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Abstract

Inertial measurement sensors that include three gyroscopes and three accelerometers are
key elements of inertial navigation systems. Miniaturization of these sensors is desirable to achieve
low manufacturing cost, high durability, low weight, small size, and low energy consumption.
However, there is a tradeoff between miniaturization of inertial sensors and their performance.
Developing all the necessary components for navigation using inertial sensors in a small volume
requires major redesign and innovation in these sensors.

The main goal of this research is to identify, analyze and optimize parameters that limit the
performance of miniaturized inertial gyroscopes and provide comprehensive design guidelines for
achieving multi-axis navigation-grade MEMS gyroscopes.

It is shown that the fundamental performance limit of inertial gyroscopes is angle random
walk (ARW) due to thermo-mechanical and electronic noises. Theoretical models show that
resonant frequency, frequency mismatch between sensing and driving modes, effective mass,
quality factor (Q), driving amplitude, sensing gap, sensing area and angular gain are the most
important parameters that need to be optimized for best noise and most practical device design.

In this research, two different structures are considered for low-noise MEMS gyroscopes:
1) shell gyroscopes in yaw direction, and 2) a novel super sensitive stacked (S*) gyroscope for
pitch/roll directions.

Extensive analytical and FEM numerical modeling was conducted throughout this research

to investigate the mechanisms that affect O and noise in shell resonators used in yaw-rate
XXX



gyroscopes. These models provided insight into ways to significantly improve resonator design,
structure, fabrication, and assembly and helped fabricate fused silica shells with Os as high as 10
million (at least an order of magnitude larger than other similar shells). Noise performance of these

fused silica shell gyroscopes with 5 mm dimeter improved by about two orders of magnitude

(<5x1073°/+/hr), representing one of the best noise performances reported for a MEMS gyroscope.

To build a high-performance MEMS-based planar vibratory pitch/roll gyroscope, it is
critical to have a resonator with high Q in the out-of-plane resonant mode. Existing out-of-plane
resonators suffer from low Q due to anchor loss or/and thermoelastic dissipation (TED).
Increasing the thickness of the out-of-plane resonator reduces TED, but this increases the anchor
loss. To reduce anchor loss significantly, a novel structure called S* is designed. In this structure,
two similar resonators are stacked on top of each other and move in opposite directions, thus
providing a balanced stacked resonator with reduced anchor loss. The reduction of anchor loss
allows larger thickness of silicon S* gyroscopes, leading to a very low TED. A large-scale model
of a stacked balanced resonator is fabricated and tested. The initial results show more than 50 times
improvement in Q (measured in air) when resonators are stacked. It is expected that by testing
this device in vacuum, Q would improve by more than three orders of magnitude.

The S* design also has an extremely large effective mass, a very large angular gain, a large
driving amplitude, a very small sensing gap, and a large sensing area. It is estimated that a 500 um
thick silicon $* gyroscope provides ARW of about 1.5x10°/v/hr (more than two orders of
magnitude better performance than a navigation-grade gyroscope). This extraordinary small value

can be improved for 1mm thick fused silica to 7.6x107 °/v/hr if the technology for etching fused

silica could be developed in the future.
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Chapter 1: Introduction

1.1 Introduction to Navigation

People have moved from one place to another for a long time. To find their destination,
they need a tool to guide them in their path. Navigation is the science of guiding movable objects
between two points. Majority of navigational techniques include locating the moving object
position compared to a known location and then providing direction for the next movement.
Currently, there are several navigation approaches:

-Celestial navigation: Celestial navigation involves measuring the angle between celestial
bodies, which include the sun, the moon, a star, or a planet, and the visible horizon to locate one's
position. A celestial body is located directly over one point on the Earth's surface at a given time.
The location of this point is known and can be determined from tables. By measuring the angle
between the celestial body and the visible horizon the distance between the celestial body's
geographic position and the observer's position can be determined. By computing this distance,
the point of position of the observer lies on a circle around celestial body’s geographic position.
Using this method for another celestial body generates another set of points of position for the
observer. These two curves intersect in the observer location (as these curves are circles, there are
two intersection points, but one of them can be discarded because it is far from the estimated

position). An example for this technique is shown in Figure 1.1.



Line of position for moON s

Figure 1.1: Finding the position using celestial navigation technique. In this technique, angular measurements
taken between a celestial body such as, the Sun, the Moon, a planet, or a star, and the visible horizon are used to
find observer’s position.

- Inertial navigation: Inertial navigation systems determine position by integrating the
motion of an object over time. This system needs to know the initial position, direction and
magnitude of movement. Inertial sensors such as accelerometers and gyroscopes are used to
measure the magnitude and direction of motion. This technique is discussed in detail in subsection
1.2.

- Radio navigation: Radio navigation uses a radio direction finder to find the direction to
a radio source. A radio direction finder operates by rotating a directional antenna and listening to
the signals from a known station and finding which direction has the strongest signal. By
measuring second direction from another station and using triangulation the position of moving
object can be calculated.

- Radar navigation: When a moving object is within the range of navigation radars, the
angular bearings and distances can be found from the radar. These data can be used to find the

position.



- Satellite navigation: A satellite navigation system uses satellites and small electronic
receivers to provide the location of moving object (containing receivers). In this system, the
satellite broadcasts a signal that contains data about the position of the satellite and the timestamp
of the signal. By comparing the time of broadcast from several satellites, the time-of-flight to each
satellite can be measured by a receiver, thereby calculating the distance from each satellite, which
can lead to the position of the receiver using trilateration process. The Global Positioning System
(GPS) uses this technique with accuracy of about a few meters. In fact, United States government
commits to broadcasting the GPS signal in space with an average error of <7.8 m, with 95%
probability; and the majority of the times, the actual performance is better than this value.

Except inertial navigation system, all other systems need external information. Therefore,
they are vulnerable to external conditions, such as weather. Furthermore, the signal is not well
transmitted inside buildings, in tunnels, underwater, and underground locations. Additionally, the
external signal can be jammed by enemies that might cause problems especially in battle fields.
As a result, more reliable navigation technique should be used in these cases. Inertial navigation

could potentially be a good candidate for this.

1.2 Inertial Navigation
As shown in Figure 1.2, inertial navigation is a technique that calculates one's current
position by using a previously determined position and advancing that position by measuring
displacements and orientations in each time-step. Displacement can be measured by double
integrating the acceleration information. To measure the actual displacement there is a need for

three accelerometers each placed in a mutually perpendicular direction.



Known: Initial position

Measuring displacement and orientation
| of the displacement using inertial '
| sensors

Integrating measurement data
over time

Result: Current position

Figure 1.2: Fundamentals of inertial navigation. This technique determines current position by using a previously
determined position and advancing that position by measuring displacements and orientations in each time-step.

Different types of accelerometers have been developed some of which are listed:

- Piezoresistive accelerometers: In these types of accelerometers, piezoresistors are
incorporated in the suspension beams that are connected to a proof mass. When there is an
acceleration in the system, the proof mass moves relative to the support frame that causes the
suspension beams to elongate or shorten, which changes their stress and hence the resistivity of
the embedded piezoresistors. This change in resistivity can be measured and calibrated using

electronic circuitry.



- Optical accelerometers: In these accelerometers, different optical phenomena are used
for measuring acceleration. Fiber Bragg grating accelerometer is one of them. In this type of
accelerometer, a distributed Bragg reflector that is created within segments of an optical fiber is
connected to a proof mass. Fiber Bragg grating reflects unique wavelengths of light, and it
transmits all other wavelengths. The refractive index of the optical fiber core varies with changes
in strain, so that the Bragg wavelength shifts to higher or lower wavelengths in response to applied
stress in the fiber. When there is an acceleration in the system, the proof mass moves relative to
the support frame and hence changes the stress inside the connected fiber, which results in
wavelength shift.

- Capacitive accelerometers: These accelerometers usually consist of a proof mass that is
suspended in a support frame. When there is an acceleration in the system, the proof mass moves
relative to the support frame, which changes the capacitance between the proof mass and a fixed
conductive electrode separated by a narrow gap. This change in capacitance can be measured and
calibrated using electronic circuitry.

- Resonant accelerometers: In these accelerometers, a proof mass is connected to resonant
beams. As there is an acceleration in the system, the proof mass inertial force is transferred to axial
force on the resonant beams that changes their resonant frequencies. By measuring and calibrating
these shifts in resonant frequencies using electronic circuitry, acceleration can be calculated.

- Tunneling accelerometers: These accelerometers use a constant tunneling current
between a tunneling tip that is attached to a movable microstructure and its counter-electrode to
sense displacement. When the tip is sufficiently close to its counter-electrode, a tunneling current
is established and remains constant if the tunneling voltage and distance between the tip and

counter-electrode are unchanged. As there is a displacement in the proof mass due to acceleration,
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the readout circuit responds to the change of current and adjusts the bottom deflection voltage to
move the proof mass back to its original position using electrostatic force generated by the bottom
deflection electrode, thus maintaining a constant tunneling current. In this closed loop system,
acceleration can be measured by reading out the voltage.

In addition to aforementioned accelerometers, there are other types of accelerometers
including thermal, electromagnetic, and piezoelectric accelerometers.

Other than accelerometers, there is a need for three gyroscopes for measuring rotation, that
can be used to calculate the orientation of displacements measured by the accelerometer. Several
different types of high-performance gyroscopes are also developed, including:

- Mechanical gyroscopes: Mechanical gyroscopes operate based on the Coriolis effect.
When a mass vibrates in a rotating frame, Coriolis force is exerted to the mass in the perpendicular
direction to both the movement and the rotation directions. The magnitude of this force is
proportional to the velocity of the mass and the rotation rate.

- Optical gyroscopes: These gyroscopes operate based on the Sagnac effect. According
to this effect, there are rotation-induced path-length differences for oppositely-traveling lights
through an optical loop. Ring laser gyroscopes (RLG) and fiber optic gyroscopes (FOG) are the
main types of optical gyroscopes.

- Nuclear magnetic resonance (NMR) gyroscopes: These gyroscopes operate based on
the change in the Larmor precession frequency of nuclear spins in an applied magnetic field due
to rotation.

- Cold atom gyroscopes: These gyroscopes operate based on path-length change for two
oppositely-traveling atomic waves at extremely low temperature due to rotation (the fundamental

principle of cold atom gyroscopes is similar to optical gyroscopes).

6
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Figure 1.3: Noise versus size of different type of gyroscopes. Angle random walk (ARW) shows the noise in
gyroscopes. As noise is smaller in a gyroscope, the accumulative error of inertial navigation decreases.

Figure 1.3 shows noise versus size of different type of gyroscopes. In this figure, different
boxes show general trend for size and performance of gyroscopes (not exact values). Inertial
navigation is subject to cumulative errors; therefore, it is crucial for gyroscopes to have very low
noise. Although several high-precision gyroscopes have been already developed, they are very
expensive and large for many applications and still need improvement to overcome price and size

issues. A promising approach to overcome these issues is using Microelectromechanical system



(MEMS) technology. MEMS technology is attractive for its low manufacturing cost, light weight,
small size, low energy consumption and compatibility with integrated circuits. These features
make it extremely attractive for inertial navigation. Unfortunately, existing MEMS gyroscopes
have bad performance in terms of noise, limiting their usage for inertial navigation. The aim of
this research is to design and develop extremely low-noise MEMS gyroscopes for navigation. In

the next section, an overview of MEMS gyroscopes is presented.

1.3 MEMS Gyroscopes

Most MEMS gyroscopes are Coriolis Vibratory Gyroscope (CVG). These gyroscopes use
the Coriolis acceleration that arises in a moving mass when it is located in a rotating reference
frame to measure rotation. In chapter 2, the principles of CVGs will be discussed comprehensively.

Achieving low-noise MEMS gyroscopes to navigate inertially has been a big challenge
since the introduction of micromachining technology. Different types of MEMS gyroscopes have
been made in the past few decades. They are categorized as follows:

- Beam gyroscopes: These gyroscopes consist of a beam, which is vibrating in drive
direction as shown in Figure 1.4 [1]. When there is a rotation in the system, the beam starts to
vibrate in the sensing direction, which is perpendicular to the rotation and driving axes. To drive
these gyroscopes both piezoelectric and electrostatic actuation can be used. For sensing, capacitive

and piezoelectric sensing have been used. These gyroscopes usually show a very low performance.
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Figure 1.4: Schematic of a beam gyroscope [1].

- Single mass gyroscopes: Typically, single mass gyroscopes have a suspended mass and
multiple springs that support the mass. This mass vibrates in driving direction and when there is
a rotation in the system, it starts to vibrate in a direction that is perpendicular to the driving and
rotation axes. To measure this vibration, usually capacitive sensing is used. Theses gyroscopes

usually show low performance. Figure 1.5 shows schematic of a single-mass gyroscope [2].

Movable Sense

Stationary
Drive

Z, Rate input

Movable Drive
(1DOF)

Stationary

Sense Y, Drive

X, Sense

Figure 1.5: Schematic of a single mass gyroscope [2].



- Dual mass gyroscopes: These gyroscopes consist of two identical masses that are
vibrated in opposite directions. These gyroscopes are basically tuning forks with concentrated
masses. They typically use electrostatic driving and capacitive detection methods and have
relatively high performance. Figure 1.6 shows one of these gyroscopes that is developed at Georgia

Institute of Technology [3].

Sense Electrodes

Tuning/Balance
Electrodes

Drive Electrode

Drive Electrode

Tuning/Balance
Electrodes

Sense Electrodes

Schematic SEM
Figure 1.6: A tuning fork gyroscope developed at Georgia Institute of Technology [3].

- Quad mass gyroscopes: These gyroscopes consist of four identical suspended masses,
coupling springs and levers, and supporting springs. Figure 1.7 shows the driving and sensing
modes in a quad mass gyroscope [4]. All the quad mass gyroscopes that are developed until now
use electrostatic driving and capacitive sensing. It is shown that these types of gyroscopes can
achieve high performance.

- Shell gyroscopes: Shell gyroscopes consist of a thin three-dimensional (3D)
axisymmetric structure. This structure can vibrate in wine-glass (WG) modes. These modes can
be used as driving and sensing modes of a gyroscope as shown in Figure 1.8. These resonance

modes occur at the same frequency and have indistinguishable mode shapes.
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Driving mode Sensing mode

Figure 1.7: Driving and sensing modes of a quad mass gyroscope [4].

Driving mode (first =2 WG mode) Sensing mode (first =2 WG mode)

Figure 1.8: » =2 WG modes in a shell gyroscope.
These kind of gyroscopes can be fabricated in different shapes as shown in Figure 1.9. It
is shown that shell resonators can achieve extremely high performance when they are in meso-
scale [5]; however, for micromachined shell gyroscopes the performance is yet below inertial

navigation requirement and there is need for more improvement.
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Figure 1.9: Shell resonators with different shapes that are shown in this figure, can be used as MEMS gyroscopes.

- Circular gyroscopes: These gyroscopes also operate in WG modes. The difference
between these and shell gyroscopes is that circular gyroscopes have flat structure as opposed to
3D structure of shell gyroscopes. As shown in Figure 1.10, these gyroscopes can be fabricated in

the shape of a ring or disk [6, 7].

Imm WD48

Ring gyroscope [6] I Disk gyroscope [7]

Figure 1.10: Two main structures of circular gyroscopes.

- Balk acoustic wave (BAW) gyroscopes: These gyroscopes use acoustic wave motion
instead of vibration of proof masses; when there is a rotation in the system, Coriolis effect causes
acoustic wave motion in the sensing direction. Both piezoelectric and electrostatic driving and
piezoelectric and capacitive sensing have been used in these gyroscopes. Because these
gyroscopes operate at very high resonant frequencies, they are very robust to shock and vibration,

which makes them promising candidates for navigation in harsh environments; however, because

12



it is hard to drive them with large amplitude, their performance is not good enough. Figure 1.11

shows one of these gyroscopes [8].

AJ

e ~
'N\ode Node

Antinode

P
Antinode

Figure 1.11: A square BAW gyroscope [8].

- Torsional gyroscopes: these gyroscopes typically consist of a mass with large moment
of inertia which can rotate in different direction. The difference between these gyroscopes and
single mass gyroscope is that the proof mass is oscillating torsionally around the driving axis
instead of vibrating linearly. When there is a rotation in this system, the mass starts to rotate around
the sensing axis, which is perpendicular to the driving and rotation axes. Figure 1.12 shows a
schematic of this type of gyroscopes.

Figure 1.13 shows a summary of the noise performance (ARW) of some MEMS
gyroscopes in the past 20 years.

Even though there was a good improvement in the performance of these gyroscopes, they
are not good enough for navigation, especially for the pitch/roll directions. A gyroscope with ARW
less than 2x107 °/+/hr (1.2x10"' °/hr /\/Hz) is considered navigation-grade gyroscope [29, 30].
Therefore, there is a need for developing high performance MEMS gyroscopes for all three axes

(yaw, pitch, and roll).
13
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Figure 1.12: Schematic of a torsional gyroscope [9].
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Figure 1.13: Noise performance in the best MEMS gyroscopes. None of them shows required performance for
navigation.
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1.4. Thesis Contributions and Organization

Research objective:

The main goal of this research is to identify, analyze and optimize parameters that limit the
performance of miniaturized inertial gyroscopes and provide design guidelines for achieving
navigation grade gyroscopes for all three axes in a small size. Figure 1.14 shows the overview of
this research.

As it will be shown in chapter 2, the main source of error in inertial gyroscopes is noise,
including thermos-mechanical and electronic noises. Theoretical models are developed to quantify
the effect of different parameters on these noises. It is found that resonant frequency, frequency
mismatch between sensing and driving modes, effective mass, quality factor, driving amplitude,
sensing gap, sensing area and angular gain are the most important parameters for noise in inertial
gyroscopes.

To achieve the required noise performance for inertial navigation, two different structures
are considered: 1) shell gyroscopes, and 2) super sensitive stacked (S*) gyroscope.

Shell gyroscopes are considered for measuring rotation rate in yaw direction. This type of
gyroscope has been utilized in the meso-scale. But miniaturization of these devices reduces their
quality factor and effective mass, which leads to a larger noise. This research analyzes all the
factors that affect noise of these devices to find new design for these structures, which could
provide navigation grade performance in miniaturized shell structures. This includes investigation
of loss mechanisms in miniaturized shell structures that could provide guidelines for increasing
their quality factor, investigating the sources of frequency mismatch to eliminate them, and some

design guidelines for increasing effective mass and angular gain.
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This research is about answering the following questions:

—
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~ | Mentioned devices provide required noise
3. What devices provide the required performance performance for all three navigational
for navigation? directions

Figure 1.14: Questions that will be answered in this research.

In order to measure rotation rate in pitch and roll directions, S* gyroscopes are designed.
This is the first time that this type of gyroscopes is introduced. The main problem of existing pitch
and roll gyroscopes is their low quality factor that is mainly limited by anchor loss and/or

thermoelastic dissipation (TED). Increasing the thickness of gyroscopes (for out-of-plane mode)
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can reduce TED, but this increases anchor loss. Therefore, the quality factor cannot be increased
more than a certain amount. To overcome this problem, the idea of tuning forks is reinvented by
stacking two similar resonators in S*gyroscopes. In this case, TED can be minimized by increasing
the thickness of the gyroscope’s layers and anchor loss can be eliminated by preventing wave
propagation through balancing of two stacked layers.

Besides improving quality factor, the idea of S? gyroscope provides a structure that allows
optimization of all other effective parameters in noise of gyroscopes. This includes extremely large
effective mass, large angular gain, very small sensing gap, and very large sensing area. In this
research, the effect of all design variables on the noise of S® gyroscope is analyzed and sets of
design guidelines are provided for extremely low noise pitch and roll gyroscopes.

In order to provide the mentioned design guidelines for shell and S* gyroscopes, some
numerical simulation approaches are developed for the current devices. In some cases, theoretical
models are used or developed for better understanding of the behavior of the gyroscopes. Some
experimental data are also used for verifying and comprehending some physical phenomena,
especially energy dissipation mechanisms in these gyroscopes.

This thesis contributes in several areas, including theoretical modeling, design, and
analysis of low-noise gyroscopes and the factors that affect performance. A list of these
contributions is provided in Table 1.1. A summary of the main contributions of this research are:

¢ Identification, modeling, and analysis of parameters that limit the performance of
inertial vibratory gyroscopes.
e A comprehensive analysis of critical parameters contributing to noise and step-

by-step design guidelines for low-noise MEMS gyroscopes.

17



e Extensive design, modeling, characterization, and optimization of 3D shell
structures for use as high-performance yaw gyroscopes.

e Fabrication and characterization of large-scale stacked balanced resonators,
demonstrating significant reduction in anchor loss and improvement in quality
factor.

e Design, modeling, and analysis of a novel high-performance MEMS-based planar
vibratory pitch/roll gyroscope (the S° gyroscope), taking advantage of anchor loss
reduction in these out-of-plane stacked balanced resonators.

Organization of this dissertation:

This dissertation is organized in six chapters:

Chapter 1 introduces inertial navigation method and MEMS gyroscopes.
Chapter 2 analyzes essential design parameters for high-performance gyroscopes.
Chapter 3 introduces shell and S* gyroscopes.

Chapter 4 investigates and optimizes design parameters for shell gyroscopes.

Chapter 5 investigates and optimizes design parameters for S® gyroscopes.

Chapter 6 summarizes this research and gives recommendations for improvement in

gyroscopes performance.

18



TABLE 1.1: SUMMARY OF CONTRIBUTION

Area of research

Contribution

Theoretical

modeling

Introducing a three degrees of freedom model for dynamics of vibratory gyroscopes

Theoretical modeling of noise sources in gyroscopes with considering the effect of
mismatch between driving and sensing frequencies

Providing a reduced order model for dynamics of shell structure

Introducing a theoretical model for predication of resonant frequency of shell
resonators in n =2 WG mode

Introducing a theoretical model for predication of quality factor (Q) due to TED of
shell resonators in n =2 WG mode

Providing a reduced order model for dynamics of S* structures when operating as a
gyroscope

Introducing a theoretical model for predication of O due to TED in S* resonators

Design and

analysis

A comprehensive analysis of critical design parameters for low noise MEMS
gyroscopes

Investigating resonant behavior (resonant frequency, frequency split between sensing
and driving modes, and mode shapes) of shell structures

Calculating and optimization of effective mass of shell structures
Calculating and optimization of angular gain of shell structures
Comprehensive study in anchor loss of shell resonators
Comprehensive investigation of TED in shell resonators

Analyzing the effect of surface loss, fluidic damping and metal coating on Q of shell
resonators

Introducing a novel design for high performance pitch/roll gyroscopes (S* gyroscopes)

Investigating resonant behavior (resonant frequency, frequency split between sensing
and driving modes, and mode shapes) of S* gyroscopes

Studying anchor loss in S* gyroscopes

Investigating TED in S* gyroscopes

Fabrication and

achievements

Fabrication and testing of stacked balanced resonators
Achieved the highest reported O in MEMS resonators

Achieved 50 times improvement in Q of stacked balanced resonators comparing to
non-stacked resonators
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Chapter 2: Important Parameters for Performance of Vibratory

Gyroscopes

To find important parameters in design of vibratory gyroscopes, their physics of operation
should be analyzed. In this chapter, dynamics of vibratory gyroscopes will be modeled and then

important parameters that determine performance of gyroscopes will be investigated.

2.1 Operational Principles of Vibratory Gyroscopes

Here, the operation of a vibratory gyroscope is explained when it is considered as a
concentrated mass. To model the dynamical behavior of a vibratory gyroscope, a dynamic system
diagram shown in Figure 2.1 is considered. In this system, the gyroscope’s proof mass is suspended
in a sensors package, which is located in a mobile platform. The mobile platform can move with
respect to the inertial frame, Oy4. In Figure 2.1, Os, Op, and O, are frames that are attached to the
mobile platform, the sensors package, and the proof mass, respectively.

Newton’s second law of motion can be used to model dynamic behavior of this mass.

According to this law,
> F=md 2.1
where, F is force on the mass, m is the mass of the object, and 4 is its acceleration in an inertial

frame.
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Figure 2.1: Dynamics diagram of a vibratory gyroscope inside a mobile object.

It can be shown that the acceleration in the inertial frame equals:

+0,, ><(QS/A Xﬁn/Os ) +a_bS/OA/A (2.2)

m10,/4 = Xmiog/s +20,, XV,04/s +Q,, xF, /O

where:
a j0,/4+ acceleration of m relative to the origin of inertial frame in respect to the

inertial frame.
a_;n/OS ,s - acceleration of m relative to the origin of sensor frame in respect to the

sensor frame.
thS /0,14 acceleration of origin of the sensor frame relative to the origin of the

inertial frame in respect to the inertial frame.
21



o v;/Os ,s - velocity of m relative to the origin of sensor frame in respect to the sensor

frame.

—

e Q. ,:angular velocity of sensor frame relative to the inertial frame.

e Q.  :angular acceleration of sensor frame relative to the inertial frame.

* 1,0, s position of m relative to the origin of the sensor frame.

In (2.2), the second, third and fourth terms on the right hand side of the equation are

Coriolis, angular acceleration, and centrifugal accelerations, respectively. 7, /0, can be defined as:

Fog = Vwo, T1o, 10 (2.3)

where 7, ,, is vector of position of m relative to the origin of the package frame and 7, ,, is vector
P P

of position of origin of package’s frame relative to the origin of sensor’s frame. They can be written

as:
Fo =t +X,= (ro v, jtn. k) (06,0 + 3,7+ 2,k ) (2.4)
P 12 P P
Yo,10, = roopms + Xp = (FOXF/()SZ +1y,, o) + rOZp/Osk) +(xpl +y,J+ zpk) (2.5)

where 7, is vector of initial position of m relative to the origin of the package’s frame, r;
mlo, »/0s

is vector of initial position of origin of package’s frame relative to the origin of the sensor’s frame,

and X, and X , are the vectors of change in these initial positions, respectively. 7,
w0,

7,
OJ’m/()p ?

and 7, B30, and Bozp0, 3 X s Yo andz,; and X,, y,, and z,are the components of these

T
mo, 0x,0, > "0y,0

vectors. In addition, the components of the €, , can be represented by Q, €}, and €. . Therefore,
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—

Vuiogis = Yuio,is t Vo, 10,5 = X, +ypj+zpk+xmi +y,J+z,k (2.6)

@005 = Amio,is T o, 1005 = ‘.X/:pl. + j}pj+.z.pk +X, i+, j+Z,k (2.7)
‘305/04//1 =i+, j+iik (2.8)
Q, =Qi+Q j+Qk (2.9

where u,, #,, and u_are the components of the vector 4 that represents the position of the origin

of the sensor frame relative to the origin of the inertial frame. Hence, the mass acceleration relative

to the inertial frame’s origin in respect to the inertial frame can be written as:

G0, =% f+j} JHE KR+, j+E k+iid+ii ] +iik

+2{ (2,+2,)-. (3, +5,) [T +[-Q.(z,+2,)+ Q. (%, +%,) ]

Q. (5, +5,)-Q,(%,+%,) |k

}Coriolis

+{[ Oz /0y rOz 0, +Zp +Zm)_Qz (Fpr/ol\_ +r0ym/0p +y +ym ):l

m/

+ [ Q rOz,,,/o,, +z,+z, ) +Q. (rOxp/q\. + ro%op +x,+x, )} j
+[ Oy[mg +r, o, +Y,+ V., ) Qy (FOX,,,OS +r0xmlop +x,+x, )]k}
Angular Acceleration
_ 2.10
+{ Q ro} o0, T +ym) Q, (rOXM Hlong, T X0 T X )} (2.10)

-Q. [—Qx (’"Oz,,mx H oo, T 20 T2 ) +Q. (r0xp,05 o, X T X }
+ [—Qx [Qx (roypms +1, 0 +y,+ ., ) — Qy (Voxp/q\. + rOX/”’O )}
+Q. [Qy (”oz,,,(,s Flisyy +Zp +Zm)—Qz (FOyM sy T I0F I )ﬂ]
+ [Qx [—Qx (FOZ,,/OS + ’”OZ,,,/O,, +z,+z, ) +Q ( 05,0 T rOx,,,,o,, +x,+Xx, )}
-2,[9,

Qy |:Q rOz +r02 +Z tz ) QZ (royp/()s +r0y’”/0p +yp +ym ):|}]€}

Centrifugal
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This equation should be used for right hand side of (2.1). Left hand side of (2.1) equals:

X X

> F=-[K]|y, |-[C]| 3, |+ f 2.11)
z, z,

where [K] and [C] are stiffness and damping matrices, respectively. And f is vector of external

forces. [K], [C],and f can be shown as (2.12), (2.13), and (2.14).

XX Xy Xz
[K]=|k, k&, K, (2.12)
zX zy zz
XX C)Cy CXZ
[C]z Cw € €y (2.13)
czx czy sz
/.
=1 (2.14)
/.

To simplify equations, new variable that are shown in (2.15)—(2.31) are defined as:

W, = & (2.15)

. (2.16)

W, = |~ (2.17)

x (2.18)
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(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)



A& 2.31

o 2m ( M )

7. 2m (232)

F. L (2.33)
m

F _5 (2.34)
m

F A (2.35)
m

Using (2.1) and (2.10)—(2.35), dynamical behavior of a vibratory gyroscope can be

expressed as (2.36)—(2.38).

2 2 2
F, =X,+X,+ii . +o, ’x, to, Pyt lz A% +—p +—Z
Txx 7’-)cy sz

+2(Qy (2,+2,)-.(5, +ym))+Qy(rOZ otz +zm)
o) (Fpr/o +y, +ym)+Qy (Qx (roywv +h, +Y, +ym) (2.36)
-Q, (’”o)c oy +x +Xx )) QZ(—Qx(rOZ ot +zp+zm)

+Q. Box o +h +xp+xm))

Considering the package and sensor’s frames are located in the same place without any
movement relative to each other and also considering the origin of mass is initially located at the
origin of package’s frame, and furthermore ignoring movement in z-direction for a yaw gyroscope
(for a yaw gyroscope, which measures rotation in the z-axis, gyroscope should be designed in a
way that mass does not move in the z-direction.), the dynamical behavior of gyroscope is
simplified in (2.39) and (2.40).
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e > 2 2 2
F o=y, +y,+ti +0,x, +o ym+a) 2z X +—ym+—z

Tyx Tyy
+2(—Qx(z'p+z'm)+Qz(xp+5cm )_QX(FOZ[,,(,S + 02000, +tz,+z )
+Qz(rox o, T +xm)—Qx(Qx(r0yp0S o, Y m) (2.37)

miop

_Qy (r%/os +r0xm/0p +X, +xm))+QZ Qy (VOZPOS +r, +z +zm)

_QZ (rpr/()S + ro)’m/op + yP + ym ))

2
F =2 +Z +iu +o, x to, y +o, z +—x,+—y, +—Z,
T T T

- o -
+2(Qx (yp +ym)—Qy ()'cp +5Cm))+Qx (roypm& Tt +ym)

-Q

y

2.
oo, T Ton,0, T % +xm)+Qx (QZ (rOXp/OS oy, T +xm) (2.38)

oz, T2t 20 )) -Q, (Qy (’"OZP/Q,, F oo, T2t zm)

z

-Q (ro
-Q (ro)/p/o 0)’,,,/0 + Yp TV ))

2 2
Ta Ty (2.39)

- 2szm - szm + Qnyym - Qyzxm - sz‘xm

.. 2
F =y, +i,+o, ’x,, to, Py, —x, +—
Ty Ty (2.40)

+2Qme +Qz‘xm _szym + QXnyIn _Qz2ym

Ignoring the acceleration of moving object and rotations in other axes, the model simplifies to:

.. 2 . 2 2 _ _i y Y —w 2

xm+axm+(wxx —-Q, )xm—F;ﬁ— 2Q, z, ym+(Qz @, )ym (2.41)

ym+riym+(a)yy2—gzz)ym:Fy_ %+2Qz %, (0,7 +Q.)x, (2.42)
y X
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This equation is valid for single mass vibratory gyroscopes, where the entire proof mass
experiences Coriolis acceleration during rotation. However, it can be shown that for other types of
gyroscopes, such as shell and circular gyroscopes, the same equations can be used for dynamical
behavior of the gyroscope with a small modification. In fact, other types of gyroscopes operates
exactly as a single mass gyroscope while not all of their structural mass have kinetic energy and
the parts that have kinetic energy do not fully contribute to the Coriolis force. To make these
equations appropriate for all resonant gyroscopes, two terms can be defined:

-Effective mass: this term is defined as the amount of the mass that has the exact same
kinetic energy as the real gyroscope when the mass is resonating with the amplitude equal to the
largest deflection of the real gyroscope structure.

-Angular gain: is defined as the ratio of Coriolis force generated in the resonating structure
to a single mass gyroscope with the same effective mass.

The value of these parameters depends on the gyroscope material, structure, resonant mode
shapes, etc. These will be discussed comprehensively in chapter 4.

Using these definitions, simplified dynamical behavior of all vibratory gyroscopes can be

represented by:
.. 2 . 2 2 2 . > 2
%, +—x, +(0, -Q.)x, =F,+| 24,0, -— |3, +(% -0,)y, (2.43)
Txx z-xy
. 2 . 2 2 _ 2 . 2 :
Bt —, (0, Q7 )y, =F,-| —+24,Q. |i, (0, +Q.)x, (2.44)
pag z-yx

Ideally, a harmonic force is exerted to the mass (in driving direction) such that the mass

oscillates harmonically with a constant amplitude (a closed loop control system is used).
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Considering force has frequency of w, , the oscillation of mass in driving direction has the form
of:
x, =dcos(w,, 1) (2.45)

where d is driving amplitude of the mass. Therefore, the sensing equation becomes:

. +iy‘m +(w,”-Q.7)y, =F, +a,, {i+ 2AgQZ]d sin (@,,t)

y v (2.46)

v
—~ (coyx2 +Q. )d cos(@,.1)

To measure rotation rate two approaches can be used:

-Open-loop: mass freely vibrates in response to the Coriolis acceleration and amplitude of
this oscillation is used to measure amount of rotation rate (force in sensing direction is zero.). Since
the amplitude of this oscillation is proportional to the Coriolis acceleration, which is itself
proportional to the rotation rate, measuring the amplitude of sensing direction can be used to
measure rotation rate.

-Force-to-rebalance: a force in the sensing direction exerted to the mass in order to cancel
the motion of the mass in this direction. This happens in a closed-loop system, where usually
electrostatic force is utilized to prevent the movement of the mass in the sensing direction. This
force is proportional to the Coriolis acceleration; therefore, by measuring this force, the rotation
rate can be measured.

In an open-loop system, the sensing equation becomes:

.. 2. 2 .
V., +T—ym +(a;yy2 _sz)ym =w,, (T—+2AgQZ)ds1n(a)mt)

Yy yx

(2.47)
—(coyx2 +Q. ) d cos(w,,t)

Therefore, the steady-state response is:
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ym =
(a)yyz _sz _a’dMZ)z +{2a)dmj
Ty (2.48)

‘+Q. )d
- (a)yx Z) cos(@,.t+9)
\/(a)yyz - sz - wdxxz )2 * ( 2:)‘1’“ ]
Yy
where
2w
— t dxx
¢ = arctan [ . (wyyz - a)dxxz)} (2.49)

Considering rotation rate is small, the sensing motion becomes:
v, =Y, sin(w,t+@)+Y, cos(w,.!+9) (2.50)

where

Y, = i
my 2 (2.51)
\/(a)yyz _ a)dxxz )2 +(2:)dxx J
W
y - (a)}x2 +Q. )d

B 2
(2.52)
. T

Driving frequency is much higher than one, so the input rate can be estimated by
demodulating y,, signal with sin(a)mt +¢) as the reference. As a result, rotation rate is estimated

by:
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1

sin((uanﬁ)_ AT (253)

g x

2
1 2 (2w
Q =— w 2 w 2 + e dem
z 2Agda)dxx \/( yy dxx ) ( T‘ \J (ym)

y

where dem(ym)sin(w 1+ shows demodulating y, signal with sin(a)mt+¢) as the reference. This

estimate can be written in the form of :

Q_=SFxdem(y,) sin(a+9) +B (2.54)
where
1 2 ’
2 2 2 @, [xx
F—%\/(% ~0,,) +(ﬁ} (2.55)
j— (2.56)
AgTyx .

SF is called scale factor and B is the bias in the system.

In a force-rebalance system, the control loop exerts F) such that there is no motion in

sensing direction; therefore:

F =-a,, £%+ 2AgQ2]d sin (@, t)+ (a)yx2 + Qz)d cos (@) (2.57)

X

Using the demodulation technique, rotation rate is estimated by:

1 1
Q =——dem(F —
z 2A dw ( y) sin( @) AT (258)

g dxx g yx

where a’em(Fy)Lin(w ) shows demodulating F), signal with sin (a)dxxt) as the reference. Similar to an

open-loop system, rotation rate can be written as

Q, = SF xdem(F,) +B

sin( @y t) (259)
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where scale factor and bias are given by:

1
SF=—— 2.60
24,do,, (2.60)
- (2.61)
Agfyx '

Therefore, using any of these approaches, rotation rate equals a constant times
demodulation of the read-out signal adding to another constant. These constants can be easily
calculated using calibration. So, one can measure the rotation rate of the system. By integrating
the rotation rate over time, the rotation of the system around the desired axis can be calculated.
However, inherent errors in rotation rate measurements using vibratory gyroscopes, if not correctly
dealt with, can cause significant problems in navigation. In the following section, errors in the

vibratory gyroscopes are investigated.

2.2. Errors
Errors in CVGs come from different sources. This section talks about the different

categorizes of errors and identifies the limiting errors in the performance of CVGs.

2.2.1 Categories of errors
These errors are categorized in the following terms:
a) Dynamical (inertial) or cross-axis errors
b) Scale factor non-linearity
c¢) Bias and scale factor drift/instability
d) Earth’s rotation
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e) Noise (ARW)

These errors will be discussed in the following parts.

a) Dynamical (inertial) or cross-axis errors:

As shown in (2.36) to (2.38), rotations around other axes and accelerations in the system
have influences on the movement in the sensing direction. To reduce or eliminate this error, the
following steps should be taken:

- The package’s and sensor’s frames should be located in the same place without any
movement relative to each other.

- Movement in z-direction should be nulled; either by proper mechanical structure design
or by using some closed-loop force-rebalance system. This is for a yaw gyroscope, which
measures rotation around the z-axis. For measuring rotation around other axes, gyroscopes should
be designed in a way that the mass does not move in the measurement axes.

- Compensating unwanted terms that are calculated in (2.39) and (2.40), by utilizing other
inertial sensors that measure other inertial terms.

b) Scale factor non-linearity:

As shown in (2.48), the steady-state response of a gyroscope has a nonlinear dependency
to rotation rate with reference to sinusoidal signal. By considering rotation rate is small enough,
we ignored non-linear term in (2.51). While for large rotation rates this term cannot be ignored.

To solve this problem, one can use (2.48) instead of (2.51), to calculate rotation rate;
however, this increases computation costs.

¢) Bias and scale factor drift/instability:
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The initial bias and scale factor may change over time. In fact, as shown in (2.55), (2.56),
and (2.60), bias and scale factor depend on physical and driving properties of a gyroscope. These
characteristics can change over time, which results in bias and scale factor drift/instability.

Using (2.56), the bias drift/instability, 0B, can be calculated as:

5B=B 54 + B 5
o4, ¢ or,

g

1 1
= §Ag+AT 50T,

g > g >

(2.62)

where 04, and J7yx are change in A, and 7,x, respectively. Since A, and 7, are structural properties
of a gyroscope, any change in temperature (7), mechanical stress (P), and other environmental
factors can change them and causes bias drift/instability on the system. Equation (2.63) shows the

impact of these factors in bias drift/instability:

1 8Ag 6Ag 1 8ryx or,,
=— oT + OP+... |+ 5 OT +—E26P+...
A, \or  op A2\ or oP

04 0 04 0 (2.63)
=-B L—g+L P 1% 1% OP+... ...
A, 0T 1, oT A4, 0P 1, 0P

This drift/instability can cause a huge inaccuracy in navigation. In fact, a bias

oB

drift/instability in attitude rate, if not compensated, becomes a quadratic error in velocity and a
cubic error in position. Therefore, it is extremely important to eliminate or compensate bias
drift/instability in gyroscopes. To reduce or eliminate this error the following approaches can be
used:

-Compensating the effect of environmental changes. For example, using a temperature
sensor inside the gyroscope package and compensating for the effect of temperature fluctuations

on the bias.
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-Reducing change in environmental parameters. For example, keep the temperature of
gyroscope constant by using a closed-loop oven-control system and/or reducing stress in the
system using stress isolation platform. Several experiments that are done in our group [31, 32]
validated this idea. The results of these experiments are briefly presented in the next paragraphs.

To do these experiments commercial inertial measurement units (IMUs), Invensense MPU-
6050, are utilized.

The effect of temperature on the bias drift/instability of the gyroscopes are measured by
changing ambient temperature from -40C to 85C. This temperature change is performed for two
configurations: 1) No temperature control in system. 2) IMU inside a temperature-controlled
package, where the temperature of the IMU is kept around 92C. The results are shown in Table

2.1:

TABLE 2.1: REDUCING THE EFFECT OF TEMPERATURE CHANGE IN BIAS DRIFT/INSTABILITY USING A TEMPERATURE
CONTROLLED PACKAGE [31]

Bias drift/instability (°/hr)
Configuration
X-axis gyroscope y-axis gyroscope Z-axis gyroscope
No temperature control 20610 6486 1288
Temperature controlled package 136.7 144.6 30.53

The results of this experiment show extreme reductions in bias drifts/instabilities (more
than 40 times) for a system with temperature fluctuations.

The effect of stress on bias drift/instabilities of gyroscopes is measured by putting the IMU
package on top of a PCB board including strain gages and producing about 20 MPa stress in the
board [32]. These experiments are performed in two configurations for eight different IMUs. These

configurations are:
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- No stress isolation platform
- IMU on top of a stress isolation platform
The averaged bias drifts/instabilities for eight IMUs are shown in Table 2.2:

TABLE 2.2: REDUCING THE EFFECT OF STRESS IN BIAS DRIFTS USING A STRESS ISOLATION PLATFORM [32]

Bias drift/instability (°/hr)
Configuration
X-axis gyroscope y-axis gyroscope Z-axis gyroscope
No stress isolation platform 4930 2420 4274
IMU on top of a stress isolation platform 134 135 46.7

The results of this experiment also show substantial reductions in bias drifts (more than 18
times) for gyroscopes under fluctuating stresses.

Therefore, reducing the changes in environmental parameters significantly improves bias
drift/instability.

Equations (2.55) and (2.60) show that scale factor depends on physical and driving
characteristics of a gyroscope. The effect of physical characteristics of the gyroscope on the scale
factor drift/instability can be reduced or eliminated using the same approach that is explained for
the bias drift. For the driving characteristics of a gyroscope, the driving amplitude and driving
frequency must be constant. This can be easily achieved using some closed-looped control systems
for driving force.

d) Earth’s rotation:

Earth revolves 360.9856 degrees per day and this rotation can be seen by gyroscopic
measurements. The measurement results depend on the location and direction of the gyroscope.

For example, a pith or roll gyroscope, located at the equator and pointed north or south, measures
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the full amount of the Earth’s rotation with the rate of 15.04 °/Ar, but the same gyroscope, located
at a pole, measures zero.

To remove this effect, the amount of Earth’s rotation seen by the gyroscope should be
calculated and removed from the measurements.

e) Noise (ARW)

The performance of mechanical gyroscopes is physically limited by noises including
thermomechanical (Brownian) and electronic. In the following part, these two sources of noise,
which are the dominant noise sources in gyroscopes are discussed.

1) Thermomechanical (Brownian) noise: This noise is resulted from the Brownian
motion of the gyroscopes proof mass. For a mass spring damper system, which is shown in Figure

2.2 the spectral density of the fluctuating force equals:

[ LTS N/ 7= (2.64)
Qa,

where kg is Boltzmann’s constant, 7 is the absolute temperature, wo is the resonant frequency, K

is the stiffness, and Q is the quality factor (equals Q=" K’%,Where C is the damping constant

and m is the mass).

K |___—| C
T
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Figure 2.2: A mass spring damper system.



As proven in previous subsection, the dynamical behavior of a mechanical gyroscope in
the sensing mode has the same model as a second-order mass-spring-damper-system.
Displacement to force transfer function for this second-order system equals:

1
e (@) (o) (2.65)
, Qw,

where ® 1is the force frequency. Therefore, the Brownian noise displacement, o,

corresponding to the fluctuating force equals:

F

K- l_a)2z+a)2 (2.66)
@, Qw,

The Brownian noise displacement has its peak where the noise force frequency is the same

Brownian ~—

as the resonant frequency of the system. By considering that the force noise has the resonant

frequency component, the displacement noise peak becomes:

4k, T
é‘Brownian = > 3Q (267)
\j ma,

Amplitude of the response of a mechanical gyroscope to the Coriolis acceleration in the

sensing direction equals:

2(4,)q9,
{ (QIT [Q)T (2.68)
@, || 1-] — +|
@y Ow,

where ¢ is driving amplitude (that is usually constant) and A4, is the angular gain. Angular gain is

Y =

a parameter that shows ability of a gyroscope to transfer motion form the driving direction to the
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sensing direction using Coriolis acceleration. This parameter is one for single mass gyroscope and
it can be ignored in this equation. However, this parameter decreases to lower values for
gyroscopes with distributed mass such as shell gyroscopes and its value should be calculated
numerically.

Using (2.67) and (2.68), signal-to-noise ratio, SNR, in a bandwidth of BIW equals:

OV C1) [
[ (wjz]z ( ® jz \/kBTQ-\/BW (2.69)
1— ; + Qia) ma)o

To calculate the Brownian noise floor, we consider SNR = 1; therefore,

2\? 2
Q. - I kIO 1-| 2 I B Y racy (2.70)
(Brouniar) (Ag ) q \ mo, @, Ow, S

In the case that sensing resonant frequency is the same as the working frequency (the

driving resonant frequency) of the gyroscope, the Brownian noise floor of a gyroscope without

frequency split is simplified to:

w1 kT i
S R

2) Electronic noise: This noise is usually the result of the sensing circuit. To detect motion
of the proof mass in the sensing direction several approaches can be used. The most common
approach is capacitive sensing. As shown in Figure 2.3, in this approach the movement of the proof
mass changes the gap between a parallel plate capacitor in a sensing circuit that causes changes in

the amount of capacitance (C,).
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Figure 2.3: Schematic of sensing circuit for capacitive detection of proof mass movement in the sensing direction.

In this scheme, the proof mass is set at a polarization voltage, I{U, a simple source follower

is used as the buffer amplifier, the input bias of the amplifier, V, _, is set by an isolated diode. The

ias

capacitance associated with the output pad to the substrate is C ,, and it is assumed that the

pad >
substrate is at the polarization voltage.
In this circuit, the ac voltages, v, , is developed at the sense electrode due to the movement

of the proof mass. Therefore, ¥, =¥,,, +v, . The current that flowing through the C and C,,, and

injected to the gate of the source follower, /_ , can be found from (2.72):

_4
A dl'

() =%((Cs +Cou )V, Vi =) 2.72)

By considering that sensing capacitance has an initial capacitance of CSO and varying

capacitance of 5C_, (2.72) leads to:

-v)-(c+C

pad

d
)E(vs) (2.73)
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Assuming (V -V,

bias

)>>vs and (C +C

' d) >> 0C, simplifies this equation to:

j(ac)(V —V

bias

)=(C, +Coa ) 2(%) (2.74)

The series resistance associated with the path connecting the proof mass to the polarization

voltage, R , is negligible compared to the impedance of the sensing capacitance. Considering an

is the input capacitance of the buffer amplifier, v_ can be found from (2.75):

1
v, =——[1dt (2.75)

inp

Substituting (2.74) to (2.75) results in:

—(v, )}dt (2.76)

d
:_pj[ (7, V)= (C, +Cra ) —

Therefore,

S

(c +Cy +C,,)

v

s

oC
(7, Vi) 2.77)
The sensing capacitance can be found from (2.78):

_e4
b od,+od

(2.78)

where d, and 54 are the initial gap and change in the initial gap of the sensing capacitor,

respectively. 4 is the area of the sensing capacitor and & is permittivity of the material between
sensing capacitor electrodes. Therefore,

_ed

5 d, (2.79)
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cA
0C, =——7od (2.80)

' 0
The amplitude of 54 equals the amplitude of the vibration of the proof mass in the sensing

direction. As a result:

Vp - I/bias . 8A

C,+C,,+C,, d 2.81)

pad inp

s

Substituting (2.68) to (2.81), results in the (2.82) for the open loop sensitivity of the

gyroscopes:
v |= Vp _I/biax ﬁ Z(Ag)qu
v C +C,,+C

paa + Cip i’ (oY 2+ W YV (2.82)
“ @, Qw,

Considering the output power has a noise of ¥, with white spectrum and the bandwidth of

the detection circuit is BW, then SNR for electronic noise is:

¢, +C,.+C,

ot + Cop " 2\ > VABW (2.83)
wy (o)) a)
@, Ow,

By considering SNR = 1, the electronic noise floor is calculated to be:

2
C +C +C ’ "4y e
19 _ % pad inp a)o) i (1_(2] ] +[i) d_OI/n BW (284)
q

Z(electronic) —
Vp I/bias 2 ( A CUO Qa)o gA

g

For the case that sensing resonant frequency is the same as the working frequency (the

driving resonant frequency) of the gyroscope, the electronic noise floor is simplified to:
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m

CcC +C  +C 2
ey = S NI T (2.85)
Vp _Vhias 8A 2Q(Ag)q

Total noise: is combination of thermomechanical and electronic noises and can be

calculated using the following equation:

Q = /Q° +Q°
z Z (Brownian) 2 (electronic)

VY (o ) ) (2.86)
—0o" .0. ll1-| &~ o ra
Feol! [a’oj -{Qwoj A

where Q" _ is the minimum noise and occurs for the matched gyroscope. This value equals to:

2 2
cC +C _+C. 2
o = || ot S Mo e @ L R (2.87)
V, Vi €4 20(4,)q (4,)qg \ mo,0

Since the dependency of the Brownian and electronic noises on the frequency mismatch is
not clear, this dependency is calculated using the noise floor equations for matched and unmatched
gyroscopes. Figure 2.4 shows the results of the numerical calculation of this tendency for different
Os.

This figure shows that for the operating gyroscopes without mode matching can reduce the
performance of the device several times, especially for the devices with high Q. Therefore, it is
extremely important to match the devices to achieve a high performance gyroscope for navigating.

Noise floor for bandwidth of 1 Hz is considered angle random walk (ARW) and it can be

calculated using following equation:
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ARW =

X

2
€, +CutCy d} @, v j KT

1
\/@qu ( Vp - Vbias e4 2\/§

mao,
(2.88)

Figure 2.4: Dependency of the noise floor in mechanical gyroscopes on frequency mismatch.

2.2.2 Fundamental error in CVGs

As explained in this subsection, ARW is the only physical limit for the performance of
gyroscopes and other sources of errors can be eliminated and/or compensated; therefore, ARW
can be considered as the main characteristic of a vibratory gyroscope. ARW usually is reported

with different units. One can use the following equation for converting units:
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1 rad/s/ JHz
=57.2958 °/s/\/Hz
=206264.8062  °/hr/\[Hz
=3437.7467  °/\Jhr

(2.89)

As discussed in chapter 1, a gyroscope with ARW less than 2x107 °/vhr (1.2x10"!
°/hr /V'Hz) is considered navigation grade [29, 30]. While several large vibratory gyroscopes

achieve ARW less than 2x107 °/+/hr , no MEMS gyroscopes could achieve this value.

To find out why MEMS gyroscope shows larger ARW compared to larger gyroscopes,
(2.88) is analyzed. When the size of a gyroscope is larger, its effective mass, sensing area, and
driving amplitude could be larger. Furthermore, experimental data showed that @ in larger
resonators is generally larger and this is because of their smaller surface to volume ratio (in chapter
4, it will be explained why larger surface to volume ratio reduces Q). In addition, it is easier to
precisely fabricate larger resonators, which leads to matched resonant frequencies (no frequency
split). Equation (2.88) shows that when a gyroscope has larger effective mass, sensing area, driving
amplitude, and Q, and at the same time has matched frequencies it should produce lower ARW.

Therefore, it is completely reasonable to achieve lower noise in larger vibratory gyroscopes.

2.3 How to Design Low-Noise Vibratory Gyroscopes

To design a low-noise vibratory gyroscope thermomechanical and electronic noises should
be reduced. Theoretical models for theses noises were developed in previous subsection. A
gyroscope designer can use them to reduce noise in gyroscopes.

Equation (2.70) shows that to reduce thermomechanical noise:

e The effective mass of the gyroscope, m, should be increased.

45



The resonant frequency of the gyroscope, wo, should be increased.
The quality factor of sensing mode, O, should be increased.
The amplitude of the driving mode, ¢, should be increased.

The angular gain of the gyroscope, Ag, should be increased.

The mismatch frequency between sensing and driving mode, |@—a@,|, should be
decreased.

The operating temperature, 7, should be decreased.

Furthermore, (2.84) suggests that for reducing the electronic noise in capacitive

gyroscopes, following design criteria should be considered:

The sensing capacitor area, 4, should be increased.

The sensing capacitor gap, do, should be decreased.

The input referred equivalent noise of the detection circuit, V', should be decreased.
The resonant frequency of the gyroscope, wo, should be decreased.

The quality factor of sensing mode, Q, should be increased.

The amplitude of the driving mode, ¢, should be increased.

The angular gain of the gyroscope, A, should be increased.

The mismatch frequency between sensing and driving mode, |@—@,|, should be
decreased.
The polarization voltage, V), should be increased.

The total amount of the rest capacitances attached to the output node,

G, +Cou TG, should be decreased.

inp >
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Among the important parameters that are mentioned to reduce noise, 7, Vi, V),

CSO +Cpad +C,, , are not design parameters. While, g, m, wo, Q, 4g, |@—@,|, A, do, are design

inp >

parameters which should be optimized. Figure 2.5 shows the design checklist of low-noise CVGs.

Both noises: Electronic noise: Thermomechanical noise:
Large sensing Q-factor Large capacitive area Large effective mass
Large driving amplitude Small sensing capacitor gap Large resonant frequency
Large angular gain Small resonant frequency
Small mismatch frequency

Figure 2.5: Design checklist of CVGs.

q, A, and do, are parameters that do not need analysis and they should be increased or

decreased as much as there is no geometrical restriction. To optimize m, wo, O, Ag, a)—a)0| in

gyroscopes, these parameters need to be estimated. There are some theoretical or numerical
approaches for calculating some these parameters, while there is a need for developing new models
or numerical approach for others. These approaches will be completely explained in chapters 4

and 5, where MEMS gyroscopes are designed for inertial navigation.

2.4 Conclusion

In this chapter, the operational principle of vibratory gyroscopes was explained, and their
dynamical behavior was modeled. The model includes three DoF equations that express the
behavior of vibratory gyroscopes very comprehensively. Then, possible errors in the vibratory
gyroscopes were investigated. It was found that dynamical (inertial) errors, scale factor

nonlinearity, scale factor and bias drift/instability, Earth’s rotation, and thermomechanical and
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electronic noises might degrade performance of gyroscopes. It was explained that among these
errors, noises are the only sources of errors in gyroscopes that fundamentally limit their
performance. The effects of other errors can be eliminated or reduced.

Thermomechanical and electronic noises of CVGs were comprehensively modeled. The

models show that these noises depend on different parameters. A summary of effects of these

parameters on the noises is shown in Table 2.3. Among these parameters 7, Vy, ¥, C, +C,,+C,,

, are not design parameters, whereas g, m, wo, O, Ag, |0—®,|, 4, do, are design parameters whom

should be optimized. Chapters 4 and 5 talk about shell and S gyroscopes and explain methods to

optimize design parameters in them.
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TABLE 2.3: EFFECT OF INCREASING DIFFERENT PARAMETERS ON NOISES OF CVGS

Effect of increasing this parameter on
noises:
Parameter Label
Thermomechanical
Electronic
(Brownian)

effective mass m decreases no effect
resonant frequency o decreases _
sensing mode quality factor (0] decreases decreases
driving amplitude q decreases decreases
angular gain Ag decreases decreases
mismatch frequency |a) — @, |
operating temperature T no effect
sensing capacitor area A no effect decreases
sensing capacitor gap do no effect
equivalent noise of the detection circuit Va no effect
polarization voltage Vy no effect decreases
rest capacitances attached to the output node CSO + Cpad + Q,,p no effect
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Chapter 3: Conceptual Designs for Measuring Angular Rotation

Around Different Directions

To perform inertial navigation there is a need for three different gyroscopes, which measure
rotation in the pitch, roll and yaw directions with high performance. In this study, two different
types of the gyroscopes will be analyzed, designed, and characterized to achieve this goal: 1) shell
gyroscopes for the yaw direction measurement and 2) Super sensitive stacked (S*) gyroscopes for
the pitch and roll directions.

In this chapter, the important features of these gyroscopes will be discussed. This
introductory discussion provides general overview and structural shapes of these gyroscopes.
Optimization of design parameters and performance characterization of these devices will be

extensively analyzed in subsequent chapters.

3.1. Shell Gyroscopes

Three-dimensional (3D) shell resonators operating in the wine-glass (WG) modes with
high quality factors (Qs) and axisymmetric structures are great candidates for high-performance
rate and rate-integrating gyroscopes—because of their shape they have very similar sensing and
driving resonant characteristics. A shell gyroscope, shown in Figure 3.1, consists of two main

elements: shell resonator, and electrodes.
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Shell
resonator

Electrodes

Figure 3.1: A schematic of a shell gyroscope including a shell resonator and electrodes.

3.1.1. Operating modes

In the 1960s, researchers [5] proved that hemispherical shell resonators can be used as
vibratory gyroscopes when operated in the n =2 WG modes. Figure 3.2 shows these mode shapes
for an axisymmetric shell structure. Contours of the deformation are also shown in this figure (they
are normalized to the maximum deflection in the structure).

As shown in Figure 3.2, the highest deflection occurs at the point closest to the rim of the
shell. For a perfectly symmetric structure, the resonant frequencies of these two modes are the
same. In the first WG mode, two opposite points on the edge approach each other while two other
points, offset by 90° from the first two, move apart. In the second WG mode, the same pattern

occurs but the position of the points with the highest deflection (anti-nodes) shifts by 45°.
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Figure 3.2: Deformation pattern in an axisymmetric shell structure in the n =2 WG modes. Color legend in shows
normalized displacement. For a perfectly symmetric shell, resonant frequencies and vibrational behavior of the first
and second n = 2 WG modes have the same shape, but deformation pattern shifts by 45°.

3.1.2. Driving and sensing schemes

Electrostatic force can be used to vibrate a shell structure in driving WG mode. Figure 3.3
shows a schematic for driving a shell structure using electrostatic force.

In the case that there is rotation in the yaw direction, Coriolis acceleration causes the shell
to vibrate in the other WG mode. The velocity of this vibration has direct relationship with the
rotation rate; therefore, by measuring the deformation of the shell in this mode the ration rate can
be sensed. To measure this deformation, the change in capacitance between shell and sensing

electrode is usually used.
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Figure 3.3: A schematic of driving a shell structure in one of its WG modes using electrostatic force and measuring
the deflection of the shell using capacitive sensing.

Other driving and sensing schemes, such as piezoelectric driving and optical sensing, can
also be used. However, they usually increase complexity and or decrease the performance of
gyroscopes. Therefore, electrostatic driving and capacitive sensing are the most common

approaches in MEMS gyroscopes.

3.1.3. Device operation
To operate a shell as a gyroscope, 16 electrodes are located around the circumference of
the shell. Four of these electrodes can be used as driving electrodes. Figure 3.4 shows the
schematic of their configuration and deformed shell in the driving WG mode.
When there is no rotation in the system, the sensing WG mode will not be excited, so its

amplitude is zero. Rotating the gyroscope around yaw direction, excites sensing WG mode due to
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the Coriolis acceleration. To measure rotation, two approaches can be used: 1) open-loop 2) force-

to-rebalance.

Yo
D\/Nl Driving electrodes

(Drive shell to a fixed amplitude)

____________________________

__________________________

Figure 3.4: Configuration of driving electrodes around a shell.

In an open-loop system, the amplitude of sensing WG mode starts to buildup. Four
sensing electrodes, which are shown in Figure 3.5, can be used to measure the amplitude of
vibration. This amplitude has a direction relation to rotation rate. Since time is required for the
sensing WG mode to build up to its steady state value, the response to the step change in rotation
rate is not instantaneous. This response time is too slow for long ring-down-time (Q/z:f)
gyroscopes; therefore, force-to-rebalance approach is usually used to improve response time.

In a force-to-rebalance system, the vibration amplitude of the sensing WG mode is
monitored and driven to zero by sensing electrodes that are shown in Figure 3.6. These electrodes

use electrostatic force to rebalance Coriolis acceleration induced force.
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Sensing electrodes
(Measure deformationin sensing mode)

Deformed shell in sensing mode
(Without considering deformation in driving mode)

Figure 3.5: Configuration of sensing electrodes around a shell when operating in an open loop system.

Sensing electrodes
(Force deformation in sensing mode to zero)

___________________________________

Non-deformed shell in sensing mode
(Without considering deformation in driving mode)

Figure 3.6: Configuration of sensing electrodes around a shell when operating in a force-to-rebalance system.

As explained in the previous chapter, it is extremely important to have the same driving
and sensing resonant frequencies. Due to manufacturing process, actual shells have imperfections

that leads to unmatched frequencies. Eight tuning electrodes that are shown in Figure 3.7 can be
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used to match frequencies using the phenomenon of electrostatic softening. Electrostatic tuning of

shell resonators will be explained in detail in the next chapter.

Tuning electrodes :
(Match sensing and driving resonant frequencies) |

Electrical soﬁening concept

(
PR @ e
- _ Aez‘/’

_______________ // d3
X

_______________

Figure 3.7: Configuration of tuning electrodes around a shell to match resonant frequencies of an imperfect shell.

3.1.4. MEMS shell structure
Since 1960s, different shell resonators have been developed for CVGs. To reduce the cost,

size, and power consumption, MEMS versions of shell resonators have been developed recently.
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As shown in Table 3.1, these shells have been made in different shapes, such as birdbath,

hemispherical, cylindrical, dome shape, bell shape, and spherical.

TABLE 3.1: SUMMARY OF MEMS SHELL RESONATORS PERFORMANCES

Shape Cross section Material f(kHz) Af/f (ppm) [
Birdbath or /7 N\ 7\ -
hemi-toroid [ \ [ \ f,‘;:g silica, 8.196—105| 13.3-45,000 | 1,000—9,810,000
[33]-[39] } - “
Polysilicon,
\ J | Silicon dioxide,
\ /| Aluminum oxide
Hemispherical \ / Fused silica, 5.6-68 130—15,671 | 230-2,550,000
[40]—[49] \7;” - Polycrystalline
diamond,
Metallic glass
Metal,
Cylindrical rusedsilica, 3.979-23 | 130-250 | 3,560-805,898
Metal-fused silica,
5011531 ™ Diamond
Dome shape /" |Silicon nitride 126 Not reported 8,740,000
[54] -
Bell shape N, |Fused silica 12.9 4,898 271,000
[55] :
Spherical | Pyrex 945-1,279| 6,300—7,100 Not reported
[56], [57] \ J
9 \\\ ///
777%—' S

Different materials, such as polysilicon, fused silica, Pyrex, silicon nitride, polycrystalline

diamond, and metallic glass have been used to fabricate them. This table also shows the resonant

frequency (f), normalized mismatch frequency (Af/f), and Q for these structures (these data are the

results of reported experiments until now).
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All these structures can be potentially used for a yaw gyroscope when they are working in
the n =2 WG modes. However, it is extremely hard to drive dome shape and spherical resonators
with large amplitude. Therefore, they are not good candidates for a high performance CVG.

In the next chapter, all the important parameters for optimizing the performance of the shell

gyroscopes will be analyzed to achieve navigation performance.

3.2. Super Sensitive Stacked (S*) Gyroscopes

As shown in the previous subsection, shell gyroscopes can be utilized for measuring
rotation in the yaw direction. However, there is a need for accurately measuring rotation in the
pitch and roll direction as well. One approach that was already used for inertial navigation in meso-
scale is utilizing three shell gyroscopes mounted perpendicular to one another. While this can
provide essential measurement signals for navigation, it occupies a large amount of space and
needs very accurate assembly, which are in contrast with miniaturizing goal. Alternatively, one
can mount yaw, pitch, and roll gyroscopes on the same plane. This requires that one has access to
a high-performance pitch-roll gyroscopes. Existing pitch or roll gyroscopes have extremely low
performance due to their small mass and or low Q. In the case of pitch or roll gyroscopes, it is
particularly important that the resonator has a large Q in the out-of-plane resonant mode. To
increase the mass, the thickness of a resonator should be increased; however, our simulation, which
will be explained in chapter 5, shows increasing the thickness of common resonators dramatically
reduces their Q in the out-of-plane mode. Therefore, a new type of gyroscopes with high
performance for measuring rotation in the pitch or roll directions is invented. Figure 3.8 shows

the schematic of this type of gyroscopes.
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direction (pitch) £

(a) | (b)

Figure 3.8: Schematic of S° gyroscopes for (a) pitch and (b) roll measurements.

This type of gyroscope can be used for pitch or roll directions. The only difference is that
during the assembly one of them should be rotated 90 degrees. In the following parts of this
dissertation, only S* gyroscope for roll direction will be analyzed.

Figure 3.9 shows different elements of this type of gyroscope. It consists of two device
layers, which are coupled together and two cap layers on top and bottom of the device layers. In
each device layer, there is a resonant mass that is connected to the perimeter with suspension
beams. Cap layers consist of sensing and tuning electrodes. These four layers are stacked on top
of each other, while there are spaces between the active part of each layer and neighbor layers (this

allows the resonant masses to move without contacting other layers).

3.2.1. Operating modes

Figure 3.10 shows the working modes of a S* gyroscope. In the driving mode, suspended
g p

masses are driven in plane in opposite directions. When there is a rotation in the system, Coriolis
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acceleration causes the masses to oscillate out-of-plane in opposite directions, this movement is

the sensing mode of the device.

3D view Cross section "A-B-C-D"

,,,,,,,,,,,, ! Suspension

| ..
'Bottom cap | ibeam Capacitive
e electrodes

e i i

Figure 3.9: Schematic of different part of a S* gyroscope.

3.2.2. Driving and sensing schemes

Figure 3.11 shows the schematic of the operation of a S* gyroscope. In the driving mode,
suspended masses are driven electrostatically in plane in opposite directions; this can be done using
comb drives or parallel plate actuators. However, using parallel plate actuator will experience
nonlinear behavior if the driving amplitude is large (larger than 10% of the gap between actuators

plate); therefore, comb-drive actuators have been chosen for this design.
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Mode Mode shapes (3D view) lumped model (cross section)

In-plane
(out-of-phase) mode

Out-of-plane
(out-of-phase) mode

Figure 3.10: Operating mode shapes of a S* gyroscope.

In the case that there is rotation in the roll direction, the masses start to oscillate out-of-
plane in opposite directions due to Coriolis acceleration. The sensing scheme that is shown in
Figure 3.11 can be used to read the out-of-plane motion using change in capacitance between

masses and sensing electrodes.

3.2.3. Device operation
To operate this structure as a gyroscope, resonant masses are forced to vibrate in opposite
directions in driving mode using comb-drive electrodes. Figure 3.12 shows the configuration of

driving electrodes and movement of resonant masses in the driving mode.
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Figure 3.11: A schematic of driving a S* gyroscope using comb-drive actuators and measuring the deflection of
the resonant masses using capacitive sensing.
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Figure 3.12: Configuration of driving mode operation of a S* gyroscope.

When there is no rotation in the roll direction, the sensing mode will not be excited, so its
amplitude is zero. Rotating the gyroscope around roll direction, excites the sensing mode due to
the Coriolis acceleration. As discussed before, two approaches can be used to measure this motion:
1) open-loop 2) force-to-rebalance.

In an open loop system, the amplitude of sensing mode starts to buildup. Sensing
electrodes that are shown in Figure 3.13, can be used to measure displacement. This amplitude has
a direction relation to rotation rate in roll direction. As discussed before, response time for this
approach might be too long, so force-to-rebalance approach can be used to improve response time.

In a force-to-rebalance system, there is a need for an extra layer between resonant masses.
In this case, the vibration amplitudes of the resonant masses are monitored and driven to zero by
sensing electrodes that are shown in Figure 3.14. These electrodes use electrostatic force to

rebalance Coriolis acceleration induced force.

63



. - 1
i Movement of resonant masses in sensing mode 1

1 (Without considering movement in driving mode) E
g S R g S

Sensing electrodes
(Measure out-of-plane motion of suspended mass)

Figure 3.13: Configuration of sensing electrodes on top and bottom of resonant masses when system operating in
an open loop readout.

i e S S o it e S

— 3 Stationary masses in sensing mode i
(Without considering movement in driving mode) !

e e e e e e e e e e e e —————

Sensing electrodes
(Force out-of-plane motion of resonant masses to zero )

Figure 3.14: Configuration of sensing electrodes around a shell when operating in a force-to-rebalance system.
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To match driving and sensing resonant frequencies, tuning electrodes as shown in Figure
3.15 are used. These electrodes can only reduce sensing resonant frequency. Therefore, initial S
gyroscope design should have a little higher frequency in sensing mode comparing to driving
mode. As a result, tuning can be done by reducing sensing resonant frequency to match the driving

frequency.

Tuning electrodes

(Match  sensing and driving resonant
frequencies by reducing resonant frequency of
sensing mode)

Figure 3.15: Configuration of tuning electrodes to match resonant frequencies of a S* gyroscope.

3.3. Summary

This chapter has introduced three MEMS gyroscopes to measure rotation rate in all
navigational directions. Figure 3.16 shows these gyroscopes and their measurement directions.
Chapters 4 and 5 investigate and optimize design parameters for these gyroscopes to achieve

navigation grade performance.
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Figure 3.16: Shape of considered MEMS gyroscopes for inertial navigation.
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Chapter 4: Design and Analysis of Extremely High-Performance

MEMS Shell Gyroscopes

As explained in chapter 2, the most important factor in performance of CVGs is noise
(ARW) in the gyroscope. The conceptual design of shell gyroscopes and their operation were
explained in the previous chapter. In this chapter, optimization of the design parameters shown in
Figure 4.1 using theoretical, numerical and/or experimental methods will be discussed. At the end,
the testing result (performed by other group members) of the fabricated shell gyroscope will be
presented and compared with theoretical estimation. One can use the step-by-step design of shell
gyroscopes presented in this chapter as a comprehensive guideline for designing ultra-high-

performance gyroscopes.

Both noises: Electronic noise: Thermomechanical noise:
Large sensing Q-factor Large capacitive area Large effective mass
Large driving amplitude Small sensing capacitor gap Large resonant frequency
Large angular gain Small resonant frequency
Small mismatch frequency

Figure 4.1: Design checklist for CVGs.
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To design a low-noise CVG, the checklist shown in Figure 4.1 should be satisfied. In this
chapter, design parameters shown in these figure will be analyzed in different sections with the
following order:

4.1 Quality factor

4.2 Effective mass

4.3 Angular gain

4.4 Resonant frequency

4.5 Frequency split between driving and sensing modes
4.6 Driving amplitude, sensing gap and area

Detail investigation of each parameter is provided in the following sections:

4.1 Sensing Quality Factor
Quality factor (Q) is a commonly-used metric for evaluating mechanical resonator
performance. Resonators with higher QO lead to lower thermomechanical and electronic noises,
higher sensitivity, and lower power consumption. Q in mechanical resonators is defined as the
ratio of energy stored to energy dissipated per oscillation period; therefore, high-Q resonators have
low energy dissipation. Understanding the energy dissipation mechanisms of shell resonators is
critical for improving their Q.
Figure 4.2 illustrates the major energy dissipation mechanisms in shell structures, including
dissipation due to:
1) Anchor loss
2) Thermoelastic dissipation (TED)

3) Interactions between the resonator structure and surrounding fluid
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4) Phonon interactions,
5) Internal dissipation
6) Surface loss

Internal
Surface dissipation i

loss interactions
Fluidic
damping

L o

i

gl

Anchor loss

Figure 4.2: Illustration of the major dissipation mechanisms in shell resonators. These dissipation mechanisms are
anchor loss, surface loss, fluidic damping, phonon interaction, internal dissipation, and TED.

In this section, all of these mechanisms will be investigated in shell resonators and design

guidelines for reducing them will be provided.

4.1.1 Anchor loss
The anchor can be a major source of energy dissipation in resonators. This dissipation is

due to mechanical wave propagation from the resonator into the substrate. The best approach to
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reduce anchor loss is to design resonators with their anchors at the nodal points of the waves, where
the displacement of a certain vibrational mode is zero.

Hao et al. [58] modeled the energy dissipation through the anchors for micro-cantilevers
and micro-bridges. Their model shows that thinner and longer beams can achieve higher QOs. Judge
et al. [59] investigated the effect of the substrate thickness on anchor loss, and showed that a
resonator attached to a thick substrate can achieve several times higher O than a resonator attached
to a substrate with the same thickness as the resonator. Based on their model, the anchor loss of

cantilevers has a direct relation to the following term:

2 % 3
t t ? t
resonator + C resonator + C ' resonator (4 1)
tsubstmte tsubstrate tsubstmte

where fresonaror and tsupsirare are thicknesses of the resonator and substrate, respectively, and C and
(' are constants, which depend weakly on Poisson’s ratio. Both of these studies used analytical
approaches to model anchor loss. These approaches are applicable to simple beam-type resonators
with known vibrational characteristics.

For complicated geometries, numerical approaches, such as finite element method (FEM),
have to be used. Bindel and Govindjee [60] took a general numerical approach and constructed an
FEM model of a disk resonator and a finite portion of the substrate. They showed that anchor loss
can be the main source of energy dissipation in disk resonators. Pandey et al. [61] analyzed the
effect of a trench in a resonator’s substrate on anchor loss. They observed that some of the
propagated mechanical waves can be reflected back to the resonator by using an appropriate trench
in a desired location that was found by an FEM model, thus improving Q. Thakar and Rais-Zadeh
[62] showed that by numerically optimizing the resonator tether geometry, low anchor loss can be

achieved. We [63] investigated the effect of substrate thickness on anchor loss of mechanical
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resonators numerically. To prevent the elastic waves from being reflected back from the boundary
into the resonator and producing incorrect simulation results, a "perfectly matched layer" (PML)
was added to the outer boundary of the substrate portion of our model. Their resulting anchor loss
predictions show an excellent agreement with the experimental data reported in [59].

Shell resonators that rely on continuous vibration for operation may lose significant energy
through their anchors to the substrate. The results of this subsection provide guidelines for
choosing the shape of the shell. First, anchor loss in hemispherical structure will be analyzed.

Figure 4.3 shows simulated relative (normalized) deformation inside the substrate beneath
a hemispherical shell resonator (HSR) when the shell is vibrating in one of the WG modes. This
figure provides a visual representation for wave propagation inside the substrate at five different
times (¢'). In this figure, 7 is the time period of vibration (1/f). It is considered that the resonator is
not moving initially (at #' = 0). The highest deformation occurs near the anchor—Ilocated in the

upper right corners of these figures—while places far from the anchor have the lowest deformation.

I':A t'=A

™ T G 107

Figure 4.3: Normalized deformation distribution inside the substrate beneath an HSR when the shell is vibrating
in one of the WG modes—the shell is located in the upper right corners of these figures.

HSRs can be fabricated with different micromachining processes. As some HSRs shown

in Figure 4.4, they are made from different materials with different types and sizes of attachments
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to the substrate. The reported Q of these shells spans from a few hundred up to more than two

million. Usually, an HSR should be fixed on a substrate through a stem to operate as a resonator.

Diamond [46] . | == Fused Silica [48] Metallic glass[49] Polysilicon [47]

ST

Figure 4.4: Micromachined HSRs fabricated from different materials. Different configurations can be used to
attach the shell to the substrate. Usually, a stem is utilized to connect the shell and substrate together. As shown in
this figure, the size, shape, and configuration of these stems can be different.

A cross sectional view of a shell with a stem is shown in Figure 4.5. The shell outer radius
and thickness and the stem radius and height are designated as R, ¢, r, and A, respectively. This
figure also shows the nominal dimensions used in this subsection. We consider the nominal
dimensions of micromachined HSRs to be R, = 2.5 mm, #, = 100 um, r, = 500 um, and 4, = 100

um.

Shell

amal Geometrical Nominal
Symbol . q
parameters dimensions

Shell radius R R, =2500 um
Shell thickness t t, =100 um

Stem radius r r, =500 ym

Stem height h h, =100 um

Figure 4.5: Cross sectional view of an HSR with a stem (left), and geometrical parameters and nominal dimensions
used in this subsection (right).

4.1.1.1 Numerical simulation of anchor loss in resonators
To predict the mechanical energy that is transmitted via the anchor, the substrate of an HSR

can be considered as an elastic half-space. Only outgoing waves are allowed in this infinite-domain
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problem [60]. Using FEM, it is not possible to model an infinite substrate. Therefore, the substrate
is considered as a finite-domain structure surrounded by artificial boundaries that mimic the
infinite substrate. The main property of the infinite substrate is that as waves enter the substrate,
they will not reflect back from the boundaries. One method to achieve this condition is using a
non-reflecting boundary for a finite substrate. However, this boundary has a significant limitation;
it only works if the incident waves are exactly normal to the boundary. Therefore, a better method
is required to prevent the reflection of all waves reaching the boundary.

A non-physical absorbing layer can be added along the exterior boundary of the substrate
to absorb all outgoing waves before they reach the absorbing layer’s finite boundary. Figure 4.6
shows a schematic of key modeling requirements for numerical simulation of anchor loss using an
absorbing layer around the finite substrate boundary. The substrate and absorbing layer do not
need to be modeled to reflect the geometry of the whole device’s substrate, but only to ensure that

waves do not reflect back from the absorbing layer’s fixed boundary into the vibrating resonator.

ya4 / / YD y4 YL
, .
/| Absorbing layer | 7z Wayes are decayl.ng
/ ' inside the absorbing
g layer
7
/ V
A
A
A
A “ .
A Wave v No reflection
/] 1
g source %
A
A 2
A z
A /
A
; ' Absorbing layer
/
/ 2 boundary
A

V7777777777727 72772727727277277
Figure 4.6: Schematic of wave propagation into an absorbing layer. As waves enter the absorbing layer, they start

decaying. If the thickness of the absorbing layer is large enough, waves are damped before reaching the boundary
of the layer; therefore, there is not any wave reflection from the absorbing layer to the wave source.
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A PML can be used as an absorbing layer. As a wave enters the PML, it is attenuated
exponentially and damped by this layer. In fact, a PML works as a complex material that adds
damping to the waves. To be modeled mathematically, waves are transformed from a real-
coordinate solution to a complex-coordinate solution inside the PML region. Therefore, the
amplitude of wave solution inside the PML has an exponentially decaying coefficient. If the size
of the PML region is large enough, using an exponentially decaying coefficient ensures that waves
are attenuated to a very small amount. Even if these attenuated waves reflect from the PML’s
boundary, the returning waves reaching the resonator after one round trip through the PML are
extremely small, so their effect becomes negligible. This PML coordinate transformation uses (4.2)

to transform the real-coordinate to the complex-coordinate [64]:

A

x‘=[ijn (1-i)da (4.2)
where x is the general coordinate variable. A, n, A, and a are the width of the PML region, the
PML order, the wavelength, and the PML scale factor, respectively. In this subsection, to simulate
QO of HSRs, the PML order and scale factor are fixed to one. As reported in [63], we found an
excellent agreement between the experimental data for anchor loss of geometries reported in [59]
and the simulation results with the aforementioned PML parameters.

Depending on a resonator design and its boundaries, Cartesian, cylindrical or spherical
PMLs can be used for absorbing waves. Spherical PMLs are highly effective in absorbing waves
in the radial direction; therefore, they are chosen for simulation in this paper. It is assumed that the
shell, stem, substrate, and PML are all made of fused silica. Fused silica’s material properties are

considered to be Young’s modulus: Ers = 70 GPa, Poisson’s ratio: vrs = 0.17, and density: prs =

2200 kg/m?.
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Since anchor loss is considered the only dissipation mechanism in our simulations in this
subsection, (Qunchor)”! and anchor loss have exactly the same behavior. Therefore, we simulate
Qanchor to understand anchor loss in HSRs.

Qunchor of each mode can be found from the following equation:

Re(o)

QAnc}mr = m

(4.3)

where Re(w) and Im(w) are the real and imaginary parts of the angular resonant frequency (w) of
that mode, respectively [65]. COMSOL Multiphysics 5.1 [66] is utilized to solve the
eigenfrequency problem numerically.

In utilizing a PML to calculate Quncior, the element quality is critical. Generally, a poor
mesh quality results in poor convergence for iterative solvers and causes the problem ill-
conditioned [64]. Two different types of meshing are considered to simulate Q4ncior of HSRs. The
first one is shown in Figure 4.7. In order to create the first configuration, quadrilateral elements
are generated in a 2D plane, then they are revolved to generate a 3D mesh distribution. In the
second configuration, instead of quadrilateral elements, triangular elements are used in the 2D
plane. In both mesh configurations, the shell and stem geometries are discretized using “extremely
fine mesh”. However, to minimize solving time, mesh density inside the PML is variable. Mesh
distribution changes from very small elements in the regions close to the substrate to larger
elements in the regions close to the PML outer boundary.

Based on our simulation results, it is essential that the PML is meshed such that there are
more than 12 nodes per wavelength across the PML. A lower number of mesh elements inside the
PML may reduce the accuracy of the numerical calculation. For example, our simulation shows

that 9 nodes across PML underestimates anchor loss about 15% and 3% for quadrilateral and
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triangular elements, respectively. By increasing the number of nodes per wavelength, the anchor
loss underestimation reduces and the results converge to a constant number. Albeit, it should be
taken into account that increasing the number of nodes per wavelength, increases the
computational cost—computational cost: number of degrees of freedom solved for each
simulation. For example, using 30 nodes per wavelength instead of 12 nodes per wavelength,
increases the computational cost by 24% and 20% for quadrilateral and triangular elements,
respectively. In this dissertation, to achieve a high accuracy we used more than 30 nodes per

wavelength in each simulation.

Quadrilateral elements
in the cross section

Very small
elements

Large
elements

N

Revolving

2D mesh [NEME) 3D mesh

Figure 4.7: One of mesh configurations used to simulate Quchor in HSRs. To create this mesh, quadrilateral
elements are generated in a 2D plane and then these elements are revolved to generate a 3D mesh distribution. It is
important that the PML meshed such that there are more than 12 nodes per wavelength across the PML.
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PML inner radius, rpmz, 1s also an important parameter in calculating Qunchor. In our
simulation, rpy 1s changed from very small to larger values. For the mesh with quadrilateral
elements in the cross section, it is found that when the PML inner radius is small (less than 107,),
the simulated Qunciors fluctuate. After increasing the rpyz to larger values, the simulated Qunchors
converge to a constant number. It is found that the difference between the simulated Q.nchors 1s less
than 10% when rpy> 207,. For the mesh with triangular elements in the cross section, it is found
that the simulated Qunchors fluctuate when the PML inner radius is less than 57,; as rpyz becomes
larger than 107,, the simulated Qunchors converge to a constant number—the difference between
the simulated Qs is less than 10%. For both mesh configurations, the results converge to very
similar values with a less than 2% difference. The results that are presented in this subsection are
for the case with triangular elements and rpa = 207.

To obtain an accurate result, the thickness of the PML—the difference between the PML
outer radius (Rpmr) and rpur—is fixed to the wavelength of the propagating wave in each

simulation. For a mechanical resonator, the wavelength equals

A= (4.4)

¢
f

where f and C are the resonant frequency and speed of sound inside the substrate material,

respectively. For longitudinal waves inside a solid material, C can be calculated from (4.5):

co | £d-v) (4.5)
p(1+v)(1-2v)

where E, v, and p are Young’s modulus, Poisson’s ratio, and density of the material, respectively.
Utilizing a PML with one wavelength thickness ensures that waves are damped before

reaching the PML boundary. By using a PML with thickness smaller than one wavelength, some
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waves may not be completely damped; therefore, there are some waves returning into the resonator
that cause an incorrectly simulated value for Q4ncior. However, PMLs with thicknesses larger than
one wavelength do not yield significantly higher accuracy. Based on our simulation results, if the
PML thickness is larger than 20% of the wavelength, the simulated Qnchors are almost the same
for all PML thicknesses—Iess than 10% difference. However, if the PML thickness is 10% of the
wavelength, the simulated Quncror 1S about 45% different from the cases with large PML
thicknesses.

In addition to the PML mesh quality, inner radius, and thickness, the PML scale factor also
affects simulation results. We suggest to use a scale factor of one in simulations—based on our
discussion with experts at COMSOL, changing the value of the scale factor might cause
inaccuracies in the prediction of Q. In our case, the simulation results show that for a scale factor
in the range of 0.2 to 2, the calculated number for Qunchor 1s almost the same with a scale factor of
1. However, for scale factors out of this range, the predicted Qunciors deviate from that case. In
general, changing the scale factor may cause some problems in a numerical simulation that are
explained below:

1. Scale factor is used to linearly scale the coordinates [67], and the coordinate scaling
yields an equivalent scaling of the mesh that may result in a poor element quality, which
causes inaccuracies in the numerical simulation [64].

2. Changing the scale factor changes the exponential decay rate in the PML. Very large
decay rate (a PML with high absorption) may result in numerical reflections in the
boundary between the PML and the finite substrate [68]. On the other hand, using a very

small decay rate may cause the outgoing waves in the PML do not experience enough
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attenuation; therefore, the PML cannot absorb all of them, which may result in reflection

of them back from the PML’s fixed boundary into the resonator.

4.1.1.2 Impact of various parameters on anchor loss of hemispherical shell resonators

Different parameters have impact on anchor loss of shell resonators. These parameters are

shown in Figure 4.8.
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Figure 4.8: Classification of important parameters affecting anchor loss in HSRs. The anchor loss depends on the
shell, stem, substrate properties, and the external motion of an HSR. The effects of all of these properties are
investigated in this subsection.
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This subsection describes the effects of the properties shown in Figure 4.8 on anchor loss
of HSRs.

To calculate the anchor loss of HSRs, a series of simulations is performed using PMLs. In
all simulations, the PMLs peripheral boundaries are fixed. The other boundaries are considered to
be free. Simulation for modal analysis is conducted. This analysis provides mode shapes, angular
resonant frequencies, and relative deformations. The angular resonant frequency values are used
to calculate Qunchor. For an HSR with the nominal dimensions shown in Figure 4.5, Qunchor 18
calculated to be 3.4 billion, which is used to normalize values of Quncior (normalized Qunchor =
O nchor 13.4%x10°) in this subsection.

In the following subsections, the effects of different parameters on Quncior are analyzed. It
should be noticed that changing the shell properties changes its resonant frequencies and hence the
wavelength inside the PML; therefore, to simulate Qunchor correctly in each case, the PML
thickness is adjusted for the shell with the new property. However, changing the stem and substrate
properties or existence of any external motion in the system do not cause a significant change in
the resonant frequencies.

These parameters are categorized in four subsections that include:

a) Shell properties
b) Stem properties
c¢) Substrate properties
d) External motion of shell
Each of them will be discussed in detail and guidelines to reduce anchor loss in shell

resonators will be provided.
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a) Effect of Shell Properties on Anchor Loss

In this subsection, the effects of the shell properties on anchor loss are investigated. These
properties include shell material properties, thickness and radius, unbalanced mass, non-
circularity, and imperfect cutting.

The shell material properties’ effects on anchor loss are shown in Figure 4.9. In this figure,
normalized Qunchor 1s depicted over the shell material properties—normalized Qunchor 1s one when
the whole system (shell, stem, substrate, and PML) is made from fused silica. To simulate the
effects of the shell material properties on anchor loss, the material properties of the shell is
changed, while keeping the stem, substrate, and PML material properties fixed. As shown in Figure
4.9, by increasing the shell’s Young’s modulus, anchor loss increases because a stiffer shell can
deform the substrate easier; therefore, more energy escapes from the shell to the substrate. This
figure also shows that increasing the shell’s density reduces anchor loss because a denser shell can
keep more kinetic energy. Furthermore, this figure shows that the shell’s Poisson’s ratio has less
of an effect than its Young’s modulus and density.
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Figure 4.9: Effect of shell material properties on Quncror- By increasing the shell’s Young’s modulus and density,
Qunchor changes. However, the shell’s Poisson’s ratio has a negligible effect on Quncior-
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To analyze the effects of the shell radius and thickness on anchor loss, a group of shells
with different radii and thicknesses are modeled. Their radii vary from 1250 um to 5000 gm and
their thicknesses vary from 50 um to 400 um. The results of this investigation are depicted in
Figure 4.10. These results show that shells with a larger radius have lower anchor loss. In shells
with a large radius, the distance from the anti-nodes (and other places with large deformation) to
the anchor is further than shells with a small radius. The same phenomenon can be observed in
simple cantilever resonators, where anchor loss has an inverse relation to the cube of the cantilever
length [58]. Our investigation also shows that by increasing the shell thickness, anchor loss
increases. Indeed, thicker shells cause larger deformation and wave propagation in the substrate.
Comparing to simple cantilever resonators, the same pattern can be observed—thicker cantilevers

show larger anchor loss compared to thin cantilevers [58].
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Figure 4.10: Effect of shell radius and thickness on Quucior. By increasing the shell radius, Quucnor increases.
However, by increasing the shell thickness, Quncnor decreases.

Figure 4.11 shows the normalized deformation contours in a portion of the substrate cross
section of shells with different geometries—this portion is a semicircle with a 2 mm radius. As

82



shown in this figure, the deformation in the substrate of the thick shells is larger than the thin ones.
This figure also shows that in a WG mode, the highly deformed rim of the shell is farther from the
stem when the shell radius becomes larger, so the amount of the energy escaping to the substrate
drops. Furthermore, the minimum amount of normalized deformation, D,, in the portion of
substrate for each shell is shown in this figure. As expected, D, follows the same pattern as anchor

loss—shells with a smaller D,, have lower anchor loss.
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Figure 4.11: Contours of the normalized deformation distribution in the cross section for the thin (left) and thick
(right) shells. Upper shells have a smaller radius (R = 1250 um) than lower shells (R = 5000 xm). In each case, the
largest normalized deformation is fixed to one. In this figure, the minimum amount of normalized deformation in
the substrate, D,,, is shown for each case. The deformation in the substrate of the thicker shells is larger than the
thin ones. It is also observed that the shells with smaller radii cause larger deformations in the substrate.

The fabricated shells are not perfectly symmetric. This asymmetry may affect anchor loss.
To capture the effect of the mass imperfections on anchor loss, an imbalanced mass, 4m, is added

on top of the shell rim as shown in Figure 4.12. This figure also shows the normalized Quncior
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versus the normalized mass imperfection, Am/m, where m is the mass of the shell. According to
this figure, a mass imperfection increases anchor loss—this increase might be more than 1,000
times. Indeed, any imperfection in the rim changes the location of the nodal points of vibration in
HSRs. In this case, the nodal points of vibration are no longer located along the vertical axis of the
stem. This increases the deflection in the stem and therefore energy loss through the anchor.
Additionally, the simulation results show that this imbalanced mass affects the first WG mode
more than the second one. When there is an imbalanced mass, an HSR resonates in a way that two
of its anti-nodes in the first WG mode are along the line that connects the shell center to the
imbalanced mass, while in the second WG mode, the anti-nodes are located 45° away from this
line. Therefore, the first mode is affected by the imperfection more than the second mode, so the
first mode is more dissipative. This may cause damping mismatch and bias drift in HSR

gyroscopes.
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Figure 4.12: Effect of an imbalanced mass on Quuchor. Mass imperfection, which is modeled as an extra point mass
at the rim of a shell, reduces the Q.ucior of both WG modes; however, it reduces the Q4uchor Of the first mode more
than the second one.
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Fabricated shells might have out-of-roundness or non-circularity in the rim, which could
affect anchor loss of HSRs. To investigate the effect of this imperfection, the radius of one side of
the shell is distorted up to a maximum of ten percent of the initial radius of the shell. Figure 4.13
shows the effect of this type of imperfection on Qunchor. This graph demonstrates that Quncior 1S
significantly reduced due to rim non-circularity. Rim non-circularity causes imbalance in the shell
and therefore changes the vibrational pattern of the Q.4nchor modes such that the anchor is no longer
located at the nodal points of vibration. According to the FEM analysis, this imperfection has more
effect on one of the WG modes than the other one. A 100 um imperfection in the radius reduces
the second WG mode’s Quncior about 1,000 times, while it reduces the first mode’s Q4ncror about
50 times. This is because in a non-circular shell, just one of the anti-nodes of the first WG mode
is affected by non-circularity, but for the second mode two of the anti-nodes are in the non-circular
part and are affected—in a non-circular shell, an HSR resonates such that two of its anti-nodes in
the first WG mode are along the line that connects the shell center to the maximum non-circularity,
while in the second WG mode, the anti-nodes are located 45° away from this line.

In some fabrication processes, shells are cut from their host wafers using lapping and CMP.
It is possible that the fabricated shell is not cut horizontally, such that one side of the shell is taller
than the other—this imperfection is called imperfect cutting. The angle of this imperfection is
considered to be ®. To capture the effect of imperfect cutting, the edge of a perfect shell is locally
cut up to a maximum of 2°. The FEM analysis results are shown in Figure 4.14. This graph reveals
that imperfect cutting changes the anchor loss significantly—1° of imperfection in the cutting
increases the anchor loss about 10,000 times. When the cutting is imperfect, the system has a

revolution axis that is not along the stem’s central axis; therefore, the stem, which connects the
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shell to the substrate, is not attached to the region in the shell that has the lowest deformation, so

a large amount of energy propagates from the shell to the substrate.
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Figure 4.13: Effect of non-circularity imperfection on Q4uchor. Non-circularity reduces Quncior of both WG modes;
however, it reduces the Quncior of the second mode more than the first one.
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Figure 4.14: Effect of imperfect cutting on Quuchor. Imperfect cutting reduces the Quncror of both WG modes
similarly.
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The results of imperfection simulations indicate that a controlled fabrication process is
extremely important for the manufacturing of the high-Q HSRs. Otherwise; these resonators suffer

from a large amount of anchor loss.

b) Effect of Stem Properties on Anchor Loss

A fabricated shell needs to be bonded to a substrate before it is used as a resonator.
Different materials such as glass frit or Crystalbond 509 (SPI Supplies, West Chester, PA, USA)
have been tested for this process. In some cases [48], an external rod is added to the system as a
stem. This section investigates the effects of the stem properties—stem material, stem radius and
height, a hole inside the stem, stem shape, and stem-shell misalignments.

Figure 4.15 shows the effects of the stem material properties on anchor loss. In this figure,
the normalized Quncior 1s depicted over the stem material properties. This figure shows that the
stem material properties do not have a large effect on anchor loss. According to the simulation
results, if the stem’s Young’s modulus is around 1.5 times larger than fused silica’s Young’s
modulus, anchor loss is maximized. The material properties of the system are changed from fused
silica to polysilicon, metallic glass, aluminum oxide, and diamond and the simulations are
repeated. In all cases, anchor loss is maximized when the stem’s Young’s modulus is around 1.5
times larger than the Young’s modulus of other parts of the system. We are not sure about the
reason for this trend—more investigation is needed to understand it. As shown in this figure, by
increasing the Poisson’s ratio of the stem, anchor loss increases slightly. In HSRs, as radial forces
cause compression or stretching in the stem, the Poisson’s effect causes some waves along the
stem’s vertical direction. These vertical waves increase the amount of energy that escapes from

the shell’s anchor to the substrate; therefore, any increase in the stem’s Poisson’s ratio increases

87



anchor loss. The simulation results show that stem density does not play a significant role in anchor

loss. Indeed, the stem’s density does not change the resonant characteristics of the system.
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Figure 4.15: Effect of stem material properties on Q4uchor. By increasing the stem’s Young’s modulus and Poisson’s
ratio, Qunchor changes. However, the stem’s density has a negligible effect on Quncior

In Figure 4.16, the effects of the stem radius and height on anchor loss are depicted. This
figure shows that a resonator with a thin and tall stem can have a high Quucior. Figure 4.17 shows
clearly that a thinner stem can reduce the amount of energy propagating into the substrate. The
vibration of HSRs in the WG modes is symmetric with respect to the shell’s central axis, so the
deformation of the top center of the stem where it attaches to the shell is very small if the center
line of the designed stem is exactly connected to the shell crown (the lowest point of the shell
located along the shell’s axis of revolution). In reality, a stem with finite dimensions attaches to
areas far from this central point that undergo larger deformations; therefore, if the stem radius is
too large, lots of energy propagate from the anchor to the substrate—Figure 4.18 (c) and (d) are
schematics of large wave propagation from thick stems. Additionally, when the stem height
increases, waves that come from both sides of the shell have more space to cancel each other out

before reaching the substrate. As shown schematically in Figure 4.18 (b), the majority of the waves
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cancel each other out in a tall stem. If the stem is short, some of the waves can escape from the
shell into the substrate, increasing anchor loss. In the case of a thick stem, waves that are in the
stem’s central axis can experience the same phenomenon; therefore, they do not escape from the
shell with tall stems. However, the waves that are far from the stem’s central axis do not experience
that much cancelation. Thus, increasing the stem height in thick stems should not be as effective
as increasing it in thinner stems—the simulation results shown in Figure 4.16 confirm this

hypothesis.
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Figure 4.16. Effect of stem radius and height on Q 4uchor. By increasing the stem radius, Q4nchor decreases. However,
by increasing the stem height, Q4acnor increases.

In [44], Gray et al. experimentally measured a Q of 230 for an HSR with a 14 ym stem
diameter. As shown in Figure 4.19, when they reduced the stem diameter of the same shell to 6
um, Q increased to 1,270. Recently, Shao et al. [47] performed an experiment on the effect of the
stem height on O of HSRs. Their result showed that a shell without a long stem has a QO of 9,500.

However, a shell made in the same wafer with a long stem showed a Q of 40,400. The trends in
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these two studies are similar to our simulation results, thus confirming our numerical approach for

modeling anchor loss.
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Figure 4.17: Contours of the normalized deformation distribution in the cross section for systems with thin stems
(left) and thick stems (right). In each case, the largest normalized deformation is fixed to one. Upper shells have
shorter stems (2 = 50 um) than lower shells (2 = 400 um). The deformation in the substrate of the thicker stems is
larger than the thin ones. It is also observed that the shells with shorter stem cause larger deformations in the
substrate.
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Figure 4.18: Schematic of the wave propagation from shells with different stem sizes: (a) thin and short, (b) thin
and tall, (c) thick and short, and (d) thick and tall.
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Figure 4.19: Experimental data reported in [44] about the effect of the stem radius on Q. In this experiment, Q of
a shell is measured when it is on top of a thick stem, then again when the radius of the stem is reduced from 7 um
to 3 um. The results show that Q improves more than 5 times for the case with the thinner stem.

In some cases, shell resonators have been made with a hollow stem instead of a solid stem.
To characterize the effect of a hollow stem on anchor loss, a cylindrical hole with radius #; is
removed from the middle of the stem and Quncror is simulated. The results, which are shown in
Figure 4.20, reveal that creating a small hole in the middle of stem increases anchor loss, and as
the radius of this hole increases, anchor loss increases further. However, when the hole becomes
very large, anchor loss decreases.

Figure 4.21 shows the schematics of the wave propagation for different situations. In Figure
4.21 (a), it is shown that when the stem is solid, waves from two different sides of the stem cancel
each other out; therefore, anchor loss is not large. After creating a hole inside the stem, some of
the waves are not canceled in the middle of the stem and they will be lost; however, some part of
these waves will cancel each other out in the substrate (Figure 4.21 (b)). As the hole radius
increases, the distance between the waves that come from the two different sides increases;
therefore, it is harder for them to be canceled in the substrate (Figure 4.21 (c)). Thus, anchor loss
increases further. When the hole radius becomes very large, the stem wall thickness reduces to a

very small amount. As this amount becomes smaller than the shell thickness, the shell vibration
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does not cause a large deformation in the substrate. In this case, even though the waves that come
from both sides of the shell cannot cancel each other out (Figure 4.21 (d)), they are too small to

cause a large amount of energy dissipation. In fact, when the stem wall thickness starts to become

very small, anchor loss starts to decrease.
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Figure 4.20: Effect of radius of a cylindrical hole in the stem on Q4ucror. The results show that shells with a solid
stem have higher Qnchor s than shells with a hollow stem when the stem wall thickness is not very small. If the stem
wall thickness becomes very small Q.qcio Starts to improve.
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Figure 4.21: Schematic of the wave propagation from shells with different stems: (a) solid stem, (b) stem with a
small hole, (c) stem with a large hole, and (d) stem with a very large hole.
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The shape of the stem can also be an important factor for anchor loss. Figure 4.22 shows

three different shapes that can be used as a stem:

1. The stem is just considered to be a simple rod— Quneior 0f this case is calculated to be
Q1.

2. Some material is removed from the middle of the stem—hourglass shape. The
simulation results show that in this case Qunchor improves a large amount compared to
the first case. The tapered shape guides waves that come from two different sides of
the stem to its central axis where they cancel each other out, hence anchor loss
decreases.

3. The middle of the stem becomes thicker—ball shape. In this case, waves have space
to spread out; therefore, some of them might not cancel out. So, anchor loss increases
in this case; however, this increase is not very much because the other part of the stem

1s still thinner and waves can be canceled there.
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Figure 4.22: Effect of stem shape on Quucior. A shell with a stem with hourglass shape shows the highest Quchor.
It is hard to attach a shell to the stem via a perfectly controlled bonding process. There are
two different types of misalignments during the bonding: a) axial misalignment and b) angular
misalignment. During the bonding process of the shell to the substrate, the stem’s central axis

might not have coincided with the axis of revolution of the shell (Figure 4.23 (a)). This is called
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axial misalignment. It is also possible that the shell is tilted when it is attached to the substrate
(angular misalignment) as shown in Figure 4.23 (b). These misalignments cause the stem’s central
line to be in a different position than the nodal points of vibration. The effects of these
misalignments are plotted in Figure 4.23 (a) and (b). Figure 4.23 (a) shows that the axial
misalignment degrades Qunchor. Indeed, a 40 um misalignment between the shell and stem axes
increases anchor loss about 1,000 times. As Figure 4.23 (b) shows, anchor loss of an HSR is highly
depended on angular misalignment. Even 1° tilting during the bonding between the stem and shell
will increase anchor loss more than 1,000 times. The high sensitivity of Quuchor to these

misalignments necessitates utilizing a very accurate bonding process.

¢) Effect of Substrate Properties on Anchor Loss

In this part, the effects of the substrate properties on anchor loss are studied. These include
substrate material properties, using an adhesive material between the stem and substrate, and the
attachment configuration between the stem and substrate.

The effects of substrate material properties on anchor loss are shown in Figure 4.24. To
simulate theses effects, the material properties of the substrate and PML are changed
simultaneously. It is taken into account that as the material properties of these domains are
changed, the wavelength is changed; therefore, the PML thickness is adjusted. Figure 4.24 shows
that by increasing the substrate’s Young’s modulus, anchor loss decreases. In this case, the
deflection in the substrate decreases due to the increase in substrate rigidity. Indeed, as the
substrate becomes stiffer, shell cannot deform the substrate easily—hence, more energy stays in
the resonator during the oscillation. This figure also reveals that the substrate’s density is an

important parameter in anchor loss. It is found that a lower density substrate shows lower anchor
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Figure 4.23: (a) Effect of an axial misalignment on Quncior. (b) Effect of an angular misalignment on Q.ncior. These
misalignments reduce Q4ncnor significantly.
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loss because it absorbs less energy than a substrate made from a high density material. Numerical
simulations show that substrate’s Poisson’s ratio has less of an effect than its Young’s modulus
and density. This is expected, because Poisson’s effect creates some vertical forces from horizontal
forces and vice versa and this should not have a major impact on the amount of energy that is

already in the substrate.
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Figure 4.24: Effect of substrate material properties on Q.uchor. By changing substrate’s Young’s modulus and
density Q changes. However, substrate’s Poisson’s ratio has a negligible effect on Quncior-

In all of the simulations, it is considered that the shell, stem and substrate are made together,
so there is no need for any adhesive material. In reality, this might not be the case. For example,
the stem of the HSR that is made in our group [48] is bonded to the substrate using glass frit as a
glue. Figure 4.25 shows the schematic of a system with glass frit as an adhesive material. Glass
frit material properties are considered to be Young’s modulus: 49 GPa, Poisson’s ratio: 0.25, and
density: 6300 kg/m>. To investigate the effect of this attachment, the radius of the glass frit section,

7b, 1s changed and Qunchor 18 simulated. The results are shown in Figure 4.25. It is found that using
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an adhesive material between the stem and substrate reduces anchor loss. In fact, this adhesive
material can be considered as a part of a new and taller stem. This figure shows that as the adhesive
material radius increases anchor loss increases—the same behavior was observed by increasing
the stem radius. As adhesive material radius becomes larger, Quncior starts to converge to Quncior
of the system when there is no adhesive material. This is because when adhesive material becomes

very large it behaves like a part of the substrate.
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Figure 4.25: Effect of radius of the adhesive material on Quncror. Utilizing an adhesive material between the stem
and substrate increases Quncior; however, as the radius of this material increases Q4ncnor decreases and converges to
the case that there is not any adhesive material.

As shown in Figure 4.26 (a), it is possible to use different configurations for attaching the
stem to the substrate:
1. In the first configuration, a short stem outside of the shell is directly attached to the

substrate. For this case, Qunchor is calculated to be Q,.
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2. In the second configuration, the stem is attached to the inside of the shell, so its length
must be very large (tall stem) and therefore, Qnchor should be higher than Q,. Simulation
confirms this hypothesis— Quncror improves about a hundred million times when the
stem is used inside the shell.

3. The third configuration is a combination of the first and second ones—in this case a stem
from inside and another one from outside of the shell are bonded to two substrates. It is
found that Quncior 1s a little higher (25%) than the first configuration. In this case, the
majority of the waves are propagated from the outer stem to the substrate. Also, some of
waves that go to the inner tall stem cancel each other; therefore, Qunchor s higher than the
first case.

4. The fourth configuration is holding the stem from its edge. Qunchor of a group of
resonators with different holding heights are simulated and results are shown in Figure 4.26 (b)—
in this simulation, the distance from the shell and substrate is kept constant. This investigation
shows when the stem is held from its edge, Qunchor is smaller than the case that the stem is directly
attached to the substrate. As the holding height increases, Quncior also increases. In fact, holding
the stem from its edge is like the first configuration but there is a long cylindrical hole through the
central axis of the substrate. As discussed before, some of the waves that come from two different
sides of the shell cancel each other in the central axis of the substrate. If the holding height is very
small, the hole inside the substrate is large, so a lot of the waves cannot cancel each other and
anchor loss increases. By increasing the holding height, the length of the cylindrical hole decreases
and waves find a space to cancel each other. As holding height becomes very large, Qunchor

converges to Qo.
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Figure 4.26: (a) Different configurations for attaching the stem to the substrate. The best configuration is using a
stem inside the shell. (b) Effect of the holding height on Q4ucro- When the stem is held from its edge. By increasing
the holding height, Q4uchor increases; however, Quncnor 1S smaller than the case where the stem is directly attached
to the substrate.

d) Effect of External Motion of Shell on Anchor Loss

The motion that an HSR experiences during operation might change its anchor loss. In this
part, the effects of shocks and rotation rate on anchor loss are investigated.

The existence of shock causes stress and deformation in a solid structure—this changes its
resonant pattern. To understand the effects of shock, a group of prestressed eigenfrequency
simulations is conducted. In this analysis, first a stationary simulation should be conducted to find
the deformation and stress in the shell under shock. To simulate shock, a body force, which is
equal to the amount of the shock multiplied by the density of the structure is exerted on the system.
In the second step, an eigenfrequency simulation is conducted for the system that is prestressed
with the existing deformations and stresses from the first step. Two different types of shocks are
exerted on the shell: vertical and horizontal. The amount of these shocks is changed from 0 to

50,000g. The results of this simulation are depicted in Figure 4.27. When there is a vertical shock,
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the shell moves upward or downward—depending on the shock direction. This vertical shock has
a small effect on anchor loss because the vertical movement does not change the shell’s
axisymmetric shape, so anchor loss is not very sensitive to the vertical shock. However, in the case
of a horizontal shock, the shell starts to move and tilt toward one side of the shell—this makes the

system non-axisymmetric. Therefore, anchor loss increases as the horizontal shock increases.
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Figure 4.27: Effect of vertical and horizontal shocks on Quucior. Horizontal shocks have larger impact on Qunchor-

Rotation also might change anchor loss because it causes centrifugal force in the system
(this centrifugal force is proportional to the square of the rotation rate). The same method for
calculating the effect of shock on Quncnor 1s used to simulate the effect of rotation rate on Qunchor;
however, instead of exerting body force, the condition of a rotating frame is utilized. Figure 4.28
shows the effect of the rotation rate on Quncror. This figure shows that the rotation rate has a very
small effect on anchor loss—a rotating frame with a speed of 1,000 rad/s causes less than a 1%
change in anchor loss. A rotation around the shell axis revolution does not cause any non-

axisymmetric behavior in the system; thus, anchor loss is not very sensitive to the rotation rate. If
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anchor loss was very sensitive to the rotation rate, gyroscope would exhibit a nonlinear behavior,

which is not desirable in sensors.
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Figure 4.28: Effect of rotation rate on Q.uchor-

Simulations have shown that anchor loss in HSRs depends on many parameters. The
effective parameters are classified into four categories and a summary of the impact of them on
anchor loss presented in Table 4.1. More detail can be found in [69]. These results showed that to
decrease the anchor loss, the shell resonator structure should satisfy following design criteria:

e The distance between the shell resonant part and substrate should be large
e Shell should be thin

e Stem should be tall

e Stem radius should be small

e In the case of a hollow stem, the stem wall thickness should be thin
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TABLE 4.1: SUMMARY OF THE EFFECTS OF DIFFERENT PARAMETERS ON ANCHOR LOSS OF HSRS.

Effective
parameters

Category

Amount
of impact

Comments

Material

Moderate

Increasing the shell’s Young’s modulus increases anchor loss.
Increasing the shell’s density decreases anchor loss.

Shell’s Poisson’s ratio does not have a significant effect on anchor
loss.

Geometry
Shell

High

Increasing the shell radius decreases anchor loss significantly.
Increasing the shell thickness increases anchor loss significantly.

Imperfections

High

Mass imperfection increases anchor loss significantly. Anchor
loss increases in the first WG mode more than the second mode.
Non-circularity increases anchor loss significantly. Anchor loss
increases in the second WG mode more than the first mode.
Imperfect cutting increases anchor loss significantly. Anchor loss
increases in both WG modes equally.

Material

Low

Anchor loss is a nonlinear function of the stem’s Young’s
modulus.

Stem’s density does not have a significant effect on anchor loss.
Increasing the stem’s Poisson’s ratio increases anchor loss
slightly.

St
em Geometry

High

Increasing the stem radius increases anchor loss significantly.
Increasing the stem height decreases anchor loss significantly.

Shape

High

HSRs with narrower stem shapes have lower anchor loss.

Misalignments

High

Axial and angular misalignments increase anchor loss
significantly. The effects of these misalignments is the same for
both WG modes.

Material

Moderate

Increasing the substrate’s Young’s modulus decreases anchor loss.
Increasing the substrate’s density increases anchor loss.
Substrate’s Poisson’s ratio does not have a significant effect on
anchor loss.

Adhesive

High

Using an adhesive material for attaching the stem to the substrate
decreases anchor loss. As radius of this adhesive material
increases anchor loss increases.

Substrate

Configuration

High

Using a stem inside the shell instead of outside decreases anchor
loss significantly.

Using a stem inside and another stem outside of the shell decreases
anchor loss slightly compared to case with only a stem outside the
shell.

Holding the stem from its edges (clamping the stem from its
peripheral boundary) instead of attaching it directly to the
substrate increases anchor loss. As height of the holding area
increases anchor loss decreases.

Motion Shock

Moderate

Vertical shocks increase anchor loss slightly.
Horizontal shocks increase anchor loss moderately.

Rotation rate

Low

If the shell rotates very fast, its anchor loss increases slightly.
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In addition, the results indicated that the design parameters are not the only critical factors
in controlling the anchor loss of shell resonators. Because any imperfection in the shell or
attachment increases anchor loss by orders of magnitude, a precise fabrication process is also
extremely crucial. It is very hard to achieve the desired level of fabrication precision using current
microfabrication and assembly techniques. Therefore, there is a need for a new design and
fabrication process that could produce shells with very small geometrical imperfections and

misalignments between the shell and stem.

4.1.1.3 Optimized design for reducing anchor loss in shell resonators

Self-aligned stem

Thin sidewall

Long
distance

S

Long
stem

Anchored to
substrate

) Resonant part
|

<>
Small diameter

Figure 4.29: Schematic of a low anchor loss shell. This shell has the shape of a birdbath with thickness varying
along its curvature.

To achieve this goal a shell structure shown in Figure 4.29 is designed. This shell has the
shape of a birdbath (hemi-toroid) with thickness varying along its curvature, being thinnest at the

top. It is attached to a supporting substrate at the anchor. The hollow column in the middle of the
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structure, stem, is long with a small diameter. The distance between the resonant part to the
substrate is longer than a HSR with the same dimensions. This shell has a transient area with thin
sidewalls that reduces energy transformation to the substrate. Furthermore, the shell and stem can

be fabricated together; therefore, they are self-aligned.

AN

Dimensions Normalized deformation

Figure 4.30: Left: dimensions used for anchor loss simulation in BSR. Right: normalized deformation in BSR and
the substrate beneath it.

As a result, this shell provides all the important criteria of a low anchor loss shell resonator.
To calculate the anchor loss of a birdbath shell resonator (BSR), numerical simulation is used to
conduct modal analysis with an appropriate PML around the substrate. Figure 4.30 shows the
dimensions used for this simulation and the relative deformations in the shell and its substrate.
O.nchor in this BSR calculated to be larger than 10", which is about five orders of magnitude better

than the initial HSR.
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Shell structure Normalized deformation, where is
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Figure 4.31: Left: schematic of wave propagation in the HSR and BSR. Right: normalized deformation in the
substrate of these shells for different amount of deformation.

Figure 4.31 clearly shows that deformation in the substrate of a BSR is much smaller than
an HSR. In this figure, deformations are shown for different amount in the substrate. When just
deformations larger than 10 are sketched, there is no deformation in the BSR substrate. As
deformation are larger than 107, just a small portion of BSR substrate experiences it. Comparing
deformation in the substrates of BSR and HSR shows an order of magnitude larger deformation in
the HSR substrate, which causes larger anchor loss. This figure also includes schematic of wave
propagations, in the case of BSR since wave should travel longer distance and thinner areas smaller

amount of energy will reach to substrate, causing lower anchor loss in BSRs compared to HSRs.

4.1.1.4 Fabricated shell structures with small anchor loss

During the past years, birdbath shell structures have been made in the university of

105



Michigan utilizing blowtorch molding process (fabrication process is briefly discussed in
Appendix A) in different sizes. Figure 4.32 shows photograph and scanning electron microscope

(SEM) image of this type of shells.

Cross section

15.0kV 8.3mm L-x150 1.00mm

Figure 4.32: Top: an axisymmetric birdbath shell that is made out of fused silica using blowtorch reflow process.
Bottom: cross section of a fabricated shell is shown in right-hand side of this figure.
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Changing blowtorching parameters and the mold design allowed us to fabricate shells with
different radii and aspect ratios. In this process, since the shell is fabricated monolithically, the
stem is self-aligned. Furthermore, the high temperature flame smooths the shell surface with
average roughness of the fabricated shell being less than 2 A, which could reduce surface loss (this
will be discussed in subsection 4.1.6). This process initially started by Dr. Jae Young Cho and later

has been improved by Dr. Tal Nagourney and Mr. Sajal Singh.
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Frequency split (4f) between n =2 WG modes (Hz)

Figure 4.33: Effect of frequency split on Q of BSRs with 5 mm diameter. Different colors indicate different
fabrication batches. No correlation between frequency split and Os, suggests that anchor loss is not a major
dissipation mechanism in the designed shell structure.

O of fabricated shells varies from less than 10,000 to more than 10 million. Figure 4.33
shows the Q of shells with 5 mm diameter versus frequency split between WG modes (data are

provided by Dr. Jae Young Cho, Dr. Tal Nagourney, and Mr. Sajal Singh). These results show that
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there is no clear correlation between Q and frequency split. Frequency split is a result of
imperfection in shells. Therefore, devices with more imperfections tend to produce larger
frequency split. Hence, these results show that there is no correlation between imperfections in
BSRs and Os. As aresult, we believe that O due to anchor loss in shells with the proposed geometry
and dimension is not a dominant dissipation mechanism, showing successful low anchor loss
design for MEMS shell resonators.

As a summary to this subsection, anchor loss in shell resonators investigated extensively
and BSRs with an extremely small anchor loss are successfully designed, and tested. TED in

MEMS resonators will be explained in the next part.

4.1.2 Thermoelastic dissipation (TED)

TED is one of the main causes of energy dissipation in MEMS resonators. In a deformed
structure, some regions experience tension and some compression. Tensile and compressive
stresses produce cold and hot regions in the structure, respectively. As a result of this coupling
between the strain and temperature fields, periodic local temperature gradients are formed in an
oscillating structure. In order to relax back to thermal equilibrium, heat flows irreversibly from the
hot to cold regions. This dissipation mechanism is called TED [70-85] and it becomes significant
when the resonator thermal transport time constant is close to the period of its elastic deformation
[79].

Understanding TED in resonators has been the subject of numerous studies. In the 1930s,
Zener [70, 71] presented a general model for calculating thermoelastic Q (Qrep) of wires and reeds
by considering one-dimensional heat transfer across their bending direction. Nayfeh and Younis

[75] analytically modeled Qrep of micro-plates with general shapes and boundary conditions. They
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showed that the geometric properties of a micro-plate could have a significant effect on Qrzp.
Chandler et al. [76] studied the effect of slots placed between the hot and cold regions of micro-
beam resonators on Q7ep, both numerically and experimentally. Ghaffari and Kenny [80] analyzed
the effect of a silicon dioxide thin film on TED in silicon micro-resonators. They showed that this

thin film affects thermal relaxation of the resonator and changes its Q.

4.1.2.1 Fully coupled thermo-mechanical formulation

To find the TED in shell resonators, fully coupled thermo-mechanical formulation of solid
materials is developed in the following paragraphs.

Stress-strain relations in linear solids when there is a temperature difference of AT from

the equilibrium temperature can be expressed as (4.6):

on Ch G Gy Gy Gs G & [ ay,
On Cp Cp Gy Gy G5 Cy €n (255}
O | |G Cu G G Gs G| || Fm|_ AT AT (4.6)
Oy Cy Cy Gy Cy Cys Cy 2&,, 20,
O3 Cis G5 G35 C4s Cs5 Cse 2¢, 20,
10 LG € G Ci Csq Coo] \[ 260 | 2a,, |

where gy, €jj, cjj, and a;; are stresses, strains, elastic stiffnesses, and thermal expansion coefficients
of the material, respectively.

For isotropic materials, the stress-strain equations can be simplified to (4.7), where E, v,
and a are Young's modulus, Poisson’s ratio, and coefficient of thermal expansion of material,
respectively.

Furthermore, the equations of motion in the x, y, and z directions are represented in (4.8)—

(4.10).
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where u, v and w are displacements in the x, y, and z directions, respectively, and p is the density

of the material. Thermal dynamics are governed by the heat conduction equation:

oT _ EaT de

kV:T - pC.,—=
P oy T 1= 20 ot

4.11)
where £ is the thermal conductivity, Csp is the specific heat capacity and e is the dilatation strain,
which is defined as (4.12):
e=¢g,+&,+&, (4.12)
In most cases, 7 in the right hand side of (4.11) can be replaced by the nominal average

temperature 7o to obtain a linear equation for the temperature [75]. Using (4.7)—(4.12) and strains

to displacements relations, coupled thermoelastic equations can be written as (4.13)—(4.16):
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These four equations represent the thermoelastic behavior of an isotropic solid material. In
these equations, u, v, w, and T are unknowns. To find TED, these coupled equations should be
solved simultaneously.

For simple beam resonator, Zener [70, 71] suggested that the Orep can be estimated from

(4.17):

— IOCSP 1+(a)mech.rth)2 (4 17)
1D EQT, @, T, '

mech 1l

where @meen 1s the angular resonant frequency and equals 2mf—f is the mechanical resonant

frequency. 74 is the thermal transport time constant of the resonator and can be found from (4.18):

2
I (4.18)

th
" 7'D
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where b is the thickness of the beam in the bending direction, and D is the thermal diffusivity of

the beam material and equals 4/(p-Csp). Based on Zener’s equation, Qrep is equal to the product of

Qmal and ereq:
_ PCy
Qmat - EazTO (4.19)
1+( By 7, )2
ereq — p” med‘ . th (4.20)
‘mech th

Omar depends only on the temperature and the material properties of the resonator, and is
independent from the resonator geometry. It can be used to choose the best materials; materials
with small £ and « and large p and Csp are good candidates for high-Q resonators.

Ofieq 1s a function of @meen'7n and has a minimum value of 2 at @meen7n = 1. Qfeq can be
increased by increasing wmeen 7 When it is larger than 1 or by decreasing it when it is smaller than
1. When @pecn'tin << 1, the deformation time of the resonator is much larger than the thermal
transport time (isothermal regime); thus, the resonator remains in thermal equilibrium and a very
small amount of energy is dissipated through TED. When wmecn s >> 1, the resonator deforms so
fast that thermal relaxation cannot occur (adiabatic regime); therefore, a small amount of energy
is dissipated due to TED.

Figure 4.34 shows the results of calculating Qrep using (4.17) for fused silica beams with
three different thicknesses. The temperature for this calculation is 293.15 K, and fused silica
material properties are: Young’s modulus Ers= 70 GPa, Poisson’s ratio vrs= 0.17, density prs =
2200 kg/m?, thermal conductivity krs= 1.4 W/(m-K), specific heat capacity Csprs= 730 J/(kg-K),

and coefficient of thermal expansion ars = 5x107 1/K. All three cases have a minimum Qrzp of
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626,000 that is twice that of Qma. This minimum occurs at lower resonant frequencies for thicker

beams because the thermal transport time constant increases with thickness.

10(\

Figure 4.34: Orzp versus resonant frequency of beam resonators with different thicknesses. All beams have a same
minimum Qrzp. This minimum occurs in lower resonant frequencies for thicker beams.

4.1.2.2 Numerical simulation of thermoelastic dissipation in birdbath shell structures
While (4.17) helps to understand and estimate Qrzp in beam-type resonators, it is not
sufficient for more complicated structures. For a 3D structure, the O can be estimated using (4.21)

below:

Re(w)
Im(e,)

1
Q;—E (4.21)

where O; and w; are Q and the eigenvalue (angular resonant frequency) of the i mode,
respectively. Finding the eigenvalues of (4.13)—(4.16) for a birdbath structure analytically is not

possible; therefore, a numerical based approach such as FEM should be used. COMSOL
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Multiphysics is used to numerically solve the fully coupled thermo-mechanical FEM eigenvalue
problem.

A shell with birdbath shape is considered for this investigation. For this subsection, the
most important geometrical parameters of the shell are illustrated in Figure 4.35. They include the
outer shell radius (R), the top wall thickness (#), the rim thickness (z), the stem wall thickness (7.),
the anchor radius (7), and the shell height (#). The nominal dimensions for a typical shell used
throughout this section are R, = 2500 um, t;, =30 um, t,,=70 um, ts =100 um, r,=400 um, and

ho=1900 m.

Important parameters

Parameter name | Symbol
shell height h
shell outer radius R
anchor radius r
rim thickness I h,=1900 um =70 um
top wall thickness L R,=2500 ym t,=30 um
stem wall thickness t, r,=400 ym t,,=100 um

Figure 4.35: Cross sectional view of a micro-birdbath shell. Important geometrical parameters for this shell are
designated as shown. Nominal dimensions are used as the reference geometry in this subsection.

The mesh configuration shown in Figure 4.36 is considered for numerical simulation. To
produce this mesh, quadrilateral elements are created in the cross section of the shell in a 2D plane,
and then the 2D mesh is revolved. Only when a shell has a chipped edge or its rim is trimmed, free

tetrahedral elements are utilized for meshing. By using very small elements for meshing, both of
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these mesh generation techniques result in the same value of Qrep. In fact, our simulations show

that the Orep simulation is not very sensitive to mesh quality for uncoated shells.

Quadrilateral elements
in the cross section

Revolving

Figure 4.36: Mesh configuration of a birdbath shell structure. To produce this mesh, quadrilateral elements have
been created in the cross section of the shell, and then these 2D elements are revolved.

In this subsection, the O of micro-birdbath shell resonators is simulated under the
assumption that TED is the only dominant dissipation mechanism. Fused silica is chosen as the
reference material. By solving (4.13)~(4.16) numerically at 7o = 293.15 K for the mesh
configuration shown in Figure 4.36, the eigenvector that includes deformations and temperature
in each node, and the corresponding eigenvalue are calculated. The simulated temperature
distribution and mode shape of a shell in an » = 2 WG mode is shown in Figure 4.37 (a). The
largest temperature gradients are found at the rim and the top part of the shell. These are the regions
with a large stress concentration and a large shell curvature. Figure 4.37 (b) shows that heat can
transfer between the hot and cold regions mainly in five different directions:

1. Across the rim.

2. Across the top wall.
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3. In the polar direction between the rim and the top part.
4. In the azimuthal direction between the hot and cold regions in the rim.

5. In the azimuthal direction between the hot and cold regions in the top wall.

‘ Thermal paths

|Temperature distribution |

Azimuthal in
top wall

(a) (b)

Figure 4.37: (a) Temperature distribution of a shell resonator in a WG mode. Large temperature gradients are found
at the rim and top part of the shell. (b) Thermal paths in a shell when it is vibrating in a WG mode. These paths are
across the rim, across the top of the shell, in the polar direction between the rim and top part, in the azimuthal
direction between the hot and cold regions in the rim, and in the azimuthal direction between the hot and cold
regions in the top part.

By using the results of the eigenvalue simulation and (4.21), QOrzep of the fused silica shell
with nominal dimensions is found to be 75 million—this value is used as the reference value in
order to normalize QOrep in this subsection. This high value is promising for micro-scale resonators.
We have not seen any higher value reported in the literature for MEMS resonators (the Os of the
majority of MEMS resonators are less than 1 million). The simulation results also show that the
resonant frequencies are 14,670 Hz for the n = 2 WG modes of the reference geometry. Using a

beam approximation with a thickness of 70 um, Zener’s model suggests that the minimum Qrep
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occurs when the resonant frequency of a fused silica resonator is around 279 Hz, which is much
smaller than the resonant frequency of the simulated shell. Therefore, the shell experiences a quasi-

adiabatic process and dissipates a low amount of energy through TED.

4.1.2.3 Analytical model for thermoelastic dissipation in birdbath shell resonators

Although it is impossible to solve (4.13)—(4.16) analytically for a complicated structure, in
this subsection we develop a formula to approximate Qrep of resonators as they vibrate in the WG
modes.

To model Q7ep, the shell is considered to consist of three different parts: (a) hollow central
part referred to as the stem, (b) middle structure, and (c) rim. The elastic strain energy in each part
is calculated when the shell is vibrating in a WG mode. As shown in Figure 4.38, the majority of

the elastic energy is stored in the middle structure and rim.

Elastic strain energy

>

h1.35%

0.1x A i-\ Rim j- 20 85%

Figure 4.38: Amount of elastic strain energy in different parts of the shell. Strain energy in the stem is very small
compared to the other parts.

117



The total dissipation in the system equals the sum of dissipations in the stem, middle
structure, and rim. Because a low amount of energy is stored in the stem, the dissipation in this
region is neglected. Therefore,

tot

Z = 0 + 5, (4.22)

where Eir, En, Er are elastic strain energies and Qror, Om, O are Os in the whole structure, middle
structure, and rim, respectively. Since the thermal path in the polar direction in the middle
structure is very long, the thermal transport time constant in this direction is also very long, hence

there is not enough time for heat to transfer (adiabatic process). Therefore, O, is considered to be

very large, and O can be estimated from (4.23):

0, ~ (E Ej -0, (4.23)

So, Qi simplifies to O, times a constant.

To find O,, we consider the rim as a ring resonator. Since there are two thermal paths in a
ring resonator, across the ring and the azimuthal directions along the ring, O, can be found from
(4.24):

1 1 1
- = +
Qr Qacrossfr Qazimuthal -r

(4.24)

where Qucross-- and Quzimual-- are Os in the across and azimuthal directions, respectively. For more
information about calculating Qrep when there are two thermal paths in beam resonators, we refer
to [74]. Equation (4.17) can be used to calculate Qucross-- and Quzimushat-r. Therefore, (4.17) and (4.24)

lead to:
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and Tucross-- and Tazimumar-- can be found from (4.26) and (4.27):

t.
Tocrossr = ”;’jj (4.26)
T
Rrin ?
Z-azimuthal—r = 4Dg (427)

where #ing and Ring are the ring thickness and radius, respectively.

To confirm the accuracy of (4.25), the Orep of a ring resonator made from single-crystal
silicon with a 47 um thickness and 1,350 um radius is calculated both analytically and numerically
(using the aforementioned FEM). These theoretical results are compared with experimental results
[6]. The analytical model and FEM simulation predict Qrep of 11,660 and 10,300, respectively.
Our theoretical approximations for fluidic damping, surface loss, internal dissipation, phonon
interactions, and anchor loss predict a Q higher than 1,000,000 for a single-crystal silicon ring
resonator with aforementioned dimensions. Therefore, it can be assumed that TED is the main
source of dissipation in this resonator. The experimental value of Q for this same exact structure
was measured to be 12,000, showing excellent agreement with, and validating, analytical and FEM
results.

By using (4.23) and (4.25), the Qrep of micro-birdbath shell resonators can be

approximated from (4.28):
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Equation (4.28) for a fused silica shell with the dimensions shown in Figure 4.35 predicts
a QOrep of 79 million, which is very close to the numerical simulation value of 75 million. This

approach can be used to approximate Qrzep in other types of WG shell resonators as well.

4.1.2.4 Impact of various parameters on TED of birdbath shell resonators
In the following subsections, the effect of the parameters listed in Figure 4.39 on the Qrep
of BSRs are discussed with the following order:
a) Shell material
b) Shell geometry
¢) Rim chipping and trimming
d) Operating temperature

e) Metal coating

-Shell material

-Shell geometry

-Rim chipping and
— trimming

-Operating
temperature

-Metal coating

\

Figure 4.39: Important parameters in TED of shell resonators. TED depends on material properties, geometry, rim
conditions, operating temperature, and metal coating.
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a) Effect of Shell Material on TED

As shown in (4.13)—(4.16), the thermo-mechanical behavior of resonators depends on their
material’s E, Csp, p, v, a, and k. In order to compare the effect of different material properties, we
consider the effect of varying each one while the others remain fixed at their intrinsic values for
fused silica. Figure 4.40 shows the change in the normalized Orzp, defined as Q/(7.5x107), versus

change in normalized material properties.

Normalized

QT ED

0.5 i 15 2
Material properties of shell

Figure 4.40: Effect of shell’s material properties on its Orep. Increasing a, k, E, or v decreases QOrep, while
increasing Csp or p increases QOrep of a shell that operates in the quasi-adiabatic regime.

The results show that Orep of BSRs strongly depends on the material properties of the
structure. As shown, QOrep decreases significantly as a increases. While increasing a results in a
greater effect of the mechanical domain on the thermal domain according to (4.16), it also results
in a greater effect of the thermal domain on the mechanical domain according to (4.13)—(4.15).
Therefore, a is the parameter that couples the thermal and mechanical domains. Thus, to achieve

a very high QOrep in resonators, it is essential to use a material with a low a. Figure 4.40 shows that
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reducing k enhances Qrep. This is because the reduction in k& results in decreased thermal
diffusivity and therefore a longer thermal transport time constant, thereby reducing irreversible
heat transfer and increasing Qrzp. It should be noted that this resonator works in the quasi-adiabatic
regime as opposed to the quasi-isothermal regime where increasing the thermal transport time
constant would reduce Qrzp. In (4.13)—(4.16), all the terms that have a as a coefficient also include
E, so increasing E will amplify the coupling between the mechanical and thermal domains and
must lead to a lower Qrep. The simulation results shown in Figure 4.40 confirm this hypothesis;
however, £ and o do not have the exact same effect. In fact, increasing E increases the resonator’s
resonant frequency, while the thermal transport time constant is invariant. Indeed, increasing E
does increase the effect of @, which should lead to a lower Qrzep, but also causes the resonator to
operate in a more adiabatic regime, which should lead to a higher QOrzp. The combination of these
two effects results in a net decrease in Qrep, with a having a stronger influence than E. By
increasing p and Csp, the heat capacity of the material C = pCsp increases, which helps to reduce
irreversible heat transfer and thereby improves QOrep, as shown in Figure 4.40. However, since
increasing p reduces the resonant frequency and causes the resonator to operate in a less adiabatic
regime, Csp has a greater influence than p. Looking at (4.13)—<(4.16), the thermo-mechanical
behavior of a material depends on its v, and this dependency is very complicated. A change in v
alters the resonant frequency as well as the coupling between the thermal and mechanical domains.
Based on the simulation results, increasing v decreases QOrep slightly.

Eleven different materials (whose material properties are extracted from [64], [86], and
[87]) are considered for the shell structure and their Orep values are calculated numerically; the

results are summarized in Table 4.2.
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TABLE 4.2: Orep OF BSRS WITH DIFFERENT MATERIALS

TED

Material (Gllz’a) v (kgl/)m3) (W/(II;-K)) (10°6 YUK ) (J/(E;K)) (l%;f\l/i) (A;%'gg)cal
Si0: 70 017 2200 1.4 0.5 730 7.5%107 7.9x107
Zerodur | 903 024 2530 1.46 0.02 820 4.6x100  59x101
ALOs 400 022 3965 35 6.5 730 1.7x10° 1.8x10°
SICGH) | 748 045 3216 490 43 690 8.2x10° 6.5x103
SisNg 250 023 3100 20 23 700 1.8x10° 2.0x108
Borosilicate [ 63 02 2230 1.13 33 754 2.0x10° 2.5x106
GaAs 85.9 031 5316 33 5.7 550 5.2x10 5.2x10
Ge 103 026 5323 58 5.9 310 2.1x10 1.5x10°
InSh 409 035 5770 18 5.4 200 5.7x10° 6.8x10°
cr1o0] | 1050 01 3515 990 0.8 520 3.3x10° 1.8x10°
Si(c) 170 028 2329 130 2.6 700 6.7x10 4.7x10*

According to these results, Zerodur (Class 0) and fused silica are the best choices for the
shell material due to their low a. After them, borosilicate glass shows the highest value for Qrzp;
however, the Orep of a shell made from borosilicate glass is 37.5 times smaller than that of a shell
made from fused silica. It should be taken into account that TED is just one of the important
parameters for choosing shell material—compatibility with the fabrication process and other
intrinsic dissipation mechanisms are also important factors. This table also shows the Qrep
calculated from (4.28) for shells with different materials. The results are very similar to the results

calculated with FEM, thus validating the analytical model.

b) Effect of Shell Geometry on TED
The effect of changes in the geometry of the shell structure on its Qrep is shown in Figure
4.41. The most important geometrical properties are the shell height, shell radius, anchor radius,

rim thickness, top wall thickness, and stem wall thickness.
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Figure 4.41: Effect of geometrical parameters on Qrgp. Simulation results show that by increasing the rim
thickness, Orep increases. The results also reveal that other geometrical parameters do not have a significant effect
on QTED-

Increasing the rim thickness increases Qzep. Since the shell resonates in a quasi-adiabatic
regime, its QOrep increases if either its resonant frequency or its thermal transport time constant
increases. Increasing the rim thickness increases the distance and thermal resistance between the
hot and cold regions across the rim, thus the thermal transport time constant increases.
Furthermore, our simulation shows that the resonant frequency increases significantly as the rim
becomes thicker. Both of these effects increase Orep. Therefore, to achieve a high-Q shell, its rim
thickness should be increased (however, it should be taken into account that if a shell resonator
operates in a quasi-isothermal regime, increasing the rim thickness might decrease Qrep).

The results shown in Figure 4.41 indicate that other geometrical parameters do not have a
significant effect on Qrep. Changing the shell radius or height only moderately affects Orep, but
there is no clear trend; increasing the shell radius or height initially increases Qrep, but then begins
to reduce it. Our simulation results show that increasing the shell radius reduces the resonant

frequency and since this resonator operates in a quasi-adiabatic regime, this should reduce Qrzp.
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However, as the shell radius increases, the thermal path between the hot and cold regions in the
azimuthal direction around the rim increases—this should increase the thermal transport time
constant and therefore the Orep. The same thing happens when the shell height increases—the
resonant frequency decreases and the thermal path along the polar direction between the rim and
the top part of the shell increases. When the shell radius or height is small, heat transfer from the
rim in the azimuthal or polar directions are important and increasing these parameters improves
QOrep. This effect diminishes as the radius or height become very large, and thus only the reduction
in the resonant frequency plays a role in Qrep. Increasing the stem wall thickness moderately
improves Qrep due to the resulting increase in resonant frequency. Additionally, anchor radius and
top wall thickness have either a very small or negligible impact on Qrep. They do not affect the
critical thermal path along the rim, and even a 100% change in these parameters only shifts the

resonant frequency by less than 1%.

¢) Effect of Rim Chipping and Trimming on TED

As discussed before, the shell rim is responsible for the majority of TED. Therefore, its
properties can have a significant effect on Qrep. In this subsection, first the effect of imperfections
in the rim on Qrep is investigated, then several trimming approaches in the rim are discussed.

In the case of the blowtorch microfabrication process, the shell is released from its fused
silica host substrate using lapping and CMP. These steps may create small chipped areas around
the rim. Figure 4.42 (a) shows a SEM image of the rim of one shell. To investigate the effect of
these imperfections on Qrep, shells with different numbers of chips around the rim edges are

modeled. Figure 4.42 (b) shows the structure of one of the modeled shells. The chips are considered
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to be triangular prisms where the length of the base triangle’s sides and the prism height are 10

um.

Removed mass from
the edge

10.0kV 24.4mm L-x400

Figure 4.42: (a) SEM image of the birdbath resonator rim. As shown in this figure, polishing may cause some chips
around the rim edges. (b) A model for a chipped rim. In this model, the chips are considered to be triangular prisms.
The length of base triangle’s sides and the prism height are assumed to be 10 um.

Table 4.3 summarizes our simulations results, which indicate that chips around the rim
only slightly reduce Qrzp. This reduction is due to stress concentrations around the chipped areas
that cause larger heat generation in those areas, resulting in higher TED. However, since these
imperfections affect very small areas, the change in Qrgp is very small, such that 200 chips
decrease QOrep by only 0.74%. Still, these chips might have a larger effect on the overall Q, as they

imbalance the shell and could increase wave propagation through the anchor.

TABLE 4.3: NORMALIZED Qrgp OF CHIPPED EDGE SHELLS

Number of chips Normalized Q7ep
40 0.9983
80 0.9972
120 0.9950
160 0.9939
200 0.9926
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As discussed in [76] and [78], Orep can be improved by strategically removing some part
of a beam resonator. In the next few paragraphs, three trimming approaches for improving the
QOrep of BSRs are discussed.

The first trimming approach involves rounding the edges of the shell outer rim to reduce
the stress around the rim edges, as shown in Figure 4.43. FEM results show that rounding the rim
edges improves QOrep by only about 0.45%. The improvement is not significant because only a

small region of the shell is affected by this trimming.

rim

\
| | I

' B
k Rounding} (

Figure 4.43: Schematic view of a shell with rounded rim edges.

The second trimming approach involves cutting out some areas from the rim, which might
be useful for elimination of heat transfer in the azimuthal direction. This kind of mass removal
from the rim was already utilized in [5] to balance imperfect shells.

The Qrep of shells with rectangles of various dimensions periodically cut out around their
rims, where the rectangles are defined as if projected outward from the center, is calculated. Figure
4.44 (a) shows the resulting structure and relevant dimensions. The cutouts have a height of 200
um and arc lengths calculated from the central angle 6. The simulation results are shown in Figure
4.45. These results show that this type of trimming actually causes a drop in the Q7zp, such that
the creation of sixteen rectangular cutouts around the rim with arc lengths corresponding to =1

decreases the Qrep by about 33%.
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(a) (b)

Figure 4.44: (a) Schematic view of a shell with cutouts from its rim. This method was used to rebalance imperfect
shell resonators in [5]. Here, it is considered that the removed masses have a height of 200 gm and arc length
calculated from the central angle 6. (b) von Mises stress in a shell with rectangular cutouts from its rim. It is found
that cutting out some areas from the rim creates concentration of stress at the trimmed corners, which reduces Qrep.

In order to understand these results, the von Mises stresses in the trimmed shell are
calculated numerically. It is found that cutting out some areas from the rim creates stress
concentrations at the trimmed corners as shown in Figure 4.44 (b). This overcomes the gains from
preventing azimuthal heat transfer along the rim, thus reducing the overall Qrzp.

Figure 4.45 also shows that if there are four cutouts, the first and second n =2 WG modes
have different values of Orep. This is because the cutouts are located at the antinodes of the second
WG mode, but at the nodes of the first mode. Therefore, the deformations and resulting stress
concentrations at the cutouts are much greater for the second mode. However, if the number of

cutouts is 8, 12, or 16, the change in QO7zp is almost the same for both modes because the locations
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of the cutouts relative to the nodes and antinodes of the first and second WG modes are almost the

same.
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Figure 4.45: Normalized Qrzp as a function of arc length for different number of rectangular cutouts around the
rim. In this figure, Orys is Qrep of a shell without any rectangular cutouts. As the number of cutouts increases, Qrzp
decreases.
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The results also show that Qrep decreases as the number of cutouts increases due to the
greater number of regions with elevated stress concentrations and therefore greater heat generation
and dissipation.

Additionally, Figure 4.45 shows that shells with cutouts with arc lengths corresponding to
0 = 1" have the lowest Qrep. Our investigation of stress generation in shells shows that when @ is
1°, stress is more than twice of the stress when 8 is 4°, 7°, or 10°. Therefore, cutouts with a narrow
opening should be avoided.

The third trimming approach involves creating a lengthwise groove along the rim to reduce
heat transfer across the rim thickness, which is the main source of TED in WG resonators, as
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shown in Figure 4.46 (a). The width and height of the groove are as and /g, respectively. Figure

4.46 (b) clearly shows that grooving the rim changes the heat transfer pattern across the rim, which

can change Qrep.

Heat transfer across the rim

Grooved rim
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Figure 4.46: (a) Schematif:azliew of a grooved rim. (b) Heat transfer across the rim wﬁ)lz different groove dimensions.

The effect of grooving on Qrep is shown in Figure 4.47. This figure shows that if the
dimensions of the groove are chosen appropriately, Orep can be improved due to a reduction in
heat transfer across the rim. When the groove is not very deep, increasing the groove width
improves Q7ep because it reduces the amount of heat transfer across the grooved section (Figure
4.46 (b): ag =40 um and &g = 40 um). When the groove is very deep, increasing its width causes
the remaining part of the rim to become very flexible and to deflect around a hinging point. This
deflection creates a large thermal gradient, so a large amount of energy is dissipated through heat
transfer around the hinge (Figure 4.46 (b): as = 40 um and /s = 150 um). Therefore, the groove

geometry should be designed to leave rigid sidewall.
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Figure 4.47: Effect of dimension of a groove in the rim on Qrzp.

d) Effect of Operating Temperature on TED

Equation (4.17) shows that the term that couples the mechanical deformation to the thermal
domain is a function of temperature such that the coupling increases as temperature increases. The
material properties of the shell are also a function of temperature. Therefore, any change in
temperature might change Qrep. To investigate these effects, the operating temperature of the
resonator is changed and Qrep is calculated for two different cases. In the first case, the material
properties of fused silica are kept constant while the operating temperature is changed. Figure 4.48
(dashed line) shows that as the temperature increases, Qrep decreases by about 0.34 %/°C even if
the material properties of fused silica remain constant. In the second case, the effect of change in
the material properties is also taken into account. For this simulation, it is considered that fused
silica material properties change linearly with temperature. The changes in Ers, prs, vrs, ars, Csprs,

and krs are calculated from [88] and [89] to be 141.4 ppm/°C, 0 ppm/'C, 588.1 ppm/°C, 8.8x10°
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ppm/°C, 2.13%x10° ppm/°C, and 1.57x10° ppm/°C, respectively. As shown in Figure 4.48 (solid
line), as temperature increases, Orep decreases by 2.07 %/ C. This huge change in Qrgp is mostly

due to the strong dependence of ars on temperature.

With considering change
in material properties

Normalized —2.07% /°C
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Figure 4.48: Normalized Qrzp versus temperature. By increasing the temperature, coupling between the thermal
and mechanical domains, also ars increases; therefore, Qrep decreases.

e) Effect of Thin Conductive Coatings on TED

Fused silica, Zerodur, and borosilicate are good candidates for high-Qrep resonators but
they have very low electrical conductivities. To electrostatically actuate a resonator made from
one of these materials, it is necessary to coat it with a conductive metal layer. Unfortunately, most
metals have a large @, which increases TED. The effects of a thin metal coating on TED is
presented in this part.

Mesh quality is extremely important in simulating the Qrep of resonators with a thin

coating. Since the coating is much thinner than the resonator, there is a need for a huge number of

132



mesh elements. To reduce the complexity of numerical calculations, a combination of the
analytical model developed previously and the numerical simulation for a coated ring having the
same rim thickness and resonant frequency as the BSR is used. Gold (Au), with Young’s modulus
E.= 70 GPa, Poisson’s ratio v4, = 0.44, density p4, = 19300 kg/m>, thermal conductivity ka4, =
317 W/(m.K), specific heat capacity Cspsv= 129 J/(kg.K), and coefficient of thermal expansion
oau = 14.2%10° 1/K [66] is used as the coating layer. We change the number of mesh elements in
the azimuthal and thickness directions in the coating layer and simulate Qrep. Our results show
that it is extremely important to use enough mesh elements in the coating layer, especially in the
azimuthal direction. Therefore, to eliminate numerical errors, the results presented below are for a
mesh configuration with 15,000 mesh elements in the azimuthal and 15 mesh elements in the
thickness directions.

Figure 4.49 shows the effect of coating thickness (z4.) on Qrep. As shown, a gold layer
with a thickness equal to 1% of the rim reduces Qrep more than 100 times compared to an uncoated
resonator. A metal layer on the surface increases energy dissipation due to its high TED, which
increases heat and entropy generation in the coating. As the thickness of the coating increases, the
amount of entropy generation also increases; therefore, Orep decreases. Thus, to achieve a high-Q
resonator, the coating layer should be as thin as possible.

The effect of the coating material properties on TED is shown in Figure 4.50. In this figure
the normalized Qrep for coated resonators, O/Quu, is shown as different material properties are
changed. Q4. is the QOrep of a resonator coated with gold, where the thickness of gold is 0.1% of
the rim thickness. Figure 4.50 reveals that in order to improve Qrep, the coating material should
have a very low E, a, and v. However, £, p, and Csp are not critical parameters. The low dependency

of Orep on the k of the coating material shows that Orep decreases in the coated resonators because
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of heat generation inside the coating, not because of a reduction of thermal resistivity between the
hot and cold regions of the resonator. According to Figure 4.50, £ and a have the same impact on
QOrep. Equations (4.13)—(4.16) shows that the coupling terms between the thermal and mechanical
domains have a direct relation to £-a, so increasing E-a should reduce Qrep. However, in the case
of an uncoated resonator, changing E of the resonator changes the resonant frequency, hence £
and a of the resonator do not have the same impact on Qrzep. In the case of a coated resonator, the
E of the coating does not have any significant impact on resonant frequency; therefore, it is

expected to have the same effect on QO7zp as a.
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Figure 4.49: Qrzp versus thickness of metal coating, normalized to an uncoated resonator. Metal coating has a
huge effect on Orzp. However, as coating thickness becomes very small, the Q7zp of a coated resonator approaches
that of an uncoated resonator.

To compare common conductive materials that are candidates for coating resonators,

different metals are considered and Qrep is simulated. The results show that indium (In), chromium
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(Cr), lead (Pb), titanium (Ti), and antimony (Sb) could improve Qrep compared to gold; while,
aluminum (Al), copper (Cu), silver (Ag), and nickel (Ni) would decrease Qrep. Platinum (Pt)

shows almost the same Qrep as gold.
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Figure 4.50: Effect of coating material properties on QOrzp. Increasing E, a, or v decreases Qrep, while &, p, and Csp
do not have a remarkable effect.

Different parameters affect TED in BSRs. The effective parameters are classified into five
categories and a summary of the impact of them is presented in Table 4.4.

As a conclusion, a fused silica BSR with a thin metal coating can provide very large QOrep
and Qunchor-

Other dissipation mechanisms will be explained in the subsequent parts.

135



TABLE 4.4: SUMMARY OF THE EFFECTS OF DIFFERENT PARAMETERS ON TED OF BSRS.

Effective
parameters

Amount of
impact

Comments

Material

High

Increasing a, k, E, or v decreases Qrep, while increasing Csp or p
increases QOrzp of a shell that operates in the quasi-adiabatic regime.
It has been observed that fused silica and Zerodur are excellent
materials for high-Q resonators due to their low a.

Geometry

Moderate

The rim thickness plays a significant role in determining Qrzp;
however, other geometries do not have a major impact.

Rim condition

Moderate

Chips around the rim only slightly reduce Orzp.

Cutting out some areas from the rim reduces Qrzp due to increased
stress concentration when the shell is deformed in the WG mode.
Grooving can reduce heat transfer across the rim thickness. Deeper
and wider grooves are more effective as long as they do not make
the remaining sidewalls too flexible.

Temperature

Moderate

Increasing the operating temperature reduces Q7zp.

Coating

High

TED in a metal coating layer is very large, so the thickness of the
coating needs to be minimized in order to reduce energy dissipation.
Orep depends strongly on the E, a, and o of the coating material;
however £, p, and Csp are not very effective parameters.

4.1.3 Fluidic damping

Fluidic damping is one of the major dissipation mechanisms in mechanical resonators. As

a resonator vibrates, its surface collides with its surrounding fluid molecules and moves them,

during the collision some amount of momentum is transferred from the resonator to the fluid.

Furthermore, the movement of a resonator inside a viscous fluid causes energy dissipation due to

friction. To reduce fluidic damping, many resonators are operated in very low-pressure

environments.

Our investigation shows that when a shell vibrates in atmosphere, its Q is as low as a few

thousands, but by decreasing the pressure, fluidic damping is reduced. Figure 4.51 shows the effect

of pressure on Q of a shell when it is vibrating in a low-pressure environment. As shown, even

when pressure is very low, 100 uTorr (1.316x107" Atm), fluidic damping is the main source of
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dissipation. As pressure is reduced below 10 uTorr, O becomes independent from pressure;

therefore, fluidic damping is no longer the O-limiting mechanism in a shell resonator.
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Figure 4.51: Effect of operating pressure on the Q of a fused silica BSR. When the pressure is larger than 100
uTorr, fluidic damping is the Q-limiting mechanism. As pressure goes below 10 uTorr, other dissipation
mechanisms limit Q.

Dependency of the O to pressure necessities vacuum packaging for high performance shell

gyroscopes.

4.1.4 Phonon interactions

Phonon-phonon interactions are formulated for two different regimes [90]:
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Akheiser regime: in the case that the acoustic wavelength (1) is considerably larger than
the mean free path of phonons (w<1/7), Opnonon can be estimated from (4.29):

oV (1+(wr)

QPhonon = ( 2( ) ) (429)
CTyzf

Landau-Rumer regime: When A is less than the phonon mean free path (o>1/1), QOphonon

can be calculated from (4.30):

150V 1

Obronon = 7z5K4—7/2T4f @ (4.30)

where, symbols are w: acoustic angular frequency, f: resonant frequency, p: density, V,: acoustic
velocity, Cy: volumetric heat capacity, 7: absolute temperature, y: Griineisen parameter, /: Planck
constant, 7: phonon relaxation time, and K: Boltzmann constant.

Majority of shell resonators are low frequency devices (<100 kHz). In these devices, w<1/z,
which means they are working in Akheiser regime (Equation (4.29)). With the assumption the
frequency of vibration is low enough to allow the phonons to interact and reach a new equilibrium

(w<<1/7), (4.29) reduces to (4.31)[91]:

A
Ophonon AT 4.31)

where £ is thermal conductivity.

For a resonator with resonant frequency of 10,000 Hz, this equation suggests QOpronon
presented in Table 4.5 for different material (the data for calculation are extracted from [91]). It
can be concluded that Qpnonon 1s larger than 1 billion for these devices and phonon-phonon

interactions is not an important factor in total Q of shell resonators.
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TABLE 4.5: AKHIEZER Q FOR SHELL RESONATORS WITH RESONANT FREQUENCY OF

10,000HZz

Material QPhonon

Si 2.3x10°

Quartz 3.2x10°

AIN 2.5x10°

Diamond 3.7x10°
Sapphire 1.13x101°
SiC 6.4x10'°

4.1.5 Internal dissipation

Internal dissipation or intrinsic loss in a resonator is usually due to internal friction that
might be caused by the motion of defects within a resonator [92]. Defects can arise from different
sources: contamination, resulting mainly in water, hydrocarbon and oxide molecules; intrinsic
impurity atoms in the bond structure; and dangling or broken bonds on the surface due to the
termination of the crystal structure on the surface [93]. Energy dissipations from defects in bulk
part of the material is usually referred to internal dissipation and losses that arises from defects on
the surface referred to surface loss that will be studied in the next subsection.

If a high-quality material without any defects is used for the resonator, this dissipation is
negligible. In [94], it is shown that fused silica resonators can achieve a Q higher than 200 million.
However, they investigation showed that Q is highly dependent on the fused silica quality, they
obtained about a factor of 3 different results with different brands of fused silica. Therefore, it is
important to use high quality fused silica material. Nevertheless, we expect to achieve a Quuernal
higher than 50 million in shells using high-quality fused silica.
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4.1.6 Surface loss

When the size of a resonator is small, its surface-to-volume ratio is large; therefore, any
defect, impurity, roughness or other imperfections on the resonator surface could dissipate energy
[95, 96]. This dissipation mechanism is called surface loss and is not well understood; however,
some experimental data have shown that surface treatments such as annealing could reduce it [58,

97].

-Surface contaminants

Surface Loss -Fused silica intrinsic surface dissipation

-Conductive coating

Figure 4.52: Different sources of surface loss in fused silica shell resonators. Energy might dissipate in surface of
fused silica resonators due to the contaminants, intrinsic fused silica dissipation and conductive coating.

Due to the large surface-to-volume ratio (S/V) in shells (S/V is about 50,000 m™! for a Smm
diameter shell), they are sensitive to surface effects; therefore, surface loss could limit Q of shell
resonators. Using experimental data and the analytical models presented in [58] for single-crystal
silicon cantilevers, Osuuce of a cantilever with the same surface-to-volume ratio is approximated
to be around 2 million. However, this approximation might not be valid for fused silica shells made

with the blowtorch fabrication process. Therefore, there is a need for further investigation.
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As shown in Figure 4.52, surface loss in fused silica resonators can originate from several

sources. These sources will be discussed in the following subsections.

4.1.6.1 Surface contaminants
To find the effect of contaminants on Q, several tests are run. For these tests, a shell is

operated in a pressure below 10 uTorr to eliminate the effect of fluidic damping.
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Figure 4.53: A summary of several testing steps regarding the effect of surface rinsing on Q of a fused silica BSR.
The results show that surface rinsing has an impact on Q. Data is provided by Dr. Tal Nagourney.

In the first experiment, the effect of rinsing on Q is investigated. A summary of the results
of this is represented in Figure 4.53. In the first step, O of a shell is measured after two months,
but the change in QO found to be negligible. After this step, the shell is put in a solution.
Measurement after this step shows about a 23% drop in Q. This suggests that probably some
residue remains on the surface of the shell after rinsing and this residue has an impact on Q. In the
next step, the shell is put in another solution. This step improved Q by about 3%. Putting the shell
in a vacuum chamber for a day while it is pumped down improves Q; however, Q is still less than

the initial value. So, there is likely still some residue remaining on surface of the shell from the
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solvent cleaning steps. In the last test, the shell annealed at 300 °C for 1 Ar. This step brought O
above the initial value tested several months prior.

In another experiment, the effect of annealing on Q is investigated. Several shell resonators
have been annealed at 450 °C for eight hours. Q in these resonators typically improved by ~2x as
a result of annealing.

From these test results, the following conclusions could be derived:

e Careful cleaning of the shell to remove particulates, organic contaminants, and
debris of various kind significantly improves the Q;

e Annealing of the shell to repair damage in the resonator, and to remove water
molecules, provided significant improvement in Q.

In addition, it is found that the removal of contaminants from the surface of BRS using
annealing might be temporary. It is observed that O also tends to drop over time about 40 % in
three months for a shell stored in a ~200 Torr chamber in air. These performance reductions
suggesting that the water hydration might be a major cause of energy loss in fused silica shells and

it is extremely important that the shells stored in a dry environment.

4.1.6.2 Fused silica intrinsic surface dissipation

It has been found that even for the extremely clean fused silica resonators Q has some
dependency to V/S. Figure 4.54 shows this trend for some of the highest performance fused silica
resonators [98]. This means there is a dissipation mechanism associated with the fused silica

surface.
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Figure 4.54: Dependency of fused silica resonators Q on their V/S (original plot is from [98]). As V/S increases in
fused silica resonators Q improves.

It is not clear what mechanism causes dissipation in the surface of fused silica resonators.
One possible scenario is that strained Si-O-Si (siloxane) surface groups with larger bond angle
distributions near the surface than the bulk are responsible for energy dissipation due to applied
strain [98]. Nevertheless, this suggests that even if other dissipation mechanisms in fused silica are
removed there would be some intrinsic loss at the surface. Using the surface loss limit suggested
in [98], it is estimated that upper-limit of Q in fused silica resonators is:

Qlimit = 10° x V/S (um) (4.32)

During past few years, several fused silica shell resonators with different dimensions and

different fabrication process steps have been fabricated in the University of Michigan. Relationship
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between their O and V/S ratio is shown in Figure 4.55. These results confirm the suggested trend
(by increasing V/S, Q increases). However, there are devices that achieved better O comparing to
the suggested upper limit. This could be due to the blowtorch fabrication process that produces an
extremely smooth fused silica, which has a surface roughness less than 2 A. Data sketched in
Figure 4.54 also shows that laser drawn fibers also tend to provide better performance comparing
to suggested limit. This means the suggested fused silica surface loss limit is not an absolute value

and fabrication process plays a role.
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Figure 4.55: Normalized Q versus V/S of fabricated fused silica BSRs. It appears that increasing V/S increases QO
limit in BSRs. Q values are provided by Dr. Jae Young Cho, Dr. Tal Nagourney, and Mr. Sajal Singh.
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4.1.6.3 Conductive coating

The above discussion relates only to shells that are not coated with a conductive layer. In
gyroscope application, the shells need to be coated with a thin conductive layer to allow
electrostatic actuation and sensing. Our experiments have shown that the conducting layer is the
most dominant factor influencing the Q of fused silica shells. One of our experimental results
described below demonstrates this effect.

Coated and uncoated shell resonators have been fabricated and their Os have been
measured. The effect of the coating thickness on Q is measured for two different fused silica
samples operating at <10 uTorr as shown in Figure 4.56. Both samples were made in the same
fabrication process. The two uncoated samples had WG resonant frequencies of 9663.8/9667.3 Hz
and 10299.4/10303.0 Hz. These samples were then coated with different metal thickness. The
coating changes the resonant frequencies only by <3 Hz. Both uncoated samples had average
surface roughness of 0.18 nm. Before depositing any metal, the Os of both shells were higher than
1.2 million. After coating these samples with sputtered films of 15/20 A Cr/Au, the Os of both
samples dropped. Adding three consecutive 40-A-thick layers of Au to the two resonators
continues to reduce their Os by more than 2X. These results show that the metal coating is the
limiting factor for the Q of coated fused silica shell resonators.

At first glance, one might consider that TED is the reason for this significant drop in Q.
Our simulation results in Figure 4.49 showed that as the relative thickness of a coating of gold on
the fused silica shell increases, the QO drops significantly. The tested shells have a rim thickness
(tr0) of 70um. According to our simulations, a coating of gold with a thickness (%4,) of 70A (ratio

of tau/t-o = 107) should not affect the O due to TED. However, the measurement results shown
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above clearly show that the O drops by more than a factor of 2x. Therefore, there must be another

dissipation mechanism that affects the O when the shell is covered by thin-film coatings.
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Figure 4.56: Effect of coating thickness on Q of shell resonators. For both samples, O decreases significantly with
the first metal deposition of Cr/Au 15/20 A, then approximately linearly for each additional 40 A of Au deposited.
The results show a good agreement with theoretical value for internal dissipation in metal films.

One reason for Q reduction in metal-coated shells might be internal dissipation in metal
films [99]. To confirm whether internal dissipation in the metal film is the source of Q drop, the
theoretical model for internal dissipation in coatings developed for beams [100] is used. Based on
this model, the O of the metal coating is estimated using:

_LE LT
oating 3 Ef tf 5f

0, (4.33)

where, E;, Ef, ts, and #r are substrate and film Young’s modulus and thickness, respectively [100].
In this equation, dris a coefficient that represents intrinsic viscoelasticity in the film. For resonators
operating at 10kHz, Jr1s estimated to be 0.002 for gold coatings [100]. A corresponding value for

chromium has not been found. However, since the thickness of the chromium layer is not large,
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we ignore internal dissipation in the chromium layer. By using the rim thickness for the shell as
the substrate thickness in (4.33) and knowing the value of QO of uncoated shells from the
experiment, one can estimate the total Q of the coated shells. Figure 4.56 shows the results of this
estimation for these two samples. As evident, estimated values for Qs of coated shells match the
measured Os of resonators reasonably well, except when the gold thickness is small and close to
chromium thickness, and internal dissipation in the chromium layer cannot be neglected. It should
be noticed that (4.33) is valid for beam resonators and utilizing it for shell resonators is just an
approximation. Furthermore, intrinsic viscoelasticity that is used for gold in our case might be
different than the value extracted from [100].

In [101], intrinsic damping in metals have been extensively investigated. The results
showed that damping in metals depends on material property, temperature, grain size, internal
stress, defects, etc. In our case, coating the shell might change surface roughness or residual stress
on the resonator surface—both of these parameters might have impact on Q. Coating might also
add some defects to the resonator surface, so dissipation due to surface loss might increase by
adding metal layers. To investigate the effect of these phenomena on Q, coated shells are annealed
and Q is tested.

Furthermore, it is found that annealing metal-coated shells, changes O dramatically. The
results of experiment reported in [102] show that annealing could change roughness, residual
stress, and material composition of the coating. All of these properties could have an impact on Q.
However, mentioned results show this annealing approach is not a reliable method to recover Q of
coated shells.

Another method that can be used to reduce coating dissipation is utilizing other materials

instead of Cr/Au. Dr. Tal Nagourney [30] tested titanium/platinum (Ti/Pt), titanium nitride (TiN),
147



and indium tin oxide (ITO) and all of them reduces Q of uncoated shell. Further investigation is
need to find proper conductive layer to recover Q of fused silica shells. Nonetheless, these results
suggest that the dissipation in the thin film metal coating cannot be ignored. To reduce this

dissipation, it is strongly recommended to use a very thin conductive layer.

4.1.7 Conclusion on Q investigation of MEMS shell resonators

In this section, all the loss mechanisms including anchor loss, surface loss, fluid damping,
phonon interactions, internal dissipation, and TED have been extremely investigated and design
guidelines to eliminate or reduce them provided. As a result, a shell resonator fabricated in our
group provided Q larger than 10 million that is the highest QO reported in any MEMS resonator.

Therefore, sensing Q is successfully optimized in shell gyroscopes. Other important

parameters in performance of shell gyroscopes will be discussed in the following sections.

4.2 Effective Mass

As discussed in chapter 2, to reduce the thermomechanical noise it is important that
resonators have large effective mass. This section investigates the effect of the shape
characteristics of the birdbath structure on its effective mass. To find the effective mass of the shell

resonator, reduced order model for dynamics of the shell resonators should be provided.

4.2.1 Reduced order model of shells in » =2 WG modes
In order to obtain such a model, the deformation of point p in the structure (this point is

shown in Figure 4.57 is considered to be:
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u(p) $.(p) $,.(P)
v(p) |=]6,(P)|9.()+| $,(P) |q,(1) (4.34)
w(p) $.(p) $,.(p)

where u, v, and w are deformations in the x, y, and z directions respectively, ¢; = [@ix diy diz]* (i =
1, 2) are mode shapes in first and second WG modes, and g1(¢) and g2(¢) are amplitudes of motion
in generalized coordinates. Potential energy (PE) of the shell when it is vibrating in the WG modes

can be written as:
1
PE = gmf(%gm to,&,t0 6 +T 7 +T. 7, +T 7, ) dxdydz (4.35)

where ¢ and ¢ are the strain and stress at point p, respectively.

b
»

Figure 4.57: An arbitrary point p in a shell structure.

Strains at p are equal to (4.36):
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Using stress—strain relations for an isotropic material, the potential energy of the structure

can be written as:

1 1 1
PE == K+ 5qu22 +Knaid, (4.37)

where:

A (m (@) e
1+U 1-2v oz 1-2v( oy ox 0Oz Ox
L0, 04, o4, a¢1x (%4, o9, 2+(a¢1x+a¢uj2 s
oy 0z ox oz Oy oz ox

ot ) )l 2
l+v 1-2v|\ ox oy 0z 1-2v\ oy oOx Oz Ox

a a 2 a 2 2
+ &% + 1 by + 0. + b, + 9. + (% + %) dxdydz
oy 0Oz 21 ox oy 0z oy 0z ox

(4.38)

(4.39)
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oy oOx 0z Ox oz Ox Oy Oz oy 0z ox Oy ox

0 0
06, (2, 04,24, 9. +(a¢u+a¢uj{a¢2x+a¢hj dxdyds
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In these equations, £ is Young’s modulus and v is Poisson’s ratio of the resonator material.

Velocity of point p equals to:

$.(p) ¢,.(p)
v={¢,(p)|q®+| b, (p) |4, (4.41)
¢12(p) ¢2z(p)

Therefore, the kinetic energy of the system, KE, can be calculated from (4.42):
KE = %.mf p.|\7|2dxdydz (4.42)

Putting (4.41) into (4.42), and simplifying the result, the kinetic energy is calculated to be:

=—p((£ﬂj( b.(0)) +(4,(p)) (¢lz(p>)2)dxdydz](q'l(t))2
(ﬂ]{ ( 6,.(D)) + (0, (P)) (¢zz<p>)2)dxdydzj(q'2(r))2 (4.43)
+2(Jj]j (¢1x<p>¢2x<p>+¢1y<p>¢2y<p)+¢lz(p>¢zz(p))dxdydz](qla))(q'z(t))J

Orthogonality of normal modes causes that the last term in (4.43) be zero; therefore, the
kinetic energy of this system can be represented by:

I
KE=_ Mg’ +5 Mg, (4.44)

where M) and M, are effective masses equal to:
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M, = ﬂ]fp((fzﬁu(p))2 (4, () +(4.(p)) )dxdydz (4.45)

M =[] 2((6.2)) +(8, () + (8. (1)) iyt (4.46)

Equations of motion can be obtained in terms of generalized coordinates by using

Lagrange’s formula of motion:

d|( oL oL

Sl i gy

dt (56]1 ] g, (4.47)
d | oL oL

4 -0

dt(aq'J a4, (4.48)

where L=KE—-PE. Substituting the potential and kinetic energies in (4.47) and (4.48) and taking

the derivatives, the model of free vibration of a shell resonator is derived as:

. 1
Mg, + K\q, +EK12‘12 =0 (4.49)

.. 1
M292+K292+EK12‘11 =0 (4.50)

As a result, the dynamical behavior of this resonator can be simplified to the vibration of

two coupled masses as shown in Figure 4.58, where Kl = (K1 —K12/2)/2, 122 = (K2 —K12/2)/2,

and K, =K,,.

This model describes the vibrational behavior of 3D shells as vibrating in 7 =2 WG modes.
According to this, the effective mass of a shell gyroscope can be calculated using (4.45) and (4.46).

In addition to calculating effective mass. This simple model can be used for computationally
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inexpensive real time analysis of WG shell structures, which is useful for predicting the dynamical

response of the shell and designing a control system for WG vibratory gyroscopes.

Figure 4.58: Reduced order model of vibration of a resonator in the WG modes. The dynamical behavior of a
resonator when it is oscillating in the WG modes can be simplified to the vibration of two coupled masses.

4.2.2 Numerical calculation of effective mass

Equation (4.45) and (4.46) should be used to find the effective mass of the shell resonator.
To calculate the mode shapes and integrate the data over shell geometry COMSOL Multiphysics
is used for solving an eigenvalue problem numerically.

For the shell that is made from the fused silica with the dimension shown in Figure 4.35,
effective masses are calculated to be:

M;=M;=872ug (4.51)

where M; and M; are effective masses of the first and second WG modes, respectively.

To find the effect of the shell geometry on its effective mass, the geometric properties of
the shell are changed and effective masses are calculated. The results of these analyses are shown

in Figure 4.59.
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Figure 4.59: Effect of geometric properties of the resonator on effective mass. Increasing the rim thickness, shell
radius, or height increases the effective mass, while the top and stem wall thicknesses and anchor radius have very
small effect.

Numerical simulation shows that increasing the rim thickness increases the effective mass
of the resonator. This was obvious since thicker rim means that larger amount of mass is located
in the resonant part of the structure. It is also found that increasing shell radius or height increases
the effective mass. This was expected because increasing these properties make the resonant part
of the structure larger and hence heavier. Additionally, the results show that the thickness of the
top part and stem as well as anchor radius have a very small effect on the effective mass since
these properties affect the parts of the structure that are far from the resonant part. Figure 4.60

shows the summary of the optimization of the shell effective mass.
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Figure 4.60: Schematic of a large effective mass shell. This shell is tall and has a large radius and thick rim.

4.3 Angular Gain

Chapter 2 showed that angular gain is a very important factor in thermomechanical and
electronic noises. In this section, a theoretical model for calculating angular gain will be developed
and then the effect of the shape characteristics of the birdbath structure on its angular gain

investigated.

4.3.1 Reduced order model of shells considering rotation in the system
To obtain the angular gain, the effect of rotation rate on the shell resonators dynamics
should be considered. If the shell is rotating around z-axis with rotation rate of Q, the velocity of

point p (in Figure 4.57) is:

¢.(p) $,.(p) _y(p)_¢1y(p)%(t)_¢2y(p)%(t)
V= ¢1y(p) q,(t)+ ¢2y(p) ¢, )+, | x(p)+¢,.(p)q,()+¢,.(p)g,(?) (4.52)
$.(p) $,.(p) 0
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where x(p) and y(p) are positions of point p in the x, y directions, respectively. Using (4.42), the
kinetic energy of the system, KE, can be recalculated as:

1 ) 1 ) 1 . ) ) ) ) )
KE = EMl%Z +5M2q22 +E(CIQIq2 +¢,419, + 69,9, +¢,4,9, T Csq, T Cq, )Qz

, (4.53)

+ 5(67‘112 + csqz2 T 6419, T ¢ )sz

where c¢; (i=1,2..,10) are constants depending on the shell mode shapes and structure that can be

calculated from (4.52) and (4.53). For example:

& =2{[] p(¢,(2)8..(P) - 4. (D)4, (p) Jixdz (4.54)

& =2[[[ p(4.()0, (P) -, (D). () Jixdlyetz

Substituting the new kinetic energy in (4.47) and (4.48) and taking the derivatives, the

model of free vibration of a shell resonator in existence of rotation becomes:

.. 1 1 ) 1 .
Mg, + Kq, +5K12% +5((01 _Cz)%)Qz +E(C1Q2 +cq, + CS)QZ
1 (4.55)
_5(207‘]1 +C9‘12)sz =0

. 1 1 . 1 .
M,q,+K,q, +-K,,q, +—((02 _Cl)qZ)Qz +_(Czq1 +¢44, +c6)Qz
2 2 2
! (4.56)
_5(208% 64, )Qz2 =0
Comparing these equations with (2.43) and (2.44), and assuming the effective masses are

the same for both modes, result in:

C, —C
4 2SG 4.57
< AM (4.57)

Therefore, angular gain is:
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1 (4.2, ()~ 4, (D). (p) vz
A =
g mp((¢1x(17))2 + (¢1y (P))2 + (¢lz(p))2 )dxdydz

(4.58)

4.3.2 Numerical calculation of angular gain
COMSOL Multiphysics can be used to find mode shapes. Then, a numerical calculation
software, such as Matlab, can be used to calculate angular gain, using (4.58). For the shell that is
shown in Figure 4.34, angular gain is:
Ag=10.5136 (4.59)
The highest possible angular gain in one, so angular gain of the fabricated shell is relatively
large. However, it is possible to increase this value by changing the geometry of the shell. Figure

4.61 shows the effect of geometric property of the shell on its angular gain.

Normalized
angular gain
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Geometric property of shell

Figure 4.61: Effect of geometric properties of the resonator on angular gain. Increasing the aspect ratio (4/R) of
shell increases angular gain.
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It is found that increasing the shell height and/or decreasing the shell radius increases
angular gain. Therefore, shells with larger aspect ratios potentially could provide better
performance. Figure 4.62 shows that as the aspect ratio of a shell decreases, the ratio of its
deformation in horizontal direction to vertical direction increases. This means smaller amount of
energy can be transferred from one of the WG mode to another one due to the Coriolis acceleration,

resulting in smaller angular gain.
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Figure 4.62: Deformation vectors in large and small aspect ratio shells. Majority of movement in small aspect ratio
shells is in vertical direction that does not play a role for rotation around vertical axis.

4.4 Resonant Frequency
Resonant frequency of a shell gyroscope affects both thermomechanical and electronic
noises. This section includes an analytical model for determining the approximate resonant

frequency of shell structures, and a comprehensive investigation on the effect of different
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parameters on their resonant frequencies. These parameters include shell geometry, operating

temperature, and shock.

4.4.1 Analytical model for resonant frequency of birdbath shell resonators

In this subsection, a simple model is developed for approximating resonant frequency of
the BSRs analytically.

As shown in Figure 3.2, the majority of deflection in the birdbath resonator occurs in places
close to the rim of the shell; places near the stem have almost no deflection. Therefore, the shell
can be considered as a structure consisting of a resonant part and a non-resonant part. Figure 4.63
shows this structure. For simplification, it is considered that the non-resonant part does not have

any effect on the resonant frequency.

—

Non-resonant part:

Resonant part:
N~

Figure 4.63: Birdbath structure is divided to the resonant and non-resonant parts for » =2 WG modes.

To find the resonant frequency of the resonant part, the deflection of the resonant part is
assumed to come from degenerate extension of the rim part and bending of several curved beams

with clamped-free ends. Figure 4.64 shows the ring and a curved beam.
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clamped-free beam

Figure 4.64: A ring and a curved beam that cause the deformation of resonant part of the birdbath shell.

Resonant frequency of this ring in degenerate extensional (WG) modes (n = 2) can be

calculated from (4.60):

1 3 [E ¢
PR N )
2z \5 \p R

Resonant frequency of a clamped-free beam with length L and thickness #- can be calculated

(4.60)

from (4.61):

1 1.875 |E ¢t

ﬁ’:Z'W' —g 4.61)

By approximating the curved beam as a straight beam with thickness of #, and

approximating the length with (4.62):

T / s RY

the resonant frequency of the beam part can be approximated by (4.63):
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s (Rjz (4.63)

Considering that the structure consists of several beams, which totally have the same

effective mass as the ring (M.p), the total stiffness of the system is:

E 14.06> 3
k=M, L.’ N (4.64)

2 4
3zt h? +(Rj2 K
2

As a result, the resonant frequency of the whole structure is approximated by (4.65):

1/2

1 14.06 3

Jor =3 Y SR
372'4 h2+(2j

For a fused silica shell with dimensions shown in Figure 4.35, and material properties that

D &

(4.65)

are considered to be Young’s modulus Ex = 70 GPa, Poisson’s ratio vs = 0.17, and density ps =

2200 kg/m?, £, calculated to be 14,651 Hz (f;,,» should be the same for both modes).

4.4.2 Numerical calculation of resonant frequency of birdbath shell resonators

To obtain resonant frequencies numerically, COMSOL Multiphysics is used to solve the
finite element eigenfrequency problem. Fused silica is chosen as the material for the structure, with
dimensions shown in Figure 4.35, the results of finite element simulations show that:

fi=f>=15.1 kHz (4.66)
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where f; and f> are resonant frequencies of the first and second WG modes, respectively. The
numerical predication is close to the analytical one, which confirms the accuracy of the analytical
model.

In this part, the effect of the shape characteristics of the birdbath structure on its resonant
frequency is analyzed by changing the geometric properties of the resonator. The results of this

analysis are shown in Figure 4.65.
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Figure 4.65: Effect of geometric properties of the resonator on resonant frequency. Increasing the shell radius and
height decreases the resonant frequency, while increasing the rim thickness increases the resonant frequency. The
top and stem wall thicknesses and anchor radius have very small effect on resonant frequency.

Numerical simulation shows that increasing the rim thickness increases the resonant
frequency of the resonator. In fact, increasing the rim thickness increases both stiffness and mass

of the resonant part, while it has a smaller impact on the mass; therefore, resonant frequency
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increases. The analytical model that was derived in subsection 4.4.1 also shows that the resonant
frequency has a direct relation with the rim thickness.

The numerical simulation also reveals that birdbath structures with the smaller outer radius
and height have a higher resonant frequency. This was expected because increasing the shell height
or radius decreases the stiffness of the shell for WG modes. This investigation also shows that shell
radius is more effective than its height because the radius decreases the stiffness of the ring as well
as the curved beams, while height only affects the curved beams.

Additionally, the results show that the thickness of the top part and stem as well as anchor
radius have a very small effect on the resonant frequency since these properties affect the parts of

the structure that are far from the resonant part.

4.4.3 Experimental verification of modeled and simulated resonant frequencies

To confirm the accuracy of the analytical model and numerical simulation, resonant
frequencies of birdbath resonators are tested experimentally.

Figure 4.66 represents frequency sweeps of n = 2 WG modes for a BSR taken with an
HP4194A Gain-Phase Analyzer. There are two different resonant frequencies with about an 85 Hz
frequency split, indicating imperfections in the resonator. During the fabrication process, different
kinds of imperfections might occur in the birdbath structure that can cause a frequency split. This
phenomenon will be analyzed extensively in subsection 4.5.

During past six years, different shells with different dimensions have been made in our
group. These shells produce different resonant frequencies from less than 5 kHz to more than 35

kHz, depending on the shell dimensions. Table 4.6 compares the experimental data, analytical
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model and numerical simulation. The experimental data show very good agreement with analytical

and numerical results, which validates the analytical model as well as numerical simulation.

85Hz

Gain
(dBV) a5

'1635,285 | 13,335 13,385 13435 13,485
Frequency (Hz)

Figure 4.66: Frequency sweeps of n = 2 WG modes for a BSR. Because of imperfections in the shell, the two
modes have an 85 Hz frequency difference.

TABLE 4.6: COMPARING ANALYTICAL MODEL, NUMERICAL SIMULATION AND EXPERIMENTAL DATA VALUES FOR

RESONANT FREQUENCY
Geometrical parameters f(KHz)
Sample . ! ' tt " Analytical model | Numerical simulation | Experiment
(mm) | (mm) | (mm) | (um) | (um)
1 1.5 0.8 0.25 23.5 60 41.2 38.8 36.4
2 2.5 2.1 0.8 21 80 13.3 14.5 9.7
3 2.5 1.8 0.8 21.6 | 77.2 14.6 15.1 14.8
4 5 4.6 0.75 30 150 5.8 6.2 5.1
5 5 4.6 0.75 60 300 11.6 11.7 10.9
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4.4.4 Effect of temperature on resonant frequency

The material properties of fused silica are dependent on temperature. The working
temperature of the system may change during operation, so the resonant frequency of the structure
may vary. The effects of temperature on Young’s modulus and Poisson’s ratio of fused silica are
depicted in Figure 4.67 (these data are extracted from [89]). It is assumed that the density of fused
silica does not change with temperature. The resonant frequencies of the structure for different
operating temperatures are simulated using these data. The results are normalized with respect to
the resonant frequency at 296 K and shown in Figure 4.68. To verify the simulation results, a group
of tests are performed at different temperatures and normalized to the resonant frequencies of the

structure at 300 K—it should be taken into account that f'has different values for each case.

Young’s modulus (GPa) Poisson's ratio

73 0.18
- 0.17
71 0.16
0 0.15
100 200 300 400 100 200 300 400
Temperature (K) Temperature (K)
(a) (b)

Figure 4.67: Effect of temperature on material properties of fused silica, which is reported in [89]. (a) Effect of
temperature on Young’s modulus. (b) Effect of temperature on Poisson’s ratio.

Both numerical and experimental results show that the resonant frequency changes almost
linearly with respect to temperature. This change can limit the performance of vibratory

gyroscopes. To reduce this effect, two approaches could be used. First, utilizing a thermal
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insulation platform that prevents the temperature change in the resonator. Second, utilizing an

active temperature control system, which keeps the temperature of the resonator constant.
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Figure 4.68: Effect of operating temperature of the fused silica shell resonator on its resonant frequency.
Experimental data and simulation results matched together very well.

4.4.5 Effect of shock on resonant frequency

The existence of shock causes stress and deformation in a shell structure, which can change
its resonant pattern. A group of prestressed eigenfrequency simulations is conducted to understand
the effects of shock on resonant frequency. To perform this analysis, there is need for two steps:

1) A stationary simulation is conducted to find the deformation and stress in the shell under
shock. To simulate shock, a body force that is equal to the amount of shock multiplied by the

density of the shell is exerted on the shell. Figure 4.69 shows von Mises stress distribution in the
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shell structure under 1,000g horizontal and vertical shocks. This figure shows that both of these
shocks create a large stress in the bottom part of the shell.
2) An eigenfrequency simulation is conducted for the system that is prestressed with the

existing deformations and stresses from the previous step.

Horizontal shock Vertical shock

102 103 10* 10° 10° 107 108

von Mises stress (N/m?)

Figure 4.69: von Mises stress in birdbath structure under 1,000g shock. Horizontal and vertical shocks cause a
large stress in the bottom part of the shell. Horizontal shock creates larger stress in resonant parts of the structure
comparing to the vertical shock.

The effects of exerting vertical and horizontal shocks on resonant frequencies are depicted
in Figures 4.70 and 4.71. The amounts of these shocks are changed from 0 to 50,000g. Due to the
vertical shock, the shell moves upward or downward. Numerical simulation shows that the vertical
shock has a small effect on resonant frequency because it does not cause a large stress in the
resonating part—stress is mainly created in the bottom part. Additionally, the effects of vertical
shock are the same for both modes because the vertical movement does not change the shell
axisymmetric shape. In the case of a horizontal shock, the shell moves and tilts toward one side.
During the large amount of horizontal shock, a relatively large stress is created in the resonant part

of the shell, which changes the resonant frequency. It is also found that a horizontal shock can
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cause a frequency split in the shell because it makes the shell structure non-axisymmetric. This

reduces the performance of the shell vibratory gyroscopes under shock.

Both modes

Normalized
resonant frequency

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Shock (g) %10

Figure 4.70: Effect of vertical shock on resonant frequencies. This shock has a small effect on the resonant
frequencies. Additionally, it does not cause any frequency split.

Second mode

85}
[}

S8}
(=)

!J
>

()
]

Normalized
resonant frequency ~
1.8

First mode

1.6¢

1 1 1 1 1 1 | J
0 0.5 1 1.5 2 2.5 3 35 4 45 5
Shock (g) x10"

Figure 4.71: Effect of horizontal shock on resonant frequencies. This shock has a large effect on the resonant
frequencies. Furthermore, it can create frequency split because it makes the system non-axisymmetric.
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4.5 Frequency Split
Frequency split (Af) between sensing and driving modes causes a large performance drop
in CVGs. This section talks about the effect of mass and geometric imperfections on the Af of

BSRs, and then an electrostatic tuning approach will be explained to remove small amount of Af.

4.5.1 Effect of imperfection on resonant frequency

As shown in Figure 4.66, preliminary test results of a resonator show a difference between
the resonant frequencies corresponding to the two WG modes. As mentioned before, it is critical
for a gyroscope that the driving frequency and desired resonant frequencies of its resonator be the
same. Existence of a small Af can be removed by electrostatically tuning the larger resonant
frequency (this will be explained in 4.5.5). However, in the case of a large Af, this is not possible
because this need a very large bias voltage. Therefore, imperfections that cause this behavior
should be recognized and removed from the structure. This subsection talks about these

imperfections.

4.5.1.1 Effect of imbalanced mass at the rim on frequency split

During the fabrication process, it is possible that some extra mass remains on the rim of
the resonator. In order to analyze the effect of this extra mass on Af, a point mass, m, is added on
top of the rim of the shell and the resonant frequencies are calculated.

Figure 4.72 shows the normalized Af (normalized with respect to the initial resonant
frequency of the structure) versus normalized extra mass at the rim of resonator: m/M, where M is
the mass of the structure. Simulation shows that Af increases linearly with the increase of the

imbalanced mass. The reason is that by placing a point mass on the rim of the shell, the effective
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mass of one of the modes increases (first mode), while effective mass of the other mode remains
almost constant. In fact, when there is an imbalanced mass in the rim, the shell vibrates in a way
that imbalanced mass is located in one of the anti-nodes of the first WG mode and in one of the
nodes of second one. The results of this analysis necessitates a precise fabrication process that

prevents mass imbalance at the rim.
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Figure 4.72: Normalized Af,versus normalized extra mass. Af increases linearly with respect to increasing amount
of point mass at the rim of the shell.

4.5.1.2 Effect of geometric imperfections on frequency split

A close inspection of the fabricated shells reveals two major types of geometric
imperfections that may cause the observed Af: a) out-of-roundness or edge imperfection and b)
height imperfection. FEM is used to identify which geometric parameter is the most critical for

achieving the Af'tolerance required for high-performance vibratory gyroscopes.
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To perform FEM on an imperfect shell, a solid model of the shell without any imperfection
is created and then edge and height imperfections are created by distorting the perfect structure
using scaled local loads. After creating each imperfection, all displacements from the deformation
analysis are added and the geometry is updated to the new deformed configuration.

ANSYS is used to determine the mode shapes and natural frequencies of the resonator
models. To capture the effect of an edge imperfection, the roundness of the edge of the perfect
structure is locally distorted up to a maximum of 2.4 % of the shell radius. Figure 4.73 represents
the sensitivity of the Af'to the edge imperfection. For the shell shown in figure 4.35, a 10 um edge
imperfection creates a large Af of about 90 Hz. To achieve Af <5 Hz, less than 1 um edge
imperfection is needed. Large sensitivity of the Af to out-of-roundness in shell radius was expected
because as discussed in subsections 4.4.1 and 4.4.2 the shell radius has a large impact on the
resonant frequency of the shell. Therefore, using a fabrication process that leads to a very circular
rim is essential. In the case of blowtorch molding, since the rim mimics the mold shape utilizing a
perfectly circular mold is critical.

To investigate the effect of height imperfection, the height of one side of the structure is
distorted by up to a maximum of 3.3 % of the initial height of the shell. Figure 4.74 represents the
sensitivity of the Af" to the height imperfection. For the shell shown in Figure 4.35, Af is not very
sensitive to height imperfections less than 40 um, but for larger height imperfections, Af can
increase rapidly. For example, a 60 um height offset can cause about 100 Hz of Af.

Our initial fabricated shells show Af about 100 Hz. However, using more precise
fabrication process (better mold and using a closed-loop controlled stage for blowtorch process)
the majority of our shells have Af" less than 20 Hz (several shells achieved frequency split less

than 1 Hz) , which could be easily removed using electrostatic force.

171



0.04

0.035 -
Edge
imperfection
-

0.025

Normalized
frequency spli

t 0.02 -

0.015 -

0.005 -

0 1 1 1 1 J
0 0.005 0.01 0.015 0.02 0.025

Normalized edge imperfection

Figure 4.73: Effect of edge imperfection on Af. The results show that the edge imperfection play a key role
in Af' between the WG modes.
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Figure 4.74: Effect of height imperfection on Af. The frequency split is not very sensitive to height imperfections
less than 40 xm, but for larger height imperfections, it can increase rapidly.

172



4.5.1.3 Effect of electrostatic tuning on resonant frequency

In order to tune the resonant frequency of a structure, a DC bias voltage can be applied to
the electrodes around the structure. This voltage adds the following term to the energy of the
system:

1
U,= —ECVZ (4.67)

where V' is voltage and C is capacitance, given by:

2
A EA, , .
c=—Ca _Zla\y, 4 J{ g J o (4.68)

In this equation, Aep, gef, and ¢ are the effective area, gap, and permittivity between the

electrodes and resonator, respectively. The derivative of U. with respect to ¢; is shown in (4.69):

A, :
We o ypfla) 1 p 4 (4.69)

dg, 28, 8y (g o )2

Ignoring higher order terms, this equation shows that by applying bias voltage, an electrical

stiffness is added to the system, which is equal to:

gAeﬁ"

K,=-V? 5
(geﬁ’)

e

(4.70)

This stiffness has a negative value, which reduces the actual stiffness of the structure (this

usually referred as electrostatic spring softening effect). This causes the resonant frequency to

change as:
EA,
[ty =V —L— 1. 4.71)
2(g¢ff) K

Therefore, normalized change in frequency due to electrostatic tuning is:
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Electromechanics module in COMSOL is used to numerically simulate the impact of
electrostatic force on the resonant frequency of the BSRs. Figure 4.75 shows experimental data
and simulation results. As shown in this figure, the resonant frequency changes linearly with

respect to the tuning signal, V2.

Normalized
frequency tuning

20 <gap <25 um
(experiment)

+
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Figure 4.75: Effect of electrostatic tuning on normalized change in resonant frequency. The resonant frequency
decreases linearly with respect to the tuning signal, ¥2. Here, absolute value of change in resonant frequency is
depicted.

Recently we fabricated a shell with gap smaller than 8 um, using electrostatic tuning we

could reduce resonant frequency of this shell (with 16.5 kHz resonant frequency) about 10 Hz by
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just 10V tuning voltage (6.25 ppm/V?). Therefore, we are able to tune a shell with about 20 Hz
frequency split by less than 50 V easily.
Using electrostatic tuning, resonant frequencies of one device tuned and measured for a

day. The results confirmed that frequency split for this device is always less than the resonator BW

(BW=1Q).

4.6 Gyroscope Operation

Shell resonators with high Q, large angular gain, and small Af are successfully designed,
fabricated and tested. In order to work as gyroscopes, there is a need for electrodes around the
shell. Figure 4.76 shows one of these shells integrated with electrodes. These electrodes are made
from silicon with 500um height in a silicon-on-glass process. Four of them used for testing, four
for driving and eight for tuning. The gap between electrodes and shell is less than 25 um and the
electrode area is larger than 1mm?.

These devices are then operated in force-rebalance mode without active temperature
control or scale factor compensation. Figure 4.77 shows the Allan deviation plot for a 5 mm
diameter device with about 2.2 um driving amplitude (gyroscopic tests are done by Mr.

Christopher Boyd and Dr. Jong Kwan Woo, the detail can be found in [103]). This device achieved

ARW much better than 0.005°/+hr, which is one the best noise performance in any MEMS
gyroscope. Furthermore, this gyroscope achieved bias instability about 0.0391°/hr. The

gyroscope parameters for this device are shown in Table 4.7.
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Figure 4.76: A shell integrated with silicon electrodes. Photos used in this figure are courtesy of Dr. Jae Yoong
Cho.
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TABLE 4.7: TESTED BSR GYROSCOPE PARAMETERS

Bias instability = 0.0391 °/hr

Parameter Value Dimensions
Effective mass, M.y (mg) 0.98
Angular gain, 4, 0.56
Quality factor, Q (1% n =2 WG mode) 401,176
Quality factor, Q (2™ n =2 WG mode) 419,047
Resonant frequencies, f (kHz) 9.030
Driving amplitude, g (¢m) 2.2
Gap (electrodes and shell), do (um) 23
0.07 ; ;
]EEEEEEE HEI AR
d R . R
-Room temperature e : P
-No temperature control R 3§ s and
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Figure 4.77: Allan deviation plot for a BSR gyroscope. This device achieved one the best ARW and bias instability
in MEMS gyroscopes. Test is done by Mr. Christopher Boyd and Dr. Jong Kwan Woo (the detail can be found in

[103]).
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Figure 4.78 shows the effect of driving amplitude on ARW of the device with parameters
reported in Table 4.7. As analytically modeled in chapter 2, increasing driving amplitude should
improve ARW. Figure 4.78 shows that when the driving amplitude is in the range of 10% of the
gap between the shell and electrodes, increasing driving amplitude reduces ARW, as expected.
However, when the driving amplitude becomes larger than 2.2 ym (about 10% of the gap), ARW
increases. We believe this is due to the non-linearity caused by electrostatic force. To remove this
non-linearity, gap should be larger, which reduces tuning capability of the device. If we could
make shells with smaller Af, then we do not need a large tuning capability; therefore, increasing

the gap size will benefit us. Figure 4.78 also confirmed the validity of analytical model developed

for ARW calculation.
1r
+
Excellent agreement between experiment
and analytical model in linear regime. Non-linear
Normalized - N regime R
ARW

| [Analytical model

Experiment +

(- 1 1 1 1 3 1 J
0 0.5 1 1.5 2 2:5 3

Driving amplitude (um)

Figure 4.78: Effect of driving amplitude on ARW in a BSR gyroscope. Experiment is done by Mr. Christopher
Boyd and Dr. Jong Kwan Woo.
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4.7 Conclusion

A shell gyroscope has been designed, fabricated, and tested using the CVGs design-
guideline that was provided in chapter 2. Theoretical, numerical and/or experimental methods have
been used to optimize the shell gyroscopes parameters. As a results, BSRs have been made with
Q in range of several million (one shell achieved Q higher than 10 million). Furthermore, large
angular gain, small frequency split, large driving amplitude, small sensing gap, and large
capacitive area have been achieved. A comprehensive investigation on resonant frequency of shell
resonators has been conducted. It is found that resonant frequency is easily designable using
methods provided in this chapter. However, resonant frequency should be in particular range since
it has a contradictory impact on thermomechanical and electronic noises. For the design provided
in this chapter as long as resonant frequency is between 2 kHz to 100 kHz, both noises should be
very small.

The biggest challenge in shell gyroscopes is their small effective mass as only a small
portion of rim moves in n = 2 WG modes. To overcome this challenge, simulation results have
suggested increasing the shell height, radius, and rim thickness. Another challenge is non-linear
behavior of the gyroscope as driving amplitude becomes larger than 10 % of the gap between the
shell and electrodes. This was expected since parallel plate electrostatic actuation has been used
for driving BSR gyroscopes. It has been observed that when the driving amplitude in a BSR
gyroscope increases in a non-linear regime, the performance of the gyroscope degraded.
Nevertheless, as shown in Figure 4.79 the majority of the design parameters for low-noise CVGs

are satisfied in the BSRs.
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As a result, a MEMS shell resonator gyroscope with matched WG frequencies and high O
has been tested in the force-to-rebalance mode. This gyroscope provided one of the best

performance in MEMS gyroscope, which satisfies requirement for inertial navigation.

Both noises: Electronic noise: Thermomechanical noise:
Large sensing Q-factor Large capacitive area ‘ Large effective mass '
Large driving amplitude Small sensing capacitor gap / ( [arge resonant frequency
Large angular gain /' Small resonant frequency |
=
Small mismatch frequency / ‘ , o
Conflicting

Ao sodbe chose tat sitis o,

Figure 4.79: Checking BSR gyroscopes design parameters. BSR gyroscopes satisfy majority of the design
parameters.
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Chapter 5: Design and Analysis of Extremely High-Performance

Pitch or Roll Gyroscopes

As discussed in chapter 3, the S? structure can be used as either a pitch or roll gyroscope.
In this chapter, only the S* gyroscope for roll direction will be analyzed. The CVGs checklist
shown in Figure 5.1 should be satisfied for the S* gyroscope.

In this chapter, the main problem of current roll gyroscopes will be discussed first. Then,
it will be shown why the S° gyroscope can overcome this problem. Finally, the design parameters
for S* gyroscopes will be optimized and it will be shown that these gyroscopes can achieve an
extraordinary performance. Similar to previous chapter, one can use the step-by-step design of S°
gyroscopes presented here as a comprehensive guideline for designing extremely high-

performance gyroscopes.

Both noises: Electronic noise: Thermomechanical noise:
Large sensing Q-factor Large capacitive area Large effective mass
Large driving amplitude Small sensing capacitor gap Large resonant frequency
Large angular gain Small resonant frequency
Small mismatch frequency

Figure 5.1: Design checklist for CVGs that should be satisfied for S? gyroscopes.
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In this chapter, design parameters shown in Figure 5.1 will be analyzed in different sections

with the following order:

5.1 Sensing quality factor

5.2 Effective mass

5.3 Angular gain

5.4 Resonant frequency

5.5 Frequency split between driving and sensing modes

5.6 Driving amplitude, sensing gap and area

Detail investigation of each parameter is provided in the following sections:

5.1 Sensing Quality Factor

As a simple model for a roll gyroscope, the gyroscope mass should be driven in in-plane
mode. When there is a rotation around the roll axis, the mass starts to vibrate in the out-of-plane
mode due to Coriolis acceleration. Figure 5.2 shows this concept.

Therefore, it is very important that the vibrating mass has a very high-Q in out-of-plane
mode. However, existing out-of-plane mode resonators provide very small Q. Two generations of
fused silica resonators vibrating in the out-of-plane mode were fabricated.

Figure 5.3 shows the first generation of resonators. In this generation, the fused silica
thickness is about 50 um. As seen, the Os in the out-of-plane mode are extremely small (<1000).

However, the WG mode of a ring resonator with outside anchors made in this generation produced

0 of 33,260.
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Driving motion Sensing motion

Figure 5.2: Operation principle of a roll gyroscope. A mass is driven in the in-plane mode and it will be moved in
out-of-plane mode due to Coriolis acceleration.
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Figure 5.3: First generation of fused silica resonators in out-of-plane mode and their frequency responses. These
resonators show extremely low Q in the out-of-plane mode (the fabrication was done by Dr. Zongliang Cao and
Mr. Yi Yuan and testing was done by Dr. Gouhonhg He).
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In the second generation of out-of-plane resonators, a supporting frame, shaped as a cross,
is placed between the fused silica layers. Figure 5.4 shows SEM of the second-generation devices

and their frequency responses. These figures show that Qs in out-of-plane mode are still very

small, with only x4 improvements in performance.
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Figure 5.4: Second generation of fused silica resonators in out-of-plane mode and their frequency responses. These
resonators show low Q in the out-of-plane mode.
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Figure 5.5: Difference between the first and second generations of fused silica out-of-plane resonators. In general,
the second-generation devices tend to produce larger Qs in the out-of-plane mode.

In the second generation, the design was different, but the fused silica thicknesses was the
same. Figure 5.5 shows the main difference between the first and second generations, which uses
a supporting frame between devices. Using this supporting frame reduces motion in the anchored
area that might reduce anchor loss. Nevertheless, these resonators still have orders of magnitude
smaller Os comparing to expected values from a fused silica resonator. All these devices have been
tested in vacuum chamber, they are made from fused silica, and their V/S is larger than 20 um;
therefore, fluidic damping, TED, phonon-phonon interactions, intrinsic loss and surface loss
should not cause these small values for Os. As a result, anchor loss seems to be the main problem
in dissipation of energy from these resonators when they are resonating in the out-of-plane mode.
The differences between the Os of WG mode and out-of-plane modes and the differences between
the Qs of the resonators with and without supporting frame show more evidence for this

hypothesis.
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In the next subsection, it will be shown why micromachined devices produce low Q in
out-of-plane mode. Furthermore, a novel design that will remove this problem from out-of-plane

resonators will be discussed in detail.

5.1.1 Anchor loss in out-of-plain mode

Figure 5.6 shows the substrate deformation for an out-of-plane resonator. In this case, the
resonator and substrate have the same thickness as the low Q resonators presented above. Because
of the substrate thickness, the deformation of the resonator in out-of-plane mode causes a large
deformation in the substrate. Therefore, mechanical waves easily propagate from the resonator

into the substrate, causing a large anchor loss.

Time passing

Small

Visual representation of deformation

2 —

N Very large deformation 7
~ < _in substrate s

Figure 5.6: Visual representation of deformation in substrate of a single mass resonator as vibrating in out-of-plane

mode. When the substrate and resonator have the same thickness, resonator movement causes a large deformation

in the substrate.
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Figure 5.7 shows a simple model for the resonator and substrate vibration. In this figure,
the resonator consists of a mass and spring and the substrate is just assumed to be a spring. Yesonazor
shows the movement of the resonator and Ysussirare Shows the effective deformation of the substrate.
Based on this simplified model, as the stiffness of the substrate decreases, the deformation in the

substrate increases leading to a large anchor loss.
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Figure 5.7: A simple model for the interaction of the resonator and substrate. Decreasing ratio of the substrate to
resonator stiffness, increases the deformation in the substrate, leading to a large anchor loss.

Decreasing the substrate thickness reduces its stiffness in the out-of-plane direction largely.
Therefore, when the substrate and resonator have the same thickness, anchor loss is large, resulting
to a low Q system. Judge et al. [59] investigation of the effect of the substrate thickness on Q of
beam resonators has proven that decreasing the substrate thickness reduces Q. Numerical
simulation using PML around the substrate, with the same thickness as the substrate, shows that
O reduction is due to anchor loss. Table 5.1 shows the experimental and numerical simulation

results of the effect of substrate thickness on Q. According to these results, increasing substrate
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thickness can improve Qunchor in out-of-plane mode more than 100 times. Furthermore, the
agreements between the experimental data and FEM results validates accuracy of utilizing a PML

around the substrate to simulate the anchor loss in resonators.

TABLE 5.1: EFFECT OF SUBSTRATE THICKNESS ON Q (EXPER[MENTAL DATA AND FEM SIMULATION SHOW AN
EXCELLENT AGREEMENT)

Geometry 0
]13eeli1gri1h Beam width th]iscel:ﬁ:ss Substrate Experiments QAM"”
(mm) (mm) (mm) thickness (mm) [59] s(lnl:ll:;::l‘gz;
19.05 2.54 1.37 1.644 2.9 4.1
19.05 2.54 1.27 4.826 52 54.7
19.05 2.54 1.19 9.52 306 289.3
19.05 2.54 1.09 12.644 360 652.3

Resonators made using MEMS bulk micromachining usually have the same thickness as
the substrate. Therefore, it is expected that they show low Q in the out-of-plane mode.
Micromachined resonators usually show higher Qucior in the in-plane mode because the substrate
thickness has less effect on the stiffness of the substrate in the horizontal direction compared to
the vertical direction. To confirm this hypothesis, the effects of substrate thickness on the Quncior
of a single mass resonator are simulated for in-plane and out-of-plane modes. According to Figure
5.8, the substrate thickness has 36 times more impact on the out-of-plane mode than in-plane mode.

Increasing the substrate thickness or reducing the resonator thickness increases cost, size,
and complexity of the system. Therefore, another approach should be used to reduce anchor loss

in out-of-plane mode of MEMS resonators.
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Figure 5.8: Effect of substrate thickness on Q4ucnor 0f in-plane and out-of-plane modes of a single mass resonator.
Substrate thickness affects Quncnor Of out-of-plane mode largely.

5.1.1.1 A novel idea to reduce anchor loss in out-of-plain mode

One approach to remove anchor loss is creating a virtual nodal point at the contact of the
resonator and substrate. To understand this approach, one can consider rope-pulling game, where
large values of force stretch the rope from both sides but there is no movement in the rope. This

is due to the balance of the forces. Figure 5.9 shows the concept of force balancing.

Large force €

No motion (_j

Figure 5.9: Schematic of force balancing in rope-pulling. Since equal forces pull the rope in opposite direction,
there is no movement.

> Large force
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To create this force-balancing concept for out-of-plane motion, one can consider the simple

model shown in Figure 5.10. In this figure, the resonator consists of two similar springs and

masses, which move equally in opposite directions.

motion in the substrate.
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Figure 5.10: A simple model for the force balanced out-of-plane resonator. Based on this model, there should not
be any motion in the substrate of this resonator.

This force-balanced idea should provide a very high Quncior. To create example geometry

for this idea, a resonator with two device layers stacked on top of each other can be constructed.

These layers are coupled together using an intermediate bonding layer. In each device layer, there

is a resonant mass that is connected to the perimeter with suspended beams. To calculate Qunchor

of this type of resonators, numerical simulation is used to conduct modal analysis with an

appropriate PML around the substrate. Figure 5.11 shows the dimensions used for this simulation

and the relative deformations in the resonator and is substrate.
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Dimensions

1014 1012 1010 108 106 104
Normalized deformation

Figure 5.11: Left: dimensions used for anchor loss simulation in stacked force-balanced resonator. Right:
normalized deformation in cross section of this resonator and the substrate beneath it.

Q.nchor in this stacked resonator calculated to be larger than 1.6x108, while Qunchor for non-
stacked device with the same dimension is only 860. Therefore, stacking improves Qunchor by about
five orders of magnitude compared to the initial resonator. Figure 5.12 clearly shows that
deformation in the substrate of a stacked resonator is much smaller than a non-stacked one. In this
figure, deformations are shown for different amount in the substrate. When just deformations
larger than 10'° m are sketched, there is no deformation in the stacked resonator substrate.
Comparing the deformation in the substrates of stacked and non-stacked resonators shows more
than a hundred times larger deformation in the non-stacked substrate, which causes larger anchor
loss. This figure also includes the schematic of wave propagations in stacked and non-stacked
resonators. In the stacked resonator, forces from the top and bottom layers cancel each other out

in the bond area between these layers.
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Figure 5.12: Left: schematic of wave propagation in the 1 layer and stacked force-balanced resonators. Right:
normalized deformation in the substrate of these resonators for different amount of deformation.

5.1.1.2 Impact of various parameters on anchor loss of stacked resonators
Figure 5.13 shows parameters that have impact on anchor loss of the stacked resonators.
This subsection describes the effects of them on anchor loss of stacked resonators. These properties
are classified in three categories:
a) Device layer properties
b) Bonding properties
c¢) Cap layer properties

They will be discussed in detail in the following subsections.

A group of simulations is performed using PMLs to calculate the effect of these properties.
For a non-stacked resonator with the dimensions shown in Figure 5.11, Qunchor 1s calculated to be
860, which is used to normalize Q4nchor (normalized Qunchor = Qunchor /860) in this subsection.
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Figure 5.13: Classification of important parameters affecting anchor loss in stacked resonators. The anchor loss
depends on the device, bonding, and cap layers properties.

a) Effect of Device Layer Properties on Anchor Loss of Stacked Resonators

Figure 5.14 shows the effect of device layer material properties on Quncior. The material
properties of the device layer is changed from silicon, while material properties of other parts are
fixed. Figure 5.14 shows that by increasing the Young’s modulus, anchor loss increases because a
stiffer device can deform the cap easier; therefore, more energy escapes from the cap to the
substrate. Increasing the density reduces anchor loss because a denser resonator can keep more
kinetic energy. Furthermore, this figure shows that increasing the Poisson’s ratio increases anchor
loss. In fact, in-plane forces cause compression or stretching in the device layer and the Poisson’s

effect converts them to out-of-plane forces. Since these out-of-plane forces are in the same
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direction for both layers, they do not cancel each other out. Therefore, increasing the device layer

Poisson’s ratio increases anchor loss.

T ke
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8
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Material properties of device layer

Figure 5.14: Effect of device layer material properties on Q4nchor. By increasing the Young’s modulus and Poisson’s
ratio, Qunchor decreases. However, increasing the density increases Qnchor-

Figure 5.15 shows the effect of device geometric properties on Qunchor. These results show
that devices with longer suspensions produce lower anchor loss. Indeed, the distance from the
places with large deformation in the device layer to the cap is further in long suspensions.
Comparing to beam resonators, the same pattern can be observed—Ilonger beams show smaller
anchor loss [58]. Increasing the device thickness increases anchor loss because thicker devices
cause larger deformation and wave propagation in the cap and substrate. The same trend was

observed in simple beam resonators, where anchor loss has an inverse relation to the cube of the
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beam thickness [58]. Increasing suspension width increases anchor loss because suspension has a

larger connection area to the support part; therefore, larger energy goes to substrate.

Normalized

QAnchor

| 1 1 | 1 | 1 | 1 J

LIS 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 12 1.25

Normalized geometric property of device layer

Figure 5.15: Effect of device layer geometric properties on Qunchor- Increasing device thickness and suspension
width reduces Qunchor. While, increasing suspension beam length increases Qnchor-

Since the device layers will be fabricated separately, there might be some mismatch
between their geometric parameters. This may affect anchor loss. Figure 5.16 shows the effect of
mismatch between the geometric parameters of the two layers on Quucror. It 1s observed that even
a small mismatch between geometry of layers degrade the performance significantly. In fact,
stacked resonators work according to force balancing from two layer; if these forces are not equal,
then forces are not completely balanced. As a result, anchor loss increases. Therefore, it is

important to fabricate this device very similarly.
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Figure 5.16: Effect of imperfections in geometry of device layers on Quncnor. Difference between the geometry of
two layers reduces Q.ncior significantly.

b) Effect of Bonded Layer Properties on Anchor Loss of Stacked Resonators

Two device layers should be bonded together. Properties of the bonded layer might affect
anchor loss.

Figure 5.17 shows the effects of the bonding material properties on Quucior. It is observed
that bonding material properties do not have a large effect on anchor loss. Due to the fact that
Poisson’s effect converts the in-plane forces to out-of-plane non-balanced forces, increasing

Poisson’s ratio of the bonding decreases Qunchor.
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Figure 5.17: Effect of bonding material properties on Qunchor- Increasing the bonding Poisson’s ratio decreases
Qunchor changes. However, the bonding Young’s modulus and density have negligible effects on Q4nchor-

In Figure 5.18, the effect of the bonding area geometry on Quncior is depicted. This figure
shows that increasing length or reducing thickness of the bonding area increases Qunchor. In fact,
by increasing length and reducing the thickness, coupling between two device layers increases,
providing better balancing. It should be noticed that when the bonding length is the same as the
length of the contact area between the cap and the device layer, Qunchor Of a stacked resonator
degrades and approaches to the Quncror 0f non-stacked device. In fact, majority of forces deform
the cap and create mechanical waves in substrate before they could be balanced in the bonding.

During bonding two layers together, there might be misalignments between layers. This
misalignment affects Quncnor. Figure 5.19 shows the effect of misalignments between layers on
Qunchor- Misalignment decreases Qunchor because it reduces balancing between layers. However, it

seems that for misalignment less than 20 ym, Q.ncnor reduction is not a big challenge.
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Figure 5.18. Effect of bonding layer length and thickness on Quucror. By increasing the bonding length, Qunchor
increases. However, by increasing the bonding thickness, Q.ncior decreases.
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Figure 5.19: Effect of misalignment on Q.uchor. Misalignments decreases Q4nchor moderately.
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¢) Effect of Cap Layer Properties on Anchor Loss of Stacked Resonators

Different material can be used as the cap layer. The effects of cap material properties on
anchor loss are shown in Figure 5.20. To simulate theses effects, the material properties of the cap
are changed, while material properties of substrate and PML are fixed. Figure 5.20 shows that
increasing the cap’s Young’s modulus decreases anchor loss. In this case, the deflections in the
cap and therefore substrate decrease due to the increase in cap rigidity. As the cap becomes stiffer,
device layer cannot deform the cap easily, causing more energy stays in the resonator during the
oscillation. It is found that cap’s density and Poisson’s ratio have less of effects than its Young’s

modulus.

4 %10
35F
cap
3 B —
E(('/p /Eg/(m
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e —
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1 1 1 J
0.5 il 1.5 2

Material property of cap

Figure 5.20: Effect of cap material properties on Quncror. By changing cap’s Young’s modulus Quucror Changes.
However, cap’s density and Poisson’s ratio have negligible effects on Quucior.
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Thickness of the cap layer can be determined during the design processs and it might have
some impact on Qunchor. Figure 5.21 shows the effect of cap thickness on Qunchor. Increasing the
cap thickness increases Qunchor, because the distance between the resonator and substrate increases.

5
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QA nchor
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175 1 1 1 1 1 1 |
0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

Normalized cap thickness, (z.,,/(2t))

Figure 5.21: Effect of cap thickness on Quucnor. Increasing cap thickness increases Q4nchor-

5.1.1.3 Experimental verification of the anchor loss reduction in out-of-plain mode by
stacking

To verity Qunchor improvement by stacking, the structure shown in Figure 5.22 is fabricated
and tested. This structure, which is a typical tuning fork, consists of two aluminum layers, which
are coupled using a nut and bolt. Two proof masses are also connected to the end of these
aluminum layers. Figure 5.22 (a) shows an exploded view of the tested structure, which shows the
relationship of assembly of these parts and their sizes. The assembled structure is shown in Figure

5.22 (b).
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Figure 5.22: (a) Exploded view of various part of the tested structure and their dimensions. (b) Assembled structure.
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The resonant behavior of this structure is then tested in two configurations: a) only one
resonant layer, and b) two layers are stacked to form a resonator. Figure 5.23 shows these two
configurations. Impact hammer modal testing is used to drive these structures in air. Their
velocities are then read using LDV. Figure 5.23 shows the ring-down time plot and the fast Fourier
transform of these data. As shown in this figure, stacking increases Q by more than 50%. This
clearly validates the stacking idea to improve Quuchor. For the case of one layer device, the Q is
much less than the stacked case; therefore, its Q is determined by anchor loss. However, since the
resonators are vibrating in air, Qruidic limits their maximum Q. As a result, Q4ncior 1S probably
improved much more than 50x. Nonetheless, this improvement confirms the capability of the
stacked resonators to reduce anchor loss significantly.

As discussed before, two layers of a stacked resonator might have different properties and
this affects anchor loss. To capture this impact experimentally, some masses are added to the tip
of top layer. Figure 5.24 shows this imbalanced mass and its effect on Q. In this figure, normalized
O, O/Onon-stacked, 18 sketched versus normalized imbalanced mass, Am/M, where Am is the amount
of imbalanced mass and M is the total mass of the resonator. It is found that mass imbalance
between layers increases anchor loss. However, because improvement due to stacking is
significant, the reduction in Q due to mass imbalance is not critical.

In order to bond two device layers different approaches can be used (e.g. using a metal
layer between layers). This might reduce coupling between layers. Figure 5.25 shows the effect of
material thickness on Q. In this figure, the thickness of materials is normalized to the total

thickness of contacting part of the two layers.
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Figure 5.23: a) Frequency response of one layer and two stacked layers resonators. Stacking increases Q4uchor Mmore
than 50%. b) Measured ring-down plot of the one layer and two stacked layers resonators. Stacked resonators shows
much larger ring-down time.
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Figure 5.24: Effect of mass imbalance between two layers on Q of a stacked resonator. Mass imbalance between
layers decreases Q slightly.
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Figure 5.25: Normalized Q versus normalized thickness of material between layers. It is found that increasing
thickness reduces coupling between layers and increases anchor loss. Using a material like sponge that disconnects
acoustic coupling between devices increases anchor loss significantly. Intrinsic damping of plastic layer causes that
the larger amount of the device energy dissipates in the stacked resonators.

The results show that increasing the material thickness reduces coupling between layers
and increases anchor loss. Furthermore, a material like plastic that has larger intrinsic dissipation
causes larger anchor energy loss in the device. Additionally, using a material like sponge that
disconnects acoustic coupling between devices increases anchor loss significantly. In fact, even a
thin layer (< 2mm) sponge between device layers decreases Q to Qnonssiacked. Therefore, it is
important to use a bonding material between layers, which does not decouple them acoustically.
During fabrication and bonding of the two layers, there would be misalignments between

layers (typically less than 20 ym in microfabrication process). As discussed in the previous
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subsection, linear misalignment increases Q. Figure 5.26 shows the effects of longitudinal and
lateral misalignment on Q. According to these data, none of the linear misalignments has a major
impact on Q. In fact, during the linear misalignments almost the same amount of forces and
moments in opposite direction exerted on the contact area between two layers that cancel out each

other; therefore, it should be expected that linear misalignments do not cause a major degradation

in Q.
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Figure 5.26: Effect of linear misalignments on Q of a stacked resonator. Misalignment values are normalized
relative to the length (for longitudinal misalignment) and width (for lateral misalignment) of contact area. It is
found that improvement due to the stacking is so good that even with 15% misalignment anchor loss is not dominant
dissipation mechanism.

Even though angular misalignment between two layers in microfabrication process is very
small, this could happen in the tested structure. As shown in Figure 5.27, this misalignment
decreases Q significantly. There are two reasons for this:

a) Angular misalignment decreases contact area between two layers, and therefore their

coupling.
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b) Although two layers exert the same forces in opposite directions in the anchor area that
cancel each other out, they exert different moments to the anchored area that are not balanced.

These moments create mechanical wave propagation into the substrate, increasing anchor loss.
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Figure 5.27: Effect of angular misalignment on Q of a stacked resonator. It is found that angular misalignment
decreases Q significantly.

5.1.1.4 Conclusion

Results of this subsection have shown that anchor loss in out-of-plane resonators could be
the dominant loss mechanism. However, this loss can be decreased by more than five orders of
magnitude by stacking the same resonator that vibrate in the opposite direction of the initial
resonator. Anchor loss in the stacked device depends on many parameters. The effective
parameters are classified into three categories and a summary of the impact of them on anchor loss

presented in Table 5.2.
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TABLE 5.2: SUMMARY OF THE EFFECTS OF DIFFERENT PARAMETERS ON ANCHOR LOSS OF STACKED RESONATORS.

Category Effective Amount
parameters  of impact

Comments

Increasing the device layers Young’s modulus increases anchor
loss significantly.

Increasing the device layers density decreases anchor loss.
Increasing the device layers Poisson’s ratio increases anchor loss
significantly.

Increasing the device layers thickness increases anchor loss
significantly.
Increasing the suspension beams width increases anchor loss
moderately.
Increasing the suspension beams length decreases anchor loss
significantly.

Geometrical differences between two layers increases anchor loss
significantly. It is important that two device layers be made very
similarly.

Bonding density and Young’s modulus do not have a significant
effect on anchor loss.

Increasing the bonding Poisson’s ratio increases anchor loss
moderately.

Some material such as sponge could decouple two layers and
increase anchor loss significantly.

Increasing the bonding thickness increases anchor loss
moderately.
Increasing the bonding length decreases anchor loss significantly.

Linear misalignment between two layers increases anchor loss
moderately.

Angular misalignment between two layers increases anchor loss
significantly.

Increasing the cap Young’s modulus decreases anchor loss.
Cap density and Poisson’s ratio do not have a significant effect on
anchor loss.

Material High
Device layer
Geometry Moderate
Imperfections High
Material Low
Bondi .
onding Geometry High
Misalignments High
Material Low
Cap
Thickness Low

Increasing the cap thickness decreases anchor loss slightly.

5.1.2 Thermoelastic dissipation

The next dissipation mechanism in resonators is TED, which was explained in 4.1.2. A

geometry shown in Figure 5.28 is considered for calculating Qrep in out-of-plane resonators. This

structure includes a suspended mass that is connected to four folded beams. Through this
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subsection, this structure is named SMFB. The mass can move in x and z directions. The motion
in the x direction is for driving and the motion in the z direction is for sensing. Since one-layer and
stacked layers resonators with the same geometry produce the same Qrep, just TED of one-layer

device is studied in this part.

=

VL L4

A

Figure 5.28: One layer SMFB resonator that is used for the TED simulation.

COMSOL Multiphysics is used to numerically solve the fully-coupled thermo-mechanical
FEM eigenvalue problem for this structure with the dimensions shown in Table 5.3. Silicon is
chosen as the reference material, the reason for this will be explained later in this subsection. The
material properties are considered as Young’s modulus Es;= 170 GPa, Poisson’s ratio vs;= 0.28,
density psi = 2329 kg/m?, thermal conductivity ksi= 130 W/(m-K), specific heat capacity Csps; =

700 J/(kg-K), and coefficient of thermal expansion asi = 2.6X10° 1/K.
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TABLE 5.3: DIMENSIONS USED FOR SIMULATING TED IN SMFB

RESONATORS
Parameter Value (#m)

w 5000
h 5000

W 150

Wh 150

la 2000

Iy 1500

t 200

By solving (4.13)—(4.16) numerically at 7o = 293.15 K, the eigenvector that includes
deformations and temperature in each node, and the corresponding eigenvalues are calculated. The

simulated temperature deviation distribution in the sensing mode is shown in Figure 5.29. The

largest temperature gradients are found at the folded beams.
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Figure 5.29: Temperature deviation distribution of an SMFB resonator in out-of-plane mode.

Figure 5.30 shows that heat can transfer between the hot and cold regions mainly in four

different directions:
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1. Across the thickness of the beam a.
2. Across the thickness of the beam b.

3. Across the length of the beam a.

4. Across the length of the beam b.

Figure 5.30: Thermal paths in a folded beam of an SMFB resonator when it is vibrating in sensing mode. These
paths are across the thicknesses and lengths of beams « and b.

By using the results of the eigenvalue simulation, Q7ep of the silicon SMFB resonator with
the nominal dimensions is found to be 16,691.
As discussed in 4.1.2, for a simple beam resonator, Zener [70, 71] suggested that the Orep

can be estimated from (5.1):
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where 7 is the thermal transport time constant of the resonator and can be found from (5.2):

o (5.2)

where b is the thickness of the beam in the bending direction. As shown in Figure 5.30, the majority
of temperature deviation is happened in the folded beams for an SMFB resonator. In addition, the
main paths for heat transfer in these beams are across thickness of the beams; therefore, (5.1) can

be used to estimate Qrep by replacing b with ¢, which results in:

, N\
1+(wmh '2]

Oy =22 7D (5.3)
B ech 2D

Eleven different materials are considered for the SMFB resonators with the dimensions
shown in Table 5.3 and Qrzp is calculated numerically and analytically; the results are summarized
in Table 5.4. Both numerical and analytical approaches predict very similar values for Qrep.
Therefore, this equation can be used for estimating Orep of SMFB resonators with a very accurate
result.

The result also shows that fused silica is an excellent material for low TED out-of-plane
mode resonators. Therefore, we attempted to fabricate these resonators from fused silica. However,
during the micromachining process several issues appeared. The main issue was forming tall and
precise structures in fused silica. Deep Reactive lon Etching (DRIE) has been the material of
choice for forming thick and vertical structures in silicon. But when used for fused silica, several
issues arise. These include the low etch rate of fused silica using DRIE, the inability to etch thick

structures in fused silica due to a lack of masking materials, and the larger undercut of masking
213



material, resulting in non-vertical and rough sidewalls. Because of these issues, another

material should be used for increasing QOrep.

TABLE 5.4: Orzp OF SMFB RESONATORS WITH DIFFERENT MATERIALS

0
. E p k a Csp (4] .
Material | Gpay  °  (kg/m’) WimK) (10°x1K) @kegK) | FEM) (A:lilgg)cal
Si0» 70 0.17 2200 1.4 0.5 730 4.42x107  5.6x107
Zerodur | 903 024 2530 1.46 0.02 820 3.52x10"  4.58x10'
ALOs 400 022 3965 35 6.5 730 1.43x10* 1.7x10*
SiC(6H) 748 | 045 3216 490 43 690 1312 581
SisN4 250 023 3100 20 2.3 700 1.6x10° 1.9x10°
Borosilicate [ 63 02 2230 1.13 3.3 754 1.4x10° 1.8x10°
GaAs 859 031 5316 33 5.7 550 3.1x10* 3.5x10*
Ge 103 026 5323 58 5.9 310 7.6x10° 7.2x10°
InSh 409 035 5770 18 5.4 200 4.0x10° 4.9x10°
C[100] 1050 0.1 3515 990 0.8 520 1.6x10* 1.9x10*
Si(c) 170 028 2329 130 2.6 700 1.7x10* 1.6x10*
Based on (5.3), Orep 1s equal to the product of Omar and Qfieq:
_PCs
Qmat EazTO (5'4)
2
t2
1+(wm 'sz
T
Qﬁ'eq - £ (5-5)
'mech 7Z_2D

Oma depends on the temperature and the material properties of the resonator. As explained,
increasing Ona causes difficulties in the fabrication process. Therefore, the only way to achieve a
high QOrep is to increase Qjeq. QOfieq is a function of resonant frequency, thermal diffusivity, and

resonator thickness and has a minimum value of 2. As a result, it is possible to improve Qrep of
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an-out-of-plane resonator fabricated from a non-optimized material by changing thickness and
frequency of the device.

Figure 5.31 shows the results of calculating Qrep using (5.3) for silicon SMFB resonators
with four different thicknesses. All four cases have a minimum Qrep of 9,678.6 that is twice that
of Omar. This minimum occurs at 12526, 3131.4, 501.02, and 125.25Hz for structures with
thicknesses of 100, 200, 500, and 1000um, respectively. This value is very small comparing to
values for fused silica resonators.

In any case, Qrep can be increased by changing the designed resonant frequency to be far
from this minimum. When resonant frequency is much less than this minimum, the deformation
time of the structure is much larger than the thermal transport time (isothermal regime); thus, the
structure remains in thermal equilibrium and a very small amount of energy is dissipated through
TED. When resonant frequency is much larger than this minimum, the structure deforms so fast
that thermal relaxation cannot occur (adiabatic regime); therefore, a small amount of energy is
dissipated due to TED.

Furthermore, decreasing the thickness improves the Qrep in isothermal regime and
increasing the thickness in adiabatic regime improves the QOrep. As a result, to achieve a high Qrzp,
silicon SMFB resonators can be used.

Working in isothermal regime results in small effective mass and vulnerability to the
environmental effects. Therefore, silicon SMFB resonators should be designed with a large
thicknesses and resonant frequencies. Very thick silicon devices have been successfully
fabricated in our group [104]. Therefore, it is possible to achieve a high Orzp in out-of-plane mode

silicon SMFB resonators.
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Figure 5.31: Q7zp versus resonant frequency of SMFB resonators made from silicon with different thicknesses.
All resonators have a same minimum Qrgzp. This minimum occurs in lower resonant frequencies for thicker

structures.
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5.1.3 Other dissipation mechanisms

As shown in 4.1.3, by operating micro mechanical resonators in vacuum, fluidic damping

can be minimized. If pressure is reduced below 100 uTorr, fluidic damping is no longer the Q-

limiting mechanism in stacked out-of-plane resonators.

As discussed in 4.1.4, phonon interactions become significant in high-frequency resonators
and do not have any major impact on total Q for silicon resonators that operate in the tens of

kilohertz range. It is estimated that Qpnonon for stacked out-of-plane silicon resonators is about 1

billion.
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Internal dissipation in resonator material can also be one of the Q-limiting mechanisms
depending on the material. In [105], it is shown that silicon resonators can achieve a Q higher than
1 billion; therefore, it is unlikely that the O of stacked out-of-plane silicon resonators will be
limited by internal dissipation.

Surface-to-volume ratio in the proposed stacked layer is small; therefore, it is expected that
Osurface Will be very large. Experimental data published in [95] suggested that increasing the size

of single crystalline silicon resonators, increases their O due to reduction in Surface-to-volume.

As shown in Figure 5.32, it appears that O in these resonators is about 2x10 xdim where dim is
the resonator dimension in gum. According to this information, Qsuuce for stacked out-of-plane
500 um-thick silicon resonators is about 100 million. Therefore, surface loss is not the Q-limiting

mechanism in them.
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Figure 5.32: Effect of silicon resonators dimension on their Q (original plot is from [95]).
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5.1.4 Conclusion

All the dissipation mechanisms in out-of-plane mode resonators have been studied. It has
been found that anchor loss is the dominant dissipation mechanism in the existing out-of-plane
resonators. An innovative idea has been introduced and successfully tested to remove this
dissipation. This idea includes creating a virtual nodal point at the contact of the resonator and
substrate by stacking two similar resonator and driving them in opposite directions. After removing
anchor loss from the system, TED is the most dominant dissipation. To reduce this loss, to
approaches can be used: a) using high Orep material such a fused silica b) Increasing thickness
and frequency of the resonator. Experiment showed that fabricating fused silica is not possible at

this moment; therefore, the second approach is suggested to improve Qrzp.

TABLE 5.5: ESTIMATED VALUES FOR S OF STACKED SMFB /
RESONATORS IN OUT-OF-PLANE MODE - l ...... ] | a E
w :
Parameter Estimated values ot w

Material Silicon Silicon Fused silica  Fused silica /
: b :
-—>

Thickness (um) 500 1000 500 1000

Frequenc

(qu) Y 15 23 12 18 5 , E

z ‘

Otnchor >100  2.7x10° >10' 3.1x10’

Orep 1.8x10°  5.5x10° >10' >10° w

Oridie ST >10° >10° >10'

8 8 8 8 h

QPhonon >10 >10 >10 >10 2 : ] - E

Olnternal >108 >108 >108 >108 w =9 mm h=10 mm

Osurfuce 108 >108 5x 107 108 w,= 250 yum [,= 1400 um

. s . . wy, = 175 um [,= 600 um
Total 0 1.8x10 5.5x10 5x10 3x10
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Table 5.5 summariezes estimated values for Qs of silicon and fused silica stacked SMFB
resonators in out-of-plane mode.

Therefore, sensing-Q is successfully optimized for out-of-plane mode resonators. Other
important parameters in performance of the S® gyroscope will be discussed in the following

sections.

5.2 Effective Mass

Unlike the shell resonators that have distributed mass with different amplitude of motion,
the S® gyroscope consists of several springs and two proof masses, and hence its effective mass
can be easily estimated with the following equation:

M =2pwht (5.6)

For a S resonator with dimensions shown in Table 5.3, this equation estimated the
effective mass to be 23.290 mg. It is possible to estimate the effective mass more accurately by
numerical simulation using (4.45) and integrate the data for the S° gyroscope. Numerical
simulation estimates an effective mass of 21.472 mg for out-of-plane mode that is very similar
with the theoretical estimation. The reason that the sensing mode has a little lower effective mass
is that as the structure deforms vertically some part of the proof mass deformed a little less than
the maximum deformation of the system. The large value for the effective mass of the S* gyroscope
shows a high potential for low noise MEMS gyroscopes. By just making this gyroscope from a
500 um thick silicon with proof mass of lcmx1cm the effective mass will be more than 150 mg
that is much larger than the effective mass of the existing MEMS gyroscopes (the effective mass

of the BSR gyroscope is calculated to be less than 1 mg).
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5.3 Angular Gain

Angular gain is one of the most important parameters in the performance of gyroscopes.
Theoretical model for numerical calculation of angular gain was developed in 4.3. It can be shown
that if driving and sensing motions are perpendicular to each other as well as to the rotation
direction, angular gain is one. This means that all the possible energy can be successfully
transferred from the driving mode to the sensing mode due to the Coriolis acceleration.

Figure 5.33 shows the schematic of a perfect S* gyroscope. In this case, the deriving and
sensing motions and rotation directions are perfectly perpendicular. Therefore, angular gain should
be one. In the real S* structure such as the one shown in Figure 3.10, some parts of the structure
might have different motions. For those cases, numerical simulation should be utilized to predict
accurate angular gain. For the S? shown in Figure 3.10, angular gain is calculated using (4.58).

The result show that angular gain is 0.986, which is very close to the maximum possible value.

Driving motion /~ Sensing motion
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&

A
\V/I'!YVV!VVV/E

E
>
z | =
z j&,: E
= \ i =
AN ;
.

Figure 5.33: Schematic of the driving and sensing motion in a S* gyroscope. For this schematic, directions of
motion in driving and sensing modes are perpendicular to each other as well as to the rotation direction; therefore,
angular gain is one.
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5.4. Resonant Frequency
Resonant frequency of a S® gyroscope affects its noise. This section includes an analytical
model and numerical simulation for approximating resonant frequencies of S* structures and a

comprehensive investigation on the effect of different parameters on resonant frequencies of them.

5.4.1 Analytical model for resonant frequencies of S* gyroscope

In this part, simple models are developed for approximating resonant frequencies of the S*
analytically in sensing and driving directions. To calculate the resonant frequency of the S°
analytically, it is considered that each layer is a SMFB resonator as shown in Figure 5.28. As
shown in Figure 5.34, it is assumed that each folded beam consists of two guided-end beams. This

assumption is for estimating the stiffness of each folded beam.

Figure 5.34: A folded beam assumed as two guided-end beams.

For a guided-end beam with length /, stiffness equals:

_12EI

kl3

(5.7)
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where I is moment of inertia and £ is Young’s modulus. Therefore, stiffnessses for beams a and b

in the x (driving) direction are

3

k= lfa (5.8)
Emw,’

k, = l;’ (5.9)
b

As a result, total stiffness of four folded beams in the x direction equals:

3,.,3
k, =4x(—kw><kbx j:4Et>{—w" % j (5.10)

373 373
k, +k, wol +w

Stiffnesses in the z (sensing) direction are:

Ewt

k, == (5.11)
[
Ewt’

=03 (5.12)
lh

Therefore, the total stiffness of the system in z direction is:

ko= x| Ko Xbe | gy | Mt (5.13)
k,+k, wl,”+w,l,

The mass of the system estimated from:
m = pwht (5.14)

Therefore, resonant frequencies for driving and sensing modes are:

(5.15)
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(5.16)

To confirm the accuracy of these equations, resonant frequencies of a system with
dimensions shown in Table 5.3 are calculated both analytically and numerically and the results are
compared. For a silicon S* gyroscope with material properties that are considered to be Young’s
modulus E;; = 160 GPa, Poisson’s ratio vz = 0.28, and density ps = 2329 kg/m?, resonant
frequencies are calculated to be:

f.=7807Hz (5.17)
f. =10410Hz (5.18)

To obtain resonant frequencies numerically, COMSOL Multiphysics is used to solve the
FEM eigenfrequency problem. The results of numerical simulations show that:

f. =8126H:z (5.19)
f. =9240Hz (5.20)

The numerical predications are similar to the analytical ones, which confirms the accuracy
of the analytical models. Therefore, these analytical models can be used for fast design of the S°
gyroscopes. However, it should be considered that analytical models are obtained with lots of

simplifications; for a more accurate estimation, there is a need for numerical simulation.

5.4.2 Effect of S® geometry on resonant frequencies
In this section, the effect of the shape characteristics of the S structure on its resonant
frequencies is analyzed numerically by changing the geometric properties of the resonator. The

results of this analysis are shown in Figures 5.35.
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Figure 5.35 shows that increasing the resonator thickness increases the sensing resonant
frequency while it does not have a remarkable impact on the driving resonant frequency. Stiffness
of beams in the x direction has a direct relation with the thickness of beams (equation (5.10)). At
the same time, the mass of the system has a direct relation with the thickness. Therefore, increasing
the thickness should not affect the driving resonant frequency. However, the stiffness of beams in
the z direction has a direct relation to their thickness to the power of three. As a result, increasing
the thickness increases the sensing resonant frequency.

This figure also shows that increasing the width or length of the central mass decreases
both frequencies. The main reason for this behavior is that increasing each of these parameters
increases the mass of the central part, which leads to lower frequencies. On the other hand, as the
width of the central mass increases its rigidity decreases in the z direction that also results in lower
resonant frequency in the sensing mode.

Figures 5.35 shows that by increasing the width of the beams will increase resonant
frequencies. I increasing the width of the beams increases the moment of inertia of the folded
beams. The moment of inertias for a beam with the thickness ¢ and the width w in the x and z

directions are:

w’
= 5.21
ST (5.21)
wt3
= 5.22
== (5.22)

Therefore, increasing the width of beams increases their stiffness, especially in the x
direction. As a result, resonant frequencies increase with increasing the widths, but driving

resonant frequency increases more than the sensing.
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As shown in this figure, increasing the length of the beams reduces resonant frequencies.
Stiffness of a beam has an opposite relation to the beam length to the power of three; therefore,

increasing the length of folded beams makes them softer thus resonant frequencies decrease.
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Figure 5.35: Normalized resonant frequencies of driving and sensing mode of a S* gyroscope versus its geometrical
properties. (b) Effect of thickness of the structure on resonant frequencies. (c) Effect of width of central mass on
resonant frequencies. (d) Effect of length of central mass on resonant frequencies. (¢) Effect of width of beam a on
resonant frequencies. (f) Effect of width of beam b on resonant frequencies. (g) Effect of length of beam a on
resonant frequencies. (h) Effect of length of beam b on resonant frequencies.
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5.4.3 Effect of temperature on resonant frequencies

As discussed in 5.1, the S* gyroscope will be made from silicon. The material properties
of silicon are dependent on temperature. The working temperature of the system may change
during operation, so the resonant frequency of the structure may vary. It is considered that Young’s
modulus of silicon changes with temperature by -64 ppm/K (this is just an approximation about
the thermal coefficient of Young’s modulus (TCE) of silicon, there has been many researches on
the effect of temperature on the Young’s modulus of silicon). The resonant frequencies of the
structure for different operating temperatures are simulated with considering the fact that changing
the temperature can cause stress in the system that might lead to a change in resonant frequency.
The results are normalized with respect to the resonant frequency at 293.15 K and shown in Figure

5.36.
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Figure 5.36: Effect of operating temperature of the silicon S* gyroscope on its resonant frequencies.
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Numerical results show that both resonant frequencies change almost in the same manner

with respect to temperature.

5.4.4 Effect of shock on resonant frequencies

As discussed in 4.4.5, the existence of shock causes stress and deformation in a structure,
which can change its resonant pattern. A group of prestressed eigenfrequency simulations is
conducted to understand the effects of shock on resonant frequencies of a S resonator. To perform
this analysis, the same method that was discussed in the 4.4.5 is utilized.

Figure 5.37 shows von Mises stress distribution in one layer of a S* structure under 1,000g
shocks. These shocks are exerted in the x, y, and z directions. This figure shows that all of these
shocks create a large stress in the folded beams. Stress on folded beams under x and z shocks is
larger than y shock. So, it is expected that these two shocks create larger change in the resonant

frequencies.

z shock y shock * SﬁhOCk
o !
- . U
g — <>
102 103 10 10° 10° 107 108
von Mises stress (N/m?)

Figure 5.37: von Mises stress in one layer of a S3 structure under 1,000g shock in different directions. These shocks
create a large stress in the folded beams.
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The effects of shock on resonant frequencies are depicted in Figures 5.38, 5.39, and 5.40.
The amounts of these shocks are changed from 0 to 50,000g. Numerical simulation shows that
shock in the x direction has a large effect on resonant frequencies since it creates a large stress in
the folded beams. It is also found that this shock can cause a large amount of frequency split

because two modes are not symmetric in the case of a S* gyroscope.

1.6

Normalized
resonant frequency 13

_______ =—driving
...... === sensing

0 0.5 1 15 2 25 3 35 4 45 5
Shock (g) x10*

Figure 5.38: Effect of shock in the x direction on resonant frequencies. This shock has a significant impact on the
resonant frequencies. Additionally, it creates a large frequency split.

Figure 5.39 shows that shock in the y direction has small effect on resonant frequencies
because it does not cause a large stress in the folded beams. Frequency split is also very small in

this case.
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Figure 5.39: Effect of shock in the y direction on resonant frequencies. This shock has a small effect on the resonant
frequencies. Furthermore, it does not create a large frequency split.

According to Figure 5.40, shock in the z direction can cause a relatively large change in
resonant frequencies. During a large shock in the z direction, a relatively large stress is created in
the folded beams, which changes the resonant frequencies. In this case, there is a frequency split

but not as large as the case of the shock in the x direction.

5.4.5 Effect of anisotropic behavior of silicon on resonant frequency

All the simulations until now was done be considering that the S* gyroscope is made from
an isotropic material; however, the most used material for MEMS gyroscopes is the single
crystalline silicon, which is an anisotropic material. Material properties of silicon depend on
orientation relative to the crystal lattice. For an isotropic material stress-strain relationship can be

easily represented by (5.23).
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Figure 5.40: Effect of shock in the z direction on resonant frequencies. This shock has a significant impact on
resonant frequencies. Additionally, it creates a large frequency split.

o=E¢ (5.23)
where o is stress, £ is Young’s modulus and ¢ is strain. For an anisotropic material, a fourth rank
tensor with 81 terms is required to describe the elasticity by relating the second rank tensors of
stress and strain [106]. For silicon, cubic symmetry and the equivalence of the shear conditions

reduce this complicated relationship to the following equation:

0, G ¢ ¢y 00 01g
03 ¢y ¢ ¢, 0 0 0je
O3 |_| %2 G2 S 0 0 0]e (5.24)
o, 0 0 0 ¢, 0 O0|eg
o, 0 0 0 0 ¢, O]|e¢&
10,1 [0 0 0 0 0 cyu]l&]
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where c11 =165.6x10° Pa, c12 =63.9x10° Pa and cas =79.5%10° Pa [66].

To quantify the effect of anisotropic behavior of silicon on resonant frequencies of a S*
gyroscope, COMSOL Multiphysics is used to solve the FEM eigenfrequency problem considering
silicon material follows (5.24). Resonant frequencies of a S* gyroscope are calculated for a wafer
shown in Figure 5.42. It is considered that the S® gyroscope can rotate @ (°) in this wafer. The
results of resonant frequency calculation are normalized to the amount of resonant frequencies
when ® is zero. As shown in Figure 5.41, resonant frequencies are different for different
directions. This difference can be as much as 10%. Therefore, it is essential for a designer to

consider this effect during the designing process.
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Figure 5.41: Effect of location of the S* gyroscope on a silicon wafer on its resonant frequencies. This figure also
shows a wafer with miller indices in a cubic crystal.
5.5 Frequency Split
All the analysis about the resonant frequencies related to a perfectly fabricated S°
gyroscope; however, during the fabrication there will be some imperfections in the system that

lead to frequency split (Af) between sensing and driving modes. As shown in Chapter 2, Af causes
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a large performance drop in CVGs. This section talks about the effect of different imperfections
on resonant frequencies, and then the electrostatic tuning approach for S* gyroscopes will be

explained to remove Af.

5.5.1 Effect of geometric imperfections on frequency split

All of the geometric parameters can be changed during the fabrication process. To
understand the effect of change in these parameters on frequency split, each of them are changed
and resonant frequency of sensing and driving modes are simulated. Then, the difference between
normalized resonant frequencies is calculated and sketched in Figure 5.42 (the frequencies are
normalized at their reference frequency for designed structure).

According to Figure 5.42, a change in the thickness of the resonator layer can cause the
largest frequency split. This can be a challenge since the thickness of the initial wafers can be as
different as 5% that can cause about 5% frequency split. The reason that thickness has this huge
impact is that resonant frequency in sensing axis increases linearly with thickness while driving
resonant frequency remains almost constant with thickness. This imperfection can be reduced by
thinning the thicker wafer to the thickness of the thin one.

The widths of the beam @ and beam b also can have a large effect on the frequency split.
Because these parameters have larger impact on the stiffness in driving direction comparing to the
sensing directions. These also can be a challenge because it is likely that the width of beams be
different from what is designed due to the over etching of the suspended beams. The lengths of the
beams and proof mass dimensions have less of an impact on the frequency split since they have

almost the same effect on resonant frequencies of the sensing and driving modes.
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Figure 5.42: Effect of imperfections in fabrication of geometric properties of the resonator on split on frequencies.
Among all of the parameters, variation in the thickness of the resonator has the largest impact.

5.5.2 Effect of imperfection due to anisotropic behavior of silicon on frequency split

As discussed in section 5.4.5, anisotropic behavior of silicon can change resonant
frequencies of the designed structure if the device is made in a different direction than designed
one. It is possible that during fabrication process the device is made in a different direction, which
might cause frequency split. To characterize the amount of this effect, it is considered that the S*

gyroscope is designed for a ® of zero, so it does not have any frequency split in this location. The
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location of the device is changed and resonant frequencies are calculated. The result of the
frequency split is shown in Figure 5.43. This imperfection does not have a large impact on the
frequency split, unless the location of the device is very off from the designed location, which is

very unlikely to happen.
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Figure 5.43: Effect of location of the S* gyroscope on the silicon wafer on its frequency split. It is considered that
when O is zero there is no frequency split.

5.5.3 Effect of electrostatic tuning on resonant frequency

Frequency split in the S® gyroscope can be removed because DC bias that is applied to the
electrodes can change the resonance frequencies. To calculate the effect of this DC voltage (V) on
resonant frequency, the system of lower mass that is shown in Figure 5.44 is considered.

Electrostatic force that is exerted to this lower mass equals:
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where V, A4, go, and ¢ are voltage, the electrode area, initial gap, and permittivity between the

electrodes and resonator, respectively. Newton’s second law of motion leads to:

A 2
mi+ky.z=———_V? (1——2} (5.26)
2g, 8o
Therefore:
A A
m2+(k22 —8—3V2J2=— £y (5.27)
8o 2g,
Lumped model
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Figure 5.44: Schematic of the S? gyroscope and a lumped model for the lower mass and tuning electrodes.

As a result, resonant frequency of this system is:

(5.28)




where f.o is resonant frequency of the system without DC voltage. Hence, normalized change in
resonant frequency due to the electrostatic force can be obtained from following equation:

gz_l A 7 1 A e
S 2 k22g03 87z mfzozgo3

(5.29)

For the S® gyroscope where there are two masses, both m and 4 will be multiplied by 2 that
leads to the same change in the frequency.

In the case that there is a frequency split between sensing and driving modes, this
electrostatic tuning approach can be used for matching the frequencies. As this equation shows, to
achieve higher tuning capability area and DC voltage should be as large as possible and gap should
be very small. The gap between the cap and device layers is easily controllable and it is expected
to get a gap smaller than 5 um. Area of tuning electrodes is also large. According to calculations,

it is expected to get more than 1% tuning range in the S* gyroscope.

5.6 Gyroscopic Operation
S* structure with high sensing Q, extremely large mass, large angular gain, and small Af'is
designed. As explained in Chapter 3, two masses in this structure are driven in the in-plane

direction. To achieve a low noise in CVGs, driving amplitude should be large.

5.6.1 Driving amplitude
Using parallel plate actuation scheme produces a non-linear electrostatic force. In the case
of a large driving amplitude (larger than 10% of the driving gap), the device operates in a non-

linear regime that reduces its performance. This was shown experimentally for shell gyroscopes
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in chapter 4. Two methods can be used to prevent electrical non-linearity in the case of large
driving amplitude:

e Designing a very large gap between driving electrodes and the resonator. However, this
cannot be used in the design of many types of gyroscopes such as, shell and disk
gyroscopes, because by increasing driving gap, the sensing gap also increases. As discussed
in chapter 2, a large sensing gap results in a large electronic noise. On the other hand, in S*
gyroscopes, sensing and driving gaps are independent from each other, so one of them can
be small and another can be large. Figure 5.45 shows schematic of a S* gyroscope with
extremely small sensing gap and large driving gap.

e Using comb-drive actuation instead of parallel plate actuators. Comb-drive actuation is
known for its linearity comparing to parallel plate actuators. However, comb-drive is
structurally impossible for many types of gyroscopes such as, shell and disk gyroscopes.

While, this can be easily done in a S* gyroscope.

Extremely small sénsing gap )

Large driving gap
Comb-drive electrostatic scheme
By using comb-drive actuation, a large driving

amplitude can be achieved without experiencing
electrostatic non-linearity.

UL

Figure 5.45: Schematic of a S* gyroscope with extremely small sensing gap and large driving gap. This structure
could produce a large driving amplitude and a large sensitivity.
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Therefore, driving amplitude in S* gyroscope can be very large compared to the majority

of existing MEMS gyroscopes.

5.6.2 Performance

Equation (2.88) very accurately predicted the performance of shell gyroscopes as shown in
Figure 4.78. The same equation can be used to estimate ARW of S* gyroscopes. Table 5.6 shows
the estimated values for the performance of S* gyroscopes.

A silicon S° gyroscope with 500 um thickness can achieve ARW of about 1.5x10-5°/vhr
(9x10*°/hr /\/Hz). This value is much better than the requirement for inertial navigation (less
than 0.002 °/v/hr). Furthermore, a fused silica S* gyroscope with 1 mm thickness can achieve an
ARW of about 7.6x1077° /v/hr, which is extremely small. However, technology for etching fused

silica is not good enough for etching 1 mm substrate at this time.

TABLE 5.6: ESTIMATED ARW OF S® GYROSCOPE Exploded 3D view
Parameter Estimated values
Material Silicon Silicon Fused silica  Fused silica :
Thickness (um) 500 1000 500 1000
Sensing O 1.8x10°  5.5x10° 5x10' 3%10'
Effective Mass (mg) 130 260 130 230
Angular gain 0.98 0.98 0.98 0.98
Frequency (kHz) 15 23 12 18
Driving amplitude (x«m) 10 10 10 10 Top view from
device layer
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5.7 Conclusion

Pitch or roll gyroscopes need to have a high Q in out-of-plane mode. However, it is found
that Q of out-of-plane mode is limited by anchor loss in existing resonators. This research has
shown that anchor loss can be decreased by more than five orders of magnitude by stacking two
resonators that vibrate in the opposite directions. This novel type of resonator can be used in pitch
or roll gyroscopes.

CVG design guidelines introduced in chapter 2 have been used to optimize the design of
this type of gyroscope. As a result, a silicon MEMS gyroscope with effective mass of 130 mg,
angular gain of 0.98, sensing gap of 5 um, and driving amplitude of 10 xm has been designed. It
is estimated that this gyroscope provides an ARW of about 1.5x10-5 °/+/hr (9x10™* °/hr /\/Hz),
which satisfies requirement for navigation.

Using the concept of S* gyroscope, it is possible to design a pitch or roll gyroscope, which
could achieve an ARW of about 7.6x107 °/v/hr. However, this is not feasible with the current
technology. Nonetheless, thick silicon S* gyroscope could satisfy all the CVGs design parameters

(as shown in Figure 5.46) and achieve the performance required for inertial navigation.
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Large sensing Q-factor Large capacitive area Large effective mass
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Figure 5.46: Checking the S? gyroscope design parameters. This novel design structure can satisfy all the required
parameters for high performance gyroscopes.
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Chapter 6: Summary, Conclusions, and Future Works

The aim of this research was to identify, analyze, model, and simulate important parameters
in performance of MEMS gyroscopes and provide design guidelines for achieving navigation-
grade MEMS gyroscopes for all three axes. This chapter summarizes the achievements and

suggests future research directions.

6.1 Summary

It has been shown that the main source of error in inertial gyroscopes is ARW, including
thermomechanical and electronic noises. It has been found that by increasing the sensing Q,
effective mass, driving amplitude, sensing area, and angular gain and by reducing the sensing gap
and frequency split, ARW decreases.

Shell gyroscopes have been analyzed, redesigned, and optimized to measure rotation rate
in yaw direction with very high accuracy. This analysis includes optimizing all the parameters that
affect noise.

Energy dissipation mechanisms in shell resonators, including anchor loss, surface loss,
fluid damping, phonon interactions, internal dissipation, and TED have been investigated and
design guidelines to eliminate or reduce them provided. As a result, miniaturized BSRs with very

high Os have been designed and fabricated. The highest O tested in BSRs is larger than 10 million

241



that is for an uncoated shell. It has been found that coating the shells decreases their Os, which
necessitates using thinner coatings.

Angular gain and effective mass of BSRs have been modeled and simulated. The results
have shown that for a BSR with a large aspect ratio, angular gain has a good value. However, the
effective mass in BSRs is very small.

Resonant frequencies of BSRs and the effect of different parameters, such as shock and
temperature, has been investigated comprehensively. It has been found that geometric
imperfections can cause a split between the sensing- and driving-mode resonant frequencies.
However, this split can be removed by electrostatic tuning.

The S* gyroscope has been invented to measure rotation rate in pitch or roll directions. This
novel design has solved the main problem of previous pitch and roll gyroscopes, i.e. low Q in out-
of-plane mode.

In the S? gyroscope, two similar out-of-plane resonators are stacked on top of each other
and move in opposite directions. Since forces form the top and bottom cancel each other out,
anchor loss is significantly reduced. This allows using thick resonators, which produces a very
small TED, leading to a large O in the S® gyroscope. Initial testing of a stacked balanced resonator
has shown more than 50% improvement in the Q of a stacked resonator compared to the same
non-stacked resonator.

It has been shown that in addition to O improvement, the idea of S* gyroscope provides a
structure that allows optimization of all other effective parameters in ARW. In fact, a S® gyroscope
has an extremely large effective mass, a very large angular gain, a very small sensing gap, and

a large sensing area.
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Figure 6.1: Summary of the noise performance of the best MEMS gyroscopes. BSR and S* gyroscopes could
provide required performance for navigation.

6.2 Conclusion

Figure 6.1 shows the noise performance of the best MEMS gyroscopes and estimated

values for ARW of shell and S* gyroscopes. Therefore, it is possible to make navigation-grade

MEMS gyroscopes for all navigational directions. In fact, a MEMS BSR gyroscope with a very

small ARW (<5x107 °/+/hr) has been fabricated and tested in our group. In addition, it has been

found that the measured noise values are very close to the expected values from theory. This

validates the design guidelines provided in this research. Furthermore, it is expected that a 500 ym
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thick silicon S* gyroscope achieves ARW of about 1.5x10 °/v/hr (9x10*°/hr //Hz), which is

much better performance compared to existing pitch or roll gyroscopes.

6.3 Future Work

It is possible to improve the performance of the above designs. This section briefly

discusses recommendations for improving the shell and S° gyroscopes.

6.3.1 Shell gyroscopes

The main limiting parameters for performance of shell gyroscopes are their small driving
amplitude and small effective mass.

Driving amplitude is limited by the size of the gap between the electrodes and shell (to
prevent non-linearity, driving amplitude should be smaller than 10% gap). In the current design,
increasing the driving gap size, increases the sensing gap, which results in to a larger electronic
noise. Two approach can be implemented to increase driving amplitude:

e Developing a non-linear control system for these gyroscopes, so the non-linear behavior
of the gyroscope with large driving amplitude does not reduce its performance.

e Increasing the driving gap and using a different sensing approach: for example using
sensing electrodes beneath the shell rim.

The effective mass in shell gyroscopes is small because just a small portion of their
structure moves during the device operation. To increase the effective mass, the size of the shell
resonator can be increased in the future. Furthermore, designing a shell with a very thick rim could

increase the effective mass because the moving part of the shell will have larger mass.
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6.3.2 S’ gyroscope

The Q of out-of-plane mode resonators has been improved significantly, but this Q can be
improved more by decreasing TED. TED can be decreased in the S gyroscope if its resonator is
made from fused silica instead of silicon. Currently, technology for etching high aspect-ratio fused
silica is not mature. Therefore, developing a large aspect-ratio fused silica etching technology

would be beneficial for improving Q, which will lead to higher performance gyroscopes. In fact,

a fused silica S* gyroscope with 1 mm thickness can achieve an ARW about 7.6x107 °/vhr,

which is an extraordinary value.
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Appendix A: Fabrication of Birdbath Shell Structures

The fabrication process of birdbath shell structures consists of two major steps:

1- Shaping the substrate using blowtorch reflow process (Figure Al):

A substrate is fixed on top a machined graphite mold. Then an oxygen-propane flame
reaching temperature >1700 °C is brought to the surface of the substrate. At this temperature, the
substrate (if it made from fused silica) starts to reflow into the mold forming a shell in 5-10
seconds.

2- Releasing the shell structure from the flat part of the molded substrate (Figure A2):

Molded substrates are set into a thick silicon wafer with holes and surrounded by a
protective thermoplastic that rigidly holds the shells in the silicon wafer. As the wafer is lapped,
the bottom of the molded structure is removed, isolating the shell from the flat part. The shell rim
is then polished with chemical-mechanical polishing/planarization (CMP).

Finally, the thermoplastic is dissolved, and metal is wet-etched to release the shells.
Changing blowtorching parameters and the mold design allowed us to fabricate shells with
different radii and aspect ratios. In this process, since the shell is fabricated monolithically, the
stem is self-aligned. Furthermore, the high temperature flame smooths the shell surface with

average roughness of the fabricated shell being less than 2 A, which could reduce surface loss.
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Figure Al: First step in fabrication of micro-scale self-aligned shells. (a) A meltable substrate is placed on a
machined mold (in this case graphite). (b) Blowtorch is lowered to heat and soften the substrate until it reflows.

247



Coated with sacrificial
Molded substrate protective metal

« 0>

Thermoplastic

CMP Head

| Abrasive Pad I

(b)

Figure A2: Second step in fabrication of micro-scale self-aligned shells. (a) Molded structures which are coated
with a sacrificial protective metal set into a thick silicon wafer using thermoplastic. (b) The flat portion of the
molded substrate is lapped, and the shell rims are polished using CMP. Figures are from [30] and [39].
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Figure A3 shows photograph of this type of shells with different sizes. This process
initially started by Dr. Jae Young Cho and later has been improved by Dr. Tal Nagourney and

Mr. Sajal Singh. For further information, one can read [30], [33], and [39].

Figure A3: Birdbath shell structures with different sizes that are made from fused silica using blowtorch reflow
process. Photo used in this figure is courtesy of Dr. Tal Nagourney.
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