USING AREA MODELS TO VISUALIZE THE DIFFERENCE OF SQUARES
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Introduction

The influence of visualization in aiding the process of understanding has been
documented across many fields. We take a more focused look at using area models to
construct the difference of squares formula. Rather than gaining conceptual knowledge
through strict memorization, numerous examples help to lead students in the direction of
understanding. If the formula is simply written in front of students with the expectation that
they know the where it comes from and why it works, generally they have a harder time
learning the subject, because students tend to immediately search for a pattern rather than
represent the formulas for their own understanding (Zazkis et al, 2008). Knuth (2002) and
Schoenfeld (1994) both agree that proof of a mathematical concept should not be separated
from the practice itself, and that having students develop formulas visually will help them
avoid memorization. For example, according to Gallin (2011), one discussion with educators
found that some teachers believe the quadratic formula is too complicated to expect their K-
12 students to derive, but he believes the quadratic formula is advanced enough that it
should be provided and proven by the algebra teacher. We believe that figures and diagrams
help students to understand the fundamentals by creating the structure of the formula. This
way, students can feel more confident using that knowledge at future points in mathematics,
because research supports that students’ learning through modeling is important in many
ways for long-term understanding (Iszak, 2000).

Classic Foil Method Instruction
A useful tool that many teachers use to illustrate the idea of binomial squaring, or (a + b)?,
is shown in Figure 1. The big square has the side lengths of (a + b) and (a + b).
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Figure 1

We take a square and show that (a + b)? = (a + b)(a + b). Once we do this, we can
illustrate that two squares and two rectangles are what makes up the square. When adding
these up to create the new area of the square, we get a® + ab + ba + b?, which simplifies
to a? + 2ab + b?. With this visualization, students can then use it to model the FOIL (first,
outer, inner, last) method. Also, in addition to the positive binomial, teachers can assign the
students to perform the same task idea for (a — b)? = a? — 2ab + b? which would be
similar to our illustration. While this is a helpful tool, these distribution visual aids are
generally limited past this type of example. Using algebra tiles, teachers can assign a lesson
using the above model for vatious factoring problems, such as (x + a)(x + b) = x? +
(a + b)x + ab?. For students that are already familiar with algebra tiles, teachers can
provide these tiles as an alternative method to help visualize the multiplication of binomials,
using white tiles to represent positive terms and red tiles to show negative terms, as shown

below in Figure 2.
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Here is an example of using these, for teachers that may be unfamiliar with this method. In
figure 3a, the illustration shows a quadrilateral with dimensions (x + 2) and (x + 3), while

figure 3b shows a quadrilateral with dimensions (2x — 1) and (x + 2). In both cases, the
FOIL method is shown by the process of finding the area of these figures.
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What if we applied the same ideas to another difficult formula to grasp: the difference of
squares?

Illustration of the Difference of Squares

The difference of squares formula, a*> — b?> = (a — b)(a + b), can be represented
by an area model as well. We provide instructions on how to represent this situation, and
complement this information with dialogue from an actual student interaction while
performing the activity. Start with a square with side length of a, and then form another
small square inside that has side length of 4.

Z: --and take away a B squared. How can I represent that like this?



O: Well, you’d draw [mimes a square] in it?
Z: Okay so we’d make an extra piece, and what would we do with it eventually?
O: Take it away.

The smaller one can be embedded into any corner of the bigger square as in figure
8a. Then, the small square can be removed from the bigger square, in order to satisfy a
visualization of the left-hand portion of the equation, a® — b?.

Z: How long is this suddenly shorter side now that you cut the square out? How

long is that suddenly shorter side?

O: A minus B squared.

Z: Not, not, not the area, just the length of the side.

O: Oh.

Z: It’s...what was it when it was full? What was this?

O: A.

Z: Now, it’s out, what is this?

O: A minus 1B.

Z: So let’s label that so we don’t forget.

Afterward, the leftover part can be cut into two pieces (by the red lines in figure 4a) so that it
produces two trapezoids. By rotating and flipping one of the trapezoids, we can connect the
trapezoids by their diagonal legs (represented by the red line in the figure 4b).

Z: Okay, now we have our two pieces, yeah?

O: They’re perfectly the same.

Z: Can we make another rectangle, somehow, with these two pieces? Is there any

way to do it? Because for us, the easiest way to find area is by rectangle, right?

O: [assembles the pieces]

Z: Okay good, so you put them together like that.

O: I flip one over and then...

Z: Flip one over and put it together.

O: And that’s the area.

This produces a rectangle with sides lengths (a + b) and (a — b).

Z:: So, how long is this again? [points to one side of new rectangle]

O: A minus B.

Z: How long is this? [points to other side]

O: A...plus B?

Therefore, the area of the newly constructed rectangle in figure 4b, algebraically as (a —
b)(a + b), is cleatly equal to the area of the original figure created by the cuts. Hence,
(a=b)*>=(a—Db)(a+b).
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Before this activity, we had explained the concept of visualizing quadratics such as Figure 1
with a drawing on the board. Now that our full activity was completed, we asked this
particular student which was more helpful, comparing the original drawing of (a + b)(a +
b) to the recent example of (a — b)(a + b).

Z: Good. Did, uh, does it help to see it?

O: Well for me, since I’'m visual, it helps me picture, like, how they, how it equals

that.

Z: Because if, so if; so if I just told you that...

O: Yeah I would never picture that they would be the same.

Z: Like you, I mean I could say they’re the same, but would you know they’re the

same or would you just be taking my word for it?

O: [immediate answer| I would just be taking your word, because I wouldn’t, like,

understand how to get there. But now with this I can.

Z: Which one is easier? This first one I did, the A+B thing [points to the original

(A+B)(A+B) example] or this one? [points to recently-completed activity for

(A+B)(A-B)]

O: This one.

Z: You think that one is easier? The minus one is easier?

O: Yeah.

Z How come?

O: Well, since we did it like this.

Z: Ah, okay, so if I had had, if I had had tiles, for that one, you think it would have

made more--

O: --yeah--

Z: --of an impact? Okay so it’s better when you’re messing with it, not just--

O: Because when you’re physically, like, doing it...

Z: ..it’s better. Even if I draw it, that’s still better, is that [points to activity]...

O: Yes, it is.



Conclusion

Understanding of formulas is an important skill for students to be able to successfully
accomplish algebra and geometry. The visualization for the difference of squares, as
introduced in this paper, can be used as a means for making sense of formulas for students.
Visualization is a strong method of understanding for students to grasp a concept that may
seem too abstract, and instead make it more concrete. Area modeling activities help foster
students’ learning on algebraic formulas, and the classic foil method is certainly one of these
that can be used through algebra tiles and other materials. We provided an exercise
explaining the difference of squares to a student who acknowledge better understanding
when seeing a hands-on method of showing these complicated distribution processes. We
aim to provide these activities and developments to enrich learning environments in the
classrooms.
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