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Chance Constrained Reserve Scheduling Using
Uncertain Controllable Loads Part II:

Analytical Reformulation
Bowen Li, Student Member, IEEE, Maria Vrakopoulou, Member, IEEE, and Johanna L. Mathieu , Member, IEEE

Abstract—This paper is Part II of a two-part paper that
develops a multi-period chance constrained optimal power flow
model to schedule generation and reserves from both genera-
tors and aggregations of uncertain but controllable electric loads.
Part I developed the formulation and solved the problem using
a scenario-based method. In Part II, we assume that all uncer-
tainties follow multivariate normal distributions, allowing us to
reformulate the constraints analytically to obtain a determin-
istic formulation that can be solved faster and with less need
for real data than the scenario-based method in Part I. We test
the approach on a modified IEEE 30-bus system and compare
the solutions, empirical reliabilities, and computational require-
ments to those of the scenario-based method. We find that the
analytical reformulation solved using a cutting plane algorithm
requires less computational time than the scenario-based method.
Additionally, its solution is less costly and less conservative; how-
ever, its empirical reliability is lower, though still close to the
desired reliability.

Index Terms—Chance constrained optimization, load control,
multi-period optimal power flow, normally-distributed uncer-
tainty, wind power integration.

I. INTRODUCTION

IN PART I of this two part paper, we formulated a multi-
period chance-constrained optimal power flow (CC-OPF)

problem to schedule generator production and load consump-
tion set points along with both generator and load-based
reserve capacities assuming wind power and outdoor tem-
perature forecast uncertainty. The latter affects the available
reserve capacities from controllable loads, which are assumed
to be residential thermostatically controlled loads. We solved
the problem using a scenario-based method [1] that results in
a probabilistically robust reformulation of the CC-OPF prob-
lem. We showed that the method’s reliability guarantees are
satisfied empirically, but that the solution may be conserva-
tive with reliability levels far of excess of required reliability
levels.
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In Part II, we analytically reformulate the problem assum-
ing that wind and outdoor temperature forecast uncertainty
follow multivariate normal distributions. In reality, the errors
may not follow these distributions; however, the assumption
allows us to solve the problem faster and with less need for
real data (i.e., uncertainty scenarios), at the cost of less reliable
solutions. References [2], [3] also analytically reformulate CC-
OPF problems, but they do not consider controllable loads.
Reference [4] analytically reformulates a single-period CC-
OPF problem with uncertain controllable loads, whereas we
reformulate the multi-period problem, a much more com-
plex task. Moreover, [4] assumed load power/energy capacity
and baseline uncertainty were each normally distributed and
uncorrelated, whereas we assume only the underlying uncer-
tainty, i.e., temperature forecast error, is normally distributed.
The latter is a much more realistic assumption; however, it
makes the problem much more difficult to solve. In partic-
ular, using a piecewise linear model for the load power and
energy capacities, the probabilistic upper power/energy capac-
ity constraints are joint chance constraints that can not be
reformulated analytically. Instead we derive confidence bounds
and show through empirical examples and a proof sketch that
they are convex.

The reformulated problem is a deterministic, nonlinear opti-
mization problem, which we show to be convex. We solve
the problem in two ways: using a nonlinear solver and using
an iterative cutting plane approach [2] that introduces lin-
ear approximations of the nonlinear constraints only when
they are binding. We compare the solutions, empirical reli-
abilities, and computational requirements of both solving
methods to those of the scenario-based method presented
in Part I. To assess solution reliability, we use the realis-
tic (i.e., non-normally distributed) uncertainty scenarios used
in Part I.

Part II is organized as follows. Section II gives our
assumptions, notation, and approximations. Section III derives
the reformulation and describes the cutting plane algorithm.
Section IV presents the case studies and Section V pro-
vides concluding remarks. Supporting analysis and proofs are
provided in the Appendices.

II. ASSUMPTIONS, NOTATION, AND APPROXIMATIONS

Since asymmetric reserve deployment policies may result in
a non-convex analytical reformulation, we assume symmetric
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Fig. 1. Approximate energy capacity, power capacity, and baseline power
consumption of an aggregation of electric heaters.

reserve deployment policies, i.e., d = d. We assume wind
power forecast error and temperature forecast error follow
multivariate normal distributions, where wind power forecast
errors are correlated and temperature forecast errors are cor-
related, but wind power and temperature forecast errors are
independent.

A. Notation

Unless otherwise stated, we use the same notation as in
Part I and refer to Part I equations using equation references
(PI-#). New uncertainty notation is defined in this section. The
wind power forecast error vector is denoted �PW,t ∈ R

NW ,
with μW,t ∈ R

NW as its mean, �W,t ∈ R
NW×NW as its covari-

ance, and δW,t ∈ R
NW as its standard deviation. The mean

and standard deviation of the total wind power forecast error
Pm,t = 1T�PW,t ∈ R are denoted μW,t ∈ R and δW,t ∈ R,
respectively. The vector of temperature forecast errors cor-
responding to each controllable load aggregation is denoted
�Tt ∈ R

NC , where NC is the number of controllable load
aggregations. Recall from Part I that �PB,t ∈ R

NC is the
baseline power forecast error. Let μB,t ∈ R

NC be its mean,
�B,t ∈ R

NC×NC be its covariance, and δB,t ∈ R
NC be its stan-

dard deviation. The mean and standard deviation of the total
baseline power forecast error Pb

m,t = 1T�PB,t ∈ R are denoted
μB,t ∈ R and δB,t ∈ R, respectively.

To simplify the equations that follow, vector operators (e.g.,
max(u), min(u), uv, u2,

√
u, where u and v are arbitrary

vectors) are applied element-wise.

B. Approximate Controllable Load Capacities and Baseline

To facilitate the analytical reformulation, we approximate
the relationships shown in Fig. 1 of Part I. Specifically, we
assume PC and S are piecewise linear in Tt, and �PB,t is
linear in �Tt:

PC(Tt) = C1 + min
(
0, kp(Tt − Tbr)

)
, (1)

S(Tt) = C2 + min(0, ke(Tt − Tbr)), (2)

�PB,t = a�Tt, (3)

where the slopes kp, ke, and a; intercepts C1 and C2; and
“breaking temperature” Tbr are shown in Fig. 1. The slopes
kp and ke are computed using linear regression on the data
between Tbr and the “ending temperature” Tend, and a is

computed using linear regression on the data within the
temperature forecast range. We do not approximate the rela-
tionship between the baseline power and temperature forecast
PB(T f

t ) but use Fig. 1 of Part I as a look-up table, as in Part I.

III. ANALYTICAL REFORMULATION

In this section, we analytically reformulate (PI-38)–(PI-47).
A key difference between the formulation of Part I and the
analytical reformulation is that the former satisfies chance
constraints jointly, i.e., all constraints within an hour are sat-
isfied with probability 1 − ε, while the latter satisfies chance
constraints individually, i.e., each constraint is satisfied with
probability 1−ε. While the resulting formulations are different,
their solutions can be compared by computing their empirical
joint and individual reliabilities, which we do in Section IV.

A. General Reformulation

Assume that a random vector ξ follows a multivariate nor-
mal distribution with mean μ and covariance �. Then the
following constraints are equivalent [5]:

P
(
a(x)Tξ + b(x) ≤ 0

) ≥ 1 − ε, (4)

a(x)Tμ + b(x) + c
√

a(x)T�a(x) ≤ 0, (5)

where a(x) and b(x) are functions of the decision variable x,
and c = �−1

N (1 − ε), where �N denotes the cumulative dis-
tribution function (CDF) of the standard normal distribution.
When a(x) and b(x) are affine functions of x and ε ≤ 0.5, the
reformulation (5) is convex.

Constraint (5) can also be written as

a(x)Tμ + b(x) + S ≤ 0, (6)

S ≥ c
√

a(x)T�a(x), (7)

where S is a slack variable and (7) is a second order cone
(SOC) constraint. We will reformulate the constraints into this
form since it will allow us to apply a computationally-efficient
cutting plane algorithm, described in Section III-D.

B. Specific Reformulation

1) Generation Constraints: Constraints (PI-39) for
Operating Point 1 are reformulated as

PG,t − dGS,tμW,t + db
GD,tμB,t + SGS,t ≤ PG, (8)

PG,t − dGS,tμW,t + db
GD,tμB,t − SGS,t ≥ PG, (9)

SGS,t ≥ c

√
(
dGS,tδW,t

)2 +
(

db
GD,tδB,t

)2
, (10)

where SGS,t is a slack variable. Constraints (PI-39) for
Operating Points 2 and 3 can be reformulated similarly.

2) Controllable Load Power Capacity Constraints: The
lower constraint of (PI-40) for Operating Point 1 is reformu-
lated as

PC,t + dLS,tμW,t + μB,t − SLS,t ≥ 0, (11)

SLS,t ≥ c
√(

dLS,tδW,t
)2 + (

δB,t
)2

, (12)

where SLS,t is a slack variable. The lower constraints of (PI-40)
for Operating Points 2 and 3 can be reformulated similarly.
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The upper constraint of (PI-40) is more difficult to reformu-
late. Recall that the upper constraint for (PI-40) for Operating
Point 1 is

PC,t + RLS,t + Rb
LD,t ≤ PC(Tt), (13)

which can be rewritten as

PC,t + Z ≤ PC(T f
t ), (14)

where Z contains the random variables, i.e., Z = RLS,t +
�PB,t −ePC,t, where ePC,t = PC(Tt)−PC(T f

t ). We can rewrite
Z in terms of Pm,t and �Tt, by considering two cases.

a) Case 1, T f
t < Tbr: Referring to Fig. 1, denote the

positive difference between the forecast and the breaking tem-
perature as eT,t = Tbr − T f

t . Then, ePC,t = min(0, kp(�Tt −
eT,t)) and Z = dLS,tPm,t + max(a�Tt, (a − kp)�Tt + kpeT,t).

b) Case 2, Tbr < T f
t < Tend: Referring to Fig. 1, ePC,t =

min(C1 − Pc(T
f

t ), kp�Tt) and Z = dLS,tPm,t + max(a�Tt +
Pc(T

f
t ) − C1, (a − kp)�Tt).

Both expressions for Z and the corresponding expressions
for Operating Point 2 are of the form

Z = max(k1X, k2X + h) + dY = M + dY, (15)

where X = �Tt, Y = Pm,t, d = dLS,t, and k1, k2, and h are
constants. In each case, (14) is a joint chance constraint, for
example, for Operating Point 1, case 1 (14) is

P

⎛

⎜
⎝

PC,t + dLS,tPm,t + a�Tt ≤ PC(T f
t )

PC,t + dLS,tPm,t + (a − kp)�Tt+
kpeT,t ≤ PC(T f

t )

⎞

⎟
⎠ ≥ 1 − ε (16)

Ongoing research is seeking methods to reformulate joint
chance constraints; however, existing approaches, e.g., [6]
can only be applied to constraints with specific forms.
Unfortunately, we are unaware of any approaches that can be
used to reformulate constraints of the form of (16). Therefore,
in Appendix A, we develop a technique to empirically com-
pute a confidence bound z1 for Z, such that P(Z ≤ z1(dLS,t)) ≥
1 − ε, which allows us to reformulate the upper constraint of
(PI-40) as

PC,t + z1(dLS,t) ≤ PC

(
T f

t

)
, (17)

which is nonlinear but convex as shown in Appendix B.
Unfortunately, the corresponding expressions for Operating

Point 3 are not of the form (15), specifically, Z = RLS,t +
Rw0

LD,t + Rb0
LD,t − ePC,t = dLS,tPm,t − dLS,t−1Pm,t−1 + a�Tt−1 −

ePC,t(�Tt), which includes four random variables. While it
would be possible to analytically reformulate the correspond-
ing constraint, we instead approximate it as

PC,t + dLS,tP̃m,t + Rw0
LD,t + Rb0

LD,t ≤ PC

(
T f

t + �T̃t

)
, (18)

where we have replaced Pm,t with P̃m,t, �Tt with �T̃t,
and used the definition of ePC,t. The approximate P̃m,t uses
the wind power forecast error statistics from t − 1 rather
than t and �T̃t = �Tt−1. The approximate constraint can
be reformulated as (17), where its confidence bound can
be computed using the method described in Appendix A.
The approximation is physically justified because wind power

forecast statistics and temperature forecast errors should be
similar between hours. We demonstrate the impact of the
approximation through case studies in Section IV.

3) Reserve Capacity Constraints: Constraints (PI-41) –
(PI-43) are reformulated as

RGS,t ≥ −dGS,tμW,t + cdGS,tδW,t, (19)

RGS,t ≥ dGS,tμW,t + cdGS,tδW,t, (20)

RLS,t ≥ dLS,tμW,t + cdLS,tδW,t, (21)

RLS,t ≥ −dLS,tμW,t + cdLS,tδW,t, (22)

RGD,t ≥ db
GD,tμB,t + cdb

GD,tδB,t, (23)

RGD,t ≥ −db
GD,tμB,t + cdb

GS,tδB,t. (24)

Constraints (PI-44) and (PI-45) can be reformulated similarly.
4) Controllable Load Energy Capacity Constraints: The

lower constraints of (PI-46) and (PI-47) are reformulated as

St +
(

PC,t − PB

(
T f

t

)
+ dLS,tμW,t − μB,t

)�τ

n
− SEC,t ≥ 0,

(25)

St +
(

PC,t − PB

(
T f

t

))
�τ + (

dLS,tμW,t − μB,t
)�τ

n
− SEC,t ≥ 0, (26)

SEC,t ≥ c�τ

n

√(
dLS,tδW,t

)2 + (
δB,t

)2
, (27)

where SEC,t is a slack variable.
Like the upper power capacity constraints, the upper energy

capacity constraints are more difficult to reformulate. The por-
tion of the constraints that contains the random variables is
Z = (RLS,t − �PB,t)�τ/n − eS,t, where eS,t = S(Tt) − S(T f

t ).
As before, we can rewrite Z in terms of Pm,t and �Tt, by
considering two cases.

a) Case 1, T f
t < Tbr: Referring to Fig. 1, eS,t =

min(0, ke(�Tt − eT,t)) and

Z = dLS,tPm,t
�τ

n
+ max

(
−a�Tt

�τ

n
− ke

(
�Tt − eT,t

)
,

− a�Tt
�τ

n

)
.

b) Case 2, Tbr < T f
t < Tend: Referring to Fig. 1, eS,t =

min(C2 − S(T f
t ), ke�Tt) and

Z = dLS,tPm,t
�τ

n
+ max

(
−a�Tt

�τ

n
− C2 + S

(
T f

t

)
,

− a�Tt
�τ

n
− ke�Tt

)
.

Again, both expressions for Z are of the form (15) (though
now Y is a fraction of Pm,t) and so we can reformulate the
constraints as

St +
(

PC,t − PB(T f
t )
)�τ

n
+ z2(dLS,t) ≤ S

(
T f

t

)
, (28)

St +
(

PC,t − PB

(
T f

t

))
�τ + z2(dLS,t) ≤ S

(
T f

t

)
, (29)

where z2 is the confidence bound computed using the method
described in Appendix A. These constraints are nonlinear but
convex as shown in Appendix B.
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5) Power Flow Constraints: Constraints (PI-38) include all
wind power and temperature forecast errors. First, we express
(PI-37) as Pnew

inj,t = P f
inj,t + Pw

inj,t + Pb
inj,t where, for Operating

Point 1,

P f
inj,t = CGPG,t + CWP f

W,t − CL
(
PL,t + PC,t

)
, (30)

Pw
inj,t = −CGdGS,tPm,t + CW�PW,t − CLdLS,tPm,t, (31)

Pb
inj,t = CGdb

GD,tP
b
m,t − CL�PB,t. (32)

Next, we define the power flows Pt = APnew
inj,t = P f

t + Pw
t + Pb

t
where, for Operating Point 1,

P f
t = AGPG,t + AWP f

W,t − AL
(
PL,t + PC,t

)
, (33)

Pw
t = DW,t

(
dGS,t, dLS,t

)
�PW,t, (34)

Pb
t = DB,t

(
db

GD,t

)
�PB,t, (35)

where AG = ACG, AW = ACW , and AL = ACL. The matrices
DW,t and DB,t include AG, AW , AL, and the distribution vectors
as linear functions of the random variables.

Let subscript i refer to the ith row of a vector/matrix. The
power flow constraints for each line i for Operating Point 1
are

P f
t,i + DW,t,iμW,t + DB,t,iμB,t + SL,t,i ≤ Pl,i, (36)

P f
t,i + DW,t,iμW,t + DB,t,iμB,t − SL,t,i ≥ −Pl,i, (37)

SL,t,i ≥ c
√

DT
W,t,i�W,tDW,t,i + DT

B,t,i�B,tDB,t,i, (38)

where SL,t,i is a slack variable. Constraints (PI-38) for
Operating Points 2 and 3 can be reformulated similarly.

C. Approximation of Confidence Bounds

The nonlinear, convex constraints (17), (28), and (29)
include empirically-computed confidence bounds z1 and z2.
We approximate these bounds with analytic functions and
compare the performance and computational requirements of
the approximations in Section IV.

1) Polyhedral Approximation: The polyhedral approxima-
tion introduces only linear inequalities, i.e.,

z(d) ≥ αjd + βj ∀ j, (39)

where αj and βj are parameters corresponding to lineariza-
tion j.

2) 2-Norm Approximation: If M, in (15), were normally
distributed with mean μM and standard deviation δM , and
Y (which is normally distributed) has mean 0 and standard
deviation δY , then

z(d) = μM + c
√

(δM)2 + (dδY)2. (40)

Since M is close to normally distributed at low violation lev-
els, we can approximate it as such and compute μM and δM

via nonlinear regression on the empirically-computed confi-
dence bounds. Then each constraint including a confidence
bound can be written as a linear constraint and a nonlinear
slack variable constraint, where the latter is an SOC constraint.
This approximation requires less memory than the polyhedral
approximation.

TABLE I
COST DISTRIBUTION AND RESERVE ALLOCATION, 1 − ε = 90%

TABLE II
COST DISTRIBUTION AND RESERVE ALLOCATION, 1 − ε = 99%

D. Cutting Plane Algorithm

We use the cutting plane algorithm from [2] to reduce the
computational effort associated with the SOC constraints, i.e.,
all of the slack variable constraints. In the first step of the
algorithm, the CC-OPF is solved without the slack variable
constraints. Then, all of the slack variable constraints are eval-
uated. If all are satisfied, we have obtained the solution to
the full problem. Otherwise, we introduce linear constraints
corresponding to first order Taylor series expansions of the
unsatisfied slack variable constraints, re-solve the problem,
check the slack variable constraints, and repeat until all are
satisfied.

IV. CASE STUDIES

A. Set-Up

We use the same set-up as Part I. All results are generated
using temperature forecast profile 5 (i.e., T case #5) and four
intra-hour redispatch intervals, i.e., n = 4.

We compute and compare solutions for four test cases that
differ in formulation and solution approach.

• Scenario 1: the formulation/approach used in Part I,
i.e., the original constraints and original load capac-
ities/baseline (see Fig. 1 of Part I), solved with the
scenario-based method.

• Scenario 2: the approximate constraint (18) and the
approximate load capacities/baseline in Fig. 1, solved
with the scenario-based method.

• Analytical 1: the approximate constraint (18) and the
approximate load capacities/baseline in Fig. 1, analyt-
ically reformulated using the polyhedral approximation
of the confidence bounds and solved with i) a nonlinear
solver and ii) the cutting plane algorithm.

• Analytical 2: the approximate constraint (18) and the
approximate load capacities/baseline in Fig. 1, analyti-
cally reformulated using the 2-norm approximation of the
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TABLE III
COMPUTATIONAL TIME (S), NL = NONLINEAR SOLVER, CPA = CUTTING PLANE ALGORITHM

confidence bounds and solved with i) a nonlinear solver
and ii) the cutting plane algorithm.

We use the same uncertainty scenarios used in Part I.
Specifically, for each test case, we conduct five simulation
runs. The first set of runs corresponding to 1−ε = 90% use the
same 447 scenarios as used in Part I to compute the solutions
for Scenario 1 and 2 and to compute the mean and covari-
ance of the random variables for Analytical 1 and 2, and the
same 10,000 scenarios as used in Part I to compute the empir-
ical reliability, which is defined as one minus the empirical
violation probability. The other four sets of runs correspond-
ing to 1 − ε = 90% and five sets of runs corresponding to
1−ε = 99% use different random selections of the uncertainty
scenarios, where the same scenarios are used to both compute
the solutions for Scenario 1 and 2 and to compute the mean
and covariance of the random variables for Analytical 1 and 2.
Therefore, the number of scenarios used to compute the mean
and covariance of the random variables for Analytical 1 and 2
is different for 1 − ε = 90% and 1 − ε = 99%.

B. Results

Tables I and II show the cost distribution and reserve
allocation for the four test cases for 1 − ε = 90% and
99%, respectively, and for the first simulation run. The solu-
tions corresponding to Scenarios 1 and 2 are more costly
than those corresponding to Analytical 1 and 2, because
the scenario-based method is more conservative since it uses
extreme uncertainty scenarios from a probabilistically robust
set. Subsequently, the scenario-based method procures more
reserves leading to higher reserve costs and achieves less
load shifting leading to higher dispatch costs. Additionally,
we find that the solution corresponding to Scenario 2 is more
costly/conservative than that corresponding to Scenario 1 since
Scenario 2 uses the approximate load capacities and baseline.
The approximation error results in small suboptimal changes
to PC,t that reduce the ability of the loads to provide sec-
ondary reserves. The different approximations and solvers used
in Analytical 1 and 2 do not affect the solutions or costs.
Lastly, we find that decreasing ε increases reserve procurement
and costs for all test cases. In Scenario 1 and 2, decreasing ε

increases the number of uncertainty scenarios needed to gen-
erate the probabilistically robust set and, in Analytical 1 and 2,
it increases c = �−1

N (1−ε). Both changes tighten the feasible
region.

Table III shows the computational time for the four test
cases, for 1 − ε = 90% and 99%, where Analytical 1 and 2
are solved with both the nonlinear solver (NL) and the cutting
plane algorithm (CPA). Results for all test cases correspond
to the average of the five simulation runs. Table IV shows the
breakdown of the computational time associated with solving
Analytical 1 and 2 using the cutting plane algorithm. In each

TABLE IV
BREAKDOWN OF THE COMPUTATIONAL TIME (S) USING THE CPA

TABLE V
AVERAGE EMPIRICAL JOINT AND INDIVIDUAL RELIABILITY (%)

TABLE VI
MAXIMUM AND MINIMUM EMPIRICAL JOINT RELIABILITY (%)

TABLE VII
EMPIRICAL JOINT RELIABILITY BY CONSTRAINT

TYPE FOR ANALYTICAL 1 & 2 (%)

step, an optimization problem is solved and more constraints
are added as the step increases from 1 to 4. For our problem,
the algorithm converges after 4 steps. The column “Set-up”
lists the total time between all iterations, which is required to
compute the cuts.

While the computational times associated with
Scenario 1 and 2 are smaller than those associated with
Analytical 1 and 2 using the nonlinear solver, the com-
putational times associated with Analytical 1 and 2 using
the cutting plane algorithm are the smallest. Comparing
our results to those of [7], we find that this computational
advantage increases with problem dimension. The compu-
tational time of the first step of Analytical 2 is less than
that of Analytical 1, but at Step 4 the computational time
of Analytical 1 is less than that of Analytical 2. This is
because Analytical 2 uses the 2-norm approximation, which
includes a nonlinear slack variable constraint. New linear
approximations of the constraint may be introduced in each
step.



LI et al.: CHANCE CONSTRAINED RESERVE SCHEDULING USING UNCERTAIN CONTROLLABLE LOADS PART II 1623

TABLE VIII
NUMBER OF CONSTRAINTS PER HOUR REQUIRED FOR THE SCENARIO-BASED METHOD

TABLE IX
NUMBER AND TYPE OF CONSTRAINTS PER HOUR REQUIRED FOR ANALYTICAL 1 AND 2

Table V shows the average empirical joint and individual
reliability of the solutions associated with each of the test
cases, where the average is taken over the five simulation
runs. Table VI shows the maximum and minimum empiri-
cal joint reliability across the five simulation runs.1 The joint
reliability is the percent of hourly sets of constraints that
are satisfied concurrently considering all of the scenarios,
whereas the individual reliability is the percent of constraints
that are satisfied individually considering all scenarios. Recall
that the scenario-based method satisfies constraints jointly,
while the analytical reformulation is only capable of satisfying
constraints individually.

As shown in Table V, Scenario 1 and 2 are conser-
vative, achieving empirical joint reliabilities well-above the
desired joint reliability. Analytical 1 and 2 achieve much lower
empirical joint reliabilities, but do achieve empirical individ-
ual reliabilities well-above the desired individual reliability
because, for each uncertainty scenario, few constraints are
active. Increasing 1−ε from 90% to 99% improves the empiri-
cal joint reliability of Analytical 1 and 2 indicating that c could
be tuned to achieve the desired joint reliability. As shown in
Table VI, the empirical joint reliability of Analytical 1 and 2
varies more than that of Scenario 1 and 2, but increasing 1−ε

decreases the range.
Table VII shows the empirical joint reliability by con-

straint type for Analytical 1 and 2. The first row (Power
Flow) corresponds to all of the power flow constraints for
all three operating points; the second row (Energy Capacity)
corresponds to all controllable load energy capacity con-
straints; the third row (Operating Point 1) corresponds to
all generation, controllable load power capacity, and reserve
capacity constraints corresponding to Operating Point 1; the
fourth row (Operating Point 2) corresponds to all generation,

1The minimum empirical joint reliability for Scenario 1, 1− ε = 90%, i.e.,
98.15%, is comparable to the worse-case hourly empirical violation probability
reported in Part I, i.e., 1.86%.

controllable load power capacity, and reserve capacity con-
straints corresponding to Operating Point 2; and the fifth row
(Operating Point 3) corresponds to all generation, control-
lable load power capacity, and reserve capacity constraints
corresponding to Operating Point 3, except the redundant
constraints included in Operating Point 1. Power flow and
energy capacity constraints have high joint reliability because
they are rarely active. In contrast, reserve capacity constraints,
which are included within the operating point constraints,
are generally active since we attempt to minimize reserve
capacities while providing enough reserves to compensate for
wind power and temperature forecast error. This point is also
demonstrated by the large improvement in the joint reliabil-
ity of Operating Point 1–3 constraints as we increase 1 − ε

from 90% to 99%.
To summarize how the solution approaches scale,

Tables VIII and IX show the number of constraints per hour
required by the scenario-based method and the analytical refor-
mulations, respectively. We split the constraints by type and
by form, i.e., linear v.s. SOC constraints. As before, NW is the
number of wind power plants, NT is the number of temperature
zones, NC is the number of controllable load aggregations, and
j is the number of linear inequalities introduced by the poly-
hedral approximation in Analytical 1. We also define NG as
the number of conventional generators and NL as the num-
ber of transmission lines. The number of decision variables
per hour is 10NG + 4NC. Observe that NW and NT do not
affect the number of constraints, but do affect the size of the
matrices/vectors used to represent the constraints. These tables
can be used to determine the increased computational effort
required for increased system sizes and to determine the com-
position of constraints for Analytical 1 and 2. Commercial
solvers normally use primal-dual interior point methods to
solve optimization problems. Complexity bounds for SOC pro-
grams are given in [8] and for quadratic programs are given
in [9] and [10].



1624 IEEE TRANSACTIONS ON SMART GRID, VOL. 10, NO. 2, MARCH 2019

V. CONCLUSION

In this paper, we analytically reformulated the chance-
constrained optimal power flow problem with uncertain
controllable loads assuming temperature and wind power fore-
cast uncertainty follow multivariate normal distributions. We
showed that the nonlinear formulation is convex and we
demonstrated how to compute empirical confidence bounds for
the nonlinear constraints. We also showed how to approximate
the confidence bounds with two different convex approxima-
tions and use an iterative cutting plane algorithm to reduce
computational times. Through simulations, we compared the
costs, solutions, computational times, and reliability of the
approach to that of the scenario-based method introduced in
Part I. We showed that the analytical reformulation provides
less conservative, lower cost solutions with empirical individ-
ual reliabilities above desired individual reliabilities. However,
the approach does not guaranteed joint chance-constraint sat-
isfaction and so empirical joint reliabilities are much lower
than that of the scenario-based method. Still, joint reliabilities
can be increased by heuristically tuning the desired individ-
ual reliability. Importantly, the analytical reformulation solved
with the cutting plane algorithms requires less computational
time than the scenario-based method for the test system used,
and we provided tables demonstrating the scalability of the
approaches as a function of the problem size.

Future research will include i) improving the models and
ii) exploring the benefits of the wide variety of emerging
stochastic optimization techniques in development for CC-
OPF problems. For the former, we will attempt to model the
AC power flows, leveraging recent results, e.g., [11] and [12].
For the latter, we will explore alternative robust optimiza-
tion techniques that have been applied to related CC-OPF
problems, e.g., [13]–[15], including distributionally robust
optimization, e.g., [4], [16], and [17].

APPENDIX A
CONFIDENCE BOUND DERIVATION

In this Appendix, we derive the confidence bound z1(dLS,t)

corresponding to one of the NC constraints in (17) for Case 1
(i.e., T f

t < Tbr) at one time interval t. Other confidence bounds
can be derived similarly.

Without loss of generality, assume the mean of X = �Tt ∈
R is 0 and the standard deviation is δX . Then, the probability
density function (PDF) of X is

fX(x) = 1

δX
√

2π
exp

(

− x2

2δ2
X

)

, (41)

and the CDF of M, defined in (15), is

P(M ≤ m) = FX

(
m − h

k2

)
− FX

(
m

k1

)
, (42)

where FX is the CDF of X, k1 = a, k2 = a−kp, and h = kpeT,t.
The PDF of M is

fM(m) = dP(M ≤ m)

dm
=

fX
(

m−h
k2

)

k2
−

fX
(

m
k1

)

k1

=
fX
(

m−h
k2

)

k2
+

fX
(

m
−k1

)

−k1
(43)

Fig. 2. Example confidence bounds z1(d) and z2(d) for 1 − ε = 90% and
1 − ε = 99%.

since fX is symmetric with respect to zero.
Similarly, assume the mean of dY = dLS,tPm,t ∈ R is 0 and

the standard deviation is dδY = dLS,tδW,t. The PDF of dY is

fdY(y) = 1

dδY
√

2π
exp

(
− y2

2(dδY)2

)
(44)

Since h < 0, k1 < 0, and k2 > 0, M is lower bounded by
some value −C3 < 0. Therefore, the CDF of Z is

P(Z ≤ z1(d)) =
∫ ∞

−C3

∫ z1(d)−m

−∞
fM(m)fdY(y) dy dm

=
∫ ∞

−C3

fM(m)�N

(
z1(d) − m

dδY

)
dm. (45)

We solve for z1(d) empirically by setting (45) equal to 1 − ε

and sweeping discrete values of d within its domain, i.e., [0, 1].
Examples of the confidence bounds are shown in Fig. 2.

APPENDIX B
MONOTONICITY AND CONVEXITY PROOF SKETCHES

All constraints with the exception of those that include
confidence bounds are clearly convex. Figure 2 shows that
the empirically-computed confidence bounds appear to be
convex. In this Appendix, we sketch the proofs of mono-
tonicity and convexity for the confidence bound considered in
Appendix A. Similar reasoning can be used to prove mono-
tonicity and convexity for all other confidence bounds, and so
all constraints within this paper that include confidence bounds
are convex.

Assuming we have a solution triple (d0, z0, P0) corre-
sponding to (dLS,t, z1(dLS,t), 1 − ε) and we pick a large P0
such that z0 > C3 and the integral in (45) corresponding
to m ∈ [2z0 + C3,∞] is negligible (because this region
corresponds to the tail of fM), we have

P(Z ≤ z0) =
∫ 2z0+C3

−C3

fM(m)�N

(
z0 − m

d0δY

)
dm = P0, (46)

min
m∈[−C3,z0]

fM(m) = fM(z0), (47)

max
m∈[z0,∞]

fM(m) = fM(z0). (48)
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Increasing d0 to d1, the change in P0 is
∫ 2z0+C3

−C3

fM(m)

[
�N

(
z0 − m

d1δY

)
− �N

(
z0 − m

d0δY

)]

︸ ︷︷ ︸
��

dm

=
∫ z0

−C3

(fM(m) − fM(2z0 − m))�� dm, (49)

since �N is symmetric with respect to z0. From (47) and (48)
we know that fM(m) − fM(2z0 − m) ≥ 0 ∈ [−C3, z0]. We also
know that �� < 0 ∈ [−C3, z0]. Hence, the change in P0
is negative and to increase P0 we would need to increase z0.
Therefore, for a fixed P0, which is above some threshold ensur-
ing that the above assumptions hold, z(d) will monotonically
increase.

Proving convexity also requires approximations on the tails
of the PDFs. Though fM is the summation of two normal PDFs,
as shown in (43), one tail will dominate the other for large P0.
Hence, when we increase d0 to d1 the change in P0 will be
approximately the same as the change that would occur if fM
corresponded to a single normal PDF. Therefore, for a fixed
P0, which is above some threshold ensuring that the above
assumptions hold, z(d) will be convex and, when d is a scalar,
the corresponding constraint will be convex. When d is a vec-
tor, constraint convexity requires z(d) be monotonic, which
was shown above. This conclusion is supported by our simu-
lation results, which demonstrate that 2-norm approximations
of the confidence bounds are accurate for large P0.
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