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Abstract In Earth’s inner magnetosphere, electromagnetic waves in the ultralow frequency (ULF)
range play an important role in accelerating and diffusing charged particles via drift resonance. In
conventional drift resonance theory, linearization is applied under the assumption of weak wave-particle
energy exchange so particle trajectories are unperturbed. For ULF waves with larger amplitudes and/or
durations, however, the conventional theory becomes inaccurate since particle trajectories are strongly
perturbed. Here we extend the drift resonance theory into a nonlinear regime, to formulate nonlinear
trapping of particles in a wave-carried potential well, and predict the corresponding observable signatures
such as rolled-up structures in particle energy spectrum. After considering how this manifests in particle
data with finite energy resolution, we compare the predicted signatures with Van Allen Probes observations.
Their good agreement provides the first observational evidence for the occurrence of nonlinear drift
resonance, highlighting the importance of nonlinear effects in magnetospheric particle dynamics under ULF
waves.

Plain Language Summary In Earth’s Van Allen radiation belts, ultralow frequency (ULF) waves
in the frequency range between 2 and 22 mHz play a crucial role in accelerating charged particles via a
resonant process named drift resonance. When such a resonance occurs, a resonant particle observes a
constant phase of the wave electric field, and it experiences a net energy excursion. In previous studies of
drift resonance, a linearization approach is often applied with assumption of a weak wave-particle energy
exchange. In this study, we extend the linear theory into the nonlinear regime to formulate the particle
behavior in the ULF wave field, and predict characteristic signatures of the nonlinear process observable
from a virtual magnetospheric spacecraft. Such newly predicted signatures are found to agree with
observations from the National Aeronautics and Space Administration’s Van Allen Probes, which provides
the first identification of nonlinear drift resonance and highlights the importance of nonlinear effects in ULF
wave-particle interactions in the Van Allen radiation belts.

1. Introduction

In Earth’s magnetosphere, ultralow frequency (ULF) pulsations in Pc 4–5 frequency range (2–22 mHz) often
exhibit properties of standing shear Alfvén waves (Anderson et al., 1990; Chen & Hasegawa, 1974; Cummings
et al., 1969; Kivelson & Southwood, 1985; Southwood, 1974; Takahashi & McPherron, 1984). These transverse
waves can effectively accelerate or decelerate charged particles as a result of wave-particle drift resonance
(Southwood & Kivelson, 1981, 1982). When such a resonance occurs, the azimuthal drift speed of a resonant
particle matches the wave propagation speed, and the particle experiences a constant phase of the wave
electric field. This process enables a sustained energy exchange between ULF waves and charged particles,
which provides a major source of particle acceleration and diffusion in the Van Allen radiation belts (Liu et al.,
2016; Mann et al., 2013; Sarris et al., 2017; Zong et al., 2017).
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According to the theory developed by Southwood and Kivelson (1981, 1982), the characteristic signatures
of drift resonance is the 180∘ phase difference between particle flux oscillations across the resonant energy.
Such signatures have been identified by in situ observations (Claudepierre et al., 2013; Dai et al., 2013; Foster
et al., 2015; Zong et al., 2007, 2009), providing clear evidence on the presence of drift resonant interactions in
the inner magnetosphere. The conventional theory has been further extended to take into account temporal
(Zhou et al., 2015, 2016) and spatial distributions (Hao et al., 2017; Li et al., 2017) of ULF waves, which predicts
increasingly tilted stripes in the energy spectrum. Recent spacecraft observations have also shown evidence
in support of these predicted signatures (Zhou et al., 2016; Li et al., 2017, 2017).

In the aforementioned studies, a linearization approach is utilized by assuming that particle trajectories are
unperturbed despite their energy gain or loss from ULF waves. This assumption is appropriate only if the par-
ticle energy variation is much smaller than its initial energy. For ULF waves with large amplitudes and/or long
durations, the large wave-particle energy exchange can modify the particle trajectory to cause significant
nonlinear effects (Wang et al., 2018). The nonlinear particle behavior within ULF waves have been discussed in
Elkington et al. (2003), to analyze the role of ULF waves in accelerating and diffusing particles in an asymmetric,
compressed magnetosphere. Nonlinear particle trajectories have been also studied in magnetohydromag-
netic models of ULF waves (Degeling et al., 2007, 2008), which highlight the effect of ULF waves with finite
spatial and temporal extents over the profile of electron phase space density (PSD). According to Degeling
et al. (2008), nonlinear drift resonance may produce localized peaks in electron PSD, a phenomenon previ-
ously attributed almost exclusively to electron interactions with very low frequency waves (Chen et al., 2007;
Horne et al., 2005; Li et al., 2014; Summers et al., 1998).

These studies have provided new insights into how nonlinear drift resonance may change the particle
dynamics in a coupled magnetospheric system, although there lacks a direct observational evidence for the
occurrence of such nonlinear interactions in the magnetosphere. In this paper, we aim to develop the non-
linear drift resonance theory based on these previous studies, to formulate nonlinear particle trapping in a
wave-carried potential well, and accordingly to predict the observable signatures of nonlinear wave-particle
interactions. The predicted signatures are then compared with data from Van Allen Probes to provide the first
observational identification of nonlinear drift resonance.

2. Theory of Nonlinear Drift Resonance

Let us consider an equatorially mirroring, nonrelativistic particle in Earth’s magnetic dipole field. For simplicity,
we follow Southwood and Kivelson (1981) to assume that the ULF waves of interest are poloidal mode waves
(with magnetic and electric field oscillations in radial and azimuthal directions, respectively) propagating
azimuthally. In other words, the wave electric field in the equatorial plane can be expressed by

E = E𝜙 sin(m𝜙 − 𝜔t) ê𝝓, (1)

where E𝜙 represents the wave amplitude, 𝜙 is magnetic longitude (increasing eastward), m is the azimuthal
wave number (either positive or negative, depending on eastward or westward directions of wave propa-
gation), and 𝜔 is the wave angular frequency. The wave also carries a magnetic field oscillation (to satisfy
Faraday’s law). However, its amplitude near the equator is usually weak for the wave with significant equato-
rial electric field (fundamental-mode or odd-harmonic ULF waves), and therefore, the effect of the magnetic
field oscillation on the particle behavior is neglected in this study. Since the particle drifts in the azimuthal
direction, the gyro-averaged rate of its energy gain from the ULF wave equals

dW
dt

= 𝜔dLRE ⋅ qE𝜙 sin(m𝜙 − 𝜔t), (2)

where W is the particle kinetic energy, L is the L-shell parameter, RE is Earth’s radius, q is the charge of the
particle, and 𝜔d is the particle’s azimuthal drift angular frequency. According to Northrop (1963), 𝜔d can be
expressed by

𝜔d = d𝜙
dt

= − 3LW
qBE R2

E

, (3)

where BE is the equatorial magnetic field on Earth’s surface. Note that the sign of 𝜔d depends on q, which
corresponds to the eastward/westward drift motion of negatively/positively charged particles.

LI ET AL. 8774



Geophysical Research Letters 10.1029/2018GL079038

The W dependence of (3) suggests that the particle trajectory differs significantly from the unperturbed orbit
when the particle’s energy variation becomes comparable to its initial energy (Wang et al., 2018). Therefore,
the linearization approach in Southwood and Kivelson (1981) can no longer be applied in these cases. More-
over, the particle’s L location also depends on W given the constance of the first adiabatic invariant 𝜇 in ULF
wave field (since the ULF wave period is much larger than particle gyroperiod). In other words, particles being
accelerated/decelerated would move radially inward/outward. In Earth’s magnetic dipole, the L location of
the particle can be given by

L = (
𝜇BE

W(t)
)

1∕3

. (4)

Substituting (4) into (3), we obtain

𝜔d = d𝜙
dt

= −3𝜇1∕3W2∕3(t)
qB2∕3

E R2
E

. (5)

Utilizing (2) and (4), we next obtain the time derivative of (5) as

d𝜔d

dt
= −2𝜇1∕3W−1∕3

qB2∕3
E R2

E

⋅
dW
dt

=
6𝜇E𝜙

qBE R3
E

sin(m𝜙 − 𝜔t). (6)

We point out here that equation (6) does not depend on 𝜔d , which eliminates the nonlinearity in (2) and
enables an analytical solution for the particle motion in ULF wave field. The system can be further simplified
by introducing two variables,

𝜁 = m𝜙 − 𝜔t, (7)

𝜃 = d𝜁
dt

= m𝜔d − 𝜔, (8)

which represent the phase of the particle location in the wave rest frame and its time derivative, respectively.
Note that when 𝜃 equals 0, the particle drifts at the same speed as the waves and satisfies the drift resonant
condition. Based on (6)–(8), we have

d2𝜁

dt2
= d𝜃

dt
=

6m𝜇E𝜙

qBE R3
E

⋅ sin 𝜁, (9)

which has the same format as the pendulum equation of motion as long as m∕q is negative (valid when we
study positively/negatively charged particle behavior in westward/eastward propagating waves). The pen-
dulum equation suggests that near-resonant particles (with small enough |𝜃| values) could be trapped in a
wave-carried potential well centered at 𝜁 = 0∘. The trapping frequency of particles in the potential well, based
on a small-angle approximation (sin 𝜁 ≪ 1), is given by

𝜔tr =

(
−

6m𝜇E𝜙

qBE R3
E

)1∕2

, (10)

which is proportional to the square root of the wave amplitude. For particles beyond the small-angle approxi-
mation, the trapping frequency can still be expressed in terms of elliptic integrals, which becomes much lower
for marginally trapped particles. Similar pictures of particle trapping in potential wells carried by other plasma
waves (such as Langmuir waves) have been discussed in many plasma physics textbooks (interested readers
may refer to Gurnett & Bhattacharjee, 2005, Chapter 8, for details).

One may also formulate the particle trajectories in the 𝜁 -𝜃 phase space. To do this, we eliminate t from (8) and
(9), to have

𝜃d𝜃 = −𝜔2
tr sin 𝜁d𝜁, (11)

and its integral gives
𝜃2 = 2𝜔2

tr cos 𝜁 + C, (12)

in which C is determined by the initial 𝜃 and 𝜁 values of any given particle. To better understand this equation,
we present in Figures 1a and 1e examples of electron phase space trajectories when these electrons interact
with ULF waves of different amplitudes (1 and 6 mV/m, respectively). Here the horizontal and vertical axes
represent the 𝜁 and 𝜃 values of the sample electrons. These electrons, with the initial phase space location
indicated by colored circles, are launched at the same 𝜁 location of −90∘ with the same 𝜇 but different 𝜃
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Figure 1. Phase portrait of sample electron trajectories in the ultralow frequency wave field. The left and the right
columns correspond to the cases with different wave amplitudes. The horizontal axis represents 𝜁 , the phase of electron
location in the rest frame of the waves. The vertical axes represent (a, e) 𝜃, (b, f ) electron energy, (c, g) L location, and
(d, h) the profiles of the wave electric field and the corresponding electrostatic potential.

values. Given a fixed 𝜇, the 𝜃 values have one-to-one correspondence to particle energy (see (5) and to the L
location (see (4). Therefore, we can also show in Figures 1b and 1f the electron energy as functions of 𝜁 , and in
Figures 1c and 1g the corresponding L variations. Also shown in Figures 1d and 1h are the profiles of the wave
electric field (the blue lines) and their azimuthal integral (the effective electrostatic potential, the red lines).
The shaded and nonshaded areas represent the regions where electrons are decelerated (moving downward
in 𝜃 and in energy, upward in L in the phase space diagram) and accelerated, respectively.

Let us focus on the difference between the trapped and untrapped trajectories. Electrons with 𝜃 always higher
than 0 (the magenta and the purple lines in Figure 1a, and the purple line in Figure 1e) keep moving to the
right since they always drift faster than the waves (m𝜔d >𝜔r). Electrons with lower energies (the orange and
the green lines in Figure 1a, and the green line in Figure 1e) keep moving to the left as they have m𝜔d < 𝜔r . The
sample electrons launched at the resonant energy (the blue circles), on the other hand, are accelerated at first
since they are initially located in the nonshaded area, and the acceleration corresponds to an enhancement
of their drift speeds (now greater than the wave speed). Therefore, in Figures 1a and 1e, these electrons move
upward in 𝜃 and rightward in 𝜁 until they reach the shaded area at 0∘ and start to be decelerated (moving
to the lower right). After that, at 90∘, the energies of the electrons drop back to the resonant energy, and
they start to move to the lower left. Eventually, these electrons return to their initial locations to form closed
trajectories in phase space. As we have pointed out, such closed orbits can be equivalently understood as
electrons trapped within a wave-carried potential well (−180∘ < 𝜁 < 180∘). Moreover, if we increase the wave
electric field (as in Figure 1h), the potential well becomes deeper (compare Figures 1d and 1h) so electrons
with initial energies much higher or lower than the resonant energy (the yellow and the magenta circles in
Figures 1e) can also be trapped in the well and follow closed trajectories.

In other words, the trapping widths in 𝜃 and in energy depend on wave amplitude, which can be quantified
by analyzing the separatrix (the black dashed lines in Figures 1a and 1e) between the trapped and untrapped
trajectories. Since the separatrix must pass through the saddle point (the red dots in Figures 1a and 1e)
at 𝜁 = 180∘, 𝜃 = 0, the C value in equation (12) for the separatrix must be 𝜔2

tr, and the separatrix is given by
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Figure 2. Predicted electron signatures at a fixed, virtual spacecraft location. The left and right columns correspond to ULF waves with increasing amplitudes
and with a finite lifespan, respectively. (a, i) The wave electric field; energy spectrum of the electron energy gain/loss from ULF waves, obtained from (b, j) the
linear and (d, l) the nonlinear theories; energy spectrum of the electron residual PSD at each energy channel, obtained from (c, k) the linear and (e, m) the
nonlinear theories; (f–h and n–p) wavelet power spectrum of the electron residual PSD obtained from the nonlinear theory, in the 31.5-, 53.8-, and 79.8-keV
energy channels. ULF = ultralow frequency; PSD = phase space density.

𝜃2 = 2𝜔2
tr(1 + cos 𝜁 ). (13)

Therefore, the minimum and maximum 𝜃 values for trapped electrons are −2𝜔tr and 2𝜔tr, respectively. The
trapping width of 4𝜔tr in 𝜃, according to (10), is proportional to the square root of the wave amplitude, which
explains the difference between Figures 1a and 1e. Based on (5) and (4), the separatrices in the 𝜁 -W and 𝜁 -L
spaces can be also obtained (see the black dashed lines in Figures 1b, 1c, 1f, and 1g).

We next consider the manifestation of nonlinear wave-particle interactions and its difference from the con-
ventional linear picture. The effects of wave-particle interactions can be manifested by showing the particle
energy gain 𝛿W from the waves as a function of W when the particle reaches a virtual spacecraft at a fixed loca-
tion. To do so, we establish an ULF wave model, with the wave electric field (at the virtual spacecraft location)
given in Figure 2a. Here we adopt essentially the same parameters as in Figure 1: the wave number m = 75,
the wave period T = 110 s, and the L-shell parameter of the virtual spacecraft is 6; the corresponding reso-
nant energy is 54 keV at the spacecraft location. The only difference is that in this case the wave amplitude
grows exponentially from 0.2 mV/m at 0 s to 6 mV/m at 2,000 s. This assumption is made to resemble the
finite wave-particle interaction time (otherwise 𝛿W would depend on the initial 𝜁 at t = −∞; see discussions
in Southwood & Kivelson, 1981). To compare the linear and nonlinear pictures, we next apply a linear approxi-
mation to determine 𝛿W by integrating (2) along the particle’s unperturbed orbit backward in time to t = −∞.
The integration results, shown in Figure 2b in the format of 𝛿W energy spectrum, show characteristic signa-
tures expected in Southwood and Kivelson (1981): the 𝛿W oscillations are strongest at the resonant energy
of 54 keV, and there appears a sharp, 180∘ phase shift across the resonant energy. The nonlinear responses,
shown in Figure 2d, suggest that very similar signatures (180∘ phase shift) are still present when the wave

LI ET AL. 8777



Geophysical Research Letters 10.1029/2018GL079038

Figure 3. Evolution of the electron phase space locations after the sample
electrons are launched in the ULF wave field at the resonant energy (54
keV). The corresponding ULF wave electric field is given in Figure 2a.
ULF = ultralow frequency.

electric field is relatively weak (t < 700 s). As the wave amplitude continues
to grow, however, rolled-up structures (unexpected from the linear theory)
gradually appear around the resonant energy.

The formation of rolled-up structures, which have also been presented in
the 𝜙-L space (see Degeling et al., 2007; Figure 3), can be better under-
stood in Figure 3 showing the 𝜁 -W phase space locations of a series
of sample electrons (indicated by colored circles) as functions of time.
All these electrons are launched at t = 0 with the initial energy of
54 keV (the resonant energy indicated by the dashed lines), although
their initial phases 𝜁 are evenly distributed inside the potential well. The
evolving shaded/nonshaded areas in Figure 3 correspond to the initial
energies lower/higher than the resonant energy (and therefore having
higher/lower PSDs if the PSD gradient over energy is negative at t = 0).
The resonant electrons launched within the −180∘ < 𝜁 < 0∘ and 0∘ <

𝜁 < −180∘ areas, as indicated in Figure 1, are immediately accelerated
and decelerated, respectively. The accelerated/decelerated electrons, now
above/below the dashed lines, would move to the right/left in addition to
their vertical motions. The electron moving directions are also shown by
arrows in Figure 3. It is the vortex-like motion of the electrons that gener-
ates rolled-up structures in the 𝜁 -W phase space, which is centered near
the bottom of the potential well at 𝜁 ∼ 0∘. One may also find that all these
electrons gradually converge toward 0∘. This is because of the increasing
wave amplitude that enhances the trapping potential.

It is also of interest to examine the time it takes for the rolled-up structures
to form. According to Figure 3, rolled-up structures become significant at
∼1,000 s when most electrons (except for those launched near the edges of
the potential well where small-angle approximation is invalid) have under-
gone half of their trapped motion (with their energies returning to the

initial energy). In other words, the formation time of rolled-up structures should be about half of the particle
trapping period Ttr = 2𝜋∕𝜔tr, although direct usage of (10) should be taken with caution in the formation
time estimation since the wave amplitude E𝜙 is not constant. In fact, as E𝜙 grows, the decreasing Ttr suggests
an increasing roll up speed. For example, if we examine the followup behavior of the electrons that have just
experienced half of the trapped motion at ∼1,000 s, they will all finish one cycle of the trapped motion within
the next 600 s (see Figure 3, bottom panel).

One may also analyze the electron responses to ULF waves with a finite lifespan. The wave electric field is given
in Figure 2i, which differs from Figure 2a in that the wave growth rate is time dependent (the wave growth
and damping time scales are 90 and 400 s, respectively). The resultant electron energy spectrum in Figure 2j,
calculated based on a linear approximation, shows the presence of increasingly tilted stripes similar to the
signatures described in Zhou et al. (2016). If the nonlinear effects are considered (see Figure 2l), the tilted
stripes gradually evolve into rolled-up structures soon after the wave amplitude peaks at t = 400 s (about
200 s after the wave excitation).

We next convert the predicted 𝛿W spectrum into signatures observable from a realistic particle detector. The
conversion from 𝛿W into variations of particle PSD, 𝛿f , can be given by

𝛿f = 𝛿W

[
L

3W
𝜕f (W, L)

𝜕L
− 𝜕f (W, L)

𝜕W

]
, (14)

which is obtained based on the conservation of𝜇. According to (14), the PSD variation can be either in phase or
in antiphase with 𝛿W depending on the signs of the PSD gradients in energy and in space. Here we follow Zhou
et al. (2016) to utilize equation (14) with an assumed PSD profile in energy, and then consider a virtual detector
with energy channels identical to those in the MagEIS (Magnetic Electron Ion Spectrometer) instrument (Blake
et al., 2013) on board Van Allen Probes (Mauk et al., 2013). This procedure converts Figures 2b and 2j into
Figures 2c and 2k, which show the predicted energy spectrum of electron residual PSDs (based on linear
approximation) in agreement with expectations in the conventional theory (Southwood & Kivelson, 1981;
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Figure 4. Van Allen Probe A observations of an ULF wave event on 7 June 2014. (a) The electric field Ey and Ez , (b)
wavelet power spectrum of Ey , (c) 90∘ pitch angle electron fluxes at multiple energy channels, (d) energy spectrum of
the electron residual fluxes, (e-g) wavelet power spectra of electron residual fluxes in the 31.5-, 53.8-, and 79.8-keV
energy channels.

Zhou et al., 2016). It also converts Figures 2d and 2l into Figures 2e and 2m, which are the residual PSD spectra
predicted from the nonlinear scenario.

One may find that Figures 2e and 2m are quite similar to those predicted in the linear approximation
(Figures 2c and 2k). This is because of the limited energy resolution of the particle detector. The very fine
rolled-up structures in the nonlinear regime can hardly be recognized since electrons with different energies
within a single energy channel have very different responses that cancel out in general (the phase mix-
ing effect, see Schulz & Lanzerotti, 1974). The only discernible difference between the linear and nonlinear
predictions appears in the channel near the resonant energy (54 keV). Although both results show peri-
odic oscillations at the wave frequency, only in the nonlinear results are there finer structures manifested as
higher-frequency perturbations on top of the major periodic oscillations. These high-frequency perturbations
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can be better visualized after we apply a wavelet analysis on each energy channel (see Figures 2f–2h and
2n–2p for the wavelet power spectrum). All these wavelet spectra show a major peak at the period of 110 s
(the ULF wave period), and there gradually appears a secondary peak at the period of ∼ 55 s (half of the wave
period) especially in the near-resonant 53.8-keV channel. The appearance of such high-frequency harmonics
can be understood from the PSD structure in the bottom panel of Figure 3. The rolled-up structures (with PSD
peaks represented by shaded areas) intersect the resonant energy (the horizontal dashed line) at two or three
different locations within one wave cycle. In fact, the wavelet spectrum of the electron PSD oscillations may
exhibit even higher harmonics as nonlinear wave-particle interactions continue (with greater wave ampli-
tude or longer wave lifespan). These secondary peaks at the channel near the resonant energy may serve as
diagnostic signatures (in the absence of particle data with higher energy resolution) indicating the presence
of nonlinear drift resonance. These predicted signatures are to be compared in the next section with MagEIS
data from Van Allen Probes observations.

3. Observations

In this section, the ULF wave event on 7 June 2014 is investigated based on Van Allen Probes observations.
The electric field, magnetic field, and electron data are provided by the Electric Fields and Waves (Wygant
et al., 2013), the Electric and Magnetic Field Instrument Suite and Integrated Science (Kletzing et al., 2013),
and the MagEIS (Blake et al., 2013) instruments on Van Allen Probe A (Mauk et al., 2013). Figure 4a shows the
electric field Ey and Ez components for this event. We make no attempt to show the electric field Ex , since in

this event the large ||| By

Bx

||| and ||| Bz

Bx

||| values result in a large uncertainty in the Ex determination via the E ⋅ B =
0 approximation. Despite the lack of Ex data, the electric field measurements in Figure 4a clearly indicate
excitation of ULF waves (with the period of ∼110 s) at approximately 1651:50 UT (the vertical dashed line).
The dominant wave period of ∼110 s can also be seen in the wavelet power spectrum of Ey (Figure 4b).

Figure 4c shows the 90∘ pitch angle electron fluxes in each energy channel from 31.5 to 143.5 keV, which start
to oscillate at about the same frequency as the ULF waves once the waves are excited. Figure 4d shows the
energy spectrum of residual electron fluxes ( J−J0

J0
) during this time interval, where J are the original fluxes in

each energy channel and J0 are their sliding averages computed through an iterating scaled average algo-
rithm (Chen et al., 2016; with the iteration number of 6 and a window width of 300 s). We then carry out a
wavelet analysis on residual electron flux oscillations at the 31.5-, 53.8-, and 79.8-keV channels. The resultant
wavelet power spectra, presented in Figures 4e–4g, all show a dominant period at 110 s (the same as the ULF
wave period). At the 53.8-keV channel (Figure 4f ), there is clearly a secondary peak at the period of ∼ 50 s
(about half the period of the major peak), which starts to appear at ∼ 1653:30 UT (over 2 min after the ULF
wave excitation). At other energy channels, the secondary peak hardly appears. These signatures are very sim-
ilar to the predictions in Figures 2n–2p, which indicates the occurrence of nonlinear drift resonant process in
this event. We also note that the secondary peak may alternatively be explained by particle interactions with
higher-harmonic ULF waves. Although weak second-harmonic waves are indeed observed at 1656:30 UT (see
Figure 4b), this explanation is still quite unlikely since the secondary peak at the 53.8-keV channel appears
3 min earlier at 1653:30 UT. Also, if it is indeed the second-harmonic waves modulating the electrons, the
secondary peak would have appeared in many different energy channels.

4. Summary and Discussions

Many recent studies on the ULF wave-particle interactions in the inner magnetosphere are largely based on
the conventional drift resonance theory (Southwood & Kivelson, 1981, 1982; Zhou et al., 2016), in which the
wave-particle energy exchange is assumed small, and the particle trajectories can be considered unperturbed.
This linearization approach is not always accurate, however, especially when the energy changes of the reso-
nant particles are comparable to their initial energies because of the large amplitude and/or lifespan of ULF
waves (Wang et al., 2018).

In this paper, we have extended the conventional drift resonance theory into the nonlinear regime. We for-
mulate the nonlinear trapping of charged particles with a pendulum equation and accordingly determine
the period and width of the trapping motion. Besides describing the particle behavior during this process,
we also predict the characteristic signatures of the nonlinear drift resonance, which are different from those
in the linear approximation. We expect to see rolled-up structures in the particle energy spectrum (given suf-
ficiently high energy resolution of the particle data), which result from the trapping of resonant particles in
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the wave-carried potential well. The time it takes for the rolled-up structures to form is closely related to the
trapping period Ttr of the resonant particles within the potential well. According to (10), this formation time is
inversely proportional to the square root of the amplitude of the wave electric field. In other words, the struc-
tures will roll up faster given a larger wave amplitude. We also examine the manifestations of nonlinear drift
resonance observable from a MagEIS-type particle detector with a limited energy resolution. In this case, the
rolled-up structures may be masked by the phase mixing effect. In the absence of high resolution data, the
most characteristic signatures of nonlinear drift resonance are the multiperiod oscillations in the energy chan-
nel near the resonant energy. These predicted signatures are indeed observed by Van Allen Probes, which
provides the first observational evidence over the occurrence of nonlinear drift resonance and highlights the
importance of nonlinear effects in understanding ULF wave-particle interactions in the inner magnetosphere.

Finally, we note that there remains a few assumptions that may require further development of the theory.
In this study, we only deal with nonrelativistic particles, and it would be natural to extend the theory into
relativistic particles in a followup study. Also, the conversion from 𝛿W to 𝛿f is still based on the linear assump-
tion (14) that the PSD gradients in energy and space are constant even if the particle experiences significant
variations in W and L. This assumption can be easily relaxed by adopting a more realistic, equilibrium model
of particle PSD profiles as the initial condition. For any given particle that reaches the virtual spacecraft, the
corresponding PSD at any time can be obtained via Liouville’s theorem once we compute its W and L varia-
tions. Therefore, these minor adjustments would not significantly change our prediction on the characteristic
signatures of nonlinear drift resonance. One may also notice from (1) that the modeled wave amplitude is
independent on L or𝜙, which is not real in Earth’s magnetosphere. Given a finite radial scale of ULF waves, our
scenario may require adjustments if particle’s radial displacement is large compared to half width of the wave
excitation (Wang et al., 2018). The azimuthal scale of ULF waves, as discussed in Degeling et al. (2007), could
provide an inhomogeneity factor for the pendulum equation to enable significant particle scattering (Tobita
& Omura, 2018). Similar effects may also appear if a convective electric field is introduced to the model. These
further developments will be addressed in a future study.
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