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ABSTRACT

In various multi-terminal communication scenarios, contrary to point-to-point
communication, characterization of fundamental limits such as capacity and error
exponent is still an open problem. We study such fundamental limits and the struc-
ture of optimality achieving codes. This thesis consists of two parts: in the first part,
we investigate the role of algebraic structures in multi-terminal communications. We
show the necessity of various types of algebraic structure in capacity achieving codes
and argue that the lack of such structures in the conventional random codes leads
to their sub-optimality. We develop a new class of partially structured codes called
quasi-structured code (QSC). Such codes span the spectrum from completely struc-
tured to completely unstructured codes. It is shown that the application of QSCs
leads to improvements over the current coding strategies for many problems includ-
ing distributed source coding and multiple-access channel (MAC) with feedback.

In the second part of the thesis, we study the optimal error exponent in various
multi-terminal communication scenarios. We derive a lower and upper bound on the
error exponent of discrete memoryless MAC with noiseless feedback and variable-
length codes (VLCs). The bounds increase linearly with respect to a specific Eu-
clidean distance measure defined between the transmission rate pair and the capacity

boundary. The bounds are shown to be tight for specific classes of MACs.

xiil



CHAPTER I

Introduction

1.1 Point-to-point Communications

Information theory is a “mathematical theory of communications” [1], provid-
ing an abstract model to analyze communication systems. Based on this model, a

communication system consists of the following essential features:

e An information source, producing an a priori unknown message or a sequence of
messages, modeled as a random variable (or a random sequence) taking values

from a set M.

e A channel, representing the medium over which the communication takes place.
The channel’s input and output alphabets are assumed to be finite and are
denoted by X and ), respectively. The effect of the channel on the input is

modeled by a random mapping from X to Y!.

e A (block) encoder that maps the observed message (sequence) to a channel
input sequence of length n. Such sequence is called a codeword and n is called

the blocklength.

e A decoder that observes the channel output sequences and outputs an estimate

of the original message.

'In this work, we restrict ourselves to stationary and memoryless channels.



It is assumed that the message is selected with uniform distribution from a finite
set M. Given a fidelity measure, such as the probability of decoding the correct
message, one can determine whether a target threshold is met. Often, probability of
decoding a wrong message, known as error probability, is considered as a measure of

the reliability of the communication system. The ratio

log, |M|

n

R= (1.1)

known as the transmission rate, gives the amount of transmitted information and is
measured in bits per channel use. The design objective for a communication system
is to find a pair of encoder - decoder satisfying an error probability € with the highest
possible transmission rate. A pair encoder - decoder is often referred to as a coding

strategy or coding scheme.

1.1.1 The Capacity

The capacity is defined as the maximum transmission rate for which a commu-
nication with vanishing probability of error, ¢ — 0, is possible. More precisely, the

capacity is expressed as

C & Jim tim 082 1M( 9] (1.2)

e—0 n—oo n

where M (n, €) is the maximum possible message size M for any code with blocklength
n and error probability lower than e. Two imperative results in information theory
are 1) recognizing that the capacity of a communication system is fundamental to
its performance limits, and 2) characterizing the capacity of a channel in terms of

commutable quantities called mutual information.



1.1.2 Random Codebooks

In search of codes for reliable communications in information theory, one consid-
ers a method involving so-called independent identically distributed (IID) random
codebooks? [2] that is proved to be capacity achieving [1]. In this method, for each
possible realization of the message an IID random sequence X" is generated accord-
ing to an appropriately predefined probability distribution Px. Such a code possesses
only single-letter empirical properties. This enables one to derive performance limits,
in terms of achievable rates, as a functional of the underling probability distribu-
tion Px. In this context, the capacity of any stationary and memoryless channel is

achievable using unstructured random codes and is expressed as
C =maxI(X;Y),
Px
where 1(X;Y) is the mutual information [?,7,1].

1.1.3 Error Exponent

The work on characterizing the channel capacity indicates that communications
with arbitrary small probability of error is possible if and only if R < C' [?,1]. This
result, as in equation (1.2), is a characterization for asymptotically large blocklength
n. However, due the limitations on the delay of the communication in practical
applications, there is a limit on blocklength. Moreover, the communication always
takes place with non-zero error probability. For these applications, it is beneficial
to specify the rate of the decay of the error probability as a function of rate and
blocklength.

The idea is to fix a rate R and study the function P,(n, R) which is the smallest

error probability among codes with length n and rate R. The asymptotic behavior

2Such codes are sometimes referred to as unstructured random codes.



of this function for fixed rate is determined by the reliability function (also known as

the error exponent) [4] which is defined as

E(R) 2 limsup—%log P.(n, R). (1.3)

n—o0

An implication of (1.3) is that if R < C, then the smallest possible error probability

decreases exponentially as n increases. The exponent is determined by F(R).

1.2 Multi-Terminal Communication

A multi-terminal communication network consists of multiple interconnected nodes
with multiple information sources. Each node has access to a subset of the sources
and wishes to reconstruct another subset or a function of the sources. The nodes ex-
change necessary information to each other so that all the objectives are accomplished.
Examples of well-studied multi-terminal setups are multiple-access channel (MAC),
broadcast channel (BC) and Interference channel (IC) [?,7,2]. These problems are
viewed as building blocks; studying them gives insight into understanding larger net-
works. In this context, multiple transmission rates, one for each transmitter-receiver
pair, are defined. The capacity region is, then, defined as the set of all rate-tuples
for which communications with vanishing error probability is possible. Following the
insights from point-to-point (PtP) setting, the following fundamental problems need

to be addressed:
(1) Computable characterization of the capacity region,
(2) The design of capacity achieving codes,
(3) Closed-form expression for the error exponent.

As for the first problem, similar to PtP setting [1], the capacity region is charac-

terized in terms of “single-letter” information quantities for a few problems including



MAC and degraded BC [?,2] . However, characterizing the capacity region of several
multi-terminal systems, such as IC, and BC, remains an open problem.

As for the second problem, based on the initial successes in PtP setting, it was
widely believed that one can achieve the capacity of any network communication prob-
lem using IID codebooks. However, departing from traditional approaches, Korner
and Marton [7] suggested a technique based on statistically correlated codebooks
(identical random linear codes), referred to as (random) structured codes, that outper-
formed all techniques using random unstructured codes. This technique was proposed
for compression of two correlated binary sources when the objective is to reconstruct
the modulo-two sum of the sources. Also, recent results for the problem of IC [§]
showed that the well-known Han-Kobayashi rate region [9] is strictly sub-optimal.
These investigations, together with similar observations ( [?,?,?,7,7.?, 72,2, 2,2, 7,7,
7,0,2,2,2,2,2,2,2,7,10,26,28,29]) indicate that coding strategies solely based on
random unstructured codebooks may not be capacity achieving. This points out to
the need for more investigations into the structure of the capacity achieving codes for

multi-terminal communications.

1.2.1 On the Structure of Capacity Achieving Codes

In the context of PtP communications, if one constructs a random codebook sim-
ply by choosing the codewords using IID random variables, then, with high probabil-
ity, the codebook is capacity achieving. However, this is not the case in multi-terminal
communication systems. It appears that there is a trade-off between cooperation and
communication/compression in networks. To see this, consider the following obser-
vations.

As depicted in Figure 1.1, suppose there are two correlated binary sources of
information; each observed by one encoder. The objective of the encoders is to

compress the sources in a distributed fashion such that a central decoder would be
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Figure 1.1: Distributed compression of two correlated binary source (X,Y). Each
encoder observes one of the sources. The encoders communicate infor-
mation to a central decoder. The decoder uses the received information
to reconstruct (a function of) the sources. The design objective is to
minimize the rate of transmissions.

able to reconstruct the sources losslessly (Slepian-Wolf setting [36]). Note that this
is a source coding problem which has not been so far discussed in the introduction.

For this setup, the minimum required rate is

Rle(X|Y)7 RZZH(Y|X)a R1+R22H(X7Y)7

where H(-) is the entropy of the sources. In general, to achieve the Slepian-Wolf
performance limit, one can use independent Shannon-style unstructured code ensem-
bles [2]. However, if the objective is to reconstruct the modulo-two sum of the sources,
then as Korner and Marton suggested, identical linear codes are needed. With this
approach, when the joint distribution Pxy is symmetric, the minimum required rate

18

RlzRQEH(X@Y),

where @ denotes binary addition. This implies that the sum-rate is 2H(X & Y)
which can be strictly less than H(X,Y). In summary, to achieve network cooperation
(decoding the sum) the users must use identical linear codes. However, if the objective

is to have the full reconstruction of both the sources at the decoder, then the use of



identical binning can be strictly suboptimal.

A similar observation was made recently regarding coding for interference channels
[33]: each cooperating transmitter using identical linear codes must pay some penalty
in terms of sacrificing her/his rate for the overall good of the network. A selfish
user intent on maximizing individual throughput must use essentially independent
Shannon-style unstructured code ensembles. These observations indicate that the
algebraic structures of coding strategies contribute to balance the trade-off between
cooperation and communication/compression.

Toward addressing the role of algebraic structures in balancing the trade-off, one
needs a measure for algebraic closure (“closedness”) properties of codebooks. Assume
the codewords of a codebook C are binary vectors. Let C&C denote the set consisting
of the modulo-two sum of all pairs of the codewords in C. We consider the size of CHC
as a measure of algebraic closure of C. On one extreme, C is completely structured
in the sense that the size of C @ C equals the size of C. This implies that C is closed
under modulo-two addition. On the other extreme, unstructured Shannon random
codes are completely unstructured in the sense that the size of C @ C is close to the
size of C x C with high probability. This gap between the completely structured codes
and the completely unstructured codes leads to the following question:

Is there a spectrum of strategies involving partially structured codes or partially
unstructured codes that lie between these two extremes?

In Chapter II, we investigate the existence of partially structured codes that close
this gap and lie between the two extremes. To this end, we develop a new class
of codes called quasi-structured code (QSC). A QSC is defined as a subset of a
structured code (e.g. linear code). We show that QSCs span the spectrum from
completely structured to completely unstructured. More precisely, let the size of

C @ C is between |C| and |C|%. We provide a method for constructing specific subsets

3The motivation for this work comes from our earlier work on multi-level polar codes based on
Zy- [37]. A multi-level polar code is not a group code. But it is a subset a nontrivial group code.



of these codes by putting single-letter distributions on the indices of the codewords.
We can analyze the performance of the resulting code ensemble, and characterize the
asymptotic performance using single-letter information quantities. By choosing the
single-letter distribution on the indices one can operate anywhere in the spectrum
between the two extremes: structured codes and unstructured codes. We use these
class of codes to derive strictly improved achievable regions for many fundamental

multi-terminal problems.

1.3 Channels with Noiseless Feedback

A challenging part of information theory is the study of channels with feedback.
In this model, output symbols of a memoryless channel are available, with one unite
of delay, to the transmitter. Surprisingly, the first result in this context indicates that
feedback does not increase the capacity of discrete memoryless channel (DMC) [38].
Furthermore, feedback does not improve the error exponent of symmetric channels
when fixed blocklength codes are used [?,39].

For communications over channels with feedback, one can use a so-called variable-
length code (VLC) whose length can depend on the channel realizations. In this
context, feedback does help. Feedback reduces the complexity of the encoding and
decoding required to achieve a target error probability [41]. In a remarkable work,
Burnashev [42] demonstrated that the error exponent improves for DMCs with feed-

back and variable-length codes. In this setting, the error exponent has a simple form

R
E(R) = (1- 5)017 (1.4)

where 0 < R < (' is the (average) rate of transmission, C' is the capacity of the chan-
nel, and C' is the maximal relative entropy between conditional output distributions.

In the context of communications over multi-user channels, the benefits of feedback



are more prominent. Gaarder and Wolf [43] showed that feedback can expand the
capacity region of discrete memoryless MAC. Similar to the study of communication
systems without feedback, three research directions are identified: 1) characterization
of the capacity region, 2) structure of capacity achieving codes , and 3) closed-form
expression for the error exponent. There are many partial results (namely, [?,7,44])
to address the first problem. The capacity region of two-user discrete memoryless
MAC with feedback (MAC-FB) is characterized by Kramer in 1998 [47]. However,
the characterization is in terms of multi-letter directed mutual information measures
which is not computable in general. To the best of our knowledge, there is no closed-
form expression for the error exponent of MAC with feedback. Finding a computable
characterization for the capacity region and the error exponent of MAC-FB remains
an open problem. In this thesis, we investigate the problem of communications over
MAC with feedback to characterize 1) the error exponent, and 2) the structure of
capacity achieving codes. In what follows, we explain our main contributions in this

setting.

1.3.1 Coding Structures for MAC with Feedback

In MAC-FB setup, the transmitters send independent messages simultaneously
to a receiver. However, conditioned on the feedback, the messages are statistically
correlated. This correlation can be used to combat interference and channel noise
more effectively in subsequent channel uses.

We study the problem of finding capacity achieving coding strategies for MAC-FB
setup. For that, in Chapter IV, we make a connection between MAC-FB and another
fundamental problem called transmission of correlated sources over MAC [48]. This

problem is explained as follows:



MAC with correlated source: In this problem, there are multiple transmitters;
each observing a source correlated to others. The transmitters do not communicate
with each other and wish to send their observations via a MAC to a central receiver.
The receiver reconstructs the sources losslessly. This problem is studied in many
works including [?,?,6].

-

In addition, we use the concept of common information due to Gécs-Korner [50]

and Witsenhausen [51] which is explained as follows:

Common information: The common information between two random variables
S, S is the maximum entropy of W which is a function of S; and a function of Ss,
ie, W = f(S1) = g(52). In other words, common information quantifies the amount
of common randomness that can be extracted by knowing S; and S, separately.

We seek a more general definition of common information which incorporates the
cases with more than two random variables, say 57, Ss, and S3. We introduce a new
form of common information called conferencing common information. In Chapter
ITI, we study the use of this common information to develop coding strategies for
the three-user version of MAC-FB and MAC with correlated sources. It is shown, in
Chapter III and IV, that exploiting conferencing common information contributes to
improvements over conventional coding schemes, such as Cover - El Gamal - Salehi

[48], and Cover - Leung schemes [52].

1.3.2 On the Error Exponent of MAC with Feedback

The decoding error in a MAC-FB setup consists of the union of two error events
(say Fi, E5) one for decoding each transmitter’s message. Therefore, the probability
of error equals to the sum of the following three terms: P(FE;\Es), P(E>\F;), and
P(E; N Es). The main challenge in finding the error exponent in this setting is to

analyze the exponential rate of decay of these probabilities and to determine which
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term is the dominant one.

To overcome this challenge, in Chapter VI, we make a connection between this
problem and the problem of sequential hypothesis testing [53]. We use the tools from
dynamic programming and Burnashev’s techniques for PtP settings [42] to derive
bounds on the error exponent of MAC-FB. We derive an upper bound and a lower
bound on the error exponent. The bounds are tight for a class of MACs. In this

setting, we show that the upper bound can be expressed in the following form

) D (1.5)

where (||R||,0r) denote the polar coordinate of (R;, Rp) in R% Also, C(fg) is the
point of the capacity frontier at the angle determined by R. The lower-bound is the
same as F, but with different constant D;. The constants D; and D,, depend only on
the channel’s transition probability matrix and are determined by the relative entropy

between the conditional output distributions.

1.4 Communication Systems with Infinite Alphabets

So far we studied communication settings with finite alphabets. Communications
over channels/ networks whose input alphabets are Euclidean spaces, e.g. R, accounts
for different coding strategies than the discrete counterparts. A well-known example

is the channel with additive white Gaussian noise (AWGN)

Y=X+N, N~AN(01I) (1.6)

with input power constraint %Z?:l X? < P. The works in finding low-complexity
and capacity achieving codes for these channels give rise to many coding structures

such as Lattice codes [?,7,54] .
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Lattice codes are analogous of linear codes in Euclidean spaces. A lattice code in
R? is defined as the set of all linear combinations, with integer coefficients, of a given
set of linearly independent vectors in RY. Traditionally, performance characterization
of lattices is carried out using Gaussian test channels. Such techniques are known to
be suitable for Gaussian source/channel setups. The capacity of the AWGN channel
in (1.6) is achievable using lattices [54]. However, for general channel/source setups,
it is difficult to derive achievable rates of lattices using such techniques. Recently, a
new method is introduced to overcome this challenge [57]. In the method, first the
objective source/ channel problem is quantized to obtain its discrete version. The
performance analysis is carried out for the discrete version of the problem and inner
bounds are derived in terms of discrete mutual information quantities. Then, it is
shown that as the discretization process keeps refining, the mutual information terms
converge to the continuous ones. Hence, inner bounds are obtained for the original
continuous source/channel setup. This method is not restricted to PtP systems. Us-
ing this approach together, in Chapter V, we extend our results in discrete settings
to multi-terminal systems with continuous alphabets. We introduce coding schemes
based on lattices for multiple descriptions (MD) and MAC problems. We show that
applications of lattices for such problems lead to performance improvements compar-

ing to the conventional coding strategies.
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CHAPTER II

Quasi-Structured Codes for Multi-Terminal

Communications

Stepping beyond this conventional technique, Kérner and Marton [7] proposed a
technique based on statistically correlated codebooks (in particular, identical random
linear codes) possessing algebraic closure properties, henceforth referred to as (ran-
dom) structured codes, that outperformed all techniques based on (random) unstruc-
tured codes. This technique was proposed for the problem of distributed computation
of the modulo two sum of two correlated symmetric binary sources [7]. Applications
of structured codes were also studied for various multi-terminal communication sys-
tems, including, but not limited to, distributed source coding [?,?,?,?], computation
over MAC [?,?7,7,?, 7,7 14], MAC with side information [?,?,?, 7 21], the joint
source-channel coding over MAC [25], multiple-descriptions [26], interference chan-
nel [?,7,?7,7,27-29], broadcast channel [34] and MAC with Feedback [35]. In these
works, algebraic structures are exploited to design new coding schemes which outper-
form all coding schemes solely based on random unstructured codes. The emerging
opinion in this regard is that even if computational complexity is a non-issue, alge-
braic structured codes may be necessary, in a deeply fundamental way, to achieve
optimality in transmission and storage of information in networks.

There are several algebraic structures such as fields, ring and groups. Linear
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codes are defined over finite fields. The focus of this work is on structured codes
defined over the ring of modulo-m integers, that is Z,,. Group codes are a class of
structured codes constructed over Z,,, and were first studied by Slepian [58] for the
Gaussian channel. A group code over Z,, is defined as a set of codeswords that is
closed under the element-wise modulo-m addition. Linear codes are a special case of
group codes (the case when m is a prime). There are two main incentives to study
group codes. First, linear codes are defined only over finite fields, and finite fields
exists only when alphabet sizes equal to a prime power, i.e., Z, . Second, there are
several communications problems in which group codes have superior performance
limits compared to linear codes. As an example, group codes over Zg have better
error correcting properties than linear codes for communications over an additive
white Gaussian noise channel with 8-PSK constellation [59]. As an another example,
construction of polar codes over alphabets of size equal to a prime power p”, is more
efficient with a module structure rather than a vector space structure [?, 7,37, 60].
Bounds on the achievable rates of group codes in PtP communications were studied
in [?7,7,7,?7,?7,63]. Como [66] derived the largest achievable rate using group codes
for certain PtP channels. In [63], Ahlswede showed that group codes do not achieve
the capacity of a general discrete memoryless channel. In [67], Sahebi et.al., unified
the previously known works, and characterized the ensemble of all group codes over
finite commutative groups. In addition, the authors derived the optimum asymptotic

performance limits of group codes for PtP channel/source coding problems.

Contributions

Our contributions in this Chapter are as follows. A new class of codes over groups
called Quasi Group Codes (QGC) is introduced. These codes are constructed by tak-
ing subsets of group codes. This work considers QGCs over cyclic groups Z,-. One

can use the fundamental theorem of finitely generated Abelian groups to generalize
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the results of this paper to QGCs over non-cyclic finite Abelian groups. Information-
theoretic characterizations for the asymptotic performance limits and properties of
QGCs for source coding and channel coding problems are derived in terms of single-
letter information quantities. Covering and packing bounds are derived for an ensem-
ble of QGCs. Next, a binning technique for the QGCs is developed by constructing
nested QGCs. As a result of these bounds, the PtP channel capacity and optimal
rate-distortion function of sources are shown to be achievable using nested QGCs.
The applications of QGCs in some multi-terminal communications problems are con-

sidered. More specifically our study includes the following problems:

Distributed Source Coding A more general version of Kérner-Marton problem
is considered. In this problem, there are two distributed sources taking values from
Zy-. The sources are to be compressed in a distributed fashion. The decoder wishes

to compute the modulo p"-addition of the sources losslessly.

Computation over MAC In this problem, two transmitters wish to communicate
independent information to a receiver over a MAC. The objective is to decode the
modulo-p” sum of the codewords sent by the transmitters at the receiver. This prob-
lem is of interest in its own right. Moreover, this problem finds applications as an
intermediate step in the study of other fundamental problems such as the interference

channel and broadcast channel [?,34].

MAC with Distributed States In this problem, two transmitters wish to com-
municate independent information to a receiver over a MAC. The transition proba-
bility between the output and the inputs depends on states S7, and S5 corresponding
to the two transmitters. The state sequences are generated IID according to some
fixed joint probability distribution. Each encoder observes the corresponding state

sequence non-causally. The objective of the receiver is to decode the messages of both
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transmitters.

These problems are formally defined in the sequel. For each of these problems, a
coding scheme based on (nested) QGCs is introduced. It is shown, through examples,
that the coding scheme improves upon the best-known coding strategies based on
unstructured codes, linear codes and group codes. In addition, for each problem a
new single-letter achievable rate-region is derived. These rate-regions strictly subsume

all the previously known rate-regions for each of these problems.

2.1 Preliminaries

A group is a set equipped with a binary operation denoted by “+7. All groups
in this paper are Abelian. Given a prime power p", the group of integers modulo-p”
is denoted by Z,-, where the underlying set is {0,1,---,p" — 1}, and the addition
is modulo-p” addition. Given a group M, a subgroup is a subset H which is closed

under the group addition. For s € [0 : 7], define
HS - pSZpT = {Oaps7 2p57 Ty (pr_s - 1>p8}’

and Ty = {0,1,---,p® — 1}. For example, Hy = Z,, Ty = {0}, whereas H, = {0},
T, = Z, . Note, Hy is a subgroup of Z,, for s € [0 : r]. Given H, and T, each element
a of Zy can be represented uniquely as a sum a =t + h, where h € H; and t € T5.
We denote such ¢ by [a],. Note that [a]s = a mod p*, for s € [0,r]. Therefore, with
this notation, [-|s is a function from Z,» — T;. Note that this function satisfies the
distributive property:

0+ ], = |[al, + 0],

S

For any elements a,b € Z,, we define the multiplication a - b by adding a with
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itself b times. Given a positive integer n, denote Z;. = ., Z,. Note that Ly 18
a group, whose addition is element-wise and its underlying set is {0,1,...,p" — 1}".

We follow the definition of shifted group codes on Z, as in [67] [10].

Definition 1 (Shifted Group Codes). An (n, k)-shifted group code over Z,- is defined
as

C={uG+b:uecz,}, (2.1)

where b € 77, is the translation (dither) vector and G is a k x n generator matriz

with elements in Zyr.
We follow the definition of typicality as in [3].

Definition 2. For any probability distribution P on X and e > 0, a sequence x™ € X™

1s said to be e-typical with respect to P if

1
“N(alx") - Pla)| € =, Va € X,
n
and, in addition, no a € X with P(a) = 0 occurs in x". Note that N(a|z") is the

number of the occurrences of a in the sequence x™. The set of all e-typical sequences

with respect to a probability distribution P on X is denoted by AE”)(X).

The above definition can be extended to define joint typicality with respect to a
joint probability distribution Pyy on X x ). A pair of sequences (x",y") € X" x J"

is said to be jointly e-typical with respect to Pxy if

1
—N(a,b|x",y") — Pxy(a,b)| < (a,b) € X x Y
n

€
— VY
X[V

such that none of (a,b) with Pxy(a,b) = 0 occurs in (x",y"). The set of all such
pairs is denoted by A™(X,Y).
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2.2 Quasi Group Codes

Linear codes and group codes are two classes of structured codes. These codes
are closed under the addition of the underlying group or field. It is known in the
literature that coding schemes based on linear codes and group codes improve upon
unstructured random coding strategies [7]. In this section, we propose a new class of
structured codes called quasi-group codes.

A QGC is defined as a subset of a group code. Therefore, QGCs are not necessarily
closed under the addition of the underlying group. An (n, k) shifted group code over
Zyr is defined as the image of a linear mapping from Z’;r to Zj. as in Definition 1.

Let U be an arbitrary subset of Z’;,.. Then a QGC is defined as
C={uG+b:ueli}, (2.2)

where G is a k X n matrix and b is an element of Z.. It U = Z];r, then C is a shifted
group code. As we will show, by changing the subset U, the code C ranges from
completely structured codes (such as group codes and linear codes) where |C+C| = |C]|
to completely unstructured codes where |C + C| ~ [C|®. For a general subset U, it
is difficult to derive a single-letter characterization of the asymptotic performance of
such codes. To address this issue, we present a special type of subsets U for which

single-letter characterization of their performance is possible.

Construction of &/ Given a positive integer m, consider m mutually independent
random variables Uy, Uy, - - -, Up,. Suppose each U; takes values from Z,- with distri-
bution Py,,i € [1 : m]. For € > 0, and positive integers k;, define U as a Cartesian

product of the e-typical sets of U;,i € [1 : m|. More precisely,

U 2 QA% ;). (2.3)
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In this construction, set U is determined by m, k;, €, and the PMFs Py, i € [1 : m].

An example of such construction for m = 1 is given in the following.

Example 1. Let U be a random variable over Z,» with PMF Py. For e > 0, let U to
be the set of all e-typical sequences u*. More precisely, define U = Agk)(U ). In this

case, U is determined by the PMF P and e. For instance, if U is uniform over Z,-,

then U = Z’;T.

In what follows, we provide an alternative representation for the construction
given in (2.3). Let k £ Y. k; and denote ¢; £ % With this notation, ¢;,i € [1,m]
form a probability distribution; because, ¢; > 0 and ), ¢; = 1. Therefore, we can
define a random variable () with P(Q = i) = ¢;. Define a random variable U with
the conditional distribution P(U = a|Q = i) = P(U; = a) for all a € Z,r,i € [1 : m].
With this notation the set I/ in the above construction is characterized by a finite
set Q, a pair of random variables (U, Q)) distributed over Z,» x Q, an integer k, and
€ > 0. The joint distribution of U and () is denoted by Pyq. Note that we assume
Po(q) > 0 for all ¢ € Q. For a more concise notation, we identify the set & without
explicitly specifying €. @) can be interpreted as a time sharing random variable. It
determines the contribution of U;, measured by %, in the construction of . With

the notation given for the construction of U, we define its corresponding QGC.

Definition 3. An (n,k)- QGC C over Z, is defined as in (2.2) and (2.3), and is
characterized by a matric G € Z];TX”, a translation b € Zj., and a pair of random
variables (U, Q) distributed over the finite set Zy x Q. The set U in (2.3) is defined

as the index set of C.

Remark 1. Any shifted group code over Z,- is a QGC.

Remark 2. Let C be a random (n, k)-QGC constructed by selecting the elements of

its generator matrix and translation vector randomly independently with uniform
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distribution from Z,-,r > 1. In contrast to linear codes, codewords of C are not

necessarily pairwise independent.

Information theoretic analysis of coding strategies are usually carried out by con-
structing ensembles of randomly generated codebooks [2,5]. Following the same ap-
proach, we construct ensembles of QGCs with different blocklengths.

Fix positive integers (n, k) and random variables (U, Q). We create an ensemble
of codes by taking the collection of all (n,k)-QGCs with random variables (U, Q),
for all matrices G and translations b. A random codebook C from this ensemble is
chosen by selecting the elements of G and b randomly and uniformly from Z,-. In
order to characterize the asymptotic performance limits of QGCs, we need to define
sequences of ensembles of QGCs. For any positive integer n, let k,, = cn, where ¢ > 0
is a constant. Consider the sequence of the ensembles of (n, k,,)-QGCs with random
variables (U, ). In the next two lemmas, we characterize the size of randomly selected
codebooks from these ensembles. The first lemma shows that the index set U for an

ensemble of QGCs approximately equals to 287 (UIQ),

Lemma 1. Let U, be the index set associated with the ensemble of (n, k,)-QGCs with
random variables (U, Q) and € > 0, where k, = cn for a constant ¢ > 0. Then there

exists N > 0, such that for alln > N,
1 /
k—IOgQ U, — HU|Q)| < €,

where €' is a continuous function of €, and € — 0 as e — 0.
Proof. The proof is given in Appendix A.1 n

Remark 3. As an immediate consequence of Lemma 1, we provide an upper-bound on

the size of a QGC. For that, let C,, be an (n, k,,)-QGC with random variables (U, Q).
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Then, for large enough n,

k

1
—1 C.| < LH(U " 24
~log, (Gl < H(UIQ) + ¢ 24)

To explain inequality (2.4), note that a codebook C, is the image of the index set
U, under the mapping ®,(u) = uG,, +b". Therefore, the bound in (2.4) is due to the
fact that ®,, is, in general, a many-to-one mapping. In the case of linear codes (r = 1),
it is assumed that & < n. In this case, for sufficiently large n, ®, is injective with
high probability. This implies that the size of a random linear code approximately
equals ~ 2¥. Consequently, % is a relevant measure for the rate of a (k,n) linear
code. However, for a QGC (general r > 2), even if k > n, under certain conditions,
®,, is “almost” injective with high probability. In what follows, we characterize these

conditions. We begin by defining a-injectivity.

Definition 4. A mapping ¢ : U — X, defined on finite sets (U, X), is said to be
a-ingective, if there exists a subset A C U with cardinality at least o|U| such that

restriction of ¢ to A is injective.

By the above definition, any 1-injective map is one-to-one. The next lemma shows
that under particular conditions on (U, Q) and for sufficiently large n, the mapping

®,, is a-injective with high probability, where a ~ 1.

Lemma 2. Let U, be the index set associated with the ensemble of (n, k,)-QGCs with
random variables (U, Q), where k,, = cn for a constant ¢ > 0. Define a map ®,, : U,, —
Loyr » ¢, (u) = uG, for allu € U,, where G,, is a k, x n matriz whose elements are
chosen randomly and uniformly from Zy,-. Suppose H(U|[U],,Q) < L(r—s)logyp—e¢
for all s € [0 :r—1]. Then, for any v, > 0 and sufficiently large n, the mapping .,

is (1 — &)-injective with probability at least (1 — ). !

'Note that the map ®,, in the lemma does not have any translation, i.e., b = 0. It is sufficient to
prove the lemma for b = 0. This is due to the fact that if ®,, is (1 — §)-injective, then so is ®,, + b,
for any translation b.
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Proof. The proof is provided in Appendix A.2. m

As a result, under the conditions given in Lemma 2, the rate of a random codebook
selected from ensemble of (n, k)-QGCs with random variables (U, @Q)) approximately
equals R ~ £H(U|Q), with high probability. The condition in Lemma 2 can viewed

as a restriction on the size of the index set, that is
k
—H(U|[U]s,Q) < (r—s)logap—¢€, 0<s<r—1. (2.5)
n

We refer to this condition as the injectivity condition.

2.3 Properties of Quasi Group Codes

It is known that if C is a random unstructured codebook, then |C +C| ~ |C|* with
high probability. Group codes on the other hand are closed under the addition, which
means |C 4+ C| = |C|. Comparing to unstructured codes, when the structure of the
group codes matches with that of a multi-terminal channel/source coding problem,
it turns out that higher/lower transmission rates are obtained. However, in certain
problems, the structure of the group codes is too restrictive. More precisely, when the
underlying group is Z,- for r > 2, there are several nontrivial subgroups. These sub-
groups cause a penalty on the rate of a group code. This results in lower transmission
rates in channel coding and higher transmission rates in source coding.

Quasi group codes balance the trade-off between the structure of the group codes
and that of the unstructured codes. More precisely, when C is a QGC, then |C + C|
is a number between |C| and |C|?. This results in a more flexible algebraic structure
to match better with the structure of the channel or source. This trade-off is shown

more precisely in the following lemma.

Lemma 3. Let C;,i = 1,2 be an (n, k;)-QGC over Zy with random variables (U;, Q).
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Suppose, Py, v, s such that the Markov chain U, < Q <+ Uy holds and that the

injectivity condition in (2.5) is satisfied for (Uy, Q) and (U, Q).

1. Suppose k1 = ky = k, and the generator matrices of C1,Co and D are identical.
Let D be an (n, k)-QGC with random variables (Uy + Us, Q) and the same gen-
erator matriz as for C; and Cy. Suppose U; is selected randomly and uniformly
from the index set (see Definition 3) of C;;i = 1,2. Let X; be the codeword of

C; corresponding to U;, 1 = 1,2. Then, for all e > 0 and sufficiently large n,

P{X1+X2€D}Zl—5(€),

where 6(€) — 0 as € — 0.

2. C1+Cy is an (n, ky + k2)-QGC with random variables (Uy, (Q, 1)), where I € {1,
2}, If I =i, then Uy = Uy,i = 1,2. In addition, P(I = i,Q = q,U; = a) =

kl’j_"k2P(Q =q)P(U; =a|lQ =q), foralla € Zy,qg € Q and i =1,2.

Proof. Suppose U; is the index set, G; is the matrix, and b; is the translation of
Cii=1,2.

We prove the first statement for the case when time sharing random variable () is
trivial. The proof for general () follows from similar steps. If @) is trivial, the index
sets satisfy U; = Agk)(Ui),i =1,2. Since k1 = ko and Gy = Gy, then X; = U,;G + b,
i = 1,2. With this notation, X; + Xy = (U; + Us)G + by + bs. From Lemma 28,
with probability at least 1 — 27"/?" we have (U, Uy) € Aglzz)(Ul, Us,), where ¢ is a
function as in Lemma 28. Therefore, U; + U, € Aglzz)(Ul + Uy) with probability at
least 1 — 27"</P". The proof is complete by noting that the index set of D is defined
as Uy 2 AR (U + ).
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For the second statement, we have

G,
Cl+CQZ{[U1,UQ] +b1+b23ui€ui,i:1,2}.
Gy
Therefore, C; +Cy is an (n, ki + k2)-QGC. Note that U; x U, is the index set associated
with this codebook. The statement follows, since each subset U;,7 = 1,2 is a Cartesian
product of e-typical sets of U, ,,q € Q. The random variables (Ur, (Q, I)) describes

such a Cartesian product.

]

We explain the intuition behind the lemma. Suppose Ci,Cy and D are QGCs
with identical generator matrices and with random variables Uy, Us and U; + Us,

respectively. Then D = C; + Cy with probability approaching one.

Remark 4. If C; and Cy are the QGCs as in Lemma 3, then from standard counting

arguments we have
max{|Cy|, [Co|} < |Cy + Cof < min{p™,|Cy] - |Cal}

In what follows, we derive a packing bound and a covering bound for a QGC
with matrices and translation chosen randomly and uniformly. Fix a PMF Pxy, and
suppose an e-typical sequence y is given with respect to the marginal distribution
Py. Consider the set of all codewords in a QGC that are jointly typical with y with
respect to Pxy. In the packing lemma, we characterize the conditions under which
the probability of this set is small. This implies the existence of a “good-channel”
code which is also a QGC. In the covering lemma, we derive the conditions for which,
with high probability, there exists at least one such codeword in a QGC. In this case
a “good-source” code exists which is also a QGC. These conditions are provided in

the next two lemmas.
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For any positive integer n, let k, = cn, where ¢ > 0 is a constant. Let C, be a
sequence of (n, k,)-QGCs with random variables (U, Q), ¢ > 0. By R,, denote the
rate of C,. Suppose the elements of the generator matrix and the translation of C,

are chosen randomly and uniformly from Z,-.

Lemma 4 (Packing). Let (X,Y) ~ Pxy. By c,(6) denote the 0th codeword of C,.
Let Y™ be a random sequence distributed according to [, Py x (#ilcni(0)). Suppose,
conditioned on c,(0), Y" is independent of all other codewords in C,. Then, for any

6 e€(l:|C.l], and 6 >0, IN > 0 such that for alln > N,
P{Ix€C,: (x,Y") € AV(X,Y),x # c,(0)} <0,

if the following bounds hold

U
fon < 2L HW1Q. 0T

(logyp"™* — H(X|Y, [X],) + n(e)), (2.6)
where n(e) = 0 ase — 0 .

Proof. See Appendix A.3. m

Lemma 5 (Covering). Let (X, X) ~ Py ¢, where X takes values from Z,-. Let X"
be a random sequence distributed according to [[_, Px(x;). Then, for any 6 > 0,

dN > 0 such that for alln > N,
P{3xeC,: (X" %) e AM(X,X)} >1-6

if the following inequalities hold

H(U|Q) s o
Ry > f??%m(bg” — H([X],|X) +n(e)). (2.7)

Proof. See Appendix A.4. O

25



Remark 5. The covering and packing bounds for the special of » = 1 are simplified to

Packing: R,, <log,p — H(X|Y), Covering: R, > log, p — H(X|X)

Lemma 3, 4 and Lemma 5 provide a tool to derive inner bounds for achievable
rates using quasi group codes in multi-terminal channel coding and source coding

problems.

2.4 Binning Using QGC

Note that in a randomly generated QGC, all codewords have uniform distribution
over Zy,. However, in many communication setups we require application of codes
with non-uniform distributions. In addition, we require binning techniques for various
multi-terminal communications. In this section, we present a method for random
binning of QGCs. In the next sections, we will use random binning of QGCs to
propose coding schemes for various multi-terminal problems.

We introduce nested quasi group codes using which we propose a random binning
technique. A QGC Cy is said to be nested in a QGC Cp, if C; C Cp + b, for some

translation b. Suppose Cp is an (n, k + [)-QGC with the following structure,
Co2{uG+vG+b:uecl,veVl, (2.8)
where U and V are subsets of Z’;T, and Z;T, respectively. Define the inner-code as
C;={uG+b:ucu}.
By Definition 3, Cr is an (n,k)-QGC. In addition, there exists a € Zj, such that

C; C Co + a. The pair (C;,Cp) is called a nested QGC. For any fixed element v € V,

26



we define its corresponding bin as the set
B(v) 2 {uG +vG +b:uel}. (2.9)

Definition 5. An (n,k,l)-nested QGC is defined as a pair (Cr,Co), where Cy is an
(n,k)-QGC, and Co = {x; + X : x; € C;,X € C}, where C is an (n,1)-QGC. Let
the random variables corresponding to C; and C are (U, Q) and (V,Q), respectively.

C1,Co and C are called the inner, the outer and the shift codes, respectively. Then,
Co is characterized by (U,V, Q).

In a nested QGC both the outer-code and the inner-code are themselves QGCs.

More precisely we have the following remark.

Remark 6. Let (Cr,Co) be an (n, ki, ky)-nested QGC with random variables (Uy, Us,
(). Suppose the joint distribution among (Uy, Uy, Q) is the one that satisfies the
Markov chain U; <+ @ <> Us. Then by Lemma 3 Cp is an (n, k; + k2)-QGC with
random variables (Ur, (Q,I)).

Note that with equation (2.9), B(v) = C; + vG. As a result, each bin is a shifted
version of the inner-code. Thus, each bin in an (n, k,[)-nested QGC is also an (n, k)-

QGC.

Remark 7. Suppose (Cr,Co) is an (n, kq, ko)-nested QGC with random matrices and
translations. Assume the injectivity condition (2.5) holds for C; and Cp. By Ro
and R; denote the rates of Cp and Cj, respectively. Let p denote the binning rate (
the rate of C as in Definition 5). Using Remark 6 and 3, for large enough n, with
probability close to one, |Ro — Ry — p| < o(e).

Intuitively, as a result of this remark, Rp ~ R; + p. Furthermore, since the

injectivity condition holds, then with probability close to one,

k z k l
Ro~ —HUIQ)+ ~H(V|Q),  Rr=_HU|Q), and p~ —H(V|Q).
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This implies that the bins B(v) corresponding to different v € C are “almost disjoint”.
In this method for binning, since both the inner-code and the outer-code are QGCs,
the structure of the inner-code, bins and the outer-code can be determined using the

PMFs of the related random variables (that is U,V and @ as in Definition 5).

PtP Communications

We established a set of lemmas (Lemma 1- 5) that are used to derive achievable
rates for coding strategies based on QGCs. In the following, we introduce a coding
strategy using QGCs and show the achievability of the Shannon performance limits for
PtP channel and source coding problem. For that, we first provide a set of definitions
to model PtP channel and source coding problem.

Channel Model: A discrete memoryless channel is characterized by the triple (X,
Y, Py|x), where the two finite sets X and ) are the input and output alphabets,

respectively, and Py |x is the channel transition probability matrix.

Definition 6. An (n,©)-code for a channel (X,Y, Py|x) is a pair of mappings (e, f)
where e : [1:0] = X" and f: Y" — [1: ©].

Definition 7. For a given channel (X,Y, Py|x), a rate R is said to be achievable if

for any € > 0 and for all sufficiently large n, there exists an (n,©)-code such that :

o

1 o 1

65 Pyix(f(Y™) £ X" = e(i)) <, ﬁlog@>R—e.
i=1

The channel capacity is defined as the supremum of all achievable rates.

Source Model: A discrete memoryless source is a tuple (X, X , Px,d), where the two
finite sets X and X are the source and reconstruction alphabets, respectively, Py is
the source probability distribution, and d : X x X — R* is the (bounded) distortion

function.
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Definition 8. An (n,0)-code for a source (X, X, Py, d) is a pair of mappings (e, f)
where f: X" —[1:0] ande: [1:0] = X"

Definition 9. For a given source (X, X, Py, d), a rate-distortion pair (R, D) is said
to be achievable if for any € > 0 and for all sufficiently large n, there exists an

(n,©)-code such that :

n

1 . 1
— g d(X;, X;) <D+e —logB < R+e,
n n

i=1

where X" = e(f(X™)). The optimal rate-distortion region is defined as the set of all

achievable rate-distortion pairs.

Definition 10. An (n,©)-code is said to be based on nested QGCs, if there exists an
(n, k,l)-nested QGC with random variables (U,V,Q) such that a) © = |V|, where V
is the index set associated with the codebook C (see Definition 5), b) for any v € V,

the output of the mapping e(v) is in B(v), where B(v) is the bin associated with v,
and is defined as in (2.9).

Definition 11. For a channel, a rate R is said to be achievable using nested QGCs if
for any € > 0 and all sufficiently large n, there exists an (n,©)-code based on nested

QGCs such that:
1 & 1
— P(f(y" | X" =e(i —1 — €.
@; (f(Y™) # 1l e(t)) <e —log®>R—e

For a source, a rate-distortion pair (R, D) is said to be achievable using nested QGSs,
if for any € > 0 and for all sufficiently large n, there exists an (n,©)-code based on

nested QG Cs such that:

1 & . 1
= d(X;, X;) <D+e, —log® < R+e,
n n

i=1
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where X™ = e(f(X™)).

Theorem 11.1. The PtP channel capacity and the optimal rate-distortion region of

sources are achievable using nested QGCs.

In what follows, we introduce an achievable scheme using nested QGCs and pro-

vide an outline of the proof for the theorem.

Channel coding using QGCs Consider a memoryless channel with input alpha-
bet X' and conditional distribution Py x. Let the prime power p" be such that
|X] < p". Fix a PMF Px on X, and set | = nR, where R will be determined
later. Let (C;,Co) be an (n, k, l)-nested QGC with random variables (U, V, Q). Let @
be a trivial random variable, and U and V be independent with uniform distribution
over {0,1}. The elements of the generator matrix and the translation used for the
nested QGC are drawn randomly and uniformly from Z,-. Let R; and Ro denote the
rate of the inner-code C; and the outer-code Cp, respectively. According to Remark
7, with probability close to one, Rpo =~ R; + R and the binning rate approximately
equals to tH(V) = R.

Suppose the messages are drawn randomly and uniformly from {0,1}!. Upon
receiving a message v, the encoder first calculates its bin, that is B(v). Then it finds
x € B(v) such that x € A (X). If x was found, it is transmitted to the channel.
Otherwise, an encoding error is declared. Upon receiving y from the channel, the
decoder finds all ¢ € Cp such that (¢,y) € A (X,Y). Then, the decoder lists the
bin number for any of such ¢. If the bin number is unique, it is declared as the
decoded message. Otherwise, an encoding error will be declared.

The effective transmission of the above coding strategy equals the binning rate,
i.e., R. Using the covering lemma (Lemma 5), the probability of the error at the
encoder approaches zero, if R; > logp” — H(X). Using the packing lemma (Lemma

4), the probability of error at the decoder approaches zero, if Rp < logp” — H(X|Y).
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As a result, the effective transmission rate R < I(X;Y) is achievable.

Source coding using QGCs We use the same nested QGC constructed for the
channel coding problem. Given a distortion level D, consider a random variable X
such that E{d(X, X)} < D. Let x be a typical sequence from the source. The encoder
finds a codeword ¢ € Cp such that (x,c) is jointly e-typical with respect to PXPX| X
If no such ¢ was found, an encoding error will be declared. Otherwise, the encoder
sends the bin index v for which ¢ € B(v). Given v, the decoder finds ¢ € B(v) such
that ¢ is e-typical with respect to Pg. An error occurs, if no unique codeword ¢ was
found.

Note that with high probability the effective transmission rate approximately
equals to R. Using Lemma 5, the encoding error approaches zero, if Rp > logp” —
H(X|X). Using Lemma 4, the decoding error approaches zero, if R; < log p" — H(X).

As a result the rate R > I(X; 'e ) and distortion D is achievable.

2.5 Distributed Source Coding

In this section, we consider a distributed source coding problem described as
follows. Suppose X; and X, are sources with alphabet Z,- and with joint PMF
Py, x,. The jth encoder compresses X; and sends it to a central decoder. The
decoder wishes to reconstruct X; 4+ Xy losslessly, where the addition is modulo-p".
Figure 2.1 depicts the diagram of this setup.

It is assumed that n IID copies of the sources are made available at the encoders,
where n is called the blocklength. In what follows, we define the encoding and de-

coding processes and formulate the problem setup.

Definition 12. An (n, 01, Os)-code consists of two encoding functions

fi:ZZT%{LQ?'“a@i}? 1=1,2,
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X
—®1Enc. 1—»

Pxy Dec.

Y
—®» 1 Enc. 2F—»»

Figure 2.1: An example for the problem of distributed source coding. In this setup,
the sources X; and X, take values from Z,-. The decoder reconstructs
X1 + X, losslessly.

and a decoding function
g:{1,2,- 01} x{1,2,---,0:} = Z,

Definition 13. Given a pair of sources (X1, Xa) ~ Px, x, with values over Zy X Zyr,
a pair (Ry, Rs) is said to be achievable if for any € > 0 and sufficiently large n , there

exists an (n,©1,Oq)-code such that,
1
ﬁlog2 M; < R; + €, fO’/’ 1=1,2, and P{Xln + X" # g(fl(Xln),fg(X2n>>} <e.

For this problem, we adopt nested QGCs and propose a new coding scheme. The

following theorem presents an achievable rate region for the defined setup.

Theorem I1.2. For a pair of sources (X1, Xa) ~ Px, x, with values from Z,, lossless
reconstruction of the modulo-p” sum X; + Xo s possible with transmission rate-pair
(R1, Rs), if there exist random variables (W1, Wy, Q) such that the following bound
holds

H(Wi|Q)

R; > log, p"— mi log, pU" ) — H (X1 +Xo|[ X1+ X5],)),
> log, p Ogrgglple(Wl+W2|[W1+W2]S7Q)(0g2p (X1+Xo[[X1+Xa]5))

(2.10)
where i = 1,2, (W, Ws) take values from Zy,r, the Markov chain Wy — Q) — Ws holds,

and the injectivity condition (2.5) is satisfied for each pair (W1, Q) and (W, Q). In
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addition, |Q| < r is sufficient to achieve the above bounds.
Proof. See Appendix A.5. O

Remark 8. The intuition for the rate-region can be briefly explained as follows. Each
source is encoded using a nested QGC. The source covering task constrains the rate
of the outer code. The packing task induced by the need to recover the sum (X; + X5)
at the decoder constrains the rate of the inner code. The overall rates of transmission

is given by the difference between these two rates.

Every linear code and group code is a QGC. Therefore, the achievable rate region
given in Theorem II.2 subsumes the one achieved using linear codes or group codes
with jointly typical encoding/decoding techniques. We show, through the following

example, that the inclusion is strict.

Example 2. Consider a distributed source coding problem in which X; and X, are
sources over Z, and lossless reconstruction of X; @4 X, is required at the decoder.
Assume X7 is uniform over Z,. X, is related to X; via the equation X, = Z — X,
where Z is a random variable which is independent of X;. The distribution of Z is

presented in Table 2.1.

Table 2.1: Distribution of Z
Z 0 1 2 3

Pz 10.02)0.18 | 0.08 | 0.72

Using random unstructured codes, the rates (Ry, Ry) such that Ry + Ry > H(X{,
X5) are achievable [36]. It is also possible to use linear codes for the reconstruction
of X; &4 X,. For that, the decoder first reconstructs the modulo-7 sum of X; and
X5, then from X; @7 X5 the modulo-4 sum is retrieved. This is because linear codes

are built only over finite fields, and Z; is the smallest field in which the modulo-

4 addition can be embedded. Therefore, the rates Ry = Ry > H(X; &7 X») is
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achievable using linear codes over the field Z; [7]. As is shown in [67], group codes
in this example outperform linear codes. The largest achievable region using group
codes is described by all rate pair (R;, R2) such that R; > max{H(Z),2H(Z|[Z]1)},
i =1,2, where Z = X; @4 X5. It is shown in [16] that using transversal group codes
the rates (R, Rs) such that R, > max{H(Z),1/2H(Z) + H(Z|[Z]1)} are achievable.
An achievable rate region using nested QGC’s can be obtained from Theorem II.2.
Let @ be a trivial random variable and set P(W; = 0) = P(Wy = 0) = 0.95 and
P(W; =1) = P(Wy = 1) = 0.05. As a result one can verify that the following is
achievable:

R; > 2 — min{0.6(2 — H(2)),5.7(2 — 2H(Z|[Z],)}.

Note that the factors 0.6 and 5.7 are determined by the specific choice of the proba-
bility distribution on (W3, @) and (W3, Q). Different factor are obtained by changing
the probability distributions. Table 2.2 presents the achievable sum-rates using the
above coding strategies. The proposed scheme using QGCs achieve the lowest rate

comparing to the other schemes.

Table 2.2: Achievable sum-rate using different coding schemes for Example 2. Note
that Z £ X1 D4 Xz.

Scheme Sum-Rate
Unstructured Codes H(X;, X5) 3.19
Linear Codes 2H (X, &7 Xo) 2.90
Group Codes 2max{H(Z),2H(Z|[Z]1)} 2.89
QGCs 4 —2min{0.6(2 — H(Z)),5.7(2 —2H(Z|[Z]1)} | 2.61
Lower Bound 2H(X1 ®4 Xo) 2.38

2.6 Computation Over MAC

In this section, we consider the problem of coding for computation over MAC.
Figure 2.2 depicts an example of this problem. In this setup X; and X, are the

channel’s inputs, and take values from Z,. Two distributed encoders map their
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messages to X|" and X7. Upon receiving the channel output the decoder wishes to
decode X7+ X7 losslessly. The definition of a code for computation over MAC, and
an achievable rate are given in Definition 15 and 16, respectively. Applications of this
problem are found in various multi-user communication setups such as interference

and broadcast channels.

X —»

Pyx, x, F—#Decoder# Z = X; & X,

Xo——p»

Figure 2.2: An example for the problem of computation over MAC. The channel
input alphabets belong to Z,-. The receiver decodes X; 4+ X, which is
the modulo-p” sum of the inputs of the MAC.

Definition 14. A two-user MAC is a tuple (X1, X2, Y, Py|x,x,), where the finite
sets Xy, Xy are the inputs alphabets, Y is the output alphabet, and Py|x,x, s the
channel transition probability matriz. Without loss of generality, it is assumed that

Xy = Xy = Zyr, for a prime-power p".

Definition 15 (Codes for computation over MAC). An (n, Oy, ©3)-code for compu-
tation over a MAC (Zy, Ly, Y, Py|x,x,) consists of two encoding functions and one

decoding function f; : [1: 0] — Zz,, fori=1,2, and g : Y" — Z, respectively.
Definition 16 (Achievable Rate). (R, Ry) is said to be achievable, if for any € > 0,
there exists for all sufficiently large n an (n,©1,©y)-code such that
1
P{g(Y") # fi(M1) + [o(Ma)} <€, Ri—e< ﬁlog O,
where My and Ms are independent random variables and P(M; = m;) = 9%- for all
m; € [1:0;],i=1,2.

For the above setup, we use QGCs to derive an achievable rate region.

35



Theorem IL.3. Given a MAC (Zy, Zy, Y, Py|x,x,), rate-pair (Ry, Ry) is achievable
according to Definition 16, if there exist random variables (Q, X1, Xo, V1, Vo, W1, Ws)

such that the following bounds hold

1 H(V;|Q) r—s
i < 0<s<r H(V|[V]., Q) (10g2p — H(X]Y,[X],)
e ZWVIW, Q) |
) (R H“Xﬂ”))

where i = 1,2, (V1, Vo, Wy, Ws) take values from Zyr, and W = Wi +Wo, V = Vi + Vs,
X = X1+ X5, Moreover, the injectivity condition (2.5) is satisfied for each pair
(W1,Q), W, Q), (V1,Q), and (Va, Q) and the joint PMF of all the random variables
factors as

2

Pox,xovivawaway = Px, Px, PoPyix,x, | [ P Pwiio-
=1

Remark 9. The cardinality bound |Q| < r? is sufficient to achieve the rate region in

the theorem.
Proof. See Appendix A.6. m

Corollary 1. A special case of the theorem is when X and Xy are distributed uni-

formly over Z,. In this case, the following is achievable

. H(V|Q)
R; <
- 0215121” H(WVi + W|[Vi + Vals, Q)

[(X1+X2,YHX1+X2]S), 1= 1,2, (211)

We show, through the following example, that QGC outperforms the previously

known schemes.

Example 3. Consider the MAC described by Y = X; + X5 + N, where X; and
X, are the channel inputs with alphabet Z,. N is independent of X; and X, with
the distribution given in Table 2.3. Using standard unstructured codes the rate pair

(Ry, Ry) satisfying Ry + Ry < I(X;X5;Y) are achievable. Note that the modulo-4
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Table 2.3: Distribution of N
N 0 1 2 3

Py [ 0.02 | 0.18 | 0.08 | 0.72

addition can be embedded in a larger field such as Z;. For that linear codes over Z;
can be used. In this case, the following rates are achievable:

Rl = R2 = max mm{H(Xl), H(XQ)} — H(Xl Dy XQlY),

PX1 PX2 1 X1,X2€7%4

where the maximization is taken over all probability distribution Py, Px, on Z; X Zz
such that P(X; € Z4) = 1,,i = 1,2. This is because, Z, is the input alphabet of the
channel.

It is shown in [67] that the largest achievable region using group codes is

R <min{l(Z;Y),21(Z;Y|[Z]1)},

where Z = X; + X, and X; and X, are uniform over Z,. Using Corollary 1, QGC’s
achieve R; < min{0.6/(Z;Y),5.71(Z;Y|[Z]1)}. This can be verified by checking (2.11)
when @ is a trivial random variable, P(V} =0) = P(V, =0) =0.95 and P(V}; = 1) =
P(V5 = 1) = 0.05. Note that the factors 0.6 and 5.7 are determined by the specific
choice of the probability distribution on (W3, Q) and (W5, Q). Different factors can
be obtained by changing the probability distributions. Table 2.4 shows the achievable
rates of the above coding strategies for the case where Ry = Ry. Observe that the
proposed coding strategy using QGCs achieves the highest rate comparing to the

other schemes.
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Table 2.4: Achievable rates using different coding schemes for Example 3. Note that

72X+ X,
Scheme Achievable Rate (R; = R»)
Unstructured Codes I(X1X2;Y)/2 0.28
Linear codes | min{H(X,), H(Xa)} — H(X; @7 Xo]Y) | 0.079
Group Codes min{/(Z;Y),21(Z;Y|[Z]1)} 0.06
QGCs min{0.6/(Z;Y),5.71(Z;Y|[Z]:)} 0.33

2.7 MAC with States

2.7.1 Model

Consider a two-user discrete memoryless MAC with input alphabets X}, X5, and
output alphabet ). The transition probabilities between the input and the output
of the channel depends on a random vector (Si,S3) which is called state. Figure
2.3 demonstrates such setup. Each state 5; takes values from a set S;, where i = 1,
2. The sequence of the states is generated randomly according to the probability
distribution [];_, Ps,;s,- The entire sequence of the state S; is known at the ith
transmitter, ¢+ = 1,2, non-causally. The conditional distribution of ¥ given the inputs
and the state is Py|x, x,s,5,- Fach input X; is associated with a state dependent cost
function ¢; : X; x S; — [0, +00)?. The cost associated with the sequences z? and s?

is given by

n

1
za S; - E Ci xlj782j
J=1

3

Definition 17. An (n,©1,0,)-code for reliable communication over a given two-user

MAC with states is defined by two encoding functions

fi:{l,Q,...,@i}XSf%yn, 7;:1,2,

2We use a cost function for this problem because, in many cases without a cost function the
problem has a trivial solution.
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X1
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Y
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Pyix,x,8.8, | Dec.
Xo
Enc. 2
i 5>
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L2020 Ps,

Figure 2.3: A two-user MAC with distributed states. The states (57, 52) are gener-
ated randomly according to Ps,g,. The entire sequence of each state .S;
is available non-casually at the ith transmitter, where i = 1, 2.

and a decoding function
g: y” — {172,...,@1} X {1,2,...,@2}.

Definition 18. For a given MAC with state, the rate-cost tuple(Ry, R, 1, T2) is said
to be achievable, if for any € > 0, and for all large enough n there exists an (n, Oy,

©3)-code such that
1
P{g(Y") # (My, Ma)} <, Elog@i > Ri—e¢, E{ca(fi(M;),S!)} <7i+e

for i = 1,2, where a) My, My are independent random variables with distribution
P(M; =m;) = @%_ for allm; € [1:6;], b) (M, Ms) is independent of the states (S,
Ss). Given 11, Ty, the capacity region C,, ., is defined as the set of all rates (Ry, R2)

such that the rate-cost (Ry, Ry, 1, T2) is achievable.
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2.7.2 Achievable Rates

We propose a structured coding scheme that builds upon QGC. Then we present
the single-letter characterization of the achievable region of this coding scheme. Using

this binning method, a rate region is given in the following theorem.

Theorem I1.4. For a given MAC (X, X, Y, Py|x,x,) with independent states (S,

Ss) and cost functions cq,cq the following rates are achievable using nested-QGC

H(Vy +V45|Q)

< rlog, p—H(Z1+2,|Y. Q)—
Ri+Ry < rlogy p—H(Z1+ 2|, Q) gi}é{ H([Vil|Q)

1<t<r

(1080~ H([Z11Q. 5)) }.
where the joint distribution of the above random variables factors as

PS1S2PQPY|X1X2 H PVz‘|QPZi|Q5iPXz‘|QZiSi'
i=1,2

Proof. Let C;; be an (n, k)-QGC with matrix G;, translation b;, and random vari-
ables (W;,Q), where W; is uniform over {0,1}, and j = 1,2. Denote W; and W,
as the index sets associated with Cr; and C;, as in (2.2). Let C;,Cy and D be
three (n,l) QGC with identical matrices G and identical translations b. Suppose
(V}, Q) are the random variables associated with éj, where 7 = 1,2. Furthermore, let
(Vi + V3, Q) is the random variable associated with D. Suppose that the elements of
all the matrices and the translations are selected randomly and uniformly from Z,:.
Rate of C; is denoted by p;, rate of D is denoted by p, and that of Cy; is R;,i = 1,2.
For each, sequence z; and s;, generate a sequence x; randomly with IID distribution
according to P)’}i‘ z.5,»© = 1,2. Denote such sequence by xi(8;, 2i).

Codebook Construction: For each encoder we use a nested QGC. For the
first encoder, we use the (n,k,l)nested QGC generated by C;; and C;. For the
second encoder, we use the (n, k,[)-nested QGC characterized by C;o and Co.  The

codebook used in the decoder is C;; + Cr 2 + D. By Lemma 3 , this codebook is an
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(n,2k 4+ 1)-QGC. In addition, the rate of such code is Ry + Ry + p

Encoding: For i = 1,2, the ith encoder is given a message #;, and an state
sequence s;. The encoder first calculates the bin associated with ;. Then it finds a
codeword z; in that bin such (z;,s;) are jointly e-typical with respect to Py,g,. If no
such sequence was found, the error event E; will be declared. The encoder calculates
x;(s;,2;), and sends it through the channel. Define the event E, as the event in
which (Zy, Zs,s1,s2) are not jointly €- typical with respect to the joint distribution
Pz, 2,5,5,-

Decoding: The decoder receives y” from the channel. Then it finds w; € Wy,

Wy € Wh, and v € AE")(Vl + V3) such that the corresponding codeword defined as
7 =w1G, +WyGy +VG +b; +by+b

is jointly é-typical with Y with respect to Pz, 1z, y. If Wi, Wy are unique, then they
are considered as the decoded messages. Otherwise an error event E; will be declared.

Error Analysis: We use Lemma 5 for £; and Es. For that in the covering bound
given in (2.7) set R = p;, U =V,;,Q = Q,X =X, and X =S, where i = 1,2. As a

result, P(F;) and P(E,) approaches zero as n — oo, if the covering bound holds:

H(V;]
pi > max

) ;
i<t<r W(bgﬂ) — H([Z]]5))).

Note that by Remark 3, p; < LH(V;|Q) + 6(¢). Thus, the above bound gives the

following bound

%H([%MQ) > logyp' — H([Z)]S:), 1<t <r i=1,2. (2.12)
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Analysis of E. N Ef N ES Define the set

sy 2 {(ZI,ZQ) €7 X I H(z,51) € A (Z,, 5,),

(Z17 Z3, 81, SQ) ¢ Agn)(zl7 Z27 Sl; SQ>77: - 17 2}
Therefore, probability of £, N Ef N ES can be written as

P(E.NESNES) = > Pg s, (s1,82)
(S1,SQ)€A£H) (51,52)

P(el(Qlasl) = X17€2(@2752) = Xz),
(Z1722)6551752
where e; is the output of the ith encoder, and ©; is the random message to be
transmitted by encoder i, where i = 1,2. To bound P(E.N E{N ES), we use a similar
argument as in the proof of Theorem I1.3. We can show that, E{P(E.NE{NES)} — 0

as n — o0.

Analysis of E;N(E.UE;UFE)¢ Next, we use Lemma 4 to provide an upper-bound
on P(E;N (E.U Ey U E)°). Conditioned on Ef N ES, the event E, is the same as
the event of interest in Lemma 4. Set C,, =Cr1 +Cr2 + D,and R= R, + Ry +p. It
can be shown that P(E; N (E.U Ey U E»)¢) approaches zero, if the packing bound in
(2.6) holds. Since W; is uniform over {0, 1}, then H(W;|Q,[W;];) = 0 for all ¢ > 0.

Therefore, the packing bound is simplified to
Rl—i-Rg—I—,OSlong’"—H(Z1+Z2\Y). (213)
Note that p < LH(V; + V5|Q). Therefore, if the bound

l
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holds on R; + Ry, then (2.13) holds too. Using (2.12), we establish a lower-bound on
LH(Vi + 15]Q). We have

H(Vi +V2|Q)

%H(Vl V@) > =m0

(logyp' — H([Z):]S:),) 1<t <r, i=12 (2.15)

Then combining (2.14) and (2.15) gives the following:

H(Vi + V2|Q)

ijt

(logy p" — H([Z]:]S))) -

Since these bounds hold for i = 1,2, and 1 <t < r, we get the bound in the theorem.

]

Lemma 6. The rate region given in Theorem II.4 contains the achievable rate region
using group codes and linear codes. For that let Vi, i = 1,2 be distributed uniformly

over Zyr. Therefore, we get the bound

R+ Ry < min {ZH((Z}|QS)} — H(Zi + Z,|Y Q).

1<t<r

Jafar [69] used the Gel’'fand-Pinsker approach for the point-to-point channel cod-
ing with states, and proposed a coding scheme using unstructured random codes.

Using this scheme a single-letter and computable rate region is characterized.

Definition 19. For a MAC (X, X,, )Y, Py|x,x,) with states (Si,S2) and cost func-

tions c1, co, define Zgp as

max {](Ul, Us: Y|Q) — I(Uy; $1]Q) — I(Us; 52|Q)}, (2.16)

where the maximization is taken over all joint probability distributions Ps, s,Qu,vsx, X,y
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satisfying B{c;(X;, S;)} < 7 for i =1,2, and factoring as

PQP5152PY|X1X2 H PUzXz|SzQ
i=1,2

The collection of all such PMF's Pg, s,qu,v,x,x,v S denoted by Pep.

To the best of our knowledge, Z¢p is the current largest achievable rate region

using unstructured codes for the problem of MAC with states [69].

2.7.3 An Example

We present a MAC with state setup for which Zgp is strictly contained in the

region characterized in Theorem I1.4.

Example 4. Consider a noiseless MAC given in the following
Y =X, 845 By Xy By 5o,

where X, X5 are the inputs, Y is the output, and 57, S, are the states. All the random

variables take values from Z,. The states S; and S, are mutually independent, and

are distributed uniformly over Z,. The cost function at the first encoder is defined as
1 if ze{1,3}

ci(z) =
0 otherwise,

whereas, for the second encoder the cost function is

L | 1 if xe{2,3}
c(x) =

0 otherwise.

We are interested in satisfying the cost constraints E{c;(X;)} = E{ca(X3)} = 0. This

implies that, with probability one, X; € {0,2}, and X, € {0,1}.
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Lemma 7. For the setup in Example 4, an outer-bound for Zqp is the set of all rate

pairs (Ry, Re) such that Ry + Ry < 1.
Proof. See Appendix A.7. O]

Using numerical analysis, we can provide a tighter bound on the sum-rate which
is R1 + Ry < 0.32. However, the bound in Lemma 7 is sufficient for the purpose of

this paper.

Corollary 2. For the MAC with states problem in Ezample 4, the rate pairs (Ry, Ry)

satisfying Ry + Ry =1 is achievable.

Proof. The proof follows using Theorem I1.4 with appropriately selected distributions
Py, 10, Pz,qs,, and Px,gz,s, for i = 1,2. For that, let () be a trivial random variable
and (V, V) be IID random variables uniform distribution over {0,1}. Conditioned

on S1, the distributions of Z; is given by

1/2 if21:—51,0r212—51+2
Pz, (21]s1) =
0 otherwise,

The distribution of Z5 conditioned on S is

1/2 if 29 = 89,01 29 = 59+ 1
Pris, (2]s2) =

0 otherwise,
The conditional distributions of X; given (.S;, Z;),i = 1, 2, are governed by the relation
X, =27;685;,i=1,2. As aresult, X; € {0,2}, and X, € {0, 1}, with probability
one. Hence, the cost constraints for (¢1,cy) are satisfied. Therefore, for the defined

distributions, the sum-rate given in the Theorem is simplified to Ry + Ry < 1. As a

result the sum-rate R; + Ry = 1 is achievable. O
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CHAPTER III

Joint Source-Channel Coding in MAC

The separation principle of Shannon plays a fundamental role to reinforce the
notion of modularity. This in turn allows separate development of source and channel
code design. However, as shown by Shannon [1], the separation does not generalize
to multi-terminal communications. For instance, this phenomenon was observed in
many-to-one communications involving transmission of correlated sources over MAC
[48].

In the problem of MAC with correlated sources, there are multiple transmitters,
each observing a source correlated to others. The transmitters do not communicate
with each other and wish to send their observations via a MAC to a central receiver.
The receiver reconstructs the sources losslessly. The separate coding approach in-
volves a source coding part and a channel coding part. In the channel coding part,
Ahlswede [6] and Liao [70] studied the case where the transmitters have indepen-
dent information and derived the capacity region for channel coding over MAC. In
the source coding part, the distributed source coding problem was studied in which
transmitters can communicate to the receiver error-free. Slepian and Wolf showed
that lossless reproduction of the sources is possible with rates close to the joint en-
tropy [36].

Due to suboptimality of the separation based strategies, the joint source-channel
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coding approach has been of great interest. Cover-El Gamal-Salehi (CES) scheme
introduced in [48], is a generalization of the results in [6] and [49]. Using this scheme a
single-letter characterization of the set of sources that can be reliably transmitted was
derived. It was shown that this scheme strictly improves upon the previously known
strategies. However, Dueck [71] proved that this approach only gives a sufficient
condition and not a necessary one. The joint source-channel coding problem is well
studied in other settings such as: source coding with side information via a MAC [11],
broadcast channels with correlated sources [72] and interference channels [73].

Recently, structured codes were used to design coding strategies for joint source-
channel coding problems, [?,?,?, 74]. A graph-theoretic framework was introduced
in [74] to improve the joint source-channel coding schemes both in the MAC and the
broadcast channel.

In this chapter, we investigate the shortcomings of coding strategies based on
unstructured codes such as CES scheme. We observe that further improvements are
possible when the sources impose an algebraic structure. One example is when one of
the sources is the modulo sum of the other two. In this scenario, a structured coding
strategy is needed for the codebooks to match with the structure of the sources. With
this intuition, first we characterize existing algebraic structures in correlated sources.
In particular, we define a new class of common information called “conferencing
common information”. Next, we propose new coding strategies that exploit such

structures and contribute to improvements in terms of achievable rates.

3.1 Preliminaries and Problem Formulation

3.1.1 Notations

Calligraphic letters are used to denote sets such as X,). For any set A, let

Sa = {Sa}taca. f A =0, then Sy = 0. As a shorthand, we sometimes denote
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a triple (s1,S2,53) by s. We also denote a triple of sequences (si,ss,83) by s. By
F,, we denote the field of integers modulo-¢q, where ¢ is a prime number. For any
mapping ® : A — B and any integer n, define the mapping ®” : A" +— B" such that
d"(a") £ (®(ay), ®(az), ..., ®(ay,)) for all a® € A".

3.1.2 Randomized Coding Strategy

In general, a discrete memoryless multi-terminal communication system consists
of t transmitters, ¢ sources of information, r receivers, and a multi-terminal channel
- as is shown in Figure 3.1. The source sequences are generated IID according to a
joint probability distribution Ps, g, . s, defined over a finite set S; X Sy x ... x S;. The
channel is discrete memoryless with input alphabets &;, ¢ € [1,¢], output alphabets ),
J € [1,7], and a transmission probability matrix Py, vy, _v,(x; Xs,...x,- A block coding
scheme for such setting identifies a set of ¢ block encoding functions e; : SF — X,
where i € [1,1], k is the input blocklength, n is the output blocklength, and (SF, X7)
are the input-output alphabets. Let H] denote the set of all such encoding functions

that can be used for a multi-terminal system.

S; | Enc. 1 Dec. 1
X, v [

Xo Y,

Sy | Enc. 2 Dec. 2
. Pyix .
Xi Y,

S; | Enc. t Dec. r

Figure 3.1: A multi-terminal setup with ¢ transmitters and r receivers.

In information theory a conventional method to characterize bounds on the fun-
damental performance limits (such as the capacity or error exponent) is the so-called
random coding technique. In this approach, the encoders are generated randomly

according to a predefined probability measure on the set of all encoders. Then, it will
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be shown that the expectation of the performance criterion for such random encoders
approaches the optimal performance limit of the communication setup. With this
notion, one can identify a (random) coding strategy by the corresponding probability
measure on the set of all encoders. In what follows, we formalize the definition of a

randomized coding strategy.

Definition 20. A randomized coding strategy for the set H} of all encoders in a

communications system is characterized by a probability distribution P} on Hj.

There are several well-known examples of randomized coding strategies including:
standard unstructured random codes for PtP communications [1], CES for MAC with

correlated sources [48], random linear codes, etc.

Example 5. CES scheme with blocklength n is a randomized coding strategy with

probability measure P} that factors as

n

Pr(er, e2) = H H P, x,)515, (€1,i(81), €2,i(82) 51,4 S2,1)
(Sl,SQ)ESILXSg‘ =1
for all encoding functions e; : 7' — X', j = 1,2, where e;; and ey; is the ith output
of e; and ey, respectively. Also, the conditional distribution Py, x,s, s, is the marginal

of a distribution of the form PUX1X2|5’1,5'2 = PUPX1|U51 PXQ\USQ'

Example 6. (identical) random linear codes over [F, with t-encoders are randomized
coding strategies where P} is the uniform probability measure on the set of all encod-

ing functions e;,i € [1,] of the form e;(a) = ¢(a) + b;,Va € F*

. Tk n
q» where ¢ : Fi — F}

is a linear transformation and b; € Fy are vectors satisfying by @by @ ... &b, =0

In what follows, we aim to develop a measure for algebraic structures in a ran-
domized coding strategy. Consider codebooks with codewords in [} equipped with a
binary element-wise addition. On one extreme, random linear codes are completely

structured in the sense that the codebook is closed under the addition. On the other
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extreme, random unstructured codes are completely unstructured in the sense that
with probability sufficiently close to one a random codebook is not closed under the
addition. Note that element-wise binary vector addition is an example of a mapping
of the form ® : X} x Xy X -+ x Xy — {0,1}. Based on this intuition, we can define a

measure for algebraic closedness.

Definition 21. A randomized coding strategy P} is said to be §- unstructured for input
distribution Pgk, if 0 > 0 is the largest number for which the following inequalities

hold for any non-constant mapping ® : Xy X Xy x -+ x Xy~ {0, 1}
P{@“(Emsf»Ez(sé)x...,Et<sf>) - on} <1-6 vielLn,  (31)

where (Ey, Es, ..., E}) denote random encoders of a randomized coding strategy Py

With the above definition, a 0-unstructured coding strategy is considered to be
completely structured. A l-unstructured coding strategy is said to be completely
unstructured. A well-known example of a d-unstructured coding strategy is CES

scheme.

Lemma 8. The CES scheme for which Px, x,|s,,s,(%1,%2|s1,52) > €,V; € X;,Vs; €

Si,i = 1,2 is d-unstructured for any source distribution, where 6 > 1 — (1 —¢)".

Proof. We need to find § that satisfies (3.1). Let (F4, E2) represent random encoders

n n
51a32}

Note that conditioned on (s, s%) the outputs of the encoders (X", XJ') are IID. Hence,

in CES scheme. Given any non-constant mapping ® we have:

plon(Ba(s). Ea(sD) =0f = X 28,6t P 0 (B, Ba(s) =0

n n
81,52

'We restrict ourselves to mappings ® with binary outputs. Such a restriction is sufficient as we
are interested only to measure the algebraic closedness of the codebooks. For instance, closedness
under m-ary addition can be defined as a condition under which the modulo-m sum of the codewords
is constant.
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the probability in the right-hand side term above equals
HP{(D(Xl,inQ,i) = 0|s1,5, 52, }
i=1

Let Null(®) represent the null set of ®. Then, the above term equals

n

HP{(XM,XM) € Nu11(®>‘51,i732,i} < H sup  Px, x,(s,,5, (AlS1,i5 52,1)

=1 i=1 ACX X X

<H(1_e):(1—e)n,

where the last inequality follows as Px, x,|s,.s, (%1, 2|51, 52) > €. As a result for any

mapping ¢ we obtain

IP’{CI)” (El(s?), EQ(SQ)) = 0} <(l—¢)",

which implies that 6 > 1 — (1 — €)™, O

According to Definition 21, when S; @ Sy @ ... & S; = 0 with probability one,
coding strategies such as random linear/group codes with identical generating matrix

are not d-unstructured for any § > 0.

3.1.3 Conferencing Common Information

Joint source-channel coding techniques exploit the existing statistical correlations
in the sources. This has been done in [48] through the notion of “common infor-
mation”. A well-known definition of common information is due to Gacs-Korner-
Witsenhausen (GKW) [50], [51]. In subsection, we define a new class of common
information called conferencing common information. Let us begin with the defini-

tion of GKW common information.
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Definition 22 (GKW Common part). A common part between random variables (X,
Y') is a random variable W for which there exist functions f,g such that W = f(X),
and W = g(Y) with probability one. In this work, such a random variable W 1is

sometimes called a uni-variate common part.

Definition 23 (GKW Common Information). The common information between ran-
dom variables (X,Y) is defined as the mazimum entropy of W where W is a common

part between (X,Y).

One can generalize the above definitions for more than two random variables.
With this notion, we can define a common part between random variables (.S7, Ss,
...,S5) as a random variable W for which there exist functions f;,i € [1 : k] such

that W = fi(S;) holds with probability one.

Definition 24. The conferencing common part among three random variables (S,
So,S3) is a triplet (Ty, Ty, T3) for which there exist functions f;, gi,i € {1,2,3} such
that the inequalities T; = fi(X;) = g:(X;, Xi) hold with probability one for all distinct
i,7,k € {1,2,3}.

As a result of Definition 22 and 24, the common parts defined among three random
variables (Si, S2,S3) are (Wia, Wiz, Was, Wias, T, T, T3), where W;; is the pairwise
common part between (S;,5;), Wias is the mutual common part (all in the sense of
Definition 22 ), and (7}, T3, T3) are conferencing common parts (as in Definition 24)
among (S, S2,S3).

In this work, we focus on a special class of conferencing common part which is

defined as follows.

Definition 25. Given m and random variables (S1, 52, S3), an m-additive common
part is defined as a triple (T1, T2, T3) each taking values in Z,, such that T; = f;(S;),

1=1,2,3, and T\ &,, T5 &,, T3 = 0 hold with probability one.
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The following example provides a triplet of binary sources with a 2-additive com-

mon part.

Example 7. Let 57, .95 and S5 be three Bernoulli random variables. Suppose S; and
S, are independent and S3 = S; @2 Sy with probability one. It is not difficult to show
that uni-variate common parts are trivial, i.e., (Wia, Wig, Wag, Wia3) are constant. As
for the conferencing common parts, set T; = S;,i = 1,2,3. Then (T3, Ts, T3) satisfies
the conditions in Definition 25 for m = 2. Therefore, (T},75,7T3) is a 2-additive

common part of (57, Ss, S3).

3.1.4 Problem Formulation

As depicted in Figure 3.2, the problem of MAC with correlated sources consists
of multiple transmitters, each observing a source sequence statistically correlated to
others. The source sequences are sent by the encoders via a MAC to a central decoder.
The objective of the receiver is to reconstruct the source sequences losslessly. It is
assumed that the channel is a discrete memoryless MAC and the source sequences
are discrete and generated 11D according to a known joint PMF. In what follows, we

formulate this problem more precisely.

St X4
— Enc. 1—» o
Y (51732)
Ps, s, Pyix,x,[—® Dec. >
SQ X2

—> Enc. 2—™

Figure 3.2: The diagram of a two-user MAC with correlated sources. In this Setup,
the source sequences (ST, S3) are observed by the corresponding encoders.
The encoders produce (X7, X7) which are channel’s input sequences.
Upon observing the channel output Y, the decoder produces an estimate
for the sources. The design objective is to provide a lossless estimate of
the source sequences at the receiving end of the channel.
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Definition 26. A discrete memoryless MAC with t users is defined by input alphabets
Xy x Xy x -+ x X, output alphabet Y, and a transition probability matriz Py x, x,....x, -
The input and output alphabets are assumed to be finite sets. This setup is denoted
by Py|x, Xz, X:-

Definition 27. The input sources for a t-user MAC are defined as t sequences of
random variables (ST, S%,---,Sy) generated IID according to a joint distribution

Pg, s,...5,- Such input sources are denoted by the underlying random variables (S,

SQa"'yst)-

In this paper, no bandwidth expansion is considered for transmission of the
sources. In other words, the input and output sequences at each transmitter have

identical blocklength.

Definition 28. A coding scheme (without bandwidth expansion) for transmission of
the sources (S1,Ss,...,S;) over a MAC consists of encoding functions e; : S — X",
i €[1:t], and a decoding function d : Y™ — SP" x S x -+ x 8. The parameter n is

called blocklength.

Definition 29. Given a MAC Py|x, x,,...x, and for an e > 0, a source (Si, Ss, ..., S)
is said to be e-transmissible using a coding scheme with encoders e;,i € [1 : t] and a

decoder g, if
PLa(Y") # (ST, S5, .. SPIXI = ei(St)i € [1:4]} < e,

where n s the blocklength of the coding scheme.

For a given MAC with correlated sources setup, let H, denote the set of all
encoders that map the source sequences to the channel’s input sequences. Based on

Definition 20, a randomized coding strategy is identified by a probability measure on

Hp. ?

2Note that here k = n because no bandwidth expansion is considered.
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Definition 30. Given a MAC Py x, x,,...x, and for an € >0, a source (S, Ss, ..., S)

is said to be e-transmissible using a randomized coding strategy P, if
Ep, [P{d(Y") £ (ST, S5, SMYXP = ey(SP),i € [1:t]H <e

Definition 31. A source (S1,S2,...,S;) is said to be reliably transmissible over a
MAC Py|x, x,,.x,, if for any € > 0 there exists a randomized coding strategy (or

equivalently a coding scheme) using which it is e-transmissible.

3.2 Applications of Common Information in MAC with Cor-

related Sources

In this section, we investigate techniques to exploit common information in the
the problem of MAC with correlated sources. We show how algebraic structures in

the statistic of the sources can be exploited using structured codes.

3.2.1 Encoding of Uni-Variate Common Information

The two-user version of MAC with correlated sources is investigated in [48] and
CES scheme is introduced. It is observed that common information can be trans-
mitted more efficiently and treating it separately may lead to achieving higher rates.
This coding strategy is explained here.

Let W be a uni-variate common part between the input sources (S, S2) as in
Definition 22. In CES scheme, as shown in Figure 3.3, first the common part W
is calculated at each encoder. The common part is available at both transmitters.
Therefore, it is transmitted using identical encoders (as it is done in PtP communi-
cations). Next, at each transmitter, each source is encoded using a codebook that is
“super-imposed” on the common codebook.

It is shown in [48] that using CES scheme reliable transmission of (Si,Ss) is
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possible if the following conditions are satisfied,

H(S51[S2) < I(X1; Y[ X5, 55,U),
H(S:|S1) < I(X9; Y| Xy, 51, U),
H(Sy,S:|W) < I(X,1 X0, YW, U),

H(Sl, 52) S I(XlXQ, Y),

where W is the common part between (S7,S:), and the joint distribution of all the

random variables factors as

Ps, s,,0.x1,%2y = Psy.5,Pu Pxy15,,0 Px180,0 Py 1,5 -

Enc. 1: S} —= W" ——{Enc. U U"

Enc. 2: S — }» ——s{Enc. U—» [J"

Figure 3.3: In CES scheme uni-variate common parts are encoded using identical
encoders. Random variable U™ represents the encoded version of the
common part at each transmitter.

3.2.2 Encoding of Conferencing Common Information

Unlike uni-variate common information, conferencing common parts are not avail-
able at any Transmitter. This is due to the fact that conferencing common parts are
bi-variate functions of the sources. As a result, to exploit conferencing common in-
formation, different coding techniques need to to be developed. The focus of this
work is on g-additive common information, where ¢ is a prime number. Such class of
common information can be exploited using linear (or affine) maps.

For a fixed prime number ¢, suppose (11, Ty, T3) are non-trivial g-additive common
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parts of given sources (51, 53, S3). We construct three affine maps for encoding of such
common parts. Let G be a n by n matrix with elements in F,. Also, select vectors
by,by, b3 € [ such that by @ by @ bs = 0. Define the encoded version of the
common parts as V" = T"'G @ b;, where ¢« = 1,2, 3. Since in this approach an affine
map is used to encode each g-additive common part, the equality V" @ V' @ V5 =0
holds with probability one. One may adopt a randomized affine map to encode the
g-additive common parts. For that, we can select the matrix G and the vectors b,
by, by randomly and uniformly from the set of all matrices and vectors with elements
in [F,.

In what follows, we show that applications of affine maps for transmission of

g-additive common information improves upon CES scheme.

Example 8. Suppose (51,59, 53) are as in Example 7. The sources are to be trans-
mitted via a MAC with binary inputs X7 x Xy x Aj3, binary outputs ); X Vs, and a

conditional probability distribution that satisfies

(X1 @ Ns, X1 © Ng, if X3 =X; @ Xy,
(Y1,Ys) = (3.2)

(N1/2>N{/2)7 if X3# X, & Xy,

where Nj, N§, N1/, and N} /o A€ independent Bernoulli random variables with param-
eter 6,0, %, and %, respectively.

As explained in Example 7, the uni-variate common parts are trivial, and the
2-additive common parts are T; = S;,7 = 1,2, 3. For such setup, we use random affine
maps explained above. For that set X! = S'G & B,,7 = 1,2,3, where G, B, By,
B; are selected randomly, and satisfying B; & By & B; = 0. The following lemma

provides a necessary and sufficient condition for reliable transmission of (S, Ss, S3).

The achievability is obtained using the above approach.

Lemma 9. For the setup defined in FExample 8, the sources are reliably transmissible,
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if and only if H(S;) < 1 — hy(5), where i = 1,2. Furthermore, such sources are

e-transmissible for any € > 0 and using identical random linear codes.

Proof. The proof for the direct part follows using random affine maps and from the
standard arguments. For the converse part, suppose (51, S2,S3) are e-transmissible
using a coding scheme with (ej, ey, €3) as the encoders and g as the decoder. From

Fano’s inequality

—_

1 1
SH(ST,55) < —I(ST, 833 Y11, ¥5') + 26 + —hy(e)

—_ 3

a

1
= _I(X?vXan DS £ YV{L) +2e + Ehb(e)

(0) 1
S 2 — hb((S) + PAS -+ Eh[,(&),

S

where (a) follows because of the Mrkov chain (S, S2,53) <> (X3, X2, X3) <> (Y71, Y5).
Inequality (b) holds as the mutual information does not exceed the sum-capacity of
the MAC which equals to 2 — hy(d). The proof is complete as the inequalities hold

for arbitrary ¢ > 0. [

3.3 Three-User MAC with Correlated Sources

In this section, we investigate coding strategies in three-user MAC with correlated
sources. We first present an extension of CES scheme for such problem and then
propose a new coding strategy. A new sufficient condition is characterized which

improves upon the one derived using CES scheme.

3.3.1 A Three-User Extension of CES Scheme

For the case of multiple sources, say (57, S2, S3), a similar idea as in CES can be
used to encode the uni-variate common parts. In what follows we provide a natural

extension of CES scheme to three-use MAC with correlated sources.
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The uni-variate common parts among the sources (Si, S, 53) are defined as fol-
lows. There are four components denoted by (Wia, Wi3, Wag, Wia3). For more conve-
nience, we denote the pairwise common parts either by W;; or Wj; (we simply drop
the condition j > i, as it is understood that W;; = W,;).

The first step in CES scheme is to capture the common parts among the sources.
By observing S; at the first transmitter, three common parts can be calculated: Wiss,
Wig, and Wis. Similarly, at the ith transmitter Wigs, Wij;, and Wy, are calculated,
where i, 7, k are distinct elements of {1, 2,3}. The three-user extension of CES involves
three layers of coding. In the first layer Wio3 is encoded at each encoder. Next, based
on the output of the first layer, the W;;’s are encoded. Finally, based on the output
of the first and the second layers, S1, Sy and S3 are encoded. Figure 3.4 shows the

random variables involved in the extension of CES.
Enc.1 ST Wihs Wiy Wiy —s Ul Upy Uly
Enc.2 Sy —Wihs Wiy Wiy —s Uy Upy Ul

Enc.3 Sy — Wiy Wiy Wiy —s Uty Upy Uy
Figure 3.4: The random variables involved in the three-user extension of CES.

As a result, the extension of CES scheme is a randomized coding strategy with

the following probability measure.

Remark 10. The three-user extension of CES scheme is a coding strategy with a

probability measure P} that factors as

n
PZ(€1,62,63) = H HP1|§<€1,i(51)762,i(52),€3,i(53) ‘ 31,i;£2,ia=93,i)7

seS" i=1

where Px|g is the conditional and marginal distribution obtained from the joint PMF
in (3.3).
The following proposition determines sufficient conditions for which correlated

sources can be transmitted using the above scheme.
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Proposition 1. The reliable transmission of the sources (Si,Sa2,S3) over a three-
user MAC' is possible if for any distinct i, j, k € {1,2,3} and any B C {12,13,23} the

following inequalities hold

H(S;]S;Sk) < I(X3; YS9 X; X Ui23U12U13Us3),
H(S:8;|S:Wp) < I(X; X;; Y[SWpUia3Us U Us Xy ),
H(515253’W123WB) < I(X1X2X3; Y’W123WBU123UB),

H(Slsgs‘g,) S [(XleXg, Y),

where U;; = Uy; and the joint distribution of (S, X, Ures, Ur2, Uiz, Uzs) factors as

P31752,S3PU123 H PUb|WbU123 PX1|51U123U12U13PX2|52U123U12U23PX3\53U123U13U23'
be{12,13,23}

(3.3)

Outline of the proof. Suppose (S1, S, Sz, X1, Xo, X3, Uas, Ura, U3, Usz) is distributed
according to the joint PMF given in (3.3). Let the sequence s; € SI* be a realization

of the ¢th source, where 1 = 1,2, 3.

Codebook Generation At each Transmitter three different codebooks are defined,
one for the mutual common part, one for the pairwise common parts, and one for the

input source. The construction of these codebooks is given below:

1. For each realization wis3 of the mutual common part, a sequence uyo3 is gener-

ated randomly according to the marginal PMF Hle[ Py,,,- Such sequence is

1,n]

indexed by u193(W123).

2. Given b € {12,13,23} and for each ujp3 and w, a sequence u, is generated
randomly according to the conditional PMF [],(; .y Pu,w;u- Such sequence

is indexed by uy(Wy, uja3).
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3. Given distinct elements i, j, k € {1,2,3}, any realization s; of the source, the
common parts (Wig3, W;j, Wyi,), and the corresponding sequences uiaz(Wizs),
wi;(Wij, Wia3) and  w;,(Wik, Uy23) generate a random IID sequence x; according
to Hle[l’n] Px,|5,t7125U3,;U,- For shorthand, such sequence is denoted by x; (8, Uy23,

U;;, uik)'

Encoding Upon observing a realization s; of the ith source, Transmitter i first
calculates the common part sequences (Wia3, W;;, W), where 4,75,k € {1,2,3} are

distinct. Then, the transmitter finds the corresponding sequences

(u123(W123), Uz‘j(Wij, 11123), Uik(wz‘ka 11123))
and sends z;(s;, Uy23, W;j, W) to the channel.

Decoding Upon receiving y from the channel, the decoder finds source realizations

(81, 82, 83) such that
(Sa ﬁ1237 ﬁlQa ﬁ137 ﬁ237 )Ncla i?a 5(?” Y) S Agn) <§7 U1237 U127 U137 U237 X17 X27 X37 Y)7

where U953 = u123(Wi23), Wij = i (Wij, Uiog), X; = 2(S;, Wyes, Wi5, W), and 4,7,k €
{1,2, 3} are distinct. Note that (W23, W12, W13, Wa3) are the corresponding common
part sequences of (Sq, 89, 83).

A decoding error will be occurred, if no unique (81,Ss,83) is found. Using a
standard argument as in [48], it can be shown that the error probability is sufficiently

small for large enough n, if the conditions in Preposition 1 are satisfied.
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3.3.2 New Sufficient Condition

We use the intuition behind the argument above and propose a new coding strat-
egy in which a combination of random linear codes (as in Example 6) and the extension
CES scheme (as in Definition 10) is used. The coding scheme uses both uni-variate
and g-additive common information among the sources. In the next Theorem, we de-

rive sufficient conditions for transmission of correlated sources over three-user MAC.

Theorem III.1. A source (S1,Ss,S3) is reliably transmissible over a MAC Py x, x, x5,
if for any distinct i,j,k € {1,2,3} and for any A C {1,2,3},B C {12,13,23} the

followings hold:

H(S;|S;Sk) < I(Xi; Y[S;SkU123U12U13U23 Vi Vo V3 X X ) (3.4)
H(S:8;|SkWisTa) < I(XiX;; Y |SkWiUi23Ui U UsTiaViVa X ) (3.5)
H(S:8;Sk|WiasWsT ) < (X X; X3; Y |WigsWUiasUT AV ) (3.6)
H (8,55, Ta) < I(X;X; Xk Y|TaVa) (3.7)

where the joint distribution of all the random variables factors as

H P, w2

be{12,13,23}

P517527S3 PU123

PV1V2V3 [ H PXi|SiU123UijUikVi > (38)

Z7]7k6{17273}
i<k

where the random variables (Whag, Wia, Wis, Was) are the uni-variate common parts,
(Ty, Ty, T3) are q-additive common parts for a prime q, and Py,yv,y, = q%]l{Vg =

Vi @y Va}.

Remark 11. The set of sufficient conditions given in Theorem III.1 includes the one
in Proposition 1. For that select the joint distribution in (3.8) such that X; be

independent of V; for all ¢ = 1,2, 3.

Outline of the proof. We use affine maps to encode g-additive common parts and build
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upon the coding scheme described in the proof of Proposition 1. Suppose the random
variables (S, X, Ujag, Uja, Uyg, Uaz, V') are distributed according to a joint distribution

that factors as in (3.8).

Codebook Generation At each transmitter five different codebooks are defined,
one codebook for the g-additive common part T;, three codebooks for uni-variate
common parts (Wias, Wi;, Wiy), where i, j, k are distinct elements of {1,2,3}, and

one codebook for generating the total output X/.

1. The codebooks for encoding of uni-variate common parts are as in the proof of

Proposition 1.

2. The codebook for encoding of (T}, 15, T3) is defined using affine maps. Generate
two vectors by, by of length n, and an n x n matrix G with elements selected
randomly, uniformly and independently from [F,. Set by = b; @ by. For each
sequence t; € I, define v;(t;) = t;G®b;, where i = 1,2, 3, and all the additions

and multiplications are modulo-q.

3. Given distinct 4, j,k € {1,2,3}, any realization s; of the source, the common

parts (Wia3, Wij, Wik, t;), and the corresponding sequences

(U123(W123), Uy (Wija W103), Uik (Wik, Wi23), Ui(ti))

generate a random IID sequence x; according to [[;c(y ) Pxi|sitnasti;u ;- For

shorthand, such sequence is denoted by x;(s;, W23, Wij, Wik, V;).

Encoding Assume s; is a realization of the ith source, where ¢ = 1,2, 3. Transmitter

i first calculates the common part sequences (Wia3, Wi;, Wik, t;), where i, 5,k € {1, 2,
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3} are distinct. Next, the transmitter finds the corresponding sequences

(U123(W123)7 Usj (Wija 11123), uik(wika 11123), Ui(ti))
and sends z;(s;, Uy23, W5, Wik, v;) to the channel.

Decoding Upon receiving y from the channel, the decoder finds sequences s, € S,

1 =1,2,3, such that

(8, U193, W2, W3, o3, V, X, y) € AE”) (S, Uias, Uya, U3, Uss, V, X, Y),

where Tyo3 = t123(W123), Wij = i (Wij, Minz), , Vi = v3(t;), Xi = 2(8;, Uz, Uyj, Wir, ),
and 4,7,k € {1,2,3} are distinct. Note that (Wia3, W1, W13, Wa3) and (&1, to, t3) are
the uni-variate and g-additive common part sequences of (S, Sq, S3), respectively.

A decoding error will be occurred, if no unique (81, 82, 83) is found. It is shown in
Appendix B.1 that the probability of error approaches zero as n — oo, if (3.4)-(3.7)

are satisfied. O

Remark 12. The coding strategy explained in the proof of Theorem III.1 subsumes

the extension of CES scheme and identical random linear coding strategy.

3.3.3 Suboptimnality of CES Scheme

It is noted in Remark 11 that the sufficient conditions in Theorem III.1 includes
the one derived using CES in Proposition 1. In this section we show that this inclusion
is strict and that CES scheme is suboptimal when applied to three-user MAC with
correlated sources. The argument starts by introducing an example which is given

below.

Example 9. Consider the sources denoted by (57, Ss, S3), where S; and S3 are in-

dependent independent Bernoulli random variables with parameter ¢ and -, respec-
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tively. Suppose the third source satisfies S3 = S7 @2 Sy with probability one. For
shorthand we associate such sources with the parameters (o,7). The sources are to
be transmitted trough a MAC with binary inputs as shown in Figure 3.5. In this
channel the noise random variable IV is assumed to be independent of other random

variables. The PMF of N is given in Table 3.1, where the parameter 0 < § < %, 0 # i.

Table 3.1: Distribution of N
N| 0 [1]2]3
Py|3-0[3[d]0

2

X1
S BB
AN S
AN N
2 4
Xo
S2 =51 @253
X3

1~ Do) —[Emeg o

Figure 3.5: The diagram the setup introduced in Example 9. Note the input alphabets
of this MAC are restricted to {0, 1}.

For this setup, we show that there exist parameters (o,v) whose corresponding
sources in Example 9 cannot be transmitted reliably using the CES scheme. How-
ever, according on Theorem III.1, such sources can be reliably transmitted. This
emphasizes the fact that efficient encoding of conferencing common information con-
tributes to improvements upon coding schemes solely based on uni-variate common
information. In what follows, we explain the steps to show the existence of such

parameters.

Remark 13. For a especial case in which o = 0, the qualities S; = 0 and S, = S3 hold
with probability one. From Proposition 1, such (S, S2, S3) can be transmitted using

CES scheme, if hy(y) < 2 — H(N) holds.
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Let v* € [0, 1] be such that v* = h; ' (2—H(N)). Such ", exists as 0 < 2—H(N) <
1. By Remark 13, the sources (51, Ss,S3) with parameter (o = 0,7 = 4*) can be
transmitted reliably using CES scheme. However, we argue that for small enough
e > 0, the sources with parameter (0 = €,y = v* —¢) cannot be transmitted using this
scheme (Lemma 11). Whereas, from Theorem III.1, this source can be transmitted

reliably (Lemma 12). The existence of such e is investigated in the next two lemmas.

Lemma 10. For the MAC in Example 9, 1(X1, X5, X3;Y) < 2—H(N), with equality

if and only if X3 = X3 @y Xy with probability one, and X3 is uniform over {0,1}.

Proof. Note I(Xy,X2,X3;Y) = H(Y) — H(N). We proceed by finding all the
necessary and sufficient conditions on Py, x, x, for which Y is uniform over Z,.
From Figure 3.5, Y = (X; ®2 Xy) ®4 X3 &4 N. Denote X, = X; @y Xy. Let
P(X} &y X3 = i) = q(i) where i = 1,2,3,4. Since X} and X3 are binary, ¢(3) = 0.

Given the distribution of N is Table 3.1, the distribution of Y is as follows:

P =0) = gO)(; ) + a5, P =1)=a(0)5 +a(1)(; —6)
P(Y =2)=g(0)5 + a5 —6),  P(Y =3)=q2)5 +a(1)5

Assume § # }l. By comparing the first and third bounds, we can show that Y is

uniform, if and only if ¢(1) = 0 and ¢(0) = ¢(2) = 3. Note

g(1) = P(X, = 0, X5 = 1)+ P(X}, = 1, X3 = 0)

Therefore, ¢(1) = 0 implies that X3 = X} with probability one. If this condition is
satisfied, then ¢(0) = P(X3 = 0) and ¢(2) = P(X3 = 1). Since ¢(0) = ¢(2) = 5 then
X3 is uniform over {0,1}. To sum up, we proved that Y is uniform, if and only if 1)

X3 = X ®2 Xy. 2) X3 is uniform over {0, 1}. O

66



Lemma 11. For the setup in Example 9, there exists € > 0 such that the sources
(S1, S2,S3) with parameters (o > 0,y > v* — €) cannot be transmitted reliably using

the three-user CES scheme.

Proof. We first derive an outer bound for the CES scheme. Consider the fourth
inequality in Proposition 1. Since o > 0 there is no common part. Let U =
Uy23U12U13U3.  Suppose the source (Si,S2,S53) in Example 9 can be transmitted

using CES, then the following holds

h(y)+ hio) < max  I(X1Xo X5 Y|U'), (3.9)

~ p(u)p(z|u’s)

where

p(s,z,u') = p(s)p(u)p(x1|s1, w)p(xa|se, u')p(xs|ss, u').

It can be shown that the inequality in (3.9) is equivalent to

) + hlo) < max [(X, X X5 Y), (3.10)
where p(s, 2) = p(s)p(x1]s1)p(22]s2)p(x3]s3).

Next, we argue that the right-hand side in (3.10) is strictly less than h(y*) =
2— H(N). For the moment assume this argument is true. Then by the bound above,
h(v)+h(o) < h(~*). This implies that dey > 0 such that for any o, h(v*) —h(y) > €.
Hence, as the entropy function is continuous, de > 0 such that any source with ¢ > 0
and v > v* — € cannot be transmitted using the CES scheme.

It remains to show that the right-hand side in (3.10) is strictly less than 2— H(N).
Note that Lemma 10 characterizes the set of all distributions Py, x, x, for which
I(X1X2X3;Y) =2 — H(N). The distributions induced in CES scheme for this case
satisfy the Markov chain X3—.535— X, X5. Hence, we can show for these distributions,

the condition X35 = X; @ X5 hold if and only if X3 is a function of S;. However,
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as v < 1/2, X3 cannot be uniform over {0,1}. This contradicts with the second
condition and completes the proof.

[]

Lemma 12. 3 ¢ > 0 such that the sources with parameters (o,7), satisfying o < €

and |y — v*| < €, are transmissible reliably.
Proof. The proof is given in Appendix B.2. O

The final step in our argument is as follows. Take €’ = min{e, €'}, where ¢ and
¢ are as in Lemma 11 and 12, respectively. Then, as a result of these lemmas, the
sources (57, Sz, S3) with parameters o = ¢’ and 7 = v* — ¢’ are transmissible reliably;

while they cannot be transmitted using CES scheme.
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CHAPTER IV

Structured codes for Communications over MAC

with Feedback

The problem of three user MAC with noiseless feedback is depicted in Figure 4.1.
This communication channel consists of one receiver and multiple transmitters. After
each channel use, the output of the channel is received at each transmitter noiselessly.
Gaarder and Wolf [43] showed that the capacity region of the MAC can be expanded
through the use of the feedback. This was shown in a binary erasure MAC. Cover
and Leung [52] studied the two-user MAC with feedback, and developed a coding
strategy using unstructured random codes.

The main idea behind the CL scheme is to use superposition block-Markov en-
coding. The scheme operates in two stages. In stage one, the transmitters send the
messages with a rate outside of the no-feedback capacity region (i.e. higher rates than
what is achievable without feedback). The transmission rate is taken such that each
user can decode the other user’s message using feedback. In this stage, the receiver is
unable to decode the messages reliably, since the transmission rates are outside the
no-feedback capacity region. Hence, the decoder only is able to form a list of “highly
likely” pairs of messages. In the second stage, the encoders fully cooperate to send
the messages (as if they are sent by a centralized transmitter). The receiver decodes

the message pair from its initial list. After the initiation block, superposition coding
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is used to transmit the sequences corresponding to the two stages.

Enc. 2 : p(ylay, xa, x3) Dec.

Figure 4.1: The three-user MAC with noiseless feedback. If the switch S; is closed,
the feedback is available at the ith encoder, where ¢ = 1, 2, 3.

The single-letter achievable rate region for the CL scheme was characterized in [52].
Later, it was shown that the CL scheme achieves the feedback capacity for a class
of MAC with feedback [75]. However, this is not the case for the general MAC with
feedback [76]. Several improvements to the CL achievable region were derived [77],
[78]. In [77] and [78], additional stages are appended to the CL scheme. In these
schemes, the encoders decode each others’ messages in several stages. Kramer [47],
used the notion of directed information to derive the capacity region of the two-user
MAC with feedback. However, the characterization is not computable, since it is an
infinite letter characterization. Finding a computable characterization of the capacity
region remains an open problem.

In this chapter, we study the problem of three-user MAC with feedback. We pro-
pose a new coding scheme which builds upon the CL scheme. We derive a computable
single-letter achievable rate region for this scheme, and show that the new region im-

proves upon the previous known achievable regions for this problem. Recently, we
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showed that the application of structured codes results in improved performance for
the problem of transmission of sources over the MAC [25]. Here, we use the ideas
proposed in [25] to prove the necessity of structured codes in the problem of MAC
with feedback. Specifically, we use quasi-linear codes that are proposed in [79].

The coding scheme operates in three stages. In stage one, the encoders send
independent messages with rates outside of the CL region. Therefore, encoders are
unable to decode each others’ messages. However, each encoder can decode the binary
sum of the messages of the other two encoders. In stage two, the messages are
superimposed on the summation which is decoded in the previous stage. At the end
of this stage, the encoders decode each others’ messages. Stage three is similar to the
second stage in CL scheme. We provide an example where the new coding scheme
achieves optimal performance, whereas the previous schemes are suboptimal. Finally,
we prove that any optimality achieving coding scheme must use encoders whose set

of output sequences is linearly closed.

4.1 Preliminaries and Model

In what follows, we formulate the problem of communications over MAC-FB. We
restrict ourselves to MAC with noiseless feedback in which all or a subset of the
transmitters have access to the feedback perfectly. Consider a t-user MAC identified
by a transition probability matrix Py x, x,,.x, as in Definition 26. Let 3" be a
realization of the output of the channel after n uses, where ' is the ¢th input sequence

of the channel, ¢ € [1,¢]. Then, the following condition is satisfied:

p<yn|yn_1=xzn_lvi S [17t]> - p(yn|x1n,x2n, "'7xtn)' (41)

It is assumed that noiseless feedback is made available, with one unite of delay,

to a subset 7 C [1,t] of the transmitters. Figure 4.1 illustrates an example of this
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setup. In the figure, the switches S;,7 = 1,2, 3 determine which transmitter receives

the feedback. A formal definition of a MAC-FB setup is given in the following.

Definition 32. A t-user MAC-FB setup is characterized by a t-user MAC Py x, x,,.. x,

and a subset T C [1,t] determining the transmitters which have access to the feedback.
Definition 33. For a t-user MAC-FB setup with a subset T C [1,t], an (N,©q, ...,
©,) coding scheme consists of t sequences of encoding functions defined as,
ein:[L,O] XY =5 X, forieT, and e, :[1,0,] = X;, forje[1,t]\T.
where n € [1, N]| and a decoding function denoted by

d: YN = [1,01] x [1,0,] x -+ x [1,0].

We use a unified notation e;,,(m,y""') to denote the encoders, as it is understood
that for i ¢ T the encoder e;,, is only a function of the message m. Moreover, for

shorthand, the encoders of the coding scheme are denoted by e.

It is assumed that, Transmitter ¢ receives a message index M; which is drawn
randomly and uniformly from [1,0;], where i € [1,¢]. Furthermore, the message
indexes (M7.M,, ..., M) are assumed to be mutually independent. For this setup, the

average probability of error is defined as

Po(e) 2 P{d(YN) # (M, My, ..., M)}, (4.2)

where e denotes the encoders of the coding scheme.

Definition 34. For a t-user MAC-FB, a rate-tuple (Ry, Rs, ..., Ry) is said to be

72



achievable using an (N, ©O1,Oq,...,0;) coding scheme, if for any ¢ > 0
1 .
P...(e) <, Nlog2 ©;, > R, — ¢, where i€ [1,t].

Based on our earlier discussion in Section 3.1, one can consider a randomized
coding strategy for which the encoding functions are selected randomly according to
a predefined probability measure. For that we take a similar approach as in Definition

20 and define a randomized coding strategy as in the following.

Definition 35. For a t-user MAC-FB setup, an (N, ©1,Oq,...,0;) randomized cod-
ing strateqy is characterized by a probability measure Py on the set of all encoding

functions (e;,) with i € [1,t] and n € [1, N] as in Definition 33.

Let E denote random encoders of a randomized coding strategy with probability

measure Py, then the expected error probability is
pe’rr é ]EPN[PET‘T‘(E)}]7

where P..,.(-) is defined as in (4.2).

Definition 36. A rate-tuple (R, Ry, ..., Ry) is said to be achievable using an (N, Oy,

Os, ..., ©y) randomized coding strategy with probability measure Py if for any e > 0
_ 1 )
P... <k, NlogQGiZRi—e, i€ [l,t].

Remark 14. The capacity region is defined as the closure of the set of all rate tuples
(R1, Ra, ..., Ry) that are achievable using a coding scheme or a randomized coding

strategy.

We extend the results of Kramer for t-user MAC with feedback. We derive a

multi-letter characterization for the capacity region. We use the notion of directed
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information presented in [47].

H(Y"|[X") =Y H(Y,[Y*! XF).

k=1

Directed information from a sequence X" to a sequence Y is defined as
I(X"—=>Y")=H(Y") — HY"||X").

Directed information from a sequence X" to a sequence Y” when causally conditioned

on Z" is defined by
I(X" = Y"|Z") = H(Y"||Z") — H(Y"||X"Z").
Let I(X™ — Y™) be the directed information from X" to Y™. Define

L(X —=Y)2 %I(X" —Y"). (4.3)

Definition 37. Given a positive integer N and a t-user MAC with feedback, define

Ry as the convex hull of the set of all rates (Ry, Ra, ..., Ry) such that,

Ra < In(Xa— Y||Xa), forall ACIL1. (4.4)

. PRy -1 -1 -1 -1
where the conditional distribution p(xyy, Tag, ..., Teg|lx] @y .y, y ") factors as

szl p(wig ‘xé_lyl_l)-

Proposition 2. The capacity region of t-user MAC with feedback is characterized by

Crp = Uiozl Rr.
Proof. The proof is a streightforward generalization of the proof in [47]. ]

Note that this is a multi-letter characterization, and is not computable.
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4.2 Conferencing Common Information in MAC-FB

Prior to the start of communications over a MAC-FB setup, the messages are
mutually independent. During the communication, after multiple uses of the channel,
the messages are statistically correlated conditioned on the feedback. In this section,
we make a connection to the problem of MAC with correlated sources to design
coding strategies that exploit the statistical correlation among the messages. We use
the notion of conferencing common information to propose a new coding strategy for
3-user MAC-FB.

We begin by explaining the intuition behind Cover-Leung (CL) scheme [52]. In CL
scheme, the message indexes are transmitted in N channel uses. The communications
take place in B blocks, each of length n, where N = Bn. The message for Transmitter
i is divided into B sub-messages denoted by (M;1, M; o, ..., M; g), where ¢ = 1,2. At
the first block of the communication (b = 1), the transmitters send the sub-messages
(M1, M, ;) with a rate outside of the no-feedback capacity region (i.e. higher rates
than what is achievable without feedback). Therefore, the receiver is unable to decode
the sub-messages reliably - rather it is only able to form a list of “highly likely” pairs
of messages. However, the transmission rates are taken to be sufficiently low such
that each user can reliably decode the other user’s sub-message using the feedback.
Therefore, at the end of this block, (Mj, M) is known at the two transmitters
with “high” probability. Hence, at the next block of the transmission (b = 2), one
can view (Mjq, Ms;) as a common information that is known at the transmitters.
At this block, a superposition block-Markov encoding is used to send the common
information as well the new sub-messages (Mo, Mss). At the end of this block,
the receiver decodes (M1, My ;) from its initial list. The scheme is repeated for the
next blocks b > 2. Using this approach, the following rate-region is achievable for

communications over a MAC Py |x, x, with noiseless feedback available at the two
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transmitters [52]:

Ry <I(X1;Y X5, U), Ry < I(X9;Y|X4,U), Ry + Ry < I(X1,X9;Y).

Where, the joint distribution of the random variables (U, X, X»,Y") factors as

Py Px, v Px,ju Py ix, x,-

As explained, the decoded sub-messages (M, My ;) are used as a common infor-
mation for the next block of transmission. One can extend CL scheme for a multi-user
MAC-FB setup (say a three-user MAC-FB). In this setup, the transmitters send the
messages with rates outside of the no-feedback capacity region. Hence, the receiver
is not able to decode the messages. However, the transmission rates are taken to
be sufficiently low so that each user can decode the sub-messages of the other users.
The decoded sub-messages at the end of each block b are used as uni-variate common
parts for the next block of transmission. Also, one can use the notion of conferencing
common information as defined in Section 3.1.3 to design a more sophisticated coding
scheme.

In what follows, we gave the intuition behind the use of conferencing common
information in MAC-FB. Consider a three-user MAC-FB setup as depicted in Figure
4.2. Similar to the two-user version of the problem, the communications take place
in B blocks each of length n. Moreover, the message at Transmitter ¢ is divided
into B sub-messages denoted by (M1, M; o, ..., M; g), where i = 1,2, 3. Suppose, the
transmission rates are such that neither the decoder nor the transmitters can decode
the messages. However, at each block b, the rates are sufficiently low so that each
transmitter is able to decode the modulo-two sum of the other two sub-messages. For
instance, Transmitter 1 can decode M, ® Mz, with high probability. Let T}, denote

the decoded sum at Transmitter i, where ¢ = 1,2,3. Then, for binary messages,
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T1p ® T, @ Ty, = 0 with high probability. As a result, (T3, T5,T5) can be interpreted
as 2-additive conferencing common parts (see Definition 25). Building upon this
intuition, in what follows, we propose a coding strategy for communications over 3-
user MAC-FB. Further, we derive a new commutable achievable rate region for the

three-user MAC with feedback problem.

Xip
M b, T1p, —» Enc. 1

Xop
M2, T2p — Enc. 2 Py |x, x5x35

-

Ma:. T X3
300230 gl e, 3 —

Figure 4.2: Applications of conferencing common information for communications
over MAC-FB. The new sub-messages at block b are denoted by M.
At the end of block b — 1, each Transmitter decodes the modulo-two sum
of the other two transmitters. The decoded sums are denoted by T;,
i = 1,2,3. Note that T}, © T, ® T3, = 0 with probability close to
one.

Definition 38. For a given set U and a three-user MAC with feedback (X, Xy, X,

Y, Pyix,x,x3), define P as the collection of all distributions P of the form

3
PUPV1V2V3 H PTiPXi|UTZ‘ViPY\X1X2X37

i=1

where (T1, Ty, T3) are mutually independent with uniform distribution over Fy, (V, Va,
V3) are pairwise independent each with uniform distribution over Fy, and Py,v,v;(v1,

U27U3) = %11{”1 D vy D V3 = 0}

Fix a distribution P € &. Denote S; = (X;,T;,V;) for i = 1,2,3. Consider
two sets of random variables (U, Sy, Sy, S3,Y) and (U, Sy, Ss,55,Y). Suppose the

distribution of each set of the random variables is P. Then with this notation we
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have

Pus,s,s5v = Ppg g,5,7 = P

Theorem IV.1. Consider a MAC (X, X5, X3, Y, Py|x,x,x,), and a distribution P €
P. For any subset A C {1,2,3}, and for any distinct elements i, j, k € {1,2,3} the

following bounds hold

Ry < I(X4;Y[US4ViVaVs) + I(U; Y|UY)
R+ Ry < I(T; ® Tj; Y |[UTW X, Vi Va V)

+ I(X: X VU SV VaVa i)

H(W,;)+ H(Wj;)
H(W, & W;)

Ri+R; < T & Ty Y| UT Xy),

where 1) W, is a Bernoulli random variable that is independent of all other random
variables, 2) the equality V; = T] @® Ty holds with probability one, and 3) the Markov

chain

Ua gly S?a §3 < ‘/17 ‘/27 ‘/:Q) A Uv 1—;7 Xi;
holds fori=1,2,3.
Proof. The proof is given in Appendix C.1. O]

Remark 15. The rate region in Theorem IV.1 contains the three-user extension of the
CL region. For that set Vi, V5, V3 to be independent of all other random variables.

This gives a distribution in &.
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4.3 Necessity of Structured Codes for MAC-FB

In this section, we show that coding strategies based on structured codes are
necessary for the problem of MAC with feedback. We first provide an example of a
MAC with feedback. Then, we propose a coding scheme using linear codes, and show

that such coding scheme achieves optimality in terms of achievable rates.

Example 10. Consider the three-user MAC with feedback problem depicted in Fig-
ure 4.3. In this setup, there is a MAC with three binary inputs, where the ¢th input
is denoted by the pair (X1, X;2) for ¢ = 1,2,3. The output of the channel is denoted
by a binary vector (Y7, Ya1, Yas). Assume that noiseless feedback is available only at

the third transmitter.

(X11, X12)
Enc. 1
Xo1, Xo: (Y1, Y21, Ya2)
Enc. 2 ( = 22) MAC T DeC.
\
L
Enc. 3 (K1, Xs2) \%/
A \

Figure 4.3: The MAC with feedback setup for Example 10.

The MAC in this setup consists of two parallel channels. The first channel is
a three-user binary additive MAC with inputs (X1, X1, X31), and output Y;. The

transition probability matrix of this channel is described by the following relation:

Y = X1 © X1 @ X34 69N5>

where Nj is a Bernoulli random variable with bias ¢, and is independent of the inputs.

The second channel is a MAC with (X2, X9, X32) as the inputs, and (Ya1, Ya2) as
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the output. The conditional probability distribution of this channel satisfies

(X12 ® Ns, Xoo @ Ny), if X390 = X192 ® Xoo,
(}/21a }/22) = (45)

(Nl/QaN{/Q)a if X0 # X15 @ Xog,

where Ns, Ng, Ny /o and V] /o AT€ independent Bernoulli random variables with param-
eter 9, 0, %, and %, respectively. The relation between the output and the input of the
channel is depicted in Figure 4.4. The channel operates in two states. If the condition
X31 = X9 @ Xo2 holds, the channel would be in the first state (the left channel in
Figure 4.4); otherwise it would be in the second state (the right channel in Figure
4.4). In this channel, N; and Nj are Bernoulli random variables with identical bias
5. Whereas, N/, and V] /o are Bernoulli random variables with bias % We assume

that Ns, N5, N 52 N1/2, and Ny Jo are mutually independent, and are independent of all

the inputs.
N Nyjz
Xlz_'é_’ Yo X12 A'é_’ Yo
Xzz_.?_’ Yoo X2 4’?_’ Yoo
N Ny,
X3z = X12 & X2 X3 # X2 ® Xo

Figure 4.4: The second channel for Example 10. If the condition X3 = X9 & X9
holds, the channel would be the one on the left; otherwise it would be the
right channel.

We use linear codes to propose a new coding strategy for the setup given in
Example 10. The scheme uses a large number L of blocks. The length of each block
is n. Each encoder has two outputs, one for each channel. We use identical linear
codes with length n and rate % for each transmitter. The coding scheme at each

block is performed in two stages. In the first stage, each transmitter encodes the
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fresh message at the beginning of the block [, where 1 <[ < L. The encoding process
is performed using the identical linear codes. At the end of the block [, the feedback
is received by the third user. In stage 2, the third user uses the feedback from the first
channel (that is Y7) to decode the binary sum of the messages of the other encoders.
Then, it encodes the summation, and sends it through its second output. If the
decoding process is successful at the third user, then the relation X3, = X9 & X9
holds with probability one. This is because identical linear codes are used to encode
the messages. As a result of this equality, the channel in Figure 4.4 is in the first

state with probability one. In the next Lemma, we show that the rate

(1 =h(5),1—h(),1—h(d))

is achievable using this strategy.

Lemma 13. For the channel given in Example 10, the rate triple (1 — h(§),1— h(9),
1 — h(9)) is achievable.

Proof. The proof is given in Appendix C.2. O

Remark 16. Based on Preposition 2, the triple (1—h(d),1—h(J),1—h(9)) is a corner
point in the capacity region of the channel in Example 10. This implies the optimality

of the above coding strategy in terms of achievable rates.

The above coding strategy is different from known schemes in two ways: 1) Iden-
tical linear codes are used to encode the messages, 2) The third user uses feedback to
decode only the binary sum others’ messages.

One implication of Remark 16 is that the proposed coding scheme achieves opti-
mality. We show a stronger result in this Subsection. We prove that every coding
scheme that achieves (1 — h(d),1 — h(d),1 — h(d)), should carry certain algebraic

structures such as closeness under the binary addition.
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Suppose there exists a (N, My, My, M3) transmission system with rates close to

R; =1 — h(6), and average probability of error close to 0, in particular

1
P<e —logaM;>1—h(0)—¢, i=1,23,
n

where € > 0 is sufficiently small. Since there is no feedback at the first and second
encoder, the transmission system predetermines a codebook for user 1 and 2. Note
that there are two outputs for encoder 1 and 2. Suppose Ci5 and Cyy are the codebooks
assigned to the second output of encoder 1 and encoder 2, respectively.

Let X2 be the second output of encoder i, where i = 1,2,3. Let X;»; denote the
Ith component of X5, where 1 <1 < N, i =1,2,3. The following lemmas hold for

this transmission system.

Lemma 14. For any fized ¢ > 0, define

Iév = {l € [1 : N] : P(X32,l % X12,l EB XQQJ) Z C}.

Y ()

Then, the inequality == < )] holds, where n(€) is a function such that, n(e) —

0, as e — 0.

Proof. The proof is given in Appendix C.3. O]

The Lemma implies that in order to achieve (1—h(d),1—h(5),1—h(d)), the third
user needs to decode X9, @ Xog, for “almost all” [ € [1 : N|. This requirement is
necessary to insure that the channel given in Figure 4.4 is in the first state.

In the next step, we use the results of Lemma 14, and drive two necessary condi-

tions for decoding X5 @ Xoo.
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Lemma 15. The following holds

1
Nl 10g [|C12 & Cas|| — log ||Cra| | < Ai(e),

1
ﬁl 10g [[Cr2 @ Caal| — log |[Casl| | < Aa(e),

where \j(e) = 0, ase — 0,7 =1,2.
Proof. The proof is given in Appendix C.4. O]

As a result of this lemma, log||Ci2 @ Cas|| needs to be close to log||Ci2|| and
log ||Ca2||. This implies that Cj2 and Coy possesses an algebraic structure, and are
almost close under the binary addition. Not that for the case of unstructured random
codes ||C12 @ Cas|| = ||C12|| X ||C22||- Hence, unstructured random coding schemes are

suboptimal in this example.

Remark 17. The three-user extension of CL scheme is suboptimal. Because, the

conditions in Lemma 15 are not satisfied.
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CHAPTER V

Algebraic Structures for Multiple Descriptions

5.1 Introduction

In Chapter II- IV, we investigated algebraic structures in multi-terminal commu-
nication systems with discrete alphabets. In this chapter, we build upon the results in
discrete setting and investigate the applications of algebraic structured codes (such as
Lattices) in communication systems with continuous alphabets such as MD. Lattice
codes are analogous of linear codes in Euclidean spaces, e.g. R?. A lattice code in
R? is defined as the set of all linear combinations, with integer coefficients, of a given
set of linearly independent vectors in RY. With the recent developments in Gaussian
network information theory, lattices have received significant attentions due to their
applications for efficient quantization, channel coding and cryptography in continu-
ous settings [54] [55]. Lattices have become a standard tool to design block codes for
communications over AWGN channels. Lattice quantizers have been of great interest
in compression of continuous sources [80] [81]. In the PtP communication settings,
the interest towards such codes is mainly due to reduced complexity of encoding
and decoding. In multi-terminal commumecations, the significance of lattice codes is
augmented because they give performance gains over unstructured codes in terms of
achievable rates. These gains are observed in a variety of multi-terminal settings such

as dirty MAC [?,21], and interference channel 27,29, 32]
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Traditionally, performance characterization of lattices was carried out using Gaus-
sian test channels. Such techniques are known to be suitable for Gaussian source or
channel setups. However, for general distributions in channel or source coding, it
is difficult to derive achievable rates of lattices using such techniques. Recently, a
new method is introduced in [57] to overcome this challenge. In the method, first
the objective continuous source or channel problem is quantized to obtain its discrete
version. The performance analysis is carried out for the discrete version of the prob-
lem and inner bounds are derived in terms of discrete mutual information quantities.
Then, it is shown that as the discretization process keeps refining, the mutual in-
formation terms converge to the continuous ones. Hence, inner bounds are obtained
for the original continuous source/channel setup. Using this approach, the authors
in [57] show achievability of the Wyner-Ziv rate region in the PtP set-up.

In this chapter, we investigate the applications of lattice-based strategies for MD
problem. A MD problem, as depicted in Figure 5.1, consists of one encoder and several
decoders. The encoder compresses the source into several descriptions and transmits
them through noiseless links. Each decoder receives a subset of these descriptions.
The decoder then finds a reconstruction of the source using the descriptions it has
received. The problem arises naturally when a transmitter wishes to send data to dif-
ferent receivers with varying quality of service demands. Another instance of the MD
problem emerges when dealing with channel blackouts. In this situation, satisfactory
source reconstruction is ensured via transmitting different descriptions of the source
through multiple paths. In the latter perspective, each decoder represents the actual
receiver in a specific blackout situation where a subset of the transmission links are
experiencing failures; these failures are known at the decoder, but not at the encoder.

The best known achievablity scheme for discrete MD problem with two descrip-
tions is due to Zhang and Berger [82]. Zhang-Berger scheme consists of a base layer

codebook and several refinement layer codebooks. The base layer is transmitted over
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Figure 5.1: An example of a MD problem with two-descriptions. The problem con-
sists of one encoder with three decoders. Encoder produces two descrip-
tions of the source. Decoder 1 and 2 receive only one description of the
source; whereas Decoder 12 has access to the two descriptions sent by the
encoder.

all descriptions and is decoded at every decoder, while the refinement layer con-
tains codebooks decoded at individual decoders. There has been several attempts to
generalize Zhang-Berger scheme for MD with L-descriptions [?,83-85]. CMS scheme
introduced in [86] unifies all of the previous schemes. The strategy is based on random
unstructured codes and binning. This scheme is enhanced by adding a strututured
coding layer [87]. In this Chapter, we provide a new achievable RD region for the
L-descriptions problem using random lattice codes. We show that using a pair of
nested lattice quantizers with the same inner code gives strict improvements over

CMS scheme in terms of achievable rates.

5.2 Preliminaries

Coset linear codes: For a prime g, let I, denote the modulo-¢ field of integers.
A linear code over F, with blocklength n is a subspace of . A k-dimensional linear
subspace of Fj can be viewed as the image of a linear transformation from IF’; to Iy

A linear code with generator matrix Gy, is defined as

C = {u"Gyxn|u® € FE}.
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Such a characterization is unique up to invertible linear transformations of Gyyxy.
A coset linear code is a shifted version of a linear code and is characterized by a

generator matrix Gyy, and a dither b™:

C= {ukaxn + b’”|uk € IFI(;}

The rate of the linear code is given by R £ £log, q.

T n

Nested Linear Codes: A pair of coset linear codes (C;, C,), are called nested if
C; CC,. C, and C; are called the outer and inner codes, respectively. A nested linear
code over [F, is characterized by two generator matrices Gixn and AGi., and a
dither b", all with elements in F,. With this notation the inner code is characterized

as

Ci £ {u*Gyxn + b"u* € F5}.

and the outer code is defined as
Co £ {ukaxn + VIAGl><n + bn|uk S ]FE, vl S IF:;}

Here (Gjxn, b™) is a characterization for C;,, and ([G, AG]*, b™) characterizes C,. Note
that since C; C C,, one can always find such a characterization where the dithers are
equal. C, can be viewed as a union of shifted versions of C;, where the shift vector is
chosen from the linear subspace generated by AG. Each of these shifted version of

C; is called a bin of C, and is shown by B,,:
By, = {aG + mAG + Bla € F}}.

Lattice Code Generation: A lattice code is a subspace of R™ which is closed under

real addition. Also a coset lattice code is defined as a shifted version of a lattice code.
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A method for generating such constructions using linear codes was presented in [57],
here we present a brief summary of the method. Take an arbitrary coset linear code
C over F,. Choose v € R*. Such 7 is called the step size of the lattice code and
determines the distance between codewords in the lattice construction. First the
linear code is symmetrized with respect to the origin and scaled for the step-size 7.
Define this symmetrized and scaled version as follows:

-1

AC,7,p) = {y(c" = L 5

)|c™ € C}.

A(C, 7, p) is used as the building block for constructing the lattice code. We generate

the lattice code by considering disjoint shifted copies of A(C,~, p):

ACvp) = | {v+AC )}

VEYPL™

Coset and nested lattice codes are also defined in a similar fashion by constructing
a pair (A;, A,) from an underlying pair of nested linear codes (C;, C,). Similar to nested

linear codes, for m € IE‘;9 bin m can be defined as:

B = {r(e” ~ 25 L e B, (5.1)

where B,, is a bin in the underlying nested linear code.

Measures of Information: We use the notion of [57] to define Kullback-Leibler
divergence and the mutual information. Consider random variables U,V on R¢ with
probability measure Py . Take an arbitrary finite measurable partition A = {A4; }ic1on
of RY. Define random variables Uy, V4 taking values from the set [1 : n] with the

following probability measure:

Py, va(i,5) = Puv (A, Aj).
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The Kullback-Leibler divergence between U and V' is defined as follows:

D(Py||Py) = sup D(Py,[|Pv,),

AEARd

where Agn is the set of all finite measurable partitions of R™.

Typicality: We use the definition of weak™ typicality in [57]. For a subset A of R",
the set A°={z € R? | Jy € A, ||z —y|| < ¢} is called the e-neighborhood of A. For a

given probability measure P;, P, the Prokhorov distance is given as follows:
7(Py, Py) = inf{e | Pi(A) < Py(A°) + ¢, Py(A) < Pi(A%) + ¢, VA € B(RY},

where B(R?) denotes the Borel o- algebra on R
For a pair z,y € R? define the empirical probability measure induced by (,%) on

the set of Borel sets in R? as:

P,y(A,B):=> 1{z; € A,y € B},VA,B € B(R?). (5.2)

i=1

A sequence x is weak™® e-typical with distribution Py if

7(P,, Px) < e. (5.3)

Also sequences x,y are said to be weak™ joint e-typical with distribution Pxy, if

W(pxy, ny) < €. (54)

5.3 Random Coding Improvements for Discrete Sources

The CMS scheme with binning was recently improved upon. Here we give a brief

summary of the improved scheme for the general L-descriptions problem.
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Codebook Generation: Let Cy, M € 22" he the set of codebooks used in the
improved version, where 24 is the set of all subsets of A. Cj; is decoded at decoder
N, if N € M. Uy is the underlying random variable for codebook C};. Define a
joint probability distribution Py on random variables Uy € 22", Each codebook
Cy is generated randomly and independently based on Py,, with rate ry;. The i"
description bins the codebook randomly, uniformly and independently with binning
rate ppr;. These bin numbers are sent through the description. Decoder N, upon
receiving the descriptions finds a unique vector (ulj;)nen of jointly typical sequences.

If the vector does not exist or is not unique, the decoder declares error.

Covering Bounds: Since codebooks are generated randomly and independently,
in order to be able to find a jointly typical set of sequences U}, with the source vector

X" the following mutual covering bounds need to be satisfied:

H(Upal X) > CH(UA)—14), M € 22"
MeM

Packing Bounds: For decoder N, description i is received if i € N. Since binning
is done independently and uniformly, in order to find a unique set of jointly typical

sequences (uf;)nenr, we need to have the following packing bounds:

H(Ug) S Z(H(UM)+ Z pMﬂ‘—TM),\VI,CCMN,

MeL i€[1:L]

where My = {M|N € M}. The resulting RD vector is:

R; = Z PM,i
M

Dy = E{dn(hy(Uniy, X))}
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It can be shown that the codebook C'; is non-redundant if and only if M is a
Sperner family in [I : L] and it is not any of {}, {{}} or 24, This observation
decreases the number of necessary codebooks significantly. For example in the three
descriptions problem [22""| = 256 whereas there are only 20 Sperner families (i.e. 17
necessary codebooks).

Next we show that the region is achievable using linear codes. Use the same coding
scheme as described above, except that we use random linear codes instead of random

unstructured codes.

Lemma 16. The following RD wvectors are achievable using linear codes:

H(UmX) > > (logg—rou) (5.5)
MeM
H(U;) < Z (log g + Z pai—Tom) YL C My (5.6)
MeL JE:L]
riv <logq— H(Uqgn) YM €M (5.7)
R; = ZPM,i (5.8)
M
Dy = E{dy(hy(Uniy, X))} (5.9)

Remark 18. If we take r; ,y = logq — H(Ug,nm), the region reduces to the improved
CMS region.

5.4 Improvements Using Random Codes

In this section we use the new lattice construction to show that the bounds in the

previous section are achievable for general continuous sources.

Theorem V.1. The rate distortion region in the previous section is achievable for

continuous sources if we replace entropies with differential entropies.
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Proof. The proof involves two steps, first we approximate the n length vector of X
with an n-length vector of the random variable X, . X, , is a discrete random variable
defined on X, , = [—7‘1;—1, 'yq;;] N~Z. In the next step, we use the fact that for X, .,
the definition of typicality in section II reduces to the definition in the discrete case,
to show that by the same arguments as in the previous section, the improved CMS
with binning is achievable for continuous U,; and X.

Here we give a more detailed version of the proof. Fix n,q and 7. Fix a probability
distribution Py,, x, where Uy, is the set of random variables from the last section.
The underlying alphabet for U, is X, 5. The definition of X, is as follows:

X7 = argmin{dy(X",x} |} € X'},

here dy(a™,b") = > (a; — b;)®. Note that if v — 0 and yg — oo then do(X™,

X;.)—0.

Codebook Generation For M € 22" randomly, uniformly and independently
generate a nested linear code (Chy,, Chr;) over Z;. Let the rates of the nested code
be (raro, 7a). Fix v and construct the corresponding nested lattice /_\M7i, /_\M,o- For

each description, bin the outer code with binning rate pyy;.

Encoding For a source vector z", find the corresponding 7 .. Find a set of weak”-
typical sequences u’y;. Note since the underlying alphabet for all these variables is
Xy, weak™ typicality is equivalent to strong typicality in the discrete case. Each

description carries the bin numbers for the corresponding vectors.

Decoding Upon receiving the bin numbers, decoder N finds a unique set of weak*-
typical sequences uy;, N € M.

Since weak™* typicality reduces to strong typicality in this case, it is clear that
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Xy~ can be reconstructed in the decoder with the rate distortions in Section III. If
the distortion function at all decoders is bounded and continuous, then we can take
7 — 0 and y¢ — oo in the same manner as in [57], then since do( X", X' ) — 0 by
continuity of the distortion measures, the RD vectors in Section III are achievable for
continuous sources and discrete U,,.

Theorem II1.6 in [57] shows that for continuous U, we can take Uy, - such that
as v — 0 and y¢g — oo mutual information terms and distortions containing Ujy,g -,
converge to the terms containing Uj,;. We showed that the improved CMS with
binning RD region is achievable using linear codes. Since the bounds in that scheme

can be written only in terms of mutual informations, the proof is complete.

5.5 Achievable RD Using Lattice Quantizers

It was shown in [26] that in the L-descriptions problem with discrete sources and
reconstructions, when L > 3, it is beneficial to use a nested linear code for a pair of
random variables. Here we calculate the rate-distortion region resulting from such
a scheme. We first calculate the achievable region using linear codes in the discrete
case and then show convergence for lattices in the continuous case. Note that since
we are planning to use a nested code, the mutual covering bounds are not enough to
ensure existence of jointly typical sequences. Hence we need a new covering lemma.
Let (C, C') be a pair of nested linear codes over [, such that their inner codebooks
are the same. Since the inner code is the same we need new covering bounds to insure
the existence of jointly typical sequences. The following theorem gives the required

covering bounds.

Theorem V.2. Let U and V' be the underlying random variables for a pair of nested

linear codes (C, C'). Suppose the two nested codes share an identical inner code. Let

93



the joint probability distribution on (U,V, X) be given by Pyy x. For a given e-typical
sequence " the probability of finding a jointly e-sequence (u™,v™) in the codebooks C

and C' goes to 1 as long as the following covering bounds are satisfied:

To 2 lqu— H(U|X))
r, > logq — H(V|X))
ro+ 1) >2logqg— H(U,V|X)

ro+r,—1r; >logqg— H(iU +V|X),Vi € Z,

Where 1,,1" are the rate of outer code of C and C', respectively and r; denotes the

rate of the inner code in C and C'.

Proof. See Appendix D.1. n

Remark 19. Note in the above lemma if we take r; = 0, then the two codes are
generated independently, so the covering bounds reduce to mutual covering bounds
in the original scheme. However transmitting the linear combination of U and V'
would require a larger rate since they are coming from two independent codebooks
(i.e. the rate of the codebook for U + ¢V would be equal to ry + 7 is the packing
bounds). On the other hand if we take r, = r;, then the covering bounds become

tighter, since we are using the exact same linear code.

The packing bounds are also affected. We partition the decoders into three sets:

Case 1: Decoder s reconstructs both U and V. In this case, the decoder receives
one bin number for each of v", v™ and u"+jv". Using this the decoder can restrict the
search over vectors of ™ and v™ to bin sizes 270 PV —tPU+V for ™ and 27V PV —(1-Deuiv

for v™ where ¢ € [0,1] (the choice of t is arbitrary since the bin number for U + jV/
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can be interpreted as either information about U or V). So in the packing bounds py
is replaced with py + tpy4jv and py is replaced with py + (1 —t)pujv,
Case 2: The decoder only reconstructs U (or V), in which case reconstructing U + jV/
is equivalent to reconstructing both U and V. So we write the packing bounds as if
U and V' are reconstructed at the decoder and V' is sent with binning rate py v .
Case 3: The decoder does not reconstruct U or V. In this case in the packing bound,
U+jV is treated as the underlying random variable for a codebook of rate r, 41", —1r;
and bin rate py4;v and the mutual packing bounds are written for the decoder.
Based on the arguments in the previous section we only need to show that the
bounds in this scheme can also be written in terms of mutual informations. First
note that after the Fourier-Motzkin elimination the log ¢ terms would cancel. Lastly

the term H (U + jV|X) differs with H(U|X) only in mutual information terms:

H(U+jV|X) - HU|X)

= H(U+jV|X) — H(U,V|X) + H(V|X,U)

= H{UHV|X) — HU+V,V|X) + H(V|X,U)
= —H(V|X,U+V)+ HV|X,U)

=1(U+HV;V|X)—-I(U;V|X)

So, the terms in the covering bound differ with the one in the improved CMS
only in mutual information quantities. Hence, the region is achievable for continuous

sources.
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CHAPTER VI

On the Error Exponent of MAC with Noiseless

Feedback

Many existing communication systems with feedback (such as ARQ) have variable
length. Therefore, in the analysis of fundamental limits for channels with feedback, it
is more relevant to allow codes whose length can depend on the channel behavior. In
the regime of asymptotically large average block-length, the error exponent, defined
as the exponential rate of decay of the probability of error with respect to the average
block-length, has been an important performance measure for variable-length codes
with feedback.

In this Chapter, we study the error exponent of discrete memoryless MAC with
noiseless feedback. In particular, we derive an upper-bound and a lower-bound. We
make a connection between this problem and the problem of sequential hypothesis
testing. We use the tools from dynamic programming and Burnashev’s techniques for
the PtP case to derive the bounds on the error exponent of MAC-FB. The bounds

have a similar expression. In this setting, the upper bound is described below

) D, (6.1)

where (||R||,0r) denote the polar coordinate of (R, Ry) in R%. Also, C(fg) is the
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point of the capacity frontier at the angle determined by R. The lower-bound is the
same as F, but with different constant ;. The constants D; and D,, are determined
by the relative entropy between the conditional output distributions. An interesting
observation is that the bounds increase linearly with respect to a specific Euclidean
distance measure defined between the transmission rate pair and the capacity bound-

ary. The lower and upper bounds match for a class of MACs.

6.1 Problem Formulation and Definitions

Consider a discrete memoryless MAC with input alphabets X, X5, and output
alphabet ). The channel conditional probability distribution is denoted by Q(y|z1,
xo) for all (y,z1,22) € Y X X1 x Xy. Such setup is denoted by (X1, X5, YV, Q). Let ¢*
and zf, i = 1,2, be the channel output and the inputs sequences after ¢ uses of the

channel, respectively. Then, the following condition is satisfied:

Pyly™ " 27" 25" = Qydlwae, zan). (6.2)

We assume that the output of the channel as a feedback is available at the encoders

with one unit of delay.

Definition 39. An (M, Ms, N)- variable-length code (VLC) for a MAC (X, X, ),
Q) with feedback is defined by

o A pair of messages Wi, Wy selected randomly with uniform distribution from

{1,2,..., M;},i=1,2.

e Two sequences of encoding functions

eir {1,2,...,Mi} x V"' = &, teN, i=1,2,

one for each transmitter.
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o A sequence of decoding functions

dt :yt—>{1,2,...,M1} X {1,2,...,M2}, t e N.

o A stopping time T with respect to (w.r.t) the filtration F; defined as the o-algebra

of Y for t € N. Furthermore, it is assumed that T satisfies E[T] < N.

For each 7 = 1,2, given a message W;, the tth output of Transmitter ¢ is denoted
by Xi: = e (W5, Yt*l)-

Let (WM, Wgﬂg) = d;(Y"). Then, the decoded messages at the decoder are denoted
by W, = WLT, and W, = WQ,T. In what follows, for any (M, My, N) VLC, we
define average rate-pair, error probability, and error exponent. Average rates for an

(My, My, N) VLC are defined as

log, M;
R, 2 =227 12
E[T] Y ¢ Y

The probability of error is defined as
P = P (W1, W2) # (W3, W52))

The error exponent of a VLC with probability of error P. and stopping time 7" is

defined as E £ —%.

Definition 40. A reliability function E(Ry, Ry) is said to be achievable for a given
MAC, if for any Ry, Re > 0 and € > 0 there exists an (M, My, N)-VLC such that

log, P, log, M;
—% > E(Ry, Rs) — ¢, and OgQT >R — e

where i = 1,2, and P, is the error probability of the VLC.
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Definition 41. The reliability function of a MAC with feedback is defined as the

supremum of all achievable reliability functions E(Ry, Ry).

6.1.1 The Feedback-Capacity Region of MAC

We summarize Kramer’s results presented in [47] for the feedback capacity of
MAC. We use directed information and conditional directed information as defined
in [47]. The normalized directed information from a sequence X" to a sequence Y"

when causally conditioned on Z" is denoted by

Lrxn S vz, (6.3)

n

IL(X =Y||Z2) =

The feedback-capacity region of a discrete memoryless MAC with feedback (A7, As,
Y, Q) is denoted by C, and is the closure of the set of all rate-pairs (R, Ry) such

that

R1 < IL(Xl — Y||X2)
RQ < IL(X2 — Y||X1)

R+ Ry < IL(X1X2 — Y),

where L is a positive integer, and Pyrxryr factors as

L
[T Pl y' ") Pos(zalel g =) Qw1 220). (6.4)
=1

Definition 42. Let A\, Ao, A3 > 0, and A\; + Ao + A3 = 1. Define

C)\ = sup sup >\1]L(X1 — Y‘XQ) —+ )\QIL(XQ — Y|X1)

LeN PX1LX2LYL

+ )\3]L(X1X2 — Y),
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where Pyrxiyr factors as in (6.4).

Fact 1. The feedback-capacity of a discrete memoryless MAC with feedback is the

same as the closure of the set of rate-pairs (R;, R2) such that the inequality

MRy 4 ARy + A3(Ry + Rs) < Cy

holds for all Aq, Ao, A3 > 0, with Ay + Ao + A3 = 1.

6.1.2 Notational Conventions

For more convenience, we denote a rate-pair (R, Ry) by (Ry, Ra, R3), where Ry =

Ry + Ry. For a (X1, Xy, ), Q) MAC we use the following notational convenience

I 21X, — Y||Xy), (6.5)
I} £ 1,(X, = Y| Xy), (6.6)
21X Xy —Y). (6.7)

The Kullback—Leibler divergence for the MAC with transition probability matrix @

is defined as

Q(y|x17 x?)

Do(an,aaller, 22) = D Qules, 22) logy 505

yey

where (21, 23), (21, 22) € X} x Xy. For notational convenience we denote

Dl(l’17$2|12’1>22) = DQ(xlaxZHbeQ)
D2(951,$2H21,22) = DQ($1,172H$1722)

D3($1,$2H21,22) = DQ(xlax2Hth2)-
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6.2 A Lower-Bound for the Reliability Function

We build upon Yamamoto-Itoh transmission scheme for PtP channel coding with
feedback [88]. The scheme sends the messages Wi, Wy through blocks of length n.
The transmission process is performed in two stages: 1) The “data transmission”
stage taking up to n(1 — 7) channel uses, 2) The “confirmation” stage taking up to

n7y channel uses, where = is a design parameter taking values from [0, 1].

Stage 1 For the first stage, we use any coding scheme that achieves the feedback-
capacity of the MAC. The length of this coding scheme is at most n(l — ). Let
Wl, WQ denote the decoder’s estimation of the messages at the end of the first stage.

Define the following random variables:

H,=1{W,# W}, i=1,2.

Because of the feedback, W, and W5 are known at each transmitter. Therefore, at the

end of the first stage, transmitter ¢ has access to W;, Wl, WQ, and H;, where ¢ =1, 2.

Stage 2 The objective of the second stage is to inform the receiver whether the
hypothesis O, : (Wl,Wg) = (W, Ws) or ©y : (Wl,Wg) # (Wy,Ws) is correct. For
that, each transmitter employs a code of size two and length yn. The codewords of
such codebooks are denoted by two pairs of sequences (x1(0), 22(0)) and (z1(1), z2(1))
each with elements belonging to X} x AX. Fix a joint-type P,, defined over the set
X1 x Xy x Xy x Xy and for sequences of length yn. The sequences (21(0), 22(0), z1(1),

22(1)) are selected randomly among all the sequences with joint-type P,. During

this stage and given H,, Transmitter 1 sends x1(H;). Similarly, Transmitter 2 sends

Q(Hﬂ-
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Decoding Upon receiving the channel output, the receiver estimates Hy, Hy. De-
note this estimation by Hi, H. If (I:[l, [:[2) = (0,0), then the hypothesis O = 0 is
declared. Otherwise, © = O, is declared. Because of the feedback, © is also available
at each encoders. If © = Oy, then transmission stops and a new data packet is trans-
mitted at the next block. Otherwise, the message is transmitted again at the next
block. The process continues until O = Oy occurs.

The confirmation stage in the proposed scheme can be viewed as a decentralized
binary hypothesis problem in which a binary hypothesis {©g, © } is observed partially
by two distributed agents and the objective is to convey the true hypothesis to a
central receiver. This problem is qualitatively different from the sequential binary
hypothesis testing problem as identified in [89] for PtP channel. Note also that
in the confirmation stage we use a different coding strategy than the one used in
Yamamoto-Itoh scheme [88]. Here, all four codewords have a joint-type P,. It can
be shown that repetition codes, and more generally, constant composition codes are

strictly suboptimal in this problem.

Theorem VI1.1. The following is a lower-bound for the reliability function of any

discrete memoryless MAC:

El(Rla Rg) = )\17?2171)220 Dl<1 - C—)\), (68)
A1t+A2+A3=1 -
where,
D2  sup  min E[Dy(X1, Xo||Z1, Z5)], (6.9)
Px,xy2,25 =123

and the supremum is taken over all probability distributions Px,x,z z, defined over

X1XXQXX1XX2.

Proof. The proof is given in Appendix E.1. O]
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6.3 An Upper-bound for the Reliability Function

In this part of the paper, we establish an upper-bound for the reliability function

of any discrete memoryless MAC. Define

D; £ max Di(x1, 22|21, 22), 1=1,2,3. (6.10)
z1,21€X1,
22,22E€ X2

Theorem VI.2 (Upper-bound). For any (N, My, My) VLC with probability of error
P., and any € > 0, there exists a function o such that the following is an upper-bound

for the reliability function of the VLC

A2 As>0 je{1,.23} 7 C\
A1+A2+A3=1

E(R,R;) < min min D (1 _ )\jRj>

+5(P6,M1M2,6), (611)
where (Ry, Rs) is the rate pair of the VLC and 6 satisfies

lim im  lim  §(P., M1 My, €) = 0.

e—0 P.—0 M1 Ms—00

Corollary 3. From Theorem VI.2, the following is an upper-bound for the error
exponent of a MAC:

3
3 MR

A1,A2,A3>0 Ch
A1+A2+A3=1

where D, = max{Dy, Dy, D3}, and ¢ is as in Theorem VI.2.

Proof. The proof is given in Appendix E.5. O]
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6.3.1 Proof of the Upper-Bound

Consider any (N, My, My) VLC with probability of error P., and stopping time
T. Suppose the message at Encoder 2, W5, is made available to all terminals. For
the new setup, as W5 is available at the Decoder, the average probability of error is
P! 2 P{WW; # W;}. Note that P, > P!. We refer to such setup as W-assisted MAC.
For a maximum a posteriori decoder, after n uses of the channel and assuming the
realization Y = ¢y and Wy = wy, define

T? 2 inf {n: max P(W; =i|y",wo) >1— 45},

1<i<Mq

where § > 0 is a fixed real number. Also, let 7, = min{T,7?}. Note that 7; is a
stopping time w.r.t the filtration {Fy, X Fi}i~0. The following lemma provides a

lower-bound on the probability of error for such setup.

Lemma 17. The probability of error, P,, for a hypothesis testing over a Ws-assisted

MAC and variable length codes satisfies the following inequality

P> min{P(fZ), P(HC)}G—DlE[T]’

where {H, H} are the two hypothesizes and T is the stopping time of the variable

length code.

Lemma 18. For a given MAC with finite D3 the following holds

p(wlv w2|yn71)
g )

(p(wr, waly™ ™) < plwy, waly™) <

where ( £ ming, ., , Q(ylr1, z2).

The above lemmas are extensions of Lemma 1 and Proposition 2 in [89] for MAC.

The proofs follow from similar arguments and are omitted.
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Lemma 19. Given a MAC with D3 < oo, and for any (N, My, M) VLC with prob-

ability of error P. the following holds
P, > %eDIE[TTﬂ, (6.12)

where C £ min:m,xz,y Q(y‘x17x2>-

Proof. Suppose the VLC is used for a Wy-assisted MAC. As discussed before, P, > PL.
We modify the encoding and the decoding functions of the VLC used for the MAC.
Let H; € M be a subset of the message set M. The subset H; is to be determined
at time 7. The new decoding function, at time T, decides whether the message
belongs to H;. The new encoding functions are the same as the original one until
the time 71. Then, after 7, the transmitters perform a VLC to resolve the binary
hypothesis {W; € H;} and {W; ¢ H;}. This hypothesis problem is performed from
71 to T. With these modifications, the error probability of this binary hypothesis
problem is a lower-bound on P,. In what follows, we present a construction for H;.
Then, we apply Lemma 17 to complete the proof.

Let P(y™, ws) £ 1 — max;<i<ar, P(W; = i|y™, wy). The quantity P!(y™,w;) can
be calculated at all terminals. By definition, at time 7, — 1, the inequality P(W; =
iYL W,) < 1 — 4 holds almost surely for all 4 € [1 : M;]. This implies that
PHY™~1 W,) > §. Hence, by Lemma 18 at time 7; the inequality P}(Y™, Wy) > (6
holds almost surely. We consider two cases P! (y™, wy) < § and Pl (y™, wy) > §, where
§ is the constant used in the definition of 7?. For the first case, H; is the set consisting
of the message with the highest a posteriori probability. Since P(y™,ws) < §, then
P(H;) > 1—4. In addition, as P}(y™,ws) > (6, then P(H{) > (6. For the second
case, set H; to be a set of messages such that P(#,) > 6/2 and P(#H,) < 1—4. Such
set exists, since P(W; = i|Y™"1, W,) < 1 — § holds for all messages i € [1 : M;].

Note that by the above construction, for each case, P(H1) € [(d,1 — ¢d]. Thus,
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from Lemma 17 and the argument above, the inequality
7 T GO DTy, W]
P{Wy #Wi|YT, W5} > 7€

holds almost surely. Next, we take the expectation of the above expression. The

lemma follows by the convexity of e™* and Jensen’s inequality.

]

Next, we apply the same argument for the case where W) is available at all the

terminals. For that define

TQ‘S £ inf {n P max P(Wy = jly",wi) > 1 _5}7
<j<Mo

and let 75 2 min{7T,79}. By symmetry, Lemma 19 holds for this case and we obtain

o
P, > %eM[TWl (6.13)
Next, define the following stopping times:
T9 £ inf {n : max P(W; = i, W = jly") > 1 —d}.
2y

Also, let 73 = min{7T,T¢}. using a similar argument as in the above, we can show
that

P, > %G_ng_m}' (6.14)
For that, after time 73, we formulate a binary hypothesis problem in which the trans-
mitters determine whether (W5, Ws) € Hs or not. Here, Hj is a subset which is

constructed using a similar method as for H; in the proof of Lemma 19. We further

allow the transmitters to communicate with each other after 73. The maximum of

106



the right-hand sides of (6.12), (6.13) and (6.14) gives a lower-bound on P.. The
lower-bound depends on the expectation of the stopping times 7;,7 = 1,2,3. In what

follows, we provide a lower-bound on E[7;]. Define the following random processes.

H} 2 HW,\| Fw, x F),
H} &2 HW,| Fu, x F),

HtS é H(W17W2| ft);

Lemma 20. Given a (M, My, N)-VLC, for any € > 0 there exist L and a probability
distribution Pxrxryr that factors as in (6.4) such that the following inequalities hold

almost surely for 1 <t < N

E[Hyy — H)|Fw, x Fi] > =(I +¢),
E[H}, — HY|Fw, x F) > —(I}, + ),

B[H} — HP|F) = =} + e).

where i = 1,2,3, and It is defined as in (6.5)-(6.7).
Proof. The proof is provided in Appendix E.2. m

We need the following lemma to proceed. The lemma is a result of Lemma 4

in [42], and we omit its proof.

Lemma 21. Foranyt > 1 andi = 1,2, 3, the following inequality holds almost surely

w.r.t ‘7:Wl X ]:W2 X Fy

log Hf —log H/,; < max max C?j’k(y)

[l M1] yEY '
JIElAn] V<Y Qum(y)

From Lemma 20 and the fact that H; < log, M; < oo, the processes {H; +

(I} + €)t}¢0 are submartingales for i = 1,2, 3. In addition, from Lemma 21 and the
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inequalities E[r;] < E[T] < N < oo, we can apply Doob’s Optional Stopping Theorem

for each submartingale { Hf + (I1 + €)t};~o. Then, we get:
log M; <E[H.L] +E[r](I} +¢) (6.15)

where M3 = MlMQ.

Lemma 22. The following inequality holds for each 1 =1,2,3

, P,
B[H] < hu(6) + (6 + —)log, M.

Proof. We prove the lemma for the case : = 1. The proof for : = 2, 3 follows from a

similar argument. For ¢ = 1, we obtain

E[H.] = P{P.(Y™,Wy) > 6}E[H. |P.(Y™, W) > 6]
+ P{P(Y™, Wy) < S}E[HL |P.(Y™, W) < 6] (6.16)

< P{P.(Y™, W) > 6} log, My + P{P.(Y™, W) < }E[H! |P.(Y™, W) < 4],
(6.17)

Note that the event { P, (Y™, W5) > ¢} implies that 7 = T', and P.(y™,Ws) > ¢
for all 0 < n < T. Hence, this event is included in the event { P.(YT, W5) > §}. Thus,

applying Markov inequality gives
T T re
P{Pe(Y 17W2) > 6} < P{P€<Y 7W2) > 6} < F
As a result of the above argument, the right-hand side of (6.17) does not exceed the

following

I
— logy My + E[H} |P.(Y™,W5) < 4).
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From Fano’s inequality we obtain

E[H) |P.(Y™, Ws) < 6] < hy(8) + 0log, M.

The proof is complete from the above inequality. O

log M; hy(5)

It +e It +e

As a result of the above lemma and (6.15), the inequality E[r;] >
holds. Finally, combining this inequality with (6.12)-(6.14) completes the proof of

the theorem.

6.3.2 An Alternative Proof for the Upper-Bound

In this part of the paper, we provide a series of Lemmas that are used to prove

the Theorem. Define the following random processes.

Lemma 23. For an (M, My, N)-VLC with probability of error P. the following in-

equality holds

E[H}] < hy(P.) 4+ Pology(MiMy — 1), for i=1,2,3.

Proof. The proof follows from Fano’s Lemma as in [42]. O

Lemma 24. There exists € > 0 such that, if H} < ¢, then

Ellog H/,, — log H}|Fw, x F] > — (D1 + €),
Ellog HY,, — log HY | Fw, x Fi] > — (D2 + €),

Ellog H},, — log H}|F] > —(Ds + €)

holds almost surely, where D;,i = 1,2,3 are defined in (6.10).

Proof. The proof is given in Appendix E.3. O]
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Lemma 25. Fori =1,2,3, define random process {Zt(i)}tzl as

0 (log Hi —1 H |
20 = (PEHTE e faog ) 14t < o

Hi - |
+ ( L ‘ —|—t) 1{H! > e} (6.18)
L

where the function f; is defined as f;(y) = % Then, there exists j; > 0 such that

7z is a submartingale w.r.t Fy, x Fy, X Fr.

Outline of the proof. Suppose Wy = m for some m € [1 : Ms]. Given this event and
using the same argument as in the proof of Theorem 1 in [42] we can show that

Zt(i)\Wg = m is a submartingale for all m. More precisely, the inequality
E{Zt@ - Zt(—l&—)ly’FW1 X "T_‘Wz} < 07

holds almost surely w.r.t Fy, X Fy,. Taking the expectation of the both sides in the

above inequality gives
E{z" - 791 <0, Vt>0,i=1,2,3.

Thus, Zt(i) is a submartingale for ¢ = 1,2, 3 and w.r.t Fy, X Fw, X F;. O

Corollary 4. Suppose aq, as, a3 are non-negative numbers such that oy +as+az = 1.
Define Z; = olet(l) —|—oz2Zt(2) +043Zt(3). Then, Z; is a submartingale w.r.t Fy, X Fy, X
Fi.

The Theorem follows from the above lemma, and the proof is given in Appendix

E.4.
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6.4 The Shape of the Lower and Upper Bounds

In this Section, we point out a few remarks on E,(R;, Rs) and the lower-bound
Ei(Ry, Rs) defined in Theorem VI.1. Furthermore, we provide an alternative repre-
sentation for the bounds and show that the lower and upper-bounds match for a class
of MACs.

We first compare the lower bound in (6.8) and the upper-bound in Corollary 3.
For a given arbitrary rate pair (R, Rz) inside the feedback-capacity of a given MAC,
consider a sequence of VLCs with rates (R, Ry) and with average probability of error

approaching zero. Then, the following holds:

lim lim lim M = &
0 P.—0 MiMy—oo Fy(Ry, Ry) Dy

As a result of the above remark, it is concluded that for small enough probability of
error, the bounds are different only in the constants D, and D;.

Next, provide an alternative representation for the lower/upper-bound. For that,
suppose (R1, Rs) is a point inside the capacity region C. By (||R||,0r) denote the
polar coordinate of (R;, Ry) in R?. Tt is shown in the following Remark that the

optimum A\ in £, and Ej is independent of the Euclidean norm of (Ry, R»), i.e., | R]].

Remark 20. Given an arbitrary « > 0 and a rate pair (Ry, Ry) in the capacity region,

the optimum \ for Ej(R;, Ry) is the same as the one for Ej(aR, aRs).

Proof. Note that one can write Ej(Ry, Ry) as

3
- R
E(Ry,Ry)=D; [ 1— max —Zz:l ,
A1, A2, 0320 Ch

A1+A2+A3=1
23—1 Ai Ri
D |1 &=L

I ( o ;

where A" is the optimum \ for E;. Next, replace (R, Ry) with (aRy, aRy) for some

111



constant a > 0. Then, we obtain

Z?:l AiR;
E(aRy,aRy)=D; |1 —a max =“=———
A1,A2,A3>0 Ch
A1+A2+A3=1

3
(a) E :‘:1 A;Ri
=D|]1—-a=F7"—
l ( Cy+ ’

where (a) follows as the objective function for the maximization is the same as the
one in Ej(Ry, Ry). This implies that there is an identical A* which optimizes the
expression in Ej(Ry, Ry) and Ej(aRy, aRy). O

Figure 6.1: Given a rate pair (R;, Ry) which is inside the capacity region, consider
the line passing (R, R2) and the origin. Then, (R}, R)) is the point of
intersection of this line with the boundary of the capacity region.

Now, consider the line passing (R, Ry) and the origin. Let (R}, R)) denote the
point of intersection of this line with the boundary of the capacity region. Fig. 6.1
shows how (R}, Rj) is determined. Since, R, = aR;,i = 1,2 for some o > 0, then the

optimum A in Ej(R}, R}) is the same as the one in Ej(R;, R2). Therefore, from this
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R;

argument and the fact that R; = —£,4 = 1,2, we can rewrite Ej(Ry, Ry) as

A1,A2,23>0 Q@ Cy
A1+A2+A3=1

a 1
“n(r-t)
0%
/

where (a) follows, since (R}, R)) is on the capacity boundary. Note that a = ‘

152 MR,
Ei(Ri,R;) = min__ Dy (1 _ _L) 7

[

Therefore, Ej(Ry, Ry) = D, (1 - \l\%"l‘I)' Moreover, note that ||R’|| depends on (R;,

Rs) only through 6g; in particular, it equals to C'(6g) which is a function of 6z. With

E

this notation, we can rewrite E; as

Ey(Ry, Ry) = Dy <1 N CU(}_;Q)>

Using a similar argument for F,, we have

Eu(Ry, Ry) = D, (1 - c”(%i)) +4.

As a conclusion of the above argument, the lower (upper) bound increases linearly
with respect to a specific Euclidean distance measure defined between the transmis-
sion rate pair and the capacity boundary. Fig. 6.2 shows the shape of a typical upper

(lower) bound as a function of the transmission rate pairs.

6.4.1 On the Tightness of the Bounds on the Error Exponent

In what follows, we provide examples of classes of channels for which the lower

and upper bound coincide.

Example 11. Consider a MAC in which the output is (Y7,Y5) and the transition
probability matrix is described by the product Qy,x,@v;x,. This MAC consists

of two parallel (independent) point-to-point channels. Suppose, C; and Cy are the

113



E/(R1,R2)

Figure 6.2: The conceptual shape of the lower /upper-bound on the error exponent of
a given MAC with respect to the transmission rate pair (Ry, Rs).

capacity of the first and the second parallel channel, respectively. For this MAC, one

can use two parallel Yamamoto-Itoh schemes, one for each channel. Based on the

results for the point-to-point case, it is not difficult to show that the error exponent

for such MAC satisfies

E(Rl, Rg) 2 m1n{D1(1 - —), D2(1 - —)}, (619)

where (7 and C5 are the point-to-point capacity of the channel corresponding to
Qvix, and Qy;|x,, respectively. Note that this lower-bound is not covered by the
proposed coding strategy given in Section 6.2. For such MAC, the upper-bound

given in (6.11) is simplified to

N R
F(R, Ry < i in D;[1—-—212 0.
(e, o) < min | min, ( A101+A202)+

The right-hand side of the above inequality is further upper-bounded by substituting
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(A1, A2) = (0,1) or (A1, Ag) = (1,0). Therefore, we obtain

R,

By letting 6 — 0 as in Theorem VI.2, the above bound can be made arbitrary close

to the lower-bound given in (6.19).

Example 12. Consider a MAC with input alphabets X} = X5 = {0, 1,2}, and output
alphabet ) = {0, 1,2}. The transition probability of the channel is described by the

following relation:

Y = X @3 Xy B3 Ny,

where the additions are modulo-3 addition, and N, is a random variable with P(NV,, =
1) = P(N, =2) =p, and P(N, =0) =1 —2p, where 0 < p < 1/2. It can be shown
that for this channel D; = D,, = (1—3p) log %. Hence, the upper-bound in Corollary

3 can be made arbitrary close to the lower-bound in Theorem VI.1.

The argument in the above example can be extended to m-ary additive MACs for

m > 2, where the transition probability of the channel is described by
Y = Xl Dm X2 Dm Npa

where all the random variables take values from Z,,, and N, is a random variable
with P(N, =1i) = p for any i € Z,,, i # 0 and P(N, =0) =1 — (m — 1)p. It can be

shown that for this channel

1-— -1
Dl:Du:(l—mp)logM.
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APPENDIX A

Proofs for Chapter 11

A.1 Proof of Lemma 1

Proof. Using (2.3) we get U,, = ®quA§kq‘")(Uq), where k,,, = Pp(q)k,, and the
distribution of U, is the same as the conditional distribution of U given ) = gq.
Using well-known results on the size of e-typical sets we can provide a bound on
|A£kq’”)(Uq)|. More precisely, there exists N, such that for all k,, > cN,, we have

]kq% log, A% (U] — H(U,)| < 2¢,, where using the same argument as in [3]

€@ =—— > log, P(U, = a).

CLEZpr ,P(Uq =a)>0

Therefore,

1 1
. log, |Un| = W Z log, |A£kq’n)(Uq>’

<> %(H(Uq) +2¢))

ge@ "

CHUIQ) + Y Palg)2¢, < HUIQ) + ¢,

qeQ
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where ¢ £ 2max,cq ¢, Note that (a) holds as Py(q) = kgn/kn. Using a similar
argument we can show that ilog2 U,| > HU|Q) — €. Finally, by setting N =

max, V,, and combining the bounds on ki" log, |U,| the proof is completed. O

A.2 Proof of Lemma 2

Proof. For any u € U,,, define

Ow) £ > 1{P, (1) = D, ()}

u’' ey,
u’#u

Note that #(u) is the number of vectors u’ € U, that have the same output as for
u, ie, ®,(0) = ®,(u). Let A = {u €U, : O(u) =0} Note that A is a subset
over which ®@,, is injective. We show that |.A°| < § |U,,| with high probability. Using
Markov inequality:

E[JA°]
Oln|

PAA" > 0ftdn|} <

where the expectation is taken with respect to the distribution on random mapping

®,,. Note that

A=) 1{(u) > 0} < Y 6(w)

uEUn, uEUy,
Hence,
. 1
P{A°] = o|tdn|} < KAl > E[b(w)]. (A1)
" uel,

By definition, E[0(u)] = >_ ., P{®s(u’) = ®,(u)}. We provide an upper bound on
E[6(u)].
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Let Hy = p*Z, be a subgroup of Z,-, where s € [0 : r — 1]. If a € Z,» — {0}, then
there exits a maximum s € [0 : 7 — 1] such that a € H,. That is a € Hs and a ¢ H,
for all t > s. As a result, for any u’ € U,, there are r cases for the maximum s such

that u — v’ € H™. Considering these cases, we obtain

> P{e,(u) u)} = Z Y. PO (w) = Pu(w)} (A.2)

u’' ey u’'ely
u'#u u uEHk”\Hkﬁ1

Since ®,, is a linear map, we have P{®,(u') = ¢, (u)} = P{®,(u’ —u) = 0}. Next,
we use Lemma 29 (see Appendix A.9). Since w'—u € H*\HF, then P{®,(u'—u) =

0} = p~("=9). Therefore, using (A.2) and the expression for E[(u)], we get

<Z S ) (A3)

= u’el,
u’ uEHk”

Next, we replace the summation over u’ with the size of the set U, ((u+ H"). Since
U, is a Cartesian product of typical sets, we use Lemma 30 (see Appendix A.9) to

obtain the following bound

U (Y + HEm) <H2kqn CAICAREEA]

where k,, = Po(q)k,. Therefore, the following bound holds:

r—1
E[f(u)] < § 2k (H IR +¢)pp—n(r—2 (A4)

s=0

By assumption, H(U|[U],,Q) < X(r — s)logyp — €,Vs € [0 : r — 1]. Therefore, for
appropriate choice of € and for sufficiently large n, the right-hand side of (A.4) can

be made arbitrary small (say smaller than §v). Therefore, from Markov inequality
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given in (A.1), we obtain

1
B{AT = dlutul} < g > =1
n u€U,

A.3 Proof of Lemma 4

Proof. Let C, be the random (n, k,)-QGC as in Lemma 4. For shorthand, for any
u € U, denote ®,,(u) = uG,,, where G,, is the random matrix corresponding to C,.
Fix uy € U,. Without loss of generality assume c(0) = ®,(uy) + B, where B is the
translation associated with C,. Define the event &, (u) := {(®,(u)+ B,Y) € A" (X,
Y)}, and let &, be the event of interest as given in the lemma. Then &, is the union

of £,(u) for all u € U,\{up}. By the union bound, the probability of &, is bounded

as
PE) < S PlEs(u) (A.5)
uclly,
u#ug
For any u € U,,, the probability of £,(u), can be calculated as,
P, ()= > Y P(®,(1)+B=x%,Y =y,E(u)) (A.6)

XoELT yEV™

- Z Z Z P@n(uo)ﬂLB:Xo,?zy,q)n(u)%—B:x)

X0€Z5r ye AU (V) x:(x,y) €A (X,Y)

(A7)

By assumption, conditioned on ®,,(uy) + B, the random variable Y is independent of
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®,,(u) + B. Therefore, the summand in (A.7) is simplified to
P(®n(ug) + B = Xo, Pn(u) + B = x) Py x (y[xo)- (A.8)
Since B is uniform over Zj,, and is independent of other random variables,
P(®,(u) + B =x0,P,(u)+ B=x)=p "P(P,(u—1uy) =x —Xp). (A.9)

Using Lemma 29 (in Appendix A.9), if u —u € H\H | then P(®,(u—uy) =
x—xg) = p """ 1{x—xy € HF"}. Therefore, using (A.7), and for u—u, € H\H,

we obtain

PEm)= Y ) o p Pk (ylxo)p )

XQEZL™, (n) X:
7 YEATY) (x yyeal (x,v)

x—xo€HY

Denote A £ {x : (x,y) € A™(X,Y), x — %o € H?}. Note that if ([xo)s,y) ¢
AM([X],Y), then A = 0. Therefore,

P(&n(u)) = DR (ylxo)p (A.10)

(x0,¥): xeA
([xo]s,y) €A™ (1X]5Y)

Next, we replace the summation over x with the size of the set A. We bound the
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size of A using Lemma 30. Therefore, an upper-bound on (A.10) is

P(gn(U)) < Z p—nTP{/L|X(y|XO> p—n(r—s)2n(H(X\Y,[X]s)+5(4e))

(%0,y):
([xo]s,y) €A (1X]5Y)

<[ X 3 Ry lo) | pre R ) (A )

XoEL yEV™

< p—n('r’—s)2n(H(X|Y,[X]s)+6(4e)). (A]_Q)

Note that if a € Z},,a # 0 then there exists s € [0 : 7 — 1] such that a € H{\H},,.
Therefore, there are r different cases for each value of s. Using (A.12), and considering

these cases, we obtain

ﬁ
|
—_

r—1
P(gn) S Z P(gn(U)> S Z Z 2n(H(X|Y[X]s)+5(4e))p—n(r—s)
s=0

ueldy, uclly

u—ugeHM\HE, u—ueHM\HE,

Il
o

s

r—1
Uy (Y(uo + HE)|2n XYL +00) (=)
5=0

IN

Note that U, is the Cartesian product of e-typical sets AY (q)k")(Uq), g € Q. For

each component ¢ of U,,, we can apply Lemma 30. Therefore,

Uy, 1 (g + HF)| < 250 P@ha(HUal[Ua]s)+5(29) _ obn(HWUIV]s,Q)+5(20).

Finally,

ﬁ
|
—

P, < ST o (S HEIVLQ+HIY X)) + 2620 +0(40)) ) —n(r—s)

i
o
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As a result lim,, o, P(&,) = 0, if the inequality
cH(U|[U];, Q) < logyp™* — H(XY, [X]s) — 2(2+ ¢)d(e),

holds for all 0 < s < r — 1. Multiply each side of this inequality by % This

gives the following bound

H(UIQ) < G (1og, = — H(X|Y. [X],) 202+ )9(0)

U1Q,[U]s)

By definition R, = Xlog, |C,| < cH(U|Q) + €. Therefore,

o < HUQ

n < m(logzﬂ‘s — H(X]Y, [X]s) = 2(2 + ¢)d(e)),

and the proof is completed. O

A.4 Proof of Lemma 5

Proof. We use the same notation as in the proof of Lemma 4. For any typical sequence

x define

A(x)= > > 1{®,(u)+ B =i}
xe A (X |x) uEUn
Note A, (x) counts the number of codewords that are conditionally typical with x with
respect to p(x|x). We show that lim,,_,., P(\,(x) = 0) = 0 for any e-typical sequence
x. This implies that lim,,_,o. P(A,(X") = 0) = 0, where X" ~ [[_; p(x). This proves

the statements of the Lemma. Hence, it suffices to show that lim,, ., P(A\,(x) =0) =

123



0. We have,

P = 0} < P{A(x) <

(A.13)

Hence, by Chebyshev’s inequality, P{\,(x) =0} < W. Note that

EQu(z)= Y Y P{®u)+B=x%} (A.14)

A (X |x) UEUn

Since B is uniform over Zj., we get
E(Aa(2)) = [AM (X [R)|Unlp™"™. (A.15)

Note 2kn(HWUIR)=2) < |14, | < 2kn(HUIQ)IF2) " where

e’=—]§ZPQ<q> Y log Pyglalg).

qeQ aGZpr:PU‘Q(a|q)>O

Therefore,

2n(H(X|X)—2€)2kn(H(U\Q)—2E’)p—rn < E()\n(iﬁ)) < 2n(H(X|X)+2€)2kn(H(U|Q)+26’)p—rn

Y

(A.16)

To calculate the variance, we start with

EQu(z)) = > > P{®(u)+B=%21)+B =%}

%%/ €A (X |x) W EUn

Since B is independent of other random variables, the most inner term in the

A~

above summations is simplified to p™" P{®(u — u’) = X — X'}. Using Lemma 29 (in
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Appendix A.9), if u —u’ € HF\H | then
P{d(u—u) =% %} =p " I1{x - %' € H"}

Considering all the cases for the values of s, we get

Z Z Z p—nrp—n(r—s)

wwell g geAl™ (X|x)
u—u'cH; "\HSJr1 R—%'€H!

Since the innermost terms in the above summations do not depend on the individual
values of X, X, u,u’, the corresponding summations can be replaced by the size of the
associated sets. Moreover, we provide an upper bound on the summation over u, u’

by replacing H "\ H| with H*. Using Lemma 30 for x,%, we get

n(H(X|X)+&+H(X|X,[X]s)+6(4€)), —nr, —n(r—s)
B D PP

s=0 uEUn u EZ/{n
u—u'cHkn

For any u € U,,, by applying Lemma 30 we get |U), ((u+HF)| < 2kn(HUIQ,Ul)+3(e)),

As a result,

E(An(2)?) <

T

Z 9kn (H(U|Q,[U]s)+6(4€)) okn (H (U|Q)+€) g (H (X | X)+&+H (X] X,[X]5)+5(4e))

s=0

pfnrpfn(rfs) )

Note that the case s = 0 gives E*(\,(z)). Therefore,

T

VCL’/’()\”(I>2) <pr Z an(H(UIQ)+H(U\Q7[U]S))Qn(H(X\X)JrH(XIX,[X}s))Qn(1+6)(€+5(4€))

s=1

—n(r—s)

p

(A.17)
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Finally, using (A.16), (A.17) and the Chebyshev’s inequality as argued before, we

get

P{\,(x) =0} <

nr, —n(r—s)

4 Z 9hn(~HUIQ)+HUIQU]:) gn(~H(XIX)+H (X|X,[X]a) gr(1+e)(e+3(de) ynr,

s=1

— 4 grHNEHI0) § ™ gk HULIQ)gnH(R) X s,

s=1

The second equality follows, because H(V|W) — H(V|[V]s, W) = H([V]s|W) holds
for any random variables V' and W. Therefore, P{\,(x)} approaches zero, as n — oo,

if
cH([UL|Q) > logyp® = H([X]s|X) + (1 +¢)(e + 8(4e)), for 1<s <.

By the definition of rate and the above inequalities the proof is completed.

A.5 Proof of Theorem I1.2

. .. . A A A~ ~
Fix a positive integer n, and define l; = ¢yn,ls = con, and k = ¢n, where ¢, ¢; and

¢y are positive real numbers such that [y, s and k are integers.

Codebook Generation We use two nested QGC’s, one for each encoder. The
codebook for Encoder 1 is an (n, k, ;) nested QGC (as in Definition 5) with random
variables (W1, V1, Q). Let C;1,Cy, and Co,; denote the corresponding inner code, shift
code and the outer code (as in Definition 5), respectively. The codebook for Encoder
2 is an (n, k, l3) nested QGC with random variables (W3, V5, @), inner code Cj o, shift

code Cs, and outer code Co,2. The codebook at the decoder is denoted by C; which is
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an (n, k) QGC with random variables (W; + W, Q).

Conditioned on @, the random variables (W5, W5, V;,V3) are mutually indepen-
dent. The random variable V; is uniform over {0, 1}, and is independent of Q).

The nested QGCs and C; have identical generator matrices but different trans-
lations and index random variables. Note that each nested QGC has two generator
matrices/translations, one for the inner code and one for the shift code as in Defini-
tion 5. The generator matrix and the translation for the inner codes Cr;,7 = 1,2, are
denoted by G and b, respectively. The generator matrix and the translation used for
shift code C;;, are denoted by G and b;, respectively, where ¢ = 1,2. The elements
of G,G,b, and b;,i = 1,2 are generated randomly and independently from L.

By Ro, and R;; denote the rate of the inner code and outer code defined for the
ith nested QGC. Define R; & Ro;— Rp;,1=1,2.

Encoding Suppose (x1,X2) is a realization of (X7, X7'). The first encoder checks if
x; is e-typical and x; € Cp . If not, an encoding error £} is declared. In the case of
no encoding error, by Definition 5, x; = ¢;; + €1, where ¢;; € Cr; and ¢; € C,. The
first encoder sends the index of ¢;. Note ¢; determines the index of the bin which
contains x;. Similarly, if x5 € AE") (X32) and x2 € Cp 2, the second encoder sends finds
cr2 €Crp and ¢y € C, such that x5 = cr2 + C2. Then it sends the index of ¢,. If no

such cr 9 and ¢y are found, an error event £ is declared.

Decoding The decoder wishes to reconstruct x; +x,. Assume there is no encoding
error. Upon receiving the bin numbers from the encoders, the decoder calculates ¢;
and €3. Then, it finds ¢ € C; such that ¢ +¢; + ¢y € AE")(Xl + X5). If € is unique,
then € + ¢; + €5 is declared as a reconstruction of x; + Xs. An error event E, occurs,
if no unique ¢ was found.

We need to find conditions for which the probability of the error events Fy, Fs

and E, approach zero. By W; denote the index set of C;;, and let V; be the index set
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of C;i = 1,2.

Error Let (fi(+), f2(+)) and g(-,) denote the encoding and decoding functions cor-

responding to the above coding scheme. The overall error event is defined as

E2 {}(711 + X;” #* g(fl(X?)7f2(X3))}

For the achievability, we need to show that P(E) can be made arbitrary small for
sufficiently large n. For that, using the aforementioned encoding and decoding error

events we have

P(E) < P(E, U By U Ey) + P(E|ES N ES N ES)

Using standard arguments for typical sequences, we can show that when there is no
encoding and decoding error (i.e., E{NESNEYS) the error probability P(E|E{NESNES)
approaches 0 as n — 0o. As a result, the second term above is sufficiently small for
large enough n. Therefore, for sufficiently large n and from the union bound on the

first term we obtain,

P(E) < P(Ey) + P(Ey) + P(Ey) + ¢

A.5.1 Analysis of Ey, F5

In what follows, we apply the covering lemma (Lemma 5) to bound the probability
of the encoding errors. For that the outer code Cp; is used to “cover” the source Xj.
Note that Cp,; is the outer code for the (n,k,l) nested QGC used at Encoder i,
i = 1,2. Therefore, Cp; is a (n, k+1) QGC with appropriately defined index random

variables (as is defined in Lemma 3). The random variables defined for Co; are (Uj,
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(Q, J;)), where given J; = 1 we have U; = W, and given J; = 2 we get U; = V;. In

addition, P(J; = 0) = liik’ and P(J; =1) = ll-i-k: We apply Lemma 5 to bound the
probability of E;. In this lemma set X = X = X, with probability one, C, = Co,i, and
R, = Ro,;,i =1,2. Using Lemma 5, P(E;) is sufficiently small for large blocklength
n if

Ro; > max W(bgw + o(e)).

Using Remark 3, and the above bound we get *% H([U;],|Q, J;) > log, p* + o(e)

for s € [1 : r]. Therefore, by the definition of U; and .J;, we get
k l; .
EH([WiHQ) + EH(VQ\Q) > logy p° + o0(€), 1 < s <.

Note that in this bound we use the equality H([V;]s) = H(V;). This equality holds
because V; takes values from {0,1}. Again using Remark 3, we get |R; — 2 H(V}|Q)| <

o(€). Hence, if the following holds
k .
—~H(Wils|Q) + Ri > logyp® +o(e), 1< s <r i=12 (A.18)
n

then P(E;) — 0 as n — 0.

A.5.2 Analysis of E;

Upon receiving the bin numbers, the decoder calculates €; and €. The decoding
error consists of two events: 1) no typical sequence z was found, and 2) multiple
typical sequences z were found. Using standard arguments, one can show that the
probability of the first event is sufficiently small for large enough n. In what follows,
we bound the probability of the second event, i.e., 9. This event occurs, if there

exist more than one ¢ € Cr; + Cr2 such that ¢ + €; + €2 is e-typical with respect to
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P Xi1+Xo-
To bound P(E,2) we need to take into account whether there is an encoding error
or not. For that, first we provide an alternative representation for the encoding errors.

For any sequence x; € Z,, define

w; EW; v, €V;

where i = 1,2 and (G, G, b, b;) are the generator matrices and translations defined
for the ith nested QGC. With this notation, E; occurs if \;(x;) = 0, where (x1,X3) is
a realization of the sources. Next, we define a super-set of the encoding error events

E{ = {Az(xz) < _E<>\Z(Xz))}7 L= 1727 (Alg)

where E(\;(x;)) is the expected value of \;(x;). Note that F; C El,i =1,2.

For the modified encoding error events (£}, ES) given in (A.19) we have

P(Eqp) < P(Ey U Ey) + P(Eg2 N E° 0 Ey)

< P(E}) 4 P(Ey) + P(Eq2 N E N EY)

For the first two terms above, based on the proof of Lemma 5, we can showed that
P(E!) — 0 as n — oo. Note that P(E!) is the same as the second term in (A.13)
in the proof of the covering. In fact, for the proof of the covering bound, we showed
that such probability approaches 0 as n — oo.

In what follow, we show that the second probability in the above approaches 0 as

n — oQ.
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Analysis of P(Eq2|EFNES) Note that £,°N E4° implies that there is no encoding
error; because \;(x;) > 1/2E(\;(x;)). Since there is no error at the encoding stage,
x; € Co,,t = 1,2. By Definition 5, every codeword in Cp,; is characterized by a
pair (v, w;), where v; € V;,w; € W;,i = 1,2. Given x;, if more than one pair was
found at the ith encoder, select one randomly and uniformly. By P(v;, w;|x;) denote
the probability that (v;, w;) is selected at the ith encoder. Then, P(v;, w;|x;) =
ﬁl{wi(} +v;G + b+ b; = x;}. Fix G, G;,b and b;,i = 1,2. Suppose x; and
Xy are the realizations of the sources X; and Xs, respectively. Moreover, suppose
(x1,%3) € A (X1, X5). Therefore,

P(Egs 0V E° 0 EYJx1, %2) = IL{/\i(xi) > S B(\(xi)),i = 1, 2}

H Z Z (v, w;ilx;) | P(Eazlxi, vi, Wi, i =1,2)

Jj=1v;eV; w;eW;

In what follows, we bound P(Eqs|x;, vi, Wi, ¢ = 1,2), P(v1, Wi|x1), and P(vo,

Ws|X3y). For the first conditional probability we have
P(Ed’2|Xi,VZ',Wi,Z' = 1, 2) = 1{32 c Agn) (X1+X2) 1 Z 7& X1+X2, zZ € C[71+C[,2+61+62}

where, ¢; = v;G + b;,i = 1,2. Let W = W, + W,, and define Z £ X, + X,. Using

the union bound, we have

P(Ed72|Xi,Vi,Wi,i = 1, 2)

<Y ) WG+ (vi+va)G+2b+ by + by =2}
WEW zeal™ (z)
ZF#X1+X2

< DY) WG+ (vi+va)G+2b+b+by=2}  (A20)

weW s - 4(n)
Ww +wy ZEAe (%)

The second inequality follows, because the condition W # w;+Wwsy is less restrictive
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than z # x; + x9. This is due to the fact that G is not injective necessarily.
Next, we provide an upper-bound on P(v;, w;|x;),7 = 1,2. Since E1°N E}° is in
the conditioning, A;(x;) > $E(\i(x;)). As a result,

E(i(xi))

Using the bounds given in (A.20) and (A.21), we get

2
(& C 2 —~ R
P(Eq2 NE] N Ey[x1,%s) < H > WH{WJG +v;G+b+b;=x;}
Jj=1 v;€eV;
w;EW;
E E WG + (vi +v2)G +2b + by + by = 7}

wew s - 4(n)
Wwy wy ZEAC (%)

Next, we average P(Eq2NE;°N E°|x1,Xs) over all possible choices of G, G, b, by,

and by. We obtain

E{P(Ea> N BN By xi,xa)} < ) E(/\12(x_1)) 2 E(Af(xZ)) 2 2

vieEW: v2EV> weEW s - 4(n)
wieW; woEWs WH#W]+Wa z€Ae (Z)

P{WG+(V1+V2)G+2B+B1+BQ:i,W2G+Vlé+B+B1:XZ,Z:1,2}

Note B; and B are independent random variables with uniformly distributed over

L. Therefore, the innermost term in the above summations equals

p P{(W —w, —wy)G =7 — x| — X3} (A.22)

We apply Lemma 29 (in Appendix A.9), to calculate the above probability. If w —
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wi — wy € H'\H, |, then (A.22) equals to

p 2y =1z — x; — x, € HF}. (A.23)

As a result, we have

9 2
E{P(E;>NE“N E|x1,%x2)} < EET NN, E((x))
(PERNENE xR} S D paesy 2 T
viEV] Vva€EVy
wi1EW, waEW2
r—1
SR SR D
s=0 WEW 7zcA™(2)

s k k
Wow1—W2CHNHT 5 5 “xpe

Since the innermost terms in the above summations depend only on s, we can replace
the summations over w and z with the size of the associated sets. We apply Lemma
30 to bound the size of these sets. Also, we can replace the summations over v; and

w;, i = 1,2 with the size of the related sets. Define W £ W, + W,, we get,

2 2

E{P(E, . A E°NE" < — WA

{ ( 4.2 N 1 N 9 |X1,X2)} ~ |Wl||V1|E()\1(X1)) |W2||V2|E()\2(X2))
r—1

g HUEZL: o) g HOVIQIWLe)+ofe)) py=2nrp=nir—s)

s=0

Note that from (A.15) in the proof of Lemma 5, E(\;(x;)) = |[Wil[Vilp™™",i = 1, 2.

Therefore, we have

r—1
E{P(Eqz N EL 0 Bl x0)} < 43 2nH U o) gh(HOVIQIWLE+ole))y=nir—),
s=0

Note that the above bound does not depend on e-typical sequences x; and x5. Using

standard arguments for e-typical sets, the probability that (X7, X%) ¢ A (X1, X2)
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is upper-bounded by -5, where ¢ = ’%. Hence, we have

TL62 )

ne

E{P(Es;N B NEY)} < —
ne
r—1
+4(1— %) 3 gnHZIZ1e) o) g HOVIQV L) +o(e)) y=n(r—s),
s=0

Therefore, E{P(E 2 N E1° N EL°)} tends to zero as n — oo, if for all s € [0: r — 1],
k -5
~H(W|Q, [W]) < logy p" ™ — H(Z|[Z],) = o(e). (A.24)

Next, we use (A.24) to show that the bounds in (A.18) are redundant except the

following:
k

For that, we compare (A.25) with the bounds in (A.18) for different values of s.
Noting that H(W;|Q) = H([W;]s|Q) + H(W;|Q[W;]s), it is sufficient to show that

EH(W;|Q, [Wi]s) < log, pr~*. To show this inequality, we first prove that
H(W1|Qa [Wz]s) < H(Wl + W2|Q7 [Wl + W2]8)7 1= 1a 27 0<s<r. (A26)

Then, using (A.24), we get %H(WAQ, (Wils) < logyp™*. In what follows, we prove
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(A.26). We have

H(Wy + Wa|Q, Wi + Was) = HWy + Wa|Q, [[Wi]s + [Walsls)
> H(Wy + Wa|Q, [Wh]s, [Wa]s)

= H(Wb W2|Q> [Wl]sa [WQ]S) - H(W1|Q, [Wl]sa [W2]57 Wl + Wg)

W HW,|Q, [Wal,) + H(WA|Q, [Wi]s) — H(WA|Q, [Whls, [Wals, Wy + W)

L H(WaQ, [Wal,) + I(Wis Wi + Wa|Q, Wi, [W2))

=

2 H<W2’Qv [WQ]s)a

where (a) and (b) hold because of the Markov chain W <+ @ < W,. Similarly, we
can show that H (W + Ws|Q, [W1 + Ws]s) > H(W1|Q, [Whls).
Finally, using (A.25) and (A.24) the following holds
. H(Wi|Q)

R; > log,p" — log, p\" %) — H(Z|[Z].)), (A.27
> logap" = N | 10, IV, L) (o8P (Z1[2]5)), (A.27)

where we minimize the above bound over all PMFs of the form

Powvimavs = Po [ [ (PriePviie)

such that p(q) is a rational number for all ¢ € Q. Since rational numbers are dense
in R, one can consider arbitrary PMF p(q). Lastly, in the next lemma, we show that

the cardinality bound |Q| < r is sufficient to optimize (A.27).
Lemma 26. The cardinality of Q is bounded by |Q| < r.

Proof. Note that (A.24) and (A.25) give an alternative characterization of the achiev-
able region. Using these equations, observe that this region is convex in R2. As a
result, we can characterize the achievable region by its supporting hyper-planes. Let

R; := log,p" — R;,i = 1,2. Using (A.27) for any 0 < a < 1 the corresponding
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supporting hyper-plane is characterized by

(a}_‘h +(1—- OJ)RQ)H(W|Q7 [W1s)

~ (aHWIIQ) + (1 = ) H(W3IQ)) (log, "~ — H(Z|[Z],)) <0,
(A.28)

where s € [0,7—1]. We use the support lemma for the above inequalities to bound | Q).
To this end, we first show that the left-hand side of these inequalities are continuous
functions of conditional PMF’s of Wy and W5 given ). Let &2, denote the set of
all product PMF’s on Z, x Z,. Note &, is a compact set. Fix ¢ € Q. Denote
f(p(wilg)p(wslq)) = o (Wh|Q = q) + (1 — a) H(W2|Q = q) and gs(p(w1|q)p(w2lq)) =
H(W,4+Ws5|Q = ¢, [W1 + W), where s € [0 : 7 —1]. We show that f(-), gs(-) are real
valued continuous functions of &,.. Since the entropy function is continuous then so
is f. We can write gs(p(wi|q)p(w2lq)) = H(Wi + Wa|Q = ¢) — H([W1 + W2]s|Q = q).
Note that [-]s is a continuous function from &2, to &2,.. This implies that H([-]s) is
also continuous. So gs is continuous. As a result, the left-hand side of the bounds
in (A.28) are real valued continuous functions of &,.. Therefore, we can apply the

support lemma [5]. Since there are r bounds for different values of s, then |Q] <r. [

A.6 Proof of Theorem I1.3

. V. . A A~ ~ ..
Fix positive integer n, and define [ = ¢n, and k = ¢n, where ¢ and ¢ are positive

real numbers such that [ and k£ are integers.

Codebook Generation We use two nested QGC’s, one for each encoder. The
codebook for Encoder 1 is an (n, k,[) nested QGC (as in Definition 5) with random
variables (W1, V1, Q). Let C;1,Cy, and Co,; denote the corresponding inner code, shift

code and the outer code (as in Definition 5), respectively. The codebook for Encoder
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2is an (n, k,[) nested QGC with random variables (W, V2, @), inner code C; o, shift
code C,, and outer code Coz2. For the decoder, we use Cp; + Cp2 as a codebook.
Conditioned on @, the random variables (W7, W5, V4, V3) are mutually independent.

The nested QGCs and C; have identical generator matrices but different trans-
lations and index random variables. Note that each nested QGC has two generator
matrices/translations, one for the inner code and one for the shift code as in Defini-
tion 5. The generator matrix and the translation for the inner codes Cr;,7 = 1,2, are
denoted by G and b, respectively. The generator matrix and the translation used for
shift code C;;, are denoted by G and b;, respectively, where ¢ = 1,2. The elements
of G,G,b, and b;,i = 1,2 are generated randomly and independently from ZLyr. By
R; denote the rate of C;, and let R;; be the rate of Cr;, where i = 1,2.

Codebook Generation: We use two nested QGC'’s, one for each encoder. The
codebook used for the ith encoder is (Co;,Cr;). With this notation, the random
variables corresponding to Co, are (W;,V;,Q),i = 1,2. For the decoder, we use
Co1+ Co2 as a codebook.

Encoding: Index the codewords of C;,i = 1,2. Upon receiving a message index
0;, the ith encoder finds the codeword c; € C; with that index. Then it finds ¢ 1; €Cr,
such that c; + ¢y, is e-typical with respect to Py,. If such codeword was found, the
encoder ¢ sends x; = ¢; + c¢r;,% = 1,2. Otherwise, an error event F;,¢ = 1,2 is
declared.

Decoding: The channel takes x; and x5 and produces y. Upon receiving y from
the channel, the decoder wishes to decode x = x; + x5. It finds x € Cp; + Cp 2 such
that x and y are jointly €é-typical with respect to the distribution Px,4x,y. An error
event E,; is declared, if no unique x was found.

Probability of Error: Let (fi(-), f2(-)) and g(+,-) denote the encoding and de-

coding functions corresponding to the above coding scheme. The overall error event
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is defined as

E 2 {g(Y™) # fi(My) + fo( M)}

For the achievability, we need to show that P(FE) can be made arbitrary small for suf-
ficiently large n. If (X7, X7') denote the outputs of the encoders, define an error event
E. as the event in which (X7, X7') ¢ A (X1, X3). Next, using the aforementioned

encoding and decoding error events we have
P(E) < P(EyUE,UE;UE,) + P(E|E{NESNE;NEY)

Using standard arguments for typical sequences, we can show that when there is no
encoding and decoding error (i.e., Ef N ESN ESN ES) the error probability P(E|Ef N
ESNESNES) approaches 0 as n — 0o. As a result, the second term above is sufficiently
small for large enough n. Therefore, for sufficiently large n and from the union bound

on the first term we obtain,
P(E) < P(Ey) + P(Ey) + P(Eg) + P(E,) + ¢

We need to find conditions for which the probability of the error events Fy, Es,
E; and E. approach zero.  For any a € Z];r and a € Zér define the map ¢(a,
a) = aG + aG. By ®(-,-) denote the map ¢ whose matrices are selected randomly

and uniformly.

A.6.1 Analysis of Fy, E,

For any sequence v; € V; define

ANvi)= Y > 1{xi=¢(wi,vi) + b+ b},

Wi el (x,)
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where i = 1,2. Therefore, F; occurs if \;(v;) = 0. For more convenience, we weaken
the definition of event E;. We say E; occurs, if A;(v;) < $E();(v;)). Using Lemma 5

we can show that P(E;) — 0 as n — oo, if
k .
EH([W@MQ) > logyp' — H([Xi]) +(e), i=1,2, 1<t <r, (A.29)

where lim,_,oy(€) = 0.

A.6.2 Analysis of F.

Define the set

£2 {(x1,%) € AV (X)) x AP (X)) : (x1,%2) ¢ A™ (X, Xo)}.

€

Therefore, probability of E. can be written as

P(EJE{NES) = Y Pler(©1) = x1,62(02) = %),
(x1,x2)€E
where e; is the output of the ith encoder, and ©; is the random message to be
transmitted by encoder i, where i = 1,2. By P(v;,w;,x;) denote the probability

that (v;, w;, x;) is selected at the ith encoder. Then, P(v;, w;,x;) = “}| /\,(lv,)ﬂ{qb(wi,

vi) + b +b; = x;}. By the definition of ¢;(-) and ¢s(-), we have

PE|ENE) = ) H[Z 2

1 1
(x1,x2)€€ =1 “v;eV; w;eW; l’

v )\i<vi>]1{Xi = ¢i(wi, v;) + b+ bz}:|

Since there is no encoding error (for the modified version), then A;(v;) > 3 E[A\i(vy)],
i =1, 2. Therefore, replacing \;(v;) in the above expression with § E[);(v;)] gives an

upper bound on P(E.|E{ N ES). Next, we take expectation over all ¢; and ¢o. We
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have

2 4
E{P(ECIEfﬂES)}S(Z:) > > [Hm}

cEvieVi,i=12w;eW,;i=1,2 - j=1

P{x; = ®;(w;,v;) + B+ B,,i = 1,2}

°y =5 Mymwl™

(x1,x2)€E vi€V;,i=12 w; EW;,i=1,2

4 —2nr
= Z ’WIHW2|E[)\1(V1)]E[)\2(V2)]p . (A.30)

(x1,x2)€E

Note that (a) is because By and By are independent random vectors with uniform

distribution over Z,. From the definition of \;(v;), j = 1,2, we have
B (v)] = W[ AP (X~
As a result of the above equation and (A.30),

E{P(EJEfNE} < ) 4AM () TAM (X))

(x1,%x2)€€
There exists a continuous function §(e) > 0 with §(0) = 0 such that for any x; €

A (Xi), we have P} (x;) > |A£”) (X;)|71279€). Thus,

E{P(E. N E{ N E5)} < PR, (1) PR, (32) 20 = 2950 Py (&),

(x1,x2)€E

Thus, E{P(E.|E{NE$)} — 0 as n — oc.

A.6.3 Analysis of E;

In what follows, to make the analysis tractable, we define an alternative decoding

error. Upon receiving y, the decoder finds w € AE")(Wl +Ws) and v € Agn)(Vl +V3)
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such that ¢(W,v)+2b+b; +by is jointly typical with y with respect to Px, ,x,y. For
the alternative decoder, we define a new decoding error. A decoding error £, occurs,
if (W, V) is not unique. With this definition E; C E!. Because, the the mapping
x; = ¢(wy,v;) + b+ b; is not necessarily injective. Note that the new decoder is
required to decode w; + wy and v; + vy. This is a more restrictive condition than
decoding x; + x3. Therefore, it is sufficient to show that P(E)) — 0 as n — oco. In
what follows, we provide an upper bound on P(EY,).

Since the the probability of the encoding errors E;, 5 and E, are sufficiently small,
then P(E)) ~ P(E,NE{NESNES). We show that this probability approaches zero as

n — oo. Fix ¢,b and by,i = 1,2. Note that By P(v;, w;,X;) denote the probability

that (v;, w;, x;) is selected at the ith encoder. Then, P(v;, w;,x;) = ‘5” /\i(lvi) 1{o(wy,
VZ‘) —|—b + BZ = Xi}.

Then the probability of E/, N E{ N ESN ES equals

PENENENE) =T Y E{Ai(vi) >1/2 E(\i(vy)),i = 1,2}

J=1v;eV; w;eW;

Z Z P(Vi,Wi,Xi,i = 1,2)

(x1,%2) €A (X1, X5) YEV"

Pg\Xle(Y‘XlaXQ)P(Ed ‘ Ef N E; N Eccvyaxiyvia Wiyi = 17 2)
Next, we bound P(Ej | Ef N E5 N ELy, X, vi, wi, i = 1,2), and P(v;w;, x;,1 = 1,2).

p<E£l ’ Emengccvy>Xiaviawi7i = 172> =
1{3 (W,9) €W X V: (W,¥) £ (W1 + Wa, V1 + Va),

$(W, V) +2b + by + by € AZ(Z|y)},

where W £ AE”)(Wl +Wy),V 2 Aé”)(vl + V), and Z £ X, + X,. Using the union
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bound, we have

Y Y {p(W.V)+2b+ by +by =12}
Wobwrws v v, 2EA0 (219)

Note that P(v;, w;,%;,i =1,2) = [[._, , P(vs, W;,X;). Since there is no encoding

error, A;(v;) > $E(X(v;)). As a result,

v mﬂ{¢(wia v;)+b+ b, = X; } (A.32)

1

Therefore, using (A.32), we have

PEnEnEnE) < > [IIYX X 1y{ne) 212 By}

(Xl,XQ)EAEn)(X17X2) j=1 VjEV]' W]-EWJ'
1 2 —
T 1{¢(w,,v; +b+b:x-]
VB () i) P b =)

> Px o (ylxix2) P(E) | BS N ES N ESy, X, vi, Wi, i = 1,2)
yeyn

< X |IX X giamey e tbib=x)

(Xl,XQ)EAEn)(XhXQ) J=1 VjGVj Wjewj

Z P}?}|X1X2(y’Xl7X2)P(EZl ’ Ei N Eg N E§7Y7Xiaviywiai = 172) (A33)
yey®

The last inequality follows by eliminating the indicator function on {\;(v;) >
1/2 E(\i(vy)),i = 1,2}. Note that for jointly e-typical sequences x;,x, and large
enough n, we have P(Y" ¢ Aén)(Y‘Xl, Xp)) < -5, where ¢ is a constant. This follows

from the standard arguments on typical sets. Thus, using (A.33) and (A.31) we get
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P(E,NESNESN ES <—
(d 1 2 ) n€2+

> HZ > |V|E ))]l{gb(w],vj)—l—b—kb = x;}

(x1,%2)€A™ (X1,X5) [J=L Vi€V w;€W;

Z P{}\X1X2 yxi,x2) Z Z

yEA'fL(Y‘xhXQ) _ wew 5 vey
€ WHEW1+Wa V£V +Va

> 1{¢(W,¥) +2b + by + by =2}
zeAl) (Zly)
Next, we take the average of the above expression over all maps ¢, and all vectors

b,b;,i=1,2.

E{p(EdeCmECﬂEC}< HZ > ME v;))

J=lv;eV; w;eW;

Z PY|X1X2 (¥lx1,%2) Z Z Z

(x1.302y) AL (X1.X2.Y) Whwrbws v v, 2EAG (219)

P{Z=®(W,V) + 2B + B, + By, 71 = &(wy,v;) + B+ By,

Ty = @(WQ,VQ) + B + Bl}

Notice that B, By, and are B; are uniform over Zy- and independent of other
random variables. Hence, the innermost term in the above summations is simplified

to
p T P{Z — X1 —Xg = ®(W — (W1 +W3),V — (v +v2))} (A.34)

Using Lemma 29, if W —(wq + w2), V—(v1 + va) € HF\ H¥ | the expression in (A.34)

equals

P ILE ey~ € H),
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where 0 < s < r — 1. Therefore, E{P(E/, N E{ N ESN E¢)} is upper-bounded as

E{P(E,NE] N B3N E;)} < -

HZZ

J=1v;€eV; w]ewj

_|_

P}T}|X1X2 (y|x1,x2)

(x1,x2 ,y)eAé") (X1,X2,Y)

SIS SR S

wew vey Z€ A (Z)y)
W—(wi+w2)EHF ¥—(vi+va)EHE 7—x1—x2€HT

(A.35)

Note the most inner term in the above summations does not depend on the value
of z, v and w. Hence, we replace those summations by the size of the corresponding
subsets. Using Lemma 30 we can bound the size of these subsets and get the following

bound on the probability of error

E{P(E\NE{NESNES} < = 4

Iy ¥ 2

PQ‘X1X2 (y|x1,x2)

V E(\
Jj=1v;eV; w;eW; | | )) (X17X2,y)€A§n)(X1,X2,Y)
r—1
Z QR(HWIQ,Ws)+m1(€)) ol (H (VIQ,[V]s)+n2(e)) QN(H(Z|Y[Z]S)+773(€))p—2”Tp—"(T—5)’
s=0

where W = Wy + Wy, V =
E(Xi(vi) =

depend on the values of w;, v;, x;,7 = 1,2 and y, we can replace the summations over

Vi + Vs, and lim,on;(¢) = 0,5 = 1,2,3. Note that
WA (X |~

.7 =1,2. As the terms in the above expression do not

them with the corresponding sets. As a result, we have

E{P(E,NESNENES)} < —
ne
r—1

+ 437 prrr= g VIQIWIQH(VIQIVE) gn(H(ZIY.[21:)+5(0),
s=0

el

where lim,_,o0’(¢) = 0. Therefore, the right-hand side of the above inequality ap-
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proaches zero as n — o0, if the following bounds hold:

HOVIQ. W)+ LH(VIQ.IV)) <logey "~ H(ZIY[Z))~6(e), for0 < s<r—1.

(A.36)
Next, we apply the Fourier-Motzkin technique [5] to eliminate % from (A.29) and
(A.36). We get

Ui, V1) < o™~ HZIVIZL)
~HW|Q, W)

Q) ogr — H{Xl) - ofe),

where 1 =1,2, 0<s<r—1,and 1 <t <r. Note by definition
1 . 1 l
R; = —log, |Ci| < —log, V| < —H(Vi|Q).
n n n

Therefore, we obtain the bounds in the theorem. Using the same argument as in
Lemma 26, we can bound the cardinality of @ by |Q| < r?. This completes the

proof.

A.7 Proof of Lemma 7

Proof. Consider the bound on the sum-rate given in (2.16). The set of all (Ry, Rs)
satisfying only this bound is an outer-bound for Zgp. The time-sharing random
variable () is trivial for this outer-bound, because there is only one inequality on the

rates, and because of the cost constraints E{c;(X;)} = 0,7 = 1, 2. For any distribution
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P € Pgp, we obtain

Ry + Ry < I(U1,Uy;Y) — I(Uy; 1) — I(Us; S2)
=HY)—-HY|U,Uy) — H(S1) + H(S1|Uy) — H(Ss) + H(S2|Us)
< H(S1|Uy) + H(S|Us) — H(Y|Uy,Us) — 2

= max > 3 plurw) <H(51]u1) 4 H(Sslus) — H(Y|ur,us) — 2)
Ter u1 €U us €U

(A.37)

where the second inequality holds, as H(Y) < 2, and H(S;) = 2 for i = 1,2. In the
next step, we relax the conditions in &gp, and provide an upper-bound on (A.37).
For i« = 1,2, and any u; € U;, define &2, as the collection of all conditional PMFs

p(si, z5|u;) on Z2 such that
1. X; = fi(S;,u;) for some function f;,

In the first condition, given u;, fi(s;, u;) can be thought as a function g,, of s;. For
different w;’s we have different functions g,,(s;). The second condition is implied
from the cost constraint F(c;(X;)) = 0, because without loss of generality we assume
p(u;) > 0 for all u; € U;. Also, note that we removed the condition that S; is uniform
over Zy. Hence, Pgp is a subset of the set of all PMFs of the form P = []-_, p(u:)p(ss,

zi|u;), where p(s;, z;lu;) € Py, i =1,2.
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As a result, (A.37) is upper-bounded by

Ry + Ry (A.38)
< max max p(uy,u ( (S1|uy) + H(Sz|u Yl|uy,u —2)
< 30 3 ) (H(Siw) + H(Sfun) = HOY i o)
i=1,2 u1 €U u2 €Uz
(A.39)
< H(S H(Sy|ug) — H(Y |us, —2) A.40
_u1€Zr//I117au)2(€U2p(suxI¢I|112§<GWui< ( 1‘U1)+ ( 2|UQ) ( ‘U1 U2) ( )
i=1,2

Fix uy € Uy and p(sq9, 2alus) € Z,,. We maximize over all u; € U; and p(sy,
zi|luy) € P,,. Let N = Xy + Sy, where X, and Sy are distributed according to
p(S2, xo|ug). For fixed ug € Uy, by Qu, € P, denote the PMF p(sy, xo|ug). This

maximization problem is equivalent to finding

R(Ug, Quz) é (S2’u2) 4+ max max (Slful) — H(Xl + Sl + N\ul) —

u1 €U p(s1,21|u1)E Py

(A1)

Consider the problem of PtP channel with state, where the channel is Y = X;+S57+ V.
It can be shown that R(ug, Qu,) — H(S2|us) is an upper-bound on the capacity of this

problem. We proceed by the following lemma.

Lemma 27. The following bound holds R(uz, Q.,) < 1 for allus € Us and Q., € P,

Proof. The proof is given in Appendix A.8. O]

Finally, as a result of the above lemma the proof is completed. O]
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A.8 Proof of Lemma 27

Proof. Note that for any fixed us € Us, the distribution of N depends on the condi-

tional PMF p(s1]u), and the function zy = fi(s1,u1). For any u € Us define

L, :={fo(u,s)+s:s€Zy}.

For any given i € {1,2, 3,4}, define

Bié{UEUQ : |£u| :’L}

Note that B;’s are disjoint and Uy = |J, B;. Depending on uy, we consider four cases.
In what follows, for each case, we derive an upper bound on (A.41). Consider the

PMF p(w) on Z4. For brevity, we represent this PMF by the vector p := (p(0), p(1),
p(2),p(3)).
Case 1: uy € B;

Since |L,,| = 1, then for all sy € Z, the equality sy + fa(s2,u2) = a holds, where
a € 74 is a constant that only depends on us. This implies that conditioned on wus,

X5 + 55 equals to a constant a, with probability one. Therefore,

H(X1 4+ 514+ Xo + Saluguy) = H(Xy + St + aluy, ug) = H(Xy + Si|uy)

Moreover,

H(SQ|U2) == H(CL S, X2|U2) == H(X2|U2)

By assumption p(uz) > 0. Therefore, the cost constraint E(cy(X2)) = 0 implies that
E(co(X2)|Uy = u2) = 0. Hence, given Uy = ug, the random variable X, takes at

most two values with positive probabilities. As a result, H(Xs|uz) < 1. Given this
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inequality, we obtain

R(ug, Qu,) < H(S1|uy) — H(Xy + Sifu) =1 <0

where the last inequality follows by Lemma 32 in Appendix A.9.

Case 2: us € By

For any fixed uy € By, fo(s2,us) + so takes two values for all sy € Z,. Assume
these values are a,b € Z4, where a # b. Given uy the random variable X5 + Sy is

distributed over {a, b}. Therefore, Xy + S © a is distributed over {0, & a}, and

H(X1 + Sl =+ X2 + SQlUg,Ul) = H(Xl + Sl -+ XQ + SQ ) a|u2,u1).

As a result, the case {a,b} gives the same bound as {0,b © a}, and we need to
consider only the case in which a = 0. For the case in which a = 0, and b = 3,
consider Xy + Sy + 1. Using a similar argument as above, we can show that when
b = 3, we get the same bound when b = 1. Therefore, we only need to consider the

cases in which a =0, and b € {1,2}. We address these cases in the next Claim.

Claim 1. Let P(X5 + Sy = 0|uy) = po. The following holds:
1) If b= 2, then

R(ug, Qu,) < B(H(S1|ur) — H(Xy + 51+ Neasso/3,0|w1))

+ (1= B)(H(S1|ur) — H(X1 + S1+ Naysoz/z0lur)) + H(S2lug) — 2

2) If b=1, then

R(ug, Qu,) < B(H(S1|ur) — H(X1 + 51+ Neassis00|u1))

+ (1= B)(H(S1]ur) = H(Xy + Sv+ Ny un)) + H(Sa|uz) —2
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Proof. The proof is given in Appendix A.10.

Using the claim and applying Lemma 32, we have
R(UQ,QU2) <1+ H(SQ|U2) —2<1

Case 3: uy € B3

We need only to consider the case when p = (pg, p1,p2,0). We proceed by the

following claim.

Claim 2. If uy € B3, the following bound holds

R(u2, Qu,) < Bo(H(Si|u1) — H(X1 + 51+ Neajaijan/alur))
+ Bi(H(S1|ur) — H(X1 + 51+ Najag/ai/a0)|ur))

+ Bo(H(S1|ur) — H(X1 + 51+ Najaajazjaolun)) + H(Ss|ug) — 2,

where B; =4p; — 1, i =0,1,2.

Proof. Similar to Claim 1, we can write p as a linear combination of three distributions

of the form

where 5; = 4p; — 1, ¢ = 0,1,2. The proof then follows from the concavity of the

entropy. O

Therefore, by Lemma 32, we obtain

R(u2,Qu2) <1+ H(SQ|U2) —2<1.
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Case 4: uy € B,

In this case, there is a 1-1 correspondence between xs(sg, uz)+ 59 and se. Therefore

H(Sa|uy, us) = H(S2 + Xa|uy, us), and we obtain

H(SQ‘Ul,UQ) — H(Xl + Sl + X2 + SQ‘Ul,UQ) = H(SQ + ngul,UQ)

—H(Xl +5; —|—X2—|—Sg|u1,u2) <0

Therefore H(S1|uq) + H(S2|ug) — H(Y|ujuz) —2 < H(S1|up) —2 < 0.
Finally, considering all four cases R(ug,@,,) < 1 for all uy € Us. This completes

the proof. O

A.9 Useful Lemmas

Lemma 28. Let X and Y be independent random wvariables with marginal distri-
butions Px and Py, respectively. Suppose X and Y take values from a group Z.,.
Then

(n)
1. AY)

(X +Y) CAM(X)+ A (Y),
2. there ezists a function §(-) with lim._,0d(e) = 0 such that

>1—-2""m.
|AD ()| | A ()|

Proof. For the first statement take an arbitrary element z € AE%(X +7Y). We show
that such an element can be written as z = x + y for some element x € A™ (X)
and y € AE"’(Y). For that, select an arbitrary y € AE?%(Y|Z) From standard

arguments on typical sequences, y is €/2- typical with respect to Py. In addition,

(z,y) € AE")(X +Y)Y). Asaresult, (z—y,y) € Ag")(X, V). Set x =z—y. We
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showed that, (x,y) € AM (X,Y), and x +y = z. Since x and y are jointly e-typical,
then x € A™ (X)andy € AE”)(Y). This completes the proof for the first statement.

For the second statement, given € > 0 we have

L Aray] Ay > )
AM O[|AM (V)| T A (x HAE”) )| |AD (x)[| A (V)]

(xy) AT (X,Y)

Let P¢y = = [[;-, PxPy. From standard arguments for e-typical sequences the above

expression does not exceed

ST NP (x,y) = PRy fAN (X V)2 < 2w

(xy)gA (X,Y)

where

3
o= —— Z logPX,y(a,b).
m a,bELm,
Px’y(a,b)>0

The last inequality holds as (X,Y) are independent. Define the function §(¢) =
[me(1 + a)In4]'/? and set € = §(¢). As a result, the right-hand side of the above
inequality is simplified to 27"w. Thus, the second statement of the lemma is estab-

lished. O

Lemma 29 ([67]). Suppose that G is a kxn matriz with elements generated randomly

and uniformly from Z,-. If u € H*\ H¥ or1, then
P{uG, =x} =p ") 1{x € H"}.

Lemma 30. Given (X,Y) ~ Pxy, and sequences X,y such that ([X]s,y) € Agn)([X]s,
V), let A={x"| (x,y) € AX(XY),x' —x € H!}. Then

X|[x]s,y) CA S ADUX X, y),

016( C2€
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and we have,
(1— Cle)QN(H(X\Y[X]s)—Cﬁ(E)) <|A| < QH(H(X\Y[X]s)+C25(6))’

. r—s|X|+1
where 6(€> = m ZQEX Zbe)}:p(b|a)>0 10g2 p(b|a>, C1 = _|X|-1i-|y|’ and Co =D ‘ D‘jl_ .

Proof. Suppose X’ € A. Then x'—x € H!, which implies [x]; = [x]s. In addition, (x/,
y) € A™(X,Y). Therefore, (x',[x]s,y) € A5 (X,[X],Y), where ¢ = ep’*. Thus,

x' € Agf)(XHX]S,y), where ¢ = 2 ¢ " On the other hand, if x' € Aén) (X|[x]sy),

then [x], = [x],, and x' € A" (X|y

~—

, where € = €(|X| + |V])- O
Lemma 31. Let X andY be two independent random variables over Z,, with distribu-
tions P = (Po, P1s -+ Pm—1) and q = (qo, q1, ---, Gm—1), respectively. Then H(X ®,,Y) =
H(Y) if and only if there exists i € [1 : m| such that p ®,, q = 7'(q), where ®,, is

the circular convolution and is defined as

(p ®m q) ((I) £ Z Pvqacy, Va € Zma
bELm,

7((q0s q1y - Gm-1)) = (Gm—1,490,q1, -, Gm—2), and 7 is the composition of the function
m with itself for 1 times.

Proof. First note that as X is independent of Y, we have H(X @&, Y) — H(Y) =
I(X;X @, Y) > 0. We want to find all distributions p and q for which the right-
hand side equals zero. We first fix a distribution q and find all p such that the equality

holds. This is equivalent to the solution of the following minimization problem:

min H(p &, q) — H(q), (A.42)

PEAM,

where A, 2 {(q0, 1y s Gm-1) € R™ : Z?:ol ¢ =1, ¢ >0,i€[0:m—1]}. Note
that A, is a m — 1-dimensional simplex in R™. Define the map ¢q : A, — Ay,

©q(P) =P ®n, q for all p,q € A,,. Note that ¢4 is a linear map. Let pq(4A,,) denote
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the image of A,, under pq4. Since ¢q is a linear map, ¢q(4A,,) is a simplex. Therefore,

(A.42) is equivalent to ming ey, (a,,) H(p") — H(q). It is well-known that the entropy

m)

function is strictly concave. Hence, the minimum points are the extreme points of
the simplex pq(A,,). Extreme points of pq(A,,) are the image of the extreme points
of A,,. Define the map 7 : A,, — A,, as in the statement of the lemma. Extreme
points of pq(A,,) are characterized by 7'(q),4 € [1 : m], where 7' is the composition
of m with itself for ¢ times. Therefore, the minimum points of (A.42) are described
as Ui~ ¢q' (7'(q)), where p~'(a) is the pre-image of a,Va € A,.

Next, we range over all q € A,,. Define the set

Ai2{(p.q) €Ay x Ay i p &g =1'(q)}.
Then, the set of all (p,q) such that H(p ®,, q) = H(q) is characterized by the set
Ui~ A;. This is equivalent to the statement of the lemma. ]

Lemma 32. Suppose S and N, are independent random variables over Z,, where p
is the distribution of Np. Let f : Zy — Zy be a function of S, and denote X = f(95).
Suppose for the cost functions (c1,c2) given in Example 4, the equality B{c;(X)} =0
holds. Then the following bounds hold:

H(S)—HX+S5)<1

H(S)—HX+S5+N,) <1,

where p € {(1/3,0,2/3,0),(1/3,2/3,0,0), (1/4,1/4,1/2,0)}.

Proof. For the first equality, we start with the following relations

H(X +S) = H(X,S) - H(X|X +S)

— H(S) - H(X|X +9).
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Therefore, we obtain

H(S) — H(X + 8) = HX|X + §) < H(X) £ 1.

Note (a) is true, because X takes at most two values with positive probabilities.

For the second inequality we have

H(S)—H(X+S+N,)=H(S)—HX+S)+HX+S)-HX+S+Np)

<1—(HX+S+N,)—H(X+8)) <1 (A.43)

Let q be the distribution of X 4+ .S. We find the conditions on p and q for which
H(X+ S+ Np) — H(X +S5) =0. Since N, is independent of X + 5, we can use
Lemma 31 in which Y = N, and X = X +S. Therefore, H(X +S+Np) = H(X +.5),
if and only if p®,q = 7'(q) for some i € [1 : 4]. For fixed i and p, the map defined by
q — p®,q—7'(q) is a linear map. In addition, the null space of this map characterizes
the set of all q that satisfies the equality in Lemma 31. For p = (1/3,0,2/3,0) this

map can be represented by the matrix

- 2 _
-2 0 % 0
0 -2 0 2
Ai(1/3,0,2/3,0) = , ,
2 0 -2 0
o 2 o0 -2

The null space of A; (1/302/3,0) is the subspace spanned by (1/2,0,1/2,0) and (1/4,

1/4,1/4,1/4). Using the same approach, we can show that for any i € [1 : 4] and

p € {(1/3,0,2/3,0),(1/3,2/3,0,0),(1/4,1/4,1/2,0)},
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the null space of A, is contained in the subspace spanned by (1/2,0,1/2,0) and

(1/4,1/4,1/4,1/4). This implies that ¢y = ¢2 and ¢; = gs.

Table A.1: The conditions on z(-) and S.
X+ 0 1 2 3

(s,2(s)) | (0,0),(2,2) | (1,0),(3,2) | (0,2),(2,0) | (1,2),(3,0)

Note q is the distribution of x(S)+S. Next, we find all functions z(+) and random
variables S such that gy = ¢2 and ¢ = ¢3. For each a € Z,, we characterize (s, z(s))
such that z(s) + s = a, where z(s) € {0,2}. We present such a characterization
in Table A.1. Using Table A.1, if g9 > 0, then p(S = 0) = p(S = 2) = ¢ and
x(0) = x(2). Similarly, if ¢; > 0, then p(S =1) = p(S =3) = ¢; and z(1) = z(3).
Therefore, if gy, q; > 0, the distribution of S equals to q = (qo, ¢1, 0, ¢1). If g0 = 0,
then ¢ = 1/2. This implies p(S = 1) = p(S = 3) = 1/2. Similarly, If ¢; = 0, then
p(S=0)=p(S =2)=qg =1/2. As a result of this argument, H(S) = H(X + 5).
Also by Lemma 31, the equality H(X + S5) = H(X + S + Np) holds. Therefore, in
this case, H(S) — H(X + S + Np) = 0. To sum-up, we proved that if p € {(1/3,
0,2/3,0),(1/3,2/3,0,0),(1/4,1/4,1/2,0)} and H(X 4+ S) = H(X + S + Np), then
H(S)— H(X + S+ N,) = 0. Therefore, using this argument and (A.43), we proved
that if p € {(1/3,0,2/3,0), (1/3,2/3,0,0), (1/4,1/4,1/2,0)}, then H(X +S)—H(X +
S+ Np) < 1. O

A.10 Proof of Claim 1

1) Leta=0,b=2,and P(Xy+Ss = 0Juy) = pg, and P(Xo+5 = 2|u;) = 1—py. We
represent this PMF by the vector p = (pg, 0,1 — pg,0). This probability distribution

is a linear combination of the form

p = £(2/3,0,1/3,0) + (1 — 8)(1/3,0,2/3,0), (A.44)
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where 5 = 3py — 1.

Remark 21. Let Z = X +Y, where the PMF of X is p = (po, p1,p2,p3), and the
PMF of Y is q = (g0, q1, G2, q3)- If t is the PMF of Z, then t = p ®, q, where ®, is
the circular convolution in Z,. In addition, the map (p,q) — p ®4 q is a bi-linear

map.

Let t; = p(X; + S1 + X + Sy = i|ujug) and ¢; = p(Xy + S1 = i|uy) for all i € Zy.
Also denote q = (qo, q1, G2, q3), and t = (tg, t1,t2,t3). Using Remark 21 and equation
(A.44) we obtain

t=5((2/3,0,1/3,0) @4 q) + (1 — 8)((1/3,0,2/3,0) @4 q).

This implies that, t is also a linear combination of two PMFs. From the concavity of

entropy, we get the following lower-bound:

H(Xl + Sl + X2 + SQ|U1U2) = H(t)
= H(5((2/3,0,1/3,0) ®4q) + (1 — 3)((1/3,0,2/3,0) ®1 q))
> BH((2/3,0,1/3,0) ®4q) + (1 — B)H((1/3,0,2/3,0) ®4 q)

=[0H(X,+ 51+ N(2/3,0,1/3,0)’U1) +(1-B)H(X:+ 51+ N(1/3,0,2/3,0)’U1),

where in the last equality, N(x,x, 20,04) denotes a random variable with PME (g, Ay,

Ao, A3) that is also independent of u; and X +.S;. As a result of the above argument,
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equation (A.37) is bounded by

H(S:|u1) + H(Salus) — H(Y [urus) — 2
< H(Syjur) + H(Salus) — BH(X, + S + Niajsosolus)
— (1 =B)H(X1 + 51+ Naysoz2/30u1) —2
= B(H(S1|u1) — H(X1 + S1 + Nigszo1/3.0)|u1))

+ (1= B)(H(S1|ur) — H(X1 + S1+ Naysoz/z0lur)) + H(S2lug) — 2

2) Let a = O,b = 2, and P(XQ + SQ = Ol'LLl) = Po, and P(XQ + SQ = 1|’LL1) =1 — Po.

In this case p = (po, 1 — po, 0,0). Also,

p=03(2/3,1/3,0,0) + (1 — 5)(1/3,2/3,0,0),

where § = 3py — 1. Similar to case 1), we use Remark 21 and the concavity of the

entropy to get,

H(Sl|U1) + H(SQ|U2) - H(Y’IHUQ) -2
< B(H(S1|ur) — H(Xy + S1 4+ Nysaszo0lur))

+ (1= B)(H(S1|u1) — H(X1 + S1 + N(1/3,2/3,0,0)|U1)) + H(Ss|us) — 2
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APPENDIX B

Proofs for Chapter III

B.1 Proof of Theorem III.1

Proof. There are two error events, Fy and F;. Fy occurs if no s was found. Fj is
declared if § # s. To show that Ej is small, we need the next lemma. Suppose v;()
and v;() are a realization of random functions generated as in the outline of the proof

of Theorem III.1.

Lemma 33. Suppose s;,i = 1,2,3 are jointly typical with respect to Ps. Then

(v1(s1), va(s2), vs(s3), 21 (51, v1(51)),

w9 (S2, v2(82)), 73(83, ’03(53))) € Agn)(‘/lVQ‘/?,XlszﬂSlSzSa)-

Proof. The proof is straightforward. m

As aresult, the sequences s;, v;, X;,7 = 1,2, 3 are jointly typical with y with respect
to Psvx,y. This implies that P(E,) approaches 0 as n — oco. Next, we calculate

Y

P(E, N E§). For a given s € A.(S), using the definition of E; and the union bound
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we obtain,

P(Ey N Egs) < Z v = vi(si), xi = x4(si, vi), i = 1,2,3} Z p(y|x)

(v.x)€A(V.X]s) yEA(Y[x)
> {v; = v;(8;), X = (85, V;), 5 = 1,2,3}
(398 €A(SV.X]y)
s#s

Taking expectation over random functions X;(, ) and V;() gives,

pe(s) = E{P(E1[s)} < > ply|x) > (B.1)

(v,x,y)€A(V,X,Y|s) (B,v,x)€A(S, V. X]y)
s#s

P{V[ = VKSZ),XI = Xl(slyvl)>‘7l = W(gl),il = Xl(gl,{’l) for [ = 1,2,3}

Note that V() and X;( , ) are generated independently. So the most inner term

in (B.1) is simplified to
P{v; =Vi(s;),v; = V;(8;) j = 1,2} P{x) = Xi(s1, vi), % = Xu(8,v1) 1 = 1,2, 3}.
(B.2)

Note j = 3 is redundant because, v = v @, vy and v = v; @, Vo. By definition,
Vi(s;) =s;G + Bj,j = 1,2, where By, B, are uniform and independent of G. Then
- o 1 N . .
P{v; = ®;(s;), v; = 9;(8;) j = 1.2} = qﬁp{(sj —8;)G=v; —v;, j=12}
(B.3)

The following lemma determines the above term.

Lemma 34. Suppose elements of G are generated randomly and uniformly from F,.
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If s1 or sy is nonzero, the following holds:

qin:ﬂ_{Vj = 0}, Zf S; = 0
P{SjG =V, J= 172} = q_nﬂ{Vl = V2}7 if s1 # 0,82 # 0,8, = s5.

g, if otherwise.

Outline of the proof. We can write s;G = Y | s;;G;, where sj; is the ith component
of s; and G; is the ith row of G. Not that G; are independent random variables
with uniform distribution over Fy. Hence, if s; # 0, then s;G is uniform over Fy. If
S1 # S, one can show that s;G is independent of soG. The proof follows by arguing
that if a random variables X is independent of Y and is uniform over F,, then X ©,Y

is also uniform over F, and is independent of Y. m

Finally, we are ready to characterize the conditions in which p. — 0. We divide

the last summation in (B.1) into the following cases:

Case 1, §; # 51,5, = s, In this case, using Lemma 34, (B.3) equals to ¢=3"1{v, =

vy }. Therefore, (B.1) is simplified to

Pey(8) 1= > p(ylx) > q "

(v,x,y)€A(V,X,Ys) (B, v, x)€A(S,V,X]y)
§7#8,82=82,V2=V2

P{Xl = XZ(SZ,Vl),f(l = Xl(éla‘Nfl) l = 1,2,3}

Note that X,(s;, v;) is independent of Xy (Sy, Vi), if [ # k or s; # §, or v; # V,.
Moreover, P{x; = X;(s;,v;)} ~ 2M1XlSV) - Ag sy = §, and vy = ¥y, then X5(8,,

Vy) = Xs(sg, vy). Therefore,

P{Xl = XZ(SZ,Vl),f(l = Xl<§l7‘~"l) l = 1,2,3}

— 2771[2H(X1|SlV1)+H(X2|52V2)+2H(X3‘53V3)]1{5&2 — XQ}.
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Hence, we have:

~ QRH(K7K\§)27LH(517V17X1,S37V37X3|YS2V2X2) LQ—n[QH(Xl [S1V1)+-H (X2|S2Va)+2H (X3|S5V3)]

pe1 (§) qgn

Note that H(V, X|S) = 2log, ¢ + 0_, H(Xi|S;, V;). Therefore, p,, — 0, if
H(51, V1, X1, 55, V3, X3]Y 53V2X5) < log, ¢ + H(X1[51V1) + H(X3]53V5)  (B.4)

The right-hand side in the above inequality equals to H (X7 X3V V3[515255X5V5). We

simplify the left-hand side. Observe that
H(Sla ‘/17 Xlu S37 ‘/37 X3|YSQ%X2) - H(‘/h X17 %7 X3|YS2‘/2X2) + H(SI|SQK &)7

where Y is removed from the second term, because conditioned on X, Y is indepen-

dent of S;. Note that

H(51]5:V X) = H(51|52X2Va) — I(S1; X1V1X5V5[52V2.X5)

= H(SI|S2> - I(Sl; X1V1X3V3‘S2V2X2)-
Therefore, using the above argument the inequality in (B.4) is simplified to

H(S51]52) < I(S1; XaViX3V5]9:VaXs) — H(Vi, X1, Vs, X3|Y Sa V2 X5)
+ H (X1 X3V1V5]515555 X5 Vs)
= [(XiV1X5V5; Y5515 X5)

= ](Xng, Y|SQ‘/2X2)

Case 2, §; = 81,8y # sy A similar argument as in the first case gives H(53]51) <

I(XQXg, Y’Sl‘/le)
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Case 3, §1 7é Sq, gQ 7é So, gl EBq §2 =81 @q So Using Lemma 34,
Plv;=®;(s;),v; = ©;(5)) j = 1,2} = ¢ " I{¥1 @, V2 = v1 By va}

Therefore, the above probability is nonzero only when v3 = v3. Hence, as s3 = Sg3,

we get X3(S3,V3) = X3(s3, vs). This implies that,

P{Xl = XZ<SZ,V1),}~Q = Xl(éla‘?l) [ = 1,2,3}

_ 2—n[2H(X1‘51V1)+2H(X2‘52V2)+H(X3‘53V3)]1]_{5'(3 — Xg}.

As a result, (B.1), in this case, is simplified to :

P (S) ~ 2nH(Sl,Vl,X1,SQ,VQ,XQ|YS3V3X3)q—n2—TL[H(X1|51V1)+H(X2|SQV2)]
e3 \= .

Therefore, p.3 — 0, if
H(S1, V1, X1, Sz, Vo, Xo|Y S3V3X3) < H(X1, Xo, Vi, V5]515:53V5X3).

Using a similar argument as in the first case, this inequality is equivalent to H (S15,|S3) <

(X1, X2; Y[S3V3.X3).
Case 4, §; #s;,1 = 1,2,3 Observe that,

P{v;=®;(s;),v; = P;(8;) j =12} =¢ ™"

P{x; = X(s1,vi), % = Xy(8, V1) | = 1,2, 3} = 272 Ky A5,

Therefore, (B.1), in this case, is simplified to p,, (s) ~ ¢~ 272" (SV.X[Y)9—n i HXlSiv)

As a result, one can show that P, — 0, if H(S515253) < I(X;X2X3;Y).

Finally, note that P,.(s) < E?:l P.i(s). Moreover, P,;(s) depends on s only through
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its PMF. Therefore, for any typical s, P. approaches zero as n — oo, if the following

bounds are satisfied:

H(51|SQ) S I(X1X37Y|52‘/2X2)
H(SQ|51) S I(X2X3,Y|Sl‘/1X1)
H(S15:]51 @4 S2) < 1(X1X5;Y|S1 @4 S, V3X5)

H(Sl, SQ) < I(X1X2X37 Y)

B.2 Proof of Lemma 12

Proof. For the setup in Example 9, the bounds given in Theorem III.1 are simplified

to

h(7) < I(Xo X5 Y[X15: V1) (B.5)

h(o) < I(X1Xs; Y| X3595V5) (B.6)

h(7) + h(o) = h(o x7) < I(X1 X5 Y[X55,V5) (B.7)
h(y) + h(o) < I(X1X2X3:Y). (B.8)

Set X; =V;,1=1,2,3, where the distribution of these random variables are given
in Theorem III.1. One can verify that the source corresponding to ¢ = 0 and v = ~*
satisfies the above inequalities and therefore can be transmitted.

No that all the terms in (B.5)-(B.8) are entropy functions and mutual information.

Therefore, they are continuous with respect to conditional density p(z|s,v). Hence,
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one can show that Vey > 0, there exist a conditional density p(z|s,v) such that

I(X1X5;,Y|X355V3) > €
I(X1X35;Y|X25,Va) > 2 — H(N) —n(eo)

(X1 X2X3;Y) > 2= H(N) = n(e),

where 7() is function of € such that n(e) — 0 as € — 0.
Note also that the left-hand sides in (B.5)-(B.8) are continuous in o and ~y. Hence

¢’ > 0 such that when o < €|y — 7% < €, we have

h(7) + h(o) = h(o *7) <2 = H(N) — ()

h(y) + h(c) <2—H(N) —n(e)

This implies that the source corresponding to o < €, < v*—¢ can be transmitted

reliably and the proof is complete. O
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APPENDIX C

Proofs for Chapter IV

C.1 Proof of Theorem IV.1

Proof. We build upon QLCs and propose a new coding scheme. Let W; be a random
variable with distribution Py,. Fix integer £ and n. Consider the set of all e-typical
sequences WF. Without loss of generality assume that the new message at the ith
encoder is a sequence w! which is selected randomly and uniformly from Agk)(Wi).
In this case M; = |A£k)(WZ)|

Define L[l — 2] as the list of highly likely messages corresponding to the block [ —2

at the decoder. This list is defined as

L[l — 2] £ {(dy,1d2,103) € A™ (Wy, Wa, W) :(Yi—aj, Un—2), S1.—2) S.u—21, S3.1-2))

€ AM(Y,U, S, Ss, S3)}

Codebook Construction: For each 1 <[ < L generate M sequences Up .,

each according to P}, where 1 < m < My . For any vector w! € F5, denote

ti(wh) 2 wfG + 07, i=1,2,3,

i
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where G is a £ X n matrix with elements chosen randomly and uniformly from [Fs,
and b} is a vector selected randomly and uniformly from 7.

For each u" € U™ and t",v"™ € F} generate M, sequences X Z,L[l,m] randomly with
conditional distribution [[7_, P(-luj,t;,v;), where m € [1 : M;]. Denote such se-
quences by x;(u™, t", v", m;).

Initialization: For block [ = 0, set My o) = 1,Ujp1; = 0 and . For block | = 1,
set Mo =1,Up 1 =0, vy =0.

Encoding

Block | =1 At block I = 1, given a message w; ] € Agk)(Wi), the ith encoder
calculates ¢;(w;1)). This sequence is denoted by ¢; ). Next the encoder 4 calculates
@3 (o1, Lipa]s V1), Way1))- Denote such sequence by x; ;3. Finally, the i's encoder sends

Xi,[l]'

Block | =2 At the beginning of the block [ = 2, each encoder i receives Y[;) as a
feedback from the channel. The encoder 7 wishes to decode sum of the messages of
the other two encoders. The first encoder finds unique w93 € AE’“)(WQ + W3) such
that

(Wa3G + by + b3, Y]g)) € Agn)(T2 + T, Y |yt o), ¥1,1))-

Otherwise an encoding error will be declared. If w93 was unique, the encoder sets
v1[2] = W23G + by + b3. Similarly encoder 2 finds unique ;3 and determines vy ).

Also encoder 3 finds unique w2, and determines vs |).

Block [ > 2 At the beginning of the block [ > 2, each encoder 7 receives Yj;_j as a
feedback from the channel. The encoder i wishes to decode sum of the messages of
the other two encoders from block [ — 1. Next, given Y|;_g, the encoder i decodes the
messages of the other two encoders from block | — 2.

The first decoding process is the same as the decoding process in block [ = 2.

167



Suppose wj;;, and v,y are the outputs of this decoding process at the encoder i.
The next stage of the decoding process is as follows. The first encoder finds unique
Wa[1—9) € Agk)(Wg) and w3 g € Agk)(Wg) such that

1) Wa g + W3 1—9) = W3-

2)

(t2 (Wo1—9)), T2 (Un, ta(Wap—g)), Vo 1-9), UAJ2,[1—2})  ta(Ws —g)),

3) (b1, O2,0-1); Yi-1)) € A" (VaVaY Jug_yjsap-1y),
where v; ;9] is known at the encoder from the previous blocks, and 0y 11}, U3,1-1)

are defined as

Vg i—1) = (W1, —g) + W3 1—2]) G + by + b3

V31— = (W1—2) + Wo—2))G + by + by.

If the messages are not unique, an error will be declared.

The next step, the encoder creates the list L[l — 2] as defined in the above. If
(w1 1—9), Wo,p—2), W3 i—9) € L[l — 2], then the first encoder finds the index m corre-
sponding to ('U}L[l_g}, w27[l_2],'11\]3’[l_2]). Then the encoder calculates the corresponding
Ui—2,m- Denote such sequence by up. This sequence is used for transmission of new
messages at block [. If the decoding processes are successful, then the sequences vy
and up are determined. The next step is the encoding process, which is the same as

in the block | = 1.

Decoding at block | The decoder knows the list of highly likely messages . This
list is £[I—2] as defined in the above. Given Y} the decoder wishes to decode Up). Note

that Up; determines the index of the messages in L[l — 2] which were transmitted at
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block [ —2. This decoding process is performed by finding unique index m € [1 : My ]
such that

(U Yiy) € AU, Y Jug—ay, yu—y)

Error Analysis There are three types of decoding errors: 1) error in decoding sum
of the messages of the other two encoders, i.e., ;) is not unique at the encoder i. 2)
error in the decoding of the individual messages of the other encoders, i.e., w; , Wy,
are not unique at the encoder i. 3) error at the decoder, i.e. the index m is not
unique. Using standard arguments for each type of the errors we get the following
bounds:

The probability of the first type of the errors approaches zero, if fro any distinct
i,7,k € {1,2,3} the following bound holds:

k
H(W; + Wi) < I(T; + T Y|UT Vi X)) (C.1)
The probability of the second type of the errors approaches zero, if

k .
EH(I/VZH/VJ + W) < I(X; X5 Y|USE VIV V) (C.2)

Note that the third type of error occurs with high probability, if |£[l]| > 2™ (UsY0.Y),

It can be shown that for sufficiently large n,
P{|L[l]| < 2nmaxacias Fatol@) ~ 1 ¢

where

e JO
F.A 4 EH(WA) —[(XA7Y’USAC‘/17‘/27‘/3)

Therefore, the probability of third type of the errors approaches zero, if the following
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bounds hold:
Fa<I(U:Y|0Y),
Using the definition of F4 and the above bound, we can get the following bound:
R H W) < IO Y U T, Vo, T) 4 1(U3Y10, V) (©3)

Note that the effective rate of our coding scheme is R; £ L log, M; = £H(W;) for
i =1,2,3. Finally, it can be shown that using this equation and the bounds in (C.1),

(C.2), and (C.3), the following bounds are achievable

Ry < I(Xu;Y|US4ViVaVs) + 1(U; Y |UY)

R+ R; < I(T; & Tj;Y!UTkXM%%)

+ I(X, X Y|US i VaVa Vi)

+ I(X; j;Y|U§ ViVaVaUSLY)

DT & Ty YUTLXy).

C.2 Proof of Lemma 13

QOutline of the proof. We start by proposing a coding scheme. There are L blocks
of transmissions in this scheme, with new messages available at each user at the
beginning of each block. The scheme sends the messages with n uses of the channel.
Let Wﬁ[l} denotes the message of the ith transmitter at the [th block, where 1 = 1,
2,3, and 1 <[ < L. Let W’?[l] take values randomly and uniformly from IF’§ In this

case, the transmission rate of each user is R; = £,7 = 1,2, 3. The first and the second
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outputs of the ith encoder in block [ is denoted by X?l,[l] and X?Z[ZP respectively.

Codebook Construction: Select a kxn matrix G randomly and uniformly from
5" This matrix is used as the generator matrix of a linear code. Each encoder is
given the matrix G. Therefore, the encoders use an identical linear code generated
by G.

Encoder 1 and 2: For the first block set X?l[l] =0, for 2 = 1, 2, 3. For the block
[, encoder 1 sends XTILL[Z] = W’i[l]G through its first output. For the second output,
encoder 1 sends qull,[lfl} from block [ — 1, that is X?Z[l] = X?L[lfl]. Similarly, the
outputs of the second encoder are X3, ) = W’;MG, and X3,y = X3, ;4.

Encoder 3: The third encoder sends Xgul] = W]?f,[l]G though its first output.
This encoder receives the feedback from the block [ — 1 of the channel. This encoder
wishes to decode W’i[l_l] S5 ng,[l—l] using Y?,[l—l}' For this purpose, it subtracts
Xg1,[z—1] from Y?,[l—l}' Denote the resulting vector by Z™. Then, it finds a unique
vector w* € F% such that (WFG,Z") is e-typical with respect to Pxyz, where X is
uniform over Fy , and Z = X @ Ny. If the decoding process is successful, the third
encoder sends ng] = Wﬁqu. Otherwise, an event £ j is declared.

Decoder: The decoder receives the outputs of the channel from the [th block, that
is Yi[l] and Yg"[l]. The decoding is performed in three steps. First, the decoder uses
Y, to decode W’i[lfl}, and W’;’[lfl]. In particular, it finds unique W}, w& € F5 such
that (W'G, WhG, Y3 ) are jointly e-typical with respect to Px,,x,,y,. Otherwise, an
error event Fy  will be declared.

Suppose the first part of the decoding process is successful. At the second step,
the decoder calculates X?l,[l—l}’ and Xg1,[z—1]- This is possible, because X?L[l_ua and
Xgﬁ,[zfu are functions of the messages. The decoder, then, subtracts X?l,[lfl]@xgl,[lfl]

from Y; ;1. The resulting vector is

Y" = gl,[lfl] 57 N(?.
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In this situation, the channel from X3, to Y is a binary additive channel with § as
the bias of the noise. At the third step, the decoder uses Y™ to decode the message
of the third user, i.e., Wl?f,[l—l}' In particular, the decoder finds unique W% € F% such
that (WG, 3?") are jointly e-typical with respect to Py, 3. Otherwise, an error event
Es ) is declared.

Error Analysis: We can show that this problem is equivalent to a point-to-point
channel coding problem, where the channel is described by Z = X @ Nj. The average
probability of error approaches zero, if % < 1—nh(9).

Suppose there is no error in the decoding process of the third user. That is
Ei[l] occurs. Therefore, ng] = ng’[l] S5) X?Q,[l] with probability one. As a result,
the channel in Fig. 4.4 is in the first state. This implies that the corresponding
channel consists of two parallel binary additive channel with independent noises and
bias 0. Similar to the argument for Fy, it can be shown that P(E,p|Eyp) — 0, if
% < 1—~h(6). Lastly, we can show that conditioned on Ei[l] and E;ym, the probability
of Ej[; approaches zero, if % <1—h(9).

As a result of the above argument, the average probability of error approaches 0,
if % < 1— h(6). This implies that the rates R; = 1 — h(),i = 1,2, 3 are achievable,

and the proof is completed. O]

C.3 Proof of Lemma 14

Proof. Let R; be the rate of the ith encoder. We have R; > 1 — h(d) — e. We apply
the generalized Fano’s inequality (Lemma 4.3 in [47]) for decoding of the messages.

More precisely, as P < €, we have

1

- M < h(P) <
M1M2M3H<@1,@2,@3’Y ) ~ h(P) ~ h(E)
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By the definition of the rate we have

Ry + Ry + Ry = —H(01,0,,0;)

»—2>—t

< —1(01,02,03,Y") + o(e)

— =

NI(X?7 Xg? ng YN) + 0<€>

3~ “H(Y"X") + ofe), (C.4)

1
N

where (a) is because of (4.1), and for (b) we use the fact that Y is a vector of three
binary random variables, which implies%H (YN) < 3. As the channel is memoryless,

and since (4.1) holds, we have

N
1
SHYXY) =+ Y HMW|X11X20Xsy).

=1

Let P(X32; # X120 @ Xi24) = q, for [ € [1 : N]. Denote g = 1 — ¢;. We can show

that,
H(Y1| X1 X2, X3,) = (14 2q)h(0) + 2q:.

We use the above argument, and the last inequality in (C.4) to give the following
bound

By assumption Ry + Ry + R3 > 3(1 — h(J) — €). Therefore, using the above bound we
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obtain,

|\/®

N
3e + o(e) 1
2(1 — R(5)) =N Z N Z
=1 leTN
where (a) holds, because we remove the summation over all [ ¢ Z¥. We defined Z¥

as in the statement of this Lemma. Note that if [ € ZV, then ¢, > c¢. Finally, we

obtain

IV 3e+o(e)
N = 21— h(s))

C.4 Proof of Lemma 15

Proof. Let ZV be as in Lemma 14. The average probability of error for decoding
XP @ X2 is bounded as

N
1
N Z (X2 # X210 ® Xo9)
1 1
=N P( X301 # X9, & Xogy) + N Z P(X32; # X2, @ Xo2)
leTN 1¢LN
1z Y
c 1 1=l
N + ¢ N )
Y
- (1 Fe 1
(-9l
n(e)
< (1 _
== 5m—ney ¢

As a result as € — 0, then P, — c. Since ¢ > 0 is arbitrary, P, can be made arbitrary
small. Hence, for any ¢ > 0, and there exist ¢ > 0 and large enough N such that
P, < €. Note that X2 is a function of M3, YN,V and YJ). Next we argue that

to get P, < ¢, it is enough for X% to be a function of Ms,Y;¥. More precisely,
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given X3z, the random variables Yio; and Y ; are independent of Xi9; @ Xoo;. To
see this, we need to consider two cases. If X390, = Xj9; ® Xaz; then the argument
follows trivially. Otherwise, Yio; = X197 @ Nyjo, where Ny ~ Ber(1/2), and it is
independent of X;5;. Hence in this case, Y9, is independent of X5;. Similarly, Yo,
is independent of X ;.

By subtracting X from YV, we get ZV = XN & X & NY. Next, we argue
that the third encoder uses ZV to decode X{} & X2. Since M3 is independent of M,
and My, it is independent of X 1]\]’ , X ]]\27 for j = 1,2. Therefore ZV is independent of
Ms. Hence, X2 is function of Z¥. Intuitively, we convert the problem of decoding
XN @ X3 to a point to point channel coding problem. The channel in this case is a
binary additive channel with noise N5 ~ Ber(¢d). In this channel coding problem the
codebook at the encoder is Cia @ Cao. The capacity of this channel equals 1 — hy(6).
Since the average probability of error is small, we can use the generalized Fano’s
inequality to bound the rate of the encoder. As a result, it can be shown that

1

N log, ||Ci2 @ Caal| <1 — hy(9) + n(e), (C.5)

where n(e) — 0 as € — 0.
Claim 3. The following bound holds

1

7 1082 [[Czll 2 1 = (8) —;(e), (C.6)

where j = 1,2 and ~;(e) = 0 as e — 0.

Outline of the proof. First, we show that the decoder must decode Mj from YN. We
argued in the above that X2 is independent of Ms. Hence, the message Mj is encoded
only to X2V. Since X3 is sent though the first channel in Example 1, the decoder must

decode Ms; from Y;Y. Next, we argue that the receiver must decode M; and M, from
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Y Y and Y, respectively. Note that the rate of the third encoder is 1 — hy(8), which
equals to the capacity of the first channel given X{} @ XJ. Therefore, the decoder
can decode Ms, if it has X @ X&. Hence, the decoder must reconstruct X3y & X2
from the second channel. It can be shown that this is possible, if the decoder can
decode M; and M, from the second channel. As a result, from Fano’s inequality, the

bounds in the Claim hold. OJ

Finally, using (7) and (C.6) we get
1 1 .
0 < 1082 [[Ciz ® Conl| — 7 1og, [ICpal| < me€) +5(e), 7 =1,2.

This completes the proof. O
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APPENDIX D

Proofs for Chapter V

D.1 Proof of Theorem V.2

Proof. The pair of the nested linear codes are denoted by (C;,C,) and (C/,C!). For

1?0

any e-typical sequence x € X" with respect to Py, define

bz) £ Y (uv) e AU V]r)}
u€C,,vel,
Note that 6(x) equals the number of codewords (u,v) selected from the two nested
linear codes such that (u,v,x) are jointly e-typical with respect to Pyy x. Assume
the generator matrices and the dither for (C;,C,) are denoted by (G, AG) and b,
respectively. Also, let (G, AG’) and b’ denote the generator matrices and the dither
of (C/,C.), respectively. Note that the inner codes share the same generator matrix.

With this notation d(x) can be written as

= > D D

mE]FfI ,m’E]FZII a7a/ G]Fé: (U,V) EA? (U,Vl(l?)

1{aG + mAG +b =u,aG + m'AG + b’ = v}
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Suppose the elements of the generator matrices and the dithers are selected randomly

independently and uniformly from F,. Then the following lemma holds.

Lemma 35. For any a € F¥ and m € F,, define g(a,m) £ aG + mAG + b.
Similarly define ¢'(a’,m’) = a'G + m’'AG’ + b’ where a’ € F% and m’ € F.. Suppose
the elements of the matrices and the dithers are selected randomly independently and

uniformly from F,. Then the followings hold:

1. g(a,m) and g'(b,m’) are uniform over Fy.
2. g(a,m) is independent of g(a, m) when a # a.
3. ¢'(b,m’) is independent of g'(b,m’) when b # b.

4. gla,m) and ¢'(a,m) are independent.

Proof. Follows from [67] Lemma III.2 and II1.3 and the fact that b, b" are independent

and uniform. O

The theorem follows by showing that §(x) = 0 with probability sufficiently close
to one. In what follows we prove a stronger statement. We show that §(x) > E[0(x)]

with probability approaching one. For that applying Chebyshev’s inequality gives

El6(e))} < B{|6(r) ~ E()]| > SE()] )
4var[f(z)]

= Ep@)P

N | —

P{@(az) <

The expectation of (x) equals

E{9@)}= > > Y. Plylam)=uyg@ m)=v}

meF, m/eF! aa/€F (uv)EAT(U,V]z)

1
-y ¥ ¥ X
mGFfl,m’GFfl/ a7alEF’; (U,V)EA? (va‘x)

g+ on(H(U,V|X)+0(e))

q2n
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where the first equality follows by Lemma 35. Next, we calculate E[f(x)?]. For that

we have

=2 X X

m,meF,, aaeFF, (u,v)EAT(U,V|x)

m r'h’eIFl, a’ é/EIFk (a, V)GAn UV]x)

]P{g<aa m) = uagl<a/7 m/) = Vag<éa Ih) = ﬁa gl(é‘la m/) = {’}

Note that from Lemma 35, the probability above equals

1
—P{gp(a—am-m)=u-1a,g(a -&,m -m')=v-v}

where go(a,m) = aG + mAG, gy(a’,m') = ¢’G + m'AG’. The following cases can

be considered regarding the value of the above probability
Cases I: m=m,m' =m’:

Case 1.1 azd,a’zd’#ﬁ”zq%l{u:ﬂ,vzﬁ}

Case 1.2 a =a,d #d :>IP’:q3%LIL{u:ﬂ}

Case 1.3 a #a,d =d :>IP’:(]3%LIL{U:T)}

Case 14 a # a,a' # d,(a—a) =i(d =), i € Fy—{0} = P = 51{(u—1) =
(iv—12)}

Case 1.5 a # a,d #d/,(a—a) #i(d —a)VieF, :>IP:#

Cases 2: m #m,m’ =m"

Case 2.1 a=a,0' =ad =P = 4:1{v =1}

- an

Case 2.2 a=a,d #ad =P q%n

Case 2.3 a # a,d’ =ad :>IP’:(]3%L]I{1):17}

Case 2.4 a#&,a’%d’épzq%
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Cases when m = m,m' # m/' and m # m,m' # m’ are very similar and will be

discussed shortly. Considering the above cases when m = m, m’ = m’ it gives:

E{6(X)*m =m,m =m'} =
1
2.2 D5 VDS o
mm’ L a=a p=j (u,v)eA?(U,V\x) a=a p£p (u,w),(u,0)€AL U,V |z)
1
T > e
aZad p=p (u,v),(4,0)€A(U,V]|z)
1
LYY Y Y 4
i€Fg—{0} a#a  pxb  (uw ),(qﬁ)eA"(V\x)
b—b i(a—a) v—v=1
1
S0 SENNND DI~
a#a b#g (u,v),(lz,ﬂ)'eA2~(V|z)
b—b#i(a—a)  v—0Fi(u—a)
VicF,—0
Consequently
l+l’
E{0(X)*|m = m,m' =m'} < L1 q on(H(UV|X)+0(e))
l+l’ 3k
+q 3q on(H(UV|X)+H(V|X,U)+0(e))
q n
I+ 3k
+q 4q on(H(UV|X)+H(U|X,V)+0(c))
q3n
I+ 3k
+q 4q on(H(U,V|X)+max;zo H(UV|X,V+il)+0(c))
an
I+ Ak
JrQ+Tq22n(H(U,V|X)+O(e))
q n
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For the case where (m # m, m’ = m’) using a similar argument we obtain

20+1" 2k
T 4 on(HUYIX)+H(U|X,V)+0(e)
q3n
g on(2H(U,V|X)+0(e))

q4n

E{0(X)?*|m # m,m =m/} <

gt on(2H(U,V|X)+0(e))

+ q4n

Similarly for the case (m = m,m’ # m’) we have

1+2U' 2k
E{G(X)2|m = i,m £} < q 3q on(H(UV|X)+H(V|X,U)+0(e))
q n
+ Mgn(?H(U,VIXHO(e))
q4n

1+20" A4k
q+—q2n(2H(U7V|X)+O(6))

+ q4n

When (m # m,m' # m'), for any value of a,a,b,b we have P = q%n. The reason is
that (m—m)AG and (m’'—m')AG’ are independent and uniform over ;. Therefore,

for this case we have:

21+21" 4k
q on(2H(U,V|X)+0(e))

q4n

E{0(X)|m = m.m’ # i’} < 2

Finally we have:

var{f(z)} < " 9 n(H(UVIX)+0() | q" o-n(H(U|X)+0(c))

E{0(z)}? — ¢*Vg* g+ g*
4" 5 n(HVIX)+0()
+ -1 9
qH—l qk
+ qrj o n(H(UV|X) ~maxi o H(UV|X.VHil)+0(e))
qH-l qk’
n n
+ L gnmU+0@) 4 L o=n(H(VIX)+0()
q'q* q"q*
PRI A S
ql ql’ ql+l’ ql+k ql’+k
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Let 7,, 7/ denote the rate of C, and C/, respectively. Also let r;, r; denote the rate
of the inner-codes C; and C/, respectively. Then P{f(x) = 0} — 0 as n — oo if the

following bounds are satisfied

o+ 1, > 2logp — H(U,V|X),
To+ 1l —1; >logp — HU|X)
ro+ 1l —r; >logp — H(V|X)
ro+ 71l —r; >logp— H(U,V|X) +m72)XH(U,V\X,V+iU)
ro >logp— HU|X), ro>r, 15>0

r’ >logp — H(V|X), rl >, r >0
Observe that

HUV|IX,V+iU)=HU,V,V +iU|X) — H(V +iU|X)

= H(U,V|X) — H(V +iU|X)

Note that the second and third inequalities are redundant. This is because r, > r;
and 77 > r;. As a result, the above bounds are simplified to the set of bounds given

in the statement of the theorem.
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APPENDIX E

Proofs for Chapter VI

E.1 Proof of Theorem VI.1

Proof. At each block a re-transmission occurs with probability ¢, an error occurs with
probability P, and a correct decoding process happens with probability 1 — ¢ — P.p.

The probability of a re-transmission at each block is
q=PO=0,).
The probability of error at each block is
P, = P(©,)P(6 = 6,|0,).

Therefore, with this setting the total probability of error for the transmission of a

message is

S P,
Pezzqkpebzl_b . (El)
k=0
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The number of blocks required to complete the transmission of one message is
a geometric random variable with probability of success 1 — ¢. Thus, the expected
number of blocks for transmission of a message is ﬁ.

Next, we derive an upper-bound for ¢ and P,,. For shorthand, denote Hyo = (H,

Hg),ng = (ﬁl,ﬁg). Then

Py = P (o = 00, Hyz # 00)

= Z P(le = a)P(ﬁlg = OO‘le = Cl).

ac{01,10,11}

Note that the effective rates of this transmission scheme are (%, %) Suppose

(%, %) is inside the feedback-capacity region of the channel. Then, from the
definition of the capacity region, there exist a sequence (,,n > 1 with ¢, — 0 such

that after the first stage
P((Wy, Wa) # (W1, W2)) < G

Equivalently, the effective rates are inside the capacity region, if the following in-

equality holds for any A\; > 0,7 =1,2,3:

1
E ()\1R1 + )\QRQ + )\3(R1 + Rg)) < CA’ (EQ)

where C) is given in Definition 42. Denote R3 = R; + Ry and define

. YR
* = 1—=_—). E.
7 Al,g}xngzo Cy ) (E.3)
AM+Aat+Az=1 =
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Then, (E.2) implies that v < v*. The probability of error is therefore bounded by

Py< Y P(Hp=00H;=a) (E.4)
a€{01,10,11}

Suppose (X1(0), X1(1), X2(0), X5(1)) are random variables with joint distribution
P,. Then for i,j € {0,1} define

De, (00]1i7) = B, [ Do (X:(0), Xa(0) X (3), Xa(5) |

From the description of the transmission scheme, the codewords for the confirmation
stage are selected with joint-type P,,. In addition, the decoding process is performed

using ML decoding. Therefore, the following bounds hold for a € {01, 10, 11}:
P(Hyy = 00|Hyy = a) < 27"7Ppn(00ll0),
Thus, from (E.4), the probability of error is upper bounded by
P, < 3 x 27 Pin (E.5)

Where Dl,n = Inaxp,, minae{Ol,lO,ll} DPn(OoHa)-

Next we derive an upper bound for q. We have

q = P(é == @1)
— P(0y)P(6 = 0,]0,) + P(0,)P(© = ©,]6,)

< P(6 = 6,]|00) +

where the last inequality holds because of the following inequalities 1) P(©) < (,,
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and 2) P(6,), P(© = 04]0;) < 1. Note that

P((':) - @1|@0) - Z P(]:Im - CL|H12 - 00)

a€{01,10,11}

< Z 9—n7vDp,, (al|00)
ae{01,10,11}

—ny Dy,
<3 x 27",

where Dl,n = MiNge(o1,10,11} Dp, (a]|00). Therefore, there exists a sequence {q, }n>1
with ¢, — 0 such that ¢ < ¢, + (,,. Using this inequality and the inequality at (E.5),

we derive the following upper-bound for the total probability of error given in (E.1)

P < LQ_nVDZ,n .

‘- 1- qn — Cn
Therefore, the error exponent is bounded from below as

—log, P, S YDy p,

BTl ~ P g -G)

log, (1=n=Cn)

1=gn—Cn

that ¢, + G, <€, Dy > Dp —€,§, <e€. Set v =" —e. Then

where &, = % . Note that for any € > 0 there exists large enough n such

—log, P.

E[7] > "Dy —o(e)

where o is a function of € such that lim.,oo(€) = 0. Finally, the proof is complete

by replacing v* from (E.3).
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E.2 Proof of Lemma 20

Proof. Given Y! = y*, W, = my, Wy = my, we obtain

E[H},, — H}ma, y']
= —I(W1;Yie1|mo, y')
= —I(W1§K:+1|m27x§+lvyt)
= —H(Yiea|ma, 23", y') + H(Yena[ma, 257, Wi, y')
= —H (Y1 |mg, 25T,y
+ H(Yia|ma, a5, Wi, X yt)
= —H(Yi1|ma, 25" y") + H(Yi 25, X )

= _Jt1+l<m27 xt2+17yt) (E6)

where (a) follows because condition on the channel inputs X 41, X241, the output
Y41 is independent of W, Wa. We denote the right-hand side of (a) by J};(.) as in

(E.6). Similarly for the case when i = 2 the following lower-bound holds

E[Ht2+1 - Ht2|m17 yt]
= _H(}/Ii-i-l’ml’ xﬁ—i_l? yt) + H(n+1|X5+17 xi—i—la yt)

= _‘]t2+1(m17x§+1a yt) (E?)

Using a similar argument for the case when i = 3, we can show that the following

inequality holds

B[ — Hly'l > —1(X7 X" Yialy')

= —Jia (). (E.8)
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Consider the quantities at the right-hand side of (E.6), (E.7) and (E.8), i.e., the

functions J}, |, J2.1, 2. We proceed by the following lemma.

Lemma 36. The vector (J},, J2,1, J21) is inside the feedback-capacity region C al-

most surely.

Proof. We use the alternative representation for C which is given in Fact 1. For any

non-negative numbers Ai, Ay, A3, let

Ia(my,me, 20 25 Yty = MJL (me, 25 y") + X JZ (ma, a7 y') + AP (y)

Note that

Ja(ma,ma, 2y 2y y') < sup E{J\(Wh, Wo, X771 X5y}, (B9)

P
Wy Wy x T ITL 41

where the supremum is taken over all Pytrixtrtjyin that factors as in (6.4). The
right-hand side of the above inequality equals Y, E[\;J/,,]. Each expectation inside

the summation can be bounded as follows

E{Jt1+1<W27 X§+l7 yt)} = H(Y;Jrl‘W?a X§+17 yt) - H<}/;+1‘X5+17 X{Jrla yt)
< H(Yin| X5 y') = HYia [ X5, X770y

= I( X141, Yo | X5 o)
Similarly,

E{ 2 (W, X7y} < T(Xapp; Y[ Xiy')

E{Jg’ﬂ (yt)} < I<X1,t+17 Xz,t+1; Yin |yt)
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Therefore, since the channel is memoryless using the above bounds we have

E{ Jy(Wy, Wy, X1 X 1))
<MK 41, Yo | X5 07) + Mol (Xo g YVira [ XTHY) 4+ AT (X 41, Xoggr; Yo ly')

< C)y

[]

Since the vector (J} 1, JZ,1, J.,) is inside the capacity for all 1 <¢ < N, then, by

definition, Ve > 0 there exist L and Pyryzy: factoring as in (6.4) such that
Jia <Ip+e i=1,2,3

holds for all 1 <t < N. This implies the statement of the lemma.

E.3 Proof of Lemma 24

Proof. We prove the first statement of the lemma. The second and the third state-
ments follow by a similar argument. Given Y* = y*, W, = m, define the following

quantities

fim = PWr = i[Y" = ¢, Wy = m)
fi|m(yt+1) = P(Wl = i‘Yt = Z/t, Wy=m,Y = yt+1)

Qi,m(ytJrl) = P(Yt+1 = yt+1’W1 =1, Wy = m, Y= yt)y

where i € [1: M;],y;11 € V. Since H} < ¢, then there exist ¢ (as a function of €) and

an index [ € [1: M;] such that fy,,, > 1—¢ and fi,, < ﬁ/_l foralli € [1: My],i # L.
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Denote

P - fz|m .
fi|m = my i # L.

Using the grouping axiom we have
H} = HWi|Wy = m,y") = hy(fiyn) + (1 = fim) H(X)

where X is a random variable with probability distribution P(X = ¢) = fi‘m, iel:

M,],i # . Note that

ho(fim) = —(1 = fijm) 1og(1 = fim)-

Therefore,

H! ~ —(1— fym)(og(l = fym) — H(X))

~ (1= fijm) log(1 — fym) (E.10)

where the last approximation is due to the fact that —log(1 — fin,) > H(X). Next,

we derive an approximation for H}, . Note that

B fl|le7m(yt+1)
Sum (Yr41) = zj Litm@jm (Yes1)

The denominator can be written as

fl\le,m(yt—&-l) + (1 - fl|m) Z fj|mQj,m(yt+1>-
J#l
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The above quantity is approximately equals to @, (y). Therefore,

- —(1— Z#l 'fj|mQj7m(yt+1)
(1= fim(ye1)) = (1 = fim) Zj TomQom ()
~ (11— Zj;«'ﬁl fj|mQj,m(yt+1)
~ (1 fl|m) Ql,m(yﬂ_l)

This implies that fj;,(yi41) = 1. Therefore, using the same argument for H} we have

Ht1+1 ~—(1— fllm(yt+1))<10g<1 - fllm(yt+1))

Zﬁgl fj|mQj,m(yt+1>
Qi (Yr+1)

~ —(1 = fim(er1)) log(1 = fiym)- (E.11)

= (1~ fun(yess)) | o8(1 — fim) + log(

As a result of the approximations in (E.10) and (E.11), we obtain

H (1= fym(y))1og(1 — fijm)
Y7 (1= fupm)log(1 = fipm)
_ Zj;él fj\mQj,m(y)
a Qum(y)

Note that

P(Yi = y|Wa=m,y") =~ Qrm(y)
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Therefore,

Hl 1 Ajm j,m Y;
E{log Ht—?lyt} ~ E{log Zas«égll (QthH() +1)}
- Z Qum(y)log Z#lgjlméi;,m(y)
D DQullS Fim@im)
J#l
(b) )
> = fimD(Qunl|Qsm)
J#l

Z — max D(Qunl|Qjm)
(>i) —(Dy +¢)

where (a) is due to the definition of Kullback-Leibler divergence, (b) is due to the

convexity of Kullback—Leibler divergence, and (c) is due to the definition of D;. [

E.4 Proof of Theorem VI1.2

Proof. Since {Z;} is a submartingale, then Z, < E[Z7]|. By the definition of {Z;} we

have E[Z7] = 327_, a;E[Z4]. For any of processes {Zi}, the following hold:

—E{ Lo >E}] +E Klog}g% filtog 22 )) Lon; <e}] + E[T]
[ [
el e R

_ E[z}ﬂ; © . BB~ lose . +EIT)

(%) E[Efr}i; € logE[ll;f}—]l—; log e n MilDi +E[T] (E.12)
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1

where (a) follows from the inequality fi(y) < -5,

and (b) follows by applying Jensen’s
inequality for the function log(x).
Define n(P.) = hy(P.) + P.log(M;Ms). Using Lemma 23, the right-hand side of

(E.12) is upper bounded as

< n(Pe) — € log(n(Pe)) _ loge + 1

: E[T
= (I +o D +e po, T
_n(P)—¢e logP + log —loge . 1 CE[T]
log P.
< ;i “+E[T)(1+ 6(P., My My, €)), (E.13)
where the function ¢; is defined as
(Pe)
n(P,) — log T5 — log e 1
0;(P., M Ms, €) = +
( 1 2 ) H ( + )log ]\(J;)M2 (D + E) logJ\(Jé)Mg ZD’L log M1 Mo ||

Ry

Note that we use the equation E[T]| = log;/[#% in the definition of ;. Observe that

lim lim  §;(P., M1 My, ¢) = 0.
Pe—>0M1M2—>OO

Note that Z§ < E[Z%],i = 1,2,3, where Z} = 10“;]\1 <. Therefore,

log M; — € < log P,
Ii+e — Dj+e

+E[T)(1 + 8;(P., My My, €))

Multiplying both sides by £i£€ and rearranging the terms give

E[T]

_logPe<(D'+) 1 Rg\i,)

E[7] =€ It +¢
E(Dl—i—G)
o+ (Di +€)0i( P, M1 My, €),
(1 + o] (Pt M0
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Define

~ D —i— €) € R(S)

For any non-negative numbers \;,i = 1,2, 3 the following inequality holds:

log P, (z)
— < (D, 1-— E.14
MNRY ~
< (D; 11— N )
< (Dite) )\ilz+e>+ ’
AR <
<Di+e) |1 - =" — |+,
Zj)\lj + €

< (D; +e¢)

supz A [i—l—e)

NR ~
= (D; R
(D; +€) C,\+e>+5’

Since the transmission rates are inside the capacity region, )\Z-Rg\i,) < C)\ and we obtain

log P, ARY -
‘<D, |1-2X 8(P,, M, M.
> ( C)\‘f‘e + e+ ( ) 1 276>7

() (@)
(@) ARy ARy € N
=D;|1- D;———— 0(P,, M1 My, ¢),
( >—|— C)\<C)\+€)+€+ ( 1My, €)

(b) )\iR(l) ~
S Dz (1_ N) +Dmaxci+€+5(PeaM1M27€)a
A

where D, .« = maX{Dl,DQ,Dg,} (a) follows by adding and subtracting the term

)\R()

D;(=z2), and (b) follows as Cijrv < 1. Define §(P,, M1 My, ¢) = €(1 + max)_{_(s(

MMy, €). The theorem follows by taking the minimum over \;,7 = 1,2,3 and the
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fact that the following condition is satisfied:

lim im  lim (P, M1 Ms,€) = 0.

e—0 P.—0 M1 Ma—o0

Note that in the above proof it is assumed that the capacity region is nonempty. This

assumption implies that C'y > 0 for all A # 0 with non-negative components. O]

E.5 Proof of Corollary 3

From (E.14) in the proof of Theorem VI.2, we obtain:

(i) ~
_logPe< min (D; + €) <1— RN )—1—5

E[T] — ie{1.2,3} Ii +¢
RrY
< Dyax  min <1— ’,V>-|—5
i€{1,2,3} ]};
= Dmax i 1 - 7 ; 5, E15
N e Dl (E.15)
ajtag+az=1 =1

where Dy = max{D;, Dy, D3}, and 6 = 5+ esup(1l + %) For non-negative \;,
L

NI

Zj Aj]i

Therefore, (E.15) does not exceed the following

p)
Diax  min (1 - M) + 4.

AL A2, A5 0 W
Az +Az=1 2 Al

1=1,2,3,set o; =

. Next, replace a;,i = 1,2, 3 in (E.15) with the above term.

The proof is completed by noting that Zj /\jli < Cl.
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