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Abstract Optimization problems face random constraint violations when uncertainty
arises in constraint parameters. Effective ways of controlling such violations include
risk constraints, e.g., chance constraints and conditional Value-at-Risk constraints.
This paper studies these two types of risk constraints when the probability distri-
bution of the uncertain parameters is ambiguous. In particular, we assume that the
distributional information consists of the first two moments of the uncertainty and a
generalized notion of unimodality. We find that the ambiguous risk constraints in this
setting can be recast as a set of second-order cone (SOC) constraints. In order to facil-
itate the algorithmic implementation, we also derive efficient ways of finding violated
SOC constraints. Finally, we demonstrate the theoretical results via computational
case studies on power system operations.
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1 Introduction

In an uncertain environment, optimization problems often involve making decisions
before the uncertainty is realized. In this case, constraints, which may include secu-
rity criteria and capacity restrictions, may face random violations. For example, we
consider a constraint subject to uncertainty taking the form

a(x)"e < bx), (1

where x € {0, 1} x R"™"B represents an n-dimensional decision variable, ng €
{0, 1, ..., n} represents the number of binary decisions, a(x) : R” — R’ and b(x) :
R" — R represent two affine transformations of x, and £ € R” represents a T-
dimensional random vector defined on probability space (R, BT, P;) with Borel
o-algebra BT . An intuitive way of handling random violations of (1) is to employ
chance constraints, which attempt to satisfy (1) with at least a pre-specified probability,
ie.,

Pefa(x) "€ <b(x)} > 1 —¢, (2)

where 1 — € represents the confidence level of the chance constraint with € usually
taking a small value (e.g., 0.05 or 0.10; see, e.g., [8,23]). Dating back to the 1950s,
chance constraints have been applied in a wide range of applications including power
system operations (see, e.g., [25,40]), production planning (see, e.g., [6,15]), and
chemical processing (see, e.g., [19,20]).

In practice, a decision maker is often interested in not only the violation probability
of constraint (1), but also the violation magnitude if any (see, e.g., [28,29]). Indeed,
chance constraint (2) offers no guarantees on the magnitude of a(x) "€ — b(x) when
it is positive. This motivates an alternative risk measure called the conditional Value-
at-Risk (CVaR) that examines the (right) tail of a(x)T& — b(x). More precisely, the
CVaR of a one-dimensional random variable y with confidence level 1 — € € (0, 1)
is defined as

1
CVaprX(X) = ég% {,3 + EEP[X - ,3]+} , 3)

where [P, represents the probability distribution of x and [x]y = max{x, 0} for
x € R. When the infimum is attained in (3), B represents the Value-at-Risk of y with
confidence level 1 — ¢, thatis, P, {x < B} > 1 — € (see [2,29]). As a consequence,
CVaRfP,X () measures the conditional expectation of x onits right e-tail. Hence, chance
constraint (2) is implied by the CVaR constraint

CVaRHiE (a(x)"€) < b(x). 4)

A basic challenge to using risk constraints (2) and (4) is that complete information
of probability distribution P¢ may not be available. Under many circumstances, we
only have structural knowledge of Pz (e.g., symmetry, unimodality, etc.) and possibly
a series of historical data that can be considered as samples taken from the true (while
ambiguous) distribution. As a result, the solution obtained from a risk-constrained
model can be biased, i.e., sensitive to the Ps we employ in constraints (2) and (4), and
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hence perform poorly in out-of-sample tests. A natural way of addressing this challenge
is to employ a set of plausible probability distributions, termed the ambiguity set, rather
than a single estimate of Ps.

1.1 Ambiguity set with unimodality information

We consider an ambiguity set characterized by the first two moments of £ and a
structural requirement that [P¢ is unimodal in a generalized sense. By definition, if
T = 1, then P¢ is unimodal about 0 if function F(z) := P¢(§ < z) is convex on
(— o0, 0) and concave on (0, oo). If & admits a density function fg (z), then unimodality
is equivalent to f¢(z) being nondecreasing on (— oo, 0) and nonincreasing on (0, 00).
In a multidimensional setting, i.e., if 7 > 1, an intuitive extension of this notion is
that fz(zd) is nonincreasing on (0, oo) forall d € R” and d # 0. That is, the density
function of £ is nonincreasing along any ray emanating from the mode. The following
definitions extend this intuitive notion to also cover the distributions that do not admit
density functions.

Definition 1 (Star-Unimodality; see [11]) A set § C RT is called star-shaped about
0 if, for all £ € S, the line segment connecting 0 and & is completely contained in S.
A probability distribution P¢ on R is called star-unimodal about 0 if it belongs to
the closed convex hull of the set of all uniform distributions on sets in R which are
star-shaped about 0.

In this paper, we consider a more general notion than the star-unimodality as follows.

Definition 2 («-Unimodality, see[11]) Forany given« > 0, a probability distribution
IP¢ is called e-unimodal about O if function G(z) := z%P¢(S5/z) is nondecreasing on
(0, o0) for all Borel set § € BT.

If £ admits a density function fg(z), then it can be shown that IP¢ is a-unimodal
about 0 if and only if z7—¢ f&(zd) is nonincreasing on (0, oo) for all d € R” and
d # 0 (see [11,36]). As compared to star-unimodal distributions, the density of an
a-unimodal distribution can increase along rays emanating from the mode (e.g., when
a > T), but the increasing rate is controlled by «. Indeed, along any ray d, f:(zd)
does not increase faster than z*~7 on (0, co). Furthermore, when o = T, Jfe(zd) is
nonincreasing on (0, oo) for all d. This implies that a-unimodality reduces to star-
unimodality when o = T.

Given the first two moments of £ and «-unimodality, we define the following
ambiguity set

De(p, T, ) = [IF’; € Mr: ]E]p5 (1=, Ep, [EéT] = X, P is a-unimodal about O] ,

(5)
where M7 represents the set of all probability distributions on (R”, B7), and p and %
represent the first and second moments of &, respectively. Without loss of generality,
we assume that the mode of € is 0 in definition (5) and a general mode m can be modeled
by shifting & to & — m (see, e.g., Example 3.4.4 in [17]). For notational brevity, we
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often refer to ambiguity set D¢ with its dependency on parameters (u, X, o) omitted.
Based on Dg, we consider an ambiguous chance constraint (ACC)

ol Pela(x) € <b(x)} = 1—e, ©)

that is, we wish to satisfy chance constraint (2) for all probability distributions PP¢ in
ambiguity set Dg. Similarly, we define an ambiguous CVaR constraint (AVC)

sup CVaR§, (a(x)'§) < b(x), (M
]P’gG'Dg

which requires that CVaR constraint (4) is satisfied for all P¢ in Dg.

1.2 Relations to the prior work

In recent years, distributionally robust optimization (DRO) has become an important
tool to handle distributional ambiguity in stochastic programs. Using concepts similar
to ACC (6) and AVC (7), DRO aims to optimize or protect a system from the worst-
case probability distribution, which belongs to a pre-specified ambiguity set. DRO was
first introduced by [30] as a minimax stochastic program for the classical newsvendor
problem under an ambiguous demand with only moment information. Following this
seminal work, moment information has been widely used for characterizing ambiguity
sets in various DRO models (see, e.g., [4,10,44]). A key merit of the DRO approach is
that the model can often be recast as tractable convex programs such as semidefinite
programs (SDPs) (see, e.g., [10]) or SOC programs (see, e.g., [12]). Recently, [41]
successfully identified a class of ambiguity sets that lead to tractable convex program
reformulations of general DRO models.

ACCs with moment information (and without structural information) have been
well-studied in recent years (see, e.g., [1,7,9,12,18,37,39,43]). In particular, [12],
[39], and [7] showed that the ACC can be recast as an SOC constraint if the ambiguity
set is characterized by the first two moments of . Later, [43] showed that ACC and
AVC are actually equivalent if the same ambiguity set is employed. Recently, [1]
and [9] extended the analysis of ACC to the case when variable x involves binary (i.e.,
0-1) decisions, and [ 18] made significant progress on representing the ambiguous joint
chance constraints in tractable forms. ACCs with information on the density function
have also been studied (see, e.g., [13,14,21]).

In contrast, ACCs and AVCs with both moment and structural information have
received less attention. [26] considered general DRO models with ambiguity sets
incorporating unimodality, symmetry, and convexity. Recently, by using the Choquet
representation of «¢-unimodal distributions, [35] successfully derived SDPs to quantify
the worst-case probability bound in ACC. Furthermore, based on both «-unimodality
and y-monotonicity, [36] extended the analysis to quantifying the worst-case expec-
tation in AVC. The main focus of [35,36] is to evaluate the worst-case expectations
in ACC or AVC for a given decision variable x. In contrast, we adjust x to satisfy
ACC and AVC. In our prior work [22], we derived approximations of AVC. Here, we
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obtain an exact representation of AVC and derive tighter approximations than those
in [22]. To the best of our knowledge, our results on ACC are most related to [17]
(in particular, Example 3.4.4), which employs a different ambiguity set that bounds
the second moment of £ by X instead of matching it as in (5). Furthermore, [17]
derived a representation of ACC based on SDPs. In contrast, in this paper, we employ
a different approach based on projection, which allows us to represent ACC with SOC
constraints. SOC constraints are more computationally tractable than SDPs, espe-
cially when x involves binary decisions. In addition, many off-the-shelf commercial
solvers (e.g., CPLEX and GUROBI) can directly handle mixed-integer SOC programs.
Finally, [34] assumed that the mean and the mode of £ coincide and derived a rep-
resentation of ACC based on SOC constraints. In contrast, in this paper, we study a
more general setting where the mean and the mode may be different.
We summarize our main contributions as follows.

1. We derive equivalent reformulations of ACC (6) and AVC (7) using both moment
and unimodality information. Both reformulations are SOC constraints and so
can be efficiently handled in commercial solvers. Different from previous results
in [43], we find that ACC and AVC are not equivalent after incorporating the
unimodality information.

2. Inspired by the separation approach (see, e.g., [24]), we derive efficient ways for
finding violated SOC constraints in the reformulations of ACC and AVC. The
separation procedures can be used to accelerate the algorithmic implementation
of ACC and AVC.

3. We derive conservative and relaxed approximations of ACC and AVC that are
asymptotically tight. As demonstrated in the computational case study, these
approximations help to provide high-quality bounds for the optimal objective value
of the test instances.

The remainder of this paper is organized as follows. Section 2 represents ACC
(6) as a set of SOC constraints. Section 3 represents AVC (7) as a set of SOC con-
straints. In both sections, we derive separation procedures for finding violated SOC
constraints based on the golden section search. In Sect. 4, we analyze an extension of
ACC and AVC to incorporate the linear unimodality in the ambiguity set. We present
computational case studies in Sect. 5 and mention future research directions in Sect. 6.

2 Representation of the ambiguous chance constraint

We show that ACC (6) can be recast as second-order cone (SOC) constraints.
To this end, we first simplify the computation of the left-hand side of (6), i.e.,
infp, ep, Pe {ax)Te < b)), by projecting random vector £ on R and consider-
ing a one-dimensional random variable ¢. We summarize this projection result in the
following proposition, whose proof relies on the representation of ¢-unimodal random
vectors in [11].

Proposition 1 Define scalars ) = a(x)" i, £1 = a(x) " Ta(x), and ambiguity set
Dy ={P; € My : Ep,[¢] = 1, Ep, (221 ==, P; is a-unimodal about 0}. Then
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156 B. Lietal.

pi‘é& Pefa(x) € <b(x)} = Pjé‘% Be{e b)) ®)

Proof Theorem 3.5 in [11] states that a random vector X € R is o-unimodal if and
only if there exists a random vector Z € R™ such that X = U Vo7 where U is
uniform in (0, 1) and independent of Z.

First, pick any £ such that P¢ € Dg. Then, there exists Z¢ suchthaté = U'/%Z;. We
define ¢ = a(x)TE. It follows that ¢ is a-unimodal because { = a(x)T(Ul/"‘Zg) =
Ul/"‘(a(x)TZg). Furthermore, Ep, [¢{] = w1 and Ep, [¢2] = =;. Hence, P, € Dy,
and 50 infp, cp, Pe{a(x) & < b(x)} = infp,ep, P (¢ < b(x)).

Second, pick any ¢ such that P, € D;. Then, there exists a Z; such that { =
Ul/"‘Z;. It follows that E[ Z, ] = ("‘ail),u] and IE[Z?] = (o‘aﬁ)El.Based on Theorem
1 in [27], there exists a Zg € R7 such that Z; = a(x)TZ§, E[Z:] = ("‘T“)u, and
E[Z¢ Z; | = (%2)S. We define & = U'/*Z;. It follows that £ is e-unimodal, and
furthermore Ep, [§] = (F%7)E[Z¢] = p and Bp [§57] = (F%5)EIZ:Z]] = =.
Therefore, Pz € Dg, and so infp, ep, Pg{a(x)TS < b(x)} < infp,ep, P {¢ < b(x)}).

O

Next, we compute the worst-case probability inf P, eD; P.{¢ < b(x)}, for which we
make the following two assumptions in the remainder of this section.

Assumption 1 (%£2) % ~ (w)z,u;ﬁ.

o

Assumption 2 Constraint a(x) & < b(x), and so constraint { < b(x) as well, is
satisfied when & takes the value of its mode 0. That is, b(x) > 0.

Assumption 1 is standard in the literature and ensures that D: # @ (see, e.g., [35]).
Assumption 2 is standard in the related literature (see, e.g., [17,35,36]). In fact, as ACC
(6) requires thata (x)Té < b(x) holds with high probability, it is reasonable to assume
that it also holds at the mode of &. Additionally, given ACC (6) and Proposition 1, we
observe that Assumption 2 holds if P {¢ < 0} < 1 — € for each P, € Dy, i.e,, if the
distributions in D are not extremely negative-skewed. To represent ACC (6), we show
an equivalent reformulation of infp,ep, P¢{¢ < b(x)} in the following proposition
that also sheds light on the worst-case probability distribution.

Proposition 2 Define o = (%) 1y and £o = (%£2) ). Then, infp,ep, Pr{¢ <
b(x)} is equivalent to the optimal objective value of optimization problem

P
o (7)) ©
st pr+pr=1, (9b)

p1z1 + p222 = Mo, (9¢)

P12t + p2z3 = o, (9d)

p1,p2 >0, z1 €R, z2 > b(x). (%e)

Proof First, we rewrite infp, ep, Pr{{ < b(x)} as a functional optimization problem
as follows:
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min Pe (¢ < b(x)) (10a)

¢

s.t. Ep [¢]= 1, (10b)
Ep, [¢*] = %1, (10c)
Ep [1] =1, (10d)
IP; is a-unimodal, (10e)

where constraints (10b)—(10c) describe the two moments of ¢, and constraint (10d)
ensures that P, is a probability distribution. Using Theorem 3.5 in [11], since P,
is a-unimodal, there exists a random variable Z such that ¢ = U Vo7 where U is
uniform in (0, 1) and independent of Z. It follows that Ep, [¢] = E[U"/*]Ep,[Z] =

)Ep,[Z] and Ep, [£?] = E[U**]Ep,[Z%] = (3%5)Ep,[Z*]. Furthermore,

(4T
Pe{¢ < b(x)}) =PUY*Z < b(x)}

400
_ / P{U Y7 < b(x)}dP2 (2)

j(;)oo +00
= / lsz(z)Jrf JP{U”“ < @}cﬂpz(z) (11a)
=T z=h(x)
b(X) “+o00 o
=00 z=bh(x) Z
_ +00 b(x) o
a /z:_oo [m} P22, (11b)

where equality (11a) is because U /e, < p(x) when z < b(x) (note that b(x) > 0 due
to Assumption 2), and in (11b) we designate that 0/0 = 1 in case b(x) = 0. Hence,
problem (10a)—(10e) can be recast as

. b(x o
0 iz o) 20
s.t. Ep,[Z] = uo, (12b)
Ep,[Z%] = %o, (12¢)
Ep,[1] = 1. (12d)

Second, we take the dual of problem (12a)—(12d) to obtain

max pom + XoA + ¥y (13a)
ALY

b o
st. A2 +mz+y < [ S }:| , Vz eR, (13b)

max{z, b(x)

where dual variables , A, and y are associated with primal constraints (12b)—(12d),
respectively. Meanwhile, dual constraints (13b) are associated with primal variable P.
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Strong duality holds between problems (12a)—(12d) and (13a)—(13b) due to Assump-

tion 1 (see Proposition 3.4 in [31]). It follows that there exists an optimal solution IP”E

to (12a)—(12d) that is discrete with at most 3 points of support (see Lemma 3.1 in [32])

and a finite optimal solution (7 *, A*, y*) to (13a)—(13b) (see Proposition 3.4 in [31]).
Third, strong duality yields

L O[_ * 72 * *« _ . L o
By {[max{Z,b(x)}:I Wz tmz Aty )} = By |:max{Z,b(x)}:|

—(W'Zo+ 7o +y*) =0.

It follows that P}, is supported at those points z such that [b(x)/ max{z, b(x)}]* =
A*z2 + 7%z 4+ p*. From constraints (13b), we note that A < 0 and so Az> + 7z + y
is concave in z. Additionally, [b(x)/ max{z, b(x)}]* is piecewise convex and consists
of two pieces, more specifically,

b(x) « _ L, ., ifz < b(x)
[max{z,b(x)}] = (@) ifz > b,

and both pieces 1 and (b(x)/z)* are convex in z. Hence, due to constraints (13b),
[b(x)/ max{z, b(x)}]* and A*z2 + 7*z 4+ y* can meet at at most two points, each
located at one piece of [b(x)/ max{z, b(x)}]*. It follows that, without loss of opti-
mality, we can shrink the feasible region of formulation (12a)—(12d) to those discrete
distributions with at most two points of support, each corresponding to one piece of
[b(x)/ max{z, b(x)}]¥. Therefore, formulations (12a)—(12d) and (9a)-(9¢) have the
same optimal objective value (note that we relax z; < b(x) to z; € R in (9a)-(9)
without loss of optimality, because it is suboptimal that both z; and z, correspond to
the same piece of [b(x)/ max{z, b(x)}]%). O

Remark 1 Suppose that (p}, p3, z], z3) is an optimal solution to problem (9a)—(9e).
From the proof of Proposition 2, we observe that problem (9a)—(9e) is solved for the
worst-case probability distribution of a random variable Z suchthat¢ = U'/%Z, where
U is uniform on (0, 1) and independent of Z. It follows that the worst-case distribution
IP”E attaining infp,cp, ‘IP’;{;' < b(x)} is a mixture in the form IF’Z‘ = pTIF’é + pE‘P?,
where, fori = 1, 2, ]ng is defined on the interval connecting 0 and z} (i.e., [0, z]] or
[z}, 0], depending on the sign of ) and IP”';{|§| <t|zf|} =t* forallt € [0, 1].

Finally, we reformulate ACC (6) by analyzing problem (9a)—(9¢). We summarize
the main result of this section in the following theorem.

Theorem 1 ACC (6) is equivalent to a set of SOC constraints

e — T« 1/a
S T A aoll < thio) — (“—“) wlax), ¥t > (#> . (14)
€ o 1 —e€

where A = [(O‘TH)E — (aT-H)Z/L,bLT]l/z.
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Ambiguous risk constraints with unimodality information 159

Proof We analyze the solutions to problem (9a)—(9¢) and identify all possible solutions
(p1, p2, 21, 22) that satisfy constraints (9b)—(9e). To this end, we analyze the following
two cases.

Case 1 If ugp < b(x), then we parameterize z» by defining zo = 7b(x) for v > 1.
Accordingly, we parameterize all solutions (pi1, p2, 21, z2) that satisfy constraints
(9b)—(9e) by t as follows:

(th(x) — o)? o — ug
P = 3 5. D2 = 3 5, (15a)
(th(x) — o)~ + Xo — g (th(x) — o) + Xo — K
T — 2
=0 — —2 "R and 2y = Th(n). (15b)
Th(x) — 1o

Note that, foreach t > 1, (p1, p2, z1, 22) satisfies constraints (9¢) because p1, p» > 0
and zo = tb(x) > b(x). Then, problem (9a)—(9¢) can be recast as

(th(x) — po)* + T4(Zo — pud)
min 3 5
= (th(x) — o)™ + o — ug

Hence, ACC (6), i.e., infﬂ»{ep1 P:{¢ < b(x)} = 1 — €, can be recast as

(th(x) — 1o)* + T4 (Zp — p)
(th(x) — 10)* + (Zo — 1d)

>1—€ VT >1.

After simple transformations, this is equivalent to

1_ _ —
6—’) (o —ud), Vr=1. (16)
€

(th(x) — 1o)* = (

As (th(x) — o) > 0, we can assume 7 > (1/(1 — €))!/% without loss of generality.
Furthermore, because tb(x) — no > 0 for all T > 1, we can rewrite constraints (16)
as (14), using the definitions of g and Xg.

Case 2 If po > b(x), then we parameterize zo by defining zo = tb(x) for T > 1.
For all T > po/b(x), because zo > o, we parameterize (p1, p2, 21, 22) by T as in
(15a)—(15b). Similar to Case 1, ACC (6) can be recast as

1 — .
Th(x) — 1o > \/(%)Jr\/ﬁo S Tz (T

@ Springer




160 B. Lietal.

Forall 1 <71 < ug/b(x), because b(x) < zo < o, we parameterize (p1, p2, 21, 22)
by t as follows:

oy — (o — tH(x))* py — Bo —
(1o — Th(x)2 + To — p’ (o — TO(x)2 + T — p’
Ty — 2
Z1 = Mo + 0~ Ho and 7o = th(x).

po — th(x)’

Then, because g > th(x), ACC (6) can be recast as

Mo—rb(x)g\/(“i—_ra) S50 — 2, v15r<%. (17b)
+

Combining inequalities (17a)—(17b) and the fact that (1 — € — 77%)/e > 0 if and
only if T > [1/(1 — €)]"/*, we have 1o/b(x) < [1/(1 — €)]'/* because otherwise,
when 7 = uo/b(x), the left-hand side of (17a) equals zero while the right-hand side
is strictly positive. It follows that inequalities (17b) are equivalent to ;o — 7b(x) > 0
forall 1 <t < po/b(x) and so redundant, and inequalities (17a) are equivalent to
(14), using the definitions of g and Xg. O

In computation, directly replacing ACC with constraints (14) involves an infinite
number of SOC constraints and so is computationally intractable. An alternative
approach is by separation, i.e., (i) obtain a solution X from a relaxed formulation,
(i) find a £ > (1/(1 — €))/* such that % violates the corresponding SOC constraint
(14), and (iii) incorporate the violated SOC constraint to strengthen the formulation.
Note that constraints (14) imply that

th(x) — <OtaLl) Ta(x) >0, Vr > (1 16>1/04

because /(1 — € — 77%)/e || Aa(x)| > 0. These inequalities are equivalent to a single
linear constraint (1/(1 — €))/*b(x) — [(« + 1)/a]uTa(x) > 0, which we assume
is always incorporated in the relaxed formulation in Step (i). We discuss how to
efficiently conduct Step (ii) of the separation approach, which is equivalent to solving
the following problem:

Separation Problem 1: Given £, does there exist a ¢ > (1/(1 — €))'/® such that £
violates constraints (14)?

In the following proposition, we show that Separation Problem 1 can be solved by
conducting a golden section search on the real line. This search is computationally
efficient.

Proposition 3 Define o = ()T a(®) and S = (22)a(®)" Ta (k). We have
the following:

1. Ifa(x) = 0, then constraints (14) are always satisfied;
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2. Ifa(x) # 0and b(x) = O, then x violates constraints (14) if and only if it violates
them at © = +00, i.e., /(I —€)/€ |[AaR)|| > —[(@ + 1) /alunTa(R);

3. If a(x) # 0 and b(x) > O, then X violates constraints (14) if and only if
VA —€ =17 /e |[AaR)|| > Tb(X) — [(a + 1) /alp T a(X), where © represents

the minimizer of the one-dimensional problem

et /o
min (bt — o) - (A0 (8a-a3).

>(1/(1—e))l/ €

whose objective function is strongly convex and can be minimized via a golden
section search in the interval [(1/(1 — )V, fio/b(X) + a(l — €)@t/ (54 —
1)/ (2eb(£))].

Proof First, if a(x) = 0, then constraints (14) reduce to tb(x) > 0 for all T >
(1/(1 — €))1/*, which always holds due to Assumption 2. Second, if a(%) # 0 and
b(x) = 0, then constraints (14) reduce to

l—e—T1@ 1 1 1/
J———lAa®)ll = - <i) wTa)., vr=> ( ) .
€ o 1 —¢

As the left-hand side of the above inequality is increasing in t, constraints (14) are
violated if and only if they are violated at T = + 0o. Third, if a(¥) # 0 and b(x) > 0,
then constraints (14) are satisfied if and only if

e _ T 2 2 1/a
[ le—ana(ﬁ)n} s[rb(ﬁ)—(“—“)ﬂa(ﬁ)} , Vrz( ! )
€ o 1—¢€

because both sides of constraints (14) are nonnegative. By the definitions of jip and
3, this is equivalent to (b(X)T — f10)> — [(1 — € — t"")/e](flo - ,&%) > 0 for all
T > (1/(1 — )/, Tt follows that the Separation Problem 1 can be answered by
checking constraints (14) at the optimal solution T of problem (18).

Finally, we denote the objective function of problem (18) as H (7). It follows that

H'(1) =260 0T — i) = (Z) (S0 — ) 7™,

2
H' (1) =2[b®] + <“ :“) ($0-a3)r2

As H'(t) > 0 forall = > (1/(1 — €))!/®, H(z) is strongly convex and can be
minimized via a golden section search. More specifically, if H'((1/(1 — eN/ey >0,
then (1/(1 —¢€))!/% is optimal to problem (18). Otherwise, if H'((1/(1 —¢))'/*) < 0,
then problem (18) is optimized at T such that H'(7) = 0. It follows that 2b(%) (b(X)T —
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fi0) = (a/€)(Xo — ad)t . Since ¢ > (1/(1 — €)'/, we have

2b(%)*F < 2b(X)j0 + (ﬁ) (io _ ﬂ%) (1 — e)le+D/a
€
N o a(l —¢)lath/e (A ,
= < — _ S — )
CE T T ey (0T

Hence, the golden section search can be restricted to the interval [(1/(1 —
NV fig/bR) + a(l — e)@tD/e(xy — [i2)/(2eb(%)?)] without loss of optimal-
ity. O

2.1 Approximations of the ambiguous chance constraint

Before closing this section, we derive relaxed and conservative approximations of ACC
(6) by using a finite number of SOC constraints. First, based on the exact representation
(14) that involves all T € [[1 /(1 — o]V, oo), we obtain a relaxed approximation by
only involving a finite number of 7. We summarize this approximation in the following
proposition, whose proof is immediate and so omitted.

Proposition 4 For given integer K > 1 and real numbers [1/(1 — €)]1/% < n; <
ny <---<ng < o0, ACC (6) implies the SOC constraints

\/Q”Aa(x)” < nkb(x) — (%) Ta(x), Vk=1,...,K. (19)

Second, we obtain a conservative approximation by approximating the left-hand
sides of the inequalities (14) by using a piece-wise linear function of 7.

Proposition 5 Given integer K > 2 and real numbers [1/(1 — €)]Y* = ny < ny <

- < ng = 090, we define a piece-wise linear function containing (K — 1) pieces:

O~ m 1 (ank“‘> s _(1+g> —a
ste) = k:glj.l.l,l( el —e€ —nk_a) 2 ’ ¢ 2 " '

Then, g(t) > /(1 —e —1=%) /€ for all T > [1/(1 — €)]1'/*. Furthermore, denote
my =[1/(0 — )V and let my < --- < my_1 represent the (K — 2) breakpoints of
function g(1), i.e.,

l—e—n;* a —« l—e—n;* iy
a-0(1- )+ 9 (15

o —o—1 1*5*"1:01 —a—1

(7) <nk+1 l—e—n}* -y

+1
Ve=2,...,K— 1.

mjp =
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Then, ACC (6) is implied by the SOC constraints

gmp)llAa(x) || < mib(x) — (“TH> plax), Vk=1,...,K —1.  (20)

Proof Denote h(t) = /(1 —e —17%)/e. Then, the first derivative h'(t) =

(ar—;—l ) /e(lflfr_a) and the tangent of i (7) at ny is

1 om,;‘)‘*1 a\ _,
,e(l—e—n;“)[< 5 >t+l—e—<1+§>nk:|

forall k =2, ..., K. It follows that g(t) > h(t) forall T > [1/(1 — €)]'/® because
h(t) is concave on the interval [[1/(1 — €)]!/%, o). Hence, ACC (6) is implied by

g@IAa)| < th(x) — (“T“) wla(x), Vo =[1/(1—e)"e (21)

Furthermore, given x, as the left-hand side of (21) is piece-wise linear in 7 and the
right-hand side of (21) is linear in 7, inequalities (21) hold if and only if they hold at
the breakpoints of g(7). Therefore, ACC (6) is implied by constraints (20). O

Remark 2 In computation, we can use the conservative approximation (20) to find
near-optimal solutions. More specifically, suppose that we employ the separation
approach to solve problem min{c(x) : x € X, x satisfies(6)} and have finished the
first K iterations. Then, from these iterations, we obtain a lower bound cLK of the
optimal objective value and 7y, ..., Tx by iteratively solving Separation Problem 1.
By letting ny = [1/(1 —€)]"/%, ng4o = 0o,and ny = t_; forallk =2,..., K + 1,
we obtain an upper bound CLII{ of the optimal objective value by solving problem
min{c(x) : x € X, x satisfies (20) based on ny, ..., ngy2}, whose optimal solution
is denoted x%. If (cX — ¢X)/cX is small enough, then we can stop the iterations and
output x as a near-optimal solution.

3 Representation of the ambiguous CVaR constraint

To recast AVC (7) as SOC constraints, we adopt a similar method to that described
in Sect. 2. Again, we project random vector £ on R and consider a one-dimensional
random variable ¢. We summarize this result in the following proposition and omit
the proof due to its similarity to that of Proposition 1.

Proposition 6 The following equality holds:

sup CVaR}p (a(x)T€) = sup CVaRyp (2).
PEEDE § ]P’;E'D] ¢
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We compute SUPp, cp, CVaR%Z (¢) by observing that P; is a-unimodal and so there

exists a random variable Z such that ¢ = U /a7 where U is uniform in (0, 1) and
independent of Z (see Theorem 3.5 in [11]). We summarize this computation in the
following proposition, and note that it can also be obtained by following Theorem 2.1
in [36].

Proposition 7 The following equality holds:

. 1
sup CVaRfP{ (¢) = inf {B+ — sup Ep,[f(D)]y,
P,eD; BeR € PzeD(10,%0)

where Do, £o) = {Pz € My : Ep,[Z] = po.Ep,[Z%] = Zo} and f(Z) =
1[B < 01f-(Z) + 1[B = 01f4(Z), where

0 ifz<p
f+(z)={(0[0{_1 z—,3+(a%)<§>a ifz > B,
B

and f-(2) = 1/ .\
(s%)
Proof First, based on the definition of CVaR, we have

. 1
sup CVaRfP{ (¢) = sup inf {,B + -Ep,[¢ — /3]+}
]P){ €D, P{ €D, €

1
i%f {/3 + = sup Ep.[¢ — ,3]+} : (22)

€ P{ ED]

To justify the switch of infg and supp, in (22), we observe that 8 + é]Ep{ [¢ — Bl+
is convex in B and concave (actually affine) in P;. Additionally, we claim that 8 €

(w1 — \/(1 + (T —uh/( —e), ur + \/(2 —€)(Z1 — pud)/el, ie., B belongs to
a compact set, without loss of optimality. Then, the switch follows from the Sion’s
minimax theorem (see [33]). To prove this claim, we observe that

1
VaR§ (¢) < argminﬂeR{,nggEP[[C _ﬂ]+} < VIRE(0)

for all P, € Dy, where VaRfP( (¢) :=inf{B : P {¢ < B} > 1 —¢€}and VaRE,j({) =
inf{B : P.{¢ < B} > 1 — €} (see Theorem 10 in [29]). It follows that we can
assume 8 € [VaRi ), VaRij({)] for all P, € D; without loss of optimality. But
Dy € DY = {P; € My : Ep [¢] = w1, Ep{[fz] = X}, and it follows from
Cantelli’s inequality that
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2—¢€
inf P < ) (z -
PJEDI gié“_m-k\/( c )( 1 Ml)}
> inf Prlc<p+ <2_E>(E =1 <
= pepx ‘0 =M € R 2

Hence, VaRﬂij(é') < ur+ \/(2 —€)(Z1 — pu?)/e for all P, € Dy because otherwise

there exists a P, € Dy suchthat P {¢ < g +\/(2 —e)(X; — ,u%)/e} < 1 —e¢, which

contradicts Pr{¢ < u1 + \/(2 —e) (X — u%)/e} > 1 — €/2. Similarly, application
of Cantelli’s inequality gives us

I+
ap v fecm [(H5) @i
]P[ED] —€

1+e¢€ 1+e¢€
< sup P Cfm—\/<1 )(El—u%) <1- 7
P;eDf° —€

Hence, VaRfP; @)= u — \/(1 + €)X — ,u%)/(l —¢) for all P, € D because oth-

erwise there exists aP; € Dy suchthat Pr {¢ < u; —\/(1 +e)(X — u%)/(l —€)} >

1 — €, which contradicts P, {¢ < 1 —\/(1 +e)(X) — u%)/(l -8} <1—-(14¢e)/2.

Second, based on the representation ¢ = U'/%Z (see Theorem 3.5 in [11]), we
obtain that Bp,[Z] = (“F1)Ep, [¢] = po, B, [2%] = (22)Ep, [¢%] = o, and

Ep [¢ — Bl = Ep,[U'*Z — Bl
+o00 1
- / / [ul/az - /3]+ du dPz(2).
z=—00 u=0
It follows that, when g < 0,

B (B/2)*
Ep ¢ — Bly = f f (/22 = B) du dP2(2)

z=—00 u=0

+oo 1
+/ /(u”"‘z—ﬁ)dudl?’z(z)
z=p u=0
B
B 1 '301+1
= [ (o) (5 ) ameo
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+00
o
)
z=p
= Ep,[f-(D)],
and, when 8 > 0,
+o00 1
Ep [ — Bls = / f (w22 = B) du P2 (2)
z=Bu=(B/2)*
+00
_ o 1 1301+1
- / [(Hl)z_“(aﬂ) ( z )PPZ(Z)
z=p
= Ep,[f+(2)]. ]

Proposition 7 indicates that computing SUPp, cp, CVaRﬁ],{ (¢) can be difficult
because it needs to evaluate the worst-case expectation of a nonlinear function f(z),
ie., SUPP, D (110, 50) Ep,[f(Z)]. To obtain a computable form, we first present two
structural properties of f(z). Lemma 1 proposes two approximations of f(z) from
above (termed fy(z)) and below (termed f1.(z)), respectively. Both fy(z) and fi(z)
are convex and consist of two linear pieces. Furthermore, Lemma 2 represents convex
functions f4(z) and f_(z) by the supporting hyperplanes of their epigraphs.

Lemma 1 Define fu) = (3%)G = s + (5h1) =P+ and fu@) =
[(aaﬁ) = ﬂ]+~ Then, f1(z) < f(z) < fu(z) forall z € R.

Proof First, we prove f1.(z) < f(z) by discussing the following four cases:

1.Ifz < B < 0,then 0 < (B/z) < 1 and (—pB) > 0. It follows that f(z) =
—(B/(a + 1)) (B/2)* = 0. Additionally, define H(z) := —(B/(a¢ + 1)) (B/2)“
and then H(z) is a convex function of z on interval (— oo, B]. It follows that
H(z) > H'(B)(z—B) + H(B),ie.,

_<ai1)(§)a - (ail)(z_ﬁH(_aL—Ll) - (ail)z_ﬁ’

where the inequality is because H'(z) = (a/(a + 1))(B/2)*t! and H(B) =
(= B/(a+1)).Hence, —(B/(a+1)) (B/2)* = [(F57)z—Bl+.ie., f(2) = fL(2).
2. If B < 0andz > B, then (a"‘?)z — B > 0. It follows that f1.(z) = (Oﬁ)z —B=
f@).
3. If 8 > 0and z < B, then (aL_H)Z — B < 0. It follows that fi.(z) =0 = f(2).
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15F ' ' ) ) 15F
fu(2)
f(z)
o fr(2) p ®
ER =
2 / 3
c c
Qo o
B / ©
g /// g
T 05 / / L o5f
0 : : : 0
3 2 1 0
z z
(a) p=-1and a. =1 (b) =1and a=1

Fig. 1 Examples of function f(z) and its approximations fyy(z) and fi (z)

4. Ifz > B > 0, then (B/z) = 0.1t follows that f(z) = (a/(ax + 1))z — B+ (B/(a +

D)(B/2)* > (a"‘?)z — B. Additionally, as —z < —8 < 0, from Case 1 we have

—B -B\" o
() = () co-en

In other words, («/(x + 1))z — B + (B/(x + 1))(8/2)* > 0. Hence, (o/(o +
D)z =B+ B/ + 1))(B/2)* = [(;57)z — Bl+. ie., f(2) = fi(2).

Second, we prove f(z) < fu(z) by discussing the following four cases:

1.Ifz < B < 0,then 0 < (B/z) < 1 and (—pB) > 0. It follows that f(z) =
—(B/(e+ 1)) (B/2)* < (D)= B) < fu(@).
2. If B <0and z > B, then (z — B)y = z — B and (— B)+ = — B. It follows that
fo@ = GG~ B+ + (G B+ = G2z — B = f(2).
.Ifg>0andz < B, then f(z) =0 < fu(2).
4. If z > B >0,then0 < (B/z) < 1and (z — B)+ = z — B. It follows that f(z) =
(a/(@+1))z—=B+B/(@+1)(B/)* < (a/(a+1)z=B+B/(a+1) = fu(2).

O

W

Figure 1a, b present examples of function f(z) and its approximations fy(z) and

).

Lemma 2 The following two equalities hold:

fi@) = sup{(i) (1—k N —q —k“)ﬁ} (23a)
k>1 oa+1

when > 0, and

f_(z) = sup {( )k“lz - k"‘ﬂ} . (23b)

k>1 o+1
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when B < 0. Furthermore, f_(z) = fr.(z) < fy(2) forall z € R when B > 0 and
f+(@) = fL(x) < f-(2) forall z € Rwhen 8 < 0.

Proof First, we suppose that 8 > 0 and pick a zo > . The first derivative of f. (z) at
Zo1s fjr(z)|zzzo (a+1)[1—(%)“+1].lt follows that the supporting hyperplane of the
epigraph {(y,2) € R* 1 y > fr(2)}atzois y > (GAp)[1— (£ e —[1-(£)]B.
Hence, f4(z) = sup, - g{ (z5)[1 —(ﬁ)"‘*l] —[1 —(ﬁ)"‘]ﬂ} forall z > f because
f+(2) is convex. Furthermore, as f4(z) = 0O whenz < B and (357 )1 - (%)a+1]z _
[1 = (£)?]B = 0 when 29 = B, we have f1.(z) = sup, -4 {(z2p)[1 — (£)**+!]z —
[l — (%)“] ﬂ} for all z € R. Rewriting zo = kB for k > 1 leads to representation

(23a). The proof of representation (23b) is similar and so omitted.
Second, we suppose that 8 > 0 and define f+(z) = (a+1 Y=k~ Dz—(1—k~)B

for all k > 1. Then, fi(z) = sup= {fF ()} and f-(z) = sup {(z%7)z — B —

FE@Y = G4z — B — infi= 1 {££(2)). We prove that infe= 1 (£ (2)) = —[(;2)z —
,B]_ by discussing the following two cases:

1. When z < (<), we have z < (“H)kB ask > 1 and B > 0. It follows that
(G (=K~ 1)ZJrk “B > 0andso f¥(z) = (a+1)(1—k’“’1)z—(1—k’“)/3 >
(3%7)z — B for all k > 1. Hence, infe=1{f5(2)} > (357)z — B- In addition, by
letting k — +o00, we have ff(z) — (aLH)Z — B. Therefore, inszl{f_’ﬁ(z)} =
(z%7)z — B when z < ().

2. When z > (1), we have (1 — k=% 1)z > (1 — k=) (%) because B > 0
and 1 — ko1 > 1— k= > 0. It follows that f+(z) = (G — k™ hHz -
(1 —k=%)B = 0 forall k > 1. Hence, 1nfk21{f+(z)} > 0. In addition, by letting
k =1, we have f_ik_(z) = 0. Therefore, inf;> | {f_/f_ (2)} =0when z < (QTH)Ig

It follows that f_(z) = (3%p)z — B+ [(Zz — Bl = [(GEp)z — ,3]+. Hence,
by Lemma 1, f_(z) = fL(z) < f+(z) for all z € R when 8§ > 0. The proof of

f+(2) = fL(z) < f-(z) when B < 0 is similar and so omitted. O

We are now ready to derive a reformulation of the worst-case expectation
SUPP, eD (110, 30) Ep,[ f(Z)]. We summarize this result in the following theorem.

Theorem 2 For § € R, SUPP,, D (110, 0) Ep,[f(2)] = %max{E+, E_}, where

2 2
k.0, 5.8 =J [(l—k—a)ﬂ—(%ﬂ)(l—k—a—l)uo] (o) - E - ).

E, —sup{skuo zop — (1 =k~ + (o)A -k ‘mo} and (24a)
E- =§I§{Sk,m),:o,,s — B+ ()0 +k_“_l)uo}. (24b)

Proof To avoid clutter, throughout this proof, we assume that ¥y > Mo and 8 # 0.
The degenerate cases with £ = /LO or 8 = 0 can be easily verified. First, we suppose
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that 8 > 0 and define f_’ﬁ(z) = (QLH)(I — k™ Hz — (1 — k) for k > 1. Then,
f(Z) = f+(Z) by Proposition 7 and f (z) = sup;~ {ff(z)} by Lemma 2. It follows
that supp, cp g, 50) EP, [ (Z)] = supp,epug,50) ]Epz[supkzl{ff(Z)}]. We make
the following observation on switching the order of two supremum operators.

Observation 1 For 8 € R, we have

sup Epz[sup[ff(mﬂ =sup{ sup Epz[fi@)u.

PzeD(1o,X0) k=1 k=1 UPzeD (1o, Z0)
Proof of Observation 1 First, for all k > 1, it is clear that supkzl{ff(Z)} >
[f5(Z)]4 because supyo {f¥(2)} = fi(zx) = O for all z € R. It follows
that SUPp, ep (g, 50) B2 [SuPk=1 L/ £ (2} = Supie 1 {SUPp, epug, 50) Er, L4 (2)]4).

We now show the opposite, i.e., SUPp, D (. 50) EP, [SUPk>1 {fjf(Z)}] < Supgs
{SUpPp, D (10, 30) Epz[ff(Z)h}. When g < 0, this holds because

sup Epz[sup{fii(m” = s Ep,[fi(D)]

PzeD(10,%0) k>1 PzeD(10,%0)

_ lim{ sup Epz[ff(Z)L}

k=00 P, eD(10,%0)

IA

sup{ sup  Ep, [fi<2>]+},

k=1 UPzeD (1o, Xo)

where the first equality follows from Lemma 2. To prove the second equality, we make
the following observation on the monotonicity of function [ f J]ﬁ (2)]+ in k and relegate
the proof to Appendix A.

Observation 2 [ (2)]+ > [f5(2)]4 forall z € Rand k > 1.

By Observation 2, fi.(z) = limg_ ol f. J]ﬁ (z)]+ for all z € R. It follows that, for any
Pz € D(no, Zo),

Ep, [ma} = Ep, [ lim [fi(sz = lim Ep, [[fi(zm],
k—o00 k—o00
where the second equality follows from the monotone convergence theorem. Hence,

EPZ[fL(Z)]s lim{ sup Epz[fhzm}.

k=00 | P, eD(ug, To)

As this inequality holds for all Pz € D(up, Xo), we have

sup  Ep,[fL(Z)] < lim{ sup Epz[f_]f_(Z)]+}.
Pz€D(110.%0) k=00 | PzeD(uo.50)
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On the other hand, as SUPP, D (110, 50) Ep,[fL(Z)] > SUPP,, D (110, 0) Ep, [ff(Z)]+
for all k > 1, we have

sup  Ep,[fi(Z)] > lim{ sup Epz[fhzm},
P2zeD (10, Z0) k=00 | P,eD(uo, To)

which proves the second equality. Hence, we focus on the case when 8 > 0 in the
remainder of this proof.

Second, we present SUpp, ey, 50) EP, [supkzl{ff(Z)}] as the following opti-
mization problem:

P): vp = max Ep,[f+(2)]
Pz

s.t. Ep,[Z] = uo,
Ep,[2%] = %o,
Ep,[11=1,
whose dual is D): vp = Ignqinr nop + Zog +r

s.t. qz2 +pz+r > f+(2), VzeR (25)

Strong duality holds between (P) and (D) due to Assumption 1 (see Proposition 3.4
in [31]), i.e., vp = vp. Furthermore, by Lemma 3.1 in [31], there exists a worst-case
probability distribution (i.e., an optimal solution to (P)) with a finite support of at most 3
points. That s, there exists m € {1, 2, 3}, (21‘, o) e R and (), ... ) € RY
such that ) 7" | w*zf = wo, D_j 77 (zf)” = Xo, and ) /L, 7} = 1. Denoting an
optimal solution to (D) by (p*, ¢*, r*), we claim that ¢*(z})? + p*z} +r* = f4(z})
foralli =1, ..., m,i.e., constraint (25) holds at equality at points zJ, ..., z,,. Indeed,
if this claim fails to hold, then we have

m m
vp = Y w fi(@) < Y wlg* @ +pi 4] = ¢*So+prpo+rt = vp,

i=1 i=1

(26)
where the inequality follows from constraint (25), and the second equality follows
from the definitions of (z},...,zy) and (7], ..., 7). As inequality (26) violates

the strong duality, the claim holds. In addition, it can be shown that f4(z) and any
quadratic function gz% + pz + r satisfying constraint (25) intersect at most once in
interval (— oo, 8] and at most once in interval [8, 0o). It follows that m < 2, and so
m = 2 because Xy > ,u(z). Without loss of generality, we assume that z} € (— oo, 8]
and 73 € [B, 00).

Third, we define k* = z3/B and consider function [ ff (z)]+ that is tangent to
f+(z) at z] and z; by Lemma 2. Hence, q> + pz+r > [ff (2)]4 forall z e R
with equality holding only at z} and z3. Consider the primal and dual formulations of

SUPP,, D (110, 30) EP2 [ff (Z)]+ as follows:
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(Pe) s vp = max Ep, [f1 (2]

s.t. Ep,[Z] = po,
Ep,[Z%] = So,
Ep,[1] =1,

(D) vk = min pop + Tog +r
p.q.r

st g2+ pz+r = [fF @l YzeR

It is clear that the pair (z], z3) and (7}, }) provide a primal feasible solution to
(Pi+), and (p*, ¢*, r*) is a dual feasible solution to (Dg+) because [ (z) > [ff @1+
for all z € R. Meanwhile, these two solutions share the same objective function
value because 37—, X[ f£ ()14 = Y0_y 77 f1(2]) = pop* + Tog* + r*, where
the first equality follows from the definition of [ f f (z)]+ and the second equality is
due to vp = vp. It follows that strong duality holds between (Py+) and (Dg+) and
SUPp, €D (110, 50) BP2 [P 1 (/£ (DN = SuPp, epug,5) B, [fY (2)]1+. Therefore,

SUPP., Do, 50) P2 [8uP=1 {fS(Z)}] < supy=1{supp, epug. 50 B, [S5(2)]11} and
so the proof is completed. O

(Proof of Theorem 2 continued) By Observation 1, we have
sup  Ep,[f(2)]

PzeD(no,X0)

= supl s B, [(oo ) kT THZ = (= k8] }
k=1 {P2eD (o, 50) o+1 +

= sl (a2 () (e |

= 2‘;5’ (ajl—])(l_k_a_l)<;,)|:\/|:(a:[_1)(11—_k1ia0_t1)13_MO]Z—’_(EO_M%)
(G| @
1

=7E7
2+

where equality (??) follows from Observation 3 presented in Appendix B.
Second, we suppose that 8 < 0. Then, f(Z) = f_(Z) by Proposition 7. It follows
that

sup Ep,[f(Z)]
PzeD(10,%0)

= swp Epz[sup{( ¢ )k“"_lz—k_"‘ﬂ” (28a)

P, eD (110, Z0) =1\ + 1
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o o
= su Ep, | su max{ ke lz kg (— )z — }}i|
PZeD(EO,EO) v |:k>ll){ <01 + 1) P <0l + 1) P

(28b)
% a1 —u o
= sup{ sup  Ep,[max k' Z — k7B, Z-B }
k>1PzeD(uo,Z0) ZI: {<a+l) (O{+1) }:I
(28¢)
(%4 —o— _
= SUP{( )k o — kB + sup Epz[‘f]‘,{»(z)]+} (28d)
k=1 N+ 1 Pz €D (0. Z0)
1
= JE-. (28e)

where equality (28a) follows from Lemma 2, equality (28b) is because (ﬁ)k“’_ lz—
k7B = (a“ﬁ)z — B when k = 1, equality (28c) is parallel to Observation 1 and can

be similarly proved, and equality (28d) follows from the definition of f J/ﬁ (2).

Finally, it remains to prove that E; > E_ when 8 > Oand E4 < E_ when 8 < 0.
Due to the similarity of proof, we only show the former case, i.e., when 8 > 0. To
that end, we note that the equalities (28b)—(28e) are independent of the sign of 8 and
so still hold when 8 > 0. It follows that %E_ = SUPp, eD(ug, 50) EP2[f-(Z)] when

B > 0. Similarly, we have %E+ = SUPp, eD(ug.50) EPz Lf+(2)]. But f_(2) < f4(2)
for all z € R by Lemma 2, and so %E, < %E+ when 8 > 0. O

Theorem 2 leads to an equivalent reformulation of AVC (7). We summarize the
main result of this section in the following theorem.

Theorem 3 AVC (7) is equivalent to a set of SOC constraints
[ =k -1 -k HuTalx)]

(a“ﬁ) =k DA |
<2eb(x) — (1 =k HuTakx) + (1 — k™% = 2¢)B, (29a)
(1= k) — A =k HuTalx) ]
(a%) (1 =k "HAa) |
<2eb(x) — (1 + k™ HuTax) + (1 +k7% —2¢)8, (29b)

forallk > 1.
Proof By Propositions 67, AVC (7) is equivalent to

inf {ﬂ + 1 ]EPZ[f(Z)]} < b(x).

BeR € P2zeD (110, %0)

Meanwhile, the proof of Proposition 7 shows that there exists a finite 8 that attains the
above infimum. It follows that AVC (7) is satisfied if and only if there exists a 8 € R
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such that S+ é SUPP, D (110, 50) Ep,[f(Z)] < b(x). Then, the conclusion follows from
Theorem 2 by the definition of wg, A, and that

(1—k B - -k HuTa)
(ﬁ) (1 — kY Aa(x)

Sk,n0,%0.8 =

In computation, directly replacing AVC with constraints (29a)—(29b) requires an
infinite number of SOC constraints and is so computationally intractable. Like what
we described for ACC in Sect. 2, we adopt the separation approach and solve the
following problem:

Separation Problem 2: Given ,3 and £, does there exist a k such that (ﬁ, X) violate
constraints (29a)—(29b)?

In the following proposition, we show that Separation Problem 2 can be solved by
conducting a golden section search on the real line. This search is computationally
efficient.

Proposition 8 Define g = (“)uTa(®), £o = (“2)a®) " Za(X). We have the
following:
1. If B = 0, then (B, %) violate constraints (29a)—(29b) if and only if (B, %) violate
them at k = oo
2. IfB #0and T = /l% then (B, %) violate constraints (29a)—(29b) if and only if
(B, %) violate them at k = max{[i9/B, 1};
3. IfB #0and 3o > /1(2) then (B, %) violate constraints (29a)—(29b) if and only if
(B , X) violate them at the unique root of equation

2[(05: 1)(11__,{5;:) _Mﬁ} = (k—np) — (kf—iw) (30)

lying within the interval [1+1/(1—M5)2+rﬁ, 1+1/a+\/(1—uﬁ+1/a)2+r,3],

where g = o/ B and g = (20 — [L%)/,éZ.

Proof For a given (B, %), solving Separation Problem 2 is equivalent to finding
SUPP,, D (g, 50) EP,[f(Z)], 1e., 1/2max{E,, E_} defined in Theorem 2. First, if

,é = 0, then
(o

Sk

= >]<—> (-

— k%

0.E0.p
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It follows that

)(1 k‘“)\/>+( ) k—““)ﬁo}
o)
>\/70+u0) (31b)

0| =
o
+
Il
>~ »
I\/E
R = =
/\

= = N~

/\;:-m

I\/E

where equality (31b) is because 4/ o + o > 0 and so k = oo maximizes (31a).
Additionally,

e =l o
=%( i )ili {<\/>+Mo)+k_a_l(,&o— ZAlo)} (31c)
L)

where equality (31d) is because fig — +/ o < 0 and so k = oo maximizes (310).

Summing up the above two cases, we have k = ooif ,é = 0. .
Second, if B # 0 and Xy = /10, then Sku $0f = =|(1—-k9B — (#)(1 —
k=1 fio|. It follows that

1B, = Lsup ](1—1«—“)3—( )=k Dig
27T T2 +1

— kB () -k 1)uo}

= i‘;ﬁ’{[(a i S) (1 =k Dt — (1 - k—“)BL} (32a)

= f+ (o) (32b)

where equality (32b) results from Lemma 2 and so k = max{/ig/ ,3, 1} maximizes
(32a). Meanwhile,

e dpaflo - e

— B+ ()t k_a_l)ﬁo}
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= sl ()04 (o] o
= /(o). o

where equality (32d) results from Lemma 2 and so k = max{fio/ ,3 , 1} maximizes
(32¢). Summing up the above two cases, we have k= max{ﬁo/ﬁ, 1} ifﬁ # 0 and
Yo = [2%

Third, suppose that B # 0 and io > ,&(2) As the case when ,3 < 0 can be similarly
derived, we focus on the case when 3 > 0. In this case, solving Separation Problem
2 is equivalent to finding the maximizer of optimization problem (24a) that defines
E . To this end, we let F (k) represent the objective function of (24a), i.e., F (k) :=
Sk,ﬂo,ioﬁ —(1—k B+ (Q“ﬁ)(l — k™1 . Tt follows that

aa—l) (11_;%) - Mﬂ] (k—pg)+Tg
) (55) =]+

We prove that F (k) is unimodal, and in particular, F (k) is nondecreasing on [1, k] and
nonincreasing on [k, 00), where k represents the root of Eq. (30). The conclusion of
this proposition then follows because k is the maximizer of F (k) on [1, 00). To that
end, it suffices to show that (i) limy_, ;+ F’(k) > 0, (ii) there exists a k € [1, 00) such
that F’(k) < 0, and (iii) k is the unique root of equation F’(k) = 0. We show (i)—(iii)
as follows. »

(1) As limk_>1+{ll_7{%} = 47 and I'g > 0, we have lim;_,+ F'(k) =

aB[\J(1 —up)?+Tp —(1 —up)] > 0.
(i) We have

F'(k) = afk™? [(

— (k—up)

agk/% _ (“E) (—11_;’2,“1) - Mf I P
\/[(“Tl) (ﬁ_‘,ﬁl) - Mﬁ] +1g
+ Ls
\/[(QTI) (11_7(11;:) “5]2 +Tp
As ]:li:i] € [ao‘?, 1] and
(=) () — e -

there exists a sufficiently large k such that F’(k) < 0.
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(iii) We consider the roots of equation F’(k) = 0. As F’(k) = 0 is equivalent to
1 1—k—
(aT) <1_k7a71) — HMB

T (55) — ]+

T's
) () o]+

any root k satisfies k — g > 0 because I'g > 0. The above equation can be fur-
ther simplified to Eq. (30) and so any roots k of Eq. (30) also satisfy F’(k) = 0.
We now prove the uniqueness of the root. We note that the first derivative of

[(QH )(1 —a— 1) ] i.e., the left-hand side of Eq. (30), is always less than
1. To see this, we take the first derivative and denote it

1 —

(k — 1p)

e+ INE ok — (a4 Dk

Through basic algebraic manipulations, it follows that Q(k) < 1 if and
only if Q) := (a + 2)k™2*72 + 2a? + 4a)k~ "1 — 2a? + 4o +
k2 —q < 0. As 0(1) = 0, it suffices to show that Q' (k) < 0
for all k > 1. Noting that O (k) = 2(c + )(ex + 2)k~2¢3[(a + Dk* —
ak®t! — 1], we need to show that Q(k) = (o + Dk* — ekt — 1 < 0
for all k > 1, which holds because O(1) = 0 and Q'(k) = a(x +
Dk®1(1 — k) < 0. Meanwhile, the first derivative of (k — ng) — (k*—/ﬂw)’
i.e., the right-hand side of Eq. (30), is always greater than 1. Furthermore,

2[(“%)(1:’22) — up] € [2(0 — up). 2(%EL — 11p)], while the range of

function (k — ug) — (kf—fw is (—o0,00) for k € (ug, 00). It follows that
the two sides of Eq. (30) can meet only once, i.e., this equation has a unique root.

Finally, we provide lower and upper bounds of root k. As % € [%5.1],

P Fﬂﬁ) < 2(0“rl wup). It follows that

fe [1 + /(= pp)? +Tp 1+ 1/a+\/(1 — g+ 1/a)2+1“ﬁ].

we have 2(1 — ug) < (k — ug) —

3.1 Approximations of the ambiguous CVaR constraint
Before closing this section, we derive approximations of AVC (7). First, in the fol-

lowing proposition, we present a conservative approximation based on fyj(z) and a
relaxed one based on fi (z), both of which are in the form of SOC constraints.
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Proposition 9 AVC (7) is implied by SOC constraints

‘IB_(aH)M a(x)] [2e(a + 1)
Aa(x) ] = L o ] b(x)
_ [M _ 1} B — <(x_+1> ;LTa(x), (33a)
o o
(8 — (a+1) wTa()] [2e(a + 1) ]
Aalx) | < e b(x)
e —D(a+1)—1 o+1 T
[ty (2
(33b)
Furthermore, AVC (7) implies SOC constraint
_ 01+1) wla(x) 2¢(a + 1) 2e — (e +1)
[958 <[ oo [
_ ("‘ - 1) WTa). (33¢)
o

Proof First, based on Propositions 67 and Lemma 1, AVC (7) is implied by constraint
B +1 < SUPP, D (10, %0) Ep,[ fu(Z)] < b(x). Furthermore, we have

sup  Ep,[fu(Z)] =  sup EPZ[( ‘_”H)[Z ﬁ]++< i )}
+

PzeD(10,%0) PzeD(10,%0) a+1
( P ) +( o ) Es,(Z — B
=1- sup P —Pl+
at+1) \e+1)p,enpsy
o 1
o+ 1 4 o+ 1 2

[\/(ﬁ—uo)2+(20—,u(2))—,3+uo]

where the last equality is due to Observation 3 presented in Appendix B. It follows
that AVC (7) is implied by

1 B o 1
’3+<E> {<_a+1>++ <a+1> <5>
[\/(ﬁ — 10 + (S — ) — B +M0]} < b()

2¢(a + 1)
=)

& JB =10 + (S0 —ud) = b(x)

2 1 2
_|:6(05—+)_]:|ﬁ_<_>(_ﬂ)+_“0'
o o
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This is equivalent to constraints (33a)—(33b) by the definition of 11( and observing that

() T a(x)
Aa(x)

JB =102 + (S0 - 1) = H[’g B

Second based on Propositions 6-7 and Lemma 1, AVC (7) implies constraint
B +1 < SUPP, eD (g, %0) EP2[/L(Z)] < b(x). Furthermore, we have

o
sup  Ep,[fL(Z)] sup  Ep, [( 1) Z— ﬂ]
PzeD(1o,Z0) PzeD (10, Z0) o+ +

o o+1
E zZ—
(55),m e[ (550)),
_ o 1
B (oz + 1) (5)
1 2 1
(o) v (<)
o o
where the last equality is due to Observation 3. It follows that AVC (7) implies
r+(2) (@)
€ a+1
1 +1 z +1
(5) \/<<°‘ >ﬂ—uo) + (S0 — 1) — (a—>ﬂ+uo < b(x)
o o
+1 2 2e(a + 1
& \/((“a )ﬂ—uo) +(Zo— 1) < [#]b@c)

2¢ — 1 1
_{(e )+ )]ﬁ_m

o

This is equivalent to constraints (33c) by the definition of ¢ and observing that
atl ’ 2 _ () 8= (4 nTa)
S p-s0) + -y - |[(59205

Second, we derive tighter approximations of AVC (7) based on tighter approxima-
tions of function f(z). Note that both fiy(z) and f1.(z) approximate f(z) based on
two linear pieces (see Fig. 2a, b). We generalize fy(z) and fi(z) by defining K -piece
approximations as follows.

O

Definition 3 Given integer K > 3 and real numbers 1 = n; <np < --- <ng = 00,
we define f¥(z) = 1[B < 01fF_ (2) + 1B = 01/§ (2) and f£i¥ (z) = 1B <
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15F 7 151
fo(z) //
.................. fiz) /
f(=
R - 14z R
g fi(z) g
c c
S 2
B B
c =
£ 05 D 05t
0 : : 0
3 2 -1 0
z z
(a) B=-1and o =1 (b) g=1and a =1

Fig. 2 K-piece approximations of f(z) with K =4,n1 =1,n, =2,n3 =3,and ng = o0

01/% () + 1[B = 01 £ (2), where

K o M —
= max{o. [(57) ]
for @ max{ k=1rf’..afil{ a+1) T @t Do —nod

— —
Nge1n, & — ngn
+[ 17 k1 1]’3”’

(@ + D(ngs1 —ng)

K _ o _ n =
f5-@ = max{(a + 1)Z p k:lma)}(—l{l:(a + D(ng+1 — nk)ilZ

,,,,,

_ I:nk+1n](_‘¥ — nkl’lk__gl ] }}
(@ + D1 — ) ’

@ = ax {( )(1 —n* Dz —(1 - nk_“)ﬁ}, and

,,,,, K{\a+1
K %4 —a—1 _
i@ = kzrrl{fyffK{(aH)"k“ Z—nk“ﬂ}~

We note that flﬂ( (z) is the linear interpolation of points {(nk, f(niB))}k=1,....x and
fLK (z) is the pointwise maximum of the tangents of f(z) at these points (see Fig. 2a,
b). Due to the convexity of f(z), it follows that f{f (z) and fLK (z) are convex, and
fLK () < f@) < fé( (). Furthermore, we observe that fL[iL (z) < f4(z) by definition.
Based on Lemma 2, fLIi () < fuLl@) < fLIi (z) when B8 < 0. Similarly, we have
&) = fK.(2) when B > 0. It follows that f{¥ (2) = max{fX (2), fX (2)}. We
formalize and extend this observation to fé< (z) in the following lemma.

Lemma 3 We have fLK(z) = max{fLIi(z), fLK_(z)} for all z € R. Furthermore,
@) < f(2) when B < 0 and f§ (z) < f(z) when B > O. It follows that

& @ =max{ff, @), 5@}
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Proof We first show that f¥ (2) < fL(z) = [(aLH)z - ,3]+ when B < 0. Assuming
this is true, we have f[ﬁ(z) < f(z) based on Lemma 2. To this end, we define

,,,,,

—o — — —

k o nk+1 _nk nk+1nk —nknk_H
(z) = ( > + z+ —1]8.
8u+ |: a+1 (@ + D)(mgg1 — ng) (@ + D(ngg1 — ng) P

Foreach k = 1,..., K — 1, we prove gf;, (“H8) < 0 by the following chain of
equivalences:

n, % —n“ +1 Ngsin, & —ngn, &
<Ol>+ k+1 k (a >,3+ +1%% k+1_1/350
o+ 1 (o + D) (g1 — nk) o (o + D (kg1 — ng)
n —n Npprng = ngng

a(ngrr —ng) (e + D(ngyr —ng)
& ni(angy —a—1) = nf(ang —a —1),

where the last line holds because function g(y) := y*(a¢y — o — 1) is nondecreasing
when y > 1. Indeed, g'(y) = (¢? + a)y*~'(y — 1) > 0 when y > 1. It follows that

—a -
M1 Mg

K (a+l _ ) o o
fU+(Tﬂ) = 0. In addition, we note that 0 < (m) + @D =m0 < T On the
o M =" o — —a
one hand, (m)+ @D = et because ng41 > ngandn; y —n;~ <0.0n

the other hand, (a"‘?) + % > 0 follows from the following equivalence:

nt =
(@+ D41 —ng) — a+1

& m Fangy > nt +ang,

where the right-hand side holds because function 4(y) := y~* + «y is nondecreasing
when y > 1. Indeed, h'(y) = a(l — y_o‘_l) > 0 when y > 1. Hence, the slope of
g]{I  (2) is within interval [0, “ail] for all k. It follows that fé( +(2) < fL(z)forallz € R
because (i) /¥, (“H1B) = fL(“EB) = 0, (i) £, (2) <0 = fi(2) when z < “1 B
because the slopes of all affine functions making up fé( ", (z) are nonnegative, and (iii)
f[ﬁ (z) < fL(z) when z > “T“ B because the slopes of all affine functions making up
flﬁ (z) are smaller than or equal to that of fi (z), i.e., (ﬁ

Second, we show that fé{_ () < ful@ = [(ﬁ)z - /3]+ when 8 > 0. Assuming
this is true, we have fé(_ (z) < f(z) based on Lemma 2. To this end, we define
fE (@) = max{ %5z — B.maxi—; . k1 g§_(2)}. where

- —a —a —a
n,%—n niyin, & —ngn
k . k k+1 k k+1
gu_(Z) = |: :|Z_ [ :|/3

(@ + 1)(mg1 — ng) (@ + D(mgs1 — ng)
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Foreachk = 1,..., K — 1, we prove g{jf(“TH,B) < 0 by the following chain of
equivalences:

nE = gt (a T 1) o [ =m0
(@ + D (ngg1 —ng) a (a + D (g1 — ng)

& (a+ D —nm ) < alneping® —meng ()

& npg(ang —a—1) = nf(ang —a —1),

where the last line has been shown above. It follows that fé(— (“T“ B) = 0. 1In addition,
we note that 0 < % < ao‘? since 0 < (a“?)+ % < ao‘?.lt
follows that X (2) < fi(2) forall z € R because (i) f¥ (%t 8) = fL(<Hp) =0,
(i1) fd(, (z) <0 = fL(z) when z < "‘TH B because the slopes of all affine functions
making up fé{_ (z) are nonnegative, and (iii) fé(_ (2) < fo(z) whenz > O‘T’Hﬂ because
the slopes of all affine functions making up fé(_ (z) are smaller than or equal to that

of fL(z),1i.e., ﬁ O

In the following proposition, we present conservative approximations based on
fé( (z) and relaxed ones based on fLK (z), both of which are in the form of linear
matrix inequalities. We note that these approximations are asymptotically tight as K
grows to infinity. We omit the proof here because it follows from the standard duality
approach. Interested readers are referred to [12] and [43].

(M)g (w)ﬂ
Proposition 10 Define (T + 1) x (T + 1) matrix Q2 := |: “ :| Then,

o
( a_+1) w’ 1

o
for given integer K > 3 and real numbers 1 = n; <npy < --- < ng = oo, AVC (7)
is satisfied if there exists a symmetric matrix My € RT+TDXT+D quch thar

l( «a
+1 0 2(gr)atx)
B+ -My-Q < bx), My >0, My > [ 2(a+l) }
€

T L(EE)anT -8
(34a)
r— 1 n—& _n—d
0 3 (&50) + G o)
MU : L —a —a o k)
1 Ry =Ny T N1y —Ngh
3] &) + @ Joo0 T | — 18
Vk=1,...,K —1, (34b)
— | Nl
0 i[<a+f)(nkf1+—lnk)]“(x)
My = Y o . Vk=1,...,K—1,
LM =M T | P TPk
L2 |:(‘¥+1)("k+1—nk):|a(x) [ @+ D) (ier1—ni0) ]ﬂ
(34c¢)
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where - represents the Frobenius product of matrices. Furthermore, AVC (7) implies
that there exists a symmetric matrix My, € RT+TDXT+D quch thar

1
B+-Mp-Q < b(x), M, =0, M > |:1
€ (a+1

0 ;(ail)am}

)a(X)T - B
0 3(35) (0 = n* Ha(x)
ML5|:1 , ol . " Vk=1,...,K—1,
3(35) 0 —n* Halx) —(1=n "B
0 12
M = [1 o 2(“+1)nf a(x)] Vk=1,....K — 1.
i(ai“)nko‘ a(x) —n “B

Note that, as ng = oo, constraints (34b)—(34c) reduce to

0 3(r)at)
My > _% a(x)T ( )
K 0
T o (e

whenk = K — 1.

Remark 3 In computation, we can use the conservative approximation (34a)—(34c) to
find near-optimal solutions. More specifically, suppose that we employ the separation
approach to solve problem min{c(x) : x € X, x satisfies (7)} and have finished the first
K iterations. Then, from these iterations, we obtain a lower bound cLK of the optimal
objective value and K outputs, denoted ¢y, . .., ¢k, by iteratively solving Separation
Problem 2. By letting n] = 1, ng4o = 00, and ny = g1 forallk =2,..., K + 1,
we obtain an upper bound cf of the optimal objective value by solving problem
min{c(x) : x € X, x satisfies (34a)—(34c) based on ny, ..., ng+>}, whose optimal
solution is denoted x . If (cX —cX) /cX is small enough, then we can stop the iterations
and output x% as a near-optimal solution.

4 Extension to linear unimodality

In this section, we consider an extension of ACC (6) and AVC (7) based on a related
structural property called linear unimodality.

Definition 4 (Linear Unimodality; see [11]) A probability distribution P¢ is called
linear unimodal about 0 if for all @ € R”, the linear combination a ' £ is univariate
unimodal about 0.
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Analogous to (5), we define the alternative ambiguity set based on linear unimodality
as

D, %) = {Pg € My : Bp [§] = u, Bp,[§67] = X, Py is linear unimodal aboutO}.
(35)

We now show an equivalence between ambiguity sets DEU(M, X¥) and Dt (p, X, )
with @ = 1. It follows that all results derived in Sects. 2 and 3, with « set to be 1,
remain valid under Dg“ (n, ).

Proposition 11 For any Borel measurable function h : R — R, we have

inf  Ep[hax)'&)] =  inf  Ep[hax)'8)]
PgeDlg(u,E,l) Ps[ (a(x)'&)] PgeDlgU(ﬂ,z) 11»5[ (a(x)'&)]

Proof By Theorem 3.5 in [11], a random variable X is 1-unimodal if and only if there
exists a random variable Z such that X = UZ, where U is uniform in (0, 1) and
independent of Z.

First, pick any & such that P € Dg(u, X, 1). As a'& is univariate 1-
unimodal for all a € R’ because P is 1-unimodal, Pz € Dg”(,u, ). It
follows that Dg(u, X, 1) < D’S“U(/L, Y) and so infp,ep, (u.x.1) Ep, [h(a(x)T&)] >
infp, epv e, ) B [h(@(x) T 6)].

Second, pick any £ such that Ps e Dg”(u, ¥). Then, ¢ := a(x)"& is 1-unimodal
because P is linear unimodal. Hence, there exists a Z; such that { = U Z;. It fol-
lows that E[Z;] = 2u; and ]E[Z?] = 3%;. Based on Theorem 1 in [27], there
exists a Z¢ € R” such that Z; = a(x)" Z¢, E[Z¢] = 2u, and E[Z:Z]] = 3%.
It follows that U Z¢ is 1-unimodal, and meanwhile JEE»E[UZQ = %]E[ZS] = u and
Ep[(UZ)(UZ:)'] = %E[zgz;] = X. Furthermore, a(x) "¢ = a(x)"(UZ¢).
Therefore, the probability distribution of UZg belongs to Dg(u, X, 1), and so
infp, ep, (u,3.1) Ep [(a(x)T€)] < infp,epw . x) Ep; [h(a(x)T&)]. O

5 Computational case studies

In this section, we conduct two case studies. In Sect. 5.1, we evaluate the theoreti-
cal results derived in Sects. 2 and 3 based on a risk-constrained economic dispatch
(RCED) problem in power system operation. In Sect. 5.2, we compare the compu-
tational performance of our ACC representation using SOC constraints with that of
the SDP reformulation derived in [17] based on a simplified RCED problem with a
varying uncertainty dimension.

5.1 The RCED case study

We present a nominal RCED model as follows:
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min Z [cing? + cirgi + ct(rf +1D)] (36a)
g, d,rv, b .
i€eZ\Ix
B
st. Y g+ Y fi=) L (36b)
i€T\Ty i€y b=1
n=—(§:w)h Vi e T\ L., (36¢)
icTy
Z d =1, (36d)
iGI\IR
—rP <rp<r}, VieI\I, (36¢)
g™ <gi+ri<g™, VieI\I, (36f)

B
—Ces DY @i+ Y (it w) — L] <C Vel
b=1 ieGp ieH)
(36g)

where B represents the number of buses in the power system, Z represents the set
of generating units (conventional and renewable), 7, represents the set of renewable
units, £ represents the set of transmission lines, Gj, represents the set of conventional
units at bus b, Hj, represents the set of renewable units at bus b, ¢;» and c;| represent
cost parameters of conventional unit i, ¢} represents the unit cost for up/down reserve
capacity of conventional unit i, Lj, represents the load at bus b, and C, represents the
capacity of transmission line £. For each renewable unit i € Z;, f; and w; represent
the forecasted power output and the forecast error, respectively. For each conventional
unit i € 7\Zy, g; and r; represent the planned generation amount and the adjustment
amount, respectively, and d; represents the portion of total generation-load mismatch to
be offset by this unit (see, e.g., [5,38]). Constraint (36b) describes the power balance
requirement for generation and loads (we assume that the loads are deterministic),
constraints (36¢) describe the proportional distribution of mismatches, constraint (36d)
requires that all proportions sum to 1, constraints (36e) limit the adjustment amount
by the reserve capacities r" and r°, constraints (36f) bound the generation amount
by the generation capacity, and constraints (36g) describe the transmission capacity
limits based on the dc power flow approximation where Dé’ maps power injections to
power flows (see, e.g., [3] and [16]).

Our case study uses the IEEE 30-bus system [42]. We increase all electric loads
by 50% and add two wind farms at buses 5 and 22. The forecasted power out-
put from each wind farm is 30MW. The transmission line between buses 1 and
2 has a capacity of 30MW, while all other line flows are unconstrained. Other
cost and capacity coefficients are reported in Table 1. We assume random fore-
cast errors and describe the uncertainty by an uncorrelated random vector w :=
[wi, wa]" with mean Wy and covariance matrix I'y, = diag(9,9). Additionally,
we assume that w is a-unimodal about [0, 0]". To handle random violations of
constraints (36e)—(36g), we replace them by ACC (6) and AVC (7), and term
the resultant RCED model (C-ED) and (V-ED), respectively. For example, in (C-
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Table 1 Coefficients of the case study

Conventional unit  Bus index  ¢;j ($/MW)  c¢jo (S/MW?2) cF (IMW) g™ (MW) gV (MW)

1 1 20 0.04 200 0 360
2 2 40 0.25 400 0 140
3 5 40 0.01 400 0 100
4 8 40 0.01 400 0 100
5 11 40 0.01 400 0 100
6 13 40 0.01 400 0 100
23 . . 22 . . . . 1
—6—(0-ED) //M,Q——Jé———a———gf
~ 22— o |- (VED) —~ -
S8 s —cm
x 21 % 24 —+—(C-ED)| |
3 3
2 20 2
> >
_g 19 _g 2.0
a a
O 4sl o
17 : : . . . | oL . . . . :
"3 2 -1 0 1 2 3 2 4 6 8 10
d) «
(a) Optimal Value versus ¢ (b) Optimal Value versus o

Fig. 3 Optimal values of (O-ED), (C-ED), and (V-ED) with various ¢ and «

ED), we replace constraints (36e) by infp_ cp, {d; ZieIR w; <1’} > 1—¢€and
infp, ep, {—di Ziel’k w; <1/} = 1—¢€, where Dy, = {Py, € My : Ep [w] =
/LW,EPW[U)U)T] = Mw,u;,r + diag(9,9), Py, is ¢-unimodal about 0}. In contrast, in
(V-ED), we replace constraints (36e) by SUpp,_ e, CVaRHiW (d; Ziezk w;)) < 1}
and SUpp, ep,, CVaRHiW(— d; Zi A w;) < r/. Throughout this case study, we set
1 — € = 95%. Lastly, when the requirement of «-unimodality is relaxed from Dy,
(C-ED) and (V-ED) become equivalent and we term this model (O-ED).

By using (O-ED) as a benchmark, we test (C-ED) and (V-ED) under various
selections of uy and « values. First, we fix « = 1 and let uy = ¢[1, 117 with
¢ € {—3,—2,...,3}. We report the optimal objective values of the three models
in Fig. 3a. From this figure, we observe that the optimal value of (O-ED) is con-
sistently larger than that of (V-ED), which is consistently larger than that of (C-ED).
This demonstrates that incorporating «-unimodality makes the RCED model less con-
servative and hence decreases the cost of economic dispatch. Meanwhile, unlike in
(O-ED), ACC (6) and AVC (7) are not equivalent when «-unimodality is incorpo-
rated in the ambiguity set. Furthermore, we observe that the discrepancy between
(O-ED) and (C-ED)/(V-ED) amplifies as ¢ deviates from 0. This indicates that o-
unimodality plays a more important role in Dy, as the difference between py, and the
mode increases.
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Fig. 4 Gaps between the optimal objective value and the relaxed and conservative approximations of
(C-ED)
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Fig. 5 Gaps between the optimal objective value and the relaxed and conservative approximations of
(V-ED)

Second, we fix uw = [0, 0]" and let « increase from 1 to 10. We report the optimal
objective values of the three models in Fig. 3b. From this figure, we observe that
the discrepancy between (O-ED) and (C-ED)/(V-ED) shrinks as o grows. This is as
expected because the requirement of «-unimodality weakens as « grows. Although not
shown in this figure, the convergence of (V-ED) to (O-ED) takes place when « > 40,
while the convergence of (C-ED) takes place when @ > 10*. The slow convergence
indicates that unimodality information can significantly influence the structure of Dy,
and the worst-case probability distribution.

Third, we let « = 1, uyw = ¢[1,1]7 with ¢ € {—2,0,2}, and evaluate
the tightness of the approximations of ACC and AVC derived in Propositions 4,
5 and 10, respectively. In this test, we follow Remarks 2, 3 to choose the inter-
polation points ni,...,ng in these approximations. In Fig. 4, we report the gap
between the optimal objective value vy, of (C-ED) and the upper bound vy;
obtained from the conservative approximation, and the gap between vy ., and the
lower bound v,; obtained from the relaxed approximation, for K € {4, 6, 8§, 10}.
The gaps are obtained by computing UB% = (v — V() / Vs, X 100% and

LB% = (V. — Vis)/ Vg, X 100%. Similarly, in Fig. 5, we report the gap between
the optimal objective value vy, ., of (V-ED) and those of its K -piece approximations

with K € {2, 4, 6, 8}. From Figs. 4, 5, we observe that the gaps quickly shrink as K
increases and the approximations become near-optimal (e.g., UB% + LB% < 1%)
when K > 8.
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Fig. 6 Comparisons between our approach and the SDP approach in [17]

5.2 Comparison with the SDP reformulation

To demonstrate the scalability of our ACC representation with regard to an increasing
uncertainty dimension, we consider a simplified RCED model where we combine all
conventional generating units into a single unit without generation capacity limits and
relax all transmission capacity limits. As a result, the mismatch offset proportion of the
combined unitis d = 1. Additionally, the planned generation amount of the combined
unit is deterministic, i.e., g = Zle Ly— ZieIR fi» and so is the corresponding gen-
eration cost. Accordingly, we can remove variable g and the corresponding generating
cost from the formulation and present the simplified RCED model as follows:

min rY + rP (37a)
rU‘rD
n
St Pwiggwpw{z}w,» < rD} >1—e (37b)
=
n
inf IP’W{— < ”]>1— : 37c
IP:EDW Zw, <r;= € (37¢)

i=1

where n = |Z;|, D, = (P, € M,, : Ep [w] = 0, Ep [ww ] = diag(l, ..., 1), P, is
a-unimodal about 0}, and 1 — € = 95%. Our case study tests @ = 1, 10 and 15 values
of n ranging from 25 to 100. For each instance of the simplified RCED model, we
evaluate the optimal objective value and solution time of the following two approaches:

1. Our ACC representation using SOC constraints based on Theorem 1;
2. The ACC representation using SDP based on Theorem 3.4.5 and Example 3.4.4
in [17].!

! The ACC representation of Example 3.4.4 has typos and, for completeness, we present the corrected
representation in Appendix C. We test the corrected ACC representation in this case study.
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We report the evaluation results in Fig. 6. On the one hand, from Fig. 6a, we observe
that these two approaches yield the same optimal values in all test instances. This
indicates that the ACC representations derived in these two approaches are equivalent.
On the other hand, from Fig. 6b, we observe that the solution time of our approach
remains approximately constant as the dimension n of the random vector w increases,
while that of the SDP approach increases superlinearly with n. This indicates that
our approach using SOC constraints has a computational advantage, especially when
involving a large number of random variables.

6 Future research

An interesting future research direction is to derive a computationally tractable refor-
mulation of ACC (6) without making Assumption 2. Another future research direction
is to bound the errors of relaxed approximation (19) and conservative approximation
(20) for ACC (6).

Acknowledgements This research has been supported in part by the National Science Foundation (NSF)
under Grants CMMI-1555983 and CCF-1442495.

Appendix A: proof of Observation 2

Proof As fjf(z) = (a“ﬁ)(l ) T - k=), we have

o1 o if z < z0(k) := (%) (755=) B
[f+(Z)] B {(a+1)(1 — k2= (1 =k, ifz > z0(k) o

forall k > 1. As [ f*1(2)], > Oforall z € R, to show that [ /<"1 (2)]; > [ffi(z)]+,
it suffices to prove that [fk+1(z)]+ > f+(z) forall z € R. First,as 8 < 0 and lk —T

increases in k, we have (O‘T“)( lkkaal)ﬂ > (”‘(Xi)(%)ﬂ ie., zo(k) >
zo(k + 1). It follows that, when z < zg(k), f+(z) < 0 and hence [ff+l(z)]+
f%(2). Second, when z > zo(k), fit'(z) > 0 because z > zo(k) > zo(k + 1)
and fk+ (z) increases in z. As both f+ (z) and fk+1(z) are affine functions of z, we
have f"“(z) = i o)) + GEDA = (k+ D7) (z = z0(k)) and fE(z) =
(G50 — k771 (z = zo(k)) for z > zo(k). It follows that f{+'(x) — ff(2)

T 2o(k) + (DK = (k + )™z — z0(k)) = 0. Hence, [ £ (2)]4
f+ (z) when z > zo(k) and the proof is complete.

v

o v

Appendix B
For random variable Z and constant 8 € R, we make the following observation on the

worst-case expectation supp,, e p,,.x,) P, [Z — Bl+. Note that this observation can be
made following the derivations in [30], and we present a proof below for completeness.
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Observation 3 Given 8 € R, we have

1
sup  Ep,[Z—-B]ly = 3 [\/(ﬂ—uo)2+(20—u(2))—,3+ﬂo:|~
PzeD(ro, Xo)

Proof We represent SUpp,, cp(,,.%,) EP,[Z — Bl+ as the following optimization prob-
lem

vp = max Ep,[Z — B]+
Pz

(P) s.t. Ep,[Z] = po,
Ep,[Z°] = 0.
Ep,[1] =1,
whose dual is Up = min uop + Xoq +r
q.p.r

(D) st qz? +pz+r>[z—Bly, YzeR

The weak duality between (P) and (D), i.e., vp < vp, holds because pop+ Xoqg +r =
Ep, [qZ2 + pZ +r] < Ep,[Z — B]+ for any feasible solution (g, p, r) to (D) and
feasible solution Pz to (P). Now we prove the strong duality by constructing two
feasible solutions to (P) and (D), respectively, that have the same objective value.
On the one hand, the primal solution Pz is supported on two points z; and z with

probability masses p; and pj, respectively, where A = \/ (B — 10)% + (2o — ,u(%)
and

B— o+ A po—pB+A
= pz:—

, , =8—-A, d 2o = A.
D1 A A z1=8 and 2z =6+

We have pi, p» > 0 because A > | — uo|. Meanwhile, we have

(ﬂ—MoJrA)(ﬁ—A)+(Mo—ﬁ+A)(ﬁ+A) _

D121 + p222 = A A Mo,
and
(B—ro+A)(B—A0)°  (uo—B+A)B+A)
P12+ i = B — 1o 2 B L (o B 2 B
(B [(B=A? =B+ A+ A[(B— A+ (B+A)]
B 2A

— BE2u0B+ A = =220+ (B — o)+ (o — 1§) = Zo.

Hence, P is feasible to (P). On the other hand, the dual solution (g, p, 7) is such that

1 . A-B 4 (A —p)?
= — = N =
1 » PET A T 4A
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Hence, §z> + pz + 7 = ﬁ(z + A — B)2. It follows that §z> + pz + 7 > 0 for
all z € R. Meanwhile, (42> + pz +7) — (2 — B) = 7xz— B — A)? > 0, ie.,
G722+ pz+7 > z— B.Thus, §z> + pz+7 > [z — Bl4 and so (§, p, 7) is feasible to

(D).
Finally, the primal objective value associated with Pz is p(zo—8) = W

%(A — B + o). Meanwhile, the dual objective value associated with (g, p, 7) is

A-B (A - p)?
“0( 2A >+EO<4A)+ AA

A%+ (B> = 2p0B + 1g) + (B0 — 1) +2m0A — 248

4A
2A% 4+ 20A —2A8 1
= = — A — s
A 7 (A= B+ no)
which coincides with the primal objective value associated with Py. O

Appendix C: corrected ACC representation of Example 3.4.4 in [17]

The ACC representation (3.50) in Example 3.4.4 in [17] has typos and is corrected as
follows:

ﬁ—w—mfy—m+uwwMM—mTr>zu—ou

.
et (bx) —mTa(x)@ — g 4 (QLHV - a(X))
% ( P a(x)) a"‘ﬁf

References

1. Ahmed, S., Papageorgiou, D.: Probabilistic set covering with correlations. Oper. Res. 61(2), 438-452
(2013)

2. Artzner, P, Delbaen, F., Eber, J.-M., Heath, D.: Coherent measures of risk. Math. Finance 9(3), 203-228
(1999)

3. Bergen, A.R., Vittal, V.: Power Systems Analysis, 2nd edn. Prentice Hall, Upper Saddle River (1999)

4. Bertsimas, D., Doan, X.V., Natarajan, K., Teo, C.-P.: Models for minimax stochastic linear optimization
problems with risk aversion. Math. Oper. Res. 35(3), 580-602 (2010)

5. Bienstock, D., Chertkov, M., Harnett, S.: Chance-constrained optimal power flow: risk-aware network
control under uncertainty. SIAM Rev. 56(3), 461-495 (2014)

6. Bookbinder, J.H., Tan, J.-Y.: Strategies for the probabilistic lot-sizing problem with service-level con-
straints. Manag. Sci. 34(9), 1096-1108 (1988)

7. Calafiore, G., El Ghaoui, L.: On distributionally robust chance-constrained linear programs. J. Optim.
Theory Appl. 130(1), 1-22 (2006)

@ Springer



Ambiguous risk constraints with unimodality information 191

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.
29.

30.

31.
32.
33.

34.
35.

Charnes, A., Cooper, W., Symonds, G.: Cost horizons and certainty equivalents: an approach to stochas-
tic programming of heating oil. Manag. Sci. 4(3), 235-263 (1958)

Cheng, J., Delage, E., Lisser, A.: Distributionally robust stochastic knapsack problem. SIAM J. Optim.
24(3), 1485-1506 (2014)

Delage, E., Ye, Y.: Distributionally robust optimization under moment uncertainty with application to
data-driven problems. Oper. Res. 58(3), 595-612 (2010)

Dharmadhikari, S., Joag-Dev, K.: Unimodality, Convexity, and Applications. Elsevier, Amsterdam
(1988)

El Ghaoui, L., Oks, M., Oustry, F.: Worst-case value-at-risk and robust portfolio optimization: a conic
programming approach. Oper. Res. 51(4), 543-556 (2003)

Erdogan, E., Iyengar, G.: Ambiguous chance constrained problems and robust optimization. Math.
Program. 107(1), 37-61 (2006)

Esfahani, P. M., Kuhn, D.: Data-driven distributionally robust optimization using the Wasserstein
metric: performance guarantees and tractable reformulations. Available on optimization-online. http://
www.optimization-online.org/DB_FILE/2015/05/4899.pdf (2015)

Gade, D., Kiiciikyavuz, S.: Formulations for dynamic lot sizing with service levels. Nav. Res. Logist.
60(2), 87-101 (2013)

Goémez-Exp6sito, A., Conejo, A.J., Caiizares, C.: Electric Energy Systems: Analysis and Operation.
CRC Press, Boca Raton (2008)

Hanasusanto, G. A.: Decision making under uncertainty: robust and data-driven approaches. Ph.D.
thesis, Imperial College London (2015)

. Hanasusanto, G. A., Roitch, V., Kuhn, D., Wiesemann, W.: Ambiguous joint chance constraints under

mean and dispersion information. Available on optimization-online. http://www.optimization-online.
org/DB_FILE/2015/11/5199.pdf (2015)

Henrion, R., Li, P., Moller, A., Steinbach, M.C., Wendt, M., Wozny, G.: Stochastic optimization for
operating chemical processes under uncertainty. In: Grotschel, M., Krunke, S.0., Rambau, J. (eds.)
Online Optimization of Large Scale Systems, pp. 457—478. Springer, Berlin (2001)

Henrion, R., Méller, A.: Optimization of a continuous distillation process under random inflow rate.
Comput. Math. Appl. 45(1), 247-262 (2003)

Jiang, R., Guan, Y.: Data-driven chance constrained stochastic program. Math. Program. 158(1-2),
291-327 (2016)

Li, B., Jiang, R., Mathieu, J. L.: Distributionally robust risk-constrained optimal power flow using
moment and unimodality information. In: 55th IEEE Conference on Decision and Control (CDC).
IEEE (2016)

Miller, B., Wagner, H.: Chance constrained programming with joint constraints. Oper. Res. 13(6),
930-945 (1965)

Nemhauser, G.L., Wolsey, L.A.: Integer and Combinatorial Optimization. Wiley, Hoboken (1999)
Ozturk, U., Mazumdar, M., Norman, B.: A solution to the stochastic unit commitment problem using
chance constrained programming. IEEE Trans. Power Syst. 19(3), 1589-1598 (2004)

Popescu, I.: A semidefinite programming approach to optimal-moment bounds for convex classes of
distributions. Math. Oper. Res. 30(3), 632-657 (2005)

Popescu, I.: Robust mean—covariance solutions for stochastic optimization. Oper. Res. 55(1), 98-112
(2007)

Rockafellar, R.T., Uryasev, S.: Optimization of conditional value-at-risk. J. Risk 2, 21-42 (2000)
Rockafellar, R.T., Uryasev, S.: Conditional value-at-risk for general loss distributions. J. Bank. Finance
26(7), 1443-1471 (2002)

Scarf, H.: A min-max solution of an inventory problem. In: Arrow, K., Karlin, S., Scarf, H. (eds.)
Studies in the Mathematical Theory of Inventory and Production, pp. 201-209. Stanford University
Press, Palo Alto (1958)

Shapiro, A.: On duality theory of conic linear problems. In: Goberna, M.A., Lépez M.A. (eds.) Semi-
Infinite Programming, pp. 135-165. Kluwer Academic Publishers, Dordrecht (2001)

Shapiro, A., Kleywegt, A.: Minimax analysis of stochastic problems. Optim. Methods Softw. 17(3),
523-542 (2002)

Sion, M.: On general minimax theorems. Pac. J. Math. 8(1), 171-176 (1958)

Stellato, B.: Data-driven chance constrained optimization. Master’s thesis, ETH Ziirich (2014)

Van Parys, B. P. G., Goulart, P. J., Kuhn, D.: Generalized Gauss inequalities via semidefinite program-
ming. Math. Program. 156(1-2), 271-302 (2015a)

@ Springer


http://www.optimization-online.org/DB_FILE/2015/05/4899.pdf
http://www.optimization-online.org/DB_FILE/2015/05/4899.pdf
http://www.optimization-online.org/DB_FILE/2015/11/5199.pdf
http://www.optimization-online.org/DB_FILE/2015/11/5199.pdf

192

B. Lietal.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Van Parys, B. P. G., Goulart, P. J., Morari, M.: Distributionally robust expectation inequalities for
structured distributions. Available on optimization-online. http://www.optimization-online.org/DB
FILE/2015/05/4896.pdf (2015b)

Vandenberghe, L., Boyd, S., Comanor, K.: Generalized Chebyshev bounds via semidefinite program-
ming. SIAM Rev. 49(1), 52-64 (2007)

Vrakopoulou, M., Margellos, K., Lygeros, J., Andersson, G.: A probabilistic framework for reserve
scheduling and N — 1 security assessment of systems with high wind power penetration. IEEE Trans.
Power Syst. 28(4), 3885-3896 (2013)

Wagner, M.: Stochastic 01 linear programming under limited distributional information. Oper. Res.
Lett. 36(2), 150-156 (2008)

Wang, Q., Guan, Y., Wang, J.: A chance-constrained two-stage stochastic program for unit commitment
with uncertain wind power output. IEEE Trans. Power Syst. 27(1), 206-215 (2012)

Wiesemann, W., Kuhn, D., Sim, M.: Distributionally robust convex optimization. Oper. Res. 62(6),
1358-1376 (2014)

Zimmerman, R.D., Murillo-Sdnchez, C.E., Thomas, R.J.: MATPOWER: steady-state operations, plan-
ning, and analysis tools for power systems research and education. IEEE Trans. Power Syst. 26(1),
12-19 (2011)

Zymler, S., Kuhn, D., Rustem, B.: Distributionally robust joint chance constraints with second-order
moment information. Math. Program. 137(1-2), 167-198 (2013a)

Zymler, S., Kuhn, D., Rustem, B.: Worst-case value at risk of nonlinear portfolios. Manag. Sci. 59(1),
172-188 (2013b)

@ Springer


http://www.optimization-online.org/DB_FILE/2015/05/4896.pdf
http://www.optimization-online.org/DB_FILE/2015/05/4896.pdf

	Ambiguous risk constraints with moment  and unimodality information
	Abstract
	1 Introduction
	1.1 Ambiguity set with unimodality information
	1.2 Relations to the prior work

	2 Representation of the ambiguous chance constraint
	2.1 Approximations of the ambiguous chance constraint

	3 Representation of the ambiguous CVaR constraint
	3.1 Approximations of the ambiguous CVaR constraint

	4 Extension to linear unimodality
	5 Computational case studies
	5.1 The RCED case study
	5.2 Comparison with the SDP reformulation

	6 Future research
	Acknowledgements
	Appendix A: proof of Observation 2
	Appendix B
	Appendix C: corrected ACC representation of Example 3.4.4 in hanasusanto2015decision
	References




