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1 | INTRODUCTION

Financial bubbles are often associated with a disparity between the price of an asset and its “funda-
mental value” (see Kaizoji & Sornette, 2010; Protter, 2013; Scherbina & Schlusche, 2014). It has been
argued in the mathematical finance literature that this form of mispricing can be captured very generally
by modeling asset prices as processes that are strict local martingales (i.e., local martingales that are not
martingales) under some equivalent local martingale measure (ELMM); see Loewenstein and Willard
(2000), Cox and Hobson (2005), Heston, Loewenstein, and Willard (2007), Jarrow, Protter, and Shimbo
(2007, 2010), Protter (2013), and the references therein. Another strand of the literature on financial
bubbles originated from the idea of fitting asset prices to a so-called log-periodic power law (LPPL)
in order to detect and predict the end of possible bubbles (Bouchaud, Johansen, & Sornette, 1996;
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Feigenbaum & Freund, 1996). This led to the development of the Johansen-Ledoit—Sornette (JLS)
financial bubble model (Johansen & Sornette, 1999a; Johansen, Ledoit, & Sornette, 2000). However,
the JLS model is a martingale by definition and does not mention strict local martingales at all.

This paper has two objectives: (1) to clarify the connection between these previously disconnected
modeling approaches and (2) to analyze how a rational investor would act in the presence of an asset
price bubble of a generalized JLS type.

1.1 | The JLS model

The JLS model proposes! that the price process of a financial asset can be modeled as the sum of its
“fundamental value” (which is not further specified) and a bubble component S = (S,),¢(o 1 that has
the dynamics

as,
< = P Od+odW, ~5dJ, (1.1)

—

where ¢ is a deterministic function, J, =1 {r>y) Jumps from O to 1 at the time y of the crash, the
constant 6 € (0, 1) is the relative loss of the bubble component at the time of the crash, and T is the
time horizon. The time of the crash y is a positive random variable independent? of the Brownian
motion W with a distribution function G that is sufficiently regular. It is assumed that S is a (true)
martingale, which, in turn, determines ¢’ via ¢'(t) = 6x9(¢), t € (0,T), where % = G’ /(1 — G) is
the hazard rate of y.

A key assumption is that the hazard rate of y follows an LPPL

k9(@t)=B'|T —t|"' + C'|T —t|" ' cos (wlog(T =) —y'), t€(0,T), (1.2)

where B’,C',m, T, w, and ' are suitable real parameters; we refer to Sornette et al. (2013, section 2.1)
for interpretations.> The JLS model confines the parameter m to the interval (0, 1). This condition is
equivalent to having a positive probability that the bubble does not burst strictly before T' and excludes
strict local martingale dynamics for .S (Theorem 3.8). However, the justification for m > 0 given in
Sornette et al. (2013, section 2.2) is debatable; see the discussion in Remark 2.3. This motivates the
study of a generalized JLS model.

1.2 | Model class and main features

We embed the JLS model in a larger class by relaxing some of its assumptions: G may be any distribu-
tion function in C2[0, T) with G’ > 0 on [0, T'), the relative loss & may be a [0, 1]-valued deterministic
function of time with 6(T") = 0, and .S may have a constant instantaneous expected return y € R. In
particular, the probability that the bubble does not burst before or at T can be chosen to be zero or
positive. Instead of assuming that S is a martingale, we only require that .S be a local martingale for
u = 0. The main features of this model class are:

(a) Itis flexible enough to include specifications such that .S becomes a strict local martingale under
a large class of ELMMs. This allows us to analyze to what extent the JLS model can be embedded
in the strict local martingale framework.

(b) Itis tractable enough to permit a semi-explicit solution to a utility maximization problem despite
the incompleteness of the model class induced by the jump. This allows us to analyze how a rational
agent should behave in the presence of an asset price bubble of this type.
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1.3 | Objective (1): The relaxed JLS model and strict local martingales

The JLS model is a martingale by definition. To meet our first objective, we thus consider the relaxed
JLS model that is defined as follows: We preserve the key assumption of an LPPL (1.2) for the hazard
rate of the jump time but allow the parameter m to be any real number (not necessarily in (0, 1)), allow
6 to be time dependent in [0, 1] (not necessarily a constant in (0, 1)), and only require .S to be a local
martingale (not necessarily a martingale) under the physical measure. We then find that the relaxed
JLS model is a strict local martingale if and only if m < 0 and the function (1 — §)x¥ is integrable
on (0,T) (Theorem 3.8 and Remark 3.9). In this case, the bubble bursts almost surely before T and
lim sup,447 6(f) = 1; i.e., for every € > 0, there is a positive probability that the bubble component
loses a fraction 1 — € of its value when the crash occurs.

1.4 | Objective (2): Optimal investment

We study the problem of maximizing expected utility from terminal wealth for a power utility investor
in the model class described above, assuming that the asset's instantaneous expected return is positive.*
We provide an explicit formula for the optimal strategy and the certainty equivalent of trading in the
market in terms of the solution to an integral equation (or to a first-order ordinary differential equation
(ODE) with a nonstandard terminal condition); see Theorems 4.2 and 4.7. The optimal strategy can be
decomposed into two parts (Theorem 4.4): a myopic demand, which optimizes the local performance
at each point in time, and a hedging demand, which takes into account how the dynamics of the asset
price change globally over the investor's time frame. This decomposition allows us to conclude that
investors with relative risk aversion above 1 never sell the asset short. In other words, those investors
ride the bubble instead of attacking it. This theoretical insight is in line with the empirical findings of
Brunnermeier and Nagel (2004) that hedge funds were heavily invested in the stocks of the dot-com
bubble despite being aware of the presence of the bubble.’

Based on numerical illustrations, we discuss the comparative statics of the optimal strategy and
the certainty equivalent. Moreover, we find that the optimal strategy is not fundamentally different
when the asset price process is a strict local martingale (as opposed to the situation where it is a true
martingale) under a large class of ELMMs.

1.5 | Default risk interpretation

Even though the underlying economic questions are completely different, from a purely mathematical
perspective, the optimal investment problem could alternatively be viewed in the context of partial
default risk. This problem has recently been studied by Lim and Quenez (2011) and Jiao and Pham
(2011); there y is interpreted as the time of default of the risky asset. In both articles, the optimal
strategy is characterized in terms of a solution to a backward stochastic differential equation (BSDE)
(with jumps). In fact, our setup can be seen as a special case of Jiao and Pham (2011). Note, however,
that our method of solving the problem (convex duality) is different from theirs (dynamic programming
and BSDEs) and our solution is more explicit than theirs (in cases comparable to our setup); see Jiao
and Pham (2011, section 4.3). More importantly, the convex duality approach to utility maximization
is naturally linked to ELMM:s. It is therefore better suited than dynamic programming for studying the
strict local martingale property of the asset price process.

1.6 | Organization of the paper

The rest of the paper is organized as follows. Section 2 fixes the probabilistic setup and notation,
describes the model class, and explains how the JLS model and its relaxation are embedded therein.
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Section 3 contains the construction of a (sub)class of ELMMs for our financial market and presents
conditions under which the asset price is a strict local martingale under such an ELMM. The optimal
investment problem is studied in Section 4. Appendix A contains a technical result that allows us to
switch between certain equivalent measures and filtrations. The integral equation associated with the
candidate optimal strategy is analyzed in Appendix B, while the technical aspects of the verification
of its optimality are deferred to Appendix C.

2 | MODEL CLASS

Fix a finite time horizon 7" > 0, and let (2, F, P) be a probability space carrying a Brownian motion
W = (W))e(0.1) and an independent random variable y taking values in (0, T']. Define the (raw) fil-
trations F" = (F"),cjorp: 7 = FDicpory» and F = (F)ciory by F)Y =o(W, 1 0<u <), F/ =
o(lyy<yy 1 0<u<n,and ¥, = o-(FIW, Fry ). Note that F? and F” are independent under P and that y
is a stopping time with respect to F” and [F. Unless otherwise stated, all probabilistic notions requiring
a probability measure and/or a filtration (e.g., (local) martingale properties of processes) pertain to P
and/or .

We denote the distribution function of y under P by G and assume that G € C2[0,T) and G’ > 0
on [0, T'); note that the law of y (which we denote by dG) may have a point mass at 7', in which case
AG(T) > 0. We recall that the hazard rate of y (under P) is the function «¢ : [0,T) — (0, o0) defined
by

G'(1)
1-G@)

k() = (= log(1 — G(1)) = 2.1)

It describes the conditional probability of the jump occurring in the next instant given that the jump
has not happened yet. The integrability of the hazard rate is related to the existence of a point mass of
dG at T as follows.

Proposition 2.1. The following are equivalent:
(a) The hazard rate k9 is nonintegrable on (0,T).

M) G(T-)=1.
(¢) AG(T)=0.

Proof. As y is (0,T]-valued, G(T') = 1, so that the equivalence “(b) < (c)” is trivial. Next, by the
definition of ¢, k% (¢) = —% log(1 — G(t)) for t € [0, T). Integrating both sides over (0, T") yields

T
/ k%) du = —log(1 — G(T-))
0
(with log 0 := —o0) and proves the equivalence “(a) < (b).” O

2.1 | Single-jump local martingales

The asset price process in our model class is driven by the Brownian motion W and a local martingale
of finite variation that has a single jump at time y. These single-jump local martingales play a major
role in this paper. We introduce them here and collect some of their properties; we refer to Herdegen
and Herrmann (2016) for a detailed study of the (local) martingale properties of this type of process.
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For F € C'[0,T), define the process M F = (ME F),c( | by
MEF = F)l o,y + A°F()115,) (2.2)

where the function A°F : [0,T] — R is given by

) Fo) - 53, veloD),
A F(U) = F(U_)I{AG(T)>0}’ U= T, if llm,TTT F(t) exists in [R, (23)
0, v=T, if limmT F(2) does not exist.

Note that even though the function F is only defined on the half-open interval [0, T'), the process MY F
is defined on the closed interval [0, T']. Each trajectory MF;F (w) follows the deterministic function F
until just before the random time y(w), has a jump at time y (possibly of size 0), and stays constant
at A F(y(w)) from time y(w) on. The second and third lines in the definition (2.3) of ACF are only
relevant if AG(T) > 0 (otherwise, y < T P-a.s.). In this case, if MY F is a local martingale, then the
left limit F (T —) exists in R by Proposition 2.2(b)(i) below. This has an important implication: Ify = T,
then by (2.2)-(2.3), MY F does not jump at all.

Under mild assumptions on F and G, MY F is a local (P, F")-martingale, and so by the indepen-
dence of F" and F” under P also a local (P, F)-martingale. The following proposition combines sev-
eral results from Herdegen and Herrmann (2016) to provide easily checkable conditions on F and G
for MY F to be an integrable local martingale, a true martingale, or a square-integrable martingale
with respect to the filtration 7. We stress that we may apply Proposition 2.2 not only under P but
also under equivalent probability measures Q =~ P on (Q, F) as long as we replace G by the distri-
bution function of y under Q. Note, however, that unless Q = P, we cannot in general conclude that
any (local) (Q, F?)-martingale is also a (local) (Q, F)-martingale. This is because " and F” can be
dependent under Q # P. In this case, we have to resort to the technical “change of filtration lemma”
(Lemma A.1 in Appendix A) that allows us to pass from F” to F in certain situations.

Proposition 2.2. Let F € C'[0,T).

(a) The process MO F is an integrable local F" -martingale if and only if fOT | A9 F(u)|G' (1) du < co.
The latter condition holds if F and A° F are bounded from below on (0,T). This is automatically
satisfied if MY F is nonnegative.

(b) Suppose that MO F is a local F” -martingale.

() If AG(T) > 0, then MCF is an F"-martingale and the limit limy 47 F(2) exists in R.

(i) If AG(T) =0 and MCF is integrable, then MCF is an F’-martingale if and only if
lim; . F(H)(1 = G(1)) = 0.

() IffOT(:G/—((uu)))zG’(u) du < oo, then MO F is a square-integrable FY -martingale.

Proof.

(a) By lemma 3.4 in Herdegen and Herrmann (2016), MOF is integrable if and only if
/OT | AC F(u)|G’ (u) du < 0. Moreover, in this case, MCF is automatically a local F”-martingale
by lemma 3.7 in Herdegen and Herrmann (2016). The second assertion follows from the implica-
tion “(b) = (a)” of lemma 2.5 in Herdegen and Herrmann (2016).

(b) Part (i) follows from (a) and theorem 3.5(b) and (c) and lemma 2.6 in Herdegen and Herrmann
(2016); part (ii) follows from lemma 3.7(b) in Herdegen and Herrmann (2016).
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(c) As fOT Gwdu=1-AGT) <1, /OT P® 6wy du < oo by the hypothesis and Jensen's inequal-

G (u)
ity. Thus, MCF is an H'-F”-martingale by lemmas 2.6 and 3.4 and theorem 3.5 in Herdegen and
Herrmann (2014) if AG(T') > 0, and by lemmas 2.8 and 3.9 in Herdegen and Herrmann (2014) if
AG(T) = 0. Moreover, as MY F is purely discontinuous with a single jump at y on {y < T}, its
quadratic variation satisfies

> (F\
[MGF]Tzozér (AMCF,)’ = <KG(]/)) 1, P-as.

In particular,

T ’ 2
E [IMOF1,] =/ <F(”)> G () du < .
0

kG (u)
Thus, by the Burkholder—Davis—Gundy inequality, MY F is a square-integrable [F”-martingale.

O

2.2 | Financial market

We consider a financial market consisting of a positive riskless asset B = (B,);g[o 11> Which is taken as
the numéraire and without loss of generality normalized to 1, and a risky asset S = (.S;),g[9 ] Whose
dynamics (in units of the numéraire) are given by

dS, = S,_ (udt +cdW, +dM¢,), S,=1. (2.4)
Here, y € R, 0 > 0,and ¢ € clo, T) satisfies
0<¢ <xk%on[0,7T). (2.5)

Note that (2.5) and Proposition 2.2(c) imply that MY is a square-integrable martingale. We may
assume without loss of generality that ¢(0) = 0. To prevent possible confusion, we stress that .S and
MGQ') live on the closed interval [0, T'] even though ¢ is only defined on the half-open interval [0, T).

Note that the randomness in MY ¢ stems from y, which is interpreted as the time when the bubble
bursts or the crash occurs. The dynamics of the refurns process R = (R,),c(or) of S, defined by R, =
ut+ oW, + Mthb, can be summarized as follows. Prior to y, R consists of a drift (4 + ¢'(¢)) df and
a random fluctuation ¢ dW;. Further, if y < T, then at time y, there is a nonpositive jump AMGd)y =
—6(y)1(y<ry in R, where 6 : [0,T) — [0, 1] defined by

@' (1)

51 = ¢(t) — A1) = o

2.6)

describes the absolute size of the jump of MY ¢; if y = T, then MY ¢ does not jump (with probability
1).6 Finally, after y, R consists of a drift 4 df and a random fluctuation o dW}; i.e., it satisfies the same
dynamics as the returns process of a standard Black—Scholes model. Put differently, compared to the
returns process of a standard Black—Scholes model with parameters ¢ and o, R has a nonnegative extra
drift ¢/ (¢) dr prior to y, and at time y, there is a nonpositive jump of size —=6(y)1, <y This models—
in an idealized way—a main empirical feature of a bubble, which is a strong upward trend followed
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by a sharp decline at bursting. For this reason, we call ¢’ the instantaneous precrash excess return.
Moreover, we call y the instantaneous expected return. Using 6, we can reformulate (2.5) as

0<6<L1onl0,7T),

which shows that the left inequality in (2.5) ensures that the instantaneous precrash excess return is
nonnegative, whereas the right inequality ensures that the stock price is always nonnegative. If the right
inequality is strict for all # € [0, T'), the stock price is even positive.

2.3 | The relaxed JLS model

Recall the dynamics of the bubble component in the JL.S model from (1.1)

as,
S = ¢ Odr+odW, - 5dJ, Q.7
1

where ¢/ (t) = 6x9(t),t € (0, T). Using our notation for single-jump local martingales, we can combine
the drift term and the jump term in (2.7) to arrive at’

as; _ G
o =0 dW, +dM%g,. 2.8)

—

where MY is a single-jump local martingale as introduced in (2.2) and ¢ is the primitive of ¢’ with
¢(0) =0, ie.,

t t
o) = / ¢’ (w)du = 6/ «Cu)du, te[0,T).
0 0

We conclude that the JL.S model is a special case of (2.4) with zero instantaneous expected return
u =0, a hazard rate satisfying (1.2), and ¢’ chosen such that §(¢), the absolute size of the jump of
MY ifit happens at time ¢ € [0, T), is a constant in (0, 1).

We call S arelaxed JLS model if its dynamics are of the form (2.8) (i.e., (2.4) with u = 0), ¢ satisfies
(2.5), and the hazard rate k' of y follows an LPPL (1.2) on (0, 7). The common features and differences
between the JLS model and its relaxation are the following:

e The relaxed JLS model keeps the general structure of the JLS model: The returns process is composed
of a time-dependent drift, a Brownian motion, and a single-jump process.

e The relaxed JLS model keeps the key assumption of an LPPL for the hazard rate of the jump time.

e The relaxed JLS model does not require that .S be a martingale; it is, however, always a local mar-
tingale by construction.

e The relaxed JLS model does not confine the parameter m to the interval (0, 1); instead, m can be any
real number.

e The relaxed JLS model does not require that the relative loss 6 of .S at the time of the crash be
a constant in (0, 1); instead, 6 is in general a [0, 1]-valued deterministic function of time and is
determined by ¢’ and k¥ via (2.6).

Theorem 3.8 implies that m < 0 is a necessary prerequisite for the relaxed JLS model to be a strict
local martingale. Let us briefly discuss the restriction m € (0, 1) imposed by the original JLS model.
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Remark 2.3. In Sornette et al. (2013, section 2.2), it is argued that m should lie in the interval (0, 1).
The authors state that m < 1 is necessary to obtain an accelerating hazard rate. While this is certainly
true, Brée and Joseph (2013) point out that m < 1 should not be an a priori restriction when fitting the
LPPL (2.9) to data. A best fit with m > 1 should rather be used to reject the model.

Here, we are concerned with the restriction m > 0. It is argued in Sornette et al. (2013) that m > 0
is necessary to ensure that the bubble component “remains finite at all times, including ¢, [= T]”
(p. 4419). However, we claim that if m <0, then y < T' P-a.s. Indeed, if m < 0, then the hazard rate
(1.2) is nonintegrable on (0, T'), and thus G(T'—) = 1 by Proposition 2.1, so thaty < T' P-a.s. In words,
the crash happens strictly before the “critical time” T with probability 1. Hence, the bubble component
stays finite at all times and the argument of Sornette et al. (2013) does not justify eliminating the case
m < 0 a priori. Sornette et al. (2013) also claim that the property of the JLS model that there is a
positive probability that no crash occurs “makes it rational for investors to remain invested, knowing
that a bubble is developing and that a crash is looming [because ...] there is a chance for investors to
gain from the ramp-up of the bubble and walk away unscathed” (p. 4419). However, even if a crash
happens almost surely before time 7', it can similarly be argued that it is rational for investors to ride the
bubble, knowing that the bubble will surely burst before time T, as long as they reduce their position
before time T'. With this strategy, they simply bet on the event that the bubble only bursts after they have
closed their position. In fact, our Theorem 4.4 shows that investors with relative risk aversion larger
than 1 follow such a strategy as long as the underlying asset has a positive instantaneous expected
return.®° We emphasize that shorting the bubble is not an arbitrage opportunity in the case where the
bubble bursts almost surely before time 7" (after all, the bubble component is a local martingale). For
instance, the naive strategy of holding a (constant) short position in the bubble leads to bankruptcy
with positive probability because the bubble can grow arbitrarily large if it bursts sufficiently late.

Remark 2.4. Using the formulation (2.8), we can also rigorously show that the LPPL (1.2) of the
hazard rate carries over to another LPPL for the logarithm of the conditional expectation of the bubble
component at some time ¢ € (0, T) given the event that the crash has not yet happened.'? Using the
independence of y and W, the conditional expectation of S, given that t < y is computed as follows:

s
E [So€, (oW + MOP) 1,,)| = ——=—E [£,0W) exp(dp()] )]

E[S/|t<y]= =60

1
1-G@)
= Sy exp((1)).

Hence, the logarithm of the expected value of the bubble component given that the crash has not
happened yet reads as

t
I(1) :=1og E [S, |t <y] =log Sy + ¢(t) = log Sy + & / k%) du.
0

Substituting the LPPL form (1.2) of the hazard rate, using that m € (0, 1), and integrating gives

It)=A+ B|T —t|"+ C|T —t|" cos (w log(T — 1) —y), 2.9)

where B = —6B’/m, C = —6C' /\/m? + w2, and A and y are constants depending on A’, B’, C’, m,
T, w, y’, and S, (cf. equation (6) in Sornette et al., 2013).

Equation (2.9) is at the root of the literature on LPPLs in the context of financial bubbles. In 1996,
Bouchaud et al. and Feigenbaum and Freund independently suggested that the log price of a financial
asset prior to a large crash can be fitted by a LPPL (2.9).!! The main objective is then to obtain a
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prediction for the “critical time” T', which is interpreted as the “most probable time for the crash”
(Johansen & Sornette, 1999b) (because the hazard rate explodes at T'). This approach has been widely
used (see Fantazzini & Geraskin, 2013; Sornette et al., 2013, for an overview) and intensely debated in
the literature (see, in particular, Brée & Joseph, 2013; Feigenbaum, 2001a, 2001b; Johansen & Sornette,
2001).

Remark 2.5. The case of m = 0 has already been suggested by Ausloos, Boveroux, Minguet, and
Vandewalle (1998a, 1998b, 1999). They propose replacing the LPPL (2.9) by

I(t)= A+ Blog(T —1t) 4+ Clog(T —t)cos (w log(T —1t) —y).
The corresponding hazard rate

()= B'|T —1|"' +C'|T —t|™" cos (wlog(T —1) —y')

is nonintegrable on (0,7'), and hence y < T P-a.s. by Proposition 2.1. To the best of our knowledge,
the case m < 0 has not been studied in the literature so far.

3 1 ELMMS AND THE STRICT LOCAL MARTINGALE
PROPERTY

We proceed to derive a (sub)class of ELMMs for the financial market (2.4) and to provide conditions
on the model parameters for .S being a strict local martingale under those ELMMs. As an application,
we obtain necessary and sufficient conditions for the relaxed JLS model being a strict local martingale
under the physical measure.

3.1 | Preliminary results for single-jump processes

We first construct probability measures Q7 =~ P under which certain single-jump semimartingales are
square-integrable martingales. Except for the statement on square integrability, Theorem 3.1 is essen-
tially an application of the more general theorem 4.2 in Herdegen and Herrmann (2014) on the existence
and characterization of ELMMs for single-jump semimartingales. For the convenience of the reader
and because many conditions need to be checked, we provide full details.

Theorem 3.1. Let F,y € C'[0,T) be such that 0 < F' < k% and inf, (o 1) ¥(t) > —1. Moreover, if
AG(T) > 0, assume that

T T
/ |F'(w)yw)| du < oo and / KG(u)(l + y(u)) du < oo. 3.1
0 0
Define the functions § . [0,T) — (0,00) and H : [0, 0) — [0, 1] by

t
L(t) = exp <— / kO w)y(u) du), (3.2)

0

t
H(t)=1-exp (-/0 K u)(1 + y(u)) du> Lr)- (3.3)
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Then { is positive and MG is a positive (P, FY)-martingale starting at 1. Define the measure Q7 ~ P
on T’; by % = MgC . Then, y has distribution function H under Q", and fort € [0,T),

A%C@) = CnA + y(1)), (3.4)
1-H@) =01 -G®), (3.5)
Hon o H'@® ¢
k(@) = T-HG HO = k(@)1 + y(1)). 3.6)
Moreover,
MOF + / 1e)) F'@yw) du = M1 (/ F' w1 + y(w) du) (3.7)
0 0

is a square-integrable (Q7, F")-martingale.
Proof. We apply the more general “removal of drift” result theorem 4.2 in Herdegen and Herrmann
(2014). To this end, we define A € C'[0,T) by A(t) = fot F’(uw)y(u)du and declare that 0/0 := 0.

Then, f 1= £ = 2 and a := 4 = £y on [0, T). Note that if AG(T) > 0, then by (3.1),
G- 4G Yy

T T T
/0 Ia(u)IG'(u)du=/0 If(u)y(u)IG'(u)du=/0 | F' (u)y()| du < oo,

T T T
/ |f@)|G' () du = / F'(u)du < / k% (u)du = —log AG(T) < oo,
0 0 0

and so the assumptions in the first line of theorem 4.2 in Herdegen and Herrmann (2014) are satisfied.

Moreover, clearly, {f =0} (0.T) C {a=0}, £ = y>~1on (0,T), and IS |%|G’(u) du < oo for
each b € (0,T); i.e., the conditions (4.8)—(4.10) (and trivially also (4.11)) in Herdegen and Herrmann

(2014) are fulfilled.
We proceed to show that if AG(T) = 0, then (4.13) and (4.22) for A = 0 in Herdegen and Herr-
mann (2014) are satisfied. Indeed, the hypothesis inf,c;o ) ¥(f) > —1 together with the fact that

/OT k% (u) du = oo gives

T a(u) G'(w) B T . )
/0 <f(u) + 1) 1 - Gu) du _/0 (1 + y(w)x” () du = oo.

Next, we establish (4.14) and (4.15) in Herdegen and Herrmann (2014) if AG(T) > 0. Set A(T) :=
fOT F’(u)y(u) du, which is well defined by (3.1). Then, AA(T) = 0 and so we have (4.14) in Herde-

gen and Herrmann (2014). Moreover, the identity %: ¥, (3.1) and the identity fOT k%) du =
—log AG(T) < oo give
T
/

As ﬁ > 1 on (0, T), the above yields fOT |% |G’ (u) du < oo, and we have condition (4.15) in Herde-
gen and Herrmann (2014).

a(u)
S )

G T
T gt()u) u= /0 |y(u)|KG(u)du < 0.
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Now, if we define ¢ by (4.16) in Herdegen and Herrmann (2014) for A = 0, this simplifies to (3.2),
and the assertion about MY¢ follows from theorem 4.2 in Herdegen and Herrmann (2014). If we define
H by (3.3), then (3.5) follows from the identity 1 — G(¢) = exp(— /Ot k() ds), t € [0,T). Formula
(4.23) in Herdegen and Herrmann (2014) then shows that y has distribution function H under Q7.2

Moreover, (3.4) and (3.6) are straightforward, and (3.7) follows from assertion (4.24) in Herde-
gen and Herrmann (2014). Finally, note that the hypothesis 0 < F’ < ¢ implies via (3.6) that
0 < F'(1+y) <« and so Proposition 2.2(c) (with P and G replaced by Q7 and H, respectively)
yields that M (/[ F'(u)(1 + y(u)) du) is a square-integrable (Q7, F”)-martingale. O

It is decisive for our purposes to understand when the stochastic exponential of the square-integrable
O7-martingale (3.7) is a strict local martingale under Q7. To this end, we first provide a formula for
the stochastic exponential of a single-jump local martingale.

Proposition 3.2. Let F € C'[0,T) be such that F(0)=0 and 0 < F' < k% (0 < F' < k©). Then,
fOT | A% (exp o F)(u)|G’ (u) du < oo and

& (MOF) = M%(expoF) (3.8)

is a nonnegative (positive) local (P, F")-martingale.

Proof. First, note that the assumptions 0 < F’ <x% (0 < F’' < «%) imply that AMYF > —1
(AMCF > —1). Therefore, by the formula for the stochastic exponential (see Protter, 2005, theo-
rem I 37), EMCEF) is nonnegative (positive). The identity (3.8) is an easy calculation. Finally, the
nonnegativity of M (exp oF) implies that fOT | A% (exp o F)(u)|G' (u) du < oo by Proposition 2.2(a),
which then also shows that £(MY F) is an integrable local (P, F?)-martingale. O

The next result provides a necessary and sufficient condition for £(MY F) to be a strict local (P, F?)-
martingale. It also shows that this strict local martingale property persists under certain changes of
measure, provided that the process is transformed accordingly (so that it is driftless under the new
measure).

Theorem 3.3. Suppose that AG(T) =0, F(0)=0, and 0 < F'(t) < k%(t). Then, EMCF) is a
strict local (P,F")-martingale if and only if fOT(KG(u) — F'(u))du < co0. Moreover, suppose that
y € C'0, T) satisfies

C
€< 1+ y(t) < C+ F/_(I)I{KG(I)<CFl(Z‘)}’ te [0, T), (39)

for some constants ¢ € (0,1] and C > 1. Define {, H, and Q" as in Theorem 3.1. Then,
é'(MH(/O' F'(w)(1 + y(u)) du)) is a strict local (Q7, F)-martingale if and only ifé'(J\/lGF) is a strict
local (P, F")-martingale.

Proof. First, fort € [0,T), (2.1) and (3.6) give

t
1 - G(1) = exp <—/ k9 (1) dt> , (3.10)
0

1— H() =exp <—/ A (1) dt) = exp <—/ kS @)1 + ¥(1)) dt> . 3.1D
0 0
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Now, the first claim follows from Propositions 3.2 and 2.2(b)(ii) and (3.10) because
t
(expoF)()(1 — G(t)) = exp (—/ (KG(u) — F'(w) du) , te[0,T).
0

For the second claim, note that integrability of (¢ (¢) — F/(¢))(1 4+ y(¢)) on (0, T) is equivalent to inte-
grability of k% (¢) — F'(t) on (0, T) as by (3.9),
e(¥(t) = F'(1) < () = F'()(1 + y(0) < C(%(1) = F'(1)) + C(C = 1).

Now, the second claim follows from the first one and Propositions 3.2 and 2.2(b)(ii) (with Q and H
replaced by P and G, respectively) and (3.11) because

I3
exp </ F'w)(1 + yu)) du) (1-H®)
0

t
= exp (- / (%) = F'(w)(1 + y(u)) du> , te[0,T).
0

3.2 | Equivalent local martingale measures

Combining the “removal-of-drift” result Theorem 3.1 for single-jump semimartingales with Girsanov's
theorem for Brownian motion allows us to construct a rich subclass of ELMMs for the financial market
(2.4).

Theorem 3.4. Let y € C'[0,T) with inf refo,1) Y(#) > —1 be such that
T

T
/0 ((I)'(u)y(u))2 du< o0 and /0 I{AG(T)>0}KG(u)(1 + y(u)) du < 0. (3.12)

Define the functions ¢ : [0,T) — (0,00) and H : [0, 00) — [0, 1] and the process Z = (Z,),(0.11 by

t
£(t) = exp <— / K (u)y(u) du), (.13)
0
t
H() =1-exp (-/ k% u)(1 + y(w)) du> L) (3.14)
0
Z =€ <—/0 % (1= ¢ WY@y er)) qu> ME¢. (3.15)

Then, Z is a positive P-martingale starting at 1. Define the measure Q ~ P on Fr by j—% = Zr. Then,
S is a local Q-martingale and satisfies the SDE

ds, =S, (adVVlQ + dmH </.¢>/(u)(l + y(u)) du) > (3.16)
0 t

where W@ = W + fo. é(” _ ¢'(M)J’(M)1{ugy,u<T}) du is a Q-Brownian motion, y has distribution func-
tion H under Q, and MH( /0 ¢’ (w1 + y(w)) du) is a square-integrable Q-martingale.



HERDEGEN AND HERRMANN

WILEY--2

Proof. For convenience, define the function j : [0,T]*> = R by j(t,v) = —(,u — ¢’ (¥l (t<04<T})
andset Z' := E(— [ j(u,y)dW,) and Z? := MY¢.

First, Z = Z' Z%isa (P, F)-martingale by Lemma A.1(a)(i) with Y!=Z'andY? = Z2, using that
Z? is a positive (P, F F")-martingale by Theorem 3.1. Clearly, Zy= Zé = Zé =1,and Z?is also a
(P, F)-martingale by the independence of F" and F” under P.

Second, define Q! ~ P on - by T dQ =Z,. I Clearly, Q' ~ Q with ;QQ] =Z:. 2 By Girsanov's theo-
rem (from P to QY), W — (- /0 Jju, y) du) = WQ is a Q'-Brownian motion, and again by Girsanov's
theorem (from Q! to Q) and the fact that Z2 is purely discontinuous, we — /0. % d[z2, WQ]M =w¢?
is a local O-martingale. By Lévy's characterization of Brownian motion, it is even a O-Brownian
motion.

Third, define Q7 ~ P on Fr (and on Fy) by dQV = Z 2. Then, y has distribution function H under
Q7 by Theorem 3.1 and also under Q by Lemma A.l(b)(l), applying the latter for X*¢ =1, and
s=0.

Finally, MY+ [ 1;,<, ¢ @y)du= M7 (J; ¢'@)(1 + y(w)du) is a square-integrable
(Q7, F7)-martingale by Theorem 3.1, and hence also a square-integrable (Q,[F)-martingale by
Lemma A.1(b)(ii). Now, (3.16) follows from the definition of W€ and the dynamics of S in (2.4). []

Note that under Q as in Theorem 3.4, the stock price .S can be written as the product of a contin-
uous stochastic exponential and a purely discontinuous single-jump local martingale. The following
technical corollary to Theorem 3.4 provides conditions under which the Q-martingale property of the
single-jump local martingale carries over to the O-martingale property of the product.

Corollary 3.5. Let y, H, O, and W€ be as in Theorem 3.4. Let k : [0, TP - R be of the
Jorm k(t,v) = k(@) + ko ()1 (,<;, <), Where ki, k; € L?[0,T], and let n € C'[0,T) be such that

/OT | AH )| H' (u) du < oo. Then,

£ (/ k(u, y)dI/VMQ> My (3.17)
0

is a local Q-martingale. It is a Q-martingale if and only if MMy is a Q-martingale.

Proof. Let j, Z, Z', Z*, and Q7 be as in the proof of Theorem 3.4. Set Z! := &(; k(u,y) aw2),
Z2 =My, Y! :=2Z'Z" and Y? := Z> M y. Then, Z? = My is a local (Q7, F")-martingale
by Proposition 2.2(a) (using that y has distribution function H under Q"), and a short calculation gives
= 8(/0'(k — H(u,y)dW,) P-as.
We have to show that Z!1Z2 is a local (Q, F)-martingale, and that Z17%isa (Q, F)-martingale if
and only if Z%isa (0, F)- -martingale or, equivalently by Lemma A.1(b)(ii), a (Q7, F")-martingale. By
Bayes' theorem, it suffices to show that Y'Y2 = ZZ1Z? is a local (P, F)-martingale and that itisa

(P, F)-martingale if and only if Y2 = Z2Z? is a (P, F?)-martingale. Recalling that z; 2 = Bayes
theorem yields that Y2 = Z?Z? is a local (P, F?)-martingale, and Lemma A. 1(a)(11) and (1) with k
replaced by k — j completes the proof. |

3.3 | Strict local martingale conditions

We are now in a position to state our first main result. It gives a necessary and sufficient condition for
the asset price .S to be a strict local martingale under certain ELMMs Q constructed as in Theorem 3.4.

Theorem 3.6. Let y and Q be as in Theorem 3.4.
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@) IfAG(T) > O, then S is always a Q-martingale.
(b) If AG(T') = 0, assume in addition that there exist constants € € (0, 1] and C > 1 such that

C

Then:
e S is a Q-martingale if and only iffOT(KG(u) —¢'(w)du = .

e S isastrict local Q-martingale if and only if /OT(KG(u) — @' (w)) du < oo0. Moreover, in this case,
lim sup,447 6(1) = 1.

Proof. First, by (3.16) and the fact that M ( /0. @' (w)(1 + y(u)) du) is purely discontinuous,

S = EEW)E <MH < / ) + yw) du)> P-as. (3.19)
0

Next, by Corollary 3.5, the right-hand side of (3.19) is a Q-martingale if and only if the sec-
ond factor is. To this end, note that by Proposition 3.2, the second factor is of the form Mty
for n = exp o(/; ¢’ () (1 + y(w)) du). Now, if AG(T) > 0, then M*7 is a Q-martingale by Propo-
sition 2.2(b)(i) (and Lemma A.1(b)(ii) for the change of filtration). So, we have (a). Otherwise, if
AG(T) = 0, Theorem 3.3 (and Lemma A.1(b)(ii) for the change of filtration) shows that M7 is a
O-martingale if and only if /OT(KG(u) — ¢'(w)) du = co. This gives both equivalences in (b).

Now, suppose that AG(T) =0 and that /OT(KG(M) — ¢'(u))du < oo. It remains to show that
lim sup,447- 6(f) = 1. By (2.5), 6 < 1 on (0,T), so it suffices to show that lim sup,,7 6(f) > 1. Seeking
a contradiction, suppose that there is € > 0 such that lim sup,;, 6(f) £ 1 — €. Then, there is 7, € (0, T)

40)

such that Z}G_(z) =0(t) <1 —¢,t € (t,,T), or, equivalently,

kOt — ¢'(t) > exC(t), te(t,T). (3.20)

Recall that x€ is nonintegrable on (0, T') by Proposition 2.1. As k@ is continuous on [0, T), it is also
nonintegrable on (fy, 7). But then by (3.20), also k% — ¢’ is nonintegrable on (0, T'). This is a contra-
diction. O

We illustrate Theorem 3.6 by giving an example where S is a strict local Q-martingale.

Example 3.7. Let y be uniformly distributed on [0, 1], i.e., T =1, G(t) =t on [0, 1], and let ¢ €
C'[0,1) be given by ¢(f) = —log(l —t) —t. Then, ¢/(t) = ﬁ —1=«x%@) -1 fulfills assumption
(2.5), and so by Theorem 3.6, S is a strict local martingale under any ELMM Q corresponding to
some y € CL[0, T) with inf,e[O,T) () > —1 and satisfying (3.12) and (3.18) (e.g., ¥y = 0). Note that
6(t) = t, the relative size of the jump of .S if it happens at time ¢ € [0, 1) increases linearly from
0 to 1: the later the bubble bursts, the larger the relative jump size at bursting.

3.4 | Strict local martingale characterization of the relaxed JLS model

As an application of our first main result, Theorem 3.6, we now provide necessary and sufficient condi-
tions for the relaxed JLS model to be a strict local martingale under the physical measure. In that case,
the relative jump size 6(¢) must essentially converge to 1 as ¢ 11 T. In other words, for each € > 0,
there is a positive probability that the bubble component loses a fraction 1 — € of its value at the time
of the crash.
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Theorem 3.8. Suppose that the hazard rate k is of the form
G _ p/ m—1 l m—1 !
k@) =BT —t|" '+ C'|T —t|" cos (wlog(T —t) —y'), 1€[0,T), (3.21)

for real parameters B', C', m, w, and w' with |C'| < B’ (so that k<% > 0 0on [0,T)). Then, S is a strict
local martingale if and only if

T
m<0 and / (KG(u) — (i)’(u)) du < 0. (3.22)
0

Moreover, in this case, lim SUp;py1 6(1) = 1.

Proof. In view of the form (3.21) for k¢ and the property |C’| < B’, we first note that m < 0 is equiv-
alent to ¢ being nonintegrable on (0, T). This together with Proposition 2.1 shows that m < 0 if and
only if AG(T) = 0. Now, the assertions follow from Theorem 3.6 (with y = 0). |

Remark 3.9. Recalling from (2.6) that 6 = "f—é, the second condition in (3.22) can alternatively be
formulated as (1 — 8)x“ being integrable on (0, T').

4 | OPTIMAL INVESTMENT

Throughout this section, we assume that y > 0 and ¢ € C?[0,T). We now analyze how a rational
investor should act in the presence of an asset price bubble of the type described in Section 2.2. The
optimal investment problem for a small investor is introduced in Section 4.1. The optimal strategy
and the associated integral equation are heuristically derived in Section 4.2. Section 4.3 contains the
corresponding rigorous existence and uniqueness result. A decomposition of the optimal strategy into
its myopic and hedging demands as well as its economic interpretations is provided in Section 4.4. The
certainty equivalent of trading in this market is computed in Section 4.5. Finally, Section 4.6 presents
numerical illustrations of the optimal strategy and the certainty equivalent.

4.1 | Problem formulation

We consider a small investor with initial capital x > 0, who can trade in the financial market described
in Section 2.2. For any F-predictable, real-valued process = = (x,),¢(o ) that is integrable with respect
to the returns process R, let X* = (X[");c(o ) be the unique solution to the SDE

dx7 ds,

1

=,
xr s,

=, dR,, XJ=x. 4.1

We call = an admissible strategy if X” is positive. In this case, we can interpret X” as the wealth
process corresponding to a self-financing strategy for the market (B, .S) (with initial capital x) and x,
as the fraction of wealth invested in the stock at time ¢. We assume that the investor has a constant
relative risk aversion with parameter p > 0. The corresponding utility function is given by

xip ifp#1
U =40 TrEL )
log x ifp=1,
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The investor's goal is to maximize the expected utility E[U(X7)] over all admissible strategies z:

E [U (X7)] - max! (4.2)

We use the method of convex duality both for the derivation and for the verification of the optimal
strategy. Instead of the very deep general result of Kramkov and Schachermayer (1999) for general
incomplete semimartingale models, we only use the following well-known elementary result giving a
sufficient condition for optimality; cf. the remark after lemma 2.4 in Kallsen (2000).

Proposition 4.1. Let & = (%,),c(0,1) be an admissible strategy, O an ELMM, and 2 > 0. If

7 ,\dQA A #
(0C1) U’(XT)=zd—P and ~ (0C2) E9[X7]=x,

then & maximizes the expected utility E [U(X;)] over all admissible strategies .

The ELMM O appearing in the above result is also called the dual minimizer corresponding to the
problem (4.2).

4.2 | Heuristic derivation of the optimal strategy

We proceed to derive heuristically a candidate optimal strategy z for the investment problem (4.2). By
virtue of Proposition 4.1, we assume that a triplet (z, O, z) consisting of an admissible strategy z, an
ELMM Q for .S belonging to the class considered in Theorem 3.4, and a number z > 0 satisfies the
first optimality condition'?

do

14 T\ _ =
(ocn u (XT)_zdP,

We proceed in three steps; for ease of reading, we often drop arguments (in particular time) and do not
carry out the tedious but otherwise straightforward calculations.

Step 1. As Q belongs to the class of ELMMs considered in Theorem 3.4, there exists a nice function
y € C'[0, T) such that the density process Z of Q with respect to P is given by

"1
z=e (= [ L zer) W) a6, @3)
where {(f) = exp(— fot x%ydu). By (OC1), X7 = (U Y(zZ7), and so by (4.3), after some
algebra,
XT = xE L u—gn dw@ ) x J,J 4.4
T — xcr o po (/’l ¢ y {ugy,u<T}) u X Jy (Y)s ( . )
1
where J, 1= )l—cz_;exp( 2;;52 u>T) and the function J : [0,T] = (0, co) is defined by
1
v 1=p 4 ’, 1 G -
J@) = exp (/0 2p20'2¢ W'y —2p) + K ydu) 1+yw) » ifo<T,

exp (fOT 2;;52¢'y(¢'y—2y)+£KGydu> ifo="T.
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Step 2. By the SDE (4.1) for the wealth process X” and the dynamics (3.16) of .S under Q,

XTI =x&p </0.7ru0dVVuQ> X & </0'nude </O'¢>’(1 +y)dv>>, (4.5)

where H denotes the distribution function of y under Q. Comparing (4.4) and (4.5), we make
the educated guess that the first and second factors as well as the integrands of the “dW 2-
terms” coincide. In particular, a comparison of the latter gives

1
”z = [F (/’l - ¢,(t)y(t)1{r§y,[<T}) ) IS [Os T]7

and it remains to determine the function y. As x follows a deterministic function up to time y,
(a formal application of) Proposition 3.2 gives

Er </'nude’ </'¢’(1+y)du>> = Mle,
0 0

where &(¢) = exp(/ot #(u —¢'y)P'(1 + y)du), t € [0,T). Next, by (3.6) and some algebra,
we obtain

X7 = x&r (/ 7,0 dVVMQ> X K(y), (4.6)
0

where the function K : [0,T] — (0, ) is defined by

exp (fy = #'DF A+ ) du) v y(0).p) 0 <T,

K(v) =
exp (/OT I#(u 'y’ (1 +y) du) ifo="T,

and the function a : [0,T) X [—1, ) X (0, c0) — R is given by

_,_ 1 ¢
a(ta y,P) - 1 p62 KG(t)

(u=¢' Oy =1- 5(0%(# - ' Oy). 4.7
po

Step 3. Equating the second factors on the right-hand sides of (4.4) and (4.6) gives

K(v)
J()

=J,, veO,T] 4.8)

Using (4.8) for v < T and v = T and rearranging the terms yields

K@)/K(T) _

W =1, vel0T). 4.9)

Now, define the functions b,m,n : [0,T) X [—1, o) X (0, ©0) — R by

b(t. y.p) = <1 + iy) alt, y. p). 4.10)

m(t,y,p) = (1 + y)ra(t, y, p), 4.11)
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I—p
2p262

n(t,y,p) = — (d)/(t)y)2 + k@) (bt y.p) = 1). (4.12)

Then, after some algebra,14

K@)/K(T) _

T
J(—U)/J(T) = m(v, y(v), p) exp </L n(u, y(u), p) du> , ve[0,T).

Finally, plugging this into (4.9) and rearranging the terms shows that y satisfies the integral
equation

T
m(v, y(v), p) = exp <—/ n(u, y(u), p) du) , ve0,T).

4.3 | Existence and uniqueness of the optimal strategy

We are now in a position to state our second main result. It shows that the candidate optimal strategy
derived heuristically in Section 4.2 exists and is indeed optimal for the utility maximization problem
(4.2).

Theorem 4.2. Fix p € (0, ). There exists a unique function € C'[0,T) with § > —1 satisfying the
integral equation

T
m(t, y(t), p) = exp <—/ n(u, y(u), p) du> , tel0,T). 4.13)
t

The strategy & = (%;);[0,) defined in terms of y by

. 1 PN

# = pcs (h =" OO <y sery) 4.14)
is admissible and maximizes the expected utility E[U (X ;f)] over all admissible strategies . Moreover,
y satisfies (3.12) and (3.18).

Remark 4.3. When we speak about a solution j to the integral equation (4.13), we tacitly impose
that foT |n(u, $(u), p)| du < oo. Then, (4.13), the definition of m in (4.11), and the requirement y > —1
imply that a(t, (¢), p) > 0,t € [0, T'). Economically, the latter property means that the investor's wealth
is positive after the bubble has burst. Indeed, on {y = t}, as the stock loses a fraction 6(¢) of its value
at time ¢, the wealth at time ¢ is given by

(1—#)X" + 2 X" (1-68@t) = X" (1-6N7,) = X" a(t, 51), p).
Proof of Theorem 4.2. The idea is to construct a triplet (%, Q, 2) that satisfies the assumptions of
Proposition 4.1 and thereby yields an optimizer for the investment problem (4.2). We proceed in three
steps: First, we construct a (unique) solution to the integral equation (4.13); second, we construct
a triplet (z, 0, 2); and third, we verify that this triplet satisfies the conditions (OC1) and (OC2) of
Proposition 4.1.

Step 1. Theorem B.5 shows in full detail that (4.13) has a unique solution y > —1 satisfying (3.12)
and (3.18). Here, we only outline the main difficulties and ideas. By taking logarithms on both
sides, differentiating with respect to ¢ and rearranging the terms, the integral equation (4.13)
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is easily transformed into an ODE of the form
Y1) = ft,y@®), t€[0,T). (4.15)

It is important to note that as (4.13) need not be defined for t = T', also f need not be defined
for t = T'. However, formally letting ¢ 11 T in (4.13), we find the “terminal condition”

}71?71* m(t, y(t), p) = 1. (4.16)

The fact that this “terminal condition” both is implicit and can only be expressed as a limit
renders the ODE nonstandard. Proving existence of a solution  to the ODE (4.15) can, how-
ever, be reduced to finding a pair (y*, y,) of so-called backward upper and backward lower
solutions to (4.15) (cf. Lemma B.2). The construction of suitable y* and y, so that the solution
y also satisfies (4.16) is the main technical difficulty of this first step of the proof.

Step 2. Now, we construct a triplet (7, Q 2) as follows. First, by Step 1, y satisfies the assumptions
of Theorem 3.4 (note that (3.18) implies that inf, (o §(f) > —1), which yields an explicit
ELMM O for S. Second, we have to check that 7 defined in (4.14) is integrable with respect
to the returns process R and that it is admissible. The first assertion is clear from the fact that
$ satisfies (3.12). For the second assertion, Lemma C.1 identifies the wealth process X7 in
terms of y and shows that it remains positive; the proof is mainly computational. Third, define
z> 0via

_ 2

1
&7 = xm(0, 3(0), p) exp <—(1 -n== 2T>; @.17)
2p°o

note that m(0, y(0), p) > 0 as p solves (4.13).

Step 3. The verifications of (OC1) and (OC2) are carried out in Lemmas C.2 and C.3, respectively.
The major difficulty of this step of the proof is to show that the candidate wealth process X*
isa Q-martingale (i.e., (OC2)). The proof of (OC1) is mainly computational. O

4.4 | Myopic and hedging demands of the optimal strategy

A frequent goal in the context of optimal investment problems is to understand the qualitative behavior
of the optimal strategy. To this end, optimal strategies are often decomposed into the sum of a myopic
demand and a hedging demand; see, e.g., Adler and Detemple (1988, section III), Kim and Omberg
(1996, equation (19)), Chacko and Viceira (2005, equation (14)), and Liu (2007, corollary 3). In discrete
time, the myopic demand is the optimal strategy of an investor who treats each period as if it were
the last, irrespective of the conditional distribution of any future returns (cf. Mossin, 1968). In a
continuous-time setting, the myopic demand at time ¢ can be defined as the limit (if it exists) of the
optimal strategy when the investment horizon T — ¢ goes to zero. One can show that in our setting,
this corresponds to letting 7" | ¢ in the integral equation (4.13) (as one would expect formally). So,
the solution to the limiting equation (4.18) below can be used to define the myopic demand via (4.19).
Then, the hedging demand is defined as the difference between the optimal strategy and the myopic
demand (cf. (4.20)). The following theorem states interesting consequences of this decomposition.

Theorem 4.4. Fix p € (0, c0). There exists a unique function y™ € C'[0,T) with y™ > 0 satisfying
the equation

m(t, y™ (1), p) = 1. (4.18)
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Let § be as in Theorem 4.2. The processes n™ = (x,"),(0.1) and = (n:‘),e[oj] defined in terms of
y™ and y by

m 1 m
o (=" OY" O <y iey) » (4.19)

. 1 N
R it LGRS O S (4.20)

are called the myopic demand and the hedging demand of the optimal strategy 7.

(@) The myopic demand satisfies
m H
0<a"<—, (4.21)
where on {t < y,t < T}, the right inequality is an equality if and only if ¢’ (t) = 0.
(b) The hedging demand satisfies
" <0forpe(0,1), z"=0forp=1, and =">0forp>1. (4.22)
Moreover, if limsup,,7 G'(1) < oo, then lim;yyp 7" = 0 P-a.s.

Proof. The existence and uniqueness of y™ follow from Lemma B.3. To establish y™ > 0, fixt € [0, T).
By the definitions of m and a in (4.11) and (4.7),

1
L =m(, y" (1), p) = (1 + y" @) 7 a(t, y™ (1), p)

BIRA0

po? k(1)

1 (4.23)
=1+ y"®)» <1 - (n— ¢'(t)ym(t))> .
If y™(#) < 0, then the right-hand side of (4.23) is strictly smaller than 1, which is absurd. So, y™ is
nonnegative.

(a) Fix 7 € [0,T]. To establish the first inequality in (4.21), it suffices to consider the case ¢'(r) > 0
and y™(¢) > O and {t < y,t < T'}; for otherwise the inequality is trivially satisfied as y > 0. In this
case, by the definitions of a and m in (4.7) and (4.11), the fact that m(z, y™(¢),p) = 1, and p > O,
we obtain

PO o 1P

_1
ST pe? K60 (H=¢' Oy ) = 1=alt,y"@),p) =1-A+y"@®) » >0,

and the inequality follows. The second inequality in (4.21) follows from the nonnegativity of y™.
Finally, on {¢ <y, < T}, we have z;" = Tiz(“ — @' (1)y™ (1)), and this is equal to # if and only
if ¢’ (1)y™(¢t) = 0. By the nonnegativity of y™ and (4.23), this is equivalent to ¢/(¢) = 0.

(b) The inequalities (4.22) follow from Theorem B.5 (noting that y™ =y, for p < 1 and y™ = y* for
p > 1). The second assertion is trivial if AG(T) = 0. If AG(T") > 0, Corollary B.4 shows that

lim,; 17 @' (O (1) = y,.(1)) = 0, and so a fortiori lim,; 17 ¢'(N(Y™ (1) — $()) = 0as y, < § < y* on
[0, T) by Theorem B.5. This completes the proof. |

A couple of comments are in order.
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Remark 4.5. Theorem 4.2 shows that the optimal strategy 7 is generally given in terms of the solution
to an integral equation (or an ODE). By contrast, to find the myopic demand of the optimal strategy, it
suffices to solve an equation for each ¢.

Remark 4.6. Our interpretation of the myopic demand in continuous time suggests that the hedging
demand should approach O at the time horizon 7', and this holds true under a very mild technical
assumption on G.

The economic interpretation of the behavior of the hedging demand is as follows. After the bubble
has burst, the model behaves like a Black—Scholes model with instantaneous expected return u and
instantaneous continuous variance ¢2. Before the crash, the instantaneous expected return is still u, but
the total instantaneous variance of returns exceeds o> due to the single-jump component M ¢. Hence,
any risk-averse investor will favor the Black—Scholes market over our market (indeed, the certainty
equivalent of trading in our market in Theorem 4.7 below displays a discount with respect to the Black—
Scholes certainty equivalent). The later the bubble bursts, the less time an investor has to invest in the
Black—Scholes market. Consequently, it is favorable for the investor if the bubble bursts early and
unfavorable if it bursts late or never.

Investors with high relative risk aversion (p > 1) hedge against a late bursting of the bubble with a
nonnegative hedging demand z". Indeed, in the favorable event that the bubble bursts early, they lose
more money than if they had just invested myopically and profit from the (nonnegative) instantaneous
precrash excess return ¢’ only for a short time. However, in the unfavorable event that the bubble bursts
late or never, they profit significantly from the (nonnegative) instantaneous precrash excess return ¢’
by investing more than the myopic demand; this compensates them for the only small amount of time
that remains to invest in the bubble-free market.

Investors with low relative risk aversion (p < 1) speculate on an early bursting of the bubble with
a nonpositive hedging demand z™. Indeed, an early bursting of the bubble is favorable to them in two
ways. First, as above, they can invest in the bubble-free market for a longer time period after the crash.
Second, at the time of the crash, they lose less money (or even gain money in the case of a short position
coming from a hedging demand that exceeds the myopic demand in absolute value) than if they had
just invested myopically. However, if the bubble bursts late or never, their optimal strategy performs
worse than the myopic demand, because they profit significantly less from the instantaneous precrash
excess return ¢o’.

In the limiting case of logarithmic utility (p = 1), investors neither hedge against nor speculate on the
timing of the crash; their optimal strategy equals the myopic demand, reflecting the well-known fact
that log-investors behave myopically. Moreover, the equation m(¢, y(¢), 1) = 1 reduces to a quadratic
equation in y(¢), whose unique solution with y > —1 is given by $(f) = 0 if ¢/(r) = 0 and

2
$(1) = PR PR \/ (/4 _ (1) - o2 X0 ) T aug (1)

1
2¢' (1) 40) 40)

if ¢/ (1) > 0.

4.5 | Certainty equivalent

We proceed to calculate the certainty equivalent of the optimal strategy 7.
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Theorem 4.7. If p = 1, the certainty equivalent of trading in the market is

2 2 2
U~ (E [UXD)]) = xexp <2—T> Xexp< / d’l(”) y(”) PUWIW —G(u))du>

T A
_ oo VW) ,
X exp < [) <10g(1 + y(u)) T+ ﬁ(u)) G (u) du> . 4.24)

If p # 1, the certainty equivalent of trading in the market is

-

_ # ﬂ2 o
U™ (E [U(XD]) = xexp (mT> x m(0, (0), p) 1. (4.25)

The different factors in (4. 24) have a clear economic interpretation. The first is the certainty equiv-
alent of the Merton proport10n 5 in the Black—Scholes model. It is shown in the proof below that the
product of the first and second factors is the certainty equivalent of the strategy 7 in the Black—Scholes
model, so that the second factor alone describes the relative certainty equivalent loss due to trading the
strategy 7 (instead of %) in the Black—Scholes model. Finally, the third factor expresses the certainty
equivalent loss due to the presence of the single-jump component MY ¢.

In the case of general power utility, the first factor in (4.25) is again the certainty equivalent of
the Merton proportion # in the Black—Scholes model, and the second one describes the combined
relative certainty equivalent loss due to trading with the strategy # in the Black—Scholes model and
due to the presence of the single-jump component MY ¢.

Proof of Theorem 4.7. First, assume that p = 1. By the definition of the wealth process and the fact that
(ut + oW)),g0.; 18 a continuous semimartingale and MUY ¢ is a purely discontinuous martingale,

X7 = x&; < / #, dRu> = x& ( / #, d(uu + o-VVu)> & < / #, dMG¢M) P-as.  (4.26)
0 0 0

We start by computing the expected value of the logarithm of the first factor on the right-hand side of
(4.26); this corresponds exactly to the utility an investor obtains from employing the strategy 7 in the
standard Black—Scholes model. As /0 o7, dW, is a square-integrable martingale by the definition of
7 in (4.14) and (B.16), a standard calculation glves

. T
E [log <8T </0 7, d(uu+6VVu)>>] =F [Tiz/o (Il2 - ¢,(U)2f’(u)21{ugy,u<T}) du]

T 25040\2
_ / d)/(u)—y(u)(l — G(w) du.
202

To compute the expected value of the logarithm of the second factor, we first note that by the dynamics
of MY,

T Y
/ #,dM%¢, = / @' () du — 76 p) P-as.,
0 0

where 7(u) := #(M - W)l y,<7y),u € [0, T]. So, by the formula for the stochastic exponential,

. T
Er < /0 7, dMGd)u) = exp ( /0 1{u<y}ﬁ(u)¢'(u)du> (1 =261, <r)) P-as.
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Thus, using the definitions of 6, a, and m in (2.6), (4.7), and (4.11), the definition of 7, and the fact that
m(t, (t), 1) = 1 by (4.18) (as # = z™ for p = 1 by Theorem 4.4(b)), for v € [0,T),

') _ a0, $(0). 1) = m, )., 1) _ 1
xG(v) T 1+ $(v) 1+ 9(v)

1 - Z)6() = 1 — #(v)

The above together with the definition of k% in (2.1) and the fact that log(1 — z(y)é(y)1 ty <T}) =
log(1 — @(y)o(y )1, < gives

. T T
E (log | & </ 7, dMGd)u ) = / Zw)¢' W) (1 — G(u)) du +/ log< IA > G'(u)du
0 0 0 1+ $(u)
T /
_ N0 1 ,
= /0 <7r(u)KG(u) + log <1 +j)(u)>> G’ (u)du

T N
= — P - ﬂ /
= /0 <10g(1 + y(u)) T j/(u)) G'(u) du.

Putting everything together establishes (4.24).
Second, assume that p # 1. Then, the optimality conditions (OC1) and (OC2) and the definition of
Zin (4.17) yield

EU (xf)] = 1 E[(6)] = T E (XU (7))

L g (x| s L opoxi =zt
1-p dpP 1-p 1-p

x!=P w - -
1-p 2poc

4.6 | Numerical illustrations

In this section, we use numerical illustrations to answer the following four questions:

(1) How do shifts in the model parameters affect the optimal strategy and its myopic and hedging
demands?

(2) Can the optimal strategy involve short selling or investing more than the Merton proportion?

(3) Does the optimal strategy distinguish fundamentally between whether or not the price process is
a strict local martingale under the dual minimizer Q?

(4) How big is the welfare loss of trading in our model in comparison to optimal investment in the
Black—Scholes model? And how does the welfare loss depend on shifts in the model parameters?

Recall that after the bubble has burst, it is optimal to keep a constant fraction of wealth % (the
Merton proportion) in the stock. We thus focus on the optimal strategy before the crash, and all plots of
trading strategies show the optimal fraction of wealth invested in the stock as a function of time given
that the bubble has not burst yet.
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TABLE 4.1 Optimal strategies (top row), myopic demands (middle row), and hedging demands (bottom row) for

high relative risk aversion (p = 4)

= 0.05,0.1,0.2,0.3

o =0.1,0.2,0.3,0.4

a=0.1,0.2,0.4,0.8

******** ey ‘
1 1 1

Note. The line strength corresponds to the size of the parameter given in the head of each column (dotted lines represent the smallest
value, etc.) with default parameters g = 0.1, 0 = 0.2, and @ = 0.2. The setup is T = 1, G(r) = 1 — exp(—t), and ¢'(r) = «; in particular,

the relative jump size is 6(f) = a.

The time horizon is always T = 1. For questions (1) and (4), we use a cutoff exponential distribution
for the jump time (in particular, with positive probability, the bubble does not burst on [0, T']) and a con-
stant instantaneous precrash excess return ¢’(f) = « for different choices of a € (0, 1); cf. Tables 4.1,
4.2, and 4.5. To display effects corresponding to questions (2) and (3), we use other instantaneous
precrash excess returns and/or the uniform distribution on [0, T'] for the jump time (under which the
bubble almost surely bursts on [0, T']); cf. Tables 4.3 and 4.4.

(1) Comparative statics of the myopic and hedging demands

Theorem 4.4 states that the sign of the hedging demand z" is determined by the investor's relative risk
aversion p. Thus, we provide illustrations for the cases of high (p > 1) and low (p < 1) risk aversion.
The limiting case of logarithmic utility (p = 1) always leads to a vanishing hedging demand, and so
the optimal strategy equals the myopic demand. It turns out that the qualitative behavior of the optimal
strategy in this case closely resembles the behavior of the myopic demand of the optimal strategy in
the case p # 1. We thus omit illustrations for the case p = 1.

Tables 4.1 and 4.2 depict the optimal strategy before the crash as well as its decomposition into
myopic and hedging demands for various choices of y, o, and a. Recall that « is a parameter describing
the relative jump size of the stock price process .S, for high (p > 1) and low (p < 1) risk aversion,
respectively. The myopic demand is increasing in the instantaneous expected return y and decreasing
in the instantaneous continuous volatility o as well as in the relative jump size . Note that the myopic
part is constant in Tables 4.1 and 4.2. This is because equation (4.18) determining the myopic demand is
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TABLE 4.2 Same figures as in Table 4.1 but for low relative risk aversion (p = 0.25)

= 0.05,0.1,0.2,0.3 o =0.1,0.2,0.3,0.4 a=0.1,0.2,0.4,0.8
7 n n
5 _ st sk
> //// t 't *"”*—7_77>’7>_‘¥ t
- 1 1 1
-5 =5r =5
Sebrn— 5 5
t C ot t
1 1 1
rrrrrrrrrrrrr T t Fe—ee——— ‘ot = t
LT 1 B 1 SEEELEEEEEES 1
s -5 -5

TABLE 4.3 Under extreme circumstances, the optimal strategy before the crash (solid, left panel) may lie above
the Merton proportion (dashed)

optimal strategy myopic demand hedging demand

‘ t

Note. The middle and right panels show the corresponding myopic and hedging demands, respectively. The setup is T = 1, G(t) =
1 —exp(—t), and ¢'(r) = 0.21. The parameters are y = 0.3, 6 = 0.05, and p = 4.

independent of time ¢ for our choice of G and ¢'. In general, the myopic demand need not be constant
(cf. Table 4.3).

The qualitative behavior of the hedging demand, however, depends crucially on the relative risk
aversion. In the case of high risk aversion (p > 1), the hedging demand is always nonnegative and has
the same monotonicity properties as the myopic demand. In the case of low risk aversion (p < 1), the
hedging demand is nonpositive and the monotonicity properties of the hedging demand are no longer
in line with those of the myopic demand. Indeed, it is decreasing in y (increasing in absolute value),
increasing in ¢ (decreasing in absolute value), and “U-shaped” in a.
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TABLE 4.4 The optimal strategy does not distinguish qualitatively between S being a strict local martingale or a
true martingale under the dual minimizer O

optimal strategy myopic demand hedging demand

t t t
| | ! 1
Note. The setup is T =1, G(t) = ¢, and ¢’ (1) = a(i — 1); in particular, the relative jump size is 6(t) = at. The solid lines correspond
to a = 1, for which .S is a strict local martingale under Q, and the dotted lines correspond to @ = 0.7, for which S is a true martingale
under Q. The dashed lines represent the Merton proportion. The parameters are 4 = 0.1, 6 = 0.2, and p = 4.

TABLE 4.5 Dependence of the relative equivalent safe rate loss (rESRL) on u and o for & = 0.1 (dotted), & = 0.2
(dot-dashed), @ = 0.4 (dashed), and @ = 0.8 (solid)

p=0.25 p=1 p=4

Note. The setup is T = 1, G(t) = 1 — exp(—t), and ¢'(t) = a. The parameters are ¢ = 0.2 (top row) and x = 0.1 (bottom row).

(2) Short selling and investing more than the Merton proportion

The optimal strategy includes short selling if and only if the investor's relative risk aversion p is smaller
than 1 and the (nonpositive) hedging demand exceeds the (nonnegative) myopic demand in absolute
value; cf. the discussion after Theorem 4.4. Table 4.2 shows that short selling is amplified by “good”
postcrash investment opportunities, i.e., low ¢ and high . For high relative risk aversion (p > 1), the
myopic and hedging demands are always nonnegative (by Theorem 4.4); hence, the optimal strategy
never involves short selling.

When p > 1, the optimal strategy may lie above the Merton proportion (Table 4.3). At first glance,
this might be surprising as the instantaneous variance of our model is higher than in the corresponding
Black—Scholes model due to the presence of the extra single-jump component. However, on closer
inspection, this effect can be explained by a combination of a high myopic demand at time O and a
hedging demand that is sufficiently increasing close to time O.
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(3) Strict local martingales versus true martingales

The investor's optimal strategy does not seem to clearly distinguish between the asset price being a strict
local martingale and a true martingale under the dual minimizer Q. The solid lines in Table 4.4 illustrate
the optimal strategy and its decomposition into myopic and hedging demands in the case where .S is
a strict local martingale under the dual minimizer Q (and, in fact, under any ELMM Q obtained via
Theorem 3.4 under the additional condition (3.18)). For a = 1, the setup of Table 4.4 coincides with
Example 3.7. However, for any a € [0, 1), the stock price process .S is a true martingale under Q (by
Theorem 3.6), and the dotted lines in Table 4.4 depict the optimal strategy and its decomposition into
myopic and hedging demands for &« = 0.7. The graphs show that the qualitative behavior of the optimal
strategies is quite similar. In fact, the optimal strategies converge (numerically) as a 1 1.

(4) Comparative statics of the welfare loss relative to the Black—Scholes model
By Theorem 4.7, the addition of a single-jump component to the Black—Scholes model reduces the
certainty equivalent of trading in the market. We aim to analyze the influence of the model parameters
on this welfare loss. A natural quantity to compare different markets is the equivalent safe rate. If CE
denotes the certainty equivalent of trading in some market with initial capital x and time horizon T,
then the equivalent safe rate is defined as the unique solution r := ESR to the equation xe’” = CE. In
other words, the investor is indifferent between trading in this market and receiving a safe annualized
return r on his initial capital.”

Let CEBS = x exp(%T) denote the certainty equivalent of trading in a Black—Scholes market. The
corresponding equivalent safe rate is then given by

ESRPS = L log (CEPS/ )—”’—2
_T g xX) =

2pc?’

Denoting the certainty equivalent of trading in our market given in (4.24) and (4.25) by CE, the corre-
sponding equivalent safe rate is given by

ESR = %log (CE/x)

ESRPS 1 —T ~ log m(0, $(0), p) ifp# 1, .
= —_— , u 2 . R . .
? I <—¢2£z),(5({;)) +log(1 + y(w)) - %y())) G'wdu ifp=1.

In order to improve the comparability over different sets of parameters, we consider the relative equiv-
alent safe rate loss TESRL = 1 — ESI;S below; it is a relative measure for the incurred losses of trading

in our market compared to trading in a Black—Scholes market. It follows from (4.27) that

2 .
252 P_ilogm(O $(0), p) ifptl,

rESRL = —2 X ¢’(u)2y(u) R ) ) .
# /0 ( 262G (1) +10g(1+}’(“))—m>G(U)du ifp=1.

Table 4.5 illustrates the dependence of the rESRL on the model parameters y and ¢ as well as on
the parameter a describing the relative jump size of the stock price process S. In the case p = 4, the
rESRL is increasing in « and decreasing in ¢ while being almost constant in y. This is because the
diffusive part becomes more and more dominant against the jump part with decreasing a or increasing
o, so that our model resembles more and more the Black—Scholes model.
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In the case p = 0.25, the dependencies are much less clear. On the one hand, if u is sufficiently
small and/or o is sufficiently large, then the rESRL is increasing in . The reason is that in this case,
as observed above (cf. Table 4.2), the optimal strategy does not involve short selling. Therefore, the
higher a, the higher the losses when the bubble bursts, so that the investor is better off with small jump
sizes; this means that the rESRL is increasing in a.

On the other hand, if y is high enough and/or o is low enough, so that the optimal strategy involves a
significant short position for a significant amount of time, then the investor's wealth is likely to increase
when the bubble bursts. Under these circumstances, the investor prefers larger jump sizes; in other
words, the rESRL is decreasing in a.

An interesting observation is that for small o, i.e., when the jump part dominates the diffusive part,
investors with a small relative risk aversion lose only a small fraction of their ESR compared to an
investment in a Black—Scholes market. On the contrary, investors with high relative risk aversion face
huge losses in their ESR for small ¢. This is due to short selling opportunities for investors with low
relative risk aversion; cf. the discussion after Theorem 4.4.
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ENDNOTES

' The following specification is taken from Sornette, Woodard, Yan, and Zhou (2013) (up to changes in notation); the
original specification in Johansen et al. (2000) is slightly different and in particular has no explicit Brownian compo-
nent.

2 This assumption is not explicit in the JLS model but implicit as the postulated form of the hazard rate (1.2) does not
depend on W.

3 The parameters have to be chosen such that the hazard rate is always nonnegative; cf. Bothmer and Meister (2003).
This constraint was ignored in many of the early articles. The “critical time” T' > 0 is interpreted as the end of the
bubble regime in Sornette et al. (2013), and the crash can happen at any time before T'.

4Korn and Wilmott (2002) study a related optimal investment problem where the distribution of the jump time and
the jump size are unknown and the optimization follows a worst-case approach; see also Seifried (2010) and Belak,
Christensen, and Menkens (2014) and the references therein for this approach.

>Temin and Voth (2004) draw the same empirical conclusion from data describing the trading activities of a well-
informed bank riding the South Sea bubble in 1720.

6In particular, the probability that the bubble does not burst on the interval [0,T] is AG(T), which we allow to be
nonzero.

7To be precise, we assume here that S evolves like a geometric Brownian motion after the crash; the JLS model does
not specify what happens after the crash.

8 Investors with risk aversion less than 1 may also invest in the bubble under some circumstances.

1t is well known that risk-averse agents (with a finite credit line) never invest in an asset with zero instantaneous
expected return.

10See, e.g., Bothmer and Meister (2003), Brée and Joseph (2013), and Sornette et al. (2013) for a formal derivation.
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"' We note that no distinction between the fundamental value and the bubble component was made in the early articles.
Moreover, sometimes, the price is fitted instead of the log price.

12 Note that H is called G€ in Herdegen and Herrmann (2014) and that GS(T) = Q[y < T]1= Py <T]=1asQ ~ P.

13 Note that for the derivation of the optimal strategy, we do not need to consider the second optimality condition (OC2)
in Proposition 4.1. (OC2) is only needed for the verification.

14 Note that m arises from the quotient of the second factors of K and J and that n stems from the difference of the
integrands inside the exponentials of K and J.

5Tn a different setting, Gerhold, Guasoni, Muhle-Karbe, and Schachermayer (2014) define the equivalent safe rate
slightly differently: They look at the “long-run” equivalent safe rate, i.e., the limit as 7' 1 oo.

16 Note that (a)(i) with Y2 := Z? shows that Y'! Z? is a positive F-martingale with YO1 Zg =1.

2

17 We emphasize that we use qualifiers such as “increasing,” “decreasing,” “positive,” and “negative” in the strict sense;

” ” <

the corresponding wide-sense notions are “nondecreasing,” “nonincreasing,” “nonnegative,” and “nonpositive.”
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APPENDIX A: CHANGE OF FILTRATION
Recall from Section 2 that the (raw) filtrations F" = (F"),cor, F' = (F))icror), and

F = (Fiejor) are defined by FtW =o(W,:0<u<mn, F/ = 6(ly<,y :0<u<t), and F, =

o-(FtW, Fzy), and that F" and F” are independent under P. The key message of the following tech-
nical result is that (local) F”-martingales are (local) F-martingales not only under P but also under
certain equivalent measures Q ~ P, under which F" and F” are no longer independent.

Lemma A.l. Let the function k : [0,T]*> — R be of the form k(t,v) = k(t) + Ivc(t)l{,SU’KT}, where
k,k € L*[0,T]. Set Y! := 8(/0' k(u,y)dW,) and let Z? be a positive F? -martingale with Zg =L

(@) Let Y? be an F"-adapted cadlag process.
(i) The following are equivalent:
e Y2isan F”-martingale;
e YZisan F-martingale;
o Y'Y? is an F-martingale.
(i) IfY? is a local F'-martingale, then Y* and Y'Y ? are local F-martingales.
Define Q7,Q =~ P on Fr by % = Z% and g—g = YT1 Z%.Ié Let X*9 be an T’;—measurable random
variable and Y*>© an " -adapted cadlag process.

(i) X9 is Q-integrable if and only if it is Q7 -integrable, and in this case,
E? [X*9|F] = EY [X*C|F!] P-as., se€[0.T]. (A.1)

(i) Y2C is a (square-integrable) (Q7,F")-martingale if and only if it is a (square-integrable)
(Q, F)-martingale.
(ii) IfY>C is alocal (Q7,F")-martingale, then it is also a local (Q, F)-martingale.

Proof. First, we show that an F;-measurable random variable X? is integrable if and only if YTIX Zis
so, and in this case,

E[Y}X*|F]=Y'E[X*|F/] Pas, sel[0,T] (A2)

By linearity, we may assume that X? is nonnegative. Then, the first assertion follows from (A.2) for
s = 0. To establish (A.2), fix s € [0,T] and set C; :={C=C" n{y<u} : C" e F¥ u<s).
Then, C; is an intersection-closed generator of 7, and by the 7;-measurability of both sides of (A.2),
the positivity of Ysl, and a monotone class argument, it suffices to show that

Yl
E lY—T]lec] =E[E[X?|F/]1,] forallC ecC,u{Q}. (A.3)

N

To establish (A.3), for fixed v € [0,T], set YV = 8(]0' k(u,v)dW,). By the assumption on k and
Novikov's condition, each Y'!¥ is a positive [F-martingale with Yol’” = 1, and hence satisfies

Lo
E l#u] =E|[l4], se[0,TLAEF, (A4)

N
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Moreover, by the independence of T’; = o(y) and W, a monotone class argument, and (A.4),

! Y
E|L|Fl=E|=
YS YS’U

Now, (A.3) for C = Q follows from the P;—measurability of X2 and (A.5) via

=1 Pas, se[0,T] (A.5)

v=y

E li—%le =E lE [§|F;] XZ] =E[X*|=E[E[X*|F]].

N N

Ifc=c%"niy<uj, whereCW EFW andu < s,then Y, /Y1 YlO/YloonCask(t v) = k() =

k(t,0) for t > v. Moreover, Y, /Y1 OICW is FW-measurable and X21{y<u and E[X? | Fy 1;,<, are
F;-measurable. This, the 1ndependence of FW and Fy and (A.4) for A = C% yield

Yl Y1,0 Yl,O

T T T

E ly—sl)ﬂlcl =E lw)ﬂlcl =E [FICW] E [X*1(,4,]
= E [lew] E [E [X*1F] 1] = E [E X1 F]] 1oz
=E[E[X*|F/]1].

Second, we establish (a). By the first part of the proof, X* := Y. is integrable if and only if ¥\ Y.?
is so, and in this case,

E Y)Y |F]=Y'E[Y}|F!] Pas, s€[0,T] (A.6)

As YS1 > 0 P-as., (A.6) shows that Y is an F”-martingale if and only if Y Y? is an F-martingale, and
for Y! = 1 (i.e., for k = 0), this implies that Y2 is an F”-martingale if and only if it is an F-martingale.
So, we have (i). To establish (ii), let 7 be a [0, T']-valued F?- (and a fortiori [F-)stopping time. Then, by
the F-martingale property of Y'! (which follows from Novikov's condition and the assumptions on k)
and (A.2) for X2 = |Y2| and s =0,

E V11| = E[E[Yp | P ]IV = E[E [GIVNF]] = E[Ypx71] = E[IY2].

This implies that le er is integrable if and only if YT2 is so. Now, if the stopped process (Y?)” is an
[F”-martingale, by the F-martingale property of Y!, the F”-martingale property of (Y2)*, and (A.2) for
X =2, fors €[0,T],

E [Y Y2 {>5} |F] E [E [Yll T\/S] T {r>s} |Fs] =E [E[ Y21{T>s} | TVS] |Fs]

T
=E [YTI(YZ)TT | PS] Loy = Yle [(Yz); | T’;’] Ly
=¥ HI¥YH sy, P-as.

Thus, (Y")?(Y?)" is an F-martingale because

E[@YYLDLF] =YY oy + E [V} Y1 o) | F] = DI P-as.
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ForY! = 1 (i.e., for k = 0), this also implies that (Y?)7 is an F-martingale. So, if (t,)en 18 alocalizing
sequence for Y2 in 7, it is also a localizing sequence for Y2 and Y'Y ? in F, and we have (ii).

Finally, we establish (b). For (i), set X 2= Z%X 20 Then, by Bayes' theorem, (A.2) for s = 0, and
again Bayes' theorem,

EC[Ix*€|] = EF [ Z71X*€1] = E” [rp1x71] = B [IX2] = E7 [Z71X221] = B [IX*€]],

which shows that X>€ is Q-integrable if and only if it is Q7 -integrable. Now, the same argument yields
(A.1) using (A.2) for general s € [0,T].

For (ii) and (iii), set Y> = Z>Y>9. Then, by Bayes' theorem, Y2 is a (local) (Q7, F?)-martingale
if and only if Y2 is a (local) (P, F”)-martingale. Likewise by Bayes' theorem, Y>€ is a (local) (Q, F)-
martingale if and only if Y'Y? is a (local) (P, F)-martingale. Now, (ii) and (iii) follow from (a)(i)
and (ii) using also the fact that (YYZJQ)2 is Q-integrable if and only if it is Q7 -integrable; this follows
from (A.1) for s = 0 and X2€ = (YTZ’Q)2 using the fact that a martingale on a finite time horizon is
square-integrable if and only if it is square-integrable at the final time. O

APPENDIX B: ANALYTIC RESULTS

The main objective of this section is to show the existence and uniqueness of a solution to the integral
equation (4.13). We first need several preparatory results.

B.1 An existence result for ODEs

Lety e C[0,T)and U :={(t,y) € [0,T)XR : y> y()}. Let f : U - R be a continuous function
that is locally Lipschitz in its second variable. We consider the ODE

Y (@) = ft,y®), t€][0,T). (B.1)

A function y € C1[0,T) with y > y is called a backward upper (lower) solution to (B.1) if

Y < (2) f,y@®), te][0,T).

The function y is called a solution to (B.1) if it is both a backward upper and a backward lower solution.

Remark B.1. We define backward upper and lower solution without an initial condition. Moreover, note
that what we call backward upper and lower solutions is called upper and lower solution to the left in
Walter (1998). Moreover, in Walter (1998), strict (as opposed to weak) inequalities are considered. But
as we require f to be locally Lipschitz continuous in its second variable, all results also hold for the
weak inequalities (see Walter, 1998, corollary VIIL.9).

The following result gives the existence of a solution to the ODE (B.1) via the existence of a back-
ward lower and a backward upper solution. The proof for U = [0, c0) X R can be found in Walter
(1998, theorem and remark XIII1.9), and it is straightforward to check that the argument carries over to
our setting.

Lemma B.2. Let y,,y* € C'[0,T) with y, < y*. Suppose that y, is a backward lower and y* a back-
ward upper solution to (B.1). Then, there exists a solution y € C'[0,T) to (B.1) with y, < y < y*.
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B.2 Properties of the auxiliary functions

We collect some analytic properties of the auxiliary functions a, b, m, and n defined in (4.7), (4.10),
(4.11), and (4.12). If there is no danger of confusion, we drop the dependence on p in the notation. It
is easy to check that a,b,m,n € C([0,T) X [—1, 00) X (0, 20)) N CL21([0,T) x (=1, 00) % (0, )). For
further reference, we note the straightforward identities

d _ 1 ¢’
Ea(t, )= 2o K60 >0, (B.2)
s (1aty.p) 1m(,y,p)
a—ym(t N =0+yr (p T+y +aya(t,y,p)> Zp . (B.3)
d G 1 d l ¢
_n(ts y) =K (t) <_a(ts y,P) + (1 +y)_a(t9 )%P)) Z —K (t)a(ts ysp)s (B4)
dy D oy p
1—p l-p 2 1
n(t,y) = 2 5 2M2 202 (¢ (t)y—u) + ;KG(I)(b(t, »D—=1. (B.5)

In view of the integral equation (4.13), we are interested in the domain where the function m is
positive. To this end, define the function y : [0,T) — [—1, o) by

e if /(1) = 0, .
X(t) .= max( 1, ¢,(t) - po 2;[(:)2) lfd)/(t) > 0. (B.6)

Using that x¥ is continuous and positive on [0, T'), it is not difficult to check that y € C[0, T). Set
U={ty) el0,T)XR : y>X(t)}. B.7)

Then, by the definition of Vs (B.3), and (B.4),

a(t,y), m(, y) m(t y) n(t »>0, ¢yelU. (B.8)

B.3 An implicit function result

The following inverse-function-type result is the cornerstone of the subsequent analysis. In particular,
itis used in Theorem B.5 to construct backward upper and backward lower solutions for the ODE (B.1).
Recall the definition of y in (B.6).

Lemma B.3. Fix p € (0,00). Let f € C1[0,T) with f(t) > 0, t € [0,T). Then, there exists a unique
function y € C'[0,T) with y > y such that

m(t, y(t)) = f(1). (B.9)

Moreover, if limy4p f(t) = 1, then there exist constants € € (0,1] and C > 1 such that

C
e<l+yt)<C+ ml{KG(,)<C¢/(,)}, te€[0,7T). (B.10)
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In this case, if in addition fOT |’ (w)y(u)| du < co, then

T
/ 1{AG(T)>0}’<G(”)(1 + y(u)) du < oo. (B.11)
0

Proof. First, for fixed ¢ € [0,T), by (4.11) and (B.3), y — m(t, y) is continuous and increasing!”
on [X(t), o0) with m(t, X(t)) =0 and lim,_,, m(7,y) = +oo. Thus, there exists a unique function

y : [0,T) — R with y > y satisfying (B.9). Moreover, y € clo, 1) by the implicit function theorem.
Second, for fixed ¢ € [0, T'), we claim that

2
W) < QF@) if ¢/ (1) < ”ziﬂrc%), (B.12)

¥(t) < max <f ", ¢’”(T)> if /(1) > 0. (B.13)

2
Indeed, fix £ € [0,T). If ¢/(1) < 5-k(1). then a(1,0) = 1 - #Ifg—% > 2. Seeking a contradiction,

suppose that y(¢) > (2f(¢))? > 0. Then, by the definitions of m and y(#) and the monotonicity of a in
the second variable,

1 1
f@® =m@, y@®) =1+ y0)ra(, y®) > (¥1)?a(t,0) > f(1),

which is absurd. If ¢ (¢) > 0, then a(t, %) = 1, and (B.13) follows from a similar argument.
Third, by the implicit function theorem and (B.3), for r € (0, T),

|70 = Lmee, y(o))
m(t, y(1))

£1@) = Sm(t, y(1)

0
L m(t, (1)

|y (| = l < p(1 + y(1))

£1(6) = Zm(e, y(0)|
o

Now, fix t; € (0,T) and let C > 0 be such that y(t) < C for all ¢ € [0, #,]. (This is possible by (B.12),
(B.13), and the facts that f is continuous and ¥ is continuous and positive). Then, the positivity and
continuity of f in [0, #,], the continuity of f/ in [0, #,], and the continuity of %m(t, »)in[0,#)] X [-1,C]
together with the fact that —1 < y(¢) < C for ¢ € [0,#,] show that y’ is uniformly bounded in (0, #].
Moreover, by the fundamental theorem of calculus and the fact that y € C Lo, 1),

= p(1 + y(®))

To
(1) = y(ty) — / Y@ du, 1€ (0,1
t
Thus, by dominated convergence, lim, |, y(¢) exists in R. The continuity of f and m and (B.9) give
m(0.3(0) = £(0) = lim /(1) = lim m(z. y()) = m(O. lim y(0).

and so by the uniqueness of y on [0,T), lim, o ¥(#) = y(0) > y(0) > —1. This together with the

continuity of aiym and %m on [0,T) X (-1, o), the continuity of f’ on [0,T), and the identity
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Y @) = (@) - %m(r, y(®))/ d%m(t, ¥(1)) for t € (0,T) (by the implicit function theorem) shows that
the limit lim, | 5 /' (7) exists in R. So, y € C'[0,T).
Fourth, assume lim,;,p f'(r) = 1. Set

1€[0.T)

C:=1 +max< sup 2/, 2 ) (B.14)
po

Then, 1 < C < . Fix t€[0,T). If x9() > C¢'(r), then ¢ () S kO < ”" xk9(), and so
1+ y(t) < Cby (B 12) and the definition of C. Otherwise, if k(1) < Cd) (2), then (i) (¥) > 0, and so
l+yt) < C+ — 7 () by (B.13) and the definition of C. For the left inequality in (B.10), by the continu-
ity of y in [0, T") and the fact that y > y= —1 on [0,T), it suffices to show that liminf 1,7 y(r) > —1.
Seeking a contradiction, suppose there is a sequence (t,),en C [0,7) increasing to 7' such that
lim,_, . ¥(t,) = —1. Passing to a subsequence if necessary, we may assume that y(¢,) < Oforalln € N.
As ¢’ > 0by (2.5), the definition of a in (4.7) gives a(t,, y(t,)) < 1 for all n € N. Now, using the defi-
nition of m in (4.11), we arrive at the contradiction

1= 11m f@,)= hm m(t,, y(t,)) < limsup(l + y(¢, ))P =0.

n—00

Finally, assume that in addition AG(T") > 0 and fOT |¢' w)y(u)| du < co. Then by (2.1),
T
/ k%) du = —log(AG(T)) < .
0

Define C as in (B.14), and set A :={u € [0,T) : ¢'(u) < 2 KG(u)} Then, y(u) < C for u € A by
(B.12), and %) < 1%(1)’ (u) for u € A°. This together with the above yields (B.11) via

T T
/ (A + y)x W) du = / (KG(u) + lA(u)y(u)KG(u) +1, (u)y(u)KG(u)) du
0 0

T
</ ((1 + Ol + 2—”2¢’<u>|y<u>|) du < .
0 po

O
Corollary B4. Fix pe(0,00). Let f,g € C'0,T) be such that g(t) > f(t)>0, t€[0,T),
and limgy,p g(t) = limyyp f(2) = 1. Let v/, y8 € C[0,T) with 8,y > y be the unique functions
from Lemma B.3 satisfying m(t, ' (1)) = f(t) and m(t, y8(t)) = g(t). Assume that AG(T) > 0 and
limsup,;17 G'(t) < co. Then,

. ’ S _
}TITH%¢(I)(yg(I) y(®)=0

Proof. By Lemma B.3, there are constants C4, e/ > 0 such that 1 + y8(r) < C8 + qg—(gt)l (¢/()>0) and
1+y/ @) > ef 1 €1[0,7). As AG(T) > 0 and lim sup, ;7 G'(t) < o0, there exists a constant C¥ > 0

such that W = 1;5;;? > C*,t €[0,T).Next,as f € C'[0,T), f > 0on[0,T),and lim,;, f(t) = 1,

1
c/ (Hrcr
208

there exists a constant C/ > 0 such that f@ > c/,te[0,7). Finally, set C = min(—; )> 0.
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Fix t € [0, T). Then, y%(t) > y/ (¢) by the monotonicity of m in the second variable. Using successively
(B.9), the mean value theorem, (B.3), (4.11) and (B.2), the monotonicity of m in the second variable,
(B.9) and the choices of C8, ¢/, and C¥, the choice of C/, and finally the choice of C (distinguishing
the cases ¢/(¢) > 1 and ¢/ (¢) < 1) yields, for some 7 € [y/ (1), 2 ()],

g(t) — f(O) = m(t, (1)) — m(t, y/ (1)) = (y%(t) — y/ (r))(%m(r, 7)

) 1
=<yg(z>—yf<r))(1+f)p<“’(’ 9) | ay< ~>>

1+
I PN ) ~§¢’(1)2>
=040 - (t))( s 62(1”) .
1o mty (@) ot @
2 S 0F0 -y (t))(—1+ G e
f pC
> Ly -y ) SO + I yay
P ¢+ oo lie o0 o
1y _ c’ (ef) c*
> YOOV O GooTe ¢ (1)
> S 0050 -y @),
Now, the claim follows from letting ¢ 11 T'. O

B.4 Existence and uniqueness of a solution to the integral equation

We are now in a position to prove the main existence and uniqueness result for the integral equation
(4.13). Recall the definition of y in (B.6).

Theorem B.5. Fix p € (0, ). Then, there exists a unique solution $ € C'[0,T) with § > y to the
integral equation

T
m(t, y(t), p) = exp <—/ n(u, y(u), p) du> , te[0,T), (B.15)
t
satisfying (B.10) and (B.11) (with y replaced by ) as well as
T T 5
/ |n(u, y(u), p)|du < 00 and / (qb'(u)ﬁ(u)) du < oo. (B.16)
0 0

Moreover, y, < § < y* on [0,T), where y,,y" € C 1[0, T) are the unique functions from Lemma B.3
satisfying y,.,y* > y and

m(t, y* (1), p) = {‘;”‘p(

AT =0) ifp<l,
ifp>1,

(B.17)
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1 ifp<l,
m(t, (1), p) = exp( 22”2( _t)> ifp> 1. (B.18)

Note that (B.10) and (B.11) (with y replaced by y) as well as (B.16) imply, in particular, that (3.12)
and (3.18) (with y replaced by ) are fulfilled.

Proof. First, we transform the integral equation (B.15) into an ODE. Taking logarithms on both sides
of (B.15) and differentiating shows that a solution y € C'[0, T') to (4.13) solves

% log(m(t, y(1)), p) = n(t, y(1), p). (B.19)

An easy calculation using (4.11) and (B.3) gives
. Y0 (L4202 4 241, y(0), ) ) + Zat, (1), )
— log(m(t, y(t), p)) = :
dt a(t, y(1),p)

Rearranging the terms shows that y solves the ODE

Y@= fym,p), tel0,T), (B.20)

where the function f : U X (0, c0) — (0, ) is given by

0
a(t, y, pn(t, y, p) = 5.a(t, y, p)

1a(,y.p)
p 14y

Sy, p)=

d
+ a}a(h Y»P)

and U is defined in (B.7). Clearly, f € C%11(U x (0, 0)). Note that the positivity of the denominator
is ensured by the positivity of a in U X (0, c0) by (B.8) and (B.2). Moreover, (B.15) gives the implicit
“terminal condition”

li t,y(@®),p) = 1.
t%g}m( ¥(®), p)

Second we establish the uniqueness of §. Assume that §!, 3> € C'[0, T) are two solutions of (B.15).
Then, P!, ? > Yy and both functions are solutions to the ODE (B 20). Assume without loss of generality
that $%(0) > $'(0). As f is locally Lipschitz in the second varlable on U, it follows from the standard
local existence and uniqueness theorem for ODEs that either ' = 7 or $> > . Seeking a contradic-
tion, assume the second case. Then, by the strict monotonicity of m and »n in the second variable (by
(B.8)) and the fact that ! and j? are solutions to (4.13),

T
m(0, $*(0)) > m(0, $'(0)) = exp <— / n(u, 9' () du)
0

T
> exp (— / n(u, (1)) du) = m(0, $*(0)),
0

which is absurd. So, ! = §2.
Third, we use Lemma B.2 to show the existence of a solution to (B.20). To this end, we show that y*
and y, are backward upper and backward lower solutions, respectively. The existence and uniqueness of
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the functions y, and y* satisfying (B.17) and (B.18) follows from Lemma B.3. Note that y € C'[0,T)
with y > y is a backward upper (lower) solution to (B.20) if and only if

%log(m(t, y(®),p)) < (2) n(t, y(1),p), 1€[0,T); (B.21)

this follows from the same rearrangement that led from (B.19) to (B.20) using that %fy + (%a and a
are positive in U X (0, o) by (B.8) and (B.2).

We only consider the case p < 1; the case p > 1 follows from a similar argument, basically reversing
all inequalities. Bernoulli's inequality, (4.10), and (4.11) yield

b(t,y,p) < m(t,y,p) < b(t,y, D'/?, (t,y) € U. (B.22)

To establish that y* is a backward upper solution, note from (B.17) that m(t, y*(¢), p) > 1 fort € [0, T).
Thus, b(z, y*(¢),1) > 1 fort € [0, T) by (B.22), and so n(z, y*(t), p) > —2;;52 u? fort € [0, T) by (B.5).
Now, taking logarithms in (B.17) and differentiating shows that y* fulfills (B.21) with “<”, and
so y* is a backward upper solution. To establish that y, is a backward lower solution, note from
(B.18) that m(t,y.(t),p) =1 for t € [0,T), and so b(t,y,(t),p) <1 for t € [0,T) by (B.22). Thus,
n(t, y,(t), p) < 0 by (4.12), and the claim follows as above by taking logarithms in (B.18) and differen-
tiating. Clearly, y, < y* by the monotonicity of m in the second variable, and lim,,7 m(z, y,.(1), p) =
lim 7 m(, y*(t), p) = 1 by construction. So, by Lemma B.2, there exists a solution y € C 1[0, T) of
(B.20) with y, < y < y*.

Fourth, > y because y > y, > y by construction. The monotonicity of m in the second vari-
able and the fact that lim, 17 m(t, v, p)=1= lim . m(t, y, (1), p) by (B.17) and (B.18) yield
lim,, m(2, $(¢), p) = 1. Moreover, as J satisfies (B.19), the fundamental theorem of calculus shows
that there exists a constant ¢ > 0 such that p satisfies the integral equation

t
m(t, (1), p) = cexp </ n(u, y(u), p) du> , tel0,T). (B.23)
0

Now, we have to distinguish the cases p < 1 and p > 1. We only consider the first one; the second
one follows from a similar argument, basically reversing all inequalities. So, let p € (0, 1). Then,
m(t, y(t), p) > m(t,y,.(t), p) = 1 by the monotonicity of m in the second variable and (B.18). Thus,
(B.22) gives b(t, (1), 1) > 1, and so n(t, y(t), p) > —2;;52 u? by (B.5). Taking the limit¢ 11 T in (B.23),
by monotone convergence and the fact that lim,, m(z, (), p) = 1, we deduce that

T
¢ =exp <—/0 n(u, y(u), p) du> . (B.24)

Plugging this back into (B.23) shows that j is a solution to (B.15). Moreover, as n(t, j(t), p) is bounded
from below and ¢ > 0, (B.24) implies that the first condition in (B.16) is satisfied. This together with the
representation of n in (B.5) and b(, $(¢), 1) > 1 (from above) then also establishes the second condition
in (B.16). Finally, define Ji0) by the right-hand side of (B.15) (with y replaced by ). Then, y is trivially
a solution to m(z, §(t)) = f(1), t € [0,T), and lim, 447 (@) = 1. Hence, Lemma B.3 gives (B.10) and
(B.11) for y (note that the condition /OT |¢' (w)P(u)| du < co follows from (B.16)). O
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APPENDIX C: VERIFICATION

Here, we collect the technical parts of Steps 2 and 3 of the proof of Theorem 4.2. The first result
identifies the wealth process corresponding to the strategy 7 and shows that it remains positive. The
second and third results verify (OC1) and (OC2) for the candidate triplet (7, 0, 2).

Lemma C.1. Let (%, 0, 2) be the triplet defined in (the proof of) Theorem 4.2. Denote by WO the 0-
Brownian motion given by Theorem 3.4 (with y = $) and let H be the distribution function of y under
0. Define ¢ € C'[0,T) by

&(n) = exp (/0 ¢'(M)I#(M — ' @)1 + $()) du> ; (C.H

and set X 1= E(o /0' 7, dVV[Q)Mﬁ E Then, X* = xX is the wealth process corresponding to the strat-

egy 7 and initial capital x. Moreover, MHE and X are positive and thus # is admissible.
Proof. For the first claim, it suffices to show that X satisfies the SDE (4.1) with initial condition

)?0 =1.Set M :=E&(o fo. 7, dleré) and N .= MHE for brevity and note from (4.14) that 7, = 7 (¢, y),
t € [0,T], where

R(t,0) 1= [# (4= ¢ OO yepery)» (1) € [0, TP, C2)

With this notation, by the definition of é, we obtain
M) =End' Oz, D1 + (1), te[0,T). (C3)

Fix t € [0, T]. By using successively that M is continuous and N is purely discontinuous, that

AMH;, Hf))l{yd by the definitions of M7E (cf. (2.2)) and ATE (cf. (2.3)), (C.3), that

é(s) = N,_ and 7(s,s) = #(s,y) = 7, on {s < y}, and finally the dynamics of .S in (3.16) (for y = 3,
etc.),

t t
X,—1=M,N,— MyN, = / N,_dM, +/ M,_dN,
0 0

t N 1 N
= O-/ N,_M;_ 7, dVVsQ + / M_ dMH;‘,
0 0

t A
- a/ £, dw2 + / M_E(s)ds+ M, AM"ET,,
—cr/ X, %, dWQ / M,_&(s)ds — ﬂl{yst,KT}
"k H ()

t N Ay
—o / %, w0 4 / M,_&()7(5, )8 (5)(1 + 3(s)) ds
0 0

A ')A + P
- M,_Epae T,
K

)

t . tAY
—o / R, #.dw0+ / M,_N,_2,¢'(s)(1 + §(s)) ds
0 0
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+ M,_N,_2 AM" < / B w1+ 5w du)
0

1<
Y

{ . . .
/ #,%, [a w2 +dm” ( / ¢ @1 + 5w du) ]
0 0 s

Lo, dS,
X, —— P-as.
0

S

s—

For the second claim, as M and f are positive, it suffices to show that Aﬁ ef is also positive. Indeed,
using the definition of AHE (cf. (2.3)), (C.3), (3.6), the fact that a(v, H(v), p) = 1 —
definitions of 7 and a in (C.2) and (4.7), and (B.8),

I‘fG—((UU))ﬁ(v, v) by the
R 21 /
At = 0= =2 o) (1 700 510
Kk (v)

xG(v)

> = E)a(v, H(v),p) >0, ve(0,T). (C4)

O
Lemma C.2. The triplet (#,Q, 2) defined in the proof of Theorem 4.2 satisfies U’(X;f) =2

d
Proof. By Lemma C.1 and the fact that U’ (x) = x?,

dpP’
U (X

. : A\ P A A\ P
) =xPR,7 = xPE; (a /0 2 dW,Q> (myE)
First, a standard calculation gives

. (C.5)
. A\ P
Er <0' / ﬁ,thQ>
0

[«

. po_2 T
Er <—p0'/0 ﬁ,th> exp <(1 —p)T/0 #? dt> ) (C.6)
To compute the second factor, we claim that for v € [0, T),

1 T 1
E(ym(v, H(v), p) = x'27 P exp ((1 - p)%2 / #(u, v) du) HORE
0

(C.7)
where 7 is defined in (C.2) and ¢ is given in (3.13) (with y replaced by ). Moreover, in the case
AG(T) > 0, we claim that

1 T 1
ET-)=x""2"rexp <(1 - p)%2 / 7(u, u) du> &r-)r.
0

Then, by (C.4), the definition of m in (4.11), (C.7), and (3.4), on {y < T},

(C.8)
(MIE) " = (Ale) " = Ex)Patr. 500 7

= (éxm(y, 5. p) " (1 + ()

2 T .
xP2exp <(1—p)"7 / #; dr) A +9()
0

po® [T s
xPZ exp <—(1 - p)T/ ﬁtz dt> ACEW).
0

(C.9)
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If AG(T) > 0, then Aﬁf(y) =&T-) and A9C(y) = &(T-) on {y =T}. This together with (C.8)
shows that (C.9) holds on {y = T}, too. A

Finally, plugging (C.6) and (C.9) into (C.5) yields by the definitions of 7 in (4.14) and % in Theo-
rem 3.4 (cf. (3.15)) that

A

U'(X}) = 2&; <—pc7/ 7 dW,) AC¢(y) = 26, <—p6/ 7 dW,) ML
0 0

5 1 A A AdA
2Er <—/0 p (1= OO <y 1<1y) dW,) MGE = ;40

dp

It remains to show (C.7) and (C.8). First, an easy but tedious calculation using the definitions of 7
and n in (C.2) and (4.12) shows that for u € [0, T),

1—p
2p2c?

&' Wa(u, u)(1 + Hw)) + nu, (), p) = &' W) (¢' @Iw) = 2p) + %KG(M)J?(M)- (C.10)

Next, fix v € [0, T'). Using first that J is a solution to the integral equation (4.13) and the definitions
of £in (C.1) and 7 in (C.2), then (C.10), and finally again the definition of 7 and the definition of ¢in
(3.13) (with y replaced by ),

z m(U’ }A’(U)J’) —
W00, 50).p)

1 1 _
= exp < / < 2/ )5) (' @)5) — 24) + 1I<G(u)ﬁ<u>> du)
0 \2p°c p

exp </0 (d)’(u)ﬁ(u, u)(1 + $(w)) + n(u, p(u), p)) du)

1—p 2 (72 T 2 N _1
=exp| — T+ -p— 7(u, v)* du v) »,
p< 2T+ ”)2/0 (. v) )cu

and using the definition of 2 in (4.17) gives (C.7).

Finally, assume that AG(T") > 0. Then, also AH (T)>Oas O ~ P.Moreover, by the proof of Theo-
rem 3.4, MY is positive, and by Lemma C.1, MmH & is positive. This together with Proposition 2.2(a)
and (b)(i) implies that the limits Zf (T'-) and f(T—) exist in R. Moreover, lim,,y,7 m(v, y(v), p) = 1 by
(4.13) (recall that Theorem B.5 shows that y is a solution to the integral equation) and thus (C.8) fol-
lows from taking the limit v 11 T in (C.7); the exchange of limit and integration on the right-hand side
is justified by dominated convergence using the estimate |7(u, v)| < [#(u + |¢' (w)P(w)|) and (B.16);

also note that for u € [0, T), lim 47 7(u, v) = [#(y — ¢'WPW)) = 7(u, u). O

Lemma C.3. The triplet (%, 0, 2) defined in the proof of Theorem 4.2 satisfies EQA[X;] =X.

Proof. Tt suffices to show that X7 is a Q-martingale. Lemma C.1 shows that X 7 is of the form (3.17).
Therefore, by Corollary 3.5, it suffices to prove that fOT | A Eu)| A’ (u)du < oo and that MY & is a

O-martingale. The first assertion follows directly from Proposition 2.2(a) noting that Mi & is positive
by Lemma C.1. For the second assertion, we note that by Lemma A.1(b)(ii), it is enough to show
that M is a (Q7, F7)-martingale. To this end, by Proposition 2.2(a) and (b), we may assume that
AG(T) = 0 (using that O ~ P) and have to check that lim, 447 En( - A®) =0.We distinguish two
cases.
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First, let p > 1 and fix t € [0, T). Then, as 1 — H(r) < 1,
0< &N - Aw) <én - H)'/?

and it suffices to show that the right-hand side converges to 0 as t 11 T'. Using first the definitions of &
and H in (C.1) and (3.14), then the definition of a(:, -, 1) in (4.7), and finally the definition of b(-, -, 1)
in (4.10),

Q)

(1+ ﬁ(u))) du>

t .G /
= exp <— /0 W (1 4 pwy) <1 _Pw 1, —d)’(u)ﬁ(u))) du)

p kG (u) o2

&)1 — H)/P = exp < /0 <¢'(u)lﬁ(u — ¢’ WHw)(1 + Hw)) —

t .G
= exp (- / KT(M)(I + Pw))au, $(u), 1)du>
0

.G
— exp <—/ K p(”) b(u, $(u), 1)du> : (C.11)
0

By the representation of » in (B.5), we have for u € [0, T),

l_p 2 1_p ’ ~ _ 2 l G N =1
T 5 (¢ @5 — )+ K050, D = )

n(u5 j}(u)v p) ==

As the left-hand side as well as the first two summands on the right-hand side are integrable on (0, T")
by (B.16), we infer that /()T k% (w)|b(u, $(u), 1) — 1| du < co. But AG(T) = 0 implies that

T
/ k%) du = —log(AG(T)) = o, (C.12)
0
and therefore, the right-hand side of (C.11) convergesto O as ¢ 11 T.

Second, let p < 1 and fix t € [0, T). Using first the definitions of &and H in (C.1) and (3.14), and
then the definition of a in (4.7),

t
En(1 - H(t)) = exp ( /0 (qﬁ’(u)lﬁ(ﬂ — ¢’ @I + ) — kw1 + ﬁ(u))> du)

t /
= exp (— /0 )1+ Hw)) <1 _PW L ¢’(u)ﬁ(u))> du)

kG (u) p

= exp <— /0 t KO @)(1 + $(w)a(u, (u), p) du> -
Using the estimate
(I + yw)a(u, y(w), p) = p <1 + %ﬁ(m) a(u, y(u), p) = pb(u, (), p), u €[0,T),
we obtain

t
0 < &n(1 — H(t)) < exp <—p / x © (u)b(u, H(u), p) du) . (C.13)
0
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By the definition of » in (4.12), we have for u € [0, T),

1—p
2p2c2

N N 2 N

n(u, y(u), p) = — (¢ @Pw))” + k@) (b, Hu). p) - 1).

As the left-hand side as well as the first summand on the right-hand side are integrable on (0, T") by
(B.16), we infer that fOT KG(M)lb(Ll, y(w), p) — 1| du < co. Combining this with (C.12) shows that the
right-hand side of (C.13) convergesto Oast 11 T. O



