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Abstract

Rolling ball machine components like ball bearings and ball screws are used in a wide
range of machineries for load bearing and motion transmission. Ball bearings and ball screws are
also the two key mechanical components in rack-type electric power assisted steering (rack
EPAS) gears in motor vehicles. They are subjected to large multi-directional loads and
manufacturing errors in rack EPAS, making it hard to accurately calculate load distribution (i.e.,
the load borne by individual balls) for the purpose of sizing. Rack EPAS gear also suffers from
“stick-slip” (i.e., sticky feel sensed by the driver) mainly due to the friction variation of ball
bearings and ball screws, which adversely affects driving experience. Motivated by the industrial
application, the objective of this doctoral thesis is to develop low order load distribution and
friction models for ball bearings and ball screws to aid analysis, optimal design and
manufacturing tolerance specification of rolling ball machine components (used in EPAS).

A low order static load distribution model for ball screw is first proposed incorporating
geometric errors and elastic deformation effects. A new way of describing the ball screw groove
surfaces with geometric errors using multivariate functions is proposed. A ball-to-groove contact
model based on Hertzian Contact Theory including geometric error effects is developed. The
proposed load distribution model is validated against high order Finite Element Analysis (FEA)
models created in ANSYS and is shown to be accurate but computationally much faster. It is
thus applicable to ball screws with multi-directional loading and geometric errors, like those in
EPAS.

Two sources of contact-induced friction variation in ball bearings and ball screws are
investigated and modeled. Based on a sensitivity analysis of ball-to-groove contact friction due
to rolling, sliding and spin motions, the transition between four-point contact operation and two-
point contact operation is shown to give rise to significant friction variation in a four-point
contact ball bearing. Another source of friction variation is ball-to-ball contact. In this work, low

order numerical models for ball-to-ball contact friction in linear ball bearings and ball screws are

xii



proposed, both of which are validated favorably against ANSYS FEA models while being
computationally much faster. Based on friction analysis and simplifying approximations, an
analytical model for ball-to-ball contact friction in four-point contact linear ball bearings is
derived. The insights gained from the analytical model are leveraged to mitigate ball-to-ball
contact and thus significantly reduce friction variation.

The developed load distribution and friction models are applied to rack EPAS gear in a
few realistic scenarios and proven to be useful for industrial applications. Important insights are
derived for ball bearing and ball screw design, inspection and manufacturing tolerance

specification based on the developed models.
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Chapter 1 Introduction and Literature Review

1.1 Background and Motivation

1.1.1 Rolling Ball Machine Elements
Rolling ball machine elements are widely used in machineries to carry load and transmit
motion with low friction [1]. Figure 1.1 shows the common examples of rolling ball machine

elements: (rotary) ball bearing, linear ball guide, linear ball bearing (or linear guideway) and ball

screw.
N
3 ; @%
(= > - o=
Ball bearing  Linear ball guide Linear ball bearing Ball screw
[SKF] [Schneeberger] [Hiwin] [Hiwin]

Figure 1.1: Examples of rolling ball machine elements

Applications of rolling ball machine elements can be found in all kinds of industries such
as manufacturing, energy, aerospace and automotive, to mention a few. For example, in machine
tools used extensively for manufacturing, rotary ball bearings are commonly used in high-speed
spindles for metal cutting [2,3]; ball screws are the key components of some machine tool feed
drives that deliver the cutting tool and workpiece to the desired location [4]; linear ball bearings
are indispensable components in some machine tool guides [4]. In wind turbines, ball bearings
are critical parts supporting the main shaft which transmits energy from the blades and rotor to
the gearbox and generator [5,6]; they are also used for pitch and yaw control of blades and
nacelle (i.e., housing) to fully exploit wind resources [7]. In aircrafts, ball screws are key
components of electromechanical actuators used in secondary flight controls (e.g., flaps, slats
and trim horizontal stabilizers) and landing gears [8,9]. In vehicles, ball bearings are used

extensively in moving parts such as wheel hubs and transmissions [10]; ball screws are the key



mechanical components in electromechanical actuators which are gaining popularity in electric
power assisted steering systems, brake boosters and clutch release systems [11].

Since the main functions of rolling ball machine elements are load carrying and motion
transmission, load capacity and friction behavior of rolling ball machine elements are very
important to their functionality. Load distribution characterizes the load carried by each ball in
the ball track, thus it predominantly determines the load capacity and service life of rolling ball
machine elements [1]. In machine tools, ball bearings in the spindles are the most susceptible to
damages by overload and they must be operated under the maximum allowable load [12]. In
wind turbines, bearings are the predominant cause of failure due to excessive loads [6], thus their
load distribution is critical and must be determined early in the design stage of wind turbines [7].
In aircrafts, the load distribution in the ball screw affects the life span of electromechanical
actuators [8]. On the other hand, friction of rolling ball machine elements affects the accuracy,
efficiency and motion smoothness of the machineries. In machine tools, excessive friction-
induced heat in spindle bearings result in degradation in accuracy of machined parts [12]. In
wind turbines, rolling bearing friction accounts for about 30% of total power loss of wind
turbines, thus rolling bearing friction must be understood and compensated to reduce the overall
power loss [13]. In aircrafts, the possibility of jamming in mechanical transmission components
(mainly from ball screw) hinders the use of electromechanical actuators in safety-critical

applications such as primary flight control [9].

1.1.2 Ball Bearings and Ball Screws in Rack Electric Power Assisted Steering (EPAS)

System

Power assisted steering systems are used in the vast majority of modern vehicles to
reduce driver’s steering effort [14]. There are two primary types of power assisted steering
systems, namely, hydraulic power assisted steering (HPAS) and electric power assisted steering
(EPAS). Figure 1.2 depicts the typical HPAS and EPAS systems for passenger vehicles. Both
steering systems typically have a rack and pinion mechanism that helps convert the driver’s input
at the steering wheel to the translational motion of the rack thus turning the road wheels. In
HPAS system, the fluid pressure on either side of the hydraulic piston is differentiated by a
rotary valve to provide assist force to the rack, as shown in Figure 1.2 (a). In EPAS system,
however, the assist is provided by an electric motor. As depicted in Figure 1.2 (b), a torque

sensor signals the electronic control unit (ECU) on when to provide assistance according to the



driver’s input from the steering wheel and vehicle speed. The assist torque from the electric
motor is then transmitted to assist force on the rack through the ball bearing and ball screw via
timing belt. EPAS system has many advantages over HPAS system with regard to fuel efficiency,
control flexibility and environmental compatibility, etc. [14,15]. Recent trends towards vehicle
electrification, advanced driver-assistance system (ADAS), steer-by-wire (SbW) and
autonomous driving have also facilitated the rapid adoption of EPAS compared to HPAS [14,15],
mainly due to the low latency and control flexibility of electronics compared to hydraulics. In the
EPAS system shown in Figure 1.2 (b), the motor sits parallel to the rack and the assist force is
provided at the rack, thus it is called rack EPAS. Depending on the location of the assist motor,
there are column EPAS and pinion EPAS as well. Rack EPAS systems provide the most assist
force among the three types of EPAS, thus they are usually used in bigger cars [16]. They

motivate the key issues studied in this dissertation and are the primary focus of its application.

Steering column Steering column
Rotary valve
Fluid lines . \
. Electric ‘ .
To reservoir motor Electronic T01qu§
| f From pump : Belt |Control Unit I GERSOR
— I I i h—
Tie rod . . A Tie rod
(to ljvlr;el) Piston Rack Pinion Screw (rack) Nut Rack Pinion (to lfvgc;el)
(a) (b)

Figure 1.2: Schematics of: (a) hydraulic power assisted steering (HPAS) system; (b) electric
power assisted steering (EPAS) system in passenger vehicles

Ball bearings and ball screws are key mechanical components in rack EPAS system as
shown in Figure 1.3. Since steering system is safety critical [17], the rack EPAS gear must
function under the high external loads to which it is subjected; it must meet certain specifications
on “friction roughness” (i.e., friction variation) for smooth and safe operation. Therefore, load
distribution and friction behavior of ball bearing and ball screw are important to the safety and
performance of rack EPAS gear, much like they are to the afore-mentioned applications of
rolling ball machine elements. The harsh operating conditions of EPAS gear in vehicles pose
unique challenges: the rack (i.e., ball screw shaft) of the rack EPAS gear experiences very large
multi-directional (i.e., axial and lateral) load due to large tire forces at various tie rod angles. At
the same time, ball bearing and ball screw in rack EPAS gear inevitably have manufacturing

errors. The manufacturing errors in EPAS gear are more pronounced than many other



applications due to the cost constraints of automotive industry. These two features of rack EPAS:
large multi-directional loading and relatively large manufacturing errors, make it hard to
accurately calculate the load distribution in the ball bearing and ball screw for the purpose of
sizing. These two features also make the friction behavior of rack EPAS gear complicated: the
rack EPAS gear is well known to suffer from “stick-slip” phenomenon (i.e., sticky feel sensed by
the driver), which largely affects the user experience. “Stick-slip” is an extreme case of friction

variation, mainly introduced by the ball bearing and ball screw.

(a) (b)
Ball Bearing
Nut ﬂn.
Electric Power m
Assisted Steering § \ .
(EPAS) System g J 2o =
Rack (ball
screw shaft)
e ' Electric motor
Tie rod

Figure 1.3: (a) Rack EPAS system [photo courtesy of Porsche]; (b) key mechanical components:
ball bearing and ball screw [photo courtesy of Bosch]

Modeling load distribution and friction behavior of ball bearing and ball screw plays an
important role in the design stage of rack EPAS gear by reducing the testing cost and time. It
facilitates analytical design verification (or virtual experiments) of rack EPAS gear for better
design, faster troubleshooting and more cost reduction. While it is true that tighter manufacturing
tolerances improve the performance of ball bearing and ball screw, it comes at a cost. Therefore,
it is very important, especially in the cost-sensitive automotive industry, to identify the key
contributing factors in design and manufacturing tolerances for ball bearings and ball screws to
ensure their load capacity and friction variation but at the same time keep the cost low. However,
there is a lack of appropriate load distribution and friction models for ball bearings and ball
screws, especially under the effect of manufacturing errors and multi-directional load.

Since the study is motivated by the application of ball bearings and ball screws in rack
EPAS, which is low speed application, only static and quasi-static behaviors are studied.

However, dynamic behavior in high speed application can be incorporated to the developed



models if necessary. Besides, the effect of manufacturing errors and multi-directional load on
load distribution and friction variation is the main focus, thus the effect of other factors, such as
lubricants, thermal effect are out of the scope of this dissertation.

In the next section, the literature on the load distribution and friction modeling of ball
bearings and ball screws are reviewed. Based on the deficiencies identified in the literature

review, the contributions of this dissertation are summarized at the end of this Chapter.

1.2 Literature Review on Load Distribution and Friction Modeling of Ball

Bearings and Ball Screws

1.2.1 Load Distribution Modeling

Load distribution characterizes the load carried by each ball in rolling ball machine
elements. It is essential for the load capacity and service life of machine elements [8,18,19].
Therefore, an accurate characterization of load distribution is very important for the rolling ball
machine element design and sizing.

It is very difficult to measure the load distribution experimentally in rolling ball machine
elements due to sensing difficulties. Biehl, et al. [20] deposited thin film sensors on the groove of
a ball bearing to conduct direct contact load measurement. Even though the thickness of thin-
film sensors can be made down to a few um [20-22], it still changes the ball-to-groove
interaction which is also um-level and therefore affects load distribution. Besides, thin film
sensors show temperature dependence and do not have good wear resistance; complicated
process of depositing multiple layers of material on the substrate (i.e., bearing grooves) also
prevents their prevailing use. Biehl, et al. [21], in another work, placed steel pins coated with
thin film sensor in drilled holes inside the ball nut to measure the preload in double-nut ball
screw. But unlike direct deposition on groove [20], the thin film sensor did not measure the load
distribution on each ball. Apart from the attempt to directly measure load distribution, another
approach is to conduct indirect (non-contact) measurement. Papadopoulos [23] presented using
photoelastic experiments to study the load distribution in roller bearing specimens.
Photoelasticity is the phenomenon when the material shows different fringe patterns under stress.
It is based on the optical properties of transparent material, and can be utilized to determine load
distribution. However, it cannot be applied to real rolling ball machine elements which are

usually made of steel. Besides, it cannot be used for specimens with complex geometries such as



ball screws with helical grooves. Bertolaso, et al. [8], with the aim to measure load distribution in
ball screw, had to use photoelastic experiments to measure the load distribution in a simplified
2D slice of ball screw made of PMMA (transparent plastic material), because of the pre-
described limitations of photoelasticity. Such simplified set-ups grossly misrepresent the three-
dimensional force—displacement interactions that take place in the actual ball screw.

Given the difficulties in experimentally measuring load distribution in rolling ball
machine elements, most researchers have resorted to models to predict load distribution. Such
models could take the form of empirical models. However, empirical models are only available
for few simple load cases such as pure axial loading [24]. The empirical models are not accurate
either under multi-directional loading condition or when manufacturing errors are present. A
more versatile approach is to use high-order 3D finite element (FE) models, often generated
using commercial Finite Element Analysis (FEA) software like ANSYS® and Abaqus. Since the
scale of contact deformation is um-level while the dimension of machine elements are mm-level,
mesh refinement must be made near the contact region to attain reasonable accuracy and
resolution [18,19,25]. As a result, high-order 3D FEA models often have to be very large,
consisting of hundreds of thousands of elements and degrees-of-freedom (DOFs) [25]. They
consume a lot of computational resources and time to generate [18,19,26-28], and are difficult to
use, e.g., for iterative design optimization and parametric studies [26]. For example, the full FEA
model of linear ball bearing was too computationally expensive, thus only a slice of it under
external force is modeled to study its load distribution and stiffness [28]. Only a fraction (i.e.,
3/100 to 1/10 sector) of slewing bearings (i.e., ball bearings with large diameter) was modeled in
ANSYS to reduce the computational load when studying their load distribution [19]. To address
the computational problem, the mesh-intensive ball-to-groove contact was modeled by super-
element [25] or nonlinear traction spring [18,26] in “hybrid FEA models”. The special treatment
of ball-to-groove contact using super-element decreased number of elements and was shown to
reduce computational time significantly [18,26]. But it comes with more pre-processing in the
setup process (e.g., predefining elements in FEA software) and is not very flexible to changes in
geometry [18,26], e.g., manufacturing errors.

An alternative or complement to using full or hybrid FE models is to employ low order
FE models, often consisting of one-dimensional (1D) FEs (e.g., bar and beam elements) with

much fewer DOFs than full 3D FE models. Low order FE models have the advantages of lower



complexity, faster computational time and more flexibility compared to full or hybrid FE
models. As a result, low order models have been developed and employed in studying various
aspects of ball bearing and ball screw behavior, including load distribution.

Low order load distribution models for rotary ball bearings are popular in the literature
[24,29-36]. The first comprehensive modeling work of load distribution dates back to the 1960s
[24,29], where Jones modeled the load distribution of ball bearings for the purpose of calculating
bearing fatigue life. The most critical part of the model was to capture ball-to-groove contact.
Jones proposed a geometry-based model where the contact load is determined by the relative
distance of the groove curvature centers pertaining to each contacting groove. Static equilibrium
of contact forces (and friction [29]) are established to solve for the contact status and load
distribution iteratively. The model was able to incorporate changing contact angles under load.
Most of the subsequent low order models for ball bearings followed Jones’ geometry-based
model in establishing the ball-to-groove contact for load distribution and stiffness [30-37]. A lot
of low order load distribution models have been proposed for ball screws as well. The most
rudimentary low order models assume uniform load distribution for all balls in ball screw and/or
ignore interactions between Hertzian contact forces and elastic deformations of the screw/nut by
prespecifying the elastic deformations of the screw/nut (e.g., see Refs. [38—40]). However, it is
well understood that elastic deformations of the screw interact closely with Hertzian contact
forces and thus affect static load distribution. Therefore, more advanced low order models
consider interactions between Hertzian contact forces and axial deformation of the screw and nut
(e.g., see Refs. [8,41-45]). The implicit assumption in these models is that ball screws are
predominantly subjected to axial/torsional loads, which give rise to only axial/torsional
deformations. While it is true that ball screws typically bear axial/torsional loads, Slocum [46]
and Okwudire and Altintas [47—49] have shown that purely axial/torsional loads give rise to
appreciable lateral (bending) deformation in ball screws due to the helical raceway. These
induced lateral deformations could significantly influence static load distribution leading to
inaccurate predictions by such models. Moreover, there are some applications (e.g., EPAS in
automobiles [11,50]) where ball screws are subjected to significant lateral loads. Axial/torsional-
deformation-only models are incapable of accurately characterizing static load distribution in

such applications.



Another very important factor in accurately predicting load distribution of ball bearing
and ball screws is the effect of geometric/manufacturing errors. Geometric errors together with
eccentricity in external load cause non-uniform load distribution among balls, resulting in higher
load on certain balls and reducing the fatigue life of rolling races [19]. The study of geometric
errors are necessary for manufacturing tolerance specification, as too stringent requirements
demand sophisticated facilities and hence the manufacturing cost is high, whereas liberal
tolerances mean compromise of the performance and life of the rolling ball machine elements
[19]. Geometric errors are considered in some low order distribution models for ball bearings.
Potocnik, et al. [27] described irregular bearing geometry at raceway centers and studied its
effect on load distribution based on a contact model similar to Jones’. In their work, only
geometric errors at raceways centers were considered, whereas the geometric errors at the
raceways were not incorporated. Aithal, et al. [19] presented various types of geometric errors
including surface waviness, and modeled their effects on load distribution in ANSYS FEA.
However, all the geometric errors were simplified as offset in the contact surfaces (i.e.,
equivalent error on ball radius/diameter) in ANSYS. Majda [51] mapped the straightness error of
the linear bearing rail as oversize/undersize in the diameter of balls in studying its effect on the
accuracy of machine tools. Geometric errors are ignored in most of the existing low order models
for ball screws, e.g., see Refs. [8,41-45]. Mei et al. [43] developed a low order model for
predicting static load distribution that addresses this issue by assuming that the elongation of the
screw/nut, under axial loads, should compensate for the Hertzian contact deformations and
geometric errors of the balls and raceways in the axial direction. Xu et al. [44] slightly improved
on model of Mei et al. by incorporating effects of contact angle variation due to elastic
deformations in the axial direction. However, because both these models [43,44] ignore lateral
deformation, their handling of geometric errors is deficient. For instance, they treat geometric
errors of groove profile and balls combined as a prespecified axial error term, which does not
adequately capture the multi-directional interactions between groove profile errors, contact
forces and elastic deformations.

As a result of literature review, the main deficiencies of the existing low order load
distribution models for ball bearings and ball screws are identified as: (I) existing low order load
distribution models for ball screw do not include lateral deformation which is significant

especially under lateral load; (II) there is no comprehensive model to describe the geometric



errors and incorporate them into load distribution calculation for both ball bearing and ball

SCIrew.

1.2.2 Friction Modeling

Friction behavior is very important to the functionality of rolling ball machine elements,
e.g., accuracy, motion smoothness and service life [1,52], hence it has been studied extensively
in the literature.

There are many experimental studies on the friction behavior of ball bearings and ball
screws. While experiments are very useful in characterizing the friction behavior in specific
operating conditions, they often do not have the breadth of scope and depth of insight provided
by physics-based models; they can also be expensive and time consuming to carry out, often
requiring specialized jigs [52]. Modeling the friction behavior of ball bearings and ball screws
thus plays an important role by reducing the testing cost and time, and yielding more
generalizable understandings [1]. There are many contributing factors to friction: ball-to-groove
contact, ball-to-ball contact, lubrication, cages, etc. This work is mainly focused on contact-
induced friction.

The pioneering work of ball bearing modeling was done by Jones in 1959 [29]. In his
model, the relative velocity field between each ball-groove contact is first derived; frictional
force and moment are then obtained by integrating infinitesimal frictional stress over the contact
area; by establishing the quasi-static equilibrium of frictional force and moment, ball motion and
friction are solved iteratively. Building on Jones’ work, several physics-based friction models for
ball bearings have been proposed [52-56]. Harris and Kotzalas [54] gave a comprehensive
summary of various aspect of friction modeling of ball bearings. Recently, Leblanc and Nelias
[55] extended Jones’ model from two-point contact to three- and four-point contact ball bearings.
Joshi [56] simplified the friction model developed by Leblanc and Nelias [55] for high-load low-
speed ball bearings with both two-point contact and four-point contact, and validated the
simplified model against a specially designed friction torque rig. Halpin and Tran [52] used
minimum energy criteria to solve the friction dynamics of four-point contact ball bearings. For
ball screws, a different kinematic pattern from ball bearings was found due to helical ball track
[57]. Correspondingly, friction models for ball screws were proposed following the similar
process predescribed for ball bearings [40,45,58]. The beauty of the described models is that they

are low order (from a numerical standpoint) compared to the alternative which is to utilize high-



order finite element analysis (FEA) models that incur much larger computational costs [59].
Moreover, low order models can sometimes be further simplified to yield elegant analytical
formulations that provide explicit relationships between friction behavior and system parameters
[60,61].

It 1s well known that generally four-point contact ball bearing has higher friction than
two-point contact ones [52,59]. There is a general understanding that four-point contact ball
bearing mainly has spin and sliding motion in the contact area and two-point contact ones mainly
has rolling [52,59], while spin and sliding have higher friction than rolling due to larger relative
velocity at the contact area as illustrated in Figure 1.4. However, there is no dedicated study of
friction due to rolling, sliding and spin motions in the literature, which is important for the four-
point contact ball bearing used in rack EPAS as the balls experience transition between these

motions under different loading conditions.

Rolling Sliding Spin
. g

| EE—
— Relative velocity
High
Low
Contact stress
(a) (©)

Figure 1.4: Illustration of (a) rolling; (b) sliding and (c¢) spin and their typical relative velocity
field in the contact area

Another problem of the existing models is they focus on modeling ball-to-groove contact
friction behavior without considering another important source of friction, i.e., ball-to-ball
contact friction. Shimoda and Izawa [62] found, via experiments, that friction torque in
oscillatory ball screws can be more than twice larger than usual, due to ball-to-ball contact. Ohta,
et al, by observing loaded balls in the ball track of a linear guideway type ball bearing with a
camera, proved that significant frictional force occurs due to ball-to-ball contact [63]. When ball-
to-ball contact happens, the velocities of the two balls at the ball-to-ball contact interface are

usually of the opposite direction (i.e., sliding) as shown in Figure 1.5. Sliding friction is typical
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10%-10° times larger than that of rolling according to experimental studies [64—66], making ball-

to-ball contact to have significant friction increase.

) )
w. W<
= Sliding

Figure 1.5: Illustration of sliding at the ball-to-ball contact interface

One way to mitigate the friction rising from ball-to-ball contact is to use spacer balls (i.e.,
smaller-size balls) between adjacent load-carrying balls [62,63]. The spacer balls translate
sliding friction between balls into rolling friction thus mitigating ball-to-ball contact friction.
However, the adoption of spacer balls has an obvious drawback, i.e., with the same number of
balls, load capacity is reduced by half [67]. Therefore, to maintain the same load capacity, the
number of balls needs to be doubled — which increases the size and cost of the machine elements.
Another way to mitigate ball-to-ball contact is to use cages (or retainers) [68]. While caged balls
are commonly adopted in rotary ball bearings, they are not commonly used with linear ball
bearings and ball screws mainly because of the complexity related to recirculation and the
potential reliability issues they pose [68]. Ohta, et al, continuing their work in [63], showed by
using a more deformable (i.e., thinner) carriage, sticking due to ball-to-ball contact is less likely
to occur [67]. Given the significance of ball-to-ball contact friction in machine elements like
linear ball bearings and ball screws, there is a need for low order numerical or analytical models
that consider ball-to-ball contact friction; however, no such works have been found in the
literature.

As a result of literature review, it is found out that (I) there is no dedicated study of
friction due to rolling, sliding and spin motions in four-point contact ball bearings; (II) ball-to-
ball contact gives rise to significant friction increase and friction variation in linear ball bearings
and ball screws where cages are not desirable, but there is no model which illustrates the

contributing factor and the effect of ball-to-ball contact in the literature.
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1.3 Dissertation Contributions and Outline

To address the deficiencies identified in the literature on low order load distribution and

friction modeling of ball bearings and ball screws, the following contributions are made in this

dissertation:

1y

2)

3)

4)

A low order load distribution model for ball screws is proposed which considers the effects
of, and the interactions between: (i) Hertzian contact deformations; (ii) axial, torsional and
lateral deformations, and (iii) geometric errors of the balls, screw and nut in ball screws. A
new and comprehensive way of describing the screw and nut groove surfaces with
geometric errors using multivariate functions is proposed. A ball-to-groove contact model
based on Hertzian Contact Theory which includes geometric errors is developed.

A dedicated study of rolling, sliding and spin motions in four-point contact ball bearing is
conducted to illustrate their effect on ball-to-groove contact friction.

Low order numerical models for ball-to-ball contact friction in linear ball bearings and ball
screws are proposed and validated favorably against FEA models. An analytical model for
ball-to-ball contact friction in four-point contact linear ball bearings is proposed, based on
friction analysis and simplifying approximations. The use of insights gained from the
analytical model for mitigation of ball-to-ball contact is demonstrated.

The developed load distribution and ball-to-ball contact friction models are applied to
several case studies relevant to rack EPAS. Important insights for inspection, optimal design
and manufacturing tolerance specification of ball bearings and ball screws in rack EPAS are
derived.

The proposed low order load distribution model for ball screws have been published in

[69,70]. The proposed ball-to-ball contact friction models have been published in [71-73]. The

applications of the developed load distribution and friction models to rack EPAS gear are

presented in [74].

The thesis is organized in the following order: the proposed low order load distribution

model for ball screws with ANSYS FEA validation is presented in Chapter 2. In Chapter 3,

sensitivity analysis of ball-to-groove friction to rolling, sliding and spin motions in four-point

contact rotary ball bearings is first presented. Analytical and low order ball-to-ball contact

friction models for linear ball bearings and ball screws with ANSYS FEA validation are then

introduced. Chapter 4 presents the applications of the developed load distribution model and

12



friction model to rack EPAS gear. Conclusions and future work are discussed in Chapter 5.

Necessary supplementary material is given in the Appendices.

13



Chapter 2 Static Load Distribution Modeling of Ball Screws

2.1 Overview
The handling of lateral deformation and geometric errors of ball screw is identified as the
main deficiencies of the existing static load distribution models in the literature and is shown to
be critical for the application of ball screw in rack EPAS in Chapter 1. This chapter focuses on
proposing a low order static load distribution model for ball screw considering the effect of
lateral deformation and geometric errors. The model is developed by first describing the groove
and ball surfaces mathematically as multivariate functions to allow versatility in describing
geometric errors. A contact model based on Hertzian Contact Theory is then introduced to
describe the ball-to-groove contact interactions including geometric error effects. The elastic
deformation of the ball screw is incorporated into the contact model by low order Finite Element
Method (FEM). The resulting linear and nonlinear equations, which take into account Hertzian
contact deformations, elastic deformations and geometric errors of the balls, screw and nut, are
solved using the Newton-Raphson method to determine the load borne by each ball under static
equilibrium. The developed low order load distribution model is benchmarked against high-order
Finite Element (FE) model developed in ANSYS in simulation-based case studies, and is shown
to be accurate and computationally much more efficient.
Before presenting the developed model, a few assumptions need to be clarified:
(1) There are many configurations of ball screws; however, without loss of generality, a single-
start, right-handed, Gothic-arch-groove-type ball screw with a single ball nut is considered in
this work. The typical ball screw consisting of a screw, a nut and balls in a helical groove is

shown in Figure 2.1.
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Figure 2.1: Components of a typical ball screw [75]

(2) Contact loads carried by balls in the helical groove of ball screws are the main focus of this
work. Hence extraneous features, such as ball recirculation system, end seals, etc., which do
not affect the loaded balls are ignored.

(3) The material properties of the screw, nut and balls are assumed to be homogeneous, isotropic
and in conformance with Hooke’s law (i.e., no plastic deformation) [75].

(4) Since friction coefficients of ball screws are usually small (<5%) [4], frictional forces are
neglected because they do not affect contact load distribution significantly. Effects of ball-to-
ball contact forces are also neglected by assuming that each ball maintains a gap relative to
adjacent balls. Friction and ball-to-ball contact will be discussed in the next chapter.

This chapter is organized as follows: the contact model including geometric error effects
is presented in Section 2.2. The incorporation of elastic deformation using low order FEM is
shown in Section 2.3. Section 2.4 presented simulation-based case studies and FEA validation

against ANSYS, followed by a summary of the chapter in Section 2.5.

2.2 Contact Model Including Geometric Error Effects

To model the contact interactions of balls with screw and nut in a ball screw, the
geometry of the balls and groove surfaces needs to be accurately described. The geometric errors
were predefined to the raceways’ centers in some ball bearings studies [19,27]; while in the ball
screw literature, geometric errors were only modeled by pre-specifying them as equivalent errors
in ball diameters [43,44]. These approaches do not adequately capture the multi-directional
interaction between groove profile errors, contact forces and elastic deformations. In this chapter,

groove surfaces are described as multivariate functions to incorporate geometric errors.
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2.2.1 Description of Groove and Ball Surfaces Including Geometric Errors
To describe the groove surfaces, a starting point is to define the nominal ball center
pathway of the screw, as shown by the helix in Figure 2.2 (a). It represents the path traced by the
center of a ball as it travels along the groove of a ball screw in the absence of geometric errors in
the ball or groove. Defining a global coordinate system (CS={x, y, z}), fixed to the screw as
shown in Figure 2.1 (a), the locus of points lying on the ball center pathway, relative to the origin
of CS, is given by
R, cos g
q:(9) = R, sing 2.1
9
where ¢ is the angular distance traversed along the nominal ball center pathway starting from the
x-axis to the location of interest on the screw (for the sake of simplicity, ¢ is referred to as
azimuth angle in this work), Ep is the nominal pitch circle radius and 7, is the nominal gear ratio

of the ball screw, given by

b
27

=

(2.2)

with p representing the nominal pitch of the ball screw.

(a) Nominal ball center (b)
pathway, qg (¢)

Actual cross-sectional
Groove surface, Sq;  profile, Ag (¢, 7)

cs I rot ((p) k\ rot (a)
——» C S%v

Figure 2.2: (a) Nominal ball center pathway (helix) and coordinate systems of screw; (b) cross-

sectional profile of screw’s groove in x3-z3 plane, highlighting screw left (SL) portion; (c)
transformation between the three coordinate systems attached to screw

A moving coordinate system CS3;={x3, y,, z3}, with its origin on the nominal ball center

pathway, is established such that its y,-axis is tangent to the helical path and its x3-axis points
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along the radial line from screw axis to nominal ball center (as shown in Figure 2.2 (a)). Figure
2.2 (b) shows the cross-sectional profile of screw’s groove in the x3-z3 plane. Ideally, the groove
profile should be a Gothic arch formed by the intersection of two circular arcs — one to the left
and the other to the right of the origin of CS;, as shown with the dashed lines. Focusing on the
SL (screw left) portion of the groove, due to geometric errors, the actual cross-sectional profile
of the groove (shown by the solid curve) will deviate from the nominal one in Figure 2.2 (b). The
actual cross section of the groove’s SL portion can be described in x3-z3 plane of CS; as a

function, Agy (@, ), of ¢ and a new cross-sectional angular variable y (see Figure 2.2 (b)), given
by

|- (@.7)cosy
Ag (0,7) _{_FSL (@,7)Sin}/}+(OSL(¢))2XI (2.3)

Here og; (¢) is the center point of the SL groove cross section (i.e., Gothic arch) measured from
the origin of x3-z3 plane, while rg; (¢,y) is the instantaneous groove radius of the actual SL
groove cross section. Note that Ag; (p,y) is assumed to be a C? continuous function of both ¢ and
y, to provide flexibility in describing geometric errors within a given cross section of the groove,
as well as from cross section to cross section along the ball pathway; C? continuity is needed to
allow calculation of gradients which help determine contact angles and contact radii in the
presence of geometric errors. In practice, Ag; (¢,y) can be generated by fitting C*> continuous
functions of ¢ and y to point cloud data obtained through experimental measurements of a
screw’s groove surface, as demonstrated in Ref. [76]. Note that for ball screw without geometric
errors, the groove radius is constant (i.e., g (¢,y) =7g), and the center point og; (¢) is at a fixed
position (0g; ) relative to CS;, given by

_ _{U&—@)amﬁ}

I (A=ARY

where 7 is the nominal ball radius and f is the nominal contact angle between ball and groove

(2.4)

surface.

To describe the cross-sectional profile of the groove (expressed by Eq. (2.3)) with respect
to CS, a two-step transformation is carried out. Intermediate coordinate systems CS; and CS, are
set up at the same origin as CS; (i.e., on the helix); CS; shares exactly the same orientation as

CS; CS, involves a current-frame rotation of CS; about its z-axis by amount ¢; and CS; involves
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a current-frame rotation of CS, about its x-axis by amount a. Angle a represents the nominal

pitch angle of the ball screw given by

_ a4 P
a=tan'| —/— 2.5
{272’Rpj (2:5)

Accordingly, the cross-sectional profile of the groove’s SL portion is described in CS by the

function
Sq (@, 7) =10t.(9) 10t (@) T ;- Agy (9, 7) + s (9) (2.6)
where
1 0
T,,=|0 0 2.7)
0 1

helps transform the groove profile in x3-z3 plane to CS5 and rot (-) represents a current frame
rotation operation about the axis specified by its subscript, as further described in Appendix A.
The same process of generating Sq; (¢,y) can be applied to the SR (screw right) surface of the
groove to get Sqr(9,)).

In the preceding discussion, geometric errors of the screw’s groove have been described
by incorporating them into groove surface functions Sqp (¢,y) and Ssr(@,y). However, in practice,
geometric errors are sometimes represented by the actual ball center pathway (i.e., the path
traced by the center of a ball of nominal diameter as it travels along the groove of a ball screw
having geometric errors) [27]. The locus of points lying on the actual ball center pathway is
given by the function

R, (p)cosp
Qs (@) =4 R,(p)sing (2.8)
r (@)

where R, and r, are the actual pitch circle radius and gear ratio of the screw (which may be

different from those of the nut and may vary as functions of ¢). Notice that Eq. (2.8) converges

to Eq. (2.1) in the absence of geometric errors. The expression for q,(¢) given in Eq. (2.8) can

be deduced from Sq; (¢,y) and Sgr(@,y) by using basic geometry to determine the locus of the

center point of a ball of nominal diameter in contact with Sq; (¢,y) and Sgr(¢,y). Note that the
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two ways of groove surface description are in essence equivalent. The approach presented here is
chosen to keep accordance with practice [76].

Similar to CS applied to the screw, a body-fixed coordinate system, CSy={xx, yy, 2n} 18
established for the nut as shown in Figure 2.3. The same procedure used for describing Ag; (¢,y)
for the screw in Eq. (2.3) is then used to describe the NL (nut left) groove profile as Ax (¢y,)
in the nut’s equivalent of CSs. Note that ¢, is the angular distance traversed along the nominal

ball pathway starting from xy-axis to the location of interest on the nut.
Nominal ball

center pathway

T )’

AJAJ
F-

Groove surface, Sy (¢n, 7)

Figure 2.3: Groove profile of the nut
Assuming there is no misalignment between screw and nut and let y, be used to
represent the orientation of CSy; relative to CS, such that, at any given point on the nominal ball
center pathway, p=¢ +y. Accordingly, the NL groove surface can be described with respect to

CS as
S\ (@, 7) =10t (g +yy) 1ot (&) T, - Ay (0, 7) + Qs (@ W) (2.9)

The same process can be applied to the NR (nut right) groove surface to get Syr(9, 7).

Let Ng represent the number of balls within the screw/nut grooves and let the position of
the /" ball (i = 1, 2, ..., Ng) relative to CS be defined by ¢, which is the azimuth angle of the i
ball. Each ball i is assumed to have a perfectly spherical surface; but its radius, rg;, may differ

from the nominal ball radius, 75, due to geometric errors.

2.2.2 Ball-to-groove Contact Conditions
Using the mathematical description of the contacting surfaces of screw, nut and balls
presented in the preceding section, the focus of this section is on describing Hertzian contact

conditions for a single ball with grooves, excluding the effects of bulk elastic deformations of
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screw and nut. The derived contact model is then used in Section 2.3 to model contact forces for
all balls under static equilibrium, including the geometric error effects and bulk elastic
deformations of screw and nut.

Within a Gothic-arch-groove-type ball screw, each ball i is typically assumed to contact
the SL, SR, NL and NR surfaces of the nut’s and screw’s grooves at a maximum of one point per
surface, resulting in at most four-point contact [4], as shown in Figure 2.4. This assumption is
valid if the mathematical description of the surfaces does not include very small features (i.e.,
features with radius of curvature smaller than the smallest ball radius). Note that this assumption
can be relaxed by adopting contact theory for wavy surfaces [77]. For each ball i, ball-to-groove
contact is assumed to occur at the cross section of groove (i.e., x3-z3 plane of CS;) with azimuth

angle ¢,.. Let us denote the x3 and z3 coordinates of the four contact points as p,g; ., Pygp;» P3Ny

Py - respectively, and the coordinates of ball center as p,g., where p,,. ={x3p;, Z3pi }
Considering for example the contact point p,g, . between i™ ball and SL portion of groove
surface, with corresponding angles y, . in the cross section, the following conditions must be
satisfied:

(D The contact point must lie on the groove profile, i.e.,
Pisu = Agy (@i Vs1) = Agy, (2.10)
(I)  The contact normal must be tangent to the groove profile at the contact point, i.e.,
ng, -ty =0 @.11)
where fig; ; denotes the ball surface contact normal unit vector, pointing from the contact point to

the ball center, i.e.,

iy, = Pspi Pyt _ P~ Agi 2.12)
||p3Bi _p3SLi|| ||p3Bi - ASLi”

while tg;; represents the tangent vector of the groove profile at the cross section. Since the

groove profile is parameterized as a multivariate function of real-valued angles, ¢ and y, its

tangential unit vector at the cross section can be expressed as

— aA SL — aA SLi

tSLi -

(2.13)

a}/ P=Ppi>V=VsLi a}/SLi
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Groove profile,
Ag(9.7)

Screw

Figure 2.4: A ball in four-point contact with Gothic arch grooves of ball screw
(II)  The contact force lies along the contact normal, figr;, and is of magnitude Fgy;,

determined by Hertzian Contact Theory as [77]

1 z
Fy. = (a§SLiJ if O, =1y =75, >0 (2.14)
0 if Og, =ry —7ry, <0
where
Fsi = ||p3Bi _p3SLi|| = ||p3Bi _ASLi” (2.15)

and ogr ; is the Hertzian contact (elastic) deformation of the ball surface relative to the groove
surface. Note that because dg; ; represents localized relative deformation between ball and groove,
it can be applied to either ball or groove surface. Therefore it is chosen to apply dgp; exclusively
to the ball surface, thus allowing the assumption that the groove surface is intact (used in
establishing Conditions (I) and (II) above). Notice also that conditions for loss of contact are
incorporated into the Hertzian force-deformation relationship of Eq. (2.14). The Hertzian
constant, Cg;;, occurring in Eq. (2.14), is given by the general expression in [77] which is
detailed in Appendix B. To reduce the computational load, the Hertzian constant can be
approximated based on the nominal geometry of ball screw with minimal error as shown in

Appendix B. In this case, Cg; ;=Cgr;=Cs and Cyp;=Cnri=Cx-
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2.3 Incorporation of Elastic Deformations into Contact Model Using Low

Order FEM

In the preceding section, only Hertzian contact elastic deformations were considered;
bulk elastic deformations of the screw and nut were ignored in establishing contact conditions.
However, in reality, the contact forces from each ball, when applied to the screw and nut, induce
bulk elastic deformations which in turn change the shape of the groove profile thus affecting
contact conditions for other balls. Again, focusing detailed discussions on the SL section of the

groove surfaces, the function describing the elastically deformed cross-sectional groove surface,
AsL(9,7), is given by
Ay (0.7)=Ag (0.7)+dy (9.7) (2.16)

where dg; is the elastic deformation of any given point on the cross section of SL groove
measured in the x3-z3 plane of CS;. It is related to ug;, the elastic deformations of any given

point on the SL groove surface measured in CS as

dy (9.7) =T, (01, (9) 101, (@) g (9.7) (2.17)

While elastic deformations of the screw/nut can be determined by using elaborate 3-D

finite element analysis (FEA), it is often preferable to calculate them using low order FEMs
[8,41,42,44,47-49,78]. In low order FEMs, the nut is typically treated as a rigid body while the
screw is modeled using 1-D FEs like bar or beam elements [47—49,79]. This is because the bulk
elastic deformations of the nut are typically negligible compared to those of the screw [47—

49,79]. Modeling a screw using 1-D FEs is a very straightforward process which can be found in

standard FEM textbooks and several references, e.g., [8,41,42,44,47-49,78,80].

2.3.1 Modeling Elastic Deformation with Low Order FEM

For the purposes of low order FE modeling, the elastic deformation of the screw at the
contact point must be transformed to FE nodes of the screw shaft. This involves a coordinate
transformation process, much of which has been detailed in prior work [47—49,69]. To avoid
unnecessary repetition, the transformation process is briefly summarized.

As discussed previously, the screw is modeled as Timoshenko beam FEs capable of axial,
torsional and lateral elastic deformations. Let us for the sake of simplicity focus on the section of

the screw within the nut, as shown in Figure 2.5. Without loss of generality, assume that finite
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element j is of length Lgy,,;, having nodes j and j+1 to its left and right, respectively. Each node j
has 6 DOFs, i.e., three translational displacements ug;={ug,;, s, uSZj}T and three small-angle

rotational displacements 0g;={0s,;, 05, QSZj}T — such that the generalized displacement vector of

the node is given by Us;={ug;, 03}

Figure 2.5: Finite element partition of screw and the nodal displacements
Assume that the i ball is in contact with the SL groove surface within element j at point
SsLi=SsL(@g;» 75,;)» as depicted in Figure 2.5. Let ugp;={uspi, Usyyis ugr,; } ' represent the
displacements of the groove surface at the contact point, due to elastic deformation. The

transformation seeks to relate ugy; to the generalized nodal displacements Ug; and Ugy) .

Letp ssL; fepresents the projection of Sq;; onto the axis of the screw as shown in Figure 2.5, with
¢1;€ [0, 1] denoting the non-dimensional distance measured from node j to p SLi - If the
generalized displacement vector of point p SLi is given by Ust,:{uESLI-, GESL,-}T, one can relate

ugy; and Uggy; through a transformation matrix, T, by assuming that each cross section of the

screw is rigid [48]; i.e.,

_ e |
Us; = [IM _D(rgsLi)J {Bésu } = )V (2.18)
T, (1)

where rgg;; = Sg,— P SLi is the radial component of Sq;;, I is the identity matrix and D(r) is the

tensorial representation of a vector r={r,, r,,, r,}T such that
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z y
D(r)=| r, 0 -r (2.19)
-r r 0

y x
Moreover, Ugg; ; is related to the generalized displacements of the adjacent nodes (Ug; and Ug;+ 1))

as

U,
{U }=Ts_§(éSL,-)U¢su (2:20)
S(j+1)

where Tg - is the shape function matrix of the beam FE [48] detailed in Appendix C. Combining

Egs. (2.18) and (2.20), the overall transformation matrix Tg between ug;; and the generalized

nodal displacements of the j element of the screw is

U,
Ug, = TSt (l’gst‘)TsT—é (é!su){US(_/il)} (2.21)
T (rgsus ‘fsu)

Accordingly, the contact force Fyg;; acting on the groove, opposite to the contact normal direction,

can be transformed to equivalent forces acting on the nodes as
FSLj T A
e b ) T ) ex)

The similar transformation process can be conducted to SR contact surface to get the
equivalent forces of Fgg; acting on the nodes. Together with the external forces/moments applied
to the screw, the generalized force vector acting on the nodes of the screw can be formed as Fg.
If the screw is partitioned to finite elements with Ng nodes, then Fg is a vector of size (6xXNg)*1,
the same as Ug.

The nodal displacements of the screw Ug, under contact forces and external force, is of
interest, as it is related to the groove surface displacement in Eq. (2.21). The nodal displacements
must satisfy the static equilibrium as

KU ,-F,=0 (2.23)
where Kg represents a nominally statically constrained stiffness matrix of the screw, comprising
beam FE stiffness matrices Kgjp,, of the screw using standard finite element procedures [47-49].
The details of Kgyy, are given in Appendix D. Boundary condition can be incorporated

accordingly in the finite element procedure as well.
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The nut is treated as a rigid body except for the Hertzian contact deformation at the

contact region in this work. Thus the bulk elastic deformation of the nut is always zero.

2.3.2 [Iterative Solution Process for Contact Forces

Including effects of elastic deformation, all balls must satisfy contact conditions (I), (II)
and (III) in Section 2.2.2, with the description of undeformed surface Ag (¢, y) replaced by that
of deformed surface Ag; (¢, 7). Besides the contact conditions, the net forces on each ball must be
zero; i.e.,

Ky, + Fp + Fy, + F, =0 (2.24)

NLi NRi —
where Fg; /=FY; ;'fig1 ;, Fsr;=Fsr;fisg;» €tc. The screw must be in static equilibrium under contact

forces and external force as shown in Eq. (2.23).

As a result, a state vector, x = {.. is defined

T T\T
P3g> VsLisVsRiINLINR> 2 US (6 6xvg)x 1
together with a function ®(x) containing equations for contact conditions, static equilibrium for

all balls and screw shaft are formed as

ﬁSLi L
D(x) : i" ball .
X - =
Fy, + F, + By + Fyg 20 (2.25)
KSUS - Fs (6xNp+6xNg )x1

The state vector x that makes ®(x) = 0 can be solved for iteratively via the Newton-Raphson
method according to the expression

XM =x? = J, (x?) ' D(x?) (2.26)
where the superscript ¢ represents the solution at the g™ iteration and Jg is the Jacobian matrix of
® with respect to x. In actual implementation, explicit Jacobian Jg is supplied to speed up the
computation. The details of explicit Jacobians are presented in Appendix E. As an alternative,
fsolve function in MATLAB® can also be utilized to solve the problem. Once the state vector that
yield static equilibrium is determined, contact forces can be calculated from Eq. (2.14). A

summary of the solution process is given in Figure 2.6.
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Calculate contact forces
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End

Figure 2.6: Flowchart summarizing the iterative solution process for contact loads under static
equilibrium using the proposed low order model
Notice the modeling process described above updates the Journal of Mechanical Design

(JMD) paper [70], on which much of this chapter is based, in the following aspects:

(1) The updated model described herein assumes that the azimuth angles of a ball’s four contact
points are the associated ball’s azimuth angle. Thus, in the updated model, the ball center
location and contact points are located in one plane, as opposed to the JMD paper where they
are in different planes (i.e., in 3D). This update is mainly to keep in accordance with friction
modeling in the next chapter. Moreover, the planar model also has better numerical stability

and reduced computational time (due to fewer variables) than the 3D model.
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(2) Condition (I) for the contact model in Section 2.2.2 is a constraint that always needs to be

satisfied. Thus, in the updated model, the variable for contact point location p,, . is replaced

with Ag;; in establishing contact conditions instead of assuming it as a variable as in the
JMD paper. This update leads to the reduction of variables hence computational time.

(3) The elastic deformation of screw, Ug, is solved together with other variables in Eq. (2.25)
instead of separately as in the JMD paper.

(4) The indentation of the groove on the screw shaft are factored in calculating the cross
sectional area and the second moment of area of screw in low order finite element method
(FEM) as detailed in Appendix C.

(5) Explicit Jacobian is implemented to significantly reduce the computational time.

2.4 Simulation-based Case Studies

To validate the proposed low order load distribution model against standard high order
FEA models, ANSYS® Workbench is chosen as benchmark because of its reputation in static
and dynamic structural analysis.

Simulation-based case studies are presented in this section to validate the proposed low
order static load distribution model against ANSYS FEA results, and demonstrate its benefits
with regard to computational efficiency, ease-of-use and versatility. The simulation-based case
studies are carried out using the parameters of an off-the-shelf NSK ball screw (part number
BSS3220-5E) [81] with Gothic-arch groove; its key parameters are summarized in Table 2.1. In
all cases studied, the nut is positioned at the middle of the screw and fixed on its left end (see
Figure 2.7) to constrain its six rigid body motions, and the screw is fixed at its left end to only
allow its axial (i.e., z-directional) translational displacement; the right end of the screw is either
free (Case Study 1, 2) or constrained (indicated by dashed line for Case Study 3). An axial force
F,,=5000 N is applied to the left end of the screw. The 32 load-bearing balls of the ball screw are

assumed to be uniformly distributed along the helical groove within the nut.

VIAREARREYY)

L Left end of screw: fixed in 5 DOFs Left end of nut: Right end of screw: free
y ¢ except translation in axial direction fixed in 6 DOFs or offset in x-direction

Figure 2.7: Boundary and loading conditions of ball screw used for simulation-based case studies
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Table 2.1: Nominal parameters for the ball screw in simulation-based case studies

Parameter (Symbol) Value [Unit]
Length of screw 800 [mm]
Nominal pitch circle radius (I_QP) 16.5 [mm)]
Nominal pitch (p) 20 [mm)]
Nominal contact angle () 45 [°]
Nominal ball radius (7g) 2.778 [mm]
Number of loaded balls (Ng) 32
Nominal radius of curvature of groove (¥g)  3.254 [mm)]
Outer diameter of nut 48 [mm]
Length of nut 54 [mm)]
Young’s modulus (Es=Ex=Ep) 210 [N/mm?]
Poisson’s ratio (vg=vN=Vg) 0.28

2.4.1 Comparative Case Studies against ANSYS FEA

The accuracy and computational efficiency of the proposed low order static load
distribution model is compared against: (1) A low order model proposed by Mei et al. [78] which
considers only axial geometric errors and deformations (using bar FEs); and (2) A high order 3-
D FE model created using ANSYS Workbench 16.2. In the proposed model, the screw is
modeled using Timoshenko beam FEs [47—49]. Within the nut, each beam element is of length
15 mm; outside the nut, beam elements are of length close to the pitch circle diameter. For the
bar elements in Mei et al.’s model [78], the element is of length 1.25 mm within the nut, equal to
the distance between the centers of any two consecutive balls; element of length close to the
pitch circle diameter outside the nut is adopted. Based on the guidelines provided by ANSYS
[82], the ball surface is set as contact surface while the groove surface is set as target surface. All
the ball-to-groove contact interfaces are set as frictional contact with 0.01 friction coefficient to
stabilize the solution. Augmented Lagrange contact formulations are used for the contact
interfaces as recommended by ANSYS because of its robustness and flexibility [82]. The 3-D FE
model is meshed with first-order tetrahedral elements, each having 4 nodes and 4 faces. It is
common practice to make mesh refinements around the contact region while using coarser mesh

elsewhere on the ball screw in order to reduce the number of elements in 3-D FE models. Here, a
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mesh refinement technique in ANSYS Workbench, called Body of Influence [83], is used (see
Figure 2.8 for example). The fine mesh is roughly of size 0.08 mm while the coarse mesh,
applied outside contact regions of the ball screw, is roughly of size 5 mm. The other settings in
the finite element model are left at their default values. Upon solution, steady-state ball-to-

groove contact forces are extracted from the FEA result using Reaction Force Probe.

(b)

Figure 2.8: (a) 3D mesh of the ball screw and (b) mesh refinement around the contact region

2.4.1.1 Case Study 1: Nominal Case

The goal of the first case study is to exemplify the effect of lateral deformation on the
accuracy of the two low order models benchmarked against the high order ANSYS model.
Accordingly, the ball screw is assumed to have no geometric errors and no oversized ball
preload, contact loads are determined under the influence of the 5000 N axial load. Figure 2.9
shows the load distribution predicted by the three models. Note that, because the balls are not
preloaded, each ball only contacts the raceway of the screw and nut at two points instead of four;
the contact forces on SR and NL sides of the groove are zero. The load distribution predicted by
the 3-D ANSYS model for the SL and NR contact points is in good agreement with that
predicted by the proposed model: the maximum error is 5.38% and RMS error is 2.30%. Possible

reasons for the discrepancies are: (1) the low order model is able to capture the key features of
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ball screw but not all the details; (2) ANSYS FEA results depend on mesh size and can be further
improved, at the expense of longer computational time. Both models predict a non-uniform
contact load distribution where the maximum load is about 1.34 times the minimum load.
However, Mei’s model, which only considers the axial deformation, predicts uniformly

decreasing contact loads, which is grossly erroneous when benchmarked against the 3-D ANSYS

model.

‘*Proposed Model -~ ANSYS Model-+Mei's Model
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Figure 2.9: Load distribution at four contact points predicted by the three models under study

The prediction error of Mei et al.’s model can be explained by realizing that in ball screw
there is coupling between axial, torsional and lateral deformations, such that the purely axial load
applied to ball screw leads to non-axial deformation [46—49]. Figure 2.10 compares the screw
centerline displacements in the lateral (x and y) directions as predicted by the three models under
study. The proposed and ANSYS models again show good agreement in predicting the presence
of lateral deformation due to the applied axial load; Mei et al.’s model cannot capture this

coupling, hence its prediction of contact loads is erroneous.
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Figure 2.10: Axial-force-induced lateral deformation of ball screw shaft centerline as predicted

by the three models under study

2.4.1.2 Case Study 2: Geometric Error

The goal of this case study is to evaluate the accuracy of the proposed model relative to
the ANSYS model in predicting effects of geometric errors on load distribution; because of its
inaccuracy in errorless case, Mei et al.’s model is not considered further. Keeping the exact same
setup as in Case Study 1, in this case study, the 17" ball is assumed to have +1 um radius error
(i.e., it is oversized). The resultant load distribution is shown in Figure 2.11. Both models predict
an abrupt increase in the contact load for the 17 ball, with minimal effects on the contact loads
of adjacent balls. Similar to Case Study 1, the maximum and RMS prediction errors of the
proposed model relative to the ANSYS model are 4.85% and 2.60%, respectively, again

confirming the accuracy of the proposed model.
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Figure 2.11: Axial-force-induced load distribution with +1 xm ball radius error in 17% ball

2.4.1.3 Case Study 3: Lateral Deformation

This case study aims to show the capability of the proposed model in handling
misalignment (which introduces lateral load) and oversized ball preload. The simulation setup is
similar to that of Case Study 1 and 2, except (1) all balls have 7 um oversize in the radius to
simulate preload; (2) the right end of the screw shaft is offset by 300 um in the x-direction as
shown in Figure 2.7, which simulates the mounting error in practice. In the proposed low order
model, a +300 um constraint is set to the x-displacement of the last node of the screw shaft in the
finite element process.

The resultant load distribution under F,x = 5000 N with and without offset is shown in
Figure 2.12. There are contact loads in all four contact points because of the oversized ball
preload. Compared to the no offset case, the offset in x-direction changes contact load
distribution significantly. The most noticeable change is the increase of contact loads in the SR
and NL contact pair for the last few balls because these balls are squeezed due to the bending of
the screw shaft. The load distribution predicted by the 3-D ANSYS model is again in good
agreement with that predicted by the proposed model, confirming the accuracy of the proposed

model.
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Figure 2.12: Load distribution with and without offset

2.4.1.4 Comparison of Computational Cost

Given the accuracy of the proposed model compared to the ANSYS model, it is of
interest to compare the two models with regard to model size and computational cost. As shown
in Table 2.2, compared to the ANSYS model which has nearly a million elements, the proposed
model has only 27 elements. As a result it takes about 4 seconds to compute the desired load
distribution in Case Studies 1, 2 and 3; i.e., over 6800 times faster than the ANSYS model. The
proposed low order model is therefore simpler and computationally less expensive than the
ANSYS model, thus is much more desirable, e.g., for use in parametric studies and optimal
design of ball screws.

Table 2.2: Comparison of number of element and computational time based on the proposed

models and ANSYS FEA for ball screw

No. of Computational Time*
Model
Elements Case Study1 Case Study2  Case Study 3
Proposed Model 27  3.87 seconds 3.97 seconds 3.93 seconds
ANSYS FEA Model 961,196 7.35 hours 7.61 hours 7.91 hours

* Both models are run on Intel(R) Core(TM) 17-3770 CPU @3.40GHz with 16 GB RAM.
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2.4.2 Demonstration of Versatility and Ease-of-Use

Case 2, above, validated the proposed model against the ANSYS model using a simple
case of radius error in a single ball. However, by describing groove surface using a multivariate
function (as explained in Section 2.2.1), the proposed model is able to represent a variety of
geometric errors that may occur in ball screw. Consider a situation where a ball screw has the
following geometric errors:

(1) Groove Profile Errors: Due to uneven tool wear during manufacturing of the ball screw,
the nominal radius, 7, of the SL groove surface is offset inward by amount Arg; (y) =3 —y
um, y € [0.0337, 0.417x] (see Figure 2.13 (a)); similarly, the SR, NL and NR surfaces are
offset by Argr(y) =3 —9/2 um, Arn.(y) =2 — y um and Arygr(y) = 2 — y/4 um, respectively.

(2) Pitch Errors: Due to tool positioning precision issues during manufacturing of the ball
screw, there is an error in the nominal groove center position for the SL groove surface
given by eg (p) = [0 3sing]” um (see Figure 2.13 (b)); similarly the SR, NL and NR
surfaces tool center positions have errors egg(¢) = egr (9); enp.(9) = [0 —2sin(p/2)]" um and
enr(9) = ex.(@), respectively.

(3) Ball Radius Errors: Balls have radial errors with normal (Gaussian) distribution N(0, ¢°),
where standard deviation o =1 um.

Note that geometric error categories (1) and (2) above can be applied to the proposed model

simply by modifying Eq. (2.3) to

7. — A
ASL((9»7):{ (FG SL(7))COS7/} —

~(7 =g (y))siny 0y +e.(9) (2.27)
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(a) Groove profile error
only

Figure 2.13: Tllustration of (a) groove profile error; and (b) pitch error

Figure 2.14 shows the contact force distribution on four contact points as each geometric
error category is applied separately to the setup of Case Study 1. The effect of groove profile
errors is shown in Figure 2.14 (a); they do not change the load distribution significantly relative
to the no-error case. The reason is that the defined groove profile errors are the same for all balls
(i.e., it is independent of @) and all balls are identical (without radial errors). Sinusoidal pitch
errors however change the overall load distribution significantly (see Figure 2.14 (a)) because,
unlike the defined groove profile errors, pitch errors depend on ¢ thus affecting the load
distribution in a periodic manner, even with errorless balls. The load distribution under normally
distributed ball radius errors is shown in Figure 2.14 (a); it causes significant differences in load
distribution compared to the errorless case. Notice that with the introduction of each type of
geometric error separately, all balls still maintain two-point contact with groove, as in the
errorless case. Figure 15(b) shows the load distribution resulting from a combination of all three
error types; the contact loads on the SL and NR surfaces are modified to some extent and some

balls develop contact forces on their SR and NL surfaces.
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Figure 2.14: The effect of: (a) groove profile errors, sinusoidal pitch errors, normally distributed

error types combined on load distribution
This case study shows the relative ease of describing and analyzing various kinds of

geometric errors using the proposed low order model, as is possible using parametric 3-D FE

models (but with much more tedious modeling effort and computational time).

ic load distribution model for ball screw
considering the effect of elastic deformations and geometric errors. Groove surfaces of ball

screw are described mathematically using multivariate functions, thus providing versatility in



characterizing geometric errors, while balls are assumed to be spherical but capable of ball radius
error. A contact model based on Hertzian Contact Theory is used to establish ball-to-groove
contact including geometric errors for ball screw. Effects of axial, torsional and lateral elastic
deformations are incorporated into the contact model by representing the nut as a rigid body and
the screw as beam finite elements.

Benchmarked against an elaborate 3-D finite element (FE) model created in ANSYS
Workbench 16.2, the proposed model is shown in case studies to be accurate in predicting load
distribution in a ball screw with and without geometric error. However, an existing low order
model, which considers axial deformation but not lateral deformation effects, exhibits significant
errors in predicting load distribution, even when only axial loads are applied to the ball screw.
Moreover, compared to the ANSYS model, the proposed model is shown to be much less
complex and computationally expensive, while providing the kind of versatility in describing and
analyzing different types of geometric errors tenable in 3-D FE models. It is therefore more
convenient for use in parametric studies and design optimization of ball screws.

The developed static load distribution model for ball screw can be applied to ball
bearings as well. Ball bearings can be treated as a special ball screw with zero pitch in the groove
surface description process. Ball bearing does not have the slender screw shaft, thus the inner
ring of it can be treated as a rigid body.

The proposed static load distribution model serves as the starting point for friction
dynamics modeling of ball screw in next chapter. Static load distribution predicted by the
proposed model is also useful for sizing and optimal design of ball screw, considering effects of
various types of manufacturing errors and elastic deformations. The developed load distribution

model is applied to ball screw used in EPAS gear in Chapter 4.
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Chapter 3 Friction Modeling of Ball Bearings and Ball Screws

3.1 Overview

This chapter focuses on modeling contact-related friction behavior of ball bearings and
ball screws. Two sources of friction variation are examined.

The first is ball-to-groove contact friction. A sensitivity analysis of friction to the rolling,
sliding and spin motions in four-point contact ball bearing is presented. To do this, a well-
established friction modeling process in the literature is followed but a simplifying assumption of
planar contact area is applied which leads to elegant analytical formulations. In a case study,
sliding and spin in four-point contact operation is shown to result in much higher ball-to-groove
friction than two-point contact operation which mainly has rolling.

The second source of friction variation is from ball-to-ball contact typically happening in
linear ball bearings and ball screws, which usually do not have cages. A low order velocity
difference driven ball-to-ball contact model for linear ball bearings at steady state is first
proposed. Based on friction analysis and relevant approximations, an analytical model for
velocity deviation and ball-to-ball contact force and friction is derived for four-point contact
linear ball bearings. The insight gained from the model is used in a case study to mitigate ball-to-
ball contact. The proposed ball-to-ball contact models are also validated against ANSYS FEA
results. A similar velocity difference driven ball-to-ball contact model is then derived for ball
screws with ANSYS validation. Significant friction increase and variation due to ball-to-ball
contact are demonstrated in a case study of ball screw, highlighting the importance of modeling
ball-to-ball contact.

The chapter is organized as follows: sensitivity analysis of ball-to-groove friction to
rolling, sliding and spin in a ball from four-point contact ball bearing is presented in Section 3.2.
Ball-to-ball contact modeling for linear ball bearings is then discussed in Section 3.3, followed
by ball-to-ball contact modeling for ball screws in Section 3.4. Finally, Section 3.5 provides a

summary of the chapter.
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3.2 Sensitivity Analysis of Rolling, Sliding and Spin in Four-point Contact
Ball Bearing

The three kinds of motion a ball can have at the contact interface with groove - rolling,
sliding and spin have drastically different friction behavior. In this subsection, a sensitivity
analysis of ball-to-groove contact friction to rolling, sliding and spin is conducted with a ball
from four-point contact ball bearing. The sensitivity analysis has very important implications for

the application of four-point contact ball bearing as presented in Section 4.3.1.

3.2.1 Ball Motion and Friction Modeling in Four-point Contact Ball Bearing

There are many friction models in the literature developed for rotary ball bearings
[29,52-55]. Here, a brief summary of the modeling process is given with simplifying assumption
of planar contact area. Without loss of generality, ball motion and friction modeling are
presented using a basic module of a four-point-contact rotary ball bearing as shown in Figure
3.1. The global coordinate system (CS={x, y, z}) is established at the center of the ball bearing
with its x-axis pointing along the ball bearing axis as shown in Figure 3.1. Relative to CS, the
outer ring is fixed and the inner ring is moving at a constant angular velocity of magnitude w;

about the x-axis (i.e., Q={w, 0, 0} in vector form).

Figure 3.1: Basic module of a ball in a four-point-contact rotary ball bearing
The locus of points lying on the nominal ball center pathway relative to the origin of CS

is expressed as
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qQ;(p)= R, cos ¢ (3.1)

where ¢ is the angular distance traversed along the nominal ball center pathway starting from the
y-axis to the ball location of interest (¢ is usually referred to as the azimuth angle); Rp is the
nominal pitch circle radius of the ball bearing. Ignoring effects of elastic deformations and
geometric errors on the grooves, the ball center velocity in the global coordinate system CS is
expressed as
0
v (¢)=1{-R, singw, (3.2)
R, cos pwy

where wg is the orbiting angular velocity of the ball about the ball bearing axis.

A moving coordinate system CS;={xy, y,, z{ }, with its origin on the nominal ball center
pathway, is established such that its z;-axis is tangent to the ball center pathway and its y,-axis
points along the radial line from ball bearing axis to nominal ball center as shown in Figure 3.1.
Figure 3.2 depicts the cross section of a single ball in the x;-y, plane. The ball, with radius Rg, is
in four-point contact with the IL, IR, OR and OL (representing Inner/Outer ring and Left/Right)
grooves of the raceway. Contact angles 8, , B, By and B, are measured from =y, -axis to the
corresponding contact normal in the cross section (see Figure 3.2). Local coordinate systems
CSq1, CSir, CSor and CSq; are established at the corresponding contact centers such that local
z-axes are parallel to the z;-axis and local y-axes lie along the corresponding contact normal, as
shown for CSy in Figure 3.2. The contact area is spread over each of the ball-groove contact
interface. Since the contact area is relatively small compared to the ball radius, it is assumed to

be in the local x-z plane in this work, as shown in Figure 3.2 for xy -zy; .
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Figure 3.2: Geometry and coordinate systems for a four-point contact rotary ball bearing
(highlighting the IL contact area)

The movement of the inner ring at w; not only makes the ball to orbit around the ball
bearing axis at wg, but also makes the ball to rotate about its own axis. Assume, at quasi-static
state, that the ball rotates with o (={w,, ®,, w,}T) about an axis passing through the ball center,
measured in CS;. Velocities of any point in the contact area on both ball side and groove side
can be expressed based on rigid body kinematics. Focusing on the IL contact area, q;; is defined
as the vector from the ball center to the IL contact center and is given in CS; as

—Ry sin 3,

q, =1—Rycos B (3.3)
0

For any point with local coordinates (xy;, z; )" in the contact area, its position in CS; is

T

Qg =4+ Tcs-csIL {le’ 0, Zu_} (3.4)

where Tcs.csy 1s the transformation matrix from CSy to CS given by

cosfB, sing; 0
Tescs, =|—sinf, cosf; O (3.5
0 0 1

The linear velocity at the IL contact area on the ball side in CS can be expressed as
Vg = Tcs-csl (CO “qyp ) + TCS-CSquL,B T Vg (3.6)
Tcs-cs, is the transformation matrix between the global coordinate system CS and the local

coordinate system CS; given as

Tesces, = rot, () (3.7
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where rot(-) represents a current frame rotation operation about the axis specified by its
subscript, as further described in Appendix A.

The linear velocity at the IL contact area on the groove side in CS is expressed as
Vipg =€ % (Tcs-cslqu_,B + qB) (3.8)
Thus the relative velocity at any point in the IL contact area is
AVIL,B =V~ Ve (3.9)

The relative velocity expressed in the contact plane (i.e., xj -z plane) can be calculated by

coordinate transformation as
Av
(Avip), = E Avi ;i - [(1) g ﬂ Teges, Tegos 'AVys
o.R, + @, 2, (3.10)

B {(RP — Ry cos B )(@wy —@,)— Ry cos B o, + Ry sin f o, — o X, }’

oy =(wy —o,)sin B, + ®, cos By + o, sin f
Define

oy =(wy — 0 )sin f + o, cos f, +o,sinf

~ (R, — Ry cos By ) (@, — @, ) — R, cos By @, + Ry sin Bro,

I o, ’ (3.11)

d _ wz RB
IL —
a)lL

The relative velocity field in Eq. (3.10) is rewritten as

(AvlLaB )IL,x _ {a)IL (_dlL e )}

(AVIL,B )IL,Z @y, (CIL — X )

Following the same procedure, the relative velocity fields in the corresponding contact planes for

(3.12)

other contact area can also be derived as
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(AVIR»B )IR,x _ {a)IR (_dIR +ZRr )}
(AVIR,B )IR,Z WR (CIR — AR )
_ Ry, —oyzy
(Rp — Ry cos B ) (@y — @, ) — Ry c08 By, — Ry sin B0, + o xy |
oy = (@ — @,)sin B, — @, cos f, + o, sin B,
(AVOR’B )OR,x _ {wOR (_dOR * Zor )}
(AVOR,B )OR,z WOpr (COR — Xor )
_ Ry, — tor Zor (3.13)
| (Ry + Ry €08 B ) @y + Ry, 08 oy 0, — Ry sin Bp o0, + 0 Xop
Wor = Wy Sin B, + @, cos Por + @ sin B,
(AVOL,B )OL,x _ {a)OL (_dOL + ZoL )}

(AVOL,B )OL,Z Wor, (COL — XoL )

Ryo. + @, zo,
- {(RP + Ry, c08 By )@y + Ry, cos fo 0, + Ry, sin B, o, — a)OLxOL}’
Wy, =@y Sin f, — @, €os Bo, + @, sin B,
It is observed that the relative velocity field in the elliptical contact area (with semi-major
axis a; and semi-minor axis b;) is a circular contour centered at (c;, d;) as shown in Figure 3.3 (a),
with i€ {IL,IR,OR,OL} representing different contact area. Notice that the center of the contour
represents the zero-velocity point. Another observation about the velocity field in Egs. (3.10) and
(3.13) is that the offset in the x;,-component (local x-component) are all Rgw,, which is induced
by the rotation of the ball around the z;-axis. It can be proven that the same offset gives rise to
frictional forces in all positive or all negative local x-direction for all four contact points if w,#0.
In that case, frictional moment about the z;-axis is non-zero, which is not feasible for the quasi-
static state. In order for the quasi-static state to hold, w,=0 has to be enforced. Thus d;=0 as

shown in Figure 3.3 (b) is the case for all four contact points in rotary ball bearings.
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Figure 3.3: Contact area and velocity field: (a) w-#0; (b) @-=0 is enforced (rotary ball bearing)

A

From now on, the discussion for rotary ball bearing will be only focused on the case d,=0,
where velocity center is always on the semi-major axis of the elliptical contact area. The velocity

field for the four contact areas in Eqgs. (3.10) and (3.13) are represented by a common formula as

(AV%B )i,x _{ Wz,

(AVZ.,B )i’z @, (Ci _xi)

It is worth noting that the derivation of velocity field in the contact area for ball bearing has been

},ie{IL,IR,OR,OL} (3.14)

noted in many comprehensive friction models in the literature [29,52—-55]. However, with the
planar contact area approximation made in this work, an elegant expression of velocity field is
obtained as circular contours, which is very helpful for the analysis of friction.

Given the relative velocity field over the assumed planar contact area, friction is
calculated by double integrating the infinitesimal frictional stress with normal contact stress
distribution. It is a standard process that many friction models have adopted [29,52—55]. But with
the planar contact area approximation and the velocity field derived in Eq. (3.14), friction can be
analyzed explicitly [72]. The normal contact stress field indicated by the color map in Figure 3.3

is described by Hertzian Contact Theory as
2 P 1/2
oz 3F,
a,:a,.,o( —x—l—z—l} ,Gi , (3.15)
a.

where a; and b; are determined given the contact surface geometry and normal contact force F;

for each contact area, the details of their calculation are shown for ball screws in Appendix B,

but the same process can be applied to ball bearings. In Eq. (3.15), 0; is the maximum contact
pressure. Given the symmetry of the contact stress field and velocity field about the x;-axis in

Figure 3.3 (b), the frictional force along x;-axis is zero. Frictional force f; along z;-axis,
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frictional moment M, about contact center and frictional loss P; measured in power are

calculated by double integrating the frictional stress over the contact area as

2 2V x—c
[5[ ’ a,'z bi2 \/(xl.—cl.)2+zl.2
=sgn(w, )ab,uog()” 1 t*—s’ 1/2 t—cz,./a,. —dsdt (t:ﬁ,s:ﬁ,D:t2+s2£1j (3.16)
\/(t—ci/al.) +(b, /a,-s) a b
7 reosf—c, /a,

rdrd® (rcosf=t,rsinf=s)

1
= ( [) [bi i 1- )"
SEOIELHC '(['([( ' ) \/(7’0059—6}/“1')2 +(bi/ai'r8in9)2

2 2 1/2
M, ,=sgn(a)| J’ua,»,{l : ;j L, L |dvds,
P a b \/(xl.—ci) +z; \/(xi_ci) +2;
1/2 £’ —c,/at+b’ |a’s’

\/(t_ci/ai)z +(bi/ai 'S)z

dsdt (3.17)

:Sgn(a)i)aizbi/u j_[

Il

/4

1 2 2 2
_sen(e )a’h o, OJ-J- 1/2 r*cosf’—c, /a,rcos@+b’ /a’r*sind irdo
00 \/(rcosé’—cl./ai) +(b,/a,rsing)’
Pﬁ.=|a)i|”u0'lo(l————] (x, c) +2z” dxdz,
=lo|a b/JO'lOJ- (1 s’ 1/2\/(t c/a +(b,/a, s) dsdt (3.18)

—|a) |a2b HO

o'—.'g" U

1
I l—r2 )1/2 \/(rcosﬁ—ci/ai)z +(b, /a,-rsin@)’ rdrdd
0

Since the frictional forces are in the z;-direction and the frictional moments are about y -axes,
friction is decoupled from normal contact forces which lie in the x;-y, plane. Thus the friction
can be calculated independently after load distribution is calculated as shown in Chapter 2. It is
found that centrifugal and gyroscopic effect is negligible in low speed application (like EPAS)
[52,56]. Ignoring centrifugal and gyroscopic effect, the ball needs to be in quasi-static

equilibrium under frictional forces and moments as
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1 1 1 1 Sig(wlL /Aa))flL,z

F Sig(w /A®) fiy.
=|-cosf, —cosp cos f3 cos f3, i ’
Z(Mjo . " o . o o . o Sig(@g /Aa))fOR,z
sin 3 sin B sin fop  8in Sy, Sig(a, /Aa))f
OL OL,z
. (3.19)
0 0 0 0 —Sig(ay /Aa))MIL,O/RB 0
) ) ) ) —Sig(@oy /Aa))MIR,O /RB
+|sinf;, -—-sinf; -—-sinf, sinf, Sig(ay, /Ao)M /R =<0
orR or.0/ '
cosffy  cosfly  —Cos o, —cos iy ~Sig(w,, /A®)My, /R 0
oL oLo/ s

where the first equation represents equilibrium of frictional forces in the z;-direction. The second
and third equations represent equilibrium of frictional moment about the x; - and y, -axis
respectively, which are normalized by ball radius Rgto be equivalent force equations. It is worth
noticing that there is minus sign before M; o in Eq. (3.19), because M; , is measured about the
corresponding —y -axis as shown in Figure 3.3 (b). It is also worth noticing that sticking of the
two mating surfaces happens when the relative velocity between them is small [52]. Here

sticking is modeled by using a modified logistic Sigmoid function formulated as

ks, /Aw

Jhalo ] -1 (3.20)

Sig(ew,/Aw) =2 .
where Aw=Awg,=w;sinf is the approximated relative spin velocity in the same diagonal contact
pair (i.e., |wy—weogr| or |wr—®or|); ks 1s a scaling factor. The modified logistic Sigmoid function
with different kg is plotted in Figure 3.4, it takes a value very close to 1 except when the spin
velocity w; is close to zero. In near zero spin velocity, the frictional force, moment and loss are
discounted to represent the stick phenomenon. Different values of kg indicates different
sensitivity level of the stick region to the relative spin velocity. The larger the kg is, the closer the
friction behavior is to Coulomb friction. However, the kinematic problem is also harder to solve

because it is closer to a step function. In this work, kg=100 is selected to facilitate stability of the

numerical solver.
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Figure 3.4: Modified logistic Sigmoid function with different scaling factors

With the three equations in Eq. (3.19), the three kinematic variables wg, w, and w, are

solved in an iterative process using the fsolve function in MATLAB®. Maps of frictional
force/moment/loss are built beforehand as functions of ¢;/a; according to equations presented in
Egs. (3.16)-(3.18). In the solution process, linear interpolation is used to retrieve the values to
speed up the calculation instead of performing numerical integration. In summary, the process

can be described by the flowchart as shown in Figure 3.5.

Assume kinematic |

variables wp 0, o,

|
v

Derive relative velocity
field in each contact area
[Egs. (3.10) and (3.13)]
v

Calculate frictional force and

L AIVUIGIY LivuViiIGL 1Vive Qi

moment in each contact area
[Egs. (3.16)- (3.18)]

Quasi-static
equilibrium

Eq. (3.19)]2

Y
End

Figure 3.5: Flowchart for the solution process of ball motion and friction in rotary ball bearing
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Upon the solution of the kinematic variables, frictional force/moment and loss in each
contact area are determined according to Egs. (3.16)-(3.18). The torque applied at the ball

bearing axis to counter the friction (i.e., friction torque) is calculated as

> Sig(@/Aw)F,
M, == . (3.21)

3.2.2 Sensitivity Analysis of Friction to Rolling, Sliding and Spin Motions

Now that the friction model is established for rotary ball bearing in the preceding
subsection, a case study is conducted to show the sensitivity of ball-to-groove contact friction to
rolling, sliding and spin motions. The loading and boundary conditions of the basic four-point
contact module for the case study are shown in Figure 3.6: the inner ring is subjected to a
constant lateral force F; at the same time it is offset by a displacement u, in the vertical
direction. The ball starts with two-point (2P) contact (i.e., in IL and OR contact points); as the
vertical displacement u,, increases, four-point (4P) contact takes place. Since load distribution
and friction are decoupled in rotary ball bearing, a two-step approach is taken to determine
friction. Contact forces are calculated as a first step by adopting a load distribution model,
similar to the one for ball screw presented in Chapter 2. Once the contact forces and contact
angles are obtained, the kinematic states and friction are calculated in the second step following

the procedure presented in Section 3.2.1.

Figure 3.6: Loading and boundary conditions for rotary ball bearing case study
Parameters of the rotary ball beaaring for the case study are shown in Table 3.1, which

are based on an actual ball bearing.
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Table 3.1: Parameters for the rotary ball bearing case study

Parameter (Symbol) Value [Unit]
Ball radius (Rp) 6.25 [mm]
Conformity ratio of groove (conf.= Rg/2Rg) 0.54
Pitch circle radius of ball bearing (Rp) 35 [mm]
Nominal contact angle (f) 45 [°]
Lateral force (F,) 100 [N]
Angular velocity of the inner ring (wy) 10 [rps]
Friction coefficient (u) 0.1
Young’s modulus 2.1x10" [N/m?]
Poisson’s ratio 0.28

The sum of contact forces as a function of the vertical displacement u,, of the inner ring is
shown in Figure 3.7 (a) while the friction torque is shown in Figure 3.7 (b). It is observed in
Figure 3.7 (a) that the sum of contact force remains nearly constant in the beginning because
there is two-point contact and gradually builds up as four-point takes place. However, friction
increases significantly as four-point contact happens. Figure 3.8 illustrates the relative velocity at
the contact areas for three scenarios (i.e., case (I), (I) and (III) in Figure 3.7). Table 3.2
summarizes the contact forces, friction loss, friction torque and ball motion for the three
scenarios. Compared to case (I), the sum of contact forces increases 5.48% in case (II) but the
friction torque increases 4.22 times. In case (II), the transition from two-point contact to four-
point contact happens, and sliding motion in IR and OL contact areas with higher relative
velocity takes place as shown in Figure 3.8 (b). The sum of contact forces increases 67.58% but
the friction torque increases 12.68 times in case (III) compared to case (I), due to the spin motion
in all the four contact areas as shown in Figure 3.8 (c). As sliding turns into spin between case
(IT) and (III), the friction torque curve changes slope in Figure 3.7 (b). Based on the sensitivity
analysis, friction torque increases significantly during the transition of two-point contact to four-
point contact as sliding and spin motion with larger relative velocity (and higher friction loss)

takes place.
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Figure 3.8: Velocity field in the four contact areas for: (a) two-point contact in Case (I); (b) four-
point contact with sliding in Case (II) and (c) four-point contact with spin in Case (III) (Arrows

represent relative velocity between ball and groove)
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Table 3.2: Contact forces, friction loss, friction torque and ball motion for the three scenarios

Contact forces [N]

Case (I) Case (II) Case (IIT)
Fi1=140.4945 Fi=144.8352 Fi1=188.5374
Fir=0 Fir=3.3582 Fir=46.8926
For=0 For=3.3643 Fo1=46.9413

FOR= 1 404945

FOR=1448371

For=188.5689

D" F, =280.9890 D F,=296.3948 Y F,=434.8236
Pf,ILz 0.0056 Pf,IL=01690 Pf,IL=10518
Pf,IR:O Pf,IR:O3193 Pf,IR201690
Friction loss [W] Pf,OL:O Pf,OL=O3207 Pf,OL=01269
Pf,OR=01493 PﬁORz()OOOO Pf,OR=O77O9
D P, =0.1549 D> P,,=0.8091 D P, =2.1186
Friction torque
2.4650 12.8769 33.7180
[N.mm]
wp=27.4754 wp=27.4469 wp=27.4115
Ball motion
@,=—104.8742 @,=—136.2569 w,=242.2681
[rad/s]
,=139.7872 w,=108.5585 ,=1.6094

The transition between rolling, sliding and spin in four-point contact bearing is shown to
contribute to significant friction variation of four-point contact ball bearing in operation in

Chapter 4.

3.3 Ball-to-ball Contact Modeling for Linear Ball Bearings

Cages are commonly adopted in rotary ball bearings to separate balls from contacting
each other, but they are not commonly used in linear ball bearings and ball screws. As a result,
ball-to-ball can happen and contribute to significant friction increase and variation [62,63]. It is

of interest to model what contributes to ball-to-ball contact and how to mitigate it.
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3.3.1 Ball Motion and Friction Modeling in Linear Ball Bearings

In order to model ball-to-ball contact between multiple balls in a linear ball bearing, a
first step is to model the motion and friction of a single ball. Linear ball bearings share many
common features as rotary ball bearings, and the modeling process presented in the preceding
subsection applies to linear ball bearings with some modifications. Here, a brief summary is
given.

Without loss of generality, ball motion and friction modeling are presented in the basic
module of a four-point-contact linear ball bearing as shown in Figure 3.9. In the setup, the

bottom groove is fixed and the top groove is moving at a constant velocity of magnitude v.

Ball 1
Ba‘ll 2

z X -

Figure 3.9: Basic module of two balls in a four-point-contact linear ball bearing

To analyze ball motion and friction, coordinate systems need to be established. Figure
3.10 depicts the cross section of a single ball in Figure 3.9. Define a global coordinate system
(CS={x,y,z}), fixed in space as shown in Figure 3.10, with its z-axis passing through the ball
center pathway and its x-y plane parallel to the cross section of the raceway. The ball, with radius
Ry, is in four-point contact with the BL, BR, TR and TL (representing Bottom/Top and
Left/Right) grooves of the raceway. Contact angles S, , By, By and fy, are measured from +y-
axis to the corresponding contact normal in the cross section (see Figure 3.10). Notice the

similarities between Figure 3.10 and Figure 3.2 for rotary ball bearing.
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Figure 3.10: Geometry and coordinate systems for four-point contact

The movement of the top groove in the global z-direction at constant velocity v makes the
ball to translate and rotate. Assume, at quasi-static state, that the ball translates with linear
velocity vg in the global z-direction (i.e., vg={0, 0, vg}' in vector form) and rotates with Q
Fy, oy, 0}7) about an axis passing through the ball center. Velocities of any point in the
contact area on both ball side and groove side can be expressed based on rigid body kinematics
detailed in [72]. The process is very similar to the rotary ball bearing, thus it is not presented here
for the sake of brevity. Taking the BL contact interface as an example, the relative velocity
between the ball and the BL groove (denoted as Avgy p) at any point with local coordinates (xgy,

zgr,) in the contact plane is expressed as

(AVBL’B )BL’X Ry + (a)x sin By +@, cos By, ) Zy 522
(AVBL,B )BL’Z Vg —(a)x COS [y — , sin )RB —(a)x sin B, + @, cos Bar ) Xpgp
For the same reason as in rotary ball bearing, the angular velocity of the ball about the z-axis

should always be zero (i.e. w,=0) in order for the frictional moment about the z-axis to be

balanced [72].
Define
Wy = o, sin By + @, €os Bar s
. Vg — (a)x cos Sy, — @, sin Sy )RB (3.23)
BL —
a)BL

the relative velocity field in Eq. (3.22) is rewritten as

(AVBLB )BL,x _ { Wy ZgL }
25

(3.24)
(AVBL’B )BL’Z (CBL ~XBL )
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Following the same procedure, the relative velocity fields for the BR, TL and TR contact areas
are also derived as shown in Appendix F. They take exactly the same general form as rotary ball
bearing: they all appear as circular contours centered at (¢;, 0) as shown in Figure 3.3 (b), with i
€ {BL, BR, TR, TL}. Thus frictional force, moment and loss can be calculated the same as
rotary ball bearing in Egs. (3.16)-(3.18). Quasi-static equilibrium can be established ignoring
gyroscopic effect, meaning that the ball needs to be in quasi-static equilibrium under frictional

forces and moments as

1 1 1 1 Tor:
F fBR,z
Z M =|—cosfy —cosfyy  cos iy COS [y £
‘ sin iy, —sin By, —sin S sinfyy fT *
TL,z
(3.25)
-M R
0 0 0 0 o/ By 0
. . . . _MBR,O /RB _
+|sinfBy,  —sinfy, —sinf;  sinf ", R 0
cos f3 cos f3 —-cosff, —cospf - TR’O/ s 0
BL BR TR TL _MTL,O /RB

3.3.2 Low Order Numerical Model of Ball-to-ball Contact for Linear Ball Bearings

The linear velocities of individual balls differ depending on their contact angles and
loading conditions. Ball-to-ball contact develops: (1) when the linear velocity vg ;¢ of the ball
behind (Ball 1 in Figure 3.9) is larger than vy 5 of the ball in front, i.e., vg ;0> Vg 20; and (2) when
the distance between the two ball centers d;, is small enough (d;, < 2Rg). Note that “1” and “2”
in the subscript denote the velocities pertaining to Ball 1 and 2 respectively; “0” is used to denote
the velocity before ball-to-ball contact. After contact, ball-to-ball contact causes the two balls to
eventually have the same linear velocity (i.e., vg ;= vp ). Because the relative velocities of the
two contacting balls at their contact interface are usually of opposite direction, large sliding
friction loss occurs [63]. Since the contact deformations are in the um-level, the transient process
of ball-to-ball contact is ignored and only the quasi-steady states before and after contact are
modeled.

After ball-to-ball contact stabilizes (i.e., when vg =vp,), the relative velocity between

the balls at the ball-to-ball contact interface measured on Ball 1 is expressed as
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(AViyg). (a)y,1 +o,, ) R,
= (3.26)
(AVBZB )y —(a)x)l +a)x,2)RB
Denoting the normal contact force in the ball-to-ball contact interface as Fp,p (i.€., in the global

z-direction), the ball-to-ball contact frictional force in the contact interface parallel to the x-y

{fBZB,x _ " (AVBZB )X/ AVBzB| - HFgp
fBzB,y _(AVBZB )y /|AVB2B| HFgp ’

where u represents friction coefficient between contacting balls. The frictional loss measured in

plane is

AV323| = \/(AVBzB )i + (AVB2B )i (3.27)

power is
PfBZB = ﬂF323|AVst| (3.28)

It can be proven that there is no relative spin at the ball-to-ball contact interface, otherwise the
frictional moment about the z-axis cannot be balanced quasi-statically for each ball. Notice that
the ball-to-ball contact frictional forces are parallel to the x-y plane and they should influence the
ball-to-groove contact forces in theory. However, due to the small value of u for typical linear
ball bearings with metallic balls (around 0.1 according to experimental measurement in [56]),
ball-to-ball contact frictional forces are at least one order of magnitude smaller than the ball-to-
groove contact forces. Therefore, it is reasonable to assume that in practice ball-to-groove
contact forces are not significantly affected by ball-to-ball contact friction and the calculation of
ball-to-ball contact force and friction is decoupled from ball-to-groove contact forces. Based on
this assumption, the new quasi-static equilibrium of Ball 1 considering ball-to-ball contact force

and friction becomes

-1 0 0 || Fyp 0
z(;j + 0 0 —1|{ fop, 1 =10 (3.29)

10 1 0| fam, 0
Notice the last two equations represent the equilibrium of normalized frictional moments.
Similar equations hold for Ball 2, only that ball-to-ball contact force and friction are in the

opposite direction.

Besides satisfying their own quasi-static equilibrium, the two balls need to satisfy ball-to-
ball contact conditions: if the two balls are in contact, then they need to move in the same linear

velocity at the quasi-static state; otherwise the ball-to-ball contact force is zero.
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{vB,l =Vy,5 if Vi1 = Vi.20 andd,, <2R, (3.30)

Fy,5 =0, otherwise
Put together, Eq. (3.29) for quasi-static equilibrium of Ball 1, similar equations for Ball 2 and
Eq. (3.30) for ball-to-ball contact, the motion of the two balls and ball-to-ball contact force Fgyp
are determined iteratively. Upon solution, ball-to-ball contact friction and loss are obtained
according to Egs. (3.27) and (3.28).
Ball-to-ball contact between two balls can be generalized to multi-ball-to-ball contact as
Quasi - static equilibrium for Ball j (similar to Eq. (3.25))

Vo = Ve e I Vg 0 2 Ve o and d; ) 2Ry (3.31)

B2B contact between Ball jand j +1: i
Fy,p; =0, otherwise

For Ny balls in contact, there are 3 kinematic variables for each of them; in addition there are
(Ng—1) variables for ball-to-ball contact. Accordingly, each ball needs to be in quasi-static
equilibrium with 3 equations, and (Ng—1) equations for ball-to-ball contact condition. In total
there are 4(Ng—1) variables and equations, so the multi-ball-to-ball contact problem is solvable.

Again, fsolve function in MATLAB® is adopted to solve the problem.

3.3.3 Analytical Model of Ball-to-ball Contact

In the preceding subsection, a low order numerical model for ball-to-ball contact with
iterative solution process was proposed. Wherever possible, it is desirable to have analytical
models to gain more insight into the relationship between friction and the associated parameters.
This subsection derives analytical formulas for linear velocity of an individual ball, ball-to-ball

contact force and friction in four-point contact linear ball bearings with proper approximations.

3.3.3.1 Analysis of frictional force and moment
The frictional force fl.,z and moment M, o in each contact area are functions of ¢;/a;, an
indicator for the deviation of velocity center from contact center. Extreme values of fl.)z and M; o
are achieved at ¢;/a,=0 as
fi,z |c,»/a‘.:O: 0,
Mo, %sgn(wi)ﬂF,«ai ~Euip[#]

i

(3.32)
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where Ellip(-) represents the complete elliptic integral of the second kind. The case of ¢;/a,=0
represents pure spin about the contact center. The other set of extreme values are achieved when
c;la;—=+o0 as
Jiz oo sen=Fsgn(@) uF,
M, 0

(3.33)
00 |c,»/a[.—>iw=
where pure sliding happens.

The frictional force and moment in each contact area are also affected by b;/a;, which is
the same for four contact points in a linear ball bearing and is solely determined by the
conformity ratio (conf. = Rg/2Rp, with Rg representing the radius of the cross-sectional groove

profile) of the groove [52,55]. To normalize fl.’z, it is divided by its extreme value sgn(w;)uF’;
while M; o is normalized by dividing it by the product of sgn(w;)uF; and moment arm Ry in
order to make it comparable in magnitude to fl.,z in the equations of force and moment
equilibrium. The numerical results of normalized fl.’z and M; o as functions of ¢;/a; under four
typical conformity ratios of ball bearings are shown in Figure 3.11.

Observing from Figure 3.11, there is no significant difference among the plots of the four
typical conformity ratios, thus they are not distinguished in the discussion. It is observed that the
normalized frictional moment is very small compared to the normalized frictional force over a
wide range as shown in Figure 3.11 (a). Frictional moment is only comparable to frictional force
when c¢;/a; is very close to zero. When |c¢;/a;|<0.5, fl.,z is almost linear with respect to c¢;/a; as
shown in Figure 3.11 (b). While in the same region, the change of normalized M; (, is negligible
compared to that of flz In fact, |c;/a;| 1s usually very small in four-point contact as observed
from the results presented in [55,59]. Small |c¢;/a;| condition breaks down only when there is two-
point contact or near two-point contact (i.e., contact forces on one diagonal pair are significantly
larger than those on the other pair). Thus to simplify the analysis for four-point contact, frictional
force is approximated to be linear with respect to c;/a; while frictional moment is approximated

to always take its extreme value given in Eq. (3.32).
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Figure 3.11: Frictional force and moment as functions of ci/a;: (a) full plot; (b) zoomed in plot

near ci/a=0

3.3.3.2 Analytical Formula for Ball Velocity
Based on the approximation of the frictional force and moment, an analytical formula for

linear velocity of a single ball can be obtained. To aid the analysis, an additional variable Ay, is
introduced for each contact area (see Figure 3.12 for Ay, ), indicating the angular deviation of

the velocity center from the contact center in the cross section (i.e., along semi-major axis of the

contact area). Thus

c, s, =1, wheni=BR,TL
(3.34)

An; =s,—=, .
R, |s,=-1, wheni=BL,TR

Notice s; accounts for the sign of Az, in the definition. With the linear approximation, the

frictional force becomes
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_ R, An,
L= —sgn(e) uFk, =L (3.35)
a. a. S

1 l 1

S, =-sgn(@ ) uFk,

Based on the plot in Figure 3.11, k,=1.38 is picked. It is shown in Appendix G that for the linear
approximation to be valid, Ay, must be a small value (—6.25°<A#7.<6.25°). The length of semi-

major axis q; is related with normal contact force F; according to Hertzian Contact Theory [77]

as
a.=WRIF" (3.36)

where ¥ is a constant determined by the geometry and material properties.

y /// Zero-
A K2 \{eloc1ty
BL, 7 1 lines
/€, : AN
“N\LBL
BL ! BR
|

Figure 3.12: Angular deviation of velocity center from contact center
In four-point contact, it is observed that typically wg; >0, wpr<0, wr<0 and wy;>0.
Substituting the approximated frictional force and moment to the quasi-static equilibrium in Eq.

(3.25), it becomes
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k, 2/3
?flu(RBFBL) Ay,
| I I i ky 20
E:u (RBFBR ) Algg
—C0s fly  —COS By cos By cos fy k
) ) ) . 23
sin By, —sin Sy, —sin S, sin Sy _?f:u(RBFTR) Aflg
k 23
_?f:u(RBFTL) Aty
(3.37)
—%\PEuipyR;“F;f
0 0 0 0 é\Plzllip/u!e;”FB“{j 0
tlsing, -sinfy, -sinfy sinf, § ~1o
cos Sy C€OS Py —cos S, —cos fy 8 TEHipﬂR;ﬁFff 0
—%\PEuipyR;“F;‘f

Besides equilibrium of frictional force and moment presented in Eq. (3.37), one more
relationship comes from the kinematic constraint. It was found that the two “zero-velocity lines”
that pass through the zero-velocity points (i.e., velocity center ¢;) on the same side of the groove

(see blue lines in Figure 3.12) are parallel [60]. It still holds true in this work with g+A7,

representing the angle of zero-velocity point, which means that [60]

Sin By, + Aty + Bro + Anpry )+ 5in (B + Al = Py = Aty )
=sin By + A + Pre + Aty ) +5i0( By + Ay — P = At ) 39
For contact angles #, there is a nominal value ;. However, the actual contact angle deviates
from f, due to the presence of geometric error and/or misalignment. We define
AB =P, =B, (3.39)
where A, is the contact angle deviation and is usually very small (typically —3°<Af,<3°). Under
the assumption of small AB+An,, (3.38) is approximated as
(A + Aty )+ (ABry + Ay ) = (ABsw + Aty )= (A + Ay ) = 0 (3.40)
Putting Egs. (3.37) and (3.40) together, the angular deviation Ay, can be analytically determined.

The linear velocity of the ball center is formulated as [60]
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Sin( By + A7y, +Par TA NG v

Vp=— ; ; 341
? Sln(ﬂBL +ANg + Per +A 77BR)+ Sln(ﬂBL +ANg + S +A 77TL)+ Sln(ﬂBR +ANg —frr _AUTL) ( )
With small AB +An. approximation, Eq. (3.41) reduces to
AL, —An., + AL +A
Vg R 1+(1—cos(2,6’0)) Pow = Aty + A + Aty |V (3.42)

2 2

£

where ¢ is the deviation of ball center velocity from the nominal ball center velocity v/2.
Substituting the solution of Ay, from Egs. (3.37) and (3.40) into Eq. (3.42), ¢ is obtained as a
function of four contact angle deviations Af. and four normal contact forces F;. The expression
for ¢ is still cumbersome, but there is one more approximation to be made. Since the contact
angle deviations Af; are small, the contact forces on the same diagonal pair (i.e., BL and TR pair,
BR and TL pair) are very close under external load in four-point contact [59]. With the
approximation that Fpi=Ftr £ Fu and Far=FTL £ Fp, the ball center velocity deviation is
simplified to

(_AﬁBL + AﬂTR )FUZ/3 + (_AﬂBR + AﬂTL )FDZ/3
2K +FF)

e~ (1-cos(24,)) (3.43)

This formula explicitly shows the effect of contact angle deviations and contact forces on the ball
linear velocity deviation €. A few insights from the analytical formula are: (1) ball center velocity
deviation differs under different contact angle deviations and loading conditions; (2) ball linear
velocity is not affected by external loading in the absence of contact angle deviations; (3) ball
linear velocity is not affected by external loading under certain combinations of contact angle
deviations, i.e., when ABy =Af., and AB . =AB,, .

Compared to the low order friction models described in Section 3.3.1, four major
approximations are made in the analytical derivation presented above: (I) wg;>0, wgr<0, wTr<0
and w1 >0; (I) AB+An, for each contact point is small; (III) contact forces on the same diagonal
pair are approximated to be the same; (IV) contact areas are planar. Four-point contact is a
necessary condition for all the four approximations. If there are only two contact points or near
two-point contact (i.e., contact forces on one diagonal pair are significantly larger than those on

the other pair), the angular deviation of velocity center from contact center Ay, becomes large so
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that small AB +Az, assumption becomes invalid; approximations (I) and (III) also become

obsolete.

3.3.3.3 Analytical Formula for Ball-to-ball Contact Force and Friction

So far, the analytical formula for ball center velocity of individual balls has been derived.
According to the ball-to-ball contact model: if the two balls in Figure 3.9 with vg ;o=(1+¢;)v/2
and vg 50=(1+&,)v/2 satisfy ¢, >¢,, ball-to-ball contact will happen when the distance between the
two ball centers dj, is small enough. Ball-to-ball contact force and friction change the
equilibrium of each ball. On top of Az, assume due to ball-to-ball contact force that the
additional angular contact deviation of contact center is A, for each contact area. If the deviation
still falls in the linear region of frictional force in Figure 3.11, the frictional force is

approximated as

R, A +AL,
Jiz =—sgn(@) uFk, ;B—

i i

(3.44)

and the frictional moment is still approximated to take its maximum value given in Eq. (3.32).

The new quasi-static equilibrium of Ball 1 considering ball-to-ball contact force becomes

el

/u(RBFBL )2/3 (AUBL + Aé/BL)

H
_
_
_
E

/u(RBFBR )2/3 (AUBR + Aé,BR)

=~ &

—cos By, —cos Py cos Py cos
. ) ) ) ~ 23
sin By, —sin By, —sin B, sin By __f/u(RBFTR) (AUTR +A§TR)

¥
kf 2/3
_?lu(RBFTL) (AUTL + Aé/TL)
(3.45)
- % WElipuR, " F,
0 0 0 0 3 WEllipuR;* .} Fiop
| sing, —sinf, -sinf, sinf, 2 =1 0
cos By cos By, —cosfBx  —cos S g‘PEllipﬂRgz/ FY 0
- % WElipuR, " F?

Notice here the frictional force at ball-to-ball contact interface is not included in the equations,

which is a reasonable approximation because ball-to-ball frictional forces are typically at least
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one order of magnitude smaller than ball-to-ball contact force. Subtracting Eq. (3.37), Eq. (3.45)

becomes
k 2/3
?f,u(R Fy ) Ay
k
1 1 1 1 ?flu(R Fy )2/3 AG o Fiop
—cos By, —cos i cosfBx  cosf ¢ =< 0 (3.46)
) ) . . 23
sin B, —sin By, —sin B, sin By ?f/u(R FTR)/ Al g 0
kf 2/3
v ,U(R FTL) Adr

which relates A to ball-to-ball contact force Fs2s.
With the additional angular deviation A(, the ball still needs to satisfy kinematic

constraint similar to Eq. (3.40) as

(A ARy +AGy NSy A1 +AG H g 4 #A g A A A i +AG =0 (3.47)
Subtracting Eq. (3.40), Eq. (3.47) becomes

Aé/BL+A§TL_A§BR_A§m =0 (3.48)

The new velocity of the ball is expressed similar to Eq. (3.42) as

—Af _A77BR2+AIBTL + Ay +(1 —COS(ZﬁO))

P Ag

—Algr +AL v
2 2

vy ~| 1+(1-cos(24,)) (3.49)

Let us denote the additional velocity deviation caused by ball-to-ball contact as Ag; and Ae,
respectively. Two contacting balls need to have the same velocity at quasi-static states, thus

Vg, =+ 6 +Ag)v/2=vy, =(1+&, +As,)v/2 or € +Ag =¢, +Ag, (3.50)

Like the approximation made in last subsection, contact forces on the same diagonal pair

are very close under external loading. So the following approximation is made: Fgr,1=F1Rr,12F1u

and Fer1=F1L12F 1D, FeL2=FTR22F2U and Fero~Fr1L22F>p with 1 and 2 in subscript indicating

Ball 1 and Ball 2 respectively. Putting together Egs. (3.46), (3.48), (3.49) for Ball 1, the similar

set of equations for Ball 2 and Eq. (3.50) for ball-to-ball contact, the ball-to-ball contact force

Fgyp 1s analytically determined as
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Fuanm— et __p iy o™+ ) (6-&,), if £>6,andd,<2R,  (3.51)
‘P(I—COS(2,BO)) (EU2/3 +FID2/3)+(F2U2/3 +F2D2/3)
The analytical formula for ball-to-ball contact force shows that ball-to-ball contact force is
proportional to the velocity difference between the two balls. It is also affected by the normal
contact loads on the two balls, friction coefficient and constants related to Hertzian contact.
At the ball-to-ball contact interface of four-point contact linear ball bearings, the relative
velocity (i.e., sliding velocity) of the two balls can be approximated as

v

AV | = Kﬂo

(3.52)

by assuming both balls rotate about x-axis with nominal contact angle . It is observed to be a
reasonable approximation in typical four-point contact linear ball bearing. As a result, the sliding
friction loss measured in power in Eq. (3.28) due to ball-to-ball contact friction is explicitly
expressed as

v

P .=uF., .|Av .| = uF, ,———
mB — H B2B| B2B| Hil'gyp cos

(3.53)

3.3.4 Case Studies

3.3.4.1 Effect of Ball-to-ball on Friction
To show the effect of ball-to-ball contact on friction and compare the derived analytical
formulas to the proposed low order numerical model, a case study is conducted in the setup as

shown in Figure 3.13. In the setup, nominal contact angle 8, is set to be 45°; contact angle

deviation 4 (<3°), induced by manufacturing error and/or misalignment, only takes place on the

bottom groove (usually a long rail). External loading is represented by N, and N, applied to the
top groove. It is assumed that the same N,, is applied to Ball 1 and Ball 2 but N, on the two balls

are of opposite direction. This kind of loading condition represents a yaw moment applied to the
top groove, which accelerates ball-to-ball contact [63]. According to the definition of contact

angle deviations in this work, Af, =—0, AB =0 and A, =AB .=0. Since the contact angle
deviations are small, it is reasonable to approximate the four contact forces as
FerLi=FrR12F 1U=\/§/2(Ny_Nx), Feri~FrL12F 1D Z\/§/2(Ny+Nx), FBL,zzFTR,zéFzUZ\/E/Z(NerNx)

and Frr2~Fr1L22F2D Z\/§/2(Ny— ). Define p=N,/N,, as the side force ratio and substitute all the
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parameters into Eq. (3.43), velocity deviation of the two balls from nominal value is formulated

as
1_(1+pj2/3 1_(14—[0\]2/3
OF —9F) I-p OF) —9F} I-p
&~ 1U2/3 ;/Ds = 2/3 Q’ &H & 2[;/3 5/2 = 23 Q (3.54)
2(FlU +F1D) 1+ 1+p 2 2(qu +F2D) 1+ I+p 2
1-p 1-p

Since the loading conditions on the two balls are centrally symmetric, the velocity
deviations of the two balls are of opposite sign. Thus the velocity difference of the two balls,

€1-€1, 18 twice the velocity deviation of a single ball.

Figure 3.13: Contact angle deviations and external loading conditions in the case study
Parameters used in the case study are shown in Table 3.3.

Table 3.3: Parameters for the linear ball bearing case studies

Parameter (Symbol) Value [Unit]
Ball radius (Rp) 5 [mm]
Conformity ratio of groove (conf.) 0.56

Constant related to the semi-major axis length (¥)  5.307x10™* [(m*/N)"]

Vertical force on each ball (V,) 100 [N]
Velocity of the top groove (v) 10 [mm/s]
Friction coefficient (u) 0.1

Young’s modulus 2.1x10" [N/m?]
Poisson’s ratio 0.28

The velocity difference (e1-¢,) of the two balls predicted by the low order numerical

model as a function of 4 and p is shown in Figure 3.14 (a). As the magnitude of the contact angle
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deviation |f| increases, the velocity difference of the two balls also increases; the same trend is
observed for the side force ratio p. Results of (&;-&,) based on the analytical formulas derived in
Eq. (3.54) are shown in Figure 3.14 (b), which are observed to match closely with the proposed
low order numerical model (see Figure 3.14 (a)). The difference of the low order numerical
model and the analytical model only becomes noticeable when |p| and |#| are large. Large |p| and
|0| are exactly where the approximations summarized at the end of Section 3.3.3.2 for the
analytical formula of velocity deviation fails: four-point contact tends to be (near) two-point

contact when |p| is large, thus the small Af+An, assumption becomes untenable, making the

analytical formula inaccurate.

(a) Low-order numerical modsel (b) Analytical formula
5 5
SR /0 E N )
o0 0 o0 0
o 5L o 5L
0-%.4 Q) . 23 0-%.4 Q) \.‘ 23
pV4s 32 1% 7 PO4g 32 1%

Figure 3.14: Velocity difference of two balls as functions of side force ratio and contact angle
deviation
Ball-to-ball contact force and additional friction loss based on the proposed low order
numerical model and the derived analytical formulas are presented in Figure 3.15. Ball-to-ball
contact only happens when ¢;-¢,>0; otherwise the two balls depart from each other instead of
approaching and there is zero ball-to-ball contact force as shown in Figure 3.15 (a) and (b). For
the non-zero contact force region, ball-to-ball contact force Fg,p increases with increasing |p|

and |60|; so are the total friction loss (with ball-to-ball friction loss Pgsyp) versus baseline friction
loss (ball-to-groove friction loss Py). The difference between Fgyp/Ppop predicted by the low
order numerical model in (a)/(c) and by the analytical formula in (b)/(d) again only becomes
noticeable at large |p| and |f| region. Since the analytical formulas in Eq. (3.51) for Fg,p and Eq.
(3.53) for Pp,p are both linear functions of (¢1-¢,), the difference in (¢,-¢,) calculation shown in
Figure 3.14 carries over in the calculation of Fgyp and Pgyp here. But overall, the analytical
formula still predicts ball-to-ball contact force and additional friction loss very well compared to
the low order numerical model. Ball-to-ball contact gives rise to significant increase of friction:

the additional friction loss from ball-to-ball contact contribute to more than 185.2% increase
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compared to the baseline friction (i.e., ball-to-groove contact) in the worst case scenario

according to the low order numerical model as shown in Figure 3.15 (c).

Low-order numerical model Analytical formula
° (b)
g 0 8 8
[ —
HERA 6 6
e 3 4 |4
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> 0 2 2
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Figure 3.15: Ball-to-ball contact forces and friction loss as functions of side force ratio and

contact angle deviation

3.3.4.2 Using the Analytical Model to Mitigate Ball-to-ball Contact

Ball-to-ball contact gives rise to significant friction increase as shown in last subsection.
Since ball-to-ball contact develops quickly, there is significant friction variation. Thus it is
desirable to avoid or at least mitigate ball-to-ball contact.

Take a particular case for example: with #=2° and p=—0.6 in last subsection’s setup, the
two balls have different velocities summarized as Case (a) in Table 3.4. The two balls will
develop ball-to-ball contact since Ball 1 is moving faster than Ball 2. Figure 3.16 (a) shows the
simulated relative displacement of the two balls using the velocity calculated based on the
analytical formulas in Eq. (3.54), when the initial gap between the two balls is 0.1Rg. Insights
gained from the analytical formula for velocity deviation of balls can be used to mitigate ball-to-
ball contact by reducing velocity difference of balls. Given the contact angle deviations on the
bottom groove (usually a long rail), if the contact angle deviations on the top groove (short and
sturdy carriage) can be controlled or mated in the manufacturing or assembly processes, the
velocity difference of balls can be minimized and ball-to-ball contact can be mitigated. From Eq.

(3.43), it is found that if AB . =AB,, and AB =ApB,., then the velocity deviation would always
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be zero irrespective of external loading. This optimized design based on the analytical formula is
simulated with the results shown in Table 3.4 as Case (b) and plotted in Figure 3.16 (b), the two
balls remain constant distance because of the optimized design. This highlights a benefit of the
proposed analytical formula — it provides explicit relationships between variables and parameters
that can be used to guide analysis and design optimization. However, as a reminder, the
analytical model is only useful if the assumptions summarized in Section 3.3.3.2 are valid.

Table 3.4: Contact angle deviations and velocity deviation of balls in four-point contact linear

ball bearings

Contact angle deviations

. Velocity deviation
(—ABp; =APpr=0=2°)

Low order Analytical
Afr Abry
numerical model  formula
€1 0.87% 0.75%
Case (a) 0 0
& —0.79% —0.75%
&1 0 0
Case (b) -0 %
o) 0 0
Case (a)

0 2 4 6 8 10
) Case (b)
=)
L S
Q
-~
0
0.2 :
0 2 4 6 8 10

t[s]

Figure 3.16: Example of ball-to-ball contact and its avoidance by optimized design
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3.3.5 Validation by ANSYS FEA

In order to validate the low order numerical model and analytical model of ball-to-ball
contact, and to show the validity of using the insight gained from analytical model to mitigate
ball-to-ball contact, the results for Case (a) and (b) in the preceding subsection are compared to
those from Finite Element Analysis (FEA) in ANSYS.

As a benchmark, dynamic simulation of ball-to-ball contact in linear ball bearing is
conducted in ANSYS Workbench 16.2. The model of two balls in contact with two rails is
shown in Figure 3.17 with mesh. Based on the guidelines provided by ANSYS [82], the ball
surface is set as contact surface while the groove surface is set as target surface. For the ball-to-
ball contact interface, Ball 1 is set as target surface while Ball 2 is set as contact surface. All the
ball-to-groove and ball-to-ball contact interfaces are set as frictional contact with 0.1 friction
coefficient. Augmented Lagrange contact formulations are used for the contact interfaces as
recommended by ANSYS because of its robustness and flexibility [82]. All the parts are meshed
with tetrahedral elements. It is common practice to make mesh refinement around the contact
region while use coarse mesh elsewhere to reduce the overall number of elements. Here, a mesh
refinement technique in ANSYS Workbench called body of influence is used. The fine mesh is
set to be of size 0.13 mm and the coarse mesh of size 1 mm, giving the FE model 294,114
elements in total. The mesh refinement of size 0.13mm is picked after mesh sensitivity analysis.
The bottom groove is fixed and the top groove is made to move at 10 mm/s. Yaw moment of 600
N-mm is applied to create the loading condition in Section 3.3.4. The two balls are placed at an
initial distance of 1 um to accelerate ball-to-ball contact such that the top rail does not move out
of the mesh-refined area. A total simulation time of 0.1 second is split into 10 time steps to
simulate the dynamic process from no ball-to-ball contact to the development of ball-to-ball
contact and finally stabilized ball-to-ball contact. The force convergence tolerance is set to be 0.1%
to balance accuracy and computational efficiency. The other settings in the finite element model
are left at their default values. The solver type is also program-controlled, and it was found out
that preconditioned conjugate gradient solver was adopted. Upon solution, steady-state ball-to-

ball contact force is extracted from the FEA result using Reaction Force Probe.
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Figure 3.17: Mesh for linear ball bearing in ANSY'S

The ball-to-ball contact force results are compared in Table 3.5. From the results of Case
(a), it can be observed that ball-to-ball contact force predicted by the low order numerical model
matches very well to that of ANSYS FEA, with only 1.26% difference. While the result based on
the analytical formula shows larger error because of the approximations made in the derivation.
But the error is still within 6%. For Case (b), ANSYS FEA result shows that ball-to-ball contact
does not happen just as analytical formula had predicted, thus the insight gained from analytical
model for ball-to-ball contact mitigation is also validated in ANSYS FEA. Given the accuracy of
the proposed low order numerical model and analytical formula compared to the ANSYS FEA, it
is of interest to compare their computational time. As shown in Table 3.5, the low order
numerical model is three orders of magnitude faster than ANSYS FEA; while analytical formula
with explicit form is another two orders of magnitude faster. The proposed low order model and
analytical formula for ball-to-ball contact are therefore computationally much less expensive
than the ANSYS FEA model with comparable accuracy, thus is much more desirable, e.g., for
use in parametric studies and optimal design of linear ball bearings.

Table 3.5: Comparison of ball-to-ball contact forces and computational time based on the

proposed models and ANSYS FEA for linear ball bearing*

Low order Analytical ANSYS

numerical model  formula FEA
B2B Contact Case (a) 4.01 3.74 3.96
Force [N] Case (b) 0 0 0
Computation  Case (a) 0.74 sec. 6.67 msec. 5.11 hr.
Time Case (b) 1.46 sec. 5.54msec.  3.51 hr.

*All models are run on a desktop computer with Intel(R) Core(TM) 17-3770 CPU of 3.40 GHz
and 16 GB RAM.
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3.4 Ball-to-ball Contact Modeling for Ball Screws

In this section, ball-to-ball contact modeling for linear ball bearings presented in the

preceding subsection is generalized to ball screws.

3.4.1 Ball Motion and Friction Modeling for a Single Ball in Ball Screw

Just like in linear ball bearings, modeling ball motion and friction of a single ball in ball
screw is the first step towards modeling ball-to-ball contact. The same single-start, right-handed,
Gothic-arch-groove-type ball screw with a single ball nut in Chapter 2 is considered. Without
loss of generality, ball motion and friction modeling is presented using a two-ball module of a
four-point contact ball screw as shown in Figure 3.18. The global coordinate system (CS={x, y,
z}) 1is fixed to the screw shaft with its z-axis pointing along the axis of the screw shaft as shown
in Figure 3.18 (a). Relative to CS, the inner groove of the two-ball module (representing the
screw shaft) in Figure 3.18 (b), is fixed; while the outer groove representing the ball nut rotate
with angular velocity wy about the z-axis and at the same time translate at velocity v along the

z-axis because of the helix. According to the kinematic relationship,

v =T, 7, = % (3.55)

where 7, is the nominal gear ratio and p represents the nominal lead of the ball screw.

@ (b)
Nominal ball center

pathway, qg (cf)

Figure 3.18: (a) Nominal ball center pathway (helix) and coordinate systems of ball screw; (b)
two-ball module in ball screw
The locus of points lying on the nominal ball center pathway relative to the origin of CS

is expressed as
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Q;(@)=1{R,sing (3.56)

where ¢ is the angular distance traversed along the nominal ball center pathway starting from the
x-axis to the ball location of interest on the screw (¢ is referred to as azimuth angle in this work
for the sake of simplicity). Rp is the nominal pitch circle radius of the ball screw. Ignoring effects
of elastic deformations and geometric errors on the grooves, the ball center velocity in the global
coordinate system CS is expressed as
—R, sin pa,
vy (@) =1 R, cospa, (3.57)
7, Wy

where wg is the orbiting angular velocity of the ball about the ball screw axis.

A moving coordinate system CS3;={x3, y,, z3}, with its origin on the nominal ball center
pathway, is established such that its y,-axis is tangent to the helical path and its x3-axis points
along the radial line from screw axis to nominal ball center as shown in Figure 3.18 (a). Figure
3.19 shows the cross-sectional profile of the ball screw in the z3-x3 plane. A ball, with radius Rg,
is in four-point contact with SL, SR, NR and NL (representing Screw/Nut and Left/Right)
grooves. Focusing on the SL (screw left) portion of the groove, contact angles S, are measured
from —x3-axis to the contact normal in the cross section. Contact coordinate system CSgq; is
established at the contact center such that the y  -axis is parallel to the y,-axis and the xg -axis
lies along the contact normal as shown in Figure 3.19. Similar to linear ball bearings, the contact
area is assumed to be in the local zg -y, plane in this work, as shown in Figure 3.19, since the

contact area is relatively small compared to the ball radius.
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Figure 3.19: Geometry and coordinate systems for a four-point contact ball screw (highlighting
the SL contact area)

Besides the gross motion, the ball also rotates about its own axis. Assume that the ball is
moving at o=[w,, »,, w,]" measured from the local coordinate system CS; about an axis passing
through the ball center. Velocities of any point in the contact area on both ball side and groove
side can be determined based on rigid body kinematics. Focusing on the SL contact area, qg; is
defined as the vector from the ball center to the SL contact center, and is given in local
coordinate system CS; as

—R, cos S,
qs. = 0 (3.58)
—R; sin B,

For any point with local coordinates (y, , zg1 )" in the contact area, its position qq 5 InCSy s

T
s 5 =g T Tcs3-csSL [0, YsLo ZSL] (3.59)
where Tcs;-csg; 1s the transformation matrix from CSgp to CS;5 given by
cosfy; 0 —sinfy
Tes.cs, =| O 1 0 (3.60)
sinff, 0 cospfy

The velocity at the SL contact area on the ball side expressed in the global coordinate system CS
is
Vsis = Tescs, (0) *QsLp ) + TCS-CS3qSL,B T Vg (3.61)
Tcs-cs, is the transformation matrix between the global coordinate system CS and the local
coordinate system CS; given as
Tes cs, =10t () - 1Ot (&) (3.62)
where rot(-) represents a current-frame rotation operation about the axis specified by its

subscript, as further described in Appendix A. Angle a represents the nominal lead angle of the

ball screw given by

&ztanl[ ﬁ_j (3.63)
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Since the screw is fixed, the velocity at the SL contact area on the groove side is zero.

Thus the relative velocity at any point in the SL contact area is
AVSL,B = VsLg -0= VsLB (3.64)

The relative velocity expressed in the contact plane (i.e., zgy -y, ) can be formulated as

Avgg). | To 1 0 . )
(AVSL)B )SL = ( o )SLJ = (TCS3—CSSL ) 1(Tcs-CS3 ) 1AVSL’B

L _4”2§Z§P cospy wy—(cosfy . —sinfy o )R, —[[272EP w, +a)zjsin B+ cosfy ]ZSL (3.65)
Ryo 4 Rzﬁ Oy +(272§P WgSinfy, +@ cosfy +@_sinfy ] VoL
where
L=\(22R,) +7* (3.66)
Let

27R,
— P .
Wy = ( 7 W, +, |sin B +@, cos f ,

[’ —47°R.R, cos .
ot IBSL Wy _(COS /BSLa)z —Ssm IBSLa)x)RB

ey = 2zl - : (3.67)
SL
RT
Ry, + P @y
dSL ==
233

The relative velocity field in Eq. (3.65(3.65) is rewritten as

(AVSL,B )SL,y { 2% (CSL - ZSL) }

253 (_dSL +ySL)

( AVSL,B )SL,Z

Following the same procedure, the velocity field for other contact areas is derived (see Appendix

(3.68)

F for details). It is observed that the relative velocity field in the elliptical contact area is a
circular contour centered at (c;, d;) as shown in Figure 3.8 (b), with i € {SL, SR, NR, NL}
representing different contact areas. Notice that the center of the contour represents the zero-

velocity point.
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With the velocity field expressed over the contact area, friction can be calculated given

normal contact stress distribution similar to that in linear ball bearings. The frictional force ]jy
along y -axis and f, along z;-axis, frictional moment M; o about contact center, and friction loss

are calculated by double integrating the frictional stress over the contact area. Comparing the
relative velocity field of ball screw in Figure 3.8 to that of rotary and linear ball bearing in Figure
3.8 (b), the major difference is that the helix of ball screw introduces relative rotation between

the screw and nut about the y,-axis. Thus there are frictional forces in zg; -direction, which lie in

the cross-sectional plane, making frictional forces (from a given contact surface) and normal
contact forces (from other contact surfaces) coupled for individual balls in ball screw. As a
result, friction and contact load distribution for individual balls need to be calculated together in
ball screw. A low order static load distribution model for ball screw is presented in Chapter 3.
Here it is augmented to include friction.

Since the frictional forces are small compared to the normal contact forces, it is assumed
that the bulk elastic deformation of the ball screw shaft (i.e., Ug in Eq. (2.23)) calculated in the
static load distribution model is not affected.

For individual balls, the friction calculation is conducted together with load distribution.
Neglecting gyroscopic effect, each ball needs to be in quasi-static equilibrium under normal load,

frictional force and moment as
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cosfy cosfy,  —cos Py —cos By ]
0 0 0 0 F,
F) |sinfy —sinfy —sinf  sinfy || Fy
2 (Ml 0 0 0 0 Fu
0 0 0 0 Fu
. 0 0 0 0 |
0 0 0 0
1 1 1 1 Sig(ay, [Aw) [y,
. 0 0 0 0 Sig(@g, /A®) fy.,
Ry sin fi —Rysin iy —Rpsin S, Rysin Sy Sig(@yg /Aa))fNR,y
0 0 0 0 ||Sietoy /A0) i,
__RB cos ﬂSL —Ry; cos /BSR Ry cos ﬂNR Ry cos IBNL i
[—sinp, sinfy sinf  sinfBy | (3-69)
0 0 0 0 Sig(@y, /Awy ) fs.:
| 08B c0s By —cos iy —cosfy Sig(wg, [Awy) for -
0 0 0 0 Sig(ow [Awy) far.:
Ry Ry Ry Ry Sig(oy /Awys) fa..
. 0 0 0 0 |
[0 0 0 0 | 0
0 0 0 0 Sig(wy, [Awy )M, 0
. 0 0 0 0 Sig(ag, [Aw )M, _Jo
cos fy €08 By —cos Py —c0s fy | |Sig(ong [Awy WM ko 0
0 0 0 0 Sig(wy /A )My, o 0
|sinfy  —sinfl; —sinfy,  sin By | 0

where modified logistic Sigmoid function defined in (3.20) is used to deal with the potential stick

region in two-point contact. Here

Awyg = 2ﬂ%a)N sin B (3.70)

is the approximated relative spin velocity in the same diagonal contact pair (i.e., |wg —wNr| OF

|wsr—NL|)-

Together with the contact conditions presented in Chapter 2, a new state vector x; = [prl.,
VSLi’VSR,"VNLI"VNRi’wBi’wxi’wyi’wzi]%x1 is defined for each ball with subscript i indicating the i
ball. The function @;(x}) containing conditions for quasi-static equilibrium of the ball is

formulated as
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(ﬁSLi '.tSLi )M } -

D, (x,)= : =0 (3.71)

=l

The same conditions hold for all the balls. The new state vector X; can be solved in an iterative

process using the fsolve function in MATLAB®.

3.4.2 Low Order Numerical Model of Ball-to-ball Contact for Ball Screws
The orbiting angular velocities of individual balls in ball screw differ depending on
contact angles and loading conditions. Similar to linear ball bearing, ball-to-ball contact develops

when the orbiting angular velocity of the ball behind is faster than the ball in front (wg ;9 > wg 29)

and when the angular distance between the two balls Agi2 is close enough (Ag,,= ¢, —¢p, ,<

2B5,5); By,p 18 ball-to-ball contact angle as shown in Figure 3.20 and is defined as

. . 27R
Poop = Sin 1(—7; B) (3.72)

Notice that the radius for ball-to-ball contact in Figure 3.20 is not the pitch circle radius Rp, but L
defined in Eq. (3.66) with the lead of the ball screw factored in.

At the ball-to-ball contact interface between Ball 1 and Ball 2, another coordinate system
CS, is established: z4-x4 plane is where ball-to-ball contact happens. Similar to the linear ball
bearing case, the relative velocity at the ball-to-ball contact interface measured on Ball 1 is

expressed as

(AVBZB )24 _ (a)x,l T, ) Ry cos ﬂBZB + (a)y,l —0,, ) Ry sin ﬂst
(AVBL )x4 _(a)z,l T, )RB

Denoting the normal contact force at the ball-to-ball contact interface as Fpop (i€., in y,-

(3.73)

direction), the ball-to-ball contact frictional force in the contact interface (z4-x4 plane) is

{fBZB,z4 } 3 {_(AVBZB )24 /|AVB2B|'IUFB2B}

fBZB,x4 _(AVBZB )x4 /|AVB2B|',UFBzB

AVBZB| = \/(AVBZB )i + (AVBZB )i (3.74)
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ﬂB2B

Figure 3.20: Ball-to-ball contact between two balls in ball screw
Under ball-to-ball contact, Ball 1 needs to be in quasi-static equilibrium with the addition of

ball-to-ball contact force and friction to Eq. (3.69) as

[ sin B,y 0 coS By | 0

— €08 Sy 0 sin Syp F 0

F 0 1 0 e 0
Z(Ml 0 Reesp. o [17me710 (3.75)

0 Ry sin S, 0 Jozs.s, 0

0 0 Ry | 0

Similar equations hold for Ball 2, only that ball-to-ball contact force and friction are in the
opposite direction.

Besides satisfying their own quasi-static equilibrium, the two balls need to satisfy ball-to-
ball contact conditions: if the two balls are in contact, then they need to move at the same

orbiting angular velocity at quasi-static states; otherwise the ball-to-ball contact force is 0.

{COB,I =Wg,, if Wy 1y = WDy 5 and Ag,, =@, —p, <204, (3.76)

Fy,5 =0, otherwise

Put together Eq. (3.75) for quasi-static equilibrium of Ball 1, similar equations for Ball 2

and Eq. (3.76) for ball-to-ball contact, the motion of two balls and ball-to-ball contact force (if

there is any) are determined. Upon solution, ball-to-ball contact friction and loss are calculated
accordingly.

Similar to that in linear ball bearings, ball-to-ball contact between two balls in ball screws

can be generalized to multi-ball-to-ball contact as
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Quasi-static equilibrium for Ball j

Wy =0y 1y, If @ (204 . oand @ —p. <2[3 3.77
B2B contact between Ball jand j+1: RO _B’jo Do sl Pon - (3.77)
Fyyp,;=0, otherwise

3.4.3 FEA Validation of Ball-to-ball Contact Model

To validate the low order numerical model of ball-to-ball contact for ball screws, the
results are compared to those from ANSYS FEA in the same ball-to-ball contact module between
two balls as shown in Figure 3.18. The reasons for validation in two-ball module instead of the
whole ball screw are: (1) ball-to-ball contact modeling is the main focus of this work, thus
validation of ball-to-ball contact is the priority; (2) the dynamic simulation of a full ball screw
with enough accuracy using FEA is computationally too demanding.

Parameters for ball screw used in this validation study are shown in Table 3.6. The
geometry and material properties are similar to those in Section 2.4. The groove profile on the
screw side has contact angle deviation # as shown in Figure 3.21. Two cases are simulated to
demonstrate the effect of different contact angle deviation: =0° is set for Ball 1 in both cases;
for Ball 2, 6=2° is set in case (a) and 6=3° is used in case (b). This kind of contact angle
deviation induces different orbiting angular velocities of balls and results in ball-to-ball contact

in both case (a) and (b).

Figure 3.21: Contact angle deviation at the cross section of ball screw grooves

Table 3.6: Parameters for ball-to-ball contact simulation in ball screw

Parameter (Symbol) Value [Unit]

Ball radius (Rp) 2.778 [mm]
Conformity ratio of groove (conf.)  0.56

Pitch radius of ball screw (Rp) 16.5 [mm]
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Lead of ball screw (p) 20 [mm]
Nominal contact angle (fo) 45 [°]

Angular velocity of the nut (wy) 27 [rad/s]

Friction coefficient (u) 0.1
Young’s modulus 210 [N/mm?]
Poisson’s ratio 0.28

As a benchmark, dynamic simulation of ball-to-ball contact in ball screw is conducted in
ANSYS Workbench 16.2. The CAD model of the two-ball module for case (a) is shown in
Figure 3.22, which are meshed with tetrahedral elements of size 0.05 mm around the contact area
and 1 mm elsewhere, giving the FE model 230,816 elements in total. Mesh refinement of size
0.05 mm is picked after mesh sensitivity analysis. Similarly, the FEA model of case (b) has
231,931 elements. The ball nut is made to rotate about the ball screw axis at wy. The screw shaft
is constrained by frictionless support to only translate along axial direction with external force 50
N in both cases. The two balls are placed at an initial distance of 1 um apart to accelerate ball-to-
ball contact. A total simulation time of 0.005 second is split into 10 time steps to simulate the
dynamic process from no ball-to-ball contact to the development of ball-to-ball contact and
finally stabilized ball-to-ball contact under quasi static equilibrium. The other important settings
in ANSYS FEA are kept the same as in the linear ball bearing case in Section 3.3.5. The contact

problem is solved using the same desktop computer as used for the linear ball bearing case study.

Figure 3.22: Mesh for ball screw in ANSYS
The ball-to-ball contact forces from the low order numerical model and ANSYS FEA are

compared in Table 3.7. It is observed that ball-to-ball contact forces predicted by the low order
numerical model are reasonably close to those from ANSYS FEA, with 6.67% and 6.64%
difference for case (a) and (b) respectively. As shown in the comparison of computational time in

Table 3.7, the low order numerical model is three orders of magnitude faster than ANSYS FEA,
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indicating the computational efficiency of the proposed low order model once again. For case (a),
the friction increase caused by ball-to-ball contact is 39.2% relative to that before ball-to-ball
contact, according to the low order numerical model; while 60.2% friction increase is observed
for case (b). Both results indicate the significance of ball-to-ball contact to the friction increase
of ball screw.

Table 3.7: Comparison of ball-to-ball contact forces and computational time based on low order

numerical model and ANSYS FEA for ball screw

Low order ANSYS
numerical model FEA
B2B Contact force [N] 1.92 1.80
Case (a)
Computational time 15.3 sec. 5.75 hr.
B2B Contact force [N] 2.89 2.71
Case (b)
Computational time 14.7 sec. 5.35 hr.

3.4.4 Simulation of a Whole Ball Screw with Ball-to-ball Contact

Since the proposed low order numerical model of ball-to-ball contact in ball screw has
been validated, it can be incorporated in the whole ball screw friction model to simulate the
friction behavior of the whole ball screw. A ball screw with the same parameters as shown in
Table 3.6 is used in the simulation. The ball screw is 800 mm long with the nut initially placed in
the middle. A total time of 2s in 200 steps are simulated. The nut is confined to only rotate, while
screw shaft is only allowed to translate in the axial direction at the two ends. Axial load of 1500
N is applied to the screw shaft on one end, and 37 balls in two loaded turns yields 97.8%
occupation ratio of the active ball track. Recirculation of balls is modeled by connecting the start
and end of the return tube. The same type of contact angle deviation in Figure 3.21 is adopted,
the magnitude of contact angle deviation € on the screw side is set to be sinusoidal with respect

to azimuth angle as shown in Figure 3.23.
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Figure 3.23: Contact angle deviation with respect to azimuth angle
The balls are evenly distributed at the start of the simulation. However, due to the sinusoidal
contact angle deviation, the orbiting angular velocities of the balls differ, making the distance
between balls to change over time. Figure 3.24 shows the angular distance between balls with
respect to the nut rotation angle (i.e., which is proportional to time); balls in ball-to-ball contact
are marked as black dots. Four groups of ball-to-ball contact form because of the velocity

difference induced by the four cycles of contact angle deviations in Figure 3.23.
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Figure 3.24: Angular distance between balls and ball-to-ball contact status (ball-to-ball contact is
marked using black dots)

Figure 3.25 shows the total friction torque and the contribution of ball-to-groove and ball-
to-ball contact. It is observed that ball-to-groove contact friction barely has variation in this case
study, while ball-to-ball contact contributes to a maximum of 49.6% additional friction torque at
126° nut rotation angle. As the contacted balls gradually disengage, the friction torque

contributed by ball-to-ball contact decreases and reaches its minimum value zero at 306° nut



rotation angle when there is no ball-to-ball contact. After that, ball-to-ball contact builds up again
and gradually stabilizes. Thus ball-to-ball contact not only gives rise to significant friction
increase, but also significant friction variation due to the engagement and disengagement of ball-

to-ball contact.
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Figure 3.25: Total friction torque and the contribution of ball-to-groove and ball-to-ball contact

3.5 Summary

In this chapter, two sources of friction variation in ball bearings and ball screws related to
rolling, sliding and spin of balls at the contact interface are discussed and modeled. A sensitivity
analysis of friction to rolling, sliding and spin in a ball from four-point contact ball bearing is
first conducted. To do this, the ball-to-groove contact friction of rotary ball bearing is modeled
following a well-established procedure but with a simplifying assumption of planar contact area.
In a case study, sliding and spin in four-point contact operation is shown to result in more than
10 times larger friction than two-point contact which mainly has rolling.

The sliding friction at ball-to-ball contact interface is another source of friction increase
and variation, particularly in linear ball bearings and ball screws which typically do not use
caged balls. In this chapter, low order velocity difference driven ball-to-ball contact models at
steady state are proposed for both linear ball bearings and ball screws. Based on the friction
analysis and relevant approximations, analytical formulas for velocity deviation of balls and ball-
to-ball contact friction are derived for four-point contact linear ball bearing. Compared to ball-to-
ball friction predictions from FEA models developed in ANSY'S, the proposed numerical models
are shown in case studies to be accurate within 7%, while computing at least three orders of

magnitude faster. Using the insights gained from the analytical model, ball-to-ball contact is
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shown to be mitigated by reducing the velocity difference of balls in four-point contact linear
ball bearings. Significant friction increase and variation due to ball-to-ball contact are
demonstrated in a case study of ball screw, highlighting the importance of modeling ball-to-ball
contact. However, the velocity-difference driven ball-to-ball contact models presented in this
chapter have limitations. They only model the steady state conditions of the ball-to-ball contact,

the transient process of ball-to-ball contact is not captured.
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Chapter 4 Application of the Developed Load Distribution and Friction
Models to Rack EPAS

4.1 Overview

Four-point contact ball bearing and ball screw are the two key mechanical components in
rack EPAS gear. They are subjected to large multi-directional load and manufacturing errors in
EPAS, making it hard to accurately calculate their load distribution for the purpose of sizing. The
EPAS gear also suffers from “stick-slip” problem (i.e., sticky feel sensed by the driver) mainly
due to the friction variation of ball bearing and ball screw.

This chapter applies the developed load distribution model for ball screw (presented in
Chapter 2), friction model for four-point contact ball bearing and ball-to-ball contact model for
ball screw (presented in Chapter 3) to rack EPAS in a few realistic scenarios. Important insights
for ball bearing and ball screw design, inspection and manufacturing tolerance specification are
derived based on the developed models.

The chapter is organized as follows: two applications of the developed load distribution
model are presented in Section 4.2. The robustness of two stiffness tests for ball screw are
compared. Then the developed models are applied to the sizing of ball bearing and ball screw in
rack EPAS under different tie rod angles. Section 4.3 presents the applications of the developed
friction models to ball bearing and ball screw in rack EPAS. The friction variation of four-point
contact ball bearing and double-row angular contact ball bearing are compared. Finally, the
effect of different ball screw manufacturing errors on ball-to-ball contact are demonstrated.

Section 4.4 provides a summary of the chapter.

4.2 Applications of the Developed Load Distribution Model to Rack EPAS

4.2.1 Lash Tests of Ball Screw
Lash tests are important to characterize the stiffness of ball screws where they usually

serve as the end of line check for stiffness. There are two types of lash tests: axial lash test and
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conical lash test whose setups are shown in Figure 4.1 (a) and (b) respectively. In both tests, the
ball nuts are fixed. In axial lash test, axial force F,;,; ranging from —200 to 200 N is applied to
one end of the screw shaft which is constrained from rotating and the axial displacement is
measured in the case of Figure 4.1 (a) at the end of the screw shaft. While in conical lash test,
lateral force Fj,,,, is applied from a certain distance to the ball nut and lateral displacement is

measured.

//

Axial disp.
measured
here

Eu=—200~200 N )
Lateral disp.

Figure 4.1: Setup for (a) axial lash test; (b) conical lash test
Based on the proposed static low order load distribution model for ball screw, the load
distribution and elastic deformation of the ball screw under external loads can be calculated, thus
stiffness curves can be generated for both axial and conical lash tests. To compare the robustness
of the two lash tests, the only variable here is the location of balls inside the active ball track.
Four patterns of ball distribution are studied as shown in Figure 4.2. The parameters for ball
screw used in the case study are shown in Table 4.1. They are chosen to be close to the actual

parameters in rack EPAS.

(a) (b)
¢
‘.
4

155 W XWH@J

Figure 4.2: Patterns of ball locations: (a) evenly distributed; (b) stacked on one end; (c) stacked
on one side; (d) half-half

(C) (d)




The simulated stiffness curves of axial and conical lash tests are shown in Figure 4.3 (a)
and (b) respectively. Observe that axial lash curves with the four different ball distribution
patterns show more consistency than conical lash curves: there is only 3.72% difference in the
axial lash curves; while there is 14.7% difference in the conical lash curves. The reason is that
the load distribution under bending moment (in conical lash test) is more sensitive to the location
of balls. Based on the results of the proposed load distribution model, axial lash test shows better

robustness to ball locations than conical lash test given the same gauge repeatability and

Table 4.1: Parameters of ball screw in lash tests

Parameter (Symbol) Value [Unit]
Length of screw shaft 750 [mm)]
Location of the nut 154 [mm)]
Nominal pitch circle radius (Fp) 14.5 [mm]
Nominal pitch (p) 7 [mm]
Nominal contact angle () 45 [°]
Nominal ball radius (7g) 2 [mm)]
Nominal radius of curvature of groove (7g) 2.16 [mm]
Number of loaded balls (Ng) 71
Number of rounds of balls 3.75
Young’s modulus (Es=Ex=Ep) 2.1x10'" [N/m?]
Poisson’s ratio (vg=vN=Vg) 0.28

reproducibility (gauge R&R).

Axial displacement [um] &

Figure 4.3: (a) Axial lash curves; (b) conical lash curves with four different ball locations
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4.2.2 Sizing of Bearing and Ball Screw in EPAS

The developed static load distribution model for ball screw can be applied to ball bearing
by treating ball bearing as ball screw with zero lead. Thus the developed load distribution models
can be used for the sizing of bearing and ball screw in EPAS. In the simulation, the loading and
boundary conditions are set to mimic the operating conditions of EPAS as shown in Figure 4.4:
the outer ring of the four-point contact (4P) ball bearing is fixed, while the rack at the rack/pinion
location is only allowed to translate; external force with magnitude F/2 is applied to both ends of

the rack at the tie rod angle, 6, measured from the axis of the screw shaft.

Rack/pinion: rack is only

allowed to translate 0.
Outer ring of \ ==
4p bearing: lﬁxed

External force:
F/2 at tie rod angle 6

External force:
F/2 at tie rod angle 6
Figure 4.4: Loading and boundary conditions for rack EPAS
The load distribution on the 4P bearing and ball screw under four different tie rod angles
are shown in Figure 4.5 when rack load F' = 14500 N is applied. When tie rod angle is 0°, the
contact loads are almost even in the 4P bearing as shown in Figure 4.5 (a). The contact loads in
ball screw show variations due to the coupling effect of deformation discussed in Section 2.4.1.1,
but they are almost evenly distributed. The tie rod angle introduces bending moment to the 4P
bearing and ball screw, so the compressed sides of the bearing and ball screw have higher
contact loads as shown in Figure 4.5 (a), (b) and the visualization in Figure 4.5 (c¢). With
increasing tie rod angle, the maximum load on the balls also increases. At 18° tie rod angle, the
maximum load on the 4P bearing is 1.47 times of the maximum load with 0° tie rod angle; while
the ratio for ball screw is 3.32. If 4P bearing and ball screw are sized with 0° tie rod angle, their
strength under large tie rod angle is undermined. The proposed static load distribution model is

thus useful for sizing ball bearing and ball screw in EPAS.
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Figure 4.5: Load distribution on balls under different tie rod angles: (a) four-point contact ball
bearing; (b) ball screw; (c¢) visualization of the 18° tie rod angle case (arrows represent contact

forces)
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4.3 Applications of the Developed Friction Models to Rack EPAS

Friction is another important characteristic for EPAS gear. “Stick-slip” is an extreme case
of friction variation and is targeted to mainly come from the two key mechanical components:
four-point contact ball bearing and ball screw. In this subsection, two sources of friction
variation are examined based on the friction models presented in Chapter 3: transition of rolling,
sliding and spin in four-point contact ball bearing; ball-to-ball contact in ball screw. Important

insights for design and manufacturing tolerance specification are derived.

4.3.1 Four-point Contact Ball Bearing vs. Double-row Angular Contact Ball Bearing
Four-point contact ball bearings (4P bearing) are adopted in rack EPAS because of its
capability of taking multi-directional loads in a compact configuration. However, the 4P bearings
in rack EPAS usually comes with undersized balls to reduce the overall friction. Thus the balls
are expected to operate with two-point contact like angular contact ball bearings. However,
depending on the external load, the balls can also develop four-point contact as shown in Figure
4.6 (a). The transition between two-point contact and four-point contact in 4P bearing can induce
significant friction variation as evidenced by the sensitivity analysis of friction to rolling, sliding
and spin in a single ball from 4P bearing, discussed in Section 3.2. As an alternative, if double
row angular contact ball bearing (DR bearing) is used, each ball is confined to move with two-

point contact only by design as shown in Figure 4.6 (b).

—1 I ]
FBr FBr
P P 4
Ay J--=P 6
Surfaces in
contact: -
@ @ Rotating axes
of balls: «—
(a) (b)

Figure 4.6: (a) Four-point contact bearing; (b) double row angular contact bearing

To compare the friction torque of 4P bearing and DR bearing, a case study is conducted
with parameters presented in Table 4.2. These parameters are chosen to be close to the actual
ones in rack EPAS. External force Fs,=3000N at various angles 6 is applied to the inner ring of

both ball bearings as shown in Figure 4.6. The outer ring of the bearings are fixed while the inner
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ring of the bearings are set to rotate at 10 revolutions per second. The friction torque of both

bearings is shown in Figure 4.7. As the external load changes direction with 6, the 4P bearing

shows larger frictional variation due to the transition between four-point and two-point contact of

some balls. In this case study, the maximum friction torque of the 4P bearing is 5.69 times the

minimum even under the same magnitude of external force. While DR bearing has consistent

friction torque under varying external load direction because there is always two-point contact.

From the friction variation point of view, DR bearing is better than 4P bearing in rack EPAS

application.

Table 4.2: Parameters of four-point (4P) contact ball bearings and double row (DR) ball bearings

Parameter (Symbol) Value [Unit]
Pitch circle diameter 70 [mm]
Outer ring diameter 90 [mm]
Inner ring diameter 50 [mm]
Shared
Contact angle 45 [°]
Young’s modulus (Es=Ex=Ep) 210 [N/mm?]
Poisson’s ratio (vg=vN=Vg) 0.28
Ball radius (7) 6.25 [mm]
) Radius of curvature of groove (7) 6.75 [mm]
4P Bearing
Thickness of ball bearing 16 [mm]
Number of balls 9
Ball radius (7g) 4 [mm)]
) Radius of curvature of groove (7g) 4.32 [mm)]
DR Bearing
Thickness of ball bearing 24 [mm]
Number of balls 9x2
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Figure 4.7: Comparison of the friction torque from 4P bearing and DR bearing under changing

external load direction

4.3.2 Effect of Different Manufacturing Errors on Ball-to-ball Contact

Geometric errors are common in ball screw especially in the slender screw shaft (see
Figure 4.8 (a)) due to manufacturing errors. The proposed model can be used to analyze different
types of geometric errors and their effects on ball-to-ball contact. The first type of common
geometric errors in the screw shaft of ball screw is pitch error as shown in Figure 4.8 (b), where
the actual ball center pathway deviates from the nominal one (see Figure 4.8 (a)) in z-direction.
Assume sinusoidal pitch error with magnitude e, occurs one cycle per revolution, the SL groove

surface is described as

—7 cosy +(7; — Ty )cos B R, cos @
Sq. (@, 7) =r0t_(¢)-10t ()" 0 + R, sing 4.1)
—1g siny +(7; — 73 )sin 8 £g0+epsingo

The equivalent error of the SL groove surface at the contact point along the nominal contact
normal direction is calculated as
€5 () =cosasin L-e , Sing (4.2)
which can be measured by Coordinate Measurement Machine (CMM) in practice.
The second common type of geometric errors is roundness error as shown in Figure 4.8

(c); the actual ball center pathway deviates from the nominal one in both x- and y-direction. The

oval shape of the groove with roundness error in Figure 4.8 (¢) indicates that roundness error
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shows a pattern of two cycles per revolution. Assume the roundness error is sinusoidal with

magnitude er, the groove surface is described as

—75 cos;/+(7G _FB)COSIE (EP +e;, sin2(o)cos¢
S (@,7) =rot_ () -T0t (@) 0 + (EP + e, sin 2¢)sin 10 % (4.3)
—7 siny +(7, — 7 )sin B p
P4
2

The equivalent error at the contact point (measured by CMM) along the nominal contact normal
direction is

€51 (P) = COS B e, sin2¢p (4.4)

The equivalent errors of sinusoidal pitch error in Eq. (4.2) with e, = 5 um are plotted in

Figure 4.9 (a). Similarly, the equivalent errors of sinusoidal roundness error in Eq. (4.4) with er

= 5 um is plotted in Figure 4.9 (b). It is obvious that different geometric errors have different

patterns.

Nominal
groove
profile

groove
proﬁle// -

Figure 4.8: (a) Nominal groove profile; (b) demonstration of pitch error (exaggerated); (b)

demonstration of roundness error (exaggerated)
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Figure 4.9: Equivalent errors for: (a) pitch error with e, =5um; (b) roundness error with er =5um

Since ball nut is sturdy, it is less susceptible to manufacturing errors compared to ball
screw. It is assumed that ball nut does not have any geometric error in this case study. With the
same boundary condition in Figure 4.10 (a) and axial force Faxiaz = 1000 N, the load distribution
in the ball screw with the described pitch error and roundness error are shown in Figure 4.10 (a),
and visualized in (b) and (c) respectively. It is worth noticing that due to the applied axial load,
the balls are in two-point contact at SL and NR contact points. The two types of manufacturing
errors show very different effect on load distribution. The load distribution in balls with
roundness error is less uniform than that with pitch error. From Figure 4.10 (c), it can be
observed that some balls lose contact with the groove, which corresponds to the pattern of

roundness error in Figure 4.9 (c).
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Figure 4.10: (a) Comparison of contact load distribution; (b) visualization of load distribution
with pitch error; (¢) visualization of load distribution with roundness error

As a result of the load distribution pattern, pitch error and roundness error have different
effect on ball-to-ball contact. It is obvious that ball screw with roundness error develops ball-to-
ball contact quicker if the balls lost contact are assumed to not move or move at a lower velocity
than the nominal velocity, which makes the BNA in rack EPAS gear to have higher possibility of
developing “stick-slip”.

Due to the cost limit, manufacturing errors of ball screw cannot be eliminated. But based
on the insights derived from the developed models, roundness error with two cycles per
revolution pattern needs to have tighter tolerance than pitch error with one cycle per revolution

pattern.

4.4 Summary

In this chapter, the developed low order load distribution and friction models for ball
bearing and ball screw are applied to various case studies related to rack EPAS. Using the load
distribution model, it is found that axial lash test for ball screw stiffness inspection is more
robust (i.e., shows less variation under the same gauge R&R) than conical lash test. The
maximum contact loads on ball bearing and ball screw under non-zero tie rod angle are also
shown to be much larger than those with 0° tie rod angle, indicating that sizing of ball bearing
and ball screw must be done carefully to ensure the strength of both parts. Thus the developed
static load distribution model is proven to be a good analytical design verification tool for sizing
the ball bearing and ball screw in rack EPAS.

In terms of friction, the four-point contact ball bearing shows much larger friction
variation than double row angular contact ball bearing under changing external load direction,

indicating that double row angular contact ball bearing is better for rack EPAS application from

96



friction variation point of view. Ball-to-ball contact in ball screw gives rise to significant friction
increase and variation, thus it is always desirable to mitigate ball-to-ball contact from happening.
It is found out that, under the same magnitude of manufacturing errors, balls are more likely to
lose contact with groove under roundness error on ball screw than pitch error, causing the ball
screw to have higher chance of developing ball-to-ball contact and “stick-slip”.

The developed models not only provide useful tools for sizing the ball bearing and ball
screw in rack EPAS, but also provide important insights for the inspection, optimal design and

manufacturing tolerance specification of ball bearings and ball screws in rack EPAS.
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Chapter 5 Conclusion and Future Work

5.1 Conclusions

In this dissertation, low order models of load distribution and friction for ball bearings
and ball screws are proposed. Load distribution and friction variation under the effect of multi-
directional loading and manufacturing errors are the main topics of focus.

In Chapter 2, a low order static load distribution model for ball screw is proposed
incorporating geometric errors and elastic deformations. A new and comprehensive way of
describing the ball screw groove surfaces with geometric errors using multivariate functions is
proposed. A ball-to-groove contact model based on Hertzian Contact Theory including geometric
errors is developed. Low order finite element method (FEM) is adopted to incorporate axial,
torsional and lateral elastic deformations of the ball screw into the contact model. Benchmarked
against high order finite element analysis (FEA) model created in ANSYS Workbench 16.2, the
proposed model is shown in simulation studies to be accurate in predicting load distribution in a
ball screw with and without geometric error. However, an existing low order model, which
considers only axial deformation but not lateral deformation effects, exhibits significant errors in
predicting load distribution, even when only axial loads are applied to the ball screw. Moreover,
compared to the ANSY'S model, the proposed model is shown to be over 6800 times faster, while
providing versatility in describing and analyzing different types of geometric errors. It is
therefore more convenient for use in parametric studies and design optimization of ball screws.

In Chapter 3, two sources of contact-related friction variation in ball bearings and ball
screws are investigated and modeled. A sensitivity analysis of friction to rolling, sliding and spin
in a ball from four-point contact ball bearing is first conducted. To do this, the ball-to-groove
contact friction of rotary ball bearing is modeled following a well-established procedure but with
planar contact area assumption. In a case study, sliding and spin in four-point contact operation
is shown to result in much higher friction than two-point contact which mainly has rolling. Ball-
to-ball contact is another source of friction variation. In this work, low order numerical models

for ball-to-ball contact friction in linear ball bearings and ball screws are proposed. Furthermore,
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an analytical model for ball-to-ball contact friction in four-point contact linear ball bearing is
derived by making simplifications to its low-order numerical model. Compared to ball-to-ball
friction predictions from FEA models developed in ANSYS, the proposed numerical models are
shown in case studies to be accurate within 7% difference, while computing at least three orders
of magnitude faster. Using the insights gained from the analytical model, ball-to-ball contact is
shown to be mitigated by reducing the velocity difference of balls in four-point contact linear
ball bearings. Significant friction increase and variation due to ball-to-ball contact are
demonstrated in a case study of ball screw, highlighting the importance of modeling ball-to-ball
contact. However, the velocity-difference driven ball-to-ball contact models presented in this
work do have limitations: they only model the steady state conditions of the ball-to-ball contact,
the transient process of ball-to-ball contact is not captured.

The developed load distribution and friction models are then applied to rack EPAS gear
in a few realistic scenarios in Chapter 4. Important insights are gained, e.g., axial lash test is
more robust to ball locations than conical lash test as stiffness inspection of ball screws; double
row angular contact ball bearings show much less friction variation than four-point contact ball
bearings because they are constrained to always have two-point contact operation; manufacturing
errors with two cycles per revolution pattern (e.g., roundness error) are more likely to cause balls
to lose contact with grooves than pitch error with one cycle per revolution pattern, causing the
ball screw to have higher chance of developing ball-to-ball contact and “stick-slip”. The
developed models not only provide useful tools for rack EPAS sizing and analysis, but could also
provide important insights for inspection, optimal design and manufacturing tolerance
specification of ball bearings and ball screws in rack EPAS.

The work presented in this dissertation has be published in several journal and conference
articles. The low order load distribution model has been published in [70,84]. The proposed ball-
to-ball contact friction models have been published in [71-73]. The application of the developed
load distribution and friction models to rack EPAS gear is published in [74].

5.2 Future Work

Although the proposed static load distribution models for ball screw, ball-to-ball contact
models of linear ball bearing and ball screws are validated against ANSYS FEA, it is desirable to

have experimental validations for them. Measurement of contact forces is hard due to sensing

99



difficulties, however, the insight gained from the static load distribution model: axial lash test is
more robust to ball locations than conical lash test as stiffness inspection of ball screws, can be
experimentally tested. Experiments can be carried out to validate the other two important insights
derived from friction modeling: (1) double row angular contact ball bearing shows much less
friction variation than four-point contact ball bearing; (2) manufacturing errors with two cycles
per revolution pattern (e.g., roundness error) are more likely to cause balls to lose contact with
grooves than pitch error of the same magnitude, causing the ball screw to have higher chance of
developing ball-to-ball contact and “stick-slip”.

The developed friction models can be expanded to include more factors, e.g., transient
process of ball-to-ball contact, realistic stick region treatment, lubricant, thermal effects. The
developed friction models can be extended to include dynamic (i.e., centrifugal and gyroscopic)
effect for high-speed applications of ball bearings and ball screws.

As a versatile tool, the developed models can be applied to aid the analysis and design
optimization of ball bearing and ball screw in rack EPAS. The static load distribution model can
be utilized to conduct fatigue analysis of rack EPAS; design optimization of parameters can be
conducted to minimize number of balls losing contact while ensuring the strength of the ball

bearing and ball screw in rack EPAS.
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Appendix A: Current Frame Rotation Matrix

The current frame rotation operator rot,,.(¢) performs a rotation of angle 6 around x/y/z-

axis. Their elements are given as

1 0 0 cosd 0 -sind cosd -—-sinfd O
rot (0)=|0 cosf -—sind |, rot (0)= O 1 0 |,rot (f)=|sin@ cos@ O
0 sin@d cos@ —sin@ 0 cosé 0 0 1
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Appendix B: Hertzian Contact Theory

Hertzian Contact Theory enables the calculation of contact deformation, area and stress
in the vicinity of the contact region [77]. Without loss of generality, Hertzian Contact Theory is
explained here with respect to the SL ball-to-groove contact interface, but the procedure can be
generalized to other contact interfaces as well. The Hertzian constant, Cg;;, occurring in Eq.

(2.14), is given by the general expression in Eq. (4.31) in [77] as

1
G = Fileg,) 2 3 (B.1)
: “I16E; p

S,eq/~SLi,eq

where p, . denotes the equivalent radius of curvature at the SL contact point of ball i, given by
SLieq

Pstieq =\ RS'Li 'Rgu (B.2)

where

, 1 . 1
R N
o + ! o + 14
rBi p SLi rBi ,0 SLi

(B.3)

R'SL,- and REL,- are the relative principal radii of curvature with variables p'SLl. and p;Ll. representing

principal radii of curvature of the SL groove surface at its contact point with ball i; they are given

by the eigenvalues of the matrix of the second fundamental form of Sq; (¢, ) as [85]

Sy, .  0°Sy .
> Mg, SLi
op O@oy

Sy, .  0°Sy .

a(p@y'msu 5—}/2 SLi

Psiis Psi; = €ig (B.4)

P=PsLi>V=VsLi
where Mgy ; represents the groove surface contact normal unit vector. Since the groove surface is
parameterized as a multivariate function of real-valued angles, ¢ and y, its surface contact normal

unit vector can be expressed as a cross product of partial derivatives given by
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08y OSy,

. op Oy
m, = ——2——+‘—
SLi oS, ) oS, (B.5)
op Oy

P=Pgi>V=VsLi

Notice that p'SLl. and p;Ll. can be positive or negative, thus are able to represent convex, concave
or saddle-like surfaces. A convex surface is taken to have a positive radius. Continuing with Eq.
(B.1), Egoq, represents the equivalent Young’s modulus of the screw, given as functions of
Poisson’s ratios (vg, vg) and Young’s moduli (Eg, Eg) of ball and screw by the equation

1

E =
vy, (1) (B.6)
EB ES

Note that the constant F|(eg;) in Eq. (B.1) can be regarded as a correction factor for the
eccentricity egp; of the SL contact ellipse at the contact point; it can be obtained from lookup
tables (like the one found in Ref. [22]) as a function of ball radius rg; and principal radii of
curvature pg; . and pg, -, or, for simplicity, it may be set equal to unity [77].

The maximum contact pressure in the contact area is given by

1
6F, Es, )
-2 SLi*™S,e
Posu =Fle,) | ——F— . (B.7)
7 pSLi,eq
For friction calculation, the length of semi-major axis ag; and semi-minor axis bgy; of
the contact region needs to be determined. In order to do that, the ratio between them needs to be

calculated first. According to Eq. (4.28) in [77],

RéL,- _(aSLi/bSLi )ZE(eSLi)_K(eSU) =0 (B-S)

R;Li K (eSLi ) -E (eSLi )

where K(egr;) and E(eg;) are complete elliptical integrals of the first and second kind as

functions of eccentricity eg;; which is given as

B
G = 1_% (B.9)
SLi
It is worth noticing when calculating K and E using the ellipke function in MATLAB®, the input

should be square of eccentricity. Given the relative principle radii of curvature R'SLi and R;L,-, the
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ratio agy ;/bsr; can be calculated first according to Eq. (B.8). On the other hand, the product of

agr; and bgp; can be calculated according to Eq. (4.30) in [77] as

1/3
3F‘SLipSLi,eq (B_ 10)
AL

(asubsu )1/2 =F (esu)(

Seq

Combine Egs. (B.8) and (B.10), the semi-major and semi-minor axes can be calculated

individually. Given surface geometry and material properties, the semi-major and semi-minor
axes are only dependent on contact forces as

g ; = CaSLiF'S2L/i3 , (B.11)

by, = CbsquzL/f3

The values for all the parameters related to Hertzian Contact Theory based on the

nominal ball screw parameters in Table 2.1 are shown in Table B.1. Although geometric errors

and elastic deformation changes the results, their effect are minimal due to their small quantity.

Since nominal ball screw parameters are used, the parameters are not ball number i dependent

anymore; there is no difference between SL and SR, NL and NR as well. Thus all the subscripts

in Table B.1 are simplified.

Table B.1: Parameters for Hertzian Contact Theory with nominal ball screw parameters

Parameter (Symbol) Value [Unit]
Eccentricity of the contact area for the screw side (eg) 0.978
Eccentricity of the contact area for the nut side (ey) 0.967
Correction factor for the eccentricity (£ (eg), F(exn)) 1
Hertzian Constant of contact deformation for the screw side (Cy) 1.812x1077 [m/N??]
Hertzian Constant of contact deformation for the nut side (Cy) 1.628x1077 [m/N??]
Hertzian Constant of semi-major axis for the screw side (C,g) 7.962x107° [m/N'?]
Hertzian Constant of semi-minor axis for the screw side (Cyg) 1.657x1075 [m/N'?]
Hertzian Constant of semi-major axis for the nut side (C,y) 8.030x107° [m/N'?]
Hertzian Constant of semi-minor axis for the nut side (Cyy) 2.036x107° [m/N'?3]
Principal radius of curvature 1 for the screw side (p's) —3.137 [mm)]
Principal radius of curvature 2 for the screw side (p;) 10.254 [mm]
Principal radius of curvature 1 for the nut side (p'N) —13.141 [mm]
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Principal radius of curvature 2 for the nut side (p;\I)

Relative principal radius of curvature 1 for the screw side (Rs,)
Relative principal radius of curvature 2 for the screw side (R'é,-)
Relative principal radius of curvature 1 for the nut side (R\,)
Relative principal radius of curvature 2 for the nut side (R'I'\I,-)

Equivalent radius of curvature for the screw side (pg eq)

Equivalent radius of curvature for the nut side (p eq)

—3.077 [mm)]
2.186 [mm]
24.254 [mm]
3.523 [mm]
28.612 [mm]
7.281 [mm]

10.040 [mm]
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Appendix C: Timoshenko Beam Shape Function Matrix

The shape function matrix Tg  describes the relationship between the generalized

displacements/forces of a point along the centerline within the element and generalized

displacements/forces acting on the adjacent nodal points. The elements of Tg -are all functions

of &, a dimensionless number indicating the relative location of the point within the nodal points.

The shape function matrix is given as

TST—g (&)=

where

[N

ux1

0
0
0
Ny,
0

o o O N, O N, O 0O 0 N, O]
N, O N, O 0O 0 N, O N, 0 0
o N, O O O 0 0 N, O 0 0
(C.1)

NGXl 0 N0x2 0 O 0 NHx3 0 N6x4 0 0
o 0 0 N, O N, O 0 0 N, 0
o 0 0 0 N, O 0 0 0 0 N,

1
N =N, =——Q2& -3 -DE+(1+ D)),
ux1 uyl l+(D(§ 5 é:( ))

L ) )
N, _,=-N, ,=—20 (& 2+ )& +(1+—)E),
ux?2 uy?2 l+ ® (5 ( 2 )é: ( 2 )5)

1 3 2
Nux3 :Nuy3 :_E(zé _35 _q)é:)7

L ) )
N, =-N_, =—Hn (£ _(1-—)& - —§),
ux4 uy4 l+q)(§ ( 2)5 25)

6 i (C.2)

NexlZ—Naylz—NaxszNeyaz—m(f -$),

1
Ny =Ny =——= (35" = (4+ D) + (1+ D)),

1+®

1
N,,=N,,=——03E -2-D)&),
i = Nppy =7 (37~ (2= ®)9)

12E1

NZIZNHZI:l_f’NZZZNHZZZé:’CD:m
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For a circular cross section,

e
is usually used. In Eq. (C.2), E is the Young’s modulus, v is the Poisson’s ratio, G is the shear
modulus; A4 is the cross sectional area of the element and / is the second moment of area. In
calculating 4 and /, the indentation of the groove on the cylindrical screw is factored in as an
adjustment factor to the outer diameter/radius of screw. It is calculated in the following process.

The cross sectional area AS of the Gothic-arch-type groove in Figure C.1 can be calculated as

Ep cos @ ) )
_ = V=V, .
qp(@) =4 R, sing AS = 2(7”’(? #_E(FG smy, _Dl) -D, _E(FG Cos 7, _Dz)'Dlj (C4)
e
where
D, =(ry —ry)sin B,
D, = (rG —rB)cos,B0 +R, —Dsm/z,
V= asin&, (C.5)
e
Figure C.1: Cross sectional area of Gothic-arch-type groove
The cross-sectional area is swept along the helix, thus in the span of one lead p, the cut
volume is

AV =AS /(2R ) + p? (C.6)

On the other hand, the original volume of the screw shaft in the span of one lead p is

2
V _ DS,Out C7
===\ P (C.7)
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The factor &, can be factored in to the outer diameter/radius of screw as

V. —AV
N (C.8)

org

in calculating A4 and 7 of the cross section of ball screw.
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Appendix D: Stiffness Matrix of Individual Timoshenko Beam Element

The detail of stiffness matrix of a Timoshenko beam can be found in [86][87]. The global
stiffness matrix is assembled from the individual stiffness matrices of each Timoshenko finite

element [80], Kgim, given by

K {K _K} (D.1)
Elm = .
-K K 12x12
with K defined as
12E7 6FEI
3 O O 2
Ly, (1+9) L (1+®)
12E1 B 6E]
Ly, (1+ @) L, (1+ @)
0 0 AE 0 0
LElm (D 2)
0 6El EI(4+®) ‘
Ly, (1+®) L, (1+®)
6FEI 6L
2 O O 2
Ly, (1+ @) Ly, (1+ @)
0 0 0 0 0 JG
L LElm n

where most of the notations are defined in Appendix C, J is the polar moment of inertia. In
calculating J, the indentation of the groove on the cylinder is also factored in as an adjustment

factor.
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Appendix E: Explicit Jacobian for the Static Load Distribution Model

Explicit Jacobian helps speed up the computation of Eq. (2.26) in the iterative solution
process. All the variables and equations are listed here for references. The variables for the static

load distribution model are

T
X= "'ap3TBi:7SLi’75Rw7NLi=7NRi>"'9U§ (E.1)
.th
i" ball (6xNg+6xNg )x1
And the equations for load distribution model are
ﬁsu 'tsu
®(x) : i"™ ball 0
X = =
FSLi + FSRi + FNLi + g } 2x1 (E2)
KU - K (6x N +6xNg )x1
where
~ Psgi — A i
fg, =S (E.3)
Hp3Bi —Ag, H
ASLi = A, +dg, (E.4)
t. = aAsu _ OAy n odg, (E.5)
SLi .
OVsi ¥y OFsui
-1
dg, = T3T—2 '(rOtz((/’Bi) ‘ot (05)) “Ug, (E.6)
Td—u '
U,
U, = Tg (rgsu)T;.; (§SLi){US( j 1)} (E.7)
i+ .

T (rgsu ) ‘:gsu)
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“Se (@5 Vs11) (E.8)

Fegr; =

S O =

0
1
0

oS o O

[O 0 1]'SSL(¢B1" 7SLi)_Zj

i~ (E.9)
SL LEIW
Ko, =Fs, 'ﬁsu (E-IO)
3
! 0. ’ f o
— O . i >0 "
Fo, = C SH ' Su s O =Ty — HPSBi _ASLiH (E.11)
0 if oy, <0
In Eq. (E.5),
od,, . Ou, .
i:Td-u . SLi (E12)
OYsui O%sLi
where
U..
0 TST,g (‘:gsu){U Y }
Oug, O, Uy S(j+1)
- = §SL1 ) U + T§ (r.»gsu ) >
OYsvi OYsvi S(j+1) OYsvi
1 00
arésu 010 SLz
OYswi 00 0 a7su E13)
[ 8SSLI '
a§SL1 — aj/SLt
OYsvi Elmj
U..
0| TI . (& ,-){ Y }]
( ) USUH) — aTST*é (‘fsu) agsu { USJ }
OYsui 0 0¥s Usgo
where
dTét (r)= [03X3 —D(r)] (E.14)

The Jacobian is calculated for each item with respect to each variable in the following

equations.

112



62 TT US/
T (é:SLi) Us(j+1) i aszT—f (sti)[aé:sLi Jz{ USj }

a7/SLi2 a§SLi2 OYsvi US(jH)
+ aTST*f (§SLi) a2§su { USJ' }
afsu a7su2 US(j+1)
2
. oSty

08 _ OYs;

a7/SL1'2 LElmj
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Appendix F: Relative Velocity Field at the Contact Areas in Linear Ball Bearing and Ball
Screw

The relative velocity field at the BR, TR and TL contact areas in linear ball bearing are

formulated as

(AVBR»B )BR,x B {a)BR (_dBR T Zpr )}

(AVBR,B )BR)Z - Wpr (CBR — Xgr ) E1)
_ (—a)x sin By, + ®, COS Bar )ZBR
Vg — (a)x €08 Sy + @, sin Sy )RB - (—a))C sin Sy, + @, €08 Sy )xBR
(AVTR’B )TR,x _ {a)TR (_dTR T2, )}
(AVTR,B )TR . WOrg (CTR — X )
’ (F.2)
~ (—a)x sin B, — @, €08 Sy )ZTR
Vg —V+ (a)x cos B, — @, sin ,BTR)RB - (—a)x sin S, —@, cos Sy )xTR ’
(AVTL»B )TL,x _ {a)TL (_dTL T )}
(AVTL,B )TL . Oy, (CTL XL )
’ (F.3)

(a)x sin B, — @, cos B ) Zop
Vg —V+ (a)x cos Sy + o, sin Sy )RB - (a)x sin Sy, — @, cos By )xTL

The relative velocity field at the SR, NR and NL contact areas in ball screw are

formulated as
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Appendix G: The Magnitude of A#; for the Linearized Region of Frictional Force

The magnitude of angular deviation Az, in Eq. (3.34) is decomposed as

C.

1

a.

1

4;

R

B

<
R

B

A=

(G.1)

In order for linear approximation of frictional force to be valid, |c;/a;|<0.5 has to be satisfied as
shown in Figure 3.11. The ratio of the semi-major axis a; to the ball radius Ry depends on the
normal contact load F; (or maximum contact stress o; over the contact area) and the conformity
ratio of the groove. Figure G.1 plots a;/Ry as a function of ¢; with four typical conformity ratios
of ball bearings. The plot is cut off at maximum allowable stress of 1554 MPa for Hertzian
contact, which is 4.2 times of typical carbon steel’s yield strength (370 MPa) according to [88].

0.25

—conf.=0.52
--conf.=0.53

% 0.15 =0.

0.2+

al/R

01f il

0.05

0 500 1000 1500
o, [MPa]

Figure G.1: The ratio of the semi-major axis a; to the ball radius Rg

The maximum value of @;/Rg is 0.218 achieved at the maximum allowable stress with
conf.=0.52. The higher the conformity ratio, the smaller a,/Rg; a;/Rg also decreases with contact

stress (or contact load). In the worst case scenario, [Azn,[<0.5%0.218=0.109, which is equivalent

of 6.25°.
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