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1 | INTRODUCTION

In this paper, we consider the problem of choosing an optimal stopping time for a Brownian motion
when constrained in the choice of distribution for the stopping time. While standard optimal stopping
theory has focused primarily on unconstrained finite- and infinite-horizon stopping times (e.g., Peskir
& Shiryaev, 2006; Shiryaev, 2008) and very recently on constraints on the first moment of the stopping
time (e.g., Ankirchner, Klein, & Kruse, 2017; Miller, 2017; Pedersen & Peskir, 2016), there is a very
limited literature on the problem of optimal stopping under distribution constraints.

It turns out that distribution-constrained optimal stopping is a difficult problem, with stopping strate-
gies depending pathwise on the Brownian motion in general. This is to be expected because a constraint
on the stopping time's distribution forces the stopper to consider what he would have done along all
other paths of the Brownian motion when deciding whether to stop. The main task at hand is to identify
relevant state variables and then transform the problem so that it can be analyzed by standard methods.
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In this paper, we illustrate a solution in the special case that the target distribution consists of finitely
many atoms. Our approach consists of iterated stochastic control problems wherein we introduce con-
trolled processes representing the conditional distribution of the stopping time. We then characterize
the value function of the distribution-constrained optimal stopping problem in terms of the value func-
tions of a finite number of state-constrained optimal control problems. This dynamic approach to the
problem in terms of a controlled process with unbounded diffusion is similar in flavor to recent results
in nonlinear optimal stopping (Miller, 2017) and control of measure-valued martingales in Cox and
Kaillblad (2017).

The key mathematical contributions of this paper lie in our proof of a dynamic programming
principle relating each of the sequential optimal control problems. We provide an argument that avoids
the use of measurable selections, similar to the proofs of weak dynamic programming principles in
Bouchard and Touzi (2011), Bouchard and Nutz (2012), and Bayraktar and Yao (2013). However,
we deal with state-constraints in a novel way, which relies on some a priori regularity of the value
functions.

While the problem of distribution-constrained optimal stopping is mathematically interesting in
its own right, we emphasize that there is room for applications in mathematical finance and optimal
control theory. For instance, we demonstrate an application to model-free superhedging of financial
derivatives when one has an outlook on the quadratic variation of an asset price. Here, the distribution
on the quadratic variation corresponds to that of a stopping time by the martingale time-change
methods utilized recently in Bonnans and Tan (2013) and Galichon, Henry-Labordere, and Touzi
(2014). Furthermore, the problem of optimal stopping under moment constraints on the stopping time
reduces to the distribution-constrained optimal stopping problem in cases where there exists a unique
atomic representing measure in the truncated moment problem (e.g., Curto & Fialkow, 1991; Lasserre,
2010). There also appears to be a connection between distribution-constrained optimal stopping and
inverse first passage-time problems (e.g., Capocelli & Ricciardi, 1972; Zucca & Sacerdote, 2009).
We should also mention that after the publication of our preprint, Beiglboeck, Eder, Elgert, and
Schmock (2018) gave geometric descriptions of optimal stopping times using optimal transport
theory.

This paper proceeds as follows. In Section 2, we provide our solution to distribution-constrained
optimal stopping of Brownian motion. In particular, we characterize the solution via a finite sequence
of iterated state-constrained stochastic control problems. The main result is provided by an induction
argument in Theorem 2.10, but the heart of the argument lies mainly in the proofs of Lemma 2.8 and
Lemma 2.9. We also provide time-dependent versions of these results, which can be characterized as the
viscosity solutions of associated HIB equations. The key arguments here lie in a Dynamic Programming
Principle in Theorem 2.16. In Section 3, we demonstrate an application to model-free superhedging
with an outlook on volatility. We convert this problem into a distribution-constrained optimal stopping
problem where the volatility outlook corresponds to a distribution constraint for the stopping time. We
demonstrate numerical results, which provide some intuition for the behavior of the optimal stopping
strategies. Finally, we provide complete proofs of our main results in Appendices A-D.

2 | MAIN RESULTS

2.1 | Problem formulation

We consider a probability space (2, F,P) supporting a standard Brownian motion W. We take
F := {F;};50 to be the natural filtration of W augmented to satisfy the usual properties. We consider
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a given payoff function f : R — R, which is assumed to be Lipschitz continuous. We also use the
notation

XN i=x+ W, - W,

for any (x,7) € R X [0, 00) and u € [t, o0).
In this paper, we are also given a target distribution u, which is supported on (0, co) and assumed to
consist of finitely many atoms. Without loss of generality, we assume the following representation:

-
U= Zpk(s,k, .1
k=1
where r e N, 0=1, <t <+ <t,p +-+p.=1,and p,...,p. > 0. We also introduce the con-
venient notation Af, :=t, —t,_; foreachk € {1,...,r}.

The distribution-constrained optimal stopping problem we consider is

v* :=sup E [f (XS’XO)]

€T
-
s.t. T~ Zpkétk,
k=1

where we take T to be the collection of all finite-valued [F-stopping times, which are independent of
Fo- Welet x, € R be some fixed starting value. That is, we choose a stopping time = whose distribution
is equal to p in order to maximize the expected payoff of a stopped Brownian motion starting at x,.

2.2)

2.2 | Construction of distribution-constrained stopping times

There are multiple ways to naturally represent a stopping time satisfying a distribution constraint. In
this section, we outline two particular such representations and illustrate how they immediately lead to
constructions of such stopping times.

We first provide a characterization of distribution-constrained stopping times in terms of a partition-
ing of the path space into regions with specified measures. Later, we make a connection with controlled
processes.

Lemma 2.1. A stopping time t has the distribution u if and only if it is of the following form:

p
r= Z T Lay
k=1

almost surely, where { Ay, ..., A, } partition Q and, foreach k € {1,...,r}, A, is F,k -measurable with

Proof of Lemma 2.1. It is clear from the construction that such a 7 is a F-stopping time and = ~ u. The
converse follows by taking a stopping time 7 such that 7 ~ y and defining the sets A, := {r =, } for
eachk e {1,...,r}. O

With this in mind, we can immediately explicitly construct a stopping time with given distribution.
Corollary 2.2. There exists a stopping time T such that T ~ p.

Proof of Corollary 2.2. Define a partition {A;, ..., A,} of Q as

A= {W, =W < Vet o) |
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. —1 P
S R G e JAY

. _ Dy
Ay = {W,k -W, <Ay -4 @7 <m>}\(f11 U-UA )

Ar =Q \ (Al U--u Ar—l)7

where @ is the cumulative distribution function of the standard normal distribution. It is clear that A,
is F; -measurable with P[A;] = p, for each k € {1,...,r}. Then, by Lemma 2.1, 7 := etk Ly,
defines a stopping time with 7 ~ . |

The proof above constructs a stopping time which roughly stops when there are events in the left-tail
of a distribution. However, one could easily modify the construction to stop in right-tail events, events
near the median, or on the image of any Borel set of appropriate measure under ®.

While this construction may suggest converting the distribution-constrained optimal stopping prob-
lem into optimization over Borel sets of specified measure, we emphasize next that there is no reason
to expect the stopping times to be measurable with respect to o(W,,, ..., W, ). In particular, in the next
example, we show a construction of a distribution-constrained stopping time, which is entirely path
dependent.

Corollary 2.3. There exists a stopping time t, independent of W Wo), satisfying T ~ u.

Proof. Define a sequence of random variables (M1, ..., M,) as
We—-W
M, = (t, — -1/2 - —(s— kel
= —1p) max Wi=W,  —(s—t_y) =T,
for each k € {1, ...,r}. Then each M, is the absolute maximum of a Brownian bridge over [#,_1, 1],
scaled by the length of the time interval. In particular, each M, is ¥, -measurable, independent of
(VVt1 e VV,r), and equal in distribution to the absolute maximum of a standard Brownian bridge on

[0, 1], the cumulative distribution function of which we denote by @ p.
Define a partition {A;, ..., A,} of Q as

Ay = {M, <00}

_ P2
A, =4 M SCDI(—>}\A
2 { 2 BB p2+'~'+pr 1
_ Py
A, = Mgdb'(—)}\(A U---UA,_,)
‘ { KT TBE\ pp+ 4, l !

A, i =Q\ (AU UA,_).

It is clear that A, is Ftk -measurable with P[A,] = p, for each k € {1, ...,r}. Then, by Lemma 2.1,
Ti=) 1, defines a stopping time with z ~ y, which is independent of (W, , ..., W, ). O
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Clearly, the stopping time constructed above is an admissible stopping time in the distribution-
constrained optimal stopping problem, but there is no hope to express it in terms of the value of the
Brownian motion at each potential time to stop. While stopping times involving the Brownian bridge
may seem unnatural at first, their use is a key idea in the proofs of Lemma 2.8 and Lemma 2.9.

Another useful result obtained from Lemma 2.1 is the following approximation result.

Proposition 2.4. Fix p,p' € [0,1]" satisfying p; + -+ + p, = 1 and p| + - +p. = 1. Foranyt € T
such that

,
L zpkéfk’
k=1

there exists ' € T such that

B
/ /
T~ Zpkéfk’
k=1
which satisfies
Plr#d] <4llp-p .
Proof.

Step 1: By Lemma 2.1, there exists a partition {Ay, ..., A} of Q such that each A, is F; -measurable
with P[A,] = p, and

B
T= 2 tklAk’
k=1

almost surely. The goal is to define 7’ in terms of a related partition.
We first make a key observation: For any ¢t > 0, 8 € (0, 1), and F,-measurable set A such that
P[A] > 0, there exists a real number w € R such that

P[W,>w|A]=6.

This follows immediately from the observation that the distribution of W, has no atoms, and
thus when conditioning on an event of nonzero probability, the conditional distribution cannot
have atoms.

Step 2: Define an F; -measurable set A'1 as

A Pi =P/1
A= Alu{Wt]ZWT} p1 <p
AIO{VV,IZWI_} Py > Pl
where wl+, wy € R are chosen such that
. P —n _ P
P[VI/,lqullQ\Al]z : P[W,IZwllAl]z—.
I-p D1
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Step 3:

Notice, if p; < p’l, then p; < 1 and P[Q\ A,] > 0, so w is well defined. Similarly, if p; > p’l,

1
then p; > 0 and P[A4,] > 0, so wy is well defined.

It is clear that [P’[A’l] = p’1 by construction. The key property, however, is that either A; C A’1
or A’1 C A;. From this, we can immediately compute the measure of the symmetric difference
of A; and A’,

Pla, A A = |p1 —p'1|.
Now, suppose that we have constructed (A, ..., A;C_l } already. Define
g =P A\ (Aju-ua ).

Define a 7, -measurable set A;{ as

AN\ (AL uuAl ) i = D),
A =3 (A (Ao va DUl 2wl ] ac<
(AN (A uva ) oW, zwp b oac> s

where wz, w, € R are chosen such that
P;(—Qk
1—qy

k)

p [VV,k >wh | (A u-U4,_) u(Q\Ak)] -

_ P,
PW, 2w | A\ (4004 =%
As before, the inequalities between ¢, and p;( imply that w: and w, are well defined when
they are needed. Furthermore, it is clear that [P’[A;(] = p;(.
In this case, the key property becomes that either

AN\ (A] U UAL_ ) C A (2.3)
or
AL CA\ (AU UA_|) C A, (2.4)
First, we consider the case that (2.3) holds. Because each setin { Ay, ..., A; } is disjoint, for any
¢ €{l,...,k— 1}, we can bound the overlap between A; and A’f by the symmetric difference
of A, and A,

PlAnA <P[AL\A] <P[A, A A].
Using (2.3), we can compute
P (A A A] =P [AL] - PLAL+2P [ANAY] < |pi = pi| +2P [Ac0 (4] U0 4] )]

Using the previous inequalities, we deduce

k=1 k-1
PAc A A <|p- |+ D 2P [A 0 AL < |p - o |+ Y 2P [A, A 4]
= =
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In the case that (2.4) holds, this same inequality immediately follows.

Step 4: By induction on k € {1, ...,r}, we construct a disjoint partition {A’, ... ,A;} of Q such that
A;( is 7, -measurable and [F"[A;(] = p;{. Furthermore, we obtain a rough bound

k
P[A, A A < Z 4kt |Pf -,
¢=1
By Lemma 2.1, there exists a stopping time z’ of the form
r
I —
T = I; tklAL'
Then, we can immediately compute!
r r
Plegd]| <Y PlAAA] <Y 4 |pk —p§<| <4lNp=plly
k=1 k=1

O

The technical importance of this result is, of course, that it allows us to obtain continuity in the
problem with respect to changes in the distribution constraint on the stopping times.

While we have demonstrated that a lot can be said about distribution-constrained stopping times
using the representation in Lemma 2.1, it turns out that we can obtain a more manageable representation
if we introduce extra controlled processes, which represent the conditional probability of the stopping
time taking on each possible value. This vector-valued stochastic process is a martingale in a probability
simplex. In the next result, we make clear the connection between this process and a distribution-
constrained stopping time.

In the remainder of the paper, we define A to denote the collection of all progressively measurable,
square-integrable, R"-valued processes which are independent of 7). We also denote

u
Yy e :=y+/ a, dW,
1

forall (z,y) € [0,00) X R", u € [t,©), and @ € A. When needed, we will denote the kth coordinate of
this vector-valued process by Y K)/-%:¢ We will occasionally abuse notation and leave out superscripts
when they are clearly implied by the context.

We also denote by A the following closed and convex set

A= {y=(y1,...,y,)e [0, 11" |y, + - +y, = 1} CR".

We then can state a lemma regarding a characterization of distribution-constrained stopping times in
terms of a state-constrained controlled martingale.

Lemma 2.5. A stopping time © € T has the distribution u if and only if it is of the form
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almost surely, for all t > 0, and
v, 00 e 0,13,

almost surely, for each k € {1,...,r}.

Proof.

Step 1: Let a € A be a control for which Yto’p ““ € A, almost surely, for all # > 0 and Ytik)’o’p * e (0,1},

almost surely, for each k € {1, ...,r}. Define 7 as
7 := min {tk | Yt(k)’o’p’“ = 1}.
ke(l,....r} k

Itis clear from the properties above that Y, ©0pa o {0,1} forevery k € {1,...,r}and Y0 P
A, which implies that 7 < ¢,, almost surely Then = € T, but we must Check that it has ,u as its
distribution.

Fix k € {1, ...,r} and note that

Tk—1 Tk

Ple=r]=P {lc(l”’o””“=0}n---n{ y &= 1>0pa=0}n{y<k>0pa= !

o /

g g
A B

Note that B C A up to a set of measure zero because in the set B\ A, we have Y(k) |

as well as Y(f) 0P% _ | for some Z < k. Because Y77 is a martingale constramed to A, this

(f) 0 D, 0,p,a
Y 1

implies = 1, almost surely, which contradicts Y, € A. Then, we can conclude

P [T = tk] =P [Ytik)’o’p’a = 1] =D

because Yo(k)’o’p ““ = p, and Yt(k)’o’p ** is a martingale taking values zero and one at 7.

Step 2: Let v € T be a stopping time such that 7 ~ u. Then define the [0, 1]"-valued process Y as

—0 |
Y, = [E[llr:tk} |r,].

Note that 70 = p. By the Martingale Representation Theorem, there exists a control « € A for
which Yto’p ““ ='Y,, almost surely, for all # > 0. We can then check that

1.0, .00,
Y, P“+...+Ytr P“:[E[I{T=,l}+--'+1{1=t,}|Ft]=1’

y 0 _

) Yto’p " € A for all t > 0, almost surely. Finally, for any k € {1, ...,r}, we have
li;—,y € {0,1} because {z =1, } is F; -measurable.
Define a stopping time o as
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and suppose that there exists a set A of nonzero probability on which 7 # ¢. Then, for
some k,Z € {1,...,r} such that k # ¢, the set B := An {r =1, } n{c =t,} has nonzero
probability.

Suppose that £ < k. Then, Yg)’o’” “* = 1 on B and because Y%P% ig a martingale constrained to A,

it follows that Yt(kf)’o’p *“ =1 on B, and consequently, Y,

on B. On the other hand, suppose that # > k. Then Ytik)’o’p " # 1 on B, but because Yrik)’o’p M=y
this also contradicts 7 = ¢, on B. We conclude 7 = o, almost surely. |

0pa _ 4 —0, which contradicts 7 = i
X {r=t;}

2.3 | Solution via iterated stochastic control

It is convenient to define a sequence of sets that will be important in the remainder of the paper. For
eachk € {1,...,r}, define

Ay i={(..-»y,)EA|y, =0 foreach? € {1,....,k—1}} CA.

Note that each set is closed and convex and A, | C A foreachk € {1,...,r —1}.

We also introduce subcollections of stopping times and controls with additional independence prop-
erties, which will be used later in proofs of the Dynamic Programming Principle. In particular, for any
t € [0, o0) we define a subcollection of stopping times

T, :={r € T | zis independent of F,} C T
and a subcollection of controls
A, 1= {a € A | ais independent of F,} C A.

We then define a sequence of iterated distribution-constrained optimal stopping problems.

Definition 2.6. For each k € {1,...,r}, define a function v, : RX A, — R as

D(x,y) 1= sup [E[f (X?H’x)]

Teﬂkil

r (2.5)
s.t. T~ Z yfétt"
=1

Note that v* = v (x,, p). We emphasize that while each vy, is written as a function depending on an
entire tuple y = (yy,...,y,) € Ay, we have y; = --- = y,_; = 0 by the definition of A,.

Our goal is to convert these iterated distribution-constrained optimal stopping problems into iterated
state-constrained stochastic control problems.

First, we record a growth and continuity estimate for each vy.

Proposition 2.7. There exists C > 0, which depends only on f and u, for which
|oeGxe, )| < €A +1x])
|0k e, ) = 0] < C (| = [+ ly =Y 112

foreach k € {1,...,r} and all (x,y),(x',y') € R X A,.

We do not specify the choice of norm in y because it only affects the choice of constant.
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Proof. Recall that f is assumed to be Lipschitz-continuous. Let 7 € T,k_l be an arbitrary stopping time
such that 7 ~ 22=1 Yi6;, (such a stopping time exists by Corollary 2.2). Then, we have

e () < ()

<1FOI+L (1 +E| W -w,_]])

<17O1+L(Ix+ 2 [|w, |])

< 1£0)] +L<|x| +2,/%t,>.

Next, we compute
Uk(x,,y) Z [E [f <X;k—1,x/):|
>F [f(Xi"*"X)] —L|x—x].

Finally, by applying Proposition 2.4, we can construct a stopping time 7’ € 7,  such that 7/ ~

k1
Y et Yiby, and
Pl <4lly-VI.
Then, we can compute

v (x.y) > E|f

!

Tr—1.X Tr—1.X
Xkl —XTkl
T

()
o[ ()| e |
()

: —2CE [1,#, W,H

> e[ (x0)| —2c2 Py -yt

e

Then, the stated results hold because (x, y) € R X A, and 7 were both arbitrary. O

In the remainder of the paper, it will prove useful to consider a type of perspective map on the sets
Aj.Foreachk € {1,...,r}, define P, : A, — Ay as

(y]’---7y) lfyk=1
P(y,...,y) = g _ . 2.6
kg 22 {(yk+1 Fod )0 0,V nyy) iy < L (2.6)

We note three key properties of this map.

1. Forany y € A, \{e,}, we have P, (y) € A, ;.
2. Forany y € A, the kth coordinate of P, (y) is either zero or one.

3. The map P, is continuous on A, \ {e; }.
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We now provide a dynamic programming lemma whose proof has the same flavor of the weak
dynamic programming results in Bouchard and Touzi (2011), Bouchard and Nutz (2012), and Bayraktar
and Yao (2013). Compared to these previous results, we have a priori continuity of the value functions
on the right-hand side, so we do not need to consider upper and lower semicontinuous envelopes. We
extend the ideas of a countable covering of the state-space by balls, each associated with a nearly
optimal stopping time. To deal with the state constraints, we employ an argument that utilizes the
compactness and convexity of A, along with the continuity of v, ;. The proof of this lemma is the
heart of the paper, but is quite involved, so it is relegated to Appendix A.

Lemma 2.8 (Dynamic programming). For every k € {1,...,r — 1} and every (x,y) € R X A}, we

have
[SXTIRR A fh1s K)ut 1 T 1 X T pe oD
= sy () e ()
aeA,,ﬁl
tr—1.) (27)
st Y, €A, forallu>1t,_,
Ytik)’t""’y'a € {0, 1}, almost surely.

Proof. See Appendix A. O

Next, we demonstrate that we may relax the terminal constraint. The proof of this idea relies on a
careful construction of a perturbed martingale that satisfies the terminal constraints of the previous
problem but does not significantly change the expected payoff. The proof of this result shares many
key ideas with the previous lemma. For the sake of exposition, we provide this proof in Appendix B.

Lemma 2.9 (Constraint relaxation). Foreveryk € {1,...,r — 1} and every (x,y) € R X A, we have

vy = sup B[y p (o) (1o y B ) o (X0 (Y] 2.8)

aeA,k_l
st Y, e A, forallu>t,_,, almost surely,
where P, : A, — A, is the perspective map defined in (2.6).

Note, even though P, (e, ) & A, , the right-hand side of (2.8) is well defined because v, | is known
to be bounded and continuous. Then, there is a unique continuous extension of the map (x,y) — (1 —
Vi)Urs1(x, y) from A\ {e,} to A;. That is, taking the right-hand side to be zero when y = ¢,.

Proof. See Appendix B. O
With these lemmas in hand, we can now state the main result of this paper.

Theorem 2.10. The function v, : R X A, — R satisfies

ot =l (3

r

forevery (x,y) € RXA,.
For each k € {1, ...,r — 1}, the function v;, : RX A, = R is the value function of the following
state-constrained stochastic control problem:

ve) = sup B[y (Xt ) (1= o (xR (1))

1 ’ 1
aeA,k_] k k

s.t. Y,:"’l’y’a €A, forallu > t,_,, almost surely,
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where P, : A, — A, is defined as in (2.6).
Of course, we then have

UF = 01(Xgs P1s -+ Py)-

Proof. 1t is clear that v, has the representation above because there is only one admissible stopping
time. The rest follows immediately from applying Lemma 2.8 and Lemma 2.9. |

2.4 | Time-dependent value functions

While, for the purposes of this paper, we may consider the results of Theorem 2.10 as a solution to
the distribution-constrained optimal stopping problem, we can consider an additional time-dependent
version of the state-constrained problem, which is amenable to numerical resolution. In particular, the
time-dependent value functions will correspond to viscosity solutions of Hamilton—Jacobi—Bellman
(HJB) equations.

Definition 2.11. Define a function w, : [t,_;,¢, ] X RX A, = R as

w1, x,y) = E [f (X,’j‘)] .

Foreach k € {1,...,r — 1}, define a function w, : [;_;,{;] X RX A — R as

et = €0 (1) (150 1 )
e
s.t. Y, € A, for all u > t, almost surely,

where P, : A, — A is defined as in (2.6).

Remark 2.12. Using the properties of the time-independent auxiliary value functions v, deduced in
Section 2.3, we can consider the terminal payoff as a given Holder continuous function. Then, this is a
true state-constrained optimal stochastic control problem. In particular, we note that by the argument of
remark 5.2 in Bouchard and Touzi (2011) we can equivalently define w, as a supremum over controls
in A, which are not necessarily independent of F;,.

We note an immediate relationship with the value functions of Section 2.3.

Corollary 2.13. Foreachk € {1,...,r}, we have
Uk(-x9 y) = wk(tk—l » X, y)
forall (x,y) € Rx A,.

Proof. This result is obvious from the definition of w, and Theorem 2.10. O

Before stating a Dynamic Programming Principle for the time-dependent value functions, we first
investigate their regularity. In particular, we aim to demonstrate that each wy, is concave in y and jointly
continuous with estimates on its modulus of continuity.

Proposition 2.14. For each k € {1, ... ,r}, the function w;(t, x, -) is concave for each (t, x).

Proof. We proceed by backward induction. Notice that the set A, is a singleton, so the functions w,
and v, are both trivially concave in y.
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Suppose that v, ; is concave in y for some k € {1, ...,r — 1}. The key observation is that the map

A\ e} 2y (1= y)ve (x, ()

(0,...,0,yk+1,---,yr)>

= g1+ + V)04 <x,
- e Vi1 T Y,

is concave for every x € R because it is the perspective transformation of the concave map A, ; 3

¥y Ui (x, y) (see section 3.2.6 in Boyd & Vandenberghe, 2004).
With this in mind, fix any (¢, x) € [t;_;, 1, ] X R, y;,y, € A;,and A € [0, 1]. Let ay, @, € A be arbi-
trary controls for which

1,y1,01 1,y7,00
Y, Y, €A,

almost surely, for all u > 7. Define y := Ay, + (1 — )y, and @, := Aa; , + (1 = Da, ,. Then, a € A
and

1.y,
Y ' e A,

almost surely, for all u > ¢ by the convexity of the set A.
Then, using the concavity of the perspective map, we can compute

- (k),t.y.a 1,x (k),ty.a 1,x t.y.@
) 2 B [V () (120 e (572 (7))

(k).t.y.a ) (k).t.y1.a 1, 1,y1.a
s () e (1 Y (3 ()

Tk
+(1-2) (1 - );ik)”’yZ’“2> Vess (X;;j‘, P, (Y’*VZ’“Z ) )]

Tk
(0031 , W31, , .
=B [y (X ) (1= P o (x5 ()]
(K).t,y2.01 1, (K).t,yz.0x z, LYo
# (= DE [y p (X0) + (1= 70 ) o, (xR (V22|

But because ay, @, were arbitrary, we conclude
wi(t,x,y) = Aw(t, x, y) + (1 — Dw(t, x, y,).

Then, wy, is concave in y, and hence so is v, by Corollary 2.13. Then the result holds by induction. []
We can go a step further and obtain a detailed estimate of the joint continuity of w,.

Proposition 2.15. There exists C > 0, which depends only on f and u, such that for each k €
{1,...,r—1}, we have

1/4

|wi (1, x,y) —w, (', X', y)| < C (|z =+ =X+ (T Ix]+ X)) ly = y’lll/4))

72

forall t,x,y), ', x',y") € [ty_1, ;] X RX A
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The proof of this statement is relatively straightforward but long-winded, so we relegate it to
Appendix C. We do not claim that these Holder exponents are sharp.

Proof. See Appendix C. d

The upside of this representation as an optimal stochastic control problem is that we can characterize
each time-dependent value function wy, as a viscosity solution of a corresponding HIB equation. At this
point, we can prove a Dynamic Programming Principle for the time-dependent value functions. While
these are state-constrained stochastic control problems, we can directly use the a priori continuity of
wy, in y and convexity of A, as in the proof of Lemma 2.8.

Theorem 2.16. Fixk € {1,...,r =1}, (t,x,y) € [t;,_1. 1) X RX Ay, and any h > O such thatt + h <
t. Let {t% }aeA, be a family of stopping times independent of ', and valued in [t,t + h]. Then

w(t,x,y) = sup E [wk (r“,X;’f,YTt;y’a)]
aEA,

st Y e A, forallu>t, almost surely.

u

Proof. See Appendix D. O

From this result, we can immediately verify that each time-dependent value function is a viscosity
solution of an HIB. Once we have the Dynamic Programming Principle in hand, this result becomes rea-
sonably standard, so we direct the interested reader to Katsoulakis (1994), Bouchard and Nutz (2012),
and Rokhlin (2014).

We first define elliptic operators F,, G, : S'*"x A, — R as

N /1
Fk(R,y):=Sup{<a> R(g)IaEAk(y)}
o\ [0
Gk(R,y>:=sup{<a> R<a>|aeAk<y), ||a||fz=1},

where
A(y) i={a€R"|3e>0 sty+a(—ee) CA}.

The intuition behind these definitions is that A;(y) encodes admissible directions in which a state-
constrained martingale starting from y € A, may evolve. In particular, a martingale constrained to
lie in A; cannot have nonzero quadratic variation in the outer normal direction on the boundary. The
elliptic operator F; shows up naturally from applying Dynamic Programming, while G, encodes the
concavity in y.

The main properties of Fj and Gy, are that

F(R,y) < +00 = G(R,y) <0

Then, following the arguments of Bayraktar and Sirbu (2013), we can deduce that the value function
is a viscosity solution of an equation involving an envelope with G,.
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Proposition 2.17. The function w, is the unique solution of the heat equation (in reversed time),

W+ U, =0 inlt,_, 1) XRXA,
u=f on{t=1}xXRXA,.

Foreach k € {1,...,r — 1}, w, is a continuous viscosity solution of the HJB equation,

min {u, + F(D u.y). G(D2u. y)} =0 inltyp.t) xR XA,
u=y,. f(x)+ 1=y )ve(x, P(y) on{t =1 } XRXA.

(2.9)

The proof of this statement follows from a standard argument and an additional analysis of admis-
sible controls on the boundaries. For more details on the introduction of the operator G, to obtain a
variational inequality, we refer the interested reader to Bayraktar and Sirbu (2013) or section 4 in Pham
(2009).

The more important question, of course, is whether or not one can obtain a uniqueness result for
viscosity solutions of (2.9). It is standard to show that (2.9) admits a comparison principle when we
have Dirichlet conditions on the boundary of A,. In the following, we demonstrate that we can prove
uniqueness even with second-order boundary conditions using the special structure of the domain.

Theorem 2.18. There is a unique continuous viscosity solution of (2.9), which satisfies
lu(t, x, y)| < C (1 +|x])

for some C > Q.

Of course the time-dependent value functions satisfy this linear growth constraint as a corollary of
Proposition 2.15.

The key idea in this proof is that when we restrict a viscosity solution of (2.9) to the relative interior
of any face F of A, in the y-coordinate, the restricted function is a viscosity solution of the same
equation on a smaller state-space. In particular, when restricted to a vertex, the equation reduces to
the heat equation, for which we immediately have uniqueness. We then apply the comparison principle
to the equation restricted to an edge using the fact that we have uniqueness on the vertices to deduce
uniqueness on edges. We proceed as such on higher dimensional faces until we prove uniqueness on
all of A.

Sketch of Proof. Fix k € {1,...,r—1}andletu,v : [7,_;,t;] X R X A; — R be two continuous vis-
cosity solutions of (2.9). Suppose that u > v at some point. By the terminal condition, this must occur
at some #, < .

Suppose that there exists a vertex y,, of the simplex A such thatu # v at some point when restricting
to y, in the y-coordinate. By proposition 6.9 in Touzi (2013), we note that both u and v are viscosity
solutions of the heat equation when restricting the vertex y, in the y-coordinate. But this contradicts
uniqueness for the heat equation.

Let F be a minimal dimension face of the simplex A, such that u # v at some point when restricting
to F in the y-coordinate. Again, by propositon 6.9 in Touzi (2013), we conclude that both u and v
are viscosity solutions of the same equation on the relative interior of F. Of course, the boundary of
F is the union of lower dimension faces of the simplex A, so, by the assumed minimal dimension
property of F, we conclude that u = v when restricting to the boundary of F in the y-coordinate. Then
by applying the comparison principle to (2.9) with Dirichlet boundaries, we deduce that u = v on F.

The theorem then follows by considering the k-dimensional face, A, itself. |
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3 1| APPLICATION TO SUPERHEDGING WITH A VOLATILITY
OUTLOOK

In this section, we consider an application of distribution-constrained optimal stopping in mathematical
finance. In particular, we consider the problem of model-free superhedging of a contingent claim with
payoff f(X7) using only dynamic trading in an underlying asset X.

We assume that the price process X, is a martingale under some unknown martingale measure Q,
but do not specify the exact volatility dynamics. However, in this problem, we assume that we have an
outlook on the volatility in the form of the distribution of the quadratic variation, (X ).

3.1 | Model-free superhedging

We follow the model-free setting of Galichon et al. (2014) and Bonnans and Tan (2013). LetQ := {w €
C([0,T],R) | @y = 0} be the canonical space equipped with uniform norm ||@||,, := supy<,<r |l
B the canonical process, Q the Wiener measure, F := {F, }o,<r the filtration generated by B, and
F* :={F }o<i<r the right-limit of F.

Fix some initial value x; € R. Then, we denote

Xt :=x0+BT‘

For any real-valued, F-progressively measurable process a satisfying fOT af ds < o0, Qq-a.s., we define
the probability measure on (Q, F),

@(l c= QOO(X(X)—l ,

where

t
X7 :=x0+/ a,.dB,.
0

Then X“ is a Q%-local martingale. We denote by Q the collection of all such probability measures
Q on (Q, F) under which X is a Q-uniformly integrable martingale. The quadratic variation process
(X') = (B) is universally defined under any Q € Q, and takes values in the set of all nondecreasing
continuous functions from R, to R .

Let x4 be a given probability distribution of the form (2.1). Then, we consider the problem

U :=sup E? [f(Xp)]
Qe

S.t. <X>T ~ U,

where Q is a collection of admissible martingale measures. This corresponds to a model-free super-
hedging price in a sense made clear by the duality results in, for example, Bonnans and Tan (2013).

3.2 | Equivalence to distribution-constrained optimal stopping

We show that this problem is equivalent to distribution-constrained optimal stopping of Brownian
motion.



384 BAYRAKTAR AND MILLER
WILEY

Proposition 3.1. We have

U := sup E? [f(X;)] = sup E% [f(X))].
Qe €T
st (X)) ~u S.t T ~ .

Proof. This argument can be found in theorem 2.4 of Bonnans and Tan (2013). For completeness, we
reproduce it below.

Let Q € Q such that the Q-distribution of (X); is u. It follows by the Dambis—Dubins—Schwarz
Theorem that X = x + W< Xx),» Where W is a standard Brownian motion and 7 := (X ) is a stopping
time with respect to the time-changed filtration with distribution y (see theorem 4.6 in Karatzas &
Shreve, 1991). Then U < sup,.., E%[f(X)].

Let 7 be a stopping time such that = ~ . Define a process X7 as

Xt =X+ Br/\#'
Note that X* is a continuous martingale on [0, T'] with (X7 ); = 7, so X* induces a probability measure
Q € Q such that (X7); = 7 ~ u. Then the opposite inequality holds. O

Then, one can obtain a model-free super-hedging price with a volatility outlook by solving the
iterated stochastic control problem in Section 2.3.

3.3 | Numerical example

In this section, we obtain approximate numerical solutions of the distribution-constrained optimal stop-
ping problem using finite-difference schemes.

In particular, we consider two potential outlooks on volatility. In the first, the binary outlook, we
assume equal probability between a high- and low-volatility scenario:

1 1
1= =819+ =0y9-
My 72107 5920
In the second, we augment the binary outlook with a third extreme volatility scenario, which occurs

with small probability:

9 9 1
M3 1= 2—0510 + %520 + E‘SlOO'

Our goal is to compute the model-free superhedging price of a European call option under each volatil-
ity outlook. Because we do not restrict to models where the price process is nonnegative, we can take
the payoff to be f(x) := x* without loss of generality.

Then, as before, we define value functions for each outlook as

Up(x) := sup E* [f(I/VT)] and ou3(x) := sup E¥ [f(VV,)].
€T (uy) 7€T (43)

We solve the problem using the iterated stochastic control approach from Section 2.3. In particular,
we obtain a viscosity solution of the corresponding HIB equation in Section 2.4 using a finite-difference
scheme. It is important to emphasize that because of potential degeneracy due to the extra state variables
in w, and wjs, it is critical to use a monotone numerical scheme.
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In these results, we apply a version of the wide-stencil scheme introduced in Oberman (2007). In
particular, we approximate the nonlinear terms in each equation by monotone finite-difference approx-
imations of the following form:

-
sup < 1 > (uxx uxy> < 1) ~ max u(x+h,t,y+k)—2u(x,2t,y)+u(x—h,t,y—k)’
acR a Uyy Uy a keK(t,x.y) h

where the set KC(#, x, y) is a collection such that y + k lies on nearby grid-points. For a rigorous analysis
of wide-stencil schemes for degenerate elliptic equations, we refer the reader to Oberman (2007, 2008)
and Froese and Oberman (2011).

For comparison, we consider two main special cases, which we refer to as the “mean volatility” value
and the “support-constrained” value. We define the mean volatility value as the model-free superhedg-
ing price obtained by assuming the quadratic variation will be equal to the mean of the distribution in
the corresponding distribution-constrained problem. We define their corresponding value functions as
v, and v, respectively. On the other hand, we define the support-constrained value as the model-free
superhedging price obtained when only restricting the quadratic variation to have the same support as
that of the distribution in the corresponding distribution-constrained problem. We define their corre-
sponding value functions as v, and v3, respectively.

We expect the following ordering:

F(X) £ 0,(x) < 0y(x) < 0,5(x)

and

F(x) < v;(x) < v3(x) < v3(x).

Furthermore, we note that we can compute Uy, Uy, Vs, and 5 explicitly in terms of heat kernels (see
section 2.3 in Evans, 2010).

We illustrate the value function for the two- and three-atom problem in Figure 3.1 and Figure 3.2,
respectively. As expected, we see a superhedging value which is increasing in the underlying asset
price (or, equivalently, decreasing in the strike price) and respects the bounds implied by the support-
constrained and average-volatility models. As expected, the bound provided by the support-constrained
superhedging problem is particularly poor in the three-model volatility outlook, where we stipulate that
the high volatility (high value) case is rare.

It is interesting to note that careful comparison of the two figures illustrates an increase in super-
hedging value between the two volatility outlooks, which is roughly proportional to the increase in
square-root of expected quadratic variation. For example, there is approximately a 25% increase in
value at x = 0, which is essentially exactly in line with the 25.2% increase in square-root of expected
quadratic variation between the two outlooks. This matches our intuition that call option superhedging
prices should be proportional to expected volatility to first order.

In Figure 3.3, we provide a probability density estimate of W), conditional on 7 =10 and 7 =
20 for an approximate optimal stopping time for the two-atom volatility outlook model starting from
W, = 0. We obtain these estimates by performing Monte Carlo simulations with controls estimated
from a numerical solution of the associated HIB equations. We use grid spacings dx = 0.1, dy =
0.005, and dt = 0.01. We perform 107 simulations and verify that relevant statistics from the Monte
Carlo simulation match those from the finite-difference solutions (e.g., expected payoff, distribution
and moments of the stopping time and stopped process) to within a reasonable margin of error.
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FIGURE 3.1 Comparison of the model-free superhedging values corresponding to distribution constraints on
quadratic variation (v,), support constraints on quadratic variation (v,), and averaged quadratic variation (v,). Each
of these is in the two-atom (binary) volatility outlook. The distribution-constrained value corresponds with the value
function of an optimal stopping problem under a two-atom distribution constraint

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

FIGURE 3.2 Comparison of the model-free superhedging values corresponding to distribution constraints on
quadratic variation (v), support constraints on quadratic variation (v5), and averaged quadratic variation (v,). Each of
these is in the three-atom (trinary) volatility outlook. The distribution-constrained value corresponds with the value
function of an optimal stopping problem under a three-atom distribution constraint

The density estimates provide insight into the form of the optimal strategy. Recall that the payoff is
locally affine at all points except x = 0, where it is strictly convex instead. Then, we expect an optimal
stopping strategy to be one, which maximizes local time accumulated at the origin. As expected, we
find that the density of W conditional upon = = 10 is largely concentrated on points away from x = 0,
at which the payoff process is unlikely to spend significant time as a submartingale if we were to choose
not to stop.

It is interesting to note the lack of sharp cutoff between the two density estimates. One might expect
the optimal strategy to be of a form where there exists a “stopping region” and a “continuation region.”
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FIGURE 3.3 Probability density estimates of W), conditional on 7 = 10 and = = 20 for an optimal stopping
time for the two-atom volatility outlook model starting from W[, = 0. Density estimates were made by Monte Carlo
simulations on high-resolution solutions to the associated HIB equations. Sample size, N = 10’

On the contrary, the smooth overlap of the two density estimates is persistent even as we vary the
resolution of the finite-difference solver, which suggests that the true optimal stopping strategy is not
of the form {7 = 10} C o(W),). That is, the numerics suggest that optimal stopping strategies may be
path dependent even in simple examples.
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ENDNOTES

' We emphasize that the preceding inequalities are hardly sharp. An immediate question is whether a sharper approxi-
mation result, with a constant that scales favorably as r — oo, exists.

2 We note that while it may seem unlikely that we have an atomic measure representing our volatility outlook, this is
a reasonable starting place for two reasons. It is possible to approximate more general measures by atomic measures
because it is possible to prove continuity of the value function in the Wasserstein topology (see lemma 3.1 in Cox
& Kaillblad, 2017). Second, pricing by allowing only a finite number of scenarios, as opposed to specifying a full
continuous-valued model, is standard in industry (e.g., the specification of rates, default, and prepayment scenarios in
standard models for securitized products).
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APPENDIX A: PROOF OF LEMMA 2.8

This first argument is in the spirit of proofs of the weak dynamic programming principle, which avoid
measurable selection, as in Bouchard and Touzi (2011), Bouchard and Nutz (2012), and Bayraktar and
Yao (2013). In these arguments, the authors typically use a covering argument to find a countable
selection of e-optimal controls on small balls of the state-space. The main difficulty here is that while
a control may be admissible for the state-constrained problem at one point in state-space, there is no
reason to expect it to satisfy the state constraints starting from nearby states.

The new idea in our approach is to cover A, ; with a finite mesh. We show that we can replace the
process Y by a modified process Y ¢, which lies on the mesh points almost surely at the terminal time.
We construct the new process in a measurable way using the Martingale Representation Theorem on a
carefully constructed random variable. Then, we show that, using the continuity of v, , the objective
function along Y is close to that along Y for a fine enough grid.

Once we know we can consider a perturbed process Y ¢, which lies on a finite number of points in
A, at the terminal time almost surely, we can construct e-optimal stopping times using a standard
covering argument in R.

Proof. Fix (x,y) € R x A. For convenience of notation, define

A:= sup E [Ylik),fk—py’af (X’k—hx) + (1 _ Kik)srk—hy’a) Vst <Xlk—|>x’Ytk—1sY7a>]

! t t
aed,_ k k k

st. Y en, forallu>i,

Ytik)’tk"’y ““ € {0, 1}, almost surely.

In the remainder of this proof, we do not write #,_; in the superscripts of X and Y because it is always
fixed.

Step 1: Fix an arbitrary € > 0. Choose R > 0 large enough that

P| sup |I/Vu—VV,k_]|2R <é

Te— ) SUST

Because v;, | is continuous on the compact set [x — R, x + R] X A, |, we can find § > 0 small
enough that

|Uk+1(x,’ yl) - Uk+](x/,y”)| <e
forall X’ € [x — R,x+ R]and y/,y"” € A, such that

1Y =yl <6.
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Step 2:

Step 3:

Similarly, because f is Lipschitz and v, is Lipschitz in x uniformly in y, we can find 6 > 0,
possibly smaller than before, such that we also have

|FCD) = FGD| + o (Y = v 79| < e
forall x’,x"” € Rand y € A, such that
|x" —x"| <.
We now construct a finite meshon A, ;. Let P := {y; }j’\il be a finite subset of A, ; with the
property that

o the convex hull of P is A, and

e any point y € A, ; can be written as a convex combination of finitely many points in P,
each contained in a 6-neighborhood of y.

This is possible by compactness and convexity of A, ;. In particular, we can define a contin-
uous function T : A, — [0, 1]V with the properties that

e T;(y)=0forall y € A such that [y — y;| >4,
. Zj]\il T,(y)=1forally € A, and

. zj_V:l yT;(») =yforally € Ap,,.

This corresponds to a continuous map from a point y € A, to a probability weighting of
points in P such that y is a convex combination of nearby points in 7. Such a map can be
obtained by an #2-minimization problem, for instance.

Let {A;};5; be a countable and disjoint covering of R with an associated set of points {x;}
such that the 5-ball centered at x; contains the set A;.
Foreachi>Tlandj € {l,...,N} letr ; € T,k be a stopping time satisfying

,
(&)
Tij ™~ Z Y 5Tf
=1
such that
X
E|f Xfi)j > Uk+](xi’yj)_€'

Note that the above uses yﬁf) to denote the £th entry of the vector y;.
By choice of 6 > 0 in the first step and the definition of the sets A;, we have

U1 (X, ¥)) 2 U (X, ;) — €
e[ ()| 2 el ()]
for all x € A;.
Putting these inequalities together, we conclude that

= [f (X;f1x>] 2 Uy (x,y)) — 3¢

foralli>1,j € {l,...,N},and x € A,.
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Step 4: Leta € A, _ be an arbitrary control for which ¥;** € A for u > #,_; and Ytik)’y “ e {0,1}
almost surely. For any 0 < h < t; — t;_;, define two random variables, M, and M,, as

=R W, - W ) (A1)

My i=h"'? max W, =W, =6 (s =1+ h) W, =W, ).

t—h<s<t;

Then, M| and M, are 7, -measurable and independent of each other. M is equal in distri-
bution to a standard normal distribution, the cumulative distribution function of which we
denote by ®. Similarly, M, is equal in distribution to the absolute maximum of a standard
Brownian bridge on [0, 1], the cumulative distribution function of which we denote by ® 5.
Furthermore, if we define

G = o(F,_,Uo(W,)),

then M, is G-measurable, while M, is independent of G.
Define a random vector Y, as

—(k
Y()'=1

fe T M@ )
and
—(k+D)ir
Ytk . l{M >q>BB(Y(k)ya)}
N
XEI yil (@ (EL) TP <My <@ (T, TP, )
where we follow the conventions that ®~!(0) = —co, ®~'(1) = +o0, and that sums over an

—(k+1
empty set are zero. We denote the (k + 1)th through rth entry in the random vector by Y i

Then Y,k € Ay is F; -measurable and is constructed to have the key property that

E [?tk | Ptk—h] = Yyaha

almost surely.
By the Martingale Representation Theorem, there exists @, € .A for which Y[Z — Y, almost

surely. It is clear by the construction that ?,k is independent of ; ., so we can take a, €
AT/H' Then, by construction, Yuy’a" €A, forallu>t,_,, Ytik)’y’af € {0,1}, and Yti’a‘ eP

when Yt(k)’y e = 0, almost surely.
We now perform a key computation. First, note that

(k),y,a, (k),y,a, y.a,
[E[Y’k f<X’i>+<1_Yfk ) Vket1 (X’);«’Y’k )]

_ X X v
=E [I{VS’k‘):l}f (th>] +E [1{7§£)=0}U"+1 (X’k’Y’k)] '
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For the first term on the right-hand side, we simply compute

E [1{‘“"_1}f (Xt):)] =E [I{M <o) (Y,(k"),f“>}f<xi)]
=E [[E [I{M <¢BB(Y</<)M)} |Q] f(Xt’:c ]
_ k).y.a
=€ [rs (x)]

We deal with the second term in a similar way, but the computation is more involved. Note
that by construction we have

¥, - P, (Y’y“) lpo <6

—(k
almost surely in the set {Yf9 - 0}. Recall we also took 6 small enough such that

k1 (V) = v (YD < e

for all X’ € [x — R,x+ R] and y/,y"” € A, such that ||y’ — Y|l ,» < 6. But then we can
compute

o)

=E|1 —(k) 0}1{|W |<R}Uk+l <Xt);’Yfk>:| +E |:1{7Ek)=0}1{|vvtk|ZR}Uk+l <XI)Z’YII<>:|
k

>E|1 —(k) 0}1{|W |<R} Vk+1 <Xt » Py (Y,:fh»]

+E _I{Yi:)=0}1{|%|2R}U"+1 (X’);’Y”)] °

y.a
>FE _1{7(@ }Uk+1 <X;§(’Pk (Ytk—h>>_

+

Xy x yra
—E (1w, 12r) ( Vi1 <th’ 0 )| Pkt <th’Ytk—h> )] —¢€

7.)
> E {1 540 Ok (x. e (725,)) —2,/u:>[|W,k|zR] Cl+|x)—e
- tk— 3

> E |1 po_y Ve (X P, (Yy“ )) —2(1 + O)(1 + |xe,
i e |

where C > 0 comes from the growth bound from Proposition 2.7. With this in hand, we now
complete the analysis of the second term:

E [1{?(,:?0}”"“ (X B (Yya ))] =E|
1z [1{M2>®EE(YT(:_>,},;.“)] ! g] Vess (X;;,Pk (Yty_h>>]

=E _(1 - Yi"jj") Upas <X P, <Yy°’ ))] .

—_

X ».a
(My> @ (v Ukt (th, P, <sz_h> >]
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Step 5:

Using the continuity of f, v, and P, along with the Dominated Convergence Theorem, we
note

e (4 (18 1 (12))
- (1) (15 (3 )

=E [y (x) + (1= o (X:‘,Y,f“)]

Then putting these results together, we see that for 2 > 0 small enough

k)., X (k),y,a, x 2
£y r (x2) + (1=0 07 o (x2.07%)]
>E [Y,i")’y“’f (X;;) + (1 _ Y,i“ﬁ“) Vest <ij, th’“)] —e—2(1+ )1 + |x)e.

Finally, we intend to construct an e-optimal stopping time using the covering from the second
step. Define a stopping time 7, as

o N
tk+1 (k)ryas =0} ZZTIJI XXGA {Yii.ag=yj}.
i=1 j=1

By construction, we have 7, ~ 3, _, Y¢6;,. We proceed to make a careful computation. First,

note that
7 (22)] =€ [tema s (35)] + B[t s (23]

We focus on the second term. In particular, we have

[Se]

N
£ 17 ()] 5 B[y ngentioo (3
i=1 j=
N

Y,
E |:1{Yt(kk),y,a€=0}1[Xt>;ceAi}1{yy<,ag=y_}l}k+l (X;Z’Ytk )] -3¢

(k),y,ae ¢
- y“)uk+1(x Y”’)]—ae

>

I
™3

Il
—
~.

Il

v
M3
M=z

Il
~.

Il

-

I
-
—_

(

where the inequality follows from the construction in the third step and the independence of
the stopping times 7;; with respect to Fi,-
Then, we conclude

(k).y,a, (k).y.a, Vst
e ()] £ (1) (150 Yo (32 -
Combining this with the main inequality from the previous step, we obtain
v (x,y) > E f (Xf )]

[ (0. (k). Yt
> |y (X0 )+ (1= o (x077%) | - 3

> E |y 0y (x5) + (1= 70 ) o (X2 Yti’“ﬂ —de =201+ C)(1 + |x]e.

Tk T
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Because € and a were arbitrary, then we conclude A < v, (x, y).

Step 6: Lett € T,k be an arbitrary stopping time such that 7 ~ Z;zl yfé,f. Define a martingale as
Y =E [1{r=r,-} | Ft]

forallz > O and eachi € {1, ...,r}. We can easily check that Y @

and

=y, foreachi e {1,...,r}

1) )
Yz( + e 4 Yt(r =[E [I{T:tl} + e+ 1{T:rr} | Ft:| =1

Then, if we consider Y as an R"-valued martingale with Yt(i) =0foralie{l,...,k—1},
then we see Y, € A, for each ¢ > 0. Finally, we have

k
Y0 =B [1emyy 17| = 1omyy € 10,1,

Then, by the Martingale Representation Theorem, there exists @ € A, for which Yty =y,
for all # > 0, almost surely. We can compute

ELF (X)) = B [Lem £ (X5) + L/ (X7)]
— (k). y, k).,
vy (a0 )+ (- e [ (x)17,]].
On the set {7 > 1, }, we have
Ple=t17,] =Bl 17, =
foreachi € {k+1,...,r}. For almost every w € {7 >, }, we have

E|F (X317, ] <o (X000)

by the Strong Markov Property and stationarity properties of Brownian motion. Then, we
conclude

(k).y.a (k).ya V.
E[r ()] s E[r O s (x) + (1= 007 o (x3,727)] < A
Because 7 was an arbitrary stopping time, this implies
Uk(x’ y) < A.

O
APPENDIX B: PROOF OF LEMMA 2.9

The main idea of this argument is that we can take a controlled process Y, which does not satisfy
Ytik> € {0, 1}, and modify it on an interval [t;, — h, ;] to a perturbed process Y ¢ with the properties
thaty, _, =Y°_, and Yg (&)

k te—
change the expected payoff

One key idea, which we draw the reader's attention toward, is the use of the Brownian bridge over

[t;, — h,t,] in the construction. This construction is in the spirit of Corollary 2.3. While one might

€ {0, 1}. In particular, we may do this in a way that does not appreciably
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initially attempt a construction similar to Corollary 2.2, using a Brownian bridge instead of Brownian
increments allows us to condition on W} at a key point in the argument.

Proof. Fix (x,y) € R X A. For convenience of notation, define
A:= sup E [Yl‘(k)vtk—lvy’af (X;k—l’x) + (1 _ Yr(k),tkfl»y,a> Va1 (X:k—l’x’ thkfww)]
“EArk 1 k k k k k
st. Y en, foru>t,

Yt(kk)’t""’y ““ € {0, 1} almost surely,

and

K)sti_1,)s t_1, k).ti_1,9, teo 1, o 1Y
B = sup [EI:)]ti) k lyaf(XII: 1X>+<1_}7ti) k lya>vk+l (th;: IX,Pk(Ytkk lya)>]

t
acA,

st. Y en, foruxt, .

By Lemma 2.8, we have v, (x, y) = A. In the remainder of the proof we withhold the superscript 7;_,
on X and Y for the sake of brevity.

Step 1: Leta € A, _ be an arbitrary control for which ¥;** € A for u > #;_; and Yt(kk)’y “ e (0,1}
almost surely. Note that Yti = Pk(Yti “*) on the set {Yt(kk) »* = 0}, almost surely. Then

K., . ). A
e[y s (x) + (179 o (x502)]
—F [Y(k)’y’“f (Xx ) + (1 - Y“‘W’) v <X" P (Y”‘))] <B
Tk 1 1 k1 ne Tk \ Ty =

Because a was arbitrary, we conclude A < B.

Step 2: Leta € A, | bean arbitrary control for which Y € Ay foru > t,_,, almost surely. For any
0 < h <t} —t;_, define a random variable M as

M =12 ax (W =W, 4= h™ s =t +h) (W, =W, .
Then M is F; -measurable and is equal in distribution to the absolute maximum of a standard
Brownian bridge on [0, 1], the cumulative distribution function of which we denote by @z 5.
If we define G := o-(F,k_h U o-(I/V,k)), then M is independent of G.

Define a random vector Y, as

?(k) =1
ot {M5<1>;13<1’,‘k"j-;*">}
and
SktD)ir a
T = R () s ey

—(k+1): —(i
where Y§k+ s denotes the (k + 1)th through rth element in the vector. Let YZ) = 0 for any
ie{l,...,k—1}. Then ?,k is 7, -measurable and has the key property that [E[?,k | Foonl =

ya _ yk.ya
sz—h' We also note that [E[l{?x:):l} | Gl = Ytk_h .



396 BAYRAKTAR AND MILLER
WILEY

By the Martingale Representation Theorem, there exists a, € A; | such that Y, % € A for

u>t_y, Y,ik)’y'ae € {0,1}, and Yt: e = Y,k almost surely. We can then compute

(k),y,a¢ (k).y.a, V,tte
e () o (13" o (5327

— A
=E [l{?ﬁkél}f <Xf);> * 1{?§:)=O}U"“ <X P (Y h))]

k

=E [[E [1 0 _ | Q] f <Xt);> +E [1{751,;):0} | g] Uk+1 (Xt);’ Pk (Ytiixh>)]
(k), (k). y, :
_[E[Y v <X;;>+<1—Ytk_;a>uk+l (X;;,Pk<Ylifh)>].

But by the continuity and growth bounds of f and v, ;, we can apply the Dominated Conver-
gence Theorem to see

lim E [Y(")y“f (X;;) + (1 - 1;1"_)’;’“) Dess <X P, (Y” ))]

5—0*1
e () (0 (o )

So then, for any € > 0, we may take 2 > 0 small enough that

(k),y.a (k),y,a »a
[E[Y’k f<X’);c>+<l_Y’k )U"“ (X’);c’P" <Y’k ))]
(k). y, (k). y, g
B[ s () + (1=v 0 o (X5 R (102,))] e
(k),y.o, (k),y,a, ».a,
= [y (X ) + (1= 707 ) v (X775 ) | +e
< A+e.

Because ¢ and a were arbitrary, we conclude B < A. O

APPENDIX C: PROOF OF PROPOSITION 2.15

Proof. We proceed in several steps, each relating the value function between nearby points. In the first
three points, we consider a shift backward in the time variable, a shift forward in time variable away
from the terminal time, and lastly a jump onto the terminal time. In the fourth step, we discuss arbitrary
perturbations in x. In the fifth step, we discuss a perturbation inside the interior of some face of A,
including a possible jump off the face. In the sixth step, we consider a jump from an interior point onto
a face of A. Finally, in the final step, we discuss how to put these together into one coherent bound.

Step 1: Fix (1,x,y) € [t;_;, t;] X Rx A, and ¢’ € [t;_,,1;]suchthat?’ <t Leta € A be an arbitrary
control for which Y,** € A, for all u > t, almost surely. Define a new control a’ € A as

’ .
a” .= 1{u2t}(xu,

’ 'y ’ !y _ ytya
forallu > t'. We cansee that Y, € A, forallu € [¢', 1] and Ytk = Yrk , almost surely.
Then
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Step 2:

w (', x,y) > E Yr(kk)’[,’y’a/f <Xtt,l(x) + (1 - Y,ik)'t,'y’a,> Uk+1 (X:;’X’Pk (Yzi’y’a,»]
e 0 1 )
e ) (v o 1)

~2CE|W, - W,|.

where C > 0 is at least as large as the Lipschitz constants in x for f and v, ;. But recall that
for Brownian motion we can find C > 0 such that

E|W,-w,|<Cli-1]".
Using this and the fact that @ was arbitrary, we then conclude
wi(t, x,y) — w (¢, x,y) < 2C? |t - t'|1/2 .

Fix (t,x,y) € [t)_1, t,) X RX Ap and ¢ € [t,_,,1;) such that t < ¢'. Define

t, —t
ni= k > 1.
t,—t

!
Let a € A be an arbitrary control for which Y, € A, for all u > ¢, almost surely. Define
new control a’ € A as

where
T, = nu—1t)+1t

for all u € [#,7,]. Note that a; € 7, by definition. Because 7, < u, we then have ), € F,, so
it is an adapted control. We can also check by the time-change properties of the Itd Integral
that

t/H/ (d) 1 £,
(Wi = w2 ) 2 (7 ow, —wip. v,

Tk

Then Yut e A i forallu € [¢', 1, ], almost surely, by the convexity of A, and the martingale
property of Y. Then o’ is an admissible control.
We can compute

oy € [K7 1 (%) 1 (1270 Yy (x5 m (1))

Tk

(k) t,y,a 1,x (k).t.y.a t,x ty.a
e 1) - v (1 5

Tk

=200 - OE|W, - W)|.
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Step 3:

Step 4:

Now we proceed to bound the final term in this inequality. First, note that by the convexity of
172 we can a bound

’ -1/2 ’
il (1 L=t St
t,—t' 2t — 1)
Furthermore, for large enough C > 0, depending only upon ¢,, we have E|W,| < C for all
u € [0,1,]. Then we can estimate

X X

t

(1- —1)[E|W W’ < 2C—2(tk —

Putting these together and recalling that @ was arbitrary, we conclude

-1

wk(ts X, y) - wk(t,sxs y) S 4C2ﬁ-
k=

Fix (t,x,y) € [ty_;, 1] X R X A, and let @ € A be an arbitrary control for which Y,”** € A,
for all u > ¢, almost surely. By the Lipschitz continuity of f and v, in x we can compute

[ () (=0 (3 (7))

<1 o (1o (e (1)) o, )

We can bound the error term by C|z, — |!/2. By viewing the term containing v, 41 as a per-
spective map applied to a concave function (see the proof of Proposition 2.14) and noting that
the controlled process Y is a martingale, we can apply Jensen's Inequality to see

B[O e+ (1= oy (5 () )| < 0 f 0+ (= 300 (5, P
< w (g, x, ).

But then because a was arbitrary, we conclude that

12

wi(t, x,y) — w(t,x,y) <Clt, —1

Fix (t,x,y) € [t;_;. ;] X Rx A, and x’ € R. Let « € A be an arbitrary control for which
YV e A, for all u > t, almost surely. Then we immediately compute

w3 2 B[V (X0 )+ (1= 00 o (x07 p (1) )]
(k)t,y,a 1,x (k),t,y,a 1y,
Z[E[Y’k f<ka )+<1_Y'k > Vke1 (X P <Y ))]
-2C |x - x'| s

where C > 0 is at least as large as the Lipschitz constant in x of f and v, ;. Because a was
arbitrary, we conclude

w(t,x',y) > w(t,x,y) —2C |x — x'|.
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Step 5: Fix (t,x,y) € [t;_1,1; ] X R X A;. Suppose for now that y is not a vertex of A, or equivalently
that the value in each coordinate is less than one. Denote by

I:{le{1’7r}|y120}a J={1,,r}\l
the disjoint collections of coordinates in which y is zero and nonzero, respectively. Let

6:= i i ils 1_ i >0
min {min{y;|. [1 = y;l}}

Let y' € A, be any point satisfying ||y — ¥ || s < 62. Let @ € A be an arbitrary control for
which Yut V% e A, for all u > t, almost surely. Note that « equals zero almost surely for each
coordinate in 7.

Define a new control o’ € A as

@y i=(1=ly=y12) a,

and note that by construction, we have

min (Y;i)’t’y’“,, 1- Iﬂf””’”“’) >6lly—vy ||]/2

for each i € J. Similarly, we have

. - ;o - ;o 1/2 1/2 1/2
min (Y0 1= YO0 ) 2 6y = 12 =lly = Ve 2 (8=1p=y 112 ) = I

for all u > ¢, almost surely This together with the observation that «’ equals zero in each direc-
tion in Z implies that ¥, Ve A « for all u > ¢ almost surely. Furthermore, we have

BX 1/2 B2
17 =Y e < Ny =yl + (1_\/1—||y y||/)||Y,§”—y||fw

1/2
<Ny=yls+Rlly=y . /

1/2
<1 +Rly-yI2 (C.1)
almost surely, where R > 0 is the diameter of the set A, .

Before proceeding with concrete bounds, we note an estimate regarding the perspective map.
For any y, )" € Ay such that y,, y) # 1, we have

1 1
1Pe(») = POl oo < + = )y =Vl g
L=y 1=y,

That is, the perspective map fails to be Lipschitz as y,, y;( — 1. Using this along with the
Holder continuity and bounds on v, from Proposition 2.7, we can carefully bound

| = 90041 G PO = (1= Y0 (s PO
<min{l -y, 1 - J’L} |Uk+1(X, P.(3) — vy (x, Pk(y,))l
+yi = Y| (|1 G PaO)| + |01, P(G)])
<V2CIy = YIILL + 200 + 1xDlly = ¥/ ll e
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Step 6:
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This bound is easily seen in the case yy, yz # 1 and may be carefully checked when either
equals zero exactly.
Then using the bound above as well as the growth bounds on f, we check

wy(t,x,y') > E [Y,ik)’r’y,’a,f (X;;C) + (1 - Y,ik)’r’y,’a,> Ukl (X s By <Yty “ ))]
k . k),t,y, 1,
€ () () (3 (0]
—E (V20 = v 3 = v e

Applying Holder's Inequality and the almost-sure bound in (C.1), we bound the last term by

s 1/4
E[IX T =Y ] < (2 4 1) 0+ Ry = L

Putting these all together and recalling that @ was arbitrary, we conclude

1/4

wk(tv -x9y) - wk(t’ X, y,) S C(l + |x|)||y_ y,”fz s

for large enough constant C > 0.
If y is a vertex, then the only admissible control is @ = 0, so we obtain the same bound (in fact
a better bound) for any nearby y’ directly from Proposition 2.7.

Fix some 6 > 0 at least small enough that § < 1/(2r). Fix (¢, x,y) € [t,_1, ;] X R X A; such
that at least one element of (y, ..., y,)is in (0, 62). Denote by

I:={ie{l,...r}|y =0}, J={ie{l,...r} |y, €0,6M},
K:={l,....,r}\@uJ)

the disjoint collections of coordinates in which y is zero, “small,” and “large,” respectively. Let
¥’ € A be any point obtained from setting elements of y in J to zero and adding these values
to a single index x € K. Then )’ is zero in all coordinates 7 U J and nonzero (and “large”) in
all coordinates K. Furthermore, ||y — y'|| yo0 = 82, 50

1/2
s<lly=yIL2.

Let a € A be an arbitrary control for which ¥,"”** € A, for all u > t, almost surely. Note that

a equals zero almost surely for each coordinate in Z. Similarly, because each component of
Y% is a martingale, we conclude

52>y =E [Y(l)tya] >5[|3,[ (l)fya]
1

for each i € J. That is, [P’[th:)’t’y * > §] < 6, so the ith coordinate of Y’ stays small with
high probability.
Define o’ € A by moving the values of « at coordinates i € J to the xth coordinate. Note that,
by construction,

Y;K)J’y,’a, _ Yu(;(),r,y,a + z Yu(i),t,y,a e [0,1]
ieJ
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Step 7:

Y(K),t,y’,a’

and Y, € A, for all u > ¢, almost surely. Furthermore, we have

@)tya _ DLya
Y, =Y, ;

foreachi € TU K\ {«x}, and

P ['Yr(i),t,y’,a’ _ Yt(i),t,y,a > 5] <5
k k
for each i € J. Finally, we have
“Y(K)ty o Yrir(),t,y,a > F(S] <s.

In summary, we have
s
p [||Y,’k’y S A 2r6] <s.
Then using the same bounds as in the previous step, we can now compute
witxy) 2 B[V 1 (X7 ) (1= 70 o (X7 R (1) )]
w0 ) (1 (0 1))
—E [V2CIy = v+ 3CIX Y = Y
The first term on the right-hand side may be bounded as
E [IIYt:y"” - Y’y “ ||1/2] <V2p [IIY’y o =Y e 2 2r5] +V2rs

2(r + 1)s'/2.

Similarly, the second term may be bounded as

1/2
t, 1y, Y! 1y, )
E[IXY =Y | < flxl2 0, E [ =12

< 2\/(|x|2 +1)(1+r2)6.

Putting these all together and recalling that & was arbitrary and 6 < ||y — y || we conclude

t’°°’

1/4

wi(t,x,y) = wi(t,x, ) <CA+ xDlly = VIl 5

for large enough constant C > 0.

We now briefly remark how to put all of these estimates together. We consider the Holder
estimates in each coordinate separately as they can be combined in the end using triangle
inequality. Note that the Lipschitz regularity in x has already been proven.

In the time direction, fix (¢,x,y) € [t;_, 1, ] X RX A, and ¢’ € [1,_;,1,] some small § > 0
such that @ < ¢, —t,_;. If ¢/ < ¢, then by Step 1 we have

we(t, %, y) — w, (1, x, y) < 2% 1 = "2
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If t <’ = t,, then by Step 3 we have
/ 1/2 /2
wi(t,x, ) — wi (M, x,9) = wi(t,x,y) —w, (t, x, ) SClty —t| " =Clt=1|"'".
Now suppose that < ¢’ <1, — |t — ¢'|'/2. By Step 2, we have

|t =1'] , =7 2 "/2
w,(t,x,y) —w t’,x, S4C2—S4C ——— =4C“|t -t /.
k( y) k( y) e —1' =112 | |

In the next step, we critically see where the (1/4)-Holder coefficient appears. If 7, — |t —
t'|'/2 <t <t < t,, then by an application of Step 1 and Step 3, we see
wk(tv X, Y) - wk(t,3 X, y) S [wk(t9 X, Y) - wk(tk9 X, Y)] + [wk(tk’ X, .V) - wk(tly X, )’)]
< Clt, — 1] +4C?|1, —1'|'/?
<Clt =1 |"? +4C* ) -1 |V/4

Finally, we consider the case t < ¢, — |t — ¢/ 2 <t < t,.. By an application of each of Steps
1 through 3, we see

wi(t,x, ) — wi (', x, ) < (Wt x, y) — wit — 1t =112, x, )]
+wy(t — [t =112, %, y) — wy (1. . )]
/ <4C2|tk_|t_t/|l/2_t|
+ (Wit x, ¥) —w (', x, )] < TR
1174 2 "2 , =7
+Clt -1t/ +4C 1, —1t'| /- L4CT———
|t—t’|l/2

+Clt =t |V* +4C? |t =1 |)*

<(C+8CH|t =14

Of course, by taking a large enough constant we can bound all |t — #/|'/2 terms by |t — ¢/|}/4
terms and obtain the (1/4)-Holder continuity result in ¢.

The (1/4)-Holder continuity result follows by a similar approach by cases as in the time pertur-
bation case. The key idea is that Step 5 and Step 6 tell locally how to perturb in a (1/4)-Holder
way, including onto and off the boundaries. Then by a covering argument and the compactness
of A; we can obtain a finite chain of local Holder inequalities connecting any two points and
obtain the result for sufficiently large constant. O

APPENDIX D: PROOF OF THEOREM 2.16

This argument is essentially a time-dependent version of that given in the proof of Lemma 2.8. The
key idea here is to use the convexity of the set A, and the concavity of w, in y to construct an e-
suboptimal control, which satisfies the state-constraint as a convex combination of admissible controls
starting from nearby points.
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Proof. Fix (t,x,y) € [t;_1,1;) X RX A, and 0 < h < t; —t,_;. For convenience of notation, define
0 :=t; and

A:=sup E [w (T“,X”f,Yt;y’a)]
k T T
aEA,
st. Y'Y e A, forallu>t.

The inequality w, (¢, x, y) < A is a standard result even in the case of these state constraints. We refer
the interested reader to theorem 3.3 in Touzi (2013) and instead focus on the opposite inequality.

Step 1: Fix an arbitrary € > 0. Choose R > 0 large enough that
P| sup |W,-W,|>R|<e.
t<u<t+h

Because w, is continuous on the compact set [t,# + h] X [x — R,x + R] X A;, we can find
6 > 0 small enough that

|w (@', X",y —wi (', X,y < e
forall (¢/,x") € [t,t + h] X [x — R,x + Rl and y/, Y’ € A, such that

1Y =yl <6.

Similarly, because f is Lipschitz and v, is Lipschitz in x uniformly in y, we can find 6 > 0,
possibly smaller than before, such that we also have

|f(x/) - f(x”)| + |Uk+1(x,,y,) - Uk+1(x”,y')| <e
forall ', x"” € Rand y € A, such that
|x' - x"| <6.
Finally, take 6 > 0 potentially even smaller so that
812+ 6% <.

Step 2: We first construct a finite mesh on [t, # + A] and A, which will be fine enough to take advantage
the continuity of w;. Let A 1= {¢;} :A;l { be a finite collection of mesh points in [z, # + h] with the
key property that for any u € [t,¢ + h], there exists i € {1,..., M} suchthatu <t; <u+96.
By the compactness and convexity of A;, we can obtain a finite subset of Ay, P 1= {y,} §=1’
with the property that

e the convex hull of P is A, and

e any point y € A, can be written as a convex combination of points in P, each contained in
a 6-neighborhood of y.

In particular, we can find a continuous function T : A, — [0, 1% with the properties
e T,(y)=0forall y e A, such that |y — y,| > 6,
o Y/ T,(y)=1forally €A, and

. Z§=1 v, T,(y)=yforaly € A,.
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Step 3:

BAYRAKTAR AND MILLER

This corresponds to a continuous map from a point y € A, to a probability weighting of points
in P such that y is a convex combination of nearby points in P.

By the same type of covering argument as in the proof of Lemma 2.5, we can obtain a finite
and disjoint covering of [x — R, x + R] by measurable sets {4 W =1 each contained in a §-ball,

1;.y¢s Ajp

and controls ¢;;, € A, with the key properties that Y, € A forallu > ¢; and

K)iti:y e ¢ i k)Jt,yp s .
E [Yg( Mivede ¢ (X;"X) + (1 —y, y’“”) Vist (X P, (Y’ y"“”))]

> wy (t,-,x,yf) -3¢

foreachie {1,..., M}, je{l,...,N},Z € {1,...,P},andxeAj.

Fix an arbitrary control a € A for which ¥, % € A, for all u > ¢ and let 7% be the associated

stopping time, which is valued in [z, t + h]. We are next going to construct a new control related
to the suboptimal controls «;;,. In words, we will follow a up to the stopping time 7%, then
set the control to zero until the first subsequent hitting time of A. Then, we will follow an
appropriate convex combination of the controls ;..

To make this precise, define a stopping time

T:=inf{t> 1% |1 € A}

Define a collection of controls a, € A as

Iz

N
=1

M
af,u = 1{ue[l,r”‘]}wu + 1{u>r 2
i=1 j

{7=1;} {X’XeA y&ijtu

foreach # € {1,..., P} and all u > ¢. Finally, define a control @ € A as

P

_ Ly,
= l{ue[t,f"]}au + 1{u>?} Z pr (Yray“> ag,
=1

forallu > 1.

The control « is adapted because the map T is continuous. Similarly, it can be easily seen to
be square-integrable. The key property, however, is that « satisfies Yt P e A g forallu>t.In
words, this follows from the convexity of the set A, and the fact that « is a convex combination
of controls, each of which satisfies the state-constraint.

Making this precise, we use the assumed properties of the map T and the dynamics of Y to
compute

a

— T 0
Y, =y+/ auqu+/_ @, dW,
t T

0
1y, 1,
=Y+ ) Lz Lxtrea T (V™) /— %je udW,
i.j.t ’ T

(%
s l 1y,
= 1wz Y, y“+21{,, (xea,) < y“+ZTf(Yay“)[ a,'jf’udwu>
T
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e |om Y+ 2 Ly Ly ) 2 TV <yf + /_ @ijeud Wu>
i,j ’ £ T

ty,ay lisVe Qije
{|W W|>R “ Z Lz 1} X""eAj} ZTf(YTa )Y, .
¢

Recall though that Y["’y’/’a"’ “ € A and Y € A, almost surely. Then the equality above and

1,y,a

the convexity of A, demonstrate that Y,”"" € A, for all u > ¢ almost surely.

Step 4: We now proceed to make a very delicate series of estimates. First, we have
(k).t.y,a 1.x (k).ty.a ty.a
w,(t,x,y) > E [Yg £(X) + (1 —Y ) Ve <X P, (Y ))]

k o X k).t,y.a 07
2 Z [ (7=1,} {X“eA}(Y()ty f(X.; )+(1_Y9(m ) Vk+1 <X P (Yry )))]

)]

where the last term comes from known growth bounds on f and v,_,. Of course, this term is
bounded by ¢4/C(1 + |x]) by the choice of R and use of Holder's Inequality. Next, rewriting
each term in the sum above using the key property from the construction of « in the previous
step, we see

1,x
~CE (1 fory (1 + X2

E [l(?=r,}l{XL‘eA } (Yo(k)”’y’af (X5*) + (1 - Ya(k)’t’yﬂ) Uk (X;’X’Pk <Y9Lyﬂ>))]
P D K)oty s0ti50 s
= [ e (B T () Y 1 ()
( Z/ 1 Tf (Ytya) Yg(k),tuy/ l/() Vet (Xg 7Pk (Zf ] T/’ (Ytya) YI, YVeoQije )))]

P
>y [E[ 7= Lixerea Tr (v.") (Y(k)””y{’mf (X5")
/=1

(k).t;.y, e Yo%
# (1= Yo (x50 (7))

using the concavity of v,,, composed with the perspective function in y (see the proof of
Proposition 2.14). Next, by the suboptimality conditions of «;;,, we see

ty.a (k)ti.ye.aij X (k)ti.ye @i X 1,509
E [ 1ama Lnmen T (V) (077 1 () + (1= 077 Yoy (X502 (17 ))
2 1oy e T2 (V2) 0y (1, X3, ) | =3¢

> E 1y Lan T (YE) 0, (1, X5, Y27) | = 4,

T

where we used the locality property of the map T and continuity of w, assumed in the con-
struction of P. Lastly, summing over i, j, £, we see

Zi,j,f E [1{ }l{X”eA T, (YIN) Wy <’f»X;XsY;;y’a>]
>E [wk <r, XY, ’”)] —E [1{(,W?|2R>wk(?, X;",Yf';y’“]
> E [w, (=%, X5, Y] - [T—T“|1/4+ |XEX—X”"
> E [w, (v X5 Y)] = C (64 + 62 + e (1 + |x)]

o> L ra

+ 1{|W?|ZR} <1 + |X;x

)
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for sufficiently large C > 0. In this step, we used growth bounds on w,, and the Holder estimates
from Proposition 2.15 together with the fact that |7 — %| < é by construction. By the choice
of 6, however, we see this last error term is bounded by C(2 + |x|)e.

Putting all these computations together and recalling that « and € > 0 were arbitrary, we see

wk(ts X, y) 2 A~



