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A master equation simulation of O2–N2 thermal relaxation based on a new set of accu-
rate rate coefficients is presented. Vibrationally resolved transitions rates are generated
by means of the quasiclassical trajectory method at range of temperatures on ab-initio po-
tential energy surface (PES). Verification of the QCT results using the experimental data
in the wide temperature range between 300 and 6000 K. The present model significantly
overestimates the rates of energy transfer in collisions of vibrationally hot oxygen with cold
nitrogen at room temperatures. At the same time, an excellent agreement with experi-
mental data is obtained for vibrational relaxation times and dissociation rate coefficients
at hypersonic temperatures.

Nomenclature

v, w initial vibrational states of O2 and N2

v′, w′ final vibrational states of O2 and N2

K rate coefficient of bound-bound transition
D,R dissociation and recombination rate coefficients
T, Tr, Tv translational, rotational and vibrational temperatures

I. Introduction

An important research direction in hypersonic aerothermochemistry is associated with the modeling of
thermal and chemical nonequilibrium from first principles using quantum-mechanical, semi-classical and
quasi-classical methods. The initial capacity for such research was formed by the ever-increasing computa-
tional power such that statistical methods became tractable as well as by the variety of potential energy
surfaces (PES), developed for studies of low temperature kinetics in the upper atmosphere [1–3].

While a large amount of previous work regarding the nonequilibrium processes in high temperature gases
has concentrated on the state-resolved chemistry of nitrogen [4–8] and nitric oxide [9–13] due to importance of
these species in re-entry and combustion problems, thermochemistry of oxygen has received little attention.
This is due to the fact that the atmosphere contains only 0.2 molar fraction of oxygen, and it dissociates
easily under harsh re-entry conditions. However, recent success and setbacks of hypersonic programs have
directed research in the study of oxygen nonequilibrium thermalization at lower speeds that correspond to
the flight conditions of air-breathing hypersonic vehicles.

For diatomic oxygen, the most important collisions in terms of rovibrational relaxation and dissociation
are observed with O, O2 and, more importantly, with N2. Currently, only the first type of collisions studied
in detail. For the O2–O system, a number of PESs [14–17] of different fidelity is available due to ability
of O3 to absorb harmful ultra-violet radiation [18]. High-temperature kinetics of O2–O collisions received
special attention recently due to anomalously high rate coefficients (RC) of vibrational transitions [19, 20].
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This phenomenon is associated with the small potential barrier in the entrance/exit channel of the O2–O
interaction.

The study of collisions of molecular oxygen with other diatomic air species is limited to low temperatures
(say, 1000 K). There are a number of O2–O2 [1, 21, 22] and O2–N2 [2, 23] PESs, however they are designed
only for low energy collisions. In many cases, these PESs are either limited to a rigid rotor approximation,
or utilize empirical data to approximate the intermolecular forces, or do not describe the potential energy in
bond-breaking collisions. Nevertheless, the semi- and quasi-classical calculations, conducted on these PESs,
showed good agreement with measurements in the rates of vibration-translation and vibration-vibration
energy transfer between diatomic species at room temperatures [24]. The interest in such kinetic models
is dictated by the disagreement in theoretical and experimental predictions of ozone formation rates [3],
probably due to some shadow mechanisms involving vibrationally excited O2 [25, 26].

Only recently the investigation of bimolecular collisions at higher temperatures received attention [27,28]
due to the availability of ab-initio four-body PESs. Six-dimensional N4 PESs based on accurate quantum
calculations were developed at the NASA Ames Research Center [29] and at the University of Minnesota [27].
More interesting, in the context of the present paper, is the recent global O2N2 PES by Truhlar and co-
workers [28]. However, full-blown quasi-classical trajectory (QCT) simulations including all rovibrational
states appears to be computationally intractable using these high-quality PESs. One of the possible ways
to overcome this difficulty is the direct molecular simulation method, developed by Koura [30]. While
this approach makes it possible to obtain the average macroscopic parameters of thermally and chemically
nonequilibrium gas mixtures, such as vibrational and rotational relaxation times and the quasi-steady state
(QSS) dissociation RC, this method does not allow extraction of the state-specific transition RCs that are
typically required for further kinetic modeling in fluid dynamic codes and experiments.

The present paper features QCT calculations, conducted on the new O2N2 PES and compares the global
dissociation RCs and vibrational relaxation time with existing experimental data. The VT and VV energy
transfer RC for selected states are compared with other semi-classical calculations as well. The limitations
and applicability of the present technique is discussed. In Section II, the governing equations are given.
Section III presents the master equation simulation of O2–N2 system. Conclusions are drawn in Section IV.

II. Computational approach

The quasi-classical trajectory method presents a compromise between the accuracy of statistical simu-
lation of trajectory propagation and its cost. There are only a few alternatives to the QCT method when
attempting to resolve all possible rovibrational state-specific cross sections at high kinetic energies, i.e. when
inelastic collisions occur frequently, providing small statistical uncertainty of results.

The QCT method yields 12 and 18 Hamiltonian equations when applied to molecular systems with three
(atom-diatom) and six (diatom-diatom) degrees of freedom. These numbers can be reduced to 8 and 14 by
recognizing that the total energy and total angular momenta are conserved. On the other hand, the semi-
classical (SC) coupled approach, proposed by Billing [31], involves additional time-dependent Schröedinger
equations, whose number is proportional to the number vibrational states involved in a trajectory simulation.
At hypersonic temperatures, when the population of all vibrational states must be captured, such a method
becomes computationally intractable.

In the present work, the simulation of molecule-molecule collisions is conducted using an in-house four-
body QCT code. The extensive overview of three- and four-body QCT methods is given elsewhere [32]. The
present paper concentrates on kinetic models of hypersonic flows and provides discussion on utilization of
the QCT data. The primary tool for analysis of state-specific RCs, generated by the QCT method, is the
system of master equations. The general appearance of the master equation for molecular oxygen includes
the bound-bound and bound-free processes and is given by Eq. (1)

dnv
dt

=
∑

v′ 6=v,w′,wK(v′,w′)→(v,w)nw′nv′ −
∑

v 6=v′,w,w′ K(v,w)→(v′,w′)nwnv − (1)

−
∑

w,w′ D(v,w)→w′nvnw +
∑

w,w′ Rw′→(v,w)n
2
xnw′ , v = 1...Nv,

where nv is the population of the v vibrational state, K(v′,w′)→(v,w) is the RC of reaction with O2 (v′) and
N2 (w′) with the production of two molecular species in the v and w vibrational states, respectively. The RC
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of the reverse reaction is denoted as K(v,w)→(v′,w′). nx is the number density of the dissociation projectile,
D(v,w)→w′ and Rw′→(v,w) are the state-specific dissociation and recombination rate coefficients of the v state
in collision with N2(w) state with the production of N2(w′), Nv denotes the total number of vibrational
states. The master equation for N2 (w) is similar to Eq. (1) with the only replacement of v to w, v′ to w′

and vice versa.
Equation (1) describes the relaxation of molecular nitrogen and oxygen. In the present work the study

of relaxation is restricted to the heat bath conditions. Initial conditions must be provided for the system of
equations (1). Since the master equation simulation contains two molecules as reactants, initial conditions
can be specified for each of them individually. In all simulations, the initial rotational temperature is set
to the translational temperature. When vibrational relaxation is studied, the initial temperature of oxygen
and nitrogen is set to either 100 K or to 10,000 K, as specified. The first choice of the initial Tv corresponds
to the strong nonequilibrium conditions, while the second choice indicates that the given molecular species
is in thermal equilibrium. The initial population of the vibrational ladder is calculated from the Boltzmann
distribution at specified initial vibrational temperature. Although the production of nitric oxide is observed
by means of the QCT method at the range of studied temperatures, the NO formation is of secondary
importance for the thermal relaxation of O2 and N2 and, hence, is artificially excluded from the master
equation simulation. To do so, the RCs of NO formation is set to zero and the master equations for the NO
vibrational ladder are excluded from the system (1). The principle of detailed balance is invoked to generate
rates of endothermic transitions, in order to reduce the statistical error of the QCT method.

The system of master equations is a convenient tool for the analysis of designated energy transfer mech-
anisms. Since the rate coefficients between vibrational states are of primary importance for O2 and N2

relaxation, in the present work, the result of O2–N2 collisions are divided into several categories. First,
vibration-translation (VT) and vibration-vibration (VV) types of collisions are described by Eqs. (2)-(3) and
by Eqs. (4)-(5), respectively:

O2 (v) + N2 (w)→ O2 (v −∆v) + N2 (w) (2)

O2 (v) + N2 (w)→ O2 (v) + N2 (w −∆w) (3)

O2 (v) + N2 (w)→ O2 (v −∆v) + N2 (w −∆w) (4)

O2 (v) + N2 (w)→ O2 (v −∆v) + N2 (w −∆w) (5)

The reactions of depletion can be divided into single and double dissociation event categories:

O2 (v) + N2 (w)→ O + O + N2 (w −∆w) (6)

O2 (v) + N2 (w)→ O2 (v −∆v) + N + N (7)

O2 (v) + N2 (w)→ O + O + N + N (8)

The approach for obtaining rate coefficients for reactions Eqs. (2) - (8) from the database of cross sections was
described previously elsewhere [33]. The e-folding method by Park [34] is adopted to extract the vibrational
relaxation time from the temporal evolution of O2 and N2 vibrational energy. This method is adopted
throughout the paper unless stated otherwise. A simpler approach to obtain the vibrational relaxation time
is based on the rate coefficient of a monoquantum deactivation from the first excited vibrational state [35].
This approach is adopted in the present paper as an alternative to the e-folding method.

III. Results

The result section is organized as follows. First, RCs of VV and VT energy transfer for vibrationally
excited oxygen are compared with the experimental data collected at 300 K. Second, the RC of energy
transfer between the first excited and ground vibrational states of oxygen is compared to the theoretical
data obtained on another PES in the range of temperatures between 1000 and 7000 K. The vibrational
relaxation times and equilibrium dissociation RC are compared to the experimental data collected from
shock tube measurements. These results are followed by the master equation simulation.

The interaction of O2 with molecular nitrogen is of great importance in hypersonic thermochemistry due
to the large difference in the dissociation energy of these species. There are several PESs in the literature that
describe the N2O2 system. One of the first N2O2 PESs was proposed by Aquilanti et al. [2] for studying rigid
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molecules in their ground vibrational state. This PES was designed specifically for methods of molecular
dynamics for the upper atmosphere, however it has a little use for aerothermodynamics. Bartolomei et
al. [36] recently published an improved ab-initio PES with similar restrictions. The vibration-translation
(VT) and vibration-vibration (VV) energy transfer was studied by a semi-classical coupled method by Billing
on an empirical PES in the range of temperatures between 250 and 1000 K [23]. Recently, Garcia et al. [37]
reported VT and VV RCs using an improved PES for selected vibrational states of oxygen at temperatures
up to 7000 K. This PES is based on ab-initio calculations that are interpreted as a combination of van der
Waals and electrostatic interaction terms. Unfortunately, the dataset reported in Ref. [37] is incomplete and,
thus, a master equation simulation still can not be performed.

An analytical fit to the global ab-initio PES of triplet N2O2 was recently published by Truhlar’s group. [28]
This PES was obtained by multi-state complete-active space second-order perturbation theory and was
specifically designed to describe collisions at high kinetic energies. Most of the multireference calculations of
electron correlation energy were conducted in the range of potential energies between 100 and 350 kcal/mole
(76% of the total 54,889 data points). It is worth to note that the long-range forces are not described
correctly in this PES, thus it may not be suitable for low energy collisions.

A. Vibrational energy exchange at low temperatures

The vibrational quenching of oxygen in collisions with N2 is an important mechanism of energy transfer
not only at hypersonic temperatures [38] but also for the chemistry of the upper atmosphere. Park and
Slanger [24] have measured the rates of double-quantum quenching of oxygen via the VV energy transfer at
room temperature:

O2(v) + N2(w = 0)→ O2(v − 2) + N2(w = 1). (9)

The process, described by Eq. (9) is resonant at v=18/19 with the energy increment of 24 and -24
cm−1, respectively. The single quantum quenching has a large discrepancy of vibrational energy increment:
-1165 and -1189 cm−1. Overall, the rate coefficients of reaction (9) were obtained for v=8...22 in [24]. The
resonance of (9) led to a conclusion that this process can not be responsible for the rapid production of
ozone in the atmosphere, as was previously prosed by Slanger et al. [39]. The experimental data from [24]
still can be used to determine the range of applicability of the new O2N2 PES.

The RCs of VV and VT energy transfer were previously computed by Billing [23] using the semi classical
trajectory propagation on an empirical PES. Besides the RC of the double-quantum VV energy transfer
reaction, given by Eq. (9), the rates of the following reactions were obtained:

O2(v) + N2(w = 0)→ O2(v − 1) + N2(w = 1), (10)

O2(v) + N2(w = 0)→ O2(v − 2) + N2(w = 0), (11)

O2(v) + N2(w = 0)→ O2(v − 1) + N2(w = 0). (12)

In Fig. (1), the rate coefficients of reactions (9), (10) and (12) are presented. The circular symbols with
the curve fit, shown by the red line, presented the RC of reaction (9) obtained in the experimental work by
Park and Slanger [24]. Black dashed and solid lines describe the RCs of reactions (9) and (12), obtained
by Billing. The square, circular and diamond symbols correspond to the present RCs of reactions (12), (10)
and (9) at v=15...24, respectively.

Detailed comparison of RCs at T=300 K is given in Table 1. The present QCT calculations suggest
that the singlequantum VT mechanism is the most probable path for the energy transfer. Overall, the
singlequantum VV and VT reactions have higher RCs than of the double-quantum reactions. On the other
hand, the results by Billing indicate that the resonant double-quantum VV transition and single-quantum
VT transitions are the most probable ones. Such drastic differences between the present results and Billing
work should be attributed to the difference in PESs. Indeed, in the original work by Varga et al. [28], the
following is stated: ”We emphasize that the present surface was designed for high-energy collisions, and one
should expect that it does not have the correct long-range weak interactions that can be very important
for low-temperature simulations”. Indeed, a stronger long-range attraction in Varga’s PES compared to the
PES by Billing may smear the effect of resonance in the double-quantum transition.

Slices of these two PESs for several selected locations of the oxygen and nitrogen molecules are shown
in Fig. 2. In these calculations, parameters for the Billing PES are taken from the original work [23]. The
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Fig. 1: Rate coefficients of single-quantum VT and double-quantum energy exchange reactions

Reaction Single, VV Double, VV Single, VT Double, VT

Present 7.87×10−12 1.31×10−12 8.19×10−11 7.54×10−29

Billing 1.4×10−20 5.1×10−15 3.3×10−15 1.5×10−17

Table 1: O2 (v = 19)–N2 (w = 0) VV and VT transition RCs [cm3/s] at T = Tv = Tr = 300 K

abscissa corresponds to the distance between O2 and N2 center of mass. Potential is given in meV. For all
studied configurations, the PES developed by Varga et al. demonstrate a substantially deeper potential well,
compared to that of Billing PES. This difference is 3 meV for the L configuration (collinear approach). For
the X configuration, the difference is approximately 10 meV which is comparable with the energy increment
during a collision with VV energy transfer. Besides the differences in depth of potential well, Varga’s PES
has a less repulsive potential wall.

Meanwhile, the RCs of VV and VT energy transfer for O2 (v = 25) were computed by Garcia et al. [37]
on two PESs of different fidelity utilizing the SC and QCT methods. In the present work, rate coefficients
in Ref. [37] are compared with those obtained by the QCT method on the PES of Varga et al. [28]. The
VT reaction corresponds to the mono- and double-quantum deactivation of oxygen with nitrogen remaining
in the same vibrational state. The VV reaction is described by O2 mono-quantum deactivation with the
simultaneous single quantum activation of nitrogen. Rate coefficients of these processes are shown in Table 2.

The present QCT results agree better with the data, obtained on the Garcia PES based on ab-initio
data, than with the data generated using the simpler Billing PES. This is observed for all three types of
considered transitions. In fact, the Billing PES produces a systematic overestimation of rates, which may
be explained by the fact that this PES is more repulsive than the Garcia ab-initio PES, and the attraction
in the N2O2 dimer configuration in the Billing PES is less pronounced [37]. As expected, the rates of VT
transition, generated in the present work, generally agree better with the results of QCT calculations than
with the SC method.

The situation of energy transfer in collisions with oxygen in the ground vibrational states is drastically
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(a) L configuration (b) H configuration

(c) X configuration (d) T configuration

Fig. 2: Comparison of Billing [23] and Varga et al. [28] O2–N2 PESs
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Source Transition Rate coefficient

QCT, Present O2 (v − 1)+N2 (w) 4.36×10−12

QCT, Garcia PES [37] – 2.3×10−12

SC, Garcia PES [37] – 1.1×10−12

QCT, Billing PES [23] – 1.2×10−11

SC, Billing PES [23] – 3.5×10−12

QCT, Present O2 (v − 2)+N2 (w) 8.16×10−14

QCT, Garcia PES [37] – 1.1×10−13

SC, Garcia PES [37] – 6.0×10−14

QCT, Billing PES [23] – 1.5×10−12

SC, Billing PES [23] – 3.9×10−13

QCT, Present O2 (v − 1)+N2 (w + 1) 2.17×10−15

SC, Garcia PES [37] – 1.6×10−17

SC, Billing PES [23] – 3.7×10−16

Table 2: O2 (v = 25)–N2 VV and VT transition RCs [cm3/s] at T = Tr = 1000 K

different. The VT and VV rates of energy exchange in O2 (v = 0)+N2 (w = 1) are shown in Fig. 3. VV
RCs correspond to the products O2 (v′ = 1) +N2 (w′ = 0) while the VT RCs describe the production of
O2 (v′ = 0)+N2 (w′ = 0). Results of SC calculations by Garcia et al. [37] are shown by empty symbols.
An empirical rate of VV transition, derived by Gilmore et al. [40] from experimental data on transition
probabilities of the VV exchange reaction [38, 41] is shown by the long dashed curve. The experimental
approach combines generation of spark interferograms with the following analysis of density profiles as
well as the measurements of infrared emission from CO at 4.6µ of wavelength, used as a tracer for the
N2 population. The last fact can be justified taking into account the very close fundamental vibrational
frequencies of N2 and CO.

Two important conclusions can be derived from this comparison. First, the agreement between the SC
and QCT approaches is satisfactory only at temperatures higher than 3000 K. Below this temperature, the
QCT method strongly underestimates the RC of VV and VT transitions, compared to the result of SC
calculations. There are two possible explanations for this disagreement. First, the QCT and SC calculations
were conducted on two different O2N2 PESs. Although the difference between these two methods in Table 2
is not as large as for the RCs involving O2 (v = 0) in Fig. 3, only SC calculations on the PES given in [28]
could provide an explanation for this difference.

Second, there is a possibility for the failure of the QCT method at low temperatures due to a pronounced
influence of quantum effects. Previously it was shown that the QCT approach severely underestimates the
RC of O2 (v = 1) monoquantum deactivation in collisions with Ar at hypersonic temperatures [42]. These
differences can not be explained by statistical uncertainty of the results. Similarly to O2–Ar, the QCT
method in the present work underestimates selected RCs compared to the SC method that adopts a quantal
treatment of the vibrational mode.

Another important observation is related to the disagreement in VV RCs between the SC method and
experimental data. This may be attributed to some uncertainties in the PES, used in [37], as well as to
the theoretical interpretation of the experimental data. Indeed, the analysis of interferograms in Ref. [38]
and [41] was outlined assuming that the relaxation of nitrogen in the O2–N2 mixture can be represented as
a superposition of two processes with different time scales. During a short period of time after the shock
passage, oxygen quickly relaxes in collisions with N2 and O2 molecules via the VT energy transfer mechanism.
After molecular oxygen receives a sufficient amount of vibrational energy from the translational motion of
the particles, the energy exchange between N2 and O2 starts to play a role. Moreover, in experimental work
by White [38] it was assumed that the VT process of N2 excitation in collisions with oxygen is noticeably
slower than the N2–O2 VV process, and the latter process should be responsible for the rapid excitation of
N2 in air relative to pure N2.

The experimental data on vibrational relaxation time in pure oxygen is well known [43] and can be
interpreted in terms of the monoquantum deactivation RC from O2 (v = 1). Such data is shown in Fig. 3

7 of 20

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IC
H

IG
A

N
 o

n 
A

pr
il 

5,
 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
01

7-
06

59
 



Fig. 3: Transition RCs of O2 (v = 0)+N2 (w = 1) collision

with a dashed-dotted line. Indeed, the RC of monoquantum deactivation in pure O2 is substantially higher
than either VT or VV RCs in O2(v = 0) + N2(w = 1) collisions obtained via SC and QCT methods. However
the RCs of O2–N2 VV transition by Gilmore et al. [40] are comparable to the relaxation RC in pure oxygen
and do not comply with the hypothesis about the two stage N2 relaxation process in air [38]. Moreover, the
RC of the VT process, given by empty and filled triangles, is higher than the RC of the VV process obtained
via the trajectory simulation approach. This indicates that the MW correlation rule for N2–O2 collisions,
used in [38] to solve for the VV exchange RC, may not be accurate enough for the analysis of the experimental
data. Clearly, the most rigorous approach would consist of analysis of interferograms, obtained in [38, 41]
using the new RCs obtained on accurate PES by means of trajectory propagation methods accounting for
quantum effects.

B. VT and VV energy transfer at high temperatures

The solution of master equations provides important information about specific populations of the rovi-
brational manifold as well as about general macroscopic properties of the evolving non-equilibrium system,
such as internal temperatures, global and QSS dissociation RCs and thermal relaxation times. In order
to extract this data, a complete set of VT and, sometimes, VV rates for each combination of O2 (v) and
N2 (w) vibrational states must be available. Because QCT simulations of bi-molecular systems are expen-
sive, the adopted approach obtains RCs for selected vibrational states and interpolates the rest of data. The
computational feasibility of such approach for O2–N2 was demonstrated by Garcia [37].

The QCT method can be used for comparison of vibrational relaxation time, derived from the rate of
monoquantum deactivation from the first excited vibrational state with existing experimental data. The
vibrational relaxation time is shown in Fig. 4. The dashed line corresponds to the result by the Millikan-
White equation with parameters estimated from the vibrational frequency of oxygen and the reduced mass of
colliding particles. The MW curve is not obtained by fitting the general expression to experimental results.
Circular symbols correspond to O2 vibrational relaxation times measured in air and in a 5%O2–95%N2

mixture by Generalov and Losev. The red line describes the present O2 relaxation time obtained on the
PES of Truhlar’s group.
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Fig. 4: Vibrational relaxation time of oxygen in collisions with N2, T = Tr

The experimental data by Generalov and Losev indicates a slower vibrational relaxation time of oxygen
in collisions with N2, compared to the empirical equation by Millikan and White. This overestimation is very
modest and, probably, falls in the uncertainty interval of 15-30 % as stated in the original work [44]. More
importantly, the present QCT results indicate better agreement with the data by Generalov and Losev rather
than with the MW equation. At higher temperatures, namely at 10,000 K, it is possible to see the larger
deviation of the present relaxation times from the MW expression. This is due to the increased contribution
of multiquantum transitions and relaxation of highly excited vibrational states.

The dissociation rate of oxygen in collision with molecular nitrogen was measured previously in shock
tube facilities [44–46]. In the work by Generalov and Losev [44] the rate of dissociation was derived from the
initial slope of O2 concentration after the quasi-stationary distribution was obtained. The rate of oxygen
depletion was analyzed by absorption in the SR bands at the wavelength of 224.5 nm. This data is limited
to the temperature range between 2700 and 7000 K. In the more recent work by Jerig et al. [46], the rate
of dissociation was measured by means of atomic resonance absorption spectroscopy (ARAS) in the range
of temperatures between 2400 and 4100 K. This method allows relatively accurate measurements of atomic
oxygen concentration in the range of number densities between 1012-1014 cm−3 at a wavelength of 130.5 nm.

The thermal equilibrium dissociation RC of oxygen is shown in Fig. 5. Circular symbols describe the
present QCT data, the dashed line extrapolates the QCT Deq at temperatures below 6000 K. Filled symbols
correspond to Deq obtained from the experimental measurements of DQSS [44–46] by means of Eq. (??). The
present extrapolated results are in very good agreement with the measurements by Jerig et al. [46]. The shock
tube measurements by Generalov and Losev have much larger scatter, however the QCT RC is well within the
uncertainty range. For extrapolation, the generalized Arrhenius form is used. The corresponding coefficients
for O2–N2 thermal equilibrium dissociation RC are found to be A = 8.132×10−10 cm3/s, B = −0.131,
C = 59380 K. This expression is valid for translational temperatures between 2000 and 10,000 K.

9 of 20

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

IC
H

IG
A

N
 o

n 
A

pr
il 

5,
 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
01

7-
06

59
 

http://arc.aiaa.org/action/showImage?doi=10.2514/6.2017-0659&iName=master.img-006.jpg&w=327&h=287


Fig. 5: Thermal equilibrium dissociation RC of oxygen in collisions with N2

C. Full state-resolved results

The simulation of heat bath conditions by means of a master equation requires a complete set of transitions
RCs for all possible combinations of initial and final states. An assumption of trans-rotational equilibrium
allows a significant reduction of the database, however, the number of possible transitions between vibrational
states remains large. To overcome this difficulty, the present QCT simulations have been conducted for
selected vibrational states of oxygen and nitrogen, and the missing RCs are interpolated using the QCT
data. Namely, the O2 (v) RCs with v chosen from Ωv = {0, 1, 2, 5, 10, 15, 20, 25, 30, 31, 32, 33, 34, 35} and
for N2 (w) with w chosen from Ωw = {0, 1, 2, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 51, 52, 53} are obtained by the
QCT method.

Because the RCs demonstrate a complex dependence on vibrational energy, as follows from Fig. 1, a
global form of such dependence for bound-bound transition RCs is not derived. Instead, a liner interpolation
of RCs is applied with the initial vibrational energy of reactant as an independent variable. First, the RCs
are interpolated for all O2 initial vibrational states v? at N2 initial vibrational w from Ωw:

K (v?, w) =
e?v − eLv
eRv − eLv

K
(
vR, w

)
+
eRv − e?v
eRv − eLv

K
(
vL, w

)
, (13)

where indices R and L correspond to the vibrational quantum numbers from Ωv that have higher and lower
vibrational energy than the state v?. No interpolation is required for the first three and for the last five
vibrational states of oxygen since the QCT calculations are performed for those v. Following this procedure,
RCs are evaluated for all initial v and for w from Ωw. Now, a similar algorithm is applied to interpolate
RCs for all initial w. The following equation completes the interpolation procedure:

K (v, w?) =
e?w − eLw
eRw − eLw

K
(
v, wR

)
+
eRw − e?w
eRw − eLw

K
(
v, wL

)
. (14)

The interpolation of dissociation RCs is conducted in a similar manner, only in this case, the linear
interpolation is conducted for the natural logarithm of the RC. The independent variable, vibrational energy,
is kept the same.
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The QCT RCs of N2 mono- and multi-quantum transitions in VT collisions with molecular oxygen are
shown in Figs. 6a - 6c. The initial vibrational state of oxygen is set to v=0 in Fig. 6a, to v=10 in Fig. 6b and
to v=20 in Fig. 6c. For reference, the corresponding FHO [47] RCs at T=10,000 K are shown in Fig. 6a with
the dashed lines. The FHO RCs demonstrate similarity to those of the QCT simulation; however, several
differences persist. The monoquantum FHO RC is smaller than the QCT RC at any N2 initial vibrational
energy with a maximal difference of a factor of 2.5 times.

For multiquatum VT transitions, the FHO rates generally repeat the shape of the QCT RCs with one
distinct difference that the QCT rates decrease slower than those predicted by the FHO model at the N2

dissociation limit. Overall, the RC of N2 vibrational deactivation decreases rapidly with the increase of ∆w.
This is true for low-lying vibrational states of nitrogen due to small anharmonicity in those states. For
highly excited nitrogen the RCs of multi- and single-quantum jumps become comparable, first of all because
of the smaller spacing between these states. As will be shown shortly, the multiquantum jumps are of a great
importance for the kinetics of highly-lying N2 vibrational states. The present QCT VT RCs demonstrate a
small variation with respect to O2 vibrational state which is expected for the strictly vibration-translation
energy transfer mechanism.

(a) QCT with O2 (v = 0) and FHO with T=10,000 K (b) QCT, O2 (v = 10)

(c) QCT, O2 (v = 20)

Fig. 6: VT energy transfer RCs for N2
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The QCT RCs of O2 mono- and multi-quantum transitions in VT collisions with molecular nitrogen are
shown in Figs. 7a - 9. The initial vibrational state of nitrogen is set to w=0 in Fig. 7a, to w=5 in Fig. 7b, to
w=10 in Fig. 8a, to w=20 in Fig. 8b and to w=30 in Fig. 9. For reference, the FHO [47] RCs at T=10,000
K are shown in Fig. 6a with dashed lines.

As in the case with nitrogen vibrational deactivation by O2, the FHO RCs demonstrate similarity when
compared to the QCT data. However, the difference between the FHO and QCT rates is larger in this
case. For monoquantum deactivation RCs in collisions with N2(w = 0) satisfactory agreement is achieved
for low-lying O2 states. Again, the QCT RCs for excited states of oxygen are higher than those of the FHO
model. The disagreement between the FHO and QCT data for multi-quantum is substantially larger than
in the case with N2 deactivation (Figs. 6a - 6c). Namely, the FHO model noticeably overestimates the QCT
data for almost the entire O2 vibrational ladder. The VT RCs of oxygen vibrational transition demonstrate
a little variation with respect to the N2 vibrational quantum state as well.

(a) QCT with N2 (w = 0) and FHO with T=10,000 K (b) QCT, N2 (w = 10)

Fig. 7: VT energy transfer RCs for O2

(a) QCT, N2 (w = 20) (b) QCT, N2 (w = 30)

Fig. 8: VT energy transfer RCs for O2
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Fig. 9: QCT VT energy transfer RCs for O2 in collisions with N2 (w = 40)

The rate coefficients for the VV energy transfer mechanism are shown in Figs. 10a - 10b. The abscissa
indicates the difference in vibrational energy between products and reactants. In these results, the mono-
quantum activation of nitrogen is considered, while the oxygen molecules undergo a mono-, double-quantum
deactivation. The initial state of nitrogen is set to w=0 in Fig. 10a and to w=10 in Fig. 10b. For each curve,
the initial vibrational state of oxygen increases from left to right.

(a) O2(v) + N2(w = 0) (b) O2(v) + N2(w = 10)

Fig. 10: Rate coefficients of VV energy transfer

Lastly, the interpolated state-specific dissociation rate coefficients are shown in Fig. 11a for O2 and in
Fig. 11a for N2. In each of these figures, the abscissa corresponds to the initial vibrational energy of the
dissociated reactant, and each curve corresponds to the same initial state of the projectile. As expected, at
T=10,000 K molecular oxygen dissociates noticeably faster than nitrogen. The rate of dissociation decreases
by almost an order of magnitude in collisions with a vibrationally excited projectile. This means that the
internal energy, required to dissociate the target molecule is taken primarily from the translational mode, not
from the vibrational mode of the projectile. The RCs for excited vibrational states of the target molecule
deviate from a linear dependence on a semi-log scale. This was observed previously for other types of
molecular collisions [19]. A similar situation occurs for the state-specific dissociation RCs of nitrogen, as can
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be seen in Fig. 11b. There is some statistical uncertainty associated with the dissociation RCs of low-lying
N2 vibrational states. This numerical artifact can be eliminated by increasing the number of trajectories
in the QCT simulation. At given equilibrium conditions, molecular oxygen will be almost entirely depleted
while nitrogen dissociates insignificantly. Taking into account this fact, the dissociation of N2 has been left
for future investigation, and only O2 depletion is implemented in the system of master equations.

(a) O2 (b) N2

Fig. 11: State-specific dissociation rate coefficients

D. Master equation simulation

As discussed previously, there is some ambiguity in specifying initial conditions for a mixture of two
molecular species. An initial vibrational temperature of 100 K is set for both O2 and N2 species, unless
otherwise specified. The investigation is conducted in a manner when only VT collisions are included at
first. After that, the VV energy transfer mechanism is added to the kinetic model. Finally, the dissociation
of oxygen is enabled. In these simulations, the state-specific N2 dissociation RCs are set to zero. Initial total
number density is set to 5 × 1018 cm−3 with the molar ratio of oxygen and nitrogen of 1:4.

The variation of O2 and N2 vibrational temperature when only VT collisions are taken into account
is shown in Fig. 12. Black curves correspond to the situation when only transitions with |∆v| = 1 and
|∆w| = 1 are allowed. Blue, red, green and gray curves describe relaxation with multiquantum jumps,
respectively. The purpose of such a comparison is to demonstrate the influence of multi-quantum jumps on
the relaxation process. Multi-quantum jumps make oxygen vibrational relaxation significantly faster, while
the multi-quantum relaxation mechanisms are of secondary importance for nitrogen. This is, obviously,
explained by the large difference in the size of vibrational quanta for these two species. Overall, multi-
quantum mechanisms decrease O2 relaxation time by a factor of 2.8.

The system of master equations resolves the temporal evolution of state-specific populations during
thermalization process. Actual (nonequilibrium) and Boltzmann populations, estimated from the vibrational
temperature of species, are shown in Figs. 13a and 13b for N2 and O2, respectively.

The variation of O2 and N2 vibrational temperatures with time is shown in Fig. 14. Three sets represent
the calculations when the energy is transfered only in VT collisions (solid line), in VT and VV transitions
with |∆v| ≤ 1 and |∆w| ≤ 1 (short dashed line) and in VT and VV transitions with |∆v| ≤ 2 and |∆w| ≤ 2
(long dashed line). This numerical experiment demonstrates the influence of the VV energy transfer on
vibrational temperature at hypersonic temperatures.

As expected, the relaxation of oxygen in collisions with N2 occurs faster, than the relaxation of nitrogen.
When the VV energy transfer mechanism with single quantum jumps is implemented, the relaxation of
oxygen becomes slower at the late stage of relaxation, compared to the case when only VT transitions are
considered. At the same time, the nitrogen vibrational relaxation time becomes shorter. This indicates that
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Fig. 12: Variation of vibrational temperature, only VT collisions are taken into account

(a) Nitrogen vibrational ladder (b) Oxygen vibrational ladder

Fig. 13: Population of vibrational ladder, T = Tr=10,000 K. Only VT collisions are simulated.
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the energy is transfered from oxygen vibrational states to the nitrogen vibrational ladder. This direction
of energy transfer is in the agreement with the assumptions made in the work by White [41]. The double
quantum VV transitions bring minor changes in the relaxation time of considered species. A summary of
relaxation times, obtained for both O2 and N2 species, is provided in Table 3.

Fig. 14: O2 and N2 vibrational temperature obtained via master equation simulation using sets of VT and
VV transitions

The present paper also features the thermal relaxation of O2 and N2 species in the presence of dissocia-
tion. At an equilibrium temperature of 10000 K, the depletion of oxygen is nearly complete while nitrogen
dissociates much slower and only partially. For this reason, an implementation of N2 dissociation RCs is left
for the future, and only O2 dissociation is considered with the state-specific RCs shown in Fig. 11a.

The variation of vibrational temperature with time for both O2 and N2 species is shown in Fig. 15. In these
calculations, the initial vibrational temperature is set to 100 K and the overall number density of particles is
5 ×1018 cm −3. Unlike in molecule-atom master equation simulations [19,48], the vibrational temperature of
oxygen flattens out twice during thermalization to equilibrium conditions. Clearly one plateau corresponds
to the ”classical” quasi-steady state, when active dissociation occurs from highly excited vibrational states
while the O2 vibrational energy remains nearly constant. The second plateau corresponds to the vibrational
relaxation of nitrogen. At this moment, the transfer of vibrational energy from oxygen to nitrogen occurs,
as shown in Fig. 14. The evolution of O2 number density is shown in Fig. 16. Along with this data, the
instantaneous and equilibrium dissociation RCs are shown with solid and dashed black curves. The atomic
oxygen number density reaches 0.15 of its equilibrium value by the beginning of the QSS state. This indicates
that the ubiquitous assumption about separation of the QSS state and vibrational relaxation may not be
accurate at the given heat bath conditions. The equilibrium dissociation RC is approximately 7 times larger
than the instantaneous dissociation RCs, which is explained by an incomplete thermalization of the O2

vibrational ladder.

IV. Conclusion

Vibrational energy transfer in O2–N2 collisions is studied by means of the QCT method and a system of
master equations. The rate coefficients of vibrational-translation and vibration-vibration energy transfer are
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Target molecule Initial state Relax. time, s Note

O2 Tv (O2)=Tv (N2)=100 K 3.559×10−7 only VT transitions ∆v ≤1, ∆w ≤ 1

O2 Tv (O2)=Tv (N2)=100 K 2.127×10−7 only VT transitions ∆v ≤2, ∆w ≤ 2

O2 Tv (O2)=Tv (N2)=100 K 1.622×10−7 only VT transitions ∆v ≤3, ∆w ≤ 3

O2 Tv (O2)=Tv (N2)=100 K 1.388×10−7 only VT transitions ∆v ≤4, ∆w ≤ 4

O2 Tv (O2)=Tv (N2)=100 K 1.264×10−7 only VT transitions ∆v ≤5, ∆w ≤ 5

N2 Tv (O2)=Tv (N2)=100 K 1.267×10−6 only VT transitions ∆v ≤1, ∆w ≤ 1

N2 Tv (O2)=Tv (N2)=100 K 1.098×10−6 only VT transitions ∆v ≤2, ∆w ≤ 2

N2 Tv (O2)=Tv (N2)=100 K 1.043×10−6 only VT transitions ∆v ≤3, ∆w ≤ 3

N2 Tv (O2)=Tv (N2)=100 K 1.025×10−6 only VT transitions ∆v ≤4, ∆w ≤ 4

N2 Tv (O2)=Tv (N2)=100 K 1.017×10−6 only VT transitions ∆v ≤5, ∆w ≤ 5

O2 Tv (O2)=Tv (N2)=100 K 1.293×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤1, ∆w ≤ 1 )

O2 Tv (O2)=Tv (N2)=100 K 1.312×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV (∆v ≤2, ∆w ≤ 2)

O2 Tv (O2)=Tv (N2)=100 K 1.324×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤3, ∆w ≤ 3 )

O2 Tv (O2)=Tv (N2)=100 K 1.331×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤4, ∆w ≤ 4 )

N2 Tv (O2)=Tv (N2)=100 K 7.430×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤1, ∆w ≤ 1 )

N2 Tv (O2)=Tv (N2)=100 K 6.523×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤2, ∆w ≤ 2 )

N2 Tv (O2)=Tv (N2)=100 K 6.169×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤3, ∆w ≤ 3 )

N2 Tv (O2)=Tv (N2)=100 K 6.021×10−7
VT (∆v ≤5, ∆w ≤ 5)

VV ( ∆v ≤4, ∆w ≤ 4 )

O2 Tv (O2)=Tv (N2)=100 K 1.258×10−7 only VT transitions of oxygen ∆v ≤5

O2
Tv (O2)=100K

Tv (N2)=10,000 K
1.492×10−7 only VT transitions of oxygen ∆v ≤5

Table 3: Vibrational relaxation times, derived from master equation simulations

generated at hypersonic temperatures in the range between 1000 and 10,000 K as well as at room tempera-
tures. The latter was performed in order to compare the results of the QCT simulation with experimental
data obtained for vibrationally excited oxygen.

At room temperature, the present ab-initio PES gives significantly higher transitions rates compared
to the experimental data by Park and Slanger. One possible explanation for this is the influence of the
long-distance forces, implemented in Varga’s PES, which appears to be more attractive, when compared
to the PES developed by Billing. An overestimation of RCs is also observed when the present results are
compared to the RCs by Billing, obtained via the semiclassical trajectory method on a different PES. The
QCT method can be another source of inaccuracy. Since the classical propagation of trajectory does not
take into account some important non-classical phenomena, it is recommended to revisit these calculations
using more rigorous trajectory propagation methods.

Nevertheless, the implemented PES demonstrated good accuracy of rate coefficients at high collision
energies, as can be judged by comparing the QCT data with the shock tube measurements. Indeed, when
collisions occur with high translational energy, the attractive forces of the PES become relatively unimportant
compared to the repulsive wall of the potential. The vibrational relaxation time of oxygen in collisions with
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Fig. 15: Vibrational temperature of oxygen and
nitrogen, O2 dissociation is considered at heat

bath of 10,000 K

Fig. 16: Instantaneous and equilibrium O2

dissociation RCs and atomic oxygen number
density at heat bath of 10,000 K

N2 is well described by the experimental data by Losev and General in the temperature range between
4000 and 6000 K. The difficulties and inaccuracies of the QCT approach are recognized when attempting
to generate the state-specific RCs for temperatures below 4000 K. This can be attributed to the failure of
the QCT method to describe quantum effects at low temperatures and for low-lying vibrational states. At
these temperatures, the QCT method strongly underestimates the true RCs, that can be obtained by a more
rigorous approach at higher computational cost. Since these temperatures are still of interest for hypersonic
simulations, a combination of semi-classical and quasi-classical trajectory approaches is recommended for
future investigation in the field of state-resolved chemical kinetics. Meanwhile, the thermal equilibrium
dissociation RC is in agreement with the ARAS measurements by Jerig et al. [46] at temperatures between
2000 and 3700 K. At higher temperatures, the present dissociation RC agrees well with the data obtained
by measuring the laser absorption in the Schumann-Runge bands [44].

A set of vibrationally resolved O2–N2 rate coefficients is generated at 10,000 K, in order to model thermal
relaxation of both species using master equations. The rate coefficients are generated for 160 combinations
of vibrational levels by the QCT method. The rest of the RCs are interpolated. The solution of master
equations indicated that multiquantum transitions are crucially important for oxygen relaxation, specifically
for kinetics of excited vibrational states. The effect of multi-quantum jumps on nitrogen relaxation is less
pronounced. The vibration-vibration collisions transfer energy from oxygen to the nitrogen vibrational
ladder, extending the oxygen relaxation time. This effect is quite significant and, in fact, has an impact on
the vibrational temperature of the species.
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