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ABSTRACT 
 

In this work, an anisotropic and time-dependent damage-coupled plasticity model is written under 

finite strain formulation to describe the mechanical behavior of ductile materials. The model is 

formulated in arbitrary coordinate space to accommodate simulation of proportional and non-

proportional 3D loadings. A phenomenological continuum damage mechanics approach is 

suggested to model the material mechanical behavior and anisotropic damage beyond the post-

necking region up to fracture. The developed mathematical model scheme captures the strain rate 

effect on the material’s mechanical response and better approximates the yield stress, ultimate 

tensile strength and the strain to fracture. This thesis also presents an implicit time integration 

method for the anisotropic time-dependent model. Magnesium alloys are the lightest structural 

metals and therefore are potential candidates for use in stamped automotive panels. Thus, the 

prediction capability of the model is validated by comparing the numerical predictions to the 

uniaxial tensile experiments of TRC sheets of Mg AZ31B Alloy. The comparisons between the 

numerical predictions and the experimental results show fair agreement over a multitude of strain 

rates and temperatures.  



1 
 

CHAPTER 1 
INTRODUCTION 

 
1.1 Engineering Background 
 

Automotive manufacturers express high interest in sheet metal forming processes for high 

volume production vehicles. With tightened constraints on fuel efficiency and emissions, light-

weighting has become crucial in the industry. This brings about an aggressive search for non-

customary materials. The transition from steel to aluminum in the Ford F-150 truck declares an 

ideal example which hints to the need of innovative engineering methods to overcome material 

handling and manufacturing process challenges. Corrosion resistance, durability and recyclability 

are key factors of consideration for manufacturers. Material ductility and ease of machining are of 

critical importance in stamping, a plastic deformation process of sheet metal. Fortunately, some 

aluminum alloys have shown capability of providing such characteristics, and their use has been 

specifically attributed to their high strength-to-weight ratio compared to steel. This has enabled 

manufacturers to reduce the overall mass of their vehicles and achieve desired gas economy goals. 

Other alloys such as magnesium show highest strength-to-weight ratio of all structural materials; 

those are up to 33% lighter than aluminum and 75% lighter than steel. As the search for lighter 

alloys continues, new challenges arise for manufacturers when it comes to analyzing new material 

behavior and acquiring necessary tooling. Certain sheet metal characteristics such as anisotropy, 

spring-back and wrinkling hinder the ease of material handling and limit the formability of most 

alloys. Overall, such effects require attentive consideration and are often mitigated with the help
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of computer aided design and engineering. In current days, research engineers are constantly 

involved in enhancing their material characterization techniques. This serves to increase efficiency 

in manufacturing as it slashes production costs and improves product quality. While this research 

has shown considerable progress, there is yet a need of developing accurate prediction models for 

non-traditionally stamped ductile alloys. Fig. 1.1 below shows a magnesium sheet metal part 

manufactured by thermo-forming, where the sheets are heated to 842 degrees Fahrenheit and then 

placed in air-pressure dies to form the panels, a first in the industry by GM. 

 

Fig. 1.1 – Thermo-formed Magnesium Panel – General Motors  
(obtained from www.automotive.com) 

1.2 Problem Statement 
 

The study of ductile fracture is of primary importance in sheet metal forming. As a plastic 

deformation process, engineers need to predict the onset of necking and fracture of the formed 

alloy. The need is evident for a numerical tool which helps approximate the mechanical properties 

of the material in its elastic and plastic (hardening and softening) regions. In the modeling, it is 

essential to incorporate formulations which account for anisotropy to describe the directional 

dependence of material properties. In order to model the post-necking region of the material, 

http://www.automotive.com/
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damage-coupled plasticity is considered. In general, material damage is regarded as the 

deterioration of the material due to the formation of dislocations, micro-cracks and other material 

defects (Fonseka and Krajcinovic 1981). To quantify this damage, a scalar variable (isotropic) or 

a tensor (anisotropic) can be used to assess the degree of damage in the subjected material. In the 

literature search of this thesis, some of the ductile fracture criteria presented are intended for micro-

mechanical analysis. Those did account for damage in materials by proposing porosity variables 

or scalar damage accumulation rules. In this work, however, it is sought to derive macro-scale 

level model based on the mechanics of a continuous medium. This is due to the flexibility that this 

approach can offer in acknowledging the material’s anisotropic behavior. Thus, the theory of 

continuum damage mechanics (CDM) is of interest to this study. Continuum damage mechanics 

is a theory based on the thermodynamics of irreversible processes to model overall material 

degradation without reference to physical microstructures (Lemaitre 1996). Being a branch of 

continuum mechanics, the approach can effectively incorporate damage evolution equations in 

continuum plasticity models. In the automotive industry, cold-stamping is a common process to 

shape the sheets of metal. When considering use of non-conventionally stamped alloys for the sake 

of light-weighting, operators are faced with the unfeasibility of cold-stamping, particularly for the 

case of magnesium (Robson 2015). This unfeasibility is due to the low ductility, limited 

deformation systems and strong basal texture (Doege and Dröder 2001; Rodriguez et al. 2013) that 

the material exhibits at cold (room) temperatures. Thus, forming of magnesium requires elevated 

temperatures; the employment of magnesium, for instance, justifies the need of a model capable 

of modeling its behavior at both cold and elevated temperatures. At high temperatures, a challenge 

is present in which the material becomes highly sensitive to strain rate. As such, the work in this 

thesis seeks to address the rate-dependency (visco-plasticity) and temperature influence. Overall, 
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the developed numerical ductile fracture model in this work is made to account for such complex 

material behaviors. Subsequently, the goal is to optimize the visco-plastic model for the use in 

commercial finite-element software which can be done by user subroutine implementation. One 

particular aspect involving this implementation is the need for a computationally efficient and 

robust iterative integration scheme for the solution of the non-linear rate equations; thus, ensuring 

accurate numerical prediction while preserving computational efficiency is yet another challenge. 

Hence, the contribution of this thesis is manifested in presenting a numerical model and technique 

which (a) accounts for material anisotropy, (b) responds to changes in strain rate and (c) captures 

the damage influence on post-necking behavior of ductile alloys. 

 

Fig. 1.2 – Mg AZ31B Cold-Stamping  
(obtained from Powell, Krajewski, and Luo 2010) 

 

1.3 Fundamental and Theoretical Knowledge 
 

This thesis work encompasses fundamental elements in the theory of plasticity and damage 

mechanics. In this section, an overview of the basic principles in those theories is presented to 

the reader for the analysis of fracture in ductile metals. The concept of a continuous medium is 

explained, and highlights from theory of plasticity are included.  
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1.3.1 Overview of a Continuous Medium 
 

In a continuous medium, researchers are involved with the study of stress, deformation and flow 

in solids. For a hypothetical material, the molecular structure is disregarded, and the possible 

presence of gaps is ignored. Mathematically, continuous nature of functions and derivatives is 

assumed, except at interior surfaces where regions of continuity are separated (Malvern 1969). The 

theory can assume two further assumptions for constitutive modeling: the independence of 

material point properties from both position (homogeneity) and direction (isotropy). The use of 

such mathematical theory can assist researchers with quantitative analysis over the concept of 

continuity. While the theory might not genuinely describe the true nature of matter, the 

applicability and usefulness of a continuous medium can be assessed and validated by experiments 

(as will be assessed in this work) or comparison to higher level theories (Malvern 1969).  

1.3.2 Theory of Plasticity 
 

It is commonly observed for a ductile material to exhibit two modes of mechanical behavior: elastic 

and plastic deformation. In this section, the aim is to discuss the fundamental theory for the 

description of plasticity in materials. In constitutive modeling and according to the flow theory, 

the plasticity of a material is defined by a yield criterion, a flow rule, an isotropic/kinematic 

hardening rule and a loading condition (Wu 2005).  
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Fig. 1.3 – Elastic and Plastic Regions of a Stress-Strain Curve 
(adapted and modified from https://ocw.mit.edu)) 

 

The yield stress is a unique material constant which identifies the limit for applied stress beyond 

which material plasticity is activated; however, this is more relevant to the uniaxial case (as in Fig. 

1.3). In an arbitrary coordinate system (3-D), a yield criterion is implemented and can be defined 

as a potential stress function of a second order tensor which sets the boundaries between a 

material’s elastic and plastic regions in the stress space; the six components of the stress tensor 

constitute yielding of the material. The representation of such a function is typically portrayed by 

a yield surface (yield locus).  

The following conditions are those of a plastic potential function g  which describes the material 

behavior states accordingly:  

o σ <ijg( ) 0  denotes an elastic state 

o σ =ijg( ) 0  denotes a plastic state 

o σ >ijg( ) 0  denotes an inadmissible state  

https://ocw.mit.edu/
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Generally, the determination of yield surfaces can be done experimentally by varying loading 

conditions. It is essential for a yield criterion to be applicable even in cases such as that for a 

rotation of the stress coordinate system occurring due to a non-proportional loading. This defines 

a starting point for the determination of a yield criterion. It is acknowledged that the hydrostatic 

component of a stress tensor does not cause yielding in a material which is plastically 

incompressible, specifically metals (Wu 2005). Only the deviatoric stress, often denoted asσ' , 

causes plastic flow in a material, accounting for the shear stress of the stress tensor. With this 

foundation, and for an isotropic solid, the yield criterion is often associated with the invariants of 

the deviatoric component of the stress tensor, specifically the second invariant, which hints to the 

J-2 plasticity theory of von Mises.  

When the plasticity of a material is activated, it becomes necessary to specify a strain increment. 

This is achieved with the implementation of a flow rule. For this study, the case is that of an 

associated flow rule. From the early literature, Prandtl and Reuss use the plastic strain increment 

εp
ijd  to propose a plastic evolution rate (Malvern 1969) such that:   

  ε = λp '
ij ijd d T   (1.1) 

where λd  is a scalar multiplier of proportionality and '
ijT  is the Newtonian viscosity function, for 

a perfectly plastic material idealization. Note that for a perfectly plastic material, the yield surface 

maintains its original shape. On another note, experimental findings and the normality rule 

(Drucker’s postulate) require that for a convex yield surface, the plastic strain increment must be 

normal to the surface (Malvern 1969; Ohashi, Kawashima, and Yokochi 1975; Phillips and Moon 

1977).  
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Fig. 1.4 – Plastic Strain Increment Normality  
(adapted from Wu 2005) 

 

Basing our study on a hardening material and a general yielding condition, the plastic rate of 

evolution can be written according to the normality rule, such that: 

 
∂

ε = λ
∂σ

p
ij

ij

gd d   (1.2) 

where λd  is a scalar plastic multiplier describing the accumulation of plastic hardening, and g is 

the plastic potential function which describes a surface in the stress space (Krabbenhoft 2002). 

With the employment of an associated flow rule, g can be approximated to the yield function f, 

which reduces the plastic increment to:  

 
∂

ε = λ
∂σ

p
ij

ij

fd d   (1.3) 

For the multiaxial case, and for a strain hardening material, it becomes necessary to embed this 

phenomenon in the form of a rule. This is because yield surface can undergo expansion and 

translation (Wu 2005) in the presence of strain hardening and upon continued deformation. The 

surface expansion is commonly attributed as isotropic hardening where the size of the yield surface 

uniformly increases in radius (as in Fig. 1.5) and indicates a subsequently higher yield value. The 
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surface translation, however, is known as kinematic hardening where the center of the yield surface 

is shifted, leaving no effect on its size (as in Fig. 1.7). 

 

Fig. 1.5 – Subsequent Yield Surface – Isotropic Hardening 
(adapted and modified from Krabbenhoft 2002) 

 

In the case of isotropic hardening, the yield function can be expressed as follows: 

 σ − =2
ijf( ) R 0   (1.4) 

where R is a variable representing the size (radius) for the subsequent yield surface, occurring after 

the expansion of the initial yield surface.  

Before the kinematic hardening rule is explained, it is important to understand a notable 

phenomenon known as the Bauschinger effect. This phenomenon is observed in the decrease of 

material strength when the deformation (loading) path is reversed (Atkinson, Brown, and Stobbs 

1974). According to (Zhou and LeSar 2012), it has been shown in their analysis of dislocation 

dynamics that the reverse motion of pileups and the collapse of misfit dislocation are responsible 

for this observed effect. In Fig. 1.6, the effect is shown on a stress-strain curve, pointing out to a 

reduced strength in the reversely loaded direction. 
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Fig. 1.6 – Stress Strain curve illustrating the Bauschinger Effect 
(adapted from Malvern 1969)  

 

Hence, the introduction of a kinematic hardening rule becomes necessary to account for this effect. 

This has been pioneered by (Prager 1955). The concept was later applied to the arbitrary stress 

space by (Hodge 1956) where the subsequent yield surface can be written such that: 

 σ −α =ij ijf( ) 0   (1.5) 

where αij  is the back stress which quantifies the translation from the initial yield surface to the 

subsequent surface. The effect is shown below in Fig 1.7 in the stress space. 

 

Fig. 1.7 – Subsequent Yield Surface – Kinematic Hardening 
(adapted and modified from Krabbenhoft 2002)  
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1.3.3 Yield Criteria  
 

As discussed earlier, the yielding criteria for plastically incompressible materials does not 

depend on the spherical component of the stress tensor. Of the most commonly known yielding 

criterion is the Tresca criterion which defines yielding as a result of one of the shear stresses 

exceeding a critical limit. Another is the von Mises criterion which predicts yielding by accounting 

for the three principal shear stresses of the stress tensor. The von Mises criterion is capable of 

predicting yielding based on any of the principal stress exceeding the critical limit while adjusting 

for the other stresses. In other words, it accounts for the combination of principal stresses that 

would cause the yielding in the material (Krabbenhoft 2002).  

1.3.3.1 Tresca (Isotropic) 
 

Tresca’s criterion may simply be written knowing that yielding occurs when the maximum shear 

stress of a material equals the maximum shear stress at yielding for uniaxial tension, such that: 

 
σ

σ = σ − = σ − y'
ij eq eqf( ) k

2
  (1.6) 

where σy  is the yield stress for the uniaxial case and can be determined with a simple tension test. 

1.3.3.2 von Mises (Isotropic) 
 

The von Mises criterion occurs when the distortional strain energy reaches a value which causes 

yielding in a simple tension test, a value which is independent of any coordinate system (Budynas 

and Nisbett 2008). A modified version of the criterion uses the second invariant of the deviatoric 

component of the stress tensor J-2 and is equal to the negative half inner product of the deviatoric 

stress tensor contracted on both indices. The yield function can be written below as: 
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 − =2
2f(J ) k 0   (1.7) 

where k is the critical yield limit. 

1.3.3.3 Hill’s Quadratic Yield Criterion (Anisotropic) 
 

We introduce Hill’s quadratic yield criterion due to its relevance to sheet metal and the study of 

this thesis. The criterion assumes that yielding is independent of the spherical component of the 

stress tensor. In its isotropic case, Hill’s quadratic equation reduces to the von Mises yield 

criterion depending on the fixed material parameters F, G, H, L, M and N as shown in the below 

yield function (Hill 1948): 

( ) ( ) ( ) σ = =σ −σ σ −σ+ + + σ + σ + σσ −σ  
2 22 2 2 2

ij y z x y yz zx xyz x
f( ) 1F G H 2L 2M 2N               (1.8) 

Hence, the von Mises criterion becomes a special case of the Hill criterion when the anisotropic 

coefficients are as follows: 

o = = =F G H 1   

o = = =L M N 3F   

It is noteworthy that Hill’s criterion does not assume the Bauschinger effect but considers the 

axes of anisotropy as reference (Wu 2005). For the case of sheet metal, the equation can be 

written in the plane space such that: 

 ( ) ( )+ σ − σ σ + + σ + σ =2 2 2
x x y y xyG H 2H F H 2N 1   (1.9) 

The parameters F, G, H and N can be determined experimentally using material tensile and 

shearing yield stresses. In this work, the Hill parameters are obtained for the alloy of interest. This 

concludes our study of yield criteria relevant to this thesis. 
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1.4 Thesis Scope and Objective  
 

Fundamentally, this thesis explores some of the popular ductile fracture criteria used in 

today’s industry. Examples of these criteria lie within the mathematically derived, micro-

mechanical and the macro-mechanical analysis for the description of ductile damage in materials. 

An insight on the strain-based Mohr-Coulomb (M-C) criterion is provided, as it was extended for 

practical application to predict ductile fracture in metals with the dependency on the Lode angle 

and hydrostatic pressure (Bai and Wierzbicki 2010). The micro-mechanical approaches are 

highlighted by the Gurson-Tvergaard-Needleman (GTN) type models. In this thesis, the 

phenomenological CDM approach is employed based on the developments by the authors  

(Lemaitre, Cordebois, and Dufailly 1979; Chow, Yu, and Demeri 1997; Chow and Jie 2008) and 

is modified to account for the time-dependent behavior of common ductile alloys. The thesis work 

constitutes the following: 

1. An anisotropic damage-coupled plasticity model is developed in arbitrary coordinate space 

for finite strains to accommodate simulation of non-proportional 3D loadings and fracture 

of ductile alloys which is of great interest for automotive stamping manufacturers 

2. Plastic and damage multipliers are approximated with the incorporation of time dependent 

laws for plastic strain and overall damage accumulation to capture the strain rate effect on 

a material’s plastic deformation behavior at elevated temperatures as well as controlling 

the damage response with respect to the material’s damage and deformation mechanisms 

3. An implicit time integration scheme is proposed for the solution of the model’s equations 

based on the backward Euler method for multidimensional root finding  

4. The constitutive model is implemented in MATLAB® and is validated for the uniaxial case 

using experimental stress-strain data obtained for TRC sheets of Mg AZ31B Alloy  
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1.5 Thesis Organization  
 

This thesis contains five chapters and are described below: 

Chapter One provides a background of the thesis topic, discusses sheet metal applications, 

provides an overview of some principles in continuum mechanics and plasticity and states the 

contribution of this research work. 

Chapter Two presents a comprehensive literature review on the most commonly used 

ductile fracture criteria in today’s industry to compare their features and limitations. 

Chapter Three provides the equations of the anisotropic damage coupled plasticity model 

and highlights the time-dependent constitutive modifications to the equations of plasticity and 

damage accumulation. The chapter proposes a fully implicit time integration scheme for 

guaranteed solution stability and increased computational efficiency. 

Chapter Four validates the numerical predictions of the model for the uniaxial case 

against the experimental data of Mg AZ31B Alloy. The chapter provides qualitative and 

quantitative attempts to assess the model’s capability in capturing the stress strain response as well 

as accurately approximating the material’s mechanical properties. 

Chapter Five summarizes the contributions of the work done in this study and suggests 

future research heading. 
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CHAPTER 2 
LITERATURE REVIEW 

 

In this chapter, a comprehensive literature search is provided to highlight the developments 

in the study of ductile fracture of metals. Some of the commonly used criteria in today’s industry 

are compared by their features and limitations. The survey reviews approaches including the GTN 

model, the Mohr-Coulomb criterion and the phenomenological CDM model. 

2.1 Micromechanical Ductile Fracture Analysis 
 

The micromechanical approach to modeling ductile fracture is described by the nucleation, 

growth and coalescence of micro-voids. In literature, micromechanical ductile fracture prediction 

modeling is classified into uncoupled (McClintock-Rice-Tracey) and coupled (Gurson-Tvergaard-

Needleman) micromechanical models.  

2.1.1 Uncoupled Micromechanical Modeling 
 

The initial models corresponding to ductile damage were pioneered by (McClintock 1968) and 

(Rice and Tracey 1969) which described the growth of spherical holes (voids) in a material; stress 

triaxiality and plastic strain were assumed to induce ductile void growth. These models are often 

classified as uncoupled (Rakin et al. 2004), and it is assumed that the presence of voids does not 

affect the behavior of the material (Bauvineau et al., 1996), due to the non-interaction between 

isolated voids and adjacent voids in the early phases of ductile fracture. Thus, the incorporation of 

such interaction effect was neglected in initial finite element modeling (Miller and Anderson 
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1995). In their works, (Rice and Tracey 1969) study the enlargement of isolated spherical voids in 

a continuous medium. The authors assume the von Mises yield criterion, where they propose a 

critical void growth ratio for a non-hardening material, such that 

 pm
eq

0 0

3σR = 0.283exp ε
R 2σ

 
 
 



   (2.1) 

where R is the mean void radius rate, R0 is the initial void radius, 0σ  is the matrix yield stress and 

eqε  is the equivalent von Mises strain. In order to establish a rupture criterion, a ratio ( )
0

R
R c

 can be 

used and considered as a material dependent parameter that defines a critical value corresponding 

to the critical growth of the void (Marino et al.,1985) and ultimately the point of fracture. The void 

growth formulations were later extended to account for strain hardening by the authors (Budiansky 

et al., 1982). Overall, no evolution for damage was assumed within the yield criterion. Moreover, 

the coalescence of an isolated void with adjacent void growth (softening) cannot be captured in 

this model (Besson 2010). Hence, the use of this model may then only be justified for detecting 

crack initiation (Rakin et al. 2004). 

2.1.2 Coupled Micromechanical Modeling 
 

With the limitation of the uncoupled model being identified, (Gurson 1977) incorporated a damage 

variable to include capturing the post-necking region (softening phase). Void volume fraction (or 

porosity) was used to quantify the damage in a perfectly plastic matrix (Besson 2010), which was 

done by defining a plastic yield function that incorporated the proposed porosity variable f , such 

that  

 
2
eq 2kk
2
0 0

12f cosh 1 f
2

σ  σ
φ = + − − σ σ 

  (2.2) 
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where kkσ  is the first invariant of the stress tensor. Having defined the yield function φ , the plastic 

strain rate pε  can be defined according to the normality rule. As such, (Gurson 1977) defines the 

evolution of porosity (growth) based on mass conservation, such that  

 ( ) ( )pf = 1- f tr ε

   (2.3) 

which is dependent on pε  that is determined by the yield surface.  

Eventually, (Tvergaard and Needleman 1984) proposed a modification to the yield surface φ  to 

have a better representation of experiments in such a way that additional parameters were added 

to describe the kinetics of void growth. The resulting model was since known as the Gurson-

Tvergaard-Needleman (GTN) model. As such, the modified yield surface may be expressed as  

 ( )
2

2eq * 2 *kk
1 2 12

0

12q f cosh q 1 q f
R 2
σ  σ

φ = + − − σ 
  (2.4) 

where f  is replaced by the effective porosity *f  for enhanced coalescence modeling. An additional 

assumption was made such that when f  reaches a critical porosity value cf , damage increases 

drastically due to void coalescence. Note that when *f  is zero, the yield surface is reduced to the 

von Mises surface. 

The effective porosity may take the actual void volume fraction before the critical coalescence 

limit cf is reached, after which *f  takes a different equation. We may summarize both cases in the 

function below 

 
c

*
c

c c c
1 R c

f                                      if  f f  
f f f1f f       if  f f

q f f

≤
=   − + − >  − 

  (2.5) 
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and Rf  is the fracture porosity. It may be helpful to assign a rupture limit for *f  using the kinetic 

parameter 1q , such that *
1f = 1/ q sets a criterion for rupture.   

According to (Rakin et al. 2004), the porosity evolution f  evolves according to two phenomena 

within the GTN model: the growth of existing voids and the nucleation of new voids under the 

subjected loading. The expression for the porosity evolution may thus be defined into an additive 

manner such that 

 nucleation growthf f f= +     (2.6) 

where p
nucleation n eqf =A ε

  and ( ) p
growth Hf = 1-f ε

  where p
Hε  is the hydrostatic component of the plastic 

strain rate, and nA  is a strain-rate dependent nucleation rate and other factors such as stress 

(Tvergaard 1989). nA  may take the Gaussian function form below as proposed by (Chu and 

Needleman 1980) 

 
2

N n
n

NN

f p1A exp
2 ss 2

  − ε = −   π   
  (2.7) 

where Nf  is a material parameter, nε  is the strain at which half of the inclusions are broken, and 

Ns  is the standard deviation for the nucleation strain. 

The Gurson model has been further modified to account for different features such as void shape 

effects (Gologanu et al., 1993) and plastic anisotropy by (Benzerga and Besson 2001) where the 

latter authors employ the (Hill 1950) criterion. It is noteworthy that the GTN model exhibits 

adequate description of tensile fracture characterized by the stress triaxiality, but it fails to predict 

shear fracture as claimed by (Bai and Wierzbicki 2010). This brings up the discussion in the next 
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section on the Mohr-Coulomb criterion which promises adjustment for this anomaly. Elaborate 

discussions on the GTN model are beyond the scope of this thesis. For a more detailed study on 

micromechanical modeling, the reader may refer to (Besson 2010) for a thorough review. 

2.2 Mohr-Coulomb Criterion 
 

A mathematical approach to ductile fracture modeling is the Mohr-Coulomb fracture 

criterion which has been widely implemented in literature, especially for the modeling of rocks 

and geological materials. While the criterion suits the definition of a yield criterion, it may be 

considered as a fracture criterion upon modification and extension. The Mohr–Coulomb (M-C) 

theory stems from a criterion of microcrack growth in a non-porous matrix and is one case of the 

widened Sandia GeoModel that unifies multiple mechanisms during deformation and failure 

(Fossum and Brannon 2006). The criterion has been shown to be capable of characterizing fracture 

of ductile metals (Bai and Wierzbicki 2008; Xue 2007). It does also depend on stress triaxiality 

(first invariant of the stress tensor) similar to the previously discussed micromechanical models. 

However, this criterion has a unique dependence on a Lode angle (parameter) that derives from 

the third invariant of the stress tensor, which is uncommon of the other ductile fracture criteria. In 

general, the M-C criterion may be understood as an extension of the maximum shear stress 

criterion, and it is thus poised for the prediction of shear fracture. On another note, it is important, 

to state that the maximum shear stress criterion does not depend on the hydrostatic stress, unlike 

the M-C criterion, an advantage as considered by the authors in (Bai and Wierzbicki 2010). 

Bai and Wierzbicki evaluate the criterion’s applicability to ductile fracture modeling of uncracked 

bodies. In their work, the M-C mathematical framework is initially presented in stress space and 

is then transformed to strain space in order to increase the resolution of ductile fracture prediction. 

The authors demonstrate the effects of eight of the parameters that they propose for the fracture 
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locus in their model. Their formulation yields a practical form of the fracture locus which is 

proposed for use in application by the authors. A damage evolution rule is incorporated in their 

model which they consider as integral to the fracture prediction technique; a linear relationship is 

assumed between the damage variable and equivalent plastic strain for a monotonic loading. The 

authors (Bai and Wierzbicki 2010) highlight how the proposed criterion is capable of predicting 

the material’s crack path and direction. More critically, the reader must note that the M-C criterion 

is not capable of capturing the fracture locus of an anisotropic material and is only suitable for an 

isotropic material, which is a major limitation to be noted when considering the purpose of this 

thesis study. The general constitutive equation of the strain-based fracture locus is presented below 
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s ax s
η 0 θ θ θ
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  (2.8) 

where A , n  , ηc  , 0η  , s
θc  , c

θc  , 1c   and 2c  are parameters to be determined. For a von Mises 

yielding function, the criterion may be reduced to the following equation 
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  (2.9) 

As mentioned before, the incorporated damage rule assumes a linear relationship between the 

damage variable D  and the equivalent plastic strain pε , such that 

 ( ) ( )
p

p
p

0

d
D

f ,

ε ε
ε =

η θ∫   (2.10) 
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where p fε = ε , then ( )f cD Dε =  where cD  is a critical damage factor and is assumed to be 

unity. 

2.3 Macromechanical Modeling – Continuum Damage Mechanics  
 
2.3.1 Phenomenological Aspects 
 
Material damage is often understood as the degradation of mechanical properties. Experimentally, 

this degradation is observed to be induced by micro-cracks, micro-voids and cavities (Murakami 

1987). Continuum damage mechanics (CDM) provides a phenomenological approach to average 

the influence of microdefects and ignore microstructure details with the use of macroscale 

variables (Chow, Liu, and Asundi 1993).  

 

Fig. 2.1 – A Geometrical Definition of Damage (adapted from Lemaitre 1992 - A Course on Damage 
Mechanics) 

The CDM theory was initiated with the work of (Kachanov 1958) in the study of creep rupture of 

metallic specimens under uniaxial tensile deformation. Kachanov proposed the concept of a 

continuity factor ψ which indicates a virgin material which when equal to unity. As this factor 

decreases down to zero, the material loses its load bearing capability. In 1969, (Rabotnov 1969) 

introduced a damage factor which is the complement to this continuity factor; This has further 

attracted researchers to the concept of damage. From Fig. 2.1, we may define the damage variable 
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as the ratio of the area intersecting all microcracks to the area of a representative volume element 

of the material. We may thus express the damage variable for the uniaxial case as  

 D

RVE

SD
S

=   (2.11) 

 where 0 D 1≤ ≤ . When the RVE is loaded by a unidirectional force F, we may obtain the stress 

in the material according to classical mechanics such that 

 F
S

σ =   (2.12) 

As the material sustains damage (i.e. SD increases), the material loses portions of its surface which 

effectively resist the applied load. Hence, it becomes useful to introduce the concept of effective 

stress σ  which may be expressed as  

 
DS S

σ
σ =

−
  (2.13) 

With mathematical simplification, equation (2.13) may be re-written such that 

 ( )DS
S

F
S 1

σ =
−

  (2.14) 

from which we deduce 

 1
1 D
 σ = σ − 

  (2.15) 

It is noteworthy that when the damage zero, the effective stress reduces to the observed stress 

where σ = σ . Further on this realization, the concept of strain equivalence was introduced by 

Rabotnov which enables visualizing the effect of damage accumulation on material stiffness. A 
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relation between the stiffness and the damage variable may be defined below for the uniaxial 

case such that 

 ( )E = E 1- D   (2.16) 

 

 

Fig. 2.2 – Degradation of Copper Stiffness  
(adapted from Lemaitre 1992 after Dufailly 1975 – A Course on Damage Mechanics)  

 

From Fig. 2.2, it becomes clear how accounting for damage enables the modeling of the post-

necking region (plastic softening) in a loaded material. 

 

Fig. 2.3 – Ductile Damage Measurement for Copper at Room Temperature  
(adapted from Lemaitre 1992– A Course on Damage Mechanics) 

 
From Fig. 2.3, it is shown how the modus of elasticity drastically reduces, indicating the 

diminished load bearing capability of the damage material. 
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2.3.2 CDM Theory Advances 

 

Continuum damage mechanics (CDM) is understood as a phenomenological approach to average 

the influence of microdefects and ignore microstructural details with the use of macroscale 

variables (Chow, Liu, and Asundi 1993). Kachanov pioneered the introduction of a damage 

variable to track material property changes in creep applications (Kachanov, 1958). Damage is 

incorporated in a framework of thermodynamics and takes the form of an internal variable 

(Coleman and Gurtin, 1967). Originally, Kachanov provided an attempt to quantify the effect of 

damage by proposing a scalar continuity variable ψ ranging from unity for a defect free material 

to zero for a failed material. The variable was assumed to be direction and orientation independent. 

Rabotnov later quantified the actual damage to be the ratio of the material’s damaged surface to 

the total surface and defined it as the complement to the continuity variable (D = 1- ψ) to explain 

the loss of the material’s load bearing capability (Rabotnov, 1969). Based on this definition, 

Rabotnov and Kachanov used the concept of effective stress, to link the damaged material 

configuration to a fictitious configuration, where the material is virtually assumed to be free of 

microdefects. The use of this concept was soon reiterated in the works of Lemaitre, Chaboche and 

Sidoroff (Lemaitre, 1971; Lemaitre and Chaboche, 1978; Sidoroff, 1980). Chaboche used this 

aspect to quantify isotropic damage using a scalar measured by the change in stiffness, strength, 

and toughness of the material (Chaboche, 1988). Soon after, the need for a tensorial damage 

framework was experimentally confirmed so that the innate material anisotropy can be captured 

under different stress states (Hao, Ke, and June 1985; Chow and Wang 1987; Leckie and Hayhurst 

1977). With the advancements in the theory, and for anisotropic damage, the damage variable took 

a tensorial form with the works of Murakami and Ohno (Murakami and Ohno 1981). Leckie et al. 

backed the account for anisotropy to accommodate non-proportional loadings (Leckie and Onat, 
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1981). Later, Cordebois and Sidoroff reported on the consequences of damage in an arbitrary space 

where the authors pioneered the extension of the effective stress tensor in the anisotropic damage 

formulation (J. P. Cordebois and Sidoroff, 1982). This was done with the introduction of a fourth 

order damage effect tensor, a tensorial linear operator commonly known as M(D) and is used to 

link the damaged configuration of the material to its fictitiously undamaged configuration. Hence, 

tensorial characteristics were assumed for the internal damage variable (Sidoroff, 1980). For 

simpler use and applicability, the damage variable is derived as second order tensor using its 

principal directions. While propositions for a fourth rank damage tensor were done by Onat and 

Leckie (Onat and Leckie, 1988), the use of a second order damage tensor was adequately justified 

with the work of Sidoroff who presented a study on its use and admitted some limitations, but still 

deemed it as widely applicable (Sidoroff, 1980). Leckie and Onat  later acknowledged the general 

use of a second order tensor (Leckie and Onat, 1981; Onat and Leckie, 1988). Based on those 

formulations and building on the works of Cordebois and Sidoroff (J. P. Cordebois and Sidoroff, 

1982), Hao et al. proposed an anisotropic ductile damage model, and a criterion of deformation 

instability (Hao et al., 1985); the model was used for the predicting forming limits curves (FLC). 

A noteworthy formulation done by Hao et al. is extending the concept of strain hardening in 

plasticity to strengthening in damage. Coupling anisotropic damage with the plasticity is achieved 

by replacing the nominal stress with its effective value in the plastic potential function to refer to 

the fictitious configuration. Similar to the plasticity formulation, a criterion is assumed for damage 

accumulation. Hao et al. realize that the value of the damage strain energy release rate increases 

with the increase of the associated damage variables (Hao et al., 1985). Building on this realization, 

a scalar description of the overall damage accumulation is coupled with the damage potential to 

account for strengthening. This was developed by Chow et al. who presented an approach for the 
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prediction of forming limit diagrams under non-proportional loading (Chow et al., 1997; Chow 

and Lu, 1989; Chow and Wang, 1987a). It is noteworthy that the previously described continuum 

damage mechanics formulations are time independent, and in this work, time dependency will be 

accounted for. 
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CHAPTER 3  
CONSTITUTIVE MODELING  
AND NUMERICAL METHOD 

 
In this chapter, the aim is to derive a constitutive model able to reproduce the viscoplastic 

response of a ductile material up until the point of failure. In what follows, the model is developed 

in the framework of finite strains. 

3.1 Kinematics 
 

In this work, the model is defined for finite strains. The position of the material point in the 

new configuration may be defined as ( , t)= χx X  where X  is the referential non-deformed 

material position. The deformation gradient F can be decomposed in a multiplicative manner into 

elastic eF and plastic pF  parts where e p=F F F . The velocity gradient L  is expressed as the 

product between the time derivative of the deformation gradient and the inverse of deformation 

gradient such that 1−L = FF .  The velocity gradient L  can be expressed in function of a spin 

component W (skew-symmetric part) and a rate of total deformation D  (symmetric part) as 

= +L D W . Furthermore, the velocity gradient L  can be decomposed additively into elastic eL  

and plastic pL  such that e p= +L L L . The plastic part of the velocity gradient can be decomposed 

into symmetric pD  and skew-symmetric pW  parts where p p p= +L D W . Similarly, the elastic 

part of the velocity gradient can be decomposed into symmetric eD  and askew-symmetric eW  

parts where  e e e= +L D W  . Finally, for finite deformation, the total rate of deformation can be 

additively decomposed into elastic and plastic parts as suggested by (Khan and Huang, 1995) as
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e p= +D D D . In the next chapter, we validate the applicability of the model for the case of uniaxial 

tensile deformation. Assuming that the material exhibits isochoric deformation properties, then the 

volume map (Jacobian) of the deformation gradient must be equal to unity. The components of the 

deformation gradient F  can be found by setting the determinant of the Jacobian equal to unity 

such that 1 2 3J det 1= = λ λ λ =F . For a uniaxial loading, we assume 2 3λ = λ  which yields 

1/2
2 3 1

−λ = λ = λ  from which the diagonal elements of the deformation gradient can be calculated. 

3.2 Constitutive Equations of the Damage Coupled Plastic Model 
 

The formulations of the anisotropic CDM model follow a thermodynamics framework of 

positive dissipation. The unified damage approach of Chow et al. provides a time independent 

framework (Chow et al., 1997). In this section, we propose a time dependent framework that 

directly incorporates the viscosity effect in both the plasticity and the damage formulations.  The 

time dependent framework will allow capturing the strain-rate sensitivity of ductile alloys at 

elevated temperatures.  

3.2.1 Damage Coupled Elasticity 
 

The elastic energy equivalence hypothesis (Cordebois and Sidoroff 1982) provide the basis for the 

development. We may define the damage variable for an isotropic case as 

 A - AD =
A



  (3.1) 

where D is a scalar damage variable, A is the material’s total area and A  is the material’s area 

excluding microdefects. The effective stress may be defined as  

 
( ) ( )

F F SS = = =
A 1- D 1- DA





   (3.2) 
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For the anisotropic case, one may deduce the expression of the effective stress tensor for 

anisotropic damage (Cordebois and Sidoroff 1982), such that  

 ij ijkl klS = M S   (3.3) 

where ijklM  is the fourth order damage effect tensor, a linear operator that links the damaged 

material configuration to its fictitious undamaged configuration. For this case, the damage tensor 

is of second order ijD  , and the damage effect tensor may be expressed using the principal 

components of the damage tensor such that: 

 ( )( )

( )( )

( )( )

1

2

3

2 3

3 1

1 2

1
1 D

1
1 D

1
1 D

1ijkl
1 D 1 D

1
1 D 1 D

1
1 D 1 D

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
M 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

−

−

−

− −

− −

− −

 
 
 
 
 

=  
 
 
 
 
  

  (3.4)  

For a representative volume element (RVE) under applied stress, the elastic energy is defined as 

 e 11
ij ijkl kl2W (S) S C S−=   (3.5)  

where 1
ijklC−  is the material compliance tensor. 

According to the hypothesis of energy equivalence, the elastic energy of the damaged 

configuration can be determined by replacing the stress with the effective stress such that

e e
ij ij ij ijW (S ,D 0) = W (S ,D = 0)≠  , thus 

 e -1 -1 -11 1 1
ij ij ij ijkl kl ij jikl klmn mnop op ij ijkl kl2 2 2W (S ,D ) = S C S = S M C M S = S C S     (3.6)  
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which imposes a symmetry condition on the effective elasticity compliance tensor, to which we 

define the expression below 

 1 1
ijop ijkl klmn mnopC M C M− −=   (3.7)  

Based on the thermodynamics of an irreversible process, we calculate the elastic energy release 

rate, commonly known as the associated variable for the damage tensor ijD , such that 

 
{ }

{ }

e
mnop

ij qr

mnop

qr

sMW (S,D) 1
op ij ijkl klmn qrD D

sM-1 -1
ij ijkl klmn qrD

Y S C M S

-S C M S

∂∂ −
∂ ∂

∂
∂

= − = −

= 

  (3.8)  

where ‘s’ denotes taking the symmetric part of the resulting tensor within the curly brackets. For 

a damage dissipative potential function dΦ , we may propose the time rate of damage evolution, 

such that 

 
d

ij
ij

ΦD =
Y

∂
−
∂

   (3.9)  

Note that although the stress tensor is derived in an arbitrary coordinate space, the developed 

equations are expressed in function of the principal values of the damage tensor where 11 1D D= , 

22 2D D= , 33 3D D=  and 23 13 12D D D 0= = = . The principal directions of the damage tensor will 

coincide with that of the stress tensor only in the simple cases of uniaxial loadings (Chen and 

Chow, 1995). For the case of general loading conditions, a rotation to the damage tensor is caused. 

Thus, for the damage formulations to hold, a coordinate transformation of the associated variable 

for damage Yij is necessary. This can be achieved with the root-finding of a third order 

characteristic polynomial for Yij which allows the determination of its Eigen values. The 
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characteristic polynomial can be obtained by equating the determinant of Yij to zero. The resultant 

third order polynomial is solved by trigonometric approximation using the method of (Kronenburg 

2013) for a 3x3 matrix, the case when Yij is expressed in matricial form. 

3.2.2 Damage Coupled Plasticity 
 

The development of the constitutive equations of visco-plasticity coupled with damage is achieved 

by using the effective stress tensor instead of the stress tensor for the plastic potential of 

undamaged material (Chow et al., 1997). A damage coupled plastic potential is used to express the 

yield criterion pf  which incorporates the equivalent plastic stress according to Hill (1948) criterion 

that describes anisotropic material plasticity of metals, such that: 

 ( )p eqf = S R p = 0−   (3.10) 

where eqS  is the effective equivalent plastic stress and R(p)  is an isotropic hardening term. We 

define the effective Hill equivalent plastic stress as  

 ( )1/2eq 1
ij ijkl kl2S = S H S     (3.11 

and the fourth order Hill tensor may be written in matricial form as 

 ijkl

G H H G 0 0 0
H H F F 0 0 0
G F F G 0 0 0

H
0 0 0 2L 0 0
0 0 0 0 2M 0
0 0 0 0 0 2N

+ − − 
 − + − 
 − − +

=  
 
 
 
 

  (3.12) 
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where F, G, H, L, M and N are material constants which can be determined experimentally 

according to Hill 1948.  

The effective stress tensor ijS  is expressed in terms of the stress tensor as suggested in equation 

(3.3). Sij is integrated from the following stress rate expression 

 

 P
ij ijop op opS = C D - D  
    (3.13) 

where 

 -1 -1
ijop ijkl klmn mnopC = M C M   (3.14) 

The plastic rate of deformation tensor P
ijD   can be derived from the classical theory of plasticity, 

such that: 

 
p p

P p
ij ijkl kleq

ij

F λD = λ = H S
S 2S
∂
∂





  (3.15) 

where the plastic multiplier pλ  is approximated by the cumulative plastic strain rate p . The 

cumulative plastic strain rate p  is quantified using a visco-plastic strain-sensitive power law, such 

that 

 
1/meq

p Sp = γ
s

 
 
 



   (3.16) 

where pγ  is an initial plastic rate, m  is a material rate sensitive parameter, and s  is a shear strength 

resistance which evolves according to the power law proposed by (Stringfellow, Parks, and Olson 

1992) such that  
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hns

h
s ss =

n s
 
 
 

   (3.17) 

where hn  is a fitted hardening coefficient and ss  is a hardening saturation limit. Note that 0s  is 

the strength resistance is at the onset of plasticity, the initial value for s.  

3.2.3 Damage Evolution 
 

In analogy to the plastic yield surface, the concept of a damage surface is proposed (Chow and 

Wang, 1987a, 1987b). To model the evolution of anisotropic damage, a plastic damage criterion 

is proposed using a damage potential df  as follows 

 ( )d eqf Y Z q 0= − =   (3.18) 

where eqY  is the equivalent elastic energy release rate and Z(q) is a damage strengthening term, 

which accounts for the overall accumulation of damage in the material element. From equation 

(3.9), the damage evolution d
ijD  may be evaluated by assuming the dissipative damage potential 

df  such that  

  
d d

d d d
ij ijkl kleq

kl

f λD = -λ = - L Y
Y 2Y
∂
∂

   (3.19) 

where dλ   is the Lagrange multiplier that can be approximated by the cumulative plastic damage 

rate q . Equation (3.21) expresses the rate for damage accumulation, which allows the 

quantification of the damage at any deformation level. In general, a critical damage value, less 

then unity, is associated with material failure. The reader is referred to the works of Lemaitre et 

al. for material specific critical rupture limits (Lemaitre, 1985; Lemaitre et al., 2000). d
ijklL  is the 

fourth order plastic damage characteristic tensor in its matricial form as 
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 ( )
( )

( )

d
ijkl 1

2
1
2

1
2

1 0 0 0
1 0 0 0

1 0 0 0
L

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

η η 
 η η 
 η η

=  −η 
 −η
 

−η  

  (3.20) 

where η  is an experimentally determined material constant. 

The cumulative plastic damage rate is quantifies using a strain rate sensitive damage power law as 

 
1/neq

d
0

Yq = γ
Y

 
 
 

   (3.21) 

where dγ  is the initial damage rate, n  is a rate sensitive parameter and 0Y  is the damage 

strengthening resistance (assumed constant). We define the effective equivalent energy release rate 

below as 

 ( )1/2eq d1
ij ijkl kl2Y Y L Y=   (3.22) 

3.3 Time Integration Method 
 

         In this section, an implicit integration algorithm is proposed to integrate the constitutive 

relations presented in section 2. This section summarized the main features of the numerical 

implementation. To achieve higher computational efficiency there is a need to ensure adequate and 

timely convergence properties for the stress and damage tensorial components. 

For the symmetric stress tensor, six Voigt components are identified such that 

 [ ] [ ]T
11 22 33 23 13 12S S S S S S S=   (3.23) 

As a second order tensor, the damage components can be identified similarly 
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 [ ] [ ]T
11 22 33 23 13 12D D D D D D D=   (3.24) 

However, in the development of the constitutive model, the damage rate is formulated in its 

principal direction, where only the principal values for the damage tensor 11D , 22D and 33D  are 

of non-zero value. Then, the damage components may be expressed in the following vector 

 [ ] [ ]T
11 22 33D D D D=   (3.25) 

Generally, for a proportional loading, the shearing components 23S , 13S  and 12S  are zero, which 

vanish the non-diagonal components 23Y , 13Y , and 12Y of the damage energy release rate. In the 

case when changes to the loading conditions exist, there will be non-proportionality in the loading. 

This implies that the associated damage variable ijY  will have non-zero components across the 

directions 23, 13 and 12. Thus, the principal values of ijY  are obtained, so that the coincidence of 

the stress and damage coordinate systems is guaranteed. Combining all 6 stresses and 3 damage 

components, the variables may be represented in the vector below 

 [ ] [ ]T
11 22 33 23 13 12 11 22 33X S S S S S S D D D=   (3.26) 

Those variables are described by the differential equations given in equations (3.12) and (3.19). 

An implicit time integration method following the backward Euler scheme is used to solve the 

system of nonlinear equations. For example, the first component of the stress tensor t 1
11S +   at the 

current time step t 1+   is approximated such that 

 t+1 t t+1
11 11 11S = S +S Δt   (3.27) 
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With t being the previous time step and t∆   is the time increment. It is sought to minimize the 

difference (the residual) between the rate of the stress component and its previous and current 

increment over the time step. Following this analysis, a residual function 
11SR  for the variable 11S   

is defined and is minimized by the Newton-Raphson procedure. The residual 
11SR  may be 

expressed below as 

 
11

t+1 t
t+1 t+111 11
S 11

S -SR = -S
Δt

   (3.28) 

Similarly, for the remaining stress and damage residuals, we express the functions below 

 
22

33

t+1 t
t+1 t+122 22
S 22

t+1 t
t+1 t+133 33
D 33

S -SR = -S
Δt
×

D - DR = - D
Δt





  (3.29) 

The rate equations for each of the variables are provided in the Appendix. The calculated residuals 

may be collected in the residual vector below such that 

 [ ]
11 22 33 23 13 12 11 22 33

T
S S S S S S D D DR R R R R R R R R R=      (3.30) 

The state variables at the end of the increment are referred to by [ ]t 1
9x1X +  while the variables at the 

beginning of the increment by[ ]t
9x1X . The Newton-Raphson procedure is used for the constitutive 

updating as follows  

 [ ] [ ] [ ]
[ ]

[ ]
t+1

t+1 t t+1
9x1 9x1

Jacobian

RX = X - inv R
X

∂ 
 ∂  

  (3.31) 



41 
 

where ‘inv’ denotes the inverse of the Jacobian matrix. In the next step, the partial derivatives of 

the nine residuals with respect to all nine variables need to be calculated. Those quantities are used 

to define the Jacobian matrix. The Jacobian may then be expressed in matricial form (9x9) as 

follows 

 
[ ]
[ ]

S S S S S S S S S11 11 11 11 11 11 11 11 11

11 22 33 23 13 12 11 22 33

S S S S S S S S S22 22 22 22 22 22 22 22 22

11 22 33 23 13 12 11 22 33

S33

11

R R R R R R R R R
S S S S S S D D D

R R R R R R R R R
S S S S S S D D D

R
S

t+1

Jacobian

R
X

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂

∂

 ∂
= ∂  

S S S S S S S S33 33 33 33 33 33 33 33

22 33 23 13 12 11 22 33

S S S S S S S S S23 23 23 23 23 23 23 33 23

11 22 33 23 13 12 11 22 33

S S S S S S13 13 13 13 13

11 22 33 23 13

R R R R R R R R
S S S S S D D D

R R R R R R R R R
S S S S S S D D D

R R R R R R
S S S S S

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂ ∂
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12 11 22 33
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11 22 33 23 13 12 11 22 33
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D22

R R R
S D D D
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S S S S S S D D D
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11 22 33 23 13 12 11 22 33

R R R R R R R R
S S S S S S D D D
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S S S S S S D D D

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

  (3.32) 

The implementation in MATLAB® follows from the above development, and the rate equations 

of the model are solved using the Newton Raphson algorithm as summarized in the flowchart of 

Fig. 3.1. 
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Fig. 3.1 – Flowchart of the Implicit Integration Algorithm 
 

This concludes the development of the model and the numerical method. In the next chapter, an 

experimental study is presented on the behavior of TRC sheet of Mg AZ31B alloy for a multitude 

of strain rates and temperatures. The experimental observations will be used to assess the model’s 

capability in capturing the plastic deformation and damaging behaviors of the alloy. 
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CHAPTER 4 
 MODEL VALIDATION: APPLICATION FOR  

TWIN ROLL CAST MG ALLOY AZ31B 
 

In this chapter, the anisotropic model is experimentally validated for the case of uniaxial 

tensile deformation. Mg AZ31B stress-strain data is obtained and utilized to assess the model’s 

capability in capturing the material’s elastic, plastic and post-necking behavior. Implementation 

aspects are discussed including the parameter identification process. 

4.1 Experimental Investigation for TRC Mg Alloy AZ31B  
 
 

Magnesium alloys are known to exhibit low formability at room temperatures due to their 

HCP crystal structure. Two independent basal slip systems { }0001 1120  are found in magnesium. 

The homogeneous plastic deformation of a polycrystalline Mg requires the activation of additional 

deformation modes to satisfy the Taylor criterion (Chino et al., 2008; Koike et al., 2003). The 

deformation modes that can be active while loading Mg are; a  basal slip { }0001 1120 , a  

prismatic slip { }1100 1120 , a  pyramidal slip { }1011 1120 , c a+  pyramidal slip 

{ }0001 1120 , contraction twin { }1011 1012 and extension twin { }1012 1011 . At elevated 

temperatures, additional deformation modes such as grain boundary sliding (GBS), grain 

fragmentation and recrystallization can contribute to overall behavior of Mg alloys. Therefore, 

higher ductility can be achieved.
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Experimental uniaxial tensile test data at different strain rates and temperatures on Twin Roll Cast 

sheets of Mg AZ31B Alloy are used for the model validation (Ayoub et al., 2018). The 

experimental data is used to validate the model capability in capturing the experimental strain to 

fracture, work of fracture, yielding and ultimate tensile. The uniaxial tensile tests were performed 

at four different temperatures (25 °C, 100°C, 200 °C, and 300 °C) and at three strain rates (0.001 

s-1, 0.01 s-1 and 0.1 s-1). The strains were measured using a laser extensometer and the stresses 

were calculated by dividing the measured load by the current area. The current area was estimated 

by assuming that deformation occurs at constant volume. It is acknowledged that this assumption 

holds true up to the onset of plastic instability.  

In Fig. 4.1 (a), the stress-strain curve corresponds to a representative uniaxial tensile test done at 

room temperature. As observed, the overall effect of strain rate appears to be non-significant. 

However, the effect has a higher influence on the strain to failure (ductility). As the strain rate 

increases, the yield stress increases up to 7%. This effect is similar on the ultimate tensile stress, 

as it increases up to 9%. The specimen ductility shows a minor decrease when strain rate is 

increased from 0.001 s-1 to 0.01 s-1 but then shows an abrupt trend as it increases when strain rate 

is increased to 0.1 s-1. The observed type of failure in those experiments show little ductility. 

Twinning appears to be the most active deformation mechanism (A. K. Rodriguez et al. 2013) at 

room temperature.  

In Fig. 4.2 (b), the specimen temperature is increased to 100 °C, and the tensile test is carried while 

the temperature is maintained. Increased strain-rate sensitivity is visible across the strain rate 

decades. The plastic flow stress shows considerable change, and thermal softening is present 

beyond the ultimate tensile strength point. When comparing the 100 °C stress-strain curve to that 

of room temperature, the strain to fracture appears to be approximately doubled. Based on the 
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instability in fracture at 0.1/s strain rate, the most likely deformation mechanism to occur is 

twinning. However, at slower deformations (0.001/s), the stress-strain behavior reflects the 

influence of grain nucleation and potential presence of other deformation mechanisms (Rodriguez 

et al., 2013, 2016). 

 

Fig. 4.1 – Uniaxial tensile Stress-strain curves at different strain rates for samples deformed at (a) 25 °C, 
(b) 100 °C, (c) 200 °C, (d) 300 °C 
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specimen shows up to 64% decrease in yield stress across the decreasing strain rate decades. 

However, the strain to fracture is significantly increased and reaches up to 58% at 0.001 /s. The 

strain rate effect is also pronounced on the decrease of the flow stress with decreasing strain rate. 

According to Rodriguez et al., this effect may be attributed to the occurrence of grain refinement 

and grain growth (including slipping, twinning and grain boundary sliding (GBS)); GBS likely 

appears to be the dominant deformation mechanism at 300 °C, especially at the smallest strain rate 

where there is less resistance to grain growth and longer time to achieve it (Rodriguez et al. 2016). 

In the microstructural analysis provided by the authors, an observation of smaller and more 

equiaxed grains is reported due to dynamic recrystallization (DRX) in the material, which is 

explanatory of the trends observed in the stress-strain curves of Fig. 4.1 (d), in particular. 

4.2 Model Implementation and Parameter Identification 
 

The monotonic stress-strain curves are used to calibrate the model parameters (Equations 

3.16, 3.17 and 3.21). A transverse anisotropic stiffness tensor is used and the values of the five 

independent components are given by Simmons and Wang (Simmons and Wang, 1971) where C11 

= C22 = 58 MPa; C12 = 25 MPa; C13 = C23 = 20.8 MPa; C33 = 61.2 MPa; C44 = C55 = 16.6 MPa. The 

TRC Mg AZ31B yielding anisotropy is represented using the Hill equivalent plastic stress (Eq. 

11) and the values of the six Hill components are given by Jia and Bai (Jia and Bai, 2016) where  

F = 0.54, G = 0.74 and H = 0.26 (L = M = N = 1). The value of the parameter η  appearing in the 

expression of the plastic characteristic tensor d
ijklL  is assumed to be 0.25 (Chow et al., 1997). 

The developed constitutive model features eight parameters controlling the plastic hardening, 

plasticity induced damage, strain rate sensitivity and ductility. The identification of the model 

parameters is conducted by finding the best agreement between the experimental and numerical 

stress-strain curves. At low temperatures, the strain rate sensitivity is little on the mechanical 
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behavior of the alloy. Thus, the value for the strain sensitivity parameter m  is chosen to be small. 

At 300 °C, the value for m is increased as the strain rate effect on the mechanical behavior is 

apparent. The specimen ductility, in the model, can be controlled by the initial resistance rates pγ  

and dγ , while the plastic hardening may be controlled by the power law parameters namely 0
is , hn  

and sn . The mechanical behavior dependency on the test temperature is not explicitly accounted 

for in the model constitutive equations. Consequently, the modeling of the temperature effect on 

the mechanical behavior requires considering an evolution of some model parameters as a function 

of the temperature. Figure 4.2 shows the evolution of those parameters of which all the parameters 

are found to have a linear evolution except the strain hardening saturation parameter. The 

parameter identification is done separately for the stress strain curves at different temperatures. At 

room temperature, the specimens exhibit relatively low ductility that is slightly affected when 

strain rate is changed. This observation can be related to the limited number of slip systems that 

can be activated at room temperature and the activation of twinning (Koike et al., 2003). Thus, the 

material exhibits a semi-brittle behavior and shows little softening in the post-necking region. With 

increasing temperature, the ductility increases, particularly at 200 °C and 300 °C. (Rodriguez et 

al. 2013) and later (Ayoub et al. 2018) reported on the increasing activity of GBS with increasing 

temperature, as it can induce an acceleration of the dynamic recrystallization. The increase in the 

grain size (Rodriguez et al. 2013) especially at 300 °C explains the sudden drop of the hardening 

saturation limit ss . The 0s   and ss  can be correlated with the critical resolved shear stress, which 

is a plasticity activation threshold that follows the Hall-Petch relationship. The continuous 

decrease of the initial shear strength resistance 0s  is associated with the decrease of the critical 

resolved shear stress needed to activate the different slip system with increasing temperatures 

(Ayoub et al. 2018).  
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As temperature increases, the initial plastic rate pγ  increases in value which in part increases the 

strain to fracture to accommodate the increase in ductility. The increase in the hardening parameter 

m is justified as the strain rate effect becomes pronounced significantly on the plastic flow and 

deformation with higher temperature. Observing the temperature effect on the plastic deformation, 

softening occurs at an expedited rate up to fracture. To accommodate this behavior, an increase in 

value of the hardening coefficient hn  is done which assists to achieve a rapid decrease in plastic 

hardening. As nh was increased significantly at 300 °C, the effect can be directly reflected on the 

evolving hardening limit s0 which reaches its saturation limit ss  at a steeper rate. In terms of 

damage, the parameter 0Y  is observed to decrease with increased temperature. This occurrence 

can be phenomenologically correlated with a decrease in damage strengthening. Recall that 

damage strengthening is a concept introduced by the authors (Hao et al., 1985) where they realize 

that the value of the damage strain energy release rate increases with the increase of the associated 

damage variables. This discussion closely applies to the trends observed for parameter n which is 

found to increase with temperature. As a rate dependent parameter, it is consistent with the increase 

of m, the plastic rate-sensitive parameter. The damage parameter dγ  is observed to have a direct 

effect on the strain to fracture; as it increases, the rate of damage increases which helps reduce the 

stress-strain curve elongation. Overall, it is important to note that the sets of identified model 

parameters for each temperature are not unique. However, they provide a starting point for a 

thorough identification processes. For this section, each of the parameters is plotted as a function 

of temperature. With regression, a fitting equation may be obtained to show the evolution of the 

parameters with respect to temperature. Knowing that the parameters evolve monotonically, an 

attempt is made to obtain a linear fit. The plots and regression equations are provided in Fig. 4.2. 
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Fig. 4.2 – Evolution of the Plasticity and Damage Power Law Parameters 
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4.3 Numerical Prediction Analysis 
 

In this section, the numerical predictions are compared with the experimental stress-strain curves. 

Using the identified parameters presented in the previous section, Figs. 4.3, 4.4, 4.5 and 4.6 present 

the predicted stress-strain curves that are plotted along with the experimental curves for different 

strain rates and temperatures. The corresponding numerical damage evolution are also plotted as 

a function of the strain. 

The results show good agreement between the experimental stress-strain data and the numerical 

predictions. With increasing temperature, the model is able to predict the experimental behavior 

of the alloy in terms of yielding, hardening and softening up to the fracture limit. However, the 

numerical stress-strain curve at T=300°C and strain rate of 0.001/s, shows excessive hardening 

compared to experimental curve. Citing the earlier discussions for elevated temperatures, the 

material exhibits a major transition in its deformation mechanisms. The difference between the 

numerical predictions and the experimental observations in Figure 4.6 (a) is explained by a 

transition in the controlling deformation mechanisms: slip and some volume fraction of GBS to 

higher volume fraction of GBS, dynamic recrystallization and recovery (Rodriguez et al., 2013 

and 2016). The combination of high temperature and lower strain rate (i.e. slow deformation) 

allows more time for the material to activate grain growth mechanisms. The pronounced strain 

softening may be attributed to the competition between grain refinement and grain growth that can 

be a clear indication of high angle grain boundary diffusion and/or grain-boundary sliding (GBS). 

It is believed that such micro-structural occurrences are the cause behind the significant drop in 

flow stress and in strain hardening. Overall, although the model lacks formulations for temperature 

influence, it is capable of predicting the mechanical properties of the alloy with an evolution of its 

parameters. The damage evolution curves shown in the below figures are related to the alloy 
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stiffness degradation. The damage shows a nonlinear evolution. Initially, the damage evolves 

progressively with a slow rate (where the damage is very small) followed by a progressive increase 

in the rate indicating the initiation of softening which leads to fracture. It is worth noticing that the 

onset of plastic instability is coinciding with the increase in damage rate.  

 

 

Fig. 4.3 – Model vs. Experimental Stress-strain Curves and Damage Evolution at T=25 °C 

 
 

 

Fig. 4.4 – Model vs. Experimental Stress-strain Curves and Damage Evolution at T=100 °C 
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Fig. 4.5 – Model vs. Experimental Stress-strain Curves and Damage Evolution at T=200 °C 

  

Fig. 4.6 – Model vs. Experimental Stress-strain Curves and Damage Evolution at T=300 °C 
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damage value increases rapidly causing pronounced softening as shown in Fig. 4. This asymptotic 

increase in damage is reflected by the rapid loss of material stiffness associated with the growth, 

coalescence and formation of newer cracks. Initially, the values of the effective stress coincide 

with the values of the nominal stress up until necking. At the necking point, the effective stress 

diverts from the nominal stress and increases to infinity due to the decrease in the load bearing 

area. Note that the damage rupture values observed from the model are 20% on average across the 

temperatures. Overall, the damage values phenomenologically depict the combined effect of all 

concerned mechanisms on the material’s softening behavior up until rupture. 

The stress-strain curve of specimen tested at T=300°C and strain rate of 0.001 /s is now analyzed 

separately aiming to understand using simulations the underlying deformation mechanisms. A 

different set of model parameters is identified for a better prediction of the mechanical behavior. 

The parameters that provide the best fit of the experimental results are presented in Table 1. We 

can observe that the changes in the parameters values only concern the damage time dependent 

behavior described in Equation (3.21). The parameter nh significantly increased in value to induce 

an increase in softening rate, so that the model captures the pronounced strain hardening reduction. 

The resulting numerical stress-strain and damage curves are presented in Fig. 5. The model shows 

a better prediction of the experimental data than the prediction presented previously in Fig 4.6 (a).  

 

Table 1 – Suggested Model Parameters for T=300°C and ε =0.001 

Parameter 0s  pγ  m  sn  hn  0Y  dγ  n  

Value 95 644 0.098 325 22 0.0173 1.5E-13 0.1211 
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Fig. 4.7 – Updated Numerical vs. Experimental Stress-strain Curves and Damage Evolution Curve at 
0.001 /s and T=300 °C  
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Fig. 4.8 – Demonstration of the Effect of nh on Predicted Material Hardening 
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Observe how with a lower value for nh, the shear resistance parameter s takes longer time to reach 

its saturation limit ss. As a result, looking at the strain-rate response in Fig.6.a, the stress takes 

longer time to reach its ultimate value. Consequently, the predicted softening occurs at a later stage 

which explains the necessity to increase this parameter to accommodate the fast material softening 

behavior. Building on the discussions of section 4, the flow stress is significantly affected when 

the temperature is at T=300 °C and when a slow strain rate of 0.001/s is imposed. Looking at 

Fig.4.g, it is observed that the model does adjust for a reduction in flow stress. However, due to 

the complexity of the induced softening, the isotropic hardening saturation limit ss of 375 MPa 

exaggerated the extent of hardening at the slow deformation. Thus, ss is reduced to 325 MPa 

alongside an increase in the softening rate coefficient nh from 11 to 22 so that the change is 

reflected on the predicted plastic flow stress and on the onset of softening. From this simulation, 

we deduce the increased sensitivity of the alloy to strain rate especially at elevated temperatures. 

This is in agreement with Dong et al. who report about the intensified dynamic softening effect on 

critical damage values of Mg AZ31B for the concerned temperature and loading rate; the authors 

find similar observations where elongation to fracture increases significantly at the reduced strain 

rate of 0.001/s and conclude this consequence to be due to the activation of non-basal slip systems 

(Dong et al., 2015). Wang et al. report on the increase in volume fraction of dynamic 

recrystallization grains as the strain rate is reduced to 0.001/s where the recrystallization behavior 

becomes intensified and original grains are surrounded and replaced by finer grains of 

recrystallization; the authors observed induced softening enhancement due to DRX and a reduction 

in stress concentration due to motion of dislocations (Wang et al., 2013). Ishikawa et al. studied 

the effect of strain rate on grain size for the alloy, whose observations indicated equiaxed and finer 

recrystallization grains (Ishikawa et al., 2005). This is in agreement with our discussion in section 
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4 as reported by (Ayoub et al., 2018b; Rodriguez et al., 2013) which also discuss the co-occurrence 

of GBS due to grain refinement. Thus, at elevated temperature and slower deformation rates, the 

activation of dynamic recrystallization increases the formability of the alloy. This is due to the 

improved plastic deformation capability assisted by the dominant presence of DRX mechanisms 

which significantly contribute to the improvement of material elongation at lower flow stresses. 

Correlating those phenomena to the model response, we recall that the theory of CDM does not 

resort to the micromechanical material analysis. Particularly in this model, the assumed damage 

evolution law evolves increasingly ignoring the effects of recrystallization. Thus, an incomplete 

reduction in flow stress was predicted by the model, for the unified use of the hardening parameters 

ss and nh. This justifies the need for a change to those parameters so that the effects of DRX may 

be manifested in the plastic evolution, in addition to the damage evolution, which can particularly 

be made to contribute to the intensified softening behavior in the predicted results.  

In what follows, a quantitative assessment of the predicted mechanical properties is provided. For 

a thorough assessment of the model predictions, we compare the difference between the 

experimental and predicted mechanical properties such as work to fracture, yield stress, ultimate 

stress and strain to fracture. The comparisons are done in the plots against strain rate for all 

temperatures. The work of fracture is referred to as the fracture toughness of the material. The 

value of this energy may be obtained by integrating the area under the stress-strain curves up to 

the strain to failure (the values of work of fracture are expressed in MJ/m3). 
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Fig. 4.9 – Work of Fracture vs. Strain Rate (Numerical Predictions vs. Experiments) 
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Fig. 4.10 – Yield Stress vs. Strain Rate (Numerical Predictions vs. Experiments) 

Fig. 4.11 – Ultimate Stress vs. Strain Rate (Numerical Predictions vs. Experiments) 

Fig. 4.12 – Strain to Fracture vs. Strain Rate (Numerical Predictions vs. Experiments) 
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Fig. 4.11 presents the ultimate stress in function of strain rate at different temperatures. At 

temperature of 25 °C and strain rate of 0.1/s, the model showed a higher ultimate stress of 332 

MPa compared to 302 MPa exhibited by the experiments. This is mainly due to the diminished 

strain rate sensitivity effect on the mechanical behavior of the alloy at low temperatures. Moreover, 

the alloy shows reduced deformation stability at low temperature due to dislocation climb and 

inactivation of major deformation mechanisms. With that, the exaggerated model value may be 

justified. At temperature of 100 °C and strain rate of 0.1/s, the predicted ultimate stress is 328 MPa 

which is higher than 299 MPa according to the experiment. This is relevant to the decreased plastic 

deformation capability at higher strain rate of 0.1/s. The experimental stress-strain curve did not 

show any major hardening on the behavior. As such, a lower experimental ultimate stress value is 

expected. 

Fig. 4.12 presents the evolution of the strain to fracture as a function of strain rate at different 

temperatures. At temperature of 100 °C and strain rate of 0.1/s, the predicted strain to fracture is 

0.231 which is higher than its experimental value of 0.148. This is due to the early fracture of the 

material in the conducted experiments which is relevant to the diminished plastic deformation and 

instability. 

Overall, the reported material characteristics are in considerable agreement between the model and 

experiments. This concludes the model performance evaluation. 
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CHAPTER 5 
CONCLUSIONS AND FUTURE WORK 

 
 

5.1 Summary of Contributions 
 

In this work, an anisotropic and time-dependent damage-coupled plasticity model is 

developed to predict the viscoplastic behavior of ductile alloys under large deformations. The 

development is done in arbitrary coordinate space to accommodate both proportional and non-

proportional service loadings. This research piece presents a novel and practical implementation 

in continuum mechanics to model the post-necking (softening) behavior that is induced by damage 

accounting to the reduction in material stiffness. Unlike previous CDM implementations, this work 

addresses the implementation of rate-dependent plasticity and damage evolution formulations to 

respond to changes in material’s behavior when loading strain rate is varied.  

For the anisotropic implementation under finite deformation, an implicit numerical scheme was 

developed to solve for the model rate equations. The choice of an implicit scheme is to eliminate 

stability limits and suit compatibility for UMAT subroutine writings. With the proven applicability 

of this arbitrary framework development, this thesis contributions may be summarized by the 

model’s  

1. Excellent performance in capturing the anisotropic and time-dependent stress-strain 

response of Mg AZ31B and potentially other ductile alloys such as steel and aluminum 
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2. Capability of modeling the post-necking damage influence on the stress strain response 

until fracture by accounting to the reduction in material load bearing capability, thus the 

degraded elastic modulus 

3. Offering a computationally efficient numerical method which reduces simulation time in 

further research works, especially when coupled for finite element simulations of bigger 

structures 

4. Mathematical model scheme capability to capture the strain rate effect on the material’s 

mechanical response and precisely approximate the yield stress, ultimate tensile strength 

and the strain to fracture 

5. Employability in automotive stamping applications to help fulfil the light-weighting desire 

of automotive panels, which requires analyzing the complex behaviors of non-

conventional alloys 

5.2 Future Directions 

 

Future work addresses the implementation of the constitutive equations in UMAT for 

utilization in finite element. The ultimate goal behind this model is to provide a computationally 

efficient numerical tool which allows the modeling of damage in alloys and obtaining a realistic 

stress-strain response while accounting to the degradation in material mechanical properties. Since 

the model is developed for an arbitrary coordinate space, validation for the three-dimensional case 

is sought in future work where with finite element implementation, a realistic 3D loading can be 

imposed on the deformation gradient. In addition, relevant to the strain-sensitive features of this 

model development, the investigation and validation for other viscoplastic materials may be 

considered. 



65 
 

APPENDIX I 
ON THE DIAGONALIZATION OF Yij 

 

A. Eigenvalues of Y 

The Characteristic Equation for Y is: 3 2 0b c dλ λ λ− + + =   

where  

11 22 33b Y Y Y= + +   

2 2 2
11 22 11 33 22 33 12 13 23c Y Y Y Y Y Y Y Y Y= + + − − −   

2 2 2
11 23 22 13 33 12 11 22 33 12 13 232d Y Y Y Y Y Y Y Y Y Y Y Y= + + − −   

 

Denote 

2 3p b c= −   

32 9 27q b bc d= − −   

The discriminant for the 3rd order polynomial is written as: 1
3cos

2
q
p

−  
∆ =  

 
  

Note that when 
2 34q p< there exist 3 real distinct roots 

( )1
1 3

1
2 cos

3
b pλ  = ∆+    

( )21
2 3 3

1
2 cos

3
b p πλ  = + ∆ +    

( )21
3 3 3

1
2 cos

3
b p πλ  = + ∆ −    
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B. Inner Derivatives 

Let 
32

qu
p

= , then 1cos u−∆ =   

Since∆ is a composition of two function, using the chain rule we calculate 

 
u

D u D
∂∆ ∂∆ ∂

=
∂ ∂ ∂   

where 
2

1
1u u

∂∆
= −

∂ −
  

and 

1/21/23 3

3 3

2 1.51.52

4 2

q qp pq p qpp pu D DD D
D p p

∂ ∂∂ ∂      − −      ∂ ∂ ∂∂ ∂   = =
∂

  

 

such that 

2 3p b cb
D D D
∂ ∂ ∂

= −
∂ ∂ ∂

 

26 9 27q b db cb c b
D D DD D
∂ ∂ ∂∂ ∂ = − −+ ∂ ∂ ∂∂ ∂ 

  

where 
 

3311 22 YY Yb
D D D D

∂∂ ∂∂
= + +

∂ ∂ ∂ ∂
 

33 33 13 2311 22 11 22 12
22 11 33 11 33 22 12 13 232 2 2Y Y Y YY Y Y Y Yc Y Y Y Y Y Y Y Y Y

D D D D D D D D D D
∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂∂

= + + + + + − − −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

  

2 2 223 13 3311 22 12
11 23 23 22 13 13 33 12 12

3311 22
22 33 11 33 11 22

13 2312
13 23 12 23 12 13

2 2 2

2

Y Y YY Y Yd Y Y Y Y Y Y Y Y Y
D D D D D D D

YY YY Y Y Y Y Y
D D D

Y YY Y Y Y Y Y Y
D D D

∂ ∂ ∂∂ ∂ ∂∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂
∂∂ ∂ − + + ∂ ∂ ∂ 

∂ ∂∂ − + + ∂ ∂ ∂ 
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C. Trigonometric Identities 

( )cos cosαα =− ; ( )sin sinαα = −−  

Derive the cosine functions as written below 

( ) ( )
1
3 1

3

cos 1sin * *
3D D

∆∂ ∂∆
∆= −

∂ ∂
;  

( ) ( )
1
3 1

3

sin 1cos * *
3D D

∆∂ ∂∆
∆=

∂ ∂
  

( ) ( )
21

3 3 21
3 3

cos 1sin * *
3D D

π
π

∂ ∆ + ∂∆
= − ∆ +

∂ ∂
;  

( ) ( )
21

3 3 21
3 3

cos 1sin * *
3D D

π
π

∂ ∆ − ∂∆
= − ∆ −

∂ ∂
 

D. Derivatives of the Eigenvalues of Y  

The derivatives of the eigenvalues of Y with respect to the damage are calculated below. We 

may calculate the derivatives with respect to the stress similarly. 

( ) ( )1
311

3

cos11 cos 2
3

b p p
D D DD p

λ  ∆∂∂ ∂∂ ∆+ +=  ∂ ∂ ∂∂   
 

( ) ( )21
3 322 1

3 3

cos11 cos 2
3

b p p
D D DD p

π
πλ  ∂ ∆ +∂ ∂∂ + ∆ + +=  ∂ ∂ ∂∂   

  

( ) ( )21
3 33 21

3 3

cos11 cos 2
3

b p p
D D DD p

π
πλ  ∂ ∆ −∂ ∂∂ + ∆ − +=  ∂ ∂ ∂∂   
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APPENDIX II 
DETERMINATION OF THE STRESS  

AND DAMAGE RATE TENSORS 
 

A. Determining the Stress Rates 

Having identified the damage effect tensor in Chapter 3, the effective Hill tensor is obtained 

( ) : : ( )T=H M D H M D  

which may be expressed in matricial form such that 

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

2
11 22 11 3311

2
11 22 22 3322

2
11 33 22 33 33

22 33

33 11

11 22

1 1 1 1(1 )

1 1 1 1(1 )

1 1 1 1 (1 )

2
(1 )(1 )

2
(1 )(1 )

2
(1 )(1 )

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

G H GH
D D D DD

H H F F
D D D DD

G F GF
D D D D D

L
D D

M
D D

N
D D

+ −−
− − − −−

− + −
− − − −−

− +−
− − − − −

− −

− −

− −

 
 
 
 
 

=  
 
 


 

H



 

Intermediately, we find the double index contraction of the effective Hill tensor and the Stress 

tensor as expressed below 

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

2
11 22 11 3311

2
11 2 22 3322

2
11 33 22 33 33

22 33

33 11

11 22

1 1 1 1(1 )

1 1 1 1(1 )

1 1 1 1 (1 )

2
(1 )(1 )

2
(1 )(1 )

2
(1 )(1 )

0 0 0

0 0 0

0 0 0
:

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

+ −−
− − − −−

− + −
− − − −−

− +−
− − − − −

− −

− −

− −

 
 
 
 
 

=  
 



 



G H GH
D D D DD

H H F F
D D D DD

G F GF
D D D D D

L
D D

M
D D

N
D D

H S

11

22

33

23

13

12

 
 
 
 
 
 
 
  
 

S
S
S
S
S
S
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( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

2
11 22 11 3311

2
11 22 22 3322

2
11 33 22 33 33

22 33

33 11

11 22

11 22 331 1 1 1(1 )

11 22 331 1 1 1(1 )

11 22 331 1 1 1 (1 )

2
23 (1 )(1 )

2
13 (1 )(1 )

2
12 (1 )(1 )

+ −−
− − − −−

− + −
− − − −−

− +−
− − − − −

− −

− −

− −

+ +


+ +

+ +
=



G H GH
D D D DD

H H F F
D D D DD

G F GF
D D D D D

L
D D

M
D D

N
D D

S S S

S S S

S S S

S

S

S





 
 
 
 
 
 
 



  

The equivalent stress is defined as 

( )( ) ( )( )( )
( )( ) ( )( )( )
( )( ) ( )( )( )

2
11 22 11 3311

2
11 22 22 3322

2
11 33 22 33 33

22 33

11
11 22 331 1 1 1(1 )

22
11 22 331 1 1 11/2 (1 )1

2

33
11 22 331 1 1 1 (1 )

2 2
23 13(1 )(1 ) (1

2

2( : : )

2

G H GH
D D D DD

H H F F
D D D DD

eq

G F GF
D D D D D

L M
D D

S S S S

S S S S
S

S S S S

S S

+ −−
− − − −−

− + −
− − − −−

− +−
− − − − −

− − −

+ +

+ + +
= =

+ + +

+ +

 S H S

33 11 11 22

1/2

2
12)(1 ) (1 )(1 )

N
D D D DS− − −

 
 
 
 
 
 
 
 
 +     

The plastic power law may be calculated, and we derive obtain the plastic rate of deformation 

( )

( )

1/1/1
0 ( )

2 2

1
1/0 1

: :

( ) :
2

−

= =

=





 

  

 

mm
eqs

eq eq

Sp
S S

m
m m

eqs S

γ

γ

pE H S H S

H S
  

Denote 

 ( )
1

1/1
02

1 ( )
2

−

= =





eq

m
p m m

eqsS Sω γ   

Now find the elastic rate of deformation 

( )( ) ( )( )( )2
11 22 11 3311

11 11 22 331 1 1 1(1 )11
G H GH

D D D DD
eE E S S Sω + −−

− − − −−
− + += 

  

( )( ) ( )( )( )2
11 22 22 3322

22 22 11 22 331 1 1 1(1 )
e H H F F

D D D DD
E E S S Sω − + −

− − − −−
= − + + 
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( )( ) ( )( )( )2
11 33 22 33 33

33 33 11 22 331 1 1 1 (1 )
e G F GF

D D D D D
E E S S Sω − +−

− − − − −
= − + + 

  

( )
22 33

2
23 23 23 (1 )(1 )
e L

D DE E Sω − −= − 

 

( )
33 11

2
13 13 13 (1 )(1 )
e M

D DE E Sω − −= − 

 

( )
11 22

2
12 12 12 (1 )(1 )
e N

D DE E Sω − −= − 

  

Then, obtain the stress rates as expressed below 

( )p: −   S = C E E  

( )( ) ( )( )( )
( )( ) ( )( )( )
( )( )

2
11 22 11 3311

2
11 22 22 3322

11 33

2
1111 11 11 11 22 331 1 1 1(1 )

1122 11 22 22 11 22 3311 1 1 1 1(1 )

1133 11 33 33 11 1 1

(1 ) *

(1 )(1 )*

(1 )(1 )*

G H GH
D D D DD

H H F F
D D D DD

G
D D

C D E S S S

C D D E S S SS

C D D E S S

ω

ω

ω

+ −−
− − − −−

− + −
− − − −−

−
− −

 − − + +  
 + − − − + +=   

+ − − − +



 



( )( )( )2
22 33 33

22 331 1 (1 )
F GF

D D D
S +−

− − −

 
 
  
 
 
  +      

( )( ) ( )( )( )
( )( ) ( )( )( )

( )( )

2
11 22 11 3311

2
11 22 22 3322

11 33

2211 11 22 11 11 22 331 1 1 1(1 )

2
2222 22 22 11 22 3322 1 1 1 1(1 )

2233 22 33 33 11 1 1

(1 )(1 )*

(1 ) *

(1 )(1 )*

G H GH
D D D DD

H H F F
D D D DD

G
D D

C D D E S S S

C D E S S SS

C D D E S S

ω

ω

ω

+ −−
− − − −−

− + −
− − − −−

−
− −

 − − − + +  
 + − − + +=   

+ − − − +



 



( )( )( )2
22 33 33

22 331 1 (1 )
F GF

D D D
S +−

− − −

 
 
  
 
 
  +      
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G H GH
D D D DD
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− + −
− − − −−

−
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

 


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22 33 33
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D D D
S +−

− − −

 
 
  
 
 
  +      
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( )
( )
( )

22 33

33 11

11 22

2
23 2323 22 33 23 23 (1 )(1 )

2
13 1313 11 33 13 13 (1 )(1 )

2
12 1212 11 22 12 12 (1 )(1 )

2 (1 )(1 )*

2 (1 )(1 )*

2 (1 )(1 )*

− −
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− −

 = − − − 
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 
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 
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D D
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D D

S C D D E S

S C D D E S

S C D D E S

ω

ω

ω

  

B. Determining the Damage Rates 

Denote { }: :∂
∂= −

sym-1 : : M
DY S C M S   

( )
( )

1
11 11 1111 1111 111111 11

1 11
22 1122 2222 222222 11 2211 1111 111111 112

1 11
33 1133 3333 333333 11 3311 1111 111111 112

* * * *

* * * * * * *

* * * * * * *

−

− −

− −

= −   
 − + 
 − + 

Y S C M dM S

S C M dM S C M dM S

S C M dM S C M dM S

  

( )

( )

1 11
22 11 1122 2222 222222 22 2211 1111 111111 222

1
22 2222 2222 222222 22

1 11
33 3322 2222 222222 22 2233 3333 333333 222

* * * * * * *

* * * *

* * * * * * *

− −

−

− −

 = − + 
−   
 − + 

Y S C M dM S C M dM S

S C M dM S

S C M dM S C M dM S

  

( )
( )

( )

1 11
33 11 1133 3333 333333 33 3311 1111 111111 332

1 11
22 3322 2222 222222 33 2233 3333 333333 332

1
33 3333 3333 333333 33

* * * * * * *

* * * * * * *

* * * *

− −

− −

−

 = − + 
 − + 
 −  

Y S C M dM S C M dM S

S C M dM S C M dM S

S C M dM S

  

( )1 1
23 23 2323 2323 232333 33 2323 2323 232322 22* 2 * * * 2 * * *− − = − + Y S C M dM S C M dM S   

( )1 1
13 13 1313 1313 131333 33 1313 1313 131311 11* 2 * * * 2 * * *− − = − + Y S C M dM S C M dM S   

( )1 1
12 12 1212 1212 121222 22 1212 1212 121211 11* 2 * * * 2 * * *− − = − + Y S C M dM S C M dM S   

The characteristic tensor for plastic damage is defined as d
ijklL  

such that 1
2 (1 )( )= + − +d

ijijkl kl ik jl il jkL ηδ δ η δ δ δ δ   
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1
2

1
2

1
2

1 0 0 0
1 0 0 0

1 0 0 0
0 0 0 (1 ) 0 0
0 0 0 0 (1 ) 0
0 0 0 0 0 (1 )

 
 
 
 

=  
− 

 −
  − 
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Now find 
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The damage rates may be calculated as follows 
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