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ABSTRACT

The hexahedron recurrence was introduced by R. Kenyon and R. Pemantle in the
study of the double-dimer model in statistical mechanics. It describes a relation-
ship among certain minors of a square matrix. This recurrence is closely related to
the Kashaev equation, which has its roots in the Ising model and in the study of
relations among principal minors of a symmetric matrix. Certain solutions of the
hexahedron recurrence restrict to solutions of the Kashaev equation. We characterize
the solutions of the Kashaev equation that can be obtained by such a restriction.
This characterization leads to new results about principal minors of symmetric ma-
trices. We describe and study other recurrences whose behavior is similar to that
of the Kashaev equation and hexahedron recurrence. These include equations that
appear in the study of s-holomorphicity, as well as other recurrences which, like the

hexahedron recurrence, can be related to cluster algebras.
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CHAPTER I

Introduction

The Kashaev equation is a polynomial equation involving 8 numbers indexed by
the vertices of a cube; this equation is invariant under the symmetries of the cube.
It originally appeared in the study of the star-triangle move in the Ising model [3];
it also arises as a relation among principal minors of a symmetric matrix [4].

We say that a C-valued array indexed by Z* satisfies the Kashaev equation if for
every unit cube C' in Z®, the 8 numbers indexed by the vertices of C satisfy the
Kashaev equation. The Kashaev equation is quadratic in each of its variables, so we
in general have two choices in solving for one value in terms of the remaining seven.
If these seven values are all positive, then both solutions are real, and the larger
solution is positive. This leads to a recurrence on positive-valued arrays on Z* that
we call the positive Kashaev recurrence; it expresses the value at the “top vertex” of
each unit cube in terms of the 7 values underneath it.

Our first observation is that solutions of this positive recurrence satisfy an ad-
ditional algebraic constraint not implied by the Kashaev equation alone. This con-
straint involves the values indexed by the 27 vertices of a 2 x 2 x 2 cube in Z®. A
solution of the Kashaev equation that satisfies this constraint is called coherent.

The hexahedron recurrence is a birational recurrence satisfied by an array indexed



by the vertices and (centers of) two-dimensional faces of the standard tiling of R?
with unit cubes. This recurrence was introduced by Kenyon and Pemantle [5] in the
context of statistical mechanics as a way to count “taut double-dimer configurations”
of certain graphs. It also describes a relationship among principal and “almost
principal” minors of a square matrix [4].

A key observation of Kenyon and Pemantle [5] was that restricting an array sat-
isfying the hexahedron recurrence to the vertices of the standard tiling of R?® with
cubes (i.e., to Z%) yields an array satisfying the Kashaev equation. However, not
all solutions of the Kashaev equation can be obtained this way. Our main result
(Theorem I1.22) states that, modulo some natural technical conditions, a solution of
the Kashaev equation can be extended to a solution of the hexahedron recurrence if
and only if it is coherent.

We then generalize this result to a certain subclass of 3-dimensional cubical com-
plexes. We show that a suitable generalization of Theorem I1.22 holds for these
complexes (Proposition VIII.3 and Theorem VIII.10), but that the corresponding
statement can be false for cubical complexes outside this subclass (Theorem VIII.11).

We use this generalization to study the relations among principal minors of sym-
metric matrices. Given a symmetric matrix M, we associate principal minors of M
to the vertices of a cubical complex, so that the resulting array is a coherent solu-
tion of the Kashaev equation. Conversely, for any generic coherent solution of the
Kashaev equation, there exists a symmetric matrix whose principal minors appear
as the entries of the given array. This leads to Theorem IV.26, which provides a
simple test for whether a 2"-tuple of complex numbers (satisfying certain genericity
conditions) arises as a collection of principal minors of an n X n symmetric matrix.

An alternative criterion was given by L. Oeding [9].



Going in another direction, we develop an axiomatic setup for pairs of recur-
rences whose behavior is similar to that of the Kashaev equation and the hexahe-
dron recurrence, respectively. Theorem X.24 generalizes Theorem I1.22 to this class
of recurrences.

Among the applications of this generalization, we study a set of equations that
appear in the context of s-holomorphicity in discrete complex analysis. We introduce
an equation (5.1), similar to the Kashaev equation for arrays indexed by Z?, along
with equations (5.12)—(5.14), similar to the hexahedron recurrence for arrays indexed
by the edges and vertices of the standard tiling of R? with unit squares. The equa-
tions (5.13)—(5.14) for the edge values are independent of the values on the vertices,
and can be used (with small modifications) to define s-holomorphic functions on the
tiling of R? with unit squares. While the equations (5.1) and (5.12)(5.14) have been
studied before (cf. [1]), our main novelty is the notion of coherence similar to that
for the Kashaev equation.

As another application, we introduce additional recurrences exhibiting hexahe-
dron-like behavior that have their origins in the theory of cluster algebras. Whereas
the connections with cluster algebras are to be discussed elsewhere, the definitions

of coherence for these recurrences are provided herein.

Definitions Proofs and
and results generalizations
Kashaev equation in Z* Chapter 11 Chapter VII

Kashaev equation for cubical complexes | Chapters III, IV | Chapters VIII, IX

Other Kashaev-like recurrences Chapters V, VI Chapter X

Table 1.1: General organization of the thesis.



We next review the content of each chapter of the thesis. Chapter II introduces
the basic concepts. Its main result is Theorem I1.22, which has been discussed above.
The results from Chapter I are proved in Chapter VII.

While Chapters II and VII are necessary for the rest of the thesis, Chapters III,
IV, VIII, IX are independent of Chapters V, VI, X, and vice versa. In Chapter III, we
discuss some combinatorial tools involving cubical complexes and zonotopal tilings
that we use in Chapters IV, VIII, and IX. In Chapter IV, we review the background
from Kenyon and Pemantle [4] on the use of the hexahedron recurrence and the
Kashaev equation in the study of principal and almost principal minors. In that
chapter, we also state a version of Theorem I1.22 for certain cubical complexes, and
then apply this result to the study of principal minors of symmetric matrices. In
Chapter VIII, we extend Theorem I1.22 to the setting of cubical complexes, and
in the process prove some results from Chapter IV. In Chapter IX, we prove the
remaining results from Chapter IV.

In Chapter V, we discuss a condition similar to the Kashaev equation that arises
in the context of s-holomorphicity. In Chapter VI, we discuss some additional recur-
rences with behavior similar to the Kashaev equation and hexahedron recurrence,
which are related to cluster algebras. Chapters V and VI can be read independently
of each other. In Chapter X, we describe an axiomatic setup for equations with prop-
erties similar to those of the Kashaev equation, and prove a more general version of

Theorem I1.22. In the process, we prove all of the results from Chapters V-VI.



CHAPTER II

The Kashaev Equation in Z°

In this chapter, we introduce the Kashaev equation, the hexahedron recurrence,
and the K-hexahedron equations. We then state our main results (Theorems I1.22-

11.23) about the Kashaev equation for arrays indexed by Z>.

Definition II.1. Let zyg,...,2111 € C be 8 numbers indexed by the vertices of a
cube, as shown in Figure 2.1. We say that these 8 numbers satisfy the Kashaev

equation if
(2.1) 20+ + A +d*) — (a+b+c+d)?+4(s+1t) =0,

where a, b, c,d, s,t are the monomials defined in Figure 2.1. Notice that the equa-
tion (2.1) is invariant under the symmetries of the cube. Thus, reindexing the 8 values

using an isomorphic labeling of the cube does not change the Kashaev equation.

Definition I1.2. We say that a 3-dimensional array x € C” satisfies the Kashaev
equation if its components labeled by the vertices of any unit cube in Z? satisfy (2.1).

More formally, given a unit cube C' in Z*, define K¢ : c” 5 c by
(2.2) KOx)=2?>+0*+2+d) —(a+b+c+d)?*—4(s+1)

where a, b, c,d, s,t are the monomials in the components of x at the vertices of C,



2011 2111
a = 20007111,
2010 2110
b = 21002011, 8 = Z000201121012110;
C = 2010%1015 t = 2111210020102001 -
2001 2101
d = zp012110s
2000 2100

Figure 2.1: Notation used in Definition II.1. The quantities a, b, ¢, and d are the products of the
values at opposite vertices of the cube, and s and ¢ are the products corresponding to
the two inscribed tetrahedra.

defined as in Figure 2.1. We then say that x satisfies the Kashaev equation if

K¢(x) = 0 for every unit cube C' in Z>.

The Kashaev equation was originally introduced by R. Kashaev [5] in the study
of the star-triangle move in the Ising model. It also appears as an identity involving
principal minors of a symmetric matrix [4]; this connection is discussed in Chapter IV.
Furthermore, up to changes of sign, the Kashaev equation can be interpreted as the
vanishing of Cayley’s hyperdeterminant of a 2 x 2 x 2 hypermatrix; this connection is
also discussed in Chapter IV. The Kashaev equation is also related to the theory of
cluster algebras and to Descartes’s formula for Apollonian circles, connections that

we will explore in later work.

Remark 11.3. The left-hand side of equation (2.1) is a quadratic polynomial in each

of the variables z;;,. Solving for z11; in terms of the other z;;,, we obtain

A+2VD

(2.3) 2111 =
%300

where

(2.4) A = 2210020102001 + 2000(Z100%011 + 20102101 + Z0012110)
2.4

D = (20002011 + 2010%001) (20002101 + Z1002001) (20002110 + 21002010)-



and v/ D denotes any of the two square roots of D. Notice that if all 7 values z;j
contributing to the right-hand side of (2.3) are positive, then D > 0, so both solutions
for z117 in (2.3) are real; moreover, the larger of these two solutions is positive. This

observation suggests the following definition.

Definition II.4. We say that a 3-dimensional array x € (R>0)Z3 satisfies the positive

Kashaev recurrence if for every (vy,vy,v3) € Z*, we have

A+2vD
(2.5) 2=
2000
where z;;; denotes the component of x at (vy + 4,v2 + j,vs + k), for 4, j, k € {0, 1},

and we use the notation introduced in (2.4), with the conventional meaning of the

square root.

Remark 11.5. By Remark II.3, any solution of the the positive Kashaev recurrence
is a positive real solution of the Kashaev equation. However, the converse is false;
there exist arrays x € (R>0)Z3 satisfying the Kashaev equation which do not satisfy
the positive Kashaev recurrence. (There exist positive z;;;, such that both solutions

for 2117 in (2.3) are positive.)

Any solution of the positive Kashaev recurrence must satisfy certain algebraic

equations which are not implied by the Kashaev equation.

Definition I1.6. Let x € CZ°. Let v, w be two opposite vertices in a unit cube C'

in Z3. We set
10K¢
K (x) =~ (x)
(2.6) ‘11 Oy
= 5(2’1112300 — 2000(21002011 + 20102101 + 20012110)) — 2100201020015

where we use a labeling of the components of x on the vertices of C' as in Figure 2.1,

with zggo corresponding to the component of x at v.



Definition I1.7. Given v € Z* and i1, iy,i3 € {—1,1}, define C,(iy, 12, i3) to be the

unique unit cube containing the vertices v and v + (i1, i, i3).

Proposition I1.8. Suppose that x = (z,) € c? satisfies the Kashaev equation.

Then for any v € Z°,

(2.7) (H Kf(x)) = (H(mvxv2+xlev3)> ,

Cov S>v

where
e the first product is over the 8 unit cubes C' incident to the vertex v,

e the second product is over the 12 unit squares S incident to v (cf. Figure 2.2),

and
® v, v, vy, U3 are the vertices of such a unit square S listed in cyclic order.

Moreover, the following strengthening of (2.7) holds:

2 2

(2.8) H ch(x> = H ch<x) = H(xvxw + Ty, Tuy )

C=Cy (i1 ,i27i3) C=Cy (i1 ,ig,i3) Sov
i1,02,i3€{—1,1} i1,i2,i3€{—1,1}
111213=1 i1t2i3=—1

where the rightmost product is the same as in (2.7).

Theorem I1.9. Suppose that x = (z,) € (Rso)? satisfies the positive Kashaev
recurrence. Then for any v € Z2,
(2.9) H Ky (x) = H(xvxvz + Ly, Tuy),

Cov S3v

where the notational conventions are the same as in equation (2.7).

Proposition I1.8 asserts that the expressions being squared in equation (2.7) are
equal up to sign; in the case of the positive Kashaev recurrence, Theorem I1.9 states

that the signs must match.



Figure 2.2: The 12 unit squares incident to v € Z>.

Definition I1.10. We say that a solution x of the Kashaev equation is coherent if

it satisfies (2.9) for every v € Z*. Equivalently, x is coherent if

(2.10) I &= [ &'®

C=Cl(i1,i2,i3) C=Cy(i1,i2,i3)
i1,4i2,43€{—1,1} i1,42,93€{—1,1}
i11913=1 i112i3=—1

(ct. (2.8)).

By Theorem I1.9, any solution of the positive Kashaev recurrence is a coherent

solution of the Kashaev equation.

Remark 11.11. If x = ()43 is a coherent solution of the Kashaev equation, then
for any v € Z*, each of the formulas (2.9) and (2.10) represent x,,(111) as a rational

expression in the 26 values 4 (s, 4, 5 for (61, B2, 83) € {—1,0,1}°\ {(1,1,1)}.

Coherent solutions of the Kashaev equation are closely related to (a special case
of) the hexahedron recurrence, introduced and studied by Kenyon and Pemantle [5].

We next discuss this important construction, which plays a central role in this thesis.



10
Definition I1.12. Let L be the subset of (5 Z)?® defined by

L=1{(i,j,k) €R*:2i,25,2k,i+j+ k€ Z}

= 2°+{(0,0,0),(0.3.3) . (5:0,3) + (5:3.0) }

(2.11)

Thus, L contains Z>, together with the centers of unit squares with vertices in Z3.

Kenyon and Pemantle [5] made the following important observation, which can

be verified by direct computation.

Proposition II.13 ([5, Proposition 6.6]).
(a) Let x = (z,) € (Rso)? satisfy the positive Kashaev recurrence. Extend x to an

array X = (z,) € (Rso) by setting
(2.12) T2 = Ty Ty + Ty Ty,

for all s € L — 73, where vy,vy,v5,v4 € Z appear in cyclic order along the unit

square corresponding to s; see Figure 2.3. In other words, for allv € 72,

(2-13) %Jr(oéé) = \/$v$v+(0,1,1) + Z4(0,1,0)T0+(0,0,1) 5
(2-14) %+(%,0’%) = \/xu$v+(1,o,1) + Zy4(1,0,0)T0+(0,0,1) 5
(2.15) Typ(5,10) = VToTot(1,1,0) F Lot (1,0,0)Tot(0,1,0)-

Then for all v € Z2, we have

Znl11Z2101211 Z100< Z| 2000~ Z|
(2.16) _ Z0L1%ioL 110 1 210020102001 * 200021002011
’ Zl%% o Z Znl1 ’
000201 L
201121012110+ £10020102001 T 200020102101
2 17) 211 = 22 272 22
( ' zl3 20002101 ’
0002101
291121912110 + 210020102001 + 200020012110
2 18) 211 — 22 272 22
( . ==1 ’
22 Z000<11qg
22
2 2 .2 A D
Zollzlolzllo + Azgr121912119 +
2 19 . 232 3293 323 22 272 22
(2.19) S 220020112101 %7
11 101 11
00070112191 %11¢
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where z;;, denotes the component of X at v+ (1,7, k), and A and D are given by (2.4).
(b) Conversely, supposex = (x,) € (Rso)¥ satisfies (2.16)~(2.19) together with (2.12).

Then the restriction of X to Z* satisfies the positive Kashaev recurrence.

V4 U3

VY J

U1 V2

Figure 2.3: The points involved in equation (2.12).

Definition II.14 ([5]). We say that an array X € (C*)* satisfies the hexahedron
recurrence if for any v € Z*, % satisfies equations (2.16)-(2.19). Notice that equa-
tions (2.16)—(2.19) involve the components of X at the 14 points in L located at the
boundary of the unit cube in Z* with the vertices v + (i, 4, k), for i,j, k € {0,1},

namely the 8 vertices of the cube, and the 6 centers of its faces.

The hexahedron recurrence was introduced in [5] in the context of statistical
mechanics as a way to count “taut double-dimer configurations” of certain graphs.
This recurrence also describes a relationship among principal and “almost principal”

minors of a square matrix [4], a connection we will discuss in Chapter IV.

Remark 11.15. The equations for the hexahedron recurrence, like those for the pos-
itive Kashaev recurrence above (and unlike the original Kashaev equation (2.1)),
have a “preferred direction,” wviz., the direction of increase of all three coordinates.
While replacing the direction (1,1,1) by the opposite direction (—1,—1,—1) does
not change these equations, using any of the six remaining directions (£1,+1,+1)

yields a different recurrence. See Remark VII.4.

We now extend Proposition I1.13 to complex-valued solutions of the hexahedron
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recurrence.

Theorem I1.16.

(a) Let x = (z,) € (C*)%* be a coherent solution of the Kashaev equation, with

(2.20) TyTyteite; T Tute; Tute; #0

for all v € Z* and all distinct i,j € {1,2,3}. Then x can be extended to an array
X = (x,) € (C"L satisfying the hexahedron recurrence along with (2.12).

L satisfies the hexahedron recurrence along

(b) Conversely, suppose X = (x;) € (C*)
with (2.12). Then the restriction of X to Z* is a coherent solution of the Kashaev

equation and satisfies condition (2.20).

Remark 11.17. Theorem I1.9 follows from Theorem II.16(b), because a solution of
the positive Kashaev recurrence can be extended to a solution of the hexahedron

recurrence that satisfies (2.12) (by Proposition I1.13).

Remark 11.18. If x doesn’t satisfy condition (2.20), and an array X extending x € C*
satisfies (2.12), then at least one of the face variables for X equals 0, requiring us to
divide by 0 when we apply the hexahedron recurrence. On the other hand, if X € C*
satisfies equations (2.16)—(2.19) with the denominators multiplied out (so that the
denominators can equal 0), then the restriction of X to Z* doesn’t necessarily satisfy

the Kashaev equation.

The following statement is straightforward to check.
Proposition I1.19. Let X = (z,) € (C*)* be an array satisfying (2.12), for any s €
L —72. Then the following are equivalent:

e X satisfies the hexahedron recurrence;
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e for any v € Z*, we have

N

1012116 F 20112
30375350 " 0557100

(2.21)

1N
i

Y

[NIE
[NIE

2000
2110+ 21012
239 3037010

(2.22)

N
=

=

N
=

(2.23)

=

2000
A 22 1121
+ 055730

N[

(224) 2111 = 3
2000

where, as before, z;j; denotes the component of X at v+ (1,7, k), and A is given

by (2.4).
Definition I1.20. Let X = (z,) € C* be an array with z, # 0 for s € Z>. We

say that X satisfies the K-hexahedron equations if X satisfies equation (2.12) for all

s € L — 7Z?, and satisfies equations (2.21)-(2.24) for all v € Z*.

Remark 11.21. By Proposition 11.19, if x € (C*)f, i.e., X has all nonzero components,

then the following are equivalent:
e X satisfies the K-hexahedron equations;
e X satisfies the hexahedron recurrence, along with equation (2.12) for s € L —Z>,

We next restate Theorem I1.16 (and slightly strengthen part (b) thereof) using

the notion of the K-hexahedron equations.

Theorem I1.22.

(a) Any coherent solution x = (z5) € (C"‘)Z3 of the Kashaev equation satisfying con-
dition (2.20) can be extended to an array X = (x,) € C* satisfying the K-hevahedron
equations.

(b) Conversely, suppose that X = (x,) € C* (with x4 # 0 for all s € Z*) satisfies the
K-hexahedron equations. Then the restriction of X to Z* is a coherent solution of the

Kashaev equation.
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The extension from x to X in Theorem I1.22(a) is not unique. The theorem below

clarifies the relationship between different extensions.

Theorem I11.23. Let X = (z,) € (C*)L be an array satisfying the K-hexahedron

equations.

(a) Let oy, Bi,v; € {—1,1}, i € Z. Let y = (y,) € (C*)L be defined by

(2.25) Y(abe) = T(abe);

(2.26) y(a’b%,c%) = 517%93(,171,%,0%),
(2.27) Y(arlpert) = XaVel(arlperd)
(2.28) Y(ariptie) = O‘aﬂbm(a+é,b+%,c)’

for (a,b,c) € 73. Then ¥y satisfies the K-hexahedron equations.

(b) Conversely, suppose ¥ = (y,) € (C*)F

15 an array satisfying the K-hexahedron
equations that agrees with X on Z* (cf. (2.25)). Then there exist signs o, Bi, 7 €

{—1,1}, i € Z, such that ¥ is given by (2.25)(2.28) for (a,b,c) € Z°.

Theorems I1.22-11.23 are proved in Chapter VII.



CHAPTER III

Combinatorial Preliminaries on Cubical Complexes and
Zonotopes

In this chapter, we review some standard combinatorial background on cubical
complexes and zonotopes. This chapter introduces some unconventional terminology

which later chapters will use.

Definition II1.1. A cubical complez is a polyhedral complex whose cells are cubes
of various dimensions, see [6, Definitions 2.39 and 2.42]. We do not require that there
exist an embedding of a cubical complex into Euclidean space such that every cell is
a polyhedron. A cubical complex s is d-dimensional if the dimension of the largest
cube in s is d; it is pure of dimension d if every cube of s is either dimension d or
a face of some d-dimensional cube in s. A quadrangulation of a polygon R in R? is

a realization of R as a (pure, 2-dimensional) cubical complex.

Definition III.2. Let s be a cubical complex embedded (as a topological space)
into a Euclidean space R%. A point v in s is called an interior point of » if s contains
a (small) open ball centered at v. (This notion does not depend on the choice of

embedding for a fixed d.)

Definition IIL.3. A m-dimensional zonotope Z,, . ,, is the Minkowski sum of line

¢

segments Zﬁzl[(), vj] for vy, ..., v, € R™ spanning R™. A cubical tiling of Z,, _,, isa

15
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tiling of Z,, ., with the translates of the Minkowski sums > _;_;[0, v;] over I € (Ei])
such that {v; : j € I} is linearly independent. Cubical tilings of zonotopes are

examples of cubical complexes.

Definition ITI.4. We denote by P,, the regular (2n)-gon Z,, ., where e; = e™U—1/n
€ C=R?for j = 1,...,n using the standard identification between C and R? (see
Figure 3.1). We denote by vy the vertex of P, corresponding to the origin. We
define a O-tiling of P,, to be a cubical tiling of Z., . , ie., a tiling of P, with
the (}) rhombi given by the translations of the Minkowski sums [0, ¢;] + [0, ;] for
1 <i < 7 <n (see Figure 3.2). We label the vertices of a {-tiling of P,, by subsets

of [n] as follows: we label a vertex v by I C [n] if we can reach v from v, by following

the edges of the tiling corresponding to the vectors e; for j € I (see Figure 3.2).

€4 €2

>-€1 Vo

Figure 3.1: On the left, the vectors ey, e, €3, e4 from Definition II1.4 when n = 4. On the right, the
regular 8-gon P,.

Definition III.5. Two quadrangulations 77,75 of a polygon are connected by a flip
if they are related by a single local move of the form pictured in Figure 3.3. Note
that we can picture a flip as placing a cube on top of the hexagon where the flip

occurs.

It will be helpful for us to think about quadrangulations through the dual language

of divides.
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234 1234
13
34 123
23 124 34
14
4 24 2 12
12
Vo 1

Figure 3.2: A {-tiling of P4. The vertex vy corresponding to the origin is labeled. In red, we label
each rhombus that is a translation of the Minkowski sum [0, e;] X [0, €;] by 4j. In blue,
we label each vertex of the tiling by its corresponding subset of [4].

Figure 3.3: A flip.

Definition II1.6. A divide D in a polygon R in R? is an immersion of a finite set

of closed intervals and circles, called branches, in R, such that
e the immersed circles do not intersect the boundary of R,

e the immersed intervals have pairwise distinct endpoints on the boundary of R,

and are otherwise disjoint from the boundary,
e all intersections and self-intersections of the branches are transversal, and
e no three branches intersect at a point,

all considered up to isotopy. For further details, see [2, Definition 2.1]. Given a
quadrangulation T of R, the divide associated to T is the divide in R such that for
every tile ) in T', branches connect the 2 pairs of opposite edges in ), and there is a

single branch intersection in the interior of @) (see Figure 3.4). (All divides considered
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in the remainder of this thesis are associated to quadrangulations.) A braid move is
a local transformation of divides shown in Figure 3.5. A flip in a quadrangulation

corresponds to a braid move in its associated divide.

Figure 3.4: The divide (in black) associated to a quadrangulation (in blue).

Figure 3.5: A braid move.

Definition II1.7. A divide is called a pseudoline arrangement if all of its branches
are immersed intervals with no self-intersections, and, moreover, each pair of branches
intersects at most once. Note that the class of pseudoline arrangements is closed

under braid moves.
The following fact is well known.

Proposition II1.8. Let D be a divide in a polygon in R®. Then the following are

equivalent:

e D is a pseudoline arrangement in which every pair of branches intersects exactly

once;
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234 1234

4
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34 123
\ 124
3
4 2 12

2

Vo 1 1

Figure 3.6: The pseudoline arrangement (in black) associated to a O-tiling of P4 (in red). The
branches are labeled (in black) as described in Definition ITI1.10. Note that the label
I C [n] for the vertices of T' (in blue) is precisely the set of labels for the branches in
between the chamber and vy.

e D is topologically equivalent to the divide associated to a O-tiling of P,,.

Remark I11.9. Pseudoline arrangements of n branches, each pair of which intersects
exactly once, are in bijection with commutation-equivalence classes of reduced words
for the longest element wy € S, in the symmetric group. A braid move on the

pseudoline arrangement corresponds to a braid move on the reduced word.

Definition ITI.10. Let T be a {-tiling of P,,, and let D be the pseudoline arrange-
ment associated to 1. We call the connected components of the complement of D
the chambers of D. Note that the chambers of D correspond to the vertices of T,
and the crossings of D correspond to the tiles of T. Label the branches 1,...,n
as in Figure 3.6, by starting at vy and traveling counterclockwise along the bound-
ary of P, (so that branch j intersects the boundary of P, at the edges parallel
to e; = e™U=1/m) Note that the label I C [n] for a vertex of T is precisely the set

of labels for the branches in between the chamber and vj.

Definition III.11. Let T be a {-tiling of P,, and let D be the pseudoline ar-

rangement associated to 7. Label the branches as in Definition I11.10. Given three
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S Ay
&

A-crossing V-crossing

Figure 3.7: A A-crossing and a V-crossing. Note that in the A-crossing, the triangle formed by
the 3 intersecting branches points up and away from vy, while in the V-crossing, the
triangle formed by the 3 intersecting branches points down and towards vy.

branches labeled i < j < k, we say that i, j, k have a A-crossing if the pairs of ¢, j, k

intersect in the following counterclockwise order along the boundary of the triangle

these branches form: (i, j), (i, k), (j, k). We say that 4, j, k have a V-crossing if the
pairs of 7, j, k intersect in the following counterclockwise order along the boundary
of the triangle these branches form: (7, k), (i, k), (¢, 7). Note that 4, j, k must either
have a A-crossing or a V-crossing. See Figure 3.7 for pictures which make clear the
reasoning behind this choice of terminology. Note that when a braid move is per-
formed with i, j, k, the triple ¢, j, k switches between having a A-crossing and having

a V-crossing.

Definition I1I1.12. Define T, to be the unique ¢-tiling of P,, in which every vertex
is labeled by consecutive subsets I C [n], and define Ty, to be the unique ¢-tiling
of P, in which every vertex is labeled by a subset I C [n] whose complement [n] — I
is consecutive (see Figure 3.8). Equivalently, Ty, is the O-tiling of P, in which
every triple i < j < k has a A-crossing in its associated pseudoline arrangement,
while T},ax n is the O-tiling of P,, in which every triple i < j < k has a V-crossing in

its associated pseudoline arrangement.

Definition IT1.13. We say that T = (Ty,...,T}) is a pile of quadrangulations of a

polygon if T; 1 and T; are connected by a flip for i =1,..., (.
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234 1234 234 1234
34 23 123 34 123
134
124
3
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4 12 4 14 12
z 1 z 1
TminA Tmax,4

Figure 3.8: The O-tilings Tiin,4a and Tinax,4.

Example II1.14. Consider the pile T = (T, ...,T3) of {-tilings of P, shown in
Figure 3.9. Note that Ty = Tg. For each tiling T}, there are two possible flips that we
can perform; applying one gives us 7;_1, and applying the other gives us T;;1 (with

indices taken mod 8).

Definition II1.15. Define C(n) to be the set of all piles T = (Ty,... ,T<n)) with
3
Th = Tiinn and T, (o) = Tinaxn- Note that the shortest length of a pile starting with
3

Trninn and ending with T,k 18 (g), corresponding to switching from A-crossings to

n

3) triples. Every {-tiling T" of P,, appears in at least

V-crossings for each of the (

one pile in C(n).

Remark 1I1.16. One can put a poset structure on the set of {-tilings of P,,, called
the second higher Bruhat order B(n,2) [8], as follows: given O-tilings 74,7, with
associated pseudoline arrangements Dy, Dy, we say that T} < T if i, j, k having a
A-crossing in T, implies that 7, j, k have a A-crossing in T} for all © < j < k. Note
that Tinin, is the minimum element of B(n,2), and Tyax, is the maximum element

of B(n,2).

Example II1.17. The set C(4) consists of two piles, namely (Tp, T1, T3, T3, Ty) and

(Ty, T7, Tg, Ts, Ty ), where the T; are the -tilings of P, from Figure 3.9.
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Figure 3.9: The pile of {-tilings of P4 from Example III.14.
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Definition II1.18. A directed cubical complex is a d-dimensional cubical complex

along with a choice of “top” vertex in each d-dimensional cube.

Definition I11.19. Given a pile T = (T, .. .

, Ty) of quadrangulations of a polygon R,

we define an associated 3-dimensional directed cubical complex s = 2(T) as follows.

Start with the 2-dimensional cubical complex corresponding to Ty. For ¢ =1,...,¢,

given T; 1 and 7T; labeled as in Figure 3.10, add a new vertex v to the complex

corresponding to the new vertex in 7;, and add the 3-dimensional cube labeled as

in Figure 3.10, with v as its top vertex. Note that a flip cannot be centered at a

vertex on the boundary of R, so each vertex on the boundary of R corresponds to
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a single vertex in sz. In the special case where R = P,, and the quadrangulations

are (-tilings, we denote the vertex of s corresponding to vy as vy, by an abuse of

notation.
v
e d e d
d
f b
f c —>» f c . ¢
a

a b a b w

Flip in a quadrangulation Corresponding cube

Figure 3.10: A flip in a quadrangulation on the left, and the corresponding cube added to the
directed cubical complex.

Definition III1.20. Given a cubical complex sz, we denote by s the set of i-
dimensional faces of s, and set %2 = 2" U »%. Similarly, for a pile T of a quadran-
gulations, we denote by »'(T) the set of i-dimensional faces of »(T), and »"*(T) =

5°(T) U 52(T).

Definition ITI.21. Two 3-dimensional directed cubical complexes s2; and 2z, are
related by a flip if there exist piles Ty = (T ,...T1¢) and Ty = (Thp,...To,) such

that
o s = x(T1) and 505 = 5(Ts),

and there exists ¢ such that
oT\;=Tjforj=1,...;7and j =i+4,...,¢ and

o T ;and Ty for j =i+ 1,7+ 2,7+ 3 are related by the local moves shown in

Figure 3.11.
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T,

T, Ty i1 T i42 T i3 T 44

AN

Ty, T iv1 Tai42 Tr43 T2i14

T,

Figure 3.11: The two piles T and T in Definition II1.21. The tiles outside the octagon remain in
place.

Proposition II1.22 ([10, Theorem 4.1]). For any T, T’ € C(n), there ezists a se-
quence of piles Tq, ..., Ty € C(n) with T = Ty and T = Ty, such that the directed

cubical complezes »(T;_1) and »(T;) are related by a flip, fori=1,... (.

Definition III.23. A permutation o of ([Z]) is called admissible if for every I =

{i1 < - <ips1} € (k,[z]l), the k£ + 1 sets in (i) appear in ¢ in either

e lexicographic order, i.e., in the order {ij,is,..., 1, 7;:1}, {i1,d9,... ,z{;;, ik},
o iy g, iy i ), OT

e reversed lexicographic order, i.e., in the order {z’Al,z'g, o by Ter1 ) {il,z'Ag, .
IRR TS SIS U A MU A TR S

Thus, for example, ({1,2},{1,3},{2,3}) and ({2,3},{1,3},{1,2}) are the only two
admissible permutations of ([g]). The inversion set of an admissible permutation o
of ([Z]) is the subset of ( ] ) consisting of those I € ( ] ) for which the elements of

k+1 k+1

(é) appear in ¢ in the reversed lexicographic order.

Definition II1.24. Given a pile T = (TO, o ,T(n)> €C(n), fori=1,..., (g), let

3
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; € ([g]) be the set of three indices of the edges of the hexagon involved in the flip
between T;_; and T;. Note that ([g}) = {al, . ,a(g)}, as each «; indexes a triple
which is switching from a A-crossing to a V-crossing. We say that (ozl, e 70‘(;:)) is
the permutation of ([g]) associated to T. Note that T € C(n) is uniquely determined

by its permutation of ([g}).
Theorem III1.25 ([8], [10, Definition 2.1, Theorem 4.1]).
(a) Let o be a permutation of ([g]). The following are equivalent:
e 0 is an admissible permutation of ([g});
e there exists a pile T € C(n) whose corresponding permutation of ([g]) iso.
(b) Fiz Ty, Ty € C(n). The following are equivalent:
e x(T,) and »(Ts) are isomorphic directed cubical complezes;

e the inversion sets of the permutations of ([g]) associated to Ty and Ty coincide.



CHAPTER IV

The Coherence Condition and Principal Minors of
Symmetric Matrices

We begin this chapter by reviewing the earlier work of Kenyon and Pemantle
[4] concerning the occurence of the hexahedron recurrence as a determinantal iden-
tity. We then formulate new criteria for the existence of symmetric matrices with
prescribed values of certain principal minors. See in particular Corollary IV.20,
Corollary 1V.23, and Theorem IV.26. The proofs of these results are given later in
Chapters VIIT-IX.

We begin by extending the definitions of the Kashaev equation, positive Kashaev
recurrence, hexahedron recurrence, and K-hexahedron equations to arrays indexed
on directed cubical complexes in the obvious way. For those readers who skipped
Chapter III, it may be helpful to review Definitions III.1, I11.18, and III.20 before

processing the following definition.

Definition IV.1. Fix a directed cubical complex s. An array x indexed by 3’
satisfies the Kashaev equation if for all 3-dimensional cubes C' of s, x satisfies (2.1)
with the components of x labeled on C' as in Figure 2.1. We say that x satisfies
the positive Kashaev equation if the components of x are all positive and for all
3-dimensional cubes C' of s, x satisfies (2.5) with the components of x labeled on

C as in Figure 2.1 and 2777 corresponding to the component of x at the top vertex

26
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of C. We say that an array X indexed by 5% satisfies the hexahedron recurrence
(resp., K-hexahedron equations) if for all 3-dimensional cubes C of s, X satisfies
equations (2.16)—(2.19) (resp., equations (2.21)—(2.24), along with equation (2.12)
for all s € »?) with the components of X labeled on the vertices of C' as in Figure 2.1,
labeled on the 2-dimensional faces of C' by averaging the indices of the vertices on

the boundary, and with 217 corresponding to the component of X on the top vertex

of C.

Remark TV.2. As we saw in Chapter II, the Kashaev equation is independent of a
choice of direction on each cube, and hence can be defined for arbitrary 3-dimensional
cubical complexes. On the other hand, the positive Kashaev recurrence, hexahedron
recurrence, and K-hexahedron equations depend on a choice of a pair of opposite
distinguished vertices in each cube, and hence are defined on directed cubical com-

plexes.

Definition IV.3. Given an n x n matrix M and I,.J C [n], we denote by M/
the submatrix of M obtained by restricting to rows I and columns J. A principal
minor of M is the determinant of a submatrix det M}, where I C [n]. We follow
the convention that MZ = 1. An almost-principal minor of M is the determinant
of a submatrix det MII:J{{ZJ}} for I C [n], and distinct 7,5 ¢ I. We say that an almost-
principal minor M50} is odd if (i — j)(—1) > 0, and even if (i — j)(—1) < 0.

Before proceeding with the following definition, the reader may want to review

Definitions I11.4, I11.10, II1.13, and III.19.

Definition IV.4. Given a {-tiling T of P,, and an n x n complex-valued matrix M,

define the array xp(M) = (25)sc.0(r), where if vertex s of T is labeled by I C [n],

(4.1) z, = (=D)L
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Similarly, define the array Xp (M) = (25)sex02(r), Where

o if s € 5(T): given that vertex s of T is labeled by I C [n], set
(4.2) zy = (=12l

e if s € 5*(T): given that tile s of T has vertices labeled by I, TU{:}, TU{j},TU

{i,j} C [n], where i and j are chosen so that MIIS{{ZJ}} is the odd almost principal
minor, set

Ur
(4.3) 7y = (=)D

More generally, if T = (Tp,...,7}) is a pile of O-tilings of P, define x,.(7)(M) to
be the array indexed by 3°(T) whose restriction to 3°(T;) is x7. (M), and define

X,.(r)(M) to be the array indexed by »%(T) whose restriction to »°*(T;) is Xr,(M).

Remark TV.5. For any O-tiling T of P,,, the vertex vy is labeled by @ C [n]. In
Definition IV.4, because of the convention that M5 =1, x,, = 1 independent of the

matrix M.

Definition IV.6. Given a {-tiling T of P,, we say that a complex-valued array
X = (2s)sex02r) is standard if x,, = 1. Furthermore, given a pile of {-tilings of P,,,
T = (To,...,Ty), and s = »(T), we say that a complex-valued array X = (zy)sc,02

is standard with respect to T if z,, = 1.

Definition IV.7. Given a {-tiling T of P,,, we say that a complex-valued array x
indexed by »"%(T) is generic if for any sequence of flips applied to T accompanied
by applications of the hexahedron recurrence to X, the resulting coefficients are all

nonzero.

Definition I'V.8. We say that a square matrix is generic if all of its principal minors
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and odd almost-principal minors are non-zero. Let M(C) denote the set of n x n

generic complex-valued matrices.
We can now provide some important results of Kenyon and Pemantle [4].

Theorem IV.9 ([4, Theorem 4.2]). Given a O-tiling T of P,,, the map Xr(-) es-
tablishes a bijective correspondence between M (C) and standard, generic, complez-

valued arrays on »°*(T).

Before proceeding with the following theorem, the reader may want to review

Definition I11.12.

Theorem IV.10 ([4, Theorem 4.4]). Let & = (x,) € (C*)*"Tminn) be a standard
array. Then there is a unique matriz M such that X = X, .)(M). The entries of

this matrix M are Laurent polynomials in the components of X.

Proposition IV.11 ([4, Lemma 2.1]). Suppose M is an n x n matriz, and T is a
pile of O-tilings of P, such that the components of X,.cry(M) are all nonzero. Then

X.(1) (M) satisfies the hexahedron recurrence.

Theorem IV.12 ([4, Theorem 5.2]). Let T be a O-tiling of P,,. A matrizc M €
M} (C) is symmetric if and only if for every tile s in T with vertices s1, S, S3, S4 in

cyclic order,

(4.4) (X (M),)* = Xp (M) (M), + R (M) % (M),

4"

Furthermore, if M is any n x n symmelric matriz, condition (4.4) holds for every

tile of T'.

Remark 1V.13. Theorem IV.12 is not stated explicitly in [4], but follows immediately

from the cited theorem. The original theorem concerns Hermitian matrices, and



30

a slightly modified version of the hexahedron recurrence in which some complex

conjugates are taken.

The next result follows from Proposition IV.11 and Theorem 1V.12:

Corollary 1V.14. Let T be a pile of O-tilings of P,,, with s« = »(T). Let M be an
n x n symmetric matriz with nonzero principal minors. Then X 1y(M) satisfies the

K-hezxahedron equations.

The next corollary follows immediately from Theorem IV.12 and the fact that the

entries of M are Laurent polynomials in the components of X,

y(M):

Tmin,n
Corollary IV.15. Let M be an n X n matriz such that the components of
Xoe(Tminn) (M) are nonzero. Then M is symmetric if and only if condition (4.4) holds.

Hence, the following is immediate from Proposition IV.11 and Corollary IV.15:

Corollary IV.16. Let T be a pile of O-tilings of P,, containing Tyinn, with »x =

»#(T). Let x = () € (CV* be a standard array satisfying the property that
(4.5) Loy Ty + Ty oy 7 0
for all 2-dimensional faces of » with vertices vy, vq,v3,vy4 in cyclic order. Then the
following are equivalent:

e x can be extended to a standard array indexed by °? satisfying the K-hexahedron

equations;

e there exists a symmetric matriz M such that x = x,1)(M).

We want a set of equations that tell us whether an array x indexed by s°(T) can
be extended to an array indexed by »%*(T) satisfying the K-hexahedron equations.

Below, we define a notion of coherence generalizing the notion of coherence from

Chapter II.
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Definition IV.17. Let s be a 3-dimensional cubical complex. We say that x =
(xs)ses 1S a coherent solution of the Kashaev equation if x satisfies the Kashaev
equation (i.e., K¢(x) = 0 for every 3-dimensional cube C of ), and for any interior
vertex v of s

(4.6) H KC(x) = 1_[(.761,%2 + Ty, Ty ),

Cov S5v

where
e the first product is over 3-dimensional cubes C' incident to the vertex v,
e the second product is over 2-dimensional faces S incident to the vertex v, and
e v, vy, V9,3 are the vertices of such a face S listed in cyclic order.

Remark TV.18. The property of being coherent solution of the Kashaev equation is

defined for 3-dimensional cubical complexes, not only for all 3-dimensional directed

cubical complexes, as no choice of direction needs to be made in each cube.

Theorem IV.19. Let T be a pile of O-tilings of P,,, with s = »(T).
(a) Any coherent solution x = (x,) € (C*)*" of the Kashaev equation satisfying the

property that
(4.7) Loy Ty + Ty Loy, 7 0

for all faces of s with vertices vy, v, v3,v4 tn cyclic order, can be extended to X =
(75)ses02(Ty Satisfying the K-hexahedron equations.

(b) Conversely, suppose that X = (z5) € ((C*)"02 (with x4 # 0 for s € °) satisfies
the K-hexahedron equations. Then the restriction of X to »° is a coherent solution

of the Kashaev equation.

Theorem IV.19 is proved in Chapter VIII, where we obtain results (Proposi-
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tion VIIL.3 and Theorem VIII.10) generalizing both Theorem IV.19 and Theo-
rem I11.22.
As an immediate corollary of Corollary IV.16 and Theorem IV.19, we obtain the

following:

Corollary IV.20. Let T be a pile of O-tilings of P, containing Ty, with »x =
»#(T). Let x = () € (C*)* be a standard array satisfying condition (4.5). Then

the following are equivalent:
e X is a coherent solution of the Kashaev equation;

e there exists a symmetric matriz M such that x = x,1)(M).

Next, we consider the problem of checking whether an array of 2" numbers could

correspond to the principal minors of some symmetric matrix.

Definition IV.21. Given an nxn symmetric matrix M, let X(M) = (x1) e[, where
(4.8) zp = (=)W f

for I C [n]. Given a pile T of {-tilings of P, with > = (T), and an array
X = (x1)icm)s let X1 (X) = (25)ses0 Where x, = 27 when vertex s is labeled

by I C [n].

Definition IV.22. Given an array X = (2),cp), I € [n], and distinct 7, j € [n], set
(4.9) L1y (X) = T121a8,5y + Trafap Tragy

where A denotes the symmetric difference.

Corollary IV.23. Fiz an array X = (x1)cm) with nonzero entries, satisfying the
conditions that Ly g ;1 # 0 for any I C [n] and distinct i,j € [n], and x5 = 1. Then

the following are equivalent:



33

e there exists a symmetric matriz M such that X = X(M);

o for some pile T of O-tilings of P, in which every I C [n] labels at least one

vertex of #(T), x.(1)(X) is a coherent solution of the Kashaev equation;

o for all piles T of O-tilings of Py, X,,1)(X) is a coherent solution of the Kashaev

equation.

Although Corollary 1V.23 can be deduced from Theorem IV.9, Theorem IV.12,
Corollary IV.14, and Theorem IV.19, we provide a proof in Chapter IX.

Given a choice of pile T in which every I C [n] labels at least one vertex of
#(T), Corollary IV.23 provides a finite set of equations to test whether there exists
a symmetric matrix M such that X = X(M). However, in general, the equations (4.6)

for different interior vertices v of »(T) have very different forms.

Definition IV.24. Given an array X = () cn), I € [n], and distinct 4, j,k € [n],

set
(4.10) KR (%) = K9 (x),
(4.11) Krgijn () = K (x),

where C' is a 3-dimensional cube, and x is the array indexed by the vertices of C

shown in Figure 4.1, and v is the vertex of C' at which x has entry z;.

Let’s focus on the n = 4 case. Using the {-tilings from Figure 3.9, consider the
pile T = (1o, T, ..., T7, Ty, T1, T, T3). Note that for every I C [4], there is a tiling in
T where [ labels a vertex. (In fact, this property holds for the pile (T, ..., T;.5) for
any ¢ € [8], with indices taken mod 8.) Note x,(1)(X) satisfies the Kashaev equation

if and only if

(4.12) Kk (g) =0
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TIA{j,k}

OLIA{i,5,k}

TIA{} O LIA{i,5}

TIA{k} O Tina{ik}

T SErag
Figure 4.1: The array x in equations (4.10)—(4.11), where A denotes the symmetric difference. In
equation (4.11), the vertex v is the lower left vertex, with value z;.

for all I C [4] and distinct 4, j,k € [4]. Note that every interior vertex of s(T) is
incident with four 3-dimensional cubes, each pair of which shares one 2-dimensional
face. Hence, for each I C [4] labeling an interior vertex of s(T) (namely, when
is one of {1,3}, {1,4}, {1,2,4}, {1,3,4}, {2}, {2,3}, {2,4}, or {3}), the following
condition holds:

(4.13) H Kr (%) = H Ly.().

7€) 7e(3)

Furthermore, it is straightforward to check that if X = X(M) for some 4 x 4 symmetric
matrix M, then equation (4.13) holds for all I C [4]. Hence, the result below follows

from Corollary IV.23.

Corollary IV.25. Fiz an array X = (x1)1cpa), satisfying the conditions that Ly g jy #
0 for any I C [4] and distinct i,j € [4], and xy = 1. Then the following are
equivalent:

e there exists a symmetric matriz M such that X = X(M);

o for all piles T of O-tilings of Py, X,,1)(X) is a coherent solution of the Kashaev

equation;
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e for all I C [4] and distinct i, 7,k € [4], equation (4.12) holds, and for all I C [4],

equation (4.13) holds.

Equations (4.12)—(4.13) are far more manageable than the coherence conditions
that can arise in an arbitrary cubical complex s(T). The good news is that the
only coherence conditions that we need to check for any n > 4 are of the form of

equation (4.13)!

Theorem IV.26. Fiz an array X = (x1)1cm), satisfying the conditions that Ly (; j, #
0 for any I C [n] and distinct i,j € [n], and v5 = 1. Then the following are

equivalent:

e there exists a symmetric matriz M such that X = X(M);

o for all piles T of O-tilings of P,,, X,1)(X) is a coherent solution of the Kashaev
equation;
e for all I C [n| and distinct i, j, k € [n], equation (4.12) holds, and for all I C [n]
and A € ([Z]),
(4.14) Il K= ]] L.
<(3) ()
We prove Theorem IV.26 in Chapter IX.
Remark TV.27. We compare Theorem IV.26 to a similar result of Oeding [9, Corol-
lary 1.4]. He considers the natural action of (SLy(C)*") x S,, (where S, is the sym-
metric group on n elements) on €2, and proves that for X = (21)1cpn the following
are equivalent:

e there exists a symmetric matrix M such that z; = M/ for all I C [n];

e all images of X under (SLy(C)*™) x S, satisfy

(4.15) 2@+ 0+ +d®) —(a+b+c+d)? +4(s+1) =0,
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where

a=1TzT{23y, b=TmTps, =TmTag, d=IE3002),
(4.16)

§ = ToT{12}T{1,3}0{23} T = T}T{2}T(3}0{1,2,3}-

The left-hand side of equation (4.15) can be identified as Cayley’s 2 x 2 x 2 hyper-
determinant. Equivalently, equation (4.15) is just equation (4.12) for I = & and
{i,j,k} = {1,2,3} with the appropriate changes of sign (because we don’t put ad-
ditional signs on the principal minors in this setting). For the above equivalence,

Oeding does not impose an assumption of genericity on X. Consider the subgroup

H C SLy(C) defined by

(4.17) H = : >~ 7, .

In this language of [9], our condition that a (signed) array X satisfies equation (4.12)
for all I C [n] and distinct 4, j,k € [n] can be restated as the condition that all
images of the “unsigned version” of X, under the action of the group (H*") x S,
satisfy equation (4.15). Thus, Theorem IV.26 requires an additional assumption
of genericity and an additional equation (equation (4.14)) compared to Oeding’s

criterion, but uses a weaker version of the second requirement above.



CHAPTER V

S-Holomorphicity in Z*

In this chapter, we discuss a certain equation (see (5.3)) which shares many prop-
erties with the Kashaev equation. We also study a related system of equations
(see (5.12)—(5.16)) which plays the role analogous to the K-hexahedron equations.
The equations studied herein arise in discrete complex analysis and in the study
of the Ising model (see [1] and Remark V.11). The presentation of results in this
chapter follows a plan similar to that of Chapter II. The results in this chapter are

proved in Chapter X as special cases of a general axiomatic framework.

Definition V.1. Given a unit square C' with vertices in Z* and an array x € (CZQ,

define
(5.1)

C 2 2 2 2
Q (X) = Z00+210+Z01+211_2(200210+Z10211 +211201—|—Z()1ZOO)—6(200211+210201),

where 2q9, 210, 201, 211 denote the components of x at the vertices of C, as shown in
Figure 5.1. Notice that the right-hand side of (5.1) is invariant under the symmetries
of the square. In other words, reindexing the 4 values using an isomorphic labeling

of the square does not change the definition of Q(x).

Definition V.2. Let x € CZ°. Let v and w be two opposite vertices in a unit square

37
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201 211

<00 210

Figure 5.1: Notation used in Definition V.1.

C in Z%. We set

c
(5-2) Q§<X) = 4_\1@%%(3() = 2—\1/5(211 — 210 — 201 — 3200)7

where we use a labeling of the components of x on the vertices of C' as in Figure 5.1,

with zyy corresponding to the component of x at v.

Definition V.3. Given v € Z? and iy,iy € {—1,1}, define C,(i1,i3) to be the unique

unit square containing the vertices v and v + (i1, 42).

Proposition V.4. Suppose that x = (25),cz2 € C% satisfies

(5.3) Q“(x) =0

for every unit square C in Z* (see (5.1)). Then for any v € 72,

(54) (H QS(X)> = (H(xv + Im)) )

Cov S3v

where
e the first product is over the 4 unit squares C' incident to the vertex v,
e the second product is over the 4 edges S incident to v, and
e v and vy are the vertices of such an edge S.

Moreover, the following strengthening of (5.4) holds:

(55 (QCUI(x)QI V()" = (@I (x)QT (%)) = [[ (s + 2,).

S>v

where the rightmost product is the same as in (5.4).
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Remark V.5. The right-hand side of equation (5.1) is a quadratic polynomial in each
of the variables z;;. Setting this expression equal to zero and solving for z1; in terms

of zgo, 210, 210, We obtain

(5.6) Z11 = 3200 + 210 + 201 £ 2\/5\/(200 + 210) (200 + 201),

where /(200 + 210) (200 + 201) denotes either of the two square roots. Notice that if
200, 210, 201 > 0, then both solutions for 217 in (5.6) are real; moreover, the larger of

these two solutions is positive. However, solving the equation

(5.7) 211 = 3200 + 210 + 201 + 2\/5\/(200 + 210) (200 + 201)

for zop, with 210, 201, 211 > 0, may result in a unique negative solution. (For example,
take z190 = zg1 = z11 = 1.) Hence, unlike the positive Kashaev recurrence, the

equation (5.7) only defines a recurrence on R-g-valued arrays in one direction.

Definition V.6. For U C Z, let Z;, denote the set
(5.8) 73 ={(i,j) €Z*:i+j € U}

Theorem V.7. Suppose that x = (x) € (R>0)Z?0x1»21-~} satisfies (5.7) for all v €
Z%O,LZ...}’ where we use the notation zj; = Tyi ). Then for any v € Z%Z?’A,m}f we

have

(5.9) [TV = -1t +a).

C>v S3v

where the notational conventions are the same as in equation (5.4).

Definition V.8. Let

(5.10) E:Z2+{<%,O> , (o%)}

In order words, F is the set of centers of edges in the tiling of R? with unit squares.
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We next state the analogue of Theorem I1.22.

Theorem V.9.

(a) Assume that an array x = (x,) € c”
e satisfies the equation QC(x) = 0 for all unit squares C,
e satisfies equation (5.9) for all v € Z*, and

e satisfies
(5.11) Ty + Type, # 0

for allv € Z*? and i € {1,2}.

Then x can be extended to an array X = (x5) € CZUE satisfying the recurrence

(5.12) z11 = 3200 + 210 + 201 + 2\/5%020%:
(5.13) Z1 =21+ \/520%,

. Z11 = Zp1 + 210,
5.14 11 =71 + V22

together with the conditions

(5.15) 220 = 20 + 210,

(516) Zg = Zpo + 201,

1
where we use the notation z;; = Ty1a ), for allv € Z2.

(b) Conversely, suppose X = (x5) € CPVE satisfies (5.12)~(5.16). Then the restric-
tion x of X to Z* satisfies Q€ (x) = 0 for all unit squares C, and satisfies (5.9) for

all v € 72,

Remark V.10. Comparing Theorem I1.22 to Theorem V.9, we see that equa-

tions (5.12)—(5.16) play a role analogous to that of the K-hexahedron equations.
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Remark V.11. The equations (5.12)—(5.16) appear in discrete complex analysis in
the context of s-holomorphicity [1]. Consider the labeling ¢ : E — C described in
Figure 5.2. If we orient the edge with midpoint s € E from the even height vertex to
the odd height vertex, then £(s) is a square root of the complex number associated
with the directed edge. An s-holomorphic function on the tiling of R?* with unit
squares is a complex-valued function F' on the faces of the tiling such that for any

two faces fi, fo sharing an edge with midpoint s, we have

(5.17) Re[t(s) F(f1)] = Re[t(s) F(f2)]-

Hence, given an s-holomorphic function F, we can define x' = (z,) € R¥ by setting
(5.18) x5 = Rell(s)F(f)]

for either of the faces f using the edge corresponding to s. It is straightforward to
check that x’ = (z,) € R¥ corresponds to an s-holomorphic function F by (5.18) if
and only if X’ satisfies (5.13)~(5.14). If we extend X' to X = (z,) € RZ “F satisfy-
ing (5.12)-(5.16), the function H : Z* — R defined by

T(i,j) if 7 4 7 is even;
(5.19) H(i,j) =

—x@y if i+ jis odd,
corresponds to a certain discrete integral. For more on this recurrence and its con-

nections to discrete complex analysis and the Ising model, see [1].
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e51'7'r/4

(j1,72)

0 eim/2 i 3im/2

Figure 5.2: Define the labeling ¢ : E — C invariant under translations by the vectors (1,1) and
(4,0) as follows. In the vicinity of a point (ji,72) € Z* satisfying j; — jo = 0 (mod 4),
the labeling is given by the values shown in blue in the figure.



CHAPTER VI

Further Generalizations of the Kashaev Equation

In this chapter, we provide two additional examples of equations with behavior
similar to the Kashaev equation and its analogue (5.1). In Chapter X, we shall
develop a general framework which will allow us to prove all of the results in this
chapter (as well as the results in Chapter V).

Both recurrences considered in this chapter come with complex parameters that
one can choose arbitrarily. For certain values of these parameters, the corresponding
recurrences have cluster algebra-like behavior. We will explore the cluster algebra
nature of these recurrences in future work [7].

We begin with the following, relatively simple, one-dimensional example:

Proposition VI.1. Let a1, s, a3 € C. Let x = (x,) € C* be an array such that
(6.1) 2225 + 12225 + anzozi 2023 + (207 + 2023) = 0

for all v € Z, where z; = x,;. Then

(6.2) (22023 + ozp2120 + a328)? = (22125 + 202120 + a323)? = D,
where
(6.3) D = a32% + 200032021 20 + (a3 — day) 252725 — das2p 23,

for all v € Z, where again z; = x,1;.

43
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Remark VI.2. The equation (6.1) involves 4 entries of the array x indexed by 4 con-
secutive integers v,v 4+ 1,v + 2,v 4+ 3. This equation is invariant under the central
symmetry of the line segment [v, v + 3|. In other words, equation (6.1) is invariant
under interchanging zo with z3, and 2z; with zo. The value D in (6.3) is the discrim-
inant of equation (6.1) viewed as a quadratic equation in z3. The term squared on
the left-hand side of (6.2) is the partial derivative of the left-hand side of (6.1) with

respect to z3. This expression plays the role of K in Proposition I1.8.

Theorem VI.3. Let ay,a3 < 0, and a; < a3/4. Let x = (z5) € (Rug)? satisfy
the equation (6.1) for all v € Z, where, as before, we denote z; = x,y;. Moreover,

assume that for all v € Z, the number z3 = x,3 1s the larger of the two real solutions
of (6.1):

—ang — zpz122 + VD

(6.4) 23 = 222 ,

where D is given by (6.3). Then

(6.5) 22023 + Q202120 + Q32 = 22123 + Qpzpz120 + Q32
or equivalently,

(6.6) Zi23 = 2 123

for all v € Z.

We next show that an array x satisfying (6.1) satisfies condition (6.6) if and only
if it can be extended to an array on a larger index set satisfying conditions resembling

the K-hexahedron equations.

Theorem VI.4. Let oy, aq, a3 € C.
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(a) For any array x = (x,) € (C*)Z satisfying (6.1) and (6.6), there exists an array
Yy = (ys)sez Such that x and y together satisfy the recurrence

—a328 — Qozp21 29 + Wy

6.7 =
(6.7) =3 222 ’
228 + a2t ze + 2032028 + wi + (—20323 — qazp2129)wy
(68) Wy = 3
223
together with the condition
(6.9) w? = D,

where D is given by (6.3), and we use the notation z; = T,y; and w; = Yyii-
(b) Conversely, suppose x € (C*)% and y € C% satisfy (6.7)-(6.9). Then x satis-

fies (6.1) and (6.6).

Remark VI.5. The components of y are most naturally indexed by intervals of
length 2 in Z. Here, we index the components of y by the midpoints of those
intervals.

Remark VI1.6. If one sets (a1, az,a3) = (0,0,—4) or (ay,as,a3) = (=3,—6,—4),
then the pairs of arrays x,y satisfying (6.7)—(6.9) are special cases of recurrences
that arise from cluster algebras. The (ay, s, a3) = (=3, —6,—4) case is a special
case of the K-hexahedron equations; namely, such pairs x,y correspond to isotropic

solutions Z = (z,) € C" of the K-hexahedron equations where

(6.10) 2(i,j,k) = Titjtk,
(6.11) gk +(04.3) T FGik+(3.0.8) T Fadk+(4,3.0)
(6.12) 42é7j7k)+(07%7%) = Yitj+k+1,

for (i,7,k) € Z*. However, the (o, as, as) = (0,0, —4) case is not a special case of
the K-hexahedron equations. We will discuss the related cluster algebra recurrences

in later work [7].
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Next, we consider the following two-dimensional example:

Proposition VI.7. Let ay, a0 € C. Let x = (z,) € (C)Z be an array such that

2 2

a —
2.2 2 2 P 1.2 .2 2 2
0 = 250212 + 210202 T 251211 — a1(200202211 + 210212201 )

(6.13) 4
—2200210202212 — Q2(200212201 211 + 210202201211)
for all v € 72, where Zij = Tut(iy)- Gwen a 1 X 2 rectangle B with vertices in 72, a

vertex w € Z* at a corner of B, and the components of x at the 6 points of Z* in B

labeled as in Figure 6.1, define RBO(x) € C by
(6.14) RE’O(X) = 230212 - 01210231 — 2200210202 — (12200201211 -

Given a 0 x 2 rectangle (line segment) S with vertices in Z*, and the components

of x at the 3 points of Z* in S labeled as in Figure 6.1, define R5'(x) € C by
(615) Rs’l(X) = ozlzgl + 42’002’02.

Given a 1 x 1 square C with vertices in Z°, and the components of x at the 4 points

of Z* in C labeled as in Figure 6.1, define R®*(x) € C by
(6.16) RO (x) = an (28,22, + 22,23, + 209200201 210211

Then for any v € 72,

(6.17) (H Rﬁf”(X)) = (R¥!(x) R (x) R (x) R (x))”

=1

where

e (B, w),(Bg,ws), (Bs,ws), (By,wy) are the four 1 x 2 rectangle/corner pairs

shown in Figure 6.2,
e 51,5y are the two 0 x 2 rectangles (line segments) shown in Figure 6.2, and

o (1,5 are the two 1 x 1 squares shown in Figure 6.2.
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7

Moreover, the following strengthening of (6.17) holds:

(6.18)

202 ¢

201 ¢

200 ¢

212

211

210

B

202

200

S

201

201

200

(RBO(x)RE(x))? = (RP20(x) RE ().

C

211

210

Figure 6.1: The components of x at a 1 x 2 rectangle B with distinguished vertex w in (6.14), at a
0 x 2 rectangle (line segment) S in (6.15), and at a 1 x 1 square C' in (6.16).

w1
.
. B,
.
v
. . .
. .
. Sl .
° v °
. . .

B,

’USQ'

Figure 6.2: On the top row, the rectangle/corner pairs (B;, w;) for i = 1,...,4, and on the bottom
row, the line segments S7, So and the squares C1, Cy that appear in (6.17).

Remark VI.8. Let A = {v,v+(0,1)}. In equation (6.17), By, Bs, B3, By are the four

1 x 2 rectangles with vertices in Z* containing A, S, S, are the two 0 x 2 rectangles

(line segments) with vertices in Z* containing A, and Oy, Cy are the two 1 x 1 unit

squares with vertices in Z? containing A. Each w; is the farthest vertex from A in B;.

Theorem VIL.9. Let oy, a0 > 0. Define RBY R and R%? as in (6.14)—(6.16).

Let x = (z,) € (Rso)? satisfy the equation (6.13), where, as before, we denote
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2ij = Tyy(ij)- Moreover, assume that for all v € ZQ, the number zio = T,y (1,2) 18 the
larger of the two real solutions of (6.13):

2
12102y, + 2200210202 + 2200201211 + VD
2
2z4

(619) 212 =

where

D = (0612(2]1 + 4200202)(061(2302%1 —+ 2312%0) + 2042200201210211)

(6.20)
= R*(x)R%*(x),
and S =v+ ({0} x {0,1,2}), C =v+{0,1}% Then
4
(6.21) [[ REx) = RS (x) R (x) RO 2 (x) R%*(x),
=1
and
(6.22) RO (x) Ry (%) = Ry () Ryt (%),

for allv € Z?, using the same notation as in equation (6.17).

Theorem VI1.10. Let aq, a9 € C.

(a) Suppose x = (x,) € (CZ satisfies (6.13) and (6.21), and RSY(x) # 0 and
RE2(x) # 0 for any 0 x 2 rectangle S with vertices in Z* and 1 x 1 square C with
vertices in Z°. Then there exist arrays y1 = (Ys)sezz and ya = (ys)s€<zz+(%7%7%>)

such that x, y1, and ys together satisfy the recurrence

2
1210201 + 2200210202 + Q2200201211 + Worw1 L
(623) 219 =
222 ’
00

210Wo1 + w% 1
(624) w11 = Z—’
00

2
201 (011201210 + Q2200211)Wo1 + (125 + 2200202) W

11
2 2
7

(6.25) w

e
Nl

222,
together with the conditions
(626) w(2)1 = 061231 + 4200202,

(6.27) w

_ 2 2 2 2
= 061(200211 + 201210> -+ 20&2200201210211,

[SIE ]
(ST
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where zij; = Tyyj) and Wij = Yy (ij)-

(b) Conversely, suppose x € (C%, y, € CZ, and yy € cZ+(3:3) satisfy (6.23)—

(6.27). Then x satisfies (6.13) and (6.21).

Remark VI.11. In Theorem VI.10, the components of y; are most naturally associ-
ated to 0 x 2 rectangles (line segments) with vertices in Z? (although we index it by
the center of the line segment in the theorem), and the components of y, are most
naturally associated to 1 x 1 unit squares with vertices in Z* (although we index it by
the center of the strip in the theorem). If we think about the recurrence (6.23)—(6.25)
in this way, each step of the recurrence uses the six vertices, two 0 x 2 rectangles,
and two 1 x 1 unit squares contained in the 1 x 2 rectangle v + {0, 1} x {0,1,2}, as

is pictured in Figure 6.3.

L 2

Figure 6.3: The vertices/line segments/squares indexing the values in a step of the recur-
rence (6.23)—(6.25). The black vertices index the values of x, the red line segments
index the values of yi, and the blue squares index the values of y».

Remark VI.12. If one sets (aq,a9) = (4,4) or (a1,a2) = (4,0), then the arrays
X, Y1, Y2 satisfying (6.23)—(6.27) are special cases of recurrences that arise from clus-
ter algebras. The (aq,an) = (4,4) case is a special case of the K-hexahedron equa-

tions; namely, such x,y;,ys correspond to isotropic solutions z = (z,) € C* of the
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K-hexahedron equations where

(6.28) Z(igk) = T(ij+h)s
(6.29) 22(i,4.k) = Y(ij+h+1)s
(6.30) Zigk)+(5.0.8) T Faak+(5.4.0)
(6.31) 2Zigare(b08) = Y(ihirked)

for (i,4,k) € Z*. However, the (a1, as) = (4,0) case is not a special case of the
K-hexahedron equations. We will discuss the related cluster algebra recurrences in
future work [7]. Using machinery from cluster algebras, we can prove Laurentness
results for these recurrences similar to the one given by Kenyon and Pemantle in [5,

Theorem 6.8].



CHAPTER VII

Proofs of Results from Chapter 11

In this chapter, we prove Proposition 11.8 and Theorems 11.22-11.23 (of which all

other results in Chapter II are corollaries).

Lemma VII.1. Let C be a cube with vertices V(C') labeled as in Figure 7.1, and let
x = (z,) € CVO. Then

2
(7.1) (Kf(x))2 = %Kc(x) + (zoxa + Tp2e) (ToZe + Toe) (TpTf + Top).

v a

Figure 7.1: Labels for the vertices of a cube C.

Proof. The proof follows from a straightforward computation. m

Proof of Proposition I1.8. Let x = (x,) € c? satisfy the Kashaev equation. Given

o1
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a unit cube C of Z* labeled as in Figure 7.1, by Lemma VII.1, we have

2
) (KC(x))? = %KC(X) F (202d + 2320) (ToTe + Tate) (Toxs + Toxy)
7.2

= (TpTg + Tp%e) (TpTe + ToZe) (TpT f + ToXp).

Taking the product over unit cubes C' of Z* containing v, we obtain

(7.3) (H K’UC’(X)) = H H (Touy + T, Tuy) = (H(mvxvz + xlev3)> ;

C>v Cov CDS3v S3v

here we use that the double product counts each unit square containing v twice.

Similarly,
2
C _
H Ky (x)| = H H (Towy + T, Ty )
C=C(i1,i2,i3) C=Cy((i1,i2,i3) CDSv
i1,i2,i3€{—1,1} i1,92,i3€{—1,1}
i11913=1 i1t913=1
= H(xvxvz + Ty Ty )
S>ov

(7.4 — I I ot o)

C=C, (il,iz,ig,) CDS>v
il,iz,ige{*l,l}

i119i3=—1
2
_ c
- H Kv (X) )
C=Cy(i1,i2,i3)
il,ig,i3€{—1,l}
i11giz=—1
because each double product counts each unit square containing v twice. O

For the proof of Theorem I1.22(b), we will need the following lemma.

Lemma VIL.2. Suppose X = (z,) € C" (with x, # 0 for s € Z*) satisfies the K-
hexahedron equations. Let x € (C*)Z3 be the restriction of X to Z°. Let v € Z* and
i= (i1,i2,13) € {—1,1}3, and let C be the unique unit cube in 73 containing vertices

v andv+1. Then

C
(7.5) K, (x) = :lzxv+%(O,ig,ig)‘r’u+%(il,O,’ig)‘rv+%(i1,i2,0)7
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where the sign is positive if i € {£(1,1,1)}, and negative otherwise.

Proof. Let R = Clzi, : 0 < 4,7,k <1,(i,j,k) € L]. With the equations (2.21)-(2.24)

in mind, we define pg, p1, p2, p3 € R by

D1 = Z111%000 — ZlglZllg — Zpl 12100
(7.6) P2 = 24137000 = 20447440 ~ 2042010,

P3 = 21112000 — Zpl1Z1lgl — Z110Z001;

Pa = 2111200 — A — 220%%7;%0%2%%0,

where A is the expression given in (2.4). With (2.12) in mind, we define ¢y, ...,¢s € R

— 20112000 — 20102001, Q4 =2 — 2111”2100 — <110”1015

2
— 21012000 — 2100%001; g5 = 2%1 — 21114010 — 211020115

2
0 — *1102000 — <100%2010, 46 = Z% 1 T A1112001 — <101<011-

Let I = (po,p1, P2, P3, 1, - - -, Gs) be the ideal in R generated by these elements. Let v/
be the “bottom” vertex in the cube C, i.e., v/ = v+ (min(0, ¢, ), min(0, 42), min(0, i3)).
Because x satisfies the K-hexahedron equations, it follows that if g € I, then spe-
cializing 2;jr = Ty 4@ k) in g yields 0. Given j, = min(i;,0) + 1 and k, = 1 — j,

for £ =1,2,3, let

1 2
- K= §(Zk1k2kszj1j2j3 — Zj1jogs (Pkrjajs Zinkaks T Zjrkags Fhajaks Tt Zinjaks Zkikags))
7.8

™ Zkyjojszfiikajsfi1ioks-

Note that specializing z;j;, = Ty () in K yields K§(x). It can be checked that

3

if i € {£(1,1,1)}, and that

(7.10) 22 <K 2,
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otherwise. Because z,, # 0, the lemma follows. O

Proof of Theorem II.22(b). Let x € (C*)%° be the restriction of X to Z*. Applying

Lemma VII.2 for the 8 cubes incident to a vertex v € Z*, we get:

c 6
H Ky (%) =(-1) H Lt 2(0,i2,i3) To+ L (i1,0,i3) To+ L (i1,i2,0)

Cov (i1,i2,i3)€{~1,1}3
(7.11) =[[=3
S>v
= H(xvxvg + xv1x1}3)7
Sov
so x is a coherent solution of the Kashaev equation. O

Proposition VIL.3. Let X = (x,) € CY, with x, # 0 for s € Z*. The following are

equivalent:
e X satisfies the K-hexahedron equations;

e the array (z_s)ser satisfies the K-hexahedron equations.
Proof. The proof follows from a straightforward computation. m

Proposition VII.3 enables us to run the K-hexahedron equations “in reverse.” We
note that the property that we show for the K-hexahedron equations in Proposi-

tion VIL.3 holds for the original hexahedron recurrence.

Remark VIL.4. Here, we address the comments in Remark I1.15. Let X be an array
of 14 numbers indexed by the vertices and 2-dimensional faces of a cube C' with a
distinguished “top” vertex v, where the components of X indexed by the 8 vertices
of the cube are nonzero. Suppose X satisfies the K-hexahedron equations. Proposi-
tion VII.3 tells us that x would satisfy the K-hexahedron equations if we took the
vertex w opposite v to be the “top” vertex of C. On the other hand, Lemma VII.2

tells us that if the components of X indexed by the faces are nonzero, and w is a
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vertex of C' other than v or the vertex opposite it, then X would not satisfy the
K-hexahedron equations if we place the vertex w at the “top” of C'. This argument

also implies the analogous statement for the hexahedron recurrence.

We next work toward a proof of Theorem 11.22(a).
Lemma VIL5. Fizv € Z° and X = (x,) € C" satisfying the equations (2.21)(2.24),
with x, # 0 for s € Z2. Then the following are equivalent:

e the following equations hold:

(7-12) il?iJr(O’%é) = TyZy+(0,1,1) T Tu+(0,1,0)Lv+(0,0,1)}
(7-13) $i+<%707%> = TyTy4(1,0,1) T Tu+(1,0,0)L0+(0,0,1)5
(7~14) f’fi+(g,%,o) = TyTy4(1,1,0) T To+(1,0,0)Lv+(0,1,0) -

e the following equations hold:

(7.15) IiJr(léé) = Ty4(1,0,0)Tv+(1,1,1) T Tot(1,1,0)Tv+(1,0,1)
(7.16) szr(%’L%) = Ty4(0,1,0)Tv+(1,1,1) T To+(1,1,0)Tv+(0,1,1)}
(7.17) $i+(%7%,1) = Ty1(0,0,1)Lo+(1,1,1) T Tu+(1,0,1)Tv+(0,1,1)-
Proof. This is a straightforward verification. n

Definition VII.6. For U C Z, we denote

(7.18) Zy ={(i,j,k) €Z* i +j+ ke U}

For U,V C 7Z, we denote

(7.19) Lyy =Z{U{(i,jk) eL-Z:i+j+keV}.

In other words, Ly contains the integer points at heights in U, and the half-integer

3
init

points of L at heights in V. In particular, we will be interested in Z .. = Z?O,l,Q} and

Linit = L{0,1,2},{1}'
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Corollary VIL.7. Suppose that X = (x,) € C (with x, # 0 for s € Z*) satisfies

the recurrence (2.21)~(2.24). If x satisfies (2.12) for all s € Liny — Z3 ., then X

init»

satisfies (2.12) for all s € L — Z*; in other words, X satisfies the K-hexahedron

equations.

Proof. This follows directly from Lemma VIL5. O]

Remark VIL.8. By Proposition VIL3, given X = () € CH»* with z, # 0 for all
s € 73 .., there exists at most one extension X = (x,) € C¥ of Xiny to L (with z, # 0
for all s € Z*) satisfying the K-hexahedron equations. We say “at most one” instead

of “one” because in the course of running the recurrence (2.21)—(2.24), we might get

a zero value at an integer point.

Definition VII.9. We say that an array X;,;; indexed by Li,;; that satisfies equa-

tion (2.12) for all s € Ly — Z3

ini

. 1s generic if X, can be extended to an array
x indexed by L satisfying the K-hexahedron equations, with all components of X

nonzero. Similarly, we say that an array X indexed by Z3. is generic if every
extension of Xj,;; to an array X, indexed by Ly satisfying equation (2.12) for all

3 . .
s € Lini, — Zi,;, 1s generic.

Definition VII.10. Let X;,;; be a generic array indexed by L, that satisfies equa-

tion (2.12) for s € Ly — Z3 ... We denote by (Xini)™ the unique extension of Xy

to L satisfying the K-hexahedron equations.

_ 3 - -
Lemma VIIL.11. Let C = [0,1]° be a unit cube. Fizx values t(o,%,%)’tw(%,o,%)’
tv—i—(%,%,O) € {—1,1}. Suppose X = (25)secnr and ¥ = (Ys)secnr are arrays of 14

complex numbers indexed by the vertices and faces of C' such that

e X and y both satisfy the K-hexahedron equations,

oz, ys # 0 for s e {0,1}3
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oy, =, forall s € {0,1}3\ {(1,1,1)},
Yy, = teTs fO’I” all s € {(O, %7 %) 5 (%707 %) ) (%7 %’0)}7 and

*fopn)fer (o) (b r0) =

Then the following equations hold:

(7.20) Y048 = He3H7038)
(7.21) Ya) T o (g
(7:22) (CED I PO R
(7.23) Y1) = L(,1,1)-

Proof. Note that

(724) Y111\ =
(14:3) T(0.0.0)
Either t(O,%,%) =1 and t(%707%>t<%,%,0> = 1, or t<07%7%> = —1 and t(%,oé)t(%,%,o) =—1.

By equation (7.24), Yy = t(o 1T 1 1y in either case. Equations (7.21)—(7.22)

’2°2 1202

hold by the same argument. Furthermore, note that

(7.25)
$(0,;,;)$(07171)$(0,1,1)
v =040 =2 (Hog s (rodos(rd0) =) =gz =0
so equation (7.23) holds. O

The idea behind Lemma VII.11 is that if t(o,%,%)ty+(%,o,%)tu+(%,%,o) = 1, then each
sign ts propagates to the face of C' opposite s. With this in mind, we make the

following definition.

Definition VII.12. Define an equivalence relation on L — Z* by setting s; ~ sy if

and only if
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e 5 = (al,b+%ac+%) and sy = (aQ’b—i_%’C_'—%)’

o s1=(a+3,bi,c+3)and sy = (a+3,b2,c+3), or

Let Z2 denote the set of equivalence classes under this equivalence relation. Denote
by [s] € Z2, the equivalence class of s € L — Z>. If we think of L — Z* as the set of
unit squares in Z®, then the equivalence relation ~ is generated by the equivalences
s1 ~ So where s and s, are opposite faces of a unit cube in 73 Geometrically, we can
think of an element [s] € Z2 as the line through the point s which is perpendicular

to the corresponding unit square. Note that Liy — Z3

ini

. 1S a set of representatives

of Z3.

Definition VII.13. Define an action of {—1, 1}Z3@ on arrays indexed by Li, as
follows: given t = (t5) € {—1, 1}Z% and Xinit = (Ts)seLys S€t t - Xinit = (Ts)seLis

where

Ty if s € Z3

init

(7.26) =

init "

t[s}xs if Linit -7

Remark VII.14. Assume that x;,;; is a generic array indexed by Zf’nit. Let Xin; be

any (generic) array indexed by Ly that restricts to Xiy and satisfies equation (2.12)

for s € Ly — Z3..,. Note that

(7.27) {(t i) TE € {1, 1}2%}

is the set of arrays indexed by L which satisfy the K-hexahedron equations and

restrict to Xipjt.

Definition VIL.15. For t = (t,) € {~1,1}%, define ¥'(t) = (uy) € {—1,1}% *(2:2:3)
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by setting

(7.28) u

s+ (5.5.8) T st (0.8.5)] s+ (20.)]H[s+(3.4.0)]

D=

for s € Z*. If we think of the elements of Z3 as lines in R3, then w, is the product
of the components of t indexed by the 3 lines in Z2 passing through the point s. If
we think of Z2, as equivalence classes of unit squares in 7?3, then u, is the product of
the components of t indexed by the 3 equivalence classes of 2-dimensional faces of

the unit cube centered at s.

Proposition VIL16. An array t = (t,) € {—1,1}%5 is in the kernel of ¥ (i.e.,
formula (7.28) yields 1 for all s) if and only if there exist signs oy, B;,vi € {—1,1},

1 € 7, such that

(7.29) t[<a7b+%7c+%)] = Bve
(730) t[(a-&-%,b,c-ﬁ-%)] = Qae
(7.31) tlatdbrde)] = Qb

for all (a,b,c) € Z°.

Proof. Suppose there exist constants «;, 5;,7; € {—1,1} for i € Z such that t sat-
isfies equations (7.29)(7.31). Let u = (u,) = ¥(t). Then for any (a,b,c) € Z
Uaeyt(3.5.8) = a?Biy? =1, as desired.

Next, suppose that t is in the kernel of . It is straightforward to check that the

following identities for t for all (a,b,c) € Z*:
(732 Hatberd)] = o bocs ) (e bor o))

(7.33) (et berd)] = (2.5.0)](ar 2.20)F (204 5.0)]

(7.34) Hlatsorsa)] = (220 (ar 20 (0 20)]-
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Hence, setting

(7.35) o =) % = [erbod))

(7.36) Bo =11 p12.0)]

(7.37) e =H(3oerd))

it follows that t satisfies (7.29)—(7.31). O

Definition VIL.17. For (ay,...,aq), (by,...,bs) € R% the notation (ay,...,aq) <
(b1, ...,bg) will mean that a; <b; fori =1,...,d, and (aq,...,aq) < (by,...,by) will

mean that (ay,...,aq) < (by,...,bq) but (ay,...,aq) # (by,...,bq).

Lemma VII.18. Let X, be a generic array indexed by L satisfying equa-

tion (2.12) for s € Ly — Z3

3
S Lett € {=1,1}%5, and u = (us)sez3+(%,éé) = (t).
Denote (Xinit)'™F = (2s)ser, and (t - Xinie)™ = (ys)ser. Suppose v € 2?374,57“.} satisfies

the condition that Uy (1,3,1) = 1 for all w € 2?374757.“} with w < v. Then:

D=

(a’) yv = x’U;

(b) Yp—s = t[v—s]xv—s fOT’ s € {(07 %7 %) ) (%7()’ %) ) (%7 %)0)}
Proof. We prove statements (a) and (b) together for w € Z?3,475~--} with w < v by

induction. Assume by induction that we have proved statements (a) and (b) for

3
init

all w € Z?3,4757m} with w < v. By construction, x,, = v, for all w € Z;;, and
statement (b) holds for w € Z?Q}. Hence, y,_y = 1,_¢ for s € {0,1}>\ {(0,0,0)},
and y,—s = tjy_ge—s for s € {(1,3,3),(5,1,3) . (3,3,1) }. Because Uy (111) = 1,
statements (a) and (b) follow from Lemma VII.11. O
Lemma VIL.19. An array u = (us) € {1, 1}ZB+(%’%’%> is in the image of ¥ (see
Definition VII.15) if and only if for every v € 7%,

(738) H uv+(a1,a2,a3)/2 = 1

a1,a2,a3€{-1,1}
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Remark VIL.20. Using the interpretation of Z*+ (%, %, %) as the set of unit cubes
of Z*, the product on the left-hand side of (7.38) is a product over unit cubes incident

with v.

Proof of Lemma VII.19. First, suppose u = ¢ (t), where t = () € {—1, 1}Z%. Con-
sider the cube C' = v + [— 1, %}3 Note that v + (a1, as,a3)/2 for ai, az,a3 € {—1,1}
are the vertices of C. Using the interpretation of Z} as lines in R3, the edges of
C' are contained in the lines in Z%. If s1, 89,83 are the 3 lines in Z% that intersect
at v + (ar, az, as)/2, then Uy (a;,az,03)/2 = o1 tsyts;- BEach edge of C' is incident with 2

vertices of C'. Hence, expanding the left-hand side of (7.38) in terms of components

of t, we obtain

(7.39) II  wiwamame=]]tE=1

ai,a2,a3€{—1,1}

where the second product is over the lines s € Z2 determined by the edges of C.
Next, suppose that condition (7.38) holds. It is clear that u is uniquely determined

by its components at S = {(v; + 3,02+ 3,03+ 3) € 73 + (3.3,3) : vivpvs = 0} and

condition (7.38). For (v, v, v3) € Lin — Z3 .., set
(7.40)
(
U(%’v%%) ifv, €7
U(vh%’%)lt(%’%’vg) if v9 € Z and v 7é %
t[(m,vz,vaﬂ = u(m,vz,%)u(m,%,%)u(%,vz,%) if v3 € Z and vy, vy # %
1 ifUQEZ&HdUlZ%
1 if v3 € Z and either vy :% or 02:%.
\

Set t = (t,) € {—1,1}%8. It is straightforward to check that (t) agrees with u at S.

Hence, because 1(t) and u both satisfy condition (7.38), it follows that u = ¢ (t). O
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Lemma VIIL.21. Let X be an array indexed by 2?0’1’2’3’475}. Assume that X satisfies

3

ini

the Kashaev equation, and, moreover, its restriction to Z;,, s generic. Then there

exists an array X indexed by L satisfying the K-hexahedron equations and extending X.

Proof. For i = 3,4,5, we will show by induction on ¢ that there exists an array X

indexed by Ly satisfying equation (2.12) for s € Ly — Z3;, such that (Xin)™

/

agrees with X = (x;) 23 init

3 ~
on 7 .. Let x
{0,1,2,3,4,5} {0.1,...,}

be an array indexed by Ly

/
init

satisfying equation (2.12) for s € Ly — Z3;, such that (X];,)™ = (ys)ser agrees with

ini

/

X on Z?O,l,...,i—l}' (For i = 3, we can obtain X{; by taking an arbitrary extension

of Xinit t0 Ling satisfying equation (2.12) for s € Ly — Z3

it- Tor @ = 4,5, we have
shown that X{ ; exists by induction.) Choose @ = (us) € {—1, 1}2?3’4’5}7(%’%’%) SO
that

)zlifsEZ?i} and ys = xg;

® U, ( ) =-1 ifseZ?i} and ys # xg;

1= liti=4and s € Z?3}, ort=>5ands € Z?374}.

Extend @ to u € {—1, 1}Z3+(%’%’%) by condition (7.38). By Lemma VIIL.19, there

exists t € {—1, 1}2% such that u = ¥ (t). Set Xjyi, = t-X!

init*

Then, by Lemma VII.18,

(Xinit) " agrees with % on Z,, _;, as desired. O

We can now prove a weaker version of Theorem I1.22(a), under the additional

constraint of genericity.

Corollary VII.22. Let x € (C*)ZS be a coherent solution of the Kashaev equation,

3

whose restriction to Z3 ., is generic. Then x can be extended to x € (C*)E satisfying

the K-hexahedron equations.

Proof. Let x € (C*)%° be a coherent solution of the Kashaev equation, whose restric-

tion to Z3 ., is generic. By Lemma VII.21, there exists an array X € (C*)L satisfying
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the K-hexahedron equations that agrees with x on Z?0’1727374,5}. Let x' be the re-
striction of X to Z*. By Theorem II1.22(b), x is a coherent solution of the Kashaev
equation. There is a unique coherent solution of the Kashaev equation agreeing with
x at 2?0’17273,475}, as condition (2.9) gives the remaining values as rational expressions
in the values at 2?0717273’475} (see Remark II.11). (As x is generic, x must satisfy
condition (2.20), and so K¢(x) # 0 for all unit cubes C in Z* and vertices v € C.
Hence, the denominator of this rational expression is nonzero.) Hence, X' = x, as

desired. ]

Proof of Theorem I1.22(a). We need to loosen the genericity condition in Corol-
lary VII.22 to the conditions that x satisfies (2.20) and has nonzero entries.

Let x € (C*)% be a coherent solution of the Kashaev equation satisfying (2.20).
Let A; = [—7,j]°NZ? and B; = [—7,j]>N L for j € Zsy. We claim that if there exist
X, € (C*)Pi satisfying the K-hexahedron equations that agree with x on A; for all 7,
then there exists X € (C*)* satisfying the K-hexahedron equations that agrees with

x on Z3. Construct an infinite tree T as follows:

e The vertices of T" are solutions of the K-hexahedron equation indexed by B;

that agree with x on A; (over j € Zx).

e Add an edge between x; € (C*)% and X;;1 € (C*)Bi+1 if X;,4 restricts to X;.
Thus, T is an infinite tree in which every vertex has finite degree. By Konig’s
infinity lemma, there exists an infinite path Xo, Xy, ... in T with %X; € (C*)P. Thus,
there exists X € (C*)* restricting to X; for all j € Zsg, so X is a solution of the
K-hexahedron equations that agrees with x on Z°.

Given j € Zsg, we claim that there exists X € (C*)Pi satisfying the K-hexahedron

equations that agree with x on A;. It is straightforward to show that there exists
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a sequence Xi,Xg, -+ € ((C*)Z3 of coherent solutions of the Kashaev equation that

3

ini

converge pointwise to x whose restrictions to Z: ;, are generic. By Corollary VII.22,
there exist X;,Xg, -+ € (C*)L satisfying the K-hexahedron equations such that X;
restricts to x;. However, the sequence X;,Xs,... does not necessarily converge (see
Proposition 11.23 below). Let X;,%5,--- € (C*)P be the restrictions of X;,%y, ...
to B;. There exists a subsequence of X},X},... that converges to some x € (C*)%.
(For each s € B; \ A;, we can partition the sequence X},X5,... into two sequences,

each of which converges at s. Because B; is finite, the claim follows.) The array x

must satisfy the K-hexahedron equations and agree with x on A;, so we are done. [
We shall now work towards a proof of Theorem I1.23.

Lemma VIIL.23. Let x € (C*)¥ be a solution of the K-hexahedron equations. Let
Zinit € (C*)Lnt denote the restriction of X to L. Let t = (t,) € {—1,1}% be in

the kernel of 1. Then (t - Xinit)™ = (ys)ser, where

Ty if s € 73
L1s)Ts if s € L-73.
Proof. This follows from Lemma VII.18 and Proposition VIIL.3. O]

Lemma VII1.24. Let x € (C*)X be a solution of the K-hexahedron equations. Let
Xinit € (C*)Lnie denote the restriction of X to Liy. Fort € {—1, 1}235, the following

are equivalent:
o X and (t - Xi)™ agree on Z°;

e t is in the kernel of 1 (see Proposition VII.16).

Proof. If t is in the kernel of 1, then X and (t- ;i)™ agree on Z* by Lemma VII.23.
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If t is not in the kernel of ¢, let u = (US)5623+( 11y = ¥(t). Write X = (z5)ser

and (t - Xpnio)™ = (ys)ser. Choose v € Z‘E’3’4757m} such that Uy (111) = —1 and

Uy (1,3,3) = 1 for all w € 2?345 y with w < v. (Such a choice of v exists because
21272 YD

if Uy (338) = 1 for all v € 2?374’57“.7}, then Uy (1,3,2) = 1 for all v € Z* because u

must satisfy equation (7.38) for all v € Z*.) Then by Lemma VII.18, y,_, = z,_, for

S € {0,137~ {(0,0.0)}, and gy = by for s € {(1.5.8). (. 1.8). (351}

Hence,
Ly (1,2, Ty—(11,2) Ty (2L
(742) y’u_x'u:_4 (122) 2(212) (221) 3&07
Ty—(1,1,1)
SO Yy F Ty- -

Proof of Theorem I1.23. Let X € (C*)Einit denote the restriction of X to Lipyis.

Suppose that for some signs «;, 8;,7v; € {—1,1}, i € Z, y € (C*)L satisfies equa-
tions (2.25)(2.28) for (a,b,c) € Z*. Define t = (t,) € {—1,1}%® by equations (7.29)-
(7.31), so t is in the kernel of ¢ by Proposition VII.16. Hence, by Lemma VII.23,
y = (t - Ximi)'%, so ¥ satisfies the K-hexahedron equations, proving part (a).

Next, if § € (C*)* satisfies the K-hexahedron equations, then y = (t - ;3 )% for
some t = (t,) € {—1,1}%5. By Lemma VIL24, t is in the kernel of ). Hence, by
Proposition VII.16, there exist signs oy, 5;,7; € {—1,1}, i € Z, such that t is given by

equations (7.29)—(7.31). Hence, by Lemma VII.23, y satisfies equations (2.25)—(2.28)

for (a,b,c) € Z*, proving part (b). ]



CHAPTER VIII

Coherence for Cubical Complexes

In this chapter, we generalize Proposition II1.8 and Theorem I11.22 from Z? to
certain classes of 3-dimensional cubical complexes. Proposition I1.8 generalizes to
arbitrary 3-dimensional cubical complexes embedded in R? (see Proposition VIIIL.1),
while Theorem I1.22(b) generalizes to directed cubical complexes corresponding to
piles of quadrangulations of a polygon (see Proposition VIIL.3). Theorem II.22(a)
does not hold for arbitrary directed cubical complexes corresponding to piles of quad-
rangulations of a polygon. It turns out that an additional property of a cubical
complex is required, which we call comfortable-ness. This property is satisfied by
the standard tiling of R® with unit cubes, as well as by cubical complexes corre-
sponding to piles of {-tilings of P,, (see Proposition VIIL.8). Let s be the directed
cubical complex corresponding to a pile of quadrangulations of a polygon. In The-
orems VIIL.10-VIIL.11, we show that Theorem II.22(a) holds for s if and only if
2 is comfortable. The proof of Theorem VIII.10 is nearly identical to the proof of
Theorem I1.22(a) in Chapter VII.

First, we note that Proposition I1.8 generalizes to arbitrary 3-dimensional cubical

complexes embedded in R? as follows:

Proposition VIIL.1. Let » be a 3-dimensional cubical complex embedded in R3.

66



67

Suppose that x = (4)se,0 satisfies the Kashaev equation. Then for any interior
verter v € 3° (see Definition II1.2),

(8.1) (H Kf(x)) = (H(xvzrv2+xlev3)> :

Cov S>v

where
e the first product is over 3-dimensional cubes C incident to the vertex v,
e the second product is over 2-dimensional faces S incident to the vertex v, and

® v, vy, V9,3 are the vertices of such a face S listed in cyclic order.

Proof. The proof is almost identical to the proof of Proposition I1.8 in Chapter VII.

O

Remark VIIL.2. With Proposition VIII.1 in mind, we can think of the notion of
coherence from Definition IV.17 as follows. Let T = (Ty,...,7}) be a pile of quad-
rangulations of a polygon with s = s(T). Start with an arbitrary array x,;; indexed
by %O(To) whose entries are “sufficiently generic.” We want to extend X;,;; to an ar-
ray x indexed by 2° that is a coherent solution of the Kashaev equation. Building
x inductively, suppose we have defined the values of x at »°(Tp,...,T;_;), and we
need to define the value z,, of x at the new vertex w in T;. Let C' € 3 be the
cube corresponding to the flip between T;_; and T;, and let v be the bottom vertex
of C, i.e., let v be the unique vertex in 7;_; but not 7;. In order that x continue
to satisfy the Kashaev equation, there are 2 possible values for z,,, say a and b, so
that K¢(x) = 0. If the vertex v is in Tp, i.e., v is not an interior vertex of s, then
we can either set x,, = a or x,, = b, and x will continue to be a coherent solution of
the Kashaev equation. Now, suppose v is not in Tp, i.e., v is an interior vertex of s.

Because we have chosen Xy to be “sufficiently generic,” the value of [].., K¢ (x)
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depends on whether we set x,, = a or x,, = b. Proposition VIII.1 tells us that for
one of the 2 possible values, say z,, = a, equation (4.6) holds, while for the other
value, x,, = b, the following equation holds:

(8.2) H KC(x) = — H(:Uvscv,z + Ty, Ty ).

C>v S3v

Hence, the condition of coherence tells us which of the 2 solutions is the “correct”

one when v is an interior vertex of .

We now prove the following generalization of Theorem I1.22(b).

Proposition VIIL.3. Let T be a pile of quadrangulations of a polygon. Let X =
(25)sex02(T) be an array (with x, # 0 for all s € 3°(T)) satisfying the K-hexahedron
equations. Then the restriction of X to »°(T) is a coherent solution of the Kashaev

equation.

Proof. The proof follows almost exactly the same as the proof of Theorem I1.22(b).
For an interior vertex v of s, there is exactly one cube C' for which v is the top vertex,
and exactly one cube C' for which v is the bottom vertex. Let x be the restriction of
X to »°. By Lemma VIL.2, taking the product over the cubes incident to v,
(8.3) [[ESG =1 ] =s=]]2% = [[(@mn +z0m),

Csv S€x?:S>v S3v Sov

so the restriction of X to x is a coherent solution of the Kashaev equation. O]
The following statement generalizes Theorem I1.9:

Corollary VIII.4. Let T be a pile of quadrangulations of a polygon. Let x =
(25)sesx0(T) be an array satisfying the positive Kashaev recurrence. Then X is a co-

herent solution of the Kashaev equation.
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Proof. This follows immediately from Proposition VIII.3 because x can be extended
to an array indexed by s%(T) satisfying the K-hexahedron equations by choosing

the positive solutions from equation (2.12) for s € »*(T). O

Remark VIIL5. The converse of Proposition VIIL.3 (i.e., the counterpart of Theo-
rems 11.22(a) and IV.19(a)) does not hold for an arbitrary choice of T. In other
words, there exist piles T and arrays x indexed by »°(T) with nonzero components
that are coherent solutions of the Kashaev equation, where x cannot be extended to

an array indexed by %(T) satisfying the K-hexahedron equations.

In order for a converse of Proposition VIIL.3 (equivalently, a generalization of
Theorems 11.22(a) and IV.19(a)) to hold, one must impose an additional condition

on the underlying cubical complexes; see Definition VIII.6 below.

Definition VIII.6. Let ¢ be a three-dimensional cubical complex that can be em-
bedded into R*) cf. Definition II11.2. (While this embeddability condition can be
relaxed, it is satisfied in all subsequent applications. In fact, s will always be the
cubical complex associated to a pile of quadrangulations.) Let ~ be the equivalence
relation on »? generated by the equivalences s; ~ sy for all pairs (sy, s9) involving op-
posite faces of some 3-dimensional cube in 23. Let s denote the set of equivalence
classes under this equivalence relation. Denote by [s] € 3 the equivalence class
of s € »%. By analogy with Definition VII.13, denote by t,, : {—1,1}® — {—1,1}*
the map sending an array t = (f[q))[sesxy to the array 1..(t) = (uc)ces.s defined
by uc = tigtpte), where a,b,c are representatives of the three pairs of opposite 2-
dimensional faces of C'. We say that the cubical complex s is comfortable if the

following statements are equivalent for every u = (u¢) € {—1, 1}”3:

(C1) u is in the image of 1,
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(C2) for every interior vertex v € »° (cf. Definition II1.2), we have

(8.4) [Tue=1

C>v

the product over 3-dimensional cubes C' € > containing v.

By Lemma VII.19, the standard tiling of R?® by unit cubes is comfortable.

Remark VIIL.7. In Definition VIIL.6, the statement (C1) always implies (C2). Indeed,

if u =, (t) with t = (t)

. . 0
sy © {—1,1}®, then for any interior vertex v € »",

(8.5) IT we= ][ =1

veCEsx3 VESE 2

Thus, in checking comfortableness, we simply must check that (C2) implies (C1).

We next state four results (Propositions VIIL.8-VIIL.9 and Theorems VIII.10—-
VIII.11) which the rest of this chapter is dedicated to proving. The reader may want

to review Definitions I11.6-I11.7 before proceeding with the following proposition.

Proposition VIIL.8. Let T be a pile of quadrangulations of a polygon. Suppose
that the divide associated to each quadrangulation in T is a pseudoline arrangement.
Then » = x(T) is comfortable. In particular, if T is a pile of O-tilings of the

polygon P, then s = »(T) is comfortable.

Proposition VIIL.9. There exists a pile T of quadrangulations of some polygon

such that the cubical complex s = »(T) is not comfortable.
We next state a generalization of Theorems I1.22 and IV.19.

Theorem VIII.10. Let T be a pile of quadrangulations of a polygon such that » =
#(T) is comfortable. Any coherent solution of the Kashaev equation x = (Zs)sec,0
with nonzero components satisfying condition (4.7) can be extended to an array X =

(xs)ses02 satisfying the K-hexahedron equations.
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However, Theorems I1.22 and IV.19 don’t generalize to cubical complexes that

are not comfortable.

Theorem VIII.11. Let T be a pile of quadrangulations of a polygon such that
» = x(T) is not comfortable. Then there exists a coherent solution of the Kashaev

2

equation x indexed by »° which cannot be extended to an array indexed by »°? sat-

isfying the K-hexahedron equations.

Note that Theorem IV.19(a) follows directly from Proposition VIIL.8 and Theo-
rem VIII.10. In Remark VIII.12 below, we explain that Theorem I1.22(a) follows

from Proposition VIII.8 and Theorem VIII.10 as well.

Remark VIII.12. Together, Theorem VIII.10 and Proposition VIII.8 imply Theo-
rem 11.22(a). For each cube [—7,j]> € R?, project the “bottom” faces (i.e., {—j} x
(=3, 31 % (=4, 3], (=3, 3] < {=3} x [=4, 3, [=4: 3] % [=5, 4] x {=7}) onto R? to obtain a
quadrangulation T} of a region R;, as shown in Figure 8.1. The divide associated to
each quadrangulation T is a pseudoline arrangement. Hence, by Proposition VIII.S8,
for any pile T; including T}, ¢(T;) is comfortable. Choose T}, so that we can asso-
ciate the vertices of »(T;) with {—j,...,j}?, so that | J}2, »°(T;) = Z*. Repeating
the Konig’s infinity lemma argument from the end of the proof of Theorem I1.22(a),

Theorem VIII.10 implies Theorem II1.22.

The rest of this chapter is dedicated to proving Propositions VIII.8-VIII.9 and
Theorems VIIT.10-VIII.11.

We begin by proving Proposition VIII.S.

Lemma VIIL.13. Let T = (Tp,...,Ty) be a pile of quadrangulations of a polygon
such that »(T) is comfortable. Given 0 < i < j < /{, let T' = (T;,...,T;). Then

#(T") is comfortable.
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quadrangulation 77 of Ry  quadrangulation 75 of Rg

Figure 8.1: The quadrangulations T} of regions R; described in Remark VIII.12.

Proof. 1t suffices to check that (C2) implies (C1) for »(T') (see Remark VIILT7).
Note that any u = (uc)ce.s(ry satisfying (C2) can be extended to @ = (uc)ce.s(m)
satisfying (C2). Identifying s4(T) and s4(T'), the fact that there exists t such that

¥.()(t) = @ implies that 9,1 (t) = u, as desired. 0

We can now prove Proposition VIII.8 in the special case where T be a pile of

Q-tilings of P,,.
Lemma VIII.14. Let T be a pile of O-tilings of P,,. Then s = 3(T) is comfortable.

Proof. Labeling the vertices of » by subsets of [n] (as in Chapter IV), we can label
the cubes in 33 by 3-element subsets of [n] by taking the symmetric difference of
the labels of any opposite vertices in the cube. Note that we can extend T to a
longer pile TV so that for every A € ([g]), at least one cube of »(T') is labeled by A.
Hence, by Proposition VIII.13, it suffices to prove the theorem under the additional
assumption that each set in ([;L]) labels at least one cube in 3.

Let A; be the set of u € {—1,1}* satisfying (C1), and Ay be the set of u
satisfying (C2). Because A; C Ay, it suffices to show that |A;| > |As| in order to
prove that A; = Ay. We claim that both A and B have size 2<n51).

First, we claim that |A;| > o("2"). Identify each element S € g with a 2-
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element subset of [n| by taking the symmetric difference of the labels of any pair
of opposite vertices of any tile in S. Note that if u = 1,,(t), and a cube C labeled
by {i,j, k}, then uc =ty jytgimtyiey Define amap of vector spaces f : {—1, 1}([3]) —

(—1,13(5) where f ((ts)56<[g]>) — (uC) e iy With

(8.6) Uligky = Uigp ity
If we fix t{10y = -++ = t1ny = 1, then ugyjxy = tyry, so the rank of f is at
least the number of 2-element subsets of {2,...,n}, i.e, (”;1) Hence, it follows

that [A,] > 2("2").

Thus, in order to prove the proposition, we must show that |As| < 2("2"). Note
that there are (”;1) vertices in the interior of any {-tiling of P,. In choosing u
satisfying (C2), we can make an arbitrary choice of sign for any cube that shares

its bottom vertex with T, but the signs of the remaining cubes is determined by

n—1

condition (C2). Hence, because at most ("]

) cubes can share their bottom vertices
with T (the bottom of a cube cannot be on the boundary of Tj), there are at most

2("2") such u satisfying condition (C2), proving our claim. O
We can now prove Proposition VIIIL.8 in its full generality.

Proof of Proposition VIIL.S. Let T = (To,...,T;). We claim that we can “embed”
the quadrangulations Ty, ..., T, in {-tilings of P,,. Let Dy,..., D, be the divides
associated to Ty, ..., Ty. Because Dy, ..., D, are pseudoline arrangements connected
by braid moves, we can extend Dy, ..., D, to pseudoline arrangements Dy, ..., Dy,
still connected by braid moves, in which every pair of branches intersects exactly
once. By Proposition IIL.8, there exists a pile T = (’fo, . ,Tg) of {-tilings of P,,, for

which the divides associated to TO, ..., Ty are DO, oo, Dy



74

By Lemma VIII.14, 5(T) is comfortable. The cubical complex (T) consists
of 2 = 3(T), unioned with 2-dimensional faces that are not part of any 3-dimensional

cube. Hence, it follows that s¢ is comfortable as well. n

Proof of Proposition VIII.9. We describe a pile T = (T, ..., Ty) of quadrangulations
of a square such that s = »(T) is not comfortable. Let Ty be as in Figure 8.2. It is
easier to understand this example by looking at the divides associated to Ty, ..., Ts,
displayed in Figure 8.3. Note that the divides associated to these quadranguations
are not pseudoline arrangements. Note that s has no interior vertices. Hence,
every u € {—1,1} satisfies (C2). However, it is not difficult to check that if u
satisfies (C1), then the sign on a given cube is determined by the sign on the other 7.

Hence, s is not comfortable. O]

Figure 8.2: The quadrangulation T from the proof of Proposition VIIL.9, with the associated divide
drawn on top in blue.

The rest of this chapter is dedicated to the proofs of Theorems VIII.10-VIIIL.11.

Definition VIII.15. Let T = (Ty, ..., T;) be a pile of quadrangulations of a polygon,
with s = 2(T), and x = (z)se,0. We say that x is generic if for all extensions of
Xinit (the restriction of x to 5°(Ty)) to an array X indexed by »%?(T) satisfying the

K-hexahedron equations, the entries of X are all nonzero.
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To T Ty
T3 Ty Ts5
TG T7 TS
Figure 8.3: The divides associated to the quadrangulations Ty, ..., Ts from the proof of Proposi-
tion VIIL.9.

Definition VIII.16. Let T = (Ty, ..., T;) be a pile of quadrangulations of a polygon,

with 32 = 3(T). Given an array X, = (zs)seﬂoz(%) and t = (t[s]) . set t- Xt =

[s]€s

(ys ) 5€392(Tp) where

T if s € 3(Tp)
(8.7) Ys =
t[s]l‘s if s € %2(T0).

Given a generic array Xi,; indexed by "%(T}), define (iinit)T”m to be the unique

extension of Xni; to an array indexed by 3°? satisfying the K-hexahedron equations.
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Define ()Eimt)”‘o to be the restriction of (iinit)“‘m to »°.

Lemma VIIL.17. Let T = (Ty,...,T;) be a pile of quadrangulations of a polygon,
with » = (T). Fiz a generic array Xy indexed by »%(Ty) satisfying equation 2.12
for s € 3*(Ty), and t € {—1,1}*®. Then the following are equivalent:

e 1, (t) has value 1 on Cy,...,C;_1, and value —1 on Cy;

o (Kinit)™ and (t - Xinie)™ agree at 3°(Ty), ..., 5°(Ti_1) but not at 3°(Ty).
Proof. The proof follows directly from Lemma VII.11. O

Lemma VIIL.18. Let T = (Ty,...,T;) be a pile of quadrangulations of a polygon,
with x = »(T). Let x and x' be generic and distinct coherent solutions of the
Kashaev equation, both indexed by »°, such that x and X' agree at »°(Ty). Let i be
the minimum value such that x and x' do not agree at »°(T;). Then the cube C;

shares its bottom vertex with Tj.

Proof. Assume (for contradiction) that C; doesn’t share its bottom vertex with 7.
Then the bottom vertex of C; must be an interior vertex of ». Hence, by the
coherence and genericity of x and x’, the values of x and x” are uniquely determined
by their values at »°(Ty), ..., »°(T;_;), which are the same for x and x’. Hence, x

and x agree at the top vertex of C;, and thus agree at »°(T}), a contradiction. [

We can now prove a weaker version of Theorem VIII.10, under the additional

constraint of genericity.

Corollary VIII.19. Let T be a pile of quadrangulations of a polygon such that
» = #(T) is comfortable. Any generic, coherent solution of the Kashaev equation

X = (T4)ses0 can be extended to X = (x5)se,02 salisfying the K-hexahedron equations.
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Proof. Choose an arbitrary extension of X, the restriction of x to »%(7y) to an

array X/ ;, indexed by 3°%(Tp) satisfying equation (2.12) for s € »*(Tp). The result

ini

follows once we can show that there exists t € {—1,1}*® such that (t - %[ )™

agrees with x on .

We proceed by induction, and assume that there exists t such that (t - %/, )"

init
agrees with x on 30(T}) for j = 0,...,i — 1. If (t - %, ;)" agrees with x on »°(T})
for j = 0,...,i, we are done. Suppose that (t - %/ )™ does not agree with x

on »°(T;). We need to find t; such that (t;t - %, ;)™ agrees with x on »°(T}) for
j=0,...,i. By Lemma VIII.17, this is equivalent to finding t; such that ¢, (t;) is 1
on Cq,...,C;_1, and —1 on C;. By Lemma VIII.18, the cube C; shares its bottom
vertex with 7p. Hence, there exists u = (u,) € {—1,1}* satisfying (C2) such that
uc, =+ =ug, , = 1 and ug, = —1. (For example, choose u so that uc, = —1, and
uc = 1 for all other cubes C' that share a bottom vertex with Tj. Then the remaining

values are determined by condition (C2).) Because s is comfortable, there exists t;

such that ¢,(t;) = u, as desired. O

Proof of Theorem VIII.10. We need to loosen the condition that x is generic from
Corollary VIII.19 to the conditions that x has nonzero components and satisfies
condition (4.7).

Let x € (C*)* be a coherent solution of the Kashaev equation with nonzero
components that satisfies condition (4.7). It is straightforward to show that there
exists a sequence Xi, X, - € ((C*)”0 of generic, coherent solutions of the Kashaev
equation that converge pointwise to x. By Corollary VIII.19, there exist X;,Xs, - €
(C*)"02 satisfying the K-hexahedron equations such that X; restricts to x;. There
exists a subsequence of X1, X,, ... that converges to an array X. (For each s € 52(T),

we can partition the sequence X1, X, ... into two sequences, each of which converges
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at s. Because »*(T) is finite, the claim follows.) The array X must satisfy the

K-hexahedron equations and restrict to x, so we are done. O

In order to complete the proof of Theorem VIII.11, we will need the following

technical lemma.

Lemma VIIL.20. Let T = (Tp,...,T;) be a pile of quadrangulations of a polygon
such that »(T) is not comfortable, but »(Ty,...,Ty_1) is comfortable. Let Cy be the
cube of s corresponding to the flip from Ty_q to T.

(a) Let v be the bottom vertex of the cube Cy, i.e., let v be the vertex of Ty_1 not
m Ty. Then v is in Ty.

(b) Let w = (we)ce,s where we, = —1, and we =1 for C # Cy. Then w is not in

the tmage of 1,,.
Proof. Let s = 5(Ty,...,Ty—1). Let

e a; be the number of u € {—1,1}*"” satistying (C1),

e ay be the number of u € {—1,1}*)* satisfying (C2),

e by be the number of u € {—1,1}* satisfying (C1), and

e by be the number of u € {—1,1}* satisfying (C2).
Because aq, as, b1, by enumerate the elements of vector fields over Fy, all four quan-
tities must be powers of 2. Because s is comfortable, a; = as. Because s is not
comfortable, by < by. It is clear that b; < 2a; and by < 2a,. Hence, it follows
that a1 = ay = by = by/2.

Assume (for contradiction) that v is not in Tp, so v is in the interior of s¢. But
then if u = (u¢)ce,s satisfies (C2),

(88) uc, = H Uuc,

Cex3weC#£C,
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S0 ag = by, a contradiction. Hence, we have proved (a).

Because a; = by, it follows that for each u’' € {—1,1}*)" satisfying (C1), there
exists exactly one u € {—1,1}* satisfying (C1) that restricts to u’. Because
u = (uc)cexs and 0 = (uc)ce(w)s where uc = 1 for all C satisfy (C1), w can-

not satisfy (C1), proving (b). O

Proof of Theorem VIII.11. Without loss of generality, we assume that s(7p,...,Tp1)
is comfortable. (If not, let m be minimum so that »(7Ty,...,T,,) is not comfortable,
but (T, ..., Tm-1) is comfortable. If we can prove the theorem for s(Ty,...,T,,),
it follows that it holds for »(T).)

We now construct an array x satisfying the desired conditions. Let C' be the cube
of s corresponding to the flip from 7, to Ty, and let v be the top vertex of C' (i.e.,
v is the new vertex in T;). Choose arbitrary positive values for X,;;. Extend X to
x by the positive Kashaev recurrence until we reach v, where we choose the other
value such that K%(x) = 0.

By construction, x restricted to s(Tp,...,Ty_1) satisfies the positive Kashaev
recurrence, and hence is a coherent solution of the Kashaev equation. By
Lemma VIII.20(a), no vertices of C' are in the interior of s. Hence, x is a coherent
solution of the Kashaev equation.

Next, we show that x cannot be extended to an array indexed by s? satisfying
the K-hexahedron equations. Let x,x be the array satisfying the positive Kashaev
recurrence that restricts to X, at Tp (so X,k agrees with x everywhere except
v). Let X,k be an extension of xpx to »%* satisfying the K-hexahedron equations.
Assume (for contradiction) that there exists t € {—1,1}** such that X(t - (Xpx)o)
restricts to x. Hence, by Lemma VIII.17, 1, (t) has value —1 at C, and value 1

everywhere else. But Lemma VIIL.20(b) says that array is not in the image of 1,,, a
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contradiction. Hence, no such t exists, so x cannot be extended to an array indexed

by 2% satisfying the K-hexahedron equations. O



CHAPTER IX

Proofs of Corollary IV.23 and Theorem IV.26

This chapter contains the proofs of Corollary IV.23 and Theorem IV.26.

We use the following lemma in proving Corollary 1V.23.

Lemma IX.1. Let T be a pile of O-tilings of P,,, with » = 3(T). Let x = (z;) €
(CY* be a coherent solution of the Kashaev equation satisfying condition (4.5).

Suppose s1,55 € #° are labeled by the same subset of [n]. Then x,, = x,.

Proof. Note that due to the homogeneity of the Kashaev equation and the coherence
equations (equation (IV.17)), we can rescale the components of x to obtain a standard
array. Hence, we can assume that x is standard.

By Theorem IV.19(a), we can extend x to an array X indexed by »"? satisfying the
K-hexahedron equations. Note that we can choose a sequence X;, X, ... of standard
arrays indexed by 3% satisfying the K-hexahedron equations converging to X such
that the restriction of X; to »"%(T') for any tiling 7" in T is generic. By Theorems IV.9
and IV.12, there exist symmetric n X n matrices such that x; = i%(T)(Mi). Hence,
the components of X; at s; and s, must agree, so the components of X at s; and s

must agree. [

Proof of Corollary IV.23. The first bullet point implies the second two by Corol-

lary IV.14, and it is obvious that the third implies the second. Thus, we need to

81
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show that the second bullet point implies the first.

Next, suppose T = (T, ..., T;) is a pile of {-tilings of P,, in which every I C [n]
labels at least one vertex of »(T), and x = X,(1)(X) is a coherent solution of the
Kashaev equation. Let TV = (Tp,...,Ty,...,Ty) be an extension of T where T’
contains the tiling Tinin,. By Lemma IX.1, x, (1 (X) is the unique extension of
x to »°(T"). By Theorem IV.19(a), there exists an array X indexed by 3"%(T)
extending x,(1)(X) that satisfies the K-hexahedron equations. By Theorem IV.10,
Proposition IV.11, and Corollary IV.15 (all of which are due to Kenyon and Pemantle
[4]), there exists a unique symmetric matrix M such that X = X, (M), so M

satisfies condition (4.8). O
Next, we shall work towards a proof of Theorem IV.26.

Proposition IX.2. Let M be an n X n symmetric matriz, and let X = X(M). Then

for all I C [n] and A € ([Z]), equation (4.14) holds.

Proof. Note that it suffices to prove Proposition 1X.2 for generic, symmetric M, be-
cause any symmetric matrix can be written as a limit of generic, symmetric matrices.
Fix a generic, symmetric n x n matrix M for the rest of the proof.

For I C [n] and distinct i, j € [n], let

/ I’ 1
(9.1) Trgigy = (_1)L(\I |+1)/2] MI/LLJJ{{;}}’

where I’ = I\ {i,j}. Note that if T is a pile of {-tilings of P,,, a cube of »(T)
containing vertices labeled by I and TU{i, j, k} for i, j, k & I has top/bottom vertices
labeled by U{j} and IU{i, k}. Hence, by Lemma VII.2 and the fact that X ) (M)

satisfies the K-hexahedron equations, where T is any pile of {-tilings of P,,, it follows
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that

(9.2) Kr1iji(X) = £21 (6 21 (k) T, k)

where the plus sign appears on the right-hand side of equation (9.2) if either
eikeland j&I, or
ejclandik&l,

and the minus sign appears otherwise.
Let I C [n] and A € ([Z]). It is straightforward to check that an even number of

{i<j<k}e (’g) satisfy neither of the bullet points above. Hence, by equation (9.2),

it follows that

(93) H K[ﬂ]()_()z H .CL’%J: H L[’J()_(),

as desired. O

The reader may want to review Example I11.17 before proceeding with the follow-
ing lemma.
Lemma IX.3. Fiz an array X = (x1)1cu), satisfying the conditions that

o x; #0 for all I C [4];

o for any I C [4] and distinct 3,5 € [4], Ly # 0;

e for all I C [4] and distinct i, 7,k € [4], equation (4.12) holds;

e for all I C [4], equation (4.13) holds.

Let Ty = (Tho,...,Th4), To = (Toy,...,To4) € C(4) be the two distinct piles in C(4).
Let X, € ((C*)”OQ(T“ be an extension of X.(1,)(X) satisfying the K-hexahedron equa-
tions. Then there exists an extension X, € (C*)*°(T2) of X,(1,)(X) satisfying the

K-hezahedron equations that agrees with X1 on 3°*(Ty o) = 5" (Ty).
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Proof. By the homogeneity of equations (4.12)—(4.13), we can rescale the components
of X so that z5 = 1. Hence, it follows from Corollary 1V.25 that there exists an

#2(T1) of x,,¢p,)(X) and an extension X, € (C*)*”(T2) of x,,(p,) ()

extension X} € (C*)
that agree on »%(T ) = #**(Tay).

Let X!

init

be the restriction of X, to »°2(Tyg). Let t € {—1,1}*(T10) (where we
associate »2(T,) with 52 (T;)) so that %; = (t - %;,)™ (™). By Lemma VIIL17,
because X} and X; agree on »"(T), ¢,(r,)(t) has value 1 at every cube of »(T;).
Because 1,.(1,)(t) has value 1 at every cube of »(T1), 1,(1,)(t) has value 1 at every

cube of 5(T,). Hence, (t - %};,)" (T2) agrees with %; on %2(T} ) = 2%%(Th,) and

init

restricts to X,.(1,)(X). O

The reader may want to review Definition II1.21 before proceeding with the fol-

lowing definition.

Definition IX.4. Let T; = (T1p,...,T1) and Ty = (Thy,..., o) be two piles,
such that the directed cubical complexes 2(T;) and »(T,) are related by a flip. Label
the vertices of »(T;) and 3(7Tsy) involved in the 3-flip by subsets of [4], as in Fig-
ure 9.1. Let x; € (C*)*’(™) and x, € (C*)*"(T2) be arrays satisfying condition (4.5).
We say that the pair (xi,x2) is K-flipped when
e x; and X agree everywhere, except at the vertex at which s(T;) and s(Ty)
differ;
e writing X = (2);c), where z; is the component of x; and/or x, at the vertex
labeled by I, X satisfies equation (4.12) for all I C [4] and distinct 4, j, k € [4]

and equation (4.13) for all I C [4].

Lemma IX.5. Let Ty = (T1p,...,T1¢) and Ty = (Tay,...,Tas) be two piles, such

that the directed cubical complexes »(T1) and »(Ts) are related by a flip. Let x; €



85

(C*)* (™) and xy € (C)V"T2) be arrays satisfying condition (4.5), such that the pair
(x1,x2) is K-flipped.

(a) Then x; is a coherent solution of the Kashaev equation if and only if X is a
coherent solution of the Kashaev equation.

(b) Suppose x;1 and xy are both coherent solutions of the Kashaev equation. Let
X, € (C*)”OZ(T” be an extension of x; to »"(T1), and let Xy be the restriction of
%1 to x°%(Thp). Then, identifying 3°*(T1 o) and %°2(Thp), (Rini)'*" (T2 restricts to

X9.
Proof. This result follows from Lemma IX.3. O

Lemma IX.6. There exists a sequence T, . .. ,T<n)_(n_1) € C(n) of piles, where we
3 2

write T; = (T, . . . ,TZ@)) fori=0,..., (g) — (";1), such that

e the directed cubical complezes »(T;_1) and »(T;) are related by a flip for i =
1,...,¢;
e the directed cubes of 5(Ty) corresponding to the flips between Ty ;—1 and Ty, for

1=1,..., (";1) share their bottom vertex with 1o o;

o fori=1,..., (Z) - (n;1)7 To;j=-=Ti1j forj=1+ (n;1)>"" (g)’
o fori=1,..., (g) — (”;1), the directed cube of 3(T;_1) corresponding to the flip

between Tz.flifpr(n)f(nfl) and TFlFH(n)f(nfl) 1s the top of the four cubes of
) 3 2 ’ 3 2

»#(T;_1) involved in the flip between »(T;_1) and »(T;).

Remark IX.7. The idea behind Lemma IX.6 is as follows. Let C; be the cube of
2#(Ty) corresponding to the flip between Tj,_; and Tp,;. The second bullet point
states that the cubes C1, ..., C<n_1) share their bottom vertex with 7, and hence

do not have their bottom vertices in the interior of s(Tj). As a consequence of

the remaining bullet points, there is a sequence of (g) — (";1) flips on the directed
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cubical complex »(Ty) in which C(n—l

) C’(n) (in that order) are the top cubes

3
involved in the flips.
Proof of Lemma 1X.6. Define a total order <j,, on ([Z}), where {i; < -+ < i} <jex
{iy < .-+ < i,} when there exists j such that i, = i, for £ < j, and i; < . Set
{1 <jex *++ <lex a(g>} = ([g]). Note that the permutation oy = (a,... 70‘(’5))
of ([g]) is admissible (see Definition I11.23). Let T, be the pile corresponding to
(g, ... ,a(g)) (see Theorem II1.25). Note that 1 € a; for i = 1,..., (";1), so the
second bullet point holds.

We now construct the piles T, ... ,T<n)_(n_1) inductively as follows. For i =

3 2
L., (3 -

the following properties:

(";1), the admissible permutation o¢; corresponding to T; should have

e The inversion set of o; is {{1} U o {1} U a<n71)+i}. Hence, the in-

4100

version sets of 0;_1 and o; differ by the element {1} U Qo so »#(T;_1) and

)

#(T;) are related by a flip. Hence, the first bullet point holds.

e Writingo; 1 = (B4, ... ,B(n)), Bj = a,for j = z'—i—(”;l), ce (g) Hence, the third
3
bullet point holds. Because BH(nq) = (no) and the flip between »(T;_;)

and »(T;) consists of the inclusion of {1} U a, () to the inversion set, the
fourth bullet point follows.
Fori=1,..., (’;) — (”;1)7 write 0,1 = (S, - . . ,5@)). We want to obtain o;. Write
Ay (n1) = 6i+(ngl) = {iy <iy <iz}. Let (y,..., Z}Jr(ngl)_ll) be the subsequence of
(b1, - ,6i+(n§1)_4) excluding {1,41,42}, {1,41,43}, and {1,49,43}. Setting
(9.4)

0i= (’717 s 771‘4,_(”51)_47 {i17 Z‘27 i3}7 {17 i2, Z‘3}7 {17 i1> i3}> {17 i1, iQ}a BZ‘_A,_("gl)v s 76(71)) )

3
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it is straightforward to check that o; is an admissible permutation with the desired

properties. O

Remark IX.8. The pile T constructed in the proof of Lemma IX.6 is a represen-

tative for the smallest element of the third higher Bruhat order. The sequence

<% (To),..., <T(n>_<n71)>>, where T, ... ,T(n)_(nq) are the piles constructed in
3 2 3 2

the proof of Lemma IX.6, are the first (’3‘) — (”51) + 1 elements for a representative

for the smallest element of the fourth higher Bruhat order. See [8] or [10] for further

discussion of higher Bruhat orders.

Lemma IX.9. Let X = (x1)cpn) be an array satisfying the conditions that Ly g j; 7 0
for any I C [n] and distinct i,j € [n], and xz = 1. Suppose that for all I C [n]
and distinct i, j,k € [n], equation (4.12) holds, and for all I C [n] and A € ([Z]),
equation (4.14) holds. Then there exists T € C(n) such that X,,1)(X) is a coherent

solution of the Kashaev equation.

Proof. Let Ty, ... ,T(g)i(ngl) € C(n) be a sequence of piles satisfying the conditions
of Lemma IX.6, where we write T; = (T, ... sz(g)) fori=0,..., (g) — (";1) We
will show that x,.(1,)(X) is a coherent solution of the Kashaev equation.

We claim that X,(,...1,)(X) is a coherent solution of the Kashaev equation
for j = 1,..., (g) and proceed by induction. Because equation (4.12) holds for
all I C [n] and distinct 4,5,k € [n], X,(z,,..1,)(X) satisfies the Kashaev equa-
tion. Hence, we only have to check coherence, i.e., we need to check that equa-
tion (4.6) holds for every interior vertex of »(Typ,...,Tp ). For j =1,..., (”;1),
none of the vertices »°(Tyo,...,Tp ) are interior vertices of »(Top,..., o), SO

Xoo(Tp o, To ;) (X) i @ coherent solution of the Kashaev equation. By our inductive

hypothesis, X%(T()’O’._,,Toyjfl)()_{) is a coherent solution of the Kashaev equation. By
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construction, s¢(T;_10,...,T;—1,-1) and s(T;p,...,T;;_1) are related by a flip for
1=1,...,j — (";1) — 1. Hence, the pairs (X%(Tifl,Ow--»Tifl,j—l)()_()7X%(Ti,07~~-yTz‘,j—l)(}_())
are K-flipped fori =1,...,j— (”51) —1 by the conditions of the lemma. By repeated

applications of Lemma IX.5(a), it follows that x

(X) is a
AT r)aa T o) 000

coherent solution of the Kashaev equation. By construction, the cube of

%<Tj—("gl)—1,0’ R (n—l)_11j> corresponding to the flip between Tj_(n;l)_u_1

J=( 2
and Tj_(n_l)_l ; is the top of four cubes where a flip can take place. Hence, because
2 I

equation (4.14) holds for all 7 C [n] and A € ([Z]), X ( >()_c) is

T. n—1 7~~'7T. n—1 .
()T ()
a coherent solution of the Kashaev equation. By construction, s(T;_10,...,Ti—1)
and s(T;_10,...,T;—1,) are related by a flip for i = 1,...,j — (”;1) — 1, so the
pairs (Xo(1y_y ...y ) (X)s Xou(Tp,... 15, (X)) are K-flipped for i = 1,...,j — (ngl) —1.
Thus, by repeated applications of Lemma IX.5(a), it follows that x,.(z,,....7 ;) (X) is

a coherent solution of the Kashaev equation. O]

Proof of Theorem IV.26. By Corollary IV.23, the first two bullet points are equiva-
lent, and by Corollary IV.23 and Proposition 1X.2, the first bullet point implies the
third bullet point. Hence, we just need to show that the third bullet point implies
the first.

Suppose that the third bullet point holds. By Lemma IX.9, there exists T &
C(n) such that x,(1)(X) is a coherent solution of the Kashaev equation. Hence, by
Theorem IV.19, there exists an extension % € (C*)*”(T) of X,()(X) to 3°%(T) that
satisfies the K-hexahedron equations. Hence, there exists a symmetric matrix M
such that X = X,1)(M). Let X be the restriction of X to Tiinn-

Given any T € C(n), by Proposition II[.22, there exists a sequence of piles

To,..., Ty with T = Ty and T/ = T, such that s(T;_;) and s(T;) are related
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by a flip for i = 1,...,¢. Hence, (X,(, ,)(X), X.(1,)(X)) is K-flipped, so by repeated

applications of Lemma IX.5(a) and (b), (Rinit)™ (T restricts to X,(1/)(X). Because

every I C [n] labels a vertex in »(T”) for some T" € C(n), X = X(M), as desired. [
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Figure 9.1: Labeling the vertices involved in a flip between »(T;) and »(T2) in Lemma IX.5 with
subsets of [4] (in blue).



CHAPTER X

Generalizations of the Kashaev Equation

In this chapter, we describe an axiomatic setup for equations similar to the
Kashaev equation and the examples from Chapters V-VI. This allows us to prove
all of the results from Chapters V-VI. This chapter is organized as follows:

e Proposition X.2 and Lemma X.8 generalize Propositions I1.8, V.4, VI.1,

and VL.7.

e In Definition X.11, given a polynomial equation resembling the Kashaev equa-
tion, we describe how to obtain a set of equations with the same properties as
the K-hexahedron equations.

e In Definition X.18, we define certain signs that appear in our generalized “co-
herence” equation (10.56).

e Theorem X.24, the main result in this chapter, generalizes Theorems 11.22, V.9,
V1.4, and VI.10. The proof of Theorem X.24 is nearly identical to the proof of

Theorem I1.22 from Chapter VII.
Definition X.1. For d > 1 and a = (ay, ..., aq) € Z%, we denote by
(10.1) [a] = {(b1,...,bs) € Z*: 0 < |b;| < |a;| and a;b; > 0 for all i}
the set of integer points in the |a;| X -+ X |aq| box with opposite vertices (0,...,0)

and (ai1,...,aq). For b = (by,...,bg),c = (c1,...,cq) € Z%, we write b® ¢ =

91
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(bicy, ..., bacq) € Z%. Denote by 1 = (1,...,1) € Z the all 1’s vector, and set

1, =(0,...,0,1,0,...,0) € Z% with 1 in the ith place, for i = 1,...,d. Let

(10.2) Zja) = {Zi rie [a]}

be a set of indeterminates. For ¢ = 1,...,d, let m,; : Z[q) — Z[a) be the involution
defined by

(10.3) 21 seda) T A sei—fienia)

i.e., we “flip” the index of each variable in its 7th coordinate. The action of m,;
extends from zp, to the polynomial ring Cz[|. Given an array x = (x,) € C* and
integer vectors v € Z¢, a € Z‘éo, and a € {—1,1}¢, we denote by X,{jaca] € C®l the

array whose entries are

(10.4) (Xptfaca])i = Tvtioa, for i € [al.
In particular,

(10.5) (Xut[a])i = Toti, for i€ [al.

Thus, given a polynomial f € C[zp]], the number f(X,4jara)) € C is obtained by
setting z; = Ty aei for each variable z; for i € [a]. We say that x € c? satisfies f if

J(Xytja)) = 0 for all v € Z4.

Proposition X.2. Let a = (a1,...,aq) € Z,, and a polynomial f € Clz] satisfy

the following conditions:

(X.2.1) [ is invariant under the action of ma; fori=1,...,d;

(X.2.2) [ has degree 2 with respect to the variable za; as a quadratic polynomial
in za, f has discriminant D which factors as a product D = fy--- fq,
where each polynomial f; € Clzja_1,] is invariant under the action of

Ta—1,,j fOTj = 1, .. ,d.
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Then for any x = (x4) € c? satisfying f, we have, for all v € Z°:

(10.6)

2

of :
H a—(xv—(a—l)@a+[(1+2a)®a]) = H H fi(Xv+ﬁ+[a])

ac{-1,044 * i=1 ﬁ:(ﬁlv---bﬁi)()e{—lao}d

Moreover, for all v € Z¢, we have:

H ﬁ (x )
8Za v—(a—1)Oa+[(1+2a)@a]

at,..,ag€{—1,0}
o1+-+ag even

(10.7) of
= H a_zzi(xv—(a—l)@a—i-[(l-l-&x)@a})

a=(at,...,aq)
al,...,ade{*l,o}
al+Fag odd

=11 I1 Ji(Xotp41a)-

i=1 B=(p,....84)€{—1,0}¢

Remark X.3. The subscripts v—(a—1)®a+[(1+2a)®a] appearing on the left-hand
side of (10.6) run over all boxes of size a; X --- X a4 containing v + [a — 1]. The
subscripts v — (a—1) @ @+ [(1 + 2a) ® a] appearing on the right-hand side of (10.6)
run over ¢ = 1,...,d and boxes of size a3 X -+- X @;_1 X (@; — 1) X @41 X -+ X aq
containing v + [a — 1]. In particular, when a; = --- = a4 = 1, all of these products
are over boxes of a certain size containing the vertex v. For example, in the case
a = (1,2) (like in Proposition VI.7), the boxes we are considering on the left-hand
side of (10.6) are given in the top row of Figure 6.2, while the boxes we are considering
on the right-hand side of (10.6) are given in the bottom row of Figure 6.2.

Before proving Proposition X.2, we give several examples of polynomials discussed
in previous chapters that satisfy conditions (X.2.1)—(X.2.2). In the examples below,

. . . d
we Write 2j,..i; = 2(i,...i,) f0r (i1,...,4q) € Z°".



94

Example X.4. Our first example is the Kashaev equation. Let a = (1,1,1) € Z?,

and let
(10.8) f=2@+0+ +d°) — (a+b+c+d)? —4(s+1t) € Clzp),
where

a = zooo2111, b = Z1002011, € = 20102101,  d = Zo012110,
(10.9)

S = Z000201121012110; = 210020102001 2111 -

The polynomial f is invariant not only under the action of the m,;, but under all
symmetries of the cube. Its discriminant (as a polynomial in z11;) D factors as a
product D = f; fof3, with

f1 = 1620002011 + 20102001);
(10.10) J2 = 20002101 + Z1002001;

f3 = zo002110 + Z1002010-
Hence, f satisfies conditions (X.2.1)-(X.2.2). Therefore, Proposition I1.8 is a special

case of Proposition X.2.
Example X.5. Let a = (1,1) € Z?, and let

( ) f = Zgo—i‘ Z%O—F/Zgl —|—Z%1—2(200210+210211+ZHZ()1—|—Z(]1200)—6(200211 +210201)
10.11

€ Clzjy].
The polynomial f is invariant not only under the action of the m,;, but under all
symmetries of the square. Its discriminant (as a polynomial in z1;) D factors as a

product D = f; fy, with

fi1 = 32(200 + 201);
(10.12)

fa = 200 + 210.

Hence, f satisfies conditions (X.2.1)—(X.2.2). Therefore, Proposition V.4 is a special

case of Proposition X.2.
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Example X.6. Fix a1, s, a3 € C. Let a = (3) € Z', and let
(10.13) [ =287 + 12725 + anzoz12223 + az(2025 + 2723) € Clzp).

The polynomial f is invariant under the action of 7,1, i.e., replacing z; by z3_;. Its

discriminant (as a polynomial in z1;) D = fj, with

(10.14) fi = 320 + 2000320220 + (5 — dan) 232225 — daszi 2.

Hence, f satisfies conditions (X.2.1)—(X.2.2). Therefore, Proposition VI.1 is a special
case of Proposition X.2.

Example X.7. Fix a;,a € C. Let a = (1,2) € Z*, and let

2 2
Qa; — Q7 o

2.2 2 2 2 2 2
J = 250712 T 210202 201711 — a1 (200202211 + 210212201)

(10.15) 4
—2200210202212 — 042(200212201211 + 210202201211) € (C[Z[a]]-

The polynomial f is invariant under the action of 7,1 and 7, 5. Its discriminant (as

a polynomial in z15) factors as a product D = f; fo, with

2 .
( ) J1 = a1zg; + 4200202;
10.16
o 2 2 2 2
f2 = (200211 + 201210) + 2062200201210211.

Hence, f satisfies conditions (X.2.1)—(X.2.2). Therefore, Proposition V1.7 is a special

case of Proposition X.2.

Proof of Proposition X.2. Let g denote the coefficient of 22 in f (viewed as a poly-

nomial in z,). It is easy to check that
of \*

Because x satisfies f, we have

af \?
(1018> <_> (XU—(a—1)®a+[(1+2a)®a]) = (fl te fd)(Xv—(a—1)®a+[(1+2a)®a])'

02a
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Because each f; is invariant under the action of m,_4,; for j =1,...,d, we have
(10.19) (5)7) (Xv—(a—1)®a+[(1+2a)®a]) = H fz‘(xv+a®(1—1i)+[al)‘
a i=1

Giveni € {1,...,d} and B = (B1,...,34) € {—1,0}? with 8; = 0, there exist exactly
two a = (o, ...,aq) € {—1,0}¢ with (1 — 1,) ® a = B: one with a; = 0 and the
other with a; = 1. Hence, a; + - - - + ag is even for one such choice of a, and odd for
the other. Taking the product over o = (g, ..., q) € {—1,0}¢ with oy + -+ + aqg

odd (or even) in (10.19), we obtain (10.7). Equation (10.6) follows. O

Lemma X.8. Let a = (a1,...,aq) € Z,, and let f € Clzj) be a polynomial
satisfying conditions (X.2.1)-(X.2.2). Let x = (x5) € CZ' be an array satisfying f.

Fizv € Z* and v € {—1,1}. Then

of -
(10.20) H a_(Xv—(a—1)®a+[(1+2a)®a]) =7 H H fi(Xotp41a)
ae{-104¢ "7 =B p (10}

=

if and only if

(10.21)

of of
| | = (Xo—(a—1)0at][1+2a)0a]) = Y | | = (Xo—(a-1)0a+][1+2a)0a])-
Gza aZa
a=(a1,...,aq) a=(a1,...,aq)

at,...,aqe{—1,0} at,...,age{—1,0}

ai+--+agq even a+-4agq odd

Proof. This follows immediately from Proposition X.2. m

Definition X.9. Given a = (ay,...,aq) € Z‘él and 1 <1 <d, let
(10.22) FA={v+a—1]:vecZ%
denote the set of boxes of size a3 X -+ X a;_1 X (a; — 1) X @41 X -+ + X aq4 in 7%, Set

d
(10.23) = JFn
=1
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Given an array X = () ,cpd pa With X = (24),cp¢, 7 € {1,...,d}, and v € Z°, we
remark that X,;@a-1,] (with x bold) refers to the array defined in Definition X.1,
whereas 7, [a—1,) (With 2 not bold) refers to the component of X indexed by v+ [a —
1] € F2.

Definition X.10. For a € Z%,, define [a*] by

d

(10.24) @] = ([a]\ {a}) U [ J{[a - 1]}

=1

In other words, the set [a*] consists of [a]\ {a} C Z*, along with the sets v+[a—1;] €

Fafori=1,...,d.

We want to develop a generalization of the K-hexahedron equations for arrays
indexed by Z?UF2. Suppose that f € Clza)] is a polynomial satisfying condi-
tions (X.2.1)—(X.2.2), with the polynomials f,..., fs from condition (X.2.2) fixed.
Let g and h be the coefficients of 22 and z, in f, viewed as a polynomial in z,. We

consider arrays X = (xg) € C%YF* guch that

d
—h(vaa]) + Hi:l Lo+la—1]

(10.25) Tyia = for all v € Z,
i 29(Xv-+{a))
(10.26) Tot1,tfat1] = Ti(Toss 1 s € [@%]) for i = 1,...,d and for all v € Z%,
(10.27) 5’312)+[a71,<] = fi(Xptfa—1,) for i =1,...,d and for all v € Z%,
where 71, ...,7ry are some rational functions in the variables z; for s € [a*]. Note

that if X satisfies conditions (10.25) and (10.27), then by the quadratic formula, its
restriction x = (x,),c5q satisfies f. In the following definition, we formulate the
properties that our tuple of rational functions (ry,...,r,) should have in order for

the subsequent developments to follow.

Definition X.11. Let a = (ay,...,aq4) € Z%,, and let f € C[zy] be a polynomial

satisfying conditions (X.2.1)—(X.2.2). Fix the polynomials fi,..., f; from condi-
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tion (X.2.2). Let g be the coefficient of z2 in f, viewed as a polynomial in z,. For
1=1,....d, letr; = zl: be rational functions in the variables z, for s € [a*], with p;, ¢;
polynomials in these variables. We say that (r1,...,74) is adapted to (f; fi,..., fa)
if there exist signs f,..., 34 € {—1,1} such that the following properties hold for

i1=1,....,d:

e the denominator ¢; of r; is of the form

. bi;
(1028) qi = gbz H Z[ailj]v
JElld\ i)

where b, € Z>( and b;; € {0,1};

e for all arrays x = (x;) € CZ'VF* satistying (10.25), (10.27), and

(10.29) Gi(Toys : 5 € [a*]) # 0 for all v € Z

(10.30) 9(Xpija)) # O for all v € Z%

the following condition holds:

(a%{,) (Xota;1;+la0(1-21,)])
(10.31) Ti(Tyys 1 s € [QY]) = 6 .

.....

Note that one can obtain a tuple (r1,...,7ry) adapted to (f; fi1,..., fs) by choosing
the signs f1, ..., Bq € {—1,1} and using condition (10.25) to replace all instances of

Tyia in (10.31).

In the following proposition, we show that with (ry,...,7r;) adapted to

(f; f1,-.., fa), the recurrence (10.25)—(10.26) “propagates” the condition (10.27).

Proposition X.12. Let a = (ay,...,aq) € Z%,, and let f € Clz)] be a poly-
nomial satisfying conditions (X.2.1)-(X.2.2). Fix the polynomials fi,..., fq from
condition (X.2.2). Let g be the coefficient of 2% in f, viewed as a polynomial in z,.

Let (r1,...,rq) be a d-tuple of rational functions in the variables zs for s € [a*]
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adapted to (f; f1,..., f1). Fizxv e Z. Let x = (z,) € CZ'YF* pe an array satisfying

conditions (10.25)—(10.26), (10.29)—(10.30), and

(10.32) T a1, = JiKosjaony) fori=1,...,d.
Then
(10.33) $3+1i+[a_1i] = filXo41,4ja-1,)) fori=1,...,d.

Proof. By identity (10.17),

of \?
(5) (Xv+a¢1i+[a@(1f21i)]) =(fi--- fd)(Xv+ai1¢+[a®(1f2li)})
(10.34)

= fi(xv—i-li—i-[a—li]) H fj(Xer[a—lj})'

je{1,....d}—{i}

Hence,

_ g (aazJL) (Xota;1;+la0(1-21,)])

v+1l+ a—1;] —

(10.35) fi(Xv+1i+[a 1-})ng{1 ..... dj— {}fa(Xv+[a 1;])

-----

= fi(Xv+1¢+[a71¢})a
as desired. [

We now describe d-tuples of rational functions adapted to (f; fi,..., fq) for the

four polynomials f in the Examples X.4-X.7.

Example X.13. Continuing with Example X.4, let us write

Zir(in+3) (is+d) = Plinsizia)+la-1a];
(10.36) 214D Yia (i 1) = Flir s +a1a);

(it 4) (it 4)is = Frsiia)HaTal:
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Set
4z1012114 + 29112100
(1037) 7’1(28 18 E [a*]) — 3057530 0535 :
2000
Zg112119 + 42141 2010
(1038) 7’2(23 s € [a*]) _ 05575350 5035 :
42000
Zor12191 + 421142001
(10.39) r3(zs 1 s € [a%]) = 0337503 230
42000

It can be checked that (ry,ry,73) is adapted to (f; f1, fa2, f3) by following the con-
struction at the end of Definition X.11 with 8; = s = 3 = —1 and using condi-
tion (10.27). Note that 71, 79, r3 matches the right-hand-sides of (2.21)—(2.23) and the
K-hexahedron equations (2.21)—(2.24) and (2.12) are the same as conditions (10.25)—

(10.27) if each z,4[a_1,) for v € Z* is rescaled by a factor of 4.

Example X.14. Continuing with Example X.5, let us write

Zi (iz-‘r%) = Z(i1,i2)+a—11]>

(10.40)
it 1)in = Hinia)Ha1a]-
Set
(10.41) ri(zs s € [a%]) = 21 +8z1;
1
(10.42) ra(zs 1 s € [a%]) = zp0 + 101

It can be checked that (ry, 72) is adapted to (f; f1, f2) by following the construction at
the end of Definition X.11 with 8; = 52 = —1 and using condition (10.27). Note that
1, T2 matches the right-hand-sides of (5.13)—(5.14) and the conditions (5.12)—(5.16)
are the same as conditions (10.25)(10.27) if each z,4[a_1,) for v € Z* is rescaled by

a factor of 4/2.

Example X.15. Continuing with Example X.6, let us write

(1043) Wir1 = Zi+[a—11]~
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Set

(10.44)

‘ oy 0328 + apaszozizo + 202525 + wi + (2032 — anzozz2)wn
ri(zs 1 s € [a"]) = 3 :
2z

It can be checked that () is adapted to (f; f1) by following the construction at
the end of Definition X.11 with $; = 1 and using condition (10.27). Note that
matches the right-hand side of equation (6.8), and conditions (6.7)—(6.9) are the

same as conditions (10.25)—(10.27).

Example X.16. Continuing with Example X.7, let us write

Wiy (ig41) = Z(i1,i2)+[a—11]

(10.45)
W(i142) (ig+1) = Alirsiz)+la-1a]-
Set
(1046) iz, : s € [a]) = 0TS
200
(10.47)  ro(z: s € [a*]) = Zo1 (1201210 + AaZ00211 )wor + (@125, + 2200702) w3 :

222,
It can be checked that (r1,73) is adapted to (f; f1, f2) by following the construction at
the end of Definition X.11 with ) = 2 = —1 and using condition (10.27). Note that

71,79 matches the right-hand side of equation (6.24)-(6.25), and conditions (6.23)—

(6.27) are the same as conditions (10.25)—(10.27).

Lemma X.17. Let a = (ay,...,aq) € Z%,. Let f € Clzp] be a polynomial that
is irreducible over C and satisfies conditions (X.2.1)-(X.2.2). Fix the polynomials
fi,---, fa from condition (X.2.2). Let (r1,...,rq) be a tuple of rational functions
in the variables zs for s € [a*] that is adapted to (f; f1,-.., fa). Then for all o €

{—1,1}%, there exists a unique sign Vo € {—1,1} such the following condition holds
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for all arrays x = (z5) € CZYUF* satisfying (10.25)—(10.27) and (10.29)—(10.30):

of d
(10.48) a—za(xvﬂa@a]) = Ya gmw[a@(a—li)} for all v € Z%.

Definition X.18. For f and (ry,...,74) as in Lemma X.17, we call the signs

(Ya)aef-1,13¢ given in Lemma X.17 the propagation signs corresponding to

(.f,fb 7fd;r17"'ard)'
The proof of Lemma X.17 relies on the following lemma.

Lemma X.19. Let a = (ai,...,aq) € Z%,. Let f € Clzp)| be a polynomial that is
irreducible over C and satisfies conditions (X.2.1)-(X.2.2). Let j # k € {1,...,d}.

Then there exists ajy € {—1,1} such that for all & € {0,1},

of of of of

(10.49)

8Za@cx aZa@oz+(a72a®o¢)®(1j+1k) 8Za®a+(af2a®a)®1j aza®a+(af2a®a)®lk

1s a multiple of f.

Proof. Because f satisfies conditions (X.2.1)—(X.2.2),

() () - () i)
0%a 8za®(1—1j—1k) a»’«’a@(1—1j) a2’3@(1—1,6)

= (fr- Ja)(Tagmar(fr- - Ja) = (Ta (- fa)) (man(fi- - fa))

= (1= Vfifelma(f)(mar(fe) [ F
i€{1,....d}\{j,k}

(10.50)

=0
mod f. Hence, by the irreducibility of f, there exists aj; € {—1, 1} such that

of of of of

0za aZa®(171r1k) ! aza@(lflj) aza@(lflk)

(10.51)

is a multiple of f. The full lemma follows from condition (X.2.1). O
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Proof of Lemma X.17. We proceed by induction on the number of —1s in a. When
a = 1, then 7, = 1 by condition (10.25). If a contains one —1, say o« = 1 — 1;,
then v, = [;, where f3; is the sign from Definition X.11.

Suppose ¢ > 2, and a has ¢ —1s, including —1s at positions j and k. Then by

Lemma X.19 and our inductive hypothesis,

[¢)
(9f (X Ak Bza®(f_ 1) (XU—I—[a@a} ) m (XU+[a®a])
vt[aGal) — o7
(10.52) O m(xvﬂa@a])

d

= Qi Ya+2(1;4+1;) Ya+21; Ya+21, H To+ao(a—1;)]
i=1

80 setting Yo = QjkYat2(1,+1) Yat21; Yat21, € {—1,1}, we obtain the desired result.

]

Example X.20. Let us continue with Examples X.4 and X.13. Following the ar-
gument in the proof of Lemma X.17, it can be shown that 7, = 1 if @« = +1, and

Yo = —1 otherwise. Note that this fact is equivalent to Lemma VII.2.

Example X.21. Let us continue with Examples X.5 and X.14. Following the ar-
gument in the proof of Lemma X.17, it can be shown that v, = 1 if &« = 1, and
Ya = —1 otherwise. In particular, v_; = 1. Hence, if X = (x,) € (C*)%" “F= satisfies
conditions (5.12)—(5.16), it follows that (z_s),cz2 r, cannot satisfy conditions (5.12)—

(5.16).

Example X.22. Let us continue with Examples X.6 and X.15. It is straightforward

to show that i) = 1) = L.

Example X.23. Let us continue with Examples X.7 and X.16. Following the ar-
gument in the proof of Lemma X.17, it can be shown that v, = 1 if @« = £1, and

Ya = —1 otherwise.

We now state the main theorem of this chapter.
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Theorem X.24. Let a = (a1,...,aq) € Z%,. Let f € Clz)] be a polynomial that
is irreducible over C and satisfies conditions (X.2.1)-(X.2.2). Fiz the polynomials
fis-- ., fa from condition (X.2.2). Let g and h be the coefficients of z2 and z, in f,
viewed as a polynomial in z,. Let (r1,...,7q4) be a tuple of rational functions in the
variables z, for s € [a*] that is adapted to (f; fi,..., fa). Let (Ya)aci—1,13¢ be the
propagation signs corresponding to (f; fi,..., fa;7r1, ... 7).

(a) Let x = (x4)4cpa be an array such that

(10.53)  x satisfies f;

(10.54) %(Xw_[a]) #0 for allv e Z if d > 1;

(10.55)  g(Xyija) # O for all v € Z4

of
(10.56) II - x-@veararzaes)
ac{-1,0}¢ a
d
= II ]Il II fi(%vsp4fa)) Jor all v € Z°.
aG{—l,l}d =1 ﬂ:(ﬁl ..... Bd)G{—l,O}diﬁiZO

Then x can be extended to an array X = (x4) € CZVF* satisfying (10.25)—(10.27).
(b) Conversely, if x = (x5) € CP'VF*  satisfies  conditions (10.25)—(10.27)
and (10.29)-(10.30), then the restriction of X to Z% satisfies f and the

condition (10.56).

The following proposition states that the sign [] ¢/ ;134 Ve in (10.56) is indepen-

dent of the choice of (r1,...,7y) if d > 2.

Proposition X.25. Let a = (a1,...,aq) € Z¢, with d > 2. Let f € Clzp)] be a
polynomial that is irreducible over C and satisfies conditions (X.2.1)-(X.2.2). Then

there exists a signy € {—1,1} such that for any tuple of rational functions (r1,...,74)
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in the variables zy for s € [a*] that is adapted to (f; fi1,..., fa), we have
(10.57) v="I] e
ac{-1,1}4

where (ya)ae{_m}d are the propagation signs corresponding to (f;f1, ., fa;r1,- - - rd)-

Remark X.26. By Lemma X.8, given f € Clz[n| satisfying conditions (X.2.1)-(X.2.2)

and an array X = (&,),cze satisfying f, the following are equivalent:
e x satisfies condition (10.56);

e x satisfies

of
H . (XU—(a—1)®a+[(1+2a)®a])

0%a
a:(al 7777 Cl{d)
ALy ade{_lvo}
a]+--t+oag even

(10.58) of
-7 I a7(xv—<a—1>@a+[<1+2a>®a1) for all v € Z°.

a
a=(ai,...,aq)

O yeeny ade{—l,(]}
aj+-+ag odd

Hence, one can replace condition (10.56) in Theorem X.24 by condition (10.58).

Example X.27. Continuing with Examples X.4, X.13, and X.20, Theorem 11.22 is
a special case of Theorem X.24. Theorem I1.9 is a special case of Theorem X.24(b),

where we require all values of X, including the values indexed by F?, to be positive.

Example X.28. Continuing with Examples X.5, X.14, and X.21, Theorem V.9 is a
special case of Theorem X.24. Theorem V.7 is a special case of Theorem X.24(b),
where we require z; > 0 for s € Z%O’m’_“}, 5 € 2%071’2""}_’_[a — 14], and s €

Z%O,LQ,...} +[a — 1,].

Example X.29. Continuing with Examples X.6, X.15, and X.22, Theorem VI.4 is
a special case of Theorem X.24. Theorem V1.3 is a special case of Theorem X.24(b),

where we require all values of X, including the values indexed by F2, to be positive.
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Example X.30. Continuing with Examples X.7, X.16, and X.23, Theorem VI.10 is
a special case of Theorem X.24. Theorem VI.9 is a special case of Theorem X.24(b),

where we require all values of X, including the values indexed by F2, to be positive.

Before we prove Theorem X.24, we first prove Proposition X.25. Proposition X.25

follows from the lemma below.

Lemma X.31. Let a = (ai,...,aq) € Z%,. Let f € Clzp] be a polynomial that
is irreducible over C and satisfies conditions (X.2.1)-(X.2.2). Fixz j € {1,...,d}.
Let (r1,...,rq) and (71,...,7q) be tuples of rational functions in the variables zg
for s € [a*] that are adapted to (f; fi,..., f4), such that 7; = —r; and 7; = 1;
fori # j. Let (Ya)aci-1,13¢ and (Ja € {—1,1})aecq_1,13¢ be the propagation signs

corresponding to (f; fi,..., fa;r1,---,ra) and (f; fr,--., fa;T1, ..., Tq), respectively.

Given o = (ay, ..., aq) € {—1,1}2, the following are equivalent:
® Yo = Ya;
[ ] Oéj = 1

Proof. We proceed by induction on the number of —1s in ax. Note that 73 = 11 =
L, y1-21;, = —71-21;, and J1-91, = Y121, for @ # j. Suppose a has at least
two —1s. As we showed in the proof to Lemma X.17, if k; and ko are distinct
values such that ay, = a, = 1, then v, = kg by Vot 2(1, +15,) Yot 215, Yot 21y, and
Yo = akle&aﬂ(lklﬂ@ﬁa”lkl ’ya+21k2. If a; =1, let ky, ke be distinct values such
that o, = ag, = —1, so

(10.59)

Yoo = CkykaVa+2(1, +1py) Vat21s, Yot 21y, = CkikaVa+2(1y, +1k,) Y421k, Yot21,, = Yoo

If a; = —1, let k # j be a value such that o, = —1, so

(1060) Ya = Oéjk’~7a+2(1j+1k)’~Ya+21j’~Ya+21k = —OjkYa+2(1;4+1,) Yat21; Yatr2l, = ~Ya-
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]

Proof of Proposition X.25. It suffices to prove the proposition for tuples of ratio-
nal functions (rq,...,74) and (71, ...,74) satisfying the conditions of Lemma X.31.
Let (Ya)aef—1,13¢ and (Yo € {—1,1})qe1,13¢ be the propagation signs correspond-

ing to (f; fi,..., fa;r1,.-.,ra) and (f; f1,..., fa;71,. .., Ta), respectively. Then by

Lemma X.31,
- d—1
(10.61) [I Fe=C0"" I %= I 7%
ac{-1,1}4 ac{-1,1}4 ac{-1,1}4
because d > 2. O

The remainder of this chapter is dedicated to the proof of Theorem X.24. For the

rest of this chapter, we fix all quantities given in Theorem X.24, and set
(1062) a=a+ -+ aq.

Proof of Theorem X.24(b). Let x be the restriction of X to Z%. It is clear that x

must satisfy f. By Lemma X.17,

af

aT(Xfu—(a—l)@a-i-[(l—&-Qa)@a]) = MN+2« H Ty—(a—1)0a+[(1+2a)(a—1;)]
a

=1
(10.63) -

d

= MN+2a H Ty+a®(1-1;)+[a—14]
i=1

Taking the product over o € {—1,0}¢, we get

of
H a_(Xv—(a—l)Qa-i-[(l-‘rQa)@a])

a

ac{-1,0}4
d
2
(10.64) = II |1l I1 225
ae{-1,1}4 i=1 B=(1,....84)€{—1,0}:8;=0
d
= H Ve H H fi<Xv+ﬁ+[a])-
OLE{—l,l}d i=1 ﬁ:(ﬁl ~~~~~ Bd)e{_lvo}d:ﬁi:()
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The proof of Theorem X.24(a) below is nearly identical to the proof of Theo-

rem I1.22(a).

Definition X.32. For U C Z, let Z¢, denote the set

(10.65) Z¢ =A{(iy,...,iq) €L iy +---ig € U}
For U C 7Z, we will also use the notation

(10.66) Fav={v+la—-1]:veZy,ic{l,...,d}}.

In particular, we will be interested in Z2 a1y and Fiy = Fa 10}

a, init — #{0,...,

Definition X.33. We say that an array Xi,;; indexed by Za e U 2, satisfying con-
dition (10.27) is generic if there exists an extension of X, to an array X indexed by
Z UF® satisfying equations (10.25)-(10.27) where the restriction of % to Z? satisfies
conditions (10.54)-(10.55). Similarly, we say that an array X indexed by ZZ, . is

generic if every extension of X, to an array X, indexed by Z2. . U F2. satisfying

a,init

condition (10.27) is generic.

Definition X.34. Let X;,; be a generic array indexed by Z2, . U F2, satisfying

a,init

condition (10.27). We denote by (Xinit )%™ the unique extension of Xy to Z¢ UF?

where (Xii)12"VF" satisfies equations (10.25)-(10.27).
The next lemma generalizes Lemma VII.11.

Lemma X.35. Let S = [a]U{bl;+[a—1;] : b€ {0,1},0 € {1,...,d}}, i.e., S is the
set of vertices of [a] C Z% and boxzes of F2 completely contained in [a]. Fiz values
t; € {—=1,1} fori =1,...,d. Suppose X = (x5)ses and ¥ = (ys)ses are arrays of
complex numbers such that

e X and y both satisfy equations (10.25)—(10.27), with the denominators in equa-

tions (10.25)—(10.26) non-vanishing,
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e y, = x, for s € [a] — {a},
® Y1, = LiTja—1,) fori=1,...,d, and
[ H;’izl tz = 1

Then the following equations hold:

(1067) ylri—[a—lz‘] = tixli—l—[a—li] fOT' 1= 1, Ce ,d,

(10.68) Ya = Ta.

Proof. Note that
d d
I[i—1 Tfa—1,
(10.69) Ya — Tay = ti—1) =—"F—— =0,
g 29(Xfa-1,)

SO Ya = Za. By (10.48),

d

of

a—%(xailiﬂ(l—mi)@a]) = Ya-21) [ [ Fartiria-21)0(a-1,)
(10.70) =t
= Y1-21;)T1;4]a—1;] H Tla—1y]
Je{1,...d\{i}
and
d
of
a_za(yaz‘li'f‘[(l_Qli)@a]) = T(1-21y) H Yai1;+[((1-21,))0(a—1;)]
j=1
= Y1-21)Y1,4[a-1,] H Yla—1,]
(10.71) Je{L,...dy\{i}
= Ya-21)Y1;+[a-1,] H tjx[a—lj]
J€{1,...d\{i}
= Y(1-21)tiY1,+a—1,] H Tla—1]-
Je{1,...d\{i}
Because
of of
(10.72) 8—%(Xai1i+[(1—21i)®a]) = Z(ya¢1i+[(1—21i)®a])7

it follows that xq, (a1, = til1,4[a—1,]-
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Definition X.36. Define an equivalence relation on F'® by setting s; ~ sg if and only
if s =v+[a—1;] and sy = v+ f1;+[a—1;] forsome 1 <i < d, v € Z%, and 3 € Z.
Let F% denote the set of equivalence classes under this equivalence relation. Denote

by [s] € F3 the equivalence class of s € F™.

Definition X.37. Define an action of {—1, 1}Y® on arrays indexed by Z¢. . UF2. as

a,init in

follows: given t = (ts)seplg € {—1,1}8 and Xy = (75) sege UFS define t - X5 =

a,init ini

(js)zg,initUFiiit’ where
1073 i T if s € Z% ;5
. Ts =

Lis)Ts if se F2

init -

Definition X.38. For t = (t,) € {—1,1}5, define 9 (t) = (u,) € {1, 1}Zd+a/2 by

d
(10.74) Usta/2 = Ht[s—&-[a—li]]

=1

for s € Z°.
The next lemma generalizes Lemma VII.18.

Lemma X.39. Let X be a generic array indexed by Z2, .. U F2, satisfying condi-

a,init in
tion (10.27). Let t € {=1,1}", and u = (uy),epa 1 npp = ¥(t). Let (R ) 127 VF® =

(%5) yezd ypa, and (t - iinit)TZd UF® — (Ys) sezd upa- Suppose v € Z?a,aJrl,...} satisfies the

condition that w,_a/2 =1 for all w € Z?a7a+17...} with w < wv. Then:

(a) yo =

(0) Yv—at1,+fa-1,] = tp-at14fa-1)]To—at1i+fa-1, Jori=1,...,d.

Proof. We prove parts (a) and (b) together by induction. Assume that we have

proved parts (a) and (b) for all w € Zf{la’a +1,.3 With w < v. By construction,

Ty = Y for all w € Z2 ;-\ and statement (b) holds for all w € Zc{la_l}. Hence, y,_y =
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x,_g for s € [a] — {0}, and Yv—atja-1; = lv—atja—1,]Tv—atla—1;] forc =1,...,d.

Because u,_a/2 = 1, statements (a) and (b) follow from Lemma X.35. O

The next lemma generalizes Lemma VII.19.

Lemma X.40. An arrayu = (u,) € {—1,1}2"+2/2 s in the image of ¢ (see Defini-
tion X.38) if and only if for every v € Z°,
(10.75) Il wsapia=1

ac{0,1}¢

Proof. First, suppose u = 1(t), where t = (t,) € {—1,1}8. Then for any v € Z%,

(10.76)
d d
2
H Uyta/2+a = H Ht[U*F[a*liH = Uoratfa—1]] = 1.
ac{0,1}d ac{0,1}d i=1 =1 a=(aq,...,aq)€{0,1}¢

a; =0
Next, suppose that condition (10.75) holds. It is clear that u is uniquely de-
termined by its components at S = {(v1,...,v4) +a/2:v;---vg =0} and condi-
tion (10.75). For v = (vq,...,vq) € Zf{lo} and ¢ € {1,...,d}, set

H;:]_ u(vl,...,vj,1,0,0j+1 ..... vd)+a/2 lf Ul? N . | 7é 07
(10.77) tota—1,]] =

1 otherwise.
Set t = (t,) € {—1,1}f8. It is straightforward to check that v(t) agrees with u

at S. Hence, because ¥ (t) and u both satisfy condition (10.75), it follows that u =

WU(t). O
The next lemma generalizes Lemma VII.21.

Lemma X.41. Let X be an array indexed by Zf{lm atd—1}- Assume that X satisfy-

.....

ing f, and, moreover, its restriction to 72, .. is generic. Then there exists an array

% indexed by ZOUF? satisfying equations (10.25)~(10.27) and extending X.
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Proof. For i = a,...,a+ d — 1, we will show by induction on 7 that there exists an

array X indexed by Z¢. . U F2  satisfying (10.27) such that (Xi)'2"“F™ agrees

a,init

with X = ($s>sezf0 ,,,,, atd—1}

on Z({io,...,i}- Let X{;, be an array indexed by Z%, . U F2

init a,init init
satisfying (10.27) such that (X[, )72 YF" = (ys).epipa agrees with X on Zy. i1y

/
init

be taking an arbitrary extension of xj,;; to Z¢. . U F2

a,init init

(For i = a, we can obtain X

satisfying condition (10.27). For i > a, we have shown that X{ ;, exists by induction.)

L us—a/Q = 1 lf S € Z?’L} and Ts = y37

® Uz =—lifs€ Z}fi} and x; = ys;
o Usapp = 1if s € Z{; for 0 < j <i.

Extend @ to u = (us)4ez4 1aj2 by condition (10.27). By Lemma X.40, there exists

t € {—1,1}'® such that u = ¥(t). Set Xiyy = t - X

init*

Then by Lemma X.39,

(Kinit) 2 UF" agrees with % on L. 4y, as desired. O

We can now prove a weaker version of Theorem X.24(a), under the additional

constraint of genericity.

Corollary X.42. Let x = (x;) 4 be an array that satisfies f and condition (10.56),
and whose restriction to Ziinit is generic. Then x can be extended to an array X

indexed by Z* UF? satisfying equations (10.25)—(10.27).

Proof. Let x = () .4 be an array that satisfies f and condition (10.56), and whose

restriction to Z¢

a,ini

. 1s generic. By Lemma X.41, there exists an array X indexed by
74 UF? satisfying equations (10.25)-(10.27) that agrees with x on Z({io,...,a+d—1}' Let
x’ be the restriction of X to Z%. By Theorem X.24(b), x' is a coherent solution of
the Kashaev equation. There is a unique solution of f satisfying condition (10.56)

agreeing with x at Zf()’.__’a +a—1}» as condition (10.56) gives the remaining values as
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rational expressions in the values at Zf{loma +d—1}, Where the denominators do not
vanish because conditions (10.54)—(10.55) hold for x (as x is generic). Hence, X’ = x,

as desired. O

Proof of Theorem X.2/(a). We need to loosen the genericity condition in Corol-
lary X.42 to the condition that x satisfies (10.54)—(10.55).

Let x satisfy f along with conditions (10.54)—(10.55) and condition (10.56).
Let A; = [—j,5]*NZ% and let B; = {s € F*: s C [—4,j]?}. We claim that if there
exist X; € C4YP satisfying equations (10.25)-(10.27) that agree with x on A; for
all 7, then there exists X € CZ'ure satisfying equations (10.25)—(10.27) that agrees

with x on Z%. Construct an infinite tree 7" as follows:

e The vertices of T" are arrays indexed by A; U B; satisfying equations (10.25)—

(10.27) that agree with x on A, (over j € Zx).
e Add an edge between X; € C4YBi and X1 € CAi+1YBin jf X1 Testricts to X;.

Thus, T is an infinite tree in which every vertex has finite degree. By Konig’s infinity
lemma, there exists an infinite path %o, %,,... in T with %; € C*%“%/. Thus, there
exists & € CZ'VF* restricting to X; for all j € Z>, so X satisfies equations (10.25)—
(10.27) and agrees with x on Z<.

Given j € Zs, we claim that there exists X € C*Y5i satisfying equations (10.25)—
(10.27) that agrees with x on A;. Because x satisfies conditions (10.54)-(10.55), there
exists a sequence Xp,Xsg,... of arrays satisfying f along with conditions (10.54)—
(10.55) and condition (10.56), whose restrictions to Z%,; are generic. By Corol-
lary X.42, there exist i, %y, -+ € C%'UF" satisfying equations (10.25)—(10.27) such

that X; restricts to x;. However, the sequence Xi,Xs,... does not necessarily con-

verge. Let X, X5, --- € C4YBi be the restrictions of Xy, X, ... to A;UB;. There ex-
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ists a subsequence of X, %}, ... that converges to some X € C*“5i. (For each s € B;,
we can partition the sequence X/, X, ... into two sequences, each of which converges
at s. Because B; is finite, the claim follows.) The array X must satisfy equa-

tions (10.25)-(10.27) and agree with x on A;, so we are done. O
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