ON THE MARKET VIABILITY UNDER PROPORTIONAL TRANSACTION
COSTS
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ABSTRACT. This paper studies the market viability with proportional transaction costs. Instead of
requiring the existence of strictly consistent price systems (SCPS) as in the literature, we show that
strictly consistent local martingale systems (SCLMS) can successfully serve as the dual elements
such that the market viability can be verified. We introduce two weaker notions of no arbitrage
conditions on market models named no unbounded profit with bounded risk (NUPBR) and no local
arbitrage with bounded portfolios (NLABP). In particular, we show that the NUPBR and NLABP
conditions in the robust sense are equivalent to the existence of SCLMS for general market models.

We also discuss the implications for the utility maximization problem.

1. INTRODUCTION

In the Fundamental Theorem of Asset Pricing with proportional transaction costs, consistent
price systems (CPS) introduced by [16] and [9] take the role of the dual elements instead of the
equivalent (local) martingale measures. The CPS (S, Q) is defined as follows:

Definition 1.1. Given the stock price (St);c(o,r) with transaction cost (A)iecpo,r) such that 0 < Ay <
1 a.s. for allt € [0,T], we call the pair (S,Q) a CPS if

(1 — )\t)St < gt < (1 + )\t)Sta P-a.s. Vt e [O,T],

where (St)icio,r s a local martingale under Q and Q ~ P. Moreover, if we have

inf (AtSt — ’St — gt‘) >0, P-a.s.,
te[0,7

the pair (5’,@) is said to be a strictly consistent price system (SCPS).

We should note that whether S is required to be a local martingale or a true martingale in the above
definition depends on the numéraire and numéraire-based admissibility of self-financing portfolios;
see section 5 of [23] and [26] for details. Sufficient conditions for the existence of a CPS for stock
price processes with strictly positive and continuous paths have been extensively studied in the
literature. One well-known example is the conditional full support condition proposed by [14].

Other related sufficient conditions are discussed in [2], [20] and [25]. Recently, for continuous price
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processes, [23] built the equivalence between absence of arbitrage with general strategies for any
small constant transaction cost A > 0 and the existence of a CPS for any small transaction cost
A > 0. Later, [13] investigated the general cadlag processes, and linked two equivalent assertions,
i.e., the robust no free lunch with vanishing risk for simple strategies and the existence of a SCPS.

On the other hand, in the market without transaction costs, the existing literature analyzed
models which do not satisfy all the stringent requirements in the fundamental theorem of asset
pricing. Compared to the No Free Lunch with Vanishing Risk (NFLVR) condition on terminal
wealth originally defined by [10], a weaker condition, which is called the No Unbounded Profit with
Bounded Risk (NUPBR) condition in [18], serves as a reasonable substitute so that one can still solve
the classical option hedging and utility maximization problems. [18], [4], [8], [15] and [7] showed
the equivalence between the NUPBR condition, the existence of a strictly positive local martingale
deflator process, the existence of an optimal solution to the utility maximization problem and the
existence of a numéraire portfolio.

Motivated by these results obtained in frictionless markets, we aim to determine a similar min-
imal condition on the market with frictions under which the utility maximization problems still
admit optimal solutions. However, due to the special nature of transaction costs, definitions of self-
financing and admissibility of working portfolios differ from the usual ones on stochastic integrands
for semimartingales. It is revealed in this paper that we need the stock price process S to simul-
taneously meet two weaker conditions, i.e., the No Unbounded Profit with Bounded Risk (NUPBR)
and the No Local Arbitrage with Bounded Portfolios (NLABP) on liquidation value processes in the
robust sense of Definition 2.5. It is worth noting that our NUPBR and NLABP conditions are still
weaker than the NFLVR requirement in [13] and even if both NUPBR and NLABP are satisfied,
an arbitrage opportunity may still exist in the market. The main contribution of this paper is the

equivalent characterization of the existence of a SCLMS (S, Z), which is defined as follows.

Definition 1.2. Given the stock price (St)icjo,r) with transaction cost Ay € (0.1) a.s. for all
t € [0,T], we call a pair (S, Z) a consistent local martingale system (CLMS) if S is a semimartingale
satisfying
(1—=X\)S; < S < (14+M\)S;, P-as., Vtel0,T],
and there exists a strictly positive local martingale Zy with Zy = 1 such that tht is a local mar-
tingale. We shall denote Zi,c(\) the set of all CLMS with transaction cost (\¢)ejo,r)- Moreover,
if
inf ()\tSt — 1Sy — S’t\) >0, P-a.s.,
te[0,T7]
we shall call the pair (S,Z) a SCLMS and denote by Z§ (\) the set of all SCLMS.

It is clear that the definition of a CLMS is a generalization of the classical CPS, i.e., any pair of
CPS is a CLMS. However, the opposite is not necessarily true as Z can be a strict local martingale.
In Section 4, some examples of market models are presented, which demonstrate that a SCLMS
may exist even when a CPS does not exist.

The second contribution of this paper is the result which shows that NUPBR and NLABP

conditions in the robust sense guarantees the existence of a solution to the utility maximization
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problem defined on the terminal liquidation value. We also discuss the existence of a numéraire
portfolio as a corollary. Therefore, NUPBR and NLABP conditions in the robust sense serve as
sufficient conditions on the market viability in the sense that optimal portfolio problems admit
solutions. Meanwhile, it is also shown that the market viability implies that the corresponding S
meets the NUPBR condition, although not in the robust sense, which illustrates that our market
assumptions are minimal conditions to some extent.

To emphasize the mathematical differences between our setting and the frictionless market mod-
els in the literature, we discuss different types of arbitrage opportunities with transaction costs. In
particular, we should point out that the NLABP condition in the main theorem is a new feature
which appears for the first time. The construction of arbitrage opportunities in our setting with
transaction costs is unique because the wealth process in frictionless market models has two coun-
terparts, namely the liquidation value process (see (2.2)) and the cost value process (see (3.11)).
This difference leads to distinct arguments and proofs concerning the absence of arbitrage.

The rest of this paper is organized as follows: In Section 2, we introduce the market model with
transaction costs and define the NUPBR and NLABP conditions on the terminal liquidation value.
The equivalence between the NUPBR and NLABP conditions in the robust sense and the existence
of the SCLMS is stated at the end of this section. The proof of the main theorem is given in Section 3.
In Section 4, we discuss concrete examples of market models, for both continuous processes and
jump processes, in which a CPS fails to exist, but we can find a SCLMS. Section 5 discusses the
utility maximization problems under NUPBR and NLABP conditions in the robust sense. The
discussion of various types of arbitrage opportunities and the comparison to the frictionless market
models are provided in the first part of Section 6. In the second part of this section we discuss our

admissibility criterion.

2. SET-UP AND THE MAIN RESULT

The financial market consists of one risk-free bond B, normalized to be 1, and one risky asset
S. The given probability space (2, F, (Ft)icpo,1], P) is assumed to satisfy all the usual conditions
of right continuity and completeness. Fg is assumed to be trivial. The following is a standing

assumption which will hold in the rest of the paper:

Assumption 2.1. (Si)icor] s adapted to (Fi)ieor) with strictly positive and locally bounded
cadlag paths. The transaction cost process (Ai)ic(o,r) s adapted to (Fi)ie(o,r) with cadlag paths such
that Ay € (0,1) a.s. for allt € [0,T).

We adopt the notion of self-financing admissible strategies defined in[26]:

Definition 2.1. A self-financing trading strategy starting with zero is a pair of predictable, finite

variation processes (¢}, ot )rejo 1) such that

(1) ¢ =5 =0,

(2) denoting by ¢9 = ¢?7T — qbg’i and ¢} = gb%’T — gi)i’i, the canonical decompositions of ¢° and ¢
into the difference of two increasing processes, starting at gbg’T = ¢8"L = <Z>(1)’T = (;5(1)’i = 0, these
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processes satisfy

t t
ot < / (1= A)Sudeyt,  ¢* > / (1+ M) Sudey, as. for0<t<T, (2.1)
0 0

where the two integrals in (2.1) are defined as predictable Stieltjes integrals and

/t(1—Au)Sud¢}ﬁé/( A)Sudpi e+ D T (1= XA )Su- Bt + D (1= M) Sul iyt

$ s<u<t s<u<t

and

t
/ (14 Ao)Sudlt £ / (14 XA)Sudol™ 4 57 (14 2 )80 A0+ 37 (14 0)8u 4611,
s s<u<t s<u<t
Here Ny = ¢y — ¢y and Ny ¢y = ¢y — ¢y As discussed in [26], because S is cadlag , we need
to take care of both left and right jumps of the portfolio process ¢. In general, three values ¢,_,
¢ and ¢4 can be different. If the stopping time T is totally inaccessible, the predictability of ¢
implies that N¢r = 0 almost surely. But if the stopping time 7 is predictable, it may happen that
both A¢r # 0 and Ayor # 0.

In general, for any cadlag process X and predictable finite variation process ¢, the predictable

Stieltjes integral above can be rewritten as
/ Xy, = / Xudbu — 3 (s — 6 )X,
s<t
(See Appendix A of [13] for a detailed discussion on predictable Stieltjes integrals.)

At the initial time, we assume that the investor starts with the position (x,0) in bond and stock
assets for the given constant x > 0. The trading strategy ¢ = (¢°, ¢') is called x-admissible if the

liquidation value V" satisfies

V(60,61 £ 24 6 + (61 (1— A)Se — (1) (L + A)S, > 0, (22)

P-a.s. fort € [0,T]. We shall denote Az(\) (short as Ay) as the set of all xz-admissible portfolios
with the transaction cost (At)icpo,r) and let A =J,5q Az. Moreover, we will also denote Vy(A) as
the set of the terminal liquidation value V:ﬁiq under the admissible portfolio (¢°, ') € A.(N).

Parallel to the frictionless market, a weak no arbitrage condition can be defined via the bound-
edness in probability property of some target subset of L°. The following definition of NUPBR is
analogous to that of [18].

Definition 2.2. We say that S admits an Unbounded Profit with Bounded Risk (UPBR) with the
transaction cost \ if there exists a sequence of admissible portfolios (¢°", ¢*™)nen in A1()\) and the

corresponding terminal liquidation value (VTliq’l(qu’”, &Y™ )nen is unbounded in probability, i.e.,

lim supP(th’ (", pb 1) > m> > 0. (2.3)

m—0o0 neN

If no such sequence exists, we say that the stock price process S satisfies the NUPBR condition

under the transaction cost \.
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In order to provide the sufficient and necessary conditions on the existence of SCLMS, we also
need to introduce another weak no arbitrage condition. To this end, let APY(\) (short as AP4) denote
the z-admissible bounded portfolios such that the position in the stock is uniformly bounded by

some constant M > 0 in the following sense:
APAN) 2 (¢, ¢Y) : |p}] < M, P-ass., t € [0,T] for some M > 0 where (¢°, ¢') € A, (\)}. (2.4)
Moreover, we denote A" = | J,- o A%

Definition 2.3. We say that S satisfies No Local Arbitrage with Bounded Portfolios (NLABP)
with the transaction cost A if there exists a sequence of stopping times 7, /T as n — oo such that
for each n € N, we can not find (¢*", ') € AY(N) which satisfies

P (vjj%o(gb&", pbn) > o) —1 and P (Vfiq’o(géo’", Pty > o) > 0. (2.5)

It is noted that the NUPBR condition is defined on the set A, for a fixed x > 0, for instance
x = 1, which is consistent with the definition of the utility maximization problem with a fixed initial
position. The NLABP condition is defined for all admissible portfolios on the set A. However, these
two definitions are consistent because if we have a sequence of portfolios in .4; which leads to UPBR,
by rescaling, we also obtain UPBR for any A, x > 0.

For the completeness of the paper as well as the comparison between different concepts, the

standard no arbitrage condition on liquidation values is provided next.

Definition 2.4. We say that S admits arbitrage with the transaction costs \ if there exits an
admissible portfolio (¢°, p*) € A(N\) such that

V¢, ¢') = 0, B¢ ¢") 2 0) =1 and B(V;**(¢",¢") > 0) > 0.

If no such portfolio exists, we say that the stock price process S satisfies the NA condition under

the transaction cost \.

Remark 2.1. Comparing Definition 2.3 and Definition 2.4, it is clear that our NLABP is equivalent
to the NA condition with bounded portfolios for a localizing sequence {Tp}nen. It is important to
note that (NA) = (NLABP), however, (NLABP) does not imply (NA) in general. We refer the
reader to a discussion and Ezample 3.1 in Section 3 of [7| noting that NA can hold locally but fail
globally in frictionless markets. Moreover, the NUPBR condition and the NLABP condition may
not imply each other. Given the assumption that NUPBR and NLABP are satisfied, we may still
have arbitrage opportunities at time T using some unbounded x-admissible portfolios (¢°, ¢') € A,.
The NFLVR condition in [13] clearly implies both NUPBR and NLABP, therefore, we claim that

our conditions are weaker assumptions on market models than the usual conditions in the literature.
Some slightly stronger conditions are needed for the main result of this paper.

Definition 2.5. We say that S satisfies the NUPBR and NLABP conditions with the transaction
cost A in the robust sense if there exist another stock price process (Sllt)tE[O,T] and the transaction

cost process ()\Q)te[oﬂ satisfying Assumption 2.1 such that

inf ((14+M)Se — (1+A)S;) >0 a.s. and inf ((1—A)S;—(1—X\)S;) >0, as.
tel[%,T}(( + )8t — (1+X) t) a.s. an tel[%,T](( NS; — ( ¢) t) . a.s
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and the stock price process S’ satisfies the NUPBR and NLABP conditions at the same time with
the transaction cost X'. In particular, if we only consider the case where the stock price process S’
satisfies the NUPBR condition with the transaction cost X', we say that S satisfies the Robust No
Unbounded Profit with Bounded Risk (RNUPBR) with the transaction cost \.

As the main result of this paper, the following theorem provides the equivalence between NUPBR,
and NLABP conditions in the robust sense and the existence of SCLMS. Its proof is delivered in

the next section.

Theorem 2.1. The following two assertions are equivalent.

(1) S satisfies the NUPBR and NLABP conditions with the transaction cost A in the robust
sense of Definition 2.5.
(2) There exists a SCLMS (S, Z) for the market with transaction cost X, i.e., Z§ (\) # 0.

Remark 2.2. Compared to the frictionless markets in which we have the equivalence between the
NUPBR condition on terminal wealth and the existence of local martingale deflators, see [18], our
equivalence characterization in the markets with transaction costs involves two conditions, i.e.,
NUPBR and NLABP. The self-financing and admissibility conditions in our framework are more
restrictive than those in frictionless markets and different types of convergence are required in the
two settings. For example, some convergence results for predictable Stieltjes integrals (Theorem A.9
of [13]) and the integration by parts formula (Proposition A.16 of [13]) play important roles in our
proof, however, the literature in frictionless markets relies on the convergence results of stochastic
integrals w.r.t. semimartingales.

Actually, in frictionless markets, the NLABP condition on wealth processes may always hold
because either there is no local arbitrage for the wealth process (H - S) or there is a local arbitrage
but the portfolio process H is not necessarily bounded but is usually only required to be predictable
and S-integrable. On the other hand, our stock price process S is not necessarily a semimartingale
and the liquidation value process lacks the supermartingale property, which is naturally possessed
by each wealth process discounted by local martingale deflators in frictionless markets. For the
equivalence between the NUPBR condition and the existence of local martingale deflators in models
without transaction costs, the proof in [27] relies on the fact that the numéraire portfolio process is
a supermartingale and a change of the numéraire and the proof in [18] is based on some probability
characteristics of the semimartingale price process S. However, these results no longer hold in
our setting. As discussed in Section 5, we do mot expect the numéraire portfolio process to be
a supermartingale. Some new ideas to support the proof of the equivalence in Theorem 2.1 are

required. In particular, both NUPBR and NLABP are needed to guarantee our main result.

3. PROOF oF THE THEOREM 2.1

The proof of Theorem 2.1 is split into several steps. We first show that (2) = (1).

3.1. Proof of (2) = (1).
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Proposition 3.1. If there exists a SCLMS (S, Z;) € 23 (X), the stock price process S satisfies the

loc
NUPBR and NLABP conditions with the transaction cost A in the robust sense.
Proof. Thanks to the existence of a SCLMS (S, Z) such that infyeqo,7) (x\tSt — Sy — 5}]) >0 a.s.,
we can define & = inf (o ()\SSS —1Ss — 5’3\) and get that & > 0 a.s. for all ¢ € [0,T]. Moreover,
it is easy to see that

At
14+ N

At
14+ N

(1 — )\t)St + ft < gt < (1 + )\t)St — ft a.s. Vie [O,T],

as 0 < 1i‘tAt < 1. We can therefore choose S; = S; for all t € [0, 7] and A} = \; — ft(ls\ﬁ' First

of all, it is straightforward to verify that

inf 1=XM)SI—(1=X\)S 0 .S.
tel[%’T] (( )5t — ( t) t)> y &8

d inf ((1+A —(1+X)S] 8.
an tel[I&T] (14 X)Se = (L4 X)S;) >0, as

as well as inf,cio 77 (NS) — |S) — S| ) > 0 a.s.. Also, it holds that 0 < X, < 1 for ¢ € [0,7]. To see
€[0,7] tOt t t

this, it is sufficient to show that

&

0< —F—5
(T4 X)S:

<las. Vtel0,T],

which is a direct consequence of the definition of (&)sc(0,7)-

Thus, it is enough to prove that the smaller spread [(1—\})S], (1+)}).S;] satisfies the NUPBR and
NLABP conditions with the transaction cost \'. Denote by V;(\';.S) the set of terminal liquidation
value under l-admissible self-financing portfolios. We first show that Vi(\;S’) is bounded in
probability. To this end, let us first verify that

sup E[V}iq’lZT] < 0. (3.1)
Vattey (X;87)

SZ is a local martingale by the definition of SCLMS (5’, Z). We claim that for any admissible
portfolio ¢ € A1()\;5’), the following holds

. t o
Vthq71(¢0’¢1) < 1+/ ¢idSu a.s. Vte [OyT]7 (32)
0

where fg qu}LdSu is interpreted as a stochastic integral. The liquidation value process can also be

rewritten as
VI (60 61y = 1+ 69 + 6LS] — M| 6L S

Using integration by parts (see Proposition A.16 of [13]), we obtain
. t -~ ~ t ~
Vit (1 + / aztdsu) =60 + 6y S — 6y St + / Sude,, — Nil 2|5t
0 0

t ~
— 0+ / Suddt + B1(S) — 8) — NJoLIS),
0
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where the fg S,dpl is a predictable Stieltjes integral. By (2.1) and the fact (1 — \)S! < Sy <
(14 X,)S; a.s. for all t € [0,T], we have that ¢? + fot S,dél < 0 and

which implies that V;"*'(¢%, ') <1+ [ ¢LdS, as. for t € [0,T].
Let Xy =1+ fg ¢id§u. The integration by parts formula yields that

t t
Zi Xy =1+ / (X — ¢LS,)dZ, + / rd(SuZy).
0 0

Thanks to the Ansel-Stricker Theorem (see [1]), we get Z;X; is a local martingale and therefore a
supermartingale as X; > V;hq’l(gbo, $') > 0.
Therefore, it follows that

E[Vi4' Zr] < B[XrZr] < XoZo = 1.

The fact that the right hand side is independent of the choice of Vqlﬂiq’l yields that (3.1) holds true.

By (3.1) and the fact that Z; is strictly positive for all ¢ € [0, 7] and hence Z7 > 0, P-a.s., Lemma
3.2 of [15] implies that the set Vi (\';S”) is bounded in probability. Therefore, the conclusion holds
that S’ satisfies the NUPBR condition.

On the other hand, to show that S’ satisfies the NLABP condition is straightforward. Thanks to
the fact that SZ and Z are local martingales, there exists a localizing sequence {7, }nen such that
SMT” Zing, and Zya., are true martingales. For the same sequence {7, }cn, suppose that for some
n € N, there exists some bounded admissible portfolio (¢°, ¢') € API(X) such that (2.5) holds for
the stopping time 7,,. Define the probability measure Q ~ P by i% = Z,,. It follows that S’t/wn
is a martingale under Q. Moreover, as |¢f| < M a.s. for some M > 0, the stochastic integral

fot/w" ¢11Ld5’u is a true martingale under Q. Therefore, we can deduce that
BO(VEa0(, o)) < 59 [ olas.] —o.
0

However, this is a contradiction to Q(VAY%(¢%, ¢1) > 0) = 1 and Q(VA90(¢, ¢1) > 0) > 0 by the
fact that Q ~ P as well as (2.5). Therefore, we obtain a sequence of stopping times 7,, /* T' which
satisfies Definition 2.3 and S’ satisfies the NLABP condition. O

3.2. Proof of (1) = (2).
The proof of this direction requires more preparation. To begin with, it is noted that the set
V. (A) itself is not convex. We thereby shall consider its solid hull defined by
C)2{(Vell: V<V cv(\)} (3.4)
Clearly C(z) ={V €L} : V < V#q’m € Ve (A)} =2C(1) and C(z) is convex and solid.

Lemma 3.1. If the stock price process (Si)icpor) satisfies RNUPBR with the transaction cost
(Aepp,r)s the set {97 = (¢°,¢") € A1(X; S)}, where ||¢'||r denotes the total variation of ¢'
on [0,T], is bounded in probability.
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Proof. Let (X, S’) be as in Definition 2.5. For any ¢ = (¢°, ¢') € A1(\; S) C A1 (N;S'), we have
. t t
0 <V 9h) <1+ / (1= A)Sudgy — / (1+ M) Suddy " + 63 St — Ml | St
0 0

t t
1 [ X)Sioht — [ (4 NSk + 61! - Nalls, .
0 0 .

- / t (1= X,)S, — (1 — M) Sy) doy* — / t (14 A)Su — (L4 X,)S,) dop’
0 0

+65 (St — S)) — |t (MeSe — NS as. WVt € [0,T).

Let us define & = info<; ((1 — N,)S, — (1 — A5)Ss) and n = infs<; (1 + As)Ss — (1 + X,)S%). Be-
cause ¢} (S; — S)) — |t |(\eSp — ALSL) < 0 for all t € [0, T, it follows from (3.5) that

T T
(er A6z < /0 (1= X)S% — (1= Au)Su) dob + /0 (14 M8 — (14 X,)S%) dol!

T T
<t [ -X)Sidolt — [ (14 X)S,6L" + okSE - NrlohiSh
0 0

:V;jq’l;sl’/\, a.s..

The assumption that S satisfies the RNUPBR condition on [0, 7] yields that V;(\;S’) is bounded
in probability. By assumption &7 > 0 and np > 0 a.s. and Lemma 3.1 of [12], we obtain that the
set {||ollr, ¢ € Ai1(\;S)} is bounded in probability. O

The proof of the following result is also crucial in establishing the existence of the optimal solution

of the utility maximization problem as well as the existence of a numéraire portfolio in Section 5.

Proposition 3.2. If (St).c(o,1) satisfies the RNUPBR with transaction cost (At).ejo,r), the set C(1)

1s closed under convergence in probability.

Proof. Take a sequence V' € C(1) such that VI — Vi in probability. By passing to a subsequence,
we can assume without loss of generality that V' — Vi a.s.. The proof boils down to proving that
Vi € C(1). Consider now a sequence X" € V; satisfying Vi < X7 a.s.. By the definition of Vi,
there exist a sequence (¢%", 1) € A; and XI* = 1+ ¢>" 4+ ¢S, — M| ™|, for all ¢ € [0, 7).
Lemma 3.1 states that the set {||¢!||r : (¢°,¢') € A1} is bounded in probability. Thanks to
Lemma B.4 of [13], we can deduce that there exists a sequence of forward convex combinations
6" € conv(ph™, ¢l . .) such that #" converges pointwise to a predictable and finite variation
process ¢! such that the sequence [|0"| also converges to ||¢*|| pointwise. The latter convergence
implies that the sequence (||0"(|¢)nen converges to ||¢!|; in probability for each ¢ € [0, 7] which in
turn leads to the fact that the set {||0™|;}nen is bounded in probability for each t € [0, 7). Similar

to the proof of Lemma 4.3 of [12], we can write

{limsupH@”Ht > M} = {1inrr_1>i£f||9"||t > M} = U m {]|6"|+ > M}

n— 00 k n>k
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which gives that

P (nmsupne"nt > M) U ﬂ {16°)lc > A} | < supB(jo |, > M).

For each ¢ € [0, T, as the set {||0™]|:}nen is bounded in probability, we can obtain that
lim P (hmsup”@"“t > M) =0,
M—o0 n—00
which implies that limsup||f™||; < oo a.s. and hence sup,~; [|0"||: < oo a.s. for t € [0,T]. As a
n—00 -

result we can apply the assertion (iii) of Theorem A.9 of [13], to obtain the pointwise convergence

of predictable Stieltjes integrals

n—oo

lim Sd0” / S,ddl, (3.6)

which holds for any cadlag process S.
Using the same sequence of convex combinations in the definition of ", without loss of generality,
we can consider X" as the resulting process after the forward convex combinations. Similarly, we

define %" = conv(¢®", ¢*+1 . .) following the same convex combinations. It follows that
XP <1+600" 4008, — \|07|S;, as. Vte[0,T).

Therefore, we obtain that

t t
X <1 +/ (1= Ay)Suddm™ / (14 Au)Sudf™" + 075, — AlO21S,
0 0
t t (37)
_ 1+/ sudeg—/ AaSud|[67 [ + 07 S; — \|67ISs, as. Ve € [0,T).
0 0

Thanks to (iv) of Theorem A.9 of [13], the lower-semicontinuity property holds in the sense that
¢ t

/ Syud|| |, < lirginf/ S,d||0"]|u, a.s. ¥Vt [0,T], (3.8)
0 = Jo

Letting n — oo in (3.7) and using (3.6) and (3.8), we can obtain

t t
lim X]' < 1+/ Sud¢i—/ AuSud||§ ||u + BF St — M|t |
0 0

n—o0
t t
=1 +/ (1= Au)Suddy* — / (14 M) Suddl + G1S: — Ae|dh]S:
0 0
=1+ ) + &1 St — Me|d} S, as.

for t € [0,T], where ¢? £ f(f(l — o) Seddit — fg(l + Xs)Ssdor for all t € [0,T). By definition
(¢, ¢1) is a self-financing portfolio. Moreover, because X > 0 a.s. for all ¢ € [0,7] and n € N, we
can see that (gZ;O, ¢31) € A;. It follows from Vi — Vr a.s. that

VT < XT €V, a.s.

where
Xp 21400 + 61 S — Mlof|Se, ¥t € [0,T].
Therefore V € C (1), which completes the proof. O

This article is protected by copyright. All rights reserved.



11

For the proof of the next few results, we shall consider the stopped liquidation values starting
with zero initial position and x-admissible portfolios, > 0. For any stopping time 7, let us define

the convex and solid set
CT(z) 2 {V eL?: vV < VIO o) for (¢, ¢') € A,}, (3.9)

and
c =] (). (3.10)
x>0
Fix the initial position (x,0). For each self-financing portfolio (¢, #'), we call the process
yeostz (60 1) the cost value to enter the portfolio position (¢, ¢'), which is defined as

VIS0, 01 £ w4 ¢f + (81) T (1L+ M) Sk — (81) (1= M) Sk, € [0,T], (3.11)
For the same pair of self-financing portfolio process (¢?, ¢!), it follows that
V(g0 1) = V(@0 01) + 2XiSilet ], ¢ € (0,7, (3.12)

Remark 3.1. To understand the financial interpretation of the cost value process V5% let us
consider two investors A and B. Starting from the initial time, investor A holds the initial position
(x,0) in two accounts and uses the portfolio (¢°, ¢') during the time period [0,T]. On the other
hand, investor B does not follow the market until an intermediate time t. At time t, investor
B wants the same position (69, ¢}) that A holds in two accounts. The process V,°°"" represents
the total cash amount that B meeds to enter this position pair at time t. It is noted that B needs
enough cash to cover not only the Bank and Stock accounts, but also the transaction cost necessary
to replicate the position ¢} .

In the frictionless market with the semimartingale stock price process S, the condition of self-
financing portfolios can be relazed to predictable and S-integrable portfolios. In these circumstances,
the definition of liquidation value processes (thiq’m)te[o,T] and the definition of cost value processes

(VtCOSt’x)tE[QT] coincide and they are both equivalent to the definition of wealth processes (Xt)iej0,1] =
( + (9" - S)t)ieqo.1)-

For a fixed level M > 0 and a stopping time 7 < T, let us consider a subset Cj,(x) of the set
C7(x) defined by

Chy(x) 2 {V : V < V1990 o) where (¢°,¢') € A, and |¢}| < M, P-a.s. on [0,7]}.

We also define C}; £ Us>0 Chr(2). It is clear that the set Cj; is not empty, as the constant zero
is an element. For M large enough, Proposition A.11 of [13], which gives that (¢°,¢') is locally

bounded, implies that the set C7, contains some non-zero elements.

Lemma 3.2. Assume that the stock price process (St)te[O,T] satisfies the NLABP condition with
the transaction cost ()‘t)te[O,T]- Given a fized level M > 0 large enough and the same sequence of
stopping times 1, /T as in Definition 2.3, for each n € N, we have that for any x > 0 and any
x-admissible portfolio (¢°,¢') € A, with |¢p}| < M, P-a.s. on [0, 7,], we have

VIie0(g0 ol > —a as. = V(0 0Y) > —a, as. V<, (3.13)
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for any 0 < a < x.

Proof. Suppose not, i.e., for some n € N and the corresponding stopping time 7,, there exists a > 0
and a fixed pair of z-admissible portfolio (¢°, ¢') € A, such that |¢f| < M for 0 < ¢t < 7, and
Vat(9°,¢") € Cyj(x) and

‘/trliq’O(gbO)gbl) Z —a, a.s.,
but for some stopping time s s.t. P(s < 7,) = 1, we have

P(VELO (60 o) + 22849k < —a) > 0.

Denote the set D 2 {Va99(g0 ¢1) + 2X,5,|¢}| < —a}.

Based on the fixed bounded pair (¢°, ¢'), we shall construct a new pair of self-financing portfolio
(¢°, ¢') € A, with the initial position (2’,0) for some 2’ > 0. To this end, given the previous 7,
and s, the new pair (¢°, ¢') is defined by

b 26111,
502 (6 = V060, M)Ay + (VIR0 61) = VU0 (0, 1)1y, 1) 1
To check that (¢°, ¢!) is self-financing, we observe that
AR = NG =Agr =0, 0<t<s,
Ayd) =Dyt =Dygt =0, 0<t<s.
At the time s, we have
Argyt = (¢)T1p and  Aigit = () 1p
As for ¢°, we can deduce that
Apdy = (05 = 85 = (L4 2)85(6:) " + (1= As)Ss(65)7) 1p
= (=14 2)85(85) " + (1= A)85(65)7) 1p
== (1280005 + (1= A)S: Ay
For the stochastic interval s, 7, [, it is clear that
dgt = dg} and  dd = do).

Therefore (¢°, ¢!) is self-financing on Js, 7, [ as (¢°, ¢') is self-financing on |s, 7,[.
At last, at the stopping time 7,, it is clear that

Argrt=(¢1) 1p and  Aygrt = (6 ) 1p.
We therefore also have
Dy, = (VEO(g0, 6h) — VEot(g0, 61) — (80, — VebO(f,61)) ) 1p
=W¥¢°1 0 ) 1o
(1= Ar)Sn (67,)F = (14 Ar,)Sn, (¢7,)7) 1
= (1= A7) Sr Ay @t — (14 A7, A b
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For the stochastic interval |7, T], we clearly know that dé; = d¢? = 0. Putting all pieces together,
we arrive at the conclusion that the pair (¢°, ¢!) is self-financing. Moreover, |¢'| < M on |s, 7]
implies that (¢°, ¢') is also bounded in the sense that |¢}| < M, P-a.s., t € [0, 7] for some M > 0.

In order to show that (¢°, le) is also admissible, we first define the constant '’ = x — a > 0 and

notice that for the stochastic interval [0, s],
vieT (@0 gl =2’ > 0, as..
Now, on the stochastic interval |s, 7,,[, we have
VIS0, 61) = a4 3 + (L= M)SUBDT — (14 M)Si(@])”
=2+ (V00 91) — VemtO(g0, 61 ) 1p
>z’ 4+ (—x+a)lp>2 —x+a=0, as.
where we recall that (¢, ¢') € AP, Similarly, on the stochastic interval [r,,, T], we have
VIT(80,0Y) =o' + 8+ (L= M)SUSDT — L+ M)Si(1)
=2/ + (VEO(g, 91) — VEmtO(g0, 6 ) 1p
>2' + (—a+a)lp =2/, as.

In particular, we have Vfliq’x,(qgo, ¢') > 2’ as., so the bounded portfolio (¢°, ¢!) € AP¢ leads to an
arbitrage opportunity for the liquidation value process locally at the stopping time 7,,. We obtain a

contradiction to the NLABP condition in Definition 2.3. As a consequence, the implication (3.13)
holds. O

Lemma 3.3. Assume that the stock price process (St)iejo,r) satisfies the NLABP condition with
the transaction cost (At)icjo,r)- Given a fived level M > 0 large enough and the same sequence of
stopping times 7, /T as in Definition 2.3, for each n € N, we have CJ; N LY = {0}.

Proof. According to the definition of C}}, it is equivalent to prove that C}}(x) NLS°® = {0} for any
x > 0. Suppose that the above claim does not hold. Then, for some n € N and the corresponding
stopping time 7, there exists a pair of portfolios (¢°, ¢!) € A, for some z > 0 such that |¢}| < M
for 0 <t <, and

P(V, 206", 0') 2 0) =1 and P29, 6") > 0) > 0.

Obviously, this is a contradiction to the definition of the NLABP condition which completes the
proof. O

As the stock price (St)te[o,T} is locally bounded, there is an increasing sequence of constants
a(n) / +o0o and an increasing sequence of stopping times p, ,* T such that S; < «(n) on the
stochastic interval [0, p"]. Given the sequence of stopping times {7, }nen in Definition 2.3, let us

consider the new sequence of stopping times

7020, Tn=TyApp, fornéeN. (3.14)

This article is protected by copyright. All rights reserved.



14 ERHAN BAYRAKTAR AND XIANG YU

Remark 3.2. It is easy to verify that the statements in Lemmas 3.2 and 3.3 holds for the sequence
of stopping times (Tn)nen defined by (3.14) and that the stock price process S is bounded up to 7,
for each n € N,

Lemma 3.4. Assume that the stock price process S satisfies the RNUPBR and NLABP conditions
with the transaction cost X. Given the fixed level M > 0 large enough and the sequence of stopping
times {Tn}nen defined in (3.14), for each n € N, we have that C}} is Fatou closed, i.e., if there
exists a sequence (V™) pmen in C;} such that V™ > —a for some a > 0 and V" converges to some

Fz,-measurable random variable V, P-a.s., then we have that V € C]f\}.

Proof. Given the sequence (V™),en C C;}, for each m, there exists a portfolio (¢%™, ¢1™) € Az (m)
for some x(m) > 0 (we write z(m) to emphasize the dependence of x on m) and |¢>i M < M for
the fixed bound level M and stopping time 7, such that V" < V;liq’o(gbo’m,gbl’m). Lemma 3.2
and Remark 3.2 guarantee that Vfliq’owovm, ¢™) > —q implies that V;C"0(¢0m plm) > —q for

0 <t < 7,. In particular, for each m > 0, we get
Vthq’0(¢0’m, ¢1’m) > —2)\tSt\¢t1’m] —a> —2a(n)M —a, as. for0<t<7,.

Therefore, we can apply Lemma 3.1 with the initial position = 2a(n)M + a and obtain that the
set {|| |5, : (¢°, ') € Asa(n)m+a(A; S)} is also bounded in probability. Moreover, by choosing the
initial position x = 2a(n)M + a and time interval 0 < t < 7,,, Proposition 3.2 leads to the fact that
C™ (2a(n)M + a; S, \) is closed under convergence in probability.

Recall that the set {[|¢'[l7, : (¢°,¢') € Asa(n)m+a(A;S)} is bounded in probability and V'™
converges to V, P-a.s.. Following an argument used in the first part of the proof Proposition 3.2,
which uses the compactness lemma of finite variation processes (see e.g. Lemma B.4 of [13]), we can
assume (up to choosing a sequence of forward convex combinations) that the sequence (¢%™, ¢1™)
converges pointwise to a predictable and finite variation process (¢%*, ¢p1*) € Aoa(n)yM+aq- Because
C™ (2a(n)M + a; 8, \) is closed under convergence in probability, it follows that V24 (407, ¢l™)
converges P-a.s. to the random variable V;liq’o(gbo’*,qﬁl’*). Moreover, as |¢§ ™ < M for the fixed
level M > 0 and 0 <t < 7,, we obtain that ]qﬁ% *| < M for 0 < t < 7,. Therefore, we can conclude
that V < V;liq’o(qﬁo’*, p*), ie., V € C;}@a(n)M +a;\,S) C C;}LI, which completes the proof. [

Lemma 3.5. If the stock price process S with the transaction cost \ satisfies the NUPBR and
NLABP conditions in the robust sense with the smaller bid-ask spread pair (S',)\'), there exists
another bid-ask spread pair (5, 5\) satisfying Assumption 2.1, which stays strictly between the two
spreads in the sense that

. I\& N o . - I\ &
tel[réfT]((1+At)st (1+)\t)5t)>0, tel[réfT]((1+At>St (1+/\t)5t>>0,

: IAYU I\ & . YN\ S
and inf ((1 NS - (1— )\t)St) >0, it ((1 )8 - (1— )\t)St) >0, a.s.

(3.15)

Moreover, the stock price process (gt)te[O,T] satisfies the RNUPBR and NLABP conditions with the

transaction costs (S‘t)te[O,T]-
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Proof. Assume that the pair (5, \) satisfies the NUPBR and NLABP conditions with the smaller
spread pair (S’,\). Let us define the auxiliary pair of processes
S oa St+SE v A MSt+ S

£ = 1 7). 1
St . A S+ 9 €(0,1), Vte[0,T] (3.16)

2
It is clear that the new pair (5’ , 5\) satisfies Assumption 2.1. We claim that the stock price process
S with transaction costs \ satisfies the inequalities (3.15). Indeed, it is enough to notice that

. N V_ / / — . - X =
tel[%:fﬂ((umst (1+)\t)5t> tel[réfT]((1+At)st (1+)\t)St)

. 1 1

Similarly, we also have

. / / N = _ . _V “_ -
Jdne (0=W)SE— (=308 = it (1308~ (1= x)s.)

= tei[%,fT] <;(1 —\)S; — %(1 - )\t)St> >0, as.
Therefore, the inequalities in (3.15) are verified.

Recall that the stock price process S’ with the transaction cost )\ satisfies the NUPBR and
NLABP conditions. We aim to verify that the stock price process S with the transaction cost
satisfies the RNUPBR and NLABP conditions.

First, it is trivial to see that S satisfies RNUPBR as the pair (S', \') satisfies the NUPBR
condition. On the other hand, if (¢°,¢!) is self-financing for the pair (S, ) such that (2.1) is
satisfied, then (¢°, ¢!) is also self-financing for the pair (S, \) because (1 — A¢)S; < (1= A)Se
and (14 A)S; > (14 MX)S; as., t € [0,7]. In addition, we also get that ‘Qﬁq’x;g’)‘wo,(bl) <
Vthq"r;sl’)‘/ (¢°, ¢') a.s., t € [0,77], for the same self-financing portfolio (¢°, ¢'). It thereby follows
that A,(X; S) € Ay (N;S). If there exists an arbitrage opportunity with a stopping time 7 where
P(r < T) > 0 and a bounded portfolio (¢°, ') € API(X; §), it is obvious that (¢°, ¢') also leads to
a local arbitrage opportunity for the pair (S, \’). In other words, we can deduce that if the stock
price process S’ satisfies the NLABP condition with the transaction cost X', then the stock price
process S also satisfies the NLABP condition with the transaction cost . ]

The following result is the last important preparation for the proof of the implication (1) = (2)

in Theorem 2.1; see Lemma 6.3 and its proof in [13].

Lemma 3.6. Let (X¢)iepo,r) and (Y)iejo,r) be two cadlag bounded processes. The following condi-

tions are equivalent:

(i) There exists a cadlag martingale (My)iejor) such that
X<MC<IY, a.s..
(ii) For all stopping times o, T such that 0 <o <7 <T a.s., we have

EX | Fs] <Y, and E[Y:|F,]>X, as.

We now proceed to finish the proof of Theorem 2.1.
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Proof of (1) = (2) of Theorem 2.1. If the stock price process S satisfies the NUPBR and NLABP
conditions in the robust sense with the transaction cost A, Lemma 3.5 guarantees the existence of
the auxiliary pair (S, A) such that $ satisfies the RNUPBR condition and NLABP condition with
the transaction cost A.

In the next few steps, let us consider the market model with the stock price process S and the
transaction cost A. If we replace the pair (S,\) by the auxiliary pair (S, ), all conclusions from
Lemma 3.1 to Lemma 3.4 still hold for (S, X). For some fixed large level M > 0, consider the set
C;}(S’, A). Combining the facts that C;}(g, A) ML is Fatou closed (thanks to Lemma 3.4) and
Ch(S, S\)H]L‘f = {0} (thanks to Lemma 3.3) where the stopping times {7, } nen are defined in (3.14),
there exists a probability measure Q" equivalent to P such that for any V' € C}}(5,A) NL>, we
have EQ"[V] < 0, where we used Lemma 5.5.2 of [17] (which relates Fatou-closedness to weak-star
closedness) and the Kreps-Yan separation theorem (see e.g. Theorem B.3 of [13]).

In particular, for each n € N, let us only consider the subset C;}(S’ , 5\) such that the portfolio
process ¢! is a non-positive process or a non-negative process on [0,7,] and gb%n = 0, i.e., the

position in the stock at the terminal time 7,, will be liquidated,
C;}(g, 5\) £ {V V< V;liq’owo, ¢') € A, where ¢! is a non-positive or a non-negative process

Tn

¢L =0,and |¢f| < M, P-as. on [[Ofnﬂ}

with M large enough for which we have EQ"[V] < 0 for all V € CE(S’, A)NL*® C C;}(g, A) NLee.
Let us recall that S; < 2a(n) for t < 7, as the original stock price process S; < a(n) for t < 7,.

We consider the following portfolio in the market driven by S with transaction costs 5\,

32 (1= 2)815000(0) + (1= )8, = (1458 ) 140 14

_ (3.17)
¢1 £ _1ﬂn,a[[(t)1A7

for any stopping time n < o < 7, and A € F;,. Similar to the proof of Lemma 3.2, it is not hard to
check that (¢°, ¢') is self-financing.

Similarly, we consider the portfolio

>

(i(] _<1 —+ /v\n)gnl}]n,aﬂ(w + ( — (1 =+ :\W)gﬂ =+ (1 — ;\U) ua)l[[a,q’-n}]:| 14,

d)l < 1]n,a[[(t)1A7
for any stopping time n < ¢ < 7, and A € F,. We can similarly verify that (gzgo,ngl) is also
self-financing.

It is also easy to show that V;liq’o(ggo, Pl) € C;}(Sﬂ A) NL*® and Vfliq’o(qgo, o) e C;}(S’, A) NL®
as ¢! is non-positive, ¢ is non-negative and ||, |¢| and S are all uniformly bounded on [0,7,]. In

particular, we have
Var(@%,0") = 8%, + (97,) 7 (1 = Ar )8, — (01,)7 (1 + A5, ) S5,
= (1= X8, = (14+30)8, ) 14

This article is protected by copyright. All rights reserved.



17
Val0(00,6Y) = 69, + (61,01 (1= As) S5, — (97,)7(1+ 45,)55,
= (~+ 28+ (1= X)) 14
By the inequalities EQ" [Vfliq’o(éo, <Z~>1)] < 0 and EQ" [V;liq’o(qgo, qgl)] < 0, it is easy to obtain that
E¥"[S5 (14 A0)|Fy] = Sp(1 = Ay)
E[S,(1 = Xo)|Fy] < Sy(1+ Ay).
Lemma 3.6 implies the existence of a cadlag martingale S™ under Q™ such that
Si(1—X) <SP < Si(1+Ay), as. for 0<t <7, (3.18)

So far, for each n € N, we obtain the pair ( ", S”) on [0, 7] such that S™ is a martingale under
Q" and 5™ evolves inside the spread [(1—A)S, (1 + )\) S]. However, in general, we may not have the
concatenation property of two measures Q" and Q"1 such that Q" Fro_, = Q™| Fro - Therefore,
we can not simply paste the processes {S™},cn together over the whole interval [0, 7] to obtain the
desired process S. To finish the proof, we need several further steps using the elements Qn, S”)
that we already have.

For each Q™, let us consider the density process and the corresponding stochastic exponential
aQr

dpP

(Y™ £ Zips,s t€10,T],

Zt”éE[

JE] t €[0,T],

where Y" is a local martingale.

Similar to the proof of Lemma 3.5 of [7], we define the stochastic process using stochastic integrals

oo
Y é Z 1]]77—71,—1,77—71}] . Yn.
n=1

It is easy to see that (Y;i)te[O,T] is a local martingale with initial value Yy = 0 as

n
T = (Z LY EREN .Yk>
k=1 t

is a true martingale. As a consequence, the stochastic exponential £(Y) is a local martingale.
Denote {vy}nen the localizing sequence of the local martingale £(Y), we shall consider the new
localizing sequence {v, A Ty }neny Which converges to T'. To simplify the notation, let us still denote
this sequence of stopping times by {7, }nen.

Notice that £(Y™) > 0 for all n € N as it is the density process of dﬂ%. It follows that £(Y) >0
because 1 + AY =1+ AY"™ >0 on |7%—1,7%], n € N.

Let us focus on the positive local martingale
Z2E(Y) (3.19)

and consider the sequence of probability measures induced by

2 7 = — =
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Clearly, the sequence of probability measures {(@”}neN satisfies the desired concatenation prop-
erty. We now claim that for any V € C;}(S” , 5\) N 1L*°, the inequality EQ" [V] < 0 still holds. To
prove the claim, we recall the existence of (¢°, ¢') € A, for some 2 > 0 where ¢! is either a non-
positive process or a non-negative process with ¢ = 0 and |¢'| < M, P-a.s. on [0,7,] such that
V< V(60 0.

Case 1: The portfolio process ¢' is a non-positive process on [0, 7,].
For each fixed choice of n € N, we first consider the fictitious stock price processes constructed

inductively for 1 < k < n. First, for 0 <t < 74, let us define the stock process
5151

which is a martingale under Q' and stays in the spread [(1 — A)S, (1 + A)S].
Next, for all 71 <t < 7o, we consider two auxiliary processes
; S8
X[ = esssupEQ2 Sol1+ 22—\, ‘]—} ,
T7€0; S

Y/ £ essinf EY’ [Sf(l + A7)

L on

where O; denotes the set of all stopping times 7 with values such that t <7 < 7. For 0 <t < 7y,

we shall define the processes
X £EYX,|F), Y, 2EV Y] |F).

Next, for 71 < t < 75, we define X; £ X/ and Y; £ Y/. Similar to the proof of Lemma 6.3 of [13],
we get that (X)as, is a supermartingale and (Y)¢az, is a submartingale under Q2. In addition, the
fact that (1 — s, )Ss < St =8l <(1+ Ar, )S7 implies that
VIV S SE .
(1—X)S; < S <1 + Tiv“/\t> < (14 A\)St
T1\T1
for all 7 < t < 7. Therefore, by Lemma 6.2 of [13], there exists a martingale M? under Q2 such
that X; < M? <Y, for 0 <t < 7. In particular, we have that (1 — S\t)S’t <M< (1+ :\t)S't for
71 <t < Ty and also
9 S- —S- . _
M2 > S5 (1 + ZVHATI> =51, Q*as.
T1/\T1

We now consider the auxiliary stock price process for 0 < t < 7o defined by

2 s S’f, for 0 <t < 7,
¢ max(S7, M),  for 7 <t < 7.

It is easy to show that (S%);s-, is a submartingale under Q2 as both 52 and M? are martingales
under Q? for 0 < t < 7. Moreover, by its construction, we obtain that S? stays in the spread, i.e.,
(1-— S\t)é't <SZ<(1+ Xt)gt for 0 <t < 7 as well as the ordering 5’% > 5% Q2%-as..
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By repeating this construction, for 2 < k£ < n, we can first get the existence of a martingale
MP* under QF for 0 < t < 7, which satisfies (1 — Xt)sﬂ <MF < (1+ S\t)é't for 7,1 <t < 7 and
ME Sl’C L Qk—a.s.. Let us then define

7'Icl—

gk a Sk, for0<t< Ty,
C max(SF,MF),  for oy <t <7

We obtain a sequence of processes {S*}1<x<, such that S} is a submartingale under Q and satisfies
the spread constraint (1 — S\t)gt <SF<(1+ S\t)gt for 0 <t < 7, and at each stopping time, we
have the inequality

Sk > gkl QFas. (3.20)

Tk—1 — T Tk—1’
For the future purpose, we complete the definition of each auxiliary process Sf after t > 7 by
setting
S’fzglﬁk, t>7, fork=1,...,n

Let us consider the fictitious semimartingale stock price process defined by

g0 & S’f’ for o1 <t < T, k=1,...,n
¢ sz for t > 7,.

It is clear that (1 — A\¢)S; < S’t<> < (14 X\)S; for 0 <t < 7,. Similar to the proof of Proposition

3.1, we can deduce that

VI(6%,01) < (01 S = 3 (0" (e mrSY))

k=1
We aim to prove that

n

> (¢ Qi) ] ZE[ G (1[[7“,%[[5’“))%] <. (3.21)

k=1

AHn

EQ

For 1 < k < n, using the integration by parts, we can deduce that

(¢1 : (1[[?;671@[[5%))%” = (ﬁf)ll]]%k,lik]] : 5%)%” + ( %@ 1 Tk 1 ¢Tk ) .

Consequently, proving (3.21) is equivalent to showing that the following holds

g(an) Zn: (lel}]?k,l,?k]] : §k>7,_n + E(an) zn: <¢Tk 1S7lfk 1 ;k§§k>

k=1 k=1

E <0. (3.22)

For the first part in (3.22), we claim that (Y )iz, (0'1]7, 7] - S’k)m% is a local supermartingale
under P. Similar to the proof of Lemma 3.5 of [7], [t6’s Lemma yields that it is equivalent to prove
that

(1]]7"/971,7%]](1)1 : Sk + 1]]‘7'k71,77'k]]¢1 ’ [5k7 Y])t/\’?n

is a local supermartingale under P with initial value 0. However, it is clear by the definition of Y
that

(1]]@—151@]](151 A lﬂﬂc—hﬁe]]qﬁl : [Sk>Y])t = (lﬂ?k—l,?kﬂd)l -8 1]]@—1fk]]¢1 : [Skv Yk])t'
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Notice that S* is a submartingale under QF. Therefore £(Y*);n7, SF + is a submartingale under P.
We claim that (S* 4 [S¥, Y*]);47, is also a submartingale under P. To prove the claim, we can use
the product rule and obtain that

A(E(YF)5F) = Grdg(YF), + £(YF)d (Sk +[5*, Yk])t .

The first term on the right hand side is a true martingale on [0, 7,] due to the fact that (S¥)iaz, is
uniformly bounded. Therefore, we get that (£(Y*)- (S* + [S*, Yk]))m%

us consider the semimartingale decomposition of the process (S* + [S*, Y*]);az, = M; + Ay, where

is a submartingale. Let

M, is a local martingale and Ay is a finite variation process. By the submartingale decomposition of
(Y (8¢ + (5. YH), ..
increasing finite variation process for ¢t < 7,,. Let us write A; in terms of its Jordan decomposition
A = AI - Ai and [|All; = AI + Ai. Then it is easy to see that both fOM"E Y*),dAl, and

fg/\f” E(Y*),dA}, are increasing processes and

tATh tATh tATh tATh
|| / E(VF)ud Ay = / EYH)ud| Al = / £(Y*),d AL + / £(Y*)udAL.
0 0 0

0

we conclude that the finite variation process [, AT g(Yk),dA, is an

Therefore the integral fg/\f" E(Y*),dA, has the Jordan decomposition

tNATh tATh tATh
/ E(Y?),dA, = / E(YF),dAT — / E(YF) dAT.
0 0 0

On the other hand, f AT g (Y*),dA, is an increasing process from the uniqueness (up to a
constant difference) of the Jordan decomposition. We therefore have that [; T g (YR), dAY, = 0.
Because £(Y*);n7, > 0 P-a.s. for all ¢, we obtain that Ai = 0 for all t. It follows that the finite
variation process A; is an increasing process. As a consequence, we get that (S* + [S*, Y*])iaz, =
M; + A; is a submartingale.

Recalling that ¢! is a non-positive process, we derive that the stochastic integral

<1]]ﬁc—1fk]]¢l -SF 4 1}]@—1@]@1 ’ [ka:’ Yk]>t/\%n
is a local supermartingale under P. It follows that £(Yinrz,) (lﬂfk_lfk]]gbl . Sk)t/\fn is a local super-
martingale under P. Recalling that (11]%71,?;@]@1 - S k) Ar is bounded below by some constant, we
deduce that £(Yinz,) (lﬂfk_l,;k]]qbl . gk)t/\fn is bounded below by the martingale £(Yia7,). Fatou’s

Lemma yields that £(Yiaz,) (11]%71,?;@]]‘;51 S k) is a supermartingale under P which implies that

tATn

E(Yz,) z"; <¢11]]%k_1fk]] 'Sk)Tn] <0.

k=1

E

For the second part in (3.22), we can rearrange the summation and write

Z((bﬂc 1 Tk 1 _¢71'kS7’?k Z(bm 1 Tk 1 S7k':k 11)

k=1
due to the condition that gb;n = 0 as well as the standing assumption that gb%o = gZ)(l) = 0. From the
construction of S¥, we already know that S¢ ~— S¥~1 >, Q*-a.s. and hence QF-a.s. from (3.20).

Tk—1 Tk—1
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Using the assumption that ¢! is non-positive, we immediately obtain

n

Er) Y (0h Sk 1¢ik8i“k)] <0,

k=1

E

which yields that (3.22) holds and therefore (3.21) is verified.

Case 2: The portfolio process ¢' is a non-negative process on [0, 7,].
The proof follows the arguments in Case 1 with small modifications. We therefore only sketch
some of the steps. We will mimic the idea in Case 1 for the construction of fictitious stock price

processes. First, for 0 <t < 7y, we can define

For 71 <t < 7», we first consider two auxiliary processes

} ,

X/ £ esssup E?’ {S’T(l — )
T€0:

. 2
Y/ £ essinf B¢
T7€0

where O; denotes the set of all stopping times 7 with values ¢t < 7 < 7». Let us further define
X 2BV (X2 |F), Y 2EY VY|

For 71 < t < 7y, it follows that X; = X/ and Y; £ Y. We then get that (X);s7, is a supermartingale
and (Y)in7 is a submartingale under Q?. Moreover, similar to Case 1, there exists a martingale

M? under Q? and X; §Mt2 <Y; for 0 <t <75 and (1—5\,5)5} < Mt2 < (1—1—5\t)§t for /1 <t<T
as well as M2 < S;l, Q%-a.s..

Let us define the auxiliary stock price process for 0 <t < 7 as

g2 8 i S'tQ, for 0 <t < 7y,
"\ min(S7,882),  form <t <.

It is easy to check that S?isa supermartingale under Q2 for 0 < ¢t < 7» and (1—;\t)§t < St2 < (14
S\t)bv’t for 0 g t < 7o and S% < S%l By repeating this procedure, we obtain a sequence of auxiliary
processes {S*}1<r<, such that S* is a supermartingale under Q* and (1 — \;)S; < SF < (1+ A\)S;
for 0 <t < 7. Moreover, we have the inequality ka L S%i 11, QF-a.s..

We will consider the fictitious semimartingale stock price process

Sﬁ A Sf, for 71 <t <7, k=1,...,n
t S?n, for t > 7,.

Eventually, similar to the proof in Case 1, it is enough to prove that

E(an)zn: CRI—— .S’f)ﬁ +5(Ym)zn:( L —y S’“)] 0.

k=1 k=1
(3.23)

E" [(¢ - $%)r,] =E
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But the inequality in (3.23) can be verified using the same proof as for (3.22) but replacing the
submartingale with the supermartingale and using the facts that ¢! is non-negative and S%_l <
Sl;;;ll, QF-a.s. and hence QF-a.s. for 1 < k < n.

Finally, we have shown that EC" [V] <OforalV e (_3]%\}(5’ , 5\) For the new sequence of probability
measures {Q"},cy, we can consider the special trading strategies defined in (3.17) and (3.18) again.

As ¢! in (3.17) is non-positive and ¢! in (3.18) is non-negative, it follows that
EC VR0 0N <0, EVRS.6N] <o.
Following the proofs of Lemmas 6.2 and 6.3 of [13], we not only can obtain the existence of S for
0 <t < 7, such that (1 — 5\,5)5} < 5’? <(1+ S\t)S’t and S" is a martingale under Q" for 0 < t < 7y,
but also get that $” and S™*! coincide P-a.s. on [0,7,] due to the fact that Q" = Q"+!|x, .
Recalling the definition of § and X in (3.16), we obtain that for 0 <t < 7,

. an . 1 1 / / on
ogltngffn (St(l + M) = 5] ) > OSI?Sf?n (2St(1 + A) + 55}(1 + ) — 5 )

= inf (S*t(1+5\t)—Sf>zo, a.s..

0<t<7y

Similarly, we can also check that

inf (S’f — 81— /\t)) >0, as.

0<t<7y

To finish the proof, we will paste the processes {S" }nen together over the whole horizon [0, 7] to
get the process S. We claim that for the local martingale Z defined in (3.19), the process SZ is also
a local martingale. To see this, for any stopping time 7, we have Sy = EQ" [ganT} =E[Zz, an/\r] =
E[Z;RATS’;HM] = IE[Z;TLATS}”AT] for all n € N. It follows that the process SZ is a local martingale

with the same localizing sequence {7, },en defined in (3.14). O

4. EXAMPLES

Two examples are constructed in this section, in which one stock price process is continuous and
another stock price has jumps, in order to demonstrate that the existence of a SCLMS is weaker
than the existence of a (S)CPS.

4.1. The case of continuous stock price. This example is essentially due to some of the results
obtained in [23]. We first provide a sufficient condition for the existence of a SCLMS which will
be used in constructing the example. To this end, we shall first introduce the concept of obvious
arbitrage (OA) in [23].

Definition 4.1. Let S have continuous paths. We say that S allows for an OA, if there are o > 0
and [0, T|U{+oo}-valued stopping times o < T such that {o < +o0} = {7 < 400}, P(0 < 400) > 0

and
S,
§21+a, on {o < +oo},
7 (4.1)
5o 1 {o < +oo}
or — on oo}
S, ~ 1+a’ 7
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Proposition 4.1. Assume that the continuous stock price S does not admit an OA. Then there
exists SCLMS with any constant transaction cost X € (0,1), i.e., Zjpe(X) # O for any constant
A€ (0,1), and hence Z} _(X) # 0.

Proof. Proposition 1 of [23] proved that there exists a sequence of stopping times p;\ such that the
stopped process SPn admits a A\-consistent price system (5",@"). Moreover, according to their

proof, one has the concatenation property, i.e., on each [0, pf‘L_l]], we get that S’t" equals S'f_l and

n—1
Q |pr

n—

= Q" r, . Therefore, for each n € N, we can define P-martingales Z" by
1 P

n—1

o dQIF,)

AL .
T d(P|F,)

It is clear that Z > 0, furthermore, we have Z" = Z"~! on the stochastic interval [0, p} ,].
Therefore, by pasting the process (Z"),cn, one can define a P-local martingale such that Z; > 0 for
all t € [0,T]. Similarly, we can paste the process (5™)nen. As S"Z" is a P-UI martingale according
to the construction of each S™, it is easy to see that SZ is a P-local martingale. The existence of a
CLMS (S, Z) is then verified.

For any X € (0,1), we can find a CLMS (S, Z) for the stock price S with smaller transaction
cost X' € (0,)) (by the above arguments). Clearly, (5’, Z’) is a pair of SCLMS for the stock price
S with transaction cost A and Zg  # 0. 0

Remark 4.1. We want to point out that the no OA condition is not necessary for the existence
of SCLMS. The following example from [22] illustrates this point: Define Xy = exp(Wy — ), ¢t >0

where Wy is a Brownian motion and (Fi)i>o 15 its natural filtration. Define the a.s. finite stopping

) 1
Télnf{t:Xt:Q},
1

T
St:XT/\tanta 0<t< 5; Sg :i.

Define also Gy = Frant, 0 <t < § and gg = Fs. Clearly, the stock price process S admits an

time

and set

obvious arbitrage by setting o = 0 and T = Z. However, the process S; is a Gi-local martingale,

2
proved by [21]. We can see that (S,Q) £ (S,P) is a pair of SCPS for any transaction cost X € (0,1)
and hence an SCLMS.

It is worth noting that the existence of an OA opportunity in this example is not a contradiction
to the NA condition in Definition 2.4. Indeed, to take advantage of the OA opportunity, one will
choose to short sell the stock S at time t = 0 and wait until time T to buy it to cover the position.
However, by the definitions of S and X, this simple strategy is not admissible for any initial position
x > 0 as the liquidation value process may go to —oo at some stopping time t < 7. Therefore, this
market model still satisfies the usual NA condition of Definition 2.4 and there exists a pair of SCPS.

As an application of Proposition 4.1, we will demonstrate that an SCLMS might exist even when

a CPS may not.
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Example 4.1. Let (W;)i>0 be a standard Brownian motion with respect to (Q,F,P°), and define
Xy = exp(Wy — ). Define the sequence of stopping times (pn)y by po =0, p1 = inf{t > 0: X; =
272 or 2} and, forn > 1, let

Pl = Pnlix, so-2my + Ont1lix, —9-2ny,
where
Opi1 =inf{t > 0: X, =272""" op 2741},
Define the stopping time
7 =min{p, : X,, =27""?}
and the stock price process S

St = Xinr, 0<t < 0. (42)

Next, define a probability P on F by

Z [pzo l{T pn}

The market model consists of the price process S under the probability P. (One can then choose a
deterministic time change from [0, +o0] to [0,T] to turn this into a finite horizon model.) Proposi-
tion 7 of [23] proved that (St)o<i<T satisfies the assumptions in Proposition 4.1. As a result, there
exists a SCLMS (S, Z) with constant transaction cost A € (0,1). However, they also showed that
there is no CPS for the same transaction cost X € (0,1). The argument is by contradiction: here
P is constructed so that P(t = c0) = 0. However, if a CPS (S,Q) exists, it would have to be that
Q(1 = 00) > 0, which yields a contradiction.

4.2. The case of Jump Process. We will rely on the results of [24] to construct our example.

Example 4.2. Let Y be a compensated P°-Poisson process with intensity 3 = % < 1 started from
one, stopped when it hits zero or when it first jumps. Denote by T the first hitting time of zero and
by p the first jump time. Set S =Y and consider the constant transaction cost X € (0,1). Then,
PO(Yr = 0) = exp(—1). Let the initial wealth be x = 1 — exp(—1) and define the self-financing
portfolio ¢* = (¢°*, §1*) by

t
6 =e My = _/0 (1+X)Sudpy,”.

We can derive that
liq, * * l ) * * 1% 1%
Vqux(QS& 7¢17 ) = T?\qp (¢O ¢17 ) =T+ gb*r/\p + qu/\pST/\P - )‘|¢T/\p|ST/\P

TAP
=z + ¢3S0 + / o1 dS; — / Seddy”™ — Apr,Srnp
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which can be computed explicitly as
Vpt (907, 1) =z 4 et b e L0y - /OW e 1Ot — ) /OTAp SyBe Pt
+ A2 — BP)€_1+BP1{pgT} _ /\€—1+,6’(T/\p)5TAp
>rte (14 )\)e_Hprl{pgT} + (e7! — e 1HBTAR)
oA ! — e AR 9o 1HB(TA)
— [(2 Fon)e ! - 3Ae—1+ﬂf’} Lpery + [2 420 = (14 40)] 1,

The first inequality holds as Sy < 2 for any t € [0,T] and Bp <1 on {p < 7}, and the last equality
holds due to the fact that B =1 on the event {T < p}. Let us choose A > 0 small enough such that
T+ (2420t —(144)) >0,

which gives that A < Tl_Q. Then, we always have
[z+ (2+2\)e " = (14+4N)] 1<y > 0.

Recall that we have Sp <1 on {p < 7}. With the choice of A < TIJ, it is easy to verify that on
{p < 7}, the following holds
T4 (242N et =3 e 1T > 1,

We obtain that if N < ;=—, then

VP60 61) 2 1peny = Lo, @8-

Moreover, for any t < T A p, it is easy to see that

. t
VT (g0 gh*) = g — / (14 M) (1= Bs)Be™ " Pods + (1 — N)e P41 — Bt)
0
1 1
>x—(1+Mtf->2—(14+X)->0 a.s.,

e e
because (1 — Bt)e™ 1Pt is decreasing in t and 1 — % -1+ )\)% >04f A< ﬁ. It is then verified
that ¢* is x-admissible, i.e., ¢* € A,.

Let us define the probability P by
dP

dP0
The process % 15 a positive P-strict local martingale with P(Y% > 0) = 1; see Theorem 2.1 of [6].

=Yr.

Now, because the process & is a P-local martingale and % = 1 is a P-martingale, (S,Z) = (S, +)
is a SCLMS.

The non-existence of a CPS can be proved by a contradiction argument. Let (S, Q) be a CPS.
For the fized x = 1 —e~ ' and for any ¢ = (¢°, ¢*) € A, as in the proof of Proposition 3.1, we have

_ T .
0< Vj{zq,m(¢07¢1) <z +/0 $rdS;, P-a.s..

The local martingale property of S under Q implies that © + fOT gbtldgt s a supermartingale under

the same measure. As a result
B[V (¢0,61)] <o < 1,
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for any ¢ € A, which is now a contradiction to the fact that Vjéiq’x(éo’*, ob*) > L0y = 1, P-as.
(and hence Q-a.s.).

5. UTILITY MAXIMIZATION PROBLEMS

In this section, we will discuss the market viability property by showing the relationship between
the existence of a SCLMS, the existence of an optimal solution to the utility maximization problem

defined on the terminal liquidation value and the existence of numéraire portfolios.

5.1. Utility Maximization Problems. We first show that the NUPBR and NLABP conditions
in the robust sense are sufficient conditions on the market models for the market viability, which
are generally weaker than the usual conditions in the existing literature. Some standard conditions

on preferences are required.

Assumption 5.1. The utility function U(-) is defined on (0,00) and U(-) is continuously differ-
entiable, strictly increasing and strictly concave. Without loss of generality, let us also assume
U(oo) > 0. We further assume that the utility function satisfies the Inada conditions and the

reasonable asymptotic elasticity, i.e.,

<1

U'(0) = +o0, U'(c0) =0, AE[U] =hgggs;pmg</g)

The utility maximization problem on the terminal liquidation value process is defined by
(@)= s EUVFY(" 6N = sup  EU(VZY). (5.1)
(¢0,¢1)€A(N) VST eV, (N)

Due to the monotonicity of the function U(-), it follows that
u() = sup E[U(Vr).
VreC(x)

where the convex solid set C(x) is defined in (3.4).

The next theorem is the second main result of this paper.

Theorem 5.1. Suppose that there exists some x > 0 such that u(z) < 400 (and hence for all

x > 0). Consider the following three assertions:
(1) S satisfies the NUPBR and NLABP conditions with the transaction cost X in the robust sense.
(2) For any initial wealth x > 0, there erists a unique optimal portfolio (¢**,¢%*) € AL(N), i.e.,

V' € Vu(N) such that
u(z) = E[U (V7).

(8) S satisfies the NUPBR condition with the transaction cost A.

We have the following implications: (1) = (2) = (3).

Remark 5.1. As discussed in Section 3, under the assumption that S satisfies the NUPBR and
NLABP conditions with transaction cost X\, we may still have arbitrage opportunities in the sense
of Definition 2.4. Theorem 5.1 (1) = (2) states that as long as these arbitrage opportunities do not
lead to UPBR or violate the NLABP condition, the optimal portfolio problem is still well defined.
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Either some types of arbitrages are not preferred by the investors, or they are too small or not

scalable to result in infinitely large wealth.

Proof. : Proof of (2) = (3). To this end, let us prove that S satisfies the NUPBR condition first.
Suppose that the utility maximization problem (5.1) admits an optimal solution for the market
model with the stock price process S and the transaction cost A. We need to check that the set
V1(A) is bounded in probability.
The conditions AE[U] < 1 and U(oco) > 0 yield the existence of constants a > 0 and v > 0 (see
[19]) such that U(«) > 0 and

2U'(z) < yU(x), for all x > a. (5.2)

For any V%iq’l € V1(A), it is clear that V}iq’l +a € Vi14(N) as we can always keep the cash a > 0

in the riskless asset. Now, let us consider the investor with initial wealth 1 4+ «, and assume that

V;’Ha is optimal for the utility maximization problem

sup E[U (VY] = BU(V;'T)] < oo

V,llwiq’1+a€V1+a(/\)
For any V%" € V1()), we claim that (V%" +a— V' P07/ (V') is integrable and in particular,
E [(v}i%l ta-— v;"l*a)U’(v;vl*a)] <0. (5.3)

We will first demonstrate this claim. To this end, for any fixed € € (0,3), we define V& = (1 —
VT 4 e(VE%! 4 a). Due to the convexity of the set C*(1 + a), we have Vi € C*(1 + a). The
optimality of VT*’Ha together with the concavity of U(z) imply that

1 € * o 1 € *,1+a € liq, * 14a €
0> “E[U(vf) - U] = ZE (v - i U (V)| = E (v +a = v v
(5.4)
if we have that (Vj — V;’HO‘)U '(Vif) is integrable. Here, the second term in (5.4) is finite because
—oo0 < Ulea) < E[U(Vf)] < E[U(V;’Ha)] < o0o. For the third term, the concavity of U(z) gives
the upper bound (V£ — Vo' ") U (Vi) < U (Vi) —U (Vo' ®). Therefore, (5.4) holds if we can verify

that the lower bound —(V} — V;’Ha)_U’(Vf,) is also integrable.

We show next that the family {(Vr}iq’l + o — VT*’HQ)*U’(VTE),G € (0, %)} is dominated by an

integrable random variable. Let us write
li s *, o\ — € 1i s *, N\ — €
(vt fa- Vr HNTU (V) = (vt Tra- Vr ) U/(VT)l{v;’”aga}
liq,1 s, 14an — ¢
+ (Vp®! o — VT U (Vi) yzt+ason (5.5)
1i ,1 *,1+O¢ - €
+ (VTq + o — VT ) U/(VT)l{oc<VT*’1+a<2a}'

For the first term in (5.5), we can see that

(V,Iqu,l +a— v;71+a)7U/(ng)l{v;’l+a§a} = 07 a.s..
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For the second term in (5.5), we obtain an estimate by the monotonicity of U’(x) and U(x) and
(5.2):

liq, *, 14y — €
(V7™ +a = Vel ) U (V)L sesgg,

<(VES p o — V)0 (1 — eyt

)1{V;’1+°“22a}
lig,1 *, 14y — 1 *, 1+
S(Vj’\lq +a - VT Oé) U/(§VT a)l{v;,l+a22a}

*, 1+
oV i Lytreyy
> %VT*,lJra 9 T {VT’ >2a}

1 * a * @
§27U+(§VT’1+ ) < 20U (V.

The right hand side is integrable as we know that u(1 + «) = E[U(V;’Ha)} < o0.
For the last term in (5.5), again by the monotonicity of U’(x), we obtain

(VA o — VU (Va1

{oc<VT*’1+a<2a}

i 1
lig,1 *, 1oy — A+
(VP +a—-Va T U/(§V:;k a)l{a<vjf’1+a<2a}

1
*,14 *,14
<Vp O‘U'(§VT a)1{a<v;,1+a<2a}

1
§2aU/(§oz) < 00.

Hence, we can conclude that {(le,iq’1+a—V;’1+a)7U’(V:ﬁ), e € (0, %)} is bounded above by a non-
negative integrable random variable, which we will denote by I', and hence E [(VT6 — V;’HO‘)U ! (VTG)} >
—oo and the inequality (5.4) is verified. Applying Fatou’s Lemma

E (Vi +a = Vo (vt <timinf B[V +a - VR 0vi)| <o,

e—0
where we used the facts that (Vi + o — V10 (VE) > —(Vi! + o — VP~ U/(VE) > —T
and that I' is a non-negative integrable random variable. (5.3) holds as a consequence.

Because (leﬁiq’1 +a— VT*’HO‘)U’(V;’HO‘) is integrable for any VThq’l, by taking the special case
Vr}iq’l = 0 as we are allowed to throw away cash, we conclude that (V;’Ha - a)U’(V;’Ha) is also
integrable. Therefore, it follows from (5.3) and the concavity of U that

sup  E [V}iq’lU’(V;’Ha)} <E [(Vf’lm — U (V)
Viadley ()

<E[U(V;7' )] — U() < oco.

If we can show U’(VT*’HQ) > 0 a.s., then by Lemma 3.2 of [15], we can conclude that the set
Vi(A) is bounded in probability. We will prove this by a contradiction argument and assume
]P’(U’(V;’Ha) =0) > 0. Consider the two cases:

Case 1: If U(o0) = 0.

It is easy to get IP’(U(V;’HO‘) = 00) > 0 as U’'(c0) = 0. We obtained a contradiction to the fact
that u(1 + a) = E[U (V)] < oo
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Case 2: If 0 < U(o0) < o0.
We only get that P(A) > 0 for A £ {V,7'"* = co}. Using (5.2), we obtain that

clia U V*,lJra
E[U' (V') 14] < AE WlA] :
T

But the fact that U’(oc0) = 0 leads to E[U’(VT*’HO‘)lA] = 0. For the right hand side, we know that
*, 14+

0 < U(o0) < oo and therefore E [UVV*THQ) 1 A} = 0 which is a contradiction to the strict inequality.

T
In conclusion, we deduce that P(U’ (V;’HO‘) > () = 1 which completes the proof of the implication
(2) = (3), i.e., S satisfies the NUPBR condition with the transaction cost A.
Proof of (1) = (2): We first build the bipolarity result for the set C(z). Let us first define the

polar of this set:
Y(y) = (C(x))° = {Yr € L : Yo =y and E[VzYr] < zy, VW7 € C(x)}. (5.6)

As S satisfies the NUPBR and NLABP conditions with the transaction cost A in the robust sense,
Theorem 2.1 gives the existence of the SCLMS (S, Z). Following verbatim the proof of (3.1) for
the pair (S, \) instead of (S’, \’), we can obtain that

sup E[Viﬁq"TZT} <uz, (5.7)

VabT eV, (X;S)
which implies that
ME{Zr el :(5,2) € 2.} CY(1).

Hence we conclude that Y(1) is not empty as M is not empty. Clearly, we have Y(y) = y)Y(1)

and Y(1) = (C(1))°. Moreover, because C(1) is convex, solid and closed under the convergence in

probability (thanks to Proposition 3.2), we have that
C(1) = (¥(1))°, and Y(1)=(C(1))", (5.8)

due to the bipolar theorem of [5]. Due to (5.7), we also have that C(1) is bounded in probability
because V; is bounded in probability, and that it contains the constant 1. Therefore, it is clear that
the constant z € C(z) and we have Y(y) C L!. Now we can apply Theorem 3.1 and Theorem 3.2 of
[19] to conclude that for each y > 0, there exists an optimal solution Y;i(y) to the dual optimization

problem

v(y) = yé%;f(y) E[V(Y7)]. (5.9)

and we have a conjugate duality between the primal and dual value functions

v(y) = zgrg[u@ —ayl y>0 u(@) = influ(y) +ayl, >0

Moreover, the unique optimal solution V" to the utility maximization problem is given by
Vit =1(Y7(y)),

where y = «/(z) and E[V;"Y}(y)] = xy. O
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5.2. Existence of Numéraire Portfolios. Here, we briefly discuss the existence of a numéraire
portfolio and some other related concepts as a corollary of Theorem 5.1 and Proposition 3.2. We

first define some relevant notions.

Definition 5.1. A liquidation value process V € Vi () is called

(i) a numéraire portfolio, denoted by V™™ _ if

lig,1
Vr

E
Vr

<1;

— I

(i) a log-optimal portfolio, denoted by V99, if
Ellog(V;™")] < Eflog(Vz)];

(iii) a growth-optimal or relatively log-optimal portfolio, denoted by VIP, if
E (1 T <0;

Corollary 5.1. Consider the following assertions:

(1) S satisfies the NUPBR and NLABP conditions with the transaction cost \.
2) The numéraire portfolio V™™ for S with the transaction cost \ exists and V""" < 400 a.s..
( T
(3) The growth-optimal portfolio VI°P for S with the transaction cost X exists and V" < +oo

for all Vel ¢ Yy (N)

a.s..
(4) S satisfies the NUPBR condition with the transaction cost \.
(5) The log-optimal portfolio V' for S with the transaction cost \ exists.
We have implications (1) = (2) < (3) = (4). Moreover, if u(x) < oo in (5.1) with U(x) = log(x),
we have the equivalence (2) < (3) < (5) and lewog = VP = ypem,

Proof. Proof of (1) = (2). The proof follows the line of arguments presented in the proof of
Theorem 5.1 of [8]. We provide this for the sake of completeness. Consider the functions f,(x)
defined by

fa(z) £ log(x)l{xgn} + gn(m)l{x>n}7
where g, is bounded, concave such that f, is two times continuous differentiable satisfying the
Inada conditions and g, is a convex function less than 1. Clearly, f,(z) — log(z) as n — oo for all

z>0.
According to our Theorem 5.1, if S satisfies the NUPBR and NLABP conditions in the robust

sense, there exists a unique optimal solution V*" of the following utility maximization problem

sup  E[fn (V7).
videc(1)

By choosing the forward convex combination V" € conv{V*™ V*"*+1 1 and passing to the

subsequence if necessary, we can assume that V"™ converges almost surely to some V*. Moreover,
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because C(1) is closed and bounded in probability, we have V* € C(1) and V* < 400 a.s.. Notice
that f,(z) < L and f}(z) — 1 for all 2. We obtain that

E

n—00
T

Ve i o 5
‘j] < liminfE [V}lq f;L(V:F)} .

Let us assume that VTliqi is bounded. Recalling that V= Py 0, V*F we get
v i 0L (Vi)
llq Z 0 fL(V k

k=n

For the first term, it is easy to see from the proof of Theorem 5.1 that
Vi (V)| = S0 (Vi) | < Z@kE V] <1
k=n k=n

It follows that

B [Vis(v)] <E

+E hqze — fe(V*))

E (VI (V)] <14 E (VIS 000 — )
L k=n

=1+E Va3 0u(fr(V3") - fié(V;’k))l{vqf”%n}]
L k=n

r lig
lig - 1 E [VT }
<1+E|Vp Zekﬁl{v;%n} <14+
k=n T

n

lig .
from which it follows that [E [V . ] < 1. When VTh 9'is not bounded, we can prove the same result for

Vr}iq’M = Vr}iq A M for M > 0, and then apply the Monotone Convergence Theorem to get the same
conclusion. Hence, we proved the existence of a numéraire portfolio V™" = V* and V"™ < +o00
a.s..

Proof of (2) = (3). This follows by an application of Jensen’s inequality, and by setting

V8P = /Ul " we get
th
log VgOP

Proof of (3) = (2). The existence of VE implies that

hq

VgOp

E <logE <0.

0 < E[log VE® — log V9],

for all Vi € V;. For each fixed Vj4 € Vy, define Vi = (1—e)VEP 4V € C(1). As 1+log(z) < x,
we obtain
Vg0p VTliq

VgOp Ve
0 <E[log Vi —logVf] <E [T] =Rk e
T

Vi

This article is protected by copyright. All rights reserved.



32 ERHAN BAYRAKTAR AND XIANG YU

Therefore, we derive that

Vliq /80P
E|-L-|<E|-L1-]. 5.10
e 10
Observing that for € < %, we have
liq _ y,80p
V. V¢ > o
Vi -
we apply Fatou’s lemma to (5.10) to obtain
liq
Vr

liq
VT
num
VT

Proof of (2) = (4). Let V™™ € Vi be such that supy i, E [ ] <1and V" < 400 a.s..
T

Clearly, Vn% > 0 a.s.. As aresult it is clear that V) is bounded in probability, and hence S satisfies
T
NUPBR with transaction cost .

Under the additional assumption that u(z) < oo with U(z) = logz, the proof of
(2) & (5) follows almost exactly the proof of Proposition 4.3 of [4]. O

6. ADDITIONAL DISCUSSIONS

6.1. A Discussion on No Arbitrage Conditions. Based on our proofs in Section 3, we aim to
briefly discuss different types of arbitrage opportunities in market models with transaction costs
and compare them to the ones in the frictionless case.

First of all, to distinguish the major difference between our paper and the literature on market
viability in frictionless markets, it is worth noting that the NUPBR condition in [18] implies the
NLABP condition in market models without transactions. To wit, it is well known that the NUPBR
condition is equivalent to the existence of a local martingale deflator Y. Given the localizing
sequence {7, }nen for Y, we obtain the equivalent local martingale measures Q™ on [0, 7,]. The
fundamental theorem of asset pricing in [10] asserts that the market model satisfies the NA condition
locally on each [0, 7,]. Therefore, we always have (NUPBR)=-(NLA)= (NLABP). However, in our
setting, the NUPBR condition in Definition 2.2 and the NLABP condition in Definition 2.3 may
not imply each other. This special feature caused by transaction costs is the main motivation of
this paper.

Second, it is also of interest to examine some of the conclusions in [11] using the cost value
process V%% defined in (3.11). In particular, instead of the two kinds of arbitrages discussed
in Lemma 3.1 in [11], there are three different kinds of arbitrages in our setting with transaction
costs. To compare different notions of arbitrage opportunities, it is actually difficult to use our
NLABP condition in Definition 2.3 which requires NA locally for a sequence of stopping times. In
other words, the opposite of NLABP is too abstract to describe. To this end, we shall consider the

following stronger notion of arbitrage.
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Definition 6.1. We say that S admits a Local Arbitrage (LA) with the transaction cost \ if there
exist a stopping time T (we only consider stopping times valued in [0,T] in this paper) with P(T <
T) > 0 and an admissible portfolio (¢°,¢') € A(N\) such that,

P(Vji%o(qso,qsl) > 0) —1, and P(W%O((po,&) > 0‘7’ < T) > 0. (6.1)

If we can not find such a stopping time and portfolio, we say that the stock price process S satisfies

the Strong-NLA condition under the transaction cost .

It follows that the Strong-NLA condition implies the NLABP condition in Definition 2.3.
For the rest of our discussion, let us recall Lemma 3.1 of [11] (a slightly modified version) from

the infinite horizon to the finite horizon.

Lemma 6.1. If the cadlag semimartingale S admits an arbitrage with respect to general admissible

integrands, then there is an S-integrable strateqy H satisfying either of the following:

(i) (H -S) is nonnegative and the arbitrage is scalable.
(i) H is 1-admissible and there exist € > 0 and a stopping time T with P(7 < T) > 0 such that
H = H1y, 1y and (H - S)r > € on the set {7 < T'}.

From the proof in [11], the case (i) corresponds to the scenario in which the process (H - S)
becomes negative with positive probability. It is clear that a scalable arbitrage in case (i) is an
UPBR, whereas case (ii) describes a more conventional form of arbitrage. A Local Arbitrage may
happen in case (i).

A special example in case (7) is called an immediate arbitrage as defined below (see also Definition
3.2 of [11]).

Definition 6.2. In frictionless market models, we say that the semimartingale S admits an imme-
diate arbitrage at the stopping time T where P(t < T) > 0 if there exists an S-integrable strategy H
such that H = H1ly; ) and (H - S); >0 fort > 7 P a.s..

It is easy to see that the immediate arbitrage (IA) implies an UPBR on the terminal wealth
because H is scalable and the sequence H" = nH for n € N leads to an UPBR. Therefore, the no
immediate arbitrage (NIA) condition is closely related to the NUPBR condition defined in [18] in
frictionless markets.

In the presence of transaction costs, the notion of immediate arbitrage becomes more delicate
because when the investor wants to take advantage of this arbitrage opportunity and enter the
portfolio position at time 7 and liquidate it immediately after 7, the transaction cost 2, S,|¢L| has
to be paid. Therefore, we can not define the immediate arbitrage simply by identifying the sign of
the liquidation value process. In fact, we need to impose conditions on both the liquidation value

process and the cost value process.

Definition 6.3. We say that S admits an immediate arbitrage at the stopping time 7 if P(1 <
T) > 0 and there ezists a portfolio (¢°, ¢') such that V0 (¢0, ¢1) < Vthq’o(aﬁo, oY) on |7, T7.
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Therefore, there must be a jump size of at least 2,5, |$L| at the stopping time 7 for the emergence
of an immediate arbitrage. The following result is a simple observation based on the Definition 6.3.

Unlike the discussion in Lemma 6.1, which is simply based on whether the arbitrage wealth
process is negative or not, the types of arbitrages we consider depend on the delicate comparison
between the liquidation value process and the cost value process. For any admissible arbitrage
portfolio (¢°, ¢!) (in the sense of Definition 2.4) one of the following holds:

(1) We have V'%9(¢0, ¢1) > 0 for all ¢ € [0, T].
(2) There exists some stopping time 7 < T such that P(Vi40(40, ¢!) < 0) > 0. Two subcases
may occur:
(a) there exists some [0,7T]-valued stopping times s;, so with P(s; < so < T') > 0 such
that VEo™"0(¢0, ¢1) < Vad9(¢0 ¢1) on the set {s; < sy < T} and P(VE™0(¢0, ¢1) <
VaaD(g0 pl)|sy < so < T) > 0.
(b) for any [0,T]-valued stopping times sj, so with P(s; < s2 < T) > 0, we have
PV (0%, 8") > Vs (6, 6Y)|s1 < s2 <T) > 0 or Vi™(0, 6") = Vi, (6", ¢") on
the set {s1 < so <T'}.
We obtain the following categorization of arbitrage opportunities based on the comparison between
Vliq,O and Vcost,O‘

Lemma 6.2. If there is an arbitrage in the sense of Definition 2.4, then there is a self-financing
portfolio (¢°, ¢') satisfying one of the following:
(i) thiq’o(qﬁo, ') >0 fort € [0,T) (and therefore the arbitrage is scalable).
(ii) There exists two [0, T)-valued stopping times 1 and T2 with P(1; < 7o < T) > 0 such that ¢
is supported on |1, 1] with P(V V0 (40 ¢1) > 0|7y < T) > 0 and P(VE49(¢0, ¢1) > 0) = 1
(and therefore it is a local arbztmge)
(iii) For any [0, T]-valued stopping time 7 such that P(r < T) > 0, we either have P(V49 (40, o) <
07 <T)>0 or Va0 (#°, 1) = 0 on the set {T < T} (and therefore it is neither a scalable

arbitrage nor a local arbitrage).

Proof. Clearly (1) and (i) are equivalent.

When (2) (a) holds, there exists stopping times s1, s3 with P(s; < s3 < T) > 0 such that
Vi t0(90, ¢1) < Vi (6°, ¢1) on the set {s1 < sy < T} and P(VS™" (6%, ¢1) < Vs (62, ¢1)[s1 <
sy < T) > 0. Define the stopping time 7, = 51 and 73 £ s3. We consider the following portfolio

(ﬁg = QZ)% 1ﬂTl,T2ﬂ7
G e O T e A R A T D) SRS
It is easy to check that (¢, ¢A1) satisfies (7).

When (2) (b) holds and there exists a local arbitrage, we obtain a contradiction when s; = 0
and VOCOSt’O(¢0, ¢') = 0. Therefore (iii) is satisfied. O

(6.2)

Remark 6.1. It is easy to observe that the scalable arbitrage (SA) in case (i) is an UPBR. (i)
corresponds to a local arbitrage (LA) opportunity. Let (TA) be the type of arbitrage that only
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happens at the terminal time T as in statement (iii). As a result, we have identified
(Arbitrage) = (SA)U (LA)U (TA).

Consequently, we have
(NA) = (NSA)N (Strong-NLA)N (NTA),
and

(NUPBR) = NSA,

as well as
(Strong-NLA) = NLABP.

Comparing with Lemma 6.1 reveals interesting differences between types of arbitrages (including
the definition of an immediate arbitrage) between our paper and [11]. Recall that NFLVR=NA+NUBPR
and that in the case without transaction costs, NUBPR is enough for the existence of a local mar-
tingale deflator (see e.g. [18]). The NLABP condition is required in our main result due to the
special and more complicated structures of arbitrage opportunities. Also, the trading size of |¢']
has an important impact on the total transaction amount that the investor needs to pay, therefore,
the arbitrage argument in our setting relies heavily on the condition that |¢'| is bounded or not.
(See Lemma 3.4 for the mathematical reasons behind this.) In the end, as stated in Section 3, the
existence of SCLMS is equivalent to both the NUPBR and NLABP conditions in the robust sense.

6.2. About Admissibility for Utility Maximization Problems. Let us now switch back to
the discussion on utility maximization problems in Section 5.We briefly discuss the reason why we
should choose z-admissible portfolios as in (2.2) and require the NUPBR and NLABP conditions
using only x-admissible portfolios.

To start, note that the utility maximization problem can still be well defined for a larger set of

admissible portfolios.

Definition 6.4. For any x > 0, the self-financing portfolio (¢°, ¢') is called tolerable if the liqui-

dation value process satisfies
VE (6, 0Y) £ @+ 6+ (61) (1= Ar)Sr — (8h) (1 + Ar)Sr 2 0.
Let A denote the set of all x-tolerable portfolios and A*! = Usso Al

It is clear that A, C A!°'. We introduce the definition of tolerable portfolios because, for any
initial wealth > 0, the utility maximization problem on nonnegative terminal liquidation values
is well defined on the set A! even if the portfolio (¢°, #') is not z-admissible. Consider

wi@)=sup EUV7* (4" ")) (6.3)
(¢0,01)eAl!

It is possible that w(z) < oo for some = > 0 and that the optimization problem (6.3) admits
a unique optimal solution. The natural question is whether we can discuss the market viability
property for utility maximization problems defined using z-tolerable portfolios. The answer is
negative in general. Although the value function w(z) < oo is well defined, to obtain the market

viability using the dual characterization, the bipolar relationship between the appropriate primal
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and the dual sets and the closedness property of the primal set are essential. These properties may
not hold for xz-tolerable portfolios. Indeed, if we do not require the portfolio liquidation process to
be non-negative for all t € [0, T as in Definition 6.4 and modify the NUPBR and NLABP conditions
using the enlarged set A!, we are actually making much stronger assumptions on market models

as we have the obvious implications
NUPBR — A% = NUPBR — A, and NLABP — A% = NLABP — A.

Moreover, the SCLMS or even the SCPS is no longer the necessary dual element for the primal

set of liquidation value processes. To see this, let (5’ ,Q) be a pair of SCPS. We already know that

. T ~
Vi (40, ¢ < /0 oldS,, P-as.

for some self-financing portfolio (¢°, ¢'). Assuming that (¢°,¢') € AL, we obtain that M; =
T+ fot qﬁ}LdS’u is a local martingale under Q. We only know that M7 > 0. Hence, the local martingale

M; is not necessarily a supermartingale and it is difficult to verify the dual characterization
EQ[Vi4"] < EQ[My] < .

To guarantee market viability for x-tolerable portfolios, we have to introduce some artificial dual

elements Y such that
E[Vy*(¢”,¢")Yr] <z, ¥(¢",0) € AL

Unfortunately, it is in general difficult to provide the probabilistic characterization of the artificial
dual element Y. As a result, it is impossible to make reasonable assumptions that would guarantee
the existence of Y and the market viability for z-tolerable portfolios. One way to reconcile this is
to restrict the set A, to a reasonable set of working portfolio so that SCLMS and SPCS can still
serve as the dual elements. For example, we can allow the liquidation value processes to be bounded
below by some stochastic process instead of a uniform constant. See the definition of z-acceptable
portfolios in market models with transaction costs in [3] and [28].

In conclusion, although the utility maximization problems may be well defined for x-tolerable
portfolios, to make the market viability property mathematically tractable, it is reasonable to

restrict the attention to the smaller set of z-admissible portfolios as we did in the previous sections.
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