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SUMMARY: In this Web Supplement, we include additional simulation results in Section 1. We include detailed
description of the ADNI data analysis in Section 2. Additional real data results are shown in Section 3. We then
include the discussion of asymptotic theories and conditions in Section 4. We then state all auxiliary lemmas in
Section 5. The proofs of all lemmas are included in Section 6. We include the proofs of Theorems 1 and 2 in

Section 7. Finally, we provide proofs of Corollaries 1 and 2 in Section 8.



1. Additional simulation results

In this section, we report the finite sample performance of our method by using AIC as r,, varies
from 1 to 10. Tables S1-S2 summarize all results when we set n = 200 and censoring rates 0.3 and
0.5. Tables S3-S5 summarize all results when we set n = 500 and censoring rates 0.1, 0.3, and 0.5.

Tables S6-S8 summarize all results when we set n = 1000 and censoring rates 0.1, 0.3 and 0.5.
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We include additional simulation results on the power of our test statistic as the number of
functional principle components varies. We have reported the results for two settings. Table S9
summarizes the case with n = 200, censoring rate 0.1, and C; = 0.1 % 5 for 7 = 0,..., 10. Table
S10 summarizes the case with n = 200, censoring rate 0.1, and Cy, = 0.1 % j for j = 0,..., 10.
Inspecting Tables S9 and S10 that the power of our test statistic is relatively robust to the choice
of PV(r,,). There is a little power loss if PV(r,) = 0.95. We also ran additional simulations for
many other settings corresponding to different sample sizes, different censoring rates. Since their

corresponding findings are similar to those presented here, we omit them for simplicity.
[Table 9 about here.]

[Table 10 about here.]

2. Data Description for ADNI Data Analysis

Data used in the preparation of this article were obtained from the ADNI database (adni.loni.usc.edu).
“The ADNI was launched in 2003 by the National Institute on Aging, the National Institute of
Biomedical Imaging and Bioengineering, the Food and Drug Administration, private pharmaceuti-
cal companies and non-profit organizations, as a $60 million, 5-year publicprivate partnership. The
primary goal of ADNI has been to test whether serial magnetic resonance imaging, positron emis-
sion tomography, other biological markers, and clinical and neuropsychological assessment can be
combined to measure the progression of MCI and early Alzheimer’s disease (AD). Determination
of sensitive and specific markers of very early AD progression is intended to aid researchers and
clinicians to develop new treatments and monitor their effectiveness, as well as lessen the time and
cost of clinical trials. The Principal Investigator of this initiative is Michael W. Weiner, MD, VA

Medical Center and University of California, San Francisco. ADNI is the result of efforts of many



4 Biometrics, August 2016

coinvestigators from a broad range of academic institutions and private corporations, and subjects
have been recruited from over 50 sites across the U.S. and Canada. The initial goal of ADNI was to
recruit 800 subjects but ADNI has been followed by ADNI-GO and ADNI-2. To date these three
protocols have recruited over 1500 adults, ages 55 to 90, to participate in the research, consisting of
cognitively normal older individuals, people with early or late MCI, and people with early AD. The
follow up duration of each group is specified in the protocols for ADNI-1, ADNI-2 and ADNI-GO.
Subjects originally recruited for ADNI-1 and ADNI-GO had the option to be followed in ADNI-2.

For up-to-date information, see www.adni-info.org.”

2.1 Hippocampus image preprocessing

The MRI data, collected across a variety of 1.5 Tesla MRI scanners with protocols individual-
ized for each scanner, includes standard T1-weighted images obtained by using volumetric 3-
dimensional sagittal MPRAGE or equivalent protocols with varying resolutions. The typical pro-
tocol includes: inversion time (TI) = 1000 ms, flip angle = 8¢, repetition time (TR) = 2400 ms,
and field of view (FOV) = 24 cm with a 256 x 256 x 170 acquisition matrix in the x—, y—,
and z—dimensions yielding a voxel size of 1.25 x 1.26 x 1.2 mm?3. We adopted a surface fluid
registration based hippocampal subregional analysis package (Shi et al., 2013), which uses isother-
mal coordinates and fluid registration to generate one-to-one hippocampal surface registration.
Given the 3D MRI scans, hippocampal substructures were segmented with FIRST (Patenaude
et al., 2011) and hippocampal surfaces were automatically reconstructed with the marching cube
method (Lorensen and Cline, 1987). We applied an automatic algorithm, topology optimization, to
introduce two cuts on a hippocampal surface to convert it into a genus zero surface with two open
boundaries. The locations of the two cuts were at the front and back of the hippocampal surface,

representing its anterior junction with the amygdala, and its posterior limit as it turns into the white



matter of the fornix. Then holomorphic 1-form basis functions were computed (Wang et al., 2010).
These induced conformal grids the hippocampal surfaces, which were consistent across subjects.
With this conformal grid, we computed the conformal representation of the surface (Shi et al.,
2013), i.e., the conformal factor and mean curvature, which represent the intrinsic and extrinsic
features of the surface, respectively. The “feature image” of a surface was computed by combining
the conformal factor and mean curvature and linearly scaling the dynamic range into [0, 255].
Next, we registered the feature image of each surface in the dataset to a common template with an
inverse consistent fluid registration algorithm (Shi et al., 2013). With conformal parameterization,
we essentially converted a 3D surface registration problem into a 2D image registration problem.
The flow induced in the parameter domain establishes high-order correspondences between 3D
surfaces. Finally, the radial distance, which retains information on the deformation along the

surface normal direction, was computed on the registered surface.

2.2 Demographic information summary

Among all individuals, 303 were retired and 70 were not; 237 participants were male, and 136 were
female; 342 were right-handed, and 31 were left-handed; 300 were married, 45 were widowed,
24 were divorced, and 4 were never married. The participants had an average of 15.7 years of
education with a standard deviation 3.0 years. The minimum education length was 4 years and the
maximum education length is 20 years. The average age was 75.0 years with a standard deviation
of 7.3 years. The youngest person was 55 years old, while the oldest person was 90 years old. We
also had genetic information on two alleles of APOE4. For the first allele, 26 had genotype 2, 300
had genotype 3, and 47 had genotype 4. For the second allele, 169 had genotype 3, and 204 had
genotype 4. For the ADAS-Cog score, the average score was 11.6 with a standard deviation of

4.5, the lowest score was 2 and the highest score was 27.67. Mild cognitive impairment converters
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did not differ from mild cognitive impairment noncoverters in gender, handedness, marital status,
retirement percentage, and age (p—value> 0.05), but as expected, differed from them in APOE4
status as well as baseline cognition (p—value< 0.05). Mean follow up time was 99 days longer in

converters (p—value= 0.007).

3. Additional Real Data Results

We have plotted the estimated coefficient functions when r,, = 17,18, 19, 21,22, and 23 in Figure
S1. From the results, we can see that estimated coefficient functions are quite robust to the choice

of r,,.

[Figure 1 about here.]

4. Asymptotic Properties

In this section, we systematically investigate the asymptotic properties of the maximum approxi-
mate partial likelihood estimator 7] as well as the asymptotic null distribution of the score statistic
Ts. It is assumed that all curves are fully observed just for notational simplicity. Such an assump-
tion has been used in Hall et al. (2006) and Lei (2014), among others. Technically, when functional
observations are dense in space, using smoothed curves is as good as using true curves under some
smoothness conditions (Hall et al., 2006; Zhang and Chen, 2007).

For simplicity, we shall focus on a finite time interval [0, 7] with 7 < oco. We consider a re-

parametrization of 3; and ;; by defining 3,z = )\jl/QBj and §;;r = fij/)\jlﬂ and then we have

/SXi(s)ﬁ(s)ds = ZéinﬁjR = ifz‘jﬁ:ﬁj}z + Z §iiB;-
j=1 j=1

Jj=rn+1

We also define é\’in = éj /A% for j = 1,...,r,. The reason to do re-parametrization is to

make the FPC scores serving as predictor variables on a common scale of variabilities. Denote



Bo(s) as the true coefficient function. It is assumed that |[5o|| = {5 Bo(s)?ds}'/* < oo and

Bo(s) = 22721 Bjog;(s). Recall that the hazard function of FLCRM can be rewritten as

hi(t) = h(t) exp(Z Zik Tk + Z £585), (4.1

k=1

where hj(t) = ho(t) exp{ [ 1(s)B(s)ds}, and the log-approximate partial likelihood function

Q)(n) is given by

Z/ FndN;(t / log{ZY )exp(w;n)}dN(t), 4.2)

=1

Therefore, the logarithm of approximate partial likelihood functions for (4.1) and (4.2) are,

respectively, given by

Z/ Z’Zlkfm +Z£’LJR/BJR + Z fzjﬁj dN

Jj=rn+1

Tn

/ 10g{ZY exp Zzzk%+Z§zgR@R+ Z &ii5) FAN (1),
k=1

Jj=rn+1

)Y M) SERTES SIS
i=1 70 =1 j=1
T n p Tn N .
- [ o3 Vi exn(Y s+ D Entn) AN ),
i=1 k=1 j=1

where 8. r = (f1r, "+, Br,r)" and ng = (B, r,7)- The function [(S(+),y) can also be regarded

as a function of 7y, and we define [(nr) as

l(nr) = LB(C), V) 8;280,rm+1<i<o0)

The key ideas of our theoretical development are
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(i) to characterize the discrepancy between Q(nr) and [(ng) as well as their first-order and

second-order derivatives;
(ii) to prove the consistency and convergence rate of 3 (s) =201 BJQAﬁj (s) and 7;
(iii) to prove the asymptotic distribution of the score statistic for testing the null effect of a

functional predictor.

We need three sets of conditions in order to achieve these developments. Without loss of generality,
we assume that the predictor X (¢) has been centered. Define e¢; = Z;’irn +18iiB50- With a little
abuse of notation, we use C' to denote terms that are constant, and C' may denote different constants
in different places.

The first set of conditions includes the following conditions (A1)-(A5) on the survival data. The
conditions (A1)-(A4) can be regarded as a direct extension of some standard conditions in the
literature (Fan and Li, 2002; Andersen and Gill, 1982; Murphy and Van der Vaart, 2000).

(A1) [ ho(t)dt < 0.

(A2) Let wip = ($an, - - s &irnps Zi1s - - -, 2ip) " For d = 0, 1, and 2, we define
SDnp,t) = 07" (win) DY;(t) exp(npwin + e),
i—1
where (wig)® = 1, (wir)V = w;r, and (w;r)? = (w;z)®2. Moreover, there exists a neigh-

borhood B of the true value of 7g, denoted as 7, and a scalar, a vector and a matrix continuous

function s (ng, t) = E{S@(ng,t)} defined on B x [0, 7] such that

sup HS(d) (77R7 t) - S(d) (nR7 t)|| —"0 for d= 07 17 2.
te[0,7],nrEB

(A3) The functions s¥ for d = 0, 1,2 are bounded on B x [0, 7] and s (-, ) are continuous in

ngr € B uniformly in t € [0, 7]. Moreover, s is bounded away from 0 on B x [0, 7].



(A4) The matrix X(nro) = [, v(1ro, £)5(9 (ngo, t)ho(t)dt is positive definite, where v(ng,t) =
{51152 _ {50251 ®2,

(AS5) For any 1 < k < p, z is subgaussian.

Here, a random variable Z is said to be subgaussian if there exists some M > 0 such that for every
t € R, one has E({exp(tZ)}) < exp(M?t?/2). In particular, we call Z as M-subgaussian. (A5*)

For any 1 < k < p,, there exists a constant M/ > 0 such that z;, is M -subgaussian.

The second set of conditions (B1)-(B6) is imposed on the functional predictor, for example the
boundedness of the covariance function K (s, t) and the regression operators, that is, Z;’il Aj < 00
and Z‘;’;l ]20 < o0. Conditions (B1) and (B2) are used in Hall and Horowitz (2007). Conditions
(B3) and (B4) are used in Hall and Hosseini-Nasab (2006).

BN — Nj1 = Cj*forj>1witha > 1.
(B2) |Bjo| < Cj~for j > 1.

(B3) For any C' > 0, there exists an € > 0 such that

sup{E|X ()|} < 00 and  sup (E[{]s1 — so| [ X(s1) = X(52)[}]) < oo.

seS 51,52€T
(B4) For each integer d > 1, A7 E( [ X;(t)¢;(t)dt)*® is bounded uniformly in j.
(B5) E(exp{C||X||)}) < oo for any constant C > 0, where || X|| = { [ X*(s)ds}'/%.
(B6) We assume that X () is in a Donsker class.
The third set of conditions (C1), (C2) and (C3) is needed to delineate the diverging speed of the
truncation number 7, as well as the decaying rates of A;’s and 8j’s.
(Cl) platin=1 — 0,

(C2)b>a/2+1.
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(C3) 2/ 6g(n) — 0.

Condition (C2) is the same as the condition in Hall and Horowitz (2007). Condition (C3) is very
weak since under Condition (C2), we have a/2 + 2 — 2b < —a/2, and R log(n) — 0
when r,, diverges faster than {log(n)}?/*. Moreover, Condition (C1) gives an upper bound of the
diverging speed of r,, we do not allow r,, diverging too fast in order to guarantee the consistency
of our estimates.

Remark: In practice, we use the AIC or percentage of variances to select the r,,, but these methods
can not guarantee that the resulting estimates satisfy the multiple conditions imposed (C1)-(C3)

We first focus on the case when p is fixed.

THEOREM 1: Under conditions (Al)-(AS), (B1)-(B5), and (C1)-(C3) in the supplementary, we
have HB\ — Boll = op(1) and ||7 — wl|| = Op(an), where o, = T2 g B0/ 2 -1

ry > 1og(n) = o(1).

Theorem 1 establishes the consistency and convergence rate of 3 (s) and 7.

Remark for Theorem 1: By conditions (C2), we have b > 3/2. Combining the fact that r,, — oo
when n — oo, we can show that the first term of «,, goes to zero. By condition (C1), since we have
r2a+2p=1/2 _ (), combining the facts that @ > 0 and r,, — oo implies that the second term of «,
goes to zero. It follows from a/2 + 2 — 2b > 3/2 — 2b and condition (C3) that the last term of «,

goes to zero.

THEOREM 2: Under H,, assume that conditions (Al)-(A5), (Bl), (B3)-(B6), and (Cl) in the

supplementary hold. We have (Ts —r,,)/(2r,)"? =% N(0,1) as n — oo.

Theorem 2 establishes the null distribution of our score statistic, which is asymptotically an.

We write the results strictly as a normal approximation since an converges to a Dirac function
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with point mass at oo when r,, — co. However, in practice, after we select the truncation number
Ty, WE can use an as the null distribution of 1.

Finally, we consider the situation that p diverges at some polynomial rate of n, denoted by p,,. It
can be shown that the asymptotic results in Theorems 1 and 2 are still valid under a set of slightly
different conditions.

We have the following corollaries, which are parallel with Theorems 1 and 2.

COROLLARY 1: Assume p, = o(ry,), under conditions (Al)-(A4), (A5*), (B1)-(BS), and (CI)-
(C3) in the supplementary, we have ||B — Boll = op(1) and |7 — vwl|| = Op(an), where a,, =

R L R S ()

As r21+2p~1/2 5 () by Condition (C1), we allow p,, = o(n'/#a+4)),

COROLLARY 2: Under Hy, assume that conditions (Al)-(A4), (A5*), (B1), (B3)-(B6), and (C1)

hold, and p,, = o(r,,). We have (Ts — r,,)/(2r,)/? =% N(0,1) as n — oc.

5. Lemmas

We need to introduce some notation before we present lemmas. Denote ||a|| as the l; norm of
a vector a and ||A||r as the Frobenius norm of a matrix A. For a process X (-), denote || X|| =
{Js X2(s)ds}"/?. Alsodenote A = |[|[K—K||| = [[ [ {K (51, 52)— K (s1,55) }*ds1ds2]"/?, where
K is the covariance function of a process X (-) and K is an estimate of K. Let 0; = mingcpej(Ap —

Ak+1), the minimum spacing between the eigenvalues up to the (j + 1)-th eigenvalue. Recall that

lng) = Zl /OT(; Zik Yk + Zl &ijrBir + e;)dN;(t)

- /T log{> " Yi(t)exp() _ zunmi + zn: &iirBin + €) YN (1),
0 i=1

k=1 j=1
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Qnr) = Z/T(Z Zik Vk +Zn§z'jR5jR)dNi(t) (5.1)
i=1 70 =1 j=1

- /OT log{z Yi(t) eXP(Z Zik Ve + Zn &irBin) YAN (t),

k=1

where B, = (Bir, "+, Bror)"s Mk = (Br.r7) and e; = 3201 &;iBjo. We also define
a, = r;b+1/2 + 7n:rsla/2+3/27,fl/2 + 7,:731/27217 log(n). (5.2)

We first present several lemmas that are used in the proof of the main theoretical results. The

first lemma is the same as Lemma 3.3 of Hall and Hosseini-Nasab (2009).

LEMMA 1: Assume that with probability 1, X is left-continuous at each point (or right-continuous

at each point), and that Conditions (B3) and (B4) holds. Then, for each C' > 0,
E(ﬁc) < constant * n~¢/?. (5.3)
The second lemma is the same as Theorem 3 of Hall and Hosseini-Nasab (2006).
LEMMA 2: Under Conditions (B3) and (B4), we have
16; = &sll < 826 Y||K —KJ|| forany j. (54)

As noted by a referee, the sign of q/b\j actually is not estimable. So here we assume that the signs of

@ and ¢; have been aligned.

We now restrict 7y in the set V. = {ng : ||ng — nro|| = O(w,)}. Recall the definition of

n=(Br,~")", where 8, = (f1,- -, Br,)". We have the following lemma:

LEMMA 3:  If||ng — nro|| = O(aw,), then there exists a constant C' such that ||n|| < C.

For the constant C' in Lemma 3, we have V C V*, where V* = {1 : ||n|| < C'}. Then we state the



following three lemmas 4, 5, and 6, which hold uniformly for all » € V*, and thus hold uniformly
for all ng € V.
LEMMA 4: Under Conditions (B1)-(B5), we have
sup max |p;| = O, (ri /> n = {log(n) }'/ + 1)/~ {log(n) }'/?),
Ilj<C st
where p; = v; + e;, in which v; = nr(wir — Wir) = Y 5" (&ir — Sijr)Bir = D250 (& — &ij) B

and e; = Z;’;rnﬂ &ijBj0. Moreover, under additional Conditions (C1) and (C3), we have

sup max |pi| = o0,(1).
lInll<C 1<l<n|pz| (1)

LEMMA 5: Let m; = nplip+pi = Yy 2k Ve + 250 SijrBir+ Y=, 1 &iiBjo. For any fixed
positive integer d, under Conditions (A5) and (B5), we have E[{exp(m;)}*Y] = O(1) uniformly for

Inll < C.
Let w,;p = (fAilR, o ,f:-rnR, Zi1, .-, Zip) . Ford = 0,1, and 2, we define
SD*(mp,t) = 0 (@ir) VYi(t) exp(niiin),
=1

where (0;z) = 1, (W;g) ) = Wig, and (W;r)? = (W;z)%2

LEMMA 6: Under Conditions (Al)-(AS5), (B1)-(BS), and (C1)-(C3), we have

1SO (g, t) — SO (g, 1) = Op(n~2r8™32 400 4 11" 1og(n)), (5.5)
1S (g, t) — SW* (g, t)|| = Oplaw), (5.6)
1S (ng, t) — S@*(nr, t)||F = Op(rna) (5.7)

uniformly fort € [0, 7] and ||n|| < C.

13
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LEMMA 7: Under Conditions (Al)-(A5), (B1)-(B5), and (C1)-(C3), we have

sup |0y, Q(1nr) — Onsl(nr)l| = Op(naw), (5.8)
[Inll<C

Sup 116 105, Q(nr) = 05, Lnr)l|F = Op(nrnay), (5.9)
n||<

where 0,, = 0/0nk.

Before we introduce Lemma 8, we define

e = / wIdN() - / T 1og{z Yi(0) explufn) N D),
~ 290 TS il explun)
Sr(n) = Z / AN = | S ) V)

_ _GST( ) [T Sl Y exp(wly) [ XL wlYi(t) exp(win) ||
U [ TOE R b s ]dN(’”‘

Moreover, we have

Q) = Z / TNt / log{ZY ) exp(@n) MIN (1),

050 _ [T Z?lme()exp(w n) Yo WiY(t) exp(w)n) Ll
I(n) on _/ [ 2i Yi(t) exp(wyn) { > i Yi(t) exp(win) } ]dN(t),

LEMMA 8: Under Conditions (Al)-(AS5), (Bl), (B3)-(B6), and (C1), we have

sup [|S7(0,7) = S(0,9)|| = 0p(n'/?),
Ili<c

sup [[1r(0,7) = 1(0,7)[[r = 0p(n'/?).
e

LEMMA 9:  Let a; be ar, x 1 random vector with mean E(a;) = 0 and E(a;a}) = I, where

I,, is ar, x r, identity matrix. Let a,, = n~Y2 """ | a;. It is assumed that E{(afa;)*} = o(nr,).
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We have

(@ ey — 1)/ (2r0)? =4 N(0,1).

6. Proofs of Lemmas

Since Lemmas 1 and 2 are directly copied from Hall and Hosseini-Nasab (2009) and Hall and
Hosseini-Nasab (2006), we refer readers to their proofs for details.
Proof of Lemma 3:

Recall that np = (B, r,7) andn = (87,7")", where 8, = (81, -+, B;,)" and By, = (Bir, - -+, Br,r)"

Since Aj = Y0 (M — Aeyr) = 2o K707 = G we have Y AT < O g0 =

Jj=1""
O(re1). By using Conditions (C1)-(C3), we have

T 1/2
=m0l < 1=l + S0 11Bra = Brurol| = Olaw) + O(2/212a,,)
7j=1

_ O(ria+2n71/2 _i_TZ/Qflﬁl +TZ/2+272b log(n)) _ 0<1).

As ||no|| < oo, there exists a constant C' such that ||n|| < C.
Proof of Lemma 4:
Since maxi ;< |pi| < maxicicn |Vi|+max;<icn |€i], itis sufficient to control the order of max; <;<,, | V4]

and maxy <<, |e;]. Since (327 16;]%)'/2 < ||n]| < C, it follows from Lemma 2 that
il <Xl * D Nos —slllBsl < 11Xl DY (o — o5l P2 18192
j=1 j=1 j=1

< OIXIQ 02K — K112,

Jj=1

Moreover, it follows from Condition (B1) and Lemma 1 that

352 < S = 00 ) and ||| — K[ = Op(n 1),
j=1 j=1
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By condition (B5), we have max;<;<, || Xi|| = O,({log(n)}/?). Thus, we have

sup max |y;| = p(rﬁfg/Qn’l/Q(log(n))lﬂ).
|| H<C 1<i<n
We consider max; <;<p |€;] as follows. Since (32, | B3)/2 < (3272, 17702 = O(ry*™")
for b > 1/2, we have
o0 o0
leil/ri/>™0 = | D &uBjl/ri/* < Z SN B P
Jj=rn+1 j=rn+1 j=rn+1
< [IXG[H( Z o) 22 = 0(]1 X4 )).
j=rnp+1

Therefore, it follows from Condition (B5) that E{exp(|e;|/ ol *” ’)} < oo, which indicates max;<;<, |e;|/ /27t =

0, ({log(n)}'/?), Le. max; <icy les]| = O, (r/> " {log(n)}/2).

Finally, it follows from Conditions (C1) and (C3) that

sup max |pi] = Oy (ry 0™ {log(n)}'/2 + 1,/2""{log(n)}/?) = 0,(1),

|Inj|<C 1sisn

which finishes the proof.

Proof of Lemma 5:

For any fixed positive integer d, we have

El{exp(m)}*'] = Elexp{2d( ZWHZ@]R@H Z &iB0)}]

Jj=rn+1

E[H exp(2dziyk) X exp{2d(z ffj)l/Q(Z 632)1/2}
k=1 Jj=1 Jj=1

/A

x exp{2d( Z 5%)1/2( Z 532'())1/2}]

Jj=rn+1 Jj=rn+1

p
LTTE{exp(2dzime) 12 x exp(2d]| Xl | x [[n]]) x exp(2d]|X:]] x [|5oll)
k=1

N
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By condition (A5) and (B5), we have E[{exp(m;)}??] = O(1) uniformly for ||n|| < C

Proof of Lemma 6:
For the term |S(*) (ng,t) — S©*(ng,t)|, we have

‘S(O)(Um t) — S(O)*(% ) = In7" Z Yi(t){exp(npWir + pi) — exp(NpoWir) }|

i=1

= |n” ZY pi exp(m;) ZY exp(m;) exp{(p})*}pi|,

=1

where p; is between 0 and p;. Therefore, we have

SO (g, t) = SO (g, t)|

< |n_1ZY exp(m;)vi| + |~ 1ZY ) exp(m; )e;]

=1

+C|n~t ZY exp(m;)vZ| + Cln~! ZY (t) exp(m;)ed|

‘12 [Yi(0)] exp(mi) x max [(exp{(p})*} = 1)p]]

= L+ L+CL+CI+CIs.

We will calculate the order of each term in {1, };_, respectively.

It follows from Lemma 2 that

b= S wenm) 3 [ X - o))

Tn

n‘IZIY expm!XHXHZH@ ¢51I* 1/225“/2

n‘IZW )| exp(m;) IIXZ-||{81/2(Z5{2)1/2II|K—K||| x [mll}-

N

N
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According to the definition of Y;(t), we have |Y;(t)| exp(m;) X || X;|| < exp(m;) x ||X;|| and

E{exp(m) Y] E(1|X]]*) = O(1)

uniformly for ¢ € [0, 7] and ||n|| < C, which indicates that n=*> " | [Y;(t)] exp(m) x || X;]| =
O,(1) uniformly for ¢ € [0, 7] and |[n|| < C. Combining the fact that > 73" | 5 <3 j2t2) =
O(r;**?) and |||[A( — K||| = Op(n™"/?) by Lemma 1, we have I; = Op(n’1/2r2+3/2) uniformly
fort € [0,7] and ||n|| < C

‘We note that

|Yi(t) exp(m;) Z &iiBiol < Jexp(m) Z &iiBjol,

j=rn+1 J=rn+1
E(lexp(m) > &iBol)* < El{exp(m)} Z i35
j=rn+1 Jj=rn+1

Since Y%, A, < oo, we have Y%, A% < (3%, ) Ay maxsr, 1 B = o(r;®) since

> s 1A = o(1) as 7, — oo. It follows from Markov’s inequality that

I <™t Y Yt exp(m) Y &bl = 0,(r,")
i=1

j=rn+1

holds uniformly for all ¢ € [0, 7]. Since I, is not related to 1, we know that Iy = o0,(r,,?) holds
uniformly for all ¢ € [0, 7] and ||n|| < C

Similar to /;, we have
o= oY exp(m-){zn [ XG50 = os(sasa

< _1Z|Y * exp(m;) HXH2 ZH¢J ¢JH (21532)
j=

< n’IZW | exp(m) || X {825 K = KNI < [ln]*} = Op(n~'r22) = o,(n'rgt72).
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Similar to 15, we have

E{Yi(t) exp(r.) Z &iBjo)’} < E({exp(m)} Z ijBi0)”

Jj=rn+1 Jj=rn+1

= E({exp(m)} Z /\Jﬁ 2 =o(r; ).

Jj=rn+1

It follows from Markov’s inequality that I, = 0,(r,,**) = 0,(r,,®) holds uniformly for all ¢ € [0, 7]
and ||n|| < Casb > 0.

For I5, notice that max;<;<, |p;| = 0,(1) uniformly for ||n|| < C, one has max;<;<,{exp(p?) —
1} = o,(1) uniformly for ||n|| < C. Meanwhile, we have n=' >""" | |Yi(¢)|exp(m;) = O,(1).
Thus, one has I5 = o,(maxicicn |pi]?) = 0,(r23n=tlog(n) + rl=2*log(n)) uniformly for all

€ [0,7] and ||n|| < C. As 3772, Aj < oo, one has a > 1, which indicates that 7***n~" log(n) =
o(ra*3/2n=1/2) by condition (C1). Combining the results of all {I;, 1 < k < 5} leads to (5.5).

We prove (5.6) as follows. We note that ||S™) (ng,t) — S(V*(ng, t)|| is bounded above by

15D (g, 1) = SV (Il < [In~! Z wirYi(t){exp(npilin + pi) — exp(ngiin)}|

=1
n

Y (Wir — wir) Yi(t) {exp(ng@ir + pi)}|

i=1

+[n ! Z Wir — wir)Yi(t){exp(npWir + pi) — exp(npWir) ||

=1
= Ig+ I; + Ig.
For I, we have
I = [ln") winexp(m)Yi(t)pi — (2n) 1Y wig exp(m) V(1) exp{(p})*} o7

N

In™" Zwm exp(m)Y;(t)vi|| + [In " Zwm exp(m;)Yi(t)es|

=1

+Cl[n” Zwmexp(m) Vi)l + Clln~" Zwmexp(m) Yi(t)e7|l +

=1 =1



20 Biometrics, August 2016

Cn- ZszReXp(m) Yi(t)]| max pilexp{(p})*} — 1]

-----
=1

= 161+[62+CIG3+OX[64+C><165-

By using conditions (B4) and (A5), we have E(w}, ) = O(1) uniformly for 1 < k& < r,. It follows

from Lemma 5 that we have E{exp(Cm;)} = O(1). Thus, we get

E(I621) = _2E Z{szkReXp (m3)Yi(t)v. z ZZ{wszeXp (m)Yi(t) Z} ]

<nﬂ§fZHﬂmmnwwax»}W%m 2B {exp(am) 112

Tn

<cMnmmZ/X (3,(5) — 5(s))dsB, 2

< O, 25 nll” < {B(IX )} x (B|||IK — K][)"?

= O(n‘%?f“),

which yields that Is; = O,(n~/?r¢+2) holds uniformly for all t € [0, 7] and ||n|| < C. By using

similar techniques, we can show that

b+1/2) 1 2a+7/2) — Op(nil/QTerz)

Iso = 0py(1,, . Ieg=o0p(n"r;

Y

Ig) = Op(T,72b+1/2> Op(r;bJrl/Z)’ Igs :THOP(ErllaX )

=1,...

hold uniformly for ¢ € [0, 7] and ||n|| < C' . By combining the above results for {Ig;, 1 < k < 5},
by condition (C1)-(C3), we have I = O, (n=/2r®2 4 p, "F12 1 1327 160(p)).
Notice that \; = > 77 (M — A1) = C 302, Ck~*~1 = O(j~*) by Condition (B1), one has

S 0T O Y 5Pt = O(r3*F8). Thus, for I, we have

j=1"7

n

I = |n7") (@ir — wir)Yi(t) exp(npeiir + pi)|

=1
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= Z{Z € — &), Vi) exp(m) 1212

7j=1 =1

— - e —1/2
< 1[Z:{HXiII x [|6; — ;117 2 1Yi(t)] exp () }2)2
< —1{2 5T PIR — KIS 11Xl exp(r)
i=1

_ Op(ria/2+3/2n_1/2)

uniformly for ¢t € [0, 7] and ||n|| < C

For Ig, we have
o —1 . T -
Iy = o) (@ir — wir)Yi(t){exp(h@in + pi) — exp(nigir) }]

i=1
n

= [[n7' ) (@ir — wir) exp(m) Yi(t)pi — (20) 7' Y (@ir — wir) exp(m)Yi(t) exp{(p})*} 7 |

i—1 i—1
< D (@ig — wig) exp(m)Yi(t)wil| + [[n > (@ir — wir) exp(m)Yi(t)ei|
i—1 i—1
+C| |0 (@in — wir) exp(m)Yi()V] ]| + Clln™" Y (@in — wir) exp(m) Yi(t)e]|
=1 =1
+Cn™" Y ||(@ir — wir) exp(m) Vi(t I max p; Flexp{(p})*} — 1]
=1

= Iy + Iso + Clgs + Clgy + Clgs.

For Ig;, we have

o = 0 (D00 G — &N explm) Vil )2

k=1 =1

< ' DD X o — ol Y1 12X 6y — o5l 1811
k=1 1=1 =1

< ‘ICZ{ZHXIIQ*«SIHIK K|||A‘”2261|||K KJ|] * 18;]}4V?
k=1 =1

= -10{2 SN }1/2ZI|XH 11K — K]||? Zé )2 ]|
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= 0,0
uniformly for ¢ € [0, 7] and ||n|| < C. Using similar techniques, we can show that

IS2 _ Op(T;b+3a/2+3/2n_1/2), ]83 _ Op(rzla/2+9/2n—3/2) _ Op(rza/2+3n—1>

)

f2b+3a/2+3/2n71>

IB4 — Op(rn 7b+3a/2+3/2n71/2)

= Op (rn

Iss = 1rn0,( max. pl)

-----

hold uniformly for all ¢ € [0, 7] and ||n|| < C

By combing the results of {Ig,, 1 < k < 5}, we have Iy = o, (n =Y/ 2ra 24, "2 103272 60 ()

by conditions (C1)-(C3). As 3°72, \; < oo, we have a > 1, which indicates n~V/ 22 —

o(n_l/ 27"2“/ 243/ 2). Finally, combining the above results of /g, I; and Ig leads to (5.6).

We prove (5.7) as follows. With some calculations, we have

HS(Q)(??RJ) - 5(2)*(77R>t)\|F

< 7t ) WiVt {exo(nk@in + pi) — exp(ng@ir) Y| e
=1

+ln~ Z{ (@ir)** — (wir)**}Yi(t){exp(ng®in + pi)}|r

+H[n~ Z{ Wir)** — (wir)**}Yi(t){exp(ng@in + pi) — exp(ngir) H|r

= Ig+ Lo+ L.
For Iy, we have
ZwR exp(m;) Y;( ZwR exp(m;) Y;(t )eXP{(PjF}P?HF

_lzsz exp(m)Yi()vil|p + [In” Zwm exp(mi)Yi(t)ei| |
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+Cl[n” Zwmexpm Yie)yllr + Clin™ Zwmexpm Yi(t)eillr

+Cn_1z [lwiz exp(m)Yi(t)|| max pilexp{(p])*} — 1]

-----

= 191+192+OX]93+CX194+OX]95.

Similar as /g1, we get

E(I§) = n°E Zn Z{Z wikpWits g exp(7;)Y; (), }]

k=1 k'=1 i=1

< n BSOS (s n exp(m) Vi)

k=1 k'=1 i=1

< n’liZZ{E wir) } B (wik ) Y2 EY(0) N2 E{v) 12 [E{exp(4mi) }]/?)

k=1 k'=1 i=1

< Cn—lnrn[E{iLXi(s)(aj(s) —¢j(8))dsﬁj}4]1/2
< Or S ¢ (B x (B — K = 0727,

which yields that Iy; = O,(n~/2r%"*/?) uniformly for t € [0,7] and ||5|| < C. Using similar

techniques as we control , we obtain

Iy = 0,(r, "), Ty = 0, (n” ') = 0y (n7 AR,

Loy = 0p(r, 1) = 0, (r; "), Ios = 0 (ry™ "0 log(n) + 7" log(n)

hold uniformly for all ¢ € [0, 7] and ||n|| < C

For I3, we can write

Lo = [jn~ Z{ Wir)** = (wir) *}Yi(t) {exp(npotin + pi) H|

- iZ{Z (b — Ea) PNV () exp(m) Y2

=1 k=1 =1
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< Z Z Z{ 51] fz] @k + (gzk Szk)g’u (é\zj - 52])(516 - glk)}
7j=1 k=1 =1
)\;1/2)\;1/2 Z(t) eXp(ﬂ_i)]Q)l/Q

< BYSE )t AT exp(n))?

=1 k=1 =1

4330 S G — 6 N Vi) exp(m)

Jj=1 k=1 i=1

330 S E - )6 — G0N N exp(m) 1

j=1 k=1 i=1
= n*1(3[10,1 + 31102 + 3[10,3)1/2-

For I;9,1, we can write

Tn

L0, ZZ{ZHXII*H% 631107 € AT Y1) exp(mi) Y

jlklzl

Z 57 PR — K P SO I s 2V ) exp(m) )

j=1 k=1 =1

It is easy to see that E[> " {>_", || X; ||§1k)\_1/2 t) exp fs (8)Bo(s)ds + > h_y Ziyk) }?] =

O(n®r,), we can easily see I19; = O,(r3*™n

) uniformly for ¢ € [0, 7] and ||n|| < C. Similarly,
Loz = O,(r3™n) and L1053 = O,(r5*5) uniformly for ¢ € [0, 7] and ||n|| < C. Thus, one has
Lo = O,(rs"**2n=1/2) uniformly for t € [0, 7] and |||| < C by condition (C1).

For I;;, one has

Ly = Z{ (@Wir)** — (wir) *}Yi(t){exp(nroWir + pi) — exp(ipoWir) | r

= Z{ Wir)®* — (wir)®*} exp(m;)Yi(t) p;

—(2n)7" Y (@ir — wir) exp(m) Yi(t) exp{ (0)*} o}l v

i=1

N

[In~ Z{ Wir)®* — (wir)**} exp(m;) Yi(t)vil | p
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+|n” Z{ Wir)®* — (wir)**} exp(m;)Yi(t)es|| p
+C|In~! Z{(@R)@z — (wir)®*} exp(m)Y;(t)7 ||
+C|n~! Z{(@'R)®2 — (wir)®?} exp(m)Y;(t)€} || p

‘1Z| (@ — wi) exp(m)Yi(t)]| max plexp{(p})*} — 1)

.....

= Ini+ T+ Clius+Cliua+Clis

By some simple algebra as the previous derivations, we have

Op(r5“/2+7/2n_1) ( —b+3a/2+2 —1/2)

]11,1 = —7112 = Op\T

I3 = Op<7"ZLa/2+5n_3/2) _ op(rza/2+7/2n_1),
Iig= op(r’2b+3“/2+2n’1) = o,(Ir b+3a/2+2 71/2)
L5 = 01[)(7”771[1/2+67fg/2 log(n) + Tifzbﬂa/z log(n)nfl/z)

uniformly for ¢ € [0, 7] and ||n|| < C

By combining all the results and Conditions (C1)-(C3), we have

1S (ng,t) — S@*(nr, t)||F = Op(rnau).

Proof of Lemma 7T:

With some calculations, we have

1)* e
10, Q110) — Dyl ()| ||Z | @ = wmavoli+11 [ (G ~ SRl
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Since E( [, || Xi||[dN;(t)) < oo, we have

!IZ/OT(@R—wm)dNi@)!I S / (& — &)X N ()

]1@1

< 0 [ 1N 3015, - a5 e

j=1

Tn

< {on?|||K — K||]? Z N2y

— Op(nl/QT?la/2+3/2> _ Op(nan)

uniformly for ¢ € [0, 7] and ||n|| < C

Notice N (t) = Y"1, Ni(t), it follows from Lemma 5 that

1 (55 - 55 ) ¥ = 0ytna)

uniformly for ¢ € [0, 7] and ||n|| < C. Combing the above results leads to (5.8).

For the second part of the lemma, ||0} Q(nr) — 0;,1(1r)||F can be written as

g@  /gme\S2) T [s@ SO\
I { o (50) (0~ [ {55 (5w) (vl

It follows from Lemma 5 that ||02 Q(nr) — 02 1(nr)||r = Op(nr,ay) uniformly for t € [0, 7] and

Inll < €

Proof of Lemma 8:

Since

51(00) = 50.9) = 3 [ (@ - wpaie) - [ =GR EO I i),
we have
150(0.9)-$ HZ [ @wpanioli [t G O S I i)
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For the first term, we have

1> [ @ mmlt = S0 [ ] XG0 —ean o

- 3 S AN )E ()~ s
< fj[  Wals)@s(6) = as(sdsP < WP 31, = o

where W, (s) = -1, ([, dN;(t)X;(s)). Since X;(s) is a centered process, by Condition (B6), one
know that I, (s) converges weakly to a centered gaussian process with some covariance function
(s, t). Thus, one has sup,cg |W,(s)| = O,(n'/?) and ||W, || = O,(n'/?). For the second term, by

Lemma 1 and 2, one has )", ld; — 5112 < 32, 62| |K — K|||2 = O,(r2*3n1). Thus, one

j=1%j
has || S0, [ (@ — w;)dN; ()] = O, (ra ™) = 0,(n/?).

For the second term, we have

™ S = w Yt exp(Z7)
= Y [ K@)~ dy(s)dsYi(t) exp(Z1)]
= ) / X(5)Yi0) xp(Z19) (B5(5) = 65(5) s
< —2{2 / X5) P exp( 1) ds}Zqu Bl = O rs772),

Similarly, we have sup n- Yi(t)exp(Zv)| = O,(1). Finally, we have
te[0,7] i= 1 7 P

n! Zz (@ —wy)Y;(t) exp(Zy) ~ _ Fat3/2y — o (n1/2
| [ e SN 1) = 0,15 = oy ('),

Thus, supy,<¢ [157(0,7)—5(0,7)|| = 0,(n*/?). Similarly, we can show that sup ;¢ || 17(0,7)—

1(0,7)||r = 0,(n'/?), which completes the proof.
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Proof of Lemma 9:

This Lemma is just a special case of Corollary 1 of Peng and Schick (2014) by setting V,, = I,

and p,, = 0.

7. Proofs of Theorems

Proof of Theorem 1.

Recall that o, = O, (rn /2 4 754/243/2=1/2 4 1 3/2720 106()), it is sufficient to show that for any

given € > 0, there exists a large constant C' such that

P{HSFPCQ(URO +anu) < Q(ro)} =1 —e.

This implies that there exists a local maximizer such that ||r — nro|| = Op(,).

It follows from Taylor’s expansion that

Q(Nro + anu) — Q(Nro)

2

a *
= a,u"0,,Q(nro) + E"UT@?RQ(HR)U

2
= " Oppl(Nro) + " {07, Q(Nro) — Onpl(Nro)} + 2u" 07, Q(nf)u

= Ji+Jo+ Js,

where 83 = o2 DT and 7y, lies between ngy and nry + a,u

It follows from (C2) that ||,,,,L(nz)|| = O,(rs/*n'/2) = 0,(nay,) and

1] < |0l (nro) [ % [[ul| = op(nag,)[ul -

It follows from Lemma 7 that

[ o] < 0|09, Q(0r0) = Dl (o) | * [[ul| = Op(nayful]).

(7.1)



For J3, we have

0,,QUng) = {0,,Qnk) — 0y, 1(1k)} + {0, L(nk) — Oy, L(nro) }

For the first term, as ||}, — Nro|| = O(aw,), by Lemma 3, Lemma 7 and conditions (C1)-(C3),
107, QUnk) — 05, 1(nz)|

have {0}, 1(n) — 05, (nRro)} = 0p(n).

= 0,(n). For the second term, since ||}, — 7ro|| = O(a,) = o(1), we

Similar to Cai, Fan, Li, and Zhou (2005), it follows from the Chebyshev inequality that
4
P{|In"'92 Q(nro) + S(nro)llr =7, '€} < n_n2 =o(1)

as r} /n — 0 by condition (C1) combining the fact that a > 1. Thus, we have

[In™10;,Q(nro) + X(nro)llF = 0p(r,").

Hence, we have

na2

Jy = =SS o)1+ 0, (1))

By condition (A4), J3 uniformly dominates both J; and .J5, which leads to (7.1). Thus, it is easy

to see that ||r — nro|| = Op(aw).

We prove the convergence rate of ||B (s) — Bo(s)]|L, as follows:

1B(s) = Bo(s)l[2. = HZ@o% Z/@ao%

< HZﬁJO(b] ZBJO% H—i—||Zﬂj0¢j ZBJO@
| Z Bjod;(t)
j=rn+1
Tn 1/2 .
< DN HnR_T]ROH‘f‘Zﬁ]o(; K = K]|| + ( Z 172
= Jj=rn+1

_ Op(rz/2+1/2an)+0p(rz b+2n71/2)+0p(7ﬁ;b+1/2)

29
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It follows from (C1) and (C2) that r&/**'/2a,, = o(1). Since b > 0 and r2"2n~1/2 = o(1) by

a/2-b+1 _

condition (C1), ry, o(1). Furthermore, the third term is 0,(1) as b > a/2+1 > 1/2. Thus,

we have [[B(s) = fo(s)| 1, = 0,(1).

Proof of Theorem 2.
We need to introduce some notation. Under H, we have 3y = 0. Let 7 be the true value of v and

no = (0", ~g)". Define

T E{w;Y;(t) exp(wn)}
Str(n Z / w;d N (¢ /0 OO ZSTEZ

T T E{w;Y;(t) exp(w
where STE,Z(”) = fO U)Zle(t) - fO E{'{l/i(()ixplgw nn }dN( )

The first step is to prove that as n — oo, we have

(™2 Sre(no) {E(Ir(n0)} 02 Sre(no) — ral/(2r)"? =% N(0,1). (7.2)

By using the standard martingale theory Kalbfleisch and Prentice (2002), we know that Stg (1)
are i.i.d random variables with E(Srg(n)) = 0 and E{S7g;(n0)StE.i(n0)"} = E{Ir(no)}. Let
v = {E([T(no))}*l/ 2StE.i(no). Thus, 1;’s are i.i.d random variables with mean 0 and covariance
I.,. It follows from (A5) and (B5) that E{(Stg.i(n0)"Srr.i(n))*} = O(r,) = o(nr,). Therefore,
it follows from Lemma 9 that (7.2) is valid.

The second step is to prove that as n — oo, we have

(0280 10) LB (T (m)} V28 (m) — 1) /(2ra) 2 5 N0, (7.3)



31

Since {Y;(t) : t € [0, 7]} is a Donsker class, we have

n! Zwl 2(t) exp(wing) — E{wYi(t) exp(wino)} = O,(n~?),
n! ZY exp(wing) — E{Y;(t) exp(w]mn)} = Op(n~""?),

Thus, we have Sy (19) — Srx(1m) = O,(n'/?), which leads to (7.3).

Define ny = (07, vy )", and notice that when 3 = 0,

Qr(nw) = Qi) Z / ZiydNi(t / log{ZY exp(Z77) N (1)

Also define 7y = (07,7%)" as the maximum partial likelihood estimate of @Q(ny) under 5 = 0,
we know that 7y is also the maximum partial likelihood estimate of Q)7(ny) under 5 = 0.

The third step is to prove that

In™" 12(0,3) = {E(Ir(n0)) I = Op(ran™"/?). (7.4)

Following arguments in Theorem 8.3.2 in Fleming and Harrington (1991), we can show that 7y
is a root-n consistent estimator of . We prove (7.4) by using Theorem 8.2.1(2) in Fleming and
Harrington (1991). As r,, = o(n'/?), one has ||n " I7(0,7n) — {E(I7(n0))}||r = 0,(1).

The fourth step is to show
(2850, 3n ) {n " I (0, An) } 0287 (0, An) — 7]/ (2ra) Y = N(0, 1). (7.5)

Denote Sr(n) = ({9QrB(n)}*, {0Q, (1) = (SE (1), STa(n)". Since T is the maximum
partial likelihood estimates under 3 = 0, we have S7,(0,75) = 0. For S7,(0,7x), we have
St1(0,7n) = S1(0,70)+9ST,(0,7) (An—"0), where " is between 7 and 7. Since ST, ., (0, 7y) =

2*Qrp~(0,7y) = 0, it follows from Theorem 8.2.1(2) in Fleming and Harrington (1991) that
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I~ 85F1,,(0,7%)|lr = Op(ran="/?). Since n'*(Fn—70) = O, (1), we have n~'/2[[{9SF, (0, 7n)—
95F1 ,(n0) | = Op(ryn="/?). Finally, (7.5) follows from r,n /% = o(1) and Slutsky’s theorem.

Finally, it follows from Lemma 8 and O,(1)/(2r,)'/? = 0,(1) that we have

[n_1/28(0,:}/\N)T{n_ll(o,:Y\N)}_ln_l/QS(Oa:}\/N) — rn]/(Q’rn)l/Q —)d N(O, 1)

8. Proofs of Corollaries

We consider the situation when p,, is diverging with sample size n. For most of the aforementioned
lemmas and conditions, we only need to change p into p,, without changing their proofs. However,
we need to change Lemma 5 into Lemma 10 as follows. We need a slightly stronger condition

(A5%*) than (AS5) to prove Lemma 10.

LEMMA 10: Let m; = npwig + pi = Zill ZikVk T Z;ll &irBir + Z;irn_ﬂ &i;jBjo. For
any fixed positive integer d, under Conditions (A5%) and (B5), we have E[{exp(m;)}*?] = O(1)

uniformly for ||n|| < C.

Proof of Lemma 10:

For any fixed positive integer d, we have

El{exp(m)}*"] = E(exp{2d(Y_ zave + Y &ynBin+ D &iBjo)}
=1 =1

j:'r'n+1
Pn Tn Tn
< B[[]expdzame) x exp{(2d Y &) 5"}
k=1 7j=1 j=1
xexp{2d( > &) D B
j=rn+1 J=rn+1
pn
< JI{E(exp(2dzi)) 1 x exp(2d]| X[ x [[n]]) x exp(2d]|Xi]| x |[Bol])

k=1
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By Condition (A5*),

Pn Pn Pn

[[{E(expdzum))}? < [ [ exp@M?d*}) = exp{2M°d* (> 7})} < exp(2M*d([][*)
k=1 k=1 k=1

Combining with condition (B5), we have E[{exp(m;)}*?] = O(1) uniformly for ||n|| < C.

After finishing proving Lemma 10, we are able to prove the following corollaries.

Proof of Corollary 1:
We can prove Corollary by repeating the Proof of Theorem 1 except that we use Lemma 10 and

change p into p,,.

Proof of Corollary 2:
To prove Corollary 2, we make some additional changes when p,, is diverging. We first introduce

some notation. Under Hy, we have /5y = 0. Let 7 be the true value of 7y and 79 = (0", ~)". Define

N[ [T EwYiep(win} oo\
STE(”) - ;/0 1le(t> /0 E{K@) eXp(w;Fn)} dN@) - ;STE,z(n)a

T T E{w;Y;(t) ex w;-f
where Stp(n) = [ widNi(t) — [ E{{Yi(t() ixp??i?n;]}?}dNi(t)'

The first step is to prove that as n — oo, we have

(2 S (m) (B o))}~ n 28 ps(m) = ) (20) 2 5 NOD). @D

By using the standard martingale theory (Kalbfleisch and Prentice, 2002), we know that Stz ;(1)
are i.i.d random variables with E(Srg(n0)) = 0 and E{S7gi(10)StE,i(1n0)"} = E{Ir(no)}. Let
Vi = {E(Ir(n))} ~Y2Srg.i(no). Thus, 1;’s are i.i.d random variables with mean 0 and covariance
I..,. It follows from (A5*) and (B5) that E{(Stg(1n0)"Sre.:(n))*} = O(r,) = o(nr,). Therefore,

it follows from Lemma 9 that (8.1) is valid.
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The second step is to prove that as n — oo, we have

[n_1/2ST(770)T{E(IT(770))}_1”_1/2ST(770) - Tn]/(QTn)l/Q —4 N(0,1). (8.2)

Since {Y;(t) : t € [0, 7]} is a Donsker class, we have

anZwl (1) exp(wine) — E{wYi(t) exp(wing)} = O,(n~?),
n! ZY exp(wino) — B{Y;(t) exp(wino)} = Oy(n~""?),

Thus, we have Sz (19) — Stz(1m) = O,(n'/?), which leads to (8.2).

Define ny = (07, vy )", and notice that when 3 = 0,

Qrlny) = Q) Z / ZiydNi(t / log{ZY exp(Z17)}dN (1)

Also define 7y = (07,7y)" as the maximum partial likelihood estimate of Q)(nx) under § = 0,
we know that 7y is also the maximum partial likelihood estimate of Q1 (7)) under 8 = 0.

The third step is to prove that

In = 1r(0,3x) = {EIr (o)) Hir = Op(r/*n="72). (8.3)

Following arguments in Theorem 8.3.2 in Fleming and Harrington (1991), we can show that || —

Yl = Op(pn/nl/z) = Op(rn/n1/2). We prove (8.3) by using Theorem 8.2.1(2) in Fleming and
Harrington (1991). As r,, = o(n'/3), one has ||n~1I7(0,5x) — {E(Iz(10)) }|r = 0,(1).

The fourth step is to show
[n 12550, 3A5) {n 1 (0,An)} 028 1(0,An) — ral/(2r)? =4 N(0, 1). (84)

Denote Sr(n) = ({0QrA(n)}",{0Q(n)}")" = (57:(n), S72(n))". Since Fy is the maximum

partial likelihood estimates under 5 = 0, we have S7,(0,7y) = 0. For S7,(0,7x), we have

St1(0,7n) = 51(0,7%)+057,(0,7) (Vv —"0), where 7" is between 7y and 7. Since 957 (0, Yn) =
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9*Qr5,(0,9x5) = 0, it follows from Theorem 8.2.1(2) in Fleming and Harrington (1991) that
In~10SF, (0,77l = Op(ran~"/?). Since o *nl/2 (A —79) = O,(1), we have n~/2||{9S%, (0, 7n) —

8SZ, ()} = O,(rs>n=1/2). Finally, (8.4) follows from 75/ *n~"/2 = o(1) and Slutsky’s theo-

1y

rem.

Finally, it follows from Lemma 8 and O,(1)/(2r,,)'/? = 0,(1) that we have

[n™25(0,35) {n " 1(0,35)} 025 (0,AN) — )/ (2r)* = N(0,1).
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(a) (b)

(® ®

Figure S1: ADNI data analysis results: panels (a)-(f) contain the estimated coefficient functions
B(s) when r,, = 17,18, 19, 21, 22, and 23, respectively.



Table S1. Simulation results for the means of the estimates of RMSEg, RMSE,, 7,, and the
concordance index with their standard errors in the parentheses when n = 200 and censoring rate
is 0.3. We vary r, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar et al.

(2015)’s method.

<
3

RMSE;

RMSE,

Concordance Index

1 0.22 (0.007) 0.29(0.021) 0.738(0.0004) 1
2 0.16 (0.008)  0.3(0.022) 0.742(0.0005) 2
3 0.13 (0.008) 0.3(0.021) 0.744(0.0005) 3
4 0.11 (0.008) 0.3(0.023) 0.745(0.0004) 4
5 0.17 (0.011)  0.3(0.022) 0.745(0.0004) 5
6 0.30 (0.023) 0.31(0.023) 0.743(0.0005) 6
7 0.56 (0.046) 0.32(0.024) 0.742(0.0005) 7
8 0.85 (0.062) 0.34(0.023) 0.741(0.0006) 8
9 1.34 (0.089) 0.34(0.024) 0.74(0.0006) 9
10 1.89 (0.121)  0.34(0.024) 0.738(0.0007) 10
AIC  0.28(0.055) 0.3(0.023) 0.744(0.0005) 3.35(0.16)
Gellar 0.27(0.055) 0.31(0.022) 0.744(0.0005) NA
Qu 3.70 (0.05) 4.35(0.08) NA NA
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Table S2. Simulation results for the means of the estimates of RMSEg, RMSE,, 7, and the
concordance index with their standard errors in the parentheses when n = 200 and censoring rate

is 0.5. We vary r, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar et al.
(2015)’s method.

Tn RMSEjg RMSE, Concordance Index T
1 0.22(0.007)  0.39(0.029) 0.744(0.0005) 1
2 0.17(0.008)  0.4(0.028) 0.747(0.0005) 2
3 0.16(0.01)  0.4(0.028) 0.748(0.0005) 3
4 0.14(0.011) 0.41(0.029) 0.749(0.0005) 4
5 0.26(0.021) 0.42(0.031) 0.748(0.0005) 5
6 0.44(0.036) 0.44(0.033) 0.747(0.0006) 6
7 0.78(0.069) 0.45(0.035) 0.745(0.0006) 7
8 1.23(0.084) 0.49(0.038) 0.743(0.0007) 8
9 1.97(0.115) 0.49(0.039) 0.742(0.0008) 9
10 2.86(0.165) 0.5(0.041) 0.74(0.0008) 10
AIC 0.42(0.079) 0.42(0.032) 0.747(0.0007) 3.24(0.17)
Gellar 0.36(0.059) 0.41(0.03) 0.748(0.0006) NA
Qu 3.74 (0.06) 4.55(0.10) NA NA




Table S3. Simulation results for the means of the estimates of RMSEg, RMSE,, 7,, and the
concordance index with their standard errors in the parentheses when n = 500 and censoring rate
is 0.1. We vary r, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar et al.

(2015)’s method.

T RMSE; RMSE, Concordance Index T
1 0.19(0.004)  0.1(0.009) 0.734(0.0002) 1
2 0.12(0.005)  0.1(0.009) 0.738(0.0003) 2
3 0.07(0.004) 0.1(0.009) 0.741(0.0002) 3
4 0.04(0.002) 0.1(0.009) 0.742(0.0001) 4
5 0.06(0.003) 0.1(0.009) 0.742(0.0001) 5
6 0.09(0.007)  0.1(0.009) 0.742(0.0001) 6
7 0.17(0.012)  0.1(0.009) 0.741(0.0001) 7
8 0.26(0.019) 0.11(0.009) 0.741(0.0001) 8
9 0.39(0.031) 0.11(0.01) 0.74(0.0002) 9
10 0.58(0.04) 0.11(0.01) 0.74(0.0002) 10
AIC 0.11(0.018) 0.1(0.009) 0.742(0.0002) 4.1(0.14)
Gellar 0.15(0.02)  0.1(0.009) 0.742(0.0001) NA
Qu 3.58 (0.02) 4.05(0.04) NA NA
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Table S4. Simulation results for the means of the estimates of RMSEg, RMSE,, 7, and the
concordance index with their standard errors in the parentheses when n = 500 and censoring rate

is 0.3. We vary r, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar et al.
(2015)’s method.

T RMSE; RMSE, Concordance Index T
1 0.19(0.004)  0.13(0.01) 0.742(0.0002) 1
2 0.12(0.005) 0.13(0.01) 0.745(0.0003) 2
3 0.07(0.004) 0.13(0.011) 0.748(0.0002) 3
4 0.04(0.002) 0.13(0.011) 0.75(0.0001) 4
5 0.07(0.004) 0.13(0.011) 0.749(0.0001) 5
6 0.12(0.008) 0.13(0.011) 0.749(0.0002) 6
7 0.22(0.015) 0.13(0.011) 0.748(0.0002) 7
8 0.34(0.021) 0.13(0.011) 0.748(0.0002) 8
9 0.5(0.035) 0.14(0.012) 0.747(0.0003) 9
10 0.72(0.044) 0.14(0.012) 0.747(0.0003) 10
AIC 0.13(0.019) 0.13(0.010) 0.749(0.0002) 4.1(0.14)
Gellar 0.12(0.009) 0.13(0.01) 0.749(0.0002) NA
Qu 3.58 (0.03) 4.14(0.04) NA NA




Table S5. Simulation results for the means of the estimates of RMSEg, RMSE,, 7,, and the
concordance index with their standard errors in the parentheses when n = 500 and censoring rate

is 0.5. We vary r, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar et al.
(2015)’s method.

Tn RMSEjg RMSE, Concordance Index T
1 0.19(0.004) 0.17(0.013) 0.748(0.0003) 1
2 0.13(0.005) 0.17(0.014) 0.752(0.0003) 2
3 0.08(0.005) 0.17(0.015) 0.754(0.0003) 3
4 0.06(0.003) 0.18(0.016) 0.755(0.0002) 4
5 0.1(0.006) 0.18(0.016) 0.755(0.0002) 5
6 0.17(0.012) 0.18(0.015) 0.754(0.0002) 6
7 0.31(0.022) 0.18(0.015) 0.753(0.0002) 7
8 0.45(0.031) 0.19(0.015) 0.752(0.0003) 8
9 0.68(0.048) 0.19(0.016) 0.752(0.0003) 9
10 1.02(0.06) 0.19(0.016) 0.751(0.0003) 10

AIC  0.2(0.032) 0.18(0.015) 0.754(0.0003) 3.84(0.16)
Gellar 0.17(0.022) 0.18(0.015) 0.754(0.0002) NA
Qu 3.61 (0.03) 4.23(0.05) NA NA
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Table S6. Simulation results for the means of the estimates of RMSEg, RMSE,, 7, and the
concordance index with their standard errors in the parentheses when n = 1, 000 and censoring

rate is 0.1. We vary r,, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar
et al. (2015)’s method.

Tn RMSEjg RMSE, Concordance Index T
1 0.19(0.003) 0.05(0.004) 0.735(0.0002) 1
2 0.11(0.005) 0.05(0.004) 0.739(0.0002) 2
3 0.05(0.003) 0.05(0.004) 0.742(0.0002) 3
4 0.03(0.001) 0.05(0.004) 0.743(0.0001) 4
5 0.03(0.002) 0.05(0.004) 0.743(0.0001) 5
6 0.05(0.003) 0.05(0.004) 0.743(0.0001) 6
7 0.08(0.005) 0.05(0.004) 0.743(0.0001) 7
8 0.11(0.007) 0.05(0.004) 0.743(0.0001) 8
9 0.17(0.01) 0.05(0.004) 0.743(0.0001) 9
10 0.24(0.013) 0.05(0.004) 0.742(0.0001) 10

AIC  0.05(0.006) 0.05(0.004) 0.743(0.0001) 4.28(0.14)
Gellar 0.06(0.007) 0.05(0.004) 0.743(0.0001) NA
Qu 3.62 (0.02) 3.95(0.03) NA NA




Table S7. Simulation results for the means of the estimates of RMSEg, RMSE,, 7,, and the
concordance index with their standard errors in the parentheses when n = 1, 000 and censoring
rate is 0.3. We vary r,, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar
et al. (2015)’s method.

RMSE,

Concordance Index

<
3

RMSE;

1 0.19(0.003) 0.07(0.006) 0.742(0.0002) 1
2 0.11(0.005) 0.07(0.005) 0.747(0.0002) 2
3 0.06(0.003) 0.06(0.005) 0.749(0.0002) 3
4 0.03(0.001) 0.06(0.005) 0.751(0.0001) 4
5 0.04(0.002) 0.06(0.005) 0.751(0.0001) 5
6 0.06(0.003) 0.06(0.005) 0.751(0.0001) 6
7 0.1(0.006)  0.07(0.005) 0.75(0.0001) 7
8 0.15(0.009) 0.07(0.005) 0.75(0.0001) 8
9 0.23(0.013) 0.07(0.005) 0.75(0.0001) 9
10 0.32(0.018) 0.07(0.005) 0.75(0.0001) 10
AIC  0.07(0.009) 0.07(0.005) 0.751(0.0001) 4.23(0.15)
Gellar 0.09(0.011) 0.06(0.005) 0.751(0.0001) NA
Qu  3.64(0.02) 3.98(0.03) NA NA
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Table S8. Simulation results for the means of the estimates of RMSEg, RMSE,, 7, and the
concordance index with their standard errors in the parentheses when n = 1, 000 and censoring

rate is 0.5. We vary r,, from 1 to 10, and use AIC to select r,,, and we also compare with Gellar
et al. (2015)’s method.

Tn RMSEjg RMSE, Concordance Index T
1 0.19(0.003)  0.1(0.008) 0.749(0.0002) 1
2 0.11(0.005) 0.09(0.007) 0.753(0.0002) 2
3 0.06(0.003) 0.09(0.007) 0.755(0.0002) 3
4 0.03(0.001) 0.09(0.007) 0.757(0.0001) 4
5 0.05(0.004) 0.09(0.007) 0.757(0.0001) 5
6 0.08(0.005) 0.09(0.007) 0.756(0.0001) 6
7 0.14(0.009)  0.09(0.008) 0.756(0.0001) 7
8 0.2(0.012)  0.09(0.008) 0.756(0.0001) 8
9 0.32(0.018) 0.09(0.008) 0.755(0.0002) 9
10 0.43(0.023) 0.1(0.008) 0.755(0.0002) 10

AIC  0.09(0.012) 0.09(0.007) 0.756(0.0001) 4.18(0.14)
Gellar 0.1(0.013)  0.09(0.007) 0.756(0.0001) NA
Qu 3.67 (0.02) 4.05(0.04) NA NA




Table S9. Simulation results on the power of our test when n = 200, censoring rate is 0.1 and

47

C;=01xjforj=0,1,---,10. We vary PV(r,) from 0.70 to 0.95 to select r,,. The Type I error

rates corresponding to C; = 0 were calculated from 5, 000 simulated data sets and the Type 11

error rates were calculated from 500 simulated data sets.

PV(r,)

0.70
0.75
0.80
0.85
0.90
0.95

01:0

0.060
0.059
0.059
0.059
0.060
0.066

0.080
0.082
0.082
0.082
0.088
0.082

0.202
0.174
0.176
0.184
0.154
0.160

0.384
0.346
0.344
0.340
0.332
0.282

0.624
0.622
0.620
0.616
0.548
0.490

0.808
0.798
0.800
0.802
0.766
0.734

0.912
0.924
0.924
0.926
0.890
0.862

0.976
0.984
0.984
0.982
0.954
0.942

1.000
1.000
1.000
0.998
0.996
0.990

0.998
1.000
1.000
1.000
0.998
0.998

1.000
1.000
1.000
1.000
1.000
1.000




48 Biometrics, August 2016

Table S10. Simulation results on the power of our test when n = 200, censoring rate is 0..1, and
Cy=0.1%jforj=0,1,---,10. We vary PV(r,) from 0.70 to 0.95 to select r,,. The Type I error
rates corresponding to C'y = (0 were calculated from 5, 000 simulated data sets and the Type 11

error rates were calculated from 500 simulated data sets.
0.70 0.060  0.066 0.138 0.246 0.434 0.602 0.778 0.882 0.978 0.990  0.992
0.75 0.059  0.070 0.120 0.218 0.392 0.564 0.738 0.870 0.968 0.988  0.994
0.80 0.059  0.070 0.120 0.214 0.390 0.564 0.736 0.870 0.968 0.988  0.994
0.85 0.059  0.068 0.128 0.210 0.382 0.562 0.736 0.870 0.960 098  0.994
090 0.060  0.070 0.102 0.206 0.334 0.520 0.670 0.826 0.938 0978  0.988
095 0.066 0076 0.102 0.198 0.302 0.482 0.620 0.786 0.920 0964 0978




