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Summary

Analyses of three‐dimensional slope failures can be elaborate because of the

complexity owed to the geometry of the failure mechanism that needs to con-

form to an admissible kinematics of the slope collapse. This admissibility is

imposed by the soil limit state condition, the normality plastic flow rule, and

the boundary conditions. The kinematic approach of limit analysis is employed,

and a rotational 3D slope failure is revisited. The study leads to the conclusion

that some geometric constraints used in previous studies limit the range of

admissible mechanisms resulting in overestimating stability factors. A set of

results is presented that was obtained using an algorithm that allowed eliminat-

ing limitations present in previous studies. The largest improvements in the

solutions were found for undrained failures of narrow slopes. For a 30° slope

limited in width by the width‐to‐height ratio of 0.6, the stability factor calculated

in previous studies overestimated the current calculations by nearly 39%. This

overestimation is smaller for drained failures, and it drops significantly with

an increase in the width of the failure mechanism.
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1 | INTRODUCTION

Safety assessment of slopes is an important exercise in geomechanics. Typical stability analyses involve two‐dimensional
considerations, but in many cases a three‐dimensional analysis is called for. For example, excavation slopes or soil
slopes limited in width by a rock outcrop require three‐dimensional analyses if an accurate assessment is needed.

Observations of failure surfaces in clays were documented as early as 1846 by Collin,1 but 2D analyses of stability
were not introduced until the 20th Century (Fellenius,2 Taylor,3 Drucker and Prager4). Three‐dimensional analyses of
stability of slopes can be grouped into traditional limit equilibrium methods, limit analysis, and numerical approaches
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such as finite element analysis. The 3D analyses were first developed for undrained failures, as the mechanisms in incom-
pressible materials are easier to construct (Baligh and Azzouz,5 Gens et al6). The early 3D analyses for pressure‐dependent
materials were based on traditional limit‐equilibrium slice methods extended to 3D failures.7-9 Drescher10 presented a
one‐block collapse mechanism in a pressure‐dependent material, while a 3D multi‐block limit analysis was presented
by Michalowski.11 Leshchinsky et al12 developed a rotational mechanism in pressure‐dependent materials using a limit
equilibrium approach, with a kinematically admissible mechanism arrived at through a variational approach. The
outcome of that approach was equivalent to kinematic limit analysis. A rotational mechanism was also considered by
De Buhan and Garnier.13 A 3D rotational mechanism was postulated by Michalowski and Drescher,14 which was used
in a series of related publications.15-18 More recently, the variational approach to finding the critical failure surface was
revisited by Zhang et al.19 While purely rotational mechanisms may not necessarily be the most critical,20 the rotational
collapse appears to be more critical than other 3D mechanisms suggested throughout the literature.

Finite element analysis of two‐dimensional and three‐dimensional slope failures was considered throughout the lit-
erature,21-24 while the finite element implementation of limit analysis for the purpose of safety assessment of slopes (3D)
was also presented in recent years.25,26 Numerical approaches have advantages of accounting for soil inhomogeneities
and not having to predetermine the mode of failure. However, when it comes to assessment of stability, they also come
with some disadvantages. For example, at the time of stability loss, the solution does not converge in the finite element
analyses, and a lack of convergence in a prescribed number of iterations is often considered as a criterion for reaching
instability. This is not an elegant procedure, although it has proved to be effective. An advantage of using finite element
implementation of limit analysis is in its ability to find both the upper and lower bounds to the true solution, whereas
the more common “analytical” method can be used effectively only with the kinematic approach of limit analysis. It is
not uncommon, however, that a well‐chosen mechanism in the analytical approach can yield a better solution to a sta-
bility measure than the finite element approach.15,19,27

The slope failure mechanism considered in this paper can be applied to slopes with arbitrary limitations on the slope
width. Failing mass in natural slopes, particularly hillside slopes, is often constrained by bedrock,22,23 while the kine-
matics can also be affected by a rock outcrop and the terrain topography.28 These kinematic constraints are not consid-
ered in this paper, although the limitation on the depth of the mechanism can be easily introduced into the analysis by
placing a proper constraint on the optimization process.

This paper's focus is on the kinematic approach of limit analysis in slope stability considerations. In particular, the
rotational failure mechanism is revisited to assess the source of differences in the outcomes of analyses coming from
different studies but based on the same mechanism of failure. The kinematic approach is described briefly first, followed
by the description of the 3D collapse mechanism and the geometric intricacies in the mechanism that are likely to be the
source of discrepancies in the results published throughout the literature.
2 | KINEMATIC LIMIT ANALYSIS APPLIED TO SLOPES

2.1 | Material model and limitations of the method

Limit analysis has been widely applied in stability of structures and plastic forming of metals (Hill29), followed by appli-
cations in geotechnical engineering (Drucker and Prager,4 Salençon,30 Chen31). The fundamental assumption in the
analysis is the perfectly plastic behavior of the material, described by a convex yield condition and the normality plastic
flow rule. This assumption allows using the postulate of maximum plastic work, which, in turn, allows proving the the-
orems of limit analysis. The yield criteria for metals are pressure independent, and the outcome of application of the
normality flow rule is incompressible plastic flow, which is consistent with experimental observations for metals. With
yielding of geomaterials exhibiting pressure dependency, the associative (normality) flow rule leads to dilative plastic
deformation, typically overestimating the observed volumetric strains. Application of the non‐associative flow rule to
geomaterials was considered early by Mróz.32

Plastic deformation of geomaterials does not conform to the normality flow rule (typically, normality law overesti-
mates volumetric deformation), and the reason for using associativity in limit analysis is purely mathematical: without
the normality flow rule, the theorems of limit analysis cannot be proved. Hence, the associativity of plastic flow is
needed for the solutions to boundary value problems to be strict lower or upper bounds to a true solution. The kine-
matic approach is used in this paper, and we refer to the theorem used as the kinematic theorem of limit analysis. This
theorem is more commonly referred to as the upper‐bound theorem, but this term is ambiguous. This is because the out-
come of application of this theorem can be either an upper bound, for instance, when the active limit load is calculated,
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or a lower bound when a passive force (reaction) is sought. Whether the material obeys associativity or not, it can be
proved that this approach yields a rigorous bound to the true solution. This was shown by Redenkovic33 and, with
an intuitive graphical interpretation, by Palmer.34 For this very same reason, the normality sliding rule was used in
problems with frictional boundary conditions, where the true sliding rule made the analytical solution not possible
(Collins,35 Mróz and Drescher,36 Michalowski and Mróz37).

Limit analysis is an approximate method, but it yields a rigorous bound to the true solution. However, not every sta-
bility problem can be addressed with limit analysis. This is because the theorems of limit analysis, strictly, only allow cal-
culations of a bound on an integral of the rate of work of the unknown load, and not every boundary condition allows
extracting the load from this integral. For instance, a limit force on a footing can be found using limit analysis if the
boundary condition is given as a rigid translation of the footing, but if the kinematic boundary condition is given in terms
of rotation, one can only find a limit moment, but not the force. This is one of the limitations of the method. Another lim-
itation follows from the integral form of the work rate balance, making it possible to find limit forces (or moments), but
not their distributions. The stress field cannot be determined either. Finally, only incipient stability problems can be tack-
led, and no displacements or progressive failure can be tracked with confidence. The formulation of the slope stability
problem involves a static boundary condition, most typically a stress‐free boundary.
2.2 | Equilibrium in kinematic limit analysis

The common form of the work rate balance equation used in the kinematic approach can be written as

∫
V
σij _ε

pl
ij dV þ ∫

L
Ti v½ �idL ¼ ∫

S
TividSþ ∫

V
XividV (1)

where the two terms on the left‐hand side represent the rate of plastic work dissipation (internal work), and the two terms
on the right‐hand side depict the rate of external work (see Notation for explanation of symbols). The first term on the left‐
hand side represents the work dissipation rate in volume V (due to plastic strain within the volume), and the second one is
the dissipation on kinematic discontinuity surfaces L. The first term on the right‐hand side represents the work rate of
traction vector Ti on boundary S of the mechanism, and the second term is the work rate of distributed forces Xi in volume
V (eg, gravity load). The kinematic theorem indicates that the left‐hand side (the rate of plastic work) is not smaller than
the work rate of the true external loads (right‐hand side) in any kinematically admissible mechanism of plastic deforma-
tion. Manipulation of Equation (1) allows one to find a rigorous bound on an unknown limit load. For example, in the case
of a footing on boundary S, one could find an upper bound to the footing limit load (integral of traction Ti on boundary S),
if the velocity on this boundary, vi, was constant (rigid translation). However, the left‐hand side of the balance in Equa-
tion (1) is calculated based solely on the yield condition and normality flow rule applied to the postulated failure mech-
anism; hence, in general, stress field σij does not satisfy equilibrium. Therefore, Equation (1) cannot be considered the
principle of virtual work for a deformable body. For a rigid‐body translational mechanism, however, the first term in
Equation (1) is zero, and the remaining terms assume the form of the principle of virtual work for a rigid‐body mecha-
nism. Consequently, the equilibrium of forces (not stresses) will be enforced if Equation (1) is used to calculate an
unknown force in a rigid block mechanism. This was shown explicitly by Michalowski11 (see also Drescher and
Detournay38 and Salençon39). Similarly, global equilibrium of moments will be enforced in a rigid rotational mechanism.
3 | ROTATIONAL 3D FAILURE MECHANISM

There are relatively few limit analysis solutions to slope stability that include three‐dimensional mechanisms of failure
in pressure‐dependent materials. The early ones are the translational mechanisms, including the classical wedge‐type
failure often exploited in rock mechanics with a limit equilibrium type of solution,40 a single‐block mechanism by
Drescher,10 and a multi‐block mechanism by Michalowski.11 A rotational mechanism of slope failure was used in limit
analysis by De Buhan and Garnier13 and by Michalowski and Drescher.14 A special case of the mechanism postulated by
Michalowski and Drescher14 was arrived at earlier by Leshchinsky et al,12 and it was exploited further more recently by
Zhang et al.19 The primary method used by Leshchinsky et al12 was the limit equilibrium method with the variational
approach used to optimize the mechanism of failure. The kinematics in these rotational mechanisms is plane, but the
geometry of the failure surface is three‐dimensional.



2112 PARK AND MICHALOWSKI
3.1 | Curvilinear cone failure surface

A curvilinear cone failure surface was postulated in Michalowski and Drescher14 by requiring that all radial cross sec-
tions of the cone are circles, and the trace of the cone on the plane of symmetry is governed by two log‐spirals

r θð Þ ¼ r0 e
θ−θ0ð Þ tanϕ (2)

r′ θð Þ ¼ r′0 e
− θ−θ0ð Þ tanϕ (3)

with r0 and r0′ illustrated in Figure 1. Effectively, this surface is generated by revolving a circle of variable radius R(θ)

R θð Þ ¼ r θð Þ−r′ θð Þ
2

(4)

about an axis passing through center O. The central line of the generated curvilinear cone is described by radius rc(θ)

rc θð Þ ¼ r θð Þ þ r′ θð Þ
2

: (5)
FIGURE 1 Three‐dimensional

rotational failure mechanism generated by

revolving a circle of increasing diameter

about an axis passing through point O
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With the material strength described by the Mohr‐Coulomb criterion, such a surface forms an admissible failure
surface in the rotational mechanism as it assures that the vector of velocity is inclined at internal friction angle ϕ to
the conical surface at every point of the surface. Such surface was earlier postulated in a translational mechanism
under square and rectangular footings41 and was more recently used to analyze passive pressure on retaining walls.42

This surface can also be modified to account for pressure‐dependent geomaterials with nonlinear strength enve-
lopes.43,44 Since its inception, the 3D slope failure mechanism postulated14 was adopted in many slope stability studies.
The mathematical description of this mechanism is redeveloped here to remove some of the restrictions, and to allow
for finding more critical failure surfaces. This new and more general algorithm is also simpler than the one originally
presented.14

In the polar co‐ordinate system ρ,θ the contour of the slope can be described as a piece‐wise function rs(θ)
(see Figure 1)

rs θð Þ ¼

r0 sinθ0
sinθ

; θ0 < θ≤ θB

rh sin βþ θhð Þ
sin βþ θð Þ ; θB < θ≤ θC θC ¼ θh for toe failureð Þ

rh sinθh
sinθ

; θC < θ≤ θh Below‐toe onlyð Þ

8>>>>>><
>>>>>>:

(6)

where

rh ¼ r0e
θh−θ0ð Þ tanϕ (7)

and

θB ¼ arctan
rh sinθh−H

rh cosθh þ H cotβ

� �
(8)

and θ0, θh, and θC are independent geometrical parameters (θC = θh for toe failures). The mechanism in Figure 1 dif-
fers from that in Michalowski and Drescher14 in the following detail: the center line rc(θ) of the curvilinear cone inter-
sects the slope (rc > rs, see Equations (5) and (6) for rc and rs), whereas in the former the surface was limited to cases
where its center line (Equation (5)) could be tangent to the slope surface, but could not intersect the slope. This lim-
itation was implied by an intuitive conjecture that a critical mechanism will not have “overhanging” regions in the
stationary portion of the slope. However, it was found that for some combinations of slope geometry and material
properties, the most critical mechanism is one where the center line of the cone intersects the slope (rc > rs), as indi-
cated in the upper portion of the slope in Figure 1. If an undrained failure is considered, the shape of the failure sur-
face in Figure 1 becomes a torus.

The slope has a stress‐free boundary, and the collapsing block rotates as a rigid body; hence, there are only two non‐
zero terms in Equation (1): the rate of work dissipation D along the failure surface and the rate of work of the soil
weight Wγ

∫
L
Ti v½ �idL ¼ ∫

V
XividV (9)

or

D ¼ W γ: (10)

We first derive an expression for term Wγ. A new algorithm is developed for calculating Wγ in order to include cases
with rc > rs. A general expression can be written as

W γ ¼ ∫
V
γ v cosθdV (11)

where γ is the soil unit weight, v is the velocity magnitude, θ is the angle between the velocity and the gravity direction,
and V is the volume of the rotating block. The infinitesimal volume element shown in Figure 1 (hatched stripe) is cal-
culated as
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dV ¼ ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− ρ−rcð Þ2

q
dρ dθ: (12)

With velocity magnitude v given by v = ωρ (ω‐ angular velocity about axis through point O) and its direction perpendic-
ular to ρ, one obtains

W γ ¼ 2ωγ∫
θh
θ0∫

r

rs
ρ2 cosθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− ρ−rcð Þ2

q
dρ dθ (13)

where the lower and upper radial integration limits rs and r are defined in Equations (6) and (2), respectively. A general
expression for the rate of work dissipation along a failure surface can be written as

D ¼ ∫
L
c v cosϕ dL (14)

where c is cohesion, ϕ is the internal friction angle and L is the area of the failure surface. With the infinitesimal surface
element dL (Figure 1)

dL ¼ dl da ¼ ρ
cosϕ

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− ρ−rcð Þ2

q dρ dθ (15)

the rate of work dissipation can be calculated as

D ¼ 2cω∫
θh
θ0∫

r

rs
ρ2

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− ρ−rcð Þ2

q dρdθ (16)

where the lower and upper radial limits rs and r are defined in Equations (6) and (2), respectively. Substituting the
expressions in Equations (13) and (16) into Equation (10), one can determine the upper bound to the stability factor
defined as

Nf ¼ γH
c

(17)

or a lower bound to its reciprocal, often referred to as the stability number3

Nn ¼ 1
Nf

¼ c
γH

: (18)

The best solution is found through minimization of N f with angles θ0, θC, θh, and ratio r0
′/r0 being variable. If ratio r0

′/
r0 is restricted to r0

′/r0 ≥ 0, the critical mechanism has a finite width, with the critical solution typically when r0
′/

r0 = 0. However, it is counterintuitive that a 3D solution would not approach the 2D solution in the absence of
any restriction on the width of the failure. The cause of this peculiarity is presumably in that the curvature of the failure
surface in the central cross section (Figure 1) is not independent of the curvature in the cross section perpendicular to
the plane of Figure 1. To remove this limitation, an alternative mechanism was developed (Michalowski and
Drescher14), where negative ratio r0

′/r0 was allowed. The respective mechanism is illustrated in Figure 2. The log‐spiral
in Equation (3) is now replaced with

r′ θð Þ ¼ −r′0 e
θ−θ0ð Þ tanϕ: (19)

With ratio r0
′/r0 dropping to large negative numbers, the size of the circular cross section (shaded area in Figure 2A)

increases (curvature decreases), whereas the curvature in the plane of symmetry is not coupled with this change. Con-
sequently, the solution to the stability factor approaches an asymptote with a decrease in ratio r0

′/r0, but this asymptotic
solution is not equal to the 2D solution. For example, for a 45° slope and ϕ = 15°, the asymptotic solution is about γH/
c = 14.11, whereas the 2D solution is γH/c = 12.05.

Based on a different premise (limit equilibrium and variational approach to finding the critical solution),
Leshchinsky et al12 arrived at a similar failure surface, albeit with two distinct restrictions. Although their analysis



FIGURE 2 Alternative mechanism

generated by revolution of a circle with

increasing diameter about a chord

PARK AND MICHALOWSKI 2115
included a different set of geometric parameters, the two restrictions, in terms of parameters used in this paper, were:
r0
′/r0 = 0, ie, the upper log‐spiral in Figure 1 is reduced to a point, and rc ≤ rs, ie, the center line of the curvilinear

cone cannot intersect the slope. Leshchinsky et al12 reported their 3D results in a graph as a stability number (Equa-
tion (18)); their solution is compared in Figure 3 with the 3D asymptotic solution calculated based on the alternative
mechanism shown in Figure 2, and with the 2D solution. Not surprisingly, the 2D solution yields the more critical out-
come than either of the 3D solutions (the higher the stability number the more accurate the result as the kinematic
approach yields the lower bound to the stability number in Equation (18)).
FIGURE 3 Comparison of 3D solutions from Leshchinsky et al12 to the 3D asymptotic solution in this study based on the alternative

mechanism in Figure 2
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3.2 | A mechanism with an insert

In order to allow the 3D solution to approach the 2D solution in the absence of restrictions on the size of the mecha-
nism, an insert with 2D geometry is included, as shown in Figure 4. Such a modification was used earlier by Baligh
and Azzouz5 and Leshchinsky and Baker45 in the limit equilibrium analysis, and also by Michalowski and Drescher14

in the limit analysis approach. The reader will notice the “overhanging” region in the stationary material when the cen-
ter line of the curvilinear cone intersects the slope (rc > rs). The work dissipation and the work rate of the soil weight in
the insert were calculated using a well‐known procedure,31 and the respective expressions are not reproduced here.
Figure 5 illustrates the trace of three possible variations of the collapse mechanism: toe failure, below‐toe failure, and
the face collapse. Depending on the limitation on the width of the mechanism, the most critical toe and below‐toe
mechanisms may include the insert, but the face failure mechanisms never do. This is illustrated in an example solution
in Figure 6 for a 60° slope and ϕ = 30°. Without any limitation on the mechanism width, the failure pattern tends to a
2D mechanism reaching the toe (or below the toe for small slope inclinations). In this particular case, the stability num-
ber (Equation (18)) from the 2D solution is 0.062. Once the limitation on the width is imposed, the plane insert in the
most critical mechanism is progressively reduced with a drop in the mechanism width (drop in ratio B/H; B—width, H
—slope height), until the 2D insert is reduced to zero (at about B/H = 0.78). With further decrease in the width of the
mechanism, the critical toe mechanism (without insert) slightly changes its shape due to width reduction, until such
ratio (B/H)* where an admissible toe mechanism can no longer be constructed. In this particular example, this occurs
at B/H = 0.65, beyond which only a face mechanism can fit into the narrow space. This is why the critical face mech-
anisms do not include plane inserts. The dimensionless width at that transition is defined as (B/H)*, with associated sta-

bility number N*
n. For this specific example: N *

n = 0.032. The stability number for narrower slopes can be simply
determined from

c
γH

¼ N*
n

B
H
B
H

� �* ¼ N*
n

H
B

� �*B
H

(20)

where B/H is the limitation on the slope width (B/H < (B/H)*). Because the starred quantities are constant for a given
slope, Equation (20) is linear in B/H, as illustrated by the dashed line in Figure 6. The dots on the dashed line represent
independent computations for varying heights h (h < H) of the mechanism (see Figure 5 for h).
4 | CALCULATED RESULTS

An upper bound to the stability factor in Equation (17) was calculated using the work rate balance in Equation (10) with
the two terms described in Equations (16) and (13). Additionally, the respective terms for the plane insert31 were added
to account for wide mechanisms. The variable parameters in the process of minimizing the stability factor were angles
θ0, θh, θC (the latter for below‐toe failure only), and ratio r′0=r0 (see Figure 1). Angles θi were varied with a minimum
increment of 0.01°, and ratio r′0=r0 was varied with a minimum of 0.001. The iteration was stopped when the difference
between the two consecutive solutions was less than 10−6. The first set of results is presented in Figure 7. Stability
FIGURE 4 Rotational mechanism with an insert with 2D geometry



FIGURE 5 Trace of three types of possible failure patterns

FIGURE 6 Dependence of the failure type on the relative slope width

FIGURE 7 Stability number for slopes as function of tanϕ for slopes with inclination 30° to 90°: A, for narrow slopes, B/H ≤ 1.0, and B, for

wide slopes, B/H ≥ 1.5
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TABLE 1 Stability factor γH/su for undrained slope failure

B/H Source

β

30° 45° 60° 75° 90°

0.5 This study 16.645 12.789 10.860 9.624 8.753
Gao et al17 22.096b 15.654b 12.674b 11.436b 11.102b

0.6 This study 14.598 11.464 9.808 8.636 7.808
Gao et al17 20.231b 13.354b 11.107 9.872 9.310

0.8 This study 12.173a 9.918 8.561 7.504 6.609
Gao et al17 15.384b 10.741 9.079 8.065 7.231

1 This study 10.797a 9.021a 7.821 6.852 5.979
Gao et al17 11.885a 9.477 8.099 7.165 6.515

1.5 This study 9.068a 7.883a 6.892 6.023 5.194
Gao et al17 9.443a 7.994 6.997 6.159 5.383
Zhang et al19 ‐ 8.000 6.993 6.173 5.405

2 This study 8.229a 7.335a 6.448 5.629 4.824
Gao et al17 8.615a 7.456 6.497 5.698 4.917
Zhang et al19 ‐ 7.407 6.494 5.714 4.950

3 This study 7.389a 6.783ac 6.022 5.252 4.471
Gao et al17 7.417a 6.787a 6.042 5.273 4.554
Zhang et al19 ‐ 6.803 6.024 5.291 4.545

aBelow‐toe failure mechanism.
bFace failure mechanism.
cAlternative mechanism.

FIGURE 8 Discussion of critical collapse patterns for undrained failure in narrow slopes (slope inclination 30°)

2118 PARK AND MICHALOWSKI
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numbers (reciprocal of stability factors) are shown as functions of tanϕ for slope angles varying from 30° to 90°, and for
different limitations B/H on the width of the mechanism. Such presentation is convenient, because it allows for easy
reading of the factor of safety F defined as

F ¼ c
cd

¼ tanϕ
tanϕd

(21)

where subscript d stands for developed (mobilized) strength parameters at failure. This procedure is described briefly in
the Appendix.

In the case of undrained failure, the failure surface reduces to a torus. Numerical values of the stability factors for
undrained failure γH/su are compared in Table 1 to those in Gao et al17 and Zhang et al19 (Zhang et al presented numer-
ical values of stability numbers, so they were converted into stability factors). The results given in Gao et al17 follow the
analysis presented originally in Michalowski and Drescher,14 although Gao et al17 used a more efficient minimization
procedure. The largest difference in the results produced in this paper and those in Gao et al17 and Zhang et al19 is
for narrow slopes. For instance, for B/H = 0.5 and undrained failure, Gao et al17 overestimate the result in this study
by approximately 33% for a gentle slope of 30°, and by approximately 27% for a vertical slope. The largest overestimation
of almost 39% was found for a 30° slope and B/H = 0.6. However, this overestimation drops to no more than 2%
TABLE 2 Comparison of stability factors γH/su for undrained collapse of a 30° slope

B/H θ0, ° θh, ° θc, °a r′0 / r0

This Study Gao et al17

Mode γH/su Mode γH/su

0.5b 38.42 85.71 ‐ 0.802 Face failure 20.789 Face failure 22.096

0.5 26.05 100.44 ‐ 0.728 Toe failure 16.645 ‐ ‐

0.8b 41.53 89.14 ‐ 0.747 Toe failure 14.596 Face failure 15.384

0.8 19.42 108.89 114.95 0.541 Below‐toe 12.173 ‐ ‐

aBelow‐toe failure only, otherwise θc = θh.
bConstrained solution, rs ≥ rc.

TABLE 3 Stability factor γH/c for ϕ = 15°

B/H Source

β

30° 45° 60° 75° 90°

0.5 This study 73.120a 32.198a 20.805a 15.946a 13.481a

Gao et al17 73.156a 32.371a 21.512a 16.580a 14.171a

0.6 This study 61.008a 26.723 17.482 13.391 11.186a

Gao et al17 61.014a 26.913a 17.765a 13.727a 11.787a

0.8 This study 46.071 21.220 14.307 10.939 8.813
Gao et al17 46.101 21.223 14.338 11.074 9.194

1 This study 38.795 18.648 12.786 9.797 7.831
Gao et al17 38.011 18.653 12.831 9.784 8.022

1.5 This study 31.126 15.855 11.087 8.503 6.711
Gao et al17 31.154 15.865 11.120 8.339 6.783
Zhang et al19 ‐ 16.129 11.236 8.475 6.897

2 This study 28.094 14.699 10.363 7.942 6.223
Gao et al17 28.098 14.699 10.363 7.997 6.258
Zhang et al19 ‐ 14.706 10.417 8.000 6.329

3 This study 25.540 13.686 9.714 7.433 5.779
Gao et al17 25.544 13.686 9.716 7.435 5.789
Zhang et al19 ‐ 13.699 9.709 7.463 5.848

aFace failure mechanism.



TABLE 4 Stability factor γH/c for ϕ = 30°

B/H Source

β

45° 60° 75° 90°

0.5 This study 96.342a 40.604a 25.476a 18.952a

Gao et al17 96.829a 40.801a 25.988a 19.553a

0.6 This study 80.352a 33.878a 21.232a 15.644a

Gao et al17 80.678a 33.999a 21.572a 15.304a

0.8 This study 62.121 26.464 16.534 11.934
Gao et al17 62.213 26.486 16.659 12.263

1 This study 54.069 23.398 14.647 10.414
Gao et al17 54.193 23.413 14.461 10.503

1.5 This study 45.839 20.216 12.652 8.849
Gao et al17 46.442 20.233 12.709 8.704
Zhang et al19 45.455 20.408 12.821 8.850

2 This study 42.611 18.938 11.836 8.206
Gao et al17 42.625 18.941 11.844 8.212
Zhang et al19 43.478 18.868 11.905 8.333

3 This study 39.866 17.830 11.120 7.635
Gao et al17 39.896 17.832 11.120 7.632
Zhang et al19 40.000 17.857 11.111 7.692

aFace failure mechanism.

FIGURE 9 Dependence of the failure pattern on the slope inclination and the soil internal friction angle
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when B/H = 3. Zhang et al (2016) did not report the results for B/H < 1.5. Because the kinematic analysis yields an upper
bound to the stability factor, the lower estimates in Table 1 are more accurate. The most likely reason for overestimating
the results in Gao et al17 and Zhang et al19 is excluding mechanisms that would allow the center line of the torus to inter-
sect the slope. This limitation on the geometry of the mechanism was imposed in both papers,17,19 even though a differ-
ent method of solution was used. This limitation was also used in the paper of Michalowski and Drescher,14 but this
restriction is relaxed in this study. A graphical illustration of this limitation is presented in Figure 8 using an example
of undrained failure of a 30° slope limited to width ratios B/H = 0.5 and B/H = 0.8. The said limitation can be mathe-
matically described as

rs ≥ rc (22)

where rs is the radius tracing the contour of the slope given in Equation (6), and rc is the radius of the central line of the
torus given in Equation (5). The central line of the torus is traced with a dashed line in Figure 8. The geometry of the
failure mechanism for B/H = 0.5 is illustrated in Figure 8A,B with the restriction in Equation (22) and without, respec-
tively. The most critical mechanism was found when the restriction in Equation (22) is not enforced; it is a toe mecha-
nism illustrated in Figure 8B, which has the lowest stability factor γH/su = 16.65. When the constraint in Equation (22) is
enforced, the best failure mechanism appears to be a face failure as in Figure 8A, with γH/su = 20.79. Gao et al's solution
FIGURE 10 Stability number for slopes in the presence of seepage for slopes with inclination 30° to 90°: A, ru = 0.25 and narrow

slopes, B/H ≤ 1.0; B, ru = 0.25 and wide slopes, B/H ≥ 1.5; C, ru = 0.5 and narrow slopes, B/H ≤ 1.0; and D, ru = 0.5 and wide slopes, B/H ≥ 1.5



FIGURE 11 Stability number for slopes subjected to horizontal acceleration: A, kh = 0.1 and narrow slopes, B/H ≤ 1.0; B, kh = 0.1 and

wide slopes, B/H ≥ 1.5; C, kh = 0.2 and narrow slopes, B/H ≤ 1.0; D, kh = 0.2 and wide slopes, B/H ≥ 1.5; E, kh = 0.3 and narrow slopes,

B/H ≤ 1.0; and F, kh = 0.3 and wide slopes, B/H ≥ 1.5
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in Gao et al17 used the limitation in Equation (22), and they found the face failure to be critical, but their solution appears
to be less accurate (γH/su = 22.10, Figure 8A), and it overestimates the best solution in this paper (Figure 8B) by almost
33%. Zhan et al19 did not produce results for B/H less than 1.5; they only considered mechanisms with an additional lim-
itation r′ = 0, and only toe failures. Calculations revealed that with these two limitations, one cannot fit an admissible toe
mechanism in a narrow slope such as that with a width ratio B/H = 0.5.

It is interesting to investigate an undrained failure of a slightly wider 30° slope, B/H = 0.8. The most critical mech-
anism found now is an under‐toe failure, γH/su = 12.17, whereas the solution offered by Gao et al17 is a face failure with
γH/su = 15.38, a 26% overestimation. If the limitation in Equation (22) is used in the solution offered in this paper, the
critical mechanism is a toe failure, and with γH/su = 14.60 still more accurate than the solution in Gao et al,17 Figure 8
C. The specific geometric parameters defining the solutions in Figure 8 are given in Table 2. The precision of three digits
after the decimal point in all tables is given only for comparative reasons.

Comparisons of stability factors for ϕ = 15° and ϕ = 30° are presented in Tables 3 and 4. In all cases, the current
study provides lower stability factors, but the differences are less than 6% and in many cases less than 1%.

In all results presented in the tables, the least upper bound to the stability factor was reported. Whether this critical
solution is a toe failure, below‐toe, or a face failure depends on the combination of the slope inclination angle (β), inter-
nal friction angle (ϕ), and the slope width limitation (B/H). The three collapse patterns are marked in the graph in
Figure 9.
4.1 | An influence of seepage

Previous results were presented for slopes with no seepage. In the absence of known specific hydraulic conditions, coef-
ficient ru (Bishop and Morgrnstern46) is used as a generic means to compare the influence of the presence of pore water
pressure for different slopes. This coefficient yields the distribution of the pore water pressure, and the work of this pore
water pressure on the volumetric strain of the soil during plastic deformation can be proved to be equal to the work of
the buoyancy and the seepage forces.47,48 Because the plastic deformation occurs only along the failure surface in the
mechanism considered, the rate of work of the pore water pressure Wu on the volumetric strain of the soil can be
calculated as
FIGURE 12 Comparison of calculated stability numbers to those in Gao et al17 for slopes of different widths
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Wu ¼ ∫
L
uv sin ϕdL (23)

where u is the pore water pressure determined from given coefficient ru, v is the magnitude of velocity jump vector on
the failure surface, ϕ is the internal friction, and L is the area of the failure surface. The expression in Equation (23) was
included on the right‐hand side of the balance in Equation (10), and the results of calculations are shown in Figure 10.
4.2 | An influence of quasi‐static seismic force

Although considering the seismic effects requires dynamics computations, a rough estimate of the vulnerability of
slopes to seismic shaking can be considered using a quasi‐static approach where the dynamic effects are substituted with
a static horizontal load. The intensity of this load is defined by the coefficient of horizontal acceleration kh. The seismic
influence is then included as additional work done by inertial forces. This rate of work, WS, can be calculated analo-
gously to the rate of soil weight in Equation (11)

WS ¼ kh∫
V
γv sin θdV (24)
FIGURE 13 Comparison of calculated stability numbers to those in Zhang et al19 for selected seepage and seismic acceleration, for B/

H = 1.5
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This term was included on the right side of the work rate balance in Equation (10), and the results of computations are
illustrated in Figure 11.
5 | DISCUSSION

Kinematic limit analysis is an effective method to assess safety of slopes. Its limitations come from difficulties in consid-
ering non‐homogeneities in material properties and complex geometries of slopes. Numerical approaches are more effi-
cient in these cases, eg, Li et al,25 but for simple slopes, the approach presented in this paper typically yields better
results.15,19

The focus of the discussion is on the sources of discrepancies in the solution results presented in the literature, solu-
tions that come apparently from considering the same failure mechanism. The results based on the procedure presented
in this paper were compared with those of Gao et al17 in Section 4. Their results were based on the same algorithm as
FIGURE 14 Explanation of the impact of geometrical limitations on the outcome of the analysis



FIGURE 15 A, The shape of a failure surface with limitation r′ = 0 and B, failure surface allowing r′ > 0, and also permitting the center

line (dashed) to intersect the slope
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that in Michalowski and Drescher.14 The largest discrepancies, up to 39%, were found for narrow slopes failing in an
undrained manner. The differences, however, became less significant with an increase in the width of the mechanism
of failure and with an increase in the internal friction angle. More comprehensive comparison is presented graphically
in Figure 12. The results were presented in Gao et al 17 in terms of the stability factor, and they were converted to the
stability number in order to have all graphs presented in a consistent manner (the bullets are the converted numerical
values of stability factors and the dashed lines are converted from the graphs in Gao et al17).

Zhang et al19 have not presented results for narrow slopes, where the discrepancies between the results produced in
this paper and those in Gao et al17 were found to be the largest. Their considerations were subject to three constraints:
r′ = 0, rs ≥ rc (see Figure 1 for r′, rs, and rc), and toe failures only. With these constraints, one cannot fit admissible
rotational mechanisms in narrow slopes, eg, B/H = 0.5. The comparison in Figure 13 is then presented for
B/H = 1.5, the smallest width for which the results were reported in Zhang et al.19

When slopes are not subjected to seismic loads, a substantial difference occurs only for very steep slopes failing in an
undrained manner. If substantial seepage is accounted for (ru = 0.5), the considerable difference occurs for very steep
slopes and large internal friction angles. When slopes are subjected to seismic loads, the results for steep slopes failing
in undrained process show the largest discrepancy. In all cases, the analysis presented in this paper provides more accu-
rate results (the kinematic approach yields the lower bound to the stability number, thus the larger the stability number
the more accurate the solution).

To reveal the causes of discrepancies among different solutions, we consider the influence of assumptions used in
different analyses on the geometry of the critical mechanisms and on the outcome in terms of the stability factor. Con-
sider an undrained failure of a vertical slope with width defined by B/H = 1.5. The two graphs (upper and lower) in
Figure 14A present a cross section of the critical mechanism from the analysis where the inner diameter of the torus
was set to zero, r′ = 0, and the center line of the torus was not to intersect the slope, rs ≥ rc. With these limitations,
the algorithm proposed in this paper converged to a minimum of γH/su = 5.41, which is equivalent to a stability number
(reciprocal of stability factor) equal to 0.185. This is exactly the result reported in Zhang et al,19 where the authors used
the two restrictions. The center line of the torus forming the failure surface is tangent to the slope crest, which is
enforced by limitation rs ≥ rc. The solution illustrated in Figure 14B was obtained when limitation r′ = 0 was relaxed,
but the restraint rs ≥ rc was still enforced. The solution is now improved, with γH/su = 5.38, the same stability factor as
reported in Gao et al17 where the same limitations were used. If limitation rs ≥ rc is relaxed, but the inner radius of the
torus is set to zero, r′ = 0, the solution becomes γH/su = 5.37 (Figure 14C), but the best solution is obtained when both
restrictions on the geometry are removed, as in Figure 14D, where γH/su = 5.19. In this particular case, the numbers
reported in Gao et al and Zhang et al17,19 overestimate the result calculated in this study by only a little more than
4%, but the difference becomes much larger for narrower slopes, as shown in Table 1.
6 | CONCLUSIONS

The geometry of the mechanism postulated in the kinematic approach of limit analysis for assessing the safety of slopes
plays a crucial role. While construction of mechanisms with two‐dimensional geometry is relatively straightforward,
three‐dimensional (3D) mechanisms can be intricate due to their complicated geometry. 3D rotational mechanisms with
a failure surface in a shape of a curved cone, or a torus for undrained failures, have been used in past studies. It was
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demonstrated in this paper that two assumptions used in previous studies of 3D slope failures lead to limitations that
exclude the most critical failure mechanisms for some range of slope parameters.

An early example of a rotational 3D collapse pattern was described by Leshchinsky et al,12 and it was derived by a
variational approach used as a means of finding the most critical mechanism. A more general class of admissible failure
surfaces can be defined as curvilinear cones, or “horn‐shape” surfaces. They can be generated by rotating a circle of
increasing diameter about an axis.14 The surface found in Leshchinsky et al12 is a special case of such a surface when
the axis about which the generating circle revolves is tangent to the circle, Figure 15A, which is a limitation on the mul-
tiplicity of admissible surfaces. The second limitation found in earlier analyses14,17 was in the requirement that the cen-
ter line of the generated surface would not intersect the slope. These limitations affected the assessment of slope safety
and also did not allow finding admissible 3D collapse mechanisms for narrow slopes. The mechanism in the paper by
Michalowski and Drescher14 was independently postulated based on admissibility of the kinematic field; this mecha-
nism was later adopted by others.17 Although the mechanisms in Leshchinsky et al12 and Michalowski and Drescher14

are based on different premises, their geometry is essentially the same, with the exception of the limitations already
mentioned. Zhang et al,19 who more recently presented both approaches, pointed out that an improvement of the
results due to removing the first limitation is negligible for wider slopes (B/H ≥ 1.5). In the study presented in this
paper, both limitations were removed, Figure 15B (also 8D and 14D), and it was found that these restrictions have very
significant consequences for narrow slopes. The largest difference was found for an undrained failure of a narrow slope
with B/H = 0.6; the stability factor found by Gao et al17 overestimates the one in this study by almost 39% (Table 1).
Such a large difference was found because removing both limitations widens the range of slope parameters for which
admissible failure mechanisms can be found. In general, substantial differences exist for undrained failures in narrow
slopes (B/H ≤ 1.0). The study by Zhang et al19 did not produce solutions for narrow slopes, because only toe failures
were sought, and with the limitations imposed on the geometry of the slope collapse, admissible rotational mechanisms
could not be found. The comparisons of results produced in this study and those from previous studies allow concluding
that the discrepancies among published results for 3D slope stability analyses come from limitations imposed on the col-
lapse mechanisms used in some of the approaches.

The solution discussed in this paper falls under the category of semi‐analytical as the numerical calculations were
only used in the optimization phase of the analysis. The numerical approach using finite elements in limit analysis49,50

is a method that has some advantages over the semi‐analytical approach; for example, geometric complexities and
material non‐homogeneities are easier to account for. However, the solutions to homogeneous slopes with simple geom-
etry appear to be more accurate when using the semi‐analytical approach, as demonstrated in Zhang et al.19 This
appears to be true also for other limit‐state geotechnical problems.27
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APPENDIX

The stability factor or stability number in Equation (17) or (18) is often used as the means of assessment of the slope
safety, but more often the factor of safety in Equation (21) is required in geotechnical design. Extracting the factor of
safety from the stability factor (or stability number) typically requires an iterative procedure (except in cases of
undrained collapse). A convenient manner of presenting the results without the need for iterations was shown earlier.51

An alternative way is illustrated here, where the stability number is reported as a function of tanϕ, as in Figures 7, 10,
and 11. Inferring the factor of safety from the graphs is explained in an example illustrated in Figure 7B.

Consider a 10‐m tall (H) slope, 15 m in width (B), with inclination angle of 60° (β), and the following material prop-
erties: γ = 17 kN/m3, c = 20 kN/m2, and ϕ = 15°. Hence, tanϕ = 0.268 and the noncritical dimensionless group c/γH for
this (safe) slope is 0.118. Now, mark a point on the graph with coordinates 0.268 and 0.118 (upper open circle), and draw
a straight line through it and the origin of the chart. Find the intersection point of this line with the curve for β = 60°
and B/H = 1.5 (lower open circle). The ratio of the length from the origin to the upper circle to the length connecting
the origin and the lower circle is the factor of safety; in this case F ≈ 1.20.
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