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M A I N  REPORT 



The priniary object  of t h i s  eighteen-month progress report  on the Head 

Injury Model Program i s  t o  present a complete and concise statement of the 

method01 ogy, both experimental and analyt ical  , appl ied by the Biomechanics 

Group, H.S.R. I .  t o  the  program and t o  present the r e su l t s  obtained t o  da te .  

In addi t ion ,  comparison of the experimental r e s u l t s  i s  made, when poss ib le ,  

w i t h  the r e s u l t s  of the other two contractors .  

The experimental determination of the mechanical propert ies  of the  

t i s s u e s  of the head (Phase I of the projec t )  i s  viewed as a basic study in 

materials  science as opposed t o  a materials  t e s t ing  program. The routine 

measurement of the mechanical propert ies  of various t i s sues  and gross 

averaging of the values obtained can be qu i t e  misleading Sn many cases.  

In view of the goals of t h i s  project  i t  i s  qui te  necessary t o  have a basic 

understanding of the reasons why the t i s sues  behave as they do under load 

as well as - how they behave. A knowledge of the reasons f o r  a pa r t i cu la r  

t i s s u e ' s  behavior wil l  permit a more rat ional  choice of the  degree of de ta i l  

t h a t  the  model of the t i s sue  should have in the l a t e r  phases of the projec t .  

The analy t ica l  phases of the program a re  primarily concerned with the 

development of cons t i tu t ive  equations f o r  the  behiivior of t i s sues  of the 

head and with the development of mathematical models of the head. The 

formulation of cons t i tu t ive  equations i s  ciosely related t o  the experimental 

program. However, i t  i s  necessary t h a t  an adequate body of data be 

avai 1 able before the present techniques fo r  gerxrat i  ng the equations can 

be meaningfully applied. The analysis  of mathematical models of the  head 

i s  a study in the continuing sophis t ica t ion  of techniques and models. 



11. THE EXPERIMENTAL PROGRAM 

A. SPECIMEN ACQUISITION 

The following are  summaries of the procedures used t o  obtain specimens 

for  t e s t i n g .  Detailed discussions of some of the procedures have appeared 

in  the  previous repor ts .  

1.  Skull 

Fresh human bone specimens are  removed a t  autopsy with a Stryker 

autopsy saw using e i t h e r  a 314-inch or  61 112-inch dianieter c i r c u l a r  bone 

plug c u t t e r .  The specimcns a re  labeled and then frozen a t  -10°C unt i l  

needed. 

Whole embalmed cal varia  a re  obtained from the University of Michi yan 

Medical School. 

2 .  Brain 

Fresh human brain material i s  taken a t  autopsy and placed in  p l a s t i c  

bags. Notation i s  made on the data sheet  as to  the  exact locat ion from 

which the sect ion i s  taken. The p l a s t i c  bags are  placed in a mixture of 

crushed i ce  and water (3°C) in  an insulated container and transported t o  

the  Biomechanics laboratory or  t o  Dow-Corning (a  1 314-hour d r i v e ) .  

3. Meninges 

Dura mater i s  taken f resh  a t  autopsy and then placed in s a l i n e  solut ion.  

The sealed j a r s  are  placed i n  a r e f r ige ra to r  unt i l  the  time of t e s t i n g .  This 

material i s  normally tested as soon af,ter death as possible. 

4 .  CSF 

Samples of CSF a re  removed pr ior  t o  autopsy. A long needle i s  inserted 

between the in terver tebra l  disks and the CSF i s  drawn off in to  a s t e r i l e  

syringe and placed in s t e r i l e  bo t t l e s  unt i l  i t  i s  t e s t ed .  The t ~ e s t s  a re  

performed immediately a f t e r  the CSF i s  received. 



5. Scalp 

A s t r i p  of scalp 1 .0  to  1 .5  cm bride will  be taken a t  autopsy. I t  will  

be kept moist with sa l ine  solut ion unt i l  i t  i s  t e s t ed .  

6 .  Blood Vessels 

The blood vessels from the base of the brain will  be removed a t  autopsy 

and placed in sa l ine  solut ion.  In the event t h a t  an immediate t e s t  i s  not 

possible,  the vessels  will  be ref r igera ted  in  sa l ine  solu t ion .  

Table I l i s t s  the supply o f  human autopsy materials  acquired d u r i n g  

the l a s t  s i x  months. 

B.  HARD TISSUE TESTS 

I .  Tension Tests 

The goal of the tension t e s t ing  of skull bone i s  t o  determine the t e n s i l e  

s t r e s s - s t r a i  n behavior of the compact bone of the  inner and outer tables  of 

the  sku l l .  The i n i t i a l  s t ep  in  most types of skull  f r ac tu re  i s  the t e n s i l e  

f a i l u r e  of the table  material .  In a study of skull penetration cdrrently in 

progress in the Biomechanics Group f o r  the Ford Motor Company, t h i s ,  

i n i t i a l  t e n s i l e  f a i l u r e  s t ep  i s  most evid2nt. Circular  cyl indrical  f l a t -  

ended s t ee l  penetrators  approximately 0 .4  inches in diameter are  driven 

through embalmed ca lvar ia  a t  various ve loc i t i e s  using Instron and Plastech 

t e s t ing  machines. Load-time t r aces  a re  recorded as the penetration occurs. 

. As the t i p  of the penetrator  begins t o  deform the s k u l l ,  the load increases 

monotomically. If  the t e s t  i s  stopped before f a i l u r e  and unloaded, the 

skull  regains i t s  i n i t i a l  shape. Testing t o  f a i l u r e  or  peak load produces 

a sharp fa l l -o f f  in load as the penetrator  f r ac tu res  the outer t ab le  in 

local tension. If the t e s t  i s  stopped immediately a f t e r  t h i s  i n i t i a l  

penetration and the penetrator  removed, the f a i l ed  region exhibi t s  a 

c i r c u l a r  hole i n  the outer  t ab le  j u s t  s l  ight ly  l a rge r  than the p?net ra tor ,  w i t h  

the disk of the  outer t ab le  a t  the bottom of the cylindrical  puncture. Further 



penetration of the sku1 1 produces a s ign i f i can t ly  lower load unti l  the 

en t i r e  plug of bone i s  pushed o u t  through the inner table .  Thus, the 

peak load in what might be considered a localized compression t e s t  of an 

en t i r e  skull s t ructure  i s  governed by the t ens i l e  properties of the outer 

table  of the sku1 1 .  

Tensile tes t ing poses two major problems - grips to  hold the specimen 

and a transducer to measure s t r a i n .  The original  gripping scheme (using a 

p i n  through the enlarged tabs a t  the ends of the specimen) has proved t o  

be a good choice. The actual grips have undergone several changes b u t  

the technique of pinning the tabs has been very sa t i s fac to ry  through 

the en t i r e  range of s t r a i n  ra tes  tested t o  date.  In the six-month repor t ,  

a grip was described t ha t  was appropriate fo r  tension,  compression and 

tension-compressi on  t e s t ing .  By using these g r ips ,  i t  was verif ied tha t  

the i n i t i a l  modulus of e l a s t i c i t y  i s  the same in tension a.nd compression. 

This gr ip  was followed by another type tha t  made grip alignment less  

c r i t i c a l .  These were used during the second s i x  months. As tes t ing 

ra tes  increased, a s t i f f e r ,  lower \mass grip was used and i t  now seelns 

tha t  a s t i l l  lower mass grip will be required a t  the very high s t r a i n  t e s t s .  

Two s t r a in  gages applied d i rec t ly  t o  the bone are used to  measure 

s t r a i n .  Any other extensometer attached to  the specimen, or  t o  the gr ips ,  

. i s  subject to  serious er rors  in measuring the deformation over a given 

gage length. Applying s t r a i n  gages t o  bone was a t  f i r s t  d i f f i c u l t  b u t  has 

become a very routine procedure. I t  i s  f e l t  t h a t  the s t ress-s t r2 in  data 

a t  f a i l u r e  s t r e s s  levels  now being obtained i s  bet ter  and more re l i ab le  than 

most previous data in the l i t e r a t u r e .  

Tensile tes t ing a t  h i g h  s t r a i n  ra tes  introduces two new prolblems - 

recording techniques and the dynamics of the t e s t  set-up. Recording tech- 

niques have changed considerably during the t e s t  program. In the six-month 

repor t ,  the use of  an X - Y  p lo t t e r  t o  obtain data a t  tes t ing machine speeds 



of 0.02 in/mir~ to 0.2 in/min was described. In the twelve-month repor t ,  

the technique of X - Y  p lo t t ing  with Z-axis modulation on a memory osc i l lo -  

scope was presented. This method i s  useful f o r  crosshead ra te s  of 0.2 

in/min t o  200 inlmi n .  Present t e s t ing  uses open shu t t e r  osci 11 ophotography 

on a dual beam Tektronix 547 ~ s c i l l o s c o p e .  Simultaneous t r aces  of load and 

s t r a i n  versus time are obtained on the Polaroid f i lm. The amplif iers  have 

very f a s t  r i s e  times and are  well su i ted  f o r  the shor t  durat ion,  high s t r a i n  

r a t e  t e s t s .  Typical data obtained by t h i s  method i s  shown in  Figure 1 ,  and 

the crass-plot ted s t r e s s - s t r a i n  data in Figure 2. 

The material acquis i t ion ,  s torage ,  and specimen manufacture procedures 

have n o t  changed s i  nce the twel ve-month repor t .  

A t o t a l  of 115 t e n s i l e  t e s t s  from which good, re1 iable  data was obtained, 

have been performed. The specimens vere taken from 24 s k u l l s ,  w i t h  a l l  b u t  

seven obtained from par ie ta l  bone. The t e s t ing  speeds used in  these t e s t s  

a re  summarized in Table 11. I t  can be seen t h a t  the l a rges t  body of data i s  

at 20 in/min corresponriing t o  a s t r a i n  r a t e  of 0.3 in / in /sec .  There i s  a 

lack of s u f f i c i e n t  data a t  higher s t r a i n  r a t e s  t o  e i t h e r  report  iln average 

s t r e s s - s t r a i n  curve fo r  these s t r a i n  r a t e s  or to  conclude anything about 

s t r a i n  r a t e  e f f e c t s  in tension in  bone. This information should be available 

in time f o r  the next repor t .  Emphasis in the immediate fu ture  wi l l  be on 

t e s t ing  a t  speeds of 200 in/rnin and 30,000 in/min. 

From the  data obtained so f a r ,  there has been no detectable d i rec t ional  

var ia t ion  i n  the  t e n s i l e  propert ies  of par ie ta l  bone. I t  i s  much more d i f f i  - 
c u l t  t o  establl 'sh t h a t  there  i s  no regional var ia t ion  since whole unembalmed 

sku l l s  a re  not avai lable .  However, i f  there  i s  a regional var ia t ion  i n  a 

given bone i t  does not seem t o  be s i g n i f i c a n t .  Through careful t e s t i n g ,  i t  

has been observed tha t  a17 of the s t r e s s - s t r a i n  data from any one bone plug 

a t  a s ingle  s t r a i n  r a t e  i s  cons is tent  with regard to  i n i t i a l  modulus. There 



are  differences in breaking loads which must pa r t ly  r e f l e c t  d-ifferences in  

the local microstructure of one. bone compared with another. The histological  

examination of the specimens allows the microstructure to  be studied as 

described in the twelve-month report .  The concl usions of the histology 

studies should be available in the next report .  

2 .  Compression Tests 

The principal object ive of the compression t e s t ing  of sku1 1 bone i s  the 
. * 

de.termination of the conlpressive s t r e s s - s t r a i  n behavior of the diploe layer  

i n  the radial  d i rec t ion .  I t  i s  the radial  d i rec t ion  t h a t  the  diplo; layer  

serves i t s  most important load carrying function in  compression. The layer  

ac ts  as  a low densi ty foundation f o r  the compact bone of the outer  1:able. 

The compact bone and the l o r  density of the  diplot? layer  i s  due to the  web- 

1 i ke arrangement of t h i s  materi a1 . However, f o r  the  purpose of understanding 

the basic mechanical behavior of the s k u l l ,  the  diplo; layer  must be t rea ted  

as a material separate from the compact inner and outer table  bone. Thus, 

the majority of the compression t e s t ing  t o  date has been with specimens consisting 

e n t i r e l y  of diplo; layer  material loaded in the radial  d i rec t ion .  The va l id i ty  

of t h i s  approach has been born out in the following two examples: 

In the skull penetration study fo r  the Ford Motor Company, as  

described in the previous sect ion on tension t e s t i n g ,  a compression 

of the diplo; layer  has been noted following the i n i t i a l  penetration 

of the penetrator through the outer table  of the sku l l .  I f  the  

t e s t  i s  stopped immediately a f t e r  the i n i t i a l  penetrat ion,  the 

depressed region remains, b u t  there i s  no v i s ib le  damage t o  the 

inner t ab le .  Resumption of the penetration resu l t s  in ;I f ina l  

breakthrough of the penetrator by nieans of a shearing f a i l u r e  of 

the diplo; layer  i n  the form of an expanding cone with a large 

diameter base of inner table  bone many times the diameter of the 

penctrator.  As noted in the tsnsion t e s t ing  sec t ion ,  the peak 



load occurs a t  i n i t i a l  penetration of the outer table and the 

subsequen,t process-is of progressi vc penetration. occur a t  signi f i  - 

cantly reduced loads. Thus, in t h i s  par t icular  simulation of a 

head impact, the dl'ploe layer performs i t s  most important filnction 

The use of the materials science approach of understandii~g the 

reasons fo r  the mechanical behavior of a material as well as 

measuring the pert inent  properties i s  i l l u s t r a t ed  in Appendix A .  

Appendix A i s  a  copy of a paper, presently in review, based on 

some of the resu l t s  of the compression tes t ing program. Bone 

plugs from f ive  d i f fe ren t  sku1 1 s  were used producing fifty-two 

individual specimens. The material tested was unembalmed diplo; 

layer froin regions 9 ,  10 and 1 4 .  Included in the data ana1,ysis 

were only those plugs whose specimens exhibited the collapse 

mode of abrupt f a i l u r e ,  charac te r i s t i c  of low density diplo; 

layers.  The t e s t  r e su l t s ,  a t  f i r s t  glance, appeared to hav? the 

wide variation a t t r ibuted to biological material s  as " biologi ca1 

variation. " The values of compressive strength 0, ranged from 

2 2 a low of 162G Ibgin t o  a h i g h  of 11,350 1 b/in and the values of 

the compressive modulus of e l a s t i c i t y  E, ranged from a low of 0.57 

x l o 5  lb / in2 t o  a  high of 3 .99 x lo5 1b/in2. Ho~ever,  the diplo; 

layer i s  a  porous material and both o, and E, should depend, in 

the same manner, on the actual amount of load carrying material 

exist ing across the cross-section of the specimen. This concept 

was evaluated by plott ing 0 ,  against E, as shown in Figure 5 of 

Appendix A .  The resu l t  i s  a  l inear  relat ionship between compressive 

strength and compressive modulus of e l a s t i c i t y .  The averacje 

amount of material present in the specimen cross-section i s  



d i r e c t l y  re la ted  t o  the spec i f i c  weight of the  specimen. Thus, 

the s t ruc tura l  fea tures  r e l a t ing  o c  t o  E c  can be embodied in the 

spec i f i c  weight of the diploe layer  uD. A p lo t  of the averages 

of the  compressive strengths of the specimens from each bone 

plug versus t h e i r  average spec i f i c  weights i s  shown in Figure 

6 of Appendix A .  I t  i s  evident from Figure 6 t h a t  the 

compressive strength o c  and therefore the compressive modulus 

of e l a s t i c i t y  Ec  a re  s trongly influenced by the spec i f i c  weight 

of the  diploe layer  yD. 

I t  i s  these types of re la t ionships  between mechanical propert ies  and 

material s t ruc tu re  t h a t  wi 11 provide an understanding of the material t h a t  

would not e x i s t  i f  only averaging of experimental values were performed. 

This knowledge will  be indispensable when construction and evaluation of 

the head model commences. 

The present t e s t  apparatus and procedure f o r  the compression t e s t s  a re  

the same as described in  the  twelve-month report and in Appendix A except 

t h a t  the  high s t r a i n  r a t e s  now being used demand the use of open shu t t e r  

osc i l  lophotography with a Tektronix 547 osci 1 loscope. Tests are currently 

being run a t  s t r a i n  r a t e s  of approximtely 200 in / in /sec  and t e s t ing  a t  2000 

ips/in/sec will  begin shor t ly .  Table 111 i s  a l i s t i n g  of the raw data 

. obtained t o  date on the compressive behavior of the diplog layer .  

A l imited amount of compressive t e s t ing  of compact outer table  bone 

has been performed in  the tangential d i r ec t ion .  The purpose of t h i s  t e s t ing  

has been t o  develop a modulus of e l a s t i c i t y  t e s t  fo r  cornpact bone in regions 

of the skull where the t e n s i l e  t e s t  i s  not possible.  The compact bone was 

found t o  exhibi t  a d u c t i l e  s t r e s s - s t r a i n  behavior in compression with a 

y ie ld  s t r e s s  approximately tv ice  the t e n s i l e  f r ac tu re  s t r e s s .  I t  i s  not 

unusual f o r  a material to  have d i f f e r e n t  modes of f a i l u r e  in d i f fe ren t  

s t a t e s  of s t r e s s ;  anothw common example of exactly such bei~avior i s  found 



in pl exi gl ass (PMMA) . Thus, the tangenti ai cornpressi on t e s t  on compact 

bone can only be used t o  determine the modulus of e l a s t i c i t y  of the 

materi a1 . 
3. Shear Tests 

The shear t e s t  measures the average shear strength of the diplo; layer  

by subjecting a cyl indrical  bone plug taken rad ia l ly  from a skull t o  a 

transverse shear para1 l e l  t o  the tables .  I t  i s  the  one t e s t  where embalmed 

material as we1 1 as fresh material has been used. The present t e s t  procedure 

i s  the same as described in the  twelve-month report .  Embi~lmed calvaria  

have been used t o  provide a large number of specimens from one sku1 1 so 

t h a t  position e f fec t s  could be studied s t a t i s t i c a l l y .  The resu l t s  of an 

i n i t i a l  study using a three-way analysis  of variances technique were 

discussed in the twelve-month report .  The raw data used i n  tha t  analysis 

i s  shown in Table I\! of t h i s  report .  About 500 additional t e s t s  on 

embalmed calvaria  have been run a t  high s t r a i n  ra tes  using a modified 

analysis  technique, b u t  the data analysis  i s  not ye t  complete. The resu l t s  

and the data L I ~  11 be presented in the next report  a1 on! with additional 

findings on fresh material t e s t s .  

C .  SOFT TISSUE TESTS 

1. Brain Tests 

The most important t i s sue  i n  the e n t i r e  experimental program i s  brain 

t i s sue .  I t ' s  complex s t ruc ture  requires mechani ca? property determination 

t o  begin on a ra ther  gross sca le ,  with subsequent refinements as knowledge 

i s  obtained. The i n i t i a l  approach to t h i s  problem i s  summarized in Appendix 

B which i s  a paper, presently in review, based on the r e s u l t s  of the brain 

tes t ing  program t o  date.  

I t  would appear tha t  the Dynamic Probe Apparatus ( D P A )  will  de f in i t e ly  

allow the correlat ion of in v i t r o  and in vivo brain t e s t ing .  This should 

be confirmed as soon as the analysis  of the DPA data i s  f inished.  This 



i s  presently in progress usi;ig a coiript~ter technique developed a t  Dow-Corning. 

In addit ion,  as noted in Appendix B , there i s  a good poss ibi l i ty  t ha t  the 

DPA will allow calculat ion of the basic complex shear properties G '  and G " .  

2 .  Dura Mater Tests 

Tension t e s t s  on dura mater have been used fo r  general so f t  t i s sue  t e s t  

development as we11 as fo r  obtaining mechanical properties of dura mater. 

The tes t ing has been performed a t  s t a t i c  s t r a i n  ra tes  thus f a r ,  b u t  higher 

s t r a i n  ra tes  will  be incorporated in the near fu ture .  The t e s t  specimens 

were cut from the dura using a ASTM Tensile Die C .  All specinlens have been 

oriented along the fibrous direction of the t i s sue .  The s t r a i n  i n  the 

specimen was measured by a phototransistorized 1 ight  extensometer. Two 

light~weight vanes, attached to  the specimen in the t e s t  sect ion,  block a 

l i gh t  beam passing from a source t o  the phototransistor. As the specimen 

i s  elongated, the increasing separation of the vanes allows more of the beam 

to  pass through t o  the phototransistor: The resul t ing odtput of the photo- 

t r ans i s to r  i s  cal ibrated against vane separation and permits measurement of 

the s t r a i n  i n  the specimen independent of any gripping dis tor t ions  or 

slippages. The resu l t s  of four such t e s t s  are shown in Fiqures 3 ,  4 ,  5 

and 6 .  An aggregate of the four t e s t s  i s  shoe:n in Figure 7 .  I t  i s  

evident t ha t  the i n i t i a l  moduli of e l a s t i c i t y  of the specimens are f a i r l y  

. reproducible b u t  tha t  the ultimate strength i s  much more variable.  The mode 

of f a i l u r e  i s  a pronounced necking do1:in of a local region of the specimen 

with an apparent large scale  re la t ive  s l id ing of the fibers of the t i s sue .  

Table V shows the ultimate strengths of sixteen specimens. I t  was found 

t ha t  crosshead motion could not be used i n  place of the extensometer f o r  

determining s t r a i n  i n  the specimen. Thus, i n  twelve of the sixteen t e s t s  

reported, only the ultimate s t r e s s  was determined. 



D. COMPARISON OF CONT'RP,CTOFIS ' RESULTS 

The following comparisons can be made from the re su l t s  reported, in the 

twel ve-month reports  : 

1.  Technology Incorporated Kesul t s  

The only mechanical t e s t s  t h a t  can be compared with those of The Univer- 

s i t y  of Michigan are  the f r e sh  autopsy human skull compression t e s t s .  The 

average values presented by T.  I .  f o r  compressive strength correspond t o  

the lower end of the range of U .  of M .  data.  This would tend t o  indicate 

low densi ty diplo; layer  material ; however, the T. I .  method of measuring 

densi ty includes the table  material so t h a t  no density comparison can be 

made. 

2 .  West Virginia University Results 

The data reported by W.  V .  U .  was f o r  embalmed skull  material and, thus,  

i s  s t r i c t l y  comparable to  only the U.  of M. d i r e c t  shear t e s t s  where i t  would 

appear the r e s u l t s  a re  bas ica l ly  the same in  range and v a r i a b i l i t y .  If a 

comparison of the cornpression t e s t s  i s  made fo r  regions 9 ,  10, 13, 14 and 

18 fp -  w. \la U .  sku1 1 s 227 and 286, the val ues of modulus of e l a s t i c i t y  and 

strength fo r  the most par t  l i e  toward the upper end of the  range of U .  of 

M .  diplo; layer  data.  This indicates h i g h  densi ty diplo;  layer  mater ia l ,  

but again no densi ty comparisons are possible due t o  inclusion of  the  table  

material in W .  V .  U ,  specimens. The t e n s i l e  t e s t  values of W. V .  U .  skull 

245 indicate ultimate t e n s i l e  s trengths much lower than U.  of M .  data for  

the same regions 9 ,  10, 13, and 1,4, b u t  w i t h  s imi lar  moduli of e l a s t i c i t y .  



111. ANALYTICAL PKOGRArI 

The analytical program has been divided into two related par ts .  One 

i s  concerned with the development of consti tut ive equations and i s  closely 

related t o  the experimental determination of the physical properties of the 

t i ssues  of the head. The other part  i s  concerned with the analysis of 

progressively nlorc sophisticated ;nathematical models of the skull and i t s  

contents. 

The formulation of consti tut ive equations i s  given a high p r io r i ty  in 

the development of a model of the human head in t h a t  they form a necessary 

part of the mathematical eq~~ipment.  

The point in t ine  a t  which r e a l i s t i c  consti tut ive equations can be 

proposed i s  necessarily l a t e r  t h a n  the experimental determi nation of t i ssue  

properties because an adequate coll ection of d a t a  must be avail able before 

the analytical work can be begun in a meaningful manner. 

In order t o  provide a solid foundation fo r  the equations which will be 

developed, the 1 i te ra ture  concerned with experimental determi nation of t i ssue  

propert ies,  fornul at ions of equations describing material propert ies,  and 

related theoretical considerations in nonlinear continuum mechanics has 

been searched. In addition, a technique fo r  formulating empirical consti tut ive 

equations has been devel oped. 

The experimental work carried o u t  on various so f t  t i ssues  t o  determine 

t he i r  mechanical properties are numerous. Among the papers vihich may be 

useful i n  developing meaningful equations fo r  various body t i ssues  are 

those written by Lawton (1 952), Roach a n d  Burton (1 9571, Sonnenbl ick (1 962 ,  

1964), Apter (1 9641, Ridge and Wright (1966) and Benedict, Walker, and 

Harris (1 968). Ommaya (1  968) presented a review of the 1 i tera ture  pertaining 

to  the mxhanical properties of the t i ssues  of the nervous system. These 

papers, as well as many others ,  are l i s t ed  i n  Appendix D of t h i s  report .  



Most of the so f t  t i s sues  which have been studied exhibit nonhornogeneous, 

anisotropic,  and nor11 inear viscoel a s t i c  charac te r i s t i c s  making the lprablem 

o f  mechanical property determination exceedingly complex. In the mathgmakical 

analysis of these materials ,  the propert ies have been expressed e i t he r  by a 

se r ies  of d iscre te  mechanical eleinents or  by a continuous spectral representa- 

t ion.  The work by Janiison, Marangoni , and Gl aser  (1968) can be mentioned as 

an example of the former. They discuss an experinlental technique fo r  obtaining 

l inear  v iscoelas t ic  models of individual so f t  t i s sues .  The application of 

t h i s  experiniental technique, using a guinea pig skin as an example, i s  presented 

along with numerical values f o r  the various viscoel a s t i c  parameters. W i  ederhelm, 

Kobayashi , Stromberg, and Woo (1 968) obtained the response of re1 axed and 

cons trictecl a r t e r io les  t o  s t a t i c  pressure 1 oads by applying the  numerical 

method of d i rec t  s t i f f ne s s .  This const i tu tes  a f i n i t e  element analysis and 

can effect ively  nmdel nonhomogeneous and anisotropic nonl inear vi scoel a s t i c  

character is t ics  of the blood vessels .  For mesentery, F u n g  ( 1  967) has proposed 

a s t ress - s t ra in  re la t ion which can be used in simple elongation. In papers 

which have not yet  appeared in the Si t e r a tu r e ,  Frisen, Magi, Sonner~~p,  and 

Vi idi k propose a mathematical expression fo r  the viscoelas t ic  behavior of 

s o f t  coll agenous t i ssue  along with experimental ver i f ica t ion.  A1 so Hi ldebrandt, 

Fukaya, and Pilartin have studied the negative s t r a i n ,  which develops in cases 

' o f  compression and biaxial s t r e s s  in t i s sue  sheets , using nonlinear el  a s t i c i t y  

theory for  an incompressible i sot ropic  material undergoing uniform derormation. 

A technique fo r  the generation of const i tu t ive  equations based on experi- 

mental data has been developed during the course of the current research project .  

A computer program generates a l inear  equation of the form: 

Y + B o + E ,  X ,  + B 2 X 2 + '  ' + E k Y k  

using regression analysis from a s e t  of N observations of a s e t  of K inde- 

pendent variables and a single dependent variable.  At present ,  the dependent 



variable Y represents s t r e s s  while the independent variables (x, , X 2  

. ., X k )  are various functions of s t r a i n  and  s t r a i n  r a t e .  This re la t ion  

has been tested on materials fo r  which considerable data ex i s t s  a n d  found 

t o  model nonlinear material behavior within a few percent. 

The preceedi ng  discussion serves t o  out1 ine the approach t o  cons t i tu t ive  

equations which has been taken u p  t o  t h i s  time in the course of the research 

project .  I t  i s  f e l t  t ha t  t h i s  approach i s  necessary in order t o  develop 

equations which adequately model material behavior on one hand and are 

useful fo r  analysis on the other.  

A few preliminary conclusions concerning material properties can be 

drawn a t  t h i s  time. The l i t e r a t u r e  indicates t h a t  compact skull bone 

loaded i n  tension might be approximated by a nearly l inear  e l a s t i c ,  b r i t t l e  

material.  This may not be t rue  a t  high s t r a i n  r a t e s ,  however. Because of 

t h e  alignment of collagen Fibers, skin exhibi ts  l i t t l e  resistance t o  force 

unti l  a certain amount of deformation e x i s t s .  A b i l inear  curve i s  ii possible 

s t r e s s - s t r a in  law for  tension. The brain,  when viewd as a  homogeneous 

medium ( a  logical f i r s t  s t e p ) ,  appears t o  reac t  in shear as a l inea r  v iscoelas t ic  

medium a t  small deformation, with nonlinear behavior developing as deformation 

i s  increased beyond a cer ta in  l imi t .  These early conc1usions are being subjected 

t o  continuing t e s t s  in order t o  reach c lear ly  formed conclusions in the form 

. o f  const i tu t ive  equations. 

A s imilar  approach has been used in the ear ly  developmeiit of mathematical 

models of the head. Literature has been searched and analyt ical  work has been 

done on increasingly complex and diverse models of human head dynamics. A n  

i n i t i a l  study was carried o u t  on the f r e e  vibration of a spherical shel l  to  

determine the response of the skull bone. This skull was then subjected to  

impact loadings. Increasing in conplexity, the second model was of the impact 

of a f l u i d - f i l l e d  s h e l l .  This analysis was submitted as a  doctoral thes is  to  

the Engineering Mechanics Department of The University of Michigan, a n d  i s  



included as Appendix C t o  t h i s  report .  Since t h a t  time, analysis  of a 

spherical region of 1 inear  viscoel a s t i c  material subjected t o  steady s t a t e  

regional force input has been carr ied out.  The t r ans ien t  problem of impact 

i s  now being carr ied out.  Nonlinear propert ies  of the v iscoelas t ic  region 

(bra in)  will  be added based on the r e su l t s  of current experimentations. 

Other models o f  the skull and contents which involve more corj~plex geometry 

and considerable computer analysis  are being eval uated f o r  feas i  bi 1 i ty .  I t  

i s  f e l t  t ha t  progression from a r e l a t ive ly  simple model of the head t o  

increasingly coinplex material models and geoiiletry i s  the logical way t o  

progress and the one most l ike ly  t o  r e s u l t  in  successful fu l f i l lment  of 

the i n i t i a l  contract  object ives.  
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MECHANICAL PROPERTIES DATA SHEET 

SPECIMEN NO. VA 63 TI 2 

DATE T E S T E B a r y  '1969 

CROSSHEAD RATE 5,000 i n/mi n 

I ,M. FREQUENCY 

TEST SECTION 
DIMENSIONS 0.037 in .  x 0,056 in 

ADDITIONAL DATA 

CALCULATED DATA 

STRAIN RATE 75 set - '  (Aver- ) 

MODULUS OF ELASTICITY 2-65 x lob lb / inL 

ULTIMATE STRESS 149500 1b/in2 . -- 

ULTIMATE STRAIN 0.56% 

AREA 0.00204 in' 

HISTOLOGICAL COMMENTS TEST COMMENTS 

Upper t race  ( a t  t = 0) represents 
load (zero level i s  dashed horizontal 
1 i ne) . 

Lower t race  ( a t  t = 0) represents 
s t r a i n  (zero level i s  lowermost 
sol i d  horizontal l ine)  . 

NOTE: Both signals s t a r t  above t he i r  
zero levels  because of the 
t r igger  level used on the 
osci 11  oscope. 

FIGURE 1. Mechanical Properties Data Sheet 
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BONE SPECIMEN 
UM-36-P (r 

TABLE I .  SUI'JIMARY OF HUMAPI 'IATERIAL 
June 1968 -Janua ry  1969 

AGE 
7- 

56 
RACE -- 

(: 
SEX -- 

M 
CAUSE OF DEA'TI-1 
Burns  

UM-37-P ( 2 )  13  C F Auto A c c i d e n t  

UFI-38-P ( 2 )  6 2 C F A o r t i c  Aneu rys im  

UM-39-P ( 2 )  76 C M Pneumoni a 

UM-40-P ( 2 )  

UM-41-P ( 2 )  

UM-42-P ( 2 )  

VA-63-TL 

VA-64-TL 

VA-65-FL 

VA-66-PL 

VA-67-FR 

VA-68-TL 

VA-69-PR 

VA-70-TL 

VA-71 -FL 

VA-72-FR 

VA- 7 3- FR 

VA-74-FL 

Lung Cancer  

C a r d i a c  a r r e s t  

Cancer  

H e a r t  a t t a c k  

Cancer  o f  esophagus 

H e a r t  a t t a c k  

Cancer  

Cancer  

C i r r h o s s i  s of  1 ivcr 

Sep t i rema 

Cere b ra1  Hemorrhage 

Cancer & Emphysema 

Pulmonary embol us 

Cancer  o f  l u n g  

Cancer  

DURA MATE!? SPECIMEN -- 
260 6 5 C M Myoca rd i  a1 i n f z r c t  

262 5 3 I: F Cancer of' b r e a s t  

270 2 0 C M L a c e r a t e d  a o r t a  

281 7 1 C F Myoca rd i  a1 i n f a r c t  

282 5 1 C M M y o c a r d i a l  i n f a r c t  



TABLE 11. 

T e n s i o n  Test Surnniary. 

Test Speed 
i n/mi n 1 2.3 

Number o f  
Specimens 



TABLE I I I .  COPPRESSIOI'I TEST-RAW DATA 

Stress Nodulus o f  E l a s t i c i t y  s p e c i f i c  ~ t ,  Be havi  or 
&ion k s . i .  105 p . s . i .  1 b / i n  C:=coll apse Y=yi e l  d 

.-_U_I-- --Prr_._._l__-l---."-"~ ---- -------- 
S t r a i n  ratez.0022 i t i / in / sec .  

S t r a i n  r a t e=0 .  56 i n / i  n /sec .  -- 



TABLE I I I .  C O M P R E S S J O i i  TEST-RAW DATA 

Strain rate=l. 2 in/in/sec. -- --- 
Stress Yodul us n? E l  zsti c i  t y  

Region -- p.s.i. 5 10 p . s . i .  -- 

Strain rate=.022 in/in/sec. 

Strain rate= .054 in/in/sec. 

Specific klt. 
1 b/in3 --- 

Behavior 
C=col l  apse Y=yield - 



TABLE I I I. C0"IPKESSION TEST-RAW DATA 

Strain rate=O. 2 2  in / in /sec .  ----- ---- ---- 

Stress  
Regf on - p P s S i i  

Modulus of E l a s t i c i t y  Specif ic  W t .  13ehavi or 
1 0  p . s . i .  1 b / i  n3 -. 

C-co'l 1 apse Y = e d  ---- - -- 



TABLE I I I .  COMPRESSION TEST-RAW 2ATA 

Stress Eodu l  us c f  El as t i  c i  t y  Specif ic  W t  .. Behavior 
Reqi on 
-'--- p . s . i  a 1 b / i  n 3  - C=col lapse Y=yield 5 10 n . s . i .  -- 



TABLE I I I .  COMPRTSSION 7 EST-RFLW DATA 

Stress Modulus of Elasticity Specific Wt. Behavior 
Region p . s . i .  l o 5  A- D . s . ~ .  1 b/i n3 C=c:ol - 1 apse Y=yi el d 

Strain rate=2.2 in/in/sec. --- 



3 u 
T A B L E  I I I .  COMPRESSIOP\I TES T-RAW DATA 

S t r e s s  Modulus o f  E l a s t i c i t y  Specific V t ,  Behavior 
-- Regi on p . s . i .  lo5  --- p . s . i .  1 b / i  n3 C=:col%e - Y=y ie l  --- d 



TABLE I V .  SHEAR TEST RAW DATA 

4 Embalrced Ca lvar ia  - t e s t e d  a t  4  s t r a i n  r a t e s  
1 .66 ,  6 .66 ,  1 6 . 6 ,  66.6  i n / i n / s e c .  

Shear  S t r e n g t h  p .  s .  i ,, ( s t r a i n  r a t e  i n / i n / s e c )  

SKULL NO.  EM95 EN99 EM1 06 EM1 08 
Region 1  3  3m-lizEq ~ r ( 6 . 6 6 )  2431 (1 .c&) 

2697 (1 .66)  4858 ( I  . 66)  

Region 2  

Region 3  2417 (6 .66)  3758 
2010 (16 .6 )  3009 
2765 (1 .66)  3440 
1904 (1 .66)  2841 

284.1 
2741 

Region 4 3758 
3082 (16 .6 )  3941 
3536 (1 .66)  309 1  

2191 
3646 (16.6)  2621 

3758 
1823 

2286 (6 .66)  
31 95 
2567 
2371 

Region 5  

Region 6  3510 ( 6 6 . 6 )  4033 (16 .6 )  
3941 ( 6 6 . 6 )  



TABLE I:V Continued 

SI(ULL N O .  EM95 ------ -- EN9.5' EM1 06 El41 8 -- 
K c g i o n 7  2 0 4 4 F 6 6 ) - -  2~i?j-~6;6'6-)-----7f~ib--k. 6) 

2941 ( 1 6 . 6 )  4653 ( 6 . 6 6 )  3829 ( 6 6 . 6 )  3777 ( 1 . 6 6 )  
3741 ( 6 6 ~ 6 ) :  2273 ( 1 6 . 6 )  2448 (1 - 6 6 )  4010 ( 6 . 6 6 )  

5331 (1 - 6 6 )  
4360 (1.6G) 5153 ( 6 . 6 6 )  4176 ( 1 6 . 6 )  
3854 ( 6 . 6 6 )  4831 (1  - 6 6 )  3779 ( 1 6 . 6 )  4331 ( 6 6 . 6 )  

5774 ( 6 . 6 6 )  
3525 ( 6 6 , 6 )  

3842 ( 6 6 . 6 )  6730 ( 1 . 6 6 )  

Region 8 5743 ( 6 6 . 6 )  2901 ( 6 . 6 6 )  4983 ( 1 6 . 6 )  
3440 ( 1 6 . 6 )  1467 (6 .66 )  3936 ( 6 6 . 6 )  3391 ( 1 . 6 6 )  
4357 ( 6 6 . 6 )  2986 ( 1 6 . 6 )  4813 (1 .66 )  2933 ( 6 . 6 6 )  

1843 ( 6 6 . 6 )  2895 ( 1 . 6 6 )  
5690 ( 6 . 6 6 )  4766 ( 1 6 . 6 )  

2390 ( 6 . 6 6 )  3420 ( 1  - 6 6 )  5045 ( 1 6 . 6 )  4792 ( 6 6 . 6 )  
4473 ( 6 6 . 6 )  525'6 ( 1  - 6 6 )  

Region 9 4863 (6 .66  
3420 (66 .6  

Region 10 3672 ( 6 . 6 6 )  
5214 ( 6 6 . 6 )  
4260 (1 .66 )  
2066 (16 .6 )  
31 73 ( 1 . 6 6 )  
4217 ( 6 . 6 6 )  
2383 ( 1 . 6 6 )  
2176 ( 1 6 . 6 )  
3694 ( 6 6 . 6 )  
2190 ( 6 . 5 6 )  
2410 ( 6 6 . 6 )  
2673 ( 1 . 6 6 )  
6388 ( 6 6 . 6 )  
3010 ( 6 . 6 6 )  
2542 ( 1 6 . 6 )  



TABLE I V .  Continued 

SKULL NO. EM95 EM1 06 EM1 0 8  -------- EM99 ---.---- ---- 
Re CJ i 0 il 1  1 4 2  1 7 - ( I ? X r  4 11 9 9 (1 ,6 6 ]--.Z T8 .T(TKT)------??TT(ZZT) 

2552 ( 1 6 . 6 )  2621 ( 66 .6 )  2992 ( 1  - 6 6 )  
3281 (1 .66 )  2901 ( 6 6 . 6 )  2861 (6 .66)  5280 ( 1 6 . 6 )  
3228 (66 .6 )  4626 (16 .6 )  2986 ( 1  - 6 6 )  4011 (6 .66 )  
4387 ( 1 . 6 6 )  3173 (G6.6) 2273 ( 6 . 6 6 )  2326 (16 .6 )  

6041 ( 6 . 6 6 )  5673 (66 .6 )  3349 (1 .66 )  
2941 (6 ,66 )  2621 (16 .6 )  
5461 (16 .6 )  6750 ( 6 6 . 6 )  

Region 12 4012 ( 6 . 6 6 )  2537 (1  - 6 6 )  4855 
3779 (16 .6 )  2587 ( 6 . 6 6 )  3560 
3291 (1 .66)  1833 ( 6 6 . 6 )  2552 
5624 (66 .6 )  3525 (16 .6 )  4033 
4126 ( 1  - 6 6 )  5110 (66 .6 )  3354 
5295 (16 .6 )  3627 (6 .66 )  2481 

41 26 
6253 (6.66)  4892 (1 .66)  61 83 

5245 

Region 14 
5245 
4853 
2481 
4884 
3666 
291 8 
2735 
281 5  
2658 
31 99 
261 3  
3116 
2953 
3450 



TABLE I V  . Con t i  nuecl 

Region 16 5486 (6.66) 2188 (1.66) 2878 (16.6) 6194 (66.6) 
5014 (1.66) 

Region 17 3899 (16.6 
4856 (1.66 
4177 (6.66 
3117 (66.6 
3091 (6.66 
5335 (16.6 
2918 (6.65 
3552 (66.6 
2941 (16.6 
3810 (1.66 



T A B L E  Ir DURA MII'TI-P\ TEIZJSlOl'il TESTS 

SPECIMEN NO. MAX. STRESS RATE 
( P . S . 1 . )  
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APPENDIX  A 

THE MECHANICAL BEHAVIOR OF THE DIPLOE LAYER 
OF THE HUMAN SKULL I N  COMPRESSION 



Ti lE biECtiAi4XCAL B E i i A V I O R  OF TIIL DIPLOt- LAYER OF 'I'HE tIU)ilAN SKULL IN COIfIPRESSION 

J .  k l ,  fllelvin 
D .  tl. Robbins 
V .  I. Roberts 

t l i g h ~ ! 2 ~ /  Sa.Tety Research Ins t i  i u t e  
Uni vers-i -by of bli chi gan 

Ann Arbor, Mi ch-i gan 

ABSTRACT 

This paper presents an e>:perirnental study of thc  niechanical behavior of 

the  diploe layer  o f  the  himan skull  in  comp~ession. Specimens o f  fresh h u m a n  

s k u l l ,  obtsined a t  autopsy, were tes ted  a t  s t r a i n  r a t e s  of 0.22 sec-'I and 2 . 2  

sec" an a n  lnstron t e s t ing  rndcirine. The modulus of e l a s t i c i t y ,  the cornpres- 

s i v e  strength and the spec i f i c  v'ieiijht o f  each speciiiien were deternined. 

k 1 inear  tuel'ationsh-ip betwen com2ressive strength and con.!p~essl;ve modulus 

o f  el  as t i  c i  t y  was found empi r i  ca l l  y f o r  specimens t h a t  exhi b i  ted a sudden 

collapse nxde of f s , i l ~ ! r e .  The spec i f i c  l;ieig!!t of  the m?itee:.!'al \;!as postulated 

t o  be the parcr~eter  re1 at ing the  s trength t o  ttie modulus and 211 e~;i;jii',;cai re la-  

t ion  between average cornpr2ss ive strength and average s p r c i f i  c viei g h t  was 

found. No s ign i f i can t  s t r a i n  r a t e  e f f e c t   as evident betvieen the tvio t e s t  

r a t e s .  



The ratjor-tal clesign of pro.tect.ive devices  f o r  ti16 h i ~ i i ~ a n  body when i t  i s  

subjected t o  high loads  a n d  a cce l e r a t i ons  r equ i r e s  a sound knowledge of 

t he  meci~anical  response o f  tile system under such c~nd - i t - i ons .  'The 1iuina.n 

body i s  a highly cor!~plex system both f r o ~ i ~  t he  viewpoint of t h e  physician 

and t h e  engineer .  This cornplexi t y  d i c t a t e s  t h e  nece s s i t y  of ca re fu l  and 

thorough i nves t i ga t i on  ~ h c n  study-i rig t op i c s  1 i ke t he  re1 a t i o n  of mechanical 

behavior t o .  i n j u r y ,  Since i t  i s  t he  response of t h e  l i v j n g  human t h a t  i s  

o f  i n t e r e s t ,  experimeniai condi t ions  rr,ust approach t he  in vivo s t a t e  as  

c l o s e l y  a s  pos s ib l e ,  One o-? t h e  most important regions  of  t h e  human hodj  

with r e spec t  t o  sevioms i n ju ry  i s  t he  h e a d ,  lleacl i n j u r i e s  a cco~ ln t  f o r  a 

l a r g e  share  of t r a i f - i c  f a - t a l i t i e s .  I n  t h e  head, t ~ o  rilajor p a r t s  of i n i . e r e s t  

i n  terms of ir! jury a r e  t h e  b ra in  and t he  s k u l l .  The ::i?rork presented i n  t .his 

pape r  i s  p a r t o f  a nmultiphase p r o j e c t  d i r ec t ed  a t  t,he deterininatioi? of t he  nic- 

chanical  p rope r t i e s  o-F t h e  cons t i t uen t  ma t e r i a l s  of tile head. Thf : ;  paper 

dea l s  with t h e  behavior of u n e m b a l ~ ~ e d  hi?rr~s,n sku l l  bone subjected t o  corr;pressive 

loading.  

The s t r u c t u r e  of t he  sku l l  i s  s t r ik i i :g ly  anzlogous t o  t h a t  of t h e  n:oclc!r~~ 

day foam core  ssnd\,cich she1 1,. L i k e ,  t h e  sand\,rich s h e l l  i t  has an inner  a.nd ou t e r  

l a y e r  o-F con;pact bone knoi.:n as t he  inner  and ou t e r  t a b l e s  of the  s k u l l .  These 

l aye r s  of dense bone a r e  separa ted  by a porous l z y e r  of bone known a s  t h 2  

d ip lo ;  l a y e r  of t he  sku1 1. The poros i ty  and t i ~ i c k n e s s  of t he  d i  ploe 1 aye'i* vary 

considerably wi thin a s i n g l e  sku1 1 ranging froi;l a q u i t e  t h i c k ,  open - s t r i~c tn r ed  

l a y e r  t o  a l a y e r  with l i t t l e  poros , i ty .  In sclrne regions  i t  does not: e x i s t  a t  a l l .  

In ge i ,e ra l ,  t h e  d i p l i i  l a y e r  i s  qu i t e  pronounced i n  t i ~ c  f roi l ta l ,  p j r i e t a l  eod 



occi pi t a l  a reas  of t h e  sku1 l and -is q u i  t e  ii-rin o r  non -ex i s i en t  i n  tile tem- 

poral reg ions .  Hide \~ar ia-Lions  i  ii tiic l a y e r  t i l i ckr~esses  a l s o  occur iron1 

s k u l l  t o  sku1 1 . The ba s i c  bone materi  21 in both t he  t ab l  es  and di p lce  

l a y e r  i s  col lagen re in forced  by p a r t i c l e s  of mineral (hydroxyapati  t e )  . The 

d ip loe  l a y e r  aci-~ieves i t s  por0s.i t y  by web1 i  ke s t ructui-es  of t h e  bone mater ia l  

know as  t rabeci! l  a e .  Fig.  'I shows t h e  f e a t u r e s  of  both t h e  t ab l  e s  and t h e  

d ip loe  l aye r  ( t h e  dark n~ark neGr t he  top  of t h e  specinxn i s  an  ink  mark f o r  

i d e n t i f i c a t i o n  of t h e  o r - ien ta t ion  of the  specimen in  i h a  ski111 and should no t  

be confused vritll t h n  s t ructarra l  f e a t u r e s  of t he  specimen).  

In foam core  sand!!ich she1 1 s t r u c t u r e s  ttie s t i f f  l a y e r s  of oia ter ia l  on 

t h e  inner  and ou t e r  su r f ace s  of the s h e l l  play t h c  predominant r o l e  4r1 cieter- 

mining t h e  response of t he  s h e l l  t o  load.  Hol~!ever, in many types  of  loading 

t h e  ovei-all pel-for-mancc of t h e  she1 1 cli3pends on t h e  core  rnater- ia l ' s  a b i l i t y  t o  

perfo~~iir i t s  func t ions .  Inac!equate conpressi  ve o r  shear  s t r e n g t h  in the  core  

niaterial  can s < g n i f i c a n t l y  e f f e c t  t h e  t o t a l  1oc;cl carryirlg a b i l i t y  of t h e  s h e l l .  

Such i s  the  case  in t h e  s k u l l .  The prirnary load ca r ry ing  func t i ons  are  per- 

fornied by t h e  t a b l e s  and indeed,  under general  coriipressive it1;pact t o  the  sku l l  

t h e  c l i n i c a l  evidence i s  usua l ly  t e n s i l e  f r a c t u r e s  o f  t h e  ou t e r  t a b l e  o r  of 

t he  e n t i r e  sku l l  t h i c k n ~ s s  a m y  from t h e  p o i n J ~  of impact.  I f  t h e  impacting 

load i s  l o c a l i z e d ,  ho!s;ever, condi t ions  can ex i s t -  suck t h a t  pei ie t ra t ion of tile 
I .. 

bute r  t a b l e  and crushing of t h e  d ip loe  l a y e r  occur wi thout  t o t a l  f a i l u r e  t o  

t he  s k u l l .  Thus, i t  would see:;\ t h a t  -in ttie case  of cotnpressive f a i l u r e  of 
. . 

sku l l  bone i t  i s  most m?aningiul t o  t a l k  of t h e  d ip loe  l a y e r .  

The purpose of t h e  PjorC: repor ted here  i s  t o  de f i ne  t he  ba s i c  rnxhani:ca? 
. . 

c h a r ~ c t e r i s t i c s  of t he  cl iploe l a y e r  in co~npression and t o  i n v e s t i g a t e  f a c t o r s  



which lilay in f luence  t h e  cha . l -ac te r i s t i cs .  At1 . i n i t i a l  a t t e i i q~ t  \tias nlacle t o  

eval u;te s  tra-i n r a t e  ef.Fcctss. 

SPEC1NE.N ACQUISlTZOii A G D  PREPARATION 

The e f f e c t i v e n e s s  of bi oinaterial s  t e s t i  ng programs depend g r e a t l y  on an 

adequate supply of m a t e r i a l ,  The f r e s h  bone specimens used i n  t h i s  study were 

ob'cai ned at. autopsy from t h e  Uni vers i  l;y o-i' 14-i ch-i y an Kedi cal  Center and Veterans 

Adiilinis.tration Hospital  i n  A n n  Arbor. The specin:?ns \:!ere ren~cl\lec! using a  

S t ryke r  bone plug cui, ter  and S t ryke r  j\u.i;opsy Saw. Special  ca re  was taken n o t  t o  

hea t  t he  bone dur ing t h e  c u t t i n g .  The plugs taken a t  t h e  Ub! Medical Center 

Nere 3/4 inches  i n  d-iarneter anci those  Frorn t he  i lA Hospital  were 1 1/2 inches  

in di atncker. Each bonc plug removed has a cornp1e-k record as t o  s ex ,  a.ge, 

cause and tin]. of dea th ,  and autopsy nunber. By recording t he  a ~ t o i ~ s y  nui"~?ber 

i t  i s  pos s ib l e  t o  yo bsck i n t o  t he  pa t - i en t ' s  meclical h i s t o r y  i f  necessary.  

Each plug was given a  coding number t o  i n d i c a t e  t h e  source hosp i t a l  , t h e  

chronological  o rder  and region of t he  skul 1  .Lhc plug was loca ted  i n .  The 

d i s t ance s  and o r i e n t a t i o n  of t he  plug r e l a t i v e  t o  t he  s a g i t t a ' l ,  coronal and/or 

t h e  lamboidal su tu r e  l i n e s  vie\.e a l s o  noted.  

The f r e s h  bone plugs were placccl i n  a  f r e e z e r  a t  -10°C v!it,hin t h i r t y  

minutes from t h e  time of renioval from t h e  skul 1 .  From our exper ience and da ta  

.in t he  l i  t e r a t v r e  ( 1 )  i t  was de-Lerril-ined t h a t  t h i s  was t h e  b e s t  method t o  s t o r e  

t he  specirii2ns. The t e s t  specimen developed f o r  t h i s  progranl had a  nominally 

cubical  shape l / &  i n c ? ~ e s  on a s i d e .  In t he  work repor ted  here  t he  specin;ens 

cons i s ted  e n t i r e l y  o-T' di p l  oe 1  ayer  n:ateri a1 . The ressons  for  e l  inii n a t i  n g  the  

upper and lo1::ar ta.hle r i~a te r ia l  froin the  speciii;?n were t o  ob t a in  a cons tan t  



gage length of t h e  ~~ia ' i c r i  a1 o f  i t i t e ~ , e s t  ai-lc! t o  a1 1o;i cie.Lermi n?,i;.;on o f  tile 

s t i  -F.Fness of t he  d i  [ J ~ o ?  l a y e r  hi: ti.loiit h;:vi ng t.0 consSder the st-i  f f n e s s  of 

the t a b l e s  in s e r i e s  bii-tii i t .  Depcild.ing oil the curvatu'r5e o f  t h e  bone plug 

and tile t i i ickncss  o-F the  d f p l o e  l a y e r  Che small s i z e  0.i .the -i.est specimen 

a1 lowed as  m3.ny as  t\:!enty--four spec'iin~ils t o  be obta-inzd froiii a 1 1/2  inches 

d i a ~ x t e r  bone plug. The t e s t  specimens kji~ich \':?re niacliinecl on a Uni~iaL-SL 

s e t  u p  a s  a m i l l i ng  mach-ine viere flsndleri i n  such a manner t h a t  no hea t ing  of 

the  rnatcri a1 occur red ,  Af t e r  f a b r i c a t i  on t he  t e s t  spec.i~iens \;:ere e i  t h e r  

t e s t e d  im:nedi a t e l y  o r  re f rozen  u n t i l  neecled. 

EXPERil~iENTAl.. P R O C E D U R E  

The f i r s t  s l c p  of tile t c s i  proceclwrc lilas t o  cle-ternijne the  d-irn?nsions o-i 

t h e  t e s t  spccin\en using a microfii;3ter. N?xt, t h e  weigh-t o f  t h e  speclimen bias 

obtained using a Voland 640-D balance and t h e  s p e c i f i c  weight o f  t h e  specicien 

ca l cu l a t ed .  The sp,?cin:?,~ was then "Lskcl using an  Ins t ron  f l o o r  model t e s t i n g  

machine as shown s c h e n ~ a t i c a l l y  in Fig.  2 .  A K i s t l e r  937A Force Link was used 

t o  measure t h e  load oil the  spccin;cn. This p i e z o e l e c t r i c  load c e l l  has a ma>i.i- 

m u m  load capac i ty  o f  45,000 I bs .  i n  cornpression v:i t h  a resolvt-ion o f  0.1 1 bs. 

and a r e ~ o n ~ n t  frequency or" 22.5 \<Hz. Crosshszd v e l o c i t i e s  of 2 incl~es/ri!inute 

o r  20 inches/minu-te were used. I n i t i a l l y  , a de-Flectoineter cons i s t i ng  of a 

s t r a i n  gaged, t h i n  c a n t i l e v e r  s t r i p  bias used t o  transc!uce t h e  dsforna, t ion of 

t he  speciii;?n. I t  vias f o u n d ,  due t o  t h e  very s t i f f  loacl c e l l  being used and 

t he  r e l a t i v e l y  lo!v s t i f f n e s s  of t he  spec inens ,  t h a t  crosshes,d t r a v e l  could be 

used as an accu ra t e  i n d i c a t i o n  of t he  s p e c i ~ e n  de fo jna t i on .  The t e s t s  w r e  

recorded on a Tek-tronix Type 564 Storage O s i c l l ~ s c o p e  and then photographed 



v1-i ti? a Polaroid  cari2ra. \!hen t h e  cIei ' lecto; , i~tcr \.,as uscd tile load wa:; ti?: spl ayed 

aga in s t ,  the  def lcc t io t i .  In t he  t e s t s  wi thout  tile de.flectonle"ir t h e  'load v!as 

displayeci a g a i n s t  -t-ir~;e. F i g .  1 sho:cis a spec-irneil v!i l i? t h e  t a b l e s  pre!;uri'i hei'ore 

and a f t e r  t e s t i n g ,  The ar;?ount of conpress i  ve de . i lect ion vlas control ' l  ed in 

o rde r  t o  a l l o ~  microscopic exiiniina.tion 05 the  t e s t e d  specimens. 

Af t e r  the  t e s t s ,  some of t he  specinlens were d e c a l c i f i e d ,  embeddi2d i n  

p a r a f f i n  and t h i n  s e c t i ons  cu t  on a rn-icrotc;!!~e f o r  mjcroscopi c examination 

t o  determine modes of f a ?  1 ure .  

A t o t a l  of 1'-ifty-tv!o ind iv?dua l  t e s t s  on specirn2ns f r o n  P i  ve d i f f e r e n t  

s k u l l s  a r e  repor ted  i n  th-is paper.  Haif of t h e  t e s t s  were conducted a t  t h e  

2 inches/n-inute crossh?ad speed and t he  o the r  ha1 f conduc.tecl a t  20 i rrchcs/nii a u k  

- 1 The average s t r . a in  r a t e s  corresponding t o  t he  tvto crasshead s p e a k  a r e  0 . 2 2  s e c  

- 1 and 2 . 2  s ee  r e s p e c t i v e l y .  Approxin:ately ha1 f t h e  specitrieris from each ban€. 

plug were run a t  each s t r a i n  r a t e ,  

RESULTS Alif! [)TSCCSSIQN 

In F ig .  3 a r e  si;o:.:n t h e  tl;io c h a r a c t e r i s t i c  types  o-i load-def lec t ion  c u r v x  

which Kere found i n  t h i s  s e r i e s  of exper inie t~ts .  The n a j o r i t y  of t he  specinlens 

sho1;:ed an abrupt  f a i l u r e  a t  approximiitely the  4 5 %  s t r a i n  level  ~ i t h  a co r r e s -  

ponding drop iri load follcl;,ed by si lbseqi~ent build-up o f  load upon f u r t h e r  de-. 

"formation. The nni;??rical da ta  given in t h i s  papet- i s  based 01: t h e s e  t e s t s .  

With t h i s  type o-r behavior the  peak load before  t h e  uns tab le  co l l ap se  was 

taken a s  the f a i l u r e  load and t h e  f ay lu r e  s t r e s s  was ca l cu l a t ed  using t h a t  

l o a d  and t h e  i n i t i a l  c ross - sec t iona l  a rea  of t h e  specimen. The i n i t i a l  por t ion  

o f  t h e  lozd-de iorn~a t ion  curve i s  non l inear .  This i s  probsbly t he  r e s u l t  o f  t h e  



speciriien bccolniny f i  rrrly i n  con t ac t  r.ii ti) t h e  loaiii i iy anvi 1 s .  This ~ t i l a l l  

nonl i  near  rcgi  o11 i s  f o l l  ol;;e:I by a  cons-i cleral~l e  1 i  r~ec?r I-,egio:i. Th? 1 i n ~ z r  

region pias f o l l  o:$ied by a  second nonl inear  regioi-i \$ii.tl~ a s lope  ciecrea.i;iny 

t o  ze ro  a t  . f a i l u r e .  Coils.idcr-ing tile r e l c t i v e  riiagrii t ude  of tile 1 i i~cai-  

reg ion ,  a  modulus of e l  a s t i  c i  t y  car1 be cief-ined f o r  t h e  sp sc ine :~  r,a:terial . 
The ni?d~!lus v:as c a l cu l a t ed  froin t he  s l ope  t~si r ,g  t h e  i n j t i a l  h2i;gilt of t h e  

specin:?n a s  t he  gage leng th  and t he  i n i t i a l  c ross - - sec t iona l  a r e a .  

The o the r  type o f  behavior shoiin i n  Fig .  3 i s  exhib-ited by specimens 

with speci  f i  c weight approaching t h a t  of ccn~piict bone, The duct-; l e ,  n-iono- 

t o n i c a l l y  inc reas ing  lodcl-cieformatiori curve of t h i  s typc specinan callnot 

be coii~pared t o  t h e  rapicl co l l ap se  behavior o-i t h e  iilore porolis cl-ipioe 

l a y e r  because t h e  b a s k  niocles 0-f .Fai I  ure a r e  cornpl e t e l y  ci.i.f.r'erent. The 

rap id  co l l ap se  f a i l u r e  exh, ibiJ~ed by the specin;en shorn in Fig.  1  i s  brcught 

abolit by t en s?  l e  t e a r i n g  a n d  s p l i  t i n g  of t h e  t rabecu l  ae o f  tile d i p l e e  

l aye r .  The ri\icrograph shc)kin i n  F ig ,  4 cle;;!otistrrc?tes t h i s  phenorri~non c l e a r l y ,  

The d i ! c t i l e  behavior o f  t h e  dznse cliplo: l aye r  specirnzns i s  a s soc i a t ed  \:i t l i  

y i e l d i n g  of t he  bone n a t e r i a l  probably due t o  shea r  s t r e s s e s .  

The t e s t  r e s u l t s  , a t  f i r s t  gl a x e ,  appeared t o  have t he  wide v a r i a t i o n  

a t t r i b u t e d  t o  b io log ica l  ma t e r i a l s  as  "bioloyf cal  v a r i a t i o n " .  The va! t!es 

2 o f  conlpressive s t r e n g t h  o ranged from a lo:', of 1820 lb / i r ,  t o  a  h i g h  of 
C 

2 -11,350 I b/i n and t he  val ues a-F the  c o ~ p r e s s i v e  n:odnl us of e l  as t i c i  t y  E 
C 

5 2 5 2 ranged from a low of 0 . 5 7  x 10 1D/in t o  a high of 3.39 x 10  1 . This 

range of values  f o r  conlpressive s t r eng th s  i s  c l o s e l y  comparabl? t o  t h a t  of 

Evans ( 2 ) .  However, t he  d ip loe  l a y e r  i s  a  porous n a t e r i a l  2.nd bgth o and  
C 

E should d e p c n d ,  i n  the  same riianr~er, on t h e  acttial arnount of lo2d ca r ry ing  
C 

mater ia l  e x i s t i n g  ac ross  t h e  c ro s s - - s ec t i cn  o f  t h e  specir,-1.n. This c o ~ c e p t  



can be eval i ~ a t e d  by plot t . i i :g  a aga in s t  f as siio:m!n in F i g .  5. The rcsuli :  
C C 

i s  a 1 'lrlear eiilpirical r t . l a t i onsh ip  bet!,,?ei~ con- pi-ess-ivc strcng.t l i  and com?ressive 

moclul us of el  a s t i  c i  t y  o-F t h e  f0i+i11 

The average arnoui,-L o-f mate r ia l  present.  in t h e  specinlen ~ r o s s : ~ s e c t i o n  i s  d i r e c t l y  

re1 atetl t o  t h e  speci  -fi c  eiei ght  of t,he specimen. Thus, t h e  s t r i r c t u r a l  fea:tures 

r e l a t i n g  ac t o  E c  can be etnbodied in  t h e  s p e c i f i c  ~veigi l t  of t h e  d ip loe  l aye r ,  

D . A p l o t  of t h e  averages o f  t h e  coi~~~pi.essive s t r e n g t h s  of t h e  specimzns from 

each bone plug versus  t h e i r  a v e r a j e  s p e c i f i c  weights i s  shown i n  F i g .  6 .  I t  i s  

ev iden t  from F5g. 6 t h a t  t h e  compressive strei1gl.h 5 2nd t h e w f o r e  t he  compressi:ve 
C 

modulus o f  e l  a s l i  c i t y  ic a r e  s t r o ~ ~ g l y  inf luenced by t h e  s p e c i f i c  we-ipii-i o i  t h e  

d ip loe  l a y e r  rD.  The r e l a t i ons i i i p  of a  t o  yD has t h e  forla 
C 

No si: gni f i  c a n t s s t r a i  n r a t r  e f f e c t s  ue re  noted i 11 t h e  clata. Hov:evt.r, 

both s t \ - a i n  r a t e s  nitist be considered q u s . s i - s t a t i c  eve9 tliougi~ they a r e  cin 

o rder  0% nagni tilde a p a r t .  This may a l s o  be due t o  t he  f a c t  t h a t  t he  c c l l 2~pse  

f a i l u r e  i s  a b r i t t l e  behavior and t h e r e f o r e  not  s u b j e c t  t o  r~~arked  s t r a f n  r a t e  

e f f e c t s .  In Fig.  5 an i nd i ca t ed  e x t r a p o l a t i o n  toward t h e  region of conipact 

bone p r o p e r t i e s  i s  i nd i ca t ed .  Because a t r a n s i t i o n  from the  collapse node of 

' f a i l  tire to t h e  d i l c t i l e  mode of behavior i s  occi i r r ing,  t h e  l i n e a r  r e l a t i o n  o f  

cornpress i \~e strerigti1 t o  cor;lpressive n'odul us niay not hold.  Indeed, i t  depencrs 

somewhat on t h e  c r i t e r i a  for determining w h ~ n  f a i l u r e  has occur red .  I t  i s  

expected t h a t  s t r a i n  r a t e  e f f e c t s  such as  those  fovi-~d by Ir;cil hcin?y ( 3 )  w i l l  

begin t o  appear due t o  d u c t i l e  behavior as  i nd i ca t ed  by t h e  b i f u r c a t i o n  



of' the  dasiled l i  n?s, l~Jorl: i s  no41 i n  i)I'Ogin(!SS a f l ~ l i g i i e r  s t r a i n  r a t e s  yp t o  

2,000 sec" i n  oriier t o  i n v e s t i g a t e  the  f i n d i r ~ g s  o f  t h i s  paper i n  t he  iilipact. 

range o f  s t r a i n  r a t e s .  

Some conclusions  rllay be d r z ~ ~ n  frorn tile r e s u l t s  e~hicli havc be2n repor ted 

i n  Chis paper:  

I .  The dip loc  l aye r  of t h e  sku l l  bone i s  s u b j e c t  t o  b io log ica l  variab7rii ty 

leading t o  a r a t h z r  b i i c t e  r m y e  of u1tin:ate s t r eng th s  and e l a s t - i c  ~ o d u l i .  

2. Biolog-ical v a r i a t i o n  i n  fa - i lu rc  s t r e s s  arid e l a s t i c  r;:~iociulus a r c  shovin 

t o  be f l i n c t i ~ n s  of dens i ty  and poros i ty  of the  nicter.ia1. 

3. Co~npressi ve s  trcn9.t l . l~ f o r  d i  p l  oc niateri a 1  v:are founcl vangi ng f r c ~ ? i  a 

3 2 lov: of 1820 Ib/'ln ' t o  a h i g h  o f  11,350 I b / i n  wilereas values f o r  con~press ive  
5 2 5 2 moclulus ranged from a lob1 o f  0 .57  x 10 1 b / i n  t o  2 h i $ / ?  o-i' 3.99 x 10 1 b/ in  a 

4 .  Due t o  t he  \tcebl i ke s  t . r i ~ c t ~ l r e  o f  cli p l o e  a  buck1 i n g  of t he  t rabecul  ?,e 

de f i ne s  ti12 mock of f a i l u r e .  This niechanisri i s  not  observed in specirneijs of 

cornp8c-t bone, 

l a y e r  o f  the  sku l l  bone. 

- 1 6. No s t r a i n  r a t e  e f f e c t s  were observed a t  0 . 2 2  sec-'  and 2 . 2  sec  



The authoas a c k t ~ o ~ i l  edge the assi s t a n c e  o f  I .  B a r o c i a ~ a l  a i n  per-formi n y  

t h e  exper i rn~!~ts  and clata analys-is i n  t h i s  t e s t  prograni. This project has 

been carried o u t  uridcr ContracflNo. PH 43-G7--1135 w i t h  the  Nation21 In s t i t u t e  

of Me~rrol o g i c a l  Gi suc=ses and  B l  i r~clriess o f  hIItI. 
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ABSTRACT 

Inves t i ga to r s  have been studyjng t h e  mechanical phenomena a,ssociated 

with impact t o  t h e  head f o r  many yea r s .  Several  t heo r i e s  on the  behavior of 

t h e  b ra in  during head impact have come from the se  s t u d i e s  b ~ t  the're has been 

a no tab le  lack of information on t h e  bu7 k mechanical p rope r t i e s  of the  b ra in  

which a r e  necessary f o r  t he  eva lua t ion  of t he se  t h e o r i e s .  This paper represen ts  

an i n i t i a l  a t tempt  a t  providing suc l~  informat ion.  

The dynarxic complex shear  modulus of i n  vi t r o  samples of humzn brain  

have been measured. Specimens from e i g h t  b ra ins  have been subjected t o  a 

s inuso ida l  shear  s t r e s s  input  under resonant  condi t ions  in an electro-mechanical  

t e s t  dev ice ,  Tes t s  were conducted to  determine t he  e f f e c t s  of time a f t e r  

dea th ,  r e f r i g e r a t i o n  of mater ia l  and shea r  s t r a i n  dependence. A device  t o  

measure the  dynamic p rope r t i e s  of brain  i n  vivo i s  descr ibed and prel iminary 

da ta  on in vivo t e s t s  on Rhesus monkeys i s  presented.  

The r e s u l t s  of the dynamic shear  t e s t i n g  on in v i t r o  human brain  

3 2 i n d i c a t e  t h a t  the  s t o r age  modulus G '  l i e s  between 6-1 1 x 10 dynes/cm the  

3 l o s s  rnoduyvs G" 1 i e s  between 3 . 5 - 6 . 0  x 10 dynes/cm2 and the  l o s s  tangent  tan 6 

i s  i n  t h e  range 0 . 4 0 - 0 . 5 5 .  





The f ina l  corre la t ion  of head fnjury theor ies  vii t h  head in jury  experiments 

has not been Forthcoinirig because of the alnicst complete lack of knolt/ledge of 

the  mechanical propert ies  of brain t i s s u e .  Goldsmith (1966)  has pointed out 

t h i s  problern and has suggesteci some of the pert inent  propert ies  t o  be deter -  

mined. Orrimaya (1 968) has reviewed the s c i e n t i f i c  1 i t e ra tu re  pertaining t o  

the  mechanical propert ies  of the t i s sues  of the  nervous system. In the  case 

of brain t i s s u e ,  only three papers on the  mechanical propert ies  of brain were 

found. Franke (1  954) determined the coe f f i c i en t  of shear v iscos i ty  from 

calcula t ions  made on data from driving point impedance measurements of a 

g lass  sphere vibrat ing within whole, f resh  p i g  brain and p i g  brain hornogenates 

a t  frequencies of 150 t o  500 Hz. The v iscos i ty  was reported t o  be s imi lar  t o  

t h a t  of room temperature glycerin.  Creep experiments were performed by 
b 

Dodgson (1962) on fresh mouse brain i n  an attempt to  determine the  Mises- 

Wencky flo\v condi tior) under s t a t i c  compression. Koenernan (1 966) studied creep 

ancl dynamic cycl ic  propert ies  from rabb i t s ,  r a t s  and pigs.  Again, the loading 

condition was compression. All of t h e  above rethods have been in v i t r o  t e s t s  

on species other  than primates. Ominaya emphasized the  importance of fu tu re  

s tudies  including in vivo experiments to  check the v a l i d i t y  of the in v i t r o  

work and the use of animals su i t ab le  f o r  scal ing the data f o r  ext ra?ola t ion  t o  

, human brain.  

T h e  purpose of t h i s  paper i s  t o  report  the  r e su l t s  of the i n i t i a l  phase 

of a program t o  provide informatior: on the nlechanical proper t ies  of human 

brain per t inent  t o  the  problem of head in jury .  Both in  v i t r o  and in vivo 

techniques were used. I n  accordance with the concepts of shear s t r a i n  

mechanisms of brain in jury ,  the  dynamic shear propert ies  of i n  v i t r o  human 



A .  In Vitro Testing 

The corriplex dynaniic shear modul~!s ( G * )  of a v i scoe las t i c  material i s  

defined as the  vector sum of G' and iG", with G" normal t o  GI. G '  i s  the  

dynarnic e 1 a s t . i ~  modulus and i s  a  measure of the spring st i f i?ness of the 

t e s t  material under shear s t r e s s .  G " ,  the dynarriic loss  modulus, i s  a  

measure of the  damping a b i l i t y  of the  material and represents  viscous 

losses  in the  material .  The r e l a t i v e  damping a b i l i t y  of the mater ia l ,  

tan 6 ,  i s  defined as Gi ' /G ' , 

G* i s  determined by dpplying a dynamic shear s t r e s s  t o  the vir,co- 

e l a s t i c  t e s t  material and ~ e a s u r f  ng  the resul t ing  s t r a i n .  The Dynamic 

Mechanical Apparatus ( D M A )  cons is ts  of a  s i  nusoidal l y  actuated mechanism 

For shearing the  sample and e lec t ronic  equipment t o  monitor input fo rce ,  

s t r a i n  level (output)  and the phase angle betwesn them. See Figure 1, 

The sample shear mechanism i s  cen t ra l ly  located on a magnesium-aluminun: 

a l loy  rod which ccnnects twin electro-mechanical transducers. T h z  driving 

s i g n a l ,  from a function generator operating in the s ine  node, i s  connected 

t o  one transducer. The other  transducer provides an ~ u t p u t  signal ,, 

operating as a veloci ty transducer. The input force i s  determined by the 

current  t o  the  driving transducer; s t r a i n  and s t r a i n  r a t e  are measured by 

. the  output voltage and amplitude. The driving amperage and output voltage 

a r e  measured on a vacuum tube voltmeter. (The amperage i s  measured as a  

voltage across a  shunt r e s i s t o r  on the driving transducer. ) The i r i p u i  and 

output s ignals  a re  displayed as an x-y (L.issajous) p lo t  on an osci l loscops 

t o  a id  the operator  in placing t h e  system in  resonance. The input frequency 

i s  read d i r e c t l y  from the function generator cont ro l .  Input force i s  

a d j u s t a b l e  by mans o f  the function generator signal level cont ro l .  An 

auxi l ia ry  ampi  i f i e r  i s  provided f o r  increased signal s t r eng th ,  i f  needed.  



The sanipl e shearing mechanism consis ts  of a horizontal a1 uiilinum base 

p la te  r i  y i d ly  attached t o  tile niagnes i u:r;.-a1 unii nuill rod znd a c l e a r  pl as t i c  

p la t e  which i s  positioned above, and pa ra l l e l  tq, the aluminum base p la te .  

This p l a s f i c  p la t e  i s  r ig id ly  attached t o  the main s t ruc tu re  of the  DIU 

and  i s  v e r t i c a l l y  adjus table .  The t e s t  sample i s  sandwiched between these 

two p la tes .  The  sample sec t ion ,  between the twin transducers,  i s  enclosed 

in a chamber heated by a small e l e c t r i c a l  heater-fan system. The temperature 

i s  control led by mans of a temperature potentiometer which u t i l i z e s  an iron- 

constantan thermocouple placed adjacent t o  the  sarnpl e .  

The DMA operates as a subt rac t ive  impedance device, i . e . ,  t h e  impedance 

o f  "Lbe unloaded systen~ must be si~btrac-bed from t h a t  of the sycstein with t h e  

sample i n  place. This i s  accomplished by obtaining a master curve of i n p u t  

arxperage ( I o )  and resonant frequeiicy ( f o )  as functions of t e s t  a ~ p l i t u d e  and 

then subt rac t ing  thess  values from the raw t e s t  data f o r  corresponding 

amp1 i tudes. A1 1 measurements are obtained with the system in resonance. 

Briefly s t a t e d ,  the data reduction consis ts  of the fol lolwing equations: 

Ic*I= [ ( c t ) 2  4" ( s i 1 ) 2 ] l / 2 .  

tan d = G"/G1 

 here: q = Sample shape f a c t o r ,  height/area,  

(I) = ? 1 ~ f ,  

M = Vibrat ins mass of DMA, 243 grams, 

C p =  Force constant of OI(!A, 1.53 x 10 6 

- 1 gm-ohm-sec , 

I = Driving amperage, 

E = O u t p u t  v ~ !  t a g 2 ,  

Subscript zero indicates values f o r  t h c  D M  
without sample and a t  corresponding anpli tude.  



The apparatus and data reduction are  based on the work of Fi tzgerald and 

Ferry (1953 ) .  The dynamic v iscos i ty  ( n o )  and spring ( k )  constants are  

obtained from the re l a t ions  

q o  = G " / w  (4) 

k " G i / q  ( 5 )  

The t e s t  procedure includes the following operat ions:  

(1)  The r inusoidal  inpdt amperage and frequency are adjusted t o  

y i e l d  resonance a t  the  desired s t r a i n  level .  

( 2 )  Ttie resonant frrquency ( f ) ,  input amperage ( I ) ,  and output 

voltage ( E )  are  recorded, 

(3 )  Steps ( 1 )  and ( 2 )  a re  repeated f o r  each desired s t r a i n  l eve l ,  

( 4 )  A photogrzph o f  the sample i s  taken v e r t i c a l l y  from the overhead 

pos i t ion .  The sample area ( A )  i s  determined by using a' planimeter. 

(5 )  The saniple hei3tit ( h )  i s  determined by a  vzrnier micrometi2r. 

( 6 )  Steps ( 1 )  and ( 2 )  a re  repeated without a  sample (i . e . ,  unloaded), 

i n  order  t o  obtain master curves of ( f o )  and ( I o )  vecsus rjtrain l eve l .  

Human brain sec t ions ,  taken a t  autopsy, were obtaine4 from the Veterans 

Adniinistratior, and Uni\iersi ty o f  Michigan Hospitals in A n n  Arbor. The sec t ions  

were packed in p ~ l y e t h y l e n e  bags and placed on i c e  and water within 10 minutes 

a f t e r  removal from the sku l l .  They were then t ransfer red  t o  Dow Corning 

within 2.5 hcurs, I n i t i a l  t e s t s  were run i ~ m e d i  a te ly  upon receip t .  Subsequent 

s torage was a t  3 O C . ,  since ear ly  t e s t s  on Rhesus brain confirmed t h a t  gross 

change occurs in the modulus upon freezing the t i s s u e .  Freezing 1ol:iered the 

s torage  modulus approxirna2,ely a n  crder  of magnitude a n d  the  loss modulus by .a 

f a c t o r  o f  three .  



Rectangular sol id  t e s t  spec.iiiiens with the  appruxirnai;e dimensions of 

2 cm x 3 ciri and 0.4  t o  0.7 cnl i n  height were used. Both of the sample-holder 

plates contacting the specirnen were scored ~ i i t h  a  cross-hatch pattern t o  

reduce slippage. An aerosol adhesive was sprayed on both ? la tes  t u  fur ther  

reduce slippage. The t e s t  specinlen was placed o n  the base plzte arid the cover 

p la te  was then allowed t o  r e s t  in l i g h t  contact with the upper specimen 

surface before being r ig idly  sec~recl  t o  the D14A frame, A p las t i c  cover was 

placed over the sample section t o  form the t e s t  chamber and the temperature 

was adjusted to t e s t  speci f ica t ions ,  Testing was begun a f te r  a  15-*minute 

equil i  bration period. 

A to ta l  of 13 samples of human brain t i ssue  from eight  individ?als has 

been tested i'n v i t ro  u t i l i z ing  the [)MA. All of the saniples were cerebral 
b 

white matter and were tested a t  37°C. The t e s t s  were conducted a t  9 t o  10  Hz. 

In order t o  describe the speci f ic  t e s t  procedure fo r  each sample, two 

terms are  e~p loyed .  A - scan consists  of app~oxirnately s ix  individual 

measurements conducted in rapid sequence, generally moving from low l o  high 

s t r a i n  levels .  Strains approaching 0 .37  were achieved during the tes t ing , 

though n o t  fo r  a17 samples. A ---- se r ies  consists  of a  nwbcr of scans conducted 

i n  rapid sequence, Each t e s t  was numbered t o  ideritify i t  as t o  type of hrain, 

speci f ic  brain,  and speci f ic  scan. 

( B )  I n  Vivo Testing 

The Dynamic Filechani cal Apparatus, t h o u g h  sui tab1 e  fo r  in vi t r o  t e s t ing ,  

can not be used i n  i n  vivo t es t ing ,  To meet the need o f  ar! in vivo t e s t ,  a si;;~11 

d r i v i n g  point impedance device was constructed, Teriried the  Dynamic Probe 



Appardtus (DPA), i t  c o n s i s t s  of  a s i n i ~ s o i d a l l y - d r i v e n  probe a t t a ched  t o  an 

impedance head, and a s s o c i a t e d  e l  ec l ro r i i c  equ-iprnent f o r  s igna l  condi t ion ing  

a n d  d i s p l a y .  

The ou tpu t  s h a f t  of a small electinodynamic v i b r a t o r  ( shaker )  is  

connected t o  t he  impedance head. A f l a t - e n d e d ,  c y l i n d r i c a l  probe of 0.1 cm 2 

c ro s s - s ec t i ona l  a r e a ,  niounted on t he  impedance head, t ransn1i . t~  t h e  s i nuso ida l  

motion of  the shaker  outptrt t o  t h e  t e s t  mate r ia l  and measures t h e  t ,ransnii t ted 

f o r c e .  An a c c e l e r o n e t e r  mounted on t h e  impedance head measures t h e  

a c c e l e r a t i o n  of the  probe,  See Figure  2 .  

The appara tus  f unc t i ons  a s  a  d r i v ing  po in t  impedance dev ice .  The ou tpu t  

c o n s i s t s  of t he  f o r c e  t r a n s f e r r e d  fron; t h e  probe t o  t h e  t e s t  mate r ia l  and t h e  

dynamic displacement  of the probe.  The f o r c e  t ransducer  measures a composite 

s i gna l  c o n s i s t i n g  of t h e  f o r c e  t r a n s f e r r e d  t o  t he  t e s t  mate r ia l  and t h e  f o r c e  
b 

caused by t h e  a c c e l e r a t i o n  of  the  probe mass. This  l a t t e r  f o r c e  component i s  

s u b t r a c t e d  from t h e  con~pos i te  s igna l  in- o r d e r  t o  ob t a in  t h e  d e s i r e d  t r a n s f e r  

f o r c e  func t i on .  This  i s  accompl ished with the  a c c e l e r a t i o n  t r a n s d u c e r ,  by 

e l e c t r o n i c a l l y  s u b t r a c t i n g  2n a c c e l e r a t i o n  s igna l  , equal i n  magnitude t o  t he  

mass a c c e l e r a t i o n  of  the  probe,  from t h e  composite s i g n a l .  The a x e l  erometer 

ou tpu t  i s  a l s o  u t i l i z e d  t o  measure dynamic displacement  by e l e c t r o n i c a l l y  

- s h i f t i n g  i t  180" ou t  of phase ( i  . e m ,  i n v e r t i n g  i t ) .  The r e s u l t a n t  s ignd l  i s  

p ropor t iona l  t o  displacement ,  a t  a  given f requency.  

The t r a n s f e r r e d  f o r c e  and dynamic displacement s i g n a l s  a r e  d i sp layed  on 

a dual-beam osc i l l o scope .  Both 1  i n e a r  and x-y ( L i s s a j o u s )  p l o t s  a r e  pos s ib l e .  

'The Lissa jous  f i g u r e s  a r e  recorded with a  Po la ro id  camera mounted on t he  

o s c i l l o s c o p e .  A complete t e s t  record i s  recorded on magnetic t a p e .  



Subjects t e s t ed  in i n i t i a l  expcirinents us'ing l;he DPA were young adul t  

Khesus monkeys (143caca mulat ta)  r a n g q n g  fror;~ 4 .5  to  5 . 5  Kg arid anesth.tized 

with phencyclidine hydrochloride and sodl'uni pentobarbi t a l  . The rigiqt in ternal  

carot id  a r t e ry  pias cannulated f o r  blood pr,essure monitor-ing and the r i g h t  

in ternal  jugular vein was cannul akcl fo r  sal  l'ne infusion and drug adr;ii n is t ra t ior i .  

Subjects were mounted in  a primate cha i r  and the head secured with a surgical  

head holder thraugh an in t ra -o rb i t a l  t o  dental clamp, The cranial  t e s t  s i t e s  

were prepared a f t e r  a midsagittal inc is ion  in the scalp and separat ion of the  

overlying skin and the  galea aponeuroticd. At a point located according t o  

coarse s t e reo tax ic  posi t ion over the medial area of the precentral gyrus, a 

burr hole was made in the  ~ l a v a r i u r n  and enlarged with a 3/8 inch trephine.  

Upon a t t a in ing  hernostasis the  dura mater under the t e s t  s i t e  was rernoved. 

Either  one t e s t  s i t e  or two contralaterit1 s i t e s  were prepared. ,, 

The BPA was then positioned over the monkey's head so t h a t  the  probe t i p  

would be able t o  contact the exposed cerebral ccr tex ,  After posi t ioning,  the 

probe could be pressed in to  the  brain surface through a screw dr ive  mechanism 

on i t s  c ross l ide  mount and the s t a t i c  brain deformation measured with an 

attached d ia l  indica tor .  The pia-arachnoid was riot punctured dur in!~  the  t e s t s .  

While a t  a specif ied s t a t i c  deformation the probe was driven w i t h  a small 

sinusoidal anpli tude  and the force and accelerat ion s ignals  from the probe re- 

' corded. These s ignals  Idere displayecl on an osc i l  loscope and a l  so recorded on 

magnetic tape. The osci l loscope display permits a simple analysis  of tan 6 and 

t h e  recorded data wil l  be d ig i t i zed  and used t o  solve a model of the brain-probe 

system. 

In t e s t s  where the  dynamic mechanical propert ies  were measured as a function 

o f  blood pressure,  the a r t e r i a l  pressure was control led by intravenous infusion 

o f  a 0.1% solutiou: cf t r inethlphan cs.ri;~horsu?fonate in Ritiger-Locke solu t ion .  T h 2  

infusion ra te  was adjusted to ge t  t h e  desired blood pressure depression, ~ i h i c h  

could be restored t o  norna'l values by stopping the adn~in i s t r a t ion .  
- 



RESULTS . . 

A ,  E n  Vitro Tests 

I n i t i a l  t e s t s  yielded modui us values ehich increased with tirrle as the 

t e s t  se r ies  progressed, This increase has been a t t r i  bvted to  smpl  e drying. 

Subsequent t e s t s  were conducted in a hi yh-humidity environment and general ly  

w i t h  a very thin coating cf a s i l i cone  adhesive on the satqile surface. Valites 

of G '  and G" f o r  a typical t e s t  (HBM-6-20) are  shown in Figures 2 and 3. The 

f i r s t  scan of a se r ies  y ie lds  a strain-dependent modulus whereas the second 

and th i rd  scans do n o t  give a determinable indication of striiin independence. 

Repeated se r ies  following a period with the specimen a t  r e s t  yielcl sim-i?ar 

r e su l t s ,  w i t h  the modulus returning t o  the same level as in the previous 

se r ies  during the F i r s t  scan and remaining so through subsequent scans. This 

repeatabi 1 i  ty indicates t ha t  there i s  n o  rapid i r revers ib le  chang 

as a r esu l t  of t h e  t e s t  environment, I t  i s  concluded tha t  the change in modulus 

during the f i r s t  scan shows not a s t r a i n  dependence, b u t  a conditioning caused 

by shear. Stiffening of the specimen edge while a t  yest i s  1 i  kely, re1 j e v ~ d  

by shear or  redis t r ibut ion o f  moisture under shear. Thixotropy has n o t  been 

rul ed out , however. 

T a b l e  I suminari zes the modulus values obtained from a l l  t e s t s  conducted 

on the E i g h t  brains,  1 i s t ing  the 9.ead.y-state values froni shear-condi tioned 

samples. Based on the above in te rpre ta t ion ,  these t e s t s  indicate tha t  G '  

3 2 3 2 l i e s  between 6-11 x 1 0  dynes/cm , G" 1 ies  between 3.5-6.0 x 10 dyneslcm , 

and tan 5 i s  i n  the range 0 .40  to  0.55. 



B. In Vivo Tests 

Using the DP:! a,nd the: exp?rimental procedure discussed above, L.issajous 

f igures  0.f force versus defoinmation have been obtained on eight  Rhesus monkeys. 

The experiments were dcs"ignec1 to  examine the e f fec t s  of s t a t i c  probe deformation, 

dynamic amp1 i "lde, f requericy and sys tetlii c blood pressure on the i r~ vi vo dynamic 

behavior of the brain. The animals were sacr i f iced  during the experikents a n d  

postrnorteiii e f fec t s  rilere studied. I n  v i t r o  t e s t s  on Rl~esus monkey brain were 

a1 so performed. 

Figure 5a shows a typical h - i g h  amplitude ( 3 0 x 1 0 ~ ~  cm) t e s t  r e s u l t  

demonstrating a highly asyinmetric Lissajous f igure .  This type of f i  gure 

can not be analyzed by pbesent tect~niques.  The symmetric Lissajous p lo t  

i n  Figure 5b i s  typical of the lower amplitude t e s t s  (2.5x10-' cm). The 

symmetry of t h i s  type O F  sinusoidal force Lissajous pat tern allov,~s cer ta in  

dynam-ic c o t ~ s t a r ~ t s  t o  be calculated (Gehman, 1957) a f t e r  sui tab1 e analysis  

b u t  allows the loss tangent tan 6 to  be calculated d i rec t ly  as  indicated in 

A complete analysis  of the t e s t  r e su l t s  irl terins o f  the basic dynamic 

shear rnodul i depends on a rnathematiciil analysis  o f  the DPA-brain system now 

i n  progress. This analysis  will  allow d i rec t  comparison w i t h  the i n  v i t r o  

r e s u l t s  of the previous sect ion.  I t  i s  possible,  however, to  present values 

o f  tan 6 f o r  in vivo Rhesus monkey cerebral cortex as a function of blood 

pressure as shown in Figure 6 .  These re su l t s  for a s ingle  amplitude t e s t  

( 2 . 5 x l 0 - ~  cm) show a decreasing tan 6 with decreasing blood pressure. 



DISCUSSION 

In view of the very soft  nature of brain t issue,  the values of the 

in vi t ro dynamic shear moduli are n o t  surprising. The lowness of these 

values i s  emphasized when they are compared t o  sof t  engineering materials 

as shown in Figure 7. 

Approximate values of the shear e las t ic i ty  and shear viscosity of sof t  

human body tissue have been calculated by von Gierke e t  a1 . (1952) from 

impedance measurements. The value of the shear e las t ic i ty  was found t o  be 

4 2 2.5 x 10 dynes/cm and the shear viscosity was 150P for in vivo muscular 

t issues.  Comparison of G' values from the in vitro brain t e s t  (6-11x10 3 

2 dynes/cm ) with this  approximate shear el as t i  ci ty coefficient places the 

in vi t ro  human brain s t i f fness  just  below t h a t  of in vivo human muscular 

tissue. Equation ( 4 )  can be used t o  calculate the dynamic shear viscosity 

qo for  the in vi t ro human brain giving a range of 56 to 96P, which again 

places i t  just  below that of in vivo human muscular t issue.  Koeneman (1966) 

found the dynamic e las t ic  compression modulus of in vi t ro  brain white matter 

5 2 of rabbits,  r a t s  and  pigs t;o l i e  in the range from 0.8 t o  1.5 x 70 dynes/cm . 
The compression modulus i s  approximately three times the shear modulus for a 

1 inear viscoel as t ic  material of this  type, thus his values are equivalent 

4 t o  a G 1  range of 2.7 t o  5 r: 10 dynes/cm2, somewhat higher than von Gierke's 

values for  muscular t issue.  Koeneman reported a dynamic viscosity of 43.5P 

while Franke (1954) reported a shear viscosity of 14.9P calculated from 

impedance measurements on in vi t ro   pi!^ brain. Dividing Koenemanls value by 

three gives a dynamic shear viscosity of 14.5P, in close agreement with Franke. 

Both of these values were calculated from data obtained in the frequlency range 

of 100 t o  500 Hz. Since the in vi t ro  tes t s  reported in th is  paper wise 

performed a t  9 t o  10 Hz, the differences between the shear viscosity 



coe-Ff.icicnts could very we'll be due t o  vc?riation o f  the dynamic propert-ies 

with frequency, a s i  tuiiiiorl f ~ ~ i ~ d  in most v i scse las t i c  materials .  The 

poss ib i l i ty  of differences between the mechanical properties of t h e  brain 

in lower animals and those o-F primate brain canr~ot be ruled ou t ,  however, 

Onltnaya (1966) discussed the high impact tolcrarrce of small animals with 

t h e i r  campact brains which are n o t  as cleformable as larger  brains. 

The high values of tar: 6 (Table 1)obta.ined in the in v i t r o  tes t ing  

characterize the brain t i s sue  as a material with high internal darnping. 

These high values ca r re la t e  with the in vivo t e s t  as shown in Figure 6 

wherc the t a n  6 f a r  zero blood pressure approaches the range found fo r  

i n  v i t r o  human brain. The indicatiorrs from th i s  i n i t i a l  in vivo to  i n  

vitro correlat ion are tha t  the t e s t  w i l l  provide the means fo r  resolving 

the ques tio12s of pos tmorteir; changes, blood pressure ef fec ts  and f'r.Leq~~ency 

e f fec t s  on the dynamic properties of brain t i s sue .  Vsn Gierke (1966)  

showed tha t  f o r  tnis type  of material being tested and fo r  the frequency 

range being employed, tha t  the probe t e s t  i s  basical ly a shear t e s t .  Thus, 

the poss ib i l i ty  of calculat ing G '  and G "  from t h e  data using the proper 

mathematical techniques i s  qui te  good. 



TABLE I 

BRAIN  -- AGE -- 

SUMMARY OF I N  V l T R O  D Y N A M I C  MECHANICAL 
PROPERTIES OF HUIviAN 5,rtnIPiS 

llou rs Pos .I;-"Nortern -.- -------- t a n  6 -".- 



This work was supported by National Xnsti tute  for Neurological 

B i  seases and B l  i ndness Con.trac.t No. PH-43-67-1136. 



Rodgson, M. C .  H .  (7962) Col lo ida l  S t r u c t u r e  of Brain .  - Biorheolocu. -, - 1 21-30. 

F i t z g e r a l d ,  E .  K. and Fe r ry ,  J .  D. (1953) Methocls f o r  determining t h e  

dynamic mechanical behavior of ge l s  ztnd s o l i d s  a t  audio f r equenc i e s :  Comparison 

of mechanical and e l e c t r i c a l  p r o p e r t i e s .  -- 9. Colloid  -- S c i .  8 1-34. 

Franke, E .  K .  (1954) The response o f  the  human sku l l  t o  mechanical v i b r a t i o n s .  

Wright-Pat terson Air  Force Base, Ohio, WADC Tech. Rept. 54-24. 

Franke, E .  K .  (1951 ) Mechanical Impedance of t he  Sur face  of  t he  Human Body. 

J .  Appl. Phys io l .  3 582-590. -- - 

Gehrnar,, S. D. (1 957) L)ynamic Propcr tSes  o-F E l  astoorncrs .Rubber ------- Chern and Tech. 

30 1202-1250. 

von Gierke,  H .  E . ,  O e s t r e i c h e r ,  W, I _ .  , Franke, E. K, , Par rack ,  W:O. and 

von N i t t e r n ,  W ,  W. (1952) Physics of Vibra t ions  in l i v i n g  T i s s ~ i e s .  

J .  A p p l .  Phys io l .  4 886-900. 

von Gierke,  H .  E .  (1 966) On t h e  Dynamics of Sorne Head In ju ry  Mechiinisms. 

In  Head In ju ry  (Edi ted by W .  F. Caveness and A .  E .  Walker) p p .  383-396. 

b i p p i n c o t t ,  Ph i l ade lph i a .  

Goldsmith, W. (1966) The Physical  Processes  Producing Head I n j u r i e s .  In 

Head I n j u r y  (Edi ted by W. F .  Caveness and A .  E .  Ma1 ker )  pp. 350-,382,, L ipp fnco t t ,  

Ph i l ade lph i a .  

Holbourn, A.  H .  S.  (1943) Mechanics of Head In jury .  Lancet 2 438-441. 

Koeneman, J .  B. (1  966) Vi scoel  a s t i c  F rope r t i e s  of Brain T i s sue .  Unpub l  i shed 

M.S. Thes i s ,  Case I n s t i t u t e  of Technology. 



I?artine:r, J .  1,. (1963) S1;udy o f  b!h ip lash I n j u r i e s  i n  Animals. The American 

Society of Meci~anical Engineers Paper No. 63-WA-281, New York. 

P u d e n z ,  R .  W .  and Sheldon, C. H. (1946) The 1-uci te  Calvari  u ~ i i  -. A M2thod f o r  

Di rec t  Observation of t h e  Bra in ,  11. Cranial  Trauma and Brain Movement. 

J .  Ncurosurg. 3, 487-505. -- 

Ornmaya, A .  K. (19GG) Experimental Head In jury  in t he  Monkey. I n  Head In jury  

( E d j t e d  by Id. F. Caveness and A, E .  Nal ke r )  pp. 260-275. L ipp inco t t ,  Phi ladelpi l ia .  

Qmniaya, A .  K. (1968) Mechanical P rope r t i e s  o f  Tissues  o f  the  Nervous System. 

J .  Biomechanics 1 79-88. ----- 

Unterharnscheiclt,  F .  and S e l l  i e r ,  K. ( 1  966)  Mechanics and Pathomorphology 

of Closed Brain I n j u r i e s .  I n  Head In jury  (Edi ted by N. F .  Cavcnzss and 

A.  E, Walker) p p .  321-341. L ipp inco t t ,  Ph i lade lph ia .  
b 











HIGH -AliF31,1TUDE l,,lSSAJOUS PLOT 

FORCE 

LO!:/ --Ai,:PLImThJnE LISSAJOUS PLOT 

FIGURE 5 ,  DPt7 Lissajous P lo t s  







THE AXISYlvilJiETRIC RESflOP.iSE OF A FLUID-FILLED 
SPHERICAL SHELL 



THE AXISm+%lTi12 RESPONSE OF A FLUID-FILLED i 

SPHERICAL SEELL 

by 

A i i  Erkan Engin 



THE AXISYbPETRIC RZEI'ONSX OF A FLUID-FILLED 82HERICAL SHELL 

b Y 
A l i  Erkan Engin 

A d i s s e r t a t i o n  submit ted  I n  p e r t i a l  f u l f i l l m e n t  
of t h e  requi.rernents f o r  t h e  degree of 

Doctor of Pi?il.oscphy i n  
The U n i v e r s i t y  of Michlgan 

1968 

Doctc ra l  Committen: 

Assoc le te  ? r o f e s s o r  Roger C. Lox, Co-Cnelrrgan 
A s s i s t a n t  Zrofessor  Y ,  King LLu, CD-Chair:n.ar- 

P ro fessor  Vsdat S .  Arpacl  
Assoc ia te  F r a f e s s o r  Ivor I(. bIcIvcr 
Professor  Chia-Shun Yih 



A B S T R A C T  

TFE AXZSYPJ~BTRIC REISPONSE CF A FLUID -- FILLED SPhXRICAL SHELL 

A l i  Zrkan Engic 

Co-Chai.rrnen: Roger D .  Lowi Y ,  King Liv 

This i n v e s t i g a t i o n  i s  concerned w i t h  t h e  f r e e  v i b r a t i o n  a n ~ l y s i s  of a  
f l u i d - f i l l e d  s p h e r i c a l  shel.1- and t h e  d e t e r ~ i n z t i o n  of t h e  dynarlic response 
of such a  f l u i d - " s h e l l  systerr. when s u b j e c t e d  t o  a  l o c a l  r a d i a l  im$u.lsive l o a d .  
From t h e  a p p l i c a t i o n  p o i n t  of view, a  f l u i d - f i l l e 6 .  s p h e r i c a l  s h e l l  i s  con- 
s i d e r e d  t o  be a  sirrple,  bu t  t o  d e t e ,  t h e  most irnproved t h e o r e t i c a l  node1 
represe l l t ing  t k e  huxan head when s u b j e c t e d  to impuls ive  e x t e r n a l  l o a d s .  

U t i l i z i n g  l i n e a r  s h e l l  theory,  which i n c l u d e s  b o t h  membrane and bending 
e f f e c t s ,  t h e  d i f f e r e n t i a l  e y u a t i o r s  f o r  t h e  axisymmetric, non tors iona l  rrlotion 
of a  f l u i d - f i l l e 5  t h i y  s p h e r i c a l  s h e l l  a r e  ob ta ined  by meens of Hamil ton 's  
p r i n c i p l e .  The ~ o t i o r -  of t h e  f l u i d  i s  assuxe?. t o  be governed by t h e  l i c e a r  
wave equa t ion .  It i s  sho-h~n t h a t  a p p r o p r i a t e  l i n i t i n g  c a s e s  of t > e  f requency 
equat ioc  f o r  t h e  above s ~ s t e m  xgree w i t k  tkose  s f  t h e  s i r rpler  r o d e l s  p r e v i o u s l y  
i n v e s t i g a t e d ,  '?Je u s e  t h e  Laplace t r a n s f z r y - t e c h n i q u e  i n  determi5ing t h e  
t r a n s i e n t  respocse of t h e  s y s t e n  t o  a  l o c a l  r a d i a l  i r p n l s i v e  l o a d .  The so lu -  
t i o n  t h u s  o b t a i z e d  f o r  t k e  v e l o c i t y  p o t e n t i z l  of t h e  f l u j d  and t:e d i ~ p l a c e ~ e n t  
cornporents of t h e  shell .  mid-surface i s  t3e Green ' s  f u n c t i o n  of t k e  problem 
w i t h  r e s p e c t  t o  t i r e .  

Some n u ~ e r i c a l  r e s u l t s  f o r  t k e  t k e o r e t i c a l  r o d e l  a r e  ob te ined  f o r  2 s e t  
of z p p r o ~ r i a t e  d a t a .  Ke co-Kpare t h e  s t r e s s  d i s t r i b u t i o n s  a t  v a r i o u s  t i m s  in 
t h e  s h e l l  f o r  both ;he e n p t , ~  and t h e  T l u i d - f i l l e d  cases .  I n  t h e  f l u i d - f i l l e d  
case  t h e  excess  p r e s s u r e  p ropaga t icn  i n  t h e  f l u i d  i s  a l s o  d i scussed .  The 
p o s s i b l e  l o c a t i o n s  of b r a i n  &amage a r d  s k u l l  i n j u r y  a r e  i n d i c a t e 5  on t h e  b a s i s  
gf t h e  n m e r i c a l  c 3 ~ . p u t a t l o n s .  
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CHAPTER l 

INTRODUC TI OIG 

The s u b j e c t  m a t t e r  of t h i s  i n v e s t i g e t i o n  r e c e i v e d  Lts  stinculus frolr t h e  

folio-fling tico c o n s i d e r a t i o n s .  Fj r s t  of a l l ,  t h e  colrplete d e t e r r r i ~ a t i o n  cP t h e  

dynamic response of a  f l u i d - f i l l e d  s h e l l  subjectad t o  a  l o c a l  r s d i a l  i m ~ u l s i v e  

l o a d  i s  a  p o i n t  of i n t e r e s t  i n  t h e o r e t i c a l  mechanics due t o  t h e  f l u i d - s o l i d  

i n t e r a c t i ~ ~  n a t u r e  of t h e  p rob len .  Secondly, i t  i s  hoped t h s t  a  f l u i d - f i l l e d  

s p h e r i c a l  s h e l l  w i l l  serve  a s  a simple b u t  iuiproved t h e o r e t i c a l  model r e p r e -  

s e n t i n g  t k e  hcman head when sub jec ted  t o  impulsive e x t e r n a l  l o a 5 s ,  The 

p rev ious  s t u d i e s  can be put  i n t o  t h r e e  c a t e g o r i e s :  

(1) S t u d i e s  on t h e  respcx~se of an i n v i s c i d  a d  i r r o t e t i o n a l  f l u i d  con- 

t a i n e d  i n  a  r i g i d  c l o s e d  s p h e r i c a l  s h e l l  o r  c o n t a i n e r .  
- )  

(2) S t u d i e s  on t h e  dynernic a9alys.s of v a r i o u s  e l a s t l c  s h e l l s ,  - 

( 3 )  S t u d i e s  involving s h e l l s  i n  c o n t a c t  e x t e r n a l l y  ar-d/or i n t e r n a l l y  

w i t h  f l u i d s .  

I n  t h e  f i r s t  ca tegory t 3 e  n a j o r  c o n t r i b u t i o n s  were rrade by Axzel ius  
1 

7 a r d  ~ G t t i n g e r .  Their  f  3rrr,ulation, motivated by i n v e s t i g a t i o r s  of t h e  response 

gf t h e  b r a i n  t o  a  sudden blow on t h e  s k u l l ,  a r e  e s s e n t i a l l y  i d e n t i c a l  and 

invcl-ve an a x i s y r x ~ e t r l c  sol-ut i o n  of t h e  wave eq-ustior- i n  s p h w i c a l  coordine t e s  . 
I n  t t e  papers  of botk. au tkors  t h e  e l g e n v a l ~ e s  of t h e  problerr a r e  determine?. 

by r e q u i r i n g  t h e  r a c i a l  corapcnent of t h e  f l u i d  v e l o c i t y  t o  v a l i s k  a t  t h e  i n -  

t e r i o r  su r face  of t h e  r i g i d  s p h e r i c a l  s h e l l  s u r r o m d i n g  t h e  f l u i d .  I n  t k e  

a n a l y s i s  of &-zelius t h e  s ~ h e r i c a l  v e s s a l  c o r ~ t a i n i n g  t h e  f l u i d  has cons tan t  

t r a c s l a t i c r l e l  v e l o c i t y  f o r  t < 0. A t  t = 0 t h e  v e s s e l  i s  b r o ~ g h t  t o  a s ~ d d e n  



s t o p ,  From t h i s  physicc..l  sj.tua,tion he g e t s  one i n i t i a l .  c o n d i t i o n  f o r  t h e  

v e l o c i t y  p o t e n t i a l ,  0, of t h e  f l u i d  and assumes the  i n i t i a l -  p r e s s u r e  d i s t r i -  

b u t i o n  which s u p p l i e s  t h e  second i n i t i a l  c o n d i t i o n  on t h e  t ime d e r i v a t i v e  of 

I. I n  Guttj-nger ' s  a n e l y s i s  t h e  f l u i d - f  i l l e d  s p h e r i c a l  vessel. i s  i n i t i a l l y  a t  

r e s t .  At t = 0 a  "momentary i n p a c t "  f o r c e  i n s t a n t a n e o u s l y  a c c e l e r a t e s  t h e  

v e s s e l  t o  a  c o n s t a n t  v e l c c i t y  which t h e  v e s s e l  r e t a i n s  f o r  a l l  t > 0. Again 

from t h e  p h y s i c a l  s i t u a t i o n  t h e  f i r s t  i n i t i a l  condi t i -on on @ can be w r i t t e n  

d o ~ m  i m m e d i a t e l j  and t h e  second i ~ i t i a l  c o g d i t i o n  on t h e  t ime deriva.kive of 

0 i s  equ-a1 t o  z e r o  s i n c e  t h e  i n i t i a l  dynamic pressw-re d l s t r ibu-Lion  in. t h i s  

case  i s  ze ro .  Both a u t h o r s  concluded t h a t  an i n i t i a l  compression wave a r i s e s  

from t h e  p c l e  of impact, and due t o  t h e  r i g i d i t y  of t h e  s h e l l ,  i n s t a n t a n e o u s l y  

a t e n s i o n  ( r a r e f a c t i o n )  wave i s  e m i t t e d  from t h e  c o u n t e ~ p o l e ,  b o t h  t r e v e l i n g  

towards t h e  geonetr ' ic  c e n t e r  of .the system. The s u p e r - p o s i t i o 2  of tkie two 

waves a t  t h e  c e n t e r  produces l a r g e  charges  i n  t h e  f l u i 6 .  p r e s s u r e  and t h f s  

phenomena was cons idered  t o  be t h e  cause of b r a i n  trauma. It shoul-d be r e -  

marked t h a t  t h e  assnmption of r i g i d i t y  of t h e  s h e l l  causes  an  I n f i r i t ; e  speed 

of wave p ropaga t ion  i n  t h e  c o n t a i n e r  a d ,  a s  a  d i r e c t  consequence of t h i s ,  

every p o i n t  of t h e  i n t e r i o r  s u r f a c e  of t h e  c o n t a i n e r  i n s t a n t a n e o u s l y  becomes 

a  sou-rce of v a r y i n g  s t r e n g t h  which t r a n s r - i t s  energy i n t o  t h e  f l u i d .  The 

L 
obvi0u.s shor tcon ings  of t h e  f l u i d - f i l l - e d  r ' ig ld  s h e l l  model l e d  Goldsrzith 

t o  suggest  t h e  cons t ruc t io l ;  of a  f l u i d - f i l l e d  -- e l a s t i c  s h e l l  model ancl i t s  

a n a l y t i c a l  o r  n ~ m e r i c e l  soluti.om. Gol.dsmithfs paper  was p r i m a r i l y  addressed 

t o  those  who e r e  o u t s i d e  of t t e  d i s c i p l l n e  of Kec3sn ics ;  however, a  thorough 

revi.e.vi cf pr?vicu.sly ev-plcyed t h e o r e t i c a l  and. experi.mente1 msthods d e s c r i b i n s  



t h e  format ion of bre.in trauma and head i n j u r y  has been given.  

The i n v e s t i g a t i o n s  belonging t o  t h e  second ca tegory  a r e  riurLerous. Only 

a  few r e p r e s e n t a t i v e  ones w i l l  be mentioned he-re. Dynamic a . n d y s i s  o.f s h e l l s  

d a t e s  back a s  e a r l y  a s  1.882 'ihen La110'~ used an e x t e n s i o n a l  f o r m l a t i m  i n  t h e  

s tudy  of c losed  s p h e r i c e l  s h e l l s .  A few y e a r s  l a t e r  a famous d i s p u t e  took 

15 p l a c e  between RagleighP3 and. Love i n  an endeavor t o  c o n s t r u c t  a  theor; f o r  

t h e  vi.bra.tion of b e l l s .  Raylei.ghf s  t r ea tment  was i n e x t e n s i o n a l ,  i . e . ,  he 

assumed t h a t  no s t r e t c h i n g  of t h e  mid-surface of t h e  s h e l l  t a k e s  p l a c e  dur ing  

16 
deformatiofi, irhereas Love inc lxded  both  f l e x u r a l  and e x t e n s i o n a l  e f f e c t s .  

Love's f o r m l a t i o n  of t h e  problem has becorr-e t h e  c l a s s i c a l  bending theory  of 

s h e l l s  no-$ii kno~rn a s  Love's  f i r s t  approximation.  Based o r  t h e  ex tens iona l  

26 
t h e o r y  of Love, S i l b i g e r  s t u d i e d  f r e e  and f o r c e 6  v i b r a t i o n s  of s p h e r i c a l  

2 
s h e l l s  and 8aker obtz ined s o r e  exper i r -en ta l  r e s u l t s ,  Naghdi and Kalnins,  

2  0 

u s i n g  c l . a ss ica l  banCing theory ,  i n v e s t i g a t e d  a x i s y r m e t r i c  a s  w e l l  5s asyrrinetrlc 

v i b r a t i o n s  of t k i ?  s $ h e r i c a l  s h e l l s  an6 ob te ined  soye numerical  r e s u l t s  f o r  

t h e  n a t u r a l  f requenc ies  ( o f  1v):est circ~;MLrerentFal wave numbers) and msde 

11 
shepes,  Kalnins,  u s i n g  l i n e a r  b e n d i ~ g  theory,  made v i b r a t i o : ~  ana lyses  of 

s p h e r i c a l  s h e l l s  c l o s e d  a t  one po le  and open a t  o t h e r  and deterrr~lned r -a tu ra l  

f r e q u e n c i e s  and mode shspes f o r  opening zngles  rang ing  from shallo;.; t o  c losed 

s h e l l s .  H2 e l s o  e x p l ~ i n e d  c e r t a i n  paradoxial. s i t x a t i o n s  which occi;rr'ed a t  

t h e  lower branch of Love's f recpency spectrum i n  terms of t h e  e f f e c t s  of 

1 2  
bending. Klein  a p p l i e d  t h e  f i n i t e  e le rLen t  approach t o  t h e  dynamic a n a l y s i s  

of r m l t i l a y e r  s h e l l s  w i t h  s p e c i a l  errphasis on t h e  corriputationsl a s p e c t s  and 

obta ined a  s o l u t i o n  fcr.  a  ~ ' 7 i 3 . 1 1 ~ ~ ~  s ~ h e r i c a l  ca? under a tirr.e Aeper~dent axisy-r- 

18 
metr ic  p r e s s u r e  l o a d .  Medick, witki.n t h e  frarr.e7~70rl?; of modified shs,ll.ou s h e l l  



theory,  o b t a i n e d t k e  i n i t i a l r e s p o n s e  3f a r e s t r i c t e d  c l a s s  o f t h i p  s'nel-ls ivhick 

a r e  e s s e n t i a l l y  s p h e r i c a l  and s h ~ l l o i . ;  i n  t h e  neigkborhood of 1oadir.g. Based 

1 4  
on t h e  l i n e a r  c l a s s i c a l  s h e l l  t h e o r y  Long i n v e s t j g e t e d  the  e f f e c t  of r a d i a l  

p re load  on t h e  r e t u - r a l  frequencies of t h i n  cl-osed s p h e r i c a l  s h e l l s  and found 

t h a t  pure  r a d i a l  and torsional modes a r e  v i r t u e l l y  independent of t h e  r a d i a l  

p re load ,  Using l i n e a r i z e d  smal l  deformation theory  Ku.mphreys and Wir-ter 
Y 

obtained s o l u t i o n s  i n  t h e  form of i n f i n i t e  s e r i e s  f o r  an i n f i n i t e l y  long 

c y l i n d r i c a l  s h e l l  und.er a  t r a n s v e r s e  pressu-re pu l se .  Recently,  McIvcr and 

17 Sonstegard s t u d i e d  t h e  a . x i s y m e t r i c  response of a  c losed  s p h e r i c a l  s h e l l  t o  

a n e a r l y  uniform r a d i a l  impulse and t h e  associ .ated s t a b i l i t y  problem of t h e  

b r e a t h i n g  sr,ode. 

The prob1er.s i n  t h e  t h i r d  category rece ived  s o m  ~ t t e n t i o n  e s p e c i a l l y  by 

1 0  
those  i n  t h e  f i e 1 5  of acoustics, Junger i n v e s t i g a t e d  t h e  e f f e c t  of t h e  

f l u i d  on t h e  ~ a t v r a l  f requenc ies  o h c y l i n d r i c a l  and s p h e r i c a l  s h e l l s  f r e e l y  

suspended I n  a  c a r p - e s s i b l e  f lu - id  m e 6 i ~ s .  Free asd f o r c e d  3 s c i l l a t l o n s  of 

i n f i n i t e l y  long,  ( t h i c k  a s  w e l l  a s  t k i n )  c y l i n d r i c a l  s h e l l s  su r rou-ded  by 

b 
water  were s t u d l e d  by Sreenspon who t r e s t e d  unpressc r ized  s h e l l s  by exac t  

e l a s t i c i t y  theory and c y l i n d r i c a l  s h e l l s  w i t h  i n t e r n a l  flciE. by spproxir -a te  

5 s h e l l  tk.eory, Soodrr1zn and S t e r r ,  us ing e l ~ s t i c i t y  theory  an3 r u i ~ e r i c a l  i n -  

t e g r a t i o r l  of a  system of ordina.ry d i f f e r e n t i a l  equat ions ,  i n v e s t i g a t e d  t h e  

s t e a d j  s t a t e  response of a  f l u i d - . f i l l e d  s p h e r i c a l  s h e l l  subrrerged i n  a:zother 

2 5 f l u i d .  81rlklgsrch1~: made a p p r o x i ~ a t e  c a l c ~ l a t i o n s  t:, o b t a i n  l m e r  f r e -  

quencies end  ode shapes of t h e  axisymrezr ic  o s c i l l a t i o n s  o X i q u i d - ! ' i l l e 6  

s k e l l s  of r e v o l u t i o n .  Assuy.lng " f l e t  su r f  ace rr.otlonl' f o r  t h e  f r e e  su r face  

of t h e  l i q u i d  end applying R l t z  method 're c a r r i e ?  out t k e  calculati:,!is f o r  a 



22 
l i q u i d . - f i l l e d  c y l i n d e r  and a  h a l f - s p h e r e .  Recent ly ,  R a ~ d  and Dinaggio ob- 

t a i n e d  f r squency  equa t ions  and mode shepes f o r  t h e  axisy-inmetric, e x t e n s i o n a l ,  

n o n t o r s i o n a l  o s c i l l e t i o n s  of f l u i d - f i l l e d  e l a s t i c  s p h e r i c a l  s h e l l s  and r i g i d  

p r o l a t e  s p h e r o i d a l  s h e l l s .  

As i t  was p o i n t e d  o'u-t i n  Goldsmith ' s  paper ,  t h e  v a r i o u s  mechanisms of 

s k u l l  and b r a i n  darnage proposed by previou-s i n v e s t i g a t o r s  Ere of l i t t l e  p rac -  

t ica .1  val-ue i n  q u a n t i t a - t i v e  de te rmina t ions  of t h e  l o c a t i s 2  and m g n i t u d e  of ----- -- 

b r a i n  tra-iina and head i n j u r y .  I n  t h e  l i t e r a t u r e  t h e w  a r e  no r i g o r o u s  mathe- 

m a t i c a l  t r e a t m e n t s  of t h e  theore t i ca l .  hea.:! i n j u r y  models except  f o r  t h e  f l u i d -  

f i l l e d  -- r i g i d  s h e l l  model analyzed by Anzel ius  and ~ Z t t i n g e r .  It should  be 

emphasizee. t k a t  a  cont inuun mcdel i s  m c h  e u ~ e r i o r  t o  a lunped-perane te r  

model due t o  t h e  n a t u r e  of she  s k u l l  and b r a i n  m a t t e r .  I n  t h e  lurf~ped- 

parameter  model t h e  c r i t e r i o n  of danage i s  kased  on maxirflum acce le ra tLon  where- 

a s  i n  t h e  c o n t i n u r n  ~ 3 2 e l  03 rraxirmm s t r e s s ,  whlc5 i s  c l e a r l y  es tabl ishe? .  fror 

t h e  experirr.ental d a t a  t o  be t h e  cause  of i n j u r y .  Therefore  any t h e o r e t i c a l  

model r e $ r e s e n t i n g  t h e k u ~ . a n  kead 'hihen s ~ b j e c t e d  t o  a  time-depe2dent f ~ r c e  

must be c o n s t r u c t e d  on t h e  b a s i s  of continucm mechanics, which a l lows  de I"o~-  

 atio ions d e ~ e n d i r ~ g  bo th  on l o c a t i o n  w i t h i n  t h e  body and o r  t ime.  

The t h e o r e t i c s 1  model f o r  t h e  p r e s e n t  i n v e s t i g 3 t i o n  c o n s i s t s  of e  t h t n  

e l a s t i c  s p h e r t c a l  s h e l l  f i l l e l i  w i t h  i n v i s c i d  c o r ~ p r e s s i b l e  f l u i d .  I n  Chapter -- 

2 t h e  governlng d i f f e r e n t i e . 1  equa t ions  o h  f l u i d - f i l l e d  s p h e r i c a l  s h e l l  a r e  

ob ta ined  by nieens of Earni l ton 's  p r i n c i p l e .  SLnce one of t h e  rcajor pl7obl.eXs of 

t h e  dynamic ana:Lysis of c o ~ t i n i ~ . o u s  e l a s t i c  systems i s  t h e  proper  descr ip? , ion 

of t h e  n a t u r a l  frec-,uencies, t h e  fr3quency ec;ur,-tion f o r  t h e  ;r.o?.el under ccn- 

s i d e r e t i 0 2  i s  determ-ined f o r  a x i s y r m e t r i c  2nd n o n t c r s l o R a l  motion f r : ) ~  t h e  



combined t h e o r y  which i n c l u d e s  membrane and bending e f f e c t s  of t h e  sht.11. It 

i s  a l s o  sho:dn t h a t  v a r i o u s  l i m i t i n g  c a s e s  of t h e  f requency equa t ion  agree  

wi th  t h e  frequency equa t ions  of t h e  s impler  models p r e v i o u s l y  i n v e s t i g a t e d .  

Chapter 2 i s  c o n c l ~ d e d  w i t h  d e l i n e a t i o n  of sone of t h e  s a l i e n t  f e a t u r e s  of 

t h e  f requency spectrum i n  view of t h e  frequency s 2 e c t r a  of t h e  l i m i t i r g  cases .  

I n  Cnapter 3, t h e  response of a f l - u i d - f i l l e d  e l a s t i c  s p h e r i c a l  s h e l l  sub- 

j e c t e d  t o  a l o c a l ,  r a d i a l  i n p u l s i v e  l o a d  i s  determined by Keans of t h e  Laplace 

t r a ~ s f o r r z a t i o n .  The s o l u t i o n s  ob ta ined  f o r  t h e  nondimensional v e l o c i t y  po- 

t e n t i a l  of t h e  f l u i d  and nondimensional r e d i a l  and t a n g e n t i a l  d i s p l a c e ~ ~ e n t s  

of t h e  s h e l l  r.id-sur:ace e s s e n t i a l l y  i s  t h e  Green 's  f 'unction of t h e  p r o b l e x  

w i t h  r e s p e c t  t o  nondimenslonal t ime.  Thus t h e  response of t h e  system t o  any 

a r b i t r a r y  time-dependent e x t e r n a l  l c a d  of f i n i t e  d u r a t i o n  i s  obta ined by 

malring use  of t h e  convolut ion i n t e g r a l .  The l a s t  chap te r  of t h e  Yies i s  i s  

devoted t o  soKe n u n e r l c s l  r e s u l t s  and t h e l r  d i s c u s s i o n .  



CXAPTEIR 2 

R LINEAR FORMJIATION 

I n  t h i s  chap te r  t h e  frequency equat ion of a closeci, f l u i d - f i l l e d  e l a s t i c  

s p h e r i c a l  s h e l l  f o r  a x i s y ~ m e t r i c ,  n o n t o r s i o n a l  motion i s  obta ined f r o K  t h e  com- 

bined l i n e a r  t h e o r y  which i c c l u d e s  membrane ( e x t e n s i o n a l )  and bending ( inex ten-  

s i o n e l )  e f f e c t s  of t h e  s h e l l .  

2 . 1  REPR3SET\TTATION OF SHELL DEFORVATION 

Deformation of a given s h e l l  can be analyzed i n  terms of t h e  deforniation 

of i t s  m i d - s - ~ r f a c e .  The mid-surface o f  a s h e l l  i s  de f ined  t o  be a s u r f a c e  which 

l i e s  midway Setween t h e  two bounding s u r f a c e s  of t h e  s h e l l .  I n  t h e  fol lowing 

a n a l y s i s  any s u r f a c e  which i s  equ id i s tance  from t h e  mid-surface w i l l  be c a l l e d  a 

z-surface .  A s e t  o f  C a r t e s i a n  axes i s  chosen w i t 5  o r i g i n  a t  t h e  c e n t e r  of t h e  

s h e l l .  A s p h e r i c a l  coordinate  system can t h e n  be s e t  up, a s  s h o w  i n  Figure  1, 

Figure  1. Coordinate system f o r  t h e  s h e l l  and i t s  i n t e r i o r .  

2.2 Sm4iIN-DISPLACE:+ZIaT-S'mESS XZLC,TIO?,T.:S 

Deforrr.ai;ion of t h e  mid-surface I.s com.pletel:r de te rn ine2  b $ ~  tt,:? s t y z f ~  

7 



q u a n t i t i e s  €1, c2, y, ~ 1 ,  KZ, T. The f i r s t  t h r ee  charac te r ize  t h e  var : ia t ions 

of t h e  dirrierisions 3f a  s ~ a l . 1  element of t h e  sur face  arid t h e  o the r  t h r e e  char- 

a c t e r i z e  t h e  d i s t o r t i o n  of  t h e  element. These s t r a i n  q u a n t i t i e s  a r e  given, i n  

general ,  i n  terms of t h e  eor~ponents u; v, hT, of t h e  displacement vecto.r, t h e  

~ a m d ~ a r a m e t e r s  Al,! A? and the p r i n c i p a l  r ~ . d i i  of curvature  R1, R,. If one 

t akes  t h e  cu rv i l i nea r  coordinates  al, q2 of t h e  mid-surface t o  be t h e  :pr incipal  

coordina+es, then these  s t r a i n  quantities a r e  (21.) 

For a  sphe r i ce l  surf'zce o f  rad ius  a, Al = R1 = R2 = a, end A2 = a  s i n  g. Zn- 

troduc$ion of ~xisyrrinetry a22 precluding tors ional .  d i s p l a c e ~ e n t s  meen 



where v i s  t h e  displacement  component i n  t h e  6 (a,) d . i rec t ion .  The remaining 

displacement  components of t h e  mi.d-surface a r e  a long  ~(9) end a long  t h e  out- 

ward normal t o  t h e  s u r f a c e .  These a r e  

and 

Imposing t h e  c o n d i t i o n s  ( 2 . 2 . 2 )  and (2 .2 .3)  on (2 .2 .1 )  y i e l d s  t h e  f o l l o u -  

i n g  mid-surface s t ra in -d i sp lacement  express ions :  

I n  (2 .2 .5 )  E and E a r e  t h e  t a n g e n t i a l  s t r a i n s ,  ?inereas K. and ic car1 be 
cP 8 9 0 

viewed a s  t h e  v a r i a x o n s  o f  t h e  c u r v a t - ~ r e  of t h e  mid-surface o f  t h e  s h e l l  dur-  

i n g  deformat ion.  It can be shown (21)  t h a t  t h e  z - sur face  s t r a i n s  a r e  r e l e t e d  

t o  t h o s e  o f  t h e  mid-scrface  ig t h e  fo l lowing  mlenner: 

By Hooke's law 8nd t h e  second hyps- thes is  of I<i.rchoff,* m e  has f o r  a. ~ ~ o m o g e ~ e o u s  

*The h n o t h e s e s  o f  Kirchoff  can be s t a t e d  a s :  
(1) The normals t o  Kle undeforn;ell mid-surface  remain normal a f t e ?  deforna-  

t i o n  and do n o t  s t r e t c h .  
( 2 )  The norm.1 s t r e s s o s  a c t i ~ ~ g  on   lanes p a r a l l e l  t o  t h e  mid-surface %re  

~ e g l e c t  ed.  



and i s o t r o p i c  s h e l l  t he  following s t r e s s - s t r a i n  r e l a t i o n s .  

where E i s  Young's modulus and v i s  Doj.ssonls rati.0. 

2.3 EQUATIONS OF MOTION 

The equations of motion of a c losed ,  f l u i d - f i l l e d  spher ica l  shell .  can be 

derived by use of Hamilton's Princi.ple.  I n  order  t o  appl-y t h i s  p r i n c i p l e  t o  

t h e  problem under cons idera t ion ,  it i s  necessary t o  calcul.ate t h e  pote-nt ia l  

and k i n e t i c  energ ies  of t he  t h i n  sphe r i ca l  s h e l l  surrounding t h e  f l u i d .  

The p o t e n t i a l  energy of t he  s h e l l  i s  

where t h e  f i r s t  i n t e g r a l  re;resents t he  s t r a i n  energy o f  t h e  s 5 e l l  during de- 

formation; U i s  t h e  s t r a i n  energy densi..t,y. pe-r u n i t  mid.-surface of t h e  s h e l l  
- 

iven a s  and i s  g l  

I n  (2.3.2)  t he  f i r s t  term gi.ves t'ne s t r a i n  energy dens i ty  of  s t retchi :ng and 

shearing of t he  mid-surface, tLe second t h a t  0 3 e g d i n g  eyd t o r s i o n .  The 

secogd and ",e t h i r d  i c t e g r e l s  i n  ( 2 . 3 . 1 )  represent  t he  p o t e g t i s l  energlr d .~e  

t o  t h e  e f f e z t s  0 5 i n t e r r - a l  f l u i d  ?ressure c a23 eny e x t e r m 1  surface force  
- E l  
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F on t h e  s h e l l .  S i s  "c'iie a:rea GI" t he  rnid-surface of t h e  s h e l l .  
e 

The k i n e t i c  energy of t h e  s h e l l  i s  

where p and V a r e  mass dens i ty  and volume of t h e  s h e l l  ma te r i a l  r e spec t ive ly .  
S s  

I n  (2 .3 .3)  t h e  e f f e c t  of r o t a r y  i n e r t i a  of t he  s h e l l  i s  neglected.  

Accordirig t o  Hamilton's T r inc ip l e  t h e  acsua l  pa th  followe? by a  clynamical 

process i s  C3at p a r t i c u l a r  one f o r  which t h e  t i r t e  i n t e g r a l  of  t h e  funct ion (T-V)  

assumes a  s t a t i o n a r y  value. The a n a w i c a l  statement of t h i s  princip:Le i s  

where tl and t2 a re  two d i s t i n c t :  a r b i t r a r y  bu5ffixed times, aizd 8 deliotes tlie 

usual  v a r i a t i o n a l  oyera5ion. 

Subs t i t u t l on  of (2.2.3) i n t o  (2.3,2) gives  t h e  s t r a i n  egergy dens i ty  i n  

terms of dispiacenec5s u 2nd w of t h e  mid-surface. Using (2.3.:) and (2 .3 .3)  

i n  (2.3.11) along v i t a  scme conr,ept,s* of eal.culus of v a r i a t i o l ? ~  y i e l d s  t h e  follo~ni 

5ng v a r i a t i o n a l  expression 

(equa.i;i.oc co-r t inl~es  on next psge) 

-- 
"See, f o r  example, X i lCeb rand ,  "' gg.  119-1.91; 3. Batemon, 



iu-  t a 2 q  - "'; 3 -- 1 c o t  t*;ti(-i$ ;. .otcq -2. 
-+VC-$$] [ ;t2 3 

I n  ( 2 . 3 . 5 )  !( = ~h,/l-v',  D = $hsj12(1-v2) ; a l s o  l e t  c2 = 3/a2 K = h"!12a2 be a, 

t h i c k n e s s  p a r a x e t e r .  

From ( 2 . 3 . 5 )  one g e t s  t h e  d i f f e r e n t i a l  equa2ions of motion o f  t h e  s h e l l  

and n a t u r a l  bounds-ry c o n d i t i o n s  on u a~zd w a t  Q = 0 and 1:. Tnese a r e :  

r 1-v 2 

- [ a " ( ~ o t ~ ~ + v ) + ( l + v ) ]  -:- + - 
a2u 

psa2 -. = o , 
@ at2  

(eouzt ion con t inues  on n?x% p g e )  



where 0 and p a r e  velocil;y p o t e n t i a l  and d e n s i t y  of t h e  i d e z l  f l u i d  f i l l i n g  
0 

t h e  i n t e r i o r  space o f  t h e  s h e l l ,  

( 2 . 3 . 6 )  and (2 .3 .7 )  a r e  t h e  p a r t i a l  d i f f e r e n t i a l  equa t ions  of n o t i o n  afld t h e y  

have been o b t a i c e d  fror.  ( 2 . 3 . 5 )  a s  a  r e s u l t  of e q i ~ a t i n g  th? c o e f f i c i e n ; ~  o f  

Eu and 6w under t he  t i n e  end s p a c i a l  i n t e g r a l  t o  ze ro .  The p rev ious  operation 

is v a l i d  i f  one a l s o  s e t s  t h e  r e a a i n i n g  terms i n  ( 2 . 3 . 5 )  equa l  t o  zero  and t h i s  

y i e l d s  t h e  n a t u r a l  boundsry cond i t ions  ( 2 . 3 . 3 ) ,  ( 2 . 3 . 9 )  acd ( 2 . 3 . 1 0 ) .  The mo- 

t i o n  o f  t h e  i n v i s c i d  and i r r c 5 a t i o n a l  f l u i d  f o r  smal l  o s c i l l a t i 3 n s  i s  governed 

by t h e  wave zqua t i sn  

where c  i s  t i iz c a m ~ r e s s l o ~ a l  vave speed i n  t h e  fluid. .  I ~ s p e c t l o n  o;" (2.3.6) 



and (2 .3 .7 )  shows r a t h e r  s t rong coupling among i n e  s h e l l  displacement components 

u and w. The e f f e c t  of t h e  f lu id  i s  only seen i n  (2 .3 .7)  which contains  t h e  

r a d i a l  i n e r t i a  term. 

2.4 FREE VIBRATION, THE FREQL-ENCY EQUATION 

I n  t h i s  sec t ion  the  so lu t ions  of t he  p a r t i a l  d i f f e r e n t i a l  equations (2.3.6), 

(2 .3 .7 )  and (2 .3 .8 )  will. be given and t h e  frequency equatton of a  c losed,  f l u i d -  

f i l l e d  sphe r i ca l  s h e l l  f o r  axisymmetric and nontorsional  motion w i l l  be d e t e r -  

mined. For t h e  f r e e  v ib ra t ion  t h e  ex t e rna l  forces  must be absent,  i . ~ : .  F e (6 , t )  

= 0. 

Equations (2.3.6) and (2.3.7) a re  put  i n  nondimensional form by t,he in -  

t roduct ion  of a nondimensional t ime T, a  nondirnensional re ,dial  displacetrent (, 

and t a n g e n t l z l  displscement C. These m e  defined a s  

11'2 i s  t h e  epparefit xave speed* i n  t h e  s h e l l .  The non- where c  = [ ~ / p  ( 1 - v  ) 
S S 

dimensionalized fsrm of equations (2.3.6) azd (2 .3 .7)  a r e :  

--- 
*T3e m v e  speed,  - cgrrespoxls  t o  t h e  speed of compressional waves ir ?a i n -  

'-s , 
f i n i t e  p l a t e  fo r  t h e  l i m i t i r , g  csse of s -pmetr ica l  h-alres o f  long waveleqg"u. 



( t )  c o t  2 -  (2.4.3) 

where O1 i s  t h e  nondimensional v e l o c i t y  p o t e n t i a l  f o r  t h e  f l u i d ,  d e f i n e d  a s  

O1 = @ l a c  . For t h e  nondimensional r a d i a l  and t a n g e n t i a l  d isplacements  o f  
S 

t h e  s h e l l  mid-surface t h e  fo l lowing  expansions i n  s e r i e s  o f  Legendre poly-  

nomials o f  t h e  f i r s t  k i n d  i s  cons idered ;  

where P ( c c s p  a r e  Legendre polpor.ia,l.s o f  t h e  f i r s t  kind and ? ' (cosP:  ) are 
n n 

a s s o c i a t e d  Legendre polynomials o f  t h e  f i r s t  o r d e r ,  f i r s t  Bind. Since  t h e  

second s o l u t i ~ n s  of t k  Legeidre  e q u e t i c ? ~  e r e  s 5 ~ g u l a r  a t  t h e  ? a l e s  t k e y  

a>? not  i n c l u d e 6  i n  t h e  e x p a x i s n s  ( 2 . 4 . 4 )  and (2.4.5). 

From (2.3.11) t h e  f o r n  c f  t h e  velc ic i ty  potential . .  (21 can be determined as 

where j ( k a r l ?  i s  s p h e r i c a l  Besse l  f u n c t i o n ,  k = u//c i s  t h e  wave num'oer, u Ls 
n 

t h e  c i r c u l a r  f requercy ,  c i s  %he compressior.sl wave sseed i:i :he f lu ic i  ar-2 rl 



i s  t h e  nonclimensional r a d i a l  coor:li.nate def ined % be r / a .  

The boundary condit ion betweel? t h e  f l u i d  and s h e l l  can be s t a t e d  es t h e  

cont inui ty  of normal v e l o c i t i e s  f o r  al'l (F and T i. e .  

Subs t i t u t ion  of (2.4.4) and (2 .4 .6)  i n t o  (2.4.7') y ie lds  t h e  following r e l a t i o n -  

sh ip  between a ( T )  and c ( T )  f o r  each n, 
n n  

where j ' ( k a )  i s  t h e  f i r s t  del-ivative of j (ka r l )  with respec t  t o  i t s  argument 
n n 

evaluated a t  rl = 1. 

It can be sbo~m, t h a t  s u b s t i t u t i o n  of (2.  L. 4)) (2.4.5)  and (2 .4 .6 )  along 

wi th  (2.4.8)  i n t o  t h e  c o u ~ l e d  p a r t i a l  d i f f e r e r t i a l  equations (2.1.2)  and 

(2. h .3 )  y i e l d s  t h e  follorqlng system of equations f o r  t h e  deJ;errnination of 

a ( T )  and b ( T ) :  
n n 

f o r  n  = 0 

f o r  n > 1 - 



where f  = p a/p h = nondimensional f l u i d - s h e l l  parameter ,  ll = ka = majc, end 
0 s 

A = n ( n + l ) .  I n  o b t a i n i n g  e q u a t i o n s  (2.4.~)~ (2 .4 .10)  and (2 .4 .11)  t h e  d i f -  n 

f e r e n t i a l  equa t ions  s a t i s f i e d  by P and P' were used r e p e a t e d l y ,  
n n 

Equat ions  ( 2 . 4 .  g), (2 .4 .10)  and ( 2 . 4 . 1 1 )  a r e  l i n e a r  d i f f e r e n t i a l  equa- 

t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  t h e  s o l u t i o n s  o f  which a r e  o f  t h e  form 

where A B a r e  c o n s t a n t s  and s = c/c i s  t h e  r a t i o  o f  t h e  compress io la l  
n' n s 

wave speed i n  t h e  f l u i d  t o  t h e  wave speed c  d e f i n e d  previ .ously .  
S 

9 , s ~  
S u b s t i t u t i o n  o f  a  ( T )  = A e  i n t o  (2 .4 .9 )  i.iii;h t h e  condi t ior i  A 2 0 

0 0 0 ' 

g i v e s  t h e  fo l lowing  f requency equa t ion  f o r  n = 0 

i l l s7  
S u b s t i t u t i n g  (2.L.12) i n  (2 .4 .10)  and (2.4.11) and f e c t o r i n g  o u h  , one g e t s  

f p r  n > 1 - 

which a r e  homogeneous l i r l e a r  a l g e b r a i c  eq:;ati.ons i n  A and B . This szi; o f  
n n  

, equa t ions  has a  s o l u i i i o  o t h e r  t h a  t h e  i r i v i a l  one, A = 8 = 0, on ly  I.f t h e  
n n  



determinant  A ( R )  o f  t h e  coeff ic ient : :  o f  A and 23 van i shes .  Expansiori of t h i s  
n n 

determinant  y i e l d s  t h e  f requency equ.at,ion f o r  n - > 1 

It i s  i n t e r e s t i n g  t o  n o t e  t h a t  aypropr j -a te  l i r n i t i n g  c a s e s  o f  t h e  abo~re  

f requency equakions agree  w i t h  r e s u l t s  ob ta ined  by o t h e r  z u t h o r s .  

Case 1 

f = 0 corresponds t o  t h e  absence o f  f l u i d .  I n t r o d u c t i o n  of v a l u e s  o f  s 

and R i n t o  (2 .4 .13)  g i v e s  t h e  dimensional  sngul.ar  f reque2cy of pure  r a d i e l  

motion 8s 

which was f i r s t  o b t a i n e d  'oy Lamb. (13) S e t t i n g  f = 0 and d e f i l i c g  a ne-J 

- 
nondimensional f requency R = P s  = ua/c  i n  (2 .4 .15)  y i e l d s  t h e  fo l lowing  

S 

f requency equiation of t h e  empty s h e l l  which was r e c e n t l y  o b t a i n e d  by 

KcIvor and Sonstegard.  (17 

Case 2 -- 

f > o a.nd s + 0 corx-esponds t o  a r i g i d  shell .  contai.r?ing a fluid. For 



t h i s  case t h e  frequency equations (2.4.13)  and (2.4.1.3) f o r  an i l e a l  

f l u i d  degenerate t o  

which i s  e a s i l y  shown t o  be t h e  sz.me a s  

where J (0) i s  t h e  Bessel func t ion  of t h e  indi-cated ord.er. The f r e -  
n+1/2 

f 

quency equation (2.4.19)  was obtained by Su t t i nge r  . (7) 

Case 3 --- 

d =. 0 y i e l d s  t he  frequency equation corresponding t o  t h e  mer2brar;e (ex- 

t e n s i o n a l )  theory f o r  both t h e  empty s h e l l  ( f  - 0 )  and f l u i d - f i l l e d  s h e l l  

( f  > 0)  cases .  The frequency equations f o r  .vi.brations of a f iu i - t l - f i l l ed  

sphe r i ca l  menbrane possessing i r f i n i t e  bulk modnlus (v = l / 2 )  were givec 

by Morse and ?eskb~ic?, '19' and t h e i r  r e s u l t s  agree with ( 2 )  and 

2 (2.4.15) when a , f  and v a r e  given t h e  above values.  

Figure 2 i s  a plo: of t h e  frequency spectrum f o r  a sphe r i ca l  s h e l l  - i n  

vacua obtained from (2.4,17), using v = .j and a/h = 20. It i s  t o  be paren- -.. 

t h e t i c a l l y  s t e t e d  t h a t  t h r o ~ g h o u t  t h i s  t h e s i s  e l l  t h e  p l o t s  ~ i h i c h  have absc issas  

involving the  mode nurri3er n a r e  rZiscrete, i . e . ,  only those po in t s  cor:pespond- 

ing  t o  t he  in t ege r  values o f  n a r e  phys ica l ly  meaningful. In  f i gu re  2 both the  

composite* (1o;~er branch) and t h e  membrane mode (higher  branch) f r e ~ ~ u e r t c i e s  a r e  

-- 
* ~ h i s  type  OF c l a s s i f i c a t i o n  was f i r s t  used I n  Ref. 17. 
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Figure  2, Frequency spectrum f o r  an e l a s t i c  s p h e r i c a l  shel.1 i n  vac'uo. 



p l o t t e d  using t h e  nondimensional frequency fi = u!/c  , and a l so  0 = d / s  
S 

= ~ , / c .  The reason f o r  p l o t t i n g  t h e  same freqcency spectrum i n  terms of two 

nondimensional frequency parameters, namely, and T; w i l l  be r e a d i l y  seen 

a f t e r  t h e  explainati .cn of Figures  3 and 4. 

Equation (2 .4 .18) ,  which gives t h e  frequency spectrum f o r  any i d e a l  

f l u i d  i n  a r i g i d  sphe r i ca l  s h e l l ,  i.s p l o t t e d  i n  Figure 3. I n  Figure 4, t h e  

spectrum of equa.tions (2.4.13) and (2.4,15) i s  p l o t t e d  f o r  v = -3 ,  a/h = $0 

and f = 2.56 which corresponds t o  s t e e l  s h e l l  f i l l e d  with water .  

A c lose  study of Figures 2,  3 and 4 r evea l s  t h e  following resu . l t s :  

( a )  I n  Figures  2 and 3 t h e  frequency spec t ra  represent  t h e  n a t u r a l  f r e -  

quencies of an empty s h e l l  and a f l u i d  f i l l e d  r i g i d  s h e l l ,  r e spec t ive ly .  For 

Figure 4 one csn r.o longer  say t h a t  a p a r t i c u l a ~  frequency of t h e  speckurn 

belongs t o  t h e  s h e l l  or t o  t h e  f l u i d  s ince  each frequency i n  t h a t  f i gu re  rep- 

reserlts a n a t u r a l  frequency of t h e  system cornposed of a r  e l a s t i c  spher ica l  

s h e l l  and the  f l u i d  occupying t h e  i n t e r i o r  spsce of t he  s h e l l .  

( b )  h t e n  the  s h e l l  con5aining t h e  f l u i d  becomes e l a s t i c ,  c e r t a i n  por- 

t i o n s  of  t h e  spectrcm become d i s t o r t e d .  This autkor w i l l  name the  above-men- 

t ioned  phenozecon as  "';he higher  branch distor-Lion" s ince  the  membrlane behev- 

i o r  of t h e  s h e l l ,  serving a s  an e l a s t i c  boundary f o r  t h e  f l u i d ,  i s  responsibl-e 

f o r  t h i s  pkenorreron. 15 i s  t o  be noted t h a t  i f  Figures  2 and 4 a r e  compared 

the  higher branch of t h e  frequency spectrum f o r  sphe r i ca l  s h e l l  i n  vacco, passes  

through t h e  d i s t o r t e d  por t ion  of the  spectruv. i n  Figu-re 4. Due t o  predonin&tely 

men'orane behavior of t h e  modes corresponding t o  t h e  frequencies  loca ted  on the  

5 I1 "higher brancn of t h e  spectrun shorn i n  Figure 2 ,  it i s  reason(able t o  seek t h e  

cause of "tke higher branc'n dis",crtion" acpearing i n  T i g u n  4 i n  t he  mernbrene 
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Figure 3. Freg,uency spectrum f o r  a r i g i d  f l u i d - f i l l e d  sphe r i ca l  s h e l l .  
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Figure 4. Frequency spectrum f o r  an e l a s t i c  f l u i d - f i l l e d  spher ica l  s h e l l .  



behavior of t h e  s h e l l .  

( c )  Comparison of  Figures  3 and 4 exh ib i t s  a bragch of f requencies  which 

does not e x i s t  i n  t h e  spectrum of Figure 3, but  shows i t s e l f  i n  t h e  s-gectrm 

of Figure 4. This i s  t h e  iorrest brench of f requencies  displayed i n  Figure 4. 

The ex is tence  of t h i s  branch i n  t he  frequency spectrum f o r  an e l a s t i c  f l u i d -  

f i l l e d  s h e l l  i s  due t o  t h e  ex is tence  of t h e  "lower branch" of f requencies  cor-  

responding t o  a composite mode behavior of  the empty shell. The composite 

mode behavior i n  t h e  empty s h e l l  case i s  explained, i n  Ref. 17 t o  have the  e f -  

f e c t s  of both menbrane and bending; membrane behavior f o r  small  n and bending 

behavior f o r  l a r g e .  



CHj-PTZR 3 

RESPOJYSE TO A LOCAL RP.DIAL I1tFITLSE 

I n  t h i s  cha,pter,  t h e  response of a f l u i d - f i l l e d  s p h e r i c a l  s h e l l  s u b j e c t e d  

t o  a l o c a l ,  r a d i a l  i n p u l s i v e  l o a d  wil.1 be determined. The e q u a t i o n s  of mo- 

t i o n  d e r i v e d  i.n S e c t i o n  2 .3  a r e  sol-ved by means of Laplace tra.nsformai;ion. 

3.1. PRELIMIITARY REMARKS 

The e x t e r n a l  load,  desi-gnated by F (rp, t )  i n  equa t ion  (2 .3 ,7 ) ,  i s  assumed 
e 

t o  be axisymmetric and i t s  impuls ive  n a t u r e  i s  expressed  by means of t h e  Gi rac  

d e l t a  f i n e t i o n ,  6 ( t ) ,  t h e  p r o p e r t i e s  3P which a r e  accep ted  here  i n  t h e  u s u a l  

sense  seen i n  a p p l i e d  mathesratics. Wh.en t h r  ex te rna l ,  load,  F = F(?) 8 ( t ) ,  e  

i s  a p p l i e d  t o  t h e  f l u i d - f i l l e d  s h e l l  which i s  i n i t i a l l y  a t  r e s t  r e l ~ + i . v e  t o  

t h e  i n i r t i a l  r e f e r e n c e  XYZ, a s  shown i n  F igure  j, t 3 e  uass  c e n t e r  of t h e  sphere  

w i l l  exper ience a r i g i d  body v e l o c i t y ,  V , w i t 3  a s t e p  f.uilction ~ ( t )  behav ior  
C 

due t o  t h e  i~lp'illsi.rre n a t u r e  of t h e  ex te r r i a l  l o a d ,  Since  t h e  r e s u l t a r i t  f o r c e  

X 

F igure  5 .  .cLxisyrnetric, e x t e r n a l  l o a d  a p p l i c a t i o n .  

of t h e  e x t e r n a l  l o a d  p a s s e s  thror'g? t h e  mass c e n t e r  3f t h e  sphere ,  V can 
C 

be c d c u l a t e 3  from 



where M = m t m i s  t h e  t o t a l  mass of t h e  system 
S 0 

~ ( 9 )  = e x t e r n a l  l o a d  i n t e n s i t y  p e r  u n i t  mid-surface a r e a  of t h e  s h e l l  

I n t e g r a t i o n  of ( 3 . 1 , ~ )  w i t h  r e s p e c t  t o  time y i e l d s  t h e  v e l o c i t y ,  V , i - r p a r t e d  
C 

t o  t h e  mass c e n t e r  of  t h e  system i n  t h e  -Z d i r e c t i o n  

where ~ ( t )  i s  Keav is ide  u n i t  s t e p  f u n c t i o l .  

I f  des i red ,  t h e  equa t ions  of motion which were ob ta ined  i n  S e c t i o n  2 .3  

w i t h  r e s p e c t  t o  a  coord ina te  system moving w i t h  t h e  sphere  can be ThTrii;ten 

w i t h  r e s p e c t  t o  t h e  i n e r t i a l  r e f e r e n c e  XYZ by d e f i n i n g  a n o n d i i ~ ~ e n s i o n a l  d i s -  

placement v e c t o r  f o r  t h e  rnici-surface s f  t h e  s h e l l  ~ n d  a  ncnd inens iona l  

v e l o c i t y  p o t e n t i e l  0, f o r  t h e  f l u i d .  I n  F igure  6, a t  t = 9, X'IZ and q-z 

a r e  a s s u m d  t o  co inc ide  a ~ d  t k i s  f i g w e  i s  h d p f a l  f o r  t h e  d e f i n i t i o ~ ~  of 6 
- 

ar,d 0,. Let t h e  r a d i a l  a d  t a n g e n t i a l  components of D be W and U respec  Lively, 

C u(., T )  = 1$(0,  r) + -- s i n ?  , 
C 
S 

I n  (3.1. j), ((.:,-I-), Q ( - ~ , T ) ~  and ~ ~ ( r ~ , ? : )  r )  a r e  a s  d e f i n e d  ir, C'rapter 2. 



Figure  6. Displacement v e c t o r s  r e f e r r e d  t o  i n e r t i a l  r e f e r e n c e  X'%. 

3 . 2 .  TRfiNSFORhlS OF EQUATIONS OF MOTION 

The nondimensional forms of equa t ions  ( 2 . 3 , 6 ) ,  ( 2 . 3 . 7 ) ,  and ( 2 . 3 . 1 1 )  a r e  

r e w r i t t e n  here  f o r  convenience, t h e y  a r e  r e s p e c t i v e l y :  

where 



Since the  f:l-uid-filled s h d i  i s  a,ssuil:cd t o  be a t  r e s t  p r i o r  t o  t he  appl i -  

c a t i o n  of t he  r a d i a l  impulsive load, a l l  t he  i n i t i a l  condi t ions r e l evan t  t o  

t he  d i f f e r e n t i a l  equations (3.2.1),  ( 3 , 2 . 2 ) ,  and (3.2.3) a r e  homogeneous, 

i . e . ,  

Let t h e  fol lowing be the  no ta t ion  f o r  the  Laplace transform of a  f'unct;ior. F(T) 

with  r e spec t  t o  I- 

where p  i s  a  complex va r i ab l e .  Since c, $, and O1 a r e  func t ioKs  of more than 

one independent var iab le ,  l e t  t h e i r  Laplace transforms be denoted by 

Using the  r,o.tati.on defined 2'1 ( 3 . 2 . 5 )  and the  i n i t i a l  condi t ions (3 .2 .4)  the 

Laplace tra,nsforms of equatiofls (3.2.1)) (3.2.2),  and ( 3 . 2 . 3 )  with  respec t  t o  

the nondimel?slonal time, T, are :  

dlk - d3t d2 [ 
1 --- - (I, tcct2-;,) 11: - 7 -+ (v t co tZ7)  *a &;- &;"- 

(equat ion x ~ t t r n ~ l e 3  o r  text neon ... s ) 



The t rans form of t h e  boundary c o n d i t i o n  between f i u i d  and s h e l l  i s :  

Thus, t h e  problem has been reduced from t h e  s o l u t i o n  of t h r e e  p a r t i a l  d i f -  

f e r e n t i a l  equz t ions  t o  t k a t  of one p a r t i a l  d i f f e r e n t i a l  e q u ~ t i o n  and two 

o r d i n a r y  d i f f e r e n t i a l  equa t ions  i n  t h e  transform space ,  From ano tker  p o i n t  

of view, one can _ ~ i c t u r e  t h e  two o r d i c a r y  d i f f e r e n t i a l .  equatisrls ,  ( 3 . 2 . 5 )  and 

(3.2.7')) a long w i t h  c o r d i t i o n  ( 3 . 2 . 9 )  s s  r a t h z r  co-plex S o u r d a r j  c o n d 2 - t i o ~ s  

t o  t h e  p e r t i a l  d i f f e r e n t i a l  eque t i  ori (3.2.8). 

Before p rcceed ing  w i t h  t h e  s o l u t i o n  of  he above e q ~ ~ a t i o n s ,  we f l r s t  

expand t h e  f u n c t i o n  

i n  a s e r i e s  of Legendre polynomials of %he f o r 2  



I n  pa r t i cu . l a r ,  i f  F( y )  = F =: c o n s t a n t ,  then,  t h e  c o e f f i c i e n t s  F  a r e  :found., n 

by t h e  us'ua,l methods, t o  be 

1 
F = - F[P (cosy  ) - P . ( c o s y  ) ]  , n  = 0 , 1 , 2 , .  . , 

n  2 n-1  o  n-t.l- 3 

it be ing  r e a l i z e d  of course ,  t h a t  ~ , ~ ( c o s q  ) 1. 
0 

Next, t h e  method of s e p a r a t i o n  of v a r i a b l e s  i s  a p p l i e d  t o  t h e  p a r t i a l  

d i f f e r e n t i a l  equa t ion  ( 3 . 2 . 0 )  t o  o b t a i n  two o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

t h a t  R ( r l )  and ~ ( y )  m.s t  s a t i s f y ,  When t h e  assunled s o l u t i o n ,  ol(rl,w) = 

R ( r l )  ~ ( o )  i s  s u b s t i t u t e d  i n t o  equa t ion  ( 3 . 2 . 8 )  t h e  f o l l o ~ c i n g  equa t ions  a r e  

ob ta ined :  

where ( ' )  denotes  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t h e  argument, k i s  complex 

and i t s  va lue  i s  p i / s .  The 'cou.ndeZ sol-u.5ioLs of ( 3 . 2 . 1 1 )  and ( 3 . 2 . 1 2 )  i n  t h e  

s p h e r i c a l  r e g i o n  under c c n s i d e r a t i o n  a r e  G ( - )  = cl ~ ~ ( c s s r n )  end R ( r l )  = 

c, j ( ) r e s p e c t i v e l y ;  where cl and c, a r e  two a r b i t r a r j -  c o n s t a n t s .  
n s 

Since t h e  e q u a t i o n  (3 .2 .8 )  i-s l i n e a r ,  by s u p e r p o s i t i o n  one cen a r r i v e  a t  a  

where t k e  cc3efi"ieients c ( p )  w i l l  S e  deterrr,i.??d l a t e r .  )ToT#, l e t  u s  consLder 
n 

t h e  two ordi!:arJr d i f ' f e r z n t i a l  equa t ioqs  (3.2.6) and ( 3 . 2  ,7). I n  c r d e r  t o  



reduce t h e s e  equa t ions  t o  a  p a i r  of equivalent a l g e b r a i c  equa t ions  i n  t h e  

" t ransform space" assume t h e  f 0 1 l o ~ ; l ~ g  expansions  f a r  [ and i: 

S u b s t i t u t i o n  of ( 3 . 2 . 1 3 )  and t h e  f i r s t  express ion  of ( 3 . 2 . 1 4 )  i n t o  t h e  t r a n s -  

formed boundary c o n d i t i o n  ( 3 . 2 . 9 )  y i e l d s  t h e  c o e f f i c i e n t s  c  ( p )  . These coef-  
n 

f i c i e n t s ,  f o r  each i n t e g e r  va lue  of n, a r e  

Thus, t h e  unknown c o e f f i c i e n t s ,  c  ( p ) ,  of t h e  t ransformed v e l o c i t y  p o t e n t i a l ,  
n 

- 
( r P )  a r e  expressed i n  t e r n s  of t h e  c o e f f i c i e n t s ,  a  ( p ) ,  of t h e  r a d i a l  

n  

displacement of t h e  s h e l l  mid- s u r f a c e  i n  t h e  t r a n s f o r m  space.  Heme, (3 .2 .13)  

can now be w r i t t e r  a s  

, The r e d u c t i o n  of t k e  t v o  o r d i n a r y  d i f f e r e n t i a l  equa t ions  ( 3 . 2 . 6 )  and 

(3.2.7) t o  a l g e b r a i c  equa t ions  i n  t h e  t r a n s f o r m  space i s  acconpl5shed by su'o- 

s t i t u t i n g  ( 3 . 2 . 1 0 ) )  (3 .2 .14) ,  and ( 3 . 2 , 1 6 )  i n t o  ( 3 . 2 . 6 )  and ( 3 . 2 . 7 ) .  The 

equa t ions  r e s u l t i n s  f rcm t h e  s u b s t i t u t i o n s ,  c o n t a i r  h i g h e r  o rder  d e r i v a t i v e s  

of bo th  Legendre and Assoe la ted  Legendre p o l y n o n i a i s .  A l l  t h e s e  d e r i v a t i v e s  

a r e  e l i r r i n a t e d  by making r e 2 e a t e d  u s e  of t h e  d i f f e r e c t i a l  ey-ilati-ons s a t i s f i e d  

by P and 2 ' .  Ycnce, a f t e r  save xanipulat.3 o x  one o b t a i n s  t h e  fc i lov i .ng  
n  n 



equa t ions  thzt a ( p )  and E ( p )  ~nusi; sa t i s fy :  
n n 

where 

Frcm (3.2.17) 

where 



Applyi~g C r a m e ~ ' s  r u l e  t o  (3.2.1.8) and ( 3.2.19) we o b t a i n  t h e  follor,tiiig 

express ions  f o r  a ( p )  and 'c ( p ) ,  f o r  > 1, 
n n  - 

where 

( l - v 2 ) a l '  
n (1 -v2)ap  - R = ------ - - 

n Eh 2Eh -[pnWl( C O ~ Y , ~  - p ntl ( 1 7 

S u b s t i t u - t i o n  of (3 .2 .21) ,  ( 3 . 2 . 2 2 ) )  and ( 3 . 2 . 2 3 )  i n t o  ( 3 . 2 . 1 4 )  g i v e s  t h e  f i n a l  

form of t h e  t r a n s f  orme3 displ-acernent c o r r ~ p o n e ~ t s  of t h e  mid- s u r f  a c e ,  These a r e  

3.3. IhF~ERSION 33 ((cp,p), i r ( q , P ) ,  a'd m,(r,,y,p) 

Due t o  t h e  p k y s i c a l  netirre of  t h e  problerr 5 ,  14, and should s a t i s f y  

t he  f ol10i;ing c s n d i t l o n s :  



(1) (((P,T), +(o ,T) ,  an2 0 1 ( ~ 1 , ~ , ~ )  e r e  d e f i n e 2  f o r  T - > 0 and t h e y  a r e  

each O(eCO'), where c i s  a c o n s t a n t .  
0 

(2) c(q,-r) ,  q ( q , ~ ) ,  O l ( r l t ~ , ~ )  and t h e i r  t ime d e r i v a t i v e s  Ere s e c t i o c a l l y  

Then f 
l i m  
R-tm 

where t h e  

n '- 'In' "n' s -,I 
+ J' - 

p a t h  of i n t e g r e t i o n  i s  t h e  l i n e  Re 2 = c i n  t h e  corr;plex p-pl-ane and 

c i s  any cons tan t  g r e a t e r  t h a n  c  . As a conseclueqce 3f 2 theorem i n  t h e  
0 

t h e o r y  of corrplex v a r i a b l e s ,  t h e  fuf ic t iocs  i n s i d e  of t h e  b r e c e s  i n  (3 .3 .1))  

( 3 . 3 . 2 ) ,  and (3.3.3)  a r e  a n a l y t i c  a n c t i o n s  i n  t h e  ha l f -p lane  R ~ ( P )  > c, i . e . ,  

t h e y  have no s i ~ ~ ~ l a r i t i e s  t o  t h e  r i g h i  of t h e  l i n e  R e p  = c .  T3is f a c t  enab les  

u s  t o  e v a l u a t e  t h e  i n t e g r a l s  i n  ( 7 . 3  .I),  ( 3 . 3 . 2 ) )  and (3 .3 .3)  by enc los ing  

a l l  t k e  s i c g u l e r i t i e s  t o  t h e  l e f t  o f  tke 1is.e R3 p = c by 2 s u i t e k l e  c o n t s ~ l r  

s h o w  i n  F i g ~ r e  7 and rrakirg u s e  of Cacchy's  r e s i d u e  theoren .  



Figure 7. The path of integration for evaluations of 
inversion integrals. 

Let any one of the terms lnside of the braces in (3.3.1), (3.3.2), and (3'3.3) 

be d-enoted by f (p), then 
n 

CO 

= 2ni C Res [eP7fn(p) ] , (:5.3.4) 
m=l p m  

Since If ( p ) ]  <~lp/-'when /pl > R  where L.:, x. are constants and K :> 0, n - 0 )  

then, i t  can be shown that (i.e., see Reference 24) 

Thus, i n  vfew of (3.3.1~) and. (3.3.5) 



Next, l e t  u s  apply  (3.3.6) t o  each t e rm of (3 .3 .1) .  The f i r s t  t e rm i s  n  = O 

t e rm and f o r  t h i s  t e rm 

Since f ( p )  i s  a  s ing le -va lved  f u n c t i o n  t h e  on ly  s i n g y l e r i t i e s  of f  ( p )  a r e  
0 0 '  

t h e  pol-es. The p o l e s  of f ( p )  a r e  t h e  ze ros  of t h e  denoninator .  If  we sub- 
0 

x t i t u t e  p = ; i sR t o  t h e  denoninator  of f ( p ) ,  z l s o  n o t i n g  t h a t  J ( 0 )  = j ( - R )  
0 o  0 

and j ' ( R )  = - j ' ( - R ) ,  we g e t  t h e  f requency eque t ion  ( 2 . 4 . 1 3 ) .  Denoting t h e  
0 0 

ze ros  of (2.lc.13) by 0  we can conclude t h a t  t h e  p o l e s  of f  ( p )  a r e  pur? 
om) 0 

- 
irriaginary and hence of t h e  form p = t i s 0  . A t  t h i s  tirce a  q u e s t i o n  a r i s e s  

orfl 

concerning t h e  p o s s i b i l i t y  t h a t  f  ( p )  may have p o l e s  o t h e r  than  those  on t h e  
0 

imaginary a x i s .  To i n v e s t i g a t e  t h i s  p o s s i b i l i t y  l e t  u s  & f i n e  z  = x t i y  = 

i p / s ,  and sucbsti tute it int:) denorcinetor of f  ( P ) .  S e t t i n g  t h e  denominator 
0 

equ.81 t o  z e r o  we o b t a i n  t h e  f o l l o v ~ i n g  express ion  

z COSZ[-s2z2  +*-tv)]  t s inz@z2(i - I")  - 2(1t11Q 
P ---x-_l -^__i 

z cosz - s i n z  
= o . ( 3 . 3 . 8 )  

Sinz end cosz a r e  e n t i r e  f u n c t i o n s  which can be 7,vritten as: 

s inz  = s i n ( x + i y )  = s i n .  cosh  y + i cosx s i n h  y 

(3.3.9)  
cosz = c o ~ ( x + j . ~ )  = cosx c o s h  y  - i sirix s i n h  y 

By s u b s t i t u t i n g  ( 3 . 3 . 9 )  i n t o  t h e  nur-ers tor  of ( 3 . 3 . 8 )  and equz t ing  t h e  r e a l  

aad t h e  imaginary par", of  t k e  ~ e s u l t i r g  express ion  t o  ze ro  we g e t  t h e  f o l -  

l o ~ r i n g  tisro s i L m l t a r . e m s  e q u a t i c n s  whick. x aand y  rmxt s a t i s f y  



Z! 2 2 2  
cosx c o s h y ( [ 2 ( l t v )  - s ( x  - y 2 ) j x  4- 2x) s  j + s i n x  s i n h y ( [ 2 ( l . + v )  - s 2 ( x z - f ) ] y  

- 2yx2s2j + s i n x  cos ty [s" ( l - f ) (x2-$)  - 2 ( l + v ) I  

- cosx sin11 y ( l - f ) 2 x y s 2  = o (3113010) 

2 2 
cosx c o s h  y [ [ 2 ( l i - v )  - s 2 ( r 2 - $ ) ] y  - 2yx s ) - s i n x  s i n k  y ( [ 2 ( l t v )  - sz (xZ-y2) ]x  

i 2xy2s2 ) + s inx  cosh y ( l - f )  2xys2 

t cosx s int i  y(l- . ir ' )(x2-y2)s2 = O 

(3 .3 .10)  and (3.3.11) have been progrzr~. .ed on t h e  d i g i t a l  corfiputer and- no 

p a i r  of ( x , y )  was found t o  s a t i s f y  b o t h  eque t ions  s i m l t a n e e u s l y .  Foir y = 0 

3 1 )  i s  s a t i s z i e d  i d e n t i c a l l y ,  and (j.j.10) reCuces t o  

[-s2x + sZ(1.-f) tanx]x2 t 2 ( l t v )  [x - t a n x ]  = 0 (3 , .3*12)  

which i s  a d i f f e r e n t  f o r n  of t h e  f requency equa t ion  (2 .4 .13)  ccrrespo:lding t o  

t h e  n = 0 case .  3 - e  can a l s o  argue from t h e  ph)-s ical  _ooint or" view t h a t  

f o ( p )  cannot have any c c ~ p l e x  po les ,  f o r  i f  i t  had, t h i s  would mean t h a t  t h e  

system possesses  corn2lex i 'reqaencies , I-:~-~;ever, only s y s t e m  v i t h  darqing have 

complex f rzquenc '_es  and s i n c e  t h e  s y s t e m u n d e r  c o n s i d e r a t i c n  505s riot have 

- 
damping i t  cannot hzve conplex f requenc ies .  Therefore + isR om a r e  t h e  only 

po les  of f  ( p ) .  We a l s o  n o t i c e  t h a t  al.1 t h e  p o l e s  a r e  simple s i n c e  a:l l  t h e  
0 

corresponding f reqdenc ies  a r e  d i s t i n c t .  

I n  genera l ,  ePTf ID) has t h e  f r a c t i o r a l  form, i . e . ,  
n' - 

h' D) 
ePTf n ( p )  = -iL . 

g( P) 



P7 When e  f ( p )  has simple p o l e  a t  p = p h ( p )  and g ( p )  s a t i s f y  t h e  c : ~ n d i t i o n s  
n n m' 

g(gnm) = 0, gl(pn,) f 0, a r d  h ( p  nm ) f 0 t h e n  t h e  r e s i d u e  of ePTf n ( g )  kas t h e  

Using (3.3.14) w i t h  (3.3.7) g i v e s  t h e  r e s i d u e  a t  t k e  p o l e  p = p  
om 

The p o l e s  occur a t  p  = 0 and p  = 1 i s 0  Iri (3.3.13) t k e  second d e r i v a t i v e  
om' 

of t h e  s p h e r i c a l  Eesse l  f u n c t i o n  ca;z be elirr- inated by u t i l i z i n g  t h e  d i f f e r e n -  

t i a l  equa t ion  s a t i s f i e d  by j ( z ) ,  namely 
n 

S u b s t i t u t i o n  of t h e  d e f i n i t i o n s  of j (z) and j l ( z )  i n t o  ( 3 . 3 . 1 5 )  and a p p l i c a -  
0 0 

t i o n  of L I H o s p i t a l ' s  r u l e  sho-PIS t h e t  t h e  r e s i d u e  a t  p  = 0 i s  z e r o .  Evalua- 

- 
t i o n  of t h e  rernai.ning r e s i d u e s  a t  t h e  p o l e s  p = t isS2 g i v e s  t h e  fol.:Loidlng 

om 

r e l a t i o n  

I n  view of (3.3.37) we o b t a i n  fro. (3.5,6), ( 3 . 3 . 7 ) :  and (j.3.17) 



Or' 

For n  > 1 - 
CO 

PT R n (pg+(qLn) 
a n ( T )  = Reg [ e  f n ( p )  ] , where f = --- 

Pnm n 
m = l  kn( P) 

- 
The p o l e s  of f  (p) a r e  t h e  z e r o s  of A ( p )  . S u b s t i t u - t i o c  of  p  = + i s 0  i n t o  

n  n. 

b n ( p ) ,  which was d e f i n e d  by ( j . 2 . 2 b ) ,  y i e l d s  t h e  f requeccy  equa t ion  (2 .4 .15)  

f o r  n - > I. Denoting t h e  ze ros  of (2 . : c , l5 )  by R and a l s o  follo.di_?g t h e  sane 
nm' 

reason ing  p r e v i o u s l y  used  t o  prove t h e  n ~ n e x i s t e n c e  of p o l e s  w i t h  n311zer~) 

r e a l  p a r t s  we can conclu3e t h a t  dl of t h e  p a l e s  cf f n ( P )  a r e  l o c s t e d  on t h e  

- 
imaginary a x i s  i n  t h e  p-plene an2 t h a t  t h e y  a r e  p = + i sR . A9pl ica t ion  of 

nm 

(3.3.14) t o  (3.3.19) a f t e r  some s i m p l i f i c a t i o n s  g i v e s  t h e  r e s i d u e  a t  t h e  p o l e  

i Lr 
- epnmT 2 

P T s n ( 'nr.+'ln Re s [e f ,( p )  ] = ------ -- 
d (I? 

, (3 .3 '20)  
Pnm nm nm 

where 

i p  ip nm iP nrn i p  nm i~ 
.Jh2(+) - - )  j;(,-) - - -  j;-- "") jU(--- ''nil 

s n s  n  s -  



I n  t h i s  express ion  t h e  second cielsivatlv-e of' t h e  sp!lerical  Besse l  finci;ion 

can be e l i a f n a t e d  b y u t - i l i z i n g  (3.3.16), then  d  nn: (p nm ) becsmes f o r  p = 
nrn 

Next l e t  u s  r e f e r  t o  t h e  d e f i n i t i o n  of spherical Besse l  f u n c t i o n  

from t h i s  de f in i t io iq  i t  i s  e a s y  t o  v e r i f y  t h a t  f o r  any z 

f o r  n  even 

f o r  n  odd 

f o ~  n  even 

f o r  n  odd 

In view of relations (3.5.22) one can shoT,? from (3.3.21) t h a t  

Hence, 



S u b s t i t ~ t ~ i n g  (3 .3 .20)  i n t o  ( 3 .  3. ;;) end keeping in mind t h e  r e l a t i o n  (: 3 .3 .24)  

we o b t a i n  f o r  n  > 1 - 

where d  ( - i s 0  ) was d e f i n e d  i n  ( 3 . 3 . 2 1 ) .  F o l l ~ ~ i n g  t h e  same s t e p s  o u t l i n e d  
nm nm 

above we g e t  from (3 .2 .23)  f o r  n - > 1 

Here, we make a  n o t e  t h a t  i n  obtai .ning ( 3 . 3 . 2 3 )  and (3 .3 .26)  f o r  t h e  c a s e  

n  = 1, and idp) each have a s i ~ . p l e  p o l e  a t  p  = 0. S u b s t i t u t i o n  of 

t h e  d e f i n i t i o n s  of j , ( z )  end j , ' (z)  i n t o  t h e  r e s i d u e  e x p r $ s s i o c s  ( i . e . ,  i n  t h e  

- 
c a s e  of a l ( p ) ,  equetio-i  ( 3 . 3 . 2 0 ) )  and ~ e p e a t e d  appl icat ' ion of L'Hospi1;al 's 

r u l e  y i e l d s  t h e  v a l u e  of r e s i a u e  t o  be z e r o  a t  p  = 0 .  

Next, l e t  u s  c o n s i d e r  (3 .3 .3)  f o r  t h e  e v a l u a t i o n  of ~ ~ ( r ~ , 3 , 1 - ) .  Using 

(3 .3 .7 )  t h e  f i r s t  term c2n be w r i t t e n  

1 -- l i m  , 
2 ni i i p  

R-a C - i R  ; jA(3) 

The i n t e g r a l  of (3 .3 .27)  has p o l e s  a t  t h e  p o l e s  of f  ( p )  an& t h e  ze ros  of 
0 

i p  j ( - - )  The p o l e s  of f  ( p )  were a l r e a d y  found t o  be r, = ? isG . Let t k e  
o s o om om 

, i p  ze ros  of (-) be deri3ted b ; ~  9 . According t o  1,orrs~:el's theorem cn t h e  
j o  s  01 

L l  r e a l i t y  cf t t e  z e r s s  0" ( 2 )  ( i .? .  , s c ~  Yatcori ), Po i  must be -pure i ~ n ~ g i a a r g - .  
V 



Now, l e t  us app ly  (3.3.14) t o  

Res lePTf ( p) 

O 

where 

t h e  i n t e g r a n d  of (3.3.27) 
Y 

We note  t h a t  s i n c e  l i m  k ( p )  = m, t h e  r e s i d u e  a t  p = p  i s  zero ,  and f o r  
0 01 

P"P01 
p = porn = ? isR t h e  r e s i d u e s  s a t i s f y  t h e  f o l l o v i n g  c o n d i t i o n s  

om 

In view of ( 3 . 3 . 2 9 ) ,  u s i n g  (3.3.6)  a ~ d  ( 3 . 3 . 2 8 ) )  ( 3 . 3 , 2 7 )  becomes 

- 1 0 L ic ( p )  j (9 rl)] = 
o  o  s K ( - i s 9  ) 

m=1 0 om 

ffi 2R j'(~ ) J  (0 r,) cos(ss? I-) 
0 0 on 0 om C -----.- om ------- - 

n ( 2 t f )  :12(n ) + f  j (n  ) [ j j f ( n  ) + n  j ( n  )I ' 
m=b om o  orn o  OM o orr, or. o  OK 



From (3 .3 .3 ) )  excluding P ( C O S T )  , a t y p i c a l  t e rm of O ~ ( Y ~ , ~ , T )  corresponding 
n  

The p o l e s  of t h e  i n t e g r a n d  of (3 .3 .31)  a r e  those  of f  ( p ) ,  which a r e  p = 
n nm 

n.! 
. Then, t h e  epp l icak ion  of ( 3 .  3 . 1 b )  g i v e s  

where 

I n  t h i s  express ion,  A (F) and d  ( p )  a r e  a s  p r e v i o u s l y  def ined.  Ke aga in  r-cte 
n  rn~ 

t h a t  K (9) + e s  p  -+ p hence t h e  r e s i d u e  a t  p = p i s  zero, and f o r  
n n.!' n l  

- 

p = pm = t i s 0  t h e  r e s i d u e s  s a t i s f y  rnl - t h e  f ol lowi  yg c o n d i t i o n  
r 

Using ( 3 . 3 . 6 ) ,  ( 3 . 3 . 3 2 ) ,  and (3 .3 .33 ) ,  (3 .3 .31)  becomes 

K ( - i s 0  ) 
n run 



To g e t  t k e  complete sol- tion on f o r  t h e  noridimensional v e l o c i t y  potentia:L we sub- 

s t i t u t e  (3 .3 .30)  and (3.3.34) i n t o  (3.3.3) wkich r e s u l t s  ig t h e  follocb7ing ex- 

p r e s s i o n :  

We g e t  t h e  s o l u t i o n  f o r  t h e  nondir-ensionel r a d l a l  d isplacement  of t h e  s h e l l  

mid-surface by s u b s t i t u t i n g  (3.3.18) and ( 3 . 3 . 2 5 )  i n t o  (3 .3 .1) ,  

M cc 2R ( -s2o2 +a ) jl '(a ) s in ( ss l  T) 3 ( c o s  3 )  
n nm - ln  n nrn - nm n + C  C --- 

s d ( - i s 0  (3.3.36) 
n = l  i ~ = l  nm nm' 

F i n a l l y ,  su 'os t i tu t ion  of ( 3.3.26) i n t o  ( j. 3 . 2 )  y i e l d s  t h e  nondimensiorlal 

t a n g e n t i a l  displaceioent of t t e  shel.1 mid-surface:  

, , - 2 X  p j l 2 i f l  ) s i n ( s ~  T) 6 ( c s s  $) 
n 111 n c m  nm n 

$((F,T) = r, r - - 
s d ( - i s f i  ) 

n=l m=l nm nr. 

From (3.3,35) and (3.3,37), t h e  response of a c l o s e d  er:!pt,y s h e l l  sub- 

j e c t e d  t o  8 1 ~ x 2 1  r ~ s i a l  i r n y i s i v e  1oed can be e a s i l y  zbta inf .3  by s e t t i n g  



f = 0. I n  t h e  ebsence of f l u i d ,  t h e  correspor-ding forrns of t h e  e q u a t i o n s  

(3.3.36) and (3.3.37) a r e  

R - 2 nn(q. - A ? ~  ) s i n ( ;  T ) P  ( C O S  q )  
o i n  nm .---- nm n 

[ ( c p , ~ )  =r s i n  E T i C C ---. 
R o t p  -2n2 ) 7 

o n = l  m = l  n n J q l n  2n nm 

cu a 
0 

where .?l = - i s  t h e  nondimensionel b r e a t h i n g  mode f requency and t h e  va lue  
0 c 

s  
of o was given by ( 2 . 4 . 1 6 )  ; ,;! a r e t h e  two S i s t i n c t  m o t s  of t i e  f r e q u e r c y  

o nm 

equat ion,  (2 .4 .17) )  f o r  t h e  empty s h e l l .  

S ince  t h e  e x t e r n a l  l o a d  was assu.rned t o  be of t h e  fornl ~ ( q )  6 ( ~ )  the  so- 

l u t i o n s  ob ta ined  thus  f a r  r e p r e s e n t  t h e  impulse response of t h e  system. I n  -- - 

genere l ,  a  smal l ,  bu t  f i n i t e  l e n g t h  of t ime e l a p s e s  dur ing  t h e  a p p l i c a t i o n  of 

t h e  e x t e r c a l  l o a d .  This means t h e  e x t e r n a l  p r e s s u r e  s h ~ u l d  be denoted by 

F(G) ~ ( 7 ) )  where ~ ' ( 3 )  has aga in  t h e  same rreanlng, n a ~ e i y ,  e x t e r n a l  l o ? d  in -  

t e n s i t y  p e r  , u n i t  mid-surface a r e e  of t h e  s k e l l ,  and T(Y) r e p r e s e n t s  snjr a r -  

b i t r a r y  p r e s s u r e  t ime 3 ~ n c t F o n  one d e s i r e s  t o  choose.  According t o  E o r e l ' s  

theorem t k e  resFonse o f  a l i n e e r  system t o  eq ? :<c i t a t ion  f u n c t i o n  T(T) i s  t h e  

c o n v o l ~ t i o ~  of i t s  i x p u l s e  response and t h e  e x c i t a t i o n  f i n e t i o n .  Eence, t h e  

response of a f l u i d - f i l l e d  s p h e r i c a l  sk-ell  t o  zn e x t e r n a l  l o a d  F(Q) ~ ( 7 )  i s  

ob ta ined  by a p s l y i r g  t h i s  tkeorem t o  (3.3.35))  (3 .3 .36) ,  and (3.3.37)j  de-. 

N N W 

n o t i n g  t h e  r e s u l t i K g  express ior is  k y  c P r ,  5 )  a ~ d  2 we g e t  



Since the  ex t e rna l  l oad  has a f i n i t e  dura t ion  the  expression, (3.1.2)~ which 

gives the  v e l o c i t y  i npa r t ed  t o  t he  mass center  of the  system should be modi- 

fied t o  

where tl i s  t he  t i n e  durat ion of the  ex t e rna l  load. 



CHAPTER 4 

NUi'43RICAL RESULTS 

I n  t h i s  chap te r  t h e  s o l u t i o n s  obte ined i n  t h e  p rev ious  chap te r  w i l l  be 

u t i l i z e d  i n  g e t t i n g  sorr~e numerical  r e s u l t s  f o r  t b e  id-eal ized model repre -  

s e n t i n g  t h e  human head when sub jec ted  t o  t h e  impul.sive "externel  l o a d .  The 

possi-ble l o c a t i o n s  of b r a i 2  damage and s k u l l  i n j u r y  w i l l  be i n d i c a t e d  on t h e  

b a s i s  of t h e  numerical  cornpmtations. 

4.1. PRELIMINARY RPi'iIARKS 

I n  o rder  t o  use the sol-utlons ob ta ined  s o  f a r ,  some i d e a l  c o n d i t i o n s  

must be assumed. I n  t k e  f i r s t  p lace ,  we assume 2. s p h e r i c a l  form of t h e  b r z i n  

substance enclosed by t h e  i n n e r  l a y e r  of t h e  s k u l l  cap which i s  approx ina te ly  

s p h e r i c a l .  Furtherrr-ore, t h e  b r a i n  subs ta rce  i s  t aken  t o  be homoger-eo-IS and 

4 
as i t  was po in ted  out by Goldsxitk,  s i n c e  t h e  p h y s i c a l  p r o p e r t i e s  of t h e  

b r a i n  resemble those  of e  f l u i d  and, i n  p a r t i c u l a r ,  t h e  i n t e r c r a n i a l -  f1v.i.d 

shows sone r e s e m b l e x e  t o  water ,  water  I s  chosen t o  be t k e  f l u i d  occupying 

t h e  i n t e r i c r  space of t 5 e  s p h e r i c a l  s h e l l .  The s l m l l  czp which i s  i d e z l i z e d  

by t h e  t h i n  s h z l l  i s  a l s o  taken t o  be homogeneous and i s o t r o p i c .  Under these  

assunp t ions  we a r r i v e  a t  t h e  f o l l o v i n g  d e t a :  

= 0.0772 lbrr,/in. 3 
s 

E = 2 x l o6  l b f / i n .  

v = .25 i For t h e  s h e l l  

a = 3 i n .  

h = .15 i n .  



0 
= 0.0362 l b a / i n .  2 F o r t h e  f l u i d  

From t h e  s h e l l  d a t a  we note  t h a t  a/h i s  w i t h i n  t h e  j u s t i f i a b l e  t h i n  s h e l l  t h e o r y  

l i m i t s ;  a.l.so t h e  c a l c u l z t e d  va lue  f o r  c  i s  103,280 i n . / s e c  which i s  i n  c l o s e  
S 

agreement w i t h  t h e  wave speed of' 106,000 i n . / s e c  through t h e  s k u l l  mentioned 

4 
i n  Goldsmith's paper .  The axisymrnetric e x t e r n a l  i q u l s i v e  l o a d  i s  considered 

t o  be a p p l i e d  on t h e  s h e l l  w i t h  a  coristaint megnitude of 546.5 ~ b f / i n . ~  on a  p o l a r  

cap of 15" ang le .  Thus, t h e  a d d i t i o n  of F = 3b5.5 1 b f / i n a 2  and O := 15' t o  t h e  
0 0 

above conlpletes t h e  necessa ry  d a t a .  

The nondi r~ens iona l  v e l o c i t y  p o t e n t i a l  f o r  t h e  f l u i d  and t h e  coniponents of 

t h e  displacement v e c t o r  of t h e  s h e l l  mid-surface a r e  given by ( 3 , 3 . 3 5 ) ,  

(3.3.36), and (3.3.37).  I n  t h e s e  express ions  S2 and! C r e p r e s e r t  t h e  r o o t s  
om nm 

of t h e  frequency equa-kions ( 2 . 4 . 1 5 )  and ( 2 . L . l 7 ) ,  r e s p e c t i v e l y .  420 of t h e s e  

r o o t s  were f i r s t  determiced Dn t h e  coKputer by an i n t e r v a l - h e l v i n g  technic-ue; 

l a t e r  o r  t h e i r  accuracy was inc reased  cons iderab ly  by means of Y u e l l e r ' s  i t e r -  

a t i o n  schens of success ive  b i s e c t i o n s  end i n v e r s e  p a r d b s l i c  i n t e r p o l a t i o n .  

0 'LTra- K u e l l e r ' s  i t e r a t i o n  metkod was chosen s i n c e  i t  does not  r e q ~ i r e  t h e  <,I' 

t i v e  of tlze f u n c t i o n .  A l l  t h e  calcul .a t ions  Trier2 dore wi th  double p r e c i s i o n  

accuracy a-76 t h e  czx imr!  value  o? the  f u n c t i o n  a t  any one of t k e  420 r o o t s  

- 6 - 
i s  l e s s  thz:? 1 3  , :n t h e  d e t e r ~ x i r ~ a t l o r ,  ef  p o l e s  ( +  i s 0  ) and cwrespondirzg 

nr. 

r e s i d u e s  t h e  s p h e r i c a l  Eessel  f u n c t i o n s  p l a y  an i ~ p o r t a n t  r d e .  Una.vizilability 

of t h e  s p h e r i c a l  Bessel  f u n c t i o n  subrou t ine  ccr-yel led u s  t o  w r i t e  z subrout ine  

by us ing a r e c u r s i o n  formula and t h e  s e r l e s  r e p r e s e n t a t i o n  g ive1  on page h2, 

Since f o r  the  smal l  arguroe_rts t h e  r e c c r s i o n  forrfllda g ives  u ~ s t a b l e  r e s u l t s  f o r  

t h e  valuos  of t h e  s p h e r i c a l  Bessel  Fuqxticn, t h e  s e r i e s  r e p r e s e i i t a t i  on T d h i ~ h  

e x h i b i t s  s t r o n g  cznverger.ce fq r  t k e  sn:sll. ar$.:~~e;lts i s  s ~ ' c s t i t u t , e 2 .  For eeck 



order ,  n, of t h e  spker2ical  Bessel  f u n c t i c n  and i t s  f i r s t  d e r i v a t i v e  an a r p -  

ment was determined f o r  which b o t h  r e c u r s i o n  and t h e  s e r i e s  r e p r e s e n t a t i o n  

gave t h e  same r e s u l t  t o  w i t h i n  t h e  d e s i r e d  accuracy.  Thus, t h e  subrout ine  

was designeri t o  c a l l  f o r  t k e  s e r i e s  r e p r e s e n t a t i o n  :shen t h e  arguments a r e  l e s s  

t h a n  a p a r t i c u l a r  n m b e r  and t h e  recursion f o r r ~ ~ u l a  otherwise .  

The nondimensional excess  p ressure ,  pl, i s  equa l  t o  - and i t  i s  

ob ta inab le  d i r e c t l y  from (3.3.35). I f  we cons lder  one t o  one correspcndence 

between t h e  n a t u r a l  f requenc ies  and t h e  modes of t h e  system, f o r  n = 0, . . . ,20 
and m = 1, . . ., 20 t h e r e  a r e  420 modes which were p a r t l y  conputed a s  r e s i 6 u e s  

t o  g e t  t h e  s h e l l  mid-surfac-? d i s p l a c e ~ e n $  compofients (, $, and t h e  excess  

p ressure  p l  . For [ and 6 l e s s  tha-  h a l f  of t k e s e  xodes g ive  s u f f i c i e n t  con- 

vergence; bu t  f o r  zhe f l u i d  p r e s s u r e  i t  was necessery  t o  u s e  a l l  of t h e  modes. 

For c o ~ p a r l s o c  purFoses t h e  rzsyonse of t h e  ernpty s h e l l  sub jec ted  t o  t h e  s a r e  

impulsive l o a d  was e l s o  determined from ( 3.3.38) and (3.3.39) wkich a r e  t h e  

s p e c i a l  c a s e s  of (3 .3 .36)  and ( 3 . 3 . 3 7 ) .  

4.2. DISCUSSION OF Tdd RZSULTS 

en F igures  8 through 1> t h e  nun-hers enclosed 3y m a l l  c i r c l e s  des igna te  

€he m u l t i p l e s  of t h e  t ime increment.  The time increment chasen r e p r e s e n t s  

1/10 of t h e  ce1cula"ued t i r - e  which t 3 e  s t r e s s  wave on t h e  she11 takes  t o  a r r i v e  

- 5 
a t  t h e  opposi te  p o l e .  Thus, @ r e f e r s  t o  a c t u a l  t i n e  of t = 9.125 x 1 0  sec  

o r  nondimenslonal t h e  T = 0.31.41 and 13 r e f e r s  t o  a c t u a l  time of t = 9.125 

- 5 

0 
x 1 0  o r  nondi~!ensio::al t i n e  T = j .1h1. Tde can make t h e  ~~~~~~~~~~~g r enarks  

based cn. a c l o s e  s tudy  of t,l.ie r Iuxer ics l  r e s u l t s  an2 t h e  g r ~ p h s  sko:.:n on Figures  

8 thr31~.gh 1 5 :  



Figure 8. Normal s t r e s s  i n  t h e  o - -d i r ez t i on  as  a f unc t i on  
of  t h e  p o l a r  a n g l e ,  o, a t  va r ious  t imes ( i n  vacuo c a s e ) ,  z = 0.  



Figure 9. Normal s t r e s s  i n  the  O-direzii .cn a s  a function of 
t h e  p o l a r  a n g l e ,  q a t  v a r i o u s  times ( i n  vacuo c a s e ) ,  z = 0. 



Figure  10. Norri..al s t r e s s  i n  t h e  o - d i r e c t i o n  E S  a f u n c t i o n  
of t h e  p s l a r  acgle, 9, a t  v a r i o u s  t i r -es  ( f i u i d - f i l - l e d  c a s e ) ,  z = 0. 



Figure  11. Normal s t r e s s  i n  t h e  0-direction a s  a  P ~ n c t i o n  
o f  the p 3 l a r  s n g l i ,  CG, a t  var ious  t i r e s  (fluid-filled cise), z = 0. 





DISTANCES OF z - SURFACES ( i n c h e s )  

Figure 13. Normal stress vs, distarice of z-surfaces, G = 0. 



NOXDIAIENS IONAL RADIAL DISTANCE, r 

F igure  1 4 .  E o n d i ~ e n s i o r s l  p r e s s g r e ,  p l ,  vs , nonLiaensiona1 
r e d i a l  d i s t a n c e ,  r l .  





(1) The magnitudes of s t r e s s  co;rlponeni,s o. and a. a c t i n g  on t h e  r i d -  v 6? 

s u r f a c e  of t h e  s h e l l  (z = 0) i n  t h e  f l u i d - f i l - l e d  case  Ere cons iderab ly  l e s s  

than those  of t h e  i n  vacuo c a s e .  The obvious reason  f o r  t h i s  i s  t h e  presence 

of t h e  high d e n s i t y  f l ~ i d  which absorbs a  l a r g e  p o r t i o r  of t h e  i n i t i a l  energy 

i n p u t  from t h e  s h e l l  m a t e r i a l  whose modulus of e l a s t i c i t y  i s  w i t e  lox .  

(2) I n  t h e  f l u i e - - f i l l e d  case  t h e  rr~axin-urn compressional s t r e s s  on t h e  

mid-surface of t h e  s h e l l  a t  t h e  oppos i t e  po le  occurs  a t  a  l a t e r  time, namely, 

a t  t ime @ whereas i n  t h e  invacuo c a s e  t h i s  t ime i s  @ .  

( 3 )  Time @ corresponds a p p r o x i e a t e l y  t o  t h e  arr:val c f  t h e  corrpres- 

s i o n a l  f l u i d  pul-se a t  t h e  oppos i t e  po le .  The 11::agnitv.de of t h e  t e n s i l e  s t r e s s  

on t h e  mid-s,urface of t h e  s h e l l  a t  t h i s  t ime i s  h igher  t h a n  t h e  magnitude of 

t h e  corfipressive s t r e s s  a t  t irre @ . This i ~ c r e a s e  i s  czused by t h e  r e f l e c -  

t i o n  of t h e  c c r p r e s s i o n a l  f l u i d  p.ulse a t  t h e  oppos i t e  po le .  

( L )  Figure  1 2  shovs f o r  b o t h  t h e  f l u i d - f i l l e d  and i n  vacuo cases ,  t h e  

occurrerice of t h e  rfiaxi~c-n il?r,t~ard 2nd outward r a d i a l  s h e l l  d isplacements  a t  t h e  

p o l e  where t h e  i n p u l s l v e  l o a d  i s  a c p l i e d .  F igure  13 i s  2 p l o t  of' t h e  s t r e s s  

d i s t r L b u t i s n  t b ~ ~ ~ g h o u t  t k e  s k e l l  t h i c k n e s s  a t  those  t imes  -dher. t h e  r a d i a l  

d i ~ p l a c e ~ e n t s  a r e  maximal f o r  each of t h e  two c a s e s .  

( 5 )  I n  Flgure  14, t h e  nondimensionel excess  p r e s s u r ?  i s  p l o t t e d  a s  e 

f 'unction of t h e  nondinensional  r a d i a l  d i s t a n c e .  From t h i s  p l o t  we car1 see  t h e  

propagat ion of t h e  corrqressional p u l s e  toward t h e  c e n t e r  of  t h e  f l u i d ,  There 

i s  a decrease  i n  magnitude of t h e  p u l s e  as  it progresses  t o ~ i a r d  t h e  c e r t e r  of 

t h e  spher'e. 5uie keep i n  r i n d  t h e t  t h i s  p u l s e  r e p r e s e n t s  e r a t k e r  co~p:Lex s7;- 

p e r p o s i t i o n  of p i i l ses  generate?  on, and r e f l e c k ? ,  rrritk va ry ing  s t r e n g t h s  

from t h e  s h e l l  s u r f a c e  a s  the comprsss i scs l  d is t .urbmce o? t h e  s k e l l  propagates  



f r o r L  t h e  p o l e  of l o a d i n g  toward t h e  oppos i t e  p o l e .  

(6) Figure  13 shows a  sirci_lar p l o t ,  b u t  t h e  r a d i a l  d i s t a n c e  i s  t a k e n  

from one p o l e  t o  the  o t h e r .  The purpose of t h i s  p l o t  i s  t o  shod t h e  occurrence,  

l o c a t i o n ,  and magnitude of t h e  maximilrn. ------- nega t ive  excess  p r e s s u r e .  The rnagni- 

tude  of t h i s  n e g a t i v e  excess  p r e s s u r e  i s  indeed h igher  t h a n  t h e  magnitude of 

t h e  maxirnurn p o s i t i v e  excess  p r e s s u r e ,  

4.3. COJICLUSION 

I n  view of F i g u r e s  10, 11, and 13 we can s t a t e  t h a t  t h e  p o s s i b l e  l o c a -  

t i o n s  on t h e  s k u l l  s u s c e p t i b l e  t o  severe  demage a r e ;  t h e  p o l e  where t h e  imp-d- 

s i v e  l o a d  i s  app l ied ,  a  neighborho.?d of q = 35' where t e n s i l e  s t r e s s e s  develop 

repea ted ly ,  and z t  t h e  oppos i t e  p o l e  where high v a l u e s  of tens!le s t r e s s  a r e  

genera ted  a f t e r  t h e  r e f l e c t i o n  of b o t h  types  of waves one a f t e r  t1:e o t h e r .  

I f  we f e e l  t h a t  b r a i n  dar-age o c c ~ r s  a t  t h e  p o i n t s  of r a r e f a c t i o n  of t h e  f l u i d ,  

t h e n  F igure  15 i q d i c a t e s  t h a t  t h i s  s i t u a t i o n  a r i s e s  a t  t ime I and l o c a t i o x  @ 
r, = .55 end much more s e v e r e l y  a t  t ime @ and l o c a t i o n  rl = - . L?. This  

f a c t  c l e a r l y  e s t a b l i s h e s  t h e  d i f f e r e n c e  between t h e  p r e s e n t  and r i g i d  s h e l l  

a n a l y s i s  where I t  was i n f e r r e d  t h a t  ~ a x i m a l  b r a i n  damege occcrs  a t  t h e  c e n t e r .  

. I n  conclus ion,  t h e  irnrr.ediate e x t e n s i o n  cf t h i s  numerical  v ~ r k  can be t k e  

c o n s i d e r a t i o n  of C l f f e r e n t  p u l s e  shapss  end d u r a t i o n s  by u t i l i z a t i o g  3f t h e  

f o r m l z s  d e r i v e d  a t  t h e  end of Cka3ter 3. I n  r y  opiniog,  b o t h  t h e  p u l s e  

shepes and t h e i r  d u r a t i o x  ccn be i x p o r t a n t  f a c t o r s  3n t k e  l o c e t i o n  of damage 

i n  t h e  b r a i n  a s  veil a s  on t h e  s k d l .  The f ' u r tke r  e x t e n s i o n  of t h i s  t k e a l s  

f o r  d i f f e r e n t  head i n j u r y  models ray p o s s i b l y  be t h e  a p p l i c a t i c n  of t h e  coy- 

respondence p r i g c i p l e  i n  o r e z r  ts o'rta l n  s s l u t i c r s  f o r  a  1-ineer v i s c o e l 3  s t l  c  

m t e r i a l .  
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