
Explorations of

Non-Supersymmetric Black Holes

in Supergravity

by

Anthony M. Charles

A dissertation submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy
(Physics)

in the University of Michigan
2018

Doctoral Committee:

Professor Finn Larsen, Chair
Associate Professor Lydia Bieri
Professor Henriette Elvang
Professor James Liu
Associate Professor Jeff McMahon



Anthony M. Charles

amchar@umich.edu

ORCID iD: 0000-0003-1851-458X

c©Anthony M. Charles 2018



Dedication

To my wife, my love, and my everything, Emily.

ii



Acknowledgments

I would like to thank my advisor, Finn Larsen, for his incredibly thoughtful guidance and

collaboration throughout the course of my graduate career. I am also grateful to the wonder-

ful faculty at the University of Michigan. In particular, I would like to thank Ratindranath

Akhoury, Henriette Elvang, and Jim Liu for their unending support and advice over the last

five years.

I owe a lot to the incredibly talented students and postdocs in the high energy theory

group at the University of Michigan. Special thanks goes to Sebastian Ellis, John Golden,

Gino Knodel, Pedro Lisbao, Daniel Mayerson, Tim Olson, and Vimal Rathee for being some

of the most brilliant and engaging people I’ve ever known.

I would be remiss if I didn’t thank all of my wonderful friends for making my time in

Michigan an absolute joy. In particular, I would like to thank Alec, Ansel, Emily Y., Glenn,

Hannah, Jessie, Joe, John, Meryl, Midhat, Natasha, and Peter. You are the best friends I’ve

ever had, and I wouldn’t be where I am today without you. Here’s to many more adventures

together.

I would also like to thank my family for their patience, support, and love. We are the

weirdest and wackiest family I know, and I wouldn’t have it any other way.

Finally, I would like thank my wife, Emily. This thesis stands as a testament to your

love, compassion, and unwavering support. No amount of words on this page will ever be

enough to express my love for you. Here’s to our happily ever after, together.

iii



Table of Contents

Dedication ii

Acknowledgments iii

List of Tables vi

List of Appendices vii

Abstract viii

Chapter 1: Introduction 1

1.1 Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Microscopic and Macroscopic Black Holes . . . . . . . . . . . . . . . . . . . . 5

1.3 Challenges for Non-Supersymmetric Black Holes . . . . . . . . . . . . . . . . 7

1.4 A Way Forward: N = 2 Supergravity . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Overview and Summary of Results . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 2: Universal Corrections to Black Holes in N ≥ 2 Supergravity 14

2.1 Introduction and Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 One-Loop Quantum Corrections to Non-Extremal Black Holes . . . . . . . . 16

2.3 The Background Solution and its Fluctuations . . . . . . . . . . . . . . . . . 27

2.4 N = 2 Multiplet Heat Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Chapter 3: Kerr-Newman Black Holes with String Corrections 63

3.1 Introduction and Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.2 Higher-Derivative N = 2 Supergravity . . . . . . . . . . . . . . . . . . . . . 65

3.3 Minimal Supergravity with W 2 Corrections . . . . . . . . . . . . . . . . . . . 69

3.4 (Non-Supersymmetric) Einstein-Maxwell Solutions . . . . . . . . . . . . . . . 73

iv



3.5 The BPS Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.6 Properties of Black Holes in Higher-Derivative Gravity . . . . . . . . . . . . 84

Chapter 4: A Non-Renormalization Theorem for Non-Supersymmetric Black

Holes 89

4.1 Introduction and Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2 Supergravity Formalism and Black Hole Solutions . . . . . . . . . . . . . . . 92

4.3 Duality Constraints on Four-Derivative Actions . . . . . . . . . . . . . . . . 97

4.4 Supersymmetry Constraints on Four-Derivative Actions . . . . . . . . . . . . 106

Appendices 112

Bibliography 138

v



List of Tables

2.1 Central charges c and a for the massless field content of a N ≥ 2 supergravity

theory minimally coupled to the background gauge field. . . . . . . . . . . . 59

3.1 Summary of the field content in the N = 2 supergravity theory. The nV +

1 off-shell vector multiplets are indexed by I, while the nV physical vector

multiplets are indexed by a. . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.2 Summary of the fields (and their corresponding chiral weight c) in our theory.

The conjugate fields have opposite chiral weights. . . . . . . . . . . . . . . . 68

B.1 N = 2 superconformal symmetries and their corresponding generators in the

N = 2 superconformal algebra, as well as the gauge fields associated with

each transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

vi



List of Appendices

Appendix A: Zero Modes 112

Appendix B: Off-Shell 4D N = 2 Supergravity 114

B.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

B.2 Superconformal Gravity and the Weyl Multiplet . . . . . . . . . . . . . . . . 115

B.3 Other N = 2 Superconformal Multiplets . . . . . . . . . . . . . . . . . . . . 117

B.4 Prepotential and the Action . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

B.5 Introducing Higher-Derivative Terms . . . . . . . . . . . . . . . . . . . . . . 120
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Abstract

Finding a quantum theory of gravity and unifying our description of the fundamental forces

in the universe has been a long-standing goal of the physics community for the last several

decades. Black holes provide a setting where both gravitational and quantum effects are im-

portant, and as such they are valuable in probing how such a theory of quantum gravity must

behave; any quantum description of a black hole should be consistent with its macroscopic

(low-energy) description in general relativity.

The only known examples where the microscopic details of a black hole are understood

come from string theory and are heavily reliant on supersymmetry. Little is known about how

to extend these descriptions to more realistic, non-supersymmetric settings. In this thesis,

we make progress on this front by undergoing a careful exploration of non-supersymmetric

black holes in theories of supergravity. In particular, we show how generic Kerr-Newman

black holes, when interpreted as solutions toN = 2 supergravity, exhibit a surprising amount

of universality in their behavior that points to a great deal of simplicity in their underlying

quantum description.

In the first part of this thesis, we embed arbitrary Kerr-Newman black holes into N = 2

supergravity. We then study the quantum fluctuations around these backgrounds and com-

pute their contributions to the black hole entropy. We find that these quantum corrections

are protected by a topological quantity and are thus invariant under arbitrary deformations

of the black hole away from the BPS limit. The logarithmic corrections to the Bekenstein-

Hawking entropy are thus universal and independent of black hole parameters for these black

holes.

In the second part of this thesis, we study minimal supergravity with higher derivative

corrections and show that Kerr-Newman black holes can be consistently embedded into such

theories with no modifications required to the geometry. Moreover, we show that these black

holes are continuously connected to a BPS geometry. We also find that the entropy of these

black holes is a topological invariant and thus insensitive to whether or not the black hole is

a BPS state.

In the final part of this thesis, we explore the symmetries of off-shell N = 2 supergravity

viii



and the corresponding constraints these symmetries impose on the theory. In particular,

we show that the topological nature of our results follows directly from symplectic duality

and supersymmetry. Moreover, these constraints persist even for black hole solutions that

break the supersymmetry of the theory. These results establish a previously-unknown level

of structure in the underlying microscopic description of these black holes.
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Chapter 1

Introduction

One of the longest-standing goals in modern physics is to discover a consistent theory of

quantum gravity that can reconcile our current understanding of both gravity and quantum

mechanics. There have been steps taken towards solving this puzzle, but these results are

heavily rooted in string theory and require a great deal of supersymmetry. In most cases,

it is not known how to generalize these results to more realistic cases, particularly those

without supersymmetry.

The goal of this thesis is to shed light on these issues and investigate the role of su-

persymmetry in constraining the dynamics of black holes. In particular, we detail how

non-supersymmetric black holes can be embedded into supergravity theories. We then go

on to show how many features of these black holes are universal, in the sense that they do

not require the black hole to preserve the supersymmetry of the theory. This gives surpri-

sing (and previously unknown) insights into general features of quantum gravity without

supersymmetry.

In this chapter, we will first give a brief, non-technical overview of our modern under-

standing of black holes and their underlying microscopic theories. We will then use this to

motivate the research presented in the later chapters of this thesis. We end with an overview

of the thesis and a summary of our key results.

1.1 Black Holes

Black holes form when very massive astrophysical objects collapse inward at the end of

their life cycle. If the matter collapses far enough inward such that it is all within the

Schwarzschild radius of the object, a black hole forms. The gravitational field within the

Schwarzschild radius is so strong that it warps the spacetime inside such that all particles

are forced to travel further and further into the black hole, with no escape back outside the
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horizon possible.

Throughout this thesis, we will consider four-dimensional, asymptotically flat black holes.

In general relativity, such black holes are constrained by the no-hair theorem [1], which says

that they are completely characterized by their mass, their angular momentum, and their

charges (either electric or magnetic). Any two black holes that have the same set of these

parameters are indistinguishable to an outside observer, irrespective of how the black hole

was formed. Heuristically, this would seem to imply that black holes have precisely one

configuration for any set of black hole parameters and thus have vanishing entropy.

This interpretation is somewhat puzzling, though, because the laws of thermodynamics

tell us that the total entropy of a closed system can never decrease. Therefore, if we throw

an object with entropy into a black hole, we would expect the entropy of the black hole to

increase, despite our previous intuition from the no-hair theorem.

1.1.1 Black Hole Thermodynamics

It would be inaccurate to refer to the puzzles presented above on the entropic nature of black

holes as true paradoxes, but they nonetheless motivated further study on the thermodynamic

nature of black holes in the 70’s. This led to the development of the four laws of black

hole mechanics [2], which established a startling similarity between black hole physics and

thermodynamics. In particular, it was shown that the area of the black hole horizon cannot

decrease as it evolves, in direct parallel to the notion that the thermodynamic entropy of

a closed system cannot decrease. As a consequence, it was speculated that the area of the

black hole horizon must somehow encode the entropy of the black hole [3].

This notion was made precise by Hawking in his seminal work [4]. He showed that by

considering quantum fields propagating on a classical black hole background, you are forced

to conclude that black holes are thermodynamic black bodies that radiate with a temperature

(known as the Hawking temperature) given by

T =
~κ
2π

, (1.1)

where κ is the surface gravity of the black hole. Quantum effects therefore lead to thermal

emission from black holes, known as Hawking radiation. Moreover, combining the Hawking

temperature with the area law theorem for black holes then unambiguously identifies that

black holes have an entropy

S =
A

4~G
, (1.2)
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where A is the area of the black hole horizon.1 This is the famous Bekenstein-Hawking

entropy. These results are intriguing, because they demonstrate a deep connection between

gravitational physics and quantum mechanics that is still being probed today.

Importantly, the thermodynamic nature of black holes is purely a quantum effect. In the

classical limit where we send ~ → 0, the black hole temperature vanishes and it ceases to

emit radiation. It is only when we consider both general relativity and quantum mechanics

simultaneously that black holes become thermal black bodies.

1.1.2 The Information Paradox

The upshot of the above discussion of black hole thermodynamics is that black holes give off

thermal radiation. As the black hole radiates over time, it loses energy and correspondingly

must shed off some of its mass. Eventually, the black hole will evaporate entirely, leaving

nothing but a dilute gas of thermal particles.

This cannot be the full story, however, because it leads to the so-called information

paradox. Suppose we take a black hole, throw an object into the black hole, and then let

the black hole evaporate. We are left with thermal radiation that is characterized entirely

by the temperature of radiation. This thermal radiation no longer contains information

about the details of the object we threw into the black hole, and so the process of black hole

evaporation destroys information. This leads to a violation of unitarity, meaning that we

have a system in which probabilities are no longer conserved.

This consequence would be disastrous for our understanding of physics, and so something

must be wrong with this picture. There are many different conjectured resolutions to the

information paradox, but most agree that the problem comes from Hawking’s semi-classical

treatment of the black hole, where the black hole is considered to be a fixed background. This

treatment is approximately valid for large black holes with a very small temperature, but not

when extrapolated over arbitrarily long periods of time. At some point in the evaporation of

the black hole, new physics must come in to explain how the time evolution of the black hole

is unitary. This points to our current understanding of gravity as being an effective theory,

one that is only valid up to certain energy scales. Beyond those, new dynamics have to come

into play. The black hole information paradox (and its related avatars) therefore indicate

that we should seek out a “quantum” theory of gravity, one that is valid up to arbitrarily

high energies. Such a theory would have to be able to explain the microscopic dynamics of

black holes and resolve all of these paradoxes.

1In this section, we are using a set of units where the Boltzmann constant k and the speed of light c are
both set to one. In all proceeding sections, we will also set ~ to one for simplicity. It is useful to retain ~
here in order to take the classical limit.
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1.1.3 A Statistical Interpretation of Black Hole Entropy

Another indication that black holes should have microscopic dynamics comes from conside-

ring the implications of black hole entropy. In ordinary thermodynamic systems, the entropy

is a measure of the internal degrees of freedom of the system. That is, given a set of fixed

macroscopic charges, there is an associated degeneracy Ω of microscopic states with those

charges. The entropy of system is related to this degeneracy by

S = log Ω . (1.3)

If we extend this reasoning to black holes, it seems plausible that the Bekenstein-Hawking

law should have a microscopic interpretation that counts the number of microscopic states

accessible to the black hole.

A difficulty in this statistical interpretation is that various no-hair and uniqueness theo-

rems tell us that there is a unique black hole geometry that corresponds to any set of fixed

macroscopic charges. In this context, a black hole appears to have only one internal confi-

guration, and so we would expect the statistical entropy to vanish. We therefore need to go

beyond general relativity in order to test if there really is a statistical underpinning of the

Bekenstein-Hawking law.

1.1.4 Microstate Counting in String Theory

One such example of a possible theory of quantum gravity is string theory. At its core, string

theory posits that the fundamental degrees of freedom in the universe are one-dimensional

strings instead of point-like particles. We will not go into the details in this thesis, but deman-

ding consistency of interactions between these strings leads to an incredibly rich structure in

the theory. The important point for us, though, is that string theory automatically gives rise

to a gravitational force, with no additional input necessary. Moreover, string theory is an

ultraviolet complete theory, which means that it suffers from no inconsistencies at arbitrarily

high energies.

String theory led to the first explicit example of a microscopic realization of the Bekenstein-

Hawking entropy by Strominger and Vafa in [5]. They studied a particular class of five-

dimensional Reissner-Nordström black holes (e.g. non-rotating black holes with electric and

magnetic charges) that have an explicit realization in string theory. They used this to com-

pute the degeneracy of the string microstates strictly in terms of the charges of the black

hole. In the limit where these charges all become large, they found that this microscopic de-

generacy precisely matched the Bekenstein-Hawking entropy. This paved the way for many
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more black hole microstate counting formulae in string theory [6–11], all of which served to

further confirm that microscopic realizations of black hole entropy are possible.

1.2 Microscopic and Macroscopic Black Holes

The explicit examples of microstate counting above indicate that, for any putative theory

of quantum gravity, we should be able understand black holes in the theory from either a

macroscopic or microscopic perspective. The macroscopic approach (also known as the semi-

classical approach) is where you start with some low-energy effective field theory of gravity,

possibly coupled to additional matter content. The black hole background is a classical

solution to the theory, which you can then quantize by studying quantum fluctuations of

the fields in the theory around this background. This approach is only valid for small field

fluctuations, and all physical observables are computed perturbatively in a series expansion

of these small fluctuations. The microscopic approach, on the other hand, should be a theory

of quantum gravity that is valid for arbitrarily large energy scales.

These two different pictures should be compatible with one another, in the sense that

they give consistent results for any physical quantities that can be measured at low energies.

In particular, we should be able to compute the entropy of the black hole from either the

macroscopic or microscopic perspectives and get the same result. And, indeed, this matching

has been accomplished in a wide range of examples.

We can go beyond the usual Bekenstein-Hawking formula, though. In the limit where

the black hole charges are large and all scale with the size of the black hole, the most general

form of the entropy can be expressed as a series expansion in the black hole area as

S =
A

4G
+ α log

(
A

G

)
+ β + . . . , (1.4)

for some numerical coefficients α, β, etc. The first term is the now-familiar Bekenstein-

Hawking entropy, and is the dominant piece for large black holes. The other terms arise from

quantum gravity effects that are sub-leading in this large-charge limit. These corrections have

been studied for a number of different supersymmetric black holes in string theory, both on

the macroscopic and microscopic sides, and matching has been established for all cases that

have microscopic results to compare to [12–15].

The advantage of studying corrections to the Bekenstein-Hawking entropy on the ma-

croscopic side is that the leading order corrections arise from low-energy, infrared physics.

These corrections can therefore be computed in an effective field theory without having to

know the details of the full ultraviolet completion of the theory. We can view these ma-
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croscopic computations as a “laboratory”, in some sense, for testing ideas about quantum

gravity. Demanding that the microscopic counting results match the macroscopic results

puts stringent constraints on any proposed theory of quantum gravity.

1.2.1 Beyond the BPS Limit

A crucial detail that we have not yet discussed is the role of supersymmetry in understanding

black hole microscopics. Most examples in string theory where explicit black hole microstate

counting can be done require that the black hole is a BPS black hole, meaning that the

black hole is extremal (zero-temperature) and preserves some of the supersymmetry of the

theory. Extremality ensures that the black hole is not radiating and hence does not evaporate

over time, while supersymmetry dictates that the result for the microstate degeneracy is

independent of the string coupling constant.

This last condition is an absolutely crucial component for the microstate counting results

mentioned in section 1.1.4. These computations are done in the weak coupling regime,

where gravitational interactions become small and the dynamics of string theory become

tractable. However, the microstate picture at weak coupling corresponds to a system with

a very large curvature near the horizon. Our semi-classical understanding of black holes is

only valid in the strong coupling regime, where the black hole is large and hence has a very

small curvature near the horizon. At face value, then, it seems like the microscopic and

macroscopic computations correspond to very different systems. However, supersymmetry

ensures that the microscopic result can be extrapolated to arbitrarily strong coupling, and

thus a match is established.

This begs the question: is there hope to understand the microscopic dynamics of non-

BPS black holes? Generic black holes do not satisfy the BPS conditions, but they still have

a Bekenstein-Hawking entropy that points towards a microscopic interpretation. One hint

that non-BPS black holes may in fact have tractable microscopic theories is that black hole

microstate counting can also be done for certain classes of black holes that are deformed very

slightly away from the BPS limit [16]. There are also arguments (though not full proofs)

that certain sectors of string theory allow for black holes where the microstate degeneracy is

independent of whether or not the black hole preserves supersymmetry [17–19]. Developing

a microscopic description of non-supersymmetric black holes would be a huge breakthrough

in our understanding of quantum gravity, and so it is worthwhile to develop macroscopic

results in an effort to provide a target for future progress on this issue.
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1.3 Challenges for Non-Supersymmetric Black Holes

The central goal of this thesis is to address whether or not we can learn about general fea-

tures that microscopic theories of non-supersymmetric black holes must have. Specifically,

we will consider black holes in four-dimensional Einstein-Maxwell theory, where electromag-

netism is minimally coupled to gravity. The only stationary black hole solutions in this

theory are Kerr-Newman black holes, parameterized by a mass M , an electric charge Q,

and angular momentum J . In this thesis, we will show that when these black holes are

interpreted as solutions to supergravity theories, the corresponding subleading corrections

to the Bekenstein-Hawking law are universal and insensitive to whether or not the black hole

preserves any supersymmetry.

When going beyond the semi-classical analysis of Hawking for these black holes, there

are two classes of corrections we can consider: quantum corrections and higher-derivative

corrections. We will detail the obstacles present when studying both classes of corrections

in the next two sections.

1.3.1 Quantum Corrections

The logarithmic corrections to the Bekenstein-Hawking entropy in (1.4) arise from the

leading-order backreaction of the massless fields in the theory on the black hole back-

ground [14,15,20–23]. In general, they take the form

∆S = f(M,Q, J) logA . (1.5)

The coefficient f in this equation can in principle be a function of all the black hole para-

meters.

As a concrete example, let’s consider a free scalar field propagating on a Kerr-Newman

black hole background. We will save the gory details for later, but the backreaction of this

scalar field on the black hole background can be understood quantitatively using the heat

kernel formalism developed in chapter 2. The net effect is that the leading-order correction

to the Bekenstein-Hawking entropy from this scalar field is

∆S =

[
1

45
+
βM2Q4(3r4

HM
4 + 2r2

HM
2J2 + 4J4)

1920πr3
HJ

4(r2
HM

2 + J2)

− βMQ4(rHM
4 − J4)

640πr4
HJ

5
tan−1

(
J

rHM

)]
logA ,

(1.6)

where rH is the radius of the black hole horizon and β is the inverse temperature of the
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black hole. This is a messy expression, despite the fact that a free scalar field is the simplest

possible field to analyze the dynamics of on our black hole background. Moreover, deriving

such an expression from a microscopic perspective would a priori be incredibly difficult, as

the result is incredibly sensitive to the precise choice of macroscopic black hole charges.

A way out of this difficulty is to restrict ourselves to the special case of an extremal

Reissner-Norström black hole, in which the black hole has no angular momentum and the

mass and charge are equal. The logarithmic correction to the black hole entropy due to the

scalar field collapses almost entirely in this limit, leaving us with

∆S = − 1

180
logA . (1.7)

The simplicity of this result is no accident. The extremal Reissner-Nordström black hole is

also a black hole solution in compactifications of type II string theory. Moreover, it is a BPS

solution in these compactifications, and so prior studies of quantum fluctuations tell us that

the logarithmic correction should be topological and independent of the string coupling.

1.3.2 Higher-Derivative Corrections

As we mentioned earlier, Kerr-Newman black holes are solutions to Einstein-Maxwell theory,

in which a photon is minimally coupled to gravity. This is only a low-energy effective field

theory, though; we expect the dynamics of this theory to be modified from quantum gravity

effects when we go to higher energies. In order to account for these effects, we need to

introduce an infinite tower of higher-dimension operators into the action of our theory. These

operators can be organized by a simple power-counting of how many derivatives appear in

the operators. At low energies, the two-derivative operators will dominate the theory, but

the higher-derivative operators (e.g. operators with at least four derivatives) become more

and more relevant at higher energies. Their dynamics are therefore important when trying

to place more precise constraints on microscopic theories.

Higher-derivative corrections to Einstein-Maxwell theory are generically difficult to work

with. It is a chore just to determine how these higher-derivative corrections affect the

geometry of black holes [24–28], and most approaches rely on finding solutions numerically.

Often, studies of higher-derivative corrections to black holes circumvent these difficulties

by restricting their attention to BPS black holes. Demanding that the black hole background

preserves supersymmetry greatly constrains the form of the solution; the BPS conditions are

first-order differential equations that can often be solved exactly. Checking that such BPS

solutions satisfy the equations of motion of the theory is often much simpler than solving

the equations of motion directly.
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The leading order four-derivative corrections to black holes will modify the Bekenstein-

Hawking entropy by an O(1) correction that can be computed using the Wald entropy forma-

lism [31,32], which we review in chapter 3. This correction will in principle depend intricately

on the black hole parameters, especially for non-extremal black holes, making it difficult to

to learn about features of the underlying microscopic theory from these higher-derivative

corrections alone. However, these corrections simplify drastically for supersymmetric black

holes and are determined entirely by the charges of the black hole in a very straightforward

manner [33–35], with very little known about the implied interpolation away from the BPS

limit.

1.4 A Way Forward: N = 2 Supergravity

At this point, we have motivated the difficulties present when using the macroscopic techni-

ques to gain insight into microscopic physics for non-supersymmetric black holes. These

difficulties, coupled with the fact that all known microstate counting formulae require the

black hole to be supersymmetric2, make the prospects of finding a microscopic understanding

of black holes in Einstein-Maxwell theory slim.

A natural way to proceed is to uplift these Kerr-Newman black holes into a theory with

more symmetry, potentially allowing for a greater degree of control over the dynamics of these

black holes. A particularly nice option is to look at theories whose dynamics are constrained

by supersymmetry, and then study properties of black holes that break this supersymmetry.

This leads us to very naturally consider Kerr-Newman black holes as living in a theory of

N = 2 supergravity, as we will discuss in the next few sections.

1.4.1 Supersymmetry and Supergravity

Supersymmetry is a symmetry that pairs up states in a theory that have integer spin (bosons)

with states that have half-integer spin (fermions). These states are turned into one another

via the action of a fermionic operator Q, referred to as a supercharge. Schematically, the

action of this supercharge takes the form

Q|boson〉 = |fermion〉 , Q|fermion〉 = |boson〉 . (1.8)

2Strictly speaking, this is not quite true, because there are microscopic counting formulae for BTZ black
holes [36, 37], a class of black holes in three-dimensional Anti-de Sitter (AdS) space. These results rely on
holographic methods, wherein a gravitational theory in AdS is dual to a conformal field theory that can
be used to describe the microscopic details of the theory. These holographic methods will not be the focus
of this thesis, as they currently are only valid for extremal black holes with a near-horizon Anti-de Sitter
geometry, while we are interested in studying black holes far from extremality.
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Since the supercharges are fermionic operators, they square to zero and so acting with the

supercharge twice yields zero. For a theory with a single supercharge, then, each bosonic

state is paired up with exactly one fermionic state, and vice-versa.

In principle there can be multiple supersymmetry generators in a theory. In a theory

with N supercharges, we can index the supercharges by Qi for i = 1, . . . ,N . Particles in the

theory are then grouped up into supermultiplets that are irreducible representations under

the action of these supercharges. In particular, let’s consider a massless state |λ〉 in the

theory, where λ is the helicity (e.g. the projection of the spin along the direction of travel)

of the state. We can then consider all ways to act with the supercharges on this state that

yield non-zero states. The result is that we obtain a supermultiplet of massless particles,

presented in (1.9), where the degeneracy is the number of ways to create a state of the given

form.

state helicity degeneracy

|λ〉 λ 1

Q†i |λ〉 λ+ 1
2

N

Q†iQ
†
j|λ〉 λ+ 1 1

2
N (N − 1)

...
...

...

Q†1Q
†
2 . . . Q

†
N |λ〉 λ+ 1

2
N 1

(1.9)

Any theory of gravity must contain a spin 2 particle in its spectrum, the dynamics of

which determine the geometry of the spacetime. A theory of supergravity is one in which

the theory is also supersymmetric. Supergravity theories therefore must have multiplets

that contain massless states with helicities of λ = ±2. Additionally, since we are eventually

interested in studying black holes that are charged, we also need to couple electromagnetism

into the theory. We will therefore also require that the theory has multiplets that contain

massless states with helicities of ±1, since the photon is a spin 1 particle.

Based on our presentation of massless supermultiplets in (1.9), the most natural way to

supersymmetrize our Einstein-Maxwell theory is to consider a theory with N = 2 supersym-

metry, since we can then fit the graviton and the photon into the same multiplet, referred to

as the gravity multiplet. The gravity multiplet also contains two spin 3/2 fermions; such spin

3/2 fields are referred to as gravitino, and they are necessary in any theory of supergravity.

For any solution to Einstein-Maxwell theory, there is a trivial uplift of the solution into

minimal N = 2 supergravity, a theory with just the gravity multiplet. First, we identify the

metric and photon in Einstein-Maxwell theory as the spin 2 and 1 particles, respectively, in
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the N = 2 gravity multiplet. We can then account for the gravitinos in this multiplet in

a trivial way by simply setting them to zero in our solution. In particular, Kerr-Newman

black holes are guaranteed to be solutions in this minimal N = 2 supergravity.

We will go beyond this minimal supergravity theory by coupling the theory to matter in

the form of additional multiplets. In particular, we will focus on coupling the theory to an

arbitrary number of vector and hyper multiplets. The uplift of Einstein-Maxwell theory to

this more general theory of N = 2 supergravity is complicated but nonetheless doable; the

details of this are discussed in section 2.3.

1.4.2 Motivation

The main motivation for considering this particular uplift, and not some other theory of

supergravity, is that any BPS solution in N = 2 supergravity must be an extremal Reissner-

Nordström black hole (or a multi-centered generalization thereof) [38]. In this context, non-

extremal Kerr-Newman black holes are interpreted as deformations of these supersymmetric

black holes. We can then try to find physical observables that are guaranteed to be simple

for the supersymmetric black holes, but are somehow preserved under deformations away

from the BPS limit.

This is not just a pipe dream, though. Supersymmetry is a powerful constraint on a

theory, and it can lead to some very slick results. For example, the cosmic censorship bound

for these black holes can be interpreted as a derived consequence of the supersymmetry of the

theory [39], and the electric-magnetic duality of Einstein-Maxwell theory descends directly

from the symplectic duality of N = 2 supergravity [38]. Importantly, these results rely on

supersymmetry of the theory, but not on the black hole itself.

Another important reason to consider this supergravity theory is that it is a consistent

truncation of string theory, compactified down to four spacetime dimensions. This means

that N = 2 supergravity has a well-defined microscopic counterpart in string theory that

can be constrainted via a macroscopic analysis.

1.4.3 The Main Idea

With all of that said, the goal of this thesis is to study general Kerr-Newman black holes as

solutions to N = 2 supergravity. In particular, we will look at both the quantum corrections

and the higher-derivative corrections to these black holes in supergravity. As we discussed

in section 1.3, these corrections are typically unwieldy and difficult to manage. Contrary to

this expectation, though, we find that both classes of corrections are surprisingly managea-

ble. In fact, we find that the corresponding corrections to the Bekenstein-Hawking law are
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determined entirely by the topology of the black hole. And, since the topology of a black

hole is unchanged under smooth deformations of the black hole parameters, we conclude that

the leading-order corrections to Bekenstein-Hawking entropy are independent of the super-

symmetry of the black hole. Moreover, we prove that the topological natures of our results

are guaranteed by the symmetries of the theory and persist even when these symmetries are

broken by the background.

These results demonstrate a somewhat unexpected feature: any microscopic description

of a black hole in N = 2 supergravity contains a sector whose dynamics are entirely insensi-

tive to whether or not the black hole is a BPS state. This is a novel (and surprising) result,

and it points towards the possibility of establishing more general black hole microscopic

theories in the future.

1.5 Overview and Summary of Results

The remainder of this thesis is organized as follows:

• In chapter 2, we establish a general procedure for computing one-loop quantum cor-

rections to non-extremal black holes. We then embed arbitrary solutions of Einstein-

Maxwell theory into N ≥ 2 supergravity and compute the corresponding one-loop

quantum corrections. We find that we can organize the quantum fluctuations into

N = 2 multiplets, even if the background is not supersymmetric. Moreover, we find

that the bosonic and fermionic components of each fluctuation multiplet conspire to

make the logarithmic corrections to the black hole entropy entirely topological. These

corrections therefore hold arbitrarily far away from extremality.

Based on: A. M. Charles and F. Larsen, Universal Corrections to Black Hole Entropy

in N ≥ 2 Supergravity, JHEP 06 (2015) 200, [arXiv:1505.01156].

• In chapter 3, we study the off-shell formulation of N = 2 supergravity in order to

consistently introduce higher-derivative corrections into the action. These corrections

take the form of a supersymmetrized Weyl invariant that allows for arbitrary Kerr-

Newman black holes to be solutions of the theory, with no modifications to their

geometry required. We also analyze the BPS conditions in the presence of these higher-

derivative corrections to show that the extremal Reissner-Nordström black hole is the

unique static and stationary geometry that preserves half of the supersymmetries of the

theory. Finally, we show that the supersymmetrized Weyl invariant coincides with the

ordinary Euler invariant on-shell, leading to a topological correction to the black hole
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entropy. We end with a discussion of the implications for an underlying microscopic

theory.

Based on: A. M. Charles and F. Larsen, Kerr-Newman Black Holes with String

Corrections, JHEP 10 (2016) 142, [arXiv:1605.07622].

• In chapter 4, we study the symmetries of off-shellN = 2 supergravity and work out how

these symmetries constrain the quantum effective action of the theory. In particular,

we work out precisely how symplectic duality symmetry and N = 2 supersymmetry

constrain the possible four-derivative terms that can appear in the quantum effective

action. We then restrict ourselves to Einstein-Maxwell solutions and show that all

possible four-derivative terms reduce to the Euler invariant, thus explaining the to-

pological nature of the results in the previous two chapters. We therefore establish

a non-renormalization theorem that constrains corrections to the Bekenstein-Hawking

entropy for a large class of non-supersymmetric black holes.

Based on: A. M. Charles, F. Larsen, and Daniel R. Mayerson, Non-Renormalization

for Non-Supersymmetric Black Holes, JHEP 08 (2017) 048, [arXiv:1702.08458].
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Chapter 2

Universal Corrections to Black Holes

in N ≥ 2 Supergravity

2.1 Introduction and Summary

Logarithmic corrections to the area law for black hole entropy are interesting because they

are features of the high energy theory that can be computed systematically in the low energy

effective theory [12,14,15,23]. In situations far from the supersymmetric limit there is not yet

a microscopic theory of black hole entropy so in this setting logarithmic corrections provide a

valuable target for future progress. The most promising arenas for such future developments

are nonsupersymmetric black hole solutions to theories with a lot of supersymmetry. The

goal of this chapter is to compute logarithmic corrections to the entropy of these black holes.

Logarithmic corrections are derived from quantum determinants over quadratic fluctua-

tions around the black hole background [40]. All fields in the theory fluctuate so the results

depend on the theory through its matter content and couplings. Concretely, we consider

well-known black holes from general relativity in four dimensions such as the Kerr-Newman

solutions to the Einstein-Maxwell theory but we embed these solutions into N ≥ 2 super-

gravity. In particular, we focus on theories with a single gravity multiplet, N − 2 gravitino

multiplets, an arbitrary number nV of vector multiplets, and an arbitrary number nH of hyper

multiplets. The matter content is specified by the host supergravity which also determines

the nonminimal couplings between the matter and the background.

We find that it is useful to organize the matter in multiplets of N = 2 supergravity

even in the presence of a black hole background that breaks supersymmetry completely and

also when N > 2. Indeed, this organization diagonalizes the problem in the sense that

different N = 2 multiplets decouple. Furthermore, with our embedding the field equations

14



for quadratic fluctuations of such multiplets depend only on the N = 2 field content and not

on couplings encoded in the prepotential.

The one-loop quantum corrections computed in heat kernel regularization are presented

as usual as short distance expansions with coefficients that are invariants formed from the

curvature [41,42]. The four derivative terms that we focus on take the form

a4(x) =
c

16π2
WµνρσW

µνρσ − a

16π2
E4 , (2.1)

where Wµνρσ is the Weyl tensor and E4 is the four-dimensional Gauss-Bonnet term. The

values of the coeffiicients c, a are nonstandard because they are for fields with nonminimal

couplings specified by N ≥ 2 supergravity. Our results for c, a are somewhat complicated

for bosons and fermions separately but we find that the sum gives c = 0 for any values of

nV , nH , and N .

The heat kernel coefficient a4(x) encodes the one-loop effective action which in turn

determines the logarithmic correction to the black hole hole entropy in the limit where all

parameters with the same length dimension are taken large at the same rate. For BPS black

holes there is only one length scale, identified as the scale of the near horizon AdS2×S2. In

this situation there are no dimensionless ratios so the coefficient of the logarithmic correction

is a pure number given by [43]

∆S =
1

12
(23− 11(N − 2)− nV + nH) logA . (2.2)

Note that this shows that BPS black holes in N = 4 supergravity, where nV = nH + 1, have

vanishing logarithmic corrections to their black hole entropy.

Non-extremal black holes are characterized by dimensionless quantities such as the charge-

to-mass ratio Q/M and the angular momentum quantum number J/M2. For such black holes

the coefficient in front of logA is expected to depend on these dimensionless variables. This

expectation has proven correct in the case of Kerr-Newman black hole solutions to Einstein-

Maxwell theory [21]. The way this comes about is that fluctuations of the metric and vector

fields and additional minimally coupled fields all contribute to the c coefficient, and the cur-

vature invariant WµνρσW
µνρσ is a complicated function of Q/M and J/M2 after integration

over the black hole geometry.

Our main result is that when the Kerr-Newman black holes are interpreted instead as

solutions to N ≥ 2 supergravity, the coefficient c vanishes

c = 0 . (2.3)
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In this situation the logarithmic correction is much simpler: (2.2) remains valid for all of these

black holes (modulo integer corrections due to zero modes and ambiguities in the ensemble).

There is no dependence on the parameters that deform the black hole off extremality.

This chapter is organized as follows. In section 2.2 we discuss how the heat kernel

formalism can be used to compute the one-loop quantum effective action for non-extremal

black holes, and then we show how this then gives a logarithmic correction to the entropy

of the black hole. In section 2.3 we take solutions to Einstein-Maxwell theory in 4D and

embed them into N = 2 supergravity. We determine the quadratic fluctuations around

this background and extend these results to general N ≥ 2 supergravity. In section 2.4

we compute the first three heat kernel coefficients for each N = 2 multiplet. Finally, in

section 2.5 we tabulate the results for the trace anomaly and show that the logarithmic

corrections to black hole entropy are independent of black hole parameters. As a concrete

example we consider the non-extremal Kerr-Newman black hole.

2.2 One-Loop Quantum Corrections to Non-Extremal

Black Holes

In this section we show how to use the heat kernel formalism to evaluate the one-loop

quantum effective action of a black hole. We argue that these one-loop contributions are

entirely responsible for the logarithmic terms in the quantum effective action. We then go

on to compute the corresponding logarithmic corrections to black hole entropy by means of

a Laplace transform.

2.2.1 Heat Kernels and the Quantum Effective Action

Consider a Euclidean quantum field theory in d = 4 dimensions at a fixed temperature

T = β−1. The partition function Z for the theory is given by a path-integral over all

configurations of the fields {φ} in the theory, weighted by the action S as follows:

Z =

∫
Dφ e−S . (2.4)

To a first approximation, we can evaluate this via the saddle-point approximation by simply

evaluating the action at a stationary saddle-point that satisfies the classical equations of

motion of the theory with appropriate boundary conditions1. We can then compute one-loop

1If there are multiple saddle points that accomplish this, then we will restrict ourselves to the one that
minimizes the on-shell action. This restriction is approximate, though it becomes exact in the classical ~→ 0
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quantum corrections to the partition function by expanding the fields around the classical

solution

φ→ φcl + φ , (2.5)

where {φ} now denotes the quantum field fluctations of the theory. We can then expand the

action of the theory to quadratic order in these field fluctations, such that the action now

takes the form

S = Scl − 〈φ|Λ|φ〉 , (2.6)

where Λ is a Hermitian Laplace-type kinetic operator for the field fluctuations. These field

fluctuations appear quadratically in the action, and so the path integral simply becomes a

Gaussian integral over these field fluctations that can be computed exactly. The result is

Z = e−Scl
1√

det Λ
. (2.7)

It is more convenient to re-express this one-loop partition function as

logZ = −Scl −W , W ≡ 1

2
log det Λ , (2.8)

where W is the one-loop quantum effective action. It encapsulates all of the information

about the quantum corrections to the classical theory. The problem of understanding quan-

tum corrections to our theory has therefore turned into a problem of how to evaluate this

effective action.

We will focus on using the heat kernel method to evaluate W , as first discussed in [40].

We first rewrite the effective action as

W =
1

2
tr log Λ . (2.9)

For any positive eigenvalue λ of Λ, we can write the “identity”

log λ “ = ” −
∫ ∞

0

ds

s
e−sλ . (2.10)

Strictly speaking, this identity is only true up to an infinite constant. This constant is

independent of λ, though, and so this expression is still useful as long as we carefully keep

track of divergences. If we now extend this relation to the entire operator Λ, we find that

W = −1

2

∫ ∞
0

ds

s
D(s) , D(s) ≡ tr e−sΛ , (2.11)

limit.
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where D(s) is known as the heat kernel of the kinetic operator Λ. We refer to the parameter

s as the heat kernel time. It is a dimensionful parameter, with units of (length)2. We can

also do a spectral decomposition in order to represent the heat kernel as

D(s) =
∑
i

e−sλi , (2.12)

where we denote {λi} as the eigenvalues of the kinetic operator Λ.

2.2.2 Divergences and Cut-Offs

Throughout section 2.2.1, we have ignored all issues and subtleties related to divergences.

Many of the expressions we wrote down are either divergent or only really valid up to infinite

constants, and so we must be careful to treat these divergences in such a way that we can

still extract meaningful physics out of the heat kernel formalism.

The first issue is that the heat kernel representation of the quantum effective action (2.11)

is divergent in the s→ 0 limit. The divergence is worse for larger eigenvalues of the kinetic

operator, and thus we can interpret this as an ultraviolet divergence. This is not unexpected;

generic low energy effective field theories coupled to gravity are not ultraviolet-complete, and

so we shouldn’t expect the semi-classical picture of gravity to be valid at arbitrarily high

energy scales. We must therefore must put a cutoff on the theory. In particular, we will

enforce that

s > ε , ε ≡ 1

Λ2
UV

, (2.13)

for some ultraviolet cutoff ΛUV. The one-loop quantum effective action therefore takes the

form

W = −1

2

∫ ∞
ε

ds

s
D(s) . (2.14)

This expression for the quantum effective action is also divergent in the s→∞ limit for

negative and zero eigenvalues of the kinetic operator. This infrared divergence arises in the

infinite volume limit, since arbitrarily large values of s are only allowed when the volume of

the spacetime is infinite. To rectify this issue, an infrared cutoff must be introduced in order

to regulate the infinite volume of the spacetime. We will not worry about this divergence,

though, since in the next section we will show how to subtract off the infrared-divergent

part of the quantum effective action that comes from the thermal gas the black hole is in

equilibrium with.
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2.2.3 Black Holes and the Thermal Gas Subtraction

We want to understand quantum corrections to generic non-extremal black holes. However,

it is not enough to simply compute the one-loop quantum correction to the partition function

given in (2.8); the classical saddle point that we expand around corresponds to a black hole

in equilibrium with a thermal gas of all of the particles in the theory. In order to be able

to make a connection to the black hole microstate picture, we have to be able to isolate the

piece of the partition function that corresponds to the black hole (and not the thermal gas).

In this section, we will review the procedure used in [20] to determine the general form of the

thermal gas partition function, and then we will use this form to show how to consistently

subtract off the thermal gas contribution to the partition function.

Let’s first consider a flat four-dimensional Euclidean spacetime where the Euclidean time

coordinate has periodicity β and the spatial coordinates are restricted such that they each

lie within a length L. The eigenvalues of the scalar d’Alembertian on this spacetime are

4π2n2

β2
+ ~k2 , (2.15)

where n is an integer that determines the momentum along the compact time direction.

Additionally, the spatial momentum ~k must be quantized such that the wavelength of the

field modes fit inside the box. In the large volume limit, though, we can approximate the

allowed spatial momenta as being continuous instead of discrete, with the density of states

dµ =
V

(2π)3
d3k , (2.16)

where V = L3 is the volume of the box the spatial coordinates lie in. Since the spatial

component of the eigenvalues are continuous, the discrete sum in (2.12) will become an

integral instead, weighted by the density of states. The heat kernel is thus given by

D(s) =
∞∑

n=−∞

∫
dµ exp

(
−4π2n2s

β2
− s~k2

)
. (2.17)

We can in principle insert this into (2.11) in order to compute the quantum effective action

for this thermal gas. However, the exponential term is finite when s is close to zero, which

leads to a divergence in the s-integration for all values of n. A trick we can use to make

s-integration easier is to use the Poisson resummation formula to rewrite the sum over the
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momentum modes along the thermal circle as

∞∑
n=−∞

exp

(
−4π2n2s

β2

)
=

β√
4πs

∞∑
n=−∞

exp

(
−n

2β2

4s

)
. (2.18)

Written in this form, the integrand becomes exponentially suppressed for small values of s

when n 6= 0. Putting this all together, we find that the quantum effective action for this free

gas of non-interacting particles is

W = −1

2

∫ ∞
ε

ds

s

β√
4πs

∞∑
n=−∞

∫
dµ exp

(
−n

2β2

4s
− s~k2

)
. (2.19)

This is in principle straightforward to evaluate. However, there is one subtlety: the n = 0

term is ultraviolet divergent and blows up in the ε → 0 limit. The n 6= 0 terms in the

integrand are exponentially suppressed for small s, though, and thus are ultraviolet finite.

We can therefore send ε → 0 freely for these terms. If we now keep track of the ultraviolet

cutoff appropriately, we compute the one-loop quantum effective action of the thermal gas

to be given by

W = − V β

64π2ε2
− π2

90

V

β3
. (2.20)

The first term in the thermal gas quantum effective action (2.20) is the ultraviolet di-

vergent term discussed earlier. This term corresponds to the one-loop contribution to the

renormalization of the cosmological constant. In the case considered in this chapter of asymp-

totically flat black holes, the final theory does not have a cosmological constant and so this

contribution must be cancelled by a local counterterm. We will therefore drop this divergent

piece, keeping in mind that it will eventually be cancelled out.

We have so far ignored the presence of the boundary in our discussion. The details of

the boundary affect how the momentum modes are quantized inside the box, which leads to

a modification of the density of states. However, these boundary effects will be subleading

corrections that involve lower powers of L. The density of states therefore becomes modified

such that

dµ =
V

(2π)3
d3k +O(L2d2k) . (2.21)

This will lead to a new boundary contribution to the quantum effective action that can

in principle have terms that are finite as well as terms that are divergent in the ε → 0

limit. The divergent parts will be cancelled by appropriate boundary counterterms, while

the finite pieces will be independent of the cutoff ε and thus depend only on L and β. Since

the boundary modification of the density of states is subleading in powers of L, the finite

20



boundary contribution to the quantum effective action must be as well. Therefore, if we

include boundary effects while ignoring the divergent pieces that will be cancelled by local

counterterms (both in the bulk and on the boundary), the quantum effective action becomes

W = −π
2

90

V

β3
+O

(
L2

β2

)
. (2.22)

In the large volume limit L � β we can neglect the subleading boundary terms and so we

simply recover the familiar thermal partition function for an ideal gas.

We have so far only considered the gas propagating on a flat spacetime. However, we

now want to consider the case where the thermal gas is on a black hole background. The

presence of the black hole causes the light cones of the gas particles to get warped such

that the kinetic operator no longer factorizes neatly into time circle modes and spatial

modes. The kinetic operator eigenvalues in (2.15) are therefore modified to become much

more complicated. However, as discussed in previous work [20, 40] the general arguments

presented here still hold for fields propagating on a black hole background. In particular, for

a thermal gas in equilibrium with a black hole of inverse temperature β, angular velocity ~ω,

and electromagnetic potential ~µ, the quantum effective action takes the form

W = V f(β, ~ω, ~µ) +O
(
L2

β2

)
, (2.23)

where f is a function with homogeneity −3 such that

f(λβ, λ~ω, λ~µ) = λ−3f(β, ~ω, ~µ) . (2.24)

The dominant piece of the thermal gas quantum effective action is therefore invariant under

an overall rescaling of the length of the box and the black hole potentials.

Let’s now denote the radius of the black hole by a. The upshot of the above arguments

is that, in the large volume limit, the dominant contribution to the thermal gas quantum

effective action goes like

W ∼
(
L

a

)3

, (2.25)

since the black hole potentials β, ~ω, and ~µ scale linearly with the black hole size for generic

non-extremal black holes. With this in mind, consider two different systems:

System 1: a black hole with radius a in a box of size L ,

System 2: a black hole with radius a′ in a box of size L′ = L

(
a′

a

)
.
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The thermal gas contribution to the partition function (2.25) is therefore the same for both

systems! If we take the difference in the effective actions for system 1 and system 2, the

thermal gas contribution cancels out, and we are thus simply left with the difference of the

effective actions corresponding solely to the black holes. That is,

W1(BH + gas)−W2(BH + gas) = W1(BH)−W2(BH) . (2.26)

For notational simplicity, we will now let ∆W denote this difference in black hole quantum

effective actions. Using the heat kernel eigenvalue expansion for the quantum effective action,

we find that

∆W = −1

2

∫ ∞
ε

ds

s

∑
i

(
e−sλi − e−sλ′i

)
, (2.27)

where {λi} are the eigenvalues of the kinetic operator for system 1 and {λ′i} are the eigen-

values of the kinetic operator for system 2. Since system 2 can be obtained from system 1

by an overall rigid rescaling of the fields, the kinetic operator eigenvalues are also related by

this rigid rescaling. In particular, the eigenvalues of system 2 are given in terms of those of

system 1 via

λ′i = λi

( a
a′

)2

. (2.28)

We can therefore immediately see that, if we define the rescaled UV cutoff

ε′ = ε
( a
a′

)2

, (2.29)

then the quantum effective action is given by

∆W = −1

2

∫ ε′

ε

ds

s

∑
i

e−sλi = −1

2

∫ ε′

ε

ds

s
D(s) . (2.30)

A by-product of this analysis is that the integration range no longer goes to infinity, and we

therefore do not run into any infrared divergences when evaluating the quantum effective

action.

2.2.4 Perturbative Expansion

For small heat kernel times s, the heat kernel can be represented perturbatively as

D(s) =
∞∑
n=0

sn−d/2a2n , a2n =

∫
ddx
√
g a2n(x) . (2.31)
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The terms {a2n(x)} are known as Seeley-DeWitt coefficients [44], though we will often refer

to them as heat kernel coefficients for simplicity.

For kinetic operators that are of the Laplace-type, there are methods that can be used to

compute these heat kernel coefficients. We will focus on the covariant perturbative method

discussed in [42], which gives an algorithmic way to compute these coefficients for arbitrary

background manifolds. To do so, we first note that any Laplace-type kinetic operator Λ

acting on the quantum field fluctuations in the theory can be written in the form

Λ = −�I − 2ωµ∇µ − P , (2.32)

where ωµ and P are both matrices constructed from the background fields, and I is the

identity operator on the space of field fluctuations. We also denote � ≡ ∇µ∇µ as the

covariant d’Alembertian operator on the background manifold. We can complete the square

in order to rewrite the kinetic operator as

Λ = −(DµDµ)I − E , (2.33)

where

E = P − ωµωµ − (∇µω
µ) , Dµ = ∇µ + ωµ . (2.34)

The matrix E is the effective mass matrix for the quantum field fluctuations, while Dµ is

the new effective covariant derivative acting on the field fluctuations. Importantly, this new

derivative is not necessarily torsion-free. The curvature associated with this new effective

derivative operator is denoted by

Ωµν ≡ [Dµ,Dν ] . (2.35)

With these definitions, the Seely-DeWitt coefficients can be written entirely in terms of the

mass matrix E, the effective curvature Ωµν , and the background geometry. The first three

coefficients are given by

(4π)2a0(x) = tr I ,

(4π)2a2(x) = tr

(
E +

1

6
R

)
,

(4π)2a4(x) = tr

(
1

2
E2 +

1

6
RE +

1

6
�E +

1

12
ΩµνΩ

µν +
1

30
�R

+
1

72
R2 − 1

180
RµνR

µν +
1

180
RµνρσR

µνρσ

)
.

(2.36)

We can also in principle compute the higher-order coefficients a6(x), a8(x), etc., but the
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logarithmic corrections in four dimensions are determined by a4(x) and so it will be sufficient

to compute the heat kernel coefficients up to this order. There are also in general boundary

contributions to these coefficients. We have ignored them, however, since we are taking the

large volume limit such that all boundary terms are subleading.

It is also important to note that the heat kernel depends only on the integrated heat

kernel coefficients {a2n} and not on their local densities. Since we are interested in studying

asymptotically flat black holes, any total derivative terms in the heat kernel coefficients will

simply integrate to zero. We will hence drop all total derivative terms when we compute

these heat kernel coefficients in the proceeding work.

2.2.5 Scalings and the Range of Validity

We now have a perturbative realization of the heat kernel (and thus the effective action).

This perturbative approach is only valid for small heat kernel times s, though, and fails

miserably for large heat kernel times. We must therefore investigate when this small time

expansion is valid.

Each heat kernel coefficient a2n(x) contains terms that contain n powers of the Riemann

curvature, e.g.

a2n(x) ∼ Rn . (2.37)

The curvature of the black hole scales inversely with its length, and we want to integrate

these heat kernel coefficients over the whole spacetime. The integrated heat kernel coefficient

therefore scales like

a2n ∼ a4−2n , (2.38)

where a is the length scale of the black hole. The heat kernel series expansion (2.31) goes

like

D(s) ∼
∞∑
n=0

( s
a2

)n−2

. (2.39)

In order for this series to be able to converge, each successive term must have a much smaller

magnitude than the one before it. This means that the heat kernel series expansion is only

valid in the regime where
s

a2
� 1 . (2.40)

Said another way, the dominant contribution to the black hole quantum effective action

comes from integration range that satisfies

ε < s < ε′ = ε
( a
a′

)2

. (2.41)
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In order to be able to use the perturbative heat kernel expansion, this integration range must

be compatible with the convergence condition (2.40). The lengths a, a′ of the relevant black

hole solutions must be taken large enough such that

ε

a2
� 1 ,

ε

a′2
� 1 . (2.42)

Once we have chosen cutoffs and the size of the black hole appropriately such that the

perturbative representation of the heat kernel holds over the entire range of integration, the

quantum effective action can be expressed in terms of the integrated heat kernel coefficients

by

∆W = −1

2

∫ ε′

ε

ds

s3

(
a0 + a2s+ a4s

2 + . . .
)
. (2.43)

where the dots indicated terms that have higher powers of s. If we now perform the s

integration, we find that the quantum effective action is

∆W =
a0

4ε2

(
a′4

a4
− 1

)
+
a2

2ε

(
a′2

a2
− 1

)
+ a4 log

a′

a
+O(ε) . (2.44)

The first two terms in this expression have factors of the cutoff ε in the denominator and

thus diverge in the ε → 0 limit. In particular, the ε−2 term corresponds to the one-loop

contribution to the renormalization of the cosmological constant, while the ε−1 term cor-

responds to the one-loop contribution to the renormalization of Newton’s constant. All of

these divergent terms must be cancelled by local counterterms, so we will drop them. The

remaining term listed is independent of ε, while the higher-order terms all vanish in the

ε→ 0 limit. We can thus simply take ε→ 0 and ignore these higher-order contributions.

We can now extract the piece of ∆W that is dependent on a and identify it as the

quantum effective action W for the black hole of size a. Ignoring divergences and dropping

terms that vanish as the cutoff goes to zero, we find that

W = −a4 log a . (2.45)

It is therefore the a4 coefficient that completely determines the quantum corrections to the

black hole, in the large volume limit of consideration in this chapter.

2.2.6 Change of Ensembles

At this point, we have a well-defined procedure for computing the one-loop quantum ef-

fective action for an arbitrary set of field content propagating on a black hole background.
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Importantly, this computation is done in the grand canonical ensemble of the theory, where

the inverse temperature β, the angular velocity ~ω, and the electromagnetic potential ~µ are

all fixed and scale linearly with the size of the black hole. The grand canonical partition

function can be expressed in terms of the classical and one-loop actions as

logZ(β, ~ω, ~µ) = −Scl −W . (2.46)

Since we took care to subtract off the contribution to the effective action from the thermal

gas that the black hole is in equilibrium with, we can interpret this as the grand canonical

partition function of the black hole itself. We now want to use this result to compute the

entropy of the black hole. To do this, we need to detail how to change ensembles to the

microcanonical ensemble.

From the microscopic perspective, the black hole dynamics are described by a Hilbert

space of individual black hole microstates. These microstates each have an associated ma-

croscopic energy E, momentum ~P , angular momentum ~J , and charge associated with them
~Q. In the limit where we take the size of the black hole to be large compared to all other sca-

les in our theory, the energy of each microstate will simply be given by the usual relativistic

energy

E = M +
~P

2M
, (2.47)

since the interactions between the black hole and the fields in the spacetime will yield su-

bleading corrections to this. The entropy of the black hole counts the number of states in

the microcanonical ensemble where the mass, momentum, angular momentum, and charge

of the black hole are all fixed. The entropy is a Lorentz-invariant quantiy, and so it cannot

depend on the value of the momentum that we have fixed. We can therefore express the

microstate degeneracy Ω as

Ω(M, ~P , ~J, ~Q) = eS(M,~J, ~Q) . (2.48)

The grand canonical partition function can then be expressed as a sum over all black hole

microstate numbers, weighted by the microstate degeneracy, such that

Z(β, ~ω, ~µ) =
∑

M,~P , ~J, ~Q

eS(M,~J, ~Q)−βE−~ω· ~J−~µ· ~Q . (2.49)

We have now arrived at the relationship (2.49) between the grand canonical partition

function and the microcanonical entropy of the black hole. This relationship can be formally

inverted by means of a Laplace transform, since the summand is strongly peaked around

the classical values of M , ~J , and ~Q that correspond to the specified potentials β, ~ω, and ~µ.
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Moreover, we are interested in black holes with mass large enough such that the logarithmic

corrections to the entropy dominate over all other corrections. As argued above, these loga-

rithmic corrections arise from one-loop quantum corrections to the theory. When performing

the Laplace transform, it is therefore sufficient to use the saddle-point approximation, as this

will capture these one-loop corrections.

This saddle-point inversion is done explicitly in [20]. The result of their calculation is

that the entropy of the black hole is given by

S(M, ~J, ~Q) = −Scl + βM + ~ω · ~J + ~µ · ~Q−W + Czm log a , (2.50)

where the potentials are understood to be evaluated on their classical values corresponding

to the background saddle-point. Note that we have also included a constant Czm in this

expression. This constant is to account for any zero-modes of the theory that we did not

correctly incorporate into the one-loop effective action, as well as the integer corrections that

arise when performing the saddle-point inversion of (2.49). The computation of this constant

are discussed in appendix A.

The first four terms on the right-hand side (2.50) are simply the usual Bekenstein-

Hawking entropy, as established from earlier studies of Euclidean quantum gravity [45].

Additionally, we know from (2.45) that the one-loop quantum effective action W is given

by a4 log a, where a4 is the third Seeley-DeWitt coefficient integrated over all of spacetime.

Putting this all together, we find that the one-loop quantum effects in our theory lead to a

black hole entropy of

S =
A

4G
+

1

2
(a4 + Czm) logA , (2.51)

where A is the area of the black hole horizon. In the limit where the area of the black hole

is large, all other corrections will be at most O(1) corrections to this, and so we can safely

neglect them.

We therefore find that the logarithmic corrections to the black hole entropy are completely

determined by the heat kernel coefficient a4(x) for the quantum fluctuations of the theory

(modulo the integer corrections detailed in appendix A).

2.3 The Background Solution and its Fluctuations

In this section we embed an arbitrary solution to the d = 4 Einstein-Maxwell theory into

N ≥ 2 supergravity. We then derive the equations of motion for quadratic fluctuations

around this background.
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2.3.1 Einstein-Maxwell Theory

The starting point is a solution to the standard d = 4 Einstein-Maxwell theory

L =
1

2κ2

(
R− 1

4
FµνF

µν

)
, (2.52)

where κ2 = 8πG. The geometry satisfies the Einstein equation

Rµν −
1

2
gµνR = κ2Tµν , (2.53)

where the energy-momentum tensor is

Tµν = − 2√
−g

δ (
√
−gL)

δgµν
=

1

2κ2

(
FµρF

ρ
ν −

1

4
gµνFρσF

ρσ

)
. (2.54)

The field strength Fµν satisfies Maxwell’s equation and the Bianchi identity which we combine

into the complex equation

∇µF
+µν = 0 . (2.55)

We introduce the self-dual and anti-self-dual parts of the field strength as

F±µν =
1

2
(Fµν ± F̃µν) , (2.56)

with

F̃µν = − i
2
εµνρσF

ρσ . (2.57)

We will not specify the solution explicitly at this point but it may be useful to have in mind

that we will later consider the Kerr-Newman black hole.

2.3.2 Einstein-Maxwell Backgrounds in N = 2 Supergravity

We want to interpret the background of the prior section as a solution to N = 2 supergravity

with matter in the form of nV vector multiplets and nH hypermultiplets. The most difficult

step will be understanding dynamics of the bosonic fields in the gravity and vector multiplets,

so in this section we focus on those. We will return to the hyper multiplets and all the

fermions in the next section.

The bosonic Lagrangian of N = 2 supergravity coupled to nV vector fields is

L =
1

2κ2
R− gαβ̄∇µzα∇µz

β̄ +
1

2
Im
[
NIJF+I

µν F
+µνJ

]
. (2.58)
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The index α = 1, . . . , nV enumerates the complex scalar fields zα in the vector multiplets,

while the label I = 0, . . . , nV enumerates the field strengths in the theory. Note that F 0
µν is

the field strength of the graviphoton in the gravity multiplet, while Fα
µν is one of the vector

multiplet field strengths.

The interactions in our theory are determined by a holomorphic prepotential F (XI)

that has homogeneity two with respect to the projective coordinates XI . Its derivatives are

denoted FI = ∂IF , FIJ = ∂I∂JF , etc., and it specifies the coupling between vectors and

scalars as

NIJ = µIJ + iνIJ = F̄IJ + i
NIKX

KNJLX
L

NNMXNXM
, (2.59)

where NIJ = 2 ImFIJ . The Kähler metric is

gαβ̄ = ∂α∂β̄K , (2.60)

where the Kähler potential is

K = log i(XIF̄I − FIX̄I) . (2.61)

The Kähler covariant derivatives

∇αX
I = (∂α +

1

2
κ2∂αK)XI ,

∇̄ᾱX
I = (∂ᾱ −

1

2
κ2∂ᾱK)XI = 0 ,

(2.62)

relate the true motion in moduli space to the projective parametrization. The Kähler weights

are such that

ZI(z) = e−
1
2
κ2KXI(z) (2.63)

is purely holomorphic ∂ᾱZ
I = 0. The projective coordinates can be normalized such that

NIJX
IX̄J = −i(FJX̄J −XJ F̄J) = − 1

κ2
. (2.64)

We now want to embed arbitrary background solutions to Einstein-Maxwell theory into

N = 2 supergravity. The background solution to Einstein-Maxwell theory specifies the

geometry and a single field strength Fµν . We claim that the corresponding solution to

N = 2 supergravity has the same geometry but the matter fields are given by

zα = const ,

F+I
µν = XIF+

µν .
(2.65)
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We need to verify that this in fact is a solution to N = 2 supergravity.

First, we will look at the Einstein equation for our theory. The scalars are constant so

their derivatives do not contribute to the energy-momentum tensor. The non-vanishing part

is

Tµν = −2 Im

[
NIJ(F+I

µλ F
−λJ
ν − 1

4
gµνF

+I
λσ F

−Jλσ)

]
= −2νIJ

(
F+I
µλ F

−λJ
ν − 1

4
gµνF

+I
λσ F

−Jλσ
)
.

(2.66)

We now note the identity

− 2νIJX
IX̄J = iNIJXIX̄J + c.c = iFIJX

IX̄J + c.c = i(FJX̄
J −XJ F̄J) =

1

κ2
, (2.67)

due to (2.59) for NIJ , homogeneity of the prepotential, and the normalization condition

(2.64). The energy-momentum tensor (2.66) therefore simplifies to

Tµν =
1

κ2

(
F+
µλF

−λ
ν −

1

4
gµνF

+
λσF

−λσ
)

=
1

2κ2

(
FµλF

λ
ν −

1

4
gµνFλσF

λσ

)
. (2.68)

This is the same as (2.54) for the Einstein-Maxwell theory so the Einstein equation for N = 2

supergravity is satisfied with unchanged geometry.

The combined Maxwell-Bianchi equation in N = 2 supergravity,

∇µ

(
NIJF+Iµν

)
= 0 , (2.69)

is automatically satisfied because the background satisfies the Maxwell-Bianchi equation

(2.55). The dependence of NIJ and F Iµν on the scalar fields introduces no spacetime depen-

dence since the scalars are constant.

The scalar field equations are not automatic even though the scalars are constant because

the vector fields act as a source unless

∂NIJ
∂zα

F+I
µν F

+µνJ =
∂NIJ
∂zᾱ

F+I
µν F

+µνJ = 0 . (2.70)

The anti-holomorphic condition
∂NIJ
∂zᾱ

ZIZJ = 0 (2.71)

is obvious: move the holomorphic coordinates ZI under the derivative and use NIJZIZJ =

FIZ
I = 2F to find an antiholomorphic derivative that vanishes because it acts on the
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holomorphic prepotential. The holomorphic condition is almost as simple:

∂NIJ
∂zα

ZIZJ = ∂αFIZ
I − FI∂αZI = (FIJZ

I − FJ)∂αZ
J = 0 . (2.72)

We used NIJZJ = FI again and then FIJZ
I = FJ from homogeneity of the prepotential.

At this point we have completed the verification that a solution to Einstein-Maxwell

remains a solution when embedded in N = 2 supergravity through (2.65). Any additional

fields in N > 2 supergravity must all appear quadratically. The further embedding from

N > 2 into N = 2 supergravity is therefore automatic.

2.3.3 Quadratic Fluctuations

The quantum corrections to the black hole entropy are determined by the spectrum of

quadratic fluctuations around the background. We first consider the general matter equations

of motion derived from the action (2.58)

∇µ
(
gαβ̄∇µz

α
)
− i

4

∂NIJ
∂z̄β̄

F+I
µν F

+Jµν +
i

4

∂N IJ

∂z̄β̄
F−Iµν F

−Jµν = 0 ,

i∇µ

(
NIJF+Jµν −N IJF

−Jµν) = 0 ,

∇µ

(
F+Jµν − F−Jµν

)
= 0 .

(2.73)

The last two lines are the Maxwell-Bianchi equations. Linearizing around the background,

these equations become

NIJ∇µδF
+Jµν + (∇µδNIJ)F+Jµν −N IJ∇µδF

−Jµν − (∇µδN IJ)F−Jµν = 0 ,

∇µ

(
δF+Jµν − δF−Jµν

)
= 0 ,

(2.74)

where unvaried fields (without δ) are evaluated on the background. The background fields

satisfy (2.65), and so we can show that the second term in the first equation above simplifies:

(∇µδNIJ)F+Jµν = (∇αNIJ)XJ∇µδz
αF+µν +∇ᾱNIJXJ∇µδz

ᾱF+µν

= (∇αFI −NIJ∇αX
J)∇µδz

αF+µν

= −2iνIJ∇αX
J∇µδz

αF+µνF+µν .

(2.75)

Note that we used symplectic invariance in the form ∇αFI = N IJ∇αX
J . Inserting this back

into (2.74) and simplifying, we find that

∇µ

(
δF+Iµν −∇αX

IδzαF+µν −∇ᾱX̄
IδzᾱF−µν

)
= 0 . (2.76)
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This is a complex equation with imaginary part reducing to the Bianchi identity.

After linearizing the scalar equation of motion in (2.73) around the background, the

middle term vanishes due to holomorphicity. The (complex conjugate of) the last term

simplifies as follows:

δ
(
∇βNIJF+I

µν F
+Jµν

)
= ∇α∇βNIJδzαXIXJF+

µνF
+µν + 2∇βNIJXIF+

µνδF
+Jµν

= 2∇βNIJXIF+
µν(δF

+Jµν −∇αX
JδzαF+µν)

= −4iνIJ∇βX
IF+

µν(δF
+Jµν −∇αX

JδzαF+µν) .

(2.77)

Finally, we collect terms and write the linearized scalar equation as

gαβ̄∇2δzα − νIJ∇̄β̄X̄
IF−µν

(
δF−Jµν − ∇̄ᾱX̄

JδzᾱF−µν
)

= 0 . (2.78)

The linearized equations of motion for the vectors (2.76) and the scalars (2.78) can both be

derived from the single action

L = −gαβ̄∇µδz
α∇µδzβ̄ +

1

2
νIJ
(
δF+I

µν − δXIF+
µν

) (
δF+Jµν − δXJF+µν

)
+ h.c , (2.79)

with δXI = ∇αX
Iδzα. This is a consistency check on the manipulations.

2.3.4 Decoupling the Quadratic Fluctuations

The action (2.79) for the quadratic fluctuations is concise but the dependence on the Kähler

metric gαβ̄ and the symplectic metric νIJ introduces elaborate couplings between the nV

complex scalars zα and the nV + 1 field strengths F I
µν . We can simplify by expanding the

field strengths as

F+I
µν = XIF+

µν + ∇̄ᾱX̄
If+ᾱ
µν =

(
XI ∇̄ᾱX̄

I
)(F+

µν

f+ᾱ
µν

)
. (2.80)

This represents the nV + 1 fields F I
µν as a single graviphoton field Fµν and nV vector fields

fαµν . The complete basis {XI , ∇̄ᾱX̄
I} is orthogonal with respect to the metric νIJ in the

sense that (
X̄I

∇αX
I

)
νIJ

(
XI ∇̄β̄X̄

I
)

= −1

2

(
κ−2 0

0 gαβ̄

)
. (2.81)

The component form of the field variations are

δF+Iµν = XIδF+µν +∇αX
IδzαF+µν + ∇̄ᾱX̄

If+ᾱµν . (2.82)
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For variations of this form the linearized matter equations (2.76) and (2.78) become

XI∇µδF
+µν + ∇̄ᾱX̄

I∇µ

(
f+ᾱµν − δzᾱF−µν

)
= 0 ,

∇2δzα +
1

2
F−µνf

−αµν = 0 .
(2.83)

Orthogonality forces the two terms in the first equation to vanish separately. Thus δF+µν

satisfies the standard Maxwell-Bianchi equations (2.55), even in the presence of a fluctuating

scalar. We rename δzα → zα and write the remaining equations as

∇µ

(
f−αµν − zαF+µν

)
= 0 ,

∇2zα +
1

2
F−µνf

−αµν = 0 .
(2.84)

These matter equations are fully decoupled; there is no interaction between the matter

multiplet and the supergravity multiplet (gravity and graviphoton). Additionally, the nV

vector multiplets do not couple to each other so they can be analyzed independently. We

will henceforth suppress the index α.

The equations of motion (2.84) are actually misleading as they stand because, according

to the first equation, the antisymmetric vector field fµν does not satisfy the Bianchi identity:

the imaginary part of f−µν has a source. We can remedy this by making the field redefinition

f−µν → −2if−µν + z̄F−µν . (2.85)

The transformed field strength fµν satisfies the Bianchi identity. The equations (2.84) be-

come
∇µ

(
fµν − izF+µν + iz̄F−µν

)
= 0 ,

∇2z − iF−µνf−µν +
1

2
z̄F−µνF

−µν = 0 .
(2.86)

This is our final result for the quadratic fluctuations of a N = 2 vector multiplet around a

solution to the Einstein-Maxwell theory.

We have not yet analyzed the Einstein equation. Linearizing the energy-momentum

tensor (2.66) of the N = 2 supergravity theory around the background, we find that

δ
(
νIJF

+I
ac F

−Jc
b

)
= δνIJF

+I
ac F

−Jc
b + νIJ

(
δF+I

ac F
−Jc
b + c.c.

)
= − i

2
∇α

(
NIJ − N̄IJ

)
δzαXIX̄JF+

acF
−c
b + νIJδF

+I
ac X̄

JF−cb + c.c.

= νIJX̄
J(δF+I

ac −∇αX
IδzαF+

ac)F
−c
b + c.c.

= − 1

2κ2
δ(F+

acF
−c
b ) ,

(2.87)

33



for variations of the form (2.82). Thus fluctuations in the geometry are sourced exclusively

by the graviphoton or, equivalently, the Einstein equation respects the decoupling of the

N = 2 supergravity multiplet from the vector multiplets.

2.3.5 Completing the Fluctuation Multiplets

The full N = 2 supergravity theory generally includes many fields that vanish in the back-

ground. The actions of such fields can be computed at quadratic order by taking all other

fields to have their background value. This process introduces non-minimal couplings because

of the background graviphoton. In the following we examine the various N = 2 multiplets

one by one.

The N = 2 supergravity multiplet contains the graviton, two gravitini, and the gravipho-

ton. The dynamics of the bosons are governed by the Einstein-Maxwell action (2.52). The

gravitino action is2

Lgravitino = − 1

κ2
ψ̄iµγ

µνρ∇νψ
i
ρ + νIJ

(
F−Iµν Q

−Jµν + h.c.
)
, (2.88)

where i = 1, 2 enumerates the two gravitini. The Pauli term depends on Q−Jµν = XJ ψ̄µi ψ
ν
j ε

ij.

In the background (2.65) the normalization condition (2.81) then gives

Lgravitino = − 1

κ2
ψ̄iµγ

µνρ∇νψ
i
ρ −

1

2κ2

(
F−µνψ̄

µ
i ψ

ν
j ε

ij + h.c.
)
. (2.89)

The sum of this action and the Einstein-Maxwell action (2.52) is invariant under the N = 2

supersymmetry

δψiµ = ∇µε
i − 1

4
F̂ εijγµεj , (2.90)

where F̂ = 1
2
γµνF

µν .

The N = 2 vector multiplet has one vector field, two gauginos, and one complex scalar.

The bosons satisfy the equations of motion (2.86), as we have shown in detail. The gauginos

are subject to Pauli terms that couple them to each other and to the gravitinos. However,

these couplings appear in the combination Q−Jµν = ∇̄ᾱX̄
J
(
χᾱiγµψνjεij + . . .

)
, and such

terms vanish when contracted with a field strength F−Iµν of the background form (2.65)

because of orthogonality (2.81). Therefore the gauginos are minimally coupled fermions.

The N = 2 hyper multiplet has two Majorana hyper fermions and four real scalars. The

scalars are minimally coupled to gravity. The hyper fermion is acted on by a Pauli term

2We follow the conventions of [46]. The normalization of the Maxwell field strength in (2.52) is con-
ventional in the gravity literature. The relation between the two conventions for the graviphoton is

F
(FvP)
µν = 2F

(here)
µν .
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where the metric νIJ contracts F−Iµν and Q−Jµν = XJ
(

1
2
κ2ζ̄AγµνζBCAB + . . .

)
. The Q−Jµν

is proportional to XJ as it was for the gravitino and again orthogonality leads to a simple

result for the quadratic action

Lhyper = −ζ̄Aγµ∇µζ
A − 1

2

(
ζ̄AF̂ ζBεAB + h.c.

)
. (2.91)

It is sufficient for our purposes to consider each hyper multiplet independently. For a single

hyper multiplet the indices A,B take values of either 1 or 2, and so we can without loss of

generality let CAB = εAB.

2.3.6 N > 2 Supergravity

In this section, we extend our results for N = 2 supergravity to supergravity theories with

N > 2 supersymmetry.

We first embed the background solution to the Maxwell-Einstein theory into supergravity

with N > 2. We pick one of the 1
2
N (N − 1) gauge fields in the gravity multiplet and

designate it as the graviphoton of an N = 2 theory that is identified with the gauge field

of the Maxwell-Einstein theory. This embedding defines the background defined earlier as a

solution also to N > 2 supergravity.

We next organize all fluctuating fields in N = 2 multiplets. The N > 2 symmetry

constrains the N = 2 matter content. For example:

• An N = 4 theory has nV = nH + 1 because one N = 2 vector is part of the N = 4

supergravity multiplet while each N = 4 matter multiplet is composed of one N = 2

vector multiplet and one N = 2 hyper multiplet.

• The N = 6 theory: nV = 7 and nH = 4.

• The N = 8 theory: nV = 15 and nH = 10.

The classification under N = 2 supersymmetry takes all matter fields into account except

for the N − 2 gravitini and their superpartners. We refer to these as massive gravitini. A

massive gravitino multiplet has one gravitino, two vectors, and one gaugino. The two vectors

in the massive gravitino multiplet are minimally coupled vector fields. The background

graviphoton field couples the remaining fermions:

Lgravitino = − 1

κ2
Ψ̄µγ

µνρ∇νΨρ −
2

κ2
λ̄γµ∇µλ−

1

2κ2
(Ψ̄µF̂ γ

µλ+ h.c.) . (2.92)
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We found this action by reduction of N = 8 supergravity [47] but other approaches give the

same result. As a check we verified that in AdS2 × S2 the fermion fields acquire precisely

the conformal weights demanded by the superconformal symmetry of the action.

2.4 N = 2 Multiplet Heat Kernels

We will now compute the heat kernels of the quadratic fluctuations of the N = 2 multiplet

field content. The heat kernel coefficient formulae (2.36) are strictly in terms of local inva-

riants constructed from the background fields, so there are no issues in using the classical

equations of motion for the background fields to simplify these expressions. We will freely

make use of the Ricci-flat Einstein equation

Rµν =
1

2
FµρF

ρ
ν −

1

8
gµνFρσF

ρσ , (2.93)

as well as the Schouten identity (given in equation (4.47) of [46])

FµρF̃
ρ
ν = F̃µρF

ρ
ν =

1

4
gµνFρσF̃

ρσ . (2.94)

We will also use Maxwell’s equations and the Bianchi identity in the form

∇µFµν = 0 , ∇µF̃µν = 0 , (2.95)

and the gravitational Bianchi identity

Rµ[νρσ] = 0 . (2.96)

In addition, we will make extensive use of gamma matrix technology in 4D, using the con-

ventions from [46]. In particular, the identity

γµνρσ = −iγ5εµνρσ (2.97)

will be very useful. Lastly, we can ignore total derivative terms in heat kernel coefficients

and so we freely integrate by parts. For example, we find that (up to a total derivative)

(∇ρFµν)(∇ρF µν) = 2(∇ρFµν)(∇νF µρ)

= −2(∇ν∇ρFµν)F
µρ

= −2([∇ν ,∇ρ]F
µν)F ρ

µ ,

(2.98)
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where equality comes from the Bianchi identity, integration by parts, and Maxwell’s equa-

tions, respectively. The covariant derivative commutator acting on a rank-2 tensor then

gives

(∇ρFµν)(∇ρF µν) = −2RµνF
µρF ν

ρ +RµνρσF
µνF ρσ . (2.99)

We note that (2.99) also holds if we replace Fµν with the dual field strength F̃µν .

2.4.1 Elementary Examples

To see how the heat kernel coefficient calculations work in practice, we will do some explicit

calculations for a few elementary examples. The methods used naturally generalize for the

more complicated interactions analyzed in the following subsections.

Free Scalar Field

The Lagrangian for a free scalar field with mass m is

L = −1

2
(∂µφ)(∂µφ)− 1

2
m2φ2 . (2.100)

The ordinary derivative ∂µ is the same as the covariant derivative ∇µ when acting on scalar

fields so we can integrate by parts freely. In the language of section 2.2.4 the differential

operator Λ for this theory is

Λ = −� +m2 , (2.101)

where Λ acts on the scalar field φ. There are no terms in (2.101) linear in derivatives, so the

matrices I, ωµ, and E are

I = 1 , ωµ = 0 , E = −m2 . (2.102)

The commutator of two covariant derivatives vanish when acting on scalar fields, and so the

curvature is zero

Ωµν = 0 . (2.103)

Inserting this data into (2.36) we find the Seeley-DeWitt coefficients for a free scalar field to

be
(4π)2a0(x) = 1 ,

(4π)2a2(x) = −m2 ,

(4π)2a4(x) =
1

2
m4 +

1

180
(RµνρσR

µνρσ −RµνR
µν) .

(2.104)
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Free Spinor Field

The Lagrangian for a free Dirac spinor ψ with a (real) mass m in four dimensions is

L = ψ̄ (γµ∇µ +m)ψ . (2.105)

The gamma matrices γµ satisfy the standard commutation relation

{γµ, γν} = 2gµνI4 , (2.106)

where I4 is the identity matrix in our Clifford algebra, which we may suppress for notational

simplicity and re-introduce when needed. The action consists of a first-order Dirac-type

differential operator Ĥ ≡ γµ∇µ +m acting on spinors. As is standard procedure [42,48], we

can define the determinant of a Dirac operator Ĥ as the square root of the determinant of

ĤĤ†:

log det Ĥ = log det Ĥ† =
1

2
log det ĤĤ† . (2.107)

It is therefore sufficient to compute the heat kernel of ĤĤ†.

Let us now assume that our spacetime is even-dimensional and has Euclidean signature,

in which case our gamma matrices are Hermitian, γ†µ = γµ. With this choice, the operator

γµ∇µ is anti-Hermitian, (γµ∇µ)† = −γµ∇µ, and hence we find that the relevant second-order

differential operator acting on ψ is

Λ = ĤĤ† = −γµγν∇µ∇ν +m2 . (2.108)

The covariant derivative acts on ψ by

∇µψ = ∂µψ +
1

4
γabω

ab
µ ψ , (2.109)

for the spin connection ωabµ , where µ, ν, ... are curved space indices, a, b, ... are flat space

indices, γµ is shorthand for γaeµa , and eµa is the vierbein. Gamma matrix commutation

relations give

[∇µ,∇ν ]ψ =
1

4
γabRµνabψ =

1

4
γρσRµνρσψ . (2.110)

By breaking up γµγν∇µ∇ν into its symmetric and antisymmetric parts and using (2.110),
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we find that

ψ̄Λψ = ψ̄

(
−1

2
γργσ{∇ρ,∇σ} −

1

2
γρσ[∇ρ,∇σ] +m2

)
ψ

= ψ̄

(
−�− 1

8
γµνγρσRµνρσ +m2

)
ψ

= ψ̄

(
−� +

1

4
R +m2

)
ψ ,

(2.111)

where equality in the last line comes from using gamma matrix commutation relations and

the Bianchi identity Rµ[νρσ] = 0.

Λ defined in (2.111) is of the Laplace-type form required in (2.32), and we identify I, ωµ,

E, and Ωµν as

I = I4 , ωµ = 0 , E = −m2I4 , Ωµν =
1

4
γρσRµνρσ . (2.112)

We can use gamma matrix identities to compute the traces of I, E, E2, and ΩµνΩ
µν needed

for our heat kernel coefficients. The result is:

(4π)2a0(x) = −4 ,

(4π)2a2(x) = 4m2 ,

(4π)2a4(x) = −
[
2m4 +

1

360
(−7RµνρσR

µνρσ − 8RµνR
µν)

]
.

(2.113)

The overall minus sign on each of these heat kernel coefficients is put in by hand to account

for fermion statistics. We also note that this derivation assumed that ψ was a Dirac spinor.

Weyl and Majorana spinors have half the degrees of freedom of Dirac spinors, and so we

must divide these results by two if we want the heat kernel coefficients for Majorana or Weyl

spinors.

This derivation was done in a Euclidean spacetime in order to take advantage of Hermitian

gamma matrices. For Lorentzian spacetimes the spinor conjugation includes γ0, which has

the effect of changing the boundary conditions on the conjugate spinor. We are considering

manifolds without boundary, so this change in boundary conditions is irrelevant and our

results naturally generalize to Lorentzian spacetimes as well [42].

2.4.2 Hyper Multiplet

A single N = 2 hyper multiplet contains two Majorana fermions and four real scalars. The

scalars are minimally coupled to gravity and massless, so we can use the free scalar result
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(2.104) with m = 0:

(4π)2aH,b
0 (x) = 4 ,

(4π)2aH,b
2 (x) = 0 ,

(4π)2aH,b
4 (x) =

1

45
(RµνρσR

µνρσ −RµνR
µν) .

(2.114)

The Lagrangian for the hyper fermions (2.91) mixes left-handed and right-handed fermi-

ons. We want to put this Lagrangian in the form of a diagonal Dirac-type Lagrangian to use

the procedure outlined earlier for fermionic heat kernels. We define the spinor

ψA ≡ PRζA + PLζ
A , (2.115)

where PL = 1
2
(1 + γ5), PR = 1

2
(1− γ5). The hyper fermion Lagrangian can then be rewritten

as

Lhyper = ψ̄A

(
−γµ∇µδAB +

1

4
Fµνγ

µνεAB

)
ψB . (2.116)

Though we have lost information about the chirality of the spinors, this Lagrangian is now

in the form of (2.105). That is, we can express the Lagrangian as

Lhyper = ψ̄AĤABψB , (2.117)

where ĤAB is a Dirac operator acting on the spinors ψA by

ĤAB = −γµ∇µδAB +
1

4
Fµνγ

µνεAB . (2.118)

As with the free spinor field we now continue to Euclidean space, giving us Hermitian gamma

matrices γ†µ = γµ and the spinor conjugate ψ̄A = ψ†A. We can also choose the background

field F µν to be real. With these conventions, the Hermitian conjugate of ĤAB is

Ĥ†AB = γµ∇µδAB +
1

4
Fµνγ

µνεAB . (2.119)
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The relevant Laplace-type operator that we will compute the heat kernel of is

ΛAB = ĤACĤ
†
CB

=

(
−γµ∇µδAC +

1

4
Fµνγ

µνεAC

)(
γρ∇ρδCB +

1

4
Fρσγ

ρσεCB

)
= −

(
γµγν∇µ∇νδAB −

1

4
Fµνγ

µνγρ∇ρεAB +
1

4
γρ∇ρFµνγ

µνεAB +
1

16
FµνFρσγ

µνγρσδAB

)
= −

[
�δAB + Fρµγ

µ∇ρεAB +

(
1

8
FµνF̃

µνγ5 −
1

8
FµνF

µν

)
δAB

]
,

(2.120)

where equality in the last line comes from using (2.111) and (2.97), as well as noting that

γρ(∇ρFµν)γ
µν = (∇ρFµν)γ

µνγρ = 0 , (2.121)

by the Maxwell-Bianchi equations (2.95).

From the form of Λ in (2.120) we identify the matrices I, ωµ, and P as

IAB = I4δAB , (ωµ)AB =

(
1

2
Fµνγ

ν

)
εAB , PAB =

1

8

(
FµνF̃

µνγ5 − FµνF µν
)
δAB . (2.122)

By Maxwell’s equations
(
Dµ(ωµ)AB

)
= 0 so E becomes

EAB = PAB − (ωµ)AC(ωµ)CB =
1

8

(
FµνF̃

µνγ5 + FµνF
µν
)
δAB . (2.123)

The curvature Ωµν corresponding to the effective covariant derivative Dµ = ∇µ + ωµ is

(Ωµν)AB = [(Dµ)AC , (Dν)CB]

= [∇µ,∇ν ]δAB +
(
∇µ(ων)AB

)
−
(
∇ν(ωµ)AB

)
+ [(ωµ)AC , (ων)CB]

(2.124)

We can use our expressions for [∇µ,∇ν ] and ωµ from (2.110) and (2.122), respectively, giving

(Ωµν)AB =

(
1

4
Rµνρσ −

1

2
FµρFνσ

)
γρσ δAB +

(
−1

2
γρ∇ρFµν

)
εAB . (2.125)

We can now compute all of the traces necessary for the Seeley-DeWitt coefficients. These

traces are tedious but straightforward to compute, so we will simply quote the results, noting
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that we use (2.93) and (2.99) to simplify when possible.

Tr I = 8 ,

Tr E = FµνF
µν ,

Tr E2 =
1

8
(FµνF

µν)2 +
1

8
(FµνF̃

µν)2 ,

Tr ΩµνΩ
µν = −RµνρσR

µνρσ + 16RµνR
µν − 3

2
(FµνF

µν)2 .

(2.126)

We can use these quantities with (2.36) to calculate the Seeley-DeWitt coefficients for

the hyper fermions, making sure to add an overall factor of −1/2 to account for fermion

statistics and the Majorana condition. The result is

(4π)2aH,f
0 (x) = −4 ,

(4π)2aH,f
2 (x) = −1

2
FµνF

µν ,

(4π)2aH,f
4 (x) = − 1

360

(
−7RµνρσR

µνρσ + 232RµνR
µν − 45

4
(FµνF

µν)2 +
45

4
(FµνF̃

µν)2

)
.

(2.127)

Adding up the bosonic part (2.114) and the fermionic part (2.127), the full hyper multiplet

heat kernel coefficients are

(4π)2aH
0 (x) = 0 ,

(4π)2aH
2 (x) = −1

2
FµνF

µν ,

(4π)2aH
4 (x) =

1

24

(
RµνρσR

µνρσ − 16RµνR
µν +

3

4
(FµνF

µν)2 − 3

4
(FµνF̃

µν)2

)
.

(2.128)

The a0(x) coefficient vanishes because any full multiplet has an equal number of bosonic and

fermionic degrees of freedom.

2.4.3 Vector Multiplet

The N = 2 vector multiplet consists of one vector field, two gauginos, and one complex

scalar. The gauginos are massless Majorana fermions that couple minimally to gravity, and

thus we can use (2.113) to find the vector multiplet fermionic heat kernel coefficients

(4π)2aV,f
0 (x) = −4 ,

(4π)2aV,f
2 (x) = 0 ,

(4π)2aV,f
4 (x) = − 1

360
(−7RµνρσR

µνρσ − 8RµνR
µν) .

(2.129)

42



The equations of motion for the bosonic content of the vector multiplet are given in

(2.86). We split the complex scalar z into its real and imaginary parts by

z = x− iy , (2.130)

where x is a real pseudoscalar field and y is a real scalar field. The bosonic Lagrangian for

these fields consistent with the equations of motion (2.86) is

Lb = −1

8
fµνf

µν − 1

4
(∇µy)(∇µy) +

1

4
yfµνF

µν − 1

16
y2FµνF

µν

− 1

4
(∇µx)(∇µx) +

i

4
xfµνF̃

µν +
1

16
x2F̃µνF̃

µν − i

8
xyFµνF̃

µν ,
(2.131)

where fµν = ∇µaν − ∇νaµ is the fluctuation of the background field strength Fµν . As a

consistency check we note that on AdS2 × S2 (where FµνF̃
µν = 0) this action is consistent

with equation (6.4) of [14].

We choose the Lorenz gauge ∇µa
µ = 0 by adding a gauge-fixing term to the Lagrangian

Lg.f. = −1

4
(∇µa

µ)2 . (2.132)

This gauge-fixing will introduce two anti-commuting scalar ghosts that will contribute to the

heat kernel with an overall minus sign. We denote {φm} = {y, x, aµ} to be the bosonic field

fluctuations. Then, we can use Maxwell’s equations and the Bianchi identity to rewrite our

action in the Hermitian form required in (2.32), up to a total derivative, as

S = −1

4

∫
d4x
√
−g φnΛn

mφm , (2.133)

where

−φnΛn
mφm = aµ (�gµν −Rµν) aν + y

(
�− 1

4
FµνF

µν

)
y + x

(
� +

1

4
F̃µνF̃

µν

)
x

+ y (F ρν∇ρ) aν + aµ (F µρ∇ρ) y + x
(
iF̃ ρν∇ρ

)
aν + aµ

(
iF̃ µρ∇ρ

)
x

+ y

(
− i

4
FµνF̃

µν

)
x+ x

(
− i

4
FµνF̃

µν

)
y .

(2.134)

From (2.134) we can read off the matrices P and ωρ. And, since all of the terms in ωρ depend

on Fµρ or F̃µρ, (∇ρωρ) = 0 due to Maxwell’s equations and the Bianchi identities. E thus
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becomes

φnE
n
mφ

m = φn (P − ωρωρ)nm φ
m = aµ

(
−Rµν +

1

4
F µρF ν

ρ −
1

4
F̃ µρF̃ ν

ρ

)
aν . (2.135)

The lack of any terms involving x or y in (2.135) was not a priori obvious but a consequence

of how terms in the action that coupled x and y to the background conspired to cancel.

There are six off-shell bosonic degrees of freedom for the fields {φn}: four from the vector

aµ, and two from the scalars x and y, giving Tr I = 6. From (2.135) we compute the traces

Tr E =
1

4

(
FµνF

µν − F̃µνF̃ µν
)
,

Tr E2 = RµνR
µν − 1

2
RµνF

µρF ν
ρ +

1

2
RµνF̃

µρF̃ ν
ρ

+
1

16
(F µρFνρ)(FµσF

νσ) +
1

16
(F̃ µρF̃νρ)(F̃µσF̃

νσ)− 1

8
(F µρFνρ)(F̃µσF̃

νσ) .

(2.136)

In order to compute the curvature we expand the commutator in (2.35)

(Ωρσ)nm = [∇ρ,∇σ]nm + 2(∇[ρωσ])
n
m + [ωρ, ωσ]nm . (2.137)

The covariant derivative commutes when acting on scalars, but not for vectors, and so the

first term in (2.137) is

φn[∇ρ,∇σ]nmφ
m = aµ[∇ρ,∇σ]aµ = aµ

(
Rµ

νρσ

)
aν . (2.138)

The second term in (2.137) is calculated by applying the covariant derivative to ωµ. Using

the Maxwell-Bianchi equations to simplify we find that

φn(∇[ρωσ])
n
mφ

m = y

(
−1

4
(∇νFρσ)

)
aν + aµ

(
1

4
(∇µFρσ)

)
y

+ x

(
− i

4
(∇νF̃ρσ)

)
aν + aµ

(
i

4
(∇µF̃ρσ)

)
y .

(2.139)

The last term in (2.137) is the product of ωρ and ωσ, antisymmetrized in ρ and σ:

φn[ωρ, ωσ]nmφ
m = aµ

(
1

4
F µ

[ρFσ]ν −
1

4
F̃ µ

[ρF̃σ]ν

)
aν . (2.140)
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Adding all of these components up, we find that

φn(Ωρσ)nmφ
m = aµ

(
Rµ

νρσ +
1

4
F µ

[ρFσ]ν −
1

4
F̃ µ

[ρF̃σ]ν

)
aν

+ y

(
−1

2
(∇νFρσ)

)
aν + aµ

(
1

2
(∇µFρσ)

)
y

+ x

(
− i

2
(∇νF̃ρσ)

)
aν + aµ

(
i

2
(∇µF̃ρσ)

)
y .

(2.141)

Now that we have all of the components of Ωρσ, it is straightforward to trace over ΩρσΩρσ.

We will also simplify by using the Maxwell-Bianchi equations and (2.99). The result, up to

a total derivative, is

Tr ΩρσΩρσ = −RµνρσR
µνρσ +Rµν

(
F µρF ν

ρ − F̃ µρF̃ ν
ρ

)
+

1

8

(
(F µρFνρ)(FµσF

νσ) + (F̃ µρF̃νρ)(F̃µσF̃
νσ)− (FµνF

µν)2 − (F̃µνF̃
µν)2

)
+

1

4

(
(FµνF̃

µν)2 − (F µρF̃νρ)(F̃µσF
νσ)
)
.

(2.142)

We now have all of the traces needed to calculate the Seeley-DeWitt coefficients for the

bosonic fields. However, our gauge-fixing also introduced two scalar ghosts into our system.

These ghosts do not interact with any of the bosonic fields and so their corresponding heat

kernels are those for two minimally coupled scalars (2.104). If we insert our traces into the

coefficient formulas in (2.36) and subtract off the ghost contribution, we find that:

(4π)2aV,b
0 (x) = 4 ,

(4π)2aV,b
2 (x) =

1

4

(
FµνF

µν − F̃µνF̃ µν
)
,

(4π)2aV,b
4 (x) =

1

180

[
− 11RµνρσR

µνρσ + 86RµνR
µν − 30Rµν

(
F µρF ν

ρ − F̃ µρF̃ ν
ρ

)
+

15

2
(F µρFνρ) (FµσF

νσ) +
15

2

(
F̃ µρF̃νρ

)(
F̃µσF̃

νσ
)

− 15

8
(FµνF

µν)2 − 15

8

(
F̃µνF̃

µν
)2

+
15

4

(
FµνF̃

µν
)2

− 45

4
(F µρFµρ)

(
F̃µσF̃

µσ
)
− 15

4

(
F µρF̃νρ

)(
F̃µσF

νσ
)]

.

(2.143)

Adding up the fermionic (2.129) and bosonic (2.143) contributions and using the Schouten
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identity (2.94) to simplify, the full vector multiplet heat kernel is

(4π)2aV
0 (x) = 0 ,

(4π)2aV
2 (x) =

1

4

(
FµνF

µν − F̃µνF̃ µν
)
,

(4π)2aV
4 (x) =

1

24

[
−RµνρσR

µνρσ + 12RµνR
µν − 4Rµν

(
F µρF ν

ρ − F̃ µρF̃ ν
ρ

)
+ (F µρFνρ) (FµσF

νσ) +
(
F̃ µρF̃νρ

)(
F̃µσF̃

νσ
)

− 1

4
(FµνF

µν)2 − 1

4

(
F̃µνF̃

µν
)2
]
.

(2.144)

Our result for aV2 (x) disagrees with [43] in the special case of BPS black holes. However,

a2(x) determines the quadratic divergences and encodes the renormalization of the Newton

constant. These quadratic divergences are scheme-dependent and unphysical. We will record

our results for a2(x) in our heat kernel regularization scheme for the sake of completion.

2.4.4 Gravity Multiplet: Fermions

The gravity multiplet consists of the graviton, two Majorana gravitini, and the graviphoton.

We rewrite the Lagrangian for these gravitini (2.89) by using (2.97) to express γµνρσ in terms

of γ5 and the Levi-Civita symbol, resulting in

Lgravitini = − 1

2κ2
Ψ̄Aµγ

µνρ∇νΨAρ +
1

4κ2
Ψ̄Aµ

(
F µν + γ5F̃

µν
)
εABΨBν , (2.145)

where A,B = 1, 2 enumerates the two gravitini species. The covariant derivative acts on the

gravitino field Ψρ
A by

∇µΨρ
A = ∂µΨρ

A +
1

4
γabω

ab
µ Ψρ

A + ΓρµνΨ
ν
A , (2.146)

for the spin connection ωabµ and the Levi-Civita connection Γρµν . The commutator [∇µ,∇ν ]

acting on Ψρ
A will be the sum of the spin and Riemann commutators

Ψ̄Aρ[∇µ,∇ν ]Ψ
ρ
A = Ψ̄Aρ

(
1

4
gρσγ

αβRµναβ +R ρσ
µν

)
δABΨBσ . (2.147)

Tbe gravitini Lagrangian (2.145) is invariant under the SUSY transformation

δΨAµ =

(
δAB∇µ −

1

8
εABγ

ρσFρσγµ

)
εB , (2.148)

for a spinor εB. This SUSY transformation acts as a gauge symmetry.
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We need the kinetic term of the gravitini to be in Dirac form in order for it to square

to a minimal operator. We use the procedure outlined in [49] and gauge-fix our action in

such a way that, when paired with a suitable corresponding field redefinition, the kinetic

term becomes Dirac-type. In particular, we choose the harmonic gauge for our gravitini

γµΨAµ = 0 by adding the gauge-fixing term

Lg.f. =
1

4κ2
(Ψ̄Aµγ

µ)γν∇ν(γ
ρΨAρ) . (2.149)

Then, we consider the field redefinition

ΦAµ = ΨAµ −
1

2
γµγ

νΨAν . (2.150)

Using gamma matrix identities and (2.97), it is easily verified that

Φ̄Aµγ
ν∇νΦ

µ
A = Ψ̄Aµ

(
γµνρ∇ν −

1

2
γµγνγρ∇ν

)
ΨAρ ,

Φ̄AµF
µνΦBν =

1

2
Ψ̄Aµ

(
F µν + γ5F̃

µν +
1

2
γρσFρσg

µν

)
ΨBν ,

Φ̄Aµγ5F̃
µνΦBν =

1

2
Ψ̄Aµ

(
F µν + γ5F̃

µν − 1

2
γρσFρσg

µν

)
ΨBν .

(2.151)

Therefore our full action (including gauge-fixing) can be written as

S =
1

2κ2

∫
d4x
√
−g Φ̄AµĤ

µν
ABΦBν , (2.152)

where

Ĥµν
AB = −γρ∇ρg

µνδAB +
1

2

(
F µν + γ5F̃

µν
)
εAB . (2.153)

Our action is now in the Dirac form required for our heat kernel methods. We note that the

overall normalization in (2.149) was chosen to enforce this; any other choice would result in

an action whose square is non-minimal [50].

As with the hyper fermions we now continue to Euclidean space, giving Hermitian gamma

matrices. The gravitino conjugate is Φ̄Aµ = Φ†Aµ, and we will again choose F µν to be real.

The Hermitian conjugate of Ĥ is

Ĥµν†
AB = γρ∇ρg

µνδAB +
1

2

(
F µν − γ5F̃

µν
)
εAB . (2.154)
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The relevant Laplace-type operator that we will calculate the heat kernel of is

Λµν
AB = Ĥµλ†

AC Ĥ
ν
λ CB

= −γργσ∇ρ∇σg
µνδAB +

1

4
(F µλ + γ5F̃

µλ)(F ν
λ − γ5F̃

ν
λ )δAB

− 1

2
γρ∇ρ(F

µν − γ5F̃
µν)εAB +

1

2
(F µν + γ5F̃

µν)γρ∇ρεAB .

(2.155)

As with the hyper fermions, we can break the two-derivative term γργσ∇ρ∇σ into its sym-

metric and anti-symmetric parts and use the commutator given in (2.147). We will also

use the Schouten identity (2.94) and gamma matrix commutation relations to simplify this

expression. The result is

Λµν
AB = −

(
�gµνδAB +

1

2
γρσR µν

ρσ δAB +
1

4
(F µλF ν

λ − F̃ µλF̃ ν
λ )δAB

+
1

2
γρ(∇ρF

µν)εAB −
1

2
γργ5(∇ρF̃

µν)εAB

)
.

(2.156)

In (2.156) there is no term linear in derivatives. This corresponds to ωµ = 0, and so the

matrices I and E are

IµνAB = I4g
µνδAB ,

Eµν
AB =

(
1

2
γρσR µν

ρσ +
1

4
F µλF ν

λ −
1

4
F̃ µλF̃ ν

λ

)
δAB

+

(
1

2
γρ(∇ρF

µν)− 1

2
γρ(∇ρF̃

µν)γ5

)
εAB .

(2.157)

Since ωµ = 0, the curvature Ωµν of the connection Dµ is given by the commutator in (2.147)

(Ωρσ)µνAB =

(
1

4
γαβRρσαβg

µν +R µν
ρσ

)
δAB . (2.158)

The relevant traces for our heat kernel coefficients are

Tr I = 32 ,

Tr E = −2FµνF
µν + 2F̃µνF̃

µν ,

Tr E2 = 4RµνρσR
µνρσ +

1

2
(F µρFνρ − F̃ µρF̃νρ)(FµσF

νσ − F̃µσF̃ νσ)

+ 2(∇ρF µν)(∇ρFµν)− 2(∇ρF̃ µν)(∇ρF̃µν) ,

Tr ΩρσΩρσ = −12RµνρσR
µνρσ .

(2.159)
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We can now calculate the Seeley-DeWitt coefficients (2.36) for the gravitini in the gravity

multiplet, making sure to add an overall factor of −1/2 to account for fermion statistics and

the Majorana condition. We will also simplify the result by using (2.99) to rewrite (∇ρFµν)
2

and (∇ρF̃µν)
2 in terms of the Riemann tensor and Ricci tensor contracted with these field

strengths. We end up with

(4π)2agravitini
0 (x) = −16 ,

(4π)2agravitini
2 (x) = FµνF

µν − F̃µνF̃ µν ,

(4π)2agravitini
4 (x) = − 1

360

(
212RµνρσR

µνρσ − 32RµνR
µν − 360Rµν(F

µρF ν
ρ − F̃ µρF̃ ν

ρ)

+180Rµνρσ(F µνF ρσ − F̃ µνF̃ ρσ)

+45(F µρFνρ − F̃ µρF̃νρ)(FµσF
νσ − F̃µσF̃ νσ)

)
.

(2.160)

As noted in [14], the particular choice of gauge made in (2.149) induces the ghost La-

grangian

Lghost = ¯̃bAγ
µ∇µc̃A + ¯̃eAγ

µ∇µẽA , (2.161)

where b̃A, c̃A, and ẽA are fermionic ghosts, with the same species index A = 1, 2 as the

gravitinos. Since there are six different species of these minimally coupled Majorana fermions,

their contribution to the fermionic heat kernel will be −6 times the free spin-1/2 heat kernel

(2.113). The net fermionic heat kernel coefficients, including gauge-fixing and ghosts, are

agrav,f
2n (x) = agravitini

2n (x) − 6a
1/2
2n (x). The final Seeley-DeWitt coefficients for the fermionic

content of the gravity multiplet are thus

(4π)2agrav,f
0 (x) = −4 ,

(4π)2agrav,f
2 (x) = FµνF

µν − F̃µνF̃ µν ,

(4π)2agrav,f
4 (x) = − 1

360

(
233RµνρσR

µνρσ − 8RµνR
µν − 360Rµν(F

µρF ν
ρ − F̃ µρF̃ ν

ρ)

+180Rµνρσ(F µνF ρσ − F̃ µνF̃ ρσ)

+45(F µρFνρ − F̃ µρF̃νρ)(FµσF
νσ − F̃µσF̃ νσ)

)
.

(2.162)

2.4.5 Gravity Multiplet: Bosons

As discussed in section 2.3.2, the action for the bosonic content of the gravity multiplet

coincides with the Einstein-Maxwell action

S =
1

2κ2

∫
d4x
√
−g

(
R− 1

4
FµνF

µν

)
, (2.163)

49



where R is the Ricci scalar corresponding to the metric gµν and Fµν = ∇µAν −∇νAµ is the

background graviphoton field strength. We want to consider quadratic fluctuations about

the background and then compute the corresponding heat kernel. This calculation has been

done for Einstein-Maxwell theory [21], but we find it useful to go through it in detail.

Consider the variations

δgµν = hµν , δAµ = aµ . (2.164)

The fluctuations are the graviton hµν and the graviphoton aµ. We will expand the action

(2.163) to quadratic order in these field fluctuations. The relevant second-order variations,

up to a total derivative, are

δ2
(√
−gR

)
=
√
−g
[

1

2
hµν�hµν −

1

2
hµµ�h

ρ
ρ + hµνhρσRµρνσ + hµνhµρR

ρ
ν

+
1

4
(hµµ)2R− hµνhρρRµν −

1

2
hµνhµνR

+ (∇µhµν)(∇ρh ν
ρ ) + (∇µ∇νhµν)h

ρ
ρ

]
,

δ2
(√
−gFµνF µν

)
=
√
−g
[
2fµνf

µν − 1

2

(
hµνhµν −

1

2
(hµµ)2

)
FρσF

ρσ

− 8hµνfµρF
ρ
ν + 2hρρfµνF

µν + 4hµνhρνFµσF
σ
ρ

+ 2hµνhρσFµρFνσ − 2hµνhρρFµσF
σ
ν

]
,

(2.165)

where fµν = ∇µaν −∇νaµ. We gauge-fix our theory by

Lg.f. = − 1

2κ2

(
∇µhµρ −

1

2
∇ρh

µ
µ

)(
∇νhνσ −

1

2
∇σh

ν
ν

)
− 1

2κ2
(∇µaµ)2 , (2.166)

which picks out the harmonic gauge for the graviton (∇µhµρ − 1
2
∇ρh

µ
µ = 0) and the Lorenz

gauge for the graviphoton (∇µaµ = 0). We use the background Einstein equations to sim-

plify the gauge-fixed quadratic action, which includes setting R = 0. Additionally, we let

hµν →
√

2hµν so that the kinetic terms for the graviton and the graviphoton have the same

normalization. The resulting action is

S =
1

2κ2

∫
d4x
√
−g
[
hµν�hµν −

1

2
hµµ�h

ρ
ρ + aµ (�gµν −Rµν) a

ν + 2hµνhρσRµρνσ

− 2hµνhµρR
ρ
ν −

1

4
hµνhµνFρσF

ρσ +
1

8
(hµµ)2FρσF

ρσ − hµνhρσFµρFνσ

− 1√
2
hρρfµνF

µν + 2
√

2hµνfµρF
ρ
ν

]
.

(2.167)
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We note that (2.167) is not in the required Laplace form needed for our heat kernel

analysis, due to the hµµ�h
ρ
ρ kinetic term. To fix this, we separate the graviton hµν into its

trace h and traceless component φµν by defining

h ≡ hµµ , (2.168)

φµν ≡ hµν −
1

4
gµνh . (2.169)

This decomposition is standard, as the fields h and φµν transform under irreducible repre-

sentations of SL(2,C) [51–54]. The action becomes

S =
1

2κ2

∫
d4x
√
−g
[
φµν�φµν −

1

4
h�h+ aµ (�gµν −Rµν) a

ν + 2φµνφρσRµρνσ

− 2φµνφµρR
ρ
ν −

1

4
φµνφµνFρσF

ρσ − φµνφρσFµρFνσ − hφµνRµν + 2
√

2φµνfµρF
ρ
ν

]
.

(2.170)

The kinetic term for h has a negative sign. This is the conformal factor problem in gravity,

and results in an unbounded path integral for our theory. The resolution to this problem

is that the one-loop effective action can be made to converge by performing a conformal

rotation that takes the contour of integration for h to be along the imaginary axis [55–57].

We will also simultaneously rescale h to make the normalization of its kinetic term coincide

with those for φµν and aµ. Therefore, we let

φ = − i
2
h , (2.171)

and consider the action quadratic in the fields {φn} = {φµν , aµ, φ}. The result is

S = − 1

2κ2

∫
d4x
√
−g φnΛn

mφ
m , (2.172)

where Λ acts on our fields by

−φnΛn
mφ

m = φµν

(
�gµρg

ν
σ − 2Rµ

ρg
ν
σ + 2Rµ ν

ρ σ −
1

4
gµρg

ν
σFλτF

λτ − F µ
ρF

ν
σ

)
φρσ

+ aµ
(
�gµρ −Rµ

ρ

)
aρ + φ�φ+ φµν (−iRµν)φ+ φ (−iRρσ)φρσ

+ φµν

(√
2

2
(∇µF ν

ρ ) +
√

2(F ν
α g

µ
ρ − F ν

ρ g
µ
α)∇α

)
aρ

+ aµ

(√
2

2
(∇ρF

µ
σ) +

√
2(F µ

σgρα − Fασg µ
ρ )∇α

)
φρσ .

(2.173)
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We have adjusted total derivative terms to make Λ Hermitian. From (2.173), the matrices

P and ωα are

φnP
n
mφ

m = φµν

(
−2Rµ

ρg
ν
σ + 2Rµ ν

ρ σ −
1

4
gµρg

ν
σFλτF

λτ − F µ
ρF

ν
σ

)
φρσ

+ aµ
(
−Rµ

ρ

)
aρ + φµν (−iRµν)φ+ φ (−iRρσ)φρσ

+ φµν

(√
2

2
(∇µF ν

ρ )

)
aρ + aµ

(√
2

2
(∇ρF

µ
σ)

)
φρσ ,

(2.174)

φn(ωα)nmφ
m =

√
2

2
φµν

(
F ν
α g

µ
ρ − F ν

ρ g
µ
α

)
aρ +

√
2

2
aµ
(
F µ

σgρα − Fασg µ
ρ

)
φρσ . (2.175)

We now define the operator

Gµν
ρσ =

1

2

(
gµρg

ν
σ + gµσg

ν
ρ −

1

2
gµνgρσ

)
. (2.176)

Gµν
ρσ projects onto the traceless part of a symmetric tensor. In order to impose that φµν is the

traceless part of the graviton, we must use Gµν
ρσ to contract pairs of indices for any operator

acting on φµν . That is, if we have some matrix M acting on our fields such that

φnM
n
mφ

m = φµνM
µν
ρσ φ

ρσ , (2.177)

then M2 is given by

φn(M2)nmφ
m = φµνM

µν
αβG

αβ
γδM

γδ
ρσφ

ρσ . (2.178)

We must also use Gµν
ρσ when taking traces of these operators, i.e.

Tr M = Gρσ
µνM

µν
ρσ . (2.179)

As an example, the identity operator Ig acting on φµν is defined by

φn(Ig)
n
mφ

m = φµν
(
gµρg

ν
σ

)
φρσ = φµνφ

µν . (2.180)

Since φµν is both symmetric and traceless, we expect it to have 10 − 1 = 9 independent

off-shell degrees of freedom. The trace of Ig, using Gµν
ρσ to contract indices, is indeed

Tr Ig = Gρσ
µνg

µ
ρg
ν
σ = Gµν

µν =
1

2

(
gµµg

ν
ν +

1

2
gµνgµν

)
= 9 . (2.181)

Using the traceless projection operator (2.176) with our expressions for P and ωα and
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the background equations of motion, it follows that ωαωα and ∇αωα are

φn(ωαωα)nmφ
m = φµν

(
−F µ

ρF
ν
σ − 2Rµ

ρg
ν
σ −

1

4
gµρg

ν
σFλτF

λτ

)
φρσ

+ aµ

(
−Rµ

ρ −
3

8
gµρFλτF

λτ

)
aρ ,

(2.182)

φn(∇αωα)nmφ
m = φµν

(
−
√

2

2
(∇µF ν

ρ )

)
aρ + aµ

(√
2

2
(∇ρF

µ
σ)

)
φρσ . (2.183)

Using E = P −ωαωα−∇αωα and adjusting total derivative terms to make E Hermitian, we

find that

φnE
n
mφ

m = φµν
(
2Rµ ν

ρ σ

)
φρσ + aµ

(
3

8
gµρFλτF

λτ

)
aρ

+ φµν(−iRµν)φ+ φ(−iRρσ)φρσ

+ φµν

(√
2

2
(∇µF ν

ρ )

)
aρ + aµ

(√
2

2
(∇ρF

µ
σ)

)
φρσ .

(2.184)

The traceless graviton φµν has nine off-shell degrees of freedom, while the trace φ has

only one and the graviphoton aµ has four. Therefore,

Tr I = 9 + 1 + 4 = 14 . (2.185)

From (2.184) it follows that

Tr E =
3

2
FµνF

µν ,

Tr E2 = 3RµνρσR
µνρσ − 7RµνR

µν +
3

4
RµνρσF

µνF ρσ +
9

16
(FµνF

µν)2 .
(2.186)

In order to compute the curvature Ωαβ we expand the commutator in (2.35):

(Ωαβ)nm = [∇α,∇β]nm + 2φn(∇[αωβ])
n
mφ

m + [ωα, ωβ]nm . (2.187)

The covariant derivative commutes when acting on φ but not when acting on aµ or φµν . We

also account for the fact that φµν is symmetric. So, the first term in (2.187) is

φn[∇α,∇β]nmφ
m = φµν [∇α,∇β]φµν + aµ[∇α,∇β]aµ

= φµν
(
2Rµ

ραβg
ν
σ

)
φρσ + aµ(Rµ

ραβ)aρ .
(2.188)

The second term in (2.187) can be calculated by applying the covariant derivative to ωα and
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simplifying with the Bianchi identity:

φn(∇[αωβ])
n
mφ

m =

√
2

4
φµν

(
−∇νFαβg

µ
ρ − 2gµ[β∇α]F

ν
ρ

)
aρ

+

√
2

4
aµ
(
∇σFαβg

µ
ρ + 2gρ[β∇α]F

µ
σ

)
φρσ .

(2.189)

Note that the covariant derivative is applied only to the background field strength tensors

in the above expression, and not to the fields themselves. The last term in equation (2.187)

is obtained by taking a product of ωα and ωβ, antisymmetrizing, and simplifying with the

background equations of motion, giving

φn[ωα, ωβ]nmφ
m =

1

2
φµν
(
F µ

ρF
ν
α gβσ − F µ

ρFβσg
ν
α − F ν

α Fβσg
µ
ρ − 2Rµ

ρg
ν
α gβσ

− 1

4
gµρg

ν
α gβσFλτF

λτ
)
φρσ +

1

2
aµ
(
R µ
β gαρ +Rαρg

µ
β − F

µ
ρFαβ

)
aρ

− (α↔ β) .

(2.190)

We have all of the components of Ωµν and so it is straightforward to compute the trace of

ΩµνΩ
µν using the background equations of motion and Bianchi identities. The result, up to

a total derivative, is

Tr ΩµνΩ
µν = −7RµνρσR

µνρσ + 56RµνR
µν − 9

2
RµνρσF

µνF ρσ − 27

8
(FµνF

µν)2 . (2.191)

The choice of gauge-fixing in (2.166) induces the ghost Lagrangian

Lghost = 2bµ(�gµν +Rµν)cν + 2b�c− 4bF µν∇µcν , (2.192)

where bµ, cµ are the diffeomorphism ghosts associated with the graviton and b, c are the ghosts

associated with the graviphoton. For the purposes of computing the heat kernel coefficients

we can treat bµ, cµ as vector fields and b, c as scalar fields. In order to make the kinetic term

in (2.192) diagonal, we make the change of variables

b′µ =
i(bµ − cµ)√

2
, c′µ =

bµ + cµ√
2

, b′ =
i(b− c)√

2
, c′ =

b+ c√
2

. (2.193)

If we insert these into (2.192) and adjust the total-derivative terms to make the action
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Hermitian, we find that

S =

∫
d4x
√
−g
[
c′µ(�gµν +Rµν)c′ν + b′µ(�gµν +Rµν)b′ν + b′�b′ + c�c′

− (b′µ − ic′µ)F µν∇ν(b+ ic)− (b+ ic)F µν∇µ(b′ν − ic′ν)
]
.

(2.194)

We will now supress the ′ on these terms for notational simplicity. From this action, we can

read off the matrices P and ωα as

φnP
n
mφ

m = bµ(Rµ
ν)b

ν + cµ(Rµ
ν)c

ν ,

φn(ωα)nmφ
m = −1

2
(bµ − icµ)F µ

α(b+ ic)− 1

2
(b+ ic)Fαν(b

ν − icν) .
(2.195)

The commutator of two covariant derivatives commutes when acting on the scalar ghosts

but not on the vector ghosts, so

φn[∇α,∇β]nmφ
m = bµ(Rµ

ναβ)bν + cµ(Rµ
ναβ)cν . (2.196)

Using (2.195) and (2.196) it is straightforward to compute E and Ωαβ for the ghosts:

φnE
n
mφ

m = bµ(Rµ
ν)b

ν + cµ(Rµ
ν)c

ν ,

φn(Ωαβ)nmφ
m = bµ(Rµ

ναβ)bν + cµ(Rµ
ναβ)cν − 1

2
(bµ − icµ)(∇µFαβ)(b+ ic)

+
1

2
(b+ ic)(∇νFαβ)(bν − icν) .

(2.197)

Each vector ghost has four degrees of freedom, while the scalars each have one, giving

Tr I = 4 + 4 + 1 + 1 = 10. The traces of E, E2, and ΩµνΩ
µν are

Tr E = 0 , Tr E2 = 2RµνR
µν , Tr ΩµνΩ

µν = −2RµνρσR
µνρσ . (2.198)

The total Seeley-DeWitt coefficients for the bosons in the gravity multiplet are given by

inserting the traces in (2.186) and (2.191) (as well as the ghost traces in (2.198) with an

overall minus sign) into (2.36). The result is

(4π)2agrav,b
0 (x) = 4 ,

(4π)2agrav,b
2 (x) =

3

2
FµνF

µν ,

(4π)2agrav,b
4 (x) =

1

180
(199RµνρσR

µνρσ + 26RµνR
µν) .

(2.199)
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agrav,b
4 (x) matches exactly with the result for Einstein-Maxwell theory given in [21]. As

mentioned there, it has no explicit dependence on the background graviphoton field strength,

although we would have obtained a different result if we had ignored the terms involving the

field strength in the action.

The full gravity multiplet heat kernel coefficients, with contributions from the graviton,

gravitini, and graviphoton fluctuations, are

(4π)2agrav
0 (x) = 0 ,

(4π)2agrav
2 (x) =

5

2
FµνF

µν − F̃µνF̃ µν ,

(4π)2agrav
4 (x) =

1

24

(
11RµνρσR

µνρσ + 4RµνR
µν + 24Rµν(F

µρF ν
ρ − F̃ µρF̃ ν

ρ)

−12Rµνρσ(F µνF ρσ − F̃ µνF̃ ρσ)

−3(F µρFνρ − F̃ µρF̃νρ)(FµσF
νσ − F̃µσF̃ νσ)

)
.

(2.200)

2.4.6 Gravitino Multiplet

By gravitino multiplet we refer to the additional N − 2 gravitini, referred to as massive

gravitini, and their superpartners in N = 2 supergravity. The N = 2 gravitino multiplet

consists of a (massive) Majorana gravitino, two vector fields, and a Majorana gaugino. The

two vector fields are minimally coupled to gravity, so the heat kernel coefficients (including

ghosts resulting from the standard Lorenz gauge-fixing) are well-known [41,42]:

(4π)2a
3/2,b
0 (x) = 4 ,

(4π)2a
3/2,b
2 (x) = 0 ,

(4π)2a
3/2,b
4 (x) =

1

90
(−13RµνρσR

µνρσ + 88RµνR
µν) .

(2.201)

The fermions in the gravitino multiplet are coupled together by the background gravip-

hoton field. The Lagrangian describing these interactions is given in (2.92) as

Lgravitino = − 1

κ2
Ψ̄µγ

µνρ∇νΨρ −
2

κ2
λ̄γµ∇µλ−

1

2κ2

(
Ψ̄µF̂ γ

µλ+ λ̄γµF̂Ψµ

)
, (2.202)

where Ψµ is the gravitino field, λ is the gaugino field, and F̂ = 1
2
Fµνγ

µν . We will proceed as

we did for the gravitini in the gravity multiplet and choose the harmonic gauge γµΨµ = 0

by adding to our Lagrangian the gauge-fixing term

Lg.f. =
1

2κ2
(Ψ̄µγ

µ)γν∇ν(γ
ρΨρ) . (2.203)
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We also make the field redefinition

Φµ =
1√
2

Ψµ −
1

2
√

2
γµγ

νΨν . (2.204)

Let {φm} = {Φµ, λ} denote our fermionic fields. Then, the total action quadratic in these

fields (including gauge-fixing) is

S =
1

κ2

∫
d4x
√
−g φnĤn

mφ
m , (2.205)

where

φnĤ
n
mφ

m = −Φ̄µγ
ν∇νΦ

µ − λ̄γν∇νλ−
√

2

4

(
Φ̄µF̂ γ

µλ+ λ̄γµF̂Φµ

)
. (2.206)

The action (2.205) is in the Dirac form needed to employ our heat kernel methods, where Ĥ

is the Dirac-type operator acting on our fermionic fields.

From here, the story is familiar: we continue to Euclidean space, take Λ = ĤĤ†, and

compute the heat kernel of Λ using all of our standard tricks. We will also include the ghost

contribution (see (2.161)) that results from our choice of gauge-fixing and subtract that from

the massive gravitino and gaugino contribution. The resulting heat kernel coefficients are

(4π2)a
3/2,f
0 (x) = −4 ,

(4π2)a
3/2,f
2 (x) = −FµνF µν ,

(4π2)a
3/2,f
4 (x) = − 1

360

[
113RµνρσR

µνρσ − 8RµνR
µν − 15Rµνρσ

(
F µνF ρσ − F̃ µνF̃ ρσ

)
− 45

4

(
(FµνF

µν)2 − (FµνF̃
µν)2

)]
.

(2.207)

Adding up the bosonic (2.201) and fermionic (2.207) contributions, the net heat kernel

coefficients for the massive gravitino multiplet are

(4π2)a
3/2
0 (x) = 0 ,

(4π2)a
3/2
2 (x) = −FµνF µν ,

(4π2)a
3/2
4 (x) =

1

24

[
− 11RµνρσR

µνρσ + 24RµνR
µν +Rµνρσ

(
F µνF ρσ − F̃ µνF̃ ρσ

)
+

3

4

(
(FµνF

µν)2 − (FµνF̃
µν)2

)]
.

(2.208)
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2.5 Results

In this section we collect our results for the heat kernel coefficients of the theory and simplify

their form. We compute the corresponding logarithmic corrections to black hole entropy. We

discuss the significance of our results and the implications for Kerr-Newman black holes.

2.5.1 Cancellation of the c-Anomaly

The a4(x) coefficients derived in each N = 2 multiplet are linear combinations of covariant

terms that each contain four derivatives

a4(x) = α1RµνρσR
µνρσ + α2RµνR

µν + α3RµνρσF
µνF ρσ + ... , (2.209)

for some set of numerical coefficients {αi}. We found it useful to keep Fµν and F̃µν distinct in

section 2.4 but we will now simplify as much as possible by expressing the dual field strength

in terms of the Levi-Civita symbol and the field strength. We use the Einstein equation

(2.93), the Schouten identity (2.94), and derivatives of the field strength (2.99) to prove the

following identities3:

F̃ µρF̃ ν
ρ = −F µρF ν

ρ +
1

2
gµν(FρσF

ρσ) = −2Rµν +
1

4
gµν(FρσF

ρσ) ,

Rµνρσ(F µνF ρσ − F̃ µνF̃ ρσ) = 8RµνR
µν ,

(FµνF
µν)2 − (FµνF̃

µν)2 = 16RµνR
µν .

(2.210)

These three relations are sufficient to rewrite all contractions involving the field strength in

our a4(x) results purely in terms of the Riemann tensor. This simplification is surprising

because it would not work for generic four-derivative terms. It was noted previously for the

bosonic content of the gravity multiplet [21].

From the argument above, we can write our a4(x) coefficients as

a4(x) =
c

16π2
WµνρσW

µνρσ − a

16π2
E4 , (2.211)

for some constants c and a, where the square of the Weyl tensor Wµνρσ is

WµνρσW
µνρσ = RµνρσR

µνρσ − 2RµνR
µν +

1

3
R2 , (2.212)

3In deriving these we assumed Lorentzian signature. The single time-like direction then gives an extra
minus sign when contracting Levi-Civita symbols.

58



and E4 is the Euler density (also known as the Gauss-Bonnet term)

E4 = RµνρσR
µνρσ − 4RµνR

µν +R2 . (2.213)

In four-dimensional conformal field theories, the heat kernel coefficient a4(x) determines

the conformal anomaly of the theory, and the c, a constants can be identified as the central

charges of the theory. The a coefficient is typically interpreted as a measure of the number of

degrees of freedom in these theories, as it must satisfy certain monotonicity properties when

considering the RG flow of a CFT in the UV down to a CFT in the IR [58–61]. The situation

here is different, however, since we have a non-conformal theory that takes dynamical gravity

into account. The coefficients c and a that we compute are therefore not subject to CFT

constraints, such as the conformal collider bounds [62–64].

We now take the a4(x) results from section 2.4 and use the identities (2.210) to rewrite

them in the form of (2.211). The results for the central charges of our theory (with a single

graviton multiplet, N−2 gravitino multiplets, nV vector multiplets and nH hyper multiplets)

are listed in table 2.1.

Fields c a

Bosons 1
60

(137 + 12(N − 2)− 3nV + 2nH) 1
90

(106 + 31(N − 2) + nV + nH)

Fermions − 1
60

(137 + 12(N − 2)− 3nV + 2nH) 1
360

(−589 + 41(N − 2) + 11nV − 19nH)

Total 0 1
24

(−11 + 11(N − 2) + nV − nH)

Table 2.1: Central charges c and a for the massless field content of a N ≥ 2 supergravity
theory minimally coupled to the background gauge field.

As a check on these results we consider the special case of BPS black holes. The near-

horizon geometry for these spaces is AdS2 × S2, with non-zero components of the Riemann

tensor

Rαβγδ = − 1

`2
(gαγgβδ − gαδgβγ) , Rijkl =

1

`2
(gikgjl − gilgjk) , (2.214)

where ` is the radius of curvature of AdS2 and S2. (The indices α, β, γ, δ refer to AdS2 and

i, j, k, l refer to S2.) It is straightforward to compute the curvature invariants

WµνρσW
µνρσ = 0 , E4 = − 8

`4
. (2.215)

If we combine these with the values of c, a found in table 2.1 we reproduce the sum of the
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bulk and boundary contributions (for bosons and fermions separately) computed in [43, 65]

exactly.

The results for c, a in table 2.1 are fairly complicated when considering bosons and

fermions separately. However, the bosonic and fermionic values of c for any full N = 2

multiplet exactly cancel, giving c = 0. By simultaneously considering quadratic fluctuations

of both the bosonic and fermionic fields in our theory, the c-anomaly vanishes for arbitrary

N = 2 multiplets. The entire one-loop result depends only on the Euler density E4:

a4(x) = − a

16π2
E4 . (2.216)

This cancellation would not be noticed for supersymmetric black holes, since WµνρσW
µνρσ =

0 on AdS2 × S2 (2.215).

The cancellation of the c-anomaly is far from automatic. For example, c does not vanish

in pure Einstein-Maxwell theory [21], or equivalently for the bosonic part of our N = 2

supergravity multiplet. c and a have been computed in many theories without dynamical

gravity but rarely do these computations yield c = 0 [52,66–68]. For quantum field theories

that can be described via the AdS/CFT correspondence the canonical situation is c = a in

the large N limit [69–73].

2.5.2 Black Hole Entropy

As discussed in section 2.2.6, the logarithmic dependence of the black hole entropy is governed

by

∆S =
1

2
(a4 + Czm) logA , (2.217)

where a4 is the integral of the heat kernel coefficient a4(x) over the whole volume of spacetime,

and Czm is an integer we add to account for zero modes [14, 15, 20, 22]. Using our results

from the previous subsection, we find that the integrated heat kernel coefficient is

a4 =

∫
d4x
√
−g a4(x) = −2aχ , (2.218)

where χ is the four-dimensional Euler characteristic

χ =
1

32π2

∫
d4x
√
−g E4 . (2.219)
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If we insert (2.218) into (2.217) and employ the full value of the central charge a from

table 2.1, we find the logarithmic correction to the black hole entropy

∆S =
χ

24

(
11− 11(N − 2)− nV + nH

)
logA+

1

2
Czm logA . (2.220)

The logarithmic correction depends only on the Euler characteristic χ (as well as the zero

mode correction Czm). This result is important because χ is a pure number that depends

only on the topology of the black hole solution and not on any black hole parameters.

2.5.3 Kerr-Newman Black Holes

The metric of a Kerr-Newman black hole parameterized by mass M , angular momentum J ,

and charge Q is

ds2 = −r
2 + b2 cos2 ψ − 2Mr +Q2

r2 + b2 cos2 ψ
dt2 +

r2 + b2 cos2 ψ

r2 + b2 − 2Mr +Q2
dr2 + (r2 + b2 cos2 ψ)dψ2

+
(r2 + b2 cos2 ψ)(r2 + b2) + (2Mr −Q2)b2 sin2 ψ

r2 + b2 cos2 ψ
sin2 ψ dφ2

+
2(Q2 − 2Mr)b

r2 + b2 cos2 ψ
sin2 ψ dt dφ ,

(2.221)

where b = J/M . The horizon is located at

rH = M +
√
M2 −Q2 − b2 , (2.222)

and the inverse temperature β = 1
T

is

β =
2πM√

M4 − J2 −M2Q2

(
2M2 −Q2 + 2

√
M4 − J2 −M2Q2

)
. (2.223)

After Euclidean continuation t → −iτ and interpreting τ as a periodic coordinate with

period β one can show that [20]∫
d4x
√
−gWµνρσW

µνρσ = 64π2 +
πβQ4

b5r4
H(b2 + r2

H)

[
4b5rH + 2b3r3

H

+ 3(b2 − r2
H)(b2 + r2

H)2 tan−1

(
b

rH

)
+ 3br5

H

]
.

(2.224)

This expression can be recast as a complicated function of two dimensionless ratios, e.g.

Q/M and J/M2. In the extremal limit M2 = b2 + Q2 the expression depends on only one
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of these ratios, but still in a very non-trivial way [21]. In contrast, the integral of the Euler

density is a pure number

χ =
1

32π2

∫
d4x
√
−g E4 = 2 , (2.225)

for all values of the dimensionless ratios.

For generic field content the coefficient of the logarithmic correction to Kerr-Newman

entropy resulting from (2.211) depends on the Weyl invariant and thus on all of the black hole

parameters through the complicated expression in (2.224). Our result in (2.220), however,

demonstrates that when these black holes are interpreted as solutions to N ≥ 2 supergravity

there is dependence only on χ and thus the logarithmic corrections to Kerr-Newman entropy

are universal:

∆S =
1

12

(
(11 + 6Czm)− 11(N − 2)− nV + nH

)
logA . (2.226)

The correction due to zero modes Czm depends on the setting. Some important examples

are:

• BPS black holes: Czm = 2 [14]. The background is spherically symmetric and pre-

serves supersymmetry, giving rise to translational, rotational, and SUSY zero modes.

• Extremal rotating Kerr-Newman: Czm = −4 [22]. The angular momentum breaks

two of the rotational isometries and the background no longer preserves supersymmetry,

leaving translational modes and one rotational mode.

• Non-extremal rotating Kerr-Newman: Czm = −1 [20]. The zero mode counting

is the same as for the extremal case except with an additional correction due to the

finite IR volume of integration.

For completeness we review the computation of Czm in Appendix A.
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Chapter 3

Kerr-Newman Black Holes with

String Corrections

3.1 Introduction and Summary

Most precision studies of black holes in string theory are carried out near the BPS limit where

supersymmetry guarantees control. It is thought that various corrections become unwieldy

far from this limit. Curiously, most discussions of the black hole information paradox are

carried out in the opposite limit of Schwarzschild black holes since their geometries are the

simplest. It is thought that this is sufficient to gain universal insights. Few details on the

implied interpolation between the BPS and Schwarzchild limits are known.

In this chapter we construct families of black holes that interpolate between these limits

while taking certain string corrections into account. We find that the string corrections are

surprisingly manageable. The simplifications we report are due to supersymmetry of the

theories we consider. Importantly, they persist even though the black holes we construct

generally do not preserve any of the supersymmetry.

A convenient starting point for connection with studies that are not motivated by string

theory is the 4D Einstein-Maxwell theory

L = − 1

2κ2

(
R +

1

4
FµνF

µν

)
. (3.1)

We primarily consider the standard Kerr-Newman family of solutions that includes BPS

black holes and Schwarzchild black holes as special cases.

A simple way to add higher-derivative terms to this theory is to consider the Gauss-

Bonnet density

LGB = αE4 = α
(
RµνρσR

µνρσ − 4RµνR
µν +R2

)
. (3.2)
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This term is topological so the equations of motion are unchanged and therefore solutions

remain the same. Black holes nevertheless have a different entropy in the modified theory

because the Wald entropy formula depends on the action [31,32,74].

Generally other linear combinations of the curvature invariants are much more compli-

cated. The Weyl invariant

LWeyl = γWµνρσW
µνρσ = γ

(
RµνρσR

µνρσ − 2RµνR
µν +

1

3
R2

)
, (3.3)

introduces the Bach tensor into the equations of motion which are then difficult to ana-

lyze [75, 76]. In this work we are inspired by string theory and consider higher-derivative

theories of gravity with N = 2 supersymmetry. In particular, we will study the supersym-

metric completion of (3.3) that takes the schematic form (made precise in equation (3.49)

below):

LN=2 Weyl = γ1W
2 + γ2F

4 + γ3WF 2 + . . . , (3.4)

with various contractions of the tensors. In this case the equations of motion are even

more complicated and it is not clear from the outset that it is realistic to solve them. We

find that, surprisingly, any solution to Einstein-Maxwell theory automatically solves the full

theory with N = 2 supersymmetry. This will allow us to study generic non-supersymmetric

solutions in the presence of higher-derivative corrections.

These higher-derivative corrections modify the Wald entropy of Kerr-Newman black ho-

les. It turns out that the combined contribution from all the terms in the supersymmetrized

Weyl invariant (3.4) is precisely the same as the modification due to the Gauss-Bonnet den-

sity (3.2) alone. In particular, the contribution from higher-derivative terms is topological.

It is therefore independent of black hole parameters and can be extrapolated arbitrarily far

from the BPS limit with no change.

The supersymmetrized Weyl invariant (3.4) commonly appears in low energy effective

actions; in particular, it arises when massive string modes are integrated out [35, 77, 78].

The terms we consider are string corrections in this sense. Our result indicates that string

corrections are milder than previously suspected.

Massless modes running in virtual loops offer a related quantum mechanism that gives

higher-derivative terms at low energy. In chapter 2 we studied the logarithmic corrections to

Kerr-Newman entropy due to such effects. In general these logarithmic corrections are very

complicated but upon embedding of the Kerr-Newman black hole into a theory with N ≥ 2

supersymmetry they greatly simplify and become independent of the black hole parameters.

The two classes of corrections we have considered both show that black hole entropy

depends greatly on the setting. In an environment with N ≥ 2 supersymmetry there are
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considerable simplifications even for black holes that do not themselves preserve any su-

persymmetry. Indeed, several of the corrections to the entropy that have been analyzed

precisely in the BPS limit do not depend on black hole parameters at all and so apply far

off extremality. This result raises hopes that the entropy of non-supersymmetric black holes

can be understood precisely in a microscopic theory.

This chapter is organized as follows. In section 3.2 we present a simplified summary of

off-shell N = 2 supergravity. In section 3.3 we study minimal supergravity with higher-

derivative corrections in the form of a supersymmetrized Weyl invariant and derive the full

equations of motion for the theory. In section 3.4 we embed arbitrary Einstein-Maxwell

solutions into our minimal supergravity theory and show that all fields are unchanged, even

for solutions that do not preserve supersymmetry. In section 3.5 we show that taking the

extremal Reissner-Nördstrom limit of these solutions yields a 1
2
-BPS geometry, even in the

presence of higher-derivative corrections to the BPS equations. In section 3.6 we study

properties of black holes in our embedding and find that the correction to the black hole

entropy is topological and independent of black hole parameters. We then go on to discuss

our results and potential implications for microscopic models of Kerr-Newman black holes.

3.2 Higher-Derivative N = 2 Supergravity

Higher-derivative interactions can be consistently introduced into 4D N = 2 supergravity

using the off-shell formalism, the details of which have been studied exhaustively [38,79–82].

We review some technical details in appendix B. In this section we present a more elementary

and accessible discussion of N = 2 supergravity with higher-derivative corrections.

3.2.1 Field Content

We focus on the bosonic fields in N = 2 supergravity. The physical N = 2 gravity multiplet

contains the metric gµν and a U(1) graviphoton field. We further couple this theory to nV

physical N = 2 vector multiplets, each comprising a U(1) gauge field and a complex scalar.

The version of the off-shell formalism we employ realizes this coupling by introducing nV + 1

vectors W I
µ and nV +1 complex scalars XI , where I = 0, . . . , nV . One of the complex scalars

can be removed by symmetries and does not correspond to physical degrees of freedom.

Without loss of generality, we can choose the auxiliary scalar to be X0, and we will index

the physical vector multiplets by a = 1, . . . , nV . The remaining gauge field W 0
µ gets combined

with the metric to form the N = 2 gravity multiplet on-shell.

The complete formalism based on realization of superconformal symmetry contains many
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other auxiliary fields that must be carefully considered. However, for our purposes we can

consistently set most of these fields to zero at the level of the action. The only ones we must

retain are a U(1)R vector field Aµ, an anti-self-dual antisymmetric tensor T−µν and a scalar

D that all belong to an off-shell N = 2 Weyl multiplet with the metric.

We summarize this discussion with a list of fields, from both the off-shell and the on-shell

perspectives, in table 3.1.

Off-Shell Field Content

Weyl multiplet: gµν , Aµ , T
−
µν , D

Vector multiplets: W I
µ , X

I

(I = 0, . . . , nV )

Physical Field Content

Gravity multiplet: gµν , W
0
µ

Vector multiplets: W a
µ , X

a

(a = 1, . . . , nV )

Auxiliary Fields

X0 , Aµ , T
−
µν , D

Table 3.1: Summary of the field content in the N = 2 supergravity theory. The nV + 1 off-
shell vector multiplets are indexed by I, while the nV physical vector multiplets are indexed
by a.

3.2.2 Definitions and Notation

We will denote the field strengths of the U(1)R gauge field Aµ and the nV +1 vector multiplet

gauge fields W I
µ as

Aµν = ∂µAν − ∂νAµ , F I
µν = ∂µW

I
ν − ∂νW I

µ . (3.5)

The self-dual and anti-self-dual parts of these field strengths are

A±µν =
1

2

(
Aµν ± Ãµν

)
, F±Iµν =

1

2

(
F I
µν ± F̃ I

µν

)
, (3.6)

where the dual field strengths Ãµν and F̃ I
µν in our conventions are

Ãµν = − i
2
εµνρσA

ρσ , F̃ I
µν = − i

2
εµνρσF

ρσI . (3.7)

We denote antisymmetrized and symmetrized indices by

[µν] =
1

2
(µν − νµ) , (µν) =

1

2
(µν + νµ) . (3.8)
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To make it manageable to present equations in the following work we define the composite

fields

F−Iµν = F−Iµν −
1

4
X̄IT−µν ,

Â = T−µνT
−µν ,

F̂−µν = −16
(
WµνρσT

−ρσ +DT−µν + 2iAρ[µT
−ρ
ν]

)
,

Ĉ = 32
(
WµνρσW

µνρσ + i∗WµνρσW
µνρσ + 6D2 − 2AµνA

µν + 2AµνÃ
µν

−1

2
T−µνDµDρT+

ρν +
1

4
Rµ

νT
−
µρT

+νρ +
1

256
T−µνT

−µνT+
ρσT

+ρσ

)
,

(3.9)

where the dual to the Weyl tensor is

∗Wµνρσ =
1

2
ε λτ
µν Wρσλτ . (3.10)

The composite fields have significance in the underlying superconformal multiplet calculus.

However, in this chapter we take a low-brow attitude (for simplicity) where they represent

nothing but notation for combinations of fundamental fields, both physical and auxiliary.

We define the supercovariant derivative Dµ which acts on a field φ with chiral weight c

by

Dµφ = (∇µ − icAµ)φ , (3.11)

where ∇µ is the ordinary covariant derivative. The only (non-composite) fields with non-zero

chiral weights are the scalars XI and the anti-self-dual tensor T−µν . The fields XI and T−µν

have chiral weight c = −1, while their Hermitian conjugates X̄I and T+
µν have the opposite

chiral weight c = +1. The supercovariant derivative acts on these fields via

DµXI = (∇µ + iAµ)XI , DµT−ρσ = (∇µ + iAµ)T−ρσ . (3.12)

The scalar operators DµDµ and ∇µ∇µ are both useful. They are distinguished by the

notation

D2 = DµDµ , � = ∇µ∇µ . (3.13)

To summarize, we present all of the fields and their corresponding chiral weight c (which

determines how the supercovariant derivative (3.11) acts on the field) in table 3.2. We will

need to find the equations of motion for all fundamental fields, both physical and auxiliary,

but not the composite fields; those are defined for notational reasons only.
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Fundamental Composite

Field gµν W I
µ XI Aµ T−µν D F−µν Â F̂−µν Ĉ

Chiral weight 0 0 −1 0 −1 0 0 −2 −1 0

Table 3.2: Summary of the fields (and their corresponding chiral weight c) in our theory.
The conjugate fields have opposite chiral weights.

3.2.3 Prepotential

The interactions of N = 2 supergravity coupled to vector multiplets can be specified suc-

cinctly by a prepotential [83–85]. In the two-derivative theory, the prepotential is a meromor-

phic function of the complex scalars XI . A large class of higher-derivative corrections can

be incorporated by considering generalized prepotentials that are functions of Â = T−µνT
−µν

as well. We will denote the prepotential by

F ≡ F (XI , Â) . (3.14)

The derivatives of the prepotential are denoted

∂F

∂XI
= FI ,

∂F

∂Â
= FA . (3.15)

The prepotential is holomorphic, so

FĪ = FĀ = 0 (3.16)

The prepotential is homogeneous of degree two under weighted Weyl transformations

where the scalar fields XI and Â = T−µνT
−µν have Weyl weight w = 1 and w = 2, respectively.

Thus, the prepotential satisfies the homogeneity relation

FIX
I + 2FAÂ = 2F . (3.17)

3.2.4 Action

We can now present the bosonic part of the N = 2 supergravity action as

S =

∫
d4x
√
−gL , (3.18)
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with

8πL = − i
2

(FIX̄
I − F̄IXI)R + iDµFIDµX̄

I + h.c.

+

[
i

4
FIJF−Iµν F−µνJ −

i

8
FIF+I

µν T
+µν − i

32
FT+

µνT
+µν

+
i

2
FAIF−Iµν F̂−µν +

i

2
FAĈ +

i

4
FAAF̂

−
µνF̂

−µν
]

+ h.c. ,

(3.19)

where F−Iµν , Â, F̂−µν and Ĉ are the composite fields defined in (3.9), and F = F (XI , Â) is

the prepotential discussed in section 3.2.3. Any solution to the equations of motion of this

action must also be subject to the constraint

D = −1

3
R , (3.20)

which arises from making sure that the auxiliary D-field equation of motion is consistent

with the other equations of motion.

The coefficient of the Ricci scalar in the action is determined by the Kähler potential

e−K ≡ i
(
FIX̄

I − F̄IXI
)
. (3.21)

At face value this means the metric is in a non-canonical frame since the Ricci scalar norma-

lization depends on the fields XI and Â. However, the theory is invariant under a local Weyl

symmetry that acts as a gauge symmetry and constrains the scalars XI such that only nV

of them are independent. In particular, we can gauge-fix our theory and choose one of the

scalars such that the Kähler potential is constant. The low-energy action will then reduce

to an Einstein-Hilbert action coupled to matter.

3.3 Minimal Supergravity with W 2 Corrections

In this section we specialize to minimal supergravity, where gravity is coupled to a single

vector field, with higher-derivative corrections in the form of a supersymmetrized W 2 term.

We will present the prepotential and action for the theory and derive the full equations of

motion.

3.3.1 Prepotential and Action

Following the discussion in section 3.2.1, the field content for a theory with nV = 0 physical

N = 2 vector multiplets is as follows.
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There is a Weyl multiplet containing the metric gµν and a single vector multiplet contai-

ning a physical U(1) gauge field Wµ and a complex scalar X. The complex scalar field will

eventually be gauge-fixed, leaving no physical scalars. The off-shell formalism reviewed in

section 3.2 (and appendix B) further requires that our theory contain the auxiliary U(1)R

vector field Aµ, the auxiliary scalar D and the auxiliary antisymmetric tensor T−µν . The

Lagrangian will be a function of all these fields.

The prepotential in the minimal theory is a function only of the complex scalar X and

the composite field Â = T−µνT
−µν . In this chapter we focus on four-derivative corrections to

minimal supergravity, which corresponds to a term in the prepotential that is linear in Â.

Higher powers of Â will give rise to corrections with at least six derivatives. The homogeneity

(3.17) and holomorphicity (3.16) conditions require the prepotential take the form

F (X, Â) = − i
2
X2 − cÂ , c = c1 + ic2 ∈ C . (3.22)

We can now specialize the full bosonic Lagrangian (3.19) to the minimal supergravity case

defined by the prepotential (3.22). Dropping all total derivative terms, we find

8πL = −|X|2R + 2DµXDµX̄ +
1

4
FµνF

µν − 1

4
Fµν

(
XT+µν + X̄T−µν

)
+

1

32

(
X2T+

µνT
+µν + X̄2T−µνT

−µν)+ 32c2

(
WµνρσW

µνρσ + 6D2

− 2AµνA
µν +

1

2
(DµT−µν)(DρT+

ρν) +
1

4
Rµ

νT
−
µρT

+νρ

+
1

512
T−µνT

−µνT+
ρσT

+ρσ

)
.

(3.23)

As we discussed in the general case, any solution is also subject to the constraint equation

D = −1
3
R.

The coefficient of the Ricci scalar is determined by the complex scalar X. As we noted in

section 3.2.4, the local Weyl symmetry of the action allows a gauge where X is an arbitrary

constant. We will eventually assign it the conventional numerical value but for now we keep

X as an independent field.

For c2 = 0 our minimal N = 2 supergravity Lagrangian (3.23) reduces to the standard

two-derivative minimal supergravity, albeit presented in a somewhat unfamiliar form. The

new terms are collected in the bracket preceded by the factor 32c2. They include first of all

an explicit WµνρσW
µνρσ term, as we wanted, but there are many other terms as well. We

interpret the entire expression proportional to c2 as the N = 2 supersymmetric completion

of WµνρσW
µνρσ.
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In the off-shell formalism the auxiliary field T−µν is an antisymmetric tensor, a fundamental

field. From this point of view the supersymmetric partners of WµνρσW
µνρσ all contain at

most two derivatives. This presents a conceptual advantage because it simplifies the initial

value problem. On the other hand, in the context of explicit solutions T−µν will coincide with

a gauge field strength, with one derivative acting on a gauge field. We will additionally take

D2 = AµνA
µν = 0 consistently. Therefore the supersymmetric partners of WµνρσW

µνρσ will

all represent four-derivative terms on-shell.

The coefficient c2 was introduced as the imaginary part of the coupling constant c =

c1+ic2 in the prepotential (3.22). All dependence on the real part c1 has dropped out, because

c1 couples only to total-derivative terms such as the Chern-Pontryagin terms ∗WµνρσW
µνρσ

and AµνÃ
µν . We omitted such terms from the Lagrangian since they do not contribute to

the equations of motion.

3.3.2 Equations of Motion

Many previous studies focused on BPS solutions that preserve the fullN = 2 supersymmetry,

or at least 1
2
-BPS solutions that preserve a residual N = 1 supersymmetry. Such solutions

are greatly constrained by relatively simple BPS equations and so it is sufficient to consider

a small subset of the equations of motion. We are interested in solutions that explicitly

break supersymmetry, and so we need to derive and solve the full equations of motion for

the Lagrangian (3.23).

The only D-dependence in the Lagrangian is the D2 term, and so the D-equation of

motion forces D = 0. When combined with the constraint equation (3.20), this forces us to

consider solutions with vanishing Ricci scalar

R = 0 . (3.24)

We compute the equations of motion for the matter fields X, T−µν , Wµ, and Aµ to be,

respectively,

0 = D2X̄ +
1

2
X̄R +

1

8

(
F+
µν −

1

4
XT+

µν

)
T+µν ,

0 = X̄

(
F−µν −

1

4
X̄T−µν

)
− c2

2

(
128D[µDρT+

ν]ρ + T−µνT
+
ρσT

+ρσ − 64Rρ
[µT

+
ν]ρ

)
,

0 = Dµ
(
F+
µν + F−µν −

1

2
XT+

µν −
1

2
X̄T−µν

)
,

0 = XDµX̄ − X̄DµX + 8c2

(
T−µνDρT+

ρν − T+µνDρT−ρν − 16iDνAµν
)
.

(3.25)
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The field strength Fµν must also satisfy the Bianchi identity DµF̃µν = 0 which we express as

Dµ
(
F+
µν − F−µν

)
= 0 . (3.26)

In order to derive the Einstein equation, we first rewrite the minimal supergravity Lagran-

giann (3.23) as

L = − 1

8π
|X|2R + L(2) + L(4) , (3.27)

where L(2) is the Lagrangian for the two-derivative matter terms

L(2) =
1

8π

[
2DµXDµX̄ +

1

4
FµνF

µν − 1

4
Fµν

(
XT+µν + X̄T−µν

)
+

1

32

(
X2T+

µνT
+µν + X̄2T−µνT

−µν) ] , (3.28)

while L(4) contains all of the four-derivative terms present in the supersymmetrized Weyl

invariant

L(4) =
4c2

π

(
WµνρσW

µνρσ + 6D2 − 2AµνA
µν +

1

2
(DµT−µν)(DρT+

ρν)

+
1

4
Rµ

νT
−
µρT

+νρ +
1

512
T−µνT

−µνT+
ρσT

+ρσ

)
.

(3.29)

The Einstein equation can now be expressed as

1

4π
|X|2

(
Rµν −

1

2
gµνR

)
= T (2)

µν + T (4)
µν , (3.30)

where T
(2)
µν is the energy-momentum tensor for the two-derivative matter

T (2)
µν =

2√
−g

δ
(√
−gL(2)

)
δgµν

=
1

4π

[
2(DµX)(DνX̄)− gµν(DρX)(DρX̄)

+ F+
µρF

−ρ
ν −

1

4

(
XF−µρT

+ρ
ν + X̄F+

µρT
−ρ
ν

) ]
,

(3.31)
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while T
(4)
µν is the energy-momentum tensor for the four-derivative parts of the action

T (4)
µν =

2√
−g

δ
(√
−gL(4)

)
δgµν

=
8c2

π

(
4RµρR

ρ
ν − gµνRρσR

ρσ − 4

3
RµνR +

1

3
gµνR

2 − 2D2Rµν

+ 4DρDµRνρ +
1

3
gµνD2R− 4

3
DµDνR− 4AµρA

ρ
ν + gµνAρσA

ρσ

− 1

4
gµν(DρT−ρτ )(DσT+στ ) +

1

2
(DµT−νρ)(DσT+σρ)

+
1

2
(DµT+

νρ)(DσT−σρ) +
1

2
(DρT−ρµ)(DσT+

σν)

+
1

1024
gµνT

−
ρσT

−ρσT+
τλT

+τλ − 1

8
gµνRρσT

−
ρτT

+τ
σ +

1

2
RµρT

−
νσT

+ρσ

+
1

4
RρσT−µρT

+
νσ +

1

4
DρDµ(T−νσT

+ρσ)− 1

8
D2(T−µρT

+νρ)

−1

8
gµνDρDσ(T−ρτT+σ

τ )

)
.

(3.32)

In summary, we have shown that any solution to our minimal supergravity theory must

satisfy the matter field equations of motion (3.25), the Bianchi identity (3.26), the Einstein

equation (3.30), and must have a geometry with vanishing Ricci scalar R = 0.

3.4 (Non-Supersymmetric) Einstein-Maxwell Solutions

In this section we embed arbitrary solutions to Einstein-Maxwell theory into the mini-

mal N = 2 supergravity theory (with a supersymmetrized W 2 correction) presented in

section 3.3. The matter fields of the higher-derivative gravity are specified in terms of the

matter in the Einstein-Maxwell theory. The geometry that supports the Einstein-Maxwell

solution is unchanged when considered as solution to higher-derivative gravity.

3.4.1 Einstein-Maxwell Theory

The starting point is the standard Einstein-Maxwell theory

L = − 1

2κ2

(
R +

1

4
FµνF

µν

)
, (3.33)

where κ2 = 8πG. We are using boldfaced symbols gµν , R , and Fµν for the metric, Ricci

scalar, and electromagnetic field strength in Einstein-Maxwell theory in order to avoid any

confusion with related quantities in the higher-derivative supergravity Lagrangian (3.23).
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Any solution to Einstein-Maxwell theory satisfies the Maxwell equations and the Bianchi

identities, which we package together as the Maxwell-Bianchi equations

∇µF±µν = 0 , (3.34)

where the self-dual and anti-self-dual parts of the field strength are defined using the con-

ventions in section 3.2.2. The geometry and the matter fields are related by the Einstein

equation

Rµν −
1

2
gµνR = −F−µρF

+ρ
ν . (3.35)

We are particularly interested in Kerr-Newman black hole solutions but our embedding will

apply to any solution of Einstein-Maxwell theory.

3.4.2 Embedding

Starting from a solution to Einstein-Maxwell theory we specify the matter fields in the

higher-derivative theory as

X =

√
4π

κ
, Aµ = 0 , T±µν = 4F±µν , F±µν =

1

4
XT±µν = XF±µν . (3.36)

As mentioned previously, the geometry is unchanged.

The numerical value of X is such that the Ricci scalar term in the Lagrangian (3.23) is

normalized correctly

L = − 1

2κ2
R + . . . . (3.37)

By choosing Aµ = 0, the supercovariant derivative operator Dµ reduces to the ordinary

covariant derivative operator ∇µ.

It is rather straightforward to show that all the matter field equations of motion (3.25) are

satisfied by the matter (3.36). Since F±µν is divergence-free by the Maxwell-Bianchi equations

(3.34), T±µν must be divergence-free as well

∇µT±µν = 0 . (3.38)

Since X is constant and Aµν = 0 the final equation in (3.25) follows. We also have∇µF±µν = 0

(since X is constant) and so the gauge field equations in the third line of (3.25) are satisfied.

The scalar equation of motion is satisfied because X is constant, the geometry has R = 0,

and the matter satisfies

F±µν = F±µν −
1

4
XT±µν = 0 . (3.39)
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The equation of motion for the antisymmetric tensor T−µν is slightly less obvious. It is satisfied

due to the following identities for (anti-)self-dual tensors in 4D:

T+
µνT

−ρσ + T+ρσT−µν = 4δ
[ρ
[µT

+
ν]τT

−σ]τ , T+
µνT

−µν = 0 . (3.40)

At this point we still need to verify the Einstein equation (3.30). It is important to note

that the only dependence on c2 is in the four-derivative energy-momentum tensor T
(4)
µν and

not in any of the two-derivative terms. Since we claim the embedding works for any value

of the constant c2, the two-derivative and four-derivative terms must cancel independently.

The original Einstein equation (3.30) therefore becomes two separate equations

1

4π
|X|2

(
Rµν −

1

2
gµνR

)
= T (2)

µν and T (4)
µν = 0 . (3.41)

The energy-momentum tensor T
(2)
µν , given in (3.31), simplifies greatly due to the embedding

(3.36). The two-derivative part of the Einstein equations (3.41) becomes

Rµν −
1

2
gµνR = −F+

µρF
−ρ
ν . (3.42)

We recognize this equation as the original condition on the Einstein-Maxwell geometry (3.35).

Taking the trace of this expression yields

R = 0 , (3.43)

as required by the constraint equation (3.24) coming from the auxiliary D-field.

The four-derivative part of the Einstein equations (3.41), with T
(4)
µν given in (3.32), beco-

mes

0 = 4RµρR
ρ
ν − gµνRρσR

ρσ − 4

3
RµνR +

1

3
gµνR

2 − 2�Rµν

+ 4∇ρ∇µRνρ +
1

3
gµν�R−

4

3
∇µ∇νR

+
1

4
gµνF

−
ρσF

−ρσF+
τλF

+τλ − 2gµνRρσF
−
ρτF

+τ
σ + 8RµρF

−
νσF

+ρσ

+ 4RρσF−µρF
+
νσ + 4∇ρ∇µ(F−νσF

+ρσ)− 2�(F−µρF
+νρ)

− 2gµν∇ρ∇σ(F−ρτF+σ
τ ) ,

(3.44)

upon insertion of the embedding (3.36). It is not immediately obvious that it is realistic

to solve this equation. However, repeated use of Rµν = −F+
µρF

−ρ
ν in (3.44) and careful

simplification shows that it is in fact satisfied identically.

In summary, we have verified that our embedding (3.36) generates a solution to the
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higher-derivative theory for each solution to the original Einstein-Maxwell theory. This

result relies on supersymmetry of the theory, as the action we consider is far from arbitrary.

However, the solutions do not generally preserve any supersymmetry.

As a check on these results, we consider the special case of extremal Reissner-Nordström

black holes. We have verified that the BPS equations derived in [81, 82] are satisfied by

our embedding (3.36) for extremal Reissner-Nordström geometries. This is expected, since

these geometries are known to be 1
2
-BPS domain walls that interpolate between the N =

2 supersymmetric AdS2 × S2 geometry at the horizon and the N = 2 supersymmetric

Minkowski spacetime at infinity.

3.4.3 Simplified Lagrangian

Having showed that the embedding (3.36) satisfies the fairly complicated equations of motion

for minimal supergravity with higher-derivative corrections, it is worth understanding why

this is the case. We do so by introducing a simplified effective Lagrangian that captures the

same dynamics as the original Lagrangian (3.23) within the context of our embedding.

As a first step we can consistently eliminate the auxiliary fields D and Aµ by setting both

to zero at the level of the action. We can then use properties of (anti-)self-dual tensors in

4D (3.40) to express the simplified Lagrangian as

8πLtrunc = −|X|2R− 1

4
FµνF

µν + 2∇µX∇µX̄ +
1

2

(
F+
µν −

1

4
XT+

µν

)2

+ h.c.

+ 32c2

(
WµνρσW

µνρσ +
1

4
Rµ

νT
−
µρT

+νρ +
1

512
T−µνT

−µνT+
ρσT

+ρσ

+
1

2
(∇µT

−µν)(∇ρT+
ρν)

)
.

(3.45)

We now want to eliminate the auxiliary fields X and T−µν from the action by replacing them

with their ansatz in the embedding (3.36):

X =

√
4π

κ
, T−µν =

4

X
F−µν , (3.46)

at the level of the action. We can see from (3.45) that X is sourced by the Ricci scalar,

which vanishes for Einstein-Maxwell backgrounds, and F+
µν− 1

4
XT+

µν , which vanishes in (3.46).

Similarly, T−µν is sourced by F−µν − 1
4
X̄T−µν and various other terms that vanish for Einstein-

Maxwell backgrounds. The elimination (3.46) is therefore consistent with the X and T−µν

equations of motion and can be implemented at the level of the action.
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To make the normalization simpler we also rescale the vector multiplet field strength by

Fµν →
√

4π

κ
Fµν . (3.47)

After these simplifications we find

Ltrunc = − 1

2κ2

(
R +

1

4
FµνF

µν

)
+

4c2

π

(
WµνρσW

µνρσ + 4Rµ
νF
−
µρF

+νρ

+
1

2
F−µνF

−µνF+
ρσF

+ρσ + 8(∇µF
−µν)(∇ρF+

ρν)

)
.

(3.48)

This form of the Lagrangian expresses the intuitive notion that our theory is ordinary

Einstein-Maxwell theory with addition of a supersymmetrized Weyl invariant that includes

mixings between the electromagnetic field strength and the Riemann tensor. Any solution

to the truncated theory (3.48) will automatically be a solution to the minimal supergravity

theory (3.23).

Our black hole solutions imply that the supersymmetrized Weyl invariant

LN=2 Weyl = WµνρσW
µνρσ + 4Rµ

νF
−
µρF

+νρ +
1

2
F−µνF

−µνF+
ρσF

+ρσ

+ 8(∇µF
−µν)(∇ρF+

ρν)
(3.49)

can be included into the Einstein-Maxwell action without consequence to the geometry or

the field strength. To understand this claim we rewrite WµνρσW
µνρσ in terms of the Gauss-

Bonnet density E4 as

WµνρσW
µνρσ = E4 + 2RµνR

µν − 2

3
R2 , (3.50)

and find

LN=2 Weyl = E4 + 2
(
Rµν + F−µρF

+ρ
ν

)2 − 2

3
R2 + 8(∇µF

−µν)(∇ρF+
ρν) . (3.51)

The Gauss-Bonnet density E4 does not contribute to the equations of motion because it

is topological. The remaining terms (Rµν + F−µρF
+ρ
ν )2, R2, and (∇µF

−µν)(∇ρF+
ρν) are all

quadratic in expressions that vanish for Einstein-Maxwell backgrounds. That explains why

these terms can be introduced in the Einstein-Maxwell action without changing the original

solutions.

The simplifications we find are predicated on the precise combination of four-derivative

terms appearing in (3.49); any others would lead to complicated corrections of the solutions

(see e.g. [26,27]). In our context those coefficients were dictated by theN = 2 supersymmetry
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of the theory. Thus supersymmetry is responsible for substantial simplifications even for

solutions that do not preserve any supersymmetry.

It was previously noticed in [34] that the entropy of supersymmetric black holes in he-

terotic string theory is the same whether one introduces higher-derivative corrections in the

form of a supersymmetrized Weyl invariant or an ordinary Gauss-Bonnet term. This led

to arguments (see e.g. [14]) that the supersymmetrized Weyl invariant should coincide with

the Gauss-Bonnet density on-shell. Our supersymmetrized Weyl invariant (3.51) makes this

argument concrete. This is particularly surprising in the near-horizon region of BPS black

holes: the AdS2 × S2 geometry has vanishing Weyl tensor, yet the supersymmetrized Weyl

invariant is non-zero and matches the Gauss-Bonnet density exactly.

3.5 The BPS Limit

In the previous section, we showed that arbitrary solutions to Einstein-Maxwell theory are

also solutions to minimal supergravity, even with higher-derivative corrections present. In

particular, arbitrary Kerr-Newman black holes are solutions to the theory with no modifica-

tions to their geometry required. These solutions are interesting because they can be thought

of as continuous deformations of the extremal Reissner-Nördstrom black hole, which (in the

absence of higher-derivative corrections) preserves half of the supersymmetries in N = 2

supergravity. These supersymmetric solutions should have an underlying microscopic des-

cription in string theory, and the hope is that such a microscopic theory can be deformed to

give a microscopic description of general Kerr-Newman black holes as well.

However, as we discussed in section 3.1, string theory requires an infinite tower of higher-

derivative α′ corrections that modify the two-derivative N = 2 supergravity action. These

α′ corrections also lead to modifications of the BPS conditions of the theory. These mo-

dified BPS conditions are no longer algebraic and are thus typically hard to solve, as they

generically require a non-trivial modification of the original geometry in order to preserve

supersymmetry at higher-derivative order [86–90]. This begs the question: do extremal

Reissner-Nordström black holes still preserve supersymmetry in our minimal supergravity

theory once we account for higher-derivative modifications of the BPS conditions? This

is non-trivial to determine, since it requires studying the supersymmetry variations of the

fermions in the full off-shell theory with higher-derivative interactions present.

BPS conditions in off-shell higher-derivative N = 2 supergravity have been studied in

previous works [81, 82, 91]. We will first review these BPS conditions before specializing

to minimal supergravity. We will then show that, even with supersymmetric W 2 correcti-

ons turned on, extremal Reissner-Nordström black holes (and their dyonic, multi-centered
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generalizations) are in fact the only asymptotically flat solutions that preserve half of the

supersymmetries of the theory.

3.5.1 BPS Conditions in Off-Shell N = 2 Supergravity

We are interested in 1
2
-BPS solutions in off-shell N = 2 supergravity when higher-derivative

interactions in the form of a supersymmetric W 2 term are present. Note that we are not

interested in fully supersymmetric configurations, because these can be recovered from the
1
2
-BPS solutions by approaching the boundary of the theory, either at asymptotic infinity or

at the horizon for black hole solutions [38].
1
2
-BPS configurations can be found by imposing a projection condition relating the two

supersymmetry parameters εi and εi of the theory, and then finding the conditions under

which all fermion variations vanish under the corresponding residual N = 1 supersymmetry.

That is, we will impose the condition

hεi = εijγ0ε
j , (3.52)

where h is some phase factor. Supersymmetry then dictates that the most general stationary,

static spacetime that preserves the N = 1 supersymmetry corresponding to the projection

(3.52) must take the form

ds2 = −e2gdt2 + e−2ggmndx
mdxn , (3.53)

where the function g = g(xm) depends only on the spatial coordinates xm, and the spatial

metric gmn must be flat. Supersymmetry also requires that all fermions and fields charged

under the SU(2)R symmetry must vanish, and that the anti-self-dual tensor T−µν and the

U(1)R gauge field Aµ are constrained to take the values

T−0p = −4h∇pg , A0 = Ap = 0 , (3.54)

where (0, p) indicate the tangent space indices. The vector multiplet field strengths are

determined by the constraint

F−I0p = −eg
(
∇p(h̄X

I) + (∇pg)hX̄I
)
. (3.55)

The only fields that we have not yet constrained are the metric function g and the scalars
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XI . These are related by the stabilization equations

e−gh̄

(
XI − X̄I

FI − F̄I

)
= i

(
HI

HI

)
, (3.56)

where HI and HI are harmonic functions given by

HI = hI +
∑
A

P I
A

|~x− ~xA|
, HI = hI +

∑
A

QAI

|~x− ~xA|
. (3.57)

These harmonic functions are determined entirely by some constants hI and hI , as well as

a set of magnetic charges P I
A and a set of electric charges QAI that are located at spatial

position ~xA. These charges are related to the field strengths by

QAI =
1

4π

∫
Σ2
A

NIJ ? F J , P I
A =

1

4π

∫
Σ2
A

F I , (3.58)

where Σ2
A is a two-sphere surrounding the center ~xA but no other centers. Finally, in order

for the solution to be consistent with all auxiliary field equations of motion in the theory,

the metric and the scalars must satisfy the extra conditions

i(FIX̄
I − F̄IXI) +

χ

2
= 128ie3g∇p

(
(∇pe

−g)(FA − F̄A)
)
,

HI∇pHI −HI∇pH
I = −256∇q

(
(∇[pg)∇q](FA + F̄A)

)
,

(3.59)

where χ is some negative constant.

3.5.2 Solving the BPS Conditions in Minimal Supergravity

Now that we have reviewed the BPS conditions in general, we want to study them in the

setting of minimal supergravity with W 2 corrections. The prepotential for our theory is

F = − i
2
X2 − cÂ , c = c1 + ic2 ∈ C , (3.60)

for some complex constant c. Plugging this prepotential into the stabilization equations

(3.56), we find that

e−gh̄

(
ImX

ReX

)
=

1

2

(
Hm

He

)
, (3.61)
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where Hm and He are magnetic and electric harmonic functions, respectively, given by

Hm = hm +
∑
A

PA
|~x− ~xA|

, He = he +
∑
A

QA

|~x− ~xA|
, (3.62)

for some constants hm and he. Note that we have also allowed for the presence of multiple

charges and centers in our system, in an effort to be as general as possible in our analysis.

The auxiliary conditions (3.59) for our prepotential are

2|X|2 +
χ

2
− 256c2 e

3g∇p∇pe
−g = 0 ,

Hm∇pHe −He∇pHm = 0 ,
(3.63)

where again χ is some as-of-yet undetermined negative constant. To find solutions to these

BPS conditions, it will be useful parameterize the complex scalar field X by

X = ψeiφ , (3.64)

for some real scalar fields ψ and φ. The stabilization equations can then be expressed as

e−g =
Hm

2h̄ψ sinφ
=

He

2h̄ψ cosφ
. (3.65)

In particular, this means that the scalar field φ determines the ratio of the two harmonic

functions by Hm = He tanφ. Plugging this into the second auxiliary condition then tells us

that ∇pφ = 0, and so we must set the scalar field φ to be a constant.

We have thus shown that the harmonic functions He and Hm must be related to one

another by an overall constant of proportionality. In particular, this means that each the

constant terms in each are proportional, as well as the coefficients of each |~x − ~xA| term.

That is,

hm = he tanφ , PA = QA tanφ . (3.66)

We can now define a new harmonic function H by

H = |~h|+
∑
A

| ~QA|
|~x− ~xA|

, (3.67)

where |~h| =
√
h2
e + h2

m and | ~QA| =
√
Q2
A + P 2

A. Using (3.66), we can see that this new
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harmonic function is related to the electric and magnetic harmonic functions via

H =
He

cosφ
=

Hm

sinφ
. (3.68)

Plugging this new harmonic function back into the stabilization equations (3.65), we find

that the metric function g can be expressed as

e−g =
H

2h̄ψ
. (3.69)

Note that the harmonic function H, the metric factor e−g, and the scalar field ψ are all real.

This relation then serves as a reality condition that forces the phase h̄ to be real, and thus

the only allowed values are h̄ = ±1. We can without loss of generality absorb this constant

into our definition of ψ, leaving us with

e−g =
H

2ψ
. (3.70)

At this point, we have used the stabilization equations and the second auxiliary condition

to express e−g in terms of a real scalar field ψ and the harmonic function H. What remains

is to determine ψ using the first auxiliary condition, which can be written as

2ψ2 +
χ

2
− 256c2

(
H

2ψ

)−3

∇p∇p

(
H

2ψ

)
= 0 . (3.71)

We will solve this equation perturbatively in the coupling constant c2 of the supersymmetric

W 2 corrections to the action by expanding the scalar field as

ψ = ψ(0) + c2ψ
(1) + . . . . (3.72)

To zeroth order in c2, the auxiliary condition (3.71) tells us that ψ(0) is a constant, related

to the negative constant χ by

χ = −4
(
ψ(0)

)2
. (3.73)

Plugging this back into (3.71), we find that the (to linear order in c2)

2
(
ψ(1)

)2 − 256c2

(
H

2ψ(0)

)−3

∇p∇p

(
H

2ψ(0)

)
= 0 . (3.74)

Crucially, since H is a harmonic function and ψ(0) is a constant, the second term in this

equation vanishes. We are therefore left with the constraint that ψ(1) = 0. Moreover,
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repeating this procedure shows that ψ(n) vanishes for all n ≥ 1, to all orders in perturbation

theory. We therefore conclude that the most general solution for ψ is to set it to some

constant. The metric (3.53) can therefore be written in the form

ds2 = −4ψ2

H2
dt2 +

H2

4ψ2
gmndx

mdxn , (3.75)

for some constant ψ. Note that the constant factor 4ψ2 is unimportant, though, since

it can be absorbed into the coordinates via a simple global rescaling of the coordinates.

Additionally, if we impose asymptotically-flat boundary conditions on the background such

that the metric approaches the Minkowski metric far away from all centers, we are forced to

choose the parameters he and hm such that their norm is

|~h| =
√
h2
e + h2

m = 1 . (3.76)

Putting this all together, we find that the most general metric compatible with the BPS

conditions can always be put in the form

ds2 = −H−2dt2 +H2gmndx
mdxn , H = 1 +

∑
A

| ~QA|
|~x− ~xA|

, (3.77)

where gmn is a flat three-dimensional metric. This solution is simply the dyonic, multi-

centered generalization of the extremal Reissner-Nordström black hole [92], where the total

mass M of the black hole is related to the charges by

M =
∑
A

| ~QA| . (3.78)

We have therefore shown that the only static, stationary, and asymptotically-flat spacetime

that preserves half of the supersymmetries of the theory is simply the ordinary extremal

Reissner-Nordström black hole. Although the higher-derivative corrections to our theory

make the supersymmetry conditions considerably harder to analyze, at the end of the day

they do not affect the geometry of these 1
2
-BPS solutions.
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3.6 Properties of Black Holes in Higher-Derivative Gra-

vity

In this section we analyze properties of Kerr-Newman black holes considered as solutions

to minimal supergravity with higher-derivative corrections. We show that the black hole

entropy simplifies when the theory has N = 2 supersymmetry.

3.6.1 Black Hole Entropy

The black hole entropy in the higher-derivative theory is given by the Wald entropy for-

mula [31,32,74]. The entropy is

S = 2π

∫
H

δL
δRµνρσ

εµνερσ
√
h d2x , (3.79)

where hij is the induced metric on the black hole horizon H and εµν is the (antisymmetric)

unit binormal to the horizon, normalized such that εµνε
µν = −2. Four-derivative terms in

the action give rise to an integrand that includes terms linear in the curvature and terms

with two derivatives acting on the matter fields. Each of these terms in the integrand is

somewhat intricate and upon integration they will generally give complicated contributions

to the entropy.

However, N = 2 supersymmetry dictates relations between the coefficients of these con-

tributions such that the four-derivative terms combine into the expression (3.51). Any part

of the action that is quadratic in terms that vanish on-shell cannot contribute to the Wald

entropy (3.79), since the entropy is determined by a linear variation. For the purposes of

computing the Wald entropy it is therefore sufficient to add the Gauss-Bonnet term

LGB =
4c2

π
E4 (3.80)

to the standard Einstein-Hilbert Lagrangian. This is a considerable simplification.

The Gauss-Bonnet term (3.80) is topological, and so any variation of it with respect

to physical fields with produce a total derivative. It can also be expressed in 4D as a

total derivative acting on (non-covariant) Christoffel symbols. However, the Wald entropy

formalism requires first putting the Lagrangian in a covariant form, e.g. in terms of the

metric and the Riemann tensor. The Wald entropy formalism then requires varying the

Lagrangian with respect to the Riemann tensor, not a physical field. The contribution to

the Wald entropy from a Gauss-Bonnet term in the action is therefore not forced to be zero.

This contribution has been studied in detail; it was explicitly shown by Wald and Iyer in [32]
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that this contribution is proportional to the Euler characteristic of the surface of integration.

This result was also independently shown in [93] by use of the Jacobson-Myers functional.

The total Wald entropy, including the area law due to the Einstein-Hilbert action, is

S =
A

4G
+ 128πχ(2)c2 , (3.81)

where χ(2) is the Euler characteristic of the black hole horizon1

χ(2) = − 1

4π

∫
H

dAR(2) . (3.82)

For general Kerr-Newman black holes, the Euler characteristic of the horizon is χ(2) = 2,

and so the Wald entropy (3.81) becomes

S =
A

4G
+ 256πc2 . (3.83)

This is the entropy of a Kerr-Newman black hole, including the higher-derivative correction

in the form of a supersymmetrized Weyl invariant.

In the special case of vanishing charge, the black hole geometry is Ricci flat Rµν = 0

and so it is obvious that the Weyl invariant coincides with the Gauss-Bonnet term on-shell.

We find that this well-known statement generalizes to Kerr-Newman black holes. That is

interesting because this family includes a BPS limit, where the black hole preserves the

supersymmetry of the theory and the microscopic description is under control. Previous

studies [34, 35, 38, 77, 78, 80, 81, 86, 94–98] have found that higher-derivative corrections in

string theory gives rise to a correction of the form (3.83) with a numerical coefficient that

can be matched with microscopic considerations.

Our result for the correction to the black hole entropy (3.83) has no dependence whatsoe-

ver on the parameters of the black hole. The deformation away from the BPS limit by adding

mass and introducing angular momentum does not change the correction due to higher-order

derivatives. This is reminiscent of our main result from chapter 2 that quantum corrections

to Kerr-Newman black holes are universal and similarly insensitive to deformations off ex-

tremality. For both classes of corrections it is significant that the theory preserves N = 2

supersymmetry but it is unimportant whether the black holes preserve the supersymmetry

of the theory.

1Our curvature conventions are set by the sign on the Ricci scalar in the Einstein-Hilbert action. The
curvature of a sphere is negative and the Euler character (3.82) has an unusual overall minus sign.
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3.6.2 OSV Conjecture

The correction to the entropy due to the higher-derivative terms is just a constant, indepen-

dent of the black hole parameters. The value of the constant is therefore captured by the BPS

limit and so it can be interpreted in string theory, e.g. following the OSV conjecture [99].

For extremal BPS black holes, the attractor mechanism [33, 100–102] specifies scalars in

the horizon AdS2 × S2 geometry in terms of the charges (pI , qI) by the attractor equations

pI = Re[CXI ] , (3.84)

qI = Re[CFI ] , (3.85)

where C is an arbitrary scaling parameter chosen as

C2Â = 256 , (3.86)

with Â evaluated at the horizon. Expressing the real and imaginary parts of the scalars as

CXI = pI +
i

π
φI , (3.87)

the black hole potential is

F(φI , pI) = −π Im[C2F (XI , Â)] , (3.88)

in a mixed ensemble defined as a microcanonical ensemble of magnetic charges pI and a

canonical ensemble of electric charges qI with chemical potentials φI . The black hole entropy,

including higher-derivative terms, is then given by the Legendre transform

S(qI , p
I) =

(
1− φI ∂

∂φI

)
F(φI , pI) , (3.89)

where the electric potentials φI have been eliminated in favor of the electric charges qI

through the attractor equation (3.85).

In the case of our minimal prepotential (3.22) the attractor equations are

p = Re[CX] , q = Im[CX] =
1

π
φ , (3.90)

and the black hole potential (3.88) becomes

F(φ, p) =
π

2
p2 − 1

2π
φ2 + 256πc2 . (3.91)
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The Legendre transform of this potential gives the black hole entropy

S =
π

2
(q2 + p2) + 256πc2 . (3.92)

The first term agrees with the classical area law for an extremal Reissner-Nordström black

hole with dyonic U(1) charge, and the correction agrees with our result (3.83) computed

using the Wald entropy formalism.

The OSV conjecture [99] makes connection with microscopic considerations through the

relation

ZBH = |Ztop|2 , (3.93)

where ZBH is the supersymmetric partition function

ZBH(φ, p) = exp
[
F(φ, p)

]
(3.94)

of a four-dimensional BPS black hole in the mixed ensemble. The partition function of the

topological string is similarly

Ztop(φ, p) = exp
[
Ftop(φ, p)

]
, (3.95)

with

Ftop(λ,X) =
∑
g=0

λ2g−2
top Ftop,g(X) , (3.96)

a perturbative expansion in the coupling constant λtop = 4πi
p+iq

. The correction we consider

is charge-independent, corresponding to the torus partition function with genus g = 1.

The OSV conjecture and its possible extensions have been subject to much study and

debate, including [87,98,103–105]. Since the minimal model we consider has nV = 0 moduli it

corresponds to a somewhat singular limit, that of a rigid Calabi-Yau. It would be interesting

to study this special case further.

3.6.3 Implications for a Microscopic Model

The motivation for studying Kerr-Newman black holes in string theory is the hope that a

precision understanding can be achieved in this setting. We are still far from that goal but

we can make some observations in the spirit of phenomenology.

The classical black hole entropy of Kerr-Newman black holes computed from the outer
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and inner horizons is

S± = 2π

(
(M2 − 1

2
Q2)±

√
M2(M2 −Q2)− J2

)
. (3.97)

An appealing (but speculative) interpretation of these formulae identifes the combinations

SR =
1

2
(S+ + S−) , SL =

1

2
(S+ − S−) , (3.98)

with the entropy of factorized right- and left-moving excitations of an underlying CFT with

(0, 4) supersymmetry [19,106,107]. This theory would be a generalization of the MSW CFT

describing the BPS and near-BPS limits [6]. The assignment of supersymmetry is such that

the dependence on the angular momentum quantum number can be entirely accounted for

by an SU(2)R current, arbitrarily far from extremality. This is analogous to the standard

BMPV model of rotating BPS black holes in five dimensions [16,108].

The correction to the black hole entropy due to higher-derivative terms (3.83) is not just

independent of black hole parameters; it is the same when computed at the outer and the

inner horizons [109]. Therefore, the prescription (3.98) with higher-derivative corrections

included identifies the corrections as pertaining to the “Right” sector, with no corrections in

the “Left” sector.

The “Left” sector contains the novel excitations, the ones that BPS conditions force into

their ground state. These are also the ones that carry the angular momentum of the black

hole so the BPS limit is incompatible with rotation. The independence of corrections on

black hole parameters suggest that this sector receives no string corrections in the leading

approximation. At the level of a phenomenological model this is not unreasonable since,

after all, the “Left” sector is subject to N = 4 supersymmetry, albeit spontaneously broken

by the state. It would be very interesting to develop such a model in more detail.
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Chapter 4

A Non-Renormalization Theorem for

Non-Supersymmetric Black Holes

4.1 Introduction and Summary

Precision results for the entropy of BPS black holes give detailed insights into the quantum

structure of black holes (see e.g. [5,6,98,99]). The techniques underlying these results involve

extrapolation from weak to strong coupling of quantities that are known to be protected by

supersymmetry. The physics of black holes with no supersymmetry is much more complicated

and it is generally expected that precision results for their entropy is not possible. In this

chapter we present evidence that may indicate some precision studies of non-supersymmetric

black holes are possible, after all: certain black holes satisfy a non-renormalization theorem

when they are embedded in theories with N = 2 supersymmetry even though the black holes

themselves do not preserve any supersymmetry, not even an approximate supersymmetry.

Moreover, our non-renormalization theorem is protected by a topological invariant.

The objects we study are logarithmic quantum corrections to black hole entropy. The

leading order quantum corrections to the Bekenstein-Hawking area law scale with the loga-

rithm of the black hole horizon area. These logarithmic corrections are parameterized by

the one-loop quantum effective action of the black hole, which takes the form

W = − logA

32π2

∫
d4x
√
−g (aE4 − cWµνρσW

µνρσ + . . .) , (4.1)

where A is the horizon area, a, c are numerical coefficients, and the dots indicate the presence

of other possible four-derivative terms. It is known that these large logarithms offer an infra-

red window into ultraviolet physics: they are computable in the low energy theory and yield

precision data that must be matched by sub-leading terms in the asymptotic density of black
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hole microstates [14,20,21]. Agreement with the microscopic theory has been established in

those (highly supersymmetric) cases where precision counting is available [15, 23, 110]. We

discuss these logarithms for non-supersymmetric black holes using effective quantum field

theory.

The current work is a generalization of the previously-discussed setting in chapter 2. We

embed the standard Einstein-Maxwell gauge field Fµν into off-shell N = 2 supergravity (with

any number of vector multiplets, enumerated by the index I) as

F+I
µν = XIF+

µν , (4.2)

where XI and F I
µν are (respectively) the scalar and vector field strength of a N = 2 vector

multiplet, and the scalars XI are taken to be constant (see section 4.2 for more details). In

this way, we can obtain non-supersymmetric solutions in N = 2 supergravity, such as non-

extremal Kerr-Newman black holes. Fluctuations of the N = 2 matter exhibit non-minimal

couplings in this environment which, by explicit computation, were found to modify the

Weyl anomaly coefficients from their standard values such that the total central charge

c = 0 for a complete N = 2 multiplet. This chapter complements the explicit computations

in chapter 2 by explaining how the null result follows from symmetries, effectively proving a

non-renormalization theorem for these non-supersymmetric solutions in N = 2 supergravity.

We prove our non-renormalization theorem by exploiting several symmetries which hea-

vily constrain the effective quantum field theory of quantum corrections to black holes. The

analysis of each of these symmetries encounters conceptual questions that we address:

• Duality: the equations of motion of classical electrodynamics are invariant under

electromagnetic duality but the corresponding classical action is not [111]. We show

that duality constrains the dependence of the quantum action on the explicit field

strength and, in the case of Einstein-Maxwell theory, eliminates it entirely. In this

case the dots indicating additional terms in the trace anomaly (4.1) are absent and the

effect of matter has been entirely absorbed into the values of the coefficients a, c which

then take non-standard values.

• Supersymmetry: for black hole solutions to theories with N = 2 supersymmetry the

quantum effective action is constrained by on-shell supersymmetry. In d = 4 there are

two known distinct four derivative invariants [112,113]. They complete the two terms

written explicitly in (4.1) with particular matter terms and take the schematic form

E4 + SUSY matter , W 2 + SUSY matter , (4.3)
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in an off-shell formalism. We show that, when evaluated on-shell for our class of

solutions (4.2), both N = 2 invariants reduce to just the Euler invariant E4. Thus

supersymmetry excludes the second term in the trace anomaly (4.1), so c = 0.

The significance of this result is that the logarithmic correction to black hole entropy redu-

ces to a topological quantity, independent of the black hole parameters. In particular, it can

be deformed from the extremal (supersymmetric) limit to a generic (non-supersymmetric)

black hole without any change in value. This property suggests an underlying index theorem,

a great surprise in the context of non-supersymmetric black holes.

Our results may superficially appear in conflict with findings obtained in some other

areas of inquiry. For example, physical principles require the ratio c/a ∼ 1 for conformal field

theory in a curved background, with precise “conformal collider” bounds easily excluding c =

0 [62–64]. Such apparent conflicts are simply due to the additional matter contributions that

arise when we take dynamical gravity into account. Our considerations are thus consistent

with standard results and complementary to several areas of recent research.

The most obvious generalization of our work would be to understand whether the class

of non-supersymmetric solutions (4.2) for which our non-renormalization theorem c = 0

holds can be broadened and generalized further. In particular, it would be interesting to

analyze solutions with non-constant scalars. However, as we discuss, the possible four-

derivative corrections to more general backgrounds are expected to involve more (and more

complicated) supersymmetric invariants, especially when the scalars are not constant. This

will require the introduction of new four-derivative supersymmetric invariants beyond the

two we consider.

Our calculations derive a c = 0 non-renormalization theorem from the symmetries of

N = 2 supergravity. It would be interesting to understand the c = 0 result from the different

perspective of a (super-)index theorem in the spirit of other gravitational indices (such as

e.g. [52]). The strategy employed to establish such theorems involve relating quadratic

fluctuations of bosons around the background to those of fermions. When the non-zero

modes can be shown to cancel, the only contribution to the quantum corrections comes from

the zero modes and is thus topological. There are many examples where this mechanism

applies but they generally rely on supersymmetry preserved by the background. It would

be novel if index theorems can be generalized to non-supersymmetric backgrounds such as

ours. If it is possible it might also help understand how and when one could generalize our

non-renormalization theorem to a broader class of solutions.

As stressed in the opening, an important motivation for this work is the potential for

a microscopic understanding of black hole entropy and quantum corrections to it. De-

tailed microscopic models have been established for various types of supersymmetric black
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holes, using tools inherent to supersymmetry. Analogous microscopic descriptions of non-

supersymmetric black holes are typically elusive and, if known, difficult to handle. Our work

identifies a family of non-supersymmetric black holes that enjoys a simple and restricted form

of one-loop quantum corrections because they are solutions in a theory with supersymmetry.

This suggests an underlying structure that may point toward a microscopic description of

such non-supersymmetric black holes.

The rest of this chapter is organized as follows. In section 4.2 we briefly summarize the

relevant details of our N = 2 supergravity formalism and the particular class of solutions

considered. Then, sections 4.3 and 4.4 address duality and supersymmetry, respectively, and

show how these symmetries constrain quantum corrections to black hole entropy. Several

appendices review further details, especially of the off-shell formalism forN = 2 supergravity.

4.2 Supergravity Formalism and Black Hole Solutions

Our results on duality in section 4.3 and supersymmetry in section 4.4 make extensive use

of both the off-shell and on-shell formulations of N = 2 supergravity. In this section, we

review the essential parts needed to understand our methods and the relevant class of black

hole solutions. More details of off-shell N = 2 supergravity are reviewed in appendix B.

4.2.1 Field Content

The off-shell formalism realizes N = 2 supergravity in four dimensions by imposing con-

straints on superconformal multiplets whose fields transform under the N = 2 superconfor-

mal group. The most important of these multiplets is the Weyl multiplet, which contains

the gauge fields associated with each of the superconformal symmetry generators. The in-

dependent fields in this Weyl multiplet are

(
e a
µ , ψiµ , bµ , Aµ , V i

µ j , T
−
µν , χ

i , D
)
, (4.4)

where e a
µ is the metric vierbein, ψiµ is the gravitino, bµ is the dilatation generator, Aµ is

an auxiliary U(1)R gauge field, V i
µ j is an auxiliary SU(2)R gauge field, T−µν is an auxiliary

anti-self-dual tensor, χi is an auxiliary SU(2) doublet of Majorana spinors, and D is an

auxiliary real scalar field. The Weyl multiplet has 24 + 24 bosonic and fermionic degrees of

freedom off-shell.

We will introduce matter in the form of nV +1 off-shell N = 2 vector multiplets, denoted

by XI where I = 0, . . . , nV . These will reduce down to nV physical vector multiplets in the
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on-shell theory. The field content of the vector multiplets is

XI =
(
XI , ΩI

i , W
I
µ , Y

I
ij

)
, (4.5)

where XI is a complex scalar, ΩI
i is an SU(2) doublet of chiral gauginos, W I

µ is a U(1)

vector gauge field, and Y I
ij is an auxiliary SU(2) triplet of real scalars. Each vector multiplet

has 8 + 8 degrees of freedom off-shell. The scalars XI have Weyl weight w = 1 and U(1)R

charge (referred to as a chiral weight) c = −1, while their Hermitian conjugates X̄I have the

same Weyl weight and opposite chiral weight. The vector fields W I
µ are uncharged under the

U(1)R symmetry.

The field strengths of the auxiliary U(1)R gauge field Aµ and the auxiliary SU(2)R gauge

field V i
µ j are (respectively)

Aµν ≡ ∂µAν − ∂νAµ , (4.6)

V i
µν j ≡ ∂µV i

ν j − ∂νV i
µ j +

1

2
V i
µ kV k

ν j −
1

2
V i
ν kV k

µ j . (4.7)

The field strengths of the vector multiplet gauge fields are

F I
µν ≡ ∂µW

I
ν − ∂νW I

µ . (4.8)

We will also make use of the supercovariant field strengths

F−Iµν ≡ F−Iµν −
1

4
X̄IT−µν , F+I

µν ≡ F+I
µν −

1

4
XIT+

µν , (4.9)

where F±Iµν are the (anti-)self-dual parts of the vector multiplet field strengths.

4.2.2 Two-Derivative Theory

The couplings between the vector multiplets and the Weyl multiplet can be specified suc-

cinctly by a prepotential

F = F (0)(XI) , (4.10)

a meromorphic function of the complex scalars in the vector multiplets. Its derivatives are

denoted:

FI ≡
∂F

∂XI
, FĪ ≡

∂F

∂X̄I
= 0 , (4.11)

where the vanishing of the anti-holomorphic derivative follows from holomorphy. The prepo-

tential is homogeneous with degree two under Weyl transformations. The vector multiplet
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scalars have Weyl weight one so F (0) must satisfy

F (0)(λXI) = λ2F (0)(XI) . (4.12)

The two-derivative Lagrangian that couples the vector and Weyl multiplets via the prepo-

tential (4.10) is

8πL(2) =

[
iDµF (0)

I DµX̄
I − iF (0)

I X̄I

(
1

6
R−D

)
− i

8
F

(0)
IJ Y

I
ijY

Jij

+
i

4
F

(0)
IJ F

−I
µν F−µνJ −

i

8
F

(0)
I F

+I
µν T

+µν − i

32
F (0)T+

µνT
+µν

]
+ h.c.

+ (fermions) .

(4.13)

We can reduce the superconformal symmetry to a Poincaré symmetry and further simplify

the theory by imposing a consistent truncation

bµ = Y I
ij = V i

µ j = fermions = 0 , D = −1

3
R , i(F

(0)
I X̄I − F̄ (0)

I XI) =
8π

κ2
. (4.14)

More details are reviewed in appendix B.7. Under this truncation, the two-derivative La-

grangian (4.13) becomes

L(2) = − 1

2κ2
R +

1

8π

[
iDµF (0)

I DµX̄
I +

i

4
F

(0)
IJ F

−I
µν F−µνJ

− i

8
F

(0)
I F

+I
µν T

+µν − i

32
F (0)T+

µνT
+µν

]
+ h.c. .

(4.15)

In the truncation (4.14), the supercovariant derivative acts on the scalar fields by

DµXI = (∂µ + iAµ)XI . (4.16)

Thus the auxiliary fields T−µν and Aµ both appear algebraically in the Lagrangian. Their

equations of motion can be solved, yielding

T−µν = 4
NIJX̄

JF−Iµν
NKLX̄KX̄L

, Aµ = i
NIJX̄

J∂µX
I

NKLX̄KXL
, (4.17)

where we have defined the Hermitian symplectic matrix NIJ as

NIJ = 2ImF
(0)
IJ . (4.18)
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Eliminating the auxiliary fields T−µν and Aµ from the action yields the bosonic terms in the

familiar N = 2 supergravity Lagrangian

L(2) = − 1

2κ2
R− 1

8π
MIJ̄∂

µXI∂µX̄
J − i

32π
NIJF+I

µν F
+µνJ + h.c. , (4.19)

where the matrices MIJ̄ and NIJ are defined by

MIJ̄ = NIJ −
NIKX̄

KNJLX
L

NMNX̄MXN
, NIJ = F̄

(0)
IJ + i

NIKX
KNJLX

L

NMNXMXN
. (4.20)

The Einstein, Maxwell, and Bianchi equations of the simplified theory are

Rµν = −κ
2

4π
MIJ̄∂(µX

I∂ν)X̄
J − iκ2

8π
NIJF−Iµρ F+ρJ

ν + h.c. , (4.21)

0 = ∇µ

(
NIJF+µνJ − N̄IJF−µνJ

)
, (4.22)

0 = ∇µ

(
F+µνI − F−µνI

)
. (4.23)

These are the equations of motion for N = 2 supergravity.

4.2.3 Four-Derivative Theory

Our main interest is to constrain the form of one-loop quantum effective action (4.1), which

contains four-derivative terms. We therefore need to introduce higher-derivative corrections

to the Lagrangian (4.15).

Higher-derivative terms can be constructed in the off-shell N = 2 supergravity formalism

by additionally coupling the theory to a chiral multiplet Â. The field content of the chiral

multiplet is

Â =
(
Â , Ψ̂i , B̂ij , F̂

−
µν , Λ̂i , Ĉ

)
, (4.24)

where Â and Ĉ are complex scalars, Ψ̂i and Λ̂i are both SU(2) doublets of left-handed

fermions, B̂ij is a complex SU(2) triplet of scalars, and F̂−µν is an anti-self-dual tensor. A

chiral multiplet can have any Weyl weight w from which the Weyl and chiral weights of the

component fields can be determined. In particular, the scalars Â and Ĉ have Weyl weights

w and w + 2 and chiral weights −w and −w + 2, respectively.

The chiral multiplet will eventually be realized as a composite of the Weyl and vector

multiplets such that four-derivative terms are introduced into the action. The truncation

(4.14) can be augmented by setting all fermionic and SU(2)R-charged chiral multiplet fields

to zero:

Ψ̂i = Λ̂i = B̂ij = 0 . (4.25)
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The prepotential F still determines all couplings in the theory but, in order to introduce

higher-derivative interactions, it must be modified to become a function of the chiral multiplet

scalar Â as well as the vector multiplet scalars XI . It can be expanded as

F (XI , Â) =
∞∑
n=0

F (n)(XI)Ân , (4.26)

where each successive power of Â corresponds to introducing two further derivatives to the

Lagrangian, so that F (n)(XI) controls the (2 + 2n)-derivative terms. We are interested only

in two-derivative and four-derivative terms, and so we can truncate this series expansion to

obtain

F (XI , Â) = F (0)(XI) + F (1)(XI)Â . (4.27)

The new function F (1)(XI) must be homogenous under rescaling of projective scalars such

that

F (1)(λXI) = F (1)(XI) . (4.28)

It determines the couplings between the Weyl multiplet, vector multiplets, and chiral mul-

tiplet in the four-derivative part of the Lagrangian. This four-derivative Lagrangian, under

the truncations (4.14) and (4.25), is

L(4) =
1

8π

[
iDµ(F

(1)
I Â)DµX̄I +

i

4
F

(1)
IJ F

−I
µν F−µνJÂ−

i

8
F

(1)
I F

+I
µν T

+µνÂ

− i

32
F (1)T+

µνT
+µνÂ+

i

2
F

(1)
I F

−I
µν F̂

−µν +
i

2
F (1)Ĉ

]
+ h.c. .

(4.29)

4.2.4 A Class of Solutions

We are particularly interested in a class of (generally non-supersymmetric) solutions within

N = 2 supergravity determined by the two conditions:

∂µX
I = 0 , (4.30)

F+I
µν = 0 . (4.31)

This also implies the complex conjugate equations ∂µX̄
I = F−Iµν = 0.

The condition (4.31) can be re-written at two-derivative order using the definition (4.9)

and the auxiliary equation of motion (4.17) to give(
δIK −

XINKJX
J

XLNLMXM

)
F+K
µν = 0 . (4.32)
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For non-degenerate NIJ , the only non-trivial solution is given by

F+I
µν = XIF+

µν , (4.33)

where at this point Fµν is simply an arbitrary anti-symmetric two-tensor (and in particu-

lar does not yet need to satisfy a Bianchi identity). Once we also use the condition (4.30)

of constant scalars, the field Fµν becomes a genuine Maxwell field, and the resulting ef-

fective Lagrangian (at two-derivative order) following from N = 2 supergravity is simply the

Einstein-Maxwell Lagrangian:

Leff = − 1

2κ2

(
R +

1

4
FµνF

µν

)
. (4.34)

For this embedding, we note that (4.17) simplifies to

T+
µν = 4F+

µν , (4.35)

so the Weyl multiplet “graviphoton” T+
µν is proportional to the Maxwell field F+

µν . Additio-

nally, the embedding forces the U(1)R gauge field Aµ to vanish.

These Einstein-Maxwell solutions are in general not supersymmetric. For example, ge-

neral Kerr-Newman black holes will break all supersymmetries except in the non-rotating,

extremal limit. Interestingly, our Einstein-Maxwell solutions retain a remnant of the super-

symmetry of the original theory: the embedding conditions (4.30) and (4.31) are exactly

the conditions required for the gaugino supersymmetry variation to vanish, as discussed

in [38, 81]. We can think of non-supersymmetric Einstein-Maxwell solutions as continuous

deformations of supersymmetric ones such that the relation between scalars and vectors de-

manded by the SUSY attractor mechanism is maintained. Then the vector multiplet fields

force the gaugino variations to vanish (but do not necessarily satisfy any of the other BPS

conditions).

To summarize, the conditions (4.30), (4.31) reduce the full N = 2 supergravity equations

of motion to the much simpler equations of motion for Einstein-Maxwell theory. Conversely,

(4.33) defines an embedding into off-shell N = 2 supergravity of any solution to Einstein-

Maxwell theory, independent of the prepotential of the supergravity theory.

4.3 Duality Constraints on Four-Derivative Actions

As discussed in section 4.2, the quantum fluctuations of the massless fields in our theory

generate a quantum effective action W for our theory. At one-loop order, this quantum
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effective action contains only four-derivative terms. In this section we show that duality

constraints on possible four-derivative terms can be quite restrictive. For Einstein-Maxwell

theory, duality restricts the possible four-derivative terms to purely geometric curvature

terms; explicit dependence on the field strength Fµν is not possible. This result is main-

tained for the embedding of Einstein-Maxwell solutions in N = 2 supergravity discussed in

section 4.2.4 but N = 2 supergravity generally allows more terms.

4.3.1 Einstein-Maxwell Theory and Duality

We first review duality symmetry for Einstein-Maxwell theory and show how it restricts the

possible four-derivative terms.

Einstein-Maxwell theory (a U(1) vector field coupled minimally to gravity) has the La-

grangian

L = − 1

2κ2

(
R +

1

4
FµνF

µν

)
. (4.36)

The dual field tensor Gµν is defined through the relation

iG̃µν = 4κ2 ∂L
∂F µν

, (4.37)

so that Gµν = iF̃µν . Note that the factor of i is due to our definition (B.4) of the dual

tensor, since then F̃µν is purely imaginary when Fµν is real. The equations of motion and

the Bianchi identity can be summarized as

∇µ

(
F µν

Gµν

)
= 0 . (4.38)

These equations are invariant under SO(2,R) rotations of the vector (Fµν , Gµν) or, equiva-

lently, U(1) transformations of the (anti-)self-dual tensors F±µν of the form

F
′±
µν = e±iϕF±µν , (4.39)

for any phase factor eiϕ. Since F+
µν and F−µν transform under this U(1) symmetry with

opposite phases, we can write down an obvious duality-invariant tensor

Iµνρσ ≡ F+
µνF

−
ρσ . (4.40)

All duality invariants can be formed from powers of this tensor. Lorentz invariants can then

be formed by appropriate contractions of indices.
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The Einstein equations following from (4.36) can be written in a manifestly duality-

invariant form

Rµν = I ρ
(µ ν)ρ . (4.41)

The Einstein equation trace condition R = 0 follows from the fact that there is no way to

form a non-zero Lorentz scalar from a single Iµνρσ by contracting all indices.

In section 4.3.3 (and also appendix D) we will show that all four-derivative corrections to

the action (4.36) must in fact be invariant under the duality symmetry (4.39) even though,

as is well-known, the two-derivative action (4.36) is not invariant under duality (4.39), but

rather must transform in a very particular way such that the equations of motion respect

duality symmetry [111]. In anticipation of this result we proceed to form all possible four-

derivative Lorentz invariants from Iµνρσ and the Riemann tensor by contraction of Lorentz

indices.

It is clear from the equations of motion (4.41) that any four-derivative expression where

Iµνρσ appear with contracted indices reduces to the geometric invariant RµνR
µν . There are

two inequivalent ways to contract indices of two distinct Iµνρσ’s but one can show using the

(anti-)self-duality properties of F±µν that both also reduce to the geometric invariant RµνR
µν :

1

4
IµνρσIµνρσ = IµνρσIµρνσ = I ρ

µρν Iµσνσ = RµνR
µν . (4.42)

We can also form mixed duality invariants by contracting the matter tensor Iµνρσ and the

Riemann tensor Rµνρσ. The two distinct contractions again reduce to geometric invariants

1

2
IµνρσRµνρσ = IµνρσRµρνσ = I ρ

µρν R
µν = RµνR

µν . (4.43)

Thus we find that duality symmetry for Einstein-Maxwell theory restricts all the on-shell

four-derivative terms to a linear combination of only RµνρσR
µνρσ and RµνR

µν , with no explicit

appearance of the field strength Fµν .

It has been noticed before that one loop corrections to Einstein-Maxwell theory reduce

to pure geometry in this way [21,114,115] and a relation to duality was mentioned in [115],

but this is the first explicitly-detailed exposition of this feature.

4.3.2 Symplectic Duality Symmetry

We want to discuss four-derivative duality invariants in a much more general theory of N = 2

supergravity. To get started, we first review the extended symplectic duality symmetry of

N = 2 supergravity.
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In a theory with nV + 1 U(1) gauge fields (and no explicit sources for the gauge fields)

there is a U(nV + 1) compact duality symmetry that rotates the gauge fields and their dual

tensors into each other. When there are also scalars in the theory that transform under

duality, such as in N = 2 supergravity, the duality symmetry can further be extended to a

non-compact (sub)group of Sp(2nV + 2,R) [111].1

The dual field strengths GIµν (with I = 0, . . . , nV ) generalizing (4.37) are

iG̃Iµν =
∂(8πL)

∂F Iµν
. (4.44)

In the case of the on-shell two-derivative Lagrangian (4.19), the dual field strengths are given

by

G+
Iµν = NIJF+J

µν . (4.45)

Under the Sp(2nV + 2,R) symplectic duality symmetry of N = 2 supergravity, the field

strengths F I
µν and the dual field strengths GIµν form a symplectic vector

Fµν ≡ (F I
µν , GIµν) , (4.46)

that transforms under duality as(
F I
µν

GIµν

)
→

(
U I

J ZIJ

WIJ V J
I

)(
F J
µν

GJµν

)
, (4.47)

where U , Z, W , and V are real matrices that satisfy

UTW −W TU = 0 ,

ZTV − V TZ = 0 ,

UTV −W TZ = I .

(4.48)

The infinitesimal version of this symplectic transformation is

δ

(
F I
µν

GIµν

)
=

(
AIJ BIJ

CIJ −(AT ) J
I

)(
F J
µν

GJµν

)
, (4.49)

where A is an arbitrary real matrix while B and C are real, symmetric matrices. The vector

multiplet scalars XI and the prepotential derivatives also form a symplectic vector

X ≡ (XI , FI) , (4.50)

1Symplectic duality for N = 2 is discussed in detail in e.g. [116–118], and also reviewed in e.g. [38, 46].
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that transforms in the same way as the vector field strengths

δ

(
XI

FI

)
=

(
AIJ BIJ

CIJ −(AT ) J
I

)(
XJ

FJ

)
. (4.51)

We can form symplectic scalars by taking the symplectic product of any two symplectic

vectors A,B via the operation

A · B ≡ AΩB , Ω ≡

(
0 I
−I 0

)
. (4.52)

Such symplectic scalars generalize the invariant tensor (4.40) from Einstein-Maxwell theory.

As in that example, they generally transform under Lorentz symmetry, as the Lorentz indices

may be uncontracted at this point.

The prepotential F = F (XI) is not a symplectic scalar, even though it has no symplectic

index. By integrating how the functions FI change under duality transformations, one can

find how the prepotential F transforms. The result is that, for a given prepotential F , the

symplectic transformations (4.49) fall into two categories:

1. Transformations that preserve the functional form of the prepotential such that it

transforms as F (XI)→ F (XI + δXI).

2. Transformations that change the functional form of the prepotential.

The former transformations are true symmetries of the theory for a specified prepotential F ,

while the latter transformations are not symmetries but rather symplectic reparametrizations

that transform the equations of motion of the theory into equivalent but different equations

of motion [38,118].

The generalized prepotential F = F (XI , Â) needed to introduce four-derivative terms

depends on a duality-invariant chiral scalar Â with Weyl weight two. In this setting, the

partial derivative FA of F with respect to this chiral scalar has no symplectic index I.

Crucially, FA has zero Weyl weight and is always a symplectic scalar [38, 116]. This will be

important in the discussion later on, particularly in sections 4.3.3 and 4.4.1.

4.3.3 Duality (In)variance of Four-Derivative Corrections

It is well-known that the two-derivative terms in a Lagrangian of a theory with duality

symmetry is not itself invariant under duality transformations; the symmetry is manifest

only at the level of the equations of motion. The transformation properties of four-derivative
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terms under duality symmetry are less familiar. We will show that the on-shell four-derivative

terms must be duality invariant already at the Lagrangian level in the situations that we are

most interested in, but not in general.

Our claim generalizes a result by Gaillard and Zumino [111]. Consider a Lagrangian L of

scalar fields. They showed that if this Lagrangian depends on a duality-invariant parameter

λ and the duality transformations of the scalars do not depend on λ, then ∂λL is duality

invariant. We can apply this argument by identifying λ with the numerical coefficients that

appear in front of four-derivative terms in our effective action, and hence conclude that the

four-derivative action L(4) is duality invariant. This reasoning also applies when there are no

scalars at all, such as in Einstein-Maxwell theory. Therefore the four-derivative corrections

must be duality invariant in this case, justifying the assumption made in section 4.3.1.

However, for higher-derivative corrections to N = 2 supergravity we can generally not

choose a λ that the scalar transformations do not depend on: duality acts on coupling

constants and, specifically, the couplings encoded in the prepotential (4.27) are not duality

invariant. By generalizing the result of Gaillard and Zumino [111] to take dependence of

these scalar transformations on the coupling constant λ into account, we find (through a

simple calculation spelled out in appendix D)

δL(4) = −BIJF
(1)
J Â

∂L(2)

∂XI
−BIJ∂µ

(
F

(1)
J Â

) ∂L(2)

∂(∂µXI)
. (4.53)

Thus, in general, the four-derivative corrections to N = 2 supergravity are not duality

invariant. Fortunately, they are not arbitrary: the transformation properties of the four-

derivative Lagrangian L(4) are completely determined by the two-derivative Lagrangian L(2).

We are particulatly interested in the class of solutions introduced in section 4.2.4 where

the scalars are constant and the superconformal field strength F+
µν vanishes. In this case the

expression (4.15) of the (off-shell) two-derivative Lagrangian L(2) gives[
∂L(2)

∂(∂µXI)

]
∂µXI=0

= 0 , (4.54)

and, remembering the dependence of F+
µν on the scalars XI , we have[

∂L(2)

∂XI

]
∂µXI=0,F+

µν=0

=

[
∂

∂XI

(
− i

8
F

(0)
I F

+I
µν T

+µν − i

32
F (0)T+

µνT
+µν + h.c.

)]
F+
µν=0

= 0 ,

(4.55)

identically (without using the equation of motion). We conclude that the four-derivative

Lagrangian must be duality invariant when the scalars are constant and the supercovariant
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field strength F+
µν vanishes: [

δL(4)
]
∂µXI=0, F+

µν=0
= 0 . (4.56)

Importantly, this result does not in any way depend on supersymmetry, neither of the theory

nor of the solution. It comes only from the symplectic duality symmetry of the theory.

In section 4.4.1 below we show that in N = 2 supergravity the four-derivative corrections

are given by (4.67), an expression that only depends on the symplectic scalar function FA =

F (1) and the (symplectically invariant) components of the Weyl multiplet. The discussion in

this section shows that corrections of this form must be invariant under duality at the level

of the Lagrangian.

4.3.4 Symplectic Invariants with Constant Scalars

It is interesting to investigate how much we can constrain four-derivative terms using sym-

plectic duality invariance alone. In this section, we restrict ourselves to the case with constant

scalars and set all fermions to zero but impose no other restrictions on the bosonic fields.

This is a generalization of the discussion at the end of section 4.3.1 where we showed that

four-derivative corrections to Einstein-Maxwell theory can always be written in terms of

curvature invariants involving only geometry.2

As a first step we classify all invariants under duality we can construct using at most two

symplectic vectors and at most four covariant derivatives. We do not yet impose Lorentz

invariance. We will use the notation we introduced in (4.46) and (4.50) for the symplectic

vector of the (anti-)self-dual field strengths F±µν and the scalar symplectic vector X (and its

complex conjugate X). Our starting point is the on-shell Lagrangian (4.19) where auxiliary

fields have been integrated out.

At zero-derivative order, the only symplectic invariants are X ·X = 0 and X ·X = 8πi/κ2

(where we have used (4.14)). At one-derivative order, we have the symplectic invariant

T+
µν = −iκ

2

2π
F+
µν · X , (4.57)

and its complex conjugate, where we have recognized the auxiliary Weyl multiplet field

T+
µν from its two-derivative equation of motion (4.17). The only other possible symplectic

2We are not yet setting F+I
µν = 0 so, as explained in section 4.3.3, the full four-derivative Lagrangian will

generally not be a duality-invariant. The duality-invariants we find in this section should therefore be viewed
as (at most) part of the four-derivative Lagrangian for constant scalars when F+I

µν 6= 0; another (mandatory)
part of the Lagrangian must be given by a non-duality-invariant term that transforms according to (4.53).
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invariant with one derivative is F+
µν · X, which vanishes,

F+
µν · X = F+I

µν FI −G+
IµνX

I = F+I
µν FI −NIJF+J

µν X
I = F+I

µν FI − F+J
µν FJ = 0 , (4.58)

using the explicit form (4.45) for the dual tensor G+
Iµν and the special geometry identity

NIJXI = FI .

At two-derivative order, we have the symplectic invariants

Iµνρσ = F+
µν · F−ρσ, ∇ρT

+
µν = − i

2π
κ2∇ρF+

µν · X, Rµνρσ . (4.59)

There are two other possible candidates but both vanish identically:

F+
µν · F+

ρσ = ∇ρ(F+
µν · X) = 0 , (4.60)

using (4.45). Using similar arguments, at three-derivative order we can have

∇λF+
µν · F+

ρσ, ∇λF+
µν · F−ρσ, ∇ρ∇σF+

µν · X , (4.61)

and their complex conjugates. Finally, at four-derivative order, we can have

∇λF+
µν · ∇ωF+

ρσ, ∇λ∇ωF+
µν · F−ρσ, ∇λF+

µν · ∇ωF−ρσ, ∇λ∇ωF+
µν · F−ρσ , (4.62)

and their complex conjugates.

Having now determined all possible symplectic invariants with at most two symplectic

vectors, the next step is to multiply such invariants together and contract Lorentz indices to

form four-derivative terms that are invariant under Lorentz symmetry as well as symplectic

invariance. There are numerous options but the physically interesting ones are subject to

further constraints:

1. Candidate terms for four-derivative corrections to N = 2 supergravity must have

vanishing U(1)R charge. This is restrictive since X is charged under U(1)R.

2. We can use the two-derivative on-shell Einstein equation to trade F+
µρ · F−ρν for Rµν (a

generalization of (4.41)).

3. We can discard terms that are equivalent up to a total derivative.

Using all of these properties we find (through straightforward but tedious calculations in-

volving the (anti-)self-duality of F±µν) that there are exactly five independent four-derivative
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symplectic invariant terms:

RµνρσR
µνρσ , RµνR

µν , ∇µT
+µν∇ρT−ρν , RµνT

+µ
ρT
−νρ , T−ρµ T−µνT+σ

ν T+
ρσ . (4.63)

We spell out more details of the calculation leading to (4.63) in appendix E.

It is interesting that, even with the minimal assumptions made in this subsection, all

these terms involve only fields from the Weyl multiplet; all explicit dependence on the vector

multiplets has been eliminated using symmetries and equations of motion.

4.3.5 The Einstein-Maxwell Embedding in N = 2 Supergravity

We are particularly interested in the embedding of Einstein-Maxwell theory in N = 2 super-

gravity with any number nV of N = 2 vector multiplets. As discussed in section 4.2.4, the

embedding sets each of the scalars XI to be fixed at some constant value and, given those

scalars, specifies the N = 2 vector fields as (4.33)

F+I
µν = XIF+

µν , (4.64)

for some Maxwell gauge field Fµν . Since this setting has constant scalars, the results from

the previous subsection applies. However, in addition, the Einstein-Maxwell embedding

(4.64) demands that the superconformal curvature vanishes F+I
µν = 0. In this setting the

antisymmetric tensor T+
µν (4.57) in the Weyl multiplet reduces to the Einstein-Maxwell field

strength F+
µν , as noted in (4.35). Then the four-derivative invariants in (4.63) either vanish

due to the Maxwell-Bianchi equations for the Einstein-Maxwell field strength Fµν or reduce

(using the Einstein equation (4.41) for Einstein-Maxwell theory) to pure geometry. We

therefore recover that the four-derivative invariants respect the electric-magnetic duality

symmetry of Einstein-Maxwell theory discussed in 4.3.1, and so we are left with the two

independent geometric invariants, which we can cast as the W 2 and Euler terms

WµνρσW
µνρσ , E4 . (4.65)

It is interesting to trace the origin of the electric-magnetic duality symmetry of Fµν in

the underlying N = 2 supergravity theory. Indeed, at first sight this duality symmetry

is quite mysterious: since F+I
µν transforms like XI under the N = 2 symplectic duality

transformations, the embedded Maxwell field F+
µν defined in (4.64) is actually invariant under

N = 2 symplectic duality. Therefore the duality symmetry of the Maxwell theory is not a

subset of the N = 2 duality symmetry.
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We must instead pay attention to the U(1)R symmetry of N = 2 supergravity. F+I
µν is

uncharged while XI is charged under this U(1)R. So, according to (4.64), the embedded

Maxwell field F+
µν must be charged under the U(1)R symmetry with charge opposite to that

of XI . The Maxwell field transforms as (4.39) under the global U(1)R, and so we conclude

that the U(1) duality symmetry of the embedded Maxwell field Fµν is identified with the

U(1)R global symmetry of the N = 2 theory. Thus it is ultimately the U(1)R symmetry of

the underlying N = 2 supergravity that lets us reduce the five symplectic invariants given

in (4.63) to the geometric curvature invariants RµνρσR
µνρσ and RµνR

µν or, equivalently, W 2

and E4.

4.4 Supersymmetry Constraints on Four-Derivative Acti-

ons

In section 4.3 we showed that the only four-derivative terms allowed in our Einstein-Maxwell

embedding (introduced in section 4.2.4) are the geometric invariants E4 and W 2. Duality

prevents explicit dependence on matter. In this section, we show how supersymmetry further

constrains the four-derivative terms such that only the Euler invariant E4 can appear, hence

proving that the c-anomaly vanishes.

This section proceeds as follows. In section 4.4.1 we discuss simplifications of the four-

derivative Lagrangian (4.29) due to the form of the Einstein-Maxwell embedding introduced

in section 4.2.4 . We will go on to discuss the two known four-derivative chiral multiplets,

the W2 multiplet and the T(log Φ̄) multiplet, in section 4.4.2. We will use use the details of

these chiral multiplets to show how we are forced to have c = 0 in section 4.4.3.

4.4.1 Four-Derivative Action in the Einstein-Maxwell Embedding

The general form of the four-derivative part of the Lagrangian is given in (4.29). In the

Einstein-Maxwell embedding (4.33) we set

F+I
µν = XIF+

µν , ∂µX
I = 0 , (4.66)

so the supercovariant field strengths F±Iµν vanish, and then the Lagrangian simplifies to

L(4) =
i

16π
F (1)(XI)

(
Ĉ − 1

16
T+
µνT

+µνÂ

)
+ h.c. . (4.67)
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We recall from (4.27) that the four-derivative prepotential term FA = F (1) is a function of the

vector multiplet scalars, which are all set to a constant in the Einstein-Maxwell embedding.

In this context the four-derivative Lagrangian is therefore given by the supersymmetric

invariant

L−
Â

=
1

64

(
Ĉ − 1

16
T+
µνT

+µνÂ

)
, (4.68)

plus its Hermitian conjugate. This shows that, when considering the class of Einstein-

Maxwell solutions discussed in section 4.2.4, the only four-derivative Lagrangian that respects

supersymmetry is made up entirely of Weyl and chiral multiplet fields; no couplings between

the chiral and vector multiplets are allowed when the supercovariant field strengths vanish

and the scalars are constant. This is a consequence of the symplectic duality symmetry

discussed in the previous section.

This supersymmetric invariant (4.68) matches the chiral multiplet density formula dis-

cussed in [119], after the truncation (4.25) has been imposed on the chiral multiplet field

content.

4.4.2 Chiral Multiplet Supersymmetric Invariants

As discussed in section 4.2.3, our interest in the chiral multiplet Â is to introduce higher-

derivative terms into the action. In this context the fields that make up the chiral multiplet

are not independent fields, but rather composites of fields that are already introduced as

components of other superfields. In order to introduce four-derivative interactions (e.g. R2,

F 4, etc.) the chiral multiplet must have a Weyl weight w = 2. This also guarantees that

the supersymmetric invariant (4.68) is both symplectically invariant and U(1)R invariant, as

required by the discussion in section 4.3.4.

The only known chiral multiplets that fit these criteria are the W2 multiplet (introduced

in [120] and reviewed in detail in [38,80,81]) and the T(log Φ̄) multiplet (introduced in [112]).

In the following, we will discuss the basic structures needed to establish the form of the

supersymmetric invariant (4.68) for each of these multiplets. These multiplets are discussed

in more detail in appendix B.

We first discuss W2, the more familiar of the two. Constraints can be imposed on

the Weyl multiplet (4.4) such that it forms a reduced chiral multiplet, denoted by Wab.

Using standard rules for performing algebraic operations on chiral multiplets, we can take

the product of this reduced chiral multiplet with itself to obtain a new chiral multiplet

W2 ≡WabW
ab that is a Lorentz scalar. The components of W2 are given in appendix B.5.
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The supersymmetrized invariant (4.68) with chiral field Â = W2 is

L−W2 =
1

64

(
C|W2 − 1

16
T+
µνT

+µνA|W2

)
=

1

2
WµνρσW

µνρσ +
i

2
∗WµνρσW

µνρσ +
1

8
Rµ

νT
−
µρT

+νρ + 3D2

+
1

1024
T−µνT

−µνT+
ρσT

+ρσ − 1

4
T−µνDµDρT+

ρν

− 2A−µνA
−µν +

1

2
V− i
µν jV

−µνj
i + (fermions) .

(4.69)

L−W2 thus contains a WµνρσW
µνρσ term, in addition to many other terms formed from Weyl

multiplet fields. It is the supersymmetric completion of WµνρσW
µνρσ denoted schematically

in (4.3) as “W 2 + SUSY matter”.

Next, we discuss the less familiar T(log Φ̄) multiplet. For an arbitrary chiral multiplet Φ,

we can take its Hermitian conjugate and then (using chiral multiplet algebra rules) take the

logarithm of this Hermitian conjugate, resulting in the anti-chiral multiplet log Φ̄ with Weyl

weight w = 0. We can act on this multiplet with the kinetic operator T, which introduces

two powers of derivatives in order to make the multiplet kinetic [83]. This new kinetic chiral

multiplet has Weyl weight w = 2 and is denoted T(log Φ̄) [112]. The field content of the

T(log Φ̄) multiplet are discussed in appendix B.5.

As discussed in [112], the supersymmetrized invariant (4.68) derived from the chiral

multiplet Â = T(log Φ̄) can be written as

L−T(log Φ̄)
=

1

64

(
C|T(log Φ̄) −

1

16
T+
µνT

+µνA|T(log Φ̄)

)
= −RµνR

µν +
1

3
R2 − 3D2 − 1

8
Rµ

νT
−
µρT

+νρ − 1

1024
T−µνT

−µνT+
ρσT

+ρσ

+
1

4
T−µνDµDρT+

ρν + AµνA
µν − 1

2
V+ i
µν jV

+µνj
i

+
1

2w
∇aV

a + (fermions) ,

(4.70)

where Va is given in terms of Ā|log Φ̄, F+
ab|log Φ̄, and the Weyl multiplet fields as

Va = 4DaD2Ā|log Φ̄ − 8RabDbĀ|log Φ̄ +
8

3
RDaĀ|log Φ̄ − 8iAabDbĀ|log Φ̄

− T−acT+
bcD

bĀ|log Φ̄ +
1

2
(DaT+

bc )F
+bc|log Φ̄ + 4T+acDbF+

bc |log Φ̄

+ w

[
2

3
DaR− 4DaD − 1

2
Db(T−acT+

bc )

]
,

(4.71)
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and w is the Weyl weight of the chiral multiplet Φ. It is important to note that the only

dependence in (4.70) on the details of the chiral multiplet Φ is in Va. This means that, no

matter what Φ is taken as starting point for the construction, the resulting supersymmetric

invariants are the same up to a total derivative.

The supersymmetric completion of the Euler invariant (denoted schematically as “E4 +

SUSY matter” in (4.3)) is the sum of the two four derivative terms introduced in this sub-

section:

L−χ = L−W2 + L−T(log Φ̄)

=
1

2
E4 +

i

2
∗WµνρσW

µνρσ + AµνÃ
µν +

1

2
V i
µν jṼ

µνj
i +

1

2w
∇aV

a + (fermions) .
(4.72)

As discussed in section 4.2.1, we can consistently truncate the full off-shell supergravity

theory down to one with only a subset of the full bosonic content by using the truncation

ansatz (4.14). The result of this truncation, when applied to the supersymmetric invariants,

is

L−W2 =
1

2
E4 +

i

2
∗WµνρσW

µνρσ +

(
Rµν +

1

16
T−µρT

+ρ
ν

)2

− 1

4
T−µνDµDρT+

ρν − 2A−µνA
−µν ,

L−T(log Φ̄)
= −

(
Rµν +

1

16
T−µρT

+ρ
ν

)2

+
1

4
T−µνDµDρT+

ρν + AµνA
µν +

1

2w
∇aV

a ,

L−χ =
1

2
E4 +

i

2
∗WµνρσW

µνρσ + AµνÃ
µν +

1

2w
∇aV

a .

(4.73)

4.4.3 Supersymmetric Invariants in the Einstein-Maxwell Embed-

ding

The final equations for the supersymmetric invariants (4.73) are for any solution that satisfies

the consistent truncation (4.14). We now further restrict to Einstein-Maxwell solutions that

result from the Einstein-Maxwell embedding (4.33). Then the remaining auxiliary fields are

set to

T+
µν = 4F+

µν , Aµ = 0 , (4.74)

where Fµν is a U(1) field strength that sources the geometry via an effective Einstein-Maxwell

action

Leff = − 1

2κ2

(
R +

1

4
FµνF

µν

)
. (4.75)
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For such backgrounds the supersymmetric invariants (4.73) simplify to

L−W2 =
1

2
E4 +

i

2
∗WµνρσW

µνρσ +
(
Rµν + F−µρF

+ρ
ν

)2 − 1

4
F−µν∇µ∇ρF+

ρν ,

L−T(log Φ̄)
= −

(
Rµν + F−µρF

+ρ
ν

)2
+

1

4
F−µν∇µ∇ρF+

ρν +
1

2w
∇aV

a ,

L−χ =
1

2
E4 +

i

2
∗WµνρσW

µνρσ +
1

2w
∇aV

a .

(4.76)

The Einstein equation (4.21) and the Maxwell-Bianchi equations (4.22), (4.23) for Einstein-

Maxwell embedding solutions become

Rµν = −F−µρF+ρ
ν , ∇µF

±µν = 0 , (4.77)

which are just the familiar equations of motion for the effective action (4.75). If we now take

the allowed four-derivative Lagrangians in (4.76), put them on-shell by using these Einstein-

Maxwell equations of motion (4.77), and drop any total derivative terms in the Lagrangians3,

we find that they collapse almost entirely:

L−W2 = L−χ =
1

2
E4 , L−T(log Φ̄)

= 0 . (4.78)

We have hence shown that, when considering Einstein-Maxwell solutions in N = 2 supergra-

vity, the supersymmetrized Weyl and Euler invariants coincide, while the supersymmetric

invariant corresponding to the T(log Φ̄) multiplet becomes trivial.

We first note that all field strength terms have dropped out of the allowed four-derivative

Lagrangians (4.78). This was expected, based on how the analysis of section 4.3 showed that

electromagnetic duality prohibits such terms. However, the duality analysis allowed for the

possibility of independent W 2 and E4 terms in the four-derivative Lagrangian, since both

terms are purely geometric.

What we have shown in (4.78) is that supersymmetry does not allow for a W 2 term in

the four-derivative action. Both the supersymmetrized Euler and supersymmetrized Weyl

invariants coincide on-shell with the ordinary Euler invariant. Supersymmetry is therefore

responsible for drastic simplifications to the four-derivative action, even for solutions that

do not preserve any supersymmetries of the theory itself. This generalizes our results from

chapter 3, where we showed that the supersymmetrized Weyl invariant coincides with the

3Although the Euler invariant E4 can be written as a total derivative in four dimensions, it is a total
derivative acting on (non-covariant) Christoffel symbols that do not fall off to zero at infinity. Its contribution
to the one-loop effective action is therefore not automatically zero and is instead proportional to the Euler
characteristic of the spacetime. The total derivative terms we drop are ∗WµνρσW

µνρσ and ∇aVa, both of
which give a vanishing contribution to the effective action.
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Gauss-Bonnet invariant for Einstein-Maxwell solutions to minimal N = 2 supergravity.

In summary, we have shown that the c-anomaly must vanish for Einstein-Maxwell solu-

tions embedded in N = 2 supergravity: supersymmetry at the level of the effective action

guarantees that no W 2 term can appear. The result applies to each individual N = 2

multiplet by itself and confirms our explicit computations from chapter 2. It applies for

any Einstein-Maxwell solutions, including those that are not supersymmetric. As discussed

before, the logarithmic corrections to black hole entropy are therefore topological. In par-

ticular, they are independent of continuous parameters such as the black hole mass. The

coefficient of the logarithmic correction remains the same as we deform a supersymmetric

black hole off extremality and break supersymmetry by any amount.
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Appendix A

Zero Modes

We initially defined the heat kernel D(s) in (2.12) to include zero modes of Λ, so

D(s) =
∑
i

e−sλi =
∑
λi 6=0

e−sλi +Nzm , (A.1)

where Nzm is the number of zero modes (i.e. the number of distinct eigenvalues of Λ that

are zero). The contribution from the zero modes in (A.1) affects only the constant term and

not any other terms in D(s).

This contribution from zero modes must be reconsidered carefully. The schematic Euc-

lidean path integral representation of the one-loop effective action (2.4) does not apply to

zero modes, as the functional integral over the fields is no longer a Gaussian. Instead, the

zero mode piece of the path integral reduces to ordinary integrals over the symmetry groups

that give rise to these zero modes. These integrals depend on the scaling dimensions of the

symmetry groups. Contributions from zero modes were included in our local expressions but

with an incorrect weight of 1, as in (A.1). The correction due to the actual scaling dimension

of the zero modes is

Czm = −
∑
i∈B

(∆i − 1)N (i)
zm +

∑
i∈F

(2∆i − 1)N (i)
zm . (A.2)

where ∆ is the scaling dimension of the field and Nzm is the number of zero modes associated

with that field [14,22,43]. The fermionic zero modes have the opposite sign as bosonic zero

modes to account for fermion spin statistics. The fermionic scaling dimensions also count

with double weight due to spin degeneracy.

The correct treatment of zero modes introduces the correction Czm into our expressions

for the entropy in chapter 2, specifically in (2.50) and (2.217). As discussed in section 2.2,

these expressions describe the logarithmic correction to the entropy in the microcanonical
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ensemble where M , Q, and J are fixed. In general Czm can depend on how these quantities

have been fixed. This correction has been computed in many different cases [14, 15, 20, 22].

We collect these different results and present them compactly as

Czm = −(3 +K) + 2NSUSY + 3δ , (A.3)

where

K =

1 for J3 fixed with ~J2 arbitrary

3 for J3 = ~J2 = 0
,

NSUSY =

4 for BPS black holes

0 for non-BPS black holes
,

δ =

1 for non-extremal black holes

0 for extremal black holes
.

(A.4)

Scalars and spin-1/2 fermions have no zero modes. Vector fields have scaling dimension

∆1 = 1, so there are no corrections due to vector zero modes. All zero modes in the vector and

gravitino multiplets are due to vector fields and thus these multiplets do not get corrected.

Therefore we only need consider the fields in the gravity multiplet.

The metric has scaling dimension ∆2 = 2 and 3 +K zero modes. There are 3 zero modes

associated with translational invariance and K zero modes associated with the number of

rotational isometries of the black hole solution.

The fermionic zero modes have scaling dimension ∆3/2 = 3
2
. For BPS black hole solutions

there are 4 SUSY zero modes, but there are no fermionic zero modes when the background

does not preserve SUSY.

Non-extremal black holes have a finite temperature and thus we assume the inverse

temperature β scales with the length scale of the black hole, as opposed to the extremal

limit where β →∞. We thus have to consider a finite IR volume of integration, which gives

a 3δ contribution to (A.3) that exactly cancels the translational zero modes for non-extremal

black holes [20].
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Appendix B

Off-Shell 4D N = 2 Supergravity

In this section, we summarize some of the important technical details of four-dimensional

N = 2 supergravity in the off-shell formalism. These details have been studied extensively

in previous works [38, 81, 83–85, 121]. We will first discuss the construction of the relevant

supersymmetry multiplets and then go into detail discussing the bosonic part of the N = 2

conformal supergravity action that couples these multiplets together, complete with higher-

derivative interactions. We then go on to show how, through appropriate gauge-fixing, we can

obtain a Poincaré supergravity action. We conclude with the consistent bosonic truncation

that we make use of in this work.

B.1 Notation

The setting is a 4D Lorentzian spacetime, with (−+++) signature, where spacetime indices

(also known as curved space indices) are denoted by µ, ν, . . . and flat tangent space indices

by a, b, . . . . Many of the fields of consideration will also be charged under an SU(2) gauge

group, and we will denote the corresponding SU(2) indices of these fields by i, j, . . . . We

denote antisymmetrized and symmetrized indices by

[µν] =
1

2
(µν − νµ) , (µν) =

1

2
(µν + νµ) , (B.1)

with similar expressions for tangent space indices and SU(2) indices.

The spacetime metric is gµν and the flat space metric is ηab. The two are related via the

vierbein e a
µ , allowing conversion between tangent space indices and curved space indices on

any Lorentz tensor. As such, we will be casual about whether we use flat or curved indices.

The only time where the distinction is important is in determining how the supercovariant

derivative acts, as it acts non-trivially on the vierbein, and thus the supercovariant derivative
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acts differently on tensors in flat space differently than tensors in curved space.

We will also make extensive use of the Levi-Civita tensor εµνρσ, a totally anti-symmetric

tensor normalized by

ε0123 =
√
−g , ε0123 = − 1√

−g
. (B.2)

In flat Minkowski space, the metric determinant is
√
−g = 1, and so this simply becomes

the usual Lorentzian Levi-Civita symbol. The Levi-Civita tensor satisfies the contraction

identity

εµ1...µnν1...νpε
µ1...µnρ1...ρp = −n! p! δ[ρ1

ν1
. . . δρp]

νp . (B.3)

For a U(1) field strength Fµν , we will denote the dual field strength by

F̃µν ≡ −
i

2
εµνρσF

ρσ . (B.4)

We can also express the (anti-)self-dual parts of this field strength as

F±µν ≡
1

2

(
Fµν ± F̃µν

)
. (B.5)

B.2 Superconformal Gravity and the Weyl Multiplet

We first want to construct an N = 2 superconformal gauge theory in which all of the

generators act as internal symmetries. To do so, we can take the generators of the N = 2

superconformal algebra and introduce a gauge field associated with each generator. These

generators and associated gauge fields are given in table B.1.

In principle, we need to define a derivative operator Dµ that is covariant with respect

to the full set of N = 2 superconformal symmetries. Acting with the fully supercovariant

derivative on fields can in general yield very lengthy and complicated expressions due to

the multitude of gauge fields. We can define a new, simpler derivative operator Dµ that is

covariant with respect to Lorentz transformations, dilatations, R-symmetry transformations,

and whatever other internal gauge transformations the field transforms under. For example,

if φµ1...µn is a bosonic field with a Weyl weight w, a chiral U(1)R weight c, and no SU(2)R

charge, the covariant derivative Dµ acts on φµ1...µn by

Dµφµ1...µn = (∇µ − wbµ − icAµ)φµ1...µn , (B.6)

where ∇µ is the ordinary covariant derivative in curved space with respect to Lorentz trans-

formations. We will eventually gauge-fix such that we obtain a Poincaré supergravity theory
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Transformation Generator Gauge Field

Translations Pa e a
µ

Lorentz Mab ωabµ

Dilatations D bµ

Special conformal Ka f a
µ

SU(2)R V j
i V i

µ j

U(1)R A Aµ

Q-supersymmetry Qi ψiµ

S-supersymmetry Si φiµ

Table B.1: N = 2 superconformal symmetries and their corresponding generators in the
N = 2 superconformal algebra, as well as the gauge fields associated with each transforma-
tion.

in section B.6 and then truncate the theory such that all fermions and SU(2)R charged fields

are set to zero in section B.7, all of which will make the covariant derivative (B.6) more

useful than the full supercovariant derivative Dµ.

To now obtain a conformal supergravity theory, the superconformal symmetries must be

realized as spacetime symmetries instead of internal ones. This leads to the (conventional)

constraints that make the fields

ωabµ , φiµ , f a
µ , (B.7)

into composite fields. In doing so, we are forced to introduce new auxiliary degrees of freedom

in the form of an anti-self-dual tensor T−ab, an SU(2) doublet of Majorana spinors χi, and a

real scalar field D1.

The remaining independent gauge fields, along with these new auxiliary degrees of free-

dom, form a superconformal gauge multiplet known as the Weyl multiplet. The Weyl mul-

tiplet, introduced in (4.4), can be represented as

(
e a
µ , ψiµ , bµ , Aµ , V i

µ j , T
−
µν , χ

i , D
)
, (B.8)

with 24+24 off-shell bosonic and fermionic degrees of freedom.

1At this point, we have presented the R-symmetry gauge fields as real, physical fields. However, the
SU(2)R gauge field will eventually be gauge-fixed to zero, and the U(1)R gauge field does not have a kinetic
term at two-derivative order in the action. We can therefore, from the perspective of the on-shell N = 2
supergravity formalism, consider these to be auxiliary fields with no true dynamical degrees of freedom.
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B.3 Other N = 2 Superconformal Multiplets

We now want to introduce matter in the form of other superconformal multiplets. In this

section, we will detail the field content of the vector, chiral, and non-linear multiplets.

The first multiplet we will consider is the vector multiplet given in (4.5). It is denoted as

XI =
(
XI , ΩI

i , W
I
µ , Y

I
ij

)
, (B.9)

with 8+8 off-shell bosonic and fermionic degrees of freedom in the form of a complex scalar

XI , an SU(2) doublet of chiral gauginos ΩI
i , a vector field W I

µ , and an auxiliary SU(2)

triplet of real scalars Y I
ij . These vector multiplets are indexed by I. We need at least one

in the theory in order to have enough degrees of freedom to gauge-fix down to Poincaré

supergravity. From the perspective of the on-shell formalism, one of the vector multiplets

will get combined with the Weyl multiplet to form a gravity multiplet, while the remaining

off-shell vector multiplets will become physical vector multiplets. We therefore let the index

I range over

I = 0, . . . , nV , (B.10)

where nV is the number of physical vector multiplets we want to couple to the gravity

multiplet.

The next multiplet we will consider is the chiral multiplet, introduced in (4.24). The field

content of the chiral multiplet is

Â =
(
Â , Ψ̂i , B̂ij , F̂

−
ab , Λ̂i , Ĉ

)
, (B.11)

with 16 + 16 off-shell degrees of freedom in the form of the complex scalars Â and Ĉ,

SU(2) doublets of left-handed fermions Ψ̂i and Λ̂i, an SU(2) triplet of complex scalars B̂ij,

and an anti-self-dual tensor F̂−ab that is antisymmetric in its indices2. The chiral multiplet

can in principle be an independent multiplet, but we will eventually consider it to be a

composite function of the Weyl and vector multiplet fields in order to introduce higher-

derivative interactions into the action.

The last multiplet we will discuss here is the non-linear multiplet, denoted as

(
Φi

α , λ
i , M ij , Va

)
. (B.12)

The non-linear multiplet consists of an SU(2) matrix scalar fields Φi
α (where i is the SU(2)R

2We write this anti-self-dual tensor in (4.24) as F̂−
µν instead of F̂−

ab. In doing so, we have implicitly
converted from tangent space indices to curved space indices via use of the vierbein e a

µ .
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index and α = 1, 2 is an additional rigid SU(2) index), a spinor doublet λi, an antisymmetric

matrix of complex scalars M ij, and a real vector field Va. The constraint

DµVµ −
1

2
V µVµ −

1

4
|Mij|2 +DµΦi

αDµΦα
i + (fermions) = D +

1

3
R (B.13)

must be imposed on the non-linear multiplet fields to assure that the multiplet has the

correct 8 + 8 off-shell degrees of freedom.

B.4 Prepotential and the Action

In the previous section, we constructed superconformal multiplets that each transform under

some representation of the full N = 2 superconformal group. In particular, we discussed

the Weyl multiplet, vector multiplets, chiral multiplets, and non-linear multiplets. We now

want a theory that couples together the Weyl multiplet to nV + 1 vector multiplets and a

single chiral multiplet. That is, we would like an action that couples all of these multiplets

together such that the N = 2 superconformal symmetry is preserved.

One of the ways to accomplish this is to specify the interactions between the Weyl mul-

tiplet and the matter fields in the vector and chiral multiplets by introducing a prepotential

F ≡ F (XI , Â), a meromorphic function of the vector multiplet scalars XI and the chiral

multiplet scalar Â. Derivatives of the prepotential are denoted by

∂F

∂XI
= FI ,

∂F

∂Â
= FA . (B.14)

The prepotential is holomorphic and does not depend on the complex conjugate scalars X̄I

and
¯̂
A, and so FĪ = FĀ = 0. The prepotential is also homogeneous of second degree with

respect to Weyl-weighted scalings of XI and Â, so

F (λXI , λwÂ) = λ2F (XI , Â) , (B.15)

where w is the Weyl weight of the chiral multiplet scalar Â and λ is some arbitrary scaling

constant.

The action is

S =

∫
d4x
√
−gL , (B.16)

where L is the Lagrangian for our off-shell theory that couples the Weyl multiplet, the vector
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multiplets, and the chiral multiplet via interactions dictated by the prepotential:

8πL =

[
iDµFIDµX̄I − iFIX̄I

(
1

6
R−D

)
− i

8
FIJY

I
ijY

Jij

+
i

4
FIJ

(
F−Iµν −

1

4
X̄IT−µν

)(
F−µνJ − 1

4
X̄JT−µν

)
− i

8
FI

(
F+I
µν −

1

4
XIT+

µν

)
T+µν − i

32
FT+

µνT
+µν

+
i

2
FAI

(
F−Iµν −

1

4
X̄IT−µν

)
F̂−µν − i

4
FAIB̂ijY

Iij

+
i

2
FAĈ −

i

8
FAAB̂ijB̂klε

ikεjl +
i

4
FAAF̂

−
µνF̂

−µν
]

+ h.c.

+ (fermions) .

(B.17)

We will eventually be interested in purely bosonic backgrounds, so we do not need the

details of the fermionic terms. The covariant derivative Dµ defined in (B.6) acts on the

vector multiplet scalars XI and the chiral multiplet scalar Â by

DµXI = (∂µ − bµ + iAµ)XI , DµÂ = (∂µ − wbµ + iwAµ)Â . (B.18)

The Lagrangian (B.17) has a term linear in the auxiliary D field

8πL = i(FIX̄
I − F̄IXI)

(
D − 1

6
R

)
+ ... , (B.19)

which leads to inconsistent equations of motion. In order to fix this, we can couple the theory

to the non-linear multiplet (B.12) such that all linear terms in D are cancelled. We add the

term

i(FIX̄
I − F̄IXI)

(
DµVµ −

1

2
V µVµ −

1

4
|Mij|2 +DµΦi

αDµΦα
i −D −

1

3
R

)
(B.20)

to the Lagrangian, modulo some fermionic terms. The non-linear multiplet constraint (B.13)

makes this vanish, allowing us to consistently add it to the Lagrangian and cancel out all
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explict D-terms in (B.17). The resulting Lagrangian is

8πL = − i
2

(FIX̄
I − F̄IXI)R +

[
iDµFIDµX̄I − i

8
FIJY

I
ijY

Jij

+
i

4
FIJF−Iµν F−µνJ −

i

8
FIF+I

µν T
+µν − i

32
FT+

µνT
+µν +

i

2
FAIF−Iµν F̂−µν

− i

4
FAIB̂ijY

Iij +
i

2
FAĈ −

i

8
FAAB̂ijB̂klε

ikεjl +
i

4
FAAF̂

−
µνF̂

−µν
]

+ h.c.

+ i(FIX̄
I − F̄IXI)

(
DµVµ −

1

2
V µVµ −

1

4
|Mij|2 +DµΦi

αDµΦα
i

)
+ (fermions) ,

(B.21)

where we have defined the supercovariant field strengths

F+I
µν = F+I

µν −
1

4
XIT+

µν ,

F−Iµν = F−Iµν −
1

4
X̄IT−µν .

(B.22)

B.5 Introducing Higher-Derivative Terms

We are interested in studying higher-derivative interactions in N = 2 supergravity. As

discussed in section 4.2.3, we can accomplish this by identifying the chiral multiplet (B.11)

as a composite multiplet of other fields. In this section, we will discuss the two known chiral

multiplets that introduce four-derivative terms into the action.

B.5.1 W2 Multiplet

The fields in the Weyl multiplet can be also be fit into a chiral multiplet, denoted as

Wab =
(
Aab , Ψabi , Babij , (F−ab)cd , Λabi , Cab

)
, (B.23)

of which the bosonic components are

Aab|Wab
= T−ab ,

Babij|Wab
= −8εk(iV− k

ab j) ,

(F−ab)
cd|Wab

= −8W− cd
ab − 4

(
δ c

[a δ
d
b] +

i

2
ε cd
ab

)
D + 16iA

−[c
[a δ

d]
b] ,

Cab|Wab
= 4D[aD

cT+
b]c + 4DcD[aT

+
b]c + 2�cT

+
ab .

(B.24)
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where we have defined

W− cd
ab =

1

2

(
W cd
ab + i∗W cd

ab

)
, ∗W cd

ab =
1

2
ε ef
ab W cd

ef . (B.25)

We can then obtain the chiral multiplet W2 by squaring Wab, i.e.

W2 = WabW
ab , (B.26)

where chiral multiplets are multiplied using superconformal calculus rules discussed in [119].

The bosonic components of W2 are

A|W2 = T−abT
−ab ,

Bij|W2 = −16εk(iV k
ab j)T

−ab ,

F−ab|W2 = −16
(
WabcdT

−cd +DT−ab + 2iAc[aT
−c
b]

)
,

C|W2 = 32

(
WabcdW

abcd + i∗WabcdW
abcd + 6D2 − 2AabA

ab

+ 2AabÃ
ab − 1

2
T−abDaDcT+

cb +
1

4
Ra

bT
−
acT

+bc

+
1

256
T−abT

−abT+
cdT

+cd +
1

2
V i
ab jV

abj
i −

1

2
V i
ab jṼ

abj
i

)
.

(B.27)

The scalar C|W2 in the W2 multiplet has (Weyl)2-type terms in it. This introduces four-

derivative terms into the Lagrangian (B.21), making the W2 chiral multiplet one way to

introduce higher-derivative terms into N = 2 supergravity.

B.5.2 T(log Φ̄) Multiplet

Let Φ be an arbitrary chiral multiplet, denoted by

Φ =
(
A , Ψi , Bij , F

−
ab , Λi , C

)
, (B.28)

The Hermitian conjugate of Φ is the anti-chiral multiplet Φ̄, denoted by

Φ̄ =
(
Ā , Ψi , Bij , F+

ab , Λi , C̄
)
. (B.29)
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From the chiral multiplet Φ, we can also construct the chiral multiplet log Φ. Ignoring all

fermions, the bosonic components of log Φ are related those of Φ by

A|log Φ = logA|Φ ,

Bij|log Φ =
Bij

A

∣∣∣∣
Φ

,

F−ab|log Φ =
F−ab
A

∣∣∣∣
Φ

,

C|log Φ =

(
C

A
+

1

4A2

(
εikεjlBijBkl − 2F−abF

−ab)) ∣∣∣∣
Φ

.

(B.30)

We can also take the Hermitian conjugate of this multiplet to obtain the anti-chiral multiplet

log Φ̄. We can then construct the chiral kinetic multiplet T(log Φ̄) whose bosonic components

are related to the components of log Φ̄ by

A|T(log Φ̄) = C̄|log Φ̄ ,

Bij|T(log Φ̄) =
(
−2εikεjl(�c + 3D)Bkl − 2εjkVab k iF+

ab

)
|log Φ̄ ,

F−ab|T(log Φ̄) =

(
T−ab�cĀ− εijV− i

ab kB
jk +

1

16
T−abT

+
cdF

+cd

− Π− cd
ab

(
4DcD

eF+
ed + (DcT

−
de)D

eĀ+ (DeT−ed)DcĀ− wDcD
eT−ed

))∣∣∣∣
log Φ̄

,

C|T(log Φ̄) =
(

4(�c + 3D)�cĀ+ 6(DaD)DaĀ− 16Da
(
R(D)+

abD
bĀ
)

− 1

2
Da(T+

abT
−cbDcĀ)− 1

4
Da(T+

abT
−cb)DcĀ+

1

16
T+
abT

+abC̄

+
1

2
�c(T

+
bcF

+bc) + 2Da

(
(DbT+

bc )F
+ac + T+acDbF+

bc

)
− wV+ i

ab jV
+ab j

i

−8wR(D)+
abR(D)+ab − w

2
DaT+

abDcT
−cb − w

2
Da(T+

abDcT
−cb)
) ∣∣∣∣

log Φ̄

,

(B.31)

where w is the Weyl weight of the Φ multiplet, Π− cd
ab is the anti-self-dual projection operator

Π− cd
ab = δ [c

a δ
d]
b +

i

2
ε cd
ab , (B.32)

and R(D)+
ab is the self-dual part of the connection R(D)ab defined by

R(D)µν = 2∂[µbν] +
i

2
Ãµν . (B.33)
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Note that the derivative operator Dµ appearing in (B.31) is the fully superconformally cova-

riant derivative discussed in section B.2, and the operator �c ≡ DµD
µ is the superconformal

d’Alembertian. These can be expressed in terms of the covariant derivative Dµ and its square

D2 [119]. For our purposes, though, we will only need the particular linear combination of

these fields appearing in (4.70), which simplifies in such a way that no explicit occurences of

the superconformal derivative appear.

B.5.3 Higher-Derivative Action

The Poincaré supergravity Lagrangian (B.21) couples an arbitrary chiral multiplet Â to the

Weyl and vector multiplets. By identifying this chiral multiplet with a linear combination of

W2 and T(log Φ̄), both of which contain four-derivative terms, the Lagrangian will contain

(at least) four-derivative terms in it. That is, we will set

Â = a1W
2 + a2T(log Φ̄) , (B.34)

for some constants a1, a2. This sets the bosonic components of Â to be

Â = a1A|W2 + a2A|T(log Φ̄)

B̂ij = a1Bij|W2 + a2Bij|T(log Φ̄)

F̂−ab = a1F
−
ab|W2 + a2F

−
ab|T(log Φ̄)

Ĉ = a1C|W2 + a2C|T(log Φ̄)

(B.35)

Under this identification, the prepotential F (XI , Â) is a function of the scalars XI and

Â = a1A|W2 + a2A|T(log Φ̄). Both A|W2 and A|T(log Φ̄) have Weyl weight w = 2, and so the

homogeneity relation of the prepotential (B.15) tells us that

FIX
I + 2FAÂ = 2F . (B.36)

The Lagrangian (B.21), subject to the identification (B.35), can now contain higher-

derivative terms, with the derivative order depending on the form of the prepotential. We

will represent the prepotential perturbatively as

F (XI , Â) =
∞∑
n=0

F (n)(XI)Ân

= F (0)(XI) + F (1)(XI)Â+ . . . ,

(B.37)
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for some functions F (n)(XI). The zeroth-order function F (0)(XI) dictates the two-derivative

terms in the Lagrangian, the first order function F (1)(XI) dictates the four-derivative terms

in the Lagrangian, and so on. As discussed in section 4.2.3, we truncate the prepotential to

finite order:

F (XI , Â) = F (0)(XI) + F (1)(XI)Â , (B.38)

in order to have only two- and four-derivative interactions. The bosonic two-derivative part

of the Lagrangian is

8πL(2) = − i
2

(F
(0)
I X̄I − F̄ (0)

I XI)R +

[
iDµF (0)

I DµX̄
I − i

8
F

(0)
IJ Y

I
ijY

Jij

+
i

4
F

(0)
IJ F

−I
µν F−µνJ −

i

8
F

(0)
I F

+I
µν T

+µν − i

32
F (0)T+

µνT
+µν

]
+ h.c.

+ i(F
(0)
I X̄I − F̄ (0)

I XI)

(
DµVµ −

1

2
V µVµ −

1

4
|Mij|2 +DµΦi

αDµΦα
i

)
,

(B.39)

while the bosonic four-derivative part is

8πL(4) = − i
2

(F
(1)
I X̄IÂ− F̄ (1)

I XI ¯̂
A)R +

[
iDµ(F

(1)
I Â)DµX̄I − i

8
F

(1)
IJ Y

I
ijY

JijÂ

+
i

4
F

(1)
IJ F

−I
µν F−µνJÂ−

i

8
F

(1)
I F

+I
µν T

+µνÂ− i

32
F (1)T+

µνT
+µνÂ

+
i

2
F

(1)
I F

−I
µν F̂

−µν +
i

2
F (1)Ĉ − i

4
F

(1)
I B̂ijY

Iij

]
+ h.c.

+ i(F
(1)
I X̄IÂ− F̄ (1)

I XI ¯̂
A)

(
DµVµ −

1

2
V µVµ −

1

4
|Mij|2 +DµΦi

αDµΦα
i

)
,

(B.40)

subject to the identifications (B.35) for the chiral multiplet fields.

B.6 Gauge-Fixing Down to Poincaré

The Lagrangian (B.21) has an N = 2 superconformal symmetry that acts as an internal

symmetry. To obtain an N = 2 Poincaré supergravity theory, we must gauge-fix the extra

symmetries of the superconformal theory, including special conformal transformations, dila-

tations, and a local chiral SU(2)R × U(1)R symmetry. We gauge-fix the special conformal

symmetry by choosing the K-gauge

bµ = 0 . (B.41)
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To gauge-fix the dilatational symmetry, we choose the D-gauge that sets the Kähler potential

to be constant:

e−K ≡ i(FIX̄
I − F̄IXI) =

8π

κ2
, (B.42)

with the value of the constant chosen to reproduce the standard normalization of the

Einstein-Hilbert term in the action. The SU(2)R symmetry can be gauge-fixed by impo-

sing the V -gauge

Φi
α = δiα , (B.43)

on the non-linear multiplet, while the U(1)R symmetry can be gauge-fixed via the A-gauge

condition

X0 = X̄0 . (B.44)

The D-gauge (B.42) and A-gauge (B.44) remove two degrees degree of freedom from the

vector multiplet scalars, and thus the Poincaré supergravity theory has only nV independent

scalars, as expected.

The gauge choices made here are by no means unique. And, since physical observables

should not depend on the choice of gauge, different sets of gauge-fixing conditions can be

useful for different types of problems. The gauge choices presented here are typical and

useful in a broad class of applications.

B.7 Consistent Truncation

We now have a theory of Poincaré N = 2 supergravity with higher-derivative interactions,

introduced by gauging the superconformal symmetries and making particular choices for

the chiral multiplet coupled to our theory. We are in principle at the point where we can

solve the full set of equations of motion to our theory and investigate particular solutions.

However, the action presented thus far is fairly complicated and includes implicit dependence

on a great number of fields, some physical and some auxiliary. This makes finding solutions

difficult. We will therefore look at how to consistently truncate our theory down to a more

manageable set of fields and interactions. We will do this by eliminating auxiliary fields from

our theory wherever possible.

We are primarily interested in purely bosonic backgrounds, and so we will turn off all fer-

mions. These backgrounds will still capture the most salient features of our theory, including

the structure of black hole entropy corrections. The fields Y I
ij and V i

µ j and their derivatives

couple either to fermionic terms, or appear at least quadratically with one another. This is

true even when higher-derivative terms are present. It is therefore consistent to set them
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both to zero

Y I
ij = 0 , V i

µ j = 0 , (B.45)

at the level of the action. Note that this sets the SU(2)R-charged chiral multiplet field

B̂ij = 0, and so we can ignore all such terms in the action.

Next, we want to eliminate the non-linear multiplet fields Vµ, Mij, and Φi
α from our

theory. The scalar fields Φi
α are easy to eliminate: the V -gauge condition (B.43), combi-

ned with setting the SU(2)R gauge field to zero, makes the derivative DµΦi
α vanish. The

remaining non-linear multiplet fields can be eliminated by noticing that they interact with

the other matter fields only through the Kähler potential e−K = i(FIX̄
I − F̄IXI), which is

set to a constant via the D-gauge condition (B.42). The non-linear multiplet fields effecti-

vely decouple from the rest of our theory, and so we can study their equations of motion

independently from the others. We find that we can choose

Vµ = 0 , Mij = 0 , (B.46)

at the level of the action. Now that we have eliminated all of the non-linear multiplet fields

from the theory, the non-linear multiplet constraint (B.13) forces the background value of D

to satisfy

D = −1

3
R . (B.47)

The only remaining unconstrained auxiliary fields in our theory are the anti-self-dual

tensor T−µν and the U(1)R gauge field Aµ. In principle, we should find their respective

equations of motion, solve for these auxiliary fields in terms of physical ones, and then

replace them with their on-shell values at the level of the action. However, this procedure

only works when the fields are pure Lagrange multiplier fields with no kinetic terms. This is

spoiled by the higher-derivative interactions introduced in section B.5, which include terms

like T−µνDµDρT+
ρν and A−µνA

−µν . The equations of motion for these fields are therefore no

longer algebraic, and so these auxiliary fields cannot be eliminated in closed form. However,

we take the view that the action is an effective action valid at energy scales well below the

UV scale. We will therefore treat the higher-derivative terms as perturbative corrections

to the two-derivative theory, and thus we will still always be able to eliminate all auxiliary

fields.

The result of the preceeding discussion, when combined with section B.6, is that we can

eliminate almost all of the fields from our theory. This is done by imposing the Poincaré
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gauge-fixing conditions

bµ = 0 , Φi
α = δiα , i(FIX̄

I − F̄IXI) =
8π

κ2
, (B.48)

and then consistently setting

Y I
ij = V i

µ j = Vµ = Mij = fermions = 0 , (B.49)

at the level of the action. The Lagrangian (B.21) therefore becomes

L = − 1

2κ2
R +

1

8π

[
iDµFIDµX̄I +

i

4
FIJF−Iµν F−µνJ −

i

8
FIF+I

µν T
+µν

− i

32
FT+

µνT
+µν +

i

2
FAIF−Iµν F̂−µν +

i

2
FAĈ +

i

4
FAAF̂

−
µνF̂

−µν
]

+ h.c. .

(B.50)

Additionally, any solution to the equations of motion of this Lagrangian must satisfy the

constraints

X0 = X̄0 , D = −1

3
R . (B.51)

We can also look at the two-derivative and four-derivative parts of the Lagrangian (B.50) by

using the two-term prepotential (B.38). These are given, respectively, by

L(2) = − 1

2κ2
R +

1

8π

[
iDµF (0)

I DµX̄
I +

i

4
F

(0)
IJ F

−I
µν F−µνJ −

i

8
F

(0)
I F

+I
µν T

+µν

− i

32
F (0)T+

µνT
+µν

]
+ h.c. , (B.52)

L(4) =
1

8π

[
iDµ(F

(1)
I Â)DµX̄I +

i

4
F

(1)
IJ F

−I
µν F−µνJÂ−

i

8
F

(1)
I F

+I
µν T

+µνÂ

− i

32
F (1)T+

µνT
+µνÂ+

i

2
F

(1)
I F

−I
µν F̂

−µν +
i

2
F (1)Ĉ

]
+ h.c. , (B.53)

which are precisely the Lagrangians presented in (4.15) and (4.29).
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Appendix C

Gaugino Variations

In chapter 4, we studied an embedding of Einstein-Maxwell solutions into off-shell N = 2

supergravity. And, as we mentioned in section 4.2.4, these solutions are generically non-

supersymmetric but they turn out to all satisfy a subset of the BPS conditions: namely, the

supersymmetry variations of the vector multiplet gauginos all vanish. In this appendix, we

will show this explicitly.

In the off-shell approach to N = 2 supergravity, we couple the Weyl multiplet to nV + 1

vector multiplets XI . The vector multiplet components are

XI =
(
XI , ΩI

i , W
I
µ , Y

I
ij

)
, (C.1)

where XI is a complex scalar, ΩI
i is an SU(2) doublet of chiral gauginos, W I

µ is a U(1) gauge

field, and Y I
ij is an auxiliary SU(2) triplet of scalars. The components of the vector multiplet

transform under supersymmetry as follows:

δXI = ε̄iΩI
i ,

δΩI
i = 2 /DXIεi +

1

2
F−Iab γ

abεijε
j + Y I

ijε
j + 2XIηi ,

δW I
µ = εij ε̄iγµΩI

j + 2εij ε̄
iX̄Iψjµ + h.c. ,

δY I
ij = 2ε̄(i /DΩI

j) + 2εikεjlε̄
(k /DΩl)I .

(C.2)

In the truncation discussed in appendix B.7, we set all fermions and all fields charged

under the SU(2)R symmetry to zero. The variations of all the vector multiplet fields therefore

vanish entirely, except for that of the gaugino. After imposing the truncation and simplifying,

we are left with

δΩI
i = 2 /DXIεi +

1

2
F−Iab γ

abεijε
j + 2XIηi . (C.3)
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Importantly, the gaugino transform under both Q- and S-supersymmetries, with correspon-

ding parameters εi and ηi, respectively. Since we eventually gauge-fix the superconformal

symmetries of our theory to end up with a theory of Poincaré supergravity, demanding that

our theory is both Q- and S-supersymmetric is too restrictive. Instead, we need to consider

linear combinations of fields that are invariant under S-supersymmetry, and then impose

that their Q-supersymmetry variation vanishes.

In order to find S-invariant spinors, we first recall that the Kähler potential K of our

theory is defined by

e−K = i(FIX̄
I − F̄IXI) . (C.4)

The derivative of this potential with respect to the vector multiplet scalars is

KI ≡
∂K
∂XI

= −ieK(FIJX̄
J − F̄I) . (C.5)

Using this, we can now define the compensating spinor ζi by

ζi = KIΩI
i , (C.6)

such that it depends on all of the vector multiplets and the coupling between them (e.g. the

prepotential). This compensating spinor transforms under supersymmetry variations as

δζi = 2KI /DXIεi +
1

2
KIF−Iab γ

abεijε
j − 2ηi . (C.7)

Notice that the compensating spinor transforms linearly with the S-variation parameter

ηi under S-transformations. This means that, given any spinor that transforms under S-

transformations, we can take a suitable linear combination of that spinor with the compen-

sating spinor in order to obtain an S-invariant spinor. In particular, the S-invariant version

of each gaugino field is

ΩI
i +XIζi , (C.8)

the supersymmetry variation of which is

δ
(
ΩI
i +XIζi

)
= 2

(
δIJ +XIKJ

)
/∂XJεi +

1

2

(
δIJ +XIKJ

)
F−Jab γ

abεijε
j . (C.9)

For any field configuration that preserves the full N = 2 supersymmetry of the theory,

this variation must vanish. Moreover, since the supersymmtry parameters εi and εi are

independent of one another, the two terms in this variation must cancel independently. This
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can be accomplished in a prepotential-independent manner by requiring that

∂aX
I = F−Iab = 0 . (C.10)

These are precisely the two conditions discussed in section 4.2.4 required to embed Einstein-

Maxwell solutions into off-shell N = 2 supergravity.

We have so far just looked at the variations of the vector multiplet fields in our theory. In

general, we must also look at the variations of the Weyl multiplet fields in order to determine

if a solution is fully supersymmetric. As it turns out, N = 2 supersymmetric solutions require

that the background is conformally flat with zero Weyl tensor, and that the mass coincides

with the central charge of the theory [38, 81]. The only Einstein-Maxwell solutions that

satisfy these conditions extremal Reissner-Nördstrom black holes, and even then only when

we consider the near-horizon AdS2 × S2 geometry or the asymptotic Minkowski geometry

alone. The full Einstein-Maxwell solutions in the bulk of the spacetime will not satisfy the

Weyl multiplet BPS conditions. The fact that these solutions do satisfy the vector multiplet

BPS conditions is therefore surprising. It is possible that this “residual” supersymmetry is

responsible for the simplifications we find in this work. We will leave further investigations

of this to future work.
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Appendix D

Duality Transformations of

Four-Derivative Actions

In this appendix, we will derive how a four-derivative Lagrangian in a theory with symplectic

invariance must transform under duality transformations. We will then specialize to N = 2

supergravity, leading to (4.53) in D. We will also discuss higher-derivative correction to

Maxwell theory in D.1, explaining along the way how our results are consistent with earlier

work regarding the duality-invariant deformations of Maxwell theory with higher order terms,

such as [122–124].

The derivation leading to (4.53) is a slight generalization of the derivation in appendix

B of [111]. Using the notation of [111], let us consider a theory with gauge field strengths

F I
µν , scalars χi, and duality transformation functions of the scalars δχi = ξi(χ). The duality

transformation of the Lagrangian of this theory is given by [111]:1

δL =

(
ξi

∂

∂χi
+ ∂µξ

i ∂

∂(∂µχi)
+ (AIJF

J
µν +BIJGJµν)

∂

∂F I
µν

)
L , (D.1)

where GIµν is the dual field strength to F I
µν . If in addition the theory is duality-invariant,

then the above must reduce to [111]

δL =
i

4

(
CIJF

I
µνF̃

Jµν +BIJGIµνG̃
µν
J

)
. (D.2)

Now, let’s assume that L depends on a duality-invariant parameter λ. We can then take the

1This can easily be generalized to allow for higher derivative terms involving the scalars and gauge fields.
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derivative of both sides of (D.1) with respect to λ; after some rewriting, we get

δ

(
∂L
∂λ

)
=

∂

∂λ

(
δL − i

4
BIJGIµνG̃

µν
J

)
− ∂ξi

∂λ

∂L
∂χi
− ∂µ

(
∂ξi

∂λ

)
∂L

∂(∂µχi)
. (D.3)

If duality-invariance is preserved, we can use (D.2) as well as the fact that the field strengths

F I
µν are independent of λ to conclude that

δ

(
∂L
∂λ

)
= −∂ξ

i

∂λ

∂L
∂χi
− ∂µ

(
∂ξi

∂λ

)
∂L

∂(∂µχi)
. (D.4)

This equation generalizes (B.3) in [111] to the case where the ξi are allowed to depend on λ.

Now, to use (D.4) in the context of four-derivative corrections, assume we have a Lagran-

gian of the form

L = L(2) + λL(4) +O(λ2) , (D.5)

so that ∂λL = L(4) +O(λ). That is, we are assuming that the duality-invariant parameter λ

is a small parameter governing the size of higher-derivative terms in the action. All functions

of the fields should be viewed as having a perturbative series in λ, so the functions ξi can be

written as

ξi = ξ(2)i + λξ(4)i +O(λ2) . (D.6)

Then, it easily follows that (D.4) can be rewritten as

δL(4) = −ξ(4)i∂L(2)

∂χi
− ∂µ

(
ξ(4)i

) ∂L(2)

∂(∂µχi)
, (D.7)

to leading order in λ. In other words, the duality transformation properties of the subleading

piece L(4) are completely determined (to leading order in λ) by the leading piece L(2) and

the subleading piece of the duality transformation functions of the scalars ξ(4)i(χ).

Finally, to arrive at (4.53) for the four-derivative corrections of N = 2 supergravity, we

note that the scalars transform as

δXI = AIJX
J +BIJFJ . (D.8)

The prepotential has an expansion (4.27) in higher-derivative terms, and so we can break

this variation up into two-derivative and four-derivative pieces as

δXI(2) = AIJX
J +BIJF

(0)
J , δXI(4) = BIJF

(1)
J Â . (D.9)
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Combining this with (D.7) yields the variation (4.53) presented in section 4.3.3.

D.1 Example: Einstein-Maxwell

As mentioned in section 4.3.1, Maxwell theory with the Lagrangian

L = −1

4
FµνF

µν , (D.10)

has a duality symmetry of SO(2,R) rotations of the vector (Fµν , Gµν), where Gµν is the

dual field strength defined by (4.37). If we wish to deform the Lagrangian by adding terms

that are higher-order in Fµν , the dual field strength Gµν will change and thus the duality

vector (Fµν , Gµν) receives corrections. Since the form of the (altered) duality transformations

themselves depend on the higher-order terms added to the Lagrangian, it is in principle

highly non-trivial to determine what can be added to the Lagrangian while keeping duality

invariance of the theory. In fact, it can be proven that if we add any O(F 4) terms to the

Lagrangian, to ensure duality invariance we would also need to add an infinite amount of

higher order terms F 2n for all n > 2 [122–124]. One possible way of doing so is Born-Infeld

theory

LBI =
1

g2

(
1−

√
1 +

g2

2
FµνF µν − g4

4
(FµνF̃ µν)2

)
, (D.11)

where g is a coupling constant with units of (length)2. When g is small compared to some

cut-off scale in the theory, we can expand the Born-Infeld action as

LBI = −1

4
FµνF

µν +
g2

32

(
(FµνF

µν)2 − (FµνF̃
µν)2

)
+ . . . . (D.12)

In the g → 0 limit clearly gives back the Maxwell action (D.10). There are also other

non-equivalent ways to deform the Maxwell Lagrangian in a way consistent with duality

symmetry [123].

As we have mentioned many times in this work, the point of view we are adapting for

the O(F 4) terms in section 4.3 (and in particular section 4.3.3) is that these terms are a

perturbative correction to the two-derivative Lagrangian, and so we can express the full

Lagrangian as

L = L(2) + g2L(4) +O(g4) , (D.13)

so that all relevant quantities must also be expanded consistently in orders of g. Thus,

to demand duality invariance of our theory at four-derivative order is demanding duality

invariance up to order O(g2) only, and not fully non-linear in g. For example, keeping only
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the O(g2) terms in the Born-Infeld action (D.11), we see the unique four-derivative duality-

invariant term I ρ
µρν Iµσνσ (see (4.42)) appearing at four-derivative order. This is consistent

with our discussion in section 4.3.3 and above in appendix D, which demonstrates that in

a theory without scalars, the four-derivative corrections must be invariant under duality

transformations, δL(4) = 0, in order for the theory to respect duality symmetry.
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Appendix E

Four-Derivative Symplectic Invariants

with Constant Scalars

In this appendix, we elaborate on the discussion in section 4.3.4 on determining the full

set of four-derivative, duality invariant terms allowed in off-shell N = 2 supergravity when

the scalars are all constant. We will show that there are only five such independent terms

on-shell, and these are precisely the terms given in (4.63).

In section 4.3.4, it was explained that the only duality-invariants containing at most two

symplectic vectors and at most four derivatives are given by

T+
µν = −iκ

2

2π
F+
µν · X , (E.1)

Iµνρσ = F+
µν · F−ρσ , ∇ρT

+
µν = −iκ

2

2π
∇ρF+

µν · X, Rµνρσ , (E.2)

∇λF+
µν · F+

ρσ , ∇λF+
µν · F−ρσ , ∇ρ∇σF+

µν · X , (E.3)

∇λF+
µν · ∇ωF+

ρσ , ∇λ∇ωF+
µν · F−ρσ , ∇λF+

µν · ∇ωF−ρσ , ∇λ∇ωF+
µν · F−ρσ , (E.4)

and their complex conjugates. Note that each line gives the invariants at a given order in

derivatives (from one to four derivatives). We have left out the zero-derivative symplectic

invariant X · X, as it is proportional to the Kähler potential which is set to be a constant

on-shell.

To now find allowed four-derivative terms on-shell, we should multiply the above terms

together in such a way that we get a four-derivative term, and then contract Lorentz indices

to form Lorentz scalars. We will use the following principles to determine such terms that

are allowed and independent:

1. Respecting U(1)R symmetry: Under the N = 2 global U(1)R symmetry, X and X carry
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opposite charges, while F±µν is uncharged. Since the four-derivative Lagrangian should

respect the U(1)R symmetry, any allowed term should have vanishing total U(1)R

charge.

2. Discarding total derivatives: If two allowed terms are related by a total derivative, then

we consider them equivalent and thus discard one of the two terms. This is because

we are interested in the independent terms that can appear in a Lagrangian, and so

we are allowed to integrate by parts at will.

3. Using two-derivative equations of motion: When the scalars are constant, the two-

derivative Einstein equations (4.21) set Rµν = I λ
λ(µν) , so we will freely interchange

the two and use the relation to eliminate any terms containing I λ
λ(µν) in favor of Rµν .

A consequence of this is also that R = 0. We will also use the two-derivative Bianchi

identity and equations of motion (4.22), (4.23) for the vectors, which allows us to set

∇µF+µν = ∇µF−µν .

4. (Anti-)self-duality of F±µν: Finally, when contracting Lorentz indices to form a Lorentz

scalar, we will use the (anti-)self-duality properties of F±µν intensively to relate diffe-

rent ways of contracting Lorentz indices to each other. This will drastically reduce

the number of independent four-derivative Lorentz scalars we can construct, as many

different contractions of Lorentz indices can often be shown to be equal using these

(anti-)self-duality properties. We will also allow ourselves to keep in mind the explicit

form of G+
Iµν given in (4.45) in terms of F+I

µν .

We now proceed systematically to investigate all possible four-derivative Lorentz scalar

terms that we can write down using the above principles:

• We can take a single term from the four quantities in line (E.4) and contract Lorentz

indices to obtain a four-derivative Lorentz scalar. First of all, it is obvious that we

can ignore the second and fourth terms in (E.4) as they are equivalent to the third

and first term, respectively, via integration by parts. Using self-duality of F+
µν and the

explicit form (4.45) of G+
Iµν in the vector F+

µν , it can be shown that there are actually no

non-zero contractions of the first term in (E.4). Finally, there is only one independent,

potentially non-zero contraction of the third term, given by (∇µF+µν)(∇ρF−ρµ), but

we can use the Bianchi identity and equations of motion to relate ∇ρF−ρµ = ∇ρF+ρ
µ,

so that this term will also vanish.

• We can take a quantity from line (E.3) and multiply it by (E.1). However, we can use

total derivatives to relate any such resulting term to a term that is a product of two

quantities from (E.2), so there are no such independent terms.
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• We can take two quantities from line (E.2) and multiply them together, contracting

Lorentz indices. The second quantity in (E.2) is charged under U(1)R and can be

multiplied by its complex conjugate to obtain a U(1)R invariant term. There is one

independent way of forming a Lorentz scalar in this way:

∇µT
+µν∇ρT−ρν . (E.5)

We can also multiply the first or third quantities from (E.2) amongst themselves.

Using the Einstein equations of motion and (anti-)self-duality properties, we can see

that there are only two independent such terms:

RµνR
µν , RµνρσR

µνρσ . (E.6)

• We can take a quantity from line (E.2) and multiply it twice with (E.1). We must

take care that the resulting term is U(1)R invariant. Then, again using the Einstein

equations of motion and (anti-)self-duality properties, we can conclude there is only

one independent such term:

RµνT
+µ
ρ T
−νρ . (E.7)

• Finally, we can multiply (E.1) or its complex conjugate with itself four times. We must

take a U(1)R invariant term, of course, and (anti-)self-duality properties tell us there

is only one such term:

T−ρµ T−µνT+σ
ν T+

ρσ . (E.8)

Putting everything together, we see we have obtained a total of five independent terms, as

given in (4.63).
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