m e t h o d s  o f  s u p e r v i s i o n  o f  p r o d u c t  i o n  
w o r k e r s .  The r e s p o n s i b i l i t y  o f  f o r e m e n  m u s t  b e  c h a n g e d  
f r o m  s h e e r  n u m b e r s  t o  q u a l i t y .  Improvement  of q u a l i t y  
w i l l  a u t o m a t i c a l l y  improve p r o d u c t  i v i  t y .  Management mus t 
p r e p a r e  t o  t a k e  i m m e d i a t e  a c t i o n  o n  r e p o r t s  f rom fo remen  
c o n c e r n i n g  b a r r i e r s  s u c h  a s  i n h e r i  t e d  d e f e c t s  , m a c h i n e s  
n o t  m a i n t a i n e d ,  poor  t o o l s ,  f u z z y  o p e r a t i o n a l  d e f i n i t i o n s .  

8. D r i v e  o u t  f e a r ,  s o  t h a t  e v e r y o n e  may work e f f e c t i v e l y  f o r  
t h e  company. 

9. Break down b a r r i e r s  be tween  d e p a r t m e n t s .  P e o p l e  i n  r e -  
s e a r c h ,  d e s i g n ,  sales,  a n d  p r o d u c t i o n  mus t  work a s  a t eam,  
t o  f o r e s e e  p rob lems  of p r o d u c t i o n  t h a t  may be e n c o u n t e r e d  
w i t h  v a r i o u s  m a t e r i a l s  a n d  s p e c i f i c a t i o n s .  

10.  E l i m i n a t e  n u m e r i c a l  g o a l s ,  p o s t e r s ,  a n d  s l o g a n s  f o r  t h e  
w o r k  f o r c e ,  a s k i n g f o r  n e w l e v e l s o f  p r o d u c t i v i t y w i t h o u t  , 

p r o v i d i n g  methods .  

1 1 .  E l i m i n a t e  work s t a n d a r d s  t h a t  p r e s c r i b e  n u m e r i c a l  q u o t a s .  

12.  Remove b a r r i e r s  t h a t  s t a n d  between t h e  h o u r l y  w o r k e r  a n d  
h i s  r i g h t  t o  p r i d e  o f  workmanship.  

13. I n s t i t u t e  a v i g o r o u s '  program of e d u c a t i o n  and  r e t r a i n i n g .  

1 4 .  C r e a t e  a  s t r u c t u r e  i n  t o p  management t h a t  w i l l  push e v e r y  
d a y  o n  t h e  above 13 p o i n t s .  

The Deming a p p r o a c h  t o  modern management i s  b e i n g  r e c o g n i z e d  a s  a  

p o s i t i v e  s t e p  i n  t h e  f u t u r e  o f  t h e  U.S. s h i p b u i l d i n g  i n d u s t r y .  T h i s  

w o r k b o o k  i s  a r e s u l t  o f  t h a t  r e c o g n i t i o n .  I t  i s  d e s i g n e d  t o  t e a c h  

s t a t i s t i c s  w i t h  examples  f rom t h e  s h i p b u i l d i n g  i n d u s t r y  a n d  t o  u s e  t h e  

p r i n c i p l e s  of s t a t i s t i c s  t o  e x p l a i n  t h e  concep t  of a  s t a t i s t i c a l  c o n t r o l  



T h e  u l t i m a t e  o b j e c t i v e  o f  t h i s  workbook  i s  t o  g i v e  t h o s e  i n -  

d i v i d u a l s  who p l a n  t o  u s e  s t a t i s t i c a l  m e t h o d s  i n  t h e  s h i p b u i l d i n g  

i n d u s t r y  a  p r a c t i c a l  l e v e l  of u n d e r s t a n d i n g  of a  w i d e l y  used  g r a p h i c a l  

t e c h n i q u e  c a l l e d  t h e  s t a t i s t i c a l  c o n t r o l  c h a r t .  The a u t h o r s  of  t h i s  

workbook  b e l i e v e  f i r m l y  t h a t  a  s o u n d  l e v e l  of u n d e r s t a n d i n g  of  t h e  

s t a t i s t i c a l  c o n t r o l  c h a r t  can be deve loped  o n l y  a f t e r  t h e  s t u d e n t  i s  ex- 

p o s e d  t o  a n  e x t e n s i v e  i n t r o d u c t i o n  t o  b a s i c  c o n c e p t s  i n  s t a t i s t i c a l  

methods.  For t h i s  r e a s o n  t h e  w o r k b o o k  i s  d e v o t e d  a l m o s t  e n t i r e l y  t o  

b a s i c  c o n c e p t s  of  s t a t i s t i c a l  a n a l y s i s .  A f t e r  t h e  s t u d e n t  deve lops  an 

u n d e r s t a n d i n g  of  b a s i c  s t a t i s t i c s ,  t h e  c o n t r o l  c h a r t  can t h e n  be u n d e r -  

s t o o d  w i t h o u t  a n y  d i f f i c u l t y  a s  a  s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  

s t a t i s t i c a l  methods.  

I n  o r d e r  t o  p r o v i d e  t h e  i n c e n t i v e  f o r  l e a r n i n g  b a s i c  s t a t i s t i c s  

and ,  f o r  t h o s e  i n d i v i d u a l s  who a r e  i n t e r e s t e d  i n  a  b a s i c  i n t r o d u c t i o n  t o  

s t a t i s t i c a l  c o n t r o l  c h a r t s ,  t h e  concep t  of a  c o n t r o l  c h a r t  i s  d i s c u s s e d  

i n  t h i s  s e c t i o n  of  t h e  workbook i n  a  non-mathematical way. 

1.2 S t a t i s t i c a l  C o n t r o l  C h a r t s  

I n  a  b road  s e n s e  a  s t a t i s t i c a l  c o n t r o l  c h a r t  i s  a  g r a p h i c a l  t e c h -  

n i  que f o r  m o n i t o r i n g ,  p e r i o d i c a l l y ,  a n  o p e r a t i n g  sys tem i n  t h e  s h i p y a r d  

t o  d e t e r m i n e ,  q u i c k l y ,  i f  someth ing  o u t  of t h e  o r d i n a r y  h a s  t a k e n  p l a c e .  

I t  i s  a  t o o l  t h a t  p r o v i d e s  b a s i c  i n f o r m a t i o n  t o  someone who has  t h e  

a u t h o r i t y  t o  t a k e  c o r r e c t i v e  a c t i o n  when i n f o r m a t i o n  i s  r e c e i v e d  t o  i n -  

d i c a t e  t h a t  s o m e t h i n g  i s  g o i n g  w r o n g .  The c o n t r o l  c h a r t ,  when used 

p r o p e r l y ,  g i v e s  t h e  d e c i s i o n  maker t h e  s i g n a l  t h a t  s o m e t h i n g  i s  g o i n g  

wrong .  I t  s h o u l d  be u n d e r s t o o d  t h a t  t h e  c o n t r o l  c h a r t ,  when used i n  a  



modern and p r o g r e s s i v e  q u a l i t y  a s su rance  program, i s  not  a  t echnique  f o r  

t a k i n g  p u n i t i v e  a c t i o n  a g a i n s t  a  worker. The s t a t i s t i c a l  c o n t r o l  c h a r t  

is  only  a  t e chn ique  f o r  moni tor ing  an o p e r a t i n g  system and t o  g i v e  some 

d e c i s i o n  maker ( h o p e f u l l y  t h e  w o r k e r )  a  s i g n a l  t o  t a k e  c o r r e c t i v e  

a c t i o n .  The c o r r e c t i v e  a c t i o n  may inc lude  an adjustment  t o  t h e  o p e r a t -  

i n g  s y s t e m ;  t h e  i n s t i t u t i o n  o f  a  s p e c i a l  t r a i n i n g  program; a complete 

change  i n  t h e  o p e r a t i n g  s y s t e m ;  a  h e a r t - t o - h e a r t  d i s c u s s i o n  w i t h  

v e n d o r s ;  e t c .  I t  shou ld  a l s o  be emphasized t h a t  a  s t a t i s t i c a l  c o n t r o l  

c h a r t  can be used i n  a  v a r i e t y  of  s i t u a t i o n s ,  which i nc lude  a c c o u n t i n g ,  

b i l l i n g ,  s e c r e t a r i a l  s e r v i c e s ,  p roduc t ion  systems,  eng inee r ing ,  sh ip -  

p ing ,  incoming s u p p l i e s ,  welding,  c u t t i n g ,  p ipe  c o n s t r u c t i o n ,  e l e c t r i c a l  

s y s t e m s ,  f a b r i c a t i o n ,  p a i n t i n g ,  e t c .  The l i s t  of a p p l i c a t i o n s  w i l l  in- 

c r e a s e  a s  more and more i n d i v i d u a l s  f rom d i f f e r e n t  d e p a r t m e n t s  a r e  

exposed t o  t h e  technique .  You should keep i n  mind a s  you a r e  exposed t o  

t h e  concept  of a  s t a t i s t i c a l  c o n t r o l  c h a r t  t h a t  numerous t y p e s  of  con- 

t r o l  c h a r t s  a r e  u s e d  i n  a  p r o g r e s s i v e  program t o  a p p l y  s t a t i s t i c a l  

methods. I n  t h i s  i n t r o d u c t i o n  you w i l l  o n l y  be e x p o s e d  t o  a  s n a l l  

s amp le  o f  t h e  o v e r a l l  p i c t u r e .  W i t h o u t  a  sound  knowledge  o f  b a s i c  

s t a t i s t i c s ,  you w i l l  not  unders tand  t h e  d e t a i l s  o f  t h e  c o n t r o l  c h a r t .  

You should ,  however, deve lop  an unders tanding  of t he  s i g n i f i c a n c e  of t he  

c o n t r o l  c h a r t  and you should  begin  t o  s e e  i ts  a r e a s  of a p p l i c a t i o n .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  b a s i c  c o n c e p t  of a  c o n t r o l  c h a r t ,  we 

begin  w i t h  an example: 

S u p p o s e  we have t h e  fo l l owing  o p e r a t i n g  system and t h a t  we wish t o  

monitor i ts  behavior .  



The operat ing system 

A t  e x a c t l y  1 2  noon each working day you e a t  a t  t h e  s h i p y a r d  

c a f e t e r i a .  Each day with your main course you order a s i d e  d i sh  of peas 

and c a r r o t s  and, s i n c e  you l i k e  peas but  a r e  p a r t i a l  t o  c a r r o t s ,  you 

decide t o  monitor t h e  average number of ca r ro t s  over a five-day period.  

The basic  c h a r a c t e r i s t i c s  of the  operat ing system 

First of a l l  you imagine the  scoop of peas and ca r ro t s  you receive  

each day a s  a random experiment where t h e  v a r i a b l e  of i n t e r e s t  i s  t h e  

number of c a r r o t s .  Each day  t h i s  experiment i s  repeated under essen- 

t i a l l y  t h e  same c o n d i t i o n s  and has a v a r i a b l e  outcome, namely,  t h e  

number of c a r r o t s .  Each day you might appear somewhat s t range t o  your 

colleagues as you count t h e  number of c a r r o t s ,  but you n e v e r t h e l e s s  ac- 

c e p t  t h e  c h a l l e n g e .  The random v a r i a t i o n  i n  the  number of ca r ro t s  i s  

s m e t h i n g  you have t o  l i v e  w i t h - - i t f  s pa r t  of the  system--you must l e a r n  

t o  cope w i t h  t h e  s i t u a t i o n .  

The monitoring system 

Each day you count  t h e  number of c a r r o t s  and ,  a f t e r  a five-day 

p e r i o d  on F r i d a y  a f t e r  l u n c h ,  you d e t e r m i n e  t h e  average  number of 

c a r r o t s .  A f t e r  t h e  f i r s t  e i g h t  weeks you s e e  t h e  r e s u l t s  which a r e  

given i n  Figure 1 -1 .  

T h i s  example represen t s  a t y p i c a l  opera t ing system which i s  being 

monitored by a graphical  d isplay.  The c h a r a c t e r i s t i c s  of the o p e r a t i n g  

system are:  

1 .  A random outcome (number of c a r r o t s )  



...................................................................... 

'a 
Average Number 3 

of Carrots 

V '  

0 1 2 3 4 5 6 / a 7 

Week Number 

Average Number of Carrots - 8 Weeks 
FIGURE 1 - 1 



2. R e p e a t a b i l i t y  under  e s s e n t i a l l y  t h e  same c o n d i t i o n s  

3. No c o n t r o l  over  t h e  random outcome, and  

4. A v a r i a b l e  ( t h e  a v e r a g e  number of c a r r o t s )  t o  be computed a n d  
p l o t t e d  a t  s p e c i f i c  p o i n t s  i n  t i m e  ( e , g . ,  e n d  o f  each  week) .  

I f  t h e  o p e r a t i n g  s y s t e m  is  i n  a  " s t a t e  o f  s t a t i s t i c a l  c o n t r o l f t  you would 

e x p e c t  t h e  a v e r a g e  number of c a r r o t s  t o  bounce a round  s a n e  l i n e  t h a t  you 

c o u l d  draw o n  your g r a p h i c a l  d i s p l a y .  For example ,  i f  you o b s e r v e d  t h i s  

sys tem o v e r  a  l o n g  p e r i o d  o f  t i m e ,  s a y  20 weeks ,  a n d  i f  i t  showed a  pa t -  

t e r n  s i m i l a r  t o  t h e  o n e  i n  F i g u r e  1-2, you  might  compute t h e  a v e r a g e  of 

t h e  20 a v e r a g e  v a l u e s  a n d  u s e  t h a t  v a l u e  a s  t h e  s o l i d  l i n e  s h o w 9  i n  

F i g u r e  1 -2 .  By t h i s  e x e r c i s e  y o u  h a v e  e s t a b l i s h e d  a  b a s e  l i n e  f o r  a  

sys tem which a p p e a r s  t o  be o p e r a t i n g  i n  a  s t a t e  o f  s t a t i s t i c a l  c o n t r o l .  

Now a s s u m e  t h a t  y o u  a r e  s a t i s f i e d  w i t h  y o u r  f i r s t  2 0  w e e k s  o f  

a n a l y s i s  a n d ,  u s i n g  t h e  b a s e  l i n e  you h a v e  e s t a b l i s h e d ,  y o u  d e c i d e  t o  

m o n i t o r  t h e  sys tem s t a r t i n g  a l l  o v e r  a g a i n  w i t h  t h e  e n d  of n e x t  week a s  

week number one.  Suppose t h a t  a f t e r  t h e  n e x t  s e v e n  w e e k s  y o u  o b s e r v e  

t h e  s i t u a t i o n  s h o w n  i n  F i g u r e  1-3. For t h e  f i r s t  t h r e e  o r  f o u r  weeks 

t h e  sys tem a p p e a r s  t o  be  b o u n c i n g  a r o u n d  t h e  way i t  d i d  b e f o r e .  I n  

weeks 5 ,  6 ,  a n d  7 ,  however ,  s o m e t h i n g  s t r a n g e  i s  happen ing .  I f  you l i k e  

c a r r o t s  your g r a p h i c  d i s p l a y  i s  s e n d i n g  you a  s i g n a l  t h a t  you m i g h t  n o t  

l i k e .  From y o u r  p o i n t  of view t h e  s i g n a l  is  s u g g e s t i n g  t h a t  s a n e  cor-  

r e c t i v e  a c t i o n  i s  n e c e s s a r y .  Pe rhaps  you might  t a l k  t o  t h e  c h e f  o r  y o u  

may have  t o  t r a i n  t h e  p e r s o n  who i s  d o i n g  t h e  s c o o p i n g  t o  work i n  a  d i f -  

f e r e n t  manner.  Then a g a i n ,  a t  t h i s  p o i n t  y o u  m i g h t  a r g u e  t h a t  w h a t  

h a p p e n e d  o v e r  w e e k s  5 ,  6 ,  a n d  7 i s  p e r f e c t l y  n a t u r a l  and  you s h o u l d  do 

n o t h i n g .  You t h e n  s a y ,  t f W o u l d n f t  i t  be  g r e a t  i f ,  i n  a d d i t i o n  t o  t h e  

c e n t e r  l i n e ,  I c o u l d  d r a w  o n  t h e  g r a p h  two o t h e r  l i n e s - - o n e  above t h e  
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c e n t e r  l i n e  and one below the  c e n t e r  l i n e  i n  s u c h  a way t h a t  when t h e  

o p e r a t i n g  system is i n  c o n t r o l  any average  va lue  ha s  a very h igh  chance 

of f a l l i n g  between t he  upper l i n e  and t h e  lower  l i n e .  A t  t h i s  p o i n t  

you c o n s u l t  your  l o c a l  mys t ic ,  who sugges t s  t h a t  you can meet your ob- 

j e c t i v e  by u s ing  t he  l i n e s  shown i n  F i g u r e  1 - 4 .  You now r e p l o t  your  

a v e r a g e  v a l u e s  f o r  t h e  s e v e n  weeks on  t h i s  new g r a p h i c  d i s p l a y  and 

produce t he  r e s u l t s  shown i n  F igure  1-5. A t  t h i s  p o i n t  w i t h  y o u r  new 

graphic  d i s p l a y  you now have a more powerful t o o l  t o  monitor t h e  system. 

You can now argue  t h a t  because of t he  way the  c h a r t  was cons t ruc t ed ,  t he  

a v e r a g e s  o b s e r v e d  a t  t h e  end  o f  weeks 5 ,  6 ,  and 7 a r e  r a r e  even t s  and 

sugges t  s t r o n g l y  t h a t  something is wrong. 

The example we h a v e  j u s t  c o n s i d e r e d  is  t y p i c a l  o f  t he  s i t u a t i o n  

t h a t  i s  e n c o u n t e r e d  i n  t h e  u s e  o f  s t a t i s t i c a l  c o n t r o l  c h a r t s .  I n  

g e n e r a l  t e r m s ,  a s t a t i s t i c a l  c o n t r o l  c h a r t  can  now be def ined .  The 

g e n e r a l  c h a r a c t e r i s t i c s  o f  a s t a t i s t i c a l  c o n t r o l  c h a r t  a r e  shown i n  

F igu re  1-6 and a r e  a s  fo l l ows :  

1 .  The Center Line ( C L )  (The base l i n e  i n  t he  c a r r o t  example) 

2 .  The Upper Con t ro l  L i m i t  ( U C L )  

3. The Lower Con t ro l  L i m i t  ( L C L )  

4. Time Po in t  o r  Subgroup Number on t he  h o r i z o n t a l  a x i s  

5 .  The va lue  of a Var iab le  t o  be p l o t t e d  on t he  v e r t i c a l  a x i s  and 
t o  be  computed a t  d i f f e r e n t  p o i n t s  i n  t ime  o r  f o r  d i f f e r e n t  
Subgroups. 

I n  t h e  example wi th  peas and c a r r o t s  t he  average  number of c a r r o t s  

f o r  t he  f ive-day  pe r iod  was s e l e c t e d  a s  t h e  v a r i a b l e .  We c o u l d  h a v e  

computed some o t h e r  va lue  ( e . g . ,  t o t a l  number of c a r r o t s  over t he  f i v e -  

day per iod  o r  t he  d i f f e r e n c e  between t h e  l a r g e s t  number of c a r r o t s  o v e r  
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t h e  f i v e - d a y  period and t h e  s m a l l e s t  nmber of c a r r o t s ) .  We could have 

used t h e  r a t i o  of the  t o t a l  number of c a r r o t s  t o  t h e  t o t a l  number of 

peas ( c o u n t i n g  t h e  number of peas might cause some problems). Also we 

could have made our computations a t  t h e  end of each t h r e e - d a y  p e r i o d ,  

four-day per iod,  e t c .  

In  t h e  development of a  control  cha r t  i t  i s  common p r a c t i c e  t o  use  

a  s o l i d  l i n e  f o r  t h e  c e n t e r  l i n e  and dashed l i n e s  f o r  t h e  upper and 

lower control  l i m i t s .  I t  i s  a l s o  common prac t i ce  t o  choose t h e  U C L  and 

LCL i n  such a  manner t h a t ,  when t h e  process i s  i n  a  s t a t e  of s t a t i s t i c a l  

c o n t r o l ,  each computed value has a t  l e a s t  a  99 percent chance of f a l l i n g  

between t h e  U C L  and t h e  L C L .  I n  o t h e r  words, t h e r e  i s  a  one percent 

chance o r  l e s s  t h a t  a  computed v a l u e  w i l l  f a l l  o u t s i d e  t h e  c o n t r o l  

l imits. I n  t h i s  manner, i f  a  computed value f a l l s  ou t s ide  the  control  

limits (above o r  below), we can say t h a t  a  r a r e  event  has  o c c u r r e d .  A 

good knowledge of s t a t i s t i c s  i s  needed i n  order  t o  understand how the  

C L ,  U C L ,  and LCL a r e  computed f o r  a  given experimental s i t u a t i o n .  I t  i s  

not important a t  t h i s  point t o  understand how they a r e  computed. 

Now consider a  second example: 

S t e e l  p l a t e  of s p e c i f i e d  dimensions a r r i v e s  from some vendor a t  the  

loading dock of the  shipyard.  A t  t he  loading dock, a r r i v i n g  s t e e l  p l a t e  

i s  p l a c e d  i n  s t a c k s  and ,  a s  each one i s  removed from the  s t a c k ,  i t  i s  

c l a s s i f i e d  a s  e i t h e r  good o r  de fec t ive .  For each group of 15, a  control  

char t  i s  then developed t o  monitor t h e  percent de fec t ive .  

I n  t h i s  example i t  i s  reasonable t o  a l t e r  t h e  control  c h a r t  and t o  

p l o t  t h e  sub-group number on t h e  hor izonta l  a x i s  ins tead  of time. The 



s t a t i s t i c a l  control  char t  f o r  t h i s  s i t u a t i o n  would be s i m i l a r  t o  the  one 

shown i n  Figure  1-7. 

As 15 i tems a r e  examined and t h e  percent d e f e c t i v e  i s  d e t e r m i n e d ,  

t h e  value would be p l o t t e d  a s  shown i n  Figure  1-7. The s t a t i s t i c a l  con- 

t r o l  char t  could then become t h e  b a s i s  f o r  monitoring t h e  s t e e l  and f o r  

de tec t ing  a  change i n  t h e  q u a l i t y  of incoming s t e e l .  Again, i n  t h i s  ex- 

ample o the r  var iables  could have been considered f o r  t h e  v e r t i c a l  a x i s  

of t h e  c o n t r o l  cha r t .  For example, we could have used t h e  t o t a l  number 

of de fec t ives  or t h e  f r a c t i o n  defect ive .  The use of a  d i f f e r e n t  v a r i -  

a b l e  would r e s u l t  i n  a  d i f f e r e n t  c o n t r o l  cha r t .  The hor izonta l  a x i s  

would remain t h e  same but t h e  C L ,  U C L ,  and LCL would change.  We cou ld  

have completely changed t h e  example by assuming t h a t  each p l a t e  could be 

examined t o  determine t h e  nmber  of s i g n i f i c a n t  de fec t s  ( e . g . ,  0, 1 ,  2 ,  

3 ,  .. . ) .  The v a r i a b l e  of i n t e r e s t  f o r  t h e  1 5  i tems could then become 

the  average n~anber of de fec t s  or  perhaps the t o t a l  number of de fec t s ,  

The examples p r e s e n t e d  thus f a r  ( including t h e  c a r r o t s )  represent  

s i t u a t i o n s  i n  which t h e  va r i ab le  of i n t e r e s t  i s  d i s c r e t e  o r  c o u n t a b l e  

( e . g . ,  number of d e f e c t s ,  number of c a r r o t s ,  e t c . ) .  The control  cha r t s  

f o r  t h e s e  t y p e s  of v a r i a b l e s  a r e  r e f e r r e d  t o  a s  c o n t r o l  c h a r t s  f o r  

a t t r i b u t e s .  Although a  wide v a r i e t y  of control  cha r t s  can be used w i t h  

a t t r i b u t e  da ta ,  t h e  two most commonly used  a r e  r e f e r r e d  t o  a s  t h e  p  

char t  and the  c  char t .  

The p  char t  i s  a  s t a t i s t i c a l  control  char t  which has percent d e f e c  

t i v e  a s  t h e  v a r i a b l e  of i n t e r e s t  on t h e  v e r t i c a l  ax i s .  The hor izonta l  
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ax i s  i s  usually t h e  time point a t  which t h e  p e r c e n t  d e f e c t i v e  i s  com- 

p u t e d  from t h e  sample .  T h i s  type  of c o n t r o l  c h a r t  i s  used i n  t h e  

following s i t u a t i o n :  

I t e m s  ( k  of them) a r e  examined one a t  a  time i n  a  s i t u a t i o n  where 

each i ten can be c l a s s i f i e d  a s  e i t h e r  good o r  d e f e c t i v e .  For example,  

i n  a  r e p e t i t i v e  welding opera t ion 50 consecutive welds (k-50)  from one 

welder a r e  examined and each i s  c l a s s i f i e d  a s  e i t h e r  good o r  d e f e c t i v e .  

The t o t a l  number of defect ive  welds i s  then determined and divided by 50 

t o  obta in  t h e  f r a c t i o n  defect ive .  T h i s  value i s  then m u l t i p l i e d  by 1 0 0  

t o  o b t a i n  t h e  percent defect ive .  The percent defect ive  i s  then p lo t t ed  

on t h e  control  char t .  

The c  chart  i s  a  s t a t i s t i c a l  control  chart  which has t o t a l  number 

of defects  per inspect ion u n i t  as the  va r i ab le  of i n t e r e s t  on t h e  ver t i -  

c a l  a x i s .  The horizontal  a x i s  i s  the  time a t  which t h e  inspect ion u n i t  

i s  examined and the  t o t a l  number of de fec t s  i s  ca lcula ted .  I n  t h i s  ap- 

p l i c a t i o n  t h e  i n s p e c t i o n  u n i t  may be o n e  item or severa l  items, For 

example, i f  15 u n i t s  of s t e e l  p l a t e  a r e  examined and i f  t h e  nuaber of 

d e f e c t s  per p l a t e  i s  counted and then t o t a l e d ,  we may consider the  1 5  

u n i t s  of s t e e l  p l a t e  as the  s u b g r o u p .  

In  a d d i t i o n  t o  c o n t r o l  c h a r t s  f o r  a t t r i b u t e  data  t h e r e  i s  a l s o  a  

wide va r i e ty  of char t ing techniques f o r  experimental s i t u a t i o n s  i n  which 

some v a r i a b l e  i s  measured r a t h e r  t h a n  counted.  For example, i n  our 

s i t u a t i o n  w i t h  peas and c a r r o t s ,  on each day you might separa te  t h e  peas 

and c a r r o t s  and t h e n ,  w i t h  an  a c c u r a t e  s c a l e ,  weigh t h e  ca r ro t s .  In 

t h i s  s i t u a t i o n  you a r e  dealing with a  va r i ab le  t h a t  i s  ca l l ed  i n f i n i t e l y  

d i v i s i b l e ,  I t  can take on,  a t  l e a s t  t h e o r e t i c a l l y ,  any value i n  a  range 

of continuous values.  I t  should be obvious, however, t h a t  a  va r i ab le  of 



t h i s  t y p e  c o u l d  be u s e d  t o  m o n i t o r  t h e  s t a t i s t i c a l  r e g u l a r i t y  of  t h e  

o p e r a t i n g  s y s t e m .  For example ,  s u p p o s e  t h a t  e a c h  d a y  t h e  c a r r o t s  a r e  

w e i g h e d  a n d  a t  t h e  e n d  o f  t h e  w e e k ,  a f t e r  f i v e  c o n s e c u t i v e  d a y s ,  t h e  

a v e r a g e  we igh t  i s  d e t e r m i n e d .  T h i s  v a l u e  c o u l d  v e r y  e a s i l y  be  p l o t t e d  

o n  a  c h a r t  s u c h  a s  t h e  o n e  shown i n  F i g u r e  1-8. Again, a s  i n  t h e  s i t u a -  

t i o n  w i t h  a t t r i b u t e  d a t a ,  we c o u l d  draw i n  t h e  C L ,  t h e  U C L ,  and  t h e  LCL 

a n d  t h e n  m o n i t o r  t h e  s y s t e m .  I f  t h e  l i n e s  a r e  chosen t o  have a  v e r y  

h i g h  chance of  f i n d i n g  a n  a v e r a g e  w e i g h t  b e t w e e n  t h e  UCL a n d  L C L ,  a  

p o i n t  o u t s i d e  t h e s e  l i n e s  would s e n d  us  a  s i g n a l  t h a t  someth ing  i s  g o i n g  

wrong. A t  t h i s  p o i n t  s a n e  a c t i o n  may be r e q u i r e d .  We c o u l d  a l s o  a r g u e  

t h a t  i f  t h e  p r o c e s s  i s  i n  a s t a t e  of  s t a t i s t i c a l  c o n t r o l ,  you might  ex- 

p e c t  t h e  a v e r a g e  we igh t  of c a r r o t s  t o  bounce a r o u n d  t h e  c e n t e r  1 i n e  i n  

some random f a s h i o n  w h e r e  you  w o u l d  n o t  e x p e c t  t o  s e e  i n c r e a s i n g  o r  

d e c r e a s i n g  t r e n d s  o r  t o o  many s e q u e n t i a l  v a l u e s  above o r  below t h e  C L .  

Numerous v a r i a b l e s  can  a l s o  be p l o t t e d  i n  t h e  s i t u a t i o n  where  some 

v a r i a b l e  i s  measured .  I n  t h e  example  w i t h  p e a s  a n d  c a r r o t s ,  we c o u l d  

h a v e  c o m p u t e d  f o r  e a c h  f i v e - d a y  p e r i o d  t h e  minimum weigh t  f o r  t h e  week 

and  t h e n  u s e d  t h i s  v a l u e  o n  t h e  v e r t i c a l  a x i s  of o u r  c h a r t .  S i m i l a r l y  

we c o u l d  have computed t h e  maximum weigh t  o v e r  t h e  f i v e - d a y  p e r i o d .  The 

maximum weigh t  minus t h e  minimum weigh t  ( t h e  r a n g e )  o v e r  t h e  f  i v e - d a y  

p e r i o d  c o u l d  a l s o  h a v e  been u s e d  a s  t h e  v a r i a b l e  t o  be m o n i t o r e d .  The 

a v e r a g e  and  r a n g e  c h a r t s  a r e  used  e x t e n s i v e l y  i n  q u a 1  i t y  a s s u r a n c e  f o r  

measured v a r i a b l e s  . 
I n  o r d e r  t o  i l l u s t r a t e  t h e  t y p e s  of  v a r i a b l e s  t h a t  c o u l d  b e  

measured and  m o n i t o r e d  w i t h  s t a t i s t i c a l  c o n t r o l  c h a r t s  i n  t h e  s h i p b u i l d -  

i n g  i n d u s t r y ,  t h e  f o l l o w i n g  examples  a r e  p r e s e n t e d :  
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1 .  Pr ior  t o  welding s t e e l  p l a t e  a r e  but ted  toge the r  a s  shown 
i n  F i g u r e  1-9 a n d ,  us ing  a  f e e l e r  gauge, the  maximum gap 
s i z e  i s  measured. This s i t u a t i o n  i s  r e p e a t e d  f i v e  t i m e s  
and t h e  average maximum gap i s  computed. 

2. A pre-cut header of s p e c i f i e d  dimensions i s  s u p p l i e d  by a  
v e n d o r  a n d  i s  i n s e r t e d  between two beams a s  shown i n  
Figure  1-1'0. P r io r  t o  i n s e r t i n g  t h e  header  i n  p l a c e  t h e  
maximum o v e r a l l  l e n g t h  i s  measured.  The s i t u a t i o n  i s  
r e p e a t e d  e i g h t  t i m e s  and t h e  r a n g e  of t h e  l e n g t h s  i s  
computed. 

3. An automatic burning machine r e p e t i t i v e l y  c u t s  a  t r i a n -  
g u l a r  s t e e l  p l a t e  a s  shown i n  F i g u r e  1 - 1 1 .  After each 
p l a t e  i s  cut dimension b  shown i n  Figure  1-11 i s  measured 
and then t h e  d i f fe rence  between t h e  as-cut measurement and 
the  design measurement (30 inches)  i s  computed. After t h e  
production of t en  t r i a n g u l a r  pieces the  average d i f fe rence  
i s  computed. 

4. I n  a  p a i n t  s p r a y i n g  o p e r a t i o n  t h e  l i n e  p ressure  t o  t h e  
paint  sprayer  i s  determined a t  o n e m i n u t e  i n t e r v a l s .  A t  
t h e  end of each  f i v e  m i n u t e  i n t e r v a l  t h e  a v e r a g e  1 ine  
pressure  i s  computed. 

5. I n  a  s p e c i f i c  s e c t i o n o f  the  shipyard  s t e e l  p l a t e  i s  used 
i n  some r e p e t i t i v e  opera t ion .  Each p l a t e  i s  weighed and 
the  average weight f o r  t e n  consecutive items i s  computed. 

1.3 The Use of A Control Chart  - Inherent  V a r i a b i l i t y  

and Assignable Causes 

Once a  s t a t i s t i c a l  control  char t  has  been c o n s t r u c t e d  and p l a c e d  

i n t o  opera t ion  i t  must be i n t e r p r e t e d  pe r iod ica l ly  i n  order  t o  determine 

i f  something i s  going wrong wi th  t h e  process. Any q u a l i t y  c h a r a c t e r 1  s- 

t i c  t h a t  i s  b e i n g  moni to red  by a  c o n t r o l  char t  w i l l  exh ib i t  inherent  

v a r i a b i l i t y  t h a t  cannot be e i t h e r  i d e n t i f i e d  s p e c i f i c a l l y  o r  con t ro l l ed .  

The i n h e r e n t  v a r i a b i l i t y  i s  t h e  r e s u l t  of a  mul t i tude  of f a c t o r s  t h a t  

a r e  genera l ly  r e l a t e d  t o  one of t h r e e  c a u s e s :  p e o p l e ,  m a t e r i a l s ,  and 

equipment .  I n h e r e n t  v a r i a b i l i t y  i s  p a r t  of the  system. The control  

l im i t s  on a  c o n t r o l  c h a r t  d e f i n e  t h e  b o u n d a r i e s  f o r  i n h e r e n t  

v a r i a b i l i t y ,  a n d  t h e  p r o c e s s  should  continue t o  opera te  between t h e s e  
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boundaries i n  a p e r f e c t l y  na tu ra l  way. Any change i n  t h e  process  which 

c a u s e s  i t  t o  d e v i a t e  s i g n i f i c a n t l y  f r o m  i t s  n a t u r a l  manner of 

v a r i a b i l i t y  i s  r e f e r r e d  t o  as  an a s s i g n a b l e  c a u s e .  Ass ignab le  c a u s e s  

s h o u l d  be loca ted  and a c t i o n  should be taken t o  r e t u r n  t h e  process t o  a 

s t a t e  of s t a t i s t i c a l  control  (natural. v a r i a b i l i t y ) .  The purpose of t h e  

control  char t  i s  t o  i d e n t i f y  occurrences of ass ignable  causes. 

Without any knowledge of the  s p e c i f i c s  of a control  c h a r t ,  one  can 

deve lop  an unders tand ing  of the  use of a control  char t  t o  i d e n t i f y  as- 

s ignable  causes.  For example, i f  we r e f e r  back t o  our example wi th  peas 

and c a r r o t s  and i f  we consider t h e  s i t u a t i o n  where we a r e  monitoring t h e  

average weight of the  c a r r o t s  a t  t h e  end of each week, t h e  f o l l o w i n g  

general r u l e s  could be es tab l i shed .  

1 .  I f  the  average weight a t  t h e  end of any week f a l l s  outs ide  
the  control  limits look f o r  an ass ignable  cause. 

2. I f  t h e  average weight f o r  each of e ight  consecutive weeks 
i s  below t h e  Center Line look f o r  an ass ignable  cause. 

3. If t h e  average weight f o r  each of e ight  consecutive weeks 
fa l ls  above the  Center Line look f o r  an a s s i g n a b l e  c a u s e  
and 

4 .  I f  the  average weight f o r  each of f o u r  c o n s e c u t i v e  weeks 
shows e i t h e r  an inc reas ing  or  decreasing t r e n d  look f o r  an 
ass ignable  cause. 

For each t y p e  of c o n t r o l  char t  t h a t  could be developed a s p e c i f i c  

s e t  of r u l e s  could be es tab l i shed  f o r  t h e  i d e n t i f i c a t i o n  of a s s i g n a b l e  

c a u s e s .  I n  t h i s  way, unless  we have reason t o  believe t h a t  some assig- 

nable cause has appeared, the  process should be allowed t o  o p e r a t e  i n  a 

n a t u r a l  manner. I t  s h o u l d  be emphasized t h a t  any ad jus tment  t o  a 



process t h a t  i s  ope ra t ing  i n  a  s t a t e  of s t a t i s t i c a l  con t ro l  w i l l  l e a d  t o  

i nc reased  v a r i a b i l i t y .  

Other t ypes  of c h a r t i n g  methods c a l l e d  Fishbone Char t s  o r  Cause and 

E f f e c t  C h a r t s  a r e  h e l p f u l  i n  t h e  s ea rch  f o r  a s s ignab le  causes.  These 

methods a r e  graphica l  procedures f o r  i d e n t i f y i n g  t h o s e  f a c t o r s  ( c a u s e s  ) 

which may i n f l u e n c e  some q u a l i t y  c h a r a c t e r i s t i c  ( e f f e c t ) .  They a r e  

c a l l e d  f i sh-bone  c h a r t s  because  of  t h e  way t h e y  a p p e a r  s u b s e q u e n t  t o  

c o n s t r u c t i o n .  I n  t h e  f  ishbone cha r t  t h e  q u a l i t y  c h a r a c t e r i s t i c  of in- 

t e r e s t  i s  l i s t e d  t o  t h e  r i g h t  of a  bold arrow as  shown i n  F i g u r e  1 - 1 2 .  

Stems t o  t h e  main arrow a r e  then  cons t ruc t ed  where each stem i s  charac- 

t e r i z e d  by a  group of f a c t o r s  such a s  person,  m a t e r i a l s ,  and equ ipmen t .  

Twigs a r e  then  placed on  each stem t o  i d e n t i f y  i n  more d e t a i l  t hose  fac-  

t o r s  i n  e a c h  g r o u p  w h i c h  may h a v e  a n  e f f e c t  o n  t h e  q u a l i t y  

c h a r a c t e r i s t i c .  Twigs may then  be placed on  each twig  u n t i l  a l l  f a c t o r s  

have been i d e n t i f i e d .  The a c t u a l  c o n s t r u c t i o n  of t h e  f  i s h b o n e  c h a r t  

f o r c e s  you t o  t h i n k  about t h e  q u a l i t y  c h a r a c t e r i s t i c  and,  i n  t h i s  man- 

n e r ,  i t  p r o v i d e s  a  u s e f u l  e x e r c i s e  t o  i d e n t i f y  problems. Q u a l i t y  

c i r c l e s  can  be used e f f e c t i v e l y  i n  t h e  cons t ruc t ion  of a  f  ishbone cha r t  

where t h e  cha r t  becomes the  b a s i s  f o r  m e a n i n g f u l  d i s c u s s i o n .  A c l e a r  

understanding of t h e  process l e a d s  t o  a  d e t a i l e d  f i shbone  c h a r t .  

As an example on  t h e  cons t ruc t ion  of a  f i s h b o n e  c h a r t ,  c o n s i d e r  a  

s p r a y  pa in t ing  o p e r a t i o n  i n  which t h e  q u a l i t y  c h a r a c t e r i s t i c  of i n t e r e s t  

i s  the  number of bubbles i n  1 0 0 f t 2  of pa in ted  s u r f a c e .  I n  a  premiminary 

a t t e m p t  t o  d e v e l o p  a  f i s h b o n e  c h a r t  by a  g roup  of p e o p l e  who a r e  

f a m i l i a r  w i t h  t h e  o p e r a t i o n ,  t h e  f o l l o w i n g  major  f a c t o r s  m i g h t  be 

i d e n t i f i e d :  E n v i r o n m e n t a l  C o n d i t i o n s ,  E q u i p m e n t ,  S u r f a c e  
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C h a r a c t e r i s t i c s ,  and Workers.  I n  each major f a c t o r  impor tan t  sub- 

f a c t o r s  could be i d e n t i f i e d  and discussed. The procedure would continue 

u n t i l  the process i s  well understood and diagrammed a s  a  f  ishbone char t .  

See F i g u r e  1-13 f o r  a  preliminary attempt t o  construct  a  f ishbone char t  

f o r  t h i s  example. 

The f i s h b o n e  c h a r t  should  be used i n  any i n i t i a l  examination of a  

process t o  determine s i g n i f i c a n t  f a c t o r s  t h a t  s h o u l d  be measured o r  

counted through the  use of a  control  char t .  Other char ts  a r e  a l s o  use- 

f u l  i n  t h i s  s tage  of analyzing a  process. For example, the  Pare to  Chart 

provides the ana lys t  with a  means of iden t i fy ing  those  f a c t o r s  which may 

produce the  most s i g n i f i c a n t  improvement i n  q u a l i t y .  I n  t h i s  manner,  

w i t h  1 i m i  t ed  funds and personnel, s i g n i f i c a n t  improvements may be rea l -  

ized very quickly. The P a r e t o c h a r t  i s  based on t h e  P a r e t o  Law which 

s t a t e s ,  i n  essence,  t h a t  i f  many f a c t o r s  a r e  involved i n  an end r e s u l t  a  

very few w i l l  be found t o  con t r ibu te  a  completely d ispropor t ionate  sha re  

of t h e  t o t a l .  T h i s  law has been found t o  be t r u e  i n  many s i t u a t i o n s  i n  

qua l i ty  assurance.  A Pare to  Chart i s  simply a g r a p h i c a l  procedure  f o r  

r a n k i n g  t h o s e  f a c t o r s  which a f f e c t  some q u a l i t y  c h a r a c t e r i s t i c  s o  t h a t  

the  ana lys t  can i d e n t i f y  those  which c o n t r i b u t e  most s i g n i f i c a n t l y  t o  

the end r e s u l t .  

As an example on t h e  development of a  Pareto C h a r t ,  c o n s i  der your 

own home and i t s  consumption of e l e c t r i c a l  energy. I f  you analyzed the  

monthly consumption of energy ( i n  k i l o w a t t  h o u r s )  f o r  your home, you 

might i d e n t i f y  t h e  f o l l o w i n g  f a c t o r s  which c o n t r i b u t e  t o  t h e  t o t a l  

monthly consumption. 
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1 .  Hot Water Tank 

2. Ref r ige ra to r  

3. Clo thes  Dryer 

4.  Washing Machine 

5. Small Appliances and 

6. L ights  

I f  you c o l l e c t e d  d a t a  on monthly energy  consumption, i t  i s  very l i k e l y  

t h a t  each f a c t o r  would c o n t r i b u t e  t o  monthly energy  a s  fo l lows:  

Fac t  or  Percent  of Monthly Energy 

1 .  Hot Water Tank 45.0 

2. Re f r ige ra to r  30.5 

3. Clothes  Dryer 10.0 

4. Washing Machine 7.5 

5. Small Appliances 5.0 

6. L ights  2.0 

This  s i t u a t i o n ,  i n  graphica l  form, i s  shown i n  F igu re  1 - 1 4 .  This  f i g u r e  

g ives  t h e  b a s i c  elements  of a Pa re to  Chart  where, u s ing  a bar graph,  t h e  

v a r i a b l e  of i n t e r e s t  i s  p l o t t e d  i n  t h e  v e r t i c a l  d i r e c t i o n  a n d  t h e  f ac- 

t o r s  a r e  l i s t e d  i n  d e c r e a s i n g  importance i n  t h e  ho r i zon ta l  d i r e c t i o n .  

I n  most s i t u a t i o n s  t h e  P a r e t o  C h a r t  w i l l  show c l e a r l y  t h o s e  f a c t o r s  

which c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  t o t a l .  I n  t h i s  ca se  t h e  hot water 

tank  and t h e  r e f r i g e r a t o r  a r e  t h e  f a c t o r s  t o  be c o n s i d e r e d  f o r  ma jo r  

r educ t ions  i n  energy consumption. 
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The Pare to  Chart i s  a l s o  useful  i n  compar ing,  i n  g r a p h i c a l  form,  

before  and a f t e r  condit ions.  I n  our example we might decide t o  i n s u l a t e  

t h e  hot water t ank  and t h e n  d e t e r m i n e  t h e  e f f e c t  of t h i s  c o r r e c t i v e  

measure. A second Pareto char t  would then be constructed t o  examine t h e  

e f f e c t  of the  cor rec t ive  measure. 

1 Control Charts t o  I d e n t i f y  A S t a t e  of S t a t i s t i c a l  Control 

The s t a t i s t i c a l  control  chart  can be used t o  determine i f  a  process 

has r eached  a  s t a t e  of s t a t i s t i c a l  control .  In  general the approach i s  

as follows: 1 )  Data f o r  a  s e r i e s  of subgroups  a r e  c o l l e c t e d ;  2 )  The 

d a t a  a r e  t h e n  used t o  e s t a b l i s h  control  limits and t h e  center  l i n e  of 

the control  c h a r t ;  3 )  For each subgroup  t h e  v a r i a b l e  of i n t e r e s t  i s  

p l o t t e d  on t h e  c o n t r o l  c h a r t ;  and 4) The r e s u l t s  a r e  then analyzed t o  

determine i f  s t a t i s t i c a l  control  has been reached. I f  the p rocess  does 

not e x h i b i t  a  s t a t e  of s t a t i s t i c a l  con t ro l ,  then,  w i t h  a  f  ishbone char t  

or by some o the r  means, t h e  process must be examined t o  l o c a t e  a s i g -  

n i f i c a n t  c a u s e  ( o r  s i g n i f i c a n t  c a u s e s )  t o  e l imina te  a l l  but inherent  

v a r i a b i l i t y .  This bas ic  procedure i s  repeated ( c o l l e c t i n g  new d a t a  i f  

n e c e s s a r y )  u n t i l  i t  can be determined t h a t  a  s t a t e  of s t a t i s t i c a l  con- 

t r o l  has been reached. 

The bas ic  procedure o u t l i n e d  above can be used i n  both d i s c r e t e  and 

continuous random experiments. I n  t h e  d i s c r e t e  c a s e  t h e  t y p e  of c h a r t  

t o  be used w i l l  depend on the  s p e c i f i c  s i t u a t i o n  and w i l l  be e i t h e r :  1 ) 

The Frac t ion  Defective Chart ;  or 2 )  The Tota l  Number of D e f e c t s  C h a r t .  

I n  t h e  con t inuous  c a s e ,  s t a t i s t i c a l  control  cha r t s  a r e  constructed f o r  

the Average (X) outcome and range ( R )  of the  outcomes i n  each subgroup .  



These two char t s  a r e  then used simultaneously t o  determine i f  a s t a t e  of 

s t a t i s t i c a l  control  has been reached. The d i s c r e t e  cases a r e  d i s c u s s e d  

f i r s t  and a r e  t h e n  f o l l o w e d  by a d i s c u s s i o n  of the  and R char t  f o r  

continuous experiments. 

The Discrete Random Experiment: Fraction Defective Chart 

I n  t h i s  case  i t  i s  assumed t h a t  d a t a  have been c o l l e c t e d  f o r  r sub- 

groups  where each of t h e  k i tems i n  a subgroup has been c l a s s i f i e d  a s  

e i t h e r  de fec t ive  o r  non de fec t ive .  The number of d e f e c t i v e s  f o r  each 

subgroup i s  then presented i n  t a b u l a r  form as shown i n  Table 1-1. 

Using t h e  values shown i n  Table 1 - 1 ,  t h e  average value of the  f r a c  

t i o n  de fec t ive  i s  then computed a s  follows: 

- n + n2 + ... + n 
1 r p = Average Value of F rac t ion  Defective = 

k r  

The center .  1 ine  and t h e  control  1 i m i  ts a r e  then computed t o  be: 

- 
Center Line (CL) = p 

Upper Control L i m i t  ( U C L )  = p + i J-- 
Ji; 

Lower Control L i m i t  ( L C L )  = p - 3 4- 
J i  



Subgroup 
Number 

Number of D e f e c t i v e s  
i n  Subgroup 

Number o f  D e f e c t i v e s  i n  Each Subgroup 

T a b l e  1-1 



3 For e a s e  of computa t ion  t h e  v a l u e  of - f o r  d i f f e r e n t  values of k i s  
J k 

given i n  Table 1-2. I f  the  LCL is computed t o  be a  n e g a t i v e  v a l u e ,  i t  

should be s e t  equal t o  zero. 

Once t h e  control  chart  has been constructed t h e  f r a c t i o n  d e f e c t i v e  

f o r  each subgroup  i s  p lo t t ed  on t h e  control  char t  and an assessment of 

the s t a t e  of s t a t i s t i c a l  control  would then be made. 

As an example of a  f r a c t i o n  d e f e c t i v e  con t ro l  c h a r t ,  consider a  

s i t u a t i o n  where e l e c t r i c a l  switches a r e  c l a s s i f i e d  a s  e i t h e r  d e f e c t i v e  

o r  non-def e c t i v e  and t h a t  30 subgroups, each cons i s t ing  of 40 switches ,  

were examined, with t h e  r e s u l t i n g  number of defect ives  shown i n  Table 1-  

3. I n  t h i s  s i t u a t i o n ?  = 0.079 and frcm Table 1-2, 3/m= 0.4743. The 

control  limits a r e  then computed as  follows: 

UCL = p +  l d -  = 0.207 
Jk 

LCL = p - y-- = 0.000 
Jk  

The control  chart  and a  p l o t  of t h e  f r a c t i o n  d e f e c t i v e  f o r  each 

subgroup  i s  shown i n  Figure  1-15. Since t h e  process appears t o  be i n  a  

s t a t e  of s t a t i s t i c a l  c o n t r o l  t h e  c o n t r o l  c h a r t  would be u s e d  f o r  

monitoring t h e  process. 



Subgroup Size Factor  Subgroup Size Factor  Subgroup Size Factor 

Value of 3/& vs k 

Table 1-2 



Subgroup Number Number of Defectives 

Number of Defectives i n  40 E l e c t r i c a l  Switches 

Table 1-3 



Fraction 
Defective 0 10 

0 .oo 
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

Subgroup Number 

Control Chart for Fraction Defective - Light Switches 

Figure 1 - 15 
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The Discrete Random Experiment: Total  Number of Defects 

I n  t h i s  c a s e  i t  i s  assumed t h a t  da ta  has been co l l ec ted  f o r  r sub- 

groups where, i n  each subgroup, t h e r e  a r e  k items. Each item w i l l  have 

0 , 1  , 2 , 3 ,  . . . defec t s  and t h e  t o t a l  number of de fec t s  f o r  t h e  subgroup i s  

repor ted  a s  shown i n  T a b l e  1 - 4 .  Us ing  t h e  v a l u e s  i n  T a b l e  1 - 4  t h e  

a v e r a g e  v a l u e  o f  t h e  t o t a l  number of d e f e c t s  i s  then  computed a s  

follows: 

- T I  + T 2 +  ... + T r  
T = Average Value of Tota l  Number of Defects = 

n 

The center  l i n e  and t h e  control  limits a r e  then computed t o  be: 

- 
Center Line  ( L C )  = T 

Upper Control L i m i t  ( U C L )  = 7 + 3 6 
Lower Control L i m i t  (LCL)  = - 3 6 

I f  LCL is  computed t o  be a  negat ive  value i t  i s  s e t  equa l  t o  z e r o  and ,  

again ,  t h e  t o t a l  number of de fec t s  f o r  each subgroup would be p lo t t ed  on 

t h e  control  char t  t o  determine i f  the  process i s  i n  a  s t a t e  of s t a t i s t i -  

ca l  con t ro l .  

As an example of t h i s  type of control  char t  consider a  s i t u a t i o n  i n  

which e a c h  subgroup c o n s i s t s  of 30 p l a t e s  of s t e e l  and t h e  t o t a l  nurnber 

of de fec t s  f o r  t h e  30 p l a t e s  was counted f o r  each of 50 subgroups .  The 

r e s u l t s  a r e  shown i n  T a b l e  1-5. I n  t h i s  s i t u a t i o n  ? = 13.88 and t h e  

center  1 ine  and control  1 i m i  ts a r e  computed a s  I? ollows: 



Tota l  Number of 
Subgroup Number Defec ts  i n  Subgroup 

Number of Defec ts  i n  Each Subgroup 

Table  1-4 



Subgroup Tota l  Number Subgroup Tota l  Number 
Number of Defects Number of Defects 

Tota l  Number of Defects i n  30 P la tes  of S t e e l  

Table 1-5 



The To ta l  Number of Defects  f o r  each subgroup is  p l o t t e d  on t h e  c o n t r o l  

c h a r t  i n  F i g u r e  1 - 1  6 .  Again t h e  c o n t r o l  c h a r t  i n d i c a t e s  a  s t a t e  of 

s t a t i s t i c a l  c o n t r o l .  

The Cont inuous  Random Exper iment  (? C h a r t ,  R C h a r t )  

I n  t h i s  case  i t  i s  assumed t h a t  da t a  have been c o l l e c t e d  from t h e  

p r o c e s s  and t h a t  k measurements  of some cont inuous v a r i a b l e  have been 

made f o r  each of r subgroups. For each subgroup t h e  a v e r a g e  v a l u e  ( 2 )  

and t h e  Range (R) have  been c a l c u l a t e d  and convenien t ly  d i sp layed  a s  

shown i n  Table 1-6 .  

Using  t h e  n o t a t i o n  g i v e n  i n  Tab l e  1-6 t h e  fo l lowing  computations 

a r e  made: 

- - 
x1 + x2 + ... + ir 

2 = t he  average of the  subgroup Averages = r 

and 

R ,  + R2 f . .. 
R = t he  Average of the  subgroup Ranges = 

+ Rr - 
r  
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Subgroup Number Measurements fo r  Average of Range of 
Subgroup Subgroup Subgroup 

Subgroup Data from Process ( ~ v e r a g e  and ~ a n g e )  

Table 1-6 



These two values a r e  then used t o  d e t e r m i n e  t h e  c e n t e r  l i n e s  and t h e  

control  limits f o r  t h e  2 and R char ts  as follows: 

Chart 
- 

Center Line ( C L )  = X 
- 

Upper Control L i m i t  (UCL)  = X + A2R 

- 
Lower Control L i m i t  (LCL)  = x - 
The value of A can be determined from Table 1-7. 

2 

R Chart 
- 

Center Line ( C L )  = R 

Upper Control L i m i t  (UCL)  = D4R 

Lower Control L i m i t  (LCL)  = D ~ R  

The values of D and D,, a r e  a l s o  determined from 
Table 1-7. 3 

As an example of t h e  use of X and R char ts  consider t h e  s i t u a t i o n  

where a l abore r  i s  using a shovel t o  move m a t e r i a l  from a p i l e  i n t o  a 

h o p p e r .  B e f o r e  e a c h  f u l l  shove l  i s  p l a c e d  i n t o  t h e  hopper i t  i s  

weighed, w i t h  t h e  r e s u l t s  shown i n  Table 1-8.  For t h i s  s i t u a t i o n  t h e  

control  char t  f o r  t h e  average weight would be es tab l i shed  as  follows: 

CL = = 50.00 

UCL = X +  A?R = 64.165 
- 

LCL = X - ~~i = 35.835 

The control  chart  f o r  t h e  range of weights would become: 

- 
CL = R = 24.552 



Subgroup S i z e  

(k) 

Value of F a c t o r  

*2 4 D3 

Table 1-7 



Measurement Average of Range of 
Subgroup Weight (pounds) of Ma te r i a l  Subgroup Subgroup 
Number on Shovel 'ji: R 

Weight ( i n  pounds) of Ma te r i a l  on Shovel 

Table 1-8 



UCL = D ~ R  = 51.927 
- 

LCL = D4R = 0.000 

The r e s u l t i n g  2 and R char ts  and the  p lo t t ed  values f o r  each sub- 

group a r e  shown i n  Figure  1-11. Again, i t  would be determined t h a t  t h e  

process i s  i n  a  s t a t e  of s t a t i s t i c a l  control .  

1.5 D e s c r i ~ t i o n  of Remaininn C h a ~ t e r s  

The p u r p o s e  of t h e  r e m a i n i n g  c h a p t e r s  of t h i s  workbook i s  t o  

provide, using on ly  elementary mathematics, the  s t a t i  s t i  c a l  background 

n e c e s s a r y  f o r  those  ind iv idua l s  who a r e  e i t h e r  involved o r  a r e  planning 

t o  become involved i n  t h e  continued use of sound q u a l i t y  assurance tech- 

n iques  i n  t h e  s h i p b u i l d i n g  indust ry .  I n  t h e  development every attempt 

has been made t o  i l l u s t r a t e  t h e  s t a t i s t i c a l  theory w i t h  examples t aken  

d i r e c t l y  frcm s i t u a t i o n s  i n  t h e  shipbui ld ing indus t ry  t h a t  have already 

been examined from the  point of view s t a t i s t i c a l  qua l i ty  assurance.  The 

l a y o u t  of t h e  workbook i s  d i r e c t l y  r e l a t e d  t o  t h e  manner i n  which we 

c o n c e p t u a l i z e  a  s h i p y a r d .  From our p o i n t  of view we c o n s i d e r  t h e  

s h i p y a r d  a s  a  sys tem which c o n s i s t s  of a  l a r g e  number of opera t ing  

subsystems. These subsystems may i n  themselves be q u i t e  l a r g e  o r  t h e y  

may be a s  small  as one worker and one t ack  weld on two p la tes  of s t e e l .  

From our viewpoint each subsystem can be imagined a s  an experiment which 

can be r e p e a t e d  o v e r  and over again under e s s e n t i a l l y  t h e  same condit- 

ions where t h e  outcome of the  experiment changes f r m  t r i a l  t o  t r i a l  i n  

a  random manner. The random nature  of the outcome o r ,  i n  o ther  words, 

the  unpredictable na tu re  of the  outcome, i s  a  d i r e c t  r e s u l t  of t h e  sub- 

system i t s e l f .  We a r e  assuming t h a t  everything poss ible  has been done 
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t o  e l i m i n a t e  v a r i a b i l i t y  i n  t h e  o u t c o m e  o f  t h e  e x p e r i m e n t  ( t h e  

subsystem), but because of i n t r i n s i c  f a c t o r s  we have t o  accept a  c e r t a i n  

degree of inherent  v a r i a b i l i t y .  The key t o  understanding t h i  s i n h e r e n t  

v a r i a b i l i t y  l i e s  i n  t h e  proper understanding of s t a t i s t i c s .  

As an example c o n s i d e r  t h e  f o l l o w i n g  s i t u a t i o n .  An a p p r e n t i c e  

e l e c t r i c i a n  a s s i g n e d  t h e  t a s k  of t a k i n g  a  l a r g e  spool  of e l e c t r i c a l  

cable and producing individual  cables ,  each w i t h  a  l e n g t h  of 2 5  f e e t .  

The a p p r e n t i c e  e l e c t r i c i a n  i s  provided with a  s p e c i f i c  working environ- 

ment and a  s p e c i f i c  s e t  of t o o l s  t o  accompl ish  t h e  t a s k  of producing 

each c a b l e .  We consider  the  product ionof  one cable  of l eng th  25 f e e t  

as a  subsystem of the  shipyard.  We a l s o  consider t h i s  subsystem a s  an 

experiment i n  which t h e  o u t  come i s  a  cable  which i s  supposed t o  be of 

l eng th  25 f e e t .  The experiment can obviously be repeated over and over  

a g a i n  under e s s e n t i a l l y  the  same condit ions and, each time the  experi- 

ment i s  repeated,  t h e  l e n g t h  of t h e  c a b l e  w i l l  change.  An a c c u r a t e  

device t o  measure t h e  l eng th  of the cable  would show c l e a r l y  t h a t  random 

var ia t ion  does e x i s t  i n  t h e  cables t h a t  a r e  supposed t o  be of l e n g t h  2 5  

f e e t .  D e s p i t e  t h i s  random v a r i a t i o n ,  a s  long a s  the condit ions under 

which the  experiment i s  repeated do not change, we a r e  s a i d  t o  be i n  a  

s t a t e  of s t a t i s t i c a l  c o n t r o l .  S i n c e  t h e  o u t p u t  of t h i s  subsystem 

usually becomes the input t o  other subsystems and s i n c e  the  v a r i a b i l i t y  

i n  the  outcome may have physical and economic impact i n  t h e s e  o ther  sub- 

systems, t h i s  v a r i a b i l i t y  must be understood and c o n t r o l l e d .  T h i s  can 

only be accomplished by using a  sound s t a t i s t i c a l  analys is .  

Each random exper iment  ( each  subsystem of t h e  s h i p y a r d )  can be 

c l a s s i f i e d  a s  e i t h e r  d i s c r e t e  o r  continuous, depending on t h e  type of 



experimental outcome. Disc re te  random exper iments  a r e  t h o s e  i n  which 

t h e  e x p e r i m e n t a l  outcome ( t h e  v a r i a b l e  of i n t e r e s t )  i s  one of a  f i n i t e  

or countable number of poss ible  outcomes. I n  t h e  d i s c r e t e  random ex- 

per iment  t h e r e  i s  a  c l e a r l y  defined l i s t  of poss ible  outcomes, exac t ly  

one of which must occur each t ime t h e  experiment i s  executed. The nun-  

b e r  of d e f e c t s  i n  a  weld  of l e n g t h  100 i n c h e s  i s  an example of a 

d i s c r e t e  random experiment. 

I n  t h e  c o n t i n u o u s  random experiment t h e r e  i s  no l i s t  of poss ible  

outcomes. The experimental outcome comes from a  c o n t i n u o u s  range of 

p o s s i b l e  outcomes.  The a c t u a l  l eng th  of an e l e c t r i c a l  cable  which i s  

supposed t o  be 25 f e e t  long  i s  an example of a  con t inuous  outcome, a s -  

suming t h e  ac tua l  l eng th  can be measured t o  any degree of accuracy. 

Because of our view of the  shipyard  a s  a  l a r g e  number of random ex- 

per i ments and because  each random experiment can be viewed a s  e i t h e r  

d i s c r e t e  o r  c o n t i n u o u s ,  t h i s  workbook i s  s t r u c t u r e d  i n  a  s p e c i f i c  

manner. I n  S e c t i o n  2 ,  d i s c r e t e  random exper iments  a r e  d e f i n e d  and 

i l l u s t r a t e d .  Continuous random exper iments  a r e  t h e n  d e f i n e d  and i l -  

l u s t r a t e d  i n  S e c t i o n  3. I n  each s i t u a t i o n  t h e  appropr ia te  s t a t i s t i c a l  

theory i s  introduced.  I n  Sec t ion  4 ,  we summarize t h e  basics of s t a t i s -  

t i c a l  control  cha r t s .  



1.6 Problems 

I, The amount of p a i n t  (ounces) t o  cover 100 f t 2  of s t e e l  p la te  was 

measured by randomly s e l e c t i n g  20 p a i n t e r s ,  Each p a i n t e r  con- 

ducted f i v e  t r i a l s  of a  bas ic  experiment i n  which 100 f t 2  of s t e e l  

p l a t e  was painted and t h e  amount ( i n  ounces )  was measured.  The 

r e s u l t s  a r e  shown i n  Table 1-9. Using t h e  ? and R char t s ,  deter-  

mine i f  the  process i s  i n  a  s t a t e  of s t a t i s t i c a l  control .  

Su bgr oup Value of Variable 1 Value of Variable 2  
Number Ounces of Paint  t o  Cover 100 f t 2  Average Range 

Ounces of Paint  t o  Cover 1 00 Square Feet 
Table 1-9 



11. In a welding opera t ion  20 welders used t h e  same welding machine t o  

weld two pieces  of s t e e l  p l a t e  along a seam of l eng th  200 inches.  

Each we lder  r e p e a t e d  t h e  exper iment  f i v e  t i m e s  a n d  f o r  e a c h  

r e p e t i t i o n  t h e  t o t a l  l eng th  of de fec t ive  weld was determined. The 

r e s u l t s  a r e  shown i n  Table 1-10. Using t h e  ? and R c h a r t s ,  de ter -  

mine i f  the  process i s  i n  a s t a t e  of s t a t i s t i c a l  control .  

Su bgr oup Value of Var iable  1 Value of Var iable  2 
Number Inches of Defective Weld Average Range 

(Welder ) 

Inches of Defective Weld - 2 0  Welders 
Table 1-10 



111, Over a  period of 30 days pressure gauges were received i n  l o t s  of 

s i z e  30 from a  s u p p l i e r .  Each l o t  was examined t o  determine t h e  

nmber of defect ives .  The r e s u l t s  a r e  shown i n  Table 1 -11 .  Using 

a f r a c t i o n  defect ive  control  cha r t ,  determine i f  the process i s  i n  

a  s t a t e  of s t a t i s t i c a l  control .  

Subgroup Number of Subgroup Number of 
Number Defectives Number Defectives 
(Lot (Lot)  

Number of Defectives i n E a c h  Lot of Size  30 
Table 1-11 



Each day f o r  a  period of 40 days 100 pieces of e l e c t r i c a l  c o n d u i t  

were assembled from t h r e e  d i f f e r e n t  p a r t s  as s p e c i f i e d  by an en- 

gineering drawing. A time s tandard was s p e c i f i e d  f o r  t h e  assembly 

a n d ,  a t  t h e  end of the  day, t h e  number of assemblies tha t  were not 

within + 15% of the  t ime s tandard was determined. The r e s u l t s  a r e  

shown i n  T a b l e  1-12. Using a  f r a c t i o n  d e f e c t i v e  ( f r a c t i o n  not 

within + 15% of the  t ime s tandard)  c h a r t ,  determine i f  t h e  p r o c e s s  

is  i n  a  s t a t e  of s t a t i s t i c a l  control .  

Subgroup Number Outside Subgroup Number Outside 
Number ( + I  5%) Time Standard Number (51 5%) Time Standard 

Number of Assemblies Not Meeting Time Standard 
Table 1-12 



V. Twenty s p o o l s  of insula ted e l e c t r i c a l  cable,  with each spool con- 

t a i n i n g  1000 f t  of cable ,  were subjected t o  t h e  same high voltage. 

For each c a b l e  s p o o l  a count was made of t h e  number of points 

where t h e  i n s u l a t i o n  f a i l e d .  The r e s u l t s  a r e  shown i n  Table 1-13. 

Using a  number of defects  c h a r t ,  determine i f  the  process i s  i n  a  

s t a t e  of s t a t i s t i c a l  control .  In  t h i s  case assume t h a t  a  d e f e c t  

is  a  point a t  which the  i n s u l a t i o n  f a i l e d .  

Su bgr oup 
Number 

(Spool ) 

Number of Points Where 
Insu la t ion  Fa i l ed  

Number of Insu la t ion  Fa i lu res  i n  1000 F t  of Cable 
Table 1-13 



V I .  I n  a pa in t ing  process 25 s e c t i o n s  of aluminum p l a t e ,  each consist-  

ing  of 500 f t 2 ,  where painted by t h e  same person. Upon completion 

of each p l a t e  t h e  number of bubble  d e f e c t s  was coun ted .  The 

r e s u l t s  a r e  shown i n  Table 1-14.  Using a number of de fec t s  c h a r t ,  

determine i f  the  p a i n t i n g  p r o c e s s  i s  i n  a s t a t e  of s t a t i s t i c a l  

control .  

Su bgr o up 
N u m  ber 

Number of 
Bubble Defects 

Number of Bubble Defects i n  500 F t 2  of Aluminum P l a t e  
Table 1 - 1 4  



2. DISCRETE RANDOM EXPERIMENTS 

2.1 The Disc re te  Random Experiment and Examples 

I n  t h i s  s e c t i o n  of the  workbook a  t e c h n i q u e  f o r  d i s p l a y i n g  d a t a  

from a  d i  s c r e t e  random experiment i s  introduced.  The technique,  c a l l e d  

a  histogram, g ives  a  v i sua l  d i sp lay  of the  data  and provides a  bas i s  f o r  

d e v e l o p i n g  a n  a p p r o p r i a t e  mathematical model of the  random experiment. 

The technique a l s o  provides a method f o r  d e s c r i b i n g  v i s u a l l y  t h e  be- 

hav io r  of some var iab le  a ssoc ia ted  with a  s e r i e s  of r e p e t i t i o n s  of some 

bas ic  random experiment. After t h e  concept of the  h i s togram i s  i n t r o -  

duced,  our  a t t e n t i o n  w i l l  be focused on c e r t a i n  ca lcu la t ions  which a r e  

produced from a  s e t  of da ta  t o  summarize t h e  i n f o r m a t i o n  c o n t a i n e d  i n  

the  s e t  of data .  These c a l c u l a t i o n s ,  which a r e  c a l l e d  summary measures, 

are:  

1 .  The sample average 

2. The sample variance 

3. The sample s t andard  dev ia t ion  

4. The sample c o e f f i c i e n t  of va r i a t ion .  

As we proceed i n  o u r  d iscuss ion t h e  histogram w i l l  be used exten- 

s i v e l y  t o  i l l u s t r a t e  the  meaning of each of the summary measures. I t  i s  

i m p o r t a n t  a t  t h i s  point  t o  ranind t h e  reader t h a t  our u l t ima te  goal i s  

t o  understand s t a t i s t i c a l l y  t h e  behavior of a  s p e c i f i c  o p e r a t i n g  s y s  tern 

i n  t h e  sh ipyard .  I n  order t o  reach t h i s  goal i t  i s  important t o  de f ine  

exact ly  t h e  opera t ing system under s tudy  and t o  t h i n k  of t h e  o p e r a t i n g  

s ys tem a s  a  r andom experiment. Once t h e  random experiment i s  def ined,  

the  techniques f o r  analyzing t h e  s i t u a t i o n  w i l l  follow q u i t e  n a t u r a l l y .  



We must a l s o  emphasize t h e  f a c t  t h a t  i n  t h i s  s e c t i o n  of the  workbook 

only t h e  d i s c r e t e  random experiment i s  being s tud ied .  

EXAMPLE 2-1 

The Operating System 

I n  a  s p e c i f i c  s e c t i o n  of the  shipyard two sec t ions  of s t e e l  p l a t e  

120 inches long a r e  welded together  t o  form a  s i n g l e  u n i t  and a r e  t h e n  

moved t o  another s e c t i o n  of the  shipyard.  

The Disc re te  Random Experiment 

We randomly s e l e c t  a  welded u n i t  ( t h e  o u t p u t  of t h e  o p e r a t i n g  

system) and, using u l t r a s o n i c  t e s t i n g ,  d e t e r m i n e  t h e  t o t a l  number of 

defects  i n  t h e  weld of l eng th  120 inches.  

The S.et of Outcomes 

The outcome of t h e  exper iment  w i l l  be e i t h e r  0 d e f e c t s ,  i n  120 

inches,  1 defect  i n  120 inches ,  2 de fec t s  i n  120 i n c h e s ,  e t c .  N o t i c e ,  

t h e o r e t i c a l l y ,  t h e r e  i s  no upper limit on t h e  number of de fec t s .  From a 

p rac t i ca l  point of view, however, one does e x i s t .  

EXAMPLE 2-2 

The Operating Sys tem 

I n  a p a r t i c u l a r  s e c t i o n  o f  t h e  p i p e  s h o p  a  s p o o l  p i e c e  i s  

mandactured.  Using motion and time s t u d y  a  s t a n d a r d  has  been e s t a b -  

l i s h e d  f o r  t h e  time t o  manufacture t h e  u n i t ,  

The Disc re te  Random Experiment 

A t  t h e  end of t h e  day randomly s e l e c t  a  spool piece from the  da i ly  

production of spool pieces and determine whether or not t h e  a c t u a l  t ime  



t o  m a n u f a c t u r e  t h e  p i e c e  was w i t h i n  f i f t e e n  percent of the  s p e c i f i e d  

time s tandard.  

The Set of Outcomes 

The outcome of the  experiment w i l l  be e i t h e r  , y e s ,  t h e  p i e c e  i s  

w i t h i n  f i f t e e n  p e r c e n t  of t h e  t i m e  s t a n d a r d  o r ,  no, t h e  piece i s  not 

within f i f t e e n  percent of the time s tandard.  I n  t h i s  type  of d i s c r e t e  

random experiment i t  i s  common i n  mathematics t o  def ine  t h e  outcome by a 

number. For example, we might s a y  t h e  outcome i s  0 i f  t h e  s p o o l  p i e c e  

i s  w i t h i n  f i f t e e n  percent of the  time s tandard and 1 i f  not .  Such 0-1 

( o r  b inary)  va r i ab les  a r e  common i n  s t a t i s t i c s .  

EXAMPLE 2-3 

The Operating System 

A t  the loading dock of a shipyard ,  incoming mate r i a l s  a r e  inspected 

and t r a n s f e r r e d  t o  t h e i r  appropr ia te  loca t ions .  

The Discrete Random Experiment 

From a recent  shipment of 4' x 8 '  s h e e t s  of 5/16 ' '  plywood ( y e s ,  

wood i s  used i n  t h e  shipbui ld ing indus t ry )  s e l e c t  one shee t  of plywood 

and count t h e  nunber of s i g n i f i c a n t  de fec t s .  We assume t h a t  a p r e c i s e  

d e f i n i t i o n  of a s i g n i f i c a n t  defect  has been provided. 

The Set of Outcomes 

Each t i m e  t h e  experiment i s  conducted, the  outcome w i l l  be e i t h e r ,  

0 s i g n i f i c a n t  d e f e c t s ,  1 s i g n i f i c a n t  d e f e c t  , 2 s i g n i f i c a n t  d e f e c t s ,  

e t c . ,  t he  same s e t  of poss ible  outcomes as i n  Example 2-1. 

A t  t h i s  point i t  i s  impor tan t  t o  i l l u s t r a t e  t h e  manner i n  which 

more complicated random experiments can be developed frcm the r e p e t i t i o n  



of some b a s i c  random e x p e r i m e n t .  U s i n g  t h e  p r e v i o u s  t h r e e  e x a m p l e s  a s  

b a s i c  random e x p e r i m e n t s ,  more c o m p l i c a t e d  d i s c r e t e  random e x p e r i m e n t s  

w i l l  be i l l u s t r a t e d  t h r o u g h  t h e  f o l l o w i n g  examples .  

EXAMPLE 2-4 

The Opera t ing  Sys ten  

The same s i t u a t i o n  d e s c r i b e d  i n  Example 2-1. 

The D i s c r e t e  Random Experiment 

Randomly s e l e c t  f i v e  w e l d e d  u n i t s  a n d ,  u s i n g  u l t r a s o n i c  t e s t i n g ,  

d e t e r m i n e  t h e  nunber  of d e f e c t s  pe r  u n i t .  Compute t h e  t o t a l  number of  

d e f e c t s  f rcm a l l  f i v e  u n i t s  and  t h e n  d i v i d e  t h e  t o t a l  by f i v e .  

The Set of Outcomes 

The outcome of  t h e  e x p e r i m e n t  w i l l  be e i t h e r  0/5 ,  1 / 5 ,  2 /5 ,  e t c .  

EXAMPLE 2-5 

The Opera t ing  System 

The same s i t u a t i o n  d e s c r i b e d  i n  Example 2-2. 

The D i s c r e t e  Random Experiment 

A t  t h e  e n d  o f  t h e  d a y  r a n d o m l y  s e l e c t  30 s p o o l  p i e c e s  f r o m  t h e  

d a i l y  p r o d u c t i o n  and  d e t e r m i n e  t h e  t o t a l  number t h a t  a r e  n o t  w i  t h i n  f i f -  

t e e n  p e r c e n t  of t h e  s p e c i f i e d  t i m e  s t a n d a r d .  

The S e t  of 0 u t  comes 

The outcome o f  t h e  e x p e r i m e n t  w i l l  be e i t h e r  0 , 1 , 2 ,  . . . ,29, o r  30. 



EXAMPLE 2-6 

The O ~ e r  at ina Svs tem 

The same s i t u a t i o n  described i n  Example 2-3. 

The Discrete Random Experiment 

From t h e  shipment of plywood randomly s e l e c t  20 shee t s  of plywood, 

and determine t h e  nunber of s i g n i f i c a n t  defects  per shee t .  Then d e t e r -  

mine t h e  t o t a l  f o r  a l l  20 shee t s .  

The Set of Outcomes 

The s e t  of outcomes w i l l  be e i t h e r  0, 1 ,  2, 3, e t c .  

2.2 The Histogram 

The s i x  examples g iven  i n  S e c t i o n  2 . 1  can be d i v i d e d  i n t o  two 

general types: ( 1 )  t he  bas ic  random experiment and ( 2 )  r e p e t i t i o n s  of 

t h e  b a s i c  random exper iment .  Examples 2-1 through 2-3 each describe 

bas ic  random e x p e r i m e n t s ,  w h i l e  Examples 2-4 th rough  2-6 were con- 

s t r u c t e d  by r epea t ing  a given bas ic  random experiment. I t  i s  important 

t o  emphasize a t  t h i s  p o i n t  t h a t  a  s t a t i s t i c a l  a n a l y s i s  of d a t a  i s  

u s u a l l y  conduc ted  f o r  b a s i c  random experiments. Once t h e  s t a t i s t i c a l  

behavior of the  b a s i c  random exper iment  i s  u n d e r s t o o d ,  mathemat ica l  

s t a t i s t i c s  can t h e n  be used t o  d e s c r i b e  most var iables  which a r e  as- 

soc ia ted  w i t h  r e p e t i t i o n s  of t h e  b a s i c  random exper iment .  I t  s h o u l d  

a l s o  be p o i n t e d  o u t  t h a t  i n  any s t a t i s t i c a l  ana lys i s  of random experi- 

ments, g rea t  care  must be s p e n t  i n  d e f i n i n g  c l e a r l y  t h e  b a s i c  random 

exper iment  and t h e  v a r i a b l e  t h a t  i s  being s tud ied .  The analys t  should 

a l s o  be concerned w i t h  t h e  opera t ing system and any problems t h a t  may 



a r i s e  w i t h  r e p e a t i n g  t h e  bas ic  random experiment under e s s e n t i a l l y  t h e  

same condi t ions .  

We now d i r e c t  our a t t e n t i o n  t o  t h e  concept  of a histogram f o r  a 

d i s c r e t e  random experiment. We assume t h a t  a random experiment has been 

defined wi th  k poss ib le  outcomes t h a t  have been i d e n t i f i e d  and have been 

assigned nuner ica l  values a , ,  a 2 ,  . , . , a I n  Example 2-2, t h e  P ipe  
k ' 

Shop, k = 2 s i n c e  t h e r e  a r e  o n l y  2 outcomes. I f  we decided t h a t  t h e  

numbers 0 and 1 would represent  yes and no respec t ive ly ,  then a = 0 and 
1 

a = 1 .  2 

I n  general we w i l l  assume t h a t  t h e  opera t ing  sys tem i s  i n  a s t a t e  

of s t a t i s t i c a l  control  and t h a t  we have observed da ta  from n r e p e t i t i o n s  

of the  bas ic  d i s c r e t e  random experiment. Assume t h a t  i n  t h e  n r e p e t i -  

t i o n s  t h e  outcome a o c c u r r e d  f t i m e s ,  t h e  outcome a 2  o c c u r r e d  f 2  
1 1 

t imes ,  . . ., t h e  outcome ak occurred f times. T e c h n i c a l l y  s p e a k i n g ,  k 
k 

may be as l a r g e  as  necessary t o  adequately descr ibe  t h e  experiment: We 

c a l l  f .  the  frequency of occurrence of outcome a f o r  i = 1 , 2 ,  . , . , k and 
1 i 

i - 
n is c a l l e d  t h e  r e l a t i v e  frequency of occurrence of outcome a f o r  i = i 

1 ,2  ,... k .  Note t h a t  f ,  + f + ... + f k  = n and 2 

We a r e  now i n  a pos i t ion  t o  de f ine  t h e  histogram. 



D e f i n i t i o n  

A histogram of d a t a  from a  d i s c r e t e  random experiment i s  a  p l o t  of 

' i t h e  r e l a t i v e  frequency of occwrence of outcome ai IT) versus a ,  f o r  
1 

G r a p h i c a l l y  t h e  h i s togram f o r  k = 4 i s  shown i n  F igure  2 - l ( a ) .  

When t h e  ai  f o r  i = 1 , 2 ,  ..., k a r e  sequen t ia l  numerical values i t  i s  com- 

mon p r a c t i c e  t o  p l o t  t h e  h i s togram as  shown i n  F i g u r e  2 - l ( b ) ,  using 

rectangles  with v e r t i c a l  l i n e s  a t  t h e  midpoint of adjacent va lues  and a  

i h e i g h t  of -- f o r  i = 1 , 2 ,  k T h i s  i s  the  approach t h a t  w i l l  be n  

used i n  t h e  remainder of t h i s  workbook. I t  proves a  more g r a p h i c  pic-  

t u r e  of the  manner i n  which t h e  da ta  a r e  d i s t r i b u t e d .  

I n  an ac tua l  experimental s i t u a t i o n  a , ,  a 2 ,  a3 ,  a 4 ,  f ,  , f  *, f 3 ,  f  

and n  would be numbers. For example, suppose t h a t  we t ake  t h e  s i t u a t i o n  

described i n  Example 2-2 of S e c t i o n  2 . 1 ,  and c o l l e c t e d  d a t a  on 1000 

welded u n i t s  ( e . g . ,  t h e  b a s i c  experiment was repeated 1000 t imes,  n  = 

1000) ,  w i t h  t h e  r e s u l t s  shown i n  Table 2-1. The histogram f o r  t h i s  ex- 

ample i s  shown i n  Figure  2-2. 

2.3 Summary Measures 

The his togram of a  da ta  s e t  i s  an important means t o  v i s u a l l y  sum- 

marize t h e  data.  Another important means i s  the  use of q u a n t i t i e s  known 

as summary measwes. These numbers a r e  e s s e n t i a l  i n  comparing d i f f e r e n t  

data  s e t s ,  s e t t i n g  con t ro l  limits on control  c h a r t s ,  and i n  unders tand-  

i n g  s t a t i s t i c a l l y  t h e  behav ior  of t h e  o p e r a t i n g  sys tem.  The most 
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commonly used summary measures a r e  defined a s  fo l lows,  with t h e  meaning 

of each measure described l a t e r .  

1. Sample Average ( 2 )  

- k 
x = -  ' i ai f i  ( s e e  footnote*)  

n 
i = l  

2 
2. Sample Variance (S ) 

Computa t iona l ly ,  i t  i s  conven ien t  t o  use  an e q u i v a l e n t  a l t e r n a t i v e  

d e f i n i t i o n  where 

# I f  you a r e  not f a m i l i a r  wi th  t h i s  mathematical symbol you should note  
k 

t h a t  C a . f .  is  simply a  replacement f o r  t h e  quan t i ty  a l f ,  + a 2 f 2  + 
1 1  

i = 1 



3. Sample Standard Deviation (S) 

-,F s - 

4. Sample Coefficient of Variation ( C )  

The sample  average X i s  a  measure of c e n t r a l  l o c a t i o n  of the  data .  

I f  you imagine t h e  histogram as being made from mate r i a l  of uniform den- 

s i t y ,  t h e n  t h e  sample  a v e r a g e ,  2 would c o r r e s p o n d  t o  t h e  c e n t e r  of 

g r a v i t y  o r  t h e  balance point  of t h e  histogram. I t  i s  important  t o  n o t e  

t h a t  t h e  sample  average i s  not necessa r i ly  equal t o  any one of the  ex- 

perimental  ou tcomesa  a p ,  ..., a  T h e s a m p l e v a r i a n c e ,  s L ,  and t h e  
1 ' k ' 

sample s t andard  dev ia t ion ,  S, a r e  measures of d ispers ion.  They give t h e  

ana lys t  a  measure of the  amount of v a r i a b i l i t y  i n  t h e  d a t a  and a r e  par-  

t i c u l a r l y  u s e f u l  i n  compar ing two s e t s  of d a t a  w i t h  t h e  saqe sample 

average.  The d a t a  s e t  w i t h  h i g h e r  v a l u e  of S o r  s 2  has t h e  h i g h e r  

v a r i a b i l i t y .  Since t h e  sample s t andard  dev ia t ion  S  has the  same u n i t  of 

measurement as the  v a r i a b l e  being analyzed,  i t  i s  more convenient t o  use 

a s  a  measure  of v a r i a t i o n .  The s i g n i f i c a n c e  of t h e  sample s t andard  

d e v i a t i o n  ( o r  t h e  s a m p l e  v a r i a n c e )  c a n  be i l l u s t r a t e d  w i t h  t h e  

h i s t o g r a m .  I n  F i g u r e  2-3 two histograms a r e  shown. In  each case  t h e  

histograms have t h e  same sample average,  but histogram ( b )  i s  more con- 

c e n t r a t e d  abou t  t h e  sample  average.  The sample s t andard  dev ia t ion  of 

Figure  2-3(a) i s  correspondingly much higher than t h a t  of Figure  2 - 3 ( b ) .  
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The f i n a l  summary measure ,  t h e  c o e f f i c i e n t  of v a r i a t i o n ,  i s  not 

used e x t e n s i v e l y  i n  q u a l i t y  a ssurance ,  I t  i s ,  however,  b o t h  i m p o r t a n t  

a n d  u s e f u l  i n  compar ing two h i s t o g r a m s  t h a t  have d i f f e r e n t  sample  

averages because i t  provides ,  f o r  each histogram, a  measure  of d i s p e r -  

s i o n  r e l a t i v e  t o  t h e  sample average.  

2.4 Repe t i t ions  of A D i s c r e t e  Random Experiment 

I n  p r a c t i c a l  a p p l i c a t i o n s  of q u a l i t y  assurance t h e  suimary measures 

a ssoc ia ted  w i t h  t h e  bas ic  random experiment become t h e  f o u n d a t i o n  f o r  

a n a l y z i n g  more compl icated experiments t h a t  involve  computations which 

a r e  made from severa l  r e p e t i t i o n s  of t h e  b a s i c  random e x p e r i m e n t .  I n  

t h i s  s e c t i o n  of t h e  workbook t h e  histogram of t h e  b a s i c  random experi-  

ment w i l l  be used t o  i l l u s t r a t e  t h e  s t a t i s t i c a l  b e h a v i o r  of v a r i a b l e s  

t h a t  a r e  commonly used i n  t h e  a n a l y s i s  of severa l  r e p e t i t i o n s  of a  ran- 

dom experiment. A t  t h i s  point  t h e  reader  should  review Examples 2-4 t o  

2-6 of S e c t i o n  2 .1 .  

I n  t h e  fo l lowing  s e c t i o n s  t h e s e  va r i ab les  a r e  d iscussed f o r  each of 

two important  kinds of d i s c r e t e  random experiments. 

Repe t i t ions  of A Discre te  Random Experiment - Two Important  Cases 

Case 1 - The ( 0 , l )  D i s c r e t e  Random Experiment 

I n  t h i s  case  t h e  outcome of t h e  b a s i c  random exper iment  w i l l  be 

e i t h e r  0 ( a  good i t e n )  o r  1 ( a  de fec t ive  item) and t h e  histogram of t h e  

bas icrandom experiment w i l l  appear as shown i n F i g u r e  2 - 4 .  T h i s  t y p e  

of h i s t o g r a m  i s  common i n  q u a l i t y  assurance (e .g . ,  an e l e c t r i c a l  switch 
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i s  e i t h e r  good o r  de fec t ive ;  a  weld i s  e i t h e r  good o r  de fec t ive ;  insula- 

t i o n  on an e l e c t r i c  cab le  e i t h e r  breaks down a t  high voltage ( d e f e c t i v e )  

or does not (good);  e t c . ) .  

When t h e  sys tem i s  i n  a  s t a t e  of s t a t i s t i c a l  control  and when t h e  

bas ic  random experiment i s  repeated k t imes ,  t h r e e  i m p o r t a n t  v a r i a b l e s  

a r e  of i n t e r e s t :  A )  The t o t a l  number of d e f e c t i v e s  ( t h e  sum of the  

outcomes); B) t h e  f r a c t i o n  defec t ive  ( t h e  averge  ou tcome) ;  and C )  The 

p e r c e n t  d e f e c t i v e  ( 1  00 t i m e s  t h e  f r a c t i o n  d e f e c t i v e ) .  I n  each of the  

t h r e e  cases t h e  theory of mathematical s t a t i s t i c s  can e x p l a i n  t h e  be- 

h a v i o r  of the  histogram of each of t h e s e  va r iab les .  The r e s u l t s  a r e  as 

follows: 

A .  The Histogram of the  t o t a l  Number of Defect ives  w i l l  have: 

1. An Average t h a t  i s  ( k p )  

2 .  A Variance t h a t  i s  k p ( 1 - p )  and 

3. A Standard Deviation t h a t  i s  4-. 

B. The Histogram of the  F r a c t i o n  Defective w i l l  have: 

1 .  An Average t h a t  i s  5 

- - 
2 .  R Variance t h a t  i s  and 

k 



3. A Standard Deviation t h a t  i s  - Y p(i-p)* 
C .  The Histogram of the  Percent Defective w i l l  have: 

1 . An Average t h a t  i s  100p 

2- - 
2. A Variance t h a t  i s  l o o  P (  1 - P )  and 

k 

P (  1 - 3  3. A S tandardDevia t ion  t h a t  i s  100 - 
v - k  

A t  t h i s  point  you should begin t o  u n d e r s t a n d  how t h e  c e n t e r  l i n e  

and c o n t r o l  limits of a  control  chart  a r e  defined.  r e f e r  t o c h a p t e r  1 ,  

Sect ion 1 . 4 .  

Case 2 - The Discrete Random Experiment w i t h  Outcomes 0 , 1 , 2 , .  . . 
I n  t h i s  s i t u a t i o n ,  the  d i s c r e t e  bas ic  random experiment w i l l  have a  

s e t  of outcomes 0 , 1 , 2 ,  3 ,  . . . and t h e  histogram of the  bas ic  random ex- 

periment w i l l  be s i m i l a r  t o  t h e  o n e  as  shown i n  F i g u r e  2-5. I n  t h i s  

s i t u a t i o n  we a r e  g e n e r a l l y  d e a l i n g  w i t h  some type of complicated as- 

sembly where t h e  number of defects  i s  being counted and  i t  i s  u n l i k e l y  

t o  f i n d  a  small  nunber of d e f e c t s ,  For example, pinhole defects  i n  t h e  

painted sur face  of a  l a r g e  a rea  o r  t h e  number of mistakes i n  a  l a r g e  ar- 

ray of complicated wiring.  
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When t h e  bas ic  random experiment i s  repeated k times two v a r i a b l e s  

a r e  of i n t e r e s t :  A )  The t o t a l  nmber of de fec t s  and B) The average num- 

ber of de fec t s .  Again, f o r  a process t h a t  i s  i n  s t a t i s t i c a l  c o n t r o l ,  

t h e  t h e o r y  of mathemat ica l  s t a t i s t i c s  can be used t o  explain t h e  his- 

togram of these  var iables  as follows: 

A .  The Histogram of t h e  Total  Number of Defects w i l l  have: 

1 .  An average value t h a t  i s  t h e  same a s  t h e  average  of 
t h e  h i s togram of t h e  b a s i c  random experiment multi- 

p l i ed  by k ,  ki. 

2. A Variance t h a t  i s  kX and 

3. A Standard Deviation t h a t  i s 6  

B. The Histogram of the  Average Number of Defects w i l l  have: 

1 .  An average t h a t  i s  the  same as the  average of the  h i s -  
- 

togram of t h e  bas ic  random experiment, X ,  
- 
X 

2.  A Variance t h a t  i s  - and 
k 

3. A Standard Deviation t h a t  isE, 
2.5 Problems 

I. An e l e c t r o n i c  assembly  c o n s i s t s  of f i v e  modules where each 

module can be replaced i f  i t  i s  found t o  be d e f e c t i v e .  The e l e c t r o n i c  

a s s e m b l i e s  a r e  manufac tu red  by a  s u p p l i e r  and a r e  packaged f i v e  t o  a  

carton.  A t  t he  loading dock of the  s h i p y a r d  50 c a r t o n s  were examined 

and t h e  number of d e f e c t i v e  modules i n  each e l e c t r o n i c  assembly was 

determined wi th  t h e  r e s u l t s  shown i n  Table 2-2. Imagine each c a r t o n  a s  

a  s e r i e s  of f i v e  r e p e t i t i o n s  of a  bas ic  random experiment where t h e  out- 

come of the  bas ic  random experiment i s  0 defec t ive  modules, 1 d e f e c t i v e  



Number of Defective Modules Number of Defective Modules 
Carton E l e c t r o n i c  Assembly Number Carton E l e c t r o n i c  Assembly Number 
Number 1 2 3 4 5  Number 1 2 3 4 5  

Number of Defective Modules i n  E l e c t r o n i c  Assemblies 

Table 2-2 



module, . . . , o r  5 d e f e c t i v e  modules .  Construct  a histogram of bas ic  
- 

random experiment and compute t h e  four summary measures ( x , s 2 , s  and c ) .  

For each car ton compute t h e  average number of de fec t ive  modules and plot  

a histogram of these  50 values.  

11. I d e n t i c a l  e l e c t r i c  c a b l e s ,  each of l e n g t h  100 f t . ,  were 

subjected t o  a high voltage t o  determine t h e  number of p o i n t s  i n  each 

c a b l e  where t h e  i n s u l a t i o n  f a i l e d .  As each group of our cables was 

t e s t e d  t h e  r e s u l t s  were r e p o r t e d  a s  shown i n  t a b l e  2-3. P l o t  a h i s -  

togram of t h e  b a s i c  random exper iment  and compute t h e  f o u r  summary 

- 2 measures ( x , s  ,s and c ) .  Then plot  a histogram of the  Average Number of 

I n s u l a t i o n  F a i l u r e s  and compute t h e  summary measures. Ccmpare these  

values t o  t h e  r e s u l t s  t h a t  a r e  supposed t o  occur  from t h e  r e s u l t s  of 

Sect ion 2.4.  



Number of I n s u l a t i o n  F a i l u r e s  Average Number 
T e s t  Number i n  Cable Number of I n s u l a t i o n  F a i l u r e s  

1 2 3 4 

Number of I n s u l a t i o n  F a i l u r e s  i n  120 E l e c t r i c  Cables 
Table 2-3 



3. CONTINUOUS RANDOM EXPERIMENTS 

3.1 I n t r o d u c t i o n  

I n  t h i s  s e c t i o n  o f  t h e  workbook a  t e c h n i q u e  f o r  d i s p l a y i n g  d a t a  

f rom c o n t i n u o u s  random e x p e r i m e n t s  is  i n t r o d u c e d .  The t e c h n i q u e  g i v e s  a  

v i s u a l  d i s p l a y  o f  t h e  d a t a  a n d  a g a i n  i s  c a l l e d  t h e  h i s t o g r a m .  The 

d e v e l o p m e n t  o f  t h e  h i s t o g r a m ,  however,  i s  somewhat d i f f e r e n t  when t h e  

d a t a  a r e  from an o p e r a t i n g  sys tem t h a t  can b e  i m a g i n e d  a s  a  c o n t i n u o u s  

random e x p e r i m e n t .  The f o u r  summary measures  t h a t  were d e f i n e d  f o r  d i s -  

c r e t e  random e x p e r i m e n t s  w i l l  b e  i n t r o d u c e d  a g a i n  f o r  t h e  c o n t i n u o u s  

c a s e .  The c o m p u t a t i o n s ,  however,  a r e  somewhat d i f f e r e n t  and w i l l  be  ex- 

p l a i n e d  i n  d e t a i l .  

To i l l u s t r a t e  t h e  t y p e  o f  c o n t i n u o u s  random e x p e r i m e n t s  t h a t  a r e  

found i n  t h e  s h i p b u i l d i n g  i n d u s t r y ,  t h r e e  b a s i c  r andom e x p e r i m e n t s  a r e  

d e s c r i b e d .  They  a r e  f o l l o w e d  by t h r e e  a d d i t i o n a l  e x p e r i m e n t s  t o  i l-  

l u s t r a t e  t h a t  r e p e t i t i o n s  o f  a  b a s i c  r andom e x p e r i m e n t  a r e ,  a s  i n  t h e  

d i s c r e t e  c a s e ,  i m p o r t a n t  i n  t h e  c o n t i n u o u s  c a s e .  

EXAMPLE 3-1 

The Opera t ing  System 

I n  a  s p e c i f i c  p a r t  o f  t h e  s h i p y a r d  t w o  s e c t i o n s  o f  s t e e l  p l a t e  

120 i n c h e s  l o n g  a r e  welded t o g e t h e r  a l o n g  t h e  120- inch d imens ion  t o  form 

a  s i n g l e  u n i t .  T h i s  u n i t  is  t h e n  t r a n s f e r r e d  t o  a n o t h e r  s e c t i o n  o f  t h e  

s h i p y a r d .  



The Continuous Random Experiment 

P r i o r  t o  welding,  s e c t i o n s  of s t e e l  p l a t e  a r e  but ted  toge the r  as 

shown i n  Figure  3-1 and a  f e e l e r  gauge i s  used t o  measure  t h e  maximum 

gap t h a t  occurs over t h e  e n t i r e  120  inches ,  

The S e t  of Outcomes 

The s e t  of outcomes cannot be counted. When measuring t h e  maxi- 

m u m  gap, t h e r e  i s  no such t h i n g  a s  a  f i r s t  outcome, a  second  outcome 

e t c . ;  t h e  outcome can be any value  on a  continuous s c a l e  from zero  t o  

sane  r e a l i s t i c  upper l i m i t .  The outcome s c a l e  i s  s a i d  t o  be i n f i n i t e l y  

d i v i s i b l e .  

EXAMPLE 3-2 

The O ~ e r a t i n n  S v s t m  

I n  a  c e r t a i n  s e c t i o n  of the  s h i p y a r d  p re -cu t  s t e e 1  h e a d e r s  a r e  

received frcm an ex te rna l  s u p p l i e r .  The headers a r e  then welded between 

two I beams which a r e  a t t ached  t o  a  s t e e l  p la te .  See F igure  3-2 .  

The Continuous Random Experiment 

A s t e e l  header i s  s e l e c t e d  a t  random from the,  a v a i l a b l e  h e a d e r s  

and i t s  maxinum o v e r a l l  l e n g t h  i s  measured. 

The S e t  of Out comes 

When m e a s u r i n g  t h e  maximum o v e r a l l  l e n g t h ,  t h e  outcome s c a l e  i s  

i n f i n i t e l y  d i v i s i b l e ,  a s  with Example 3-1 . 





Typical Deck Header Instal lation 
Figure 3-2 



EXAMPLE 3-3 

The Operating System 

An exac tograph  machine i s  used t o  c u t  t h e  t r i a n g u l a r  piece of 

s t e e l  p l a t e  shown i n  Figure  3-3. 

The Continuous Random Experiment 

From the  production output of the  t r i a n g u l a r  s  tee1 p l a t e  a  p i e c e  

i s  s e l e c t e d  a t  random and t h e  d i f fe rence  between t h e  engineering drawing 

dimension f o r  l eng th  a  i n  Figure  3-3 and t h e  ac tua l  dimension as cut f o r  

l eng th  a  i s  determined. 

The Set  of 0 ut corn es 

Again t h e  s e t  of outcomes i s  i n f i n i t e l y  d i v i s i b l e .  

EXAMPLE 3-4 

The Operating Sys tan 

The same s i t u a t i o n  described i n  Example 3-1. 

The Continuous Random Experiment 

The bas ic  experiment described i n  Example 3-1 i s  r e p e a t e d  f i v e  

t i m e s  ( e . g . ,  t h e  maximum gap f o r  each of the  butted sec t ions  shown i n  

Figure 3-1 i s  computed). The average of the  f i v e  measurements (maximum 

g a p  s i z e  i n  e a c h  t r i a l )  and  t h e  r a n g e  ( l a r g e s t - s m a l l e s t )  i s  then  

determined. 

The Set of Outcomes 

Again i n f i n i t e l y  d i v i s i b l e .  



Engineering Drawing Dimensions 

a = 24 inches 
b = 30 inches 
c = 1 8 inches 

Triangular Section of Steel Plate 
Figure 3-3 



EXAMPLE 3-5 

The Operating System 

The same s i t u a t i o n  d e s c r i b e d  i n  Example 3-2. 

The Continuous Random Experiment 

The  b a s i c  e x p e r i m e n t  d e s c r i b e d  i n  Example 3-2 i s  r e p e a t e d  f i v e  

t i m e s .  The a v e r a g e  and  t h e  r a n g e  o f  t h e  f i v e  v a l u e s  a r e  d e t e r m i n e d .  

The S e t  of Outcomes 

Again i n f ' i n i t e l y  d i v i s i b l e .  

EXAMPLE 1-6 

The Operating System 

The same s i t u a t i o n  d e s c r i b e d  i n  Example 3-3. 

The Continuous Random Experiment 

The  b a s i c  e x p e r i m e n t  d e s c r i b e d  i n  Example 3-3 i s  r e p e a t e d  e i g h t  

t i m e s .  The a v e r a g e  d i f f e r e n c e  a n d  t h e  r a n g e  o f  t h e  d i f f e r e n c e s  a r e  

computed.  

The S e t  of Outcomes 

Again  i n f i n i t e l y  d i v i s i b l e .  

3.2 The Histogram - Continuous Data 

As we s a w  i n  t h e  t r e a t m e n t  o f  d i s c r e t e  r a n d o m  e x p e r i m e n t s ,  a  

s t a t i s t i c a l  a n a l y s i s  of d a t a  i s  u s u a l l y  c o n d u c t e d  f o r  t h e  b a s i c  r a n d o m  

e x p e r i m e n t .  I n  t h e  l a n g u a g e  o f  s t a t i s t i c s ,  u n d e r s t a n d i n g  a  b a s i c  random 

e x p e r i m e n t  i s  a n a l o g o u s  t o  u n d e r s t a n d i n g  a  p o p u l a t i o n .  When t h e  b a s i c  

r a n d o m  e x p e r i m e n t  i s  r e p e a t e d  under  e s s e n t i a l l y  t h e  same c o n d i t i o n s ,  we 

a r e ,  i n  t h e  l a n g u a g e  o f  s t a t i s t i c i a n s ,  s a m p l i n g  f r m  a  p o p u l a t i o n .  Once 



t h e  b a s i c  random experiment (or  popula t ion)  i s  understood s t a t i s t i c a l l y ,  

mathematics can be used t o  descr ibe  t h o s e  v a r i a b l e s  which a r e  u s u a l l y  

a s s o c i a t e d  w i t h  a  random sample f r a n  the  population.  As we d id  i n  t h e  

d i s c r e t e  case  t h e  histogram w i l l  be d e f i n e d  a f t e r  t h e  i n t r o d u c t i o n  of 

bas ic  n o t a t i o n .  

We assume t h a t  a  b a s i c  random experiment has been c l e a r l y  def ined 

and t h a t  t h e  exper iment  r e s u l t s  i n  an outcome ( t h e  v a r i a b l e )  which has 

been determined t o  be i n f i n i t e l y  d i v i s i b l e  ( con t inuous  o r  m e a s u r a b l e ) .  

We a l s o  assume t h a t  t h e  b a s i c  c o n t i n u o u s  random experiment has been 

repea ted  n  t imes under e s s e n t i a l l y  t h e  same c o n d i t i o n s  i n  which t h e  

o p e r a t i n g  s y s t e m  i s  i n  a  s t a t e  of s t a t i s t i c a l  con t ro l .  The n  r e p e t i -  

t i o n s  of the  b a s i c  random exper iment  produce n  n u m e r i c a l  v a l u e s  ( t h e  

d a t a  o r  measurements) f o r  t h e  v a r i a b l e  of i n t e r e s t  which f o r  no ta t iona l  

purposes a r e  c a l l e d  x  x2, x3, ,,., x Wi th  t h i s  n o t a t i o n  x l  i s  t h e  n' 

n u m e r i c a l  v a l u e  from t h e  f i r s t  r e p e t i t i o n  of t h e  experiment,  x2 i s  the  

numerical value from the  second r e p e t i t i o n ,  e t c .  The c o n s t r u c t i o n  of a  

h i s t o g r a m  f o r  continuous d a t a  r e q u i r e s  t h a t  we know t h e  l a r g e s t  and t h e  

s m a l l e s t  n m e r i c a l  value i n  t h e  s e t  of d a t a .  T h e r e f o r e  l e t  M be t h e  

l a r g e s t  numerical value i n  t h e  s e t  of da ta .  M is  one of the  x ' s  and i t  

i s  the  l a r g e s t .  Nota t iona l ly  we w r i t e M  = maximm ( x , , ~  Z , . . . ,  x , ) .  Le t  

L be t h e  s m a l l e s t  numerical  value i n  t h e  s e t  of da ta .  Again, L is one 

of t h e  x ' s  a n d  i t  i s  t h e  s m a l l e s t .  N o t a t i o n a l l y  we w r i t e  L = 

m i n i m u m ( x l , x 2 , , , , x  ) .  The range ,  R, of t h e  d a t a  s e t  i s  then def ined t o  n  

be t h e  d i f f e r e n c e  between M a n d L  or R = M-L. Before we begin w i t h  o u r  

d i s c u s s i o n  t h e  r e a d e r  s h o u l d  re-examine Figure  2-1 and should  examine 



s p e c i f i c a l l y  t h e  hor izon ta l  a x i s  of the  histogram f o r  t h e  d i s c r e t e  r an-  

dom exper iment .  I n  t h a t  case  s p e c i f i c  values f o r  t h e  outcomes could be 

i d e n t i f i e d  and then r e l a t i v e  f requencies  of occurrence could be p l o t t e d  

a t  t h e s e  values .  This i s  not t r u e  i n  t h e  continuous random experiment. 

The way t h e  hor izon ta l  a x i s  i s  const ructed i n  t h e  continuous random ex- 

periment i s  as  fo l lows:  

Divide t h e  range,  R = M-L, i n t o  equa l ly  spaced i n t e r v a l s ,  c a l l e d  

c e l l s ,  i n  s u c h  a  way t h a t  every d a t a  point  f a l l s  i n t o  one and on ly  one 

c e l l .  Usually t h e  number of c e l l s  t o  be used w i l l  be between 7 and 2 0  

and w i l l  depend o n  t h e  nunber of d a t a  po in t s .  The more d a t a  you have, 

t h e  more c e l l s  you w i l l  use. This i s  a  very s u b j e c t i v e  process  t h a t  i s  

l e a r n e d  by work ing  w i t h  d i f f e r e n t  amounts of d a t a  frcm d i f f e r e n t  ex- 

perimental s i t u a t i o n s .  

Now, assuming  t h a t  k c e l l s  have been i d e n t i f i e d ,  l e t  f i  be t h e  

number of d a t a  po in t s  out of t h e  n  t h a t  have values which p lace  them i n  

c e l l  i f o r  i = 1 ,  2 ,  . . . , k .  I n  o t h e r  words, f o r  c e l l  i a l l  f .  d a t a  
1 

points  have v a l u e s  which a r e  g r e a t e r  t h a n  some number which i s  t h e  

beginning of c e l l  i ,  and f o r  c e l l  i a l l  f i  da ta  points  have values which 

a r e  l e s s  than a second nunber which i s  t h e  end po in t  of c e l l  i .  As we 

defined i n  t h e  d i s c r e t e  case  we have 

f  = nu-nber ( f requency)  of d a t a  points  i n  c e l l  i .  
i 

f . / n  = r e l a t i v e  number ( r e l a t i v e  frequency) of d a t a  
1 

points  i n  c e l l  i f o r  i = 1 ,  2 ,  . .., k .  



With t h e s e  d e f i n i t i o n s  we must have 

We a r e  now i n  a  p o s i t i o n  t o  d e f i n e  t h e  his togram f o r  a  cont inuous  

random exper iment .  

Def ini t ion:  

A his togram f o r  a  cont inuous  random experiment  i s  a  p l o t  of t h e  r e l a t i v e  

'i 
f requency  of occu r r ence  i n  c e l l  i (-1 versus  c e l l  i f o r  i = 1 , 2 ,  . . . , n 

k .  

I n  t h e  c o n s t r u c t i o n  of t h e  h is togram i t  i s  common p r a c t i c e  t o  l a b e l  

t h e  h o r i z o n t a l  a x i s  u s i n g  t h e  midpo in t s  of each c e l l  ( s a y  m l  , m 2 .  . . . , 
f 
i 

m k )  and ,  f o r  c e l l  i ,  t o  draw a h o r i z o n t a l  l i n e  of c o n s t a n t  h e i g h t ,  r; 
ove r  t h e  c e l l  width.  

The gene ra l  n o t a t i o n  we have  j u s t  d e f i n e d  a n d  t h e  p r o c e d u r e  f o r  

c o n s t r u c t i n g  a  h i s t o g r a m  i s  i l l u s t r a t e d  i n  F i g u r e  3-4 f o r  a  s i t u a t i o n  

w i t h  n i n e  c e l l s .  

As we mentioned e a r l i e r ,  t h e  h is togram i s  c o n s t r u c t e d  f o r  t h e  b a s i c  

random experiment  and g i v e s  us a  v i s u a l  d i s p l a y  of t h e  s t a t i s t i c a l  be- 

h a v i o r  o f  t h e  p o p u l a t i o n  f r o m  w h i c h  we w i l l  be d r a w i n g  s a m p l e s  

( r e p e a t i n g  t h e  e x p e r i m e n t ) .  I t  i s  i m p o r t a n t  t o  u n d e r s t a n d  t h a t  t h e  

s h a p e  o f  t h e  h is togram i s  most s i g n i f i c a n t .  The shape  of t h e  his togram 

w i l l  h e l p  u s  t o  i d e n t i f y  an  a p p r o p r i a t e  mathemat ica l  model f o r  t h e  b a s i c  
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The General Histograms - Nine Cells 
Figure 3-4 



random exper iment .  For example, a  s t a t i s t i c i a n  would look a t  t h e  shape 

i n  F i g u r e  3-4 and conclude t h a t  t h e  popula t ion might be modeled by sane- 

t h i n g  c a l l e d  t h e  normal  d i s t r i b u t i o n  ( t h e  bell-shaped c u r v e ) .  Other 

shapes l e a d  t o  o the r  types  of models and a r e  i l l u s t r a t e d  i n  F i g u r e  3-5. 

Al though p o s s i b l e  m a t h e m a t i c a l  models  a r e  l i s t e d  f o r  e a c h  shape  i n  

F igure  3-5, i t  i s  not important  t o  concern o u r s e l v e s  w i t h  t h e s e  mode l s  

a t  t h i s  p o i n t .  I t  shou ld  a l s o  be emphasized t h a t  t h e  histogram of the  

b a s i c  random experiment i s  important  i n  an examination of some dimension 

t o  determine i f  t o l e r a n c e s  a r e  being met. 

I n  a d e t a i l e d  s t a t i s t i c a l  a n a l y s i s  of a continuous b a s i c  random ex- 

p e r i m e n t ,  a  s p e c i f i c  t y p e  of  m a t h e m a t i c a l  f u n c t i o n  c a l l e d  a d e n s i t y  

f u n c t i o n  i s  u s e d  a s  a m a t h e m a t i c a l  mode l  f o r  t h e  b a s i c  r a n d o m  

e x p e r i m e n t .  For a given histogram, s t a t i s t i c a l  procedures can be used 

t o  d e t e r m i n e  t h e  a p p r o p r i a t e  m a t h e m a t i c a l  model.  I n  t h e  d e t  a i  1 e d  

a n a l y s i s  t h e  s t a t i s t i c i a n  u s u a l l y  makes a p l o t  of t h e  d e n s i t y  f u n c t i o n  

on t h e  same graph paper used t o  p l o t  t h e  histogram. I n  t h i s  manner t h e  

a n a l y s t  i s  provided w i t h  a v i s u a l  d e s c r i p t i o n  of t h e  e x t e n t  t o  which t h e  

mathematical model lTf i t s1 l  the  histogram. S i n c e  a l l  d e n s i t y  f u n c t i o n s  

a r e  s u c h  t h a t  t h e  a r e a  under t h e  f u n c t i o n  i s  one, t h e  s c a l e  of t h e  ver- 

t i c a l  a x i s  of t h e  histogram must be a d j u s t e d  t o  c r e a t e  a h i s t o g r a m  i n  

which t h e  t o t a l  a r e a  of t h e  r e c t a n g l e s  sums t o  one. Refer t o  F igure  3-4 

and n o t e  t h a t ,  i n  g e n e r a l ,  un less  t h e  c e l l  width i s  one, t h e  sum of t h e  

r e c t a n g u l a r  a reas  would no t  be one. To make t h e  sun of the  r e c t a n g u l a r  

a reas  equal t o  one,  change t h e  s c a l e  of t h e  v e r t i c a l  a x i s  b y  d i v i d i n g  

f i  each r e l a t i v e  f r e q u e n c y  (h) on t h e  v e r t i c a l  a x i s  by t h e  c e l l  width 

( t h e  d i f f e r e n c e  between two ad jacen t  c e l l  midpo in t s ) .  Therefore ,  i f  you 
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w i s h  t o  p l o t  a  m a t h e m a t i c a l  d e n s i t y  f u n c t i o n  on t h e  same graph a s  the  

histogram, t h e  p l o t  should  be r e l a t i v e  f requency d i v i d e d  by c e l l  w i d t h  

v e r s u s  c e l l  m i d p o i n t .  I f  t h e  c e l l  width i s  W then a  l i n e  of constant  

f  
i height  would be p l o t t e d  o v e r  c e l l  i .  By a d j u s t i n g  t h e  v e r t i c a l  

s c a l e  i n  t h i s  manner t h e  shape of t h e  histogram does not change and,  a t  

t h e  same t ime,  t h e  d e n s i t y  f u n c t i o n  can be p l o t t e d  and then compared t o  

t h e  histogram. 

S i n c e  t h e  normal  d e n s i t y  f u n c t i o n  i s  used  e x t e n s i v e l y  i n  many 

s i t u a t i o n s  i n  q u a l i t y  a ssurance ,  i t  i s  in t roduced a t  t h i s  point  i n  t h e  

workbook. 

The n o r m a l  d e n s i t y  f u n c t i o n ,  d e n o t e d  by f ( x ) ,  i s  d e f i n e d  a s  

fo l lows:  

1 2 - ~ ( x - l l )  

e  2 0 f ( x )  = ,x f o r  a l l  x  between -@ and +w 

The f u n c t i o n  i n c l u d e s  two n u m b e r s  p a n d  'o w h i c h  a r e  c a l l e d  

p a r a m e t e r s  of t h e  d e n s i t y  f u n c t i o n .  The shape of t h e  f u n c t i o n  i s  il- 

l u s  t r a t e d  i n  F i g u r e  3-6 .  For any value  of p and f o r  any posi t i  ve v a l  ue 

of o t h e  f u n c t i o n  i s  cen te red  on t h e  parameter p and i s  symmetric about 

p with  t h e  shape of a  l f b e l l . l l  The t o t a l  a r e a  under t h e  d e n s i t y  f u n c t i o n  

i s  one  and t h e  f u n c t i o n  i s  always p o s i t i v e  (always above t h e  x a x i s ) .  

The parameter p is c a l l e d  t h e  l o c a t i o n  p a r a m e t e r  and i s  t h a t  p o i n t  on 

t h e  x a x i s  a t  which t h e  f u n c t i o n  r e a c h e s  i t s  h ighes t  value and about 
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which t h e  f u n c t i o n  i s  synmetr ic .  The parameter a  is c a l l e d  t h e  d i s p e r -  

s i o n  parameter  and determines the  shape of t h e  b e l l .  For a  f i x e d  value 

f o r  p ,  a s  o  dec reases  t h e  d e n s i t y  f u n c t i o n  becomes more and more con- 

c e n t r a t e d  a b o u t  t h e  p a r a m e t e r  u .  T h i s  phenomenon i s  i l l u s t r a t e d  i n  

F igure  3-7. The t o t a l  a r e a  under t h e  curve between x  va lues  of p-a and  

p+o is  0 . 6 8 2 6 ;  between p-20 and p+2a the  a r e a  i s  0 .9544 ;  and between p- 

3 0  and p+3o;  the  a r e a  i s  0.9973.  This  i s  i l l u s t r a t e d  i n  F i g u r e  3-6. 

I n  a  p r a c t i c a l  s i t u a t i o n  t h e  a n a l y s t  would c o l l e c t  a  s e t  of d a t a  

and p lo t  a  histogram f o r  s a n e  b a s i c  c o n t i n u o u s  random e x p e r i m e n t .  I f  

t h e  h i s t o g r a m  h a s  t h e  b e l l  shape an at tempt would then  be made t o  use 

t h e  normal d e n s i t y  f u n c t i o n  as an a p p r o p r i a t e  ma themat ica l  model.  The 

summary m e a s u r e s  of t h e  h i s t o g r a m  would be u s e d  t o  ass ign  numerical 

values t o  FI and o. Once t h e  p a r a m e t e r s  have been a s s i g n e d  n u m e r i c a l  

values t h e  d e n s i t y  f u n c t i o n  would be def ined s p e c i f i c a l l y  and would then 

be p l o t t e d  on t h e  s a n e  graph a s  t h e  histogram. T h i s  would p r o v i d e  t h e  

a n a l y s t  a  p i c t u r e  of t h e  degree t o  which t h e  normal d e n s i t y  f u n c t i o n  i s  

an a p p r o p r i a t e  model f o r  t h e  b a s i c  random e x p e r i m e n t  under s t u d y .  I n  

r e a l i t y ,  a  s t a t i s t i c a l  t e s t  would be conducted t o  have a  more s c i e n t i f i c  

t e s t  of s t a t i s t i c a l  appropr ia teness .  

3 . 3  Summary Measures - Continuous Random Experiments 

As we saw i n  t h e  d i s c r e t e  case ,  summary measures can be d e f i n e d  t o  

s u m m a r i z e  t h e  i n f o r m a t i o n  c o n t e n t  of t h e  d a t a .  The f o u r  summary 
- 

measures used i n  t h e  d i s c r e t e  case  (Sample Average X ,  Sample V a r i a n c e  

2 S  , Sample Standard Dev ia t ion  S ,  and t h e  C o e f f i c i e n t  of V a r i a t i o n  C) a r e  
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a l so  defined i n  t h i s  s ec t ion  f o r  the  continuous random experiment. They 

a r e  d e f i n e d  f o r  two s i t u a t i o n s  which a r e  commonly encountered i n  t h e  

ana lys is  of continuous da ta  where 

( 1 )  The actual  da ta  ( x , ,  x2, . .., xn)  i s  ava i lab le  and, 

( 2 )  Only t h e  his togram f i / n  vs m i  f o r  i = 1 ,  2 ,  . .., k i s  

avai 1 able .  

The procedure f o r  computing the  summary measures i s  d i f f e r e n t  i n  each 

s i t u a t i o n  and a r e  t r e a t e d  separa te ly  a s  follows: 

S i tua t ion  1 :  Use of Actual Data ( x l ,  x2, . .., xn) 

Sample Average (?) 

Sample Variance (s') 

or equivalent ly,  

Sample Standard Deviation (S) 

S  - 



S a m ~ l e  Coeff icient  of Variat ion ( C  

S i t u a t i o n  2: Use of Histogram ( f i / n  vs mi) f o r  i = 1 ,  2 ,  ..., k 

Sample Average (X) 

2 
Sample Variance (S  ) 

Sample Standard Deviation (S) 



Sample Coeff icient  of Variat ion ( C )  

The  r e a d e r  s h o u l d  u n d e r s t a n d  t h a t  when t h e  summary measures a r e  

computed u s i n g  o n l y  t h e  h i s t o g r a m  ( S i t u a t i o n  2 ) ,  a n  a p p r o x i m a t i o n  t o  

each summary measure  i s  be ing  computed. The t r u e  summary measure  s h o u l d  

be computed u s i n g  t h e  a c t u a l  d a t a .  The app rox ima t ion ,  however ,  i s  good 

when t h e  a n a l y s t  h a s  a  l a r g e  d a t a  s e t  and i s  u s i n g  a  h is togram w i t h  a  

l a r g e  number of c e l l s .  

The t w o  h i s t o g r a m s  shown i n  F i g u r e  3-8 i l l u s t r a t e  t h e  meaning of  

t h e  sample  v a r i a n c e  and t h e  s a m p l e  s t a n d a r d  d e v i a t i o n  ( e . g . ,  f o r  t h e  

same sample  ave rage  a  lower  s ample  s t a n d a r d  d e v i a t i o n  o r  sample  v a r i a n c e  

means a  h i g h e r  c o n c e n t r a t i o n  of t h e  d a t a  n e a r  t h e  sample  a v e r a g e ) .  

3.4 Repet i t ion of A Continuous Random Experiment 

The d i s c u s s i o n  we gave i n  t h e  c a s e  of  d i s c r e t e  random e x p e r i m e n t s  

w i l l  a g a i n  be  f o l l o w e d  i n  t h e  s t a t i s t i c a l  a n a l y s i s  of v a r i a b l e s  which 

a r e  a s s o c i a t e d  w i t h  t h e  r e p e t i t i o n  o f  some b a s i c  c o n t i n u o u s  random 

e x p e r i m e n t .  We a s s u m e  t h a t  a  s u b s y s t e m  of  t h e  s h i p y a r d  h a s  been  

a n a l y z e d  a n d  t h a t  t h e  h i s t o g r a m  a n d  s u m m a r y  m e a s u r e s  h a v e  b e e n  

d e v e l o p e d .  We a r e  now c o n c e r n e d  w i t h  r e p e t i t i o n s  of t h e  b a s i c  con- 

t i n u o u s  random exper iment  and a r e  i n t e r e s t e d  i n  d e v e l o p i n g  p r o c e d u r e s  

f o r  unde r s t and ing  s t a t i s t i c a l l y  t h r e e  g e n e r a l  t y p e s  of v a r i a b l e :  

( 1 )  The Average Outcome, 

( 2 )  The Sum of t h e  Outcomes, and  
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(3)  V a r i a b i l i t y  of t h e  Outcomes. 

Again ,  e a c h  of t h e s e  g e n e r a l  c a t e g o r i e s  i s  t r e a t e d  s e p a r a t e l y  i n  

t h e  subsequent s e c t i o n s .  

The Average Outcome 

I n  t h e  continuous c a s e ,  a s  i t  was i n  t h e  d i s c r e t e  case ,  i t  i s  c e r -  

t a i n l y  p o s s i b l e  t o  c o l l e c t  d a t a  on t h e  average outcome of a  s p e c i f i e d  

number of r e p e t i t i o n s  of a  b a s i c  e x p e r i m e n t .  The d a t a  c o u l d  t h e n  be 

used t o  c o n s t r u c t  a  histogram of t h e  average outcome and t o  provide a l l  

of the  summary measures. This  approach d o e s  n o t  have t o  be f o l l o w e d .  

We can  de te rmine  mathemat ica l ly  t h e  s t a t i s t i c a l  behavior of t h e  average 

outcome f r m  a  s p e c i f i e d  n m b e r  of r e p e t i t i o n s  of a  b a s i c  c o n t i n u o u s  

random experiment. For a  process t h a t  i s  i n  a  s t a t e  of s t a t i s t i c a l  con- 

t r o l ,  t h e  mathematical r e s u l t s  a r e  as  fo l lows:  

1. The a v e r a g e  (f ) of t h e  histogram f o r  t h e  average outcome w i l l  
A 

be c l o s e  t o  t h e  a v e r a g e  ( x )  of t h e  h i s t o g r a m  f o r  t h e  b a s i c  
- 

random experiment. Thus ?A I X .  

Z 
2. The var iance  of t h e  histogram f o r  t h e  average  outcome S A  w i l l  

be c l o s e  t o  t h e  var iance  of t h e  histogram f o r  t h e  b a s i c  random 

experiment s2 divided by t h e  n m b e r  of r e p e t i t i o n s  k .  

2 Thus SA :: s - 
k 

, and 

3. The histogram of t h e  average outcome w i l l ,  f o r  a  1 a r g e  number 

of r e p e t i t i o n s  of t h e  b a s i c  random exper iment ,  be symmetric 



about  t h e  average  and w i l l  have t h e  b e l l  s h a p e .  I f  t h e  h i s -  

t o g r a m  o f  t h e  b a s i c  r a n d o m  e x p e r i m e n t  i s  n o r m a l ,  t h e n  

r e g a r d l e s s  of t h e  number of r e p e t i t i o n s ,  t h e  h i s t o g r a m  of t h e  

average outcome w i l l  be normal. 

I n  o r d e r  t o  i l l u s t r a t e  t h e s e s  r e s u l t s  f o r  t h e  cont inuous  c a s e  con- 

s i d e r  t h e  f o l l o w i n g  example. 

I n  t h e  e l e c t r i c a l  shop  a  p i e c e  of e l e c t r i c a l  condui t f o u r  f e e t  l o n g  

i s  p l a c e d  i n  a  bending machine t o  form a  r i g h t  a n g l e  at; t h e  midpoin t  of 

t h e  condu i t  and two equal  l e n g t h s  of condu i t .  The d i s t a n c e  be tween t h e  

e n d  p o i n t s  of t h e  condu i t  ( t h e  hypoteneuse of t h e  90° t r i a n g l e )  i s  then  

measured. 

When t h e  system was i n  a s t a t e  of s t a t i s t i c a l  c o n t r o l  500 completed 

p i eces  of condu i t  were measured w i t h  t h e  r e s u l t i n g  h is togram and summary 

measures shown i n  F i g u r e  3-9. 

For t h i s  example t h e  r e s u l t s  of t h e  c e n t r a l  1 i m i  t t heo rem f o r  1 5  

r e p e t i t i o n s  and  20 r e p e t i t i o n s  of t h e  b a s i c  e x p e r i m e n t  a r e  shown i n  

F i g u r e  3-10. I t  i s  c l e a r  f r o m  F i g u r e  3 -10  t h a t  t h e  v a r i a b i l i t y  

d e c r e a s e s  a s  t h e  n m b e r  of r e p e t i t i o n s  i n c r e a s e s  and t h a t  t h e  his togram 

i s  c e n t e r e d  o n  t h e  a v e r a g e  f o r  t h e  h i s t o g r a m  of t h e  b a s i c  r a n d o m  

experiment .  

I t  s h o u l d  be emphasized a g a i n  t h a t  t h e  r e s u l t s  a r e  t r u e  r e g a r d l e s s  

of t h e  shape  of t h e  his togram of t h e  b a s i c  random experiment .  

The T o t a l  of The Outcomes 

I n  t h i s  s i t u a t i o n  a  b a s i c  cont inuous  random experiment  i s  r e p e a t e d  

a  f i x e d  number of times and t h e  v a r i a b l e  of i n t e r e s t  i s  t h e  sum of t h e  
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v a l u e s  of t h e  i n d i v i d u a l  o u t c o m e s .  T h i s  i s  a  s i t u a t i o n  f r e q u e n t l y  

encoun te red  i n  t h e  s h i p y a r d  i n d u s t r y .  F o r  e x a m p l e ,  s u p p o s e  o u r  b a s i c  

random experiment  i s  one  where  a  welder  s e l e c t s  a  s t e e l  p l a t e  4 f t .  wide 

and 8 f t .  l o n g .  Now suppose  t h a t  we i m a g i n e  a  s i t u a t i o n  i n  w h i c h  t h e  

b a s i c  random e x p e r i m e n t  i s  r e p e a t e d  t w o  t i m e s  a n d  t h e  two p l a t e s  of 

s t e e l  a r e  welded t o g e t h e r  t o  produce o n e  s t e e l  p l a t e  4 f t .  w i d e  by 1 6  

f t .  l o n g .  Our v a r i a b l e  o f  i n t e r e s t  h e r e  might  be t h e  t o t a l  l e n g t h  of 

t h e  welded u n i t .  Without any random v a r i a t i o n  i n  t h e  b a s i c  random ex- 

p e r i m e n t  t h e  t o t a l  l e n g t h  o f  t h e  w e l d e d  u n i t  would be e x a c t l y  16 f t .  

With random v a r i a t i o n  i n  t h e  b a s i c  random expe r imen t ,  t h e r e  w i l l  a l s o  be 

random v a r i a t i o n  i n  t h e  t o t a l  l e n g t h  of t h e  welded u n i t ,  

I n  t h i s  s i t u a t i o n  we a r e  a g a i n  s a v e d  by m a t h e m a t i c s  a n d  c a n  draw 

t h e  f o l l o w i n g  c o n c l u s i o n s :  

1 .  For k r e p e t i t i o n s  of t h e  b a s i c  random e x p e r i m e n t ,  t h e  

a v e r a g e  (XT) o f  t h e  h i s t o g r a m  f o r  t h e  sum o f  t h e  

i n d i  vi  dua l  ou t  comes w i l l  be app rox ima te ly  k t i m e s  X. 
2. F o r  k r e p e t i t i o n s  of t h e  b a s i c  random e x p e r i m e n t  t h e  

2 v a r i a n c e  (,ST) o f  t h e  h i s t o g r a m  f o r  t h e  sum o f  t h e  
2 i n d i v i d u a l  outcomes w i l l  be app rox ima te ly  k t i m e s  S . 

3. The h is togram of t h e  sum of t h e  outcomes w i l l ,  f o r  a  l a r g e  
number of r e p e t i t i o n s  of t h e  b a s i c  random exper iment ,  be 

symmetric  abou t  t h e  average  ( k ? )  and  w i l l  h ave  t h e  s h a p e  
o f  t h e  n o r m a l  d e n s i t y  f u n c t i o n .  I f  t h e  h is togram of t h e  
b a s i c  random experiment  has t h e  shape  o f  t h e  n o r m a l  den-  
s i t y  f u n c t i o n  t h e n  t h e  h i s t o g r a m  of t h e  sum of t h e  
o u t c o m e s  w i l l  be n o r m a l  r e g a r d l e s s  o f  t h e  n u m b e r  o f  
r e p e t i t i o n s  of t h e  b a s i c  exper iment .  



It i s  i n s t r u c t i v e  a t  t h i s  p o i n t  t o  t a k e  an example  w i t h  s p e c i f i c  

n u m e r i c a l  v a l u e s  t o  i l l u s t r a t e  t h e  b e n e f i t s  of knowing t h e  s t a t i s t i c a l  

behavior  of a  p a r t i c u l a r  s i t u a t i o n .  

The b a s i c  random expe r imen t  i s  t o  s e l e c t  a  s t e e l  p l a t e  1 f t .  wide 

by 10  f t .  l o n g  where t h e  l e n g t h  i s  d e s c r i b e d  by t h e  h i s t o g r a m  shown i n  

F i g u r e  - 1 1 a  The b a s i c  random experiment  i s  r e p e a t e d  f i v e  t imes  and 

t h e  i n d i v i d u a l  p l a t e s  of s t e e l  a r e  welded t o g e t h e r  t o  produce o n e  p l  a t e  

1 f t .  x  50  f t ,  The h is togram of t h e  t o t a l  l e n g t h  i s  shown i n  F i g u r e  3- 

1 l ( b ) .  

B e c a u s e  o f  t h e  c h a r a c t e r i s t i c s  of t h e  normal d i s t r i b u t i o n  we can 

s t a t e  t h e  fo l lowing :  

1 .  68 .26% o f  t h e  welded u n i t s  w i l l  have t o t a l  l e n g t h  between - 
X - S  and X + ST o r  45.53 f t .  and  54.479 f t .  

T 

2. 95 .44% of  t h e  w e l d e d  u n i t s  w i l l  have a  t o t a l  l e n g t h  be- 

tween ? - 2ST a n d  ? + 2ST o r  41 . O O  f  t ,  and  58.94 f  t .  

3. 9 9 . 7 3 %  o f  t h e  w e l d e d  u n i t s  w i l l  have a  t o t a l  l e n g t h  be- 

tween ? - 3ST and ? + 3ST or  36.58 f t .  and 63.42 f t .  

If t h e  we lded  u n i t  i s  t o  f i t  i n t o  a  s p a c e  1 f t .  by 50 f t . ,  t h e n  we 

know frcm s t a t e m e n t  1 t h a t  31.74% w i l l  be s h o r t  by 4 . 4 7  f t .  o r  l e s s  o r  

l o n g  by 4.47 f t .  o r  more. 

V a r i a b i l i t y  of t h e  Outcome i n  a Repeated  B a s i c  Experiment  

I n  t h e  s t a t i s t i c a l  a n a l y s i s  of v a r i a b i l i t y  i n  r e p e t i t i o n s  of a  

b a s i c  random e x p e r i m e n t ,  i t  i s  common t o  u s e  t h e  r a n g e  a s  a  b a s i c  

m e a s u r e  o f  v a r i a b i l i t i e s .  H e r e ,  t h e  r e a d e r  s h o u l d  unde r s t and  t h a t  we 

a r e  d i s c u s s i n g  t h e  v a r i a b i l i t y  between r e p e t i t i o n s  of t h e  b a s i c  random 

exper iment .  Our d e f i n i t i o n s  of V a r i a b i l i t y  a r e  as f o l l o w s :  
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Range of Outcomes ( R )  

Let  M be t h e  l a r g e s t  value of t h e  outcome i n  t h e  k r e p e t i t i o n s  of 

the  b a s i c  random experiment. 

Let L be t h e  s m a l l e s t  value of t h e  v a r i a b l e  i n  t h e  k r e p e t i t i o n s  of 

the  b a s i c  random experiment. 

The range ,  R ,  of t h e  outcomes i s  then def ined t o  be,  

When t h e  histogram of t h e  b a s i c  random experiment has t h e  shape of 

the normal d e n s i t y  f u n c t i o n  ( t h e  b e l l  shape)  and when t h e  p r o c e s s  i s  i n  

s t a t i s t i c a l  c o n t r o l ,  some general  s t a t ements  can be made about t h e  be- 

havior of the  range.  

Range of t h e  Outcome i n  A Repeated Experiment (R) 

For a smal l  number of r e p e t i t i o n s  of a b a s i c  random experiment ( k  < 

l o ) ,  t h e  range ,  R ,  can be used a s  a measure of v a r i a b i l i t y .  I n  t h e  case  

where t h e  b a s i c  random e x p e r i m e n t  has  a h i s t o g r a m  t h a t  h a s  t h e  b e l l  

shape t h e  fo l lowing  general  s t a t ements  can be made, 

1 .  The histogram of t h e  range of t h e  outcome i n  a r e p e a t e d  
random experiment w i l l  have an average value which i s  ap- 
proximately g x S where g can be d e t e r m i n e d  f rom T a b l e  k k 
3 - 1  a n d  s i s  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  b a s i s  
experiment. 

2. The h i s t o g r a m  of t h e  r a n g e  of t h e  outcome i n  a repea ted  
random e x p e r i m e n t  w i l l  have a v a r i a n c e  w h i c h  i s  ap-  

2 p r o x i m a t e l y  h x S where hk can be determined f r m  Table  
2 

k 
3-1 and s i s  the  var iance  of t h e  b a s i c  experiment.  

3. The h i s t o g r a m  of t h e  of  t h e  r a n g e  of t h e  outcome i n  a 
r epea ted  random experiment w i l l  have a s t andard  d e v i a t i o n  

which i s  



Number of R e p e t i t i o n s  
of Basic  Experiment Fac to r s  f o r  Average Fac to r s  f o r  Variance 

Average and Variance F a c t o r s  - Range of Outcome 

Table 3-1 



3 . 5  Problems 

I. A h e a d e r  i s  p l a c e d  between two beams and t h e n  welded i n  p l a c e .  

For each header  i n  a group of  f i v e ,  t h e  t i m e  t o  c o m p l e t e  t h e  o p e r a t i o n  

was r e c o r d e d  a s  shown i n  T a b l e  3-2. Cons t ruc t  a  h i s togram of t h e  b a s i c  

random experiment  ( t h e  t i m e  t o  complete  one  h e a d e r )  and  compute t h e  suin- 

- 2  mary  m e a s u r e s  (X, S , S a n d  C ) .  Ccmpute t h e  average  of each subgroup 

and t h e  r a n g e  of e a c h  s u b g r o u p .  C o n s t r u c t  a  c o n t r o l  c h a r t  f o r  t h i s  

s i t u a t i o n  and de t e rmine  i f  t h e  p roces s  i s  i n  s t a t i s t i c a l  c o n t r o l .  

11. The pu rchas ing  a g e n t  of a  s h i p y a r d  has been  a s k e d  t o  e x a m i n e  

t h e  v a l i d i t y  of compla in t s  about  t h e  l i f e t i m e  of 100 w a t t  e l e c t r i c  l i g h t  

bulbs t h a t  a r e  s u p p l i e d  by a  c e r t a i n  m a n u f a c t u r e r  . An e x p e r i m e n t  was 

c o n d u c t e d  i n  w h i c h  f o u r  bu lbs  frcm each of  25 c a r t o n s  were s e l e c t e d  a t  

random. The l i f e t i m e  ( i n  h o u r s )  was t hen  de t e rmined  a s  shown i n  T a b l e  

3-3. Cons t ruc t  a  h i s togram of t h e  bu lb  l i f e t i m e  and compute t h e  summary 

- 2 measures ( X ,  S , S and C ) .  I f  t h e  a v e r a g e  l i f e t i m e  i s  s u p p o s e d  t o  be 

600 h o u r s ,  what would you conclude?  



Time (minutes)  t o  
Subgroup Weld Header Number 
Number 1 2 3 4 5 

Time t o  Weld Header i n  Place 

Table 3-2 



Subgroup L i f e t i m e  ( h o u r s )  of  
C a r t  on Bulb Number 
Number 1 2 3 4 

L i f e t i m e  of  100 Watt E l e c t r i c  L i g h t  Bulbs  

Table  3-3 



4. SUMMARY OF STATISTICAL CONTROL CHARTS 

4.1 I n t r o d u c t i o n  

I f  you a r e  a  manager a n d  i f  you  f o l l o w  t h e  Deming p h i l o s o p h y  o f  

modern managemen t ,  t h e n  you  w i l l  be i n v o l v e d  i n  management by wa lk ing  

a round  ( M B W A ) .  Your new r e s p o n s i b i l i t i e s  w i l l  i n c l u d e  a  b a s i c  u n d e r -  

s t a n d i n g  o f  t h e  f a c t  t h a t  80-85 p e r c e n t  of a l l  problems a r e  w i t h  t h e  

sys tem.  I n  a d d i t i o n ,  you w i l l  a d h e r e  t o  t h e  f o l l o w i n g  r u l e :  

Your new r o l e  i s  t o  l e a r n  t h e  sys tem and t o  change t h e  sys tem 
i n  s u c h  a  w a y  t h a t  b o t h  q u a l i t y  a n d  p r o d u c t i v i t y  a r e  
improved. 

I n  o r d e r  t o  l e a r n  t h e  sys tem you w i l l  have t o  become a c t i v e l y  i n -  

v o l v e d  i n  t h e  a n a l y s i s  of v a r i a b i l i t y  a n d  become f a m i l i a r  w i t h  t h e  

s u b j e c t  of "dec is ion-making  based  o n  f a c t s "  where t h e  f a c t s  a r e  number s  

t h a t  e x h i b i t  v a r i a b i l i t y .  T h i s  i s  e x a c t l y  t h e  s i t u a t i o n  you  w i l l  

encounter  when you beg in  t o  a p p l y  t h e  g e n e r a l  t e c h n i q u e s  of s t a t i s t i c s  

and ,  i n  p a r t i c u l a r ,  when you u s e  a  s t a t i s t i c a l  c o n t r o l  c h a r t .  

With t h e  s t a t i s t i c a l  c o n t r o l  c h a r t  you w i l l  be l o o k i n g  a t  a  s e t  of 

numbers  t h a t  e x h i  b i t  v a r i a b i l i t y  ( t h e  f a c t s )  a n d ,  b a s e d  o n  t h e s e  n m -  

b e r s ,  you w i l l  make a  d e c i s i o n  about  t h e  p roces s  from which t h e  number s  

w e r e  d rawn .  You w i l l  be d e c i d i n g  i f  t h e  p roces s  i s  o p e r a t i n g  w i t h  o n l y  

n a t u r a l  v a r i a b i l i t y  o r  i f  t h e  p r o c e s s  i s  o p e r a t i n g  w i t h  u n n a t u r a l  

v a r i a b i l i t y .  I f  t h e  f a c t s  l e a d  y o u  t o  c o n c l u d e  t h a t  u n n a t u r a l  

v a r i a b i l i t y  i s  p r e s e n t ,  t h e n  you w i l l  have t o  s e a r c h  f o r  an  a s s i g n a b l e  

c a u s e  ( o r  a s s i g n a b l e  c a u s e s )  t h a t  produced t h e  u n n a t u r a l  v a r i a b i l i t y .  



I n  t h i s  decision-making process  your o b j e c t i v e  is  t o  r e t u r n  t h e  s y s t e m  

t o  i t s  s t a t e  of n a t u r a l  v a r i a b i l i t y  and t o  continue t h e  decision-making 

p r o c e s s  by c o l l e c t i n g  more d a t a  ( t h e  f a c t s )  and by r e p e a t i n g  y o u r  

a n a l y s i s  of t h e  f a c t s .  

A s t a t i s t i c a l  c o n t r o l  c h a r t  i s  a  technique f o r  providing a  g r a p h i -  

c a l  d i s p l a y  of t h e  f a c t s  t o  a s s i s t  you i n  making a  c o r r e c t  dec i s ion  

about t h e  s t a t e  of s t a t i s t i c a l  c o n t r o l  of t h e  p r o c e s s .  The c h a r t  i s  

s i m p l y  a  p l o t  of t h e  v a l u e  of some v a r i a b l e  t h a t  i s  computed from a  

s e r i e s  of r e p e t i t i o n s  of a  b a s i c  random e x p e r i m e n t .  The c h a r t ,  a l o n g  

w i t h  b a s i c  r u l e s  about t h e  behavior of t h e  c h a r t  f o r  a  process  which is  

i n  s t a t i s t i c a l  c o n t r o l ,  w i l l  p rovide  you w i t h  t h e  p r o p e r  s t r u c t u r e  t o  

reach a  l o g i c a l  conclusion.  

I n  t h e  c o n s t r u c t i o n  of a  c o n t r o l  c h a r t  t h e  repea ted  experiments a r e  

c a l l e d  s u b g r o u p s ,  and one value of t h e  v a r i a b l e  of i n t e r e s t  is p l o t t e d  

f o r  each subgroup number. Thus, t h e  v e r t i c a l  a x i s  of t h e  c o n t r o l  c h a r t  

w i l l  be t h e  important  v a r i a b l e  and t h e  h o r i z o n t a l  a x i s  w i l l  be subgroup 

number or 1 ,  2 ,  3 ,  4, ..., r ,  where  r i s  t h e  number of s u b g r o u p s  you 

have. 

The c h a r t  w i l l  a l s o  have t h r e e  h o r i z o n t a l  l i n e s  c a l l e d  t h e  Upper 

C o n t r o l  L i m i t  ( U C L ) ,  t h e  Lower Control  L i m i t  (LCL), and t h e  Center Line 

( C L ) .  The genera l  format of t h e  S t a t i s t i c a l  Con t ro l  C h a r t  i s  shown i n  

Figure  4-1. 

The c e n t r a l  tendency and t h e  s t andard  d e v i a t i o n  of t h e  v a r i a b l e  of 

i n t e r e s t  a r e  used t o  determine values  f o r  t h e  C L ,  t h e  U C L ,  and t h e  L C L .  

I n  genera l  t h e  CL i s  t h e  c e n t r a l  tendency of t h e  important  v a r i a b l e ,  t h e  

U C L  i s  t h e  c e n t r a l  t e n d e n c y  p l u s  t h r e e  s t a n d a r d  d e v i a t i o n s  of t h e  
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v a r i a b l e ;  and t h e  L C L  i s  t h e  c e n t r a l  t e n d e n c y  minus t h r e e  s t a n d a r d  

d e v i a t i o n s .  For a l l  types  of con t ro l  c h a r t s  and f o r  a  process t h a t  i s  

i n  s t a t i s t i c a l  c o n t r o l ,  t h e  c e n t r a l  tendency and t h e  s t a n d a r d  d e v i a t i o n  

' o f  t h e  important  v a r i a b l e  can be r e l a t e d  t o  t h e  c e n t r a l  tendency and t h e  

s t andard  d e v i a t i o n  of t h e  b a s i c  experiment.  I n  t h i s  manner ,  and  u s i n g  

some a d d i  t i o n a l  knowledge of p r o b a b i l i t y  theory  and s t a t i s t i c s  , you can 

make t h e  fo l lowing  s tatement.  

I f  t h e  p rocess  i s  i n  a  s t a t e  of s t a t i s t i c a l  c o n t r o l ,  then  t h e  
important  v a r i a b l e  should  behave i n  a  random but n a t u r a l  way. 
I f  your p l o t t e d  values of t h e  important  v a r i a b l e  do not behave 
as they shou ld ,  then  you can on ly  conclude t h a t  t h e  process i s  
not opera t ing  i n  a s t a t e  of s t a t i s t i c a l  c o n t r o l .  

The b a s i c  elements of s t a t i s t i c s  were presented i n  Chapters two and 

t h r e e  t o  i n t r o d u c e  you t o  b o t h  t h e  concept of a  histogram and c e r t a i n  

summary measures of a  s e t  of d a t a  t h a t  were c a l l e d  t h e  average ( c e n t r a l  

tendency) and t h e  s t a n d a r d  d e v i a t i o n  ( d i s p e r s i o n ) .  This i n t r o d u c t i o n  t o  

s t a t i s t i c s  should  put you i n  a  p o s i t i o n  t o  understand t h e  b a s i c s  of t h e  

s t a t i s t i c a l  con t ro l  c h a r t .  

The manner i n  which t h e  t t s t a t i s t i c s t t  of the  important  v a r i a b l e  a r e  

r e l a t e d  t o  t h e  " s t a t i s t i c s "  of t h e  b a s i c  experiment i s  a  t o p i c  which r e  

qu i res  a  deeper u n d e r s t a n d i n g  of p r o b a b i l i t y  a n d  s t a t i s t i c s  t h a n  we 

could provide i n  t h i s  workbook. 

4.2 S p e c i f i c  Types of S t a t i s t i c a l  Control  Char t s  

Most p r a c t i c a l  d e c i  sion-making s i t u a t i o n s  t h a t  should  be analyzed 

w i t h  t h e  h e l p  of a  s t a t i s t i c a l  con t ro l  cha r t  can b e  p l a c e d  i n t o  o n e  o f  



t h r e e  c a t e g o r i e s .  Each ca t egory  and the  important variables t ha t  a r e  

commonly used i n  each category a r e  as follows: 

Category I: Repeated experiments where the  outcome of each t r i a l  i s :  

0 (good o r  conforming) or  1 (defec t ive  or  nonconforming) 

Important Variables 

Total Number of Defectives 

Fract ion Defective 

Percent Defective 

Category 11: Repeated experiments where t h e  outcome of each t r i a l  is: 

0, or 1 ,  or 2 ,  or  3 ,  o r ,  ... (e .g .  de fec t s )  

Import ant Variable 

Total Number of Defects 

Average Number of Defects 

Category 111: Repeated experiments where the  outcome of each t r i a l  i s :  

measurable (continuous ) 

Immrtant Variables 

Aver age 0 u t  corn e 

Range of Outcomes 

For a process tha t  i s  i n  a s t a t e  of s t a t i s t i c a l  control each of the 

important var iables  i n  categories  I and I1 w i l l  have a s t a t i s t i c a l  be- 

havior  ( c e n t r a l  tendency and s tandard devia t ion)  t h a t  can be spec i f i ed  

and r e l a t e d  t o  t he  average (x) and s tandard dev ia t ion  ( S )  of t h e  b a s i c  

exper iment .  I f  t h e  basic  random experiment i s  repeated k times and i f  

the process i s  i n  a s t a t e  of s t a t i s t i c a l  c o n t r o l ,  t h e  s t a t i s t i c a l  be- 

havior of the important var iables  i n  each category should be as follows: 



Category I :  Total Number of Defectives 

Central Tendency = kX 

Standard Deviation = )/ k f ( 1 - X )  

Fraction Defection 
- 

Central Tendency = X 

Standard Deviation = 
4- 
T 

Per cent D ef ect i ve 

Central Tendency = 1 0 0  x 

Standard Deviation = 1 O J - 9  
Category 11: Total Number of Defects 

Central Tendency = kX 

Standard Deviation = 

Average Number of Defects 
- 

Central Tendency = X 

Standard Deviation = f i  x 
I n  t h e  continuous case (Category 111) and f o r  a process tha t  i s  i n  

s t a t i s t i c a l  c o n t r o l  w i t h  k r e p e t i t i o n s  of t he  b a s i c  experiment t h e  

s t a t i s t i c s  of the two important variables a r e  as follows: 

Category 111: Average Outcome 
- 

Central Tendency = X 

Standard Deviation = B1 fl 

Where R i s  t h e  average of t h e  va lues  f o r  t he  subgroup 
ranges and B can be determined frcm Table 4-1.  

1 

Range of Outcomes 
- 

Central Tendency = R 



Subgroup S ize  
( k )  

Value of Factor  

1 2 

Fac to r s  f o r  Computing Standard Deviations 

Table 4-1 



- 
Standard Deviat ion = B, R 

where B can be determined frcm Table 4-1. 
2 

Now t h a t  we have l i s t e d  t h e  c e n t r a l  t endency  and  t h e  s t a n d a r d  

dev ia t ion  f o r  each of t h e  important v a r i a b l e s  t h e  c o n s t r u c t i o n  of t h e  

control  char t  f o r  each v a r i a b l e  i s  accomplished a s  follows: 

Center Line  = Centra l  Tendency 

Upper Control  L i m i t  = Central. Tendency + 3 Times Standard Deviation 

Lower Control  L i m i t  = Centra l  Tendency - 3 Times Standard Deviation 

4 . 3  Rules f o r  S t a t i s t i c a l  Control  

Once t h e  control  char t  has been const ructed and  t h e  v a l u e s  of t h e  

i m p o r t a n t  v a r i a b l e  have been p l o t t e d  you have t o  decide i f  the  process 

i s  operat ing wi th  on ly  n a t u r a l  v a r i a b i l i t y  ( s t a t i s t i c a l  control  ) or  wi th  

unnatural v a r i a b i l i t y  (out  of S t a t i s t i c a l  Cont ro l ) .  

The fol lowing r u l e s  a r e  genera l ly  accepted: 

1 .  I f  a  v a l u e  of the  important v a r i a b l e  i s  p l o t t e d  above t h e  
upper control  limit or below t h e  lower control  l imit l o o k  
f o r  'cause of unnatural  v a r i a b i l i t y .  

2. I f  8 consecutive values of the  important  v a r i a b l e  appear  
above t h e  c e n t e r  1 i n e  o r  below t h e  center  l i n e  look f o r  
cause of unnatural  v a r i a b i l i t y .  

3. I f  1 2  o u t  of 1 4  consecutive values of the  important vari- 
ab le  a r e  e i t h e r  above t h e  center  l i n e  or below t h e  c e n t  e r  
l i n e  look f o r  cause of unnatural  v a r i a b i l i t y  

4. I f  6 consecut ive  v a l u e s  of t h e  i m p o r t a n t  v a r i a b l e  show 
e i t h e r  an inc reas ing  t r e n d  o r  a  decreas ing t r e n d  look f o r  
cause of unnatural  v a r i a b i l i t y .  

5. I f  t h e  v a l u e s  of t h e  important v a r i a b l e  show c y c l i c a l  or 
per iodic  behavior look f o r  cause of unnatural  v a r i a b i l i t y .  



6. I f  values of the  important v a r i a b l e  appear t o  hug t h e  cen- 
t e r  l i n e  look f o r  cause of unnatural  v a r i a b i l i t y .  

I t  s h o u l d  be emphasized t h a t  t h e s e  r u l e s  a r e  genera l ly  accep tab le  

i n  t h e  use of S t a t i s t i c a l  Control  Char t s .  When a  s p e c i f i c  s i t u a t i o n  i s  

b e i n g  s t u d i e d  a  c a r e f u l  a n a l y s i s  should be made of t h e  cos t  of making 

i n c o r r e c t  dec i s ions .  I n  o rder  t o  accomplish t h i s  t a s k  you must  d e t e r -  

mine t h e  c o s t  of s a y i n g  t h a t  t h e  process i s  i n  control  when i t  i s  not.  

S imi la r ly  you must determine t h e  c o s t  of s a y i n g  t h e  p r o c e s s  i s  no t  i n  

c o n t r o l  when i t  i s .  Once t h e s e  c o s t s  have been e s t a b l i s h e d  t h e  r u l e s  

given above and t h e  corresponding risks can be evaluated.  I n  many cases  

the  r u l e s  might have t o  be changed t o  r e f l e c t  t h e  c o s t s .  

4.4 Problems 

1. Using  t h e  d a t a  presented f o r  problem I of Chapter 2 ,  cons t ruc t  

a  c o n t r o l  c h a r t  f o r  t h e  a v e r a g e  number of d e f e c t s  and p l o t  t h e  i n -  

d i v i d u a l  va lues .  Determine i f  t h e  process i s  i n  a  s t a t e  of s t a t i s t i c a l  

con t ro l .  

11. Using  t h e  d a t a  p r e s e n t e d  f o r  problem I11 of Chapter 1 ,  con- 

s t r u c t  a  con t ro l  char t  f o r  p e r c e n t  d e f e c t i v e  and p l o t  t h e  i n d f  v i d u a l  

values .  Determine i f  t h e  process i s  i n  a  s t a t e  of s t a t i s t i c a l  con t ro l .  
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