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Abstract

Pseudoinverses are ubiquitous tools for handling over- and under-determined
systems of equations. For computational efficiency, sparse pseudoinverses
are desirable. Recently, sparse left and right pseudoinverses were intro-
duced, using 1-norm minimization and linear programming. We introduce
several new sparse generalized inverses by using l-norm minimization on
a subset of the linear Moore-Penrose properties, again leading to linear
programming. Computationally, we demonstrate the usefulness of our ap-
proach in the context of application to least-squares problems and minimum
2-norm problems.

One of the Moore-Penrose properties is nonlinear (in fact, quadratic),
and so developing an effective convex relaxation for it is nontrivial. We
develop a variety of methods for this, in particular a nonsymmetric lifting
which is more efficient than the usual symmetric lifting that is normally
applied to non-convex quadratic equations. In this context, we develop
a novel and computationally effective “diving procedure” to find a path
of solutions trading off sparsity against the nice properties of the Moore-
Penrose pseudoinverse.

Next, we consider the well-known low-rank/sparse decomposition prob-

lem

min {7 A, + (1 — 7)rank(B) : A+ B=C},



where C' is an m x n input matrix, 0 < 7 < 1, | - |, counts the number of
nonzeros, and A and B are matrix variables. This is a central problem in the
area of statistical model selection, where the sparse matrix can correspond to
a Gaussian graphical model, and the low-rank matrix can capture the effect
of latent, unobserved random variables. There is a well-known recovery
theory for this problem, based on a well-studied convex relaxation, and
we use it to devise test instances for the low-rank/sparse-inverse problem.
The low-rank/sparse-inverse decomposition problem can be related to that
of identifying a sparse "precision matrix”. We use the Woodbury matrix
identity to construct an algorithmic procedure for this problem, based on a
procedure used in the ordinary low-rank/sparse decomposition setting. This
gives us a computationally effective method for generating test instances for
this type of problem, without a supporting recovery theory.

Finally, we present an SDP formulation of the low-rank/sparse-inverse
decomposition problem. We further consider a relaxation to deal with the
nonconvex (quadratic) constraints, describing our extension to the origi-
nal formulation, providing primal and dual SDP relaxations, and examine
some relevant properties. In dealing with the nonconvex constraint, we pro-
pose the construction of disjunctive cuts, describing how these cuts can be

generated as well as considerations for tuning them.
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Chapter 1

Introduction

1.1 Definitions

We briefly set some notation.
o I, (respectively 0,) denotes an n x n identity (all zero) matrix.
. 6n € R™ denotes a zero vector.
e e denotes an all-one vector.
o Foran M € R™ ™, |M]||, denotes the number of nonzeros in M,

o rank(M) denotes the rank of M,

. |M|, = Z” Im; ;| denotes the matrix 1-norm of M, and

o ||M]|, = Z;n:i?{m’n} 0,(M) denotes the nuclear norm of M, where
o1(M)>o0y(M)> ... >0
M.

M) > 0 are the singular values of

min{m,n}(

m

o If M is square, then we denote the trace of M by tr(M) := > .~ m,;.



o For M, N € R™*", the matrix inner product is (M, N) := tr(M'N)

= Z” M7y 5-

1.2 Chapter overviews

In Chapter 2 we define the notion of pseudoinverse and generalized inverse
(§2.1), as well as establish motivation for sparsity in this context (§2.2).
In §2.3 we delve into developing tractable sparse generalized inverses based
on different characterizations of the properties of the Moore-Penrose pseu-
doinverse (MPP), while also proving some useful results regarding these
solutions under different column/row rank and Moore-Penrose (M-P) prop-
erty assumptions. In §2.4 computational experiments are designed and run
to explore inducing sparsity in solutions that satisfy various combinations
of the linear M-P properties, along with some relational metrics to compare
the quality of the solution with that of the true MPP.

In Chapter 3 we propose a collection of different methods to computa-
tionally deal with the nonlinear (nonconvex) M-P property (P2). §3.3 -
§3.7 cover some of the ideas considered, although they were not explored
as extensively as the techniques in later sections. Of the many methods
we describe, we focus much of our energy in §3.8 expanding on the use of
Reformulation Linearization Technique (RLT) and in §3.9 applying non-
symmetric lifting equations/inequalities to approximate (P2). We provide
an overview of how to model our problem in §3.10. In our exploration of
the efficacy of these techniques, we examine in §3.11 the tradeoff between
generating a sparse pseudoinverse (or generalized inverse) and a solution
that satisfies (P2) via a diving heuristic that iteratively strengthens our re-
laxation by refining the bounds of our variables. We describe the premise

and setup of this diving heuristic, as well as explore computationally the



impact of different weighted combinations in the branching point selection
process.

In Chapter 4 we shift from the discussion of sparse generalized inverses,
where in §4.1 we begin by considering a variant of the traditional sparse/low-
rank matrix decomposition problem, focusing on sparse-inverse/low-rank
decomposition. In §4.1.1 we discuss how to generate test problems for
the traditional decomposition problem using the recovery theory dealing
with convex relaxations, and describe the difficulties in describing a simi-
lar recovery theory in the sparse-inverse/low-rank case, which results in a
nonconvex relaxation. In §4.2 we utilize the Woodbury matrix identity to
establish a correspondence between the convex and non-convex relaxations
and introduce an algorithmic approach to generating test problems without
an explicit recovery theory. In §4.3 we further provide some computational
results for our heuristic and comment on its efficacy in generating test prob-
lems that exhibit "significant” recovery in §4.4.

In Chapter 5 (§5.1) we present a modeling approach for the sparse-
inverse/low-rank decomposition problem, as well provide an in-depth de-
scription of a possible SDP relaxation. In §5.2, with the hopes of dealing
with the non-convexity that arises from our relaxation and subsequent refor-
mulation, we propose a means to construct a disjunctive cutting plane that
tightens our original relaxation and describe how to generate valid linear

inequalities that iteratively strengthen the relaxation.



Chapter 2

Sparse Pseudoinverses via LP

relaxation

This chapter is based on [FFL16b]

Introduction

Pseudoinverses are a central tool in matrix algebra and its applications.
Sparse optimization is concerned with finding sparse solutions of optimiza-
tion problems, often for computational efficiency in the use of the output
of the optimization. There is usually a tradeoff between an ideal dense
solution and a less-ideal sparse solution, and sparse optimization is often
focused on tractable methods for striking a good balance. Recently, sparse
optimization has been used to calculate tractable sparse left and right pseu-
doinverses, via linear programming. We extend this theme to derive several
other tractable sparse pseudoinverses, employing linear and convex relax-
ations.

In §2.1, we give a very brief overview of pseudoinverses, and in §2.2, we



describe some prior work on sparse left and right pseudoinverses. In §2.3,
we present new sparse pseudoinverses based on tractable convex relaxations
of the Moore-Penrose properties. In §2.4, we present preliminary computa-
tional results. Finally, in §2.5, we make brief conclusions and describe our

ongoing work.

2.1 Pseudoinverses

When a real matrix A € R™*™ is not square or not invertible, we consider
pseudoinverses of A (see [RMT71] for a wealth of information on this topic).
For example, there is the well-known Drazin inverse for square and even
non-square matrices (see [CG80]) and the generalized Bott-Duffin inverse
(see [Che90]).

The most well-known pseudoinverse of all is the Moore-Penrose (M-P)
pseudoinverse, independently discovered by E.H. Moore and R. Penrose.
If A = UXV’ is the real singular value decomposition of A (see [GV96],
for example), then the M-P pseudoinverse (MPP) of A can be defined as
AT = VXTU’, where ¥ has the shape of the transpose of the diagonal
matrix ¥, and is derived from ¥ by taking reciprocals of the non-zero (di-
agonal) elements of ¥ (i.e., the non-zero singular values of A). The M-P
pseudoinverse is calculated, via its connection with the real singular value
decomposition, by the Matlab function pinv.

The MPP, a central object in matrix theory, has many concrete uses.
For example, we can use it to solve least-squares and minimum 2-norm
problems, as well as, together with a norm, to define condition numbers of

matrices.



2.2 Sparse left and right pseudoinverses

It is well known that in the context of seeking a sparse solution in a convex
set, a surrogate for minimizing the sparsity is to minimize the 1-norm. In
fact, if the components of the solution have absolute value no more than
unity, a minimum 1-norm solution has 1-norm no greater than the number
of nonzeros in the sparsest solution. This is due to the fact that the absolute
value function is an underestimator of the indicatior function for x # 0 on
the domain [—1, 1].

Figure 2.1: Absolute value function |z|, Indicator function for =z # 0

With this in mind, [DKV13] defines sparse left and right pseudoinverses in
a natural and tractable manner (also see [DG17]). For an “overdetermined

case”, a sparse left pseudoinverse can be defined via the convex formulation
min {[Hl, + HA=1,}. ©)

For an “underdetermined case”, a sparse right pseudoinverse can be defined



via the convex formulation
min {|H|, : AH =1,,}. ()

These definitions emphasize sparsity, while in some sense putting a rather
mild emphasis on the aspect of being a pseudoinverse. We do note that if
the columns of A are linearly independent, then the M-P pseudoinverse is
precisely (A’A)~1A’, which is a left inverse of A. Therefore, if A has full
column rank, then the MPP is a feasible H for (O). Conversely, if A does
not have full column rank, then (O) has no feasible solution, and so there is
no sparse left inverse in such a case. On the other hand, if the rows of A are
linearly independent, then the M-P pseudoinverse is precisely A’(AA’)~!,
which is a right inverse of A. Therefore, if A has full row rank, then the
MPP is a feasible H for (). Conversely, if A does not have full row rank,
then (&) has no feasible solution, and so there is no sparse right inverse in
such a case.

These sparse pseudoinverses are easy to calculate, by linear programming:

(LPy)

for the sparse left pseudoinverse, and

min {33, ti ¢ty = hags = —hy, Yij€mxn; AH =1, }
(LPy)
for the sparse right pseudoinverse. In fact, the (LP,) decomposes row-wise
for H, and (L F,,) decomposes column-wise for H, so calculating these sparse
pseudoinverses can be made very efficient at large scale. These sparse pseu-

doinverses also have nice mathematical properties (see [DKV13], [DG17]).



2.3 Sparse generalized inverses based on the

Moore-Penrose properties

We seek to define different tractable sparse pseudoinverses, based on the

the following nice characterization of the MPP.

Theorem 1. For A € R™*"™, the MPP A" is the unique H € R™™
satisfying:

AHA= A (P1)
HAH = H (P2)
(AH)' = AH (P3)
(HA) = HA (P4)

If we consider properties (P1) - (P4) that characterize the M-P pseudoin-
verse, we can observe that properties (P1), (P3) and (P4) are all linear in
H, and the only non-linearity is property (P2), which is quadratic in H.
Another important point to observe is that without property (P1), H could
be the all-zero matrix and satisfy properties (P2), (P3) and (P4). Whenever
property (P1) holds, H is called a generalized inverse. So, in the simplest
approach, we can consider minimizing ||H |, subject to property (P1) and
any subset of the properties (P3) and (P4). In this manner, we get several
(four) new sparse generalized inverses which can all be calculated by linear
programming.

We made some tests of our ideas, using CVX/Matlab (see [GB15], [GB0S]).

Before describing our experimental setup, we observe the following results.

Proposition 2. Given A € R™*"™ and generalized inverse H € R™ ™ :



(i) If A has full column rank and H satisfies (P1), then H is a left inverse
of A, and H satisfies (P2) and (P4).

(i) If A has full row rank and H satisfies (P1), then H is a right inverse
of A, and H satisfies (P2) and (P3).

Proof. Suppose that A has full column rank and H satisfies (P1) and (P3).

(i) Because A has full column rank, via elementary row operations, we

I 1
HA = :
M M
This implies that HA = I, that is H is a left inverse of A. Multiplying

on the right by H, we immediately have HAH = H, that is (P2).
Additionally, HA = I immediately implies (P4).

can reduce P1 to

(ii) The proof is similar.
O

Corollary 3. If A has full column rank and H satisfies (P1) and (P3),
then H = A", If A has full row rank and H satisfies (P1) and (P4), then
H=A".

2.4 Computational experiments

Due to the results in §2.3, we decided to focus our experiments on matrices A
with rank less than min{m, n}, testing some of our ideas using CVX/Matlab
(see [GB15], [GB08]). We generated random dense n x n rank-r matrices
A of the form A = UV, where each U and V' are n x r, with n = 40,



and five instance for each r = 4,8, 16, ...,36. The entries in U and V were
iid uniform (—1,1). We construct our problem instances in this manner so
that we have a structured way to control the rank, as well as the magnitude
of the entries of the matrices A and its pseudoinverse A™. We then scaled
each A by a multiplicative factor of 0.01, which had the effect of making
A+ fully dense to an entry-wise zero-tolerance of 0.1. In computing various
sparse generalized inverses, we used a zero-tolerance of 107°. We measured
sparsity of a sparse pseudoinverse as the number of its nonzero components
divided by n?. We measured quality of a sparse generalized inverse H,
relative to the MPP A" in two ways:

o least-squares ratio (‘lst’): ||[AHb — b|5/|AATH — b||,, with arbitrarily

b:=1,,. (Note that z := A*b always minimizes | Az — b||,.)

e 2-norm ratio (‘2nr’): |HAL, |,/|ATAL |,. (Note that x := HAI,, is

always a solution to Az = Al,, whenever H satisfies (P1), and one

n?

that minimizes |z, is given by z := AT A1, )

Proposition 4. If H satisfies (P1) and (P3), then AH = AA™.
Proof.

AHA = AATA (by (P1))

HAA = (AYYA'A  (by (P3))

A’AH = A’AAT

(ATYA’AH = (AT)A’AAT
AH = AAT,

the last equation following directly from a well-known property of A™. [J

10



Corollary 5. If H satisfies (P1) and (P3), then x := Hb (and of course
ATb) solves min{||Ax — b|, : x € R"}.

Similarly, we have the following two results:

Proposition 6. If H satisfies (P1) and (P4), then HA = AT A.

Proof.
AHA = AATA (by (P1))
AHA = A(AT)A (by (P4))
AHA = AATA
(AYYA'HA = (AT)YA'ATA
HA = ATA,
the last equation following directly from a property of A™. ]

Corollary 7. If H satisfies (P1) and (P4), and b is in the column space of
A, then Hb (and of course ATb) solves min{|z|, : Ax =0, x € R"}.

So in the situations covered by Corollaries 5 and 7, we can seek and use
sparser pseudoinverses than A™. Our computational results are summarized
in Table 2.1 and Table 2.2, where ‘1Inr’ (1-norm ratio) is simply | H|,/|A" |1,
and ‘sr’ (sparsity ratio) is simply |H|,/||A*|,- Note that the entries of 1
reflect the results above; in particular the results of Corollary 5 are reflected
in the column ‘lsr’ (defined earlier)for solutions where (P1) + (P3) are
enforced, while the results of Corollary 7 are reflected in the column ‘2nr’
(defined earlier) for solutions where (P1) 4+ (P4). When enforcing (P1) +
(P3) + (P4), the results of Corollaries 5 and 7 are reflected by entries of 1

in ‘Isr’ and ‘2nr’. We observe that sparsity can be gained versus the MPP,

11



often with a modest decrease in quality of the generalized inverse, and we
can observe some trends as the rank varies.

For sake the of clarity and succinct notation, let us define H1, H13,
H14, and H134 to denote solutions H that satisfy (P1), (P1) + (P3), (P1)
+ (P4), and (P1) + P3) + (P4), respectively.

As illustrated in Figure 2.2, as the rank of A increases we see that when
enforcing (P1) or (P1) 4+ (P4) there is a noticeable decrease in the quality
of H as a least-squares minimizers (illustrated as an increase in the least-
squares ratio). However, when enforcing (P1) + (P3) or (P1) 4+ (P3) +
(P4), we observe that the sparse solutions H generated are consistent with
the MPP as least-squares minimizers (follows from Corollary 5).

Similarly in Figure 2.3, when we enforce (P1) or (P1) 4+ (P3) there is some
observable variability in the quality of H as a 2-norm minimizer, resulting
in a sparser, but non-optimal solution to the 2-norm problem. Furthermore,
when enforcing a combination of either (P1) 4+ (P4) or (P1) + (P3) + (P4),
the resulting sparse solution H is consistent with that of the MPP, as they

both serve as minimizers of the 2-norm problem (follows from Corollary 7).

12



Table 2.1: Sparsity vs quality (m =n = 40)

P1 P1+P3 P1+P4 P1+P3+P4
r ||[AT|; Inr sr Isr 2nr Inr sr o Isr 2nr Inr sr lsr 2nr Inr sr lsr 2nr
4| 586(0.44 0.01 1.07 2.27]0.60 0.10 1 1.43|0.64 0.10 1.02 1{0.750.19 1 1
4| 465|0.46 0.01 1.07 1.82]0.63 0.10 1 1.43|0.63 0.10 1.01 1{0.77 0.19 1 1
4| 500{0.44 0.01 1.08 1.82]0.62 0.10 1 1.46|/0.62 0.10 1.01  1/0.76 0.19 1 1
41 503(0.41 0.01 1.28 2.00|0.62 0.10 1 1.31{0.62 0.10 1.06 1{0.750.19 1 1
4| 511]0.45 0.01 1.10 2.36/0.63 0.10 1 1.55|0.64 0.10 1.09 1{0.78 0.19 1 1
8| 855]0.53 0.04 1.17 1.63(0.69 0.20 1 1.28]0.68 0.20 1.05 1/0.80 0.36 1 1
8| 851/0.53 0.04 1.22 1.60/0.69 0.20 1 1.33/0.69 0.20 1.07 1/0.80 0.36 1 1
8| 841(0.53 0.04 1.25 1.70{0.69 0.20 1 1.34]0.69 0.20 1.07 1]0.80 0.36 1 1
8| 761]0.52 0.04 1.05 1.70({0.69 0.20 1 1.32/0.68 0.20 1.09 1/0.810.36 1 1
8| 864]0.52 0.04 1.09 1.40(0.69 0.20 1 1.21]0.68 0.20 1.04 1/0.80 0.36 1 1
12| 1150(0.60 0.09 1.26 1.68/0.74 0.30 1 1.26(0.75 0.30 1.12 1]0.86 0.51 1 1
12| 1198/0.59 0.09 1.20 1.70{0.75 0.30 1 1.25]0.75 0.30 1.05 1}0.850.51 1 1
12| 1236(0.59 0.09 1.10 1.28/0.75 0.30 1 1.17(0.75 0.30 1.24 1]0.86 0.51 1 1
12| 1134(0.60 0.09 1.38 1.43/0.75 0.30 1 1.19(0.74 0.30 1.09 1]0.850.51 1 1
12| 1135(0.60 0.09 1.20 1.44/0.75 0.30 1 1.21|0.75 0.30 1.14 1]0.850.51 1 1
16| 1643/0.67 0.16 1.36 1.85{0.79 0.40 1 1.30{0.80 0.40 1.17 1}0.90 0.64 1 1
16| 1421(0.65 0.16 1.20 1.61/0.79 0.40 1 1.29(0.79 0.40 1.31 1090 0.64 1 1
16| 1518(0.65 0.16 1.33 1.38/0.79 0.40 1 1.20(0.80 0.40 1.30 1]/0.89 0.64 1 1
16| 1512(0.66 0.16 1.45 1.68/0.80 0.40 1 1.34|0.79 0.40 1.16 1]/0.89 064 1 1
16| 1539/0.65 0.16 1.18 1.25{0.79 0.40 1 1.19]0.79 0.40 1.29 1}0.89 0.64 1 1
20| 2147(0.72 0.25 1.51 1.33]0.84 0.50 1 1.15/0.84 0.50 1.42 1/0.940.75 1 1
20| 2111{0.72 0.25 1.81 1.44]0.83 0.50 1 1.35/0.84 0.50 1.48 1/0.930.75 1 1
20| 2148|0.71 0.25 2.08 1.49]0.84 0.50 1 1.32{0.83 0.50 1.45 1/0.930.75 1 1
20 2061]0.72 0.25 1.50 1.49/0.84 0.50 1 1.35/0.84 0.50 1.31 1{0.93 0.75 1 1
20| 2283]0.72 0.25 1.61 1.47]0.83 0.50 1 1.47{0.84 0.50 1.20 1{0.940.75 1 1

‘Inr’ (1-norm ratio) is |H |, /[ A"
‘st” (sparsity ratio) is |H|o/[ AT |-

Isr’ (least-squares ratio) is |A(HT,,)

‘Onr’ (2-norm ratio) is |HAT, |,/| At AL, |,.
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Table 2.2: Sparsity vs quality (m = n = 40)
P1 P1+P3 P1+P4 P1+P3+P4
r |[AT|; Inr sr Isr 2nr Inr sroIsr 2nr Inr sr st 2nr Inr st lsr 2nr
24| 2865|0.77 0.36 1.86 1.24]0.87 0.60 1 1.18/0.87 0.60 1.51 1]{0.96 0.84 1 1
24| 3228(0.78 0.36 2.17 1.34|0.87 0.60 1 1.37/0.88 0.60 1.90 1/0.96 0.84 1 1
24| 2884(0.77 0.36 2.27 1.72|0.87 0.60 1 1.32/0.87 0.60 1.55 1/0.96 0.84 1 1
24| 2853(0.78 0.36 1.50 1.66|/0.88 0.60 1 1.50/0.87 0.60 1.53 1/0.96 0.84 1 1
24| 294410.78 0.36 1.72 1.48/0.87 0.60 1 1.64]0.88 0.60 1.64 1(0.96 0.84 1 1
28| 4359(0.82 0.49 1.69 1.65/0.90 0.70 1 1.63|0.91 0.70 1.89 11098 0.91 1 1
28| 4268(0.83 0.49 2.27 1.98/0.91 0.70 1 1.79/0.91 0.70 2.08 11098 091 1 1
28| 4069(0.83 0.49 2.35 1.510.91 0.70 1 1.43/0.91 0.70 2.25 1{0.98 0.91 1 1
28| 3993(0.83 0.49 2.30 1.58/0.90 0.70 1 1.27|0.91 0.70 2.19 1/097 091 1 1
28| 4387(0.83 0.49 2.54 1.78/0.91 0.70 1 1.34/0.91 0.70 2.76 1{0.98 0.91 1 1
32| 6988(0.88 0.64 4.08 1.60/0.94 0.80 1 1.81/0.94 0.80 3.54 1/0.99 0.96 1 1
32| 6493(0.89 0.64 3.00 1.75/0.94 0.80 1 1.79/0.94 0.80 2.35 1/0.99 0.96 1 1
32{11445]0.89 0.64 4.50 4.82]0.94 0.80 1 2.58/0.94 0.80 7.18 1]{0.99 0.96 1 1
32| 8279(0.89 0.64 5.08 2.72/0.95 0.80 1 2.31/0.94 0.80 3.39 1/0.99 0.96 1 1
32| 5069(0.89 0.64 2.14 1.90/0.95 0.80 1 1.74/0.94 0.80 2.26 1/0.99 0.96 1 1
36| 18532(0.94 0.81 11.16 2.88/0.97 0.90 1 1.85/0.97 0.90 9.80 1/1.00 0.99 1 1
36| 16646(0.94 0.81 10.91 2.53|0.97 0.90 1 3.04/0.97 0.90 8.07 1/1.00 0.99 1 1
36/11216(0.95 0.81 4.56 1.50/0.97 0.90 1 1.60/0.97 0.90 4.93 1/1.00 0.99 1 1
36/10299(0.95 0.81 6.12 1.45/0.98 0.90 1 2.14/0.97 0.90 5.37 1/1.00 0.99 1 1
36{11605]0.94 0.81 5.70 1.56/0.97 0.90 1 2.17/0.98 0.90 5.65 1|{1.00 0.99 1 1

‘Int’ (1-norm ratio) is |H| /|| AT];-

‘st” (sparsity ratio) is |H|o/[ Ao

Isr’ (least-squares ratio) is |A(HT,,) — 1, |/IA(ATL,) — 1, |5
‘Onr’ (2-norm ratio) is |HAT, |,/| At AL, |,.
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Figure 2.3: Average 2-norm ratio vs. rank

2.5 Conclusions and ongoing work

We have introduced four tractable generalized inverses based on using 1-

norm minimization to induce sparsity and making linear-programming re-

laxations based on the M-P properties. It remains to be seen if any of these
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new generalized inverses will be found to be valuable in practice. There is a
natural tradeoff between sparsity and closeness to the M-P properties, and
where one wants to be on this spectrum may well be application dependent.

We note that (P2) is a nonlinear property and it is nontrivial to handle
it in a useful way by convex relaxation. We address this in Chapter 3 via a
variety of computational methods.

Another idea that we are exploring is to develop update algorithms for
sparse generalized inverses. The Sherman-Morrison-Woodbury formula gives
us a convenient way to update a matrix inverse of A after a low-rank mod-
ification, where by extending that formula, A" can be updated efficiently
(see [Mey73] and [Rie92]). It is an interesting challenge to see if we can
take advantage of a sparse generalized inverse (or pseudoinverse) of A in
calculating a sparse generalized inverse (or pseudoinverse) of a low-rank

modification of A.
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Chapter 3

Computationally dealing with the
non-linear property of the

Moore-Penrose Pseudoinverse

This chapter is motivated by work from [FL18b], [FL18al], and based on
work from [FFL19].

Introduction

As we saw in the previous chapter, we can construct various sparse gener-
alized inverses via combinations of linear properties of the Moore-Penrose
pseudoinverse (MPP). Although solutions were demonstrably sparser than
the MPP, especially in the low-rank settings, the question remains what
the cost would be to enforce (P2). Any solution of (P1) has rank at least
that of A. But a solution of (P1) and (P2) has rank equal to that of A.
Thus it may be that a solution of (P1) is sparser than the MPP, but with a
rank greater than or equal to that of the MPP, which can reflect how well

18



the solution satisfies (P2). So, instead of searching for a solution that sat-
isfies (P2) exactly, we may instead explore approaches that, starting with
an initial sparse generalized inverse, approximates (P2) and provides a se-
quence of solutions that illustrates the impact on the solution sparsity as
the approximations are strengthened.

In the search for ways to approximate (P2), we consider a variety of
frameworks for formulating the property in a convex setting, with particular
focus on linear and convex quadratic lifting techniques. Once we establish
the model formulations, we establish the quality of the solutions generated
by utilizing performance measures ’lsr’ and "2nr’ (as seen in Chapter 2);
while in exploring the tradeoff of sparsity and violation of (P2), we measure
sparsity using the matrix 1-norm and violation using the Frobenius norm.
We present some preliminary computational results (and illustrations) us-
ing these techniques and discuss some further questions born from these

experiments.

3.1 Toward computationally dealing with (P2)

The Moore-Penrose (M-P) property (P2) is not convex in H. So we cannot
incorporate it in convex relaxations. But, (P2) is quadratic in H, and there
are standard approaches for handling nonconvex quadratics to consider.

We can view property (P2) as
hi Ah.; = hj, (3.1)

for all 25 € m x n. So, we have mn quadratic equations to enforce, which
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we can be expressed as

(P, 1'5)

N | —

0, A h
" "ol = hy, 3.2
A0 ] (h) v (32)

n J

for all ij € m x n. We can view these quadratic equations (3.2) as

1 h;. ,
2 <Q7 ( h. ) (hi"h.j)> o

for all i € m x n, where

0, A
Q'_[A’ 0,

c R(m+n) x (m+mn)

Y

and (-,-) denotes element-wise dot-product.

Now, we lift the variables to matrix space, defining matrix variables

iy o= ( ZZ ) (hy., hly) € RUmtmxtmin),
]

for all ij € m x n. So, we can see (3.2) as the linear equations

<Q,}[,L-j> = hy;s (3.3)

N | =

for all ij € m x n, together with the non-convexr equations

R}, ,
Iy — ( b ) <hi.7h.j> =040 (3.4)

g

for all 75 € m x n. Next, we relax the equations (3.4) via the convex semi-
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definiteness constraints:

a ,
Iy — ( L ) (hi-ah.j> =0, (3.5)

J

for all ij € m x n. So we can relax the M-P property (P2) as (3.3) and
(3.5), for all ij € m x n.
To put (3.5) into a standard form for semi-definite programming, we

create variables vectors z,; € R™*", and we have linear equations

Tij = ( Zgj ) : (3.6)

Next, for all 17 € m X n, we introduce symmetric positive semi-definite

(m+n+1)x(m+n+1)

matrix variables Z,; € R , interpreting the entries as follows:

g ] (3.7)

Then the linear equation
O — 1 (3.8)

T;;

and Z,; positive semi-definite precisely enforce (3.5).

Finally, we re-cast (3.3) as

<Q7 Zij> = hz‘ja (3-9)
where

Q _ |: 0 0m+n ] c lR(m+n+1)><(m+n+1)_ (310>

m+n
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In principle, we can consider minimizing |H |, subject to property (P1)
and any subset of (P3), (P4), and (3.3)+(3.5) for all 7j € m x n (though
we would reformulate (3.3)+(3.5) as above, so it is in a convenient form for
semi-definite programming solvers used in CVX). In doing so, we get further
new sparse generalized inverses which are all tractable via semi-definite
programming.

Of course all of these relaxations have feasible solutions, because the
Moore-Penrose pseudoinverse (MPP) A™ always gives a feasible solution.
An important issue is whether there is a strictly feasible solution — the
Slater condition(/constraint qualification) — as that is sufficient for strong
duality to hold and affects the convergence of algorithms (e.g., see [BV04]).
Even if the Slater condition does not hold, there is a facial-reduction algo-
rithm that can induce the Slater condition to hold on an appropriate face
of the feasible region (see [Pat13]).

3.2 A lighter version of (P1)

While linear-optimization solvers are well equipped for handling redundant
linear equations, there is some evidence that quadratic and SDP solvers
are not so well equipped. So, it is useful to handle such redundancies at
the modeling level'!. M-P property (P1) involves mn equations AHA = A.
Considering the singular value decomposition A = UXV’, if A has rank r,
then we can take U, ¥ and V to be m X r, r X r, and n X r, respectively.

Then we can reduce (P1) to the 72 (< mn) linear equations

(SVHYH(US) = 3. (3.11)

for example, per Erling Andersen with regard to the conic solver MOSEK
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3.3 Quadratic tightening of (P1)

We can view (P1) as

n m
az‘kaejhke = Q445
k=1 1=1
fore=1,..m, g = 1,....n. Forp = 1,....n and ¢ = 1,...m, we can
multiply by A, to get
n m
Zzaikaejhkghpq - a/l'jh/pq. (312)
k=1 1=1

Next, it is easy to see that
Piehpg = (Hig) e (and symmetrically)
m+p,

and so we arrive at the valid linear equations

Z Z Qi Qy; (%kq)mM = a;ihpg- (3.13)
k=1 1=1

We note that we could apply this same idea to (3.11), the lighter version
of (P1).
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3.4 Penalizing “big” J{,; with quadratic
penalties

The convex semi-definiteness constraints (3.5):
hi; :
7 (hih;) = 0y
g

are not useful by themselves because for any choice of H, they are satisfied
by simply choosing J;; to be “big enough in the positive semi-definite

sense” (e.g., choose H i = AI, where A is the greatest eigenvalue of

(1) o

Because J,; appears nowhere else, relaxing (3.4) to (3.5) is like throwing
(P2) out entirely. However, we can bring it back into play by replacing our

objective min |H |, with

min 7|H|; + (1—7) Ztr (#;) (3.14)

Because of (3.5), we can add the further restriction that each diagonal entry

of
h
Hi— | | (ks b))
’ (h-j> ’

should be non-negative. That is, for all ¢« and j, we have the following

convex constraints:

(7i5),, —hi >0, for £=1,....m, (3.15)
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and
(%ij)erE,anZ —h{; >0, for £ =1,...,n, (3.16)
Note that it is really necessary to do something like (3.15)-(3.16), or else
(3.14) will be unbounded.
Of course we have to find a suitable value for 7. It may well be advis-
able to dynamically alter 7, starting with very small 7, and then gradually
increasing 7 (emphasizing sparsity of H) as we come closer to satisfying

(3.5).

3.5 Quadratic PSD-cuts

One idea for getting away from having to impose semi-definiteness con-
straints is to outer approximate them. We follow such an approach from
the literature (see [SBL10a], for example).

For any v € R™" by (3.5), we have the valid inequality

W (7%-— ( Z ) (hi-7h~/j>) v > 0.
-J

Equivalently, we have the quadratic PSD-cut
(00, ;) — (e ) 0) >0, (3.17)

which we can easily see are convex quadratics. By letting v be an eigenvector

of ~
- hi N s
Hij— ( y ) (P, Bj)

corresponding to a negative eigenvalue, the corresponding quadratic PSD-
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cut, which we now refer to as an eigen-cut, will be violated by H,;,

h;.,

7

.]‘
Schur complements

Using the above, we can see how to get violated quadratic PSD-cuts from

negative eigenvalues of appropriate matrices. For convenience, let

X = %Zj,

( h;. )
Xr = .
h.;

We think of X and Z as fixed at this point — a solution of a relaxation.

and let

And then if v is an eigenvector of X — 72’ with negative eigenvalue, then
v (X —za’)v > 0 is a valid quadratic PSD-cut that is violated by X, Z.

Now we can also consider

It is appealing to consider the matrix variable Z because PSD-cuts for Z
are linear (rather than convex quadratic).

It is helpful to also consider

. 0 0’
W= | =—=——= .
0| X —z2

Note that bordering X — 7 with zeros includes an additional zero eigen-

value into the set of eigenvalues of X — 7.
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Let A\, > -+ > Ay > Ay be the decreasingly ordered list of eigenvalues
of Z, and let Ly, = g =+ 2> fbg > p4 be the decreasingly ordered list
of eigenvalues of w. Then, there is a nice interlacing principle here (see
[Zha05, Theorem 2.1]):

Note that p; does not appear here. We can conclude:

1. if W (or X — #2') has k negative eigenvalues then Z has either k or

k — 1 negative eigenvalues;

2. if Z has k negative eigenvalues then W (or X — #2’) has k or k + 1

negative eigenvalues.

This might suggest that, ignoring the time to solve relaxations, it could

~~y

be better to work with X — #7’ rather than Z. Certainly when k£ = 0 we
can see that if Z has k = 0 negative eigenvalues then W has 0 negative

eigenvalues. But we can say more. Consider the following definition.

Definition 8. The inertia of an n x n Hermitian matriz QQ is the ordered

triple In(Q) := (p(Q), ¢(Q), 2(Q)), in which p(Q), ¢(Q), and 2(Q) are the

numbers of the positive, negative, and zero eigenvalues of @), respectively
(including multiplicities) (see [Zha05, Section 1.3]).

We have

. 1 0’ 1|0 N 1| -3
Ve [ = [ — 7 = .
( 0| X —z2/ ) ( —z| I ) ( 0 I )

So based on [Zha05, Theorem 1.5], In(V)=In(Z). Therefore V and Z have
the same number of negative eigenvalues. Also, based on [Zha05, Theorem

1.6], we have
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~

In(Z) = In([1]) + In(X — 2&').

Therefore, Z and X — Zz’ have the same number of negative eigenvalues.

3.6 Pre-computed quadratic PSD-cuts

We have seen very slow convergence with eigen-cuts, and we have found it
useful to pre-compute some quadratic PSD-cuts. A useful set of quadratic
PSD-cuts appears to come from choosing v to be all choices of non-zero
vectors with only 41 as non-zeros and at most two such non-zeros (see
[AH17], for example). Because there is no need to include the negative of
any utilized v, the number of such v (which would give us cuts for each 14
and j) is m+n+ (m;”)

3.7 2-by-2 cuts

Besides quadratic PSD-cuts, which enforce that the diagonal entries of

B,
’ ( hj ) ’

be non-negative, we can additionally seek to enforce that the 2-by-2 princi-

ple submatrices of the 7(;; be positive semi-definite (see [KK03]). Letting

()
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denote a principle submatrix of /.., we can easily see that M > 0 is

159
equivalent to

ab—c*>>0,a>0,b>0. (3.18)

This solution set of (3.18) may not appear to be convex, but it is — being

just a rotated second-order cone.

3.8 Reformulation Linearization Technique
(RLT)

The Reformulation-Linearization-Technique (RLT) (see [SA99]) is a method
that generates strengthened linear programming relaxations. We can take
any pairs of inequalities o’z > 8 and v’ > § and consider the valid inequal-
ity (@’z — ) (v'z —0) > 0. Expanding this we have . Zj QYT —
(6a” + B7") x + 36 > 0, which we then linearize by replacing z,z; by a new
variable y; ;.
In our context, we assume that we can put box constraints on the h,;,
say
Aij < hij < g, (3.19)

for i7 € n x m, and then applying RLT to them.
Now, consider for all pg € n x m and kf € n x m, the valid inequalities

derived from the box constraints:

(hpq - )‘pq)(hkﬁ - )‘ké) > 0,
(h’pq - qu)(:ukﬁ - hké) > 0,
(,qu - h‘pq)(/”’k[ - h‘k‘ﬁ) > 0

Equivalently, we have the following inequalities.
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For all pg € n x m and kf € n x m:

PopgPie = MeePipg — ApgPiie + ApgAie = 0,
_hpqhke + lukéhpq + quhkg - quukf > O7
hpqhke o 'ukfhpq - Iu“pqhkz + Upghire = 0.

Forall j=1,...mand k¢ € n x m:

P ihie — Aol — Agilee + AgjAe = 0,
—hyihge + el + Agihge — Agitbie = 0,
P ilie — BrePr; — e + Bggtbe = 0.

For all i =1,...n and pg € n x m:

hpqhiq - )‘ithq - quhiq + qu}‘iq >0,
—hpgliq + tighpg + Apgliq — Apghtiq = 0,

hpqhiq o '“ithq o Mpqhiq + Fepgfig > 0.

From (3.4), we have the following identities for all k& = 1,.

1,...,m.

Forp=1,..n,0=1,...,m:

hpghike = (%kQ)mﬂy,e (and symmetrically),

and
hkﬂhpq = (‘7{1)6)

Forj=1,..m, {=1,...,m:

ik (and symmetrically).

hyihge = (j{kQ)j,E (and symmetrically).
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Forp=1,..n,:=1,....n:

hpohiq = (}[kq)m—i-p,m—i-i (and symmetrically).

So we can linearize the valid inequalities above in the lifted space, as:

Forallp=1,...,n,q=1,..m, k=1,....n, {=1,...,m:

— )\kéh’pq — quhkﬁ + )‘pq/\ké >0,
+ tgohpg + Apglie — Apghine = 0,

(%kq)mﬂo,é

o (j{kq)
(%kq>

m+p,l

mape — PatPpg = Bpglike + lipghie = 0,

and
<‘7_[pé>m+k,q

N (}[pe>m+k,q
(ﬂpz)m%’q — HePpg = Hpglie + Hpghipe = 0.

- /\kéhpq - )‘pqhké + )‘pq)‘kf 2 07
+ :ukéhpq + )‘pqhké - )‘pq/’l’sz > 07

Forallg=1,....m,j=1,...m k=1,....,n, {=1,...,m:

(%kq)j’e — Apehig — Ajhie + ApjAee 2 0,
- (%kq)j’g + tpelng + Mighie — Agjtine = 0,
(%kq)ﬂ — Hgehyy — pihge + Hijtge = 0.

Note that from the first equations on this last group, we have for all

Jg=1,....m:

(Frq) ;= Mgl + Mgl = Mjh
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Forall k=1,....,n,i=1,....n,p=1,...;n,q=1,...,n:
(ﬂkq>m+p’mﬂ- o )‘ithq o )‘pqhiq + )‘pq)‘iq >0,

o <ﬂkq>m+p7m+i + Mithq + )‘pqhiq o )‘pq/‘iq >0,

<%kq>m+p7m+i = Pighpg = Hpgliq 1 Hpgttiq 2 0

Note that from the first equations on this last group, we have for all
1=1,...,n:

> Nighig + Nighig — Mg\

(%kq)mﬂ,mﬂ- iq'"igq iq' g 197 g

> 20,0 — Aighig = My > 0.

1q g 1q g

3.9 Non-symmetric lifting

In previous sections we have considered modeling property (P2) by using

(mAn)x(m+n) ip the constraints (3.3)

nm symmetric matrix variables 7(;; € R
and (3.4). The motivation for this formulation is to relax (P2), or more
specifically, to relax (3.4) using semi-definite programming. Although semi-
definite relaxations are mathematically appealing and lead to interesting
results, lifting to the nm symmetric matrix variables 7, € R(m+n)x(m+n)
is rather heavy.

Aiming to avoid the computational /numerical difficulty introduced with
this heavy lifting, we alternatively consider modeling (P2) by the nm non-
symmelric quadratic equations (3.1), and investigate possible convex re-
laxations of these equations. We seek to avoid re-casting each quadratic
equation (3.1) as a symmetric quadratic equation (3.2). To do this, we

(m+n)x(m+n)

work with matrices in R™*"™ rather than in R so we are still

lifting, but in a lighter manner. In the heavier situation that we previously

considered, for each of the mn symmetric matrix variables in R(m+m)x(m+n)
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m+n
2

suggest to investigate, for each of the mn non-symmetric matrix variables

there are ( ) independent scalar variables. In the approach that we now
in R™*™ there are mn scalar variables. For m = n, this is a savings of

about half the number of scalar variables of the lifting.

General non-symmetric quadratic forms

Our approach may well have other applications when one has general non-
symmetric quadratic, so we present it more generally.

Consider a general quadratic form f(z,y) := 2’ Ry, with x € R™, y € R,
R € R™*". Though we write x and y as if they are disjoint vectors of
variables, it can well be that the scalar variables that x and y each comprise
overlap. In fact, this will be the case for our application to (3.1), where h;.
and h.; overlap on the variable h, ;.

We assume that we have or can derive reasonable box constraints on x
and y: S\xgxgﬁm and}ygygﬂy.

We can see our general quadratic form as

f(z,y) =2'Ry = (R, zy’) .

Now, we can lift to non-symmetric matrix space by defining W := xy’ €

R™*™. So we model f(z,y) as

fz,y) = (R, W),
and we focus on relaxing

W —zy =0,,.,- (3.21)
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Emulating Saxena et al.

Suppose that we have solved a relaxation and have values W, x, 9, violating
(3.21). We can consider the associated SVD:

~

U'(W—2))V =3,

where a violation of (3.21) means that there is at least one non-zero singular

value o. So, for the associated columns u € U and v € V, we have

~

W (W —zy")v=0+#0.
This motivates looking at the violated valid equation
(W,u"y — (u'x)(v'y) = 0. (3.22)

To emphasize, note that in (3.22) the variables are W, x, and y, while u
and v are fixed. The non-linearity in (3.22) is only in the single product of

v’z with v’y. To deal with it, we can induce separability by defining

ty = (u'z +0'y)/2,
ty = (v'z —2'y)/2.
So,
u/lL‘ — tl + t2,
'U’y = t]. — t27
and then we have
(v'z)(v'y) = t] — 3.
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In this manner, we may replace (3.22) with

(W,uv') —t2 4+ 13 <0, (3.23)
— (W, uw') + 13 — 3 <0. (3.24)

Then we can treat the quadratic terms of (3.23-3.24) via the technique of
Saxena et al. [SBL10a]. That is, (i) we either leave the convex +t? terms
as is or possibly linearize via lower-bounding tangents, and (ii) we make
secant inequalities and disjunctive cuts on the concave —t? terms, which
requires first calculating lower and upper bounds on the ¢,. Note that we
can either derive bounds on the ¢; from the box constraints on z and y, or we
can get potentially better bounds by solving further (convex) optimization
problems.

Note that if we simultaneously treat the two concave terms (—t?) via the

disjunctive technique of Saxena et al., we are led to a 4-way disjunction.

McCormick instead of Saxena et al.

Another possible way of relaxing (3.22) is to apply a McCormick convexifi-

cation. Let

s:= (W,uw’) |
pi=u'x (3.25)
py ="y
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We first calculate bounds [a;,b,], for p; (i = 1,2). Then we carry out the

1771

associated McCormick relaxation of s = p;p,:

§ < bopy + a1py — ayby (I1)
§ < agpy + bypy — ash, (1.2)
§ 2 APy + a1Py — a105 (1.3)
§ > bypy + b1py — byby (1.4)

Substituting back in (3.25), we obtain

(W, uv") < byu'z + av'y — ayby (L.17)
(W, ") < aqu’z + byv'y — agby (I.27)
(W,uv'") > au’z + agv'y — aqya, (1.3")
(W, uv") > byu’x + byv'y — by by, (L.47)

and we can hope that these are violated by W, 7, v.
Backing up a bit to compare with Saxena et al., here we are relaxing
s = pypy. If p; = py =: p (the Saxena et al. case), then we have s = p?,

whereupon we can distinguish the two “sides”:

(convex)

s < p? (concave)

Then Saxena et al. use (i) the convex side directly (or a linearization of it),
and (ii) disjunctive programming on the concave side.

The question now begs, can we take (I.1-1.4) and do disjunctive program-
ming in some nice way? It is convenient to work with box domains, so we

could pick n; in [a;, b;], for i = 1,2. Then we get four boxes, by pairing one

1771
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of
lay, m]s [m1,01];

and one of

[ag; ma]s [12, ba)-

For each box, we get a new McCormick convexification (in the spirit of
[.1-1.4). And so, as in the technique of the previous subsection, we have a

4-way disjunction to base a disjunctive cut upon.

3.10 Modeling our problem

As stated, we can write (P2) as the following nm non-symmetric quadratic
equations

hiAh = hy;,

which can also be expressed as

(A, WL = hy,

17

for all ij € n x m.

We lift to non-symmetric matrix space, defining the matrix variables
K;j = hihl; € R™"

for all ij € n x m.

Property (P2) can then be modeled by the linear equations

(A, X;;) = h (3.26)

177
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together with the non-convex equations

Ki;—hih;=0 (3.27)

mxXn?

for all ij € n x m.

For all ij € n x m and k¢ € m X n, we now have

(jfz‘j)w = hz’khéja

and we relax these non-convex equations with the McCormick/RLT inequal-
ities derived from the box constraints on the h,; (3.19) and the valid inequal-
ities (3.20).

Linearizing (3.20), we now obtain:

(%ij)m — Agihix — Nighe; + AigAe; = 0,
- (%iﬂw + pgihip + Aighe; — Aigtbe; 2 0,
(jcij)k,e — Hgihip — pikhe; + tighe; = 0,

for all ij € n x m and kf € m x n.

We can also consider applying the equations for the quadratic tightening
of (P1); that is, (3.12):

n m
Z Z UpiQhq Zkhfj apqhéj’
i=1 k=1
for 5 € n x m and pg € m x n. Linearizing them, we obtain:

Zap g (K i) = Apghoj- (3.28)

n m
1 k=1

=
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We further consider the valid inequalities (3.23) and (3.24). Following
the discussion in §3.9, let u € R™ and v € R™ be the vectors such that

w' (K — hLR)w' # 0.

for given values x izz-,, iL_j, for all ij € n x m.

17
Considering this notation, the valid inequalities (3.23) and (3.24) are now

4
- <jCij,U”U” > + 1355 + wo; <0,

where the concave terms —t;ij have been replaced with the linear terms
+w,,;;, for p = 1,2 Assuming lower and upper bounds on ¢, (apij <

tpij < Bpij), the new variables w,,; are then constrained to satisfy the

Dij
secant inequalities

2.‘—052“
— VR i <L A L 2 -
(tplj aPU) B +aPZJ S wP’L] :

pij — Ypij

Interval bounds [a on t,,; can be directly derived from the bounds

pij? m’j]

tij = (w9 hf, + Uij/h.j)/Q,
tysj = (7' h, =07 h) 2,
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we have

1
Q45 = B

n

(min{(uij>e)\ie= (Uij)zﬂie}) + Z (min{(vij)ﬂep (Uij)eﬂej}) )
(=1

N

Brij = % (Z (max{(u™) Asps (u™)ghi}) + Z (max{(vij)e)%jv (”ij>€“€j}> '
=1 =1

o2 =3 (Z (min (7)Ao, (w)aptze}) = 3 (max{ (v7) o hgj, (vD)an}) |
= =1

NgE
NE

(max{(uij)e%b (Uij)e/iw}) -

1
5213': ) (

Though, we could also seek to tighten these bounds by casting and solving

(min{(vij)z)\gj, (Uij)£M£j})) :

Iy

1

~

=1

appropriate optimization problems.
We note that, as we discussed in §3.9, the vectors u% and v" can be

obtained from the columns of the matrices U% and V% in the SVD:
U (K y; — BV =50,

Also, as discussed in §3.6, it might be beneficial to pre-compute some of
these vectors, before finding cuts iteratively via SVD, although this is not
something we decided upon exploring further.

The quadratic model derived for our problem is as follows:
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min ”H”l )

Linear equations on H:

AHA = A (P1), or the lighter version: (XV')H (UY) = X
(AH) = AH (P3) (optional) ,

(HA) =HA (P4) (optional) ,

Y

Lifting equations:

<A7‘7(z'j> =h;;, VijeEnxm,

n m
ZZapiakq(Kij)k’l = a,,hy; VPgEM XN, VljEnxm,
i=1 k=1

McCormick lifting inequalities:

Aijghijguij, Vijenxm,
_(j(ij)ke+uejhik+)\ikh£j—)\ikuej20,‘v’kﬁmen, Vijenxm,
(Ki5), , — Heshie — Bachey + pigtty; > 0, VR Em X, Vij€nxm,

Quadratic lifting inequalities; for various choices of u% and v%:

(note that the a5 and B,
by = (uij/h;, + Uij/h_j)/Q, [substitute below| Vijemnxm,

o, = (uij/h’» — i’ h )/2, [substitute below] Vijen xm
245 " [z ] ’ J )

depend on u% and v%)

<.7(ij, uijvij/> +wy;; +15,; <0, [convex quadratic] Vije€nxm,

_ <7Cij,uijvz’j/> + 13+ wy;; <O, [convex quadratic] Vij €n xm,

2 2
Qs
Py by ..
- ((tpij - apij) ﬁ + a;%ij) < Wpij s [Secant] for p = 1, 2, VZ] eEnxm,
P Py

apijgtpijgﬁpij’ forp:]-72a VZJE’I’LXm
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To reduce to a model fully linear model, we can replace the convex

2

quadratic terms +¢7,, with lower-bounding linearizations. That is, we can

replace —i—tfn-j with
771271']' + 277pij(tpij - npij>7

at one or more values 7,,;; € [ in the interval domain of ¢,,;;. More

Wpis Bpij]
specifically, we can consider substitutions of the form:

./ / ../
+t%ij — niij + 21455 ((U” hi +v7 h;)/2 — 771ij> )

and
./ ./
+t%ij — 7732;7- + 27721‘]‘ ((UU h;. —v¥ h-j)/2 - 772ij) .

In this manner, we can work with a linear rather than quadratic model.

3.11 Diving heuristic

Material from this section is to appear in [FFL19].

The mathematical-programming models that we have been considering
in this chapter are rather heavy, and it is not practical to include all of
the inequalities that we have introduced. Moreover, it may not even be
desirable to include all of the inequalities. The inequalities relax (P2), but
we probably do not want to fully enforce (P2). Instead, we understand
that there is a trade-off to be made between sparsity, as measured by ||H |,
and satisfaction of (P2), as measured say by |H — HAH||g. In this sec-
tion we propose a “diving” procedure for progressively enforcing (P2) while
heuristically narrowing the domain of our feasible region.

Diving is well known as a key primal heuristic for mixed-integer linear op-
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timization, in the context of branch-and-bound (see, for example, [Ber06],
[Ber08], [Ach07], [DRLO05], [ENO7]). The idea is easy to implement within a
mixed-integer linear-optimization solver that already has the infrastructure
to carry out branch-and-bound. Iteratively, via a sequence of continuous
relaxations, variables that should be integer in feasible solutions are heuris-
tically fixed to integer values. This is a bit akin to “reduced-cost fixing”
(for mixed-integer linear-optimization), where variables are fixed to bounds
in a provably correct manner. Diving heuristics employ special (heuris-
tic) branching rules, with the aim of tending towards (primal) feasibility
and not towards a balanced subdivision of the problem (as many branching
rules seek to do). That these heuristics “quickly go down” the branch-and-
bound tree (in the sense of depth-first search) gives us the term diving. The
heuristic is so important in the context of mixed-integer linear-optimization
solvers that most of them, as a default, do a sequence of dives at the begin-
ning of the solution process, so as to quickly obtain a good feasible solution
which is very important for limiting the branching exploration. Applying
this type of idea in continuous non-convex global optimization appears to
be a fairly recent idea (see [GKL17]).

Our diving heuristic is closely related to this idea, but there is an im-
portant difference. Diving in the context of global optimization is aimed
at hoping to get lucky and branch directly toward what will turn out to
be a globally-optimal solution. Our context is different, our “target” that
we will aim at is the MPP A". But our goal is not to get there; rather,
our goal is find good solutions along the way that trade off sparsity against
satisfaction of (P2).

We consider a diving procedure that iteratively increases the enforce-
ment of property (P2), while heuristically localizing our search, inevitably

showing its impact on the sparsity (approximately measured by |H|;) of a
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computed generalized inverse H.

The procedure is initialized with the solution of problem P, where we
minimize |H|; subject to: (P1), and any subset of (P3) and (P4), the
lifting equations <A,5Cij> = hy;,
lifting inequalities. We denote the solution of P by (H,X). We define
bounds for h;; (A;; < h;; < p;;), such that [A;;, j1;;] is the smallest interval

for all i € n x m, and the McCormick

that contains Bij and A:g By including the current H in the box, we hope
to remain localized to a region where there is a somewhat-sparse solution.
By including the MPP A" in the box, we guaranteed that at every step we
will have a feasible solution to our domain-restricted relaxation.

Next, for a fixed number of iterations, we consider the last solution (ﬁ ,

X ) of P, and we append to P the following inequalities, for all 5 such that
.
<‘7(U7 ut ¥ > + wlij + t%'L] S O,
By = ol
- ((tlij — ayy) ﬁ +ai,; | <wyyy
1ij 1ij

o5 < by < Brijs

where 4 € R™ and v € R™ are respectively, left- and right-singular
vectors of K ij = 77,;?1’ ;» corresponding to its largest singular value. This
amounts to iteratively tightening violated non-convex quadratic equations
via secant inequalities.

Finally, we execute our “diving procedure”, where at each iteration, we
select ij € nxm, and cut the interval [ay,;, 81;;] where a variable ¢,,; varies
into two parts. Between the two, the new interval is selected to contain A:S
The branching point can be the midpoint of the interval, the current value
of h,

ij» or a weighted combination of both. We select ij at each iteration
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corresponding to the non-convex inequality
u'l (K — hihl) <0,

that is most violated by the last solution computed for ’. We note that
by reducing the size of the interval [alij, Bh-j], we reduce the size of the

interval where the secant of —t%ij is defined, leading to a new secant that
better approximates the concave function, and therefore, strengthening the
relaxation of (P2) on the new interval. The stopping criterion for the diving

procedure is a given maximum violation € for (P2), i.e., the algorithm stops

when |HAH — H||p <.

3.11.1 Weighted branching-point analysis and selection

In an effort to explore the potential of selecting different branching points,
we tested a variety of weighted combinations to compare the impact of that
selection on the rate of convergence to the MPP when (P1), and any subset
of (P3) and (P4), are enforced. For a given solution H we measured the
impact of the choice of weighted combination through observation in the
change of objective function ||H||; and the enforcement of property (P2).
Recalling the notation from Chapter 1, let us again define H134 to denote
a solution H that satisfies M-P properties (P1) + (P3) + (P4), with H1,
H13, and H14 denoting solutions that satisfy (P1), (P1) + (P3), and (P1)
+ (P4), respectively. In this section all experiments conducted assume H
(and H ) correspond to H134 if not written explicitly.

The data matrix A € R'9*5 was generated for this experiment with
rank(A) = 3. The entries of A are generated iteratively using vectors r;, :=
—142x,, and s, = 14+2x,,, with z,, € R, z,, € R", and k = 1,...,rank(A).

The entries of x,,, x,, are drawn from the standard uniform distribution on
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the open interval (0,1).

The goal of this experiment is two-fold: (1) to decide upon which weighted
combination would be most effective in illustrating the tradeoff between the
sparsity of a solution (approximated by ||H||;) and the violation (enforce-
ment) of property (P2), and (2) whether to use the midpoint of [a, 8] or the
point ¢y, pp € [, B] using the definition of the intermediary variables ¢,
in combination with the relaxation solution H, would provide a “better”
branching point selection for our proposed diving heuristic.

In the following two figures, we illustrate the results of five different
weighted combinations of the midpoint (MID) of [a, 8] and previous re-
laxation solution H, shown as weighted pairs 25/75, 50/50, 75/25, 90/10,
and 100/0. The midpoint of the interval [y, ;, B1;,] and corresponding 24, ;
= (u¥ /B; +vt /ﬁj) /2, are both derived from the relaxation solution H from
the previous dive iterate. Figure 3.1 provides a comparison in the rates of
increase of the objective value || H||;, while Figure 3.2 provides a comparison
in the rate of reduction of the violation of (P2).

Figures 3.3 and 3.4 illustrate the results from testing a similar collection
of weighted combinations, but instead, for selected interval [ay,;, 8;;], we
use the corresponding ¢y, := (u”/hg —|—’U”/h]~)/2 and ty pp = (uZJ/(A+); +
VY (A*)j) /2, with t,,; pp derived from the always feasible MPP, denoted as
AT,
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Figure 3.1: Impact on ||H||; using the midpoint of [«a, f]
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P2 Violation ||HAH — H||r
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Figure 3.2: Impact on (P2) viol. of H134 using the midpoint of [«, ]
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Figure 3.4: Impact on (P2) viol. of H134 using t,,pp € [«, ]

Figure 3.5 illustrates the relationship between the change in the violation
of (P2) and the change in ||H||; via a scatterplot representation of the

diving heuristic for various weighted combinations used in the branching

point selection process.
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Relationship between ||H||[; and P2 Viol. across Dive Process w/ different branching points (MPP)
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Figure 3.5: Tradeoff between ||H||; and (P2) violation of H134
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With regards to our first goal, from the selection of weighted combina-
tions we found that using a 25/75 weighting (25% midpoint/MPP, 75%
relaxation) roughly defines the pareto frontier with regards to the trade-
off in the satisfaction of (P2) and objective value ||H||;, as can be seen
in Figure 3.5. In the few extended weighted combinations we tested using
the midpoint, 10/90 and 1/99, although these weighted pairs offer a more
comprehensive visualization of relationship between ||H||; and violation of
(P2), they come at a much larger cost with regards to computation time.

Interestingly, 25/75 is the default weighting for the spatial branch-and-
bound software ANTIGONE, and a similar 30/70 for BARON (see [SL18]).
Of course, it should be noted that they are doing actual spatial branch-and-
bound software, while our diving heuristic is only inspired by the idea of
spatial branch-and-bound software.

In hopes of addressing our second goal, Figure 3.6 presents a comparison
of the impact in choosing the midpoint versus the MPP when using the
25/75 weighted combination. Both options generate similar tradeoffs, with
the use of the midpoint resulting in a slightly larger increase in ||H||; with
similar enforcement of property (P2). Given the similarity, we are unable to
definitively say that the selection of one is better than the other given our
goal to find a branching point weighted combination that best illustrates
the tradeoff between solution sparsity and (P2) enforcement. Given these
findings, in the following sections we make an arbitrary designation to use
the midpoint rather than the MPP.
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Figure 3.6: Comparison of 25/75 weighting using MPP and MID

3.11.2 Impact of diving heuristic on combinations of (P3)
and (P4)

Given that the initial experiment explores the impact of the diving heuristic
when enforcing all of the linear Moore-Penrose properties (P1), (P3), and
(P4), we consider the tradeoffs between || H||; and the violation of (P2) when
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enforcing subsets of the full set of linear M-P properties. In particular we
seek to explore how the iterative strengthening of the relaxation of (P2) via
the diving heuristic may change the tradeoff when starting with solutions
that satisfy (P1) and a proper subset of (P3) and (P4).

For each of these tests we use the same data matrix A, with the only dif-
ference being in which of the linear M-P properties are enforced (along with
the inclusion of box constraints and the McCormick lifting inequalities).

As a means of quick comparison, Figures 3.7, 3.8, and 3.9 use weighted
combinations 25/75 and 50/50 for the branching points (as well as using
the midpoint). When only enforcing (P1), we see that 25/75 weighting
provides a thorough visualization of the tradeoff between ||H||; and the
violation of (P2). When enforcing (P1) in combination with either (P3) or
(P4), the impact of the weighted combinations considered is less conclusive,
with Figure 3.8 exhibiting a more consistent tradeoff trend while Figure 3.9
illustrates a considerable amount of volatility in the relationship between
||H||; and (P2) violation.
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Figure 3.7: Obj. val. vs. (P2) violation of H1
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P2 Violation
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Figure 3.8: Obj. val.

vs. (P2) violation of H13
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Figure 3.9: Obj. val. vs. (P2) violation of H14

3.11.3 Changes in solution norm ratios

As seen in Chapter 2 with Figures 2.2 and 2.3, H13 and H14 represented

solutions that satisfied combinations of the linear M-P properties resulting

in a least-squares or 2-norm solution minimizer, with H134 representing a

solution that generates a minimizer for both types of problems. In particu-
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lar, we defined least-squares and 2-norm ratios to measure the quality of a
sparse generalized inverse against the true MPP. Solutions H that satisfy
M-P properties (P1) and (P3) resulted in a least-squares ratio equal to one
and 2-norm ratio greater than one, signifying a solution of lesser quality
than the MPP. Similarly, solutions H that satisfy the M-P properties (P1)
and (P4) resulted in a 2-norm ratio equal to one and least-squares ratio
greater than one (again signifying a solution of lesser quality than the MPP
with respect to the least-squares problem). Therefore, a natural extension
would be to explore the impact of our relaxation of (P2), along with the
subsequent strengthening via our diving heuristic, in relation to the least-
squares and 2-norm ratios when considering solutions H13 and H14.

The experiment focuses on two weightings for the branching point selec-
tion using the midpoint, using weighted combinations of 25/75 and 50/50
to provide a preliminary comparison.

For the setup of this experiment, the box constraints used in the re-
laxation (denoted by §) are defined as the maximal entry-wise difference
between the MPP of A (denoted as A™) and given solution H

Figure 3.10 illustrates the impact of the 25/75 weight on the 2-norm
solution ratio for H13, where within the first 50 dive iterates, there is a
reduction in the ratio from 15% to 1%. Conversely, the 50/50 weight
exhibits a large amount of volatility in the 2-norm solution ratio, reaching
values close 25%, before settling close to a ratio of one after approximately
60 dive iterates.

Moving to Figure 3.11, the impact of the branching point weighted com-
binations appears to be much more pronounced with respect to the least-
squares solution norm, with the 25/75 weighted pair exhibiting a much more
gradual reduction in the ratio and the 50/50 weighted pair again appearing

to generate some volatility in the norm solution ratio (although ultimately
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settling close to a ratio of one).

With these preliminary observations, much more exploration and testing
will be necessary to get a sense of how our relaxation of (P2), along with
the proposed strengthening method, might prove useful in understanding
the relationship between maintaining the relative sparsity of initial solutions
like H13 and H 14 while also improving upon their 2-norm and least-squares

ratios, respectively.

59



2nr

1.25

25% MID, 75% Relaxation
50% MID, 50% Relaxation

12+ || | i
il
'U“
1.15 —
| /ﬁ
kl lq
}
|;1
1.1 J«l| H‘ .
A
'l, | H'JI" |
1
sl | -
| ]‘m.‘
| ‘\"\ |J || h
UI L \\I l‘.
1 JI\\A_\NIJ\:'\LW[ m&’i\m } | 1 | |
0 50 100 150 200 250 300 350

Dive lterate

Figure 3.10: 2-norm solution ratios: H13 vs. M PP

60

400



|sr

2.8

2.6

2.4

2.2

1.8

1.6

1.4

1.2

I
{

l l ’I]
| M

i

|
|
.*
Vil
l\,‘uh"f IHI.JHL,"'I [M
’( Il

A
f
|
|

‘ IIWIII

|

‘
Fif, 1
o

\ ‘V‘».
‘ \
| I'r"' i

25% MID, 75% Relaxation
50% MID, 50% Relaxation

100

200

300
Dive lterate

400

500

Figure 3.11: Least-squares norm solution ratios: H14 vs. M PP

3.12 Conclusions and further questions

600

We have provided convex settings to approximate (P2), such as convex semi-

definiteness constraints, reformulation linearization techniques, and convex
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quadratic/secant lifting inequalities. Of the various methods considered,
such as McCormick/RLT and the quadratic/secant lifting inequalities, we
implemented a diving heuristic to iteratively strengthen the relaxations,
generating a sequence of solutions which allowed for an illustration of the
tradeoff between solution sparsity and violation of (P2) with respect to the
Frobenius norm. The choice of branching-point weight selection provides a
collection of solutions converging to the MPP, and where one wants to be
on this spectrum would be dependent on the application in question.

We note that our experiments were focused on the change in sparsity as
we iteratively strengthened the approximations of (P2), but not (directly)
on the rank, even though we used singular value information to construct
the cuts, determine which secant cuts to refine in the diving heuristic, and
as a means to measure violation of (P2). Further exploration into how the
rank of a given solution H changes as violation of (P2) decreases, and how
to define that in a numerical setting, would be a natural extension.

Although not emphasized in this chapter, some of the greatest limitations
are due to scalability and/or numerical stability; so further work would re-
quire a more balanced, system-specific approach with regards to the formu-
lation and implementation of these models. In particular, given the heavy
nature of the constraint sets considered in all of these models, it would
be an interesting next step to focus on methods to reduce the number of
constraints in a structured and systematic way, as well as compare against
some of the semi-definite programming (SDP) formulations, as they provide

a more natural framework for working with rank.
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Chapter 4

Sparse-inverse/low-rank

Decomposition via Woodbury

This chapter is based on [FFL16a]

4.1 Introduction

We wish to consider general matrix decomposition problems of the form:

N
minimize E Tillo (6 (Ao
A A, o

(4.1)

N
subject to ZAk, =C,
k=1

with real input data C' € R™™, 7, > 0, Z:le T, = 1, and ¢, : R™"™ —
R™=*"™k given, where each n,, is specific to ¢y, for k=1,2,..., N, o(+) denotes
the vector of singular values, and |||, counts the number of nonzeros. If ¢y, is
the identity map, then [|o(¢,(A;))]|o = rank(A,). Let dvec(4,) € R***"* be
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a diagonal matrix with the n? components of A, on the diagonal. If ¢, (Ay)
= dvec(4;,), then ||o(¢i(Ax))o = |Akllo — the sparsity of A,. Indeed,
in this manner, we can see as a special case the well-known rank-sparsity

decomposition problem [Cha+11]:
min {7 Ally + (1 — 7)rank(B) : A+ B = C'_} , (Dy)

We are particularly interested in situations in which some of the ¢, are
nonlinear, and we initially focus our attention on ¢,(A4;) = dvec(4™1), and

¢, the identity map, arriving at

minimize 7|A7|, + (1 — 7)rank(B)

, . (7)
subject to A+ B=0C,

where 0 < 7 < 1.

The estimation of a covariance matrix is an important problem in many
areas of statistical analysis. For a covariance matrix A, its inverse H is called
a precision matrix or a concentration matriz, but note that the definition can
vary (see [CLL11], for example). If A is the covariance matrix of Gaussian
random variables X, X,, ..., X,,, then the interpretation of ?Lij = 0 is that
X,; and X are conditionally independent (conditioning on the other n — 2
random variables); see appendix (A.1) for details. It is common to consider
the situation where the precision matrix H = A~! has an unknown, but
sparse structure (see [CLL11], [FHTO08], and [Hsi+11]). We can reasonably
consider the situation in which we observe data which we summarize via
the sample covariance matrix C as the sum of a true covariance matrix fi,
with the assumption that H = A~ has unknown but sparse structure, and
A is obscured by low rank noise B. Our goal is to recover A (and B). We

note that in the literature, it is H that is assumed to be subject to the low
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rank noise.

A closely related viewpoint is that of recovery, where A and B are known,
with our goal being to recover these exactly, or with some established tol-
erable range [Cha+11]. To establish the recovery framework, we have input
matrices H and B, where H is sparse and B has low rank. We define A :=
H~' and C := A + B. In the context of recovery, we apply some optimiza-
tion method with C' as the input matrix. The outputs are values A and B,
where from A we define H := A~!. From this output, we are interested in,

for example, whether

1) H is sparse and, by some appropriate measure (e.g. Frobenius norm),

is close to H,

2) B is low rank and, by some appropriate measure (e.g. comparing the

singular values and singular vectors), is close to B.

4.1.1 Convex approximation

The problem 2, is ordinarily approached by using the (element-wise) 1-
norm as an approximation of | - ||, and using the nuclear norm (sum of
the singular values) as an approximation of rank. So we are led to the

approximation
min {7]Al; + (1 —=7)|B|.) : A+B=C}, (Dy)

where |A|; = Z” |a;;| and || B[, denotes the sum of the singular values of
B. This approach has some very nice features. First of all, because we have
genuine norms now in the objective function, this approximation 2, is a
convex optimization problem, and so we can focus our attention on seeking

a local optimum of 2; which will then be a global optimum of 2. Still,
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the objective function of 2, is not differentiable everywhere, and so we are
not really out of the woods. However, the approximation 2; can be re-cast

(see [Cha+11, Appendix A]) as a semidefinite-optimization problem
o 1
min 7e’'Se + (1 — 7)5 (tr(W) + tr(W,))

A+ B=2C, —S<A<S, (W1 B)zo,
B W,

which is efficiently solvable in principle (see [WSV00]). We note that
semidefinite-optimization algorithms are not at this point very scalable.
Nonetheless, there are first-order methods for this problem that do scale
well and allow us to quickly get good approximate solutions for large in-
stances (see [Boy+10]).

Also, it is interesting to note that to solve D globally (with additional

natural constraints bounding the feasible region), a genuine relaxation of
D, closely related to D, should be employed (see [LZ14]).

4.1.2 Generating test problems via the recovery theory

Another extremely nice feature of the convex approximation 2, is a “re-
covery theory”. Loosely speaking it says the following: If we start with a
sparse matrix A that does not have low rank, and a low-rank matrix B that
is not sparse, then there is a non-empty interval J := [7,, 7,,] C [0, 1] so that
for all 7 € J, the solution of the approximation 2 is uniquely A = A and
B =B.

The recovery theory suggests a practical paradigm for generating test

problems for algorithms for 2, .

Procedure 1
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1. Generate a random sparse matrix A that with high probability will not
have low rank. For example, for some natural number ¢ < min{m,n},
randomly choose ¢ - min{m,n} entries of A to be non-zero, and give
those entries values independently chosen from some continuous dis-

tribution.

2. Generate a random low-rank matrix B that with high probability will
not be sparse. For example, for some natural number k <« min{m,n},
make an m X k matrix U and a k x n matrix V, with entries chosen

independently from some continuous distribution, and let B := UV.
3. Let C:= A+ B.
4. Perform a search on [0, 1] to find a value 7* so that the solution of 2,
with 7 = 7" is A= A and B = B.
5. Output: C, 7*.
The recovery theory tells us that there will be a value of 7* for which the
solution of D, with 7 = 7% is A = A and B = B. What is not completely
clear is that there is a disciplined manner of searching for such a 7* (step

4). Let A, B: be a solution of D, with the notation emphasizing the

dependence on 7. We define the univariate function

F(7) = A= Azlp = 1B = B:llp = 5 (1A= Adlp + |1B — Bl p) -

N

Clearly, for 7 = 0, the solution of D, will be B =0, A = C and f(0) =
|B| . Likewise, for 7 = 1, the solution of D, will be A =0, B = C and
f(1) = ||A| p. For 7 € 7, f is minimized with f(7*) = 0, And we can hope
that f is quasiconvex and we may quickly find a minimizer via a bisection

search.
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4.2 Sparse-inverse/low-rank decomposition

Now, we turn our attention to a closely related problem — which is our main
focus in the present chapter. We assume now that G is an order-n square
input matrix, 0 < 7 < 1, and our goal is to solve the Sparse-inverse/low-

rank decomposition problem:
min {7|E*|y 4+ (1 — T)rank(F) : E+ F = é} (H o)

Note that, generally, it may be that G is not invertible, but in the approach
that we present here, we will assume that G is invertible.

The problem #; can capture an interesting problem in statistics. In
that setting, G can be a sample covariance matrix. Then E can be the true
covariance matrix that we wish to recover. In some settings, the inverse
of E (known as the precision matriz) can be of unknown sparse structure
— a zero entry in the inverse of E identifies when a pair of variables are
conditionally (on the other n — 2 variables) independent. We do note that
for this application, because the sample covariance matrix and the true co-
variance matrix are positive semidefinite, there are alternative approaches,
based on convex approximations, that are very attractive (see [SMG10] and
the references therein). So our approach can best be seen as having its main

strength for applications in which G is not positive semidefinite.

4.2.1 An algorithmic approach via the Woodbury identity

The algorithmic approach that we take is as follows.

Procedure 2

1. Let C := G L.
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2. Apply any approximation method for D, yielding some A (and B).

For example, we can solve 2.
3. Output E:= A1 and F:=G—E.

Our methodology is justified by the Woodbury matriz identity (see [Hag89]).
In step 2, we find a decomposition A + B = G~ !, with A sparse and B low
rank. Now, suppose that rank(B) = k. Then it can be written as B = UV,
where U is n X k and V' is k x n. By the Woodbury identity, we have

G=C1=(A+B) ' =(A+UV) 1= A 1A WWI+VAU)VA L

Because A is sparse, we have that F~! is sparse. Finally, we have F =
—AYU(I + VA7IU)" 'V A~! which has rank no more than k.

4.2.2 Generating test problems without a recovery theory

We could try to work with the approximation
min {7|E, + (1 —7)|F],) : E+F =G} (71)

of Hy, but #(; is not a convex optimization problem, and there is no direct
recovery theory for it. But we can exploit the correspondence (via the
Woodbury identity) with 2D, to generate test problems for the non-convex
problem 7¢,. In analogy with Procedure 1 of §4.1.2, we employ the following

methodology, which incorporates our heuristic Procedure 2.

Procedure 3

1. Generate a random sparse square invertible matrix A. This may have

to be done with a few trials to ensure that A is invertible. Let E :=
AL
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2. Generate a random low-rank square matrix B := UV that with high

probability is not sparse, as described in step 2 of Procedure 1.
3. Let F:= —A'U(I+ VA 'U)"'"WA™ and let G := E+ F.

4. Let C := G~'. Search on [0,1] to find a 7* seeking to minimize
fr) = A= Azllr =B = B:|F.

5. Output: G, 7*.

Because of the way we have engineered F in Procedure 3, we take advan-

tage of the ordinary recovery theory for 2, .

4.3 Computational experiments

We carried out some preliminary computational experiments for Procedure
3, using n = 75. We did six experiments, each with the rank of B at
k =3,6,9,12,15,18. For each value of k, we chose A~! to have (k+1)n
non-zeros. So, as k increases, the rank of B is increasing and the number of
non-zeros in A~ is increasing. Therefore, we can expect that as k increases,
the “window of recovery” (i.e., the set of 7 so that f(7) = 0) gets smaller and
perhaps vanishes; and once it vanishes, we can expect that the minimum
value of f(7) is increasing with k. We can see that this is all borne out in
Fig. 4.1. Next, we focus on the k = 15 case, where the minimum of f(7) is
substantially above 0. Even in such a case, we can see in Fig. 4.2 that there

is substantial recovery, attesting to the efficacy of our heuristic Procedure
2.
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4.4 Conclusions

We presented a heuristic and a means of generating test problems for the
sparse-inverse/low-rank decomposition problem on invertible input. Our
method can also be used for generating a starting point for local optimiza-
tion of 7.

We are presently working on a new approach to H; based on a con-
vex relaxation of ;. This new approach is much more computationally
intensive than the method that we presented here, which we leverage for
validating our new approach. Our new approach does not require that the
input matrix be invertible. In fact, it can equally apply to even-more-general

sparse-pseudoinverse/low-rank decomposition problems (see [FFL16b]).
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Chapter 5

Computational Techniques for
Sparse-Inverse/Low-Rank

Decomposition

In this chapter, we develop convex relaxation ideas for the sparse-inverse /low-

rank decomposition model ().

5.1 SDP Approach

Using a now standard idea, we can approximate () from §4.1 with

minimize 7||A7Y|, + (1 —7)| B].
subject to A4+ B =C.

74



Employing a known technique (see [Cha+11], for example), we can refor-
mulate () as

minimize  Fe’Se + (1 — 7)(tr(W,) + tr(W,))

[\

subject to A+ B=C
HA=1

W, B
t 02n7

where the n x n matrix variable H models A~!.
The main difficulty that we face is that H and A are both variables, and
so the constraint HA = I, is not convex. It should be noted that we do

not know whether the relaxation would be improved by also using AH =
I

m*

1)



5.2 A convex relaxation

5.2.1 An SDP relaxation

We wish to relax the constraint HA = I, as it is not convex. We propose

to relax (R’) as the convex optimization problem

1
minimize 7e’Se + 5(1 —7)(tr(W,) + tr(Ws)) (S)
subject to A+ B=C (5.1)
H+S>0, (5.2)
—H+S5>0, (5.3)
W, B
1 > 0,, (5.4)
B W,
1, = .
5<Q’Xij> =4, Vi,j=1,...,n (5.5)
h'
T, = ( i ) Vi,j=1,..,n, (5.)
4
Xij — xijx;j = 0y, Vi, j=1,....n (57)

where X, € g2nx2n () e RZ*27 hag the form

2 On In
Q_{In on]’

and h; is the i*" row of H and a; is the § column of A. The motivation
for the constraints (5.5) and (5.7) come from a re-expession of h;a; = d;;.

The matrix inner product on the left-hand side of (5.5) can be re-expressed
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as

1 0, I, R\ 1, he\
2 (o) [ I, 0, ] ( 4 ) 2 () ( 4 ) — e o

(5.8) may be written as

x;jszj = <Q7$ijx§j>- (5.9)
The outer product z;;z;; defines a matrix X;; i.e., X;; = z;;z;;, but such a
constraint is not convex, therefore we c0n81der the relaxatlon z7; < Xy

which can be expressed as the positive-semidefiniteness constraint Xij

;55 = 0y, or equivalently

.. X..

L) )

1 .
[ i ] = 0y,.1. (5.10)

Therefore we have a linear constraint with respect to variables X,; in (5.5)

and a convex constraint relating X;; to x;; in (5.7).
Lemma 9. (§) has a strictly feasible solution.
Proof. A strictly feasible solution to (§) can be constructed as follows:

(1) For (5.1), choose an arbitrary split of C' with A invertible and B = C
— A

(2) For (5.2), (5.3), set H = A™', and choose S such that s;; > |H| for
alli,j=1,....n

(3) For (5.4), choose W, W, such that

W]_ - W2 == A1[n7
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for sufficiently large A; > 0. Then W will be strictly diagonally

dominant and positive definite.

/

h’

(4) For (5.7), let z,; = ( ! ) forall i,j =1,...,n.
a .-
j

(5) For (5.5), define

h, , -
J

with A, > 0.

We define matrices Q, Z;; as

Q+ — [ HO O/Q_n ] e R(2n+1)x(2n+1)

(%] ] c |R(2n—&-1)><(2n—0-1)7 Vi, j=1,...,n.

The row vectors h; and column vectors a; are implicit in the definition of

J
Z,;;, so we need to include explicit linear constraints of the form

<]_?£>Zz'j> = gy VE=1,..,n,

L
<K€7Z’Lj> — a,gj Vﬁz ,...,n, ( )
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where R, and K,, (both € RZ*+1)x(2n+1)) "are defined as

) 0 e 0, . 0 0, e
Rf = 5 e, 0, 0, and Kf = 5 611 0, 0, |,
671 On On €r On On

where for R,, the only nonzero terms are ones in the (1,£+1) and (¢+1,1)
positions, while for K, the only nonzero terms are ones in the (1,n+ ¢+ 1)
and (n + £ + 1,1) positions. This ensures that the matrix variables Z;;

exhibit the proper structure with respect to the composite vectors ;.

Furthermore, we need the additional linear constraint

0) _ Co
T;; =1, Vi, j=1,...,n,
which we write as
(E*,Z;;) =1 V¥ijj=1,..,n,
where
1 Hl
Et = . 2n c R(2n+1)x(2n+1)
02n 02n

Therefore, since we have

ij¥ij

<Q; X)) = <Q+, Zz’j>

we can rewrite (§) in the canonical form
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- 1
minimize 7T E Sij + 5(1 —T){1q,, W) dual variables
=1

subject to  a;; + (1/2)<E2J, W) = Vi, j=1,..,n (Yij)
(1/2)<Q+ Zij) =6, Vi,j=1,...,n ()
.. V4
(R, Zi;)—hiy =0 Vi, 5,0 =1,...,n (t,(b-j))
.. 14
< >_a€] 0 Vz,],ﬁzl,...,n <p£])>
<E1+ Z > 1 VZ,]Zl,,n <T’Lj)
sz — 02n+1 \V/Z,j - 1’ SRR
w = 02n
(8)
with variables:
a; €R,  hy€R, s, €R,  Z;eSETEIU gy ¢ gamaan
where
i j+n
i 1
_ij — c [R2n><2n‘
j+n 1
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Note that we can recover B from W via

W =
B W,

WlB}

Corollary 10. (8) has a strictly feasible solution.
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5.2.2 The dual SDP

Applying the well-known notion of SDP duality of Section A.2, the dual of
the SDP (&) can be written as

n n n
maximize E CijYij + E u,; + E T (D)
i1 i=1 ij=1

subject to
(5.11)
Gi; — Vij — 19 =0 Vi,j=1,..,n
/=1
(5.12)
yij_zpyj,):o Vi,j=1,..,n
/=1
(5.13)
L1

- Z yii By < s(1=7)1, (5.14)

l\.'J

5 0p LN ,0 ) - -
5“13'@ + ;ty(:j)Re + ;éﬁ% +ry BT 0 Vij=1,.,n
(5.15)
>0 Vi,j=1,....n
(5.16)

Gij5Vij

. . 0 (e
with real scalar variables: y;,;, u,;, tgj), sgj), Tiis 9ijs Vije

Let us consider some simplifications that may help in solving (2). We
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may formulate the simplified dual problem as

n n . n n
maximize E Cij E pézj) + E u,; + E T (D)
=1 (=1 i=1 ij=1

subject to
—7<Y ) <F Vigj=1,..,n (5.17)

/=1
( pg)) B = (1—7)ly, (5.18)

ij=1 \ /=1

1 -~ n g B n ( B _

S @" + STHIR + > P K A1y ET <0y, (5.19)

/=1 /=1
Vi, j=1,..,n

Lemma 11. (D) is equivalent to (D’)

Proof. Taking (5.11), (5.12), notice that

Thus we may replace (5.11), (5.12), with (5.17), which reflects the nonneg-

ativity of v;; and g,;. Furthermore, with constraint (5.13) we have

/=1
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(1)

so we substitute 22:1 pzé. for y,; in the objective term Z:.Lj:l Ci;Yi; to get

J

n

A ()
D G D P
=1 =1
and substitute Z?leé? for y;; in (5.14) to get (5.18).

Constraints (5.15) and (5.19) are the same, as (5.19) is unaffected by the

above simplifications and substitutions.
O

Theorem 12. Strong duality holds for (§/S") and (D /D" ).

Proof. By Lemma 9 and Corrollary 10 it can be shown that a strictly feasible
solution can be constructed for (§/8"). Via Slater’s condition (17), it is
sufficient that if we find a strictly feasible solution to the primal of a convex
optimization problem, then this implies that the duality gap is zero, i.e.,
that strong duality holds. [

We do not know whether (2/2") has a strictly feasible solution in general.

5.2.3 Disjunctive programming

With our definition of the nonconvex constraint HA = I,, in terms of z,;,
X;, and subsequent relaxation into the constraints X,; —z;;z;; = 0 for all
1,7 =1,...,n, we hope to construct a disjunctive cutting plane that tightens
our original relaxations (§/8") (in the spirit of [LR08], [SBL10a], [SBL10b]).
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Secant inequalities
Applying the ideas of [LRO8] and [SBL10a], we can develop a convex relax-
ation of the nonconver constraints

/ . . 2
Xij — Ly5L55 =<0 Vi,j=1,...,n%, (5.20)

;. when added to (§/8").

13V ]
The constraint (5.20) could equivalently be modeled by the inequalities

so as to better approximate Xz-j =z

V(X;; — z525;)v < 0, which can be written as

(V'zy;)? > (v, Xy5), (5.21)

ij

for all v € R?". The nonconvex inequality (5.21) is therefore a valid inequal-
ity for the SDP relaxation (5§/8”). As the authors in [SBL10a] point out,
it is possible to convexify (5.21) by replacing the concave quadratic func-

tion —(v'x;;)? with its secant on an interval [, (v),ny(v)]. The convex

relaxation of (5.21) is then given by the secant inequality

(V') (V) +np () —np()ng(v) > (', X))

The interval [n;(v),n;(v)] represents the range of the linear function
v'z,;; in the feasible set of (5/8”). More specifically,

N (v) == min{l/xij D

and

ny(v) = max{z/xij : X},
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where (X) is defined as the set of (S, A, H,W, Z;;) subject to constraints

az; + (1/2)(E;;, W) = ¢ Vi,j=1,....,n

hi;+s;; 20 Vi,j=1,....n
—hij+;20 Vi,j=1,...,n

(1/2)(Q@", Z;;) = 65 Vi,j=1,....n

(Rys Z;j) —hiyg =0 Vi,j,l=1,....n (%)
<_einj>_a£j:0 Vi, i, 0 =1,....n

<E+aZij> =1 Vi,j=1,...,n

Zij = 09,41 Vi, ji=1,...n

W = 0,,.

Finally, in [SBL10a], the authors note that if )A(Z-j and Z,; are obtained

from the solution to (§/8"), and X;; # 2,;2;;, then X,; — 7}, has at least
one positive eigenvalue. Furthermore, if the vector v is chosen as the unit-

~

length eigenvector corresponding to any positive eigenvalue of )A(ij — T4,
then the constraint (5.21) would be violated by the solution of the relax-
ation. This observation guides the choice of the vector v in the inequalities.

In order to strengthen (§/8”), we can apply the disjunctive cuts proposed
in [LRO8]. The idea is to divide the interval [n;(v),ny(v)] into k& > 2

intervals [n,, my41], for t = 1,..., k, such that n;(v) == < ny < ... <1y
<My =My (V).
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Disjunctive programming over the SDP relaxation

Problem (§”) can be rewritten as

minimize T(ee’, S) + %(1 — 7)1y, W)
subject to  (E;;, A) + (E;;, W) = (E;;,C)
(B, H) + (E;;,5) > 0
—(E;;, H) +(E;;,S) >0
(1/2)(Q, Z;5) = 65
(Ry, Zij) —hiyy =0
( _Evzij> Qpj = 0
(E*,Z;) =1
W =0
Z;; = 0.
Furthermore, for each t = 1, ..., k, the inequalities

M S VT < My

Vi,j=1,..
Vi,j=1,..
Vi,j=1,..
Vi,j=1,..

Vi, l=1,..

Vi, j, 0 =1
Vi,j=1,..

(V') () — ey > (v, XG5)

can be rewritten as

—(N, Zij> 2 415
<N7 Zij> = Mg
_<Dt7 Z¢j> 2 NyMig1s
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(8”)

(5.22)



where
1,7
[ 0 oV :| c R(2n+1)><(2n+1)’

%v 0,,,
and
_ 0 0 _
L= . 2n | (nt + nt+1)N c R(2n+1)x(2n+1)
0y, vV
We define
R, := {(87 AW, H, Zz‘j) : _<N7 Zz’j) 2 —Mir1
(N, Zij> > 1y, —(Dy, Zij) > 77t77t+1};
forall t =1,..., k. Our goal is to construct a linear inequality of the form
(5.23)

<F1’S> + <F27A> + <F3> W> + <F47H> + Z<Fij7 Zz’j> > 5

that is valid for
R := convel (UF_, (SN R))).
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where S is the feasible set of problem (§’). In order to construct the valid

inequality, we consider z, :=

minimize (I, S) + Ty, A) + (T, W) +(T'y, H) + Z A (\ii%_l
subject to (Eij, A) + (Eij, W) = (E”, C’> Vi,j=1,....,n (Yi;)
(B H) +(E;;,5) >0 Vi,j=1,...,n (95)
—(Ey; H) +(E;;,5) 20 Vi,j=1,..,n (vs5)
(1/2)(Q, Zij> = 513’ Vi,j=1,..,n (uz]>
(RpZij) —hy =0 Vijl=1,...n (t))
- . ¢
(Ky, Zij) —ap; = Vi,j, 0 =1,...,n (pz(j))
<E+7ZZ_]> - 1 Vl,j: 1,...,” (le)
s .. t
_<N72 > > N1 VZ?] = ]-7 sy O (p53)>
(N, Z)>m,  Yij=1,.,n (1)
Dy, Zi) 2 0y, Vi j=1,.in (k)
W =0
Z; = 0.

and choose 3 such that z, > S forallt =1,... k.
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By strong duality, we have z, :=

n

o t
maximize Z Cigij + Zuu + Z =iy g e = K ) + Y T
ij=1
subject to  g;; +v;; = (I'1);; Vi, j=1,...,n
Zpe] T,) Vi,j=1,..,n

9 Z YijBi; 2T
ij—1
n

9ij — Vij — Zt%) = ([y);; Vi,g=1,...,n
=1

L 5t N 0R N0 -
SUi Q" + Ztij Ry + sz‘j Ko+ BT

—pifN +7§]>N ”D <T,, Vij=1,.,n
gz]? z]7p£])77z(J)7 E]) > 0 \V/Z,j = 1, o n.

Finally, searching for a valid inequality that is violated by a given solution
(5, AW, H, Z¢j>> weset I'y, 'y, I'y, Ty, I';; Vi, j=1,...,n, and B by solving
the following problem:
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d := min <F1,§> + <F2,A\> + <F37W> + <F47FI> + Z<F Z’LJ> _6

ZJ?
4,9
Ss.t. Z Czij] + Zu“ + Z pw —|—’ij My — ﬁij)ntnt-s-l + Z 7'2] >
2,5=1
Vi=1,...,k
9ij + Uij = (') Vi,j=1,...,n
Zpg] Ty Yij=1,...n

3 Z Yiiy; = T

ZtM - 4 VZ,]ZI,,TL
Zu.-.OF t(e)]_% (z)}—{ B
QUUQ +Z ij €+sz'j ¢ T 755

£=1 =1
9ijs Vijs Vi, j,t

P A mE >0, Vit

If 6 < 0, the valid inequality (5.23) obtained from the solution of the
above problem is violated by (5, fi, W, H, ZA”)

It should be noted that the feasible region is a cone, so we need to add
a normalization constraint. As noted in [FLT11], [LRO8], and [SBL10a], we
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may consider normalization constraints of the form

> I (ig) < 1,

,]

> Iy 5) < 1,

1,J

> Iny, ) < 1,

%7

%7

SIr, kOl <1 Vigj=1,..,n,
k.¢

although there may be other, more appropriate normalizations to use.

5.3 Remarks

Although we have presented a process to formulate the low-rank/sparse-
inverse decomposition problem, along with a procedure to generate test
problems (as seen in Chapter 4), we did not conduct any computational
experiments using disjunctive cuts. Some preliminary experiments were
conducted for the semi-definite programming (SDP) relaxation using MAT-
LAB, CVX and MOSEK, but many questions remained regarding how to
better handle the nonconvex constraint, which in our writeup is a left-inverse
of A, but could equally be considered as a right-inverse or a pseudoinverse.
With the difficulties in coding the formulations, as well as the computa-
tional /numerical limitations of existing SDP solvers, we chose to shift our
focus to dealing with the nonconvex constraints dealing with the sparse-

inverse and addressing the square and non-square scenarios.
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Appendix A

Supplementary Material

Appendix

A.1 Conditional Independence Structure of Gaussian
Random Variables
We can consider a covariance matrix A for n Gaussian random variables

Xy,...,X,. We assume that X,..., X, are partitioned into X and Y, so
A has the form

Via the Schur complement, we can see that

L1
(A N xx = (Axx — Axy(Ayy) T A%y )

From this, we can see that the interpretation of (A1) y is that it is the

inverse of the covariance matrix for X conditioned on Y. If X = (X, X;)
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and Y comprises the remaining random variables, then define a, b, ¢ by

Then

1
a b B 1 c —b
b ¢ T ac—b2 | —p q

is the covariance matrix for X conditioned on Y. So we can see that X,
and X are conditionally independent when —b = 0 (equivalently, when b
= 0). Therefore the sparsity pattern of A~! directly gives the conditional

independence structure of X, ..., X,,.

A.2 Dual of an SDP

Most of the notation in this subsection is local to this and the subsequent

subsection, with the dimensions of the matrices being implicit.

SDP duality: basic

Basic SDP duality is usually presented as follows (see [WSV00]). We have

a single psd matrix variable X, and the primal form is
min {(C,X) : (E",X)=b,forie&, X =0}.

The dual has the simple but rather different form

maX{Zyibi : ZyiEi = C’}.

€& €&
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SDP duality: general

In application, it is often convenient to have many psd matrix variables and
additional scalar variables.

Below, we take the finite index sets P, U, & and G to be disjoint. We
suppose that we have square and symmetric psd matrix variables X, for
k € P and unrestricted scalar variables z;, j € . Note that the matrix
variables can be of varying sizes. In particular, a 1 x 1 psd matrix variable
is a non-negative scalar variable.

We take a general linear objective function

minz (Ch, X3) + Zdjzj . (A.1)

ke® JEU

We take some general linear equations and inequalities

. , >
Z(E}C,XQ—FZCL;ZJ-{ - }bi, for ¢ € { g } (A.2)
ke® jeu = E.
So, our primal SDP is (A.1), subject to (A.2),
X, =0, forke? (A.3)

and

z; unrestricted, for j € U. (A.4)

It is convenient to assume, without loss of generality, that the data ma-
trices C}, and E} are symmetric.
For the dual SDP, we will have non-negative scalar variables y,, 1 € G,

and unrestricted scalar variables y,, i € &.
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The dual objective function is

max Z Y;b; (A.5)

1i€eGu&

Next, we have dual constraints corresponding to the primal matrix variables

Y yE,XCy, forke?. (A.6)
1€GUE

Note that for k£ in which X, is 1 x 1, the corresponding constraint (A.6) is
a scalar ‘<’ inequality. We have further dual constraints corresponding to

the primal scalar variables

Z y,al =d,; , for je U, (A7)
1€eGUE

So our dual SDP is (A.5), subject to (A.6), (A.7),
y; >0, fori e gG. (A.8)

and

y,; unrestricted, for ¢ € &. (A.9)

Observation 13. If there are no matriz variables in the primal that are
bigger than 1 x 1, then the primal is a linear-optimization problem ((A.3)
reduces to scalar non-negativity constraints). In this case, the dual is also a
linear-optimization problem, as (A.6) reduces to scalar inequalities, and we

get a familiar dual pair of linear-optimization problems.

Observation 14. If U = G = () and |P| = 1, then we get the familiar basic
dual pair of SDPs of §A.2
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Observation 15. If we define square symmetric matrix variables via the

linear equations

Se=Cp— > yEL, forke?, (A.10)
1€GUE

then we can see the dual in a form that is essentially in the form of the

primal.

Definition 16. Let p* denote the optimal value associated with the optimal
solution to the primal SDP (A.1), (A.2), and (A.4) and d* denote the
optimal value associated with the optimal to the dual SDP (A.5), (A.6),
(A.7), and (A.8). If the equality p* = d* holds, then strong duality holds.

Lemma 17. (Slater’s Condition) Given an SDP with objective function
of the form (A.1) subject to (A.2), (A.3), and (A.4), if there exists a strictly
feasible solution that satisfies (A.2), (A.3), and (A.4), then strong duality
holds (i.e, there is zero duality gap between the primal and dual optimal

values).
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