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ABSTRACT

Recent advancement in random matrix theory is beneficial to challenging problems
in many disciplines of science and engineering. In another direction, these applications
motivate a lot of new questions in random matrix theory. In this thesis, we present
two applications of random matrix theory to statistical physics and machine learning.

The first part of this thesis is about the spherical Sherrington-Kirkpatrick (SSK)
model in statistical physics. The SSK model is defined by a random probability
measure on a high dimensional sphere. The probability measure involves the temper-
ature and a random Hamiltonian. We consider the simplest non-trivial case where
the Hamiltonian is a random symmetric quadratic form perturbed by a specific sym-
metric polynomial of degree one or two. It is interesting to consider the interaction
between the quadratic form and the perturbations. In particular, using the obvious
connection between random quadratic forms and random matrices, we study the free
energies and obtain the limiting law of their fluctuations as the dimension becomes
large.

The second part is devoted to an application of the random matrix theory in
machine learning. We develope Free component analysis (FCA) for unmixing signals
in the matrix form from their linear mixtures with little prior knowledge. The matrix
signals are modeled as samples of random matrices, which are further regarded as
non-commutative random variables. The counterpart of scalar probability for non-

commutative random variables is the free probability. Our principle of separation is

xiil



to maximize free independence between the unmixed signals. This is achieved in a
manner analogous to the independent component analysis (ICA) based method for
unmixing independent random variables from their additive mixtures. We describe
the theory, the various algorithms, and compare FCA to ICA. We show that FCA
performs comparably to, and often better than, ICA in every application, such as

image and speech unmixing, where ICA has been known to succeed.
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CHAPTER I

An overview of this thesis

This thesis consists of applications of random matrices in statistical physics and
machine learning.

The first part of this thesis, including Chapters II to V, is about spin glass models
in statistical physics. The spin glass models were first invented around the early 60s
in order to describe the behavior of magnetic alloys. Here, we present the results of
the fluctuations of the free energy of two specific spin glass models.

Chapter II is a brief historical review. We focus on the origin of spin glass and dis-
cuss the necessary background for a exposure of the spherical Sherrington-Kirkpatrick
(SSK) model, which is the model of our interest. Since the spin glass has evolved for 50
years with various branches, this introduction is not intended to be a comprehensive
one. A classical approach for free energy is presented in Appendix A.

Chapter III contains the necessary random matrices results. The object of our
interest is the behavior of eigenvalues of Wigner random matrices. We will start
with the famous Wigner semicircle law and then present more recent results: central
limit theorem of eigenvalues, eigenvalue rigidity, edge behavior, fluctuation of leading
eigenvalue for spiked Wigner matrice.

With the preparation in Chapter II and Chapter I1I, we present our contributions

in Chapter IV and Chapter V. In these two chapters, we consider the 2-spin SSK



model with Curie-Weiss (CW) interaction and external field respectively. Mathemati-
cally, CW interaction can be regarded as a deterministic quadratic perturbation while
the external field is linear. Depending on the temperature and the strength of the
perturbation,both models exhibit distinct behaviors in different domains (phases).
Our contribution is an systematic analysis of fluctuations of the free energy near
phase transition regimes using the steepest descent and the random matrix results.
The results in Chapter IV are published in a joint paper [15] with Baik and Lee. The
results in Chapter V will be a part of a new joint paper [11] with Baik and le Doussal.

The second part, consisting of Chapter VI and Chapter VII, considers the blind
source separation (BSS) problem in machine learning. The goal of the BSS problem
is to recover source signals from a set of mixed signals, with very little information
about the source signals or the mixing process. Here, we propose the a innovate BSS
algorithm called Free Component Analysis (FCA). FCA is a method for unmixing
mixtures of freely independent random variables. Random matrices play the role of
free random variables in this setting. In terms of applications, FCA is designed to
separate data whose components are matrices. For example, a typical application of
FCA is to separate images from their mixture. The results in Chapter VI will be
published in a joint paper with Nadakuditi [123].

In Chapter VI, we give a brief introduction about BSS and some known approaches
including Principal Component Analysis (PCA) and Independent component analysis
(ICA). Then we introduce FCA as a natural analog of ICA for non-commutative
random variables (e.g. random matrices). The probability framework of the non-
commutative random variables is called free probability, the intuition of which is
given in Chapter VI while a rigorous treatment is provided in Appendix B.1 and the
reference therein.

We present the framework of FCA in a thorough, systematic manner in Chapter

VII, which contains variations of FCA, recovery guarantee and rigorous proofs. It



worth mentioning that most of the proofs are parallel to its counterpart in ICA,
but they are based on results from the free probability and asymptotic freeness of
random matrices. Some numerical simulations are also included where we test the

FCA algorithms in both theoretical and practical settings.



CHAPTER II

Introduction of spin glass

This part of the thesis focuses on a specific spin glass model. In this chapter, we
make a historical presentation of the birth of the spin glass theory and the evolution
of the model in which we are interested. For a more general introduction of the spin

glass, interested readers are referred to [89, 33].

2.1 The origin of spin glass

The first uncommon experimental phenomenon of the spin glass was detected
around the 1960s. In the study of manganese(Mn)-copper(Cu) alloy, people observed
a cusp in the susceptibility at a critical temperature [49, 125]. In addition, other
physical observables including magnetization and specific heat demonstrated peculiar
properties in the low temperature regime. All these pieces of evidence indicated a
new magnetic phase, which was called ”spin-glass” phase later.

Above compelling phenomenon turned out to be the consequence of the follow-
ing two facts. First, instead of being allied in a regular pattern, the Mn ions in
the alloy are positioned randomly. (This analogy with the positional disorder of the
conventional glass gives rise to the term ”glass”.) Second, the interactions here is of
Ruderman-Kittel-Kasuya-Yosida (RKKY) type [124, 85]. Qualitatively, the interac-

tions are sinusoidal functions of distance between two Mn ions with quick oscillation.



In other words, the interactions can be either ferromagnetic (force spins to orient in
same direction) or antiferromagnetic (force spins to orient in opposite directions) and
they are very sensitive to the (random) distances between ions.

Under the light of the above facts, it is reasonable to model the interactions as
random variables, which should take both positive and negative values. In the fol-
lowing, we review three models containing this idea in order of successively simplified

forms. The last model, SSK, will be the main objective of this part of the thesis.

2.2 Three spin glass models

2.2.1 The Edwards-Anderson model.

The famous Edwards-Anderson (EA) model was proposed by Edwards and An-
derson in 1975 [54, 53]. This model successfully recovered the cusp of susceptibility
qualitatively and was regarded as a milestone in the history of spin glass. Consider

spins that are arranged on a regular lattice, the Hamiltonian of the EA model is given

by
Hpa(o) == Z Jijoio;, (2.1)
i~
where N denotes the total number of spins, 0 = (oq,- -+ ,0y) € {&1}" denotes the

Ising-type spin variables, and J;; stands for the interaction between spins at site 4
and site j. Here, 7 ~ j means that the sum only runs over ¢ and j that are neighbors
in the lattice. That is, the EA model only considers nearest neighbor interactions.
This is natural due to the fact that the interactions between ions decay rapidly with
increasing distance.

The fundamental novelty of the EA model is that the interactions J;;’s are modeled
as 1.1.d random variables. (J;;’s are considered to be i.i.d standard Gaussian in [54],
the specific distribution is not essential for the behavior of the system.) We may

call J;; disorders when we want to emphasize their randomness. Since the J;; can



take either positive or negative values, there typically exists a loop on the lattice,
where the product of J;; are negative. Thus, even for a spin variable maximizing
the Hamiltonian, there are some pairs of spins making negative contributions. This
feature of spin glass is called frustration, which was first pointed out by Toulouse
[115].

Denote the inverse temperature by

g (2.2)

1
T
Assuming that the interactions are constant on the time scale of the evolution of spin

variable, Edwards and Anderson studied the following quenched free energy:

1

fEA:ﬁ_N

log Zga, Zga = Z €BHEA(J’J)7 (2.3)
oe{£+1}V
where Zga denotes the partition function of the system. The associated Gibbs mea-

sure is given by

(O) = ZLEA Z O(0)eP™?) for any observable O. (2.4)
ce{£1}V

The spin variable with higher Hamiltonian is assigned with larger probability. Note
that the above Gibbs measure here is a random measure, it varies for different realiza-
tions of J;;. Consequently, the Fg, is a random variable depending on all interactions.
However, when N is large, it is expected that the system with different realizations
of J;; share a similar behavior. Actually, we can divide the lattice into K small lat-
tice with 1 < K < N. Then, the free energy of the whole system is the average
of the free energy of each sub-system plus the interactions at the interfaces between

sub-systems. The later contribution is negligible when N — oco. Therefore, by the



central limit theorem,
E[Fza] — (E[Fga])* = 0, as N — oo. (2.5)

Thus we call the free energy of EA model is self-averaging. The limiting free energy
Fga = limy_,o0 Fra 18 deterministic.

In order to get the limiting free energy, It is natural to consider mean of the free
energy and let N — oo. Since J;;’s are assumed to be i.i.d Gaussian, it is tempting
to average the right-hand side of (2.3) directly. However, note that the formula of
Fra involves a logarithm, which will be applied to Zga before averaging over the J;;.
This fact together with the neighboring interaction makes the evaluation of E Fga
and precise analysis of the EA model extremely difficult. The existence of the spin
glass phase for the EA model is only verified numerically at the moment [20, 4].
Nevertheless, features possessed by the EA model, such as frustration, i.i.d disorders,
and the quenched, self-averaging observables, are the distinctive characterizations of

spin glass models.

2.2.2 The Sherrington-Kirkpatrick model.

The Sherrington-Kirkpatrick (SK) model was proposed by Sherrington and Kirk-

patrick in 1975 [107]. Let J = (J;;)Y._, be a real symmetric matrix where .J;;,1 <

2,7=1 AR

i < j < N, are independent random variables with mean 0 and variance 1. (The
diagonal elements is not essential here, one can assume J; = 0 for ¢ = 1,--- | N.)

The Hamiltonian of 2-spin SK model is given by

HSK Z JUO'JUJ, (2.6)

1]1

1/2

Here, the scaling factor N~'/# is picked such that the free energy per spin is of O(1).

Note that instead of a lattice, the underlying graph of the SK model is fully connected.



Thus it is regarded as a mean field version of EA model. The 2-spin model only takes
the interactions between pairs of spins into account. One can also consider the p-spin

generalization, whose Hamiltonian is given by

N
1
HSK = Zm Z Jil---ipgil o 'Uip- (27)
i1, ip=1
In particular, when p = 1, the vector (Jy, - -+ , Jy)? plays the role of the external field.

More generally, people are interested in mixed p-spin SK model whose Hamiltonian
is a linear combination of above Hamiltonians for different p.

Given Hgk defined as above, the free energy of the SK model is defined in the
same way as in (2.3). It turned out that the free energy Fgsk is again self-averaging,
even through SK is a mean-field model. That is Var[Fsg] — 0 as N — 0 and
Fsk = limpy_, o Fsk is non-random. The authors of [107] considered 2-spin SK model
where (J;;)i<; was assumed to be Gaussian. They calculated the Fgk using the replica
method (see Appendix A.1). A critical temperature was found, below which the spin
glass phase presented. Their result was correct in the high temperature regime, while
exhibited a non-physical negative entropy in the low temperature regime. The failure
was a consequence of the "replica symmetry” assumption [48, 27]. In 1980, the Parisi
proposed the idea of full replica symmetry breaking and conjectured the famous Parisi
formula [103] (see Appendix A.2). The Parisi formula described Fgk for general
mixed p-spin model using a variational problem, and is valid for all temperature.
A rigorous proof was given 20 years later by Talagrand [113] for the case where
interaction random variables were Gaussian and only even p-spin interactions were
considered. The Parisi formula for the case including the odd p-spin (Gaussian)
interaction was later proved by Panchenko [100]. The universality of the Fgk for
non-Gaussian interactions was proved by Carmona and Hu [32].

After getting the limiting free energys, which is the leading term of Fgx as N — oo,



it is also interesting to consider the next order fluctuations. Aizenman, Lebowtiz, and
Ruelle [1] showed that if the disorder random variables (.J;;);<; was assumed to be

Gaussian, then

1 1
N(fSK — FSK) = BN(_§Q7 Oé), (28)
where
log 2 1 1
Fsk = Og + g and « = —élog(l — B?) — 552. (2.9)

The similar result held for the non-Gaussian disorder case with a modification of «
[1]. The Gaussian fluctuations was also obtained in p-spin SK models for p > 3 [25].
For the mixed p-spin SK model with the presence of the external field, the limiting
Gaussian distribution of the fluctuation was found in [37]. However, a limit theorem

for the fluctuations in the low temperature regime still remains an open question.

2.2.3 The Spherical Sherrington-Kirkpatrick model.

The spin variable of the SK model is Ising-type, i.e., the configuration space
consists of all vertices of a hypercube and is discrete. This stands as an obstacle in the
analysis of the SK model. Aiming to introduce a model easier for analysis, Kosterlitz,
Thouless and Jones proposed the spherical Sherrington-Kirkpartick (SSK) model [78].
The Hamiltonian of the SSK model is the same as the SK model (cf. (2.6)):

N
1
HSSK(U) = m Z JZ‘]‘O'Z‘O']‘. (210)

,7=1

However, the spin variable is now supported on the sphere of radius v/ V:

o€ Sy_1={0eR"|o|,=VN}. (2.11)



Thus, the free energy of the spherical model is given by

1

Fssk = NG

log Zssk, Zssk 1= / ePHs5< (D) duy (o), (2.12)

ogESN_1

where dw(o) denotes the normalized uniform measure on Sy_;. Generally, people
are also interested in the SSK model with the external field and mixed p-spin SSK
models.

The pure 2-spin SSK was considered in [78]. Using a heuristic argument, the
authors of [78] obtained critical temperature 7, as well as the non-random limiting
free energy Fssk = limpy_,o Fssk for all temperature. For the mixed p-spin SSK
model, the analogy of the Parisi formula was proposed by Crisanti and Sommers [47],
which was again rigorously proved by Talagrand [112] for the Gaussian disorders.
The universality of the limiting free energy for 2-spin SSK for general interactions are
shown by [63].

We summarize the known results regarding the limiting law of the fluctuations
of the free energy for SSK models. In the high temperature regime (7' > T), the
fluctuations are of order O (N ') and converge to a Gaussian distribution [12]. The
low temperature regime was considered in the same work. In this case, the authors of
[12] showed that the fluctuations are of order N=2/% and established the Tracy-Widom
limiting distribution. For pure p-spin model with p > 3, Subag and Zeitouni studied
free energy in the zero temperature, which is max,cs,_, Hssk (o). They proved that
the fluctuations of the free energy are of order N=! and the limiting law was Gumbel
[111]. This dichotomy between p = 2 and p > 3 cases can be seen from the number
of the critical points of the system. For p = 2, the Hamiltonian Hssk (o) posseses 2N
critical points corresponding to the eigenvectors of the disorder J = (J,-j)fj’jzl. And in
the low temperature regime T' < T, the free energy is governed by the top eigenvalue

of J [12]. In contrast, when p > 3, the number of the critical points is exponential in
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N and the free energy converges to the extreme of a Poisson point process [111].
The free energy of the 2-spin SSK model is the main objective of this thesis. From
now on, we omit the subscription SSK, the quantities and observables are associated

with the SSK model if without extra specification.

2.3 Outline of Chapter IV and V

As mentioned before, the limiting free energies of SK and SSK are given by the
Parisi formula and Crisanti-Sommers formula. However, the fluctuations of the free
energies, especially in the low temperature regime, are not well studied. Recently,
using new progress in the random matrix theory, the authors of [13, 12, 14| obtain
the fluctuations of the free energy of the 2-spin SSK model (and some variants) for
arbitrary temperature. Their approach relies on the quadratic form of the Hamilto-
nian and thus only applies to the 2-spin case. In this part of the thesis, we apply this

approach to the two other scenarios related to 2-spin SSK models.

2.3.1 Paramagnetic-Ferromagnetic phase transition for 2-spin SSK with

Curie-Weiss interaction

The Curie-Weiss (CW) interaction is defined by

Hew(o) == % Z 00 = % (Z az-) ) (2.13)

1,7=1

Here, 0 is a real number which plays a role of the coupling constant. Adapt the
notation 1 = (1,---,1)7, the Hamiltonian Hcw(o) is maximized when o = =+1.
Thus, the CW interaction forces spins to orient to the same direction and thus is a

mean-field ferromagnetic interaction,

11



Chapter IV considers the Hamiltonian given by

H(U) = HSSK(U) + ch(d) (2.14)

for Hssk (o) defined as in (2.10). The behavior of the spherical spin system with
this Hamiltonian depends on the temperature and CW coupling strength. When 6 is
small, the system resembles the pure 2-spin SSK model: there is critical temperature
T. = 1 below which the spin glass phase presents (the high temperature regime is
called paramagnetic regime). When 6 is large, the spin variables is pulled towards +1
and the system falls into the ferromagnetic phase. The limiting free energy of this spin
system was obtained by Kosterlitz, Thouless, and Jones [78] through a non-rigorous
argument. This limiting free energy, as a function of T" and 6, was piecewise analytic.
And a phase diagram (See Figure 2.1) was proposed accordingly. These results were
rigorously proved in 2017 [13]. In addition, the authors of [13] established the limiting
distributions of the fluctuations of the free energies in each regime. The order of the
fluctuations are N=%3 N~ N=%/2 and the limiting distributions are Tracy-Widom,
Gaussian, and Gaussian in the spin glass, paramagnetic regime, ferromagnetic regime,
respectively.

Note that the orders and the laws of the fluctuations are different between the
three phases, it is interesting to consider the phase transition and the near-critical
behavior. The transition between the spin-glass and ferromagnetic regimes has been

studied in [13]. Consider N-dependent 6 as

0 =1+wN"23 forwekR. (2.15)

Then the fluctuation of the free energy is of order N=2/3 and is governed by a family
of random variables TW, ,, interpolating Gaussian distribution and Tracy-Widom

distribution [22]. In Chapter IV, we focus on the transitional regime between the
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Figure 2.1: Phase diagram for SSK4+CW model. Here,  is the inverse temperature
and 0 is the coupling constant.

ferromagnetic and paramagnetic regime and find the limiting law for the fluctuations.

The transition between the paramagnetic and spin glass regimes is still open.

2.3.2 2-spin SSK with external field

In Chapter V, we consider the 2-spin spherical model, whose Hamiltonian is

Hssk (o) and plus a linear perturbation:

N N N
H(o) = Hssk (o) + h Zl Jio; = ﬁ ]Zl Jij0i0; + h Zl J;0:. (2.16)

In the context of the spin glass, the vector (J;), plays the role of the external field
and h € R stands for its strength. We focus on the case where (J;)Y, is a standard
Gaussian vector, and (J;;);Y,_, belonging to GOE is independent from (J;);,.
Like in the case of SSK perturbed by CW, we are interested in the interplay be-
tween the SSK Hamiltonian and the external field. Note that Zf\il J;o; 1s maximized
for o orienting to the same direction as (J;)Y,. The spin variables will be pulled
towards (J;)X; when the external field presents. Actually, when h > 0, there is a

uniform formula of the limiting free energy for all temperature [78, 37]. Furthermore,

for any h,T > 0, we will show that the fluctuations of the free energies are of order
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N~12 and converge to a Gaussian distribution. These pieces of evidence indicate
that phase transition only occurs when A — 0.

When h = 0, there are paramagnetic regime (7" > 1) and spin glass regime
(T < 1). (See Figure 2.1 when h = 0 for the phase diagram for pure 2-spin SSK.)
The fluctuations of the free energy are of order N~' and N~2/3 and the limiting distri-
butions are Gaussian and Tracy-Widom respectively. Therefore, the phase transitions
as h — 0 should be considered separately for the cases T'> 1 and T" < 1. Our main
contributions are the limiting theorems of fluctuations in these transitional regimes.

Due to the time limitation, the results in Chapter V are derived using heuristic
calculations. We believe that these results can be proved rigorously. With light modi-
fication, our approach also applies to the case where the external field is deterministic.

For the case where J = (J;;)Y.

;=1 18 a Wigner matrix, we expect similar results hold

given that the eigenvectors of J are delocalized.

2.3.3 Method

Here we outline the applications of the method from [13, 12, 14] to the above two
scenarios.

For the case of CW perturbation, we write the Hamiltonian (2.14) as

H(o) =0T (ﬁ] + %nT) o, (2.17)

Note that the above H (o) is still a quadratic form with the random symmetric matrix
M = #ﬁ‘] + %11T. The matrices of this type are called spiked Wigner matrices,
which is well-studied in the random matrix theory (see Section 3.5). On the other
hand, Kosterlitz, Thouless, and Jones [78] found an identity formulating the partition
function (see (2.12), which is a N-fold integral) as a single integral (see e.g. (4.42)),

whose integrand depends on the eigenvalues of M. Using the eigenvalue rigidity
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[77, 55], we apply the steepest descent to this single integral. As a result, the free
energy can be formulated as a function of eigenvalues. In the transitional regime
of our interest, it turns out that the fluctuations of the free energies are governed
by a combination of the fluctuations of the leading eigenvalue and the global linear
statistics. We show that the latter two fluctuations converges to a bivariate Gaussian
distribution jointly.

The story in the case of external field perturbation is quite similar. The main dif-
ference is that the single integral formulation of the partition function now involves
the eigenvectors of (.J;;)),_;. Since we assume that (.J;;));,_; belongs to GOE, the
eigenvector matrix is uniformly distributed on the orthogonal group and is indepen-
dent of the eigenvalues. This fact together with the rigidity of the eigenvalues makes
an application of the steepest descent possible. Consequently, we write the free en-
ergies as functions of eigenvalues and eigenvectors of (Jl-j)%-:l, which lead us to the
limiting laws of the fluctuations. In particular, when temperature is low, we find that
the fluctuations in the transitional regime (as h — 0) depend on the top eigenvalues
of (Ji;)1—1. Therefore, the corresponding limit theorem will be formulated using the

GOE Airy kernel point process.
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CHAPTER III

Random matrices preliminary

A random matrix is a matrix-valued random variable, that is, a matrix whose
entries are random variables. The study of the random matrix theory started from
the work of Wigner on the spectra of heavy atoms in physics in the 1950’s [122].
After decades of evolution, the random matrix is now a broad subject with applica-
tions in various areas including number theory, statistical physics, statistics, electrical
engineering and finance [28, 52, 2].

In this section, we collect some elementary results from the random matrix theory
that is necessary to present the spin glass results in this thesis. The goal is to
provide basic knowledge, the results being presented are not the strongest version
with minimum conditions. And the more specific and technical discussions are left
in the random matrix section in each chapter. Readers are referred to [86, 6, 2] for a

comprehensive introduction of the random matrix theory.

3.1 Law of large number

We first introduce the real Wigner matrix, which is the basic model in the random

matrix theory and main model considered in this thesis.

Definition III.1. Given two independent family of i.i.d centered, real-valued random
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variables {J;; }1<i<j<ny and {J;}Y,, such that E[J3] = 1 and
max{E[|Jio|"], E[|J11|*]} < +oo for all integer k > 1. (3.1)
Consider the (symmetric) N x N matrix M with entries

1
Mi':MjA:\/_N

Jij foralll<i<j<N. (3.2)

We call such a matrix M a Wigner matrix.

If Ji» and Jq; are both Gaussian random variables with variance 1 and 2 respec-
tively, then the M belongs to the Gaussian orthogonal ensemble (GOE), which will
be the matrix model considered in Chapter V.

Let A\ > Xy > -+ > Ay be the eigenvalues of M, we define the empirical distri-

bution of the eigenvalues by

doa (z) = % > de =\, (3.3)

Note that the empirical distribution is a random measure depending on M. Wigner
made the following key observation: while entries of M fluctuated wildly from sample
to sample, the doj; concentrates around a deterministic measure. Actually, define

the semicircle law
VA4 — 22

dosa(z) = o

lxe[,Q’Q}dx, (34)

we have the following theorem.

Theorem II1.2 ([122]). If f(x) is a continuous and bounded function,

/ f(x)doy(z) = %Z f) — / f(z)dogq(z) as N — co. (3.5)

The convergence above is in probability.
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This theorem can be regarded as the start point of the random matrix theory.
Note that the asymptotic behaviors of empirical distributions of Wigner matrices
are independent of the distribution of the entries. The result of this kind is called

universality.

3.2 Linear Statistics

The Theorem III.2 describes the leading term of the linear statistics SV ).
Thus it is regarded as the analog of the law of large number for independent random
variables in the random matrix theory. This result is the first step in the study of the
behavior of the eigenvalue distribution of a random matrix ensemble. It is natural

to consider the central limit theorem for fluctuations of linear eigenvalue statistics

¥ F).

Theorem III.3 (Central limit theorem; [9]). Let f be an analytic function defined

in a open neighborhood of [—2,2], then

> 100 =N [ fa)doao (3.6)

converges in distribution to a Gaussian random variable N(M(f),V(f)) as N = co.

Here M(f) and V(f) are explicit functionals depending on the fourth moments Jis.

If \; are i.i.d random variables whose probability density function is given semi-
circle law, then by classical central limit theorem, %N(Zizl f\) =N [ f(x)dosa(z))
converges to a Gaussian distribution. Note that in Theorem III.3, the normalization
factor is 1 instead of N='/2. This indicates that the eigenvalues are highly correlated.
As what we will see in the next subsection, the eigenvalues of Wigner matrices are

distributed in a way more rigid than the i.i.d random variables.

18



3.3 Eigenvalue rigidity

The law of large number (Theorem II1.2) and the central limit theorem (Theorem
I11.3) consider the global behavior of the eigenvalues. It is also interesting to consider
the local behavior.

By the semicircle law, the expectation of spacings between eigenvalues are of order
N~"in the bulk and N~%/3 in the edge (due to the square root behavior of semicircle
law near +2). On the other hand, define the classical locations of the eigenvalues M

by

2

[ douate) = 2 (3.7)

Ak

The locations Xk are basically N-quantile of the semicircle law. It turns out that the
distances between eigenvalues and the corresponding classical locations are within

scales slightly large than the expected spacing between eigenvalues.

Theorem II1.4 (Rigidity of eigenvalues; [55]). Let \; be eigenvalues of a Wigner
matrix and Xz be the classical locations defined as above. Then for any e, D > 0, there

exists a positive constant Ny > 1 such that
max P <|)\i ~ Nl > (min{i, N —i+ 1)) N—2/3+6> < NP (3.8)

for large enough N > Nj.

In particular, the largest eigenvalue )\, is O(N~2/3%¢) away from 2 with high
probability for any small € > 0. Similarly, the eigenvalues in the bulk are O(N~17¢)
away from their classical locations with high probability. Note that if \; were i.i.d
random variables following the semicircle distribution, by an order statistics result, the

1/2

A; would typically fluctuate around the classical location with scale N='/. Therefore,

the eigenvalue rigidity indicates a strong correlation between eigenvalues. Actually,
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there is a strong repulsion between the eigenvalues. The neighboring eigenvalues
avoid getting too close to each other, thus the eigenvalue is sticking near the classical

location by this effect.

3.4 Edge Behaviors

As mentioned, the \;’s are associated with the energy levels of heavy atoms system.
This motivates the study of local distributions of the eigenvalues. In this section, we
state the results regarding the joint distribution of top eigenvalues for GOE.

Consider the rightmost eigenvalue \;. By semicircle law and eigenvalue rigidity,
we expect that \; fluctuates around 2 in a scale of N=2/3. Actually, N¥3(\; — 2)
converges in distribution to Tracy-Widom GOE distribution TWgop as N — oo
[116]. Let Ai(x) denote the Airy function and ¢(s) be the solution of the Painléve
IT differential determined by asymptotics ¢(s) ~ Ai(s) as s — oo, the cumulative

probability function of TWgop is given by

(e 9]

/ 4@) (@ - 8Pz | . (3.9)

S

]\}i_IgOIP (N2/3()\1 —2) <s)=exp —%

The above result is the £k = 1 case of the following result considering the joint
distribution of top k eigenvalues. Denote the rescaled eigenvalues by a; = N2/3(\;—2)
fori=1,---,N. Recall the GOE Airy kernel point process {«;}3°,, which is a Pfaffian
point process with a kernel built out of Ai(s) (see [58] for an explicit formula of the
kernel). In particular, oy follows Tracy-Widom GOE distribution, i.e., a; = «; in

distribution. Actually, this is true for top k eigenvalues for any fixed k.

Theorem IIL.5. For any fixed k € N, we have that

{aifiy = {aidiny,  as N — o (3.10)
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Here the convergence is in distribution.

These results also apply to the top eigenvalues from Wigner matrices [109]. A

similar discussion in the bulk of spectrum can be found in [86, 58].

3.5 Spiked Wigner matrices

In Chapter IV, we will study the spiked Wigner matrices M’ given by

0
M =M+ —117 3.11
+ N ) ( )

where M is a Wigner matrix, 1 = (1,--- ,1)7 and 6 € R denotes the strength of the
perturbation. As —M is still a Wigner matrix, we only consider the case where 6 > 0.
The spiked random matrices (also called as deformed random matrices or Wigner
matrices with non-zero mean in the literature) were studied extensively in random
matrix theory [10, 57, 106, 13|, which is motivated by the study of the empirical
covariance matrices with spiked covariance structure.

We first consider the global behavior of the spectrum for spiked Wigner matri-
ces. It is not difficult to show that the eigenvalues of M’ and eigenvalues of M are

interlacing:

AN(M) < AN(M') < Anva(M) < A (M) <o < N(M) < (M), (3.12)

Therefore, same as the Wigner matrix, the empirical distribution of M’ converges to
the semicircle law. Furthermore, by the eigenvalue rigidity of Wigner matrix, \;(M")
is pinned around the classical location Xz for all 7 > 2.

On the other hand, it is interesting to consider A\; = A;(M’). It turned out that
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the behavior of A\; depends on the strength of perturbation 6:

N%3 (A —2) = TWgor if 0 <1,
(3.13)

NYPZ(MN—=0—3) = NWs02-071),21-67%) if6>1,

where W3 = E[J3,]. That is if € is not large enough (i.e. § < 1), then the influence
of the perturbation is negligible to the behavior of the top eigenvalue. For 6§ < 1, the
top eigenvalue is close to the 2 with order O(N~2/3+€). In contrast, for # > 1, the top
eigenvalue \; fluctuates around 6 + 1/60, which is O(1) away from 2. As N becomes

large, the fluctuation is of order N—1/2

and is governed by a Gaussian distribution
with explicit mean and variance. The transitional regime is § = 1 + wN /3. It
was shown in [22] that N¥3(\; — 2) = TW,,,, where TW,, is a family of random
variables interpolating TWsop and Gaussian distribution.

There are also results for spiked Wigner matrices regarding the eigenvalue rigidity

and the central limit theorem for the linear statistics. Readers are referred to Chapter

1V for further discussion.
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CHAPTER IV

Ferromagnetic to paramagnetic transition in

spherical spin glass with Curie-Weiss interaction

4.1 Introduction

We consider a disordered system defined by random Gibbs measures whose Hamil-
tonian is the sum of a spin glass Hamiltonian and a ferromagnetic Hamiltonian. De-
pending on the strength of the coupling constant and the temperature, the system
may exhibit several phases in the large system limit. The chapter is concerned with
the fluctuations of the free energy near the boundary between two phases known as
ferromagnetic and paramagnetic regimes.

Consider the sum of the pure 2-spin spherical Sherrington-Kirkpatrick (SSK)
Hamiltonian and the Curie-Weiss (CW) Hamiltonian. We call this sum the SSK+CW
Hamiltonian. We denote the coupling constant by J and the inverse temperature by
B. We consider the random Gibbs measure with the SSK+CW Hamiltonian. The
focus of this chapter is on the free energy.

The limiting free energy was obtained non-rigorously by Kosterlitz, Thouless, and
Jones [78] in 1976. When J = 0, this formula is the explicit evaluation of the Crisanti—
Sommers formula [47] (which was proved rigorously by Talagrand [112]) in the case

of the pure 2-spin SSK. The Crisanti-Sommers formula is the spherical version of the
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Figure 4.1: Phase diagram for SSK4+CW model. Here,  is the inverse temperature
and J is the coupling constant.

Parisi formula [103, 113]. The formula of Kosterlitz, Thouless, and Jones shows a
two-dimensional phase transition: see Figure 4.1. The three regimes are determined
by the condition that max{1, %, J}is equal to 1 (spin glass regime), ﬁ (paramagnetic
regime) or J (ferromagnetic regime). The limiting free energy is analytic with respect
to both 8 and J in each regime, but not on the boundary.

Recently, the authors of [13] showed that the result of Kosterlitz, Thouless, and
Jones is rigorous. Furthermore, the authors also evaluated the distribution of the
fluctuations of the free energy in each regime. (The case when J = 0 was obtained
earlier in [12].) The order of the fluctuations are N=2/3, N=' N='/2 and the limiting
distributions are Tracy-Widom, Gaussian, and Gaussian in the spin glass, paramag-
netic regime, ferromagnetic regime, respectively. In the same paper, the transition
between the spin glass regime and the ferromagnetic regime was also studied. How-
ever, the other two transitions and the triple point were left open. The goal of this

chapter is to describe the transition between the paramagnetic regime and and the

ferromagnetic regime.

Another system which combines a spin glass and a ferromagnetic model is the
SSK with an external field. The difference between the CW Hamiltonian and an

external field is that one is a quadratic function and the other is a linear function
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of the spin variables. These two models are related; see [36] for a one-sided inequal-
ity. For the spin glass with external field, the fluctuations of the free energy were
computed recently in [37, 38] when the coupling constant is positive (for both SSK
and SK (Sherrington-Kirkpatrick) cases with general spin interactions). However, the
transitions are not obtained except for certain large deviation results [61, 50]. One
of the interests of the SSK4+CW model is that it is an easier model which can be

analyzed in detail in the transitional regimes.

4.1.1 Model

Let

Sno1={o=(01,---,on) ERY 1 0{ + - + 0} = N} (4.1)

be a sphere in RN of radius v/N. Define the SSK+CW Hamiltonian by
Hy(o) = HY¥ (o) + HJV (o), o€ Sy (4.2)

where

1 X g X g (X 2
‘ i=1

ig=1 ij=1

Here J is the coupling constant. The random coefficients A;; satisfy A;; = A;; and
A;j, 1 < j, are independent centered random variables. We call A;; disorder variables.
The precise conditions are given in Definition IV.1 below. Note that as a function of
o, H{W(o) is large when the coordinates of o have same sign. On the other hand,
the maximizers o of H5® (o) depend highly on {A;;}.

With g > 0 representing the inverse temperature, the free energy and the partition
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function are defined by

1
Fy=logZy,  Zy= / PN Ay (o) (4.4)

Sn-1

where wy is the normalized uniform measure on Sy_;. Note that Fy and Zy are
random variables since they depend on the disorder variables A;;. The free energy

and the partition function depend on the parameters g and J,
Fn = Fx(5,J), Zn = Zn(B,J). (4.5)

Since the Curie-Weiss Hamiltonian is a quadratic function of the spin variable,
we can write the SSK+CW Hamiltonian as Hy(o) = vaj:l M;;o;0; where M;; =

\/LNAZ-]- + % are non-centered random variables. In terms of matrix notations,

1 J
Hy (o) =o' Mo, M=—A+ 211" 4.6

with A = (Ajj)i<ijen, 1 = (1, , )T, M = (My;)1<ij<n, and o = (o1, ,on)T.
The non-centered random symmetric matrix M is an example of a real Wigner matrix
perturbed by a deterministic finite rank matrix. Such matrices are often called spiked
random matrices. We will use the eigenvalues of spiked random matrices in our

analysis of the free energy.

We assume the following conditions on the disorder variables.

Definition IV.1 (Assumptions on disorder variables). Let A;;, i < j, be independent

real random variables satisfying the following conditions:

o All moments of A;; are finite and E[A;;] = 0 for all i < j.

o For all i < j, E[A}}] = 1, E[A};] = W5, and E[A};] = W, for some constants

Ws € R and W4 > 0.
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o For all i, E[A%] = w, for a constant wy > 0.

Set Aj; = Aj; for i > j. Let A = (A;;),_, and we call it a Wigner matrix (of zero

mean).

Definition IV.2 (Eigenvalues of non-zero mean Wigner matrices). Let M be the
N x N symmetric matrix defined in (4.6). We call it a Wigner matrix of non-zero

mean !. Its eigenvalues are denoted by

M > A 2> 2> Ay (4.7)

We introduce the following terminology.

Definition IV.3 (High probability event). We say that an N-dependent event Qy

holds with high probability if, for any given D > 0, there exists Ny > 0 such that

P(QYy) < NP

for any N > Nj.

4.1.2 Previous results in each regime

We review the results on the fluctuations in each regime obtained in [13]. We state
two types of results: one in terms of the eigenvalues of M and the other in terms of
limiting distributions.

Set

J := max{J,1}. (4.8)

Tn [13], the authors consider the case when the diagonal entries of M have mean Jﬁ/ and the
off-diagonal entries have mean % where J and J’ are allowed to be different. However, in this case,
M = ﬁ + %11T + LIQJI where [ is the identity matrix. This only shifts all eigenvalues by a

deterministic small number. As we will see in Remark IV.7, it is not more general than the case
with J' = J.
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It was shown in [13] that the following holds with high probability. In both ferromag-

1

25), with any € > 0,

netic and the spin glass regimes (given by J >
Fy=F +<5— 1><A—J—1>+O(N1+€) (4.9)

In the paramagnetic regime (given by J < %),

N
Fy=Fy— % ;bg (25 + % — /\i) + O(N~2), (4.10)
Here, Fy is a deterministic function of N,(,J. The above results show that the
fluctuations of Fly are determined, to the leading order, by the top eigenvalue A; in
the ferromagnetic and spin glass regimes, while they are determined by all eigenvalues
in the paramagnetic regime.

A limit theorem for Fl follows if we use limit theorems for the eigenvalues of
random matrices. The relevant random matrices are Wigner matrices of non-zero
mean in (4.6). For such random matrices, the following is known [105, 29] (see [10]

for complex matrices):

N?3(\ —2) = TW, if J <1,
(4.11)

NYVZN =T =Y = NW3(J2=J,2(1-J72)  ifJ>1,

where the convergences are in distribution. Here TW; denotes the GOE Tracy-Widom
distribution and AN (a,b) denotes the Gaussian distribution of mean a and variance
b. The dichotomy is due to the effect of the non-zero mean; if J is not large enough
(i.e. J < 1), then the influence of the non-zero mean is negligible to contribute to
the fluctuations of the top eigenvalue. For J < 1, the top eigenvalue is close to the
second eigenvalue with order O(N~2/3%¢). But for J > 1, the difference of the top

eigenvalue and the second eigenvalue is of order O(1).
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On the other hand, the following is also known (see Theorem 1.6 of [13]): if a

function ¢ is smooth in an open interval containing the interval [—2, J+J ~1, then

Z o(\;) — N/cp(x)dasd(x) = N(f,a), dosa(x) := 42—7:x2d:r, (4.12)

for some explicit constants f,a. This result is applicable to the paramagnetic regime.
Together, we have the following asymptotic results, which are minor corrections

of Theorem 1.4 of [13]:

(i) (Spin glass regime) If 5> 3 and J < 1, then

1
ﬁN”?’ (Fy — F) = TW, . (4.13)
T2

(ii) (Paramagnetic regime) If § < 5 and 8 < 35, then

N(FN — F) :>N(f1,041) . (414)

(iii) (Ferromagnetic regime) If J > 1 and 5 > %, then

VN (Fy — F) = N (f5,d}). (4.15)

for some deterministic function F' = F($3,J) and some explicit constants fi,aq, f3

and af, depending on 5 and J.

4.1.3 Results

We state the results on the transition between the paramagnetic regime and the

ferromagnetic regime. The boundary between these two regimes is given by the

equation % = J with J > 1. In the transitional regime, the correct scaling turns out
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to be the following: let J > 1 be fixed and let g = Sy be given by

+ (4.16)

<=
o=

20 =
with fixed B € R. The following is the first main result of this chapter. This relates
the free energy with the eigenvalues of M.

Theorem IV.4. Let 3 be given by (4.16). Then, for every 0 < e < ¢,

Py =Fy =550 000 + %Q(XN) +O(NT*H9 v = VN =T+,
(4.17)

with high probability as N — oo, where

Fy = ﬁ(uH—Jl)—l—llOg(Zﬁ)—l—% <llogN+log ﬁ) o g9(2) = log(JH+J 1 —2).

2 2 4 NZ3
(4.18)
Also,
s(x) s(z)? | log(s(z) — ) (s(z) — x)*
= — logl { ———— 4.1
A e s T 2 e TR (4.19)
with
— B(J? -1 B(J?2-1))24+4(J2 -1
) - LB N ETRPIPRATD
and - '
I(a) / I (4.21)
I BV '
where the square root denotes the principal branch.
The formula (4.17) shows a combined contribution from Ay, --- , Ay and a distin-

guished contribution from A;. Compare the formula with (4.9) and (4.10).
Now we state a result analogous to (4.14) and (4.15). This follows if we have
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limit theorems for Q(xy) and Zi]izg()\i). From the second part of (4.11), Q(xn)
converges to an explicit function of a Gaussian random variable. On the other hand,
Zf; g(\;) is different from Zf\il g(\;) by one term. It is not difficult to show that
removing one term does not affect the fluctuations much and the fluctuations are still
given by a Gaussian random variable similar to (4.12); see Theorem IV.6 in the next
section. In random matrix theory, these sums are known as partial linear statistic and
linear statistic, respectively. The main technical part of this chapter is to evaluate
the joint distribution of Q(xx) and ZfiQ g(A\;). We show that jointly they converge
in distribution to a bivariate Gaussian variable with an explicit covariance. See the
next section for the precise statement. These results are interesting on their own in

random matrix theory. Putting together, we obtain the following result.

Theorem IV.5. We have

1 B logN B.?
- - _ 4.22
172 9N 4N 4N ) = G+ Q) (422)

N(FN—

in distribution as N — oo where G; and Ga are bivariate Gaussian random variables

with
E[Gi] = ;Llog(ﬁ - 1)+ wij_f + WQJZ ’ + log Nl%J’ (4.23)
Var[G;] = —% log(1 — J72) + wjuz = Wg JZ 4 (4.24)
E[Go] = Wa(J 2 —J %), Var[Gy] = 2(1 — J %), (4.25)

and
Cov(G1,G) = W3(J22_ I (4.26)

Note that Gy and Gy do not depend on B. The function Q) is defined in (4.19).

Note that if the third moment W3 of A;; with ¢ # j is zero, then G; and G, are
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2 5 -4 -3 2 A o
Q Q

(a) pdf of Q(G2) (b) pdf of normalized Q(G2)

Figure 4.2: (a) Probability density function of Q(Gs) for B = —1,0, 1, (b) Probability
density function of normalized Q(Gs) resembles a Gaussian density as B — +oc.

independent Gaussians.

The above result is consistent with the results on ferromagnetic and paramgnatic
regimes if we let formally B — +o00 and B — —o0, respectively. One can show that
when B — +00, Q(G2) dominates G;. Furthermore, while Q(G,) is not Gaussian,
upon proper normalization, it converges to a Gaussian as B — +o00. See Figure 4.2.
On the other hand, when B — —o0, the leading two terms of Q(Gy) are constants

and the random part is smaller than G;. See Section 4.6 for details.

Let us comment on the other transitions in the phase digram in Figure 4.1. As
mentioned before, the transition between the spin glass and ferromagnetic regimes
was discussed in [13]. Note that (4.9) is valid in both regimes. It was shown that if we
let B > 1/2 be fixed and consider N-dependent .J = 1+wN~/3, then for each w € R,
(4.9) still holds. Now, for such J, it was shown in [22] that N?/3(\; — 2) = TW,,
where TW, ,, is a one-parameter family of random variables interpolating TW and
Gaussian distributions. Hence, we obtain the fluctuations for the transitional regime.

On the other hand, the transition between the spin glass and paramagnetic regimes
is an open question. By matching the fluctuation scales in both regimes, we expect

that the critical scale is 3 = 1 + O( ”]\lfﬂg/év ).
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4.1.4 Organization

The rest of the chapter is organized as follows. In Section 4.2, we first state new
results on random matrices. They are given in Theorem IV.6 (partial linear statistics)
and Theorem IV.8 (joint convergence). Using them, we derive Theorem IV.5 from
Theorem IV.4. In Section 4.3, we prove Theorem IV.4. In the next two sections,
we prove the random matrix results stated in Section 4.2; Theorem IV.6 in Section
4.4 and Theorem IV.8 in Section 4.5. In Section 4.6, we show that Theorem IV.5 is

consistent with the previous results on ferromagnetic and paramagnetic regimes.

4.2 Results on Wigner matrices with non-zero mean

In order to prove Theorem IV.5 from Theorem IV.4, we need some new results on
random matrices. We need (i) a limit theorem for partial linear statistics S, g(\;)
and (ii) a joint convergence of the large eigenvalue and partial linear statistics. These
results are interesting on their own in random matrix theory. We state them here
and prove them in Section 4.4 and Section 4.5 below. Using these results, we prove
Theorem IV.5 in Subsection 4.2.3.

Recall that the N x N symmetric matrix M is given by M = \/LNfH— %llT where
A = (A;;) is a symmetric matrix with independent entries for ¢ < j satisfying the
conditions given in Definition IV.1 and 1 = (1,---,1)T. The matrix M is called a

Wigner matrix with a non-zero mean % Recall that we assume

J>1. (4.27)

The eigenvalues of M are denoted by Ay > --- > Ay.
It is known that \; is close to J + J~! with high probability and \g,--- , Ay are
in a neighborhood of [—2,2] with high probability. See Lemma IV.10 below for the

precise statement.
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4.2.1 Partial linear statistics

A linear statistic is the sum of a function of the eigenvalues. The fluctuations
of linear statistics for Wigner matrices and other random matrix ensembles are of
central interest in the random matrix theory; see, for example, [76, 9, 83]. For Wigner
matrices with non-zero mean, the following result was obtained in Theorem 1.6 and
Remark 1.7 of [13]. Set

J=J+J7\ (4.28)

Let ¢ : R — R be a function which is analytic in an open neighborhood of [—2, j]

and has compact support. Then, as N — oo, the random variable

M) i= 300 = N [ plo)douala) = NI V() (029

where
M(g) =3(6(2) + 0(=2) = 3m(9) = T 7i(9) + (w2 ~ Do)
+ (Wi =3)ma(p) + () — g T 7(), (4.30)
V(o) =(ws ~ Dn(e)? + (Ws ~ 3m(e)? +2 gmw
Here, Wy = E[A%,], w; = E[A42,], and
7o) = % Z go(x)%dx - % / £(2 cos(8)) cos(£0)dd, (4.31)

where T)(t) are the Chebyshev polynomials of the first kind.

We are interested in a partial linear statistic, Y1, ¢()\;). See [16, 97] for other

types of partial linear statistics. The partial linear static 2512 ©()\;) is the linear
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statistic minus one term ¢(\;). Since A\; — J in probability (see the second part of

(4.11)), by (4.29), Slutsky’s theorem [62] implies that

>0 = N [ ple)doa(e) = NOI) - o), V().

Since this follows from (4.29), this is true assuming that ¢ is analytic in an open
neighborhood of [~2,.J]. However, we are interested in the test function o(z) =
g(z) =log(J —z) (see (4.17)). Since this function is not analytic at z = J, the above
simple argument does not apply. Nonetheless, if we adapt the proof of (4.29), one can
show that it is enough to assume that the test function is analytic in a neighborhood

of the interval [—2,2], not of [—2, J].

Theorem IV.6. Let J > 1. Then for every test function ¢ which is analytic in a
neighborhood of [—2,2],

NP() 1= Do) = N [ pla)donale) = NI VO(0) (032
as N — oo with
MO(g) =1((2) + 9(~2) ~ Iru(¢) ~ T 7i() + (s — 2)ma()
o (4.33)
+ Wy = 3)7alp) = > T "nulp),
(=2
and V@ (o) = V() where V() is defined in (4.30).
Note that
M® (o) = M(p) = o(J) (4.34)

for ¢ analytic in a neighborhood of [—2, J].

Remark TV.7. We comment on a case when the test function depends on N. Consider
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the function ¢y defined by

uniformly for x in a neighborhood of [—2, 2] for analytic functions ¢ and ¢. Define the

corresponding linear statistic ./\/’]s?)(goN) =S on(\) — fo2 on(z)dosa(z), then

M (ex) =3 en(3) = N [ px()donala

2 (4.35)
NP () + % (Z o) - | as(x)dasd(x)) +O(1)

By Theorem IV.6, the second order term converges to zero in probability. Thus,
N, 152 '(on) and N, ]S,Z )() converge to the same Gaussian distribution. The same ar-
gument also applies to full linear statistics; this is used in Remark IV.24 below.
Now, the claim in footnote! (see Page 27) is verified by noting that ¢(z + 257) =

o(x) + W + O(N72).

4.2.2 Joint convergence of the largest eigenvalue and linear statistics

By Theorem IV.6 and the second part of (4.11), the partial linear statistic and the
largest eigenvalue each converge to Gaussian distributions individually. The following
theorem shows that they converge jointly to a bivariate Gaussian with an explicit

covariance.

Theorem IV.8. Let J > 1. Then for o(x) which is analytic in a neighborhood of

~

[_2a 2]7 N]S[Q) (SD) = ZZJ\LQ 90(/\1) -N f_22 (P(w)do-scl(l‘) and XN = \/N()‘l - J) Converges

jointly in distribution to a bivariate Gaussian variable with mean

(M® (@), W3(J 72— J™%) (4.36)
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and covariance

V(2)<(’0) 2W37'2(Q0>(1 - J_2>
2Wsma(p)(1 — J72) 2(0—J72)

(4.37)

The proof of this theorem, given in Section 4.5, is the main technical part of
this chapter. We prove the theorem first for the Gaussian case, and then use an

interpolation argument.

4.2.3 Proof of Theorem IV.5

We now derive Theorem IV.5 from Theorem IV.4 using the results on the eigen-
values stated in the previous two subsections. The term Q(yy) converges to Q(Gs) in
distribution from Theorem IV.8. Consider the rest. It was shown in [12, (A.5)] that

for g(z) =log(J + J ' — 2),

1
[ 90ata) = 575 + 10 (4.38)
Inserting 23 = J~' + BN~/? and using the Taylor expansion log(1 5—]%) = % —
B2 L O(N~3),
.1 | B logN 1 [B2)?
Fn—< d sc - lo —3/2
v=p [ 9Na(w) = s i [ lor g | OV,
(4.39)

We can evaluate M) (g) defined as in (4.33) using [13, (2.7)] which evaluated the
M(h) with h(z) = log(28 + 55 — x): (note that J' = .J here)

1 1 we —2 Wy—3

@ (g) = 1i ~1 — — Clog(J2o1)-2_ 2 T2
M (g) Bingi] <M(h) 0g(26 + 25 J—J" )) 20g(J ) NE NG
(4.40)
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The variance V) (g) = V(g), which is independent of J, is given by 4 times [12,
(3.13)] if we replace 23 by J %

1 1
() — -2
V®(g) = —2log(1 - J )+ 23 (ws = 2) + 5 (Wi = 3). (4.41)
For the covariance term, we have 75(9) = —5% from [12, (A.17)]. Hence, from

Theorem IV.6 and IV.8, we obtain the result.

4.3 Proof of Theorem IV.4

The proof follows the steps for the proof of the Theorem 1.5 of [13] for paramag-
netic and ferromagnetic regimes with necessary adjustments. The analysis is based
on applying a method of steepest-descent to a random integral. The location of the
critical point is important. In the transitional regime, the critical point is close to
the largest eigenvalue but not as close as the ferromagnetic case. On the other hand,
the critical point is away from the largest eigenvalue in the paramagnetic case. See

Subsection 4.3.2 below for details.

4.3.1 Preliminaries

The following formula is a simple result in [78].

Lemma IV.9 ([78]; also Lemma 1.3 of [12]). Let M be a real N x N symmetric

matriz with eigenvalue \y > Ao > --- > Ay. Then for fized 5 > 0,

y+ioco

/e'@”TM"dwN(a):CN / e

SNn-1 Y—100

vl

N
“@qe, G(z) = 262—% Zlog(z—)\i), (4.42)
i=1

where v is any constant satisfying v > A1, the integration contour is the vertical line
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from v —ioco to v + ioco, the log function is defined in the principal branch, and

[(N/2)

COn = 2mi(N )N/

(4.43)

Here I'(z) denotes the Gamma function.

Let M be a Wigner matrix with non-zero mean as in (4.6). Then its eigenvalues
A; are random variables, and hence the above result gives a random integral represen-
tation of the partition function. In [13, 12], the above random integral was evaluated
using the method of steepest-descent for different choices of random matrices. The
key ingredient in controlling the error term is a precise estimate for the eigenvalues

which are obtained in the random matrix theory.

Lemma IV.10 (Rigidity of eigenvalues: Theorem 2.13 of [55] and Theorem 6.3 of
[77]). For each positive integer k € [1, N], set k := min{k, N +1 — k}. Let ~;, be the

classical location defined by

/ dog(z) = % (k — %) : (4.44)

Then, for every 0 < e < %,
Ao — el < kAN (4.45)

for all k = 2,3,--- , N with high probability. Furthermore, for fixed J > 1, recall
J=J+J

A — J| < NY%e (4.46)

holds with high probability.

From the rigidity, it is easy to obtain the following law of large numbers for

eigenvalues.
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Corollary IV.11 (c.f. Lemma 5.1 of [12]). Fiz § > 0, let {fo}tacr C C—2—10,2+7)]
be a family of monotonic increasing functions satisfying sup,c; max, |fo(x)] < Co

and sup,c; max, |f.(z)| < Cy. Then, for every 0 < e <1,

acl

sup %Z £a(0) — / Fo(2)dow (@) = O(N-1+) (4.47)

with high probability.

Proof. Let f = f, for some o € I. The absolute value on the left hand-side is

bounded above by

2

1 — 1 1
NS00 = 1 s+ | s - [ feoa@]|. @y
By Lemma IV.10,
ol max | f(7)| < C
% Z(f(A’L) - f(%))| < %(H Z |Ai — il < N10_€ (4.49)

with high probability. On the other hand, set 4; by

2

/dgscl(x) =

i

) j:1727"'aN7 (450)

2|k>.

and by convention 49 = 2. As f(x) is a monotonic increasing function, for i =
2737"' 7N_]-7
%

/ f(@)dosa(z) < %f(%) SA/ f(x)dosa(z). (4.51)

'?i-‘rl Yi—1
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Thus,

N 2
1 3max |f(x 3C
2100 = [ fahoa(n| < 2L < 2D (452
i=2 7y
Since the upper bounds are independent of f, we obtain the result. n

4.3.2 Steepest-descent analysis

We now apply steepest descent analysis to the integral in Lemma 4.42. We deform
the contour to pass a critical point and show that the main contribution to the integral
comes from a small neighborhood of the critical point. For G(z) given in (4.42), it
is easy to check that all solutions of G'(z) = 0 are real-valued, and there is a unique
critical point v which lies in the interval (A, 00) (see Lemma 4.1 of [13]).

Note that since GG is random, the critical point is also random. For the paramag-
netic regime, it was shown in [13] that v — A; = O(1) with high probability. In the
same paper, it was also shown that in the ferromagnetic regime, v — A\; = O(N~11¢)
with high probability. The following lemma establishes a corresponding result for the

transitional regime; it shows that v — Ay = O(N _%+5) with high probability.

Lemma IV.12 (Critical point). Recall that (see (4.16)) J > 1 is fized and 25 =

20N = % + % with fired B € R. Then, for every 0 < e < i,

v =+ ﬁ (—XN — B = 1)+ (xw + (2= 1)B? +4(J% — 1)) + O(N~1F)
(4.53)

with high probability, where we set xn := VN (A — j)

Note that v given above is larger than A; with high probability since the term in

the big parenthesis is positive.

Proof. Set

g D BV TP VBRI g
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Note that # > 0. By the rigidity of A;, we have |yx| < N7 and hence, § < N5 with

high probability. On the other hand, using —a + va? + b = ﬁ,
2(J% —1)

0= :
V2 =1)B+xn)2+4(J2 = 1)+ ((J2—1)B+ xn)

and hence § > C N~ for some constant C' > 0 with high probability. Hence,

N75 << Ns (4.55)
with high probability. Set
0 —1+e

By the above properties of 6, we have v+ > A\; with high probability. We will show
that G’(y-) < 0 and G'(y4) > 0 with high probability. Since G'(z) is a monotone
increasing function for real z in the interval (A;, 00), this shows that 7. < v < v,
with high probability, proving the lemma.

Recall that \; — J in probability. Let us write

1L 9
=J+—-+—=+ N =0 4.57
Y+ + 7 + JN ) ¢ + XN (4.57)
where yy = VVN(A\ — J). Note that ¢ = O(N'3) with high probability. Now, notice
that
e 1 1
"(2) =26 — — - . 4.

We apply Corollary IV.11 to the family of functions {ﬁ}z>2+c for some constant

¢ > 0 and obtain

2
) Y — /i — 4 g 1
G'(02) =2~ =g — + O ")~ gy
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with high probability. By (4.57),

2 g J2-1

— 2 - 4 2e
ESAE: L1 ( ¢ iN—He) L ONHE),
VN

By (4.56),

1 1 N—3+e N~ 142
= l¥F————+0 | —— :
NOz—M) o/N\ 8 ( Z )

Using the formula of 23 and the estimate (4.55) for 3, we find that

, ¢ 1 1 1\ . e
G(’Vi):—<B+J2_1—§>i(ﬁ+ﬁ)N 1+ ‘f‘O(N 1+3) (459)

1

with high probability since 0 < e¢ < 7. By the definition of 0, the leading term is

zero. The coefficient of the second term is positive. Hence we find that G'(y_) < 0

and G'(y4) > 0, and we obtain the lemma. ]

Then we have the following lemma.

Lemma IV.13. Set
s=sy=VNy—J—J Y and A=Ay :=VNH—-\)=syv—xn. (4.60)

Then, for every e > 0,

s X =B =DVl + (P -DBPH AP 1) | vt g
: |

with high probability. We also have

|s|] < N and N™° < A < N°¢ (4.62)

with high probability.

Proof. The previous lemma implies (4.61). The first part of (4.62) follows from the
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fact that yy = O(N€) with high probability. The second part is the estimate (4.55)

in the proof of the previous lemma. m
We also need the following lemma.

Lemma IV.14. For every 0 < e <1,

N

1 1 1
— = N—Hte 4.
NGy o1 T (463)
with high probability.
Proof. This follows from Corollary IV.11 applied to f(x) = (7_11)2. O

The following auxiliary lemma is used to estimate an error in the steepest descent

analysis.

Lemma IV.15. Define

T tm a2 it
L.(a) := e a2 dt 4.64
(@) /m (4.64)

for non-negative integers m and o > 0, where the square root is the defined on the

principal branch. We set I(a) := Iy(a); see (4.21). Then,

4
I(a) = 5(1 +0(@™) asa— +oo, (4.65)
8m
I(a) = ?(1 +O(a)) as o — 0y, (4.66)
and for every m > 0,
I,.(«) is uniformly bounded for a € (0, 00). (4.67)
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A particular consequence is that the derivative I'(a) = —1 Ir(a) is uniformly bounded

for a > 0. Furthermore, I(a)) > 0 for all a > 0.

Proof. Consider (4.65). Applying the method of steepest-descent to I(ar) = [ g(t)e*"dt

with h(z) = —% and g(z) = \/ﬁe%, we find that
(=) 2m 4
I — -y = 1 4.

as a — +o00. For I, (), using [~ yme= ' dy = O(a~(mtD/2) we find that
L.(o) = O(a™ ™) as a — +oc. (4.69)

Consider the limit o« — 0. After the change of the variables t = z/a,

1 00 7(2—1)2
€ 4o (& 4o

= d
Va Vva+iz :

(4.70)

The integrand is analytic in the complex plane minus the vertical line from i« to ico.
Note that the saddle point is i and it is on the branch cut. We show that the main
contribution to the integral comes from the branch point z = ia. We deform the
contour so that it consists of the following four line segments: L; from i — oo to i on
the left half-plane, Ly from i to i lying on the left of the branch cut, L3 from i« to
i lying on the right of the branch cut, and L, from i to i + oo lying on the right-half

plane. On Ly, setting z =1+ y/ax,

_ (z 1) z2

¢ ——dz =

= 0(Va) (4.71)

as a — 0. Similarly, the integral over L, is also of the same order. On the other
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hand, setting z = i + iy,

(z—0)? l—a (a4y-1)2 l-a y2—2y

/ e da d 5 / e 4a q 9 (a—1)2 e%"' 1o d (4 72)
—F—az = ———ady = 46 4« —— Y. .
Vo +iz VY VY

LoULs3

The function y? — 2y decreases as y increases from y = 0 to y = 1. Hence the main

contribution to the integral comes near the point y = 0. Using Watson’s lemma,

11—«
Y,y —21/
e2t aa

VY

—dy = T(1/2)V2a(1 + O(a)). (4.73)

Combining together and using I'(1/2) = /7, we obtain (4.66). For I,,,(«), the analysis

is same except that we use

72y

[ o+ Ty = o) (474)

ia +iy)" ———dy = O(« : :
VY

Hence, we find that for m > 0, I,,,(ar) = O(1) as @ — 0. Together with (4.69), this

implies the uniform boundness of I,,,(«).

For the positiveness of I(«), we first write it as

o0

e °‘t2+ 5 (t—arctant) —7152 1
I(a) = / (ENOEE 2/ T+ ) 71 C <§(t—arctant)) dt.  (4.75)

s 0

The function 6(t) =t — arctant is monotone increasing. We use the inverse function,

t = t(#), to change the variables and find that

I(a) = 276—%2(12#3/4 cos (9) 46,  t=t(h). (4.76)

$1(0)?

Since e™1 is positive and monotone decreasing in 0, we obtain I(«) > 0 for every
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a > 0 if we show that (i)

s 3
(1+t2)3/4 4 /(1+t2)3/4 0
Z > [ = 7 — .
/ 3 cos | 5 dé > 2 cos | 3 do, (4.77)
0 ™
and (ii)
(2k+1)m 2\3/4
1
(2k—1)7

is decreasing in k. (i) can be verified numerically. On the other hand, (ii) follows
immediately from the fact (14 2)3/4/t? is a decreasing function of ¢. This completes

the proof. O
We now evaluate the integral in (4.42) using the steepest descent analysis.

Lemma IV.16. Fiz J > 1 and let 28 = J~' + BN~Y2. Consider G(z) defined in

1
(4.42). Then, for every 0 < e < g,

y+ioco N
AN 3G 1
e300y = % I(F"()A%) (1 + O(N-a+4€)) (4.79)

y—ioco

with high probability, where

1 < 1 —
F(=) =282 — ; log(= = A) = - log(y = A) = =———= (4.80)

N N(vy 1)

and I(a) is defined in (4.21). Recall that A = /N(y — \{) (see Lemma IV.13.)

Proof. We choose the «y, which defines the contour, as the critical point of G(z). The
path of steepest-descent is locally a vertical line near the critical point. It turns out
that, instead of using the path of steepest-descent, it is enough to proceed the analysis
using the straight line v + iR globally. This choice was also made for the analysis in

the paramagnetic regime in [13].
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We first write, using the function F'(z),

~y+ico Yy+ioco
/ G g, — NG / (G -F@)+ Y ()-GO g (4.81)
y—ioco y—ioco

From the definitions of G(z) and F(z),

(G(2)—F(z)) _ A\ ——— )\ Q(Z A1), 4 82
2 = R .
€ A 1 ( )

Changing the variables z = v + it N~/2 and using the notation A = v/N(y — \;),

y+ioco

2
/ 6%G(z 16 /
1t
y—ioco v

It is easy to check that the part of the integral with |¢| > N€ is small. To show

N

o5 (F(y+itN=1%)=G()) 44 (4.83)

this, we first note that

. N .
it v =\ FitNTY? N -1 c*t?
(N (F(7 VN ) Gm)) i—2 . ( Y=\ - e {17y

with high probability for some constant ¢ > 0, since there is a constant ¢ > 0 such

that c < v =\ < % for all ¢ = 2,--- , N, with high probability. Hence,

/ e T F(HEN=Y)=G() g4 </ 10g<1+61$2)dt
c /1 x :
NA N N (4.84)
— 2 N2 N —N/8
g/e ; dt+/ — 1t2 et = 0™ + O(N )
Ne N

with high probability.
Consider the part |[t| < N¢. Note that F(z) satisfies F(v) = G(v), F'(y) =

G'(y) = 0, and for each m > 2, F™(z) = O(1) uniformly for z in a small neighbor-
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hood of v (by Corollary IV.11). For m = 2, by Lemma IV.14,

a <F'(y)<c (4.85)

for some constants 0 < ¢; < ¢o, uniformly in N. By Taylor expansion, for [t| < N,

F"(’y)t2 iF"'(’}/)t?’

AT—1/2y __ _ —92+44e
F(y+itN~"/%) — G(v) oN EE + O(N ) (4.86)
and hence,
N e R Y G P
62 (F(y+itN )—G(7) — e 4 (1 — W + O(N 146 ) . (487)
Therefore,
/ eg(F(writN—l/Q)fG(v))dt
—N¢€ \/
F”('Y)tQ F/// (»Y)tQ (488)

/ P T 12N / \/—t dt + O(N—1+6)

1 F/// A4 " — €
= AL ()8%) ~ TR g () 7)1 o),

By (4.85) and Lemma IV.13, c; N ¢ < F”(y)A? < ¢, N€. Hence, Lemma IV.15 implies
that
I(F"(7)A?) > cN~° (4.89)

for some constant ¢ > 0. Hence, using Lemma IV.13, Lemma IV.15, and the uniform

boundedness of F"(y), we find that (4.88) is equal to

AT(F"(7)A2)(1 + O(N—3+e)) (4.90)
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if 0 < e < 5. Thus, using (4.89) and Lemma IV.13 again, we conclude that

iAe3GM)
/ G%G(z)dz _ lAe— I(F”(’}/)A2)(1 + O(N_1/2+4€)). (491)

4.3.3 Proof of Theorem IV.4

Proof of Theorem IV.J. From Lemma IV.9 and Lemma IV.16, for every 0 < € < %,

iAe2G0)

— L(F"(v)A?)(1 + O(N~zt4)) (4.92)

Zy =Chy

with high probability. Using Stirling’s formula,

P(Ny2) VN3 (1+O(NY)), (4.93)

N = SN T (2B

thus we find that Fy = % log Z satisfies

Fy = 5(G(7)~1-Tog(26)) + 1 (1og (%) +log I<F"<7>A2>) FON-E44) (4.94)

with high probability.
Let us consider G(7). Since v and J = J + J~! are away from Ay, --- , Ay with

high probability,

(4.95)

. —J — J)2 .
:log(]—)\i)—i—z =+ Sl ) +O(y — JP)

for i = 2,---, N, where we also use that v — J = O(N_%J“E) with high probability

(see Lemma IV.13). Then, using Lemma IV.14 and the fact that G'(v) = 208 —
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—Zlogv i) ZlogJ Ai) +26(y = J) — +

1=2

with high probability. Hence, from the formula of G(z) in (4.42),

N A ~
7 1 2 1 —J —J 2 5
Gly) =267 — 5 D log(J = Ai) = - log(y = An) + i L) Y to T

N N(y—=X) 2(J2-1)
1 & 1 A s 52 3
— - T _\)_ — N N —34+3¢
=28J I 'E: log(J — ;) N log <\/N) + N2 =) + O(N )

using the notations sy = v/ N(y — J) and A = v/N(y — ;) in Lemma IV.13. Thus,

N
~ 1 1 1 R
Fy =BJ — 5 510g(2ﬁ) ~ 5N ;2 log(J — \;) + mlogN
1 SN S?V 1 ﬁ " 2 -2
— = - ————+ =logA +log — + logI(F A N2+,
+ v (5 = gy + plow A +log - +IogI(F(7)A%) ) + O(VH+49

(4.96)
To conclude Theorem IV.4, we use (i) the fact that A = sy — xn, (ii) the asymp-
totic (4.61) of sy in terms of xy, (iii) the fact that F”'(vy) = 77— + O(N~'7¢) which
follows from Lemma IV.14, and (iv) the fact that I'(«) is uniformly bounded for a > 0

(see Lemma IV.15). O

4.4 Partial linear statistics

This section is devoted to a proof of Theorem IV.6 on partial linear statistics.
The proof is a simple modification of [13] for the linear statistics of all eigenvalues,
which, in turn, follows the proof of [9, 8] for the case when the random matrix has

ZEero 1mear.
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4.4.1 Proof of Theorem IV.6

Recall J := J + J~! denotes the classical location of the largest eigenvalue of
a Wigner matrix of non-zero mean. Fix (N-independent) constants a_ < —2 and
2 < ay < J. Let T be the rectangular contour whose vertices are (a_ £ ivy) and
(a4 £ 1ivg) for some vy € (0,1]. The contour is oriented counter-clockwise. For a test

function ¢(x) which is analytic in a neighborhood of [—2, 2], we consider

N
N =300 = N [ pla)donata
i=2 2
~ 1 [ez) N [ e !
fr —_— d _ d d sc e (2)d
ZQij{z—)\ZZ QWi/jgz—xzal() 2#2]{¢(2)§N =
= r R T r
(4.97)
where
A
@ (z) = ~N d 4
£N (Z) )\z — /(L’ — 5 Uscl(x) ( 98)
R
Decompose I into I', UTy UT; UT,. UTy, where
IFn={z=z+iv:a- <z <ay}, (4.99)
Fy={z=x—ivg:a_<z<a;}, (4.100)
I ={z=a_+iy: N7 <|y| <w}, (4.101)
I, ={z=a, +iy: N7° <|y| < v}, (4.102)
To={z=a_+iy: |y < N°YU{z=ay +iy: |y < N} (4.103)
for some § > 0. In the proof of Theorem 1.6 in [13], the authors showed that
S| 1 1
= ~N Ao () = €7 — 4.104
() =35 N [ =l o
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converges weakly to a Gaussian process with mean b(z) = b (2) + i and covariance

[(2;,2;) = T®(z;, z;) where b (2) and T'®(z;, z;) are given in the proposition below.

Since for each fixed z € C,, ﬁ — i in probability (by Lemma IV.10), it is

natural to expect the following result for a partial sum.

Proposition IV.17. Let

s(z):/ L ouy(a) = EHVE A

4.105
Tr—z v 2 ( )

be the Stieltjes transform of the semicircle measure. Fix a constant ¢ > 0 and a path
K C C; such that Sz > ¢ for z € K. Then the process {51(5)@) 1z € K} converges

weakly to a Gaussian process with the mean

2 _ 5(2)? J / 3 1
b (2) = =52 (—1 T T507) + (wy — 1)s(z) + §'(2)s(z) + (Wy — 3)s(2) )_j —
(4.106)
and the covariance matriz
@ (2 2:) = §'(2)8 (2:) [ (wy — 1 —3)s(z)s(z; 2 )
9 (s035) = o ()5 25 (2 = 2+ 2003 = 3)5(3)5() + =)
(4.107)
Remark IV.18. Note that as z — j,
s(2)? J sy 1 s"(J) 5
[—sGPIss()  Trs() 27 + “0) +O0(z — J). (4.108)

Hence, b®(z) is analytic near .J and thus analytic for z € C \ [-2,2].

In order to complete the proof of Theorem IV.6, we will prove the following lemma.

Lemma IV.19. Define the events
Qv i={\ >J - N3\, <24 N3} (4.109)
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which satisfies P(Q%) < N=P for any fived (large) D > 0. Then for some § > 0,

lim limsup/]E|£](3)(z)]lQN|2dz =0, (4.110)
=0T Nooco
Ty

where 'y can be Iy, I'y or T'y.

From the explicit formulas (4.106) and (4.107), it is easy to check that

lim [ E|€@(2)]2dz = 0. (4.111)

vo—0T
Ty

Proposition IV.17, Lemma IV.19 and (4.111) imply that N, ]S,2 )() converges in distri-

bution to a Gaussian random variable with the following mean and variance:

A 75 f p(e)p() Do )dadz. (4112)

27
r

It is direct to check that these are equal to M (p) and V) (p) (see Section 4.2 in

[13]). We thus obtain Theorem IV.6.

4.4.2 Proof of Proposition IV.17

From Theorem 7.1 of [21], we need to show (i) the finite-dimensional convergence
of fj(\?)(z) to a Gaussian vector with desired mean and variance, and (ii) the tightness
of fj(\?)(z). We will base our proof on the corresponding properties of {y(z) obtained

in [13]. Let us first recall the limit theorem for {y(2).

Lemma IV.20 (Proposition 4.1 in [13]). Let s(z) and K defined in the same way

as in Proposition IV.17. Then, the process {n(2) : 2 € K} converges weakly to a
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Gaussian process {£(z) : z € K} with the mean

s(2)*

b(z) = 1—s(2)2

J / 3
(o ot )
(4.113)

and the covariance matrix

F(Zi, Zj) _ S/(Zi)S/(Zj) (<w2 — 2) + 2(W4 - 3)3(21‘)5(2’]') + (1 _ S(Zzi)s(zj))2) ’

(4.114)
Let 21,22, , 2, are p distinct points in K. The above lemma implies that the
random vector (§x(z;))r_; converges weakly to a p-dimensional Gaussian distribution

with the mean (b(z;))?_; and the covariance matrix I'(z;, z;). Since the distance be-

1 N 1

tween K and A; is bounded below, —— =

in probability fori = 1,--- , p. Hence,
by Slutsky’s theorem, ( ﬁ)(zi))le converges weakly to a p-dimensional Gaussian dis-
tribution vector with the mean (b®(z;))?_, and the covariance matrix ['®(z;, z;),

where

b (2) = b(z) — ——, (4.115)

and F(Q)(Zi, Zj) = F(Zi, Zj).
From Theorem 12.3 of [21], in order to show the tightness of a random process
(Cn(2))zex, it is sufficient to show that (i) ({n(z))n is tight for a fixed z, and (ii) the

following Holder condition holds: for some N-independent constant K > 0,

E |CN(21) — CN(Z2>’2 S K’Zl — ZQ|2, 21, %2 € K. (4116)

In [13], the authors considered the random process (y(z) := &{n(2) — E[En(2)], and

proved that it satisfies conditions (i) and (ii). Now, we consider Sj(\?)(z) = C](VQ) +
E[¢n(z)], where C](\?)(z) = (n(z) — ﬁ Since E[¢n(z)] converges, it is enough to

check that ( ](\?)(z)) ~ satisfies conditions (i) and (ii). Now for a fixed z, the tightness
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of ((n(z))n and the boundedness of ﬁ imply that ( ](\?)(z))N is tight. On the other

hand, since (y(2) satisfies the Holder condition and Sz > ¢ for z € K,

1 1

AL — 2 AL — 22

E |2 (z1) — (P () < 2B [Cx (1) — Cn ()] + 21@\

, , , (4.117)
§2K|Zl—22|2+|zl—_422|: (K+—4> ‘21—22|2.
c c
Thus {51(3)(2), z € K} is tight. This completes the proof of Proposition IV.17.
4.4.3 Proof of Lemma IV.19
For z € Ty, we notice that |§J(V2)ILQN| < CN and then
/ E|¢P1q,|? < ON*, (4.118)

1)

Thus (4.110) holds for I’y with 6 > 2. For I'. and I', it is sufficient to show
E \51(3)|2 < K for some N-independent constant K > 0. The authors in [13] showed?

that E|{y(2)]* < K. Hence, for z € T,

1 2

1 — 7

(4.119)

€8 (2)1ay * < 20n(2)Tay[* +2 |5 Lo,

The lemma then follows from the fact that | 1, | is bounded.

1
A1—2z
4.5 Joint Distribution of yy and N ()

As before, let A be a random symmetric matrix of size N whose entries are (up to
the symmetry condition) independent centered random variables satisfying Definition
IV.1. Let M = \/LNA + %11T where J > 1. Let A\; > --- > Ay be the eigenvalues of
M.

2Even though it is stated in Lemma 4.2 of [13] that the lemma holds for sufficiently small § > 0,
the proof of it is valid for any § > 0, and we use d > 2 for our purpose.
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Let xn = VN (A — J ) denoting the rescaled largest eigenvalue. Given an an-
alytic function ¢(z), recall the partial linear statistics N ](\,2 ) = SV o) —
N f_22 o(2)dosq(z). We saw in the previous sections that xy and N () converge
individually to Gaussian random variables. In this section, we consider the joint dis-
tribution and prove Theorem IV.8. In Subsection 4.5.1, we first prove Theorem IV.8
assuming that the disorder variables are Gaussian random variables. In Subsection

4.5.2, the general disorder variables are considered using an interpolation trick.

4.5.1 Asymptotic Independence for the GOE case

Let the off-diagonal entries of A be Gaussian random variables of variance 1 and
the diagonal entries be Gaussian random variables of variance 2. In random matrix
theory, the random symmetric matrix H = \/—INA is said to belong to the Gaussian
orthogonal ensemble (GOE). A special property of GOE, compared with general
random symmetric matrices, is that the probability measure of GOE is invariant
under orthogonal conjugations.

The following result is basically in [30].

Lemma IV.21. Let (%Azz, Aij, Yi)i<icj<n be i.i.d. standard Gaussian random vari-
ables. Let H = \/LNA with A = (Aij)i<ij<n and let Y = \/Lﬁ(yl,--~ ,yn)L. Define
G(z) = (H—=zI)"" for z € C\[-2—6,2+6], which is well defined with high probability
for fixed § > 0. Then, for z € R\[-2 — 6,2 + 4],

nn(z) = VN(Y*G(2)Y — %Tr(G(z))) = n(2) (4.120)

where n =n(z) =N <0,2f d(‘;s_;lz()?) is a Gaussian random variable.

Proof of Lemma IV.21. We follow the idea presented in [30]. By Theorem 5.2 of
[30], it is enough to check the following three conditions for G: (i) There exists an

N-independent constant a such that ||G|| < a with high probability, (i) + TrG?
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converges to a constant in probability, and (iii) % Zf\il G? converges to a constant
in probability. They follow from rigidity of eigenvalue (Lemma IV.10), law of large

numbers (Corollary IV.11), and local law (Theorem 2.9 of [55]), respectively. O
We are now ready to prove the following property of GOE matrices.

Proposition IV.22. For H defined in Lemma IV.21, denote its eigenvalues by p; >
pa >+ > pn. For fived k, consider a random vector (X%, X%, -+ , X&) whose entries
are real measurable functions of those eigenvalues, i.e., Xy = X4 (p1,pa, -+, pn) for
i=1,2,--- k. Suppose there is a random vector (X*)%_, such that (X§)F_, = (X9)F,
as N — oo. Then for ny and n defined as in (4.120), (X%, X%, -, X5 ny) =
(X1, X%2...  X* n), where n is independent from (X1, X% ...  XF¥).

Proof. For the convergence, it is enough to show (i) (X%, X% -+, X%, ny) is tight,
and (ii) convergence of characteristic function. The tightness follows from the tight-
ness of individual random vector (variable), which is a consequence of individual

convergemnce.

For (ii), consider the eigenvalue decomposition H = OPOT, where P = diag(p1, p2, -

and O is an orthogonal matrix. Since the H is orthogonal invariant, P and O are
independent. Set X = OTY. Then X = \/Lﬁ(xl, -+, xy) where z1,- -+ ,zy are i.i.d

standard Gaussian (X is also independent with P).

Now, ny = Y*G(2)Y — +TrG(z) = SN 3;2:; Since E[e™*1] = ﬁ, we find

that for any ¢ € iR, the conditional expectation over X given P satisfies

t

N
_1 _ 2t —
P:| = He 210g(1 \/ﬁ(pifz)) \/ﬁ(pifz)'

i=1

z2—
Ex [e™¥|P] = Ex [e77 21 =

Note that (X%, X%,---, X%) only depends on the eigenvalues, and hence it is inde-

o8
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pendent of X. Thus, for any uy, usg, -+, ug, t € iR,

2t

N
. 1 _ _ t
iy [ e 2108~ 7R, =5~ VR G | | (4.121)
=1

& )
E ezjil quf\,+tnN:| — E

Since —3log(1 — 22) — z = 22 + O(2*) as z — 0, using Corollary IV.11,

N 2 1 1

_1 _ 2t _ t 1Nt - 2 _ 1 -5
[[e 2 8T, T Vo) = N 2=t G TONTE) B g daeal@)+ONT2)
=1

_E [etn(z)] eO(N—%)

(4.122)

with high probability. Denote this high probability event by Q. Then,

lim E [ezlewx%“w] = lim <E [eiﬁzlwxﬁt”N\QN} P(Qy) +E [ez?ﬂwx?ﬁmw\ﬁﬂ P(Qg@)

N—oo N—oo

—F [62;21%)0} E [¢)]

(4.123)
since t, uy, usg, - - - ,ur € iR and hence all exponents are pure imaginary. Note that the
characteristic function of (X1, .-, X* n) is equal to the product of the characteristic

functions of individual random vector (variable). Thus n(z) is independent from

(X1, ... X*). This completes the proof. O

Corollary IV.23. Fiz 6 > 0, consider z; € C\R and z, € R\[-2 — §,2 4 6]. Recall
s(z) defined in (4.105). Then (Tr(G(z1)) — Ns(z1),nn(z2)) converges in distribution

to independent Gaussian random variables.

Proof. Note that Tr(G(z1)) — Ns(z1) is complex, we consider the random vector
(R(Tr(G(z1)) — Ns(z1)), S(Tr(G(z1)) — Ns(z1))). By Proposition IV.22, it is enough
to show that (R(Tr(G(z1)) — N(s1)), S(Tr(G(21)) — Ns(z1)) converges to a Gaussian

random vector. Consider the expression 2y = E+in for ¢, € R and n # 0. Recalling
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the definition of linear statistics Ny (¢) defined in (4.29), we have

R(TH(Gl=1) = Ns(an))) = Nl o) = s,

and
S(Tr(G(z1) — Ns(z1)) = Ny (p; ixz*.
(Tr(G(z1) = Ns(z1)) = Nw(@i),  pil) TR

That is, they are both linear statistics. Then Corollary then follows from Theorem

1.1 of [9]. O

Remark 1V.24. When we prove Theorem IV.8 for GOE, we use Proposition IV.22
and Corollary IV.23 with N-dependent z;. First, for a fixed 2 € R\[-2 — §,2 + §]
for some § > 0, let 2o = Z3(N) := \/@22. Using the exactly same argument in the
proof of Lemma IV.21, one can show ny(Z2) = n(zs). Since the (4.122) still holds

for Z, and n(zy), the asymptotic independence in Proposition V.22 is still valid, i.e.
(X]1\77X]2V7 e 7X]]ifvnN(22)) = (X17X2 e 7kan<22))a
where n(zy) is independent from (X!, X2, --- X*). Second, for z; € C\R, consider

Z =% (N) = /22 Notice that

1 1
— PR +O(N7?).

xr—2 x—2z 2N(x—2z)?

Then, by the discussion in Remark IV.7, Tr(G(%,)) — Ns(Z;) = Ny(===) converges

r—2Z1

to a Gaussian random variable. Now, putting together, for Z; and Z; defined as
above, (Tr(G(21))—Ns(Z1),nn(Z2)) converge jointly to independent Gaussian random

variables.

We now prove Theorem IV.8 for the case where the disorder belongs to GOE.

Proof of Theorem IV.8 when A belongs to GOE. Recall that \; are the eigenvalues of
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M = \/LNA + %IIT with A from the GOE. Since the means and variances follow from
[30] and Theorem IV.6, it is enough to prove the asymptotic independence of xy and
./\/}S,Q)(cp). (Notice that that W3 = 0 for Gaussian A;;.) Now, for any analytic test

function ¢, the partial linear statistics can be expressed as (see (4.98)) an integral of

r—Zz

N
@\ 1 1
¢2(2) = 2; = N / do(z), ze€ C\R. (4.124)
= R

Then according to Lemma IV.19 and what follows, it is enough to prove that xn and

51(3)(2) are asymptotically independent for fixed z € C \ R. Let

En(z) = €P(2) + . 1_ - =To(M —2I)"" — Ns(2).

Since = — ﬁ in probability, it is enough to prove that xy and {y(z) are asymp-
totically independent.
Since the GOE is orthogonal invariant, for every deterministic matrix U, the

eigenvalues of A + U have the same distribution as A + OUO? for any orthogonal

matrix O. Thus, we may consider the following equivalent model:

1
M = ——A + diag(J,0,--- ,0). 4.125
7N g( ) ( )

Following the proof of Theorem 2.2 in [30], we write

A *
o |WEE (4.126)

Y M

Since det(M — zI) = det(M — zI) (3—% +J—z— Y*G(z)Y) with

A~ ~ 1

G(z) = (M — zIy_,) ' = (\/NA — 2ly_1) 7Y, (4.127)
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the largest eigenvalue of M satisfies

A
A= J+ \/—% —Y*G(\)Y (4.128)

if \; is not an eigenvalue of M, which holds with high probability. Using the resolvent

formula twice, we write

G\) =G(J) + (G = G() = G(J) + (M — J)G(M)G(J)

= G)+ M = DG+ (M — D2G(N)G(I)2

Hence
. A, 1 R
M—J=——-——=-Y"GL2)Y
A 1 5 RN N2y % A Ar N2
e N —YGJY—I—)\ JY*GJY+)\—JY*G)\GJY
A= 5 = YIGUDY o (= DYGURY + (= JPY GG

with high probability. Moving all terms with factor A\; — J to the left and taking it

out as a common factor, we arrive at

A = VNG +Y*G(I)Y)

X = VN - J) = L+ Y*G(I)2Y + (A — J)Y*G(A)G())2Y

(4.129)

with high probability.

Note that M and Y satisfy the setting of Corollary IV.23 up to the scaling factor
/| N
N_1- Set

N ~ N 1

Y = N—lY G(z) = ( N_lM—z[N 1) (4.130)
Then, Y and G satisfy the setting of Corollary IV.23, and
AL s N—-1-, ~ =~ - N .
Y Y =4/—Y" Y =3/ —J. 4.131
G(J) N G(J)Y, J N 1J (4.131)



Now, by Corollary IV.11,

1
N -1

Tr(G(J)) = s(J) + O(N~H) = —% + O(N~*9) (4.132)

with high probability. By Lemma IV.21, Corollary IV.11 and Lemma IV.10,

A A 1 ~ N A A
Y*G(J)?Y — SEEE (A — D)Y*GM)G(JI)?Y =0 (4.133)

in probability. Using (4.133), (4.132) and denoting the denominator in (4.129) by Dy,

we write
xn = D! (AH — i1 () + O(N*%“)) , (4.134)

where ny_1(J) = VN — L(Y*G(J)Y — +Tr(G(J))) (see (4.120)) and Dy — JQJ—Q

1
in probability. Note that A;; and n N,l(j ) are independent, the distribution of y is
governed by their convolution.
We now turn to the linear statistic x(z). Using Schur complement of M with
block structure in (4.126), for any z € C\R,
A A A .
Te(M — 2I) "  =(J + 22 — 2 = Y*G(2)Y) 7 (1 + Y*G(2)%Y) + Tr(G(2))
VN
(4.135)

Using Lemma IV.21 and Lemma IV.11,

1+ Y*G(2)2Y 148
+ (2) i R + 5'(2)

Dy = Dy(N) :=
2 2(V) J_|_A—ﬁ—z—Y*G(Z)Y J—z—3s(2)

in probability. Then, by setting z := Z(N) = 4/ %z, we write

En(2) =Te(M — 2I)™' = Ns(2) = Dy + TrG(2) — Ns(z) + O(N~2+)

s(z) = z25(2)

N (3 5 —5te
=Dy - T2+ —— (TrG(z) (N - 1)5(2)) +O(N—3),
(4.136)
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That is, the fluctuation of £y (2) is govern by TrG(2) — (N —1)s(%). Now using Corol-
lary IV.23 and Remark IV.24, one can conclude that (TrG(2) — (N —1)s(2), ny_1(J))
converge to independent Gaussian random variables. Furthermore, Ay is independent
of both Y and M. Thus by (4.134) and (4.136), (£x(z), xn) converge to independent

random variables. Theorem IV.8 then follows. O

4.5.2 Proof of Theorem IV.8 for general case

We prove Theorem IV.8 for general disorders, where the disorder matrix A is a
Wigner matrix and satisfies Definition IV.1. Unlike the GOE, Wigner matrices are
not orthogonal invariant, hence we cannot apply (4.125) where we replaced the rank-1
perturbation in M by a diagonal matrix. To overcome the difficulty, we use an inter-
polation method. It has been successfully applied in many works in random matrix
theory, where a given matrix and a reference matrix such as GOE are interpolated.
We refer to [83] for its application in the analysis of linear eigenvalue statistics.

Let V = \}_NA be a (normalized) Wigner matrix and V¢ be a (normalized) GOE

matrix independent from V. Define
H(t) = Vcost + VCsint (4.137)

so that H(0) =V and H(%) = V. Note that E[H?] = + for i # j. Let

1 1
e= 17 = L1,...., )T eRrRY 4.138
VARV Gl (439
and
M(t) = H(t) + Jee’, (4.139)
whose eigenvalues are denoted by A\; > Ay > -+ > Ay. Define the resolvents
Giz)=(M -z,  Gz)=(H—-=zI)"" (4.140)
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Here, we omit the dependence on ¢ for the ease of notation. We note that G and G
are symmetric (not Hermitian). For any (small) fixed § > 0, G(z) is well-defined for
z € C\ [-2— 6,2+ §] with high probability.

For xy = vV/N(\ — J), we notice that

~ A

Goo(M) = (e, G(\)e) = — (4.141)

1
J
with high probability. The claim holds since

0 = det(M — \1I) = det(H — M\ I)det(] + JG(\)ee”)
= det(H — M\ I)det(I + JeTG(\ )e) = det(H — \T) (1 + J@ee()\l)>

(4.142)

and A; is not an eigenvalue of H with high probability (See Lemma 6.1 of [77]).

Furthermore, by Taylor expansion,
—= = Gee(M) = Gee(J) + G (J) (M — J) + O(N~H9) (4.143)

with high probability, since |A\; — J| = O(N~"2%¢) and [|G”(z)|| = O(1) with high

probability. From the isotropic local law, Theorem 2.2 of [77], we find that

Gee(J) = s(J) +O(N"2t),  GL(J) =5(J)+ O(N"zt9) (4.144)

with high probability. Thus, using Lemma IV.21,

xv=VNQ —J)=— + O(N—2+2) (4.145)

with high probability. That is, the behavior of x is governed by the fluctuation of

N

Gee().
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To prove the Theorem IV.8, as in the Gaussian disorder case, it is enough to
show the convergence of the joint distribution of xn and the full linear statistics
En(z) = Tr(G(z)) — Ns(z) for fixed z € C\ R. Under the light of (4.145), we set
out to calculate the following characteristic function involving &x(2) and Gee(J).

Explicitly, for t1,t5,t3 € iR and 2z = E + inp with £ € R and n > 0, we define

E [ep(t)} = E [etlﬂgNJrQ%éNHSnN} R P(t) = tléRfN(Z) + tzng(Z) —+ tgnN,
(4.146)
where

ny = VN (Gee(J) + %) . (4.147)

Note that ny is real, the exponent P(t) is pure imaginary and thus |e”®| < 1. For
our purpose, it is desired to estimate E[e”®]. At ¢ = Z, the disorder H(Z) reduces
to the GOE case. From Subsection 4.5.1, xyn and &y are asymptotically independent
in the GOE case, then

lim E [e7(2)] = E [e"™H25¢] LK [ef7] (4.148)

N—o0

for some Gaussian random variables &, n with known mean and variance. Thus, it
only remains to estimate the ¢-derivative of E[eP®)]. Here, we recall the following

identity for the derivative of the resolvent G. For 4, j,a,b=1,2,--- | N,

0
oM, Gap = —Bir(GajGro + GarGio) (4.149)
with
1 j#k
Bk = (4.150)
1/2 j=k.

We note that the above identity also holds if one replace G by G. Thus for any fixed
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event (2,

dM;; 0
il P(t) — g P P
ai Bl >0 ot |
1<j
:ZE (V;jsint—VijG(:ost) (tﬂ%(G) +t2\9 G2 ZGP’ )
i,J

(4.151)

The reason for the introduction of €2 will be revealed after the proof of Corollary
IV.27. The right hand side of (4.151) motivates us to apply the generalized Stein’s
lemma. More precisely, we will use Proposition 3.1 of [83] with a small modification

as follows:

Proposition IV.25. Given an event Q, let X be a random variable such that E[| X |P2|Q] <

oo for a certain non-negative integer p. Denote the conditional cumulants of X by
k= (Q), 1=1,....,p+1. Then for any function ® : R — C of the class C**' with

bounded derivatives @V 1 =1,...,p+ 1, we have

p

E[X®(X)|0] = Y " E[@O(X)|2] + 6, (4.152)

where the remainder term €, admits the bound

p+2
J

le,] < CLE [|X]P2 | 1+ max /@(P“)(UX)\dv Q (4.153)

1<j<p+1

for some constant C,, that depends only on p.

Proof. We basically follow the proof of Proposition 3.1 of [83]. Let m, be the degree
p Taylor polynomial of ® and let r, = ® — m,. Then, as in the proof of Proposition
3.1 of [83],

E[X,(X)|Q] = zp: N 0 (X)) (4.154)

| P
j=0 "
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Thus

p p
Ky Ry
E[X®(X)|Q)] — = B[00 (X)[0]| < [B[Xr(X)[Q]] + ) ‘ T e [0 ()9
=0 1=0 '
(4.155)
Since
)(p+1 ;
m(X) = — / dPD(pX) (1 — v)Pdo, (4.156)
p: )
by the estimate |r;| < (27)7 E[|X|7|Q] and Hélder’s inequality,
Z |ffl+1| ‘E Tl ’Q ’ Z fil-‘rl ’X|p+1 l/l(b (p+1) ’UX ’dU)Q
< Iy
1=0
p+2

p+1-1
2l 2 l+1
<Z + E || X[PP2 1+ /](I) @+ (pX)|dv
(4.157)
As |[E[X7,|Q]| can also be bounded by the right hand side of (4.157), the proof is
complete.

]

In order to apply Proposition IV.25 to (4.151), we need prior bounds of P(¢) and
its derivatives to bound €, in (4.152). As we will see later, it is enough to bound Gj;,
(G?)ij, C?ij and Zp G’ip. In the following, we are going to introduce a high probability
event €2, on which we have the desired bounds.

With the trivial bound |G| < % (recall that z = E +in), we have that |G;;| < 71]
and |(G?);| < ||G?|| < . For Gy;, we introduce the high probability event Q; =

n

{\ < (24 J)/2}. Tt is easy to check that ||G]|1q, < ﬁ and thus

2l | < ——, 4.158
ol < (4159

For Ep Gip, we recall the following concentration theorem for the quadratic function
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~

of G:

Proposition IV.26 (Theorem 2.3 and Remark 2.4 of [77]). Fiz ¥ > 3. Set ¢ =

(log N)loslos N = Then there exist constants Cy and Cy such that for any
Ee[S, —2— N 5U2+¢C N5, 5,
and any n € (0,%], and any deterministic v,w € CV,

0, GzJu) — () whl < 9%/ 52 ol (4159)

with high probability, uniformly on z = E +in.

Let e; :=(0,---,1,---,0). Noting that 25:1 Gpi =+/Nle, Ge,}, we can derive a

prior bound for Z;)VZI épi, which is summarized in the following Corollary.
Corollary IV.27. For any fized E € R\[-2,2], the tail bound

1) (G(E))u| < N° (4.160)
holds simultaneously for v =1,--- N with high probability. We also have that

(v, G(E)w) — s(E)(v,w)| < [|o] [lw] N~ (4.161)

with high probability.

Proof. We first prove (4.161). Consider z = E +iN~'/2. Using Proposition IV.26, we

69



find there exists some C' > 0 such that

A ~

(v, G(B)w) — s(E){v,w)| < [{v, (G(2) = GE)w)| + [{v, G(z)w) — s(2){v, w)|
+1s(2) = s(E)[ (v, w)]

< ONY2 |l lw]| + Co N~z |jv]| [lw]| + CN72,
(4.162)

Here we also use the fact that £2; holds with high probability. Since p < N°€, (4.161)
then follows. The tail bound (4.160) can be obtained from (4.161) by setting v = v/Ne

and w = e;. O

Based on our discussion above, we are ready to introduce the high probability
event as promised. Set s, := s(2), 8} := s/(2) and sy := s(J) = —J ', the desired

high probability event € is the intersection of €2, and the following events:

Qo ={|D (G(N)pl <N, Vi=1,--+ N}N{|Gee(]) = 52| < N-zt} (4.163)
p

Q3 ={|Gi; — dysol S NTZF, Wi j =1, N}, (4.164)
Q = {|Gyj = Sysal, [(G?)yy — G| < NT2F, Wi, j=1,--- N}, (4.165)
Qs = {|Vyl, IVE], |My| < N73%, Vi, j=1,--- N} (4.166)

Here, by Corollary IV.27, €25 is a high probability event. The fact that 23 and €4 are
high probability events can be checked from Theorem 2.8 and Theorem 2.9 of [55]. It
is easy to check that ()5 is a high probability event from the existence of all moments.
Furthermore, by the Lipshitz continuity of the resolvents G(z;t) w.r.t to ¢, we also

find that € holds uniformly on ¢ with high probability.
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Applying Proposition IV.25 to Equation (4.151) conditioning on €2, we claim

Vi (tlafe )i+ :23(G)yy + ZGPZGM> 7o

3 Vij l
:ZcosltzﬁlﬁlE <8]\84) ((lﬁ%(G )ij + t23( (G?) )ij + ZG ) ) ‘Q
=1 ij ) t
+ O(N~2t9)

(4.167)
where /ilv” denotes the [-th cumulant of V};. Here, it is justified to replace the condi-
tional cumulants by ﬁ;/”, since (2 is a high probability event.

To prove the claim, we begin by controlling the remainder term ¢, in (4.152). On

Q, GijaGAij and (GQ)ij are O(l), and

NT2D Gy = N7 <Z Gp) (Z %) — O(N~279),
p.q p 7

Thus, 2-P = O(1) on . From the resolvent identity and the definition of event

" OM;;
Q, we find ||G(z;0V};) — G(2: Vi)l = O(N=2%) for 0 < v < 1. Thus on Q,

%P(t; vVi;) = O(1) for 0 < v < 1. Furthermore, we notice that

0
8Ml-j

(G?)ij = > GGk = =By (2G3(G?)ij + Gia(G?)j; + G3;(G*)a) |
k

(4.168)

6Mij

and

9 - - o .
M, ; Gpi = —fij (Gji ; Gpi + Gii ; Gpj) . (4.169)

Thus we can obtain similar estimates for higher derivatives of P. Since Vg =

O(N~=3%5) on Qs, we find that

<ot

dv < CN~3+0e (4.170)

1
Vi[> | 1+ max /
0

1<5<5

(i) *
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on €. That is, e3 < CN_%JFCE, and after summing over 4, j, the claim (4.167) is
proved.
We next consider the term in (4.151) containing V¢. Noting that the cumulants

of order higher than 2 vanish for Gaussian random variables, it reduces to

e s )
1,J

G 0 t
=(sint) ZK;/” E N ((hﬂ%(G )ij + £23( (G?) )ij + — Zszqu> ) ’Q
i K
(4.171)

+O(N"2%),

G
where /ﬁ;/ij denotes the second cumulant of V;f We now put (4.167) and (4.171) into
(4.151) conditioning on Q. This yields
3

E [ep(t)| Q] = (sint) Z(COSI t)1; — (costsint)I{" + O(Niéﬂ)a (4.172)

=1

dt

where we define

Vij

_ K
1,_2 T E

%,J

< 5 &j)l ((tlﬁre(c;?)ij +5S(GY), + \j—% 3y é,n-(;jq> eP> o

and

€= k"B

1]

0 t
g (oo frpa) )]

(4.174)
In the following, we will evaluate I, for [ = 1,2,3 separately. We may omit the

conditioning on €2 for the ease of notation.
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4.5.2.1 Estimate for I, — I

. Ve Vij . . . . .
Since Ky = Ky = % for i # 7, we only need to consider the contribution from

the diagonal entries to I} — I¢. By the definition of I; and I¢,

t A
ER(G2)ss + 13(G2) + —=3 " GG | 7 | .
i, ((ome oo G )
(4.175)
From (4.169), we find that

I S Ae
2 NG ,Gi = O(N 27,
\/NaMn' o

Similarly, it can be checked that all terms in the right-hand side of (4.175) involving

G are O(N~2%¢). Collecting the terms of order 1 only, we obtain that

G _ 1 2 o~ 2 2 o 2 2 P
I —IF = ~ ;(w2 —2)E [(26:R ((GuGii) + 2625 ((G*)iiGii) + (R(G?)is + 125(G%)ii)?) €”]

+ O(N™zt9),
(4.176)

Using the estimate |Gi; — 051, [(G?)ij — 01587 < N73% on Q4, we conclude that

Il—IlG = (U}Q—Z) (27513%(8/151) —+ 2152%(8/151) —+ (tl‘s)%(sll) + tz%(sll))Q) E [ep] —|—O(N7%+E)

(4.177)

4.5.2.2 Estimate for I,

We decompose I into

(31?4@) ((tl%(@)ij +1S(G); + % ) Gm‘@‘ﬂ’) 6P>]

=TI+ 2011+ Ipo,

Wiy
I, = Z 3T E

7:7‘7.
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W o\

. a 2—r ep .
8Mij

We first consider the case ¢ # j in the summand of I, 5_, for r = 0,1,2. Recall

(4.179)

that all terms of O(N _%+E) are negligible in the sense that they can be absorbed into

the error term in the right-hand side of (4.172).

e For Iy, we note that the terms arising from the derivatives of the G? are
negligible, which can be checked by following the argument in the proof of
Theorem 3.3 in [83], especially the estimate of T3 in (3.53) of [83]. For example,

one of such terms is bounded by

‘N 2 Z % E [tlg%(Giiij(GQ)ij)@P} ¢ (4180)

< .
= 4/
7 2 VAN
To prove it, we consider a vector u = (G117, G, ..., Gny) and proceed as

_ N
= |[(@, G*u)| < |G*||[|ul® < NIGIG]* < —.

Y GuGy(GP), ;

.3

On the other hand,

0 2 A A A A
( 5 Mij) GpiGlq = 6(GpiG5Giq + GpiGiiGiiGlq + GpiG1iG4;Gig)

From the estimate |Gzy —0;582] < N=3+¢ on Q3 the concentration of Gee on Qo,
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we then claim that

(4.182)

N ~

2
All the other terms in Iy arising from ( a”) > GpiGj, are negligible. One

of such terms is bounded by

Wgtg
e 2 E
Z?]
2|Ws||ts]
T (J—2)Ni 3

O GGG () qu)(fP]

q

STE[le”]] = 0Nt

i,J

(4.183)

where we use the definitions of €2, {25 and €)5.

e For /) 1, the estimates for the negligible terms can be done by using the argument

similar to (4.183) and (4.180). The remaining O(1)-terms are

Wit JU
]\?23 R {Z GGl (iR (Gii(G?) 5 + G3;(G*)ii)
Y] P,q

+ 153 (Ga(G?) 5 + G5(G?)ir) )ep} :
Using the definitions of {2y and €24, we write

iy = 2ty (1R (s151) + 3 (s15)) B [G2ee”] + O(N 1)

(4.184)
= 2Wits (1 R(s151) + 1:3(s151)) S [e] + O+,
e For Ij,, from the same analysis as for I ;,
Ioz = 2Wits (L R(51)) + 6:3(s157)) S E [e] + ONV27). (4.185)
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Again, the estimate can be done in a similar manner.

For the case i = 7, since there are only N terms in the summation in /5, all terms

are negligible due to the priori bounds on |G| and > G-

Collecting the terms in (4.182), (4.184), and (4.185), we get
Ky
> SrE
< 2!

o \° t.
(1) (e G )
i,j k

Wy (3355 + 6tatR(s150) (52)7 + 6tatsS(s151) (52)°] E [e"] + O(N379)
(4.186)

4.5.2.3 Estimate for I;

Note that any term in I3 involving G is negligible due to the extra N =2 factor.

Estimating as in the previous subsection, we obtain that

Vij 3
e (e e )|

]E[ep}

= — 4(W; = 3) [ R(s3s)) + t23(s38)) + (L R(s15)) —l—tg%(sls'l))Q

+O(N2+)
(4.187)

We remark that O(1)-terms in I3 contribute only to the corrections of linear statistics.

4.5.2.4 Proof of Theorem IV.8 for general case

Let

P(t) =P(t) — (W5 — 2)(cost)? (tlﬁ?(s'lsl) + t53(s)s1) + 5

1

3 (RS0 + 6360

+ Wg(COS t)g (thg + 2t1t3§R(518/1)83 + 2t2t3%<518/1)8§)

— (W4 — 3)(cost)* (tlﬁR( D)+ ta3(sts)) + (L R(s18,) + tQ%(SlSll))2> )
(4.188)
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Then, substituting (4.177), (4.186), and (4.187) into (4.167), we find that

%E[eﬂm — O(N-#+9), (4.189)

which implies that

E[”O|Q] = E[e"3)|Q] + O(N~2+9). (4.190)

Thus,

lim E [e7(0)] = lim (E [¢"?)Q] P(Q) + E [¢"© Q] P(Q9))
e oo (4.191)

—PO-PO) [ E[6P(0)|Q] — PO-PO) 1j, E[e"(3)].
N—oo N—o0

Here we use the fact that 2 holds with high probability and 15(3) = P(3). We can

now conclude that (RE{y(z), SEn(2), ny) converges to a multivariate Gaussian vector
in distribution as N — oco. By direct calculation, we also find that
z b(z Vi(z —2W3s, 5" 52

En(2) gy (2) | (21) 3515152 (4.192)

4 /o2 2
ny —Wss5 —2W3s15755 NEleE=)

with b(z) and V(z) are defined in Lemma IV.20. Now, using (4.145), we arrive at

En(z) Y b(z) | V(z1) 2W3s187(1 — 45)

N B1-4%) 2Wss181(1 — 55) 2(1 — %)

Hence, the asymptotic Gaussianity of (N, }ﬁ (), xw) follows. For (4.36) and (4.37), the
mean and the variance of N'®[¢] is given in Theorem IV.6. The limiting covariance

is given by
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where we use the change of variables z — s mapping C \ [—2,2] to the disk |s| < 1
with s + 1 = —z and (4.16) in [13]. This completes the proof of Theorem IV.8 for

general case.

4.6 Matching

In the transitional regime, we took 25 = % + %. The ferromagnetic regime
and the paramagnetic regime correspond to the limiting cases 25 > J and 28 < J,
respectively. In this section, we will consider formal limits B — 400 of the formula
given in the main result, Theorem IV.5, and check the consistency with the results
for ferromagnetic and paramagnetic regimes obtained in [13].

Theorem IV.5 states that the free energy Fly is close to the random variable

1 n B +logN+BzJ2+ 1
4J%2  2JVN AN AN N

1
‘/—_']t\;”an = g1 + NQ(QQ) (4195)

in an appropriate sense. Here, (G;,Gs) is a Gaussian vector independent of B. The
function Q(x) is given by (4.19). In ferromagnetic and paramagnetic regimes, [13]

shows that the free energy is close to

1, 1 11 — 5
FN =B+ 5) — 5108(28]) = 15— 5 + BW”N(H, aj) (4.196)

and

‘FJI\)fara = /B2 + %N(flaa{l% (4197)

respectively, where N(f, @) denotes a Gaussian distribution of mean f and variance

a. The parameters for the Gaussians are (see [13, (4)])

fy=Ws(J72 =T,
(4.198)

ap=2(1-J7%)
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and (see (1.11) and (1.12) of [13]; we set J' = J)

fi = 7 lo8(1 — 46%) + 5% — 2) + 26*(Wi — 3) — 5 log(1 — 26.7),

1 (4.199)
@=—3 log(1 — 43%) + % (wy — 2) + 28* (W, — 3).
The function Q(z) in (4.195) is given by
__ sl@) s(z)?  log(s(x) — ) (5(z) — )’

Q(x)—2(5<$)_x>—4<ﬂ_1)+ 5 —i—logI( FE > (4.200)

where (recall the formula (4.20))
sy = 17 B(J?=1)+/(z +2B(J2 —1))2 +4(J2 - 1)' (4.201)

From the formula, for x = O(1),

x4 %+ O(B™?) as B — +00,

s(z) = (4.202)

—B(J?-1)—++0(B™?)  as B— —oo.

Note that since we set 25 = % + % in the transitional regime, we regard B =

O(v/'N) when we take B — #o0.

4.6.1 B — 400

Using (4.202), we find that for z = O(1),
B
Q(z) = 7”‘“ +O(log B). (4.203)

Hence, since G; does not depend on B, we see that as B = O(\/N) with B > 0,

1 B B%*J* B log B log N
tran: - . 424
Fn 4J2+2J _N+4N+2NQQ+O<N)+O(N) (4.204)
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where O(f(B, N)) represents a random variable X such that the moments of B N)

are all bounded by constants independent of B and N.

We compare the above formula with the ferromagnetic case (4.196). If we set

26 = + &, then

1 B B*J* B

]_-ferro — I
N 4J2+2J\/N+ IN Tan

N (fs,a) + O(N3/2), (4.205)

We note that (see (4.198) and (4.25)) the mean and variance are f; = E[Gs] and

= Var|G,]. The above formula of Fi*" is thus consistent with Fleo.

4.6.2 B — —o0

Consider (4.200). Recall that I(a) = 1/22(1+ O(a™)) as @ — +oo from (4.65).

Hence, if z = O(1) and s(z) — oo, then

s(x)’

Qz) = TR

Ar(J? -1 1 1
P b CltultD B PS (—) . (4.206)
s(x s(x)
Using (4.202), we find that for z = O(1),

Qx) = —w + log \/g +O(B™h). (4.207)

Hence, the two leading terms of QQ(Gs) do not depend on Gy. Therefore, for B =
O(V/'N) with B <0,

2
Fui = = = G +%) +L1 0g <4T§|ﬁ> + G+ 0 (NlB) (4.208)

On the other hand, in the paramagnetic regime, if we set 25 = % +

2=
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B < 0, then the parameters in (4.199) satisfy (see (4.23))

fi= ilog(l ~J)+ %ﬂ(wz 2) + é(m -3) - 1log (%) +O(NTY?)
=E[G\] + % log (ﬁg) +O(N71?)
(4.209)

and

w2—2+W4—3
4.J? 8.J4

ap = —% log(1—J2)+ +O(N™'?) = Var[Gi] + O(N /%) (4.210)

Thus, if we set 23 = Ll, + \/% with B < 0, then

pus _ 1 (1 B S| 4N - _s/2
FN <J \/—> 1g< ] >+NN( [Gi], Var[Gi]) + O(N 7).

(4.211)

This is consistent with the formula of Fi".
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CHAPTER V

Spherical spin glass model with external field

5.1 Introduction

We consider a spin glass model in which the spin variable ¢ is in Sy_1, the sphere
of radius v/ N in RY. Let M = (M;;)1<ij<n is a disorder matrix given by a random
symmetric matrix from the Gaussian orthogonal ensemble (GOE). For i < j, the
variables M;; are independent Gaussian random variables with variance %(1 + 9;j).
By the symmetry matrix condition, M;; = Mj; for i > j. The external field is given by
the vector g = (g1, 92, -+, gn)? which we assume to be a standard Gaussian vector.
The analysis of this chapter also applies to the case when g = (1,---,1)7 but we do
not give any details on this case. The strength of the external field is denoted by a
non-negative scalar h.

The 2-spin spherical Sherrington-Kirkpatrick (SSK) model with external field is

defined by the Hamiltonian

N N
1 1
H(o) = 5 E Mijoio5+h E gio; = iaTMa + hglo (5.1)
i=1

ij=1

for o in the sphere Sy_;. The associated Gibbs measure is
L su)
plo) = —e for o € Sy_1 (5.2)
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where 8 = 1/T denotes the inverse temperature. The partition function and the free

energy are

1
Zy = / ") dwy(0) and .FN:N—ﬁlogZN, (5.3)

SN-1
where wy is the normalized uniform measure on Sy_;. Since the disorder variables
M;; are random, the Gibbs measure is a random measure and the free energy Fy is a
random variable. We are interested in the fluctuations of the free energy when h — 0
in a critical way.

The free energy for the Hamiltonian above when h = 0 converges to a deterministic
value and this was computed by Kosterlitz, Thouless and Jones in [78]. The Hamilto-
nian above is the 2-spin case of more general spherical spin glass models which include
interactions between multiple spin coordinates. The limit of the free energy for the
general spherical spin glass models which also includes the external field is given by
the Crisanti-Sommers formula [47]. This formula is the spherical version of the Parisi
formula [103] for the spins in hypercubes. The Parisi formula and Crisanti-formula
are proved rigorously by Talagrand in [113, 112]. The result of Kosterlitz, Thouless
and Jones shows that when h = 0, there are two phases: the spin glass phase when
T < 1 and the paramagnetic phase when 7" > 1. On the other hand, they argued that
when h > 0, assuming that the external field is uniform, there is no phase transition.

The next order term of the free energy depends on the disorders and hence it
describes the fluctuations of the free energy. For h = 0 and T > 1, the fluctuation
term is of order N~! and has the Gaussian distribution. This is proved for both
hypercube case [1, 60, 42] and the spherical case [12]. For h = 0 and T' < 1, for the
Hamiltonian above, the fluctuation term is of order N~=2/3 and has the GOE Tracy-
Widom distribution [12]. On the other hand, when h > 0, the fluctuation term is
of order N~/2 and has the Gaussian distribution for all temperature in [37]. This

paper also obtained similar results for general spherical spin glass models and also
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the hypercube models.

It is interesting to consider the case when h — 0 scaled with N. When T"' =0, a
large deviation result for the free energy was studied in the scaling h = O(N~'/6) in
[61]. This computation was proved rigorously in [50]. The paper [61] also considered
the number of local minima and maxima of the Hamiltonian when h = O(N~%/°) and
also h = O(N~Y/2),

The purpose of this chapter is to study the case h — 0 systematically up to
the fluctuation term for the free energy. Our computation is based on a single inte-
gral representation of the partition function. The integrand of this integral contains
random terms, the disorder variables and the external field. This formula was first
observed by Kosterlitz, Thouless and Jones [78] and was used to evaluate the limiting
free energy. We adapt their analysis to compute the next order term. This is achieved
by utilizing the recent results of random matrix theory. The case when h = 0 was
obtained in [12] and here we extend it to the cases when h > 0 and h — 0.

The computations in this chapter is not carried out in full rigor. Most of our com-
putataions involve an error term bounded with high probability and hence keeping
track of them in detail and full rigor is cumbersome. Instead, we focus on discover-
ing the limiting law fluctuations with a detailed and convincing computations. We
expect that the computations can be proved rigorously, where extra estimations of
eigenvalues of GOE may be required.

The method we use provides a unifying approach for the 2-spin SSK model with
external field. Unfortunately this method is restricted only to the 2-spin case since
we use a Gaussian integral to obtain a single integral representation for the partition

function.
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5.2 Single integral representations

The partition function is an N-fold integral over a sphere. Using the Laplace
transform and Gaussian integrations, Kosterlitz, Thouless and Jones showed in [7§]
that this integral can be expressed as a single integral. We state this result and also
include its derivation here.

The following computation applies to an arbitrary fixed symmetric matrix M
and a vector g. Let \;y > --- > Ay be the eigenvalues of the matrix M and let
u; be corresponding unit eigenvectors. The sign ambiguity of u; does not affect the
computations that follow. Let A = diag(A;, Ag, -+, Ay) be a diagonal matrix and let
O = (uy, - ,uy) be an orthogonal matrix so that M = OAOT. Let SV~! be the
sphere of radius 1 in RY and let dQ2x_; be the surface area element on S™V~!. Then,

using the changes of variables \/LNOTJ =z,

1
o= |SN-1] / €7 T AN =1 dQ N () (5.4)

gN-1

where n; = (OTg); = ul'g. Note that if g is a standard Gaussian random vector,
then (ny,--- ,ny) is also a standard Gaussian random vector. If, in addition, M is a

GOE matrix, then n; are independent of the eigenvalues. We may write

1 N
Zn = TSV (B ,h/23 ) where [(t,s) = / ! T dat s VIZE iz (7).

SN-1

(5.5)
We take the Laplace transform of J(t) = t"¥/271I(t,s). We find, making a simple

change of variables ¢t = 72 and using Gaussian integrals, that the Laplace transform
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is equal to

(e.¢]
2

L(Z):/ —ztj( )dt—Q/ ZN( —A)yi+sdi 1myszy_2H€4(z

0 RN =1

n2
g
Ai)

zZ — )\z
(5.6)
for z satisfying z > A\;. We obtain a single integral formula of the partition function

by taking the inverse Laplace transform.

Using |SV7Y = 2“]\7//2) we arrive at the formula
y+ico F(N/Q)
— FG(z —
Zy = Oy / e29%dz  where Cy = 2ri(N G )T (5.7)
y—ioco
and

1 ZN a8 SN n2
g<z> =Bz N i=1 log(z )\Z) * N A A with  n; (O g)l Ui & (5.8)

Here, the integration is over the vertical line v 4 iR where « is an arbitrary constant
satisfying v > A;. Note that there is no ambiguity due to the choice of the sign of

the eigenvector since the formula depends only on n?.

In later sections, we evaluate the above integral asymptotically using the method

of steepest-descent. Consider

R N T R
G(z) = Zz A N;(Z—Ai)f (5.9)

=1 v

As a function of real variable z, it is an increasing function taking values from —oo to
[ as z moves from A\; to oco. Hence, there is a unique real number z > \; satisfying

G'(2) = 0. We set 7 in (5.7) to be this critical point. Using the fact that

VNS

ON = i (o)

(1+O(NTY), (5.10)
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the free energy can be written as

y+ioco

1 1 N 1 VN

- | — 1 2(G(z)-6MM)q — 1 2P o(N?

P = 55000 1-loe o | [ | rgtoe (o oY
(5.11)

where O(N~?) is a constant which does not depend on M and g. The main task of

later sections is to find v and evaluate G(7).

5.3 Results from random matrices

In this section, we recall the random matrix results introduced in Chapter IIT and
record calculation for later purpose. Some extra random matrices results required is

also introduced here.

5.3.1 Notations

For two N-dependent random variables A := Ay and B := By, the notation
A=0(B) (5.12)

means that A < B with high probability, i.e., for every €, D > 0, there exists Ny > 0
such that for all N > N,
P(A> BN¢) < NP, (5.13)

The notation ~ means an asymptotic expansion up to the terms indicated on the
right-hand side and the notation =< denotes two sides are of the same order.

The convergence in distribution of a sequence of random variables Xy to a random
variable X with respect to the disorder variables is denoted by Xy = X. We also
use the notations 2 and = to denote an equality and an asymptotic expansion in

distribution with respect to the disorder variables and the external field, respectively.
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Similarly, the notations 2 and ~ denote an equality and an asymptotic expansion in
distribution with respect to the Gibbs measure, respectively.
5.3.2 Semicircle law

By Theorem III.2, the empirical distribution of eigenvalues of M converges to the

semicircle law [86]: for every continuous bounded function f(z),

N A — 2
%Z f()\’L) — /f(x)do-scl(x) where d03cl<x> = %ﬂxe[_zg]dl' (514)
=1

with probability 1 as N — oo.

We use the following functions later:

So(2) = /log(z —2)dosg(z) and  sp(z) = /% for k=1,2,---, (5.15)

They are be evaluated explicitly as

so(z) =—z2(z — V22 —4) +log(z + V22 —4) — log 2 — %,

z—\z22 -4 z—Vz2 -1 1 (5.16)

S T Ve S G e O

for z not in the real interval [—2,2].

5.3.3 Rigidity

Under the notation introduced in (5.12), the Theorem II1.4 about eigenvalue rigid-

ity can be written as
Ak — Al < (min{k, N +1 - k})"V20 (N-2/3) (5.17)

uniformly for £k =1,2,--- , N, where k= min{k, N + 1 — k},
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5.3.4 Edge behavior

Recall the Theorem III.5, the the rescaled eigenvalues
a; = N*3(\ —2). (5.18)

converges to the GOE Airy kernel point process {«;}:2; [116, 109]. The rightmost
point a; of the GOE Airy kernel process has the GOE Tracy-Widom distribution
TWeoe,

a1 = oq 2 TWeaoE - (519)

The GOE Airy point process satisfies the asymptotic property that

3k \ */*
ap ~ — (%) as k — oo. (5.20)
This asymptotic is due to the fact that the semicircle law is asymptotic to —VQW_Idx as
x — 2. The above formula and the rigidity imply that
ar = —k*? as k,N — oo satisfying k < N (5.21)

with high probability.

5.3.5 Central limit theorem of linear statistics

Theorem II1.3 claims that

> S0 - N / F(2)do () (5.22)
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converges to a Gaussian distribution without any scaling factor for continuous f(x).

We use the above result for f(z) = log(z — ) where real z > 2. Set (recall (5.16))

Ly(z):= Zlog(z —\;) — Nso(2). (5.23)
In this case,
Ln(z) = N(M(2),V(2)) (5.24)

where (see Lemma A.1 in [12])

/3 2
M(z) = 1log <u> , V(z) =2log (H—24> . (5.25)
2 2+Vz22—4 2vz22 — 4
For later uses, we record that for 0 < g < 1,
1
MB+p7") = 5 log(1 — 5%, V(B+B7") = —2log(1 - 5%). (5.26)

In Subsubsection 5.4.1.2, we need to evaluate Y°1 | log(z—\;) for z = 24+O(N~2/3).

Observe that
M(z) = O(log(= — 2)) and V(z) = O(log(= — 2)) as z — 2 (5.27)

and
s0(2) = }lz@—\/ﬂ)—%ﬂog (”Tm) - %+(z—2)+0((2—2)3/2). (5.28)

Hence, a formal application (5.24) to this case implies that for z — 2 such that

|z — 2| > N~ for some d > 0,

%Zlog (z—=N) =s0(2)+0O (N_l) = %+(2—2)+(’) (N_l) +0((2—2)*%). (5.29)
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5.3.6 Special sums

For k=1,2,---, consider

I 1 (5.30)
N = (A = A)H '

7

Later we need an estimate for this quantity for £ > 2 and an asymptotic formula for
k=1as N — oo. The above quantity looks superficially close to the linear statistics
(5.22) with f(z) = ()\1+z)k with one term removed but the function f(z) is singular
at x = A;. We note that if we replace f(z) by ﬁ and use the semicircle law, we
obtain si(2) which diverges for £ > 2. Hence, the result of the previous subsection

does not apply. However, using the asymptotic (5.21) of the scaled eigenvalues (5.18),

we find that
Ly L N2k/3-1 - b O (N?k/3-1 for k > 2 5.31
N;(Al—)\i)k_ ;(al_ai)k_ ( ) rkz2 (53

For k =1, the sum of ZZZ\;2 Cbl+ll does not converge and hence (5.31) is not valid

in this case. However, we note that

2

/ dosal®) _ o9y 1. (5.32)

2—x
)

Indeed, it turned out that (5.30) with £ = 1 converges to this value. For our purpose,
we also need the next fluctuation term. This was obtained recently in [80]. Landon

and Sosoe proved that

1N 1

= . aTl/3 _ =

Ey =N (Nz)q—)\,» 1) = (5.33)
=2

for a random variable = as N — oo. The limiting random variable = can be expressed

91



in terms of the GOE Airy kernel point process as

(s22)*°
u 1 1 dz
== 1 - — — 5.34
nl—>nolo ZZQ a1 — ¢ T 0/ \/E ( )

where the limit exists almost surely. Landon and Sosoe used the result (5.33) to
describe the fluctuations of the overlap of two spins when A = 0 and 7" < 1. Their
analysis also uses an integral representation and a connection to random matrix theory
as in this chapter.

The idea behind the proof of (5.33) is the following. For a small § > 0, let n be

the nearest integer of N°. We write

n

2 An
1 do l( do l(x)
E _ N1/3/ sc 1/3/ sc
N Zal—al 2—z N2/3Z)\1 2—=x

1=2 X
Xn -2

(5.35)

By the rigidity of the eigenvalues, A\; — A = 2 — \; + O (N=2/3) for all i > 2. Hence,

N2/3 Z )\1 i N2/3 Z [2- A A+O<N4/3 Z ) ) (5.36)

1=n+1 'Ln+1

From the definition, it is easy to check that 2 — )\n = J’\‘ﬁ//g) forallm=1,---, N. Hence,

the error term satisfies

N4/3 Z , SO Z 24/3 (5.37)

= n+1 i=n+1

for some positive constant C', and hence it converges to zero as N — oco. Replacing
the sum of 271; in (5.36) by an integral using the semicircle law yields an error of

the same order. Therefore, the second bracket term in (5.35) converges to zero with

high probability. It remains to show that the integral in the first bracket term can be
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replaced by the integral

Co

% / %. (5.38)

This follows easily by recalling that n = [N°] and noting that

dogale) = VAT V220 (5.39)

21 s

as r — 2 and

2/3 ~ 3mn\ /*
N (2 - )\n> ~ (T) (5.40)

as N — oo. This computation implies the result (5.33).

A consequence of (5.33) is that

N
1 1
— =14+0O (N3 5.41
N2y oy T PO, (5.41)
a fact which we use several times in this chapter.

5.3.7 Weighted sums of independent random variables

Let n; denotes i.i.d standard normal random variable. In our setting, we have

= (OTg);. Define

Sl Z n _X (5.42)

z:l

for £ > 1. By the central limit theorem and the definition of Xi,
Sn(z; k) = N(0,2s9,(2)) (5.43)

as N — oo for z > 2.
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In later sections, we need the asymptotic behavior of

N N 1 ng
Z = Z TN (5.44)
=1 =1 =1
Recall that n;’s and \;’s are independent of each other. Applying the central limit
theorem (5.22) for linear statistics for the first sum and using the rigidity of the

eigenvalues for the second sum, we find that

1 < n? B Sn(z; k) 4
N;u_‘ IS, S o8

for z>2and k> 1.

5.3.8 Another special sums

We also need an estimate that

N N
1 n? n?
. ) — N2k/3—1 % =0 N2k/3—1 ] 5.46
N Z ()\1 - )\Z)k Z (a1 - ai)k ( ) ( )
=2 i=1
for k > 2. This follows from the fact that the sum converges due to (5.21).

For k =1,

3mn 2/3

2
N 2 2

1 n; = 1% 1 dx
N3 = i li (R / — 4
(Nz;)\l—)\z ) :nggo ;al—ai (e \/E (5 7)

0

where v; are i.i.d Gaussian random variables with mean 0 and variance 1 independent

of the GOE Airy kernel point process «;. This follows from (5.33) and the fact that

i i - (5.48)

converges due to (5.20) and Kolmogorov’s three series theorem [51].
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5.4 Fluctuations of the free energy

We evaluate the fluctuations of the free energy when the external field strength
h > 0 is fixed. We use the integral formula (5.11) as outlined in Subsection 5.2. For
the case when h = 0, this computation was done in [78] for the leading deterministic
term and in [12] for the fluctuation term using the same integral formula. For h > 0,
the fluctuations for the SK model were computed in [37] using a different method.
In this section, we review the computation of [12] for the case when h = 0 and also
give a new computation for the case when h > 0 using the integral formula. Our
result when h > 0 seems to be in agreement with the result of [37] assuming that
their result is also valid for the SSK model.

The integral formula (5.11) for the free energy involves the function (see (5.8))

hQB Nop2 T
G(z) =Pz — — Zlog z— N Z . —2)\1' where n; = (0"g);. (5.49)
i=1

The point v is the critical point of G(z) satisfying v > A;. The formula (5.11) also
involves an integral of ¢2 (9)=9M)_ Since G(z) — G(7) = G(2) — G(7) — G'(7)(z — ),

the exponent can be written as

2_7 2 2 7)2
N(G) -6 Z[log TN T JHMZ (z— A (7 A2

=1

(5.50)
This expression will also be used in the next two sections.
5.4.1 No external field: h =0
5.4.1.1 High temperature regime: 7" > 1
When h =0 and T > 1, we may write
Ln(z
G(z) = Bz — s0(2) — Jj\g ) (5.51)
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using the notation (5.23). From (5.24), we see that Lx(z) = O (1). Hence, a per-
turbation argument implies that v = vy + O (N ™) where 7, is the critical point of
Go(z) = Bz — so(z). Solving the critical point equation G|(z) = 0 explicitly using the

formula (5.16) of s¢(z), we obtain

Yo:= B+ 87" (5.52)

This solution exists only when 7" > 1 since we need a solution such that v, > 2 and

s0(2) = s1(2) = 1. We can check from the perturbation argument that
L 2 L
G(v) =G(n) - %%) +O(N7?) =5 +1+logh - %%) +O (N?). (5.53)

The random variable Ly(79) converges to a Gaussian distribution, whose mean and
the variance are given by (5.26).
In order to compute the integral term in (5.11), we use (5.50) with h = 0. Setting

z —~ =uN"Y? with v = O(1) and using a Taylor approximation,

N
1 1 - s2(70) -
N — = — = |2 O(NV2y =222 o (N2
(66 =000) = 55 | D g | +O (V) = FEt s O (V)
(5.54)
where we used the semicircle law. Hence,
y+ioco 1
FG(=)-6(M gy — ; i -1/2
e? dz =1i 1+0O (N . 5.55
/ e o
y—ioco
It is direct to compute that sy(vy) = 5%/(1 — 5?).
In conclusion, from (5.11),
Fn(T,0) = b + . [log(1 — %) — L ()] + O (N73/2). (5.56)
’ 4 " 28N

96



Hence, the fluctuations of the free energy are of order N~! and are governed by
Ly (7). Using the fact that Lxn(79) converges to a Gaussian distribution (see (5.24)
and (5.26)) as N — oo, we find that

p 1

Fn(T,0) T

T
+ ﬁ/\/’(—a,éla) for T > 1 (5.57)
where a = —1log(1 — T72).

5.4.1.2 Low temperature regime: 7 < 1

When = 0 and T < 1, it turned out that the critical point v is A\; + O (N71).
We set v = A\; + sN~! where s is to be determined. Separating out the term with

i =1 and using (5.41), we find that

o:g’(v)zﬁ—%z ! ‘:5—1—§+O(Nl/3). (5.58)

Thus s = 515 + O (N~'/?) which is consistent with our assumption that s = O (1).

To evaluate G(7), we use the result (5.29) for the sum of log functions and obtain
G(r) =28~ 5 + (8- (A ~2)+O (V7). (5.59)

On the other hand, using (5.50) with z =~ +uN"! for u = O(1),
N(G(z) — G(v)) = —log (1 + %) + g +O (N3, (5.60)

where only the term with ¢ = 1 makes the main contribution. Thus, we obtain an
estimate .
Y4100

/ X GER-GN gy = N1 (5.61)

y—ioco
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Hence, from (5.11), when 7" < 1,

3 logh 1 1 .
Fa(T,0)=1- 15 - OQgﬁ + 557 (1—3) a1+ 0 (N (5.62)

where a; = N?/3(\; — 2) as in (5.18). The scaled largest eigenvalue a; converges to
the GOE Tracy-Widom distribution (see (5.19)). Hence, the fluctuations of the free

2/3 and are governed by the largest eigenvalue. This is to be

energy are of order N~
contrasted to the high temperature case in which the fluctuations are governed by all

eigenvalues. In conclusion, when h = 0,

37 TlogT 1-T
FN(T,O)@l—IJF ‘;g + 3o TWeor  for T< 1. (5.63)

5.4.2 Positive external field: A > 0

When h > 0, we use (5.24) and (5.45) to write G(z) as

2 1 . —1
G(z) = Bz — so(2) + 1B |s1(2) + ﬁSN(z, | +0O (N (5.64)

where Sy(z; k) is defined in (5.42) which converges in distribution to N (0, 2s9x(2)).

By a perturbation argument, the critical point is given by

_ o -1
7—70+\/N+(9(N ). (5.65)

where 7 is the critical point of Go(z) = Bz — so(z) + h*Bs1(z). It is easy to check

that there is 7y > 2 satisfying the equation

B — s1(70) — h?Bsa(0) = 0. (5.66)
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We do not need the explicit formula of 7, in this section but we record it here since

the formula is used in a later section;

h?BSn (105 2)

= 5.67
" s2(70) + 2h%Bs3(70) (567)
where we used the fact that LSy (z;1) = —Sy(z;2).
A perturbation argument implies that
2 h?p o
G(v) = By — so(v0) + h*Bs1(70) + \/—NSN(%; H+0 (N ) . (5.68)

The integral term in (5.11) can be evaluated in the same manner as in 5.4.1.1
using the fact that 79 > 2. We do not need the exact formula; we only need an

estimate and obtain
y+ioco

/ NG00 gy = N-1/2 (5.69)
y—ioco

In conclusion, for h > 0 and T > 0,

Y so(70) n h?s1(70) _ l+logp n h*Sn (703 1)

5 23 5 23 N +(’)(N_1logN)

Fn(T,h) = {
(5.70)
where Sy(z;k) is defined in (5.43). This implies that the fluctuations of the free

1/2

energy are of order N~/% and they are governed by the inner products n; of the

eigenvectors and the external field. By (5.43), Sn(70;1) = N(0,2s2(70)). Hence,

2

2v'N

Fn(T,h) 2 F(T,h) + ———N(0,255(7)) for T >0 and h > 0 (5.71)

where

Ts T—TlogT h?s
F(T,h):%— 02(7())_ 5 &t 12(70) (5.72)
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and 7y > 2 denotes the unique solution of

1-— T81<’)/0) - hQSQ(’Yo) =0. (573)

This result shows that for h > 0, there is no phase transition between the low and
the high temperature regimes, as indicated in [78].

The fluctuations of the free energy of SK model with A > 0 was computed in [37]
when g = 1 The approach of [37] can be extended to SSK models as well and implies
that VN (Fn(T,h) — E[F(T, h)]) converges in distribution to the centered Gaussian

distribution as N — oo with variance

h4ﬁ4(1 _ q0)4

; 5.74
21 - A1 - ) o)
where ¢ solves the equation
do
Bqo + h*B* = ———. 5.75
0 (1 _ %)2 ( )

Our result (5.71) above is for the SSK model when g is a Gaussian vector. One can
also compute the case when g = 1 using the same method with some extra work.
In this case the variance of the limiting Gaussian distribution changes from %452(%)
to %(52(70) — (51(70))?). Tt is not immediate clear that this formula is same as the
(5.74). However, we expect that these two formulas are equal. This was confirmed

by numerical evaluations for three different values of (T, h).

5.4.3 Comparison between h > 0 and h = 0 cases

In the previous two subsections, we considered three different cases: (a) h = 0
and T'< 1, (b) h=0and T > 1, and (c) h > 0. The order of the fluctuations are

N-1, N=2/3 and N~/2, respectively. The fluctuations are governed by all eigenvalues
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(via a linear statistic) for (a), the top eigenvalue for (b), and a combination of the
external field and the eigenvectors for (c). The limiting distributions are the Gaus-
sian distribution, the GOE Tracy-Widom distribution, and the Gaussian distribution,
respectively. Using the results obtained above, we now try to find the transitional
scaling of h — 0 by matching the order of the fluctuations when h > 0 and when
h = 0. We need to consider the high temperature case and the low temperature case
separately.

Consider the case when T' > 1. When h > 0, the variance of the limiting Gaussian
distribution is %432(70) where 7 solves the equation 1 — T's1(70) — h?sa(79) = 0. If
we set h = 0, the equation becomes 1 — T's1(yy) = 0. Since T > 1, there is a solution
given by T + :lr Hence, by a perturbation argument, v = 17" + % +O(h?) as h — 0.
Therefore, the fluctuations of the free energy are of order L\/%(%) = O(\/h—%) On the
other hand, when h = 0, the fluctuations are of order O(N~!) (see (5.57)). These
two terms, \/h—% and N~! are of same order if h = O(N~1/4).

We now consider the case when T' < 1. As before, we consider the limit as h — 0
of the algebraic equation 1 — T's1(7y) — h?*sa(79) = 0 which determines the variance
of the fluctuations when A > 0. In this case, we expect that vo(h) — 2. From the

formulas (5.16), it is easy to see that, as z — 2,

1
N )

+0(1) and s1(2) =1+0(Wz-2). (5.76)

Hence, the algebraic equation becomes

1—T—2\/%+O(h2)+0(\/70—2):0 (577)

and we find that
h4

40-Tﬁ+0ww (5.78)
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2./
This implies that the fluctuations of the free energy are of order L\/%(%) = O(\/—hﬁ)

On the other hand, when h = 0, the fluctuations are of order O(N~%?) (see (5.63)).

The terms -~ and N~2/3 are of same order if h = O(N~Y6).
VN

Summarizing, a formal computation suggests that the transitional scalings are

h=0O(NY4) forT <1,
(5.79)
h=0O(N"% forT >1.

In next two sections, we compute the fluctuations of the free energy in the above

transitional regimes.

5.5 Transition of the free energy in the high temperature

regime

5.5.1 Result

Assume that 7' > 1 and we set
h=HN/4 (5.80)

for fixed H > 0. In this case, using the notations (5.23) and (5.42) and results (5.24)
and (5.45),

i SN(Z; 1)

S1(z —3/2) .
N JN[ (2) N ]+O@V ) (5.81)

Recall that the terms Ly(z) and Sy(z;1) are O (1). Applying a perturbation argu-

ment to the function

H*B
VN

51(2) + — [H28Sw(2: 1) — La(2)] + O (N92), (5.82)

G(z) = Bz —so(2) + N
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we find, using the explicit formulas of s¢(z) and s;(z), that

N =0+ J—lw +O (N withy =8+ 8" and 7, = HB, (5.83)
and
2 202
9(7)25—+1+10gﬁ+H g
° i vy (5.54)
N | 2a- + H?BSn(70;1) = Ln(70)| + O (N_g/Q) :

One can also check that the integral in the formula (5.11) can be evaluated by the
same manner as in the case of h =0 and 7' > 1, and the formula (5.55) still holds.

From the above calculations, we find that for h > 0 and 7" > 1,

H2
Fn(Th) :g * 2\/%
+ o (1—52)—ﬂ+H253 (703 1) — L ()| + O (N73/2)

(5.85)

The random variables Sn(7; 1) and Lx(7) both converge to Gaussian distributions.
Since Sy (70; 1) depends only on n;’s and Ly () depends only on A;, these two random

variables are independent. Therefore,

p[1 H? T
Th)~|—+——|+—N(—a,4a) for T >1 = HN ' (5.
Fn(T,h) [4T+2T\/N}+2NN( a,4a) for T>1 and h , (5.86)
where
H* 1
= “log(1-T72). )
0= Srga =T~ 5 oA ) (5.87)

5.5.2 Comparison with ~» =0 and h > 0 cases

If we set H =0 in (5.86), we recover the result (5.57) for the case when h = 0.
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We now consier the limit H — oo. We formally set H = hN'/* in (5.86) with h

fixed and N large. The formula (5.87) becomes

h*N
= 1). .
a CTEIVESY) + O(1) (5.88)
Hence, the right hand side of (5.86) becomes
1 h? ht h?

Tt -y v Y (589)

up to terms of orders N~ or N~'H~2. We compare this with the formal limit A — 0
of the result obtained for the case when h > 0. The result (5.71) involves the solution
Yo of the equation 1 —T's; () — h?s2(79) = 0. A perturbation argument implies that

Yo = (T + %) + %2 +O(h*) (5.90)

since 1 —T's1(9) = 0 has a solution when 7" > 1. Hence, a direct computation shows

that (5.72) becomes, as h — 0,

F(T h)—i+h—2—h—4—|—0(h6) (5.91)
V2T 2T 4AT(T? 1) '
and (5.71) becomes
h2
F(T,h) + ———=N (0,1 5.92
(1) + e N (01) (5.92)

up to terms of orders h® or h*N~/2. This formula is same as (5.89).
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5.6 Transition of the free energy in the low temperature

regime
5.6.1 Result

Assume that T < 1 and we set

h=HN5 (5.93)

for fixed H > 0. In this case, (5.8) becomes

1 & H25
—ﬁz—N;log(z— N4/3Zz— . (5.94)

Recall the notation (5.18) for the scaled eigenvalues, a; = N%/3(\;—2). We need to find

the critical point v > A; satisfying G'(y) = 0. When h = 0, we had v = A\, + O (N7 1).

1/6

In the transitional scaling h = HN~'/°, we use the ansatz

Y =X +sN3 (5.95)

with s = O (1) to be determined. Using (5.41), the critical point equation becomes

n?

N
0=B8-1-HB> m +O (N3, (5.96)
=1

Note that since a; =< i?/% as i — oo (see (5.21)), the series

N
5.97
Z s—l—al—aZ ( )

=1

converges with high probability as N — oo for k > 2. Therefore, there is a solution

s > 0 of the equation (5.96).
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We now insert v = A\; + sN~%? into (5.94). By (5.29), the sum involving the log

function becomes
1 & 1
~ D log(y — \i) = 5+ N~B(a;+s)+ O (N7). (5.98)
i=1

The other sum is equal to

H? = n; B s
N2 Lsay+s—a, N2 (N'?+ En(s)) (5.99)
i=1 i
where
1 N n2 N n2
En(s) =N | = i =S N (5100
v N;MJFSNQ/S—)\@' — s+ar—a ( )

This term is O (1) by (5.47). Using this notation, we obtain

1 HQ/B] L (B =1)(a1 +s) + H?BEN(s)] + O (N7F) (5.101)

where s solves (5.96).
The formula for the free energy in (5.11) also involves an integral. Setting z —~ =
uN~°/6 with u = O(1) in (5.50), we have
H2Bu? & n?

U O (N3 5.102
2 = (s+a1—ai)3+ ( )’ ( )

1=

N(G(z) =6(7))

and hence
~y+ico

XOH-90) gy = N-5/6. (5.103)

y—ioco
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Therefore, we find that

3 _logf | H® ] (8- D(ts)+ HBEN()
43 28 ' 2N1/3 28N?2/3

+0 (N “llog N )
(5.104)
where s solves the equation (5.96) and Ey(s) is defined in (5.100). This implies that

2/3

the order of fluctuations is N~</°, which is same as the h = 0 case. The fluctuations

are governed by all eigenvalues and n;’s. In conclusion,

T, h
Fn(T,h) ~ F(T,h) + fj(v2’/3 ) for h=HN "% and T < 1 (5.105)
where the leading term is
37 TlogT h?
F(T,h)y=1-°2" 42982 4 1 (5.106)

4 2 2

and the fluctuation term F(T, k) is given as follows. The equation (5.96) for s ap-

pearing in (5.104) may be replaced by the equation for ¢ given by

[e.e]

2
v
1—-T = H? -_— f >0 5.107

;<§+a1—06i>2 ors ( )

where «; are the GOE Airy kernel point process and v; are independent standard
Gaussian random variables. (Recall that n;, = (OTg); are independent standard
Gaussian random variables for ¢ = 1,--- | N.) The term Ey(s) in (5.104) may be
replaced by (cf. (5.47))

u V2 1 dw
E(g) == 1l _t — = — | . 5.108
Ot |t [ (5109

Hence, we have

FB,h) 2 (1 —T)(s +au)+

(5.109)

N
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5.6.2 Comparison with the case when h =0

We show that (5.105) agrees with (5.63) when H — 0. The leading term satisfies

37 TlogT  H? H?

(5.110)

For the fluctuation term, we first look for the solution ¢ of (5.107) as H — 0 of the
form

c=yH withy>0. (5.111)

In this case, the equation becomes 1 — 71T = Z—z + O(H?) whose solution is given by

|V1‘ 2
= ==+ O(H"). 5.112
="t "o (5.112)
Inserting ¢ = yH into (5.108), we find that
(55)""
i - Z 1 dz 1
(@)=t ] L Zl=0(+ 5.113
(C) yH+nLOO ZyH+a1_ai T \/5 (H) ( )
0
Therefore,
= 1 H?E 1-T
F(Toh) =5 =T)(c+ar) + 2@ =+ O(H). (5.114)

The term 5 ay is exactly the fluctuation term F(B,0) in (5.63).

5.6.3 Comparison with the case when h > 0

We show that the formal limit of (5.105) as H — oo is consistent with the formal

limit of (5.71) as h — 0.
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5.6.3.1 Formal limit of (5.71) as h — 0

The formula involves 7y > 2 which solves the equation

1-— T81<’}/0) - h282(’}/0) =0. (5115)

If we set h = 0, there is no solution vy > 2 since 7" < 1. However as h — 0, 7 is

given by (see (5.78))

h* 6
70—2+4(TT)2+OUL ) (5.116)

Hence, the leading term (5.72) becomes

3I' TlogT h? h*
F(T,h)=1—— — ————— + O(h%). 5.117

The fluctuation term has the Gaussian distribution with mean zero and variance

h4522(“/0) = hQ(:g’l) + O(h*). Hence, the formal asymptotic of the case when h > 0 as

h — 0 is given by

T TlogT R b h2(1-T
Foo |13 TlogT M~ (1-T)

T2 T 8(1—T)]+\/NN<O’T> (5.118)

up to the terms of orders h® and R3N—1/2.

5.6.3.2 Formal limit of (5.105) as H — oo

We first determine the solution ¢ of the equation (5.107),

[e.e]

1-T v?
= B 5.119

=1

when H — oo. Since the right-hand side is a decreasing function of ¢ and it converges
to zero as ¢ — oo, the solution ¢ — oo as H — oo. We evaluate the asymptotic of

the right-hand side in this limit. From «; ~ — (%)2/3 for large i (see (5.20)), we find
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using the Riemann sum approximation of an integral that for every k& > 2,

o0

(c+a1—a)f ok 3/2 3wy 2/3 EPNGYO L

=1

]o L(k = 3/2) (5.120)

as ¢ — 0o. In particular, when k = 2, the right hand side of the above equation is
equal to \/ and the equation (5.119) becomes
-7 1 = v —1

- T - —3/2
H? 2,/ * 22:1: (¢ + a1 —ay)? O (5.121)

where the error term comes from (5.120) with £ = 3. Since the conditional variance

satisfies

[e.9]

Var |[§° 1
2 Fa—ap

ai] _ ;il m — 0 ((%) (5.122)

using (5.120) with k& = 4, we expect that

e}

— 0 (1), (5.123)

P (¢ + a1 — a;)?

3

which is larger than the error O <§_§> in (5.121). Hence, the solution is given by

H4

§2§0+0(H) Wlth§0:4(TT’)2

(5.124)

Even though it is not needed, we can also compute the next term and find that

N
6 vi—1

2(1 - T)3 = (o + o1 — a)*

¢~ g+ (5.125)

Now we consider the asymptotic of £(<) defined in (5.108) as ¢ — oo. We write
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it as

(38)""
V| = 1 Vrdz
EQ)=Y ———— + lim — - A
(<) ;ngal—ai n—00 z_:<+041—al (s + )
" = 0 (5.126)

A ()

1/2

The last term is equal to —¢'/* by evaluating the integral directly. The second term

is the difference between a Riemann sum and a Riemann integral. This difference is

of the same order as »_.°, +)2 which was shown to be of order ¢~*/2 in (5.120).

(s+ar1—ay
We will see that this term is smaller than the first term which will be shown to be of

order ¢~ /4

. Consider the first term. Its convergence is warranted by the Kolmogorov
three series theorem. We evaluate its behavior as ¢ — oo by considering the moment

generating function: for any fixed &, as ¢ — oo,

2 o0 2
) vi—1 _ £ 1 _ 2¢ 0o £ ( [ 1 )
E €€Zi:1 <+(i17a2- {az}] — | | e <tai—a; 2 log(1 gfal—al-) — 622:1 (ctag—a;)? +0 =1 (ctoaq—oy)3

=1

(5.127)
Using (5.120), we find that

2
EX%) i
Ele i=1 ¢taj—ay

£ _
{ai}} = exp (2 7zt O (732 ). (5.128)
Since the leading term does not depend on «;, we conclude that

1/42 ol o) (5.129)

S+ a;p — oy

as ¢ — 0o. This shows that the first term of (5.126) is of order ¢~*/* and converges to
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a standard Gaussian random variable as ¢ — oo. Therefore, we find that as ¢ — oo,
D 1/2 —1/4 —-1/2
E() = ="+ ¢VIN(O0,1) + O (7). (5.130)

By (5.124) and (5.130), the term F(3, k) with h = HN~Y6 in (5.109) becomes,

as H — oo,

F(T,h) 2 %(1 ~T)s+a1) + H;“? > _8(1Ii4T) +H,/#N(o,1). (5.131)

Combining with (5.106), and replacing H by hN'/%, we find that the formal asymp-

totic of (5.105) as H — oo is given by

p . 3T TlogT h? ht h [1-T
~1- = - \/ 0,1). 5.132
Fw T2 TR TRa-n TNV 2 A(0.1) (5.132)

This agrees with (5.118).
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CHAPTER VI

Introduction of free component analysis

Consider the following scenario: there is a group of people talking simultaneously
at a cocktail party. Given microphones recording mixed sounds, we want to separate
the speeches of each individual. This cocktail problem [39], together with other

situations of practical interest, can be formulated as

21 T
= [al as} S (6.1)

Zm T Tn

—x =
where © = [x1,--- ,2,]7 with x; representing the source signals (eg. the speech of
each person in cocktail party problem). In this context, z = [21, -+ , 2,,]7 containing

the signals observed (eg. the record in cocktail party problem). Also, the matrix
A, which is called the mixing matrix, represents the linear transfer matrix between
sources and observations.

The blind source separation (BSS) studies how to identify the mixing matrix and
recover the underlying signals with limited prior knowledge; most of the information is
merely the observations. Due to the lack of information and underdeterminancy of the
problem, the idea of BSS is to impose conditions certain principles to the underlying

mixing matrix and source signals. The ideal principles should characterize the source
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signals and narrow the set of possible solutions.

There are two main approaches of BSS. The idea of the first approaches is to im-
pose structural constraints (eg. nonnegative matrix factorization [98, 81]). The second
approach adapts a probabilistic and information-theoretic point of view. For exam-
ple, the recovered signals by the principal component analysis (PCA) or independent
component analysis (ICA) are maximally uncorrelated or independent respectively.
For a comprehensive introduction of BSS as well as a historical review, interested
readers are referred to [44].

In this chapter, we present a method for unmixing matrix signals in a way analo-

gous to ICA.

6.1 From PCA to ICA via cumulants

Principal component analysis (PCA) [104] is a widely used dimensionality reduc-
tion technique in statistical machine learning. The principal components learned
by PCA are the directions that maximize the variance, subject to a set of orthog-
onality constrjz}ints. Mathematically speaking, given a (centered) data matrix Y =
lyl ys] , the i-th principal component is the solution to the manifold opti-
mization problem

pca

P — arg max variance(w”Y') subject to w L wb?, ... wPF. (6.2)

llwll2=1

w

The variance or the second cumulant [45] of a random variable z is defined as

¢o(z) = variance(z) := E[z?] — (E[z])? (6.3)

Substituting (6.3) into (6.2) allows us to cast PCA as a maximization of the second

114



cumulant:

wpca

P = argmax co(w’Y) subject to w L wf?, ... wPs. (6.4)

llwll2=1

Independent component analysis (ICA) [43, 73] is a dimensionality reduction tech-
nique that is obtained by replacing (in our notation) cs(-) on the right hand side of
(6.4) by the fourth cumulant ¢,(+), thereby yielding the optimization problem
ica ica

= argmax |c,(w’Y)| subject to w L wi®, ... wi?,. (6.5)
[lwll2=1

ica

w;

The fourth cumulant ¢,(-) of a scalar random variable x is equivalent to its kurtosis

40, 45], and when E[z] = 0 it is given by [108, Eq. (6)]
cs(r) = kurtosis(z) := E[z?] — 3 (E[mQ])Q . (6.6)

We refer to the formulation in (6.5) as kurtosis, or ¢4-ICA in short. Replacing ¢4(-) on
the right hand side of (6.5) with the ¢;(-) for integer j > 3 yields ¢;-ICA. There are
other formulations of ICA involving different objective functions, such as for example
any non-quadratic, well-behaving even function as in [69, 68]; see [43] for a discussion

on other such contrast functions.
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6.2 Known result: ICA unmixes mixtures of independent

random variables

Suppose we are given a multivariate vector z modeled as

Z1 T1
_ [al as} ., 6.7)
ZS ZZA IS

where A is a non-singular s X s mixing matrix and @ is a vector of independent
scalar-valued random variables. Assume, without loss of generality, that E[z] = 0
and E[xzz”] = I. Let A =UXVT be the singular value decomposition (SVD) of the

mixing matrix. Then, we have that
C.. = E[z2"] = AE[zz"]AT = AAT = UX*U".

The whitened vector y = C.."*z has identity covariance and can be rewritten in

terms of the SVD of A as

y=C_"2=Ux"'UTUSV z = (UV") z. (6.8)

Note that @ = UV in (6.8) is an orthogonal matrix, because U and V are or-
thogonal matrices derived from the SVD of A. Equation (6.8) thus reveals that the
whitened vector y is related to the latent independent random variables that we wish
to unmix via an orthogonal transformation. If we can estimate Q from y, we can
unmix the independent random variables by computing WTy provided W = QPS
where P is a permutation matrix and S is a diagonal matrix with +1 as diagonal

elements.

116



It is a remarkable fact [43, 73] that, generically, for y modeled as in (6.8), ¢s,-ICA
as in (6.5) returns Wi, such that WLy unmixes the mixed independent random
variables. Thus ICA can be viewed as a procedure for unmixing sums of independent
random variables from each other.

The caveat of ¢,~-ICA is that no more than one of the independent random variables
is Gaussian, and that the random variables do not all have a kurtosis identically equal
to zero. The latter condition rules out the use of ¢,-ICA for odd k > 2 because the
cumulants of a symmetric random variable are identically equal to zero, so that we
would not be able to unmix a large class of random variables.

Replacing ¢4-ICA with ¢x-ICA for even k > 4 would still not allow us to unmix
more than one Gaussian random variable: this is a fundamental limit of ICA [43,
Section 2]. Cardoso [31] discusses aspects related to the use of higher order contrast
functions for ICA while Chen and Bickel [35] address the important issue of the

statistical efficiency of ICA estimators in the presence of limited samples. In practice,

c4-1CA or kurtosis based ICA is often used for its simplicity.

6.3 Our contribution: From ICA to FCA via free cumulants

Free probability theory is a mathematical theory developed by Voiculescu [118,
119, 120, 121] that is a counterpart of scalar (or classical) probability theory, except
that the random variables are non-commutative in a manner that scalar random
variables are not. In free probability theory, “freeness” or free independence is the
analogue of the classical notion of independence.

We begin by placing ourselves in an abstract setting with a (unital) algebra X
of non-commutative random variables that is equipped with a linear functional ¢ :
X — C. The important point here is that functional ¢(-) plays the same role as the
expectation operator E[-] in classical probability theory. The critical difference comes

from non-commutative nature of the underlying probability space in free probability
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as we illustrate next!.
Suppose x; and x5 are classically independent random variables. Then the their

mixed moment satisfies

E[(z122)°] = E[z}23] = E[z] - E[z3)],

since x1ToT1T9T1T2 = 5w because z; and xy are scalar random variables and are
hence commutative. In contrast, even when x; and xy are freely independent, the

mixed moments

ol(2122)°] = plrrzamimaziza] # (a7) - @(a3),

since TqXoT1XoT1 Ly # x?x%’ whenever x; and x5 are assumed to be non-commutative.

Free probability, via free independence, provides a recipe for computing such mixed
moments of freely independent random variables in a manner that is analogous to but
different from classical probability theory. For our purpose here, there is a notion of
free cumulants x(-) for integer m which exhibit the same properties as the classical
cumulants (see Theorem B.7 and (B.13) in Appendix B.1.2). This allows us to cast
FCA analogous to the ICA in (6.5) as a fourth free cumulant maximization problem

of the form

w'® = arg max |k (w” y)| subject to w L wi®, ... w, (6.9)

7
[[wll2=1

where k4(-) is the fourth free cumulant. We can similarly formulate x,,-FCA for
m > 3 as we did for ICA.
This is also where we depart from ICA in another crucial sense. We can model the

random variables as self-adjoint (or symmetric) or non-self adjoint (or rectangular /non-

1See Appendix B.1 for a self-contained introduction to free probability and how it differs from
classical probability.
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symmetric) and gives us self-adjoint and rectangular variants of FCA, respectively.
[118] developed free probability theory for self-adjoint random variables; [19] extended
it to rectangular random variables.

In the self-adjoint setting r4(-) is given by (7.3) while in the non-self adjoint (or
rectangular, in a sense we shall shortly see) setting r4(-) is given by (7.4)

The development and analysis of algorithms for self-adjoint and rectangular FCA

is the main contribution of this paper.

6.4 Our main finding: FCA unmixes mixtures of free random

variables

If we whiten the vector z as in (6.8) with the covariance matrix defined via the
©(+) operator as in Definition VII.11, then we show that k4-FCA, just as ¢4-ICA,
returns We, = QPS (see Theorem VIL.4), and thus WLy unmixes the mixed free
random variables.

The caveat of k4-FCA, analogous to the ¢4-ICA algorithm, is that no more than one
of the free random variables can be the free probabilistic equivalent of the classical
Gaussian random variable, and that the random variables do not all have a free
kurtosis equal to zero. In the self-adjoint setting, the free analog of the Gaussian
is the free semi-circular element [65] while in the rectangular setting, it is the free
Poison element [19].

Just as for ICA, the condition that the free kurtosis of the free random variables
cannot all equal to zero rules out the use of «,,-FCA for odd valued m > 3 in the
self-adjoint setting, because the free cumulants of a symmetric free random variable
are identically equal to zero and so we would not be able to unmix a large class of free
random variables with symmetric distribution. On the other hand, for rectangular

free random variable, cumulants odd orders are zeros by default (see [18, (b), pp. 6]).
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We will prove that just as in the ICA setting, replacing x4-FCA with k,,-FCA
for even valued m > 4 would still not allow us to unmix more than one Gaussian
analog free random variable: this is a fundamental limit of FCA. Thus FCA fails
whenever we have more than one free Gaussian analogs mixed together. This is the
fundamental limit of FCA.

The free semi-circular element in the self-adjoint setting, and the Poisson element
in the rectangular case, are the only non-commutative random variables with higher
order kurtosis equal to zero, analogous to the Gaussian in the scalar setting. Thus,
we might say that FCA finds directions that maximize deviation from the semi-
circularity (or Poissonity) when the random variables are self-adjoint (or rectangular,
respectively).

We also develop an algorithm for FCA based on the maximization of the free
entropy for both the self-adjoint [118, 65] and rectangular settings [18], and show
that FCA successfully unmixes free random variables in a similar way. Table 6.1
summarizes our results.

Table 6.1: FCA algorithms and their limits.

self-adjoint self-adjoint rect. FCA rec FCA
FCA FCA (free rect. (free rect.
(free kurtosis) | (free entropy) kurtosis) entropy)
é{f;f;gge Theorem VIL4 | Theorem VIL8 | Theorem VIL4 | Theorem VILS
Identifiability At most one At most one At most one At most one
Conditio component free semicircular component free Poisson
ndition with x4 =0 element with k4 =0 element
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6.5 Insight: FCA unmixes mixtures of (asymptotically) free

random matrices

Voiculescu [117, 90] showed that symmetric random matrices are good models
for asymptotically free self-adjoint random variables (also see Appendix B.1.4.1).
The non-commutativity comes in because matrix multiplication is non-commutative.
Benaych-Georges [19] showed that rectangular random matrices are good models for
asymptotically free rectangular random variables (also see Appendix B.1.4.2).

In the self-adjoint setting, Voiculescu showed that random matrices X; and X, are
asymptotically free whenever X; and X, are independent of each other if one, or both,
of the random matrices have isotropically random (or Haar distributed) eigenvectors.
In the non self-adjoint or rectangular setting, Benaych-Georges showed analogous that
rectangular random matrix X; and X, are free whenever they are independent of
each other and if the singular vectors of one or both of the random matrices are Haar
distributed. Since these pioneering works, many authors have relaxed the conditions
and broadened the class of random matrices that we now know to be asymptotically
free — see, for example the work of [84] and [5]. We can thus consider the matrix

mixing model

yA and ... a | | X,y
= P (6.10)
Z astd ... agl| | X
7 e ok
When the matrices X1,..., X, € RV*V are symmetric or Hermitian, then we

are in the self-adjoint setting. Voiculescu [117] showed that the appropriate linear

function ¢(+) is exactly the normalized trace function. That is,

p(X,) = lim LTr(X,) (6.11)
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and

1

Replacing this with their sample analogs gives us a concrete algorithm for self-adjoint
FCA; see Algorithm 1 and Algorithm 2.

When the matrices X, ..., X, € RV*M are rectangular, we are in the non self-
adjoint setting [19]. Then. the appropriate pair of the linear functionals ¢;(-) and

©o(+) are exactly the normalized trace functions in RV and RM*M;
1
HY _ s H
(XXM = lim T (X, X)) (6.13)

and

1
0o ( X[ X;) = lim MTr(Xf X;). (6.14)

Thus we expect that asymptotically, FCA should unmix asymptotically free ran-
dom matrices. In the setting where the random matrices are large but finite, we
expect FCA to approximately unmix the asymptotically free random matrices, with
some non-zero but small unmixing error, analogous to the finite sample unmixing
performance of ICA [75, 59, 7]. We will use numerical simulations to demonstrate
that FCA can near perfectly unmix mixtures of large, finite sized (asymptotically

free) matrices - see Sections 7.2.1 and 7.2.2.

6.6 Insight: FCA can be applied wherever ICA has been
applied

ICA has been successfully applied to image unmixing, audio separation and wave-

form unmixing problem [82, 91]. Here we show that FCA can be successfully applied

wherever ICA has succeeded, including in settings where there are seemingly no ma-

trices in sight.
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(b) Mixed Imagel  (c) Imagel via ICA

(e) Hedgehog (f) Mixed Image2  (g) Image2 via ICA  (h) Image2 via FCA

Figure 6.1: An experiment in image separation using ICA and FCA. Note that sub-
plots (¢), (g) (unmixed images via ICA) and (d), (h) (unmixed images via FCA) both
recover (a), (e) respectively. Here, A = [v/2,v/2; —v/2,v/2]/2 in (6.10). The error of
ICA is 6.08 x 1072 while the error of FCA is 2.69 x 1072. See (7.32) for the definition
of the error.

Figure 6.1 showcases the successful use of FCA for unmixing mixed images. This
is a natural place to apply FCA because (grayscale) images are matrices. Applying
ICA to unmix the images involves vectorizing the images, and treating them as mixed
scalar random variables in a way that ignores the spatial matrix information that FCA
uses. Perhaps it is therefore not surprising that FCA outperforms ICA.

What is surprising is that the images in Figure 6.1 are not textbook examples of
asymptotically free random matrices. By this we mean that would not have predicted
that the panda and hedgehog matrices are free according to the definition in Appendix
B.1. One might even argue that they are not really random matrices. And yet, FCA
unmixes them as though they are free. For this and many, many other examples of
mixed natural images. It is as though matrices in the wild are free-er than we might
initially fear they are not. We hope that experiments with FCA and computational
reasoning on its unexpected successes can guide free probabilists looking to expand
the class of matrix models for which freeness holds.

Figures 6.2 and 6.3 show examples where we are trying to unmix mixed deter-
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(a) Square wave (b) Mixed wavel (c) Wavel via ICA  (d) Wavel via FCA
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(e) Sawtooth wave (f) Mixed wave2 (g) Wave2 via ICA  (h) Wave2 via FCA

Figure 6.2: An experiment in waveform separation using ICA and FCA. Note that
subplots (c¢), (g) (unmixed waves via ICA) and (d), (h) (unmixed waves via FCA)
both recover (a), (e). Visually, FCA performs better in this experiment. In this
simulation, A = [v/2,v/2; —v/2,v/2]/2 in (6.10). The errors for ICA and FCA are
9.95 x 1072 and 6.66 x 10~2 respectively.

ministic waveforms and audio signals respectively. ICA is known to succeed in these
examples, and it is natural to apply ICA here since the latent variables are scalar
valued. FCA seems unnatural because there are no matrices in sight, let alone mixed
matrices!

The surprising insight is that if we compute the spectrogram of the mixed signals,
then the matrix mixing model in (6.10) is with respect to the spectrogram matrices
of the mixed signals: we can use FCA to unmix the signals! Here, FCA on the spec-
trogram embdedding outperforms ICA. We might compute other matrix embeddings
(say via the short time wavelet transform) and apply FCA there. We do not (yet)
have a theory to predict which embedding would lead to better unmixing; nonetheless,
the important point is that by embedding scalar valued signals as matrices, we can
apply FCA wherever ICA has been applied, and that we can also possibly get better
(or worse — see Figure 7.6) unmixing performance by varying the matrix embedding.

Figure 6.5 summarizes our worldview on this and our sense that there is a theory
waiting to be fully revealed on the relation between non-asymptotic recovery of mixed
variables and a to-be-defined notion of distance to the various notions of freeness and
independence that can provide a principled way to reason about whether ICA or FCA

will better unmix the mixed variables.
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(a) Audio 1 (b) Mixed audiol

(e) Audio 2 (f) Mixed Audio 2 (g) Audio 2 via ICA (h) Audio 2 via FCA

Figure 6.3: An experiment in audios separation via ICA and FCA: Note that subplots
(¢), (g) (unmixed audio signals via ICA) and (d), (h) (unmixed audio signals via FCA)
both recover (a), (e). In this experiment, A = [v/2,v/2; —v/2,v/2]/2 in (6.10). The
errors for ICA and FCA are 1.47 x 1072 and 1.79 x 1072 respectively.

6.7 Surprising insight: FCA often better unmixes random

variables than ICA

In the examples in Figures 6.1 and 6.3, FCA did better than ICA in a quantitative
sense. Figure 6.4 shows a setting where we are unmixing two mixed images and where
one of the images corresponds to a Gaussian random matrix. In this setting, FCA
performs better than ICA in a visually perceptible way. We have observed that FCA
usually does at least as well as ICA and often better.

In a similar setting, we replace the locust image by a matrix UDV?T in SVD
form, where U, V are Discrete Cosine Transformation (DCT) matrices and D is a
diagonal matrix (see Section 7.2.2). This matrix model enables us to increase the
dimension and compare the asymptotic behavior of ICA and FCA. Our numerical
simulations show that x4-FCA and c4-ICA perform similarly. However, we observe
that free entropy based FCA significantly outperforms ICA (see Figure 7.4) at the
cost of increased computational complexity, since estimating the free entropy involves

eigenvalue (or singular value) computation, which are of order O(N?).
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(e) Gaussian (f) Mixed Image 2 (g) Image via ICA (h) Image via
Noise (zoom in) FCA (zoom in)

Figure 6.4: An experiment in image denoising via ICA and (kurtosis-based) FCA:
Comparing (g) and (f), we observe that FCA does a better job then ICA in this
experiment. Here A = [v/2,v/2;—/2,v/2]/2 in (6.10). The variance of whitened

Gaussian noise is set to equal the empirical variance of original image.
6.8 Organization

The remainder of the paper is organized as follows. We will develop FCA for
self-adjoint and rectangular non-commutative random variables (corresponding to
self-adjoint and rectangular random matrices) in Section 7.1 by describing the objec-
tive functions whose maximization, analogous to the ICA setting, leads to successful
unmixing of the ’free’ components from their additive mixture. Then we describe
FCA based algorithms for factorizing data matrices in Section 7.1.6. We illustrate
our theorems and ability of FCA to successfully unmix real-world images using nu-
merical simulation in Section 7.2. We present some concluding remarks and highlight
some open problems in Section 7.3

A self-contained introduction to the free probability is given in Section B.1.2
and B.1.3 for self-adjoint and rectangular random variables respectively. We build

the connection between non-commutative random variables and random matrices in
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Independence

N W,

Self-Adjoint Freeness Rectangular Freeness

Figure 6.5: We can regard ICA and FCA with various embedding as ”projections”
onto corresponding manifolds. Here, the gray surface denotes the manifold of indepen-
dent pairs. The red and blue surfaces stand for self-adjoint free pairs and rectangular
free pairs respectively. In order to achieve the best performance, one shall pick the
projection into the closest manifold. For example, if the latent data is (Xl(l),Xg(l)),
then rectangular FCA should have the best performance when segaaratmg them from
the additive mixture. In contrast, for the underlying data (X1 ,X2 )7 one should
pick ICA.
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Section B.1.4
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CHAPTER VII

Free component analysis: main result, simulation

and proof

7.1 Main result: Recovery guarantees for FCA

7.1.1 Setup and assumptions under an orthogonal mixing model
7.1.1.1 The self-adjoint setting

Given a probability space (X, ), let z1,...,zs be s self-adjoint and free random

variables (see Appendix B.1.2). Let y denote the vector which contains as its elements

the various additive mixtures of x1,...,x,. We model y as
Y1 Ty
“la - al|f] T)
ys =Q T
=y =z

where @ is a s X s orthogonal matrix.
For self-adjoint FCA, we assume that the variables z; are centered and have unit

variance, i.e. for i = 1,--- , s, we have that p(x;) = 0 and that ¢(z?) =1 .
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7.1.1.2 The non self-adjoint setting

Given a (py, p2)-rectangular probability space (X, p1,p2, ¢1,¢2) — (see Appendix

B.1.3) — we consider a setup similar to that in (7.1) where we model y as

y = Qu, (7.2)
where @Q is an s X s orthogonal matrix. We assume that for ¢ = 1,--- | s, x;,y; are
rectangular random variables (i.e., x;,y; € X1o := p1Xpy) and ¢ (z;xf) = 1. Note

that ¢(x;) = 0 by default. The fundamental assumption is now that (z;)5_, are free
with amalgamation over the linear span of p; and p,. We will simply say that (z;)5_,

are free if there is no ambiguity.

7.1.2 Free kurtosis based FCA

The free kurtosis of a centered self-adjoint random variable x € X" is defined as

ka(x) = p(z%) — 2¢(2?)". (7.3)

The rectangular free kurtosis of a rectangular random variable x € X5 is defined as

rale) = (")) — (1 " ;‘jg;) (pr(aa*))? (7.4

We now state a result on the largest free component

Theorem VII.1 (Largest free component). Assume x and y are related either via
(7.1) in the self-adjoint setting or via (7.2) in the non self-adjoint setting. Suppose,

additionally, without of loss of generality, that

[Ra(1)] = |Ra(22)[ = - = |ma(2)] > 0. (7.5)
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Let w) denote the solution of the manifold optimization problem

w = arg max |/f4('wTy)} subject to |Jwl|| =1 (7.6)
(a) Suppose
|ka(z1)] > |Ka(2)] > -+ > |Ka(s)| > 0. (7.7)
Then
wb =+ ¢ (7.8)

(b) Suppose there is an integer r € [2..s], such that
|ka(z1)| = -+ = [Ra(ar)| > |Ralzrn)| 2 - = |ma(zs)| > 0. (7.9)

Then

we{£q,...,+q}. (7.10)

Remark VIL.2. (b) of the above theorem considers the case where there are multiple
indexes corresponding to the largest absolute kurtosis. In contrast to the princi-
pal component analysis, the maximizers of (7.6) (and also of (7.10)) only contains
corresponding columns of @, and not their general linear combinations. This is a

consequence of that we are using the fourth order statistics of random variables.

Theorem VII.3 (The k-th largest free component). Assume that © and y are re-
lated as in Theorem VII.1. Let w'®) denote the solution to the manifold optimization

problem

w® = arg max |ka(w"y)| subject to [|w| =1,w L w® .. kD (7.11)
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Suppose

|Ka(1)] > |Ra(z2)[ > -+ - > |Ra(25)] > 0.

Then
w® =+ q;. (7.12)

Theorem VII.4 (Principal free components). Assume that © and y are related as
in Theorem VII.1. Let O(s) denote the set of s X s orthogonal matrices, and consider

the manifold optimization problem
mvgxi ke ((WTyli)| subject to W € O(s), (7.13)
where [WTy); denotes the i-th element of WTy. Suppose that
|ka(z1)| > [Ra(22)] > -+ > [Ra(zs)] > 0.
Then W is an optimum if and only if :
W =QPS, (7.14)

for some P and S where where P is a permutation matriz and S is a diagonal

matrix with +1 as diagonal elements.

Remark VIL.5. Above theorems still hold if there is at one components with zero free

kurtosis.

7.1.2.1 Higher-order free cumulant based FCA

Remark VIL.6. It can be shown that above theorems still hold with r4(+) replaced by

any kKom(-), for m > 3.
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Remark VIL.7. The maximizer of (7.13) is not guaranteed to recover @ when there
are multiple components of x with zero free kurtosis. In this case, one may try to use
optimization problem based on ko,,(+), m > 3. However, the semicircle elements (for
the self-adjoint case; see Appendix B.1.2.4) and the Poisson elements (for the non
self-adjoint case; see Appendix B.1.3.4) have all vanishing free cumulants of order
higher than 2. In Theorem VII.9, we will prove that @ can be recovered if and only
if  contains at most one semicircular element or free Poissonian element for the

self-adjoint or non self-adjoint settings, respectively.

7.1.2.2 Free-entropy based FCA

The free entropy x(as, -+ ,a,) (see Sections B.1.2.3 and B.1.3.3 for the definitions
in the self-adjoint and non self-adjoint settings) of a tuple of free random variables
encodes the dependence between the variables a;. Analogous to the scalar setting, the
free entropy is maximized when the random variables are freely independent. Thus

we can pose FCA as an entropy maximization problem as stated next.

Theorem VIIL.8 (FCA based on free entropy). Assume that x and y are related as
in Theorem VII.1 and at most one component of x is semicircular in the self-adjoint
setting or a free Poisson in the non-self adjoint setting. Let O(s) denote the set of

s X s orthogonal matrices. Suppose that
X(z;) > —oc0 fori=1,---,s.
Consider the manifold optimization problem
m‘%xg —x ((W'yl;) subject to W € O(s), (7.15)

where [WTyl; denotes the i-th element of WTy. Then W is an optimum if and only
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W =QPS, (7.16)

for some P and S where P is a permutation matrix and S is a diagonal matriz with

+1 as diagonal elements.

7.1.2.3 FCA identifiability condition

In the self-adjoint setting c¢,~-FCA will fail when @ contains semicircular elements
because free semi-circular elements have a free kurtosis identically equal to zero.
Moreover, suppose € = (1, z2)? where z; are free semicircular elements with ¢(z;) =
0 and @(2?) = 1. Then, it can be shown that for any @ € O(2), the components of
Qx are still free semicircular elements. Therefore, if there are more two components
are semicircular elements, it is impossible to identify ¢ with the mere knowledge of
free independence between the components of . The analog of this holds for the non
self-adjoint setting as well.

We now state an FCA identiability condition based on this observation.

Theorem VIIL.9 (Identifiability Condition). Consider  and y and Q € O(s) such
that x and y are related as in Theorem VII.1. Assume x has free elements. Assume
that at most one component of x is semicircular in the self-adjoint setting or free
Poisson in the non self-adjoint setting.

Now, if there is a W € O(s) such that WTy has free components, then

W = QPS. (7.17)

for some P and S where P is a permutation matrix and S is a diagonal matriz with
+1 as diagonal elements. That is, W can be obtained by permuting the columns of

Q with possible sign flips and vice versa.

Remark VII.10 (Weakness of FCA condition relative to ICA). Note that the FCA
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identifiability condition is weaker than the corresponding condition for ICA [43, The-
orem 10, pp. 294]. The ICA condition is a consequence of scalar Cramérs Lemma
[43, Lemma 9, pp. 294] and a Lemma of Marcinkiewicz-Dugue [43, Lemma 10, pp.
294]. Since the analog of Cramérs Lemma in the free probability does not hold [41],

the identifiability condition is correspondingly weaker.

7.1.3 Setup and assumptions under a non-orthogonal mixing model
7.1.3.1 The self-adjoint setting

Given a probability space (X, ), let z1,..., x5 be s self-adjoint and free random
variables. Let @ be a vector of free, but not necessarily centered random variables.

Then the variable z; defined as

is centered since ¢(z;) = 0. Substituting x; = Z; + ¢(x;) in (6.7) we obtain the mixed

model
2 T+ T
= lal .. as] : = Az + Az, (7.18)
Zs =A Ts + T
=iz —@4®

In this general, non-orthogonal mixing setup, we assume, without loss of generality,
that ¢(2?) = 1 and covariance Cy, = I, where the covariance matrix Cyy is defined

as following.

Definition VII.11 (Covariance matrix of self-adjoint random variables). Let

T
z = {21 . Zs:| be a vector of self-adjoint random variables. The covariance C,
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matrix of z is the s X s matrix given by:
C..lij = ¢ (ziz;) fori,j=1,...,s, (7.19)

where z; is the centered random variable

7.1.3.2 The non self-adjoint setting

Given a rectangular probability space (X, p1,p2, @1, ¢2), let x1,..., x5 be s self-
adjoint and free random variables. We assume that z is modeled as in (7.18). In
the non self-adjoint setting, the variables are centered by construction — we assume
additionally that for all z; € X2, ¢1(x;2f) = 1 and covariance Cy, = I, where the

covariance matrix Cy,, is defined as following.

Definition VII.12 (Covariance matrix of non self-adjoint random variables). For
an arbitrary random vector z7 = {21 . Zs:| of rectangular random variables from
X2, note that ¢(z;) = 0 by default, the covariance matrix of z is defined by a s x s

matrix C,, where

7.1.4 Unmixing mixed free random variables using FCA

We first establish some properties of the covariance matrices thus computed.

Proposition VII.13. The covariance matriz as in Definitions VII.11 and VII.12 is

positive semi-definite.
For the covariance of z satisfying (7.18), we have the following stronger result.
Proposition VII.14. The vector of mized variables z modeled as in (7.18) has co-

variance C, that is real and positive definite.
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This proposition allows us to formulate FCA on the whitened vector and prove a

recovery results as stated next.

Theorem VIIL.15. Assume x and z are related as in (6.7). Let A =UXVT be the

singular value decomposition of A. Consider the manifold optimization problem

T, :
mvgxz ke ((Whyli) subject to W € O(s), (7.21)

i=1

where y 1s the whitened and centered vector given by:
y = Clk2, (7.22)

where C”* = USIUT is the inverse of the square root of the covariance matrix

C.. and z is the centered vector whose i-th element is given by

Suppose that

|ka(z1)] > [Ka(22)] > -+ > |Ka(25)] > 0.

Then W s an optimum if and only if:
W = (UV")PS, (7.23)

for some P and S where where P is a permutation matriz and S is a diagonal

matrix with +1 as diagonal elements.

Proof. 1t suffices to observe via (6.8) that

y=(UV") . (7.24)

137



The matrix UV is an orthogonal matrix because U and V are orthogonal ma-
trices and so we can recover UV'T from the stated manifold optimization problem

via an application of Theorem VII.4. ]

Theorem VII.16. Suppose x and z are related as in Theorem VII.15. Let A =
UXVT be the singular value decomposition of A. Also suppose at most one elements
of © is semicircular in the self-adjoint setting and free Poissionian in the non self-

adjoint setting and that
x(z;) > —o0 fori=1,---s. (7.25)
Consider the manifold optimization problem
mv‘@xg —x ((W'yl;) subject to W € O(s), (7.26)

where y is the whitened and centered vector given by (7.22).

Then W s an optimum if and only if:
W= (UV")PS, (7.27)
where P is a permutation matriz and S is a diagonal matrixz with +1 diagonal

elements.

Proof. The proof is exactly same as the the proof of the Theorem VII.15, except for

our application of Theorem VIIL.8 to (7.24) instead of Theorem VII.4. O

Corollary VII.17 (Unmixing via FCA). Suppose & and z are related as in Theorem
VII.15 and that the x;’s satisfy the conditions in Theorem VII.15 and VII.16. Let

Wt denote an optimum of the optimization problem in (7.21) or (7.26). Consider
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the factorization

z= Az, (7.28)
where
A=ClW,,, (7.29a)
and
T=A"'z (7.29D)

Then A = APS for some P is a permutation matriz and S is a diagonal matriz

with £1 diagonal elements. Therefore, T recovers & up to permutation and sign flips.

Proof. As C2 = US'UT, given an optimum W satisfying W = (UVT) PS,
CW =UxXV'PS = APS. (7.30)

That is, we recover mixing matrix A up to column permutation and column sign

flips. This completes the proof. O

7.1.5 Overdetermined and underdetermined FCA

We now consider same model as in (6.10) for the settings where the mixing matrix
A is rectangular. In the over-determined setting where A is a p X s mixing matrix
with p > s. Then it can be shown that FCA applied to y = X;'Uz will unmix
the free random variables. Here Uy is a p X s matrix and 3, is an s X s diagonal
matrix of the singular values of A. These matrices can obtained by using eigenvalue
decomposition C,, = U, X, XTUT.

In the under-determined setting where p < s, then FCA cannot be used to unmix

the free random variables just as ICA cannot either.
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7.1.6 Unmixing mixtures of matrices using FCA

The multiplication of matrices are non-commutative, therefore we can consider
the mixing model in (6.10) where X7, ..., X are finite dimensional (asymptotically)
free self-adjoint or rectangular matrices (see Definitions B.16 and B.17). The goal is
to unmix X, ..., X, from their additive mixtures Z1, ..., Z;.

Corollary VII.17 provides a recipe for unmixing the mixture of matrices by factor-
izing Z into the matricial analog of (7.28). In the matricial setting, this is equivalent
to factorizing Z = (2 ® I N)j('\ . We shall refer to this factorization of an array of
matrices as Free Component Factorization (FCF).

To compute A in FCF as prescribed by Corollary VII.17 we must compute the
matricial analog Y of y in (7.22). This involves first computing the matricial s x s
covariance matrix analog as in Algorithm 1 where we have replaced the ¢(-) and
©1(+) in the self-adjoint and the rectangular settings with their matricial analogs as
in (6.11) and (6.13), respectively.

Having computed the whited array of matrices Y we can compute the matrix A

via Algorithm 2 where the dot operator is as defined next.

Definition VIIL.18 (Dot operator). Let Y = [Y1, -+, Y:]" be an array of matrices

where Y; € RV*M | Let a function F: RV*M 5 R, we have that

F(1)
F(Y)=| : |. (7.31)
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Algorithm 1 Free whitening for random matrices

Input: Z = [Z,, -, Z,]" where Z; are N x M matrices. M = N if Z; are self-
adjoint.

1. Compute Z = [Zy,--- , Z,]T, where

- ~ Tr(Z;) Iy if Z; are self-adjoint,

mean(vec(Z;)) x ones(N, M) if Z; are rectangular.

2. Compute Z=2-—7and s x s empirical covariance matrix C' where for 7, j =

1,...,s:
1 7 7H
Cij = NTI"(ZZZJ )

3. Compute eigen-decomposition , C = UX?U7.

4. Compute Y = (UZ'UT) @ Iy)Z.
5. return: Y, 3 and U.

Algorithm 2 Free Component Factorization (FCF) of an array of matrices

Input: Array of matrices Z = [Zy,---, Z,|" where Z; are N x M matrices. 1.
Compute Y, ¥, U by applying Algorithm 1 to Z.
2. Compute !

S

W = arg minzua (WTY> |, where W =W Iy.

Weo(n) ;.

3. Compute A = USUTW and X = (A @ Iy)Z.

4. Sort components of X by magnitude of 2 ()

5. Permute the columns of A such that Z = (A® IN)X\.
6. return: A and X

'Here ﬁ() is either the (self-adjoint or rectangular) free kurtosis, the free entropy or a higher
(than fourth) order (even valued) free cumulant. See Table 7.1.
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7.1.7 Numerical algorithms for Free Component Factorization

The manifold optimization problem in FCF can be solved using a gradient descent

with retraction method [24, 92].

Theorem VII.19 (Gradient of the objective function; ). Let Y = [Yi, - ,Y;] and

W = [wy, - ,ws] € R, Suppose
"/““/ - W@IN,

Then the gradient
Ow > F. (WTY) ,
i=1
depends on whether Y is an array of self-adjoint or rectangular matrices.
Suppose ﬁ() is chosen to be free kurtosis or free entropy for the self-adjoint or

rectangular setting as in Table 7.1, then the gradient is given by the corresponding

expression in Table 7.2 where

X, =wY,
and ’lﬂg :wg®IN.

Armed with these gradients we can compute the free component factorization of
an array of matrices using numerical solvers for manifold optimization, such as for
example the manopt [24] package (for MATLAB) or the Optim. j1 [92] package for Julia.

Our software implemntation via the FCA. j1 package [94] does precisely this.
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Table 7.1: Formulas for F () in Algorithm 2. Here X is either a self-adjoint or a
rectangular matrix.

’ \ self-adjoint FCF \ rectangular FCF
F(X) = —[Ry(X)[, where | F(X)=—|z(X)|, where
1 1
free X)) = —Tr(X? ~ _ H\2
| Ra(X) = 5 Te(XT) Ra(X) = & Tr((X X))
1 2 N 1 2
—2 | = Tr(X? _ A I H
[N r( )} (1+ M) {NTr(XX )}
M
t - d =
Set o= g ad A=
F\(X) = R(X), where F(X)=x(X), where
2
free N _ log [Ai — Ay g(X):a— log [\ — A,
i
N
A; are eigenvalues of X (B —a)a
TN oo s
+ N ; og \;
\; are the eigenvalues of X X%

7.2 Numerical Simulations

We will now validate the unmixing performance of FCA on additive mixtures
on random matrices and compare the unmixing performance with that of ICA. To
that end, we first define a permutation invariant unmixing error metric that is also

invariant to scaling and sign ambiguities.

Definition VII.20 (Unmixing Error Metric). Let A be the mixing matrix in (6.10)
and A be an estimate of the mixing matrix. The scaling and permutation invariant

unmixing error is defined as

E(A,A)= min ||[PDAA -1, (7.32)

DeD,Pell
where D denotes the set of non-singular diagonal matrices and II denotes the set of
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Table 7.2: Fuclidean gradients for the setting in Theorem VII.19

|

self-adjoint FCF

|

rectangular FCF

Ow., Z F. (WTY) -

ow,, Z F.(WTY) = —sign(a(X.))

i=1 i=1
free R 4 3 4
kurtosis —sign(k4(Xy)) x N Tr(Y, X7) X ~ Tr(YkXZHXZXf)—
8 N\ 4
% Tr(X?) Tr(YkXé)] (1 + M) e Tr(X, X[) Tr(Yka)]
Let )\Z([) and vl@ be the eigenvalues
Let A9 and v be the X, and eigenvectors of X, X/
eigenvalues and eigenvectors S~ i~
owi, > F. (WTY) -
s i=1
~ (e _
enftrreoepy oWy, ZF (W Y) = o2 > Iy . )\g_e)
e () NOV=1 20 A0 =)
Z asz)‘i - aWke)‘j ;\:ﬁj ’ !
¢
Z N - -A0) Lo dw
N 4 Al
with A, A\l = (/) Ay T
with Oy, A = (A (v X

+ X, 0,

K2
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(square) permutation matrices.

We shall utilize this metric to compare FCA and ICA in what follows.

7.2.1 Unmixing of self-adjoint matrices using self-adjoint FCA

We now verify Theorems VII.15, VII.16 and Corollary VII.17 by showing that
self-adjoint FCA can successfully, while not perfectly, unmix mixtures of self-adjoint
matrices.

Let G; € RV and G5 € RV*M be two independent Gaussian matrices composed

of i.i.d. M(0,1) entries. Define

(7.33)

The matrices X, X, are self-adjoint by construction, and their eigen-spectra are
displayed in Figures 7.1a and 7.1e respectively. In the parlance of random matrix
theory [52], X is a matrix drawn from the Gaussian orthogonal ensemble (GOE) and
its limiting eigen-distribution obeys the semi-circle distribution, while X5 is a matrix
drawn from Laguerre orthogonal ensemble (LOE) and its limiting eigen-distribution
obeys the Marcenko-Pastur distribution.

We now mix the matrices as in (6.10) for a non-singular

0.5 0.5
A=

—0.5 0.6

The eigen-spectra of the mixed matrices Z; and Z, are plotted in Figures 7.1b and
7.1f.

The distributions of X; and Xy are orthogonally invariant, and according to the
discussion following Definition B.16, X; and X, are asymptotically free. Moreover,

only one matrix (X;) has a limiting eigen-distribution that converges to that of an
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Figure 7.1: An experiment in the separation of self-adjoint matrices. The mixing
matrix A = [0.5,0.5; —0.5,0.6], N = 800, M = 1600. The average errors over 200
trials are 8.67 x 1073 for kurtosis-based FCF and 6.44 x 102 for entropy-based FCF.

abstract free se;nicircular element. Hence, we can apply self-adjoint FCA to factorize
Z = [ Z, ZQ} using Algorithm 2 and obtain estimates A\, X, 1 and )/(\2 which should
be good estimates of A, X; and X, respectively.

Figures 7.1c and 7.1g display the eigen-spectra of the matrices )/(\1 and )/(\2 re-
turned by self-adjoint free kurtosis-based FCA. Comparing Figures 7.1c¢, 7.1g and
7.1a, 7.1e reveals that free kurtosis-based self-adjoint FCA successfully unmixes the
mixed matrices well. Figures 7.1d and 7.1h show that free entropy based self-adjoint
FCA successfully unmixes the mixed matrices. Both free kurtosis and free entropy
based unmixing have comparably small but not zero error, which we compute over
200 Monte-Carlo realizations. This is expected since the matrices are asymptotically

free and the simulations are with finite dimensional matrices.

146



7.2.2 Unmixing of rectangular matrices with rectangular FCA

We now show that the rectangular FCA can successfully, while not perfectly,
unmix mixtures of rectangular matrices. To that end, we let X5 be an N x M

Gaussian matrix with i.i.d. N'(0,1/M) entries and set X; = UDVT where

UG, j) = —sin[2—(i+1)(2j +1)]  for 1 <i,j <N

N 2N
2
V(i,j) = 5 cos [ﬁi@j +1)] for1<i,j<M,

so that U and V' thus constructed are orthogonal matrices. We pick a ‘nice’ function
f(2) and set the diagonal matrix D € R¥*M such that D(i,4) = f((i —1/2)/N)),i =
1,---,N.

The singular value spectra of X; and X5 are plotted in Figures 7.2a and 7.2e. As
before, we mix the matrices as in (6.10). Figures 7.2b and 7.2f display the singular
value spectra of Z; and Z,.

We now note that the singular value distributions of X; and X, converge to a
non-random limit and that the distribution of X5 is bi-orthogonally invariant. Thus,
following the discussion after Definition (B.17), X; and X, are asymptotically free.
Moreover, only X, has a limiting distribution which converges to that of an abstract
free Poisson rectangular element. .

Hence, we can apply rectangular FCA to factorize Z = [ A 221 using Algo-
rithm 2 and obtain estimates fi, X 1 and 5(\2 which should be good estimates of A,
X1 and X5 respectively.

Figures 7.2c and 7.2g display the eigen-spectra of the matrices 5(\1 and 5(\2 re-
turned by rectangular free kurtosis-based FCA. Comparing Figures 7.2¢, 7.2g and
7.2a, 7.2e reveals that rectangular free kurtosis-based FCA successfully unmixes the
mixed matrices well. Figures 7.1d and 7.1h show that rectangular free entropy based

FCA successfully unmixes the mixed matrices. Both free kurtosis and free entropy
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Figure 7.2: An experiment in the separation of rectangular random matrices. In this
simulation, A = [0.5,0.5; —0.5,0.6], N = 800, M = 1000 and f(z) = (x — 1)*. The
average errors over 200 trials are 1.55 x 1073 for kurtosis-based FCF and 8.81 x 10~
for entropy-based FCF.

based unmixing have comparably small but not zero error, which we compute over
200 Monte-Carlo realizations. This is expected since the matrices are asymptotically

free but the simulations are with finite dimensional matrices.

7.2.3 Unmixing mixed images using rectangular FCA

We now consider the problem of unmixing mixed images. Grayscale images can
be viewed as matrices so rectangular FCA can be used to separate the mixed images.
We can also apply ICA to unmix the images via reshaping images to vectors and
we shall compare the unmixing performance of FCA with that of ICA. Algorithm 9
in Appendix B.3 describes the independent component factorization (ICF) mirroring
the language we used for FCF.

We set X to be the grayscale image of the locust in Figure 6.4a. The matrix X,
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is a Gaussian random matrix of the same size as X; with i.i.d. zero mean, uniform
variance entries as depicted in Figure 6.4e. We mix the matrices following (6.10) and
display the mixed images in Figures 6.4b and 6.4f.

Next, we apply (rectangular) free kurtosis based FCA to the mixed images Z =
(Z, Z,])" and display the unmixed image that is closes to that of the locust in Figure
6.4d. The unmixed image obtained by using (classical) kurtosis based ICA is displayed
in Figure 6.4c. Both methods return unmixed images that are close to the original
image of the locust. A closer inspection of Figures 6.4d 6.4c reveals that FCA better
unmixes the images than ICA as illustrated in Figures 6.4h and 6.4g. Quantitatively
speaking, when averaged over 200 Monte-Carlo realizations of the noise, we find that
the denoising error for kurtosis-based FCF is 5.35 x 1072 while the error for kurtosis-
based ICF is 2.42 x 107!, thereby illustrating the superiority of FCF over ICF for this
task.

To gain additional insight on the improved unmixing performance of FCA relative
to ICA for this example, we investigate the landscape of their respective objective
functions. To that end we first note that the mixing matrix

1(vV2 V2

2lva 3|

is orthogonal and so we can recast the spherical manifold optimization problem un-
derlying FCA and ICA as a 1-D optimization problem in polar coordinates. In other
words, we can parameterize the optimization problem in (6.5) and (6.9) in terms of
w = wy = {cos(@) sin(@)} T. Similarly, optimization (7.15) can be parameterized
with

W = [cos(0) sin(6); — sin(6), cos(6)]T. We compute and display the landscape of the
objective functions corresponding to maximization of the classical kurtosis |c4(6)],

free kurtosis |r4(0)| and the free entropy E(6) for § € [0, 27] in Figures 7.3a, 7.3b and
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7.3c, respectively.

The dashed red line in these figures corresponds to the ground truth freely in-
dependent component direction associated with ¢; = 7/4 associated with the first
column of the mixing matrix A; the other direction (not displayed) is orthogonal and
corresponds to the second column of A and is associated with 6, = 37/4.

Figures 7.3b and 7.3c, reveal that |k(6)| and E(f) are maximized at angles 6 very
close to #; = w/4. In contrast, Figure 7.3a reveals that |c(¢)| is maximized at an
angle 6 further away from 6; than is the case for the FCA algorithms. This is why
FCA better unmixes the images than ICA.

There is a more interesting story in these plots. Figure 7.3b shows that the |k (6s)]
for 6, = 37/4 is very close to zero, as expected because X, is a Gaussian random
matrix and in the large matrix limit the free rectangular kurtosis of its free counterpart
is identically zero. The classical kurtosis of a Gaussian random variable is also zero.
A closer inspection reveals that the classical kurtosis of the locust image is also close
to zero (the scale of the polar plot initially obscures this fact!) while its free kurtosis
is significantly greater than zero (or that of X5).

The fact that the locust image X; and the Gaussian image X, have a higher
“contrast” in their free kurtosis relative to their classic kurtosis is why FCA does
better at unmixing them than ICA. Figure 6.5 captures this perspective and suggests
a direction for future research in more precisely defining how the “contrasts” between
the scalar (or ICA) and matrix (or FCA) embeddings affects the realized unmixing

performance.

7.2.4 Unmixing performance of free kurtosis vs free entropy FCA vs ICA

We now compare the performance of FCF and ICF as a function of the dimen-
sionality of the system, since the errors in FCF and ICF are both governed by the

deviation from some limiting large sample quantities (or large matrix size). Here,
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Figure 7.3: (a) Polar graph of ¢(6) (b) Polar graph of k() (c) Polar graph of E(#).
The red dashed lines stand for the direction of 45°. Note that the directions of
maximum of x(#) and E(0) agree with the red line well, while the maximum of ¢(6) is
off. Because of the randomness of Gaussian noise, for different trials, the polar graph
of ICA will vary. However, the polar graphs of FCA are relatively stable.

we adopt the same setup as in Section 7.2.2 with whitened X; and X5 matrics and
A = [V2,V2; —v/2,v/2]/2. We increase N, M in a fixed ratio, and obtain an estimate
of the unmixing matrix using kurtosis based FCA, entropy based FCA, kurtosis based
ICA and entropy based ICA and compute the unmixing error over 200 Monte-Carlo
realizations.

Figures 7.4a and 7.4c show that free kurtosis based FCA and kurtosis based ICA
realize similar unmixing performance. However, Figures 7.4b and 7.4d show that free
entropy based FCA has a lower error than entropy based ICA, even while both have

errors that decay at the same rate.

7.2.5 Unmixing mixed waveforms using rectangular FCA

Let x; and x5 denote two vectors representing the audio signals whose waveforms
are displayed in Figures 6.3a and 6.3e, respectively. Their mixture produces signals
whose waveforms are displayed in Figures 6.3b and 6.3f, respectively. This is the
famous cocktail party problem [64] and ICA is known to succeed in unmixing the

mixed signals. Figures 6.3c and 6.3g confirm that it does.
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Figure 7.4: (a) Averaged (over 200 trials) errors of kurtosis based FCA and ICA
for increasing dimension. (b) Averaged error of entropy based FCA and ICA for
increasing dimension. (c) CDF of Errory.,/Error;, for the kurtosis-based method.
(d) cdf of Error f.,/Error;, for the entropy-based method. All methods appear to have
a convergence rate of N~'. In this simulation, we set N/M = 0.8 and f(z) = (z—1)
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In this setting the mixed waveforms are modeled as

z{ ]
Al :]. (7.34)
z] T

There is no matrix in sight in (7.34), so we can seemingly not apply FCA directly.
The key insight is that we are at liberty to design a linear matrix embedding

operator M : £ € R" = X € FM*V for some integer M and N. A simple example is

by reshaping the n = M N vector into an M x N matrix. Here linearity implies that

for any scalars o and 8 we have that

M(az + By) = aM(x) + SM(y).

Then as a consequence of the linearity of the embedding operator we have that

M(z1)" M(z)"
=(A®Iy) : (7.35)
M(z,)" M(z,)"

so that it fits (6.10) and we can apply FCA to estimate the mixing matrix and thus
unmix the mixed waveforms.

For the cocktail party problem we used a (complex-valued) spectrogram embed-
ding, as described in Algorithm 7, and computed the mixed (complex-valued) spec-
trogram matrices Z; and Z, displayed in Figure 7.5. Since the mixing matrix is
real-valued we modified the FCA algorithms slightly by whitening using only real
part of the covariance matrix.

Figures 6.3d and 6.3h show that FCA on the complex-valued spectrogram ma-

trices successfully unmixes the complex-valued spectograms of the latent waveforms.
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Figure 7.5: The spectrogram of signals. For the spectrogram, we adapt the Hamming
window of 250 samples, the number of overlapped samples is 125, the number of DF'T
points is 256.

Figure 6.2 shows that FCA succeeds in unmixing the waveforms and that FCA better
unmixes the waveforms than ICA. Figure 7.6 illustrates a setting where ICA does
better.

These experiments illustrate our general point that FCA can be used wherever
ICA has been used and that they perform comparably well. The key step is embedding
a vector waveform as a matrix in a way that preserves the mixing model. We used
the spectrogram embedding here — other linear embeddings could be used as well.
Determining the optimal embedding so we can reason about why FCA does better
than ICA for the setup in Figure 6.2 but does not for the setup in Figure 7.6 is a

natural next question.

154



(a) Cosine wave (b) Mixed wavel (c) Wavel via ICF  (d) Wavel via FCA

(e) Square wave (f) Mixed wave2 (g) Wave2 via ICA  (h) Wave2 via FCA

Figure 7.6: An experiment in waveform separation using ICA and FCA. Note that
subplots (c), (g) (unmixed waves via ICA) and (d), (h) (unmixed waves via FCA)
both recover (a), (e). In this simulation, A = [v/2,v/2; —v/2,v/2]/2 in (6.10). The
errors for ICA and FCA are 7.70 x 1075 and 1.36 x 1072 respectively. .

7.2.6 Unmixing rectangular matrices using self-adjoint FCA and more

We can take this embedding idea even further by embedding mixed rectangular
matrices modeled as (7.34) and embedding them as self-adjoint matrices as described
in Algorithm 6 and then using self-adjoint FCA to unmix them. Or, we may even
embed rectangular matrices into another rectangular matrix with a different number
of rows and columns as described in Algorithm 6. Determining the right matricial
embedding adds another aspect to the question of optimal embedding selection as in

Figure 6.5.

7.3 Conclusions and Open Problems

We have developed free component analysis as a non-commutative analog of inde-
pendent component analysis. We proved that when certain identifiability conditions
are met then mixtures of self-adjoint and rectangular variants can be unmixed us-
ing self-adjoint and non self-adjoint/rectangular FCA. We developed an algorithm
for umixing mixtures of matrices based on FCA and demonstrated how FCA can
be used to unmix images (viewed as matrices), speech signals and waveforms (when
embedded as spectrogram matrices) and images where it initially fails (via FCA on

a free subset of the mixed images).
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7.3.1 Open Problems

We now list some directions for future research. These include developing a non-
linear extension of FCA analogous to non-linear ICA [56, 26, 67, 72, 3, 74], a fast
algorithm for FCA analogous to fast ICA [70, 35, 96] and algorithms for sparse FCA
analogous to sparse ICA [44, 23].

A more general line of inquiry is related to the so-called one-unit learning work in
ICA. In ICA, it is known that instead of maximizing the kurtosis, we can equivalently
maximize a large class of so-called contrast functions G(-) of the form [69, Equation
2))

Jo(w) = E;[G(w"z)] = E7[G(7)],

where G(-) is non-quadratic well-behaving even function and 7 is a standardized
Gaussian random variable. Developing the analog of this theory for the self-adjoint
and rectangular FCA settings will allow for a finer study of the statistical efficiency
of the FCA algorithms in the finite matrix setting akin to the work by Arora et al. [7]
and facilitate the development of asymptotically consistent and statistically efficient
estimators akin to the work by Chen and Bickel [35].

Our simulations showed that free entropy based FCA outperformed free kurtosis
based FCA (see Figure 7.4d). Computing the free entropy is computationally more
expensive than computing the free kurtosis. In ICA, the mutual information is ap-
proximated via a cumulant expansion [43, Section 3.1, pp. 295]. Developing a rapidly
converging approximation to free entropy in terms of the free cumulants that con-
verges faster than the approximation in [90, Exercise 5, pp. 190] would lead a faster

FCA that we expect to be statistically more efficient than free kurtosis based FCA.
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7.3.2 Open Problem: Using FCA to construct new matrix models for

freeness

We can use the ICA to decompose small patches of an image into linear indepen-
dent combinations of ICA basis vectors that can be learned from the data via the ICA
factorization [66, 17]. Figure 7.7a displays the 36 ICA bases patches thus obtained by
reshaping into 6 x 6 matrices the 36 ICA bases vectors corresponding to each of the
columns of the 36 x 36 Wi, matrix obtained by an kurtosis based ICA factorization
of the 6 x 6 patches of the panda image in Figure 6.1a.

We can similarly use FCA to decompose the patches of an image into “as free as
possible” matrices. Figure 7.7c shows the 36 free patch bases obtained by displaying
the matricial elements of the Xj., array of matrices of the panda image. Each sub-
image in the panda is a linear combination of these free patches.

The patch FCA versus patch ICA bases vectors for the hedgehog image in Figure
6.1e are shown in Figures 7.7d and 7.7b. Comparing the ICA bases vectors in Figure
7.7a to the FCA patch bases reveals that the ICA bases contain diagonal elements
whereas the FCA bases are more checkerboard like and are even reminiscent of the
2D- DCT matrix. The ICA patch bases seem to depend on the image much more
strongly than the FCA patch bases. Both the FCA and ICA patch bases are more
structured than we might have expected.

Since FCA worked in unmixing the panda and hedgehog images and since each
of these images is composed of a linear combination of FCA extracted free patches,
this suggests a way of constructing not-so-random matrix models from random linear
combinations of not-so-random (sub) matrices that are asymptotically free. This line
of inquiry would complement the recent work [5, 34, 84] in developing not-as-random
matrix models that are asymptotically free.

FCA can serve as a valuable computational tool for reasoning and formulating

mathematically plausible conjectures about matricial freeness in not-so-random ma-
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(a) Patch ICA on panda patches. (b) Patch ICA on hedgehog patches.

(c) Patch FCA on panda patches. (d) Patch FCA on hedgehog patches.

Figure 7.7: Patch bases obtained via an ICA (top row) or FCA (bottom row) factor-
ization of 6 x 6 patches of the panda and the hedgehog images from Figures 6.1a and
6.1e respectively.

trices.

7.3.3 Open Problem: Improving FCA by “more free” sub-matrix selec-

tion

FCA (and ICA) do not always succeed in unmixing images. See, for example
Figure 7.8 where applying FCA to the mixed images does not produce a good estimate
of the mixing matrix. In Figure 7.9, we show how we can better estimate the mixing

matrix by applying FCA to sub-matrices instead. In this example, we can reason
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that FCA on the whole matrix fails because the in-alignment faces make the matrices
“less free“ whereas the sub-matrices are “more free”.

We can formalize this idea further by examining how random or not-random the
left and right singular vectors of the matrices are. Asymptotically free matrices have
left and right singular vectors that are isotropically random relative to each other.
Hence, if V| and V5 are N x N right singular vectors of two matrices and if V; and
V; are independent and isotropically random, then we expect the entries of V| x V,

/2. We can employ a similar

to be delocalized and having the values of order N~
argument for the left singular vectors.

We can use this as a heuristic for quantifying how close-to-free two matrices we
are trying to unmix are.

For the panda and hedgehog images in Figure 6.1, we can see from Figures 7.10c
and 7.10d that the right and left singular vectors respectively are more uniform and
so we might FCA to succeed as it indeed did.

In contrast, for the matrices in the Figure 7.8, the right and left singular vectors
of the matrices in Figures 7.10a and 7.10b respectively are not that uniform and so
we might expect FCA to fail as it did.

The sub-matrices on which we applied FCA in Figure 7.9 are “more free” than
the matrices in Figure 7.8 and so FCA worked better in the former case than in the
latter. ICA similarly fails as FCA when applied to the whole matrices and similarly
succeeds when applied to the sub-matrices.

New algorithmic methods for identifying “more (freely) independent” sub-matrices
to improve the unmixing performance of FCA (and ICA) would be invaluable in
applications where practitioners have applied FCA (or ICA) and given up because it
seemingly did not succeed. Such methods would help make FCA, and ICA, (even)

great(er) (again)!
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(d) X2 (f) X, via FCA

Figure 7.8: An Application of FCA to images not so free. The mixing matrix is

A =[V2,vV2,-V2,V2]/2
7.4 Proof of Proposition VII.13 and VII.14

We proof Proposition VII.13 and VII.14 for the covariance matrix for rectangular

case. The self-adjoint case can be proved with straightforward modification.

7.4.1 Proof of Proposition VII.13

By Remark 1.2 of [95], for any random variable a, p(a*) = ¢(a). Thus,

[sz]ij = 901(21‘5;)
= p1((z:2])") (7.36)

= p1(2;%]) = [C.zli-
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(d) Sub matrix of Z (e) X2 by FCF (f) Full unmixed image 2

Figure 7.9: Application of FCA to sub images gives better results. The mixing matrix

is A=[v2,v2;—v2,v2]/2

Therefore, C,, is Hermitian.
We turn to show that [C,,] is positive semi-definite. Actually, as ¢ is a linear

functional, for any column vector o = [avg, - , ),
aC..a" = o((D " 0iz) () z)) =0 (7.37)
i=1 i=1
where we used that ¢(-) is positive. This completes the proof.

7.4.2 Proof of Proposition VII.14

Since z = Az and C,, = I,
C,,=AC,, A" = AA",
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Figure 7.10: Normalized square of inner products between: (a) left singular vectors
of Figure 7.8a and 7.8d, (b) right singular vectors of Figure 7.8d and 7.8a, (c) left
singular vectors of Figure 6.1a and 6.1e, (d) right singular vectors of Figure 6.1a and
6.1e. We observe that inner product between the right singular vectors of Figure 7.8d
and 7.8a (corresponding to (b)) are clearly not uniform.

Note that we assume that A is real and non-singular, C,, is real and positive-definite.

7.5 Proofs of the main results

7.5.1 Proof of Theorem VII.1

In order to prove Theorem VII.1, we first recall the following lemma of free cu-

mulants.

Lemma VIIL.21. Given a probability space (X, ), recall the free cumulants for a

single random variable k,,(a) defined in (B.12). We have

(i) (Free additivity, Proposition 12.3 in [95]) For any m > 1, if a and b are freely
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independent random variables, then

KEm(a+b) = km(a) + km(b). (7.38)

(2) For anym > 1, « € C and a € X, we have that
Em(aa) = a™knp(a). (7.39)

This immediately follows from the multilinearity of free cumulants (see (B.9)).

The above lemma is still valid with k,,(-) denoting rectangular free kurtosis defined
in (B.20). The analogy of (7.38) for rectangluar free kurtosis follows from equation
(10) in [19]. The analogy of (7.39) is a direct result of (B.19).

We are ready to prove the Theorem VII.1.

7.5.1.1 Proof of Theorem VII.1 (a)

Set g = QTw, then w = Qg. As x and y are related via (7.1), we have that
wly =w'Qzr = (Q"w) 'z = g'z. (7.40)

Adapt the notation g = (g1, -, gs)7. Note that x; are freely independent, then using
(7.38), we have that

S

ka(ghx) = Ky (Z gim) = Z Ra(gix;). (7.41)

=1

By (7.39), r4(giw;) = g}ka(z;) for i =1,--- | s, thus the above equation becomes
ka(g'®) =) glra(ws). (7.42)
i=1
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Combining (7.40) and (7.42), we get

(7.43)

29?54(33@') :

=1

|ra(w’y)| =

When w runs over all unit vectors, ¢ = Q7w also runs over all unit vectors.
Therefore, if w(!) is a maximizer of (7.6), then w") = Qg") where g!V) is a maximizer
of

max
geRs, ||lul|=1

(7.44)

Z 921/{4(901‘) .
i=1

Thus in order to prove (a), it is equivalent to show that g*) is maximizer of (7.44) if

and only if g € {(41,0,---,0)T}.

For any unit vector u, since |g;| < 1, we have that

igf < Z g2 =1. (7.45)
=1 =1

Note that the equality holds if and only if there is a index i such that g; € {£1} (thus

g; =0 for all j # 4). Then using (7.5) and (7.45),

> gtra(@)| <D g)lkal)]
=1 =1

<3 i) (7.46)
< rala)]

On the other hand, for g = (&1,0,---,0)7, it can be checked that all equalities

equalities in (7.46) hold. Thus

= |ka(x1)| (7.47)

max
geRe, gll=1

> giralxs)
=1

and gV is a maximizer of (7.44) if g € {(£1,0,---,0)T}.
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For the other direction, if gt is maximizer of (7.44), then the second equality in

(7.46) holds for g = g(V). That is,

S

0= (gt")* (Ika(@:)] — [ra(@1)])- (7.48)

=1

i(l) = 0 for

Due to (7.7), |k4(x;)| — |ka(z1)| <0 for i =2,--- | s. Thus (7.48) implies g
i=2,---,s Since gV is a unit vector, g € {(£1,0,---,0)7}. This completes the

proof.

7.5.1.2 Proof of Theorem VII.1 (b)

In the proof of (a), the arguments upto (7.48) only rely on properties of free
kurtosis k(-) and condition (7.5). Thus (7.44), (7.46), (7.47) and (7.48) also apply in
the setting of (b). Thus in order to prove (b), it is equivalent to show that u(!) is a

maximizer of (7.44) if and only if
(i) gi(l) =0fori=r+1,--- s,
(ii) there is an index ¢ such that ggl) e {£1}.

The backward direction can be checking directly using |k4(z1)| = -+ = |ka(2,)].

We now prove the forward direction. If g(!) maximizes (7.44), then it satisfies
(7.48). By (7.9), |ka(x;)| — |ka(z1)| = 0 for i = 1,--- ,r and |ka(z;)| — |Kka(z1)] <O
fori=r+1,---,s. (i) then follows. On the other hand, as |k4(z1)| = - - = |ka(2,)],

enforcing the third equality in (7.46) implies

Z(gi(l))“ =1 (7.49)

By the observation below (7.45), this indicates indicates (ii). This completes the

proof.
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7.5.2 Proof of Theorem VII.3

Set g = QTw, we use the notation g = [g1,---,g,7. As w® € {£Q;} for

k—1)

waHzl,wJ_w(l),--- ,w( — |gll=1L,g1=-=gr1=0. (7.50)

Using (7.43), if w™ is a maximizer of (7.11), then w® = Qg® where g is a

maximizer of

4
max s Kal(T;)] - 7.51
geR. Jgll=1 29 4( ) ( )
g1=""=gg—1=0 """
Thus in order to prove (a), it is equivalent to show that g'*) = ( %k), s ggk))T is
maximizer of (7.51) if and only if g,(f) € {£1} (thus gj(-k) =0 for j # k).
As we are maximizing over unit vector g such that gy = --- = gp_1 = 0, again
using (7.5) and (7.45)
> gtra(z)| = > glrala:)
i=1 i—k
< Z gilka(z;)]
i=k (7.52)

<3 gilra(wy)
i=k

< [raap)]

For g with gy € {£1}, it can be checked that all equalities in (7.52) hold. Thus

4
max “ka(xi)| = |ka(Tp)], 7.53
geir it §~—1 gikia(wi)| = |Ra(zp)| (7.53)
91:~~~:gk_1:0 -

and g is a maximizer if g,(ck) e {£1}.

For the other direction, if g*) is a maximizer of (7.51), all equalities in (7.52) hold
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with ¢ = ¢®). In particular, the third equality in (7.52) implies
k
0= (") (Imalws)| — |ma(an)]). (7.54)

i=k

Due to (7.7), |ka(x;)| — |ka(zg)| < O for i = k+1,--- ,n. Thus (7.54) implies that
gz-(k) =0fori=k+1,---,s Since g is a unit vector, gk € {£1}. This completes

the proof.
7.5.3 Proof of Theorem VII.4

7.5.3.1 Proof of Theorem VII.4 (a)

We prove (a) by showing that

Wrrel%xs)z ke (WTy))| = Z |ka ()] (7.55)

and W = @ reaches the maximum. Set G = Q"W € O(s). As x and y are related
via (7.1),
Why =w7'Qzx
= (Q"™W)x (7.56)
=G'zx.
Adapt the notation G = (g;);;—;. Then for all i = 1,--- ,n, (W'y); = (G"x); =

> i1 9jiz;- Together with (7.38) and (7.39), for any i = 1,--- s, we have that

ka(Wy)i) =k (Z gjz'%)
= Z Ka (i) (7.57)

=Y gjiralz;).
j=1
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Apply triangular inequality to above equation, we get
|ka(WTy) Zgﬂ |k (x5)] (7.58)

Note that (gji,---,9jn)" is a unit vector, by (7.45), >>°_, gj; < 1. Then summing

(7.58) over i =1, -+ ,n, we obtain that

S

Y|kl <30 gl ra (a))]

i=1 i=1 j=1

- Z (Z 9;'5) |ea () (7.59)
< Z ()]

Actually, for W = Q, QTy = QT Qx = =, thus

D [ma(@Ty))| = 3 Ira(wi)l. (7.60)

Equations (7.60) and (7.59) together imply (7.55). Then by (7.60), @ is a maximizer
of (7.13).

7.5.3.2 Proof of Theorem VII.4 (b)

We first introduce several notations. For a permutation matrix P = (p;;); -,
there is a associate permutation o such that p,;; =1 and pj; =0 foralli =1,--- s
and j # o(i). For a signature matrix S, we denote its i-th diagonal elements by S;.

Now for any P and S, under the light of (7.55), it is desired to show that
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Yoo }/14 ((QPS)Ty):)| = > i1 [ka(x)|- As @ and y satisfy (7.1), we have

(QPS)"y=S"P"Q"y
=STPTx

:<Slxa(1)7 T Ssxa(s)>T'

As S; € {1}, by (7.39)
k4(SiTo()) = S;ka(To) = Ka(To@))-

Combining (7.61) and (7.62) together, we obtain that

S

>_lra((@PS)Ty)) —Z [fa(Sizo(o)|

:Z Ka(oi))|
:Z | ()]

This completes the proof of (b).

7.5.3.3 Proof of Theorem VII.4 (c)

(7.61)

(7.62)

(7.63)

By (b), any matrix W of the foom W = QPS is a maximizer. For the other

direction, we want to show that any maximizer W can be written in the this form.

Actually, if W is a maximizer, we consider (9i); j=1 = G = Q"W. The thrid

equality of (7.59) holds with g;; = g;;. That is,

> (Zﬁ) fale)| = D Iraa).

(7.64)

Since all the components of = has non-zero free kurtosis and )7, gj; < 1 for j =
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1,--+,s, (7.64) is equivalent to
Z/g\;-lizl, forj=1,--- n. (7.65)
i=1

By the observation below (7.45), for each j, there is a 4 such that g;; € {£1} while
gjr = 0 for k # 4. That is, each column of G has exactly one non-zero entry. By
Proposition VII.25, G c O,, and thus G = PS for some permutation matrix P and
signature matrix S. Now, recall that W = Q(A}’, we have that W = QPS. This

completes the proof.

7.5.4 Proof of Theorem VII.8

Here, we recall two propositions of free entropy which will be handful in the proof.

Proposition VII.22. Letx = (x1,- -+ ,z5)T where z; are self-adjoint non-commutative

random variables. Then for any Q = (gi;); =, € O(s), then

X((Qw)h"' ,(Qil?)s) :X(171,"‘ >IS)' (766)

That is, the free entropy is invariant under the orthogonal transformation.

Proof. This proposition is a special case of a general result. For any matrix A € R"*",

we actually have that (see Corollary 6.3.2 in [65]),

X ((Ax)1, -+, (Ax)s) = x(x1,- - ,x5) + log | det AJ. (7.67)
Now, for Q € O(s), QTQ = I, thus

(det Q)* = det Q" det Q = det(QTQ) = det I = 1. (7.68)

That is, |det Q| = 1 and thus log | det Q| = 0. Now, set A = Q in (7.67), we obtain
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(7.66). 0

Proposition VII.23. Let xq,--- ,x, be self-adjoint non-commutative random vari-

able, then

X(@1, - 15) < ZW")‘ (7.69)

Further assume that x(x;) > —oo fori = 1,--+ ,n, then the above equality holds if

and only if x1,--- , x5 are freely independent.

Proof. The proof for the inequality can be found in Proposition 6.1.1 in [65]. The

equivalence between the equality and freely independence is Theorem 6.4.1 in [65]. [

Proposition VII.22 also holds with x(-) denoting the rectangular free entropy. This
can be proved using Proposition 5.8 of [18]. On the other hand, Theorem 5.7 and
Corollary 5.16 in [18] together prove the analogy Proposition VII.23 for rectangular

free entropy x(-).

7.5.4.1 Proof of Theorem VII.8 (a)

Set Z = QTW. As x and y are related via (7.1), Wiy = (QZ)"Qx = Z"x.
Then by (7.69),

s

Z x (WTy),) = Z X ((Z7z);) > x ((Z72)1,--- ,(Z7x);) . (7.70)

i=1
On the other hand, note that Z is an orthogonal matrix, then by (7.66),
X((ZTm)l,--~ ,(ZT:B)S) =x (1, - ,zs) (7.71)

Combining (7.70) and (7.71) together, we obtain that, for any W € O(s),

Zx (WTy)) > x (21, ) (7.72)
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Now consider W = Q. As QTy = QT Qzx = x, we have that

ZX ((QT’y)z‘) = ZX (%) . (7-73)

On the other hand, as x; are freely independent, then by Proposition VII.23,

Zx(xl) =x(x1, -, xy). (7.74)
Then (7.73) becomes
2 (@) = x(wr, o wy). (7.75)

Equations (7.75) and (7.72) together indicate

S

WIQg}S)ZX (WTy)s) = x (21, , ) (7.76)

and @ is a maximizer of (7.15).

7.5.4.2 Proof of Theorem VIIL.8 (b)

Adapt the notations introduced in the proof of Theorem VIIL4 (b). For any
permutation matrix P associate with permutation ¢ and signature matrix S =

diag(Sy, -+, Ss), we have that (see (7.61))

(QPS) "y = (S1Za1),* » SsTom))"- (7.77)
Thus
2 X ((QPS)Ty)i) = > _x(Siza). (7.78)
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As S; € {£1} can be regard as 1-by-1 orthogonal matrices, then the 1-dimensional

verision of (7.67) yields

X(SiTo(i)) = X(To (i), fori=1,---,n. (7.79)
Then (7.78) becomes
2_x((@PS)Ty):) = 3 _x(x). (7.80)

Under the light of (7.76), QPSS is a maximizer of (7.15).

7.5.4.3 Proof of Theorem VII.8 (c)

By (b), any matrix W of the form W = QPS is a maximizer. For the other
direction, it is enough to show that, any maximizer W of (7.15) can be written in the

form W = QPS for some permutation matrix P and signature matrix S. Actually,

if W maximize (7.15), then by (7.76),
D x ((WTy)i> =X (@1, -, x) (7.81)
i=1

Since WTQ is a orthogonal matrix, then by (7.66) and (7.1),

(@) = x (WIQah, - . (W'Qu),)

_ . (7.82)
=X ((WTy)l, = ,(WTy)s)
Then (7.81) becomes
ix (W) =x (WTy)r, - (WTy),) (7.83)

By Proposition VII.23, the above equation indicates that WTy has freely independent

components. As we assume that z has at most one semi-circular element, Theorem
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VIL.9 implies that W = QPSS for some permutation matrix P and signature matrix

S. This completes the proof.

7.5.5 Proof of Theorem VII.9

Definition VII.24. We denote all matrix of size s x s which are product of a per-

mutation matrix and a signature matrix by

O,s = O,5(s) :== {PS | P is a permutation matrix, S is a signature matrix}.
(7.84)
Let O := O(s) denotes the sets of orthogonal matrix of size s x s. Note that any
permutation matrix P and signature matrix S belong to O. Furthermore, it can be

checked that O, is a subgroup of O.

We first prove two propositions of O,,. An orthogonal matrix must contain at
least one nonzero entry in each column (and each row). On the other hand, the matrix
belonging to O,s has exactly one nonzero entry in each column (and each row). The

following proposition states that this characterizes the matrices contained in Q.

Proposition VIL.25. Fiz a positive integer s > 1, Q € O(s) has exactly one non-

zero entry in each column if and only if Q € O,s(s).

Proof. If Q € O,s, then Q = PS for some permutation matrix P and signature
matrix S. Thus it follows that @ has exactly one non-zero entry in each column.
For the other direction, consider an arbitrary Q € O(s) with exactly one non-zero
entry in each column. Note that @ has totally n non-zero entries. As @ is non-
singular, it also has exactly one non-zero entry in each row. As a result, there exists
a permutation matrix P such that P7Q is a diagonal matrix.
On the other hand, note that (PTQ)T(PTQ) = QTQ = I, PTQ is a diagonal

orthogonal matrix. Thus the diagonal entries of PTQ are either +1 or —1. Then

174



there exists a signature matrix S such that P’Q = S§. That is equivalent to Q =

PS <€ O,,. This completes the proof. n

By above proposition, for any @ € O\O,;, there must be a column with more

than one non-zero entry. For the later purpose, we prove a stronger result.

Proposition VII.26. Given any s > 2, consider matriz Q = (gi;); j=; € O(5)\Ops(s).
Then there is a 2 x 2 submatrix of Q with all 4 entries non-zero. Explicitly, there exist

i,j,k, 0 €{1,--- .n} (i #j, k#{) such that all gk, gie, qji, and ;e are non-zero.

Proof. We first make the following observation. Two orthogonal vectors either share 0
or more than 2 positions for non-zero entries. Actually, consider any u = (uy, -+, us)?
and v = (vy,- -+ ,vs)T such that u and v are orthogonal. Assume that there is exactly

one index k such that both u; and vy are non-zero, then
S
ulv = Zuivi = upvy, # 0. (7.85)
i=1

This contradicts the fact that uZv = 0.

Now we are ready to prove the proposition. Denote i-th columns of Q by Q;, for
i=1,---,s. Note that the {Q;};_, form an orthonormal basis. As Q € O(s)\O,s(s),
there must be a column containing more than two non-zero entries. Without lose of
generality, assume it is Q. If all Q5,--- , Q, share 0 positions of non-zero entry with
Q1, then {Q;}5_, span a linear space of dimension less than n — 2. This contradicts
with the fact that {Q;};_, span a linear space of dimension s — 1. Thus there must
exist a j € {2,---, s} such that @Q; and Q; share at least one positions for non-zero
entry. By the observation we made in the last paragraph, @ and Q; then share at

least two positions of non-zero entry. This completes the proof. O

Corollary VIL.27. Fiz a positive integer n > 2 and a Q € O(s)\Oyps(s). There
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exists indexes 1,7, k, 0 € [1,..,8] (i # j and k # 1), such that for any m > 3,

gk 0, and gl g0 # 0. (7.86)

In particular, if s = 2, then for any m > 3,

ai g A0, and gy Mg # 0. (7.87)

Theorem VIIL.9 can be obtained as a corollary of the following lemma.

Lemma VIL.28. Fiz a s> 2, let ® = (x1, 22, - ,25)T and y = (y1,%2, -+ ,ys)L be
two random vectors such that y = Qx, where Q € O(s). Assume (x;)i_, are freely
independent. Now if (y;)5_, are freely independent, then at least one of the following

happens:

(1) Q € O,(s).

(ii) There are at least two components of © are semicircular (or Poisson in the non

self-adjoint setting).
We first show that Theorem VII.9 follows from Lemma VII.28.

Proof of Theorem VIL9. As = and y satisfy (7.1), = = (QTW)WTy. Now, by
assumption,  and W'y have free components. Then according to Lemma VII.28,
there are two possibilities: (i) Q"W € O, or (ii) « has at least two semicircular
components. As (ii) has been excluded, (i) shall happens. That is, there exist a
permutation matrix P and a signature matrix S such that Q*W = PS8, ie., W =
QPS. O

Proof of Lemma VIL.28. If Q € O,s(s), then the components of y are exactly the
components of & with different order and possible sign change. It is not surprising

that y; are freely independent. In the following, we assume that @ € O(s)\O,s(s),
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and x, y has free components, the goal is to show that  has at least two semicircular
elements.

We start with the case where n = 2. Then it is desired to show x; and x5 are
both semicircular elements. Recall the Definition B.8 for the semicircular element, it
is enough to show k,,(z;) =0 for all m >3 and i = 1, 2.

Fix m > 3, we consider the mixed cumulants of y;, y» of the specific form
Em(Y1, -+ yy1,Y2,Yp) for p = 1,2, As yy,ys are free-independent, these cumulants
satisfies the condition of Theorem B.7 by noting that i(1) =1 # i(m — 1) = 2. Thus

these mixed cumulants vanishes, i.e.,

K/m(yla"' 7y17y2ayp) =0 forp: ]-,2 (788)

On the other hand, as (y;)2, are linear combinations of (x;)%;, using multi-
linearity of kp,(-) (see (B.9)), we will express ki, (Y1, -+, Y1, Y2, Yp) as linear combina-
tions of ki, (2;) (recall the notation (B.12)). Adapt the notation @ = (g;;)7,—;, then

Y = Z§:1 ¢i;xj. We first derive the expression for &, (y1,- -+ ,y1,y2,y1) (ie., p=1),

2 2 2 2
Em (Y1, 5 Y1, Y2, Y1) = K (Z qujTj, - ,Z Q1% ZC]QJ'%', ZQU%‘) . (7.89)

J=1 j=1 j=1 j=1
Apply (B.9) to the right hand side of (7.89) to expand the first variable,

2 2 2 2 2
B (Y1, Y1, Y2, Y1) = Z q1j. Km (%NZQU%, T aZCHﬂyZ%ﬂjanU%) .
J=1 j=1 j=1 j=1

Ji=1

(7.90)
Again apply (B.9) for the second variable, we obtain that
2 2 2 2 2
B (Y1, Y1, Y2, Y1) = Z Z q1519152Fm (%‘17%‘2; T ,Zqija Z 425y, Z%j%‘) .
=1 ja=1 =1 =1 =1
(7.91)
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Repeat applying (B.9) for the rest n — 2 variables, we arrive at

2 2 s—2
B (Y, YL Y2, 1) = Y > <H qw) Q2jos Qujtim (Tj0s @), (7.92)
0

Jji=1 Jn=1 =1

There are totally 2° terms in above summation. Note that x; and z, are free in-
dependent. Then by Theorem B.7, most of these cumulants vanish. For exam-

ple, ks(xy,z9,+--x9) = 0 where j; = 1 # jo = 2. Consequently, there are only

two terms corresponding to the choices of indexes j; = jo = -+ = j, = 1 and
J1=7Ja =+ =js = 2 survive. Thus using the notation (B.12), (7.92) can be written
as

Fn (Y1, YL Y2 1) = @ 2 geiquem (1) + @5 gz (2). (7.93)

Combining (7.93) with (7.88), we obtain that

qﬁ_QQquulim(%) + QE_QQQMn/{m(@) =0. (7.94)

Repeat (7.88) to (7.94) for kpm(y1, -+, v1,Y2,92) (i-e., p =2), we find that

201 G215m (1) + 1Y 2 q2aqozkim (12) = 0. (7.95)

Writing (7.94) and (7.95) in the matrix form, we obtain that

a2 anqn 47y 2qeaqia Km (1) _
4y 21021 47y 2qaagan Km(T2)
(7.96)
Qi1 12 Qﬁ72Q21 0 Km (1) _q
Q21 Qo2 0 a1y 2 g Km(T2)

We actually get a linear equation system for k,,(z1) and k,,(z2). Note that Q =
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(qi;)?_; is an orthogonal matrix and thus is invertible. Thus (7.96) is equivalent to

m—2
¢1 ¢ 0 Km (2 .
o A (7.97)

0 qi’é‘zqu Km(T2)

Now, as Q € O(2)\O,s(2), then by (7.87), above linear equation system has a
unique solution, k,,(x;) = 0, ¢ = 1,2. Note that this holds for all m > 3. Then by
Definition B.8, we conclude that x; for i = 1,2 are semicircular element (or Poisson
element in non self-adjoint setting). This conclude the proof for n = 2.

For general n > 2. As Q € O\O,, by Corollary VIL.27, there exist ¢, j, k, { (i # j
and k # () such that (7.86) holds. We will show that xy, z, are semicircular elements.

For fixed m > 3, we consider the vanishing mixed cumulants

/im(yia e 7yi7yjayp) =0 for p= 17 T, 8. (798)

Use relation y; = 37, gi;z; and multilinearity of x,,, we can repeat (7.88) to (7.94)

for each K, (Y, -+, ¥i, Y5, Yp) and get

g g (1) + -+ @ s Gpskim (T5) =0, forp=1,-- 5. (7.99)
Write above equations in the matrix form:

qii (s q@-nf_zq]'l Km (1)

I
=11

(7.100)

Gs1 """ (Qss qgiijs Km (Q?s)

Again, Q = (g;;)i_, is invertible and ¢/} g, # 0 (see (7.86)), thus r,,(vx) = 0. For
the same reason, k,,(x;) = 0. As these hold for all m > 3, xy,z, are semicircular

elements. n

179



Remark VII.29. We remark that for each s > 2, there are case there are exactly two
semicircular elements. Consider the & with z; and x5 are semicircular elements (or

Poisson element in non self-adjoint setting), let the mixing matrix @ be the following:

cosf) —sinf

sinf cos®

Q= 1 : (7.101)

As mentioned, (Qx); and (Qx), are sill free semicircular elements. Also 3, - - - ,

remains unchanged. Thus Q still has free components.

Not that in the self-adjoint case, identifiability condition (Theorem VIL.9) was
proved using Corollary VII.27 and Theorem B.7. We can prove Theorem (e) using

the same proof with Theorem B.7 replaced by Theorem B.14.

7.6 Proof of Theorem VII.19

Lemma VII.30. Given Y = [Y7,---,Y,]T € CNN with Y; € CV*N are Hermitian

matrices and a vector w = [wy, -+ ,wy| € R*. For

X =w"Y, with®w=w® Iy,

we recall the empirical free kurtosis
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Then we have that

ORy(X) 4 5 8 )
o = BX) = 5 Tr(XP) Tr(YiX),

Proof. As Tr(-) is a linear function of entries of input matrix,

OR(X) 1 .. [0X*\ 4 . [0X?
=—T — — Tr(X°)T .
Bwk N g ( Wi N2 l"( ) g (9wk

Note that
X=w'Y =wY; +- +wY,

thus, for any k=1,--- s,

0X
— =Y.
(9wk. k
Therefore,
0X* 3 2 2 3
3 =Y, X+ XY, X°+ XY, X + X°Y,.
Wy

Using Tr(AB) = Tr(BA), we find that

Tr(Y, X?) = Tr( XY, X?) = Tr(X?Y,. X) = Te(X?YS)

and thus

4
Tr (8X ) = 4Tr(Y, X?).

Wi

Repeat (7.105) to (7.106) for Tr (%), we get that

0X?
Tr (8wk ) =2Tr(Y: X).

Plug (7.106) and (7.107) into (7.103), we obtain (7.102).
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Lemma VIL.31. Given Y = [Y7,--- Y, ]T € CNN with Y; € CV*N are Hermitian

matrices and a vector w = [wy, -+ ,ws| € R®. For

X =w'Y, withw=w® Iy,

with eigenvalues \; and corresponding eigenvectors v;, we recall the empirical free

entropy
1
RX) = > log A — Al
N(N —1) Zj: J
Then we have that
@SZ(X) 1 Owp Ni — 8wk)\j
= 1

with Oy, \i = v Yyv;.

Proof. Equation (7.108) is obtained by directly taking derivative. The fact that

O, Ai = v] Yyu; follows from (7.104) and perturbation theory of eigenvalues [87]. [

Proof of Theorem VII.19. We first prove part (a). Set X = [Xq, -, X,] = WTY,

then
i (24. (ﬁ?Ty)( — Z 7 (X0)]

As only X, explicitly depends on Wy,
Owie S (24. (vaTy) ( — O, R (X)) (7.109)
=1
Further notice that X, = w]Y with w, = [Wyy, -+, W]T, thus

Ow,, |Ra (Xo)| = sign(ky (X¢)) - Ow, Ra (Xo)

—sign(fy (X0) ( TOGXD) - 3 T THX))),

(7.110)
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where we used Lemma VII.30 for the last equality. Then (a) is proved by plugging
(7.110) into (7.109). The part (b) can be proved in a similar manner by repeating
the process from (7.109) to (7.110), where we replace |k4(-)| with x(-) and Lemma
VIIL.30 by Lemma VIIL.31.

We omit the details of the proofs of (¢) and (d) since these are straightforward
modifications of the proofs of Lemma VII.30, VII.31 and parts (a) and (b). O
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APPENDIX A

Replica method and replica symmetry breaking

The replica method is a popular, however non-rigorous trick in statistical physics.
Together with the "replica symmetry breaking”, the replica method successfully pre-
dicts the correct results in the spin glass theory and motivates the famous Parisi
formula. Therefore, we present a brief discussion of the replica method and replica
symmetry breaking even though they are not involved in the main content of this

thesis.

A.1 Replica method for p-spin SSK model

We mainly follow the calculation in [79]. The applications of replica method
to mixed p-spin SK and SSK can be carried out in a similar manner. Recall the
Hamiltonian of SSK model H (o) defined as in (2.10). For simplicity, we assume
that the entries of the real symmetric random matrix J = (Jz-j)fyj:l are independent
Gaussian random variables with variance (1+0;;)/N. Here §;; denotes the Kronecker
delta function. Recall that the free energy and the partition function of SSK model
are given by (cf. (2.12))
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The goal is to calculate the non-random limit F' = limy_,o F. Note that the free
energy of SSK is self-averaging thus it is enough to evaluate limy_,., EF. On the
other hand, the formula of F involves a log function, which is inconvenient for taking

the expectation. The idea of replica method is the following simple identity: logz =

=1 " That is, the log function can be written as a limit of moments. We

write
F = lim EF = 1gg>o];ﬁ}l%EZ;_l. (A.2)
We now calculate E Z™ for integer n > 1. Denoting n replica of o by o™, --. g™

and using J;; = Jj;, we find that

e () : (A3)
_ (k) _(0)
- [Tl | %7 3 (3500 )
=1 ko f=1 i=1
The replicas are introduced to eliminate the coupling between (.J;;);,_,. This works

due to the assumption that J;; are Gaussian.

Now we have to deal with the coupling between replicas. Adapt the notation

Q = (Qre)y 4=y, and write (A.3) as

k n 1 N Nﬁ2 n
= /Hdw(a(@) /Hinj5(Qij - Nzaz‘(k)az@)eXP [ 4 Zsz
(=1 k0 i=1 k.t

where 0(x) denotes the Dirac delta function. That is, the nontrivial contribution
comes from

Qre = % (A.5)

I[1)=
Q
=

Note that Q4 measures the similarity between replicas ¢ and ¢). By the spherical

constrain, 0 < Qg < 1 and Qg = 1 for k,¢ = 1,--- ,n. Changing the order of
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integration and noting

/ H dwe) [[6Qu -+ 3 o¥o®) = @t (a8)
k,l i=1
we find
E2Z" ~ / dQeNS@), (A7)
where
_ <
Z Qre + log det(Q). (A.8)

kt=1

Here comes the first risky assumption of the replica method. The calculation
leading to (A.7) is only valid for integer n > 1. However, we will assume that (A.7)
holds for all n — 0 and thus (A.2) implies

F = lim lim Lﬁ ( / dQeNS@ — 1) : (A.9)

N—oon—0 nN

It is tempting to apply the steepest descent analysis to the integral. However, the
limit 7 — 0 has to be taken first. Besides, S(Q) depends on n implicitly. In order
to avoid these difficulties, we make the second risky assumption that the two limits
in (A.9) is exchangeable. Then, an application of steepest descent analysis to (A.9)
yields

1
F = Tlllin e max S(Q). (A.10)

Here, we note that that the above optimization problem only makes sense for n > 1
is an integer. As the diagonal elements of @) are fixed to be 1, there are n(n —1)/2
variables, we are actually optimizing over a negative number of variables number as
n — 0.

Aware of this mathematical weirdness, we optimize S(Q) for n > 1 and naively
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take the n — 0 limit of the maximum. Note that for arbitrary matrix M,

ang log det M = (M_l)kg. (All)

Therefore, if @ = argmax,S(Q), then CA)M satisfies

1
2

05 | _ B

0= =P
anZ Q:@ 4

QU+ ~(Q Ve forall k # €, (A.12)

The above equation involves the inverse of @ and is not easy to solve. Mimicking
what Sherrington and Kirkpatrick did in [107], we assume a replica symmetry (RS)
form for @ That is, all replicas are assumed to be equivalent, which implies that the

overlaps @M =qo for k #/(, ie.,
Qre = qol + (1 — go)dke. (A.13)
For @ with above structure, one can check that

S—1 o 1 q0
(Q e = - q05k£ Uit =Dl (A.14)

Then the equation (A.12), in the limit of n — 0, becomes

B%p o %
— - =0. Al
10 g )

We first discuss the 2-spin case. When T > 1 (f < 1), equation (A.15) has a
unique solution go = 0. On the other hand, when 7" < 1 (5 > 1), the equation (A.15)
possesses two solutions 0 and 1 — % Since, the replicas will be frozen at direction

maximizing the Hamiltonian when T" = 0, we expect that o — 1 as T" — 0. Therefore,

we take ¢g = 1 — % for T" < 1. Observe that there a critical temperature T, = 1.
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Plugging the above ¢ back to (A.10), we obtain that

L if T'> 1,
F= (A.16)

1— 304 Tl §f T < 1.

This formula of limiting free energy agrees with the one obtained from the Parisi
formula, which indicates that the RS assumption is valid for 2-spin SSK model.

We now consider the cases where p > 3. There exists a critical temperature 7T
such that the equation (A.15) behaves differently between 7" > T, and T' < T. In the
high temperature (T' > T.), the equation (A.15) possesses a unique solution gy = 0.
And plugging ¢o = 0 into (A.10) yields the correct limiting free energy. On the other
hand, there is a pair of nonzero solutions appear when 7' < T,.. We select the solution
increases with decreasing T. However, the limiting free energies associated with this
nonzero solution does not agree with the result from the Parisi formula. Furthermore,
it exhibits an unphysical negative entropy [107, 89] when T' < Tj for some temperature
Ty < T.. From the point of view of steepest descent, "replica symmetric” solutions
are unstable when 7' < T, [47]; the Hessian of S(Q) at Q has a negative eigenvalue.
All these indicate our RS scheme is incorrect in the low temperature regime. As we
will see in the next section, for p > 3, @ in the low temperature should be of a "replica
symmetry breaking” (RSB) form.

There are efforts to validate the replica method for SK and SSK models [89, 114].
However a fully rigorous justification is still open. At the moment, we can regard it

as a powerful predictive tool.

A.2 Replica symmetry breaking and Parisi formula

In the last section, we found that the RS scheme is insufficient and a RSB solution

was necessary when we consider p-spin SSK models for p > 3 in the low temperature
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regime. The simplest possible structure of RSB is the following. The n replicas are
divided into groups of size m; (thus there are around n/m; groups in total). Then
it is assumed that the overlaps between replicas from the same group are uniform,
whose value is denoted by ¢; satisfying 0 < ¢; < 1. On the other hand, the overlaps
between replicas from the distinct groups are also uniform and the value is assumed
to be qo satisfying 0 < go < ¢;. This ansatz is called 1RSB scheme (see Figure A.1
for corresponding @)

Plugging Q with the 1RSB structure into (A.10) and taking the limit n — 0
carefully (again we are optimizing over a negative number of variables), we find that

the corresponding limiting free energy Firsg satisfies

Firss :6[1 + (m1 — 1)gf — magp) I log[mi(¢1 — qo) + (1 — q1)]

4 leﬁ
(my — 1)log(1 —q1) % (A.17)
2m B miB(q — @) + (1 — @)

The explicit values of my, ¢ and ¢qq is defined by the equation systems 0,,, Firsg = 0,
O0g Firse = 0 and 0, Firsg = 0 and the constraints 0 < my, ¢ <1 and 0 < gy < q1.
Here, m; stands for the probability that a overlap is equal to ¢; when it is uniformly
sampled from all pairs of the replicas. It turned out, for pure p-spin SSK models,
the Firsg is stable (the eigenvalues of Hessian are all positive) and agrees with the
limiting free energy given by the Parisi formula [47].

However, for p-spin SK and mixed p-spin SSK, the above 1RSB scheme does not
lead to the correct limiting free energy; the S(Q) is unstable at the @ with 1RSB
structure and Firgp is inconsistent with the Parisi formula. Nevertheless, 1RSB
scheme is better in terms of the entropy. It only exhibits negative entropy when
T < T for some T < Ty. This suggests that further symmetry breaking need to be
introduced based on 1RSB scheme, which is exactly what Parisi did in his series of

work towards the Parisi formula [101, 102, 103, 89]. Parisi divided each group (of
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q1

q1
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1
q2
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q1

1
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1

Figure A.1: Matrices @ corresponding to the "replica symmetry” ansatz and the first
two RSB ansatzs. The first matrix represents () for the "replica symmetry” ansatz.
The second and third matrices are () for the 1IRSB and 2RSB scheme respectively. In
this diagram, we divide every groups into two subgroups (m; = n/2 and ms = my/2).
In each step, we further breaking matrices on the diagonal into smaller sub matrices
while off-diagonal matrices remain unchanged.

size my) in 1RSB schme into subgroups of size my. Similar to assumptions made
in symmetry braeking from RS to 1RSB, it is assumed that the overlap between
replicas within the same subgroups are some constant ¢, > ¢, while other overlaps
remained unchanged. The resulting ansatz is called 2RSB scheme. The @ of 2RSB
scheme is plotted in Figure A.1 and we denote the associated limiting free energy by
Fyrsp. While Fyrsp does not agree with the Parisi formula, it is associated with a
better entropy, which becomes negative at even lower temperatures than 1RSB and
replica symmetry schemes. This motivated Parisi to continue perform the symmetry
breaking based on 2RSB scheme. Actually, Parisi proposed that the process could
be iterated infinite times . The limiting ansatz was called full RSB scheme or Parisi
ansatz, which is the structure of replicas behind the Parisi formula.

In the full RSB scheme, the replicas are organized in a hierarchical way (see Figure
A.2), which is called ultrametric [88, 99]. For mixed p-spin SK and SSK models, full

RSB scheme is necessary: any finite step RSB fails to describe the system. Therefore,

complicated energy landscapes are expected for these models.
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Figure A.2: Full RSB scheme. Left panel: the overlap between replicas o and  is ¢y,
which corresponds to the first common level containing both « and 5. Right panel:
replicas are divided into subsets iteratively. Figure from [93].
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APPENDIX B

Free probability, matrix embeddings and

independent component analysis
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B.1 What is freeness of random variables?

The goal of this section is to introduce the freeness of non-commutative random
variable. We first discuss the independence (freeness) in the context of the scalar
probability, free probability for self-adjoint (non-commutative) random variables and
free probability for rectangular (non-commutative) random variables respectively. We
focus on the the behavior of (free) cumulants and (free) entropy of independent (free)
random variables, which are the basis ICA (FCA). The connection between in inde-
pendent random matrices and free random variables is given at the end.

For a detailed introduction of free probability, readers are referred to [95, 65, 90]

B.1.1 Prologue: What is independence of commuting random variables?

Here, we briefly review the statistic independence in scalar probability. We state
the behavior of cumulants and entropy of independent random variables, which are
the basis of ICA. In the end, we discuss the unique role the Gaussian random variables

play in ICA.

B.1.1.1 Mixed moments point of view

Let I denotes an index set, and (x;);c; denote random variables. They are inde-

pendent if for any n € N and mq,--- ,m, >0,

E[m?gf) " '17?{”;3} = E[SCI?{)] " E[‘TZ?;)]

if i(j) € I, 5 = 1,---n are all distinct. An alternative definition is that for any

polynomials Py, --- P, of one variables,
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if E[P;(zjy)] =0forall j=1,---,nandi(j) € I, j =1,---n are all distinct.

B.1.1.2 Cumulants — kurtosis and higher order — independent additivity

The (joint) cumulants of n random variables ay, - - - , a is defined by

Cn(alﬁ T 7an) = Z(‘Wl - 1)!(_1)|ﬂ_1 H E

g Ber

1T ai] , (B.2)

1€B

where 7 runs through all partitions of {1,---,m}, B runs through all blocks of

partition 7. Equivalently, {¢,, }m>1 is defined through

E(xl---xn):ZHqB‘(ai:ieB) (B.3)

m Bemw

The reason that ICA adapts an optimization problem involving cumulants is the

following property: if (x;);c; are independent, then for any n € N
cn(Tiqr), -+ 5 Tiny) = 0 (B.4)

whenever there exists 1 < ¢,k < n with i(¢) # i(k). That is, any cumulants involving

two (or more) independent random variables is zero. Adapt the notation
cn(x) == cplx,- -+ 2).
A quick consequence of (B.4) is that for independent z; and x.

Cn(x1 + x2) = cp(21) + cn(2). (B.5)
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B.1.1.3 Entropy — independent additivity

For random variables ay, - - , a, with joint distribution f(aq,--- ,a,), the (joint)

entropy is defined by [46]

h(ay, - ,an) = —/f(&l,...,&n)logf(cn,--- , o )dayg -+ - day,. (B.6)

The joint entropy of a set of variables is less than or equal to the sum of the

individual entropies of the variables in the set,
h(ay, - ,an) < h(ay) + -+ h(a,). (B.7)

In particular, the equality in (B.7) holds if and only if ay,--- ,a, are independent.
Therefore, the entropy is regard a measure of indepenedence and thus can be used in

ICA.

B.1.1.4 Why Gaussians cannot be unmixed? Gaussians have zero higher

order cumulants

In ICA, the optimization problem people used finds the independent direction by
maximizing the kurtosis (fourth cumulant). However, all cumulants of order larger
than 2 for Gaussian random variables vanish. Thus ICA fails to unmix Gaussian
random variables. ICA based on the entropy also fails to unmix Gaussian random
variables, as nontrivial mixtures of independent Gaussian random variables can still
be independent Gaussian. On the other hand, it was shown that this is the only
case where ICA does not work [43]. The result of this kind is called identifiability

condition.
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B.1.2 Freeness of self-adjoint random variables

We first introduce the definition of probability space for non-commutative random

variables. The start point is the an unital algebra of non-commutative variables.

Definition B.1. Let X be a vector space over C equipped with product - : X x X —
X. Denote the vector space addition by +, we call X an algebra if for all a,b,c € X

and a € C,
1. a(bc) = (ab)c,
2. a(b+c) =ab+ ac,
3. a(ab) = (aa)b = a(ab).

We call X a unital algebra if there is a unital element 1y such that, for all a € X

a=aly = lya. (B.8)

An algebra X is called a x-algebra if it is also endowed with an antilinear x-operation
X 3 a— a* € X, such that (aa)* = aa*, (a*)* = a and (ab)* = b*a* for all a € C,

a,be X.

Note that ab = ba does not necessarily hold for general a,b € X, i.e., they are

non-commutative.

Definition B.2. A (non-commutative) x-probability space (X, ) consists of a unital
x-algebra and a linear functional ¢ : X — C, which serves as the ’expectation’. with

We also require that ¢ satisfies
(i) (positive). p(aa*) >0 for all a € X.
(i) (tracial). p(ab) = ¢(ba) for all a,b € X.
(if) p(1x) = 1.
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The elements a € X are called non-commutative random variables. (We may omit the
word non-commutative if there is no ambiguity.) Given a series of random variables
x1,- -+ ,x € X, for any choice of n € N, i(1),--- ,i(n) € [1..k] and €1, -+ , €, € {1,%*},
e(xi(yy - - 23f,,)) is a mixed moment of {z; * . The collection of all moments is called

the joint distribution of zq,--- , 4.

The moments of general random variables can be complex-valued; self-adjoint
random variables, which are defined in a minute, necessarily have real-valued moments

and will be the object of our study.

Definition B.3. Let (X, ¢) be a non-commutative probability space, a element a € X
is self-adjoint if @ = a*. In particular, the moments of self-adjoint elements are real

(see Remark 1.2 in [95]).

The counterpart of independence in free probability is freely independence or
simply free. We now consider the freeness of self-adjoint random variables from

various perspectives as in Section B.1.1.

B.1.2.1 Mixed moments point of view

The following official definition of freeness should be compared with (B.1).

Definition B.4. Let (X, ¢) be a non-commutative probability space and fix a positive
integer n > 1.
For each i € I, let X; C X be a unital subalgebra. The subalgebras (&;);c; are

called freely independent (or simply free), if for all £ > 1

whenever ¢(z;) =0 for all j = 1,--- , k, and neighboring elements are from diffierent

subalgebras, i.e. x; € Xj(j), i(1) # i(2),i1(2) #4(3), - ,i(k — 1) #i(k).
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In particular, a series of elements (z;);c; are called free if the subalgebras generated

by z; and z} are free.

B.1.2.2 Free cumulants — free additivity

The analog of cumulants for non-commutative random variables is called free

cumulants, which was proposed by Roland Speicher [110, 95].

Definition B.5. Given a x-probability space (X, ), the free cumulants refer to a
family of multilinear functionals {k,, : X — C},,>1. Here, the multilinearity means
that k,, is linear in one variable when others hold constant, i.e., for any «, 8 € C and

a,be X,
,{m( 7aa+ﬁb7...):aﬁm(... ,(l,"')‘i‘ﬁﬁm("' ’57...). (B.g)

Explicitly, for ay,--- ,a, € X, their mixed free cumulant is defined through (cf.

(B.3))
plar---an)= > ][] #mslai:icB) (B.10)

TeNC(n) Bem

where NC(n) denotes the non-crossing partition of [1..n|. Equivalently (cf. (B.2)),

Rn(a1, -+ ,an) = Z u(ﬂ,ln)ng [H ai] , (B.11)

TENC(n) Ber 1€B

where g is the Mobius function on NC'(n).
Example B.6. We have that
ki(a1) = p(a1),
ra(ar, az) = p(araz) — p(ar)p(az),
r3(ar, az, as) = p(arazas) — (a1)p(azas)

— p(ag)p(aras) — p(asz)p(aiaz) + 2¢(a1)p(az)p(as).
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Recall that in the scalar probability, mixed cumulants of independent random
variables vanish (see (B.4)). The same holds for the free cumulants in the free prob-

ability.

Theorem B.7 (Theorem 11.16 of [95]). Let (X, ) be a

non-commutative probability space with associate free cumulants (kg)een. Consider
random variables (z;);cr, assume that they are freely independent. Then for alln > 2,
and i(1),--- ,i(n) € I, we have Ky (aiq), - -, Gi)) = 0 whenever there exist 1 <1,k <

n with i(l) #i(k).

Consequently, set

Em(a) := kp(a,a,--- ,a), (B.12)

we have that for a,b € X that are free independent,

Em(a+b) = kp(a) + kn(b) Vm e N, (B.13)

The above equation should be compared with (B.5).

B.1.2.3 Free entropy — free additivity

For non-commutative random variables, the free entropy x was introduced by
Voiculescu [118, 119, 121]. The formulation of free entropy is rather complicated
and out of main naretive, readers are referred to Section 6 of [65] for a detailed
introduction.

The free entropy shares the similar property with the scalar entropy. We have
that (cf. (B.7))

X(alv"' 70'”) < X(a1)+"'+X(a’n>‘ <B14)

Again the equality in (B.14) holds if and only if ay, - - - , a,, are freely independent (see
Proposition VII.23).
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B.1.2.4 Analogy of Gaussian random variables in free probability: the

free semi-circular element

The analogy of Gaussian random variable in a *-probability space is semicircular
element. Recall that the Gaussian random variable is characterized by vanishing
cumulants of order higher than 2, the semicircular elements can be defined in a

similar manner.

Definition B.8. Given a x-probability space (X, @), we call a random variable a € X
a semicircular element if

kEm(a) =0, for m > 3, (B.15)

and ka(a) > 0 (such that a is not constant).

B.1.3 Freeness of non self-adjoint random variables

We brief introduce the mathematical preliminaries for rectangular probability
space. For a detailed introduction, the readers are refered to [19, 18]

Consider a x-probablity space (X, ¢) with py, ps of non-zero self-adjoint projectors
(i.e. Vi,p? = p;) which are pairwise orthogonal (i.e. Vi # j,p;p; = 0), and such that
p1 + p2 = lx. Then any element a € X can be represented in the following block

form
a= | (B.16)
a1 Q22
where Vi,j = 1,2,a;; = piap; and we define X;; = p;Xp;. Note that &j; is a
subalgebra, and we equip it with the functional ¢, = pikg0|xkk, where pr == o(pr)-
The functionals ¢;, i = 1,2 are tracial in the sense that ¢k (px) = 1 and for all i, j,
x € Xij, y € Xy,

pipi(ry) = pip;(yz). (B.17)
Definition B.9. Such a family (X, p1, pa, 1, ¢2) is called a (p1, p2)-rectangular prob-
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ability space. We call a € &5 rectangular random variable.

Remark B.10. If a is a rectangular element, then in the matrix decomposition (B.16),
only aj5 is non-zero. Later in Section B.1.4.2, we will model rectangular matrices by

embedding them into a5 of rectangular random variables.

For such a rectangular probability space, the linear span of pi,ps is denoted by
D. Then D is subalgebra of finite dimension. Define the Ep(a) = 327, p(ai)pi- It
can be checked that Ep(ly) = 1y and V(d, a,d’) € Dx X x D, Ep(dad’) = dEp(a)d.
The map Ep(+) is regarded as the conditional expectation from X to D.

We now consider the freeness in rectangular probability space.

B.1.3.1 Mixed moments point of view

The following definition of freeness should be compared with (B.1) and Definition
B.A4.

Definition B.11. Given a rectangular probability space and subalgebra D with the
corresponding conditional expectation Ep. A family (X;);c; of subalgebras containing
D is said to be free with amalgamation over D (we simply use the word free when

there is no ambiguity) if for all k£ > 1

whenever Ep(z;) = 0 for all j = 1,--- ,k, and neighboring elements are from dif-
ferent subalgebras, i.e., z; € Xy;), i(1) # i(2),i(2) # i(3),--- ,i(k — 1) # i(k). In
particular, a family of rectangular random variables {z;};c; (i € I) are called free if
the subalgebras generated by D, a;, and a} are free.

B.1.3.2 Rectangular free cumulants — free additivity

The free cumulants are also defined for rectangular probability space [19, 18].
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Definition B.12 (Analogy of cumulant in rectangular probability space). Given a

(p1, p2)-probability space (X, p1,ps,p1,p2), for any n > 1, we denote n-th tensor
product over D of X by X®P™. We recall a family of linear functions {x,, : X" —
C}n>1 introduced in [19] (which are denoted as c(!) in [19]). By linearity, we mean

that for m > 1 and any a,b € X and a,b € C,

Em( @ (aa+00) @ )=akp(-®a® )+ Bu(-- QbR --). (B.19)

For convenience, we call {k,,} rectangular free kurtosis (or kurtosis when there is no

ambiguity). For each m > 1 and any rectangular random variable a, we put
Kom(a) == Kop(a®@a* ®@ - ®a®a"). (B.20)
We consider consider the even order as odd order cumulants vanishes for all rectan-

gular elements.

Remark B.13. In [19, 18], the free cumulants refer to a family of linear functions be-

tween X®?" and D. The cumulants we introduced here are their coefficient functions
of P1.

The following vanishing lemma holds for the rectangular cumulants defined as in

above.

Theorem B.14 (Vanishing of mixed cumulants). A family (x;)ic;r of elements in X
is free with amalgamation over D if and only if for alln > 2, and i(1),--- ,i(n) € I,

we have K, (i) ® - - ® Tiny) = 0 whenever there exists 1 < I,k < n with i(l) # i(k).

Therefore, for any a,b € X}, that are free,

Kom(a + b) = kam(a) + Kam(b), Vm e N.
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B.1.3.3 Rectangular free entropy — free additivity

The free entropy y for rectangular free probability space are introduced in [18].

Let aq,--- ,a, denotes rectangular random variables, we have that

x(ar, -+ ,a,) < x(ar) + -+ + x(an). (B.21)

And the equality in (B.21) holds if and only if ay,- - ,a, are free (See Corollary 5.16
in [18]).

B.1.3.4 Analogy of Gaussian random variables in rectangular free prob-
ability: the free Poisson element

Definition B.15. Given an rectangular probability space (X,¢). An rectangular

random variable a € X5 is a free Poisson element if

Kom(a) =0, for m > 2. (B.22)

B.1.4 When are random matrices free?

Here, we describe the modelization of independent random matrices as free random
variables and the explicit formulas of free kurtosis and entropy as functions of the

input matrices.

B.1.4.1 Symmetric random matrix

Given a N > 0, we consider the algebra consists of all the real N x N matrices

over scalar random variables L?*(X, P):

X = My(L*(Z, P)) (B.23)

204



and the functional ¢ on it is
1
o(X) = NE[Tr(X)] (B.24)

Denote the matrix transpose with complex conjugate by *. Then (X)) is a *-
probability space.

We recall the following definition of asymptotic freely independence [95]

Definition B.16 (Asymptotic independence). Let, for each N € N, (Xy,¢n) be
a non-commutative probability space. Let I be an index set and consider for each
i € I and each N € N random variables a;(N) € Xn. We say that {a;(N)}ier are
asymptotically free (N — o0), if (a;(IV));er converges in distribution towards (a;)ies
for some random variables a; € X' (¢ € I) in some non-commutative probability space

(X, ) and if the limits (a;);es are free in (X, ).

A pair of symmetric (Hermitian) random matrices with isotropically random eigen-
vectors that are independent of the eigenvalues (and each other) are asymptotically
free [95].

Given the s-probability space (X, ¢(-)) defined as above. Recall the free kurtosis
defined in (7.3). Thus for a self-adjoint random matrix X € X with ¢(X) = 0, the

free kurtosis is explicitly given by
1 1 ?
ra(X) = v E[Tr(X*)] — 2 (N E[Tr(XQ)]> : (B.25)

Also, denote the eigenvalues density function of X by u(z), free entropy is defined by
[65]

«(X) = [ [1ogls~ ylduta)dny) (B.26)

For a large class of random matrices X, the free kurtosis and entropy concentrates

around a deterministic value when NV is large. For example, if X is a Wigner matrix
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or Wishart matrix, then Var[ky(X)] — 0 and Var[y(X)] — 0 as N — oo. Thus
single sample gives us an accurate empirical estimate. Given an sample of a random

matrix X with Tr(X) = 0, the empirical free kurtosis is

Ra(X) = %Tr(X‘l) -2 (% Tr(XQ)]) : (B.27)

Also, the empirical free entropy of X is given by
1
(X)= ——— log [A; — A, B.28

where \; denotes the eigenvalue of X.

B.1.4.2 Rectangular random matrix

Consider rectangular random matrix of size N x M, and assume that N < M. In
[19], the author embeded N x M matrix into top right block of a (N + M) x (N 4+ M)
”extension matrix”. The algebra of all (N + M) x (N + M) random matrices together
with this block structure structure is defined as an rectangular probability space
(My (L3, P)), diag(Iy, Oar), diag(On, Iar), 3 Tr, 37 Tr) [19].

We recall the following definition of asymptotic freely independence in rectangular

probability space [18].
Definition B.17 (Asymptotic freely independence). Let, for each N € N,

(XN, p1(N), p2(N), 1N, p2.n) be a (p1,n, p2,nv)-rectangular probability space such that

(P15 p2,8) = (p1, p2), N — oo.

Let I be an index set and consider for each 7 € I and each N € N random variables
a;(N) € Xy. We say that {a;(N)}ier are asymptotically free (N — 00), if (a;(N))ier

converges in D-distribution towards (a;);c; for some random variables a; € X (i € I)
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in some (p1, p2)-probability space (X, p1, pa, p1, ¢2) and if the limits (a;);c; are free

in (X, ).

And independent bi-unitary invariant rectangular random matrices with converg-
ing singular law are asymptotically freely independent [19, 18].

Following (7.4), the free kurtosis for a single NV x M random matrices X is given

by
0 = Lemexm- o+ ) (Lemoxxmy) . @)
Ky - N r i N r . .
Denote the probability density function of eigenvalues of X X* by u(z), set o = N_]f i

and 8 = JVJFLM, the free entropy is given by [18]

«(X) = [ [logle ~ ylduta)duty) + (3 - aa [logadu(e). (B30

Again, empirical statistics over a single sample of large dimension give an accurate
estimate of limit value. Given a realization of rectangular random matrix X € RV*M

the empirical free kurtosis is given by

Ri(X) = %Tr((XXH)Z) —(1+ %) (% Tr(XXH)> : (B.31)

The empirical free entropy is given by

. a? (6 — a)a al
X) = — 2 NTlog A — M|+ VYN 00, B.32

where \; denote the eigenvalue of X X .

B.2 Matrix Embeddings

One restriction of ICA is that it only operates on vector-valued components (see

Section B.3). In contrast, FCF applies to data whose matrix-valued components
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that can be of arbitrary dimensions. Thus, one can embed components into new
dimensions potentially obtain a better performance with FCA. In this section, we list
several matrix embedding algorithms.

For Z = [Z,, -+, Zy]T where the Z; are rectangular matrices, Algorithm 3 em-
beds Z; in the upper diagonal parts of a N’ x N’ self-adjoint matrices. In practice,
the target dimension N’ should be picked such that there no loss of information while
also avoiding too many artificial zeros. To embed Z; into rectangular matrices of
other dimensions, we introduce Algorithm 5. Putting the above embeddings and ap-
propriate FCF algorithms together, we get Algorithm 4 and Algorithm 6. One easily
state the analogs of the above algorithms for data containing self-adjoint matrices;
for the sake of brevity, we omit them here.

If the Z; are vectors, one can use the spectrogram to embed them into matrices.
The spectrogram of a vector is the alignment of the discrete Fourier transform of a
sliding window. The outcome is a complex rectangular matrix to which we can apply

rectangular FCFs. This is summarized in Algorithm 7.

Algorithm 3 Symmetric Embedding
Input: Z = [Z,, -, Zy|" where Z; € CNV*M,

Input: Target dimension N’ x N'.

N'(

Draw S uniformly from all subsets of {1,--- | %} with size w — NM.

fori=1,---.s

N/(N'—1)

Construct 2’ € R™ 2 by setting 2/[S] = 0 and 2’'[S¢] = vec(Z;).

/

Fill the upper diagonal part of zero matrix Z’ € CN>N' by setting (Z};);5: = 2.
Construct self-adjoint matrix Z! = Z' + (Z')H.
end for

return: Z' = [Z},---, Z!]T.

NS Ot e W
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Algorithm 4 Symmetric Embedding FCF
Input: Z = [Z,, -+, Zy|" € Cyyxp where Z; € CN*M,

Input: Target dimension N’ such that w > NM.
1. Apply Algorithm 3 to Z and find Z’.

2. Apply Algorithm 2 to Z’ and find estimated mixing matrix A.
3. Compute X = (A\*l ® In)Z such that Z = (A@ IN)X\.
4. return: A and X.

Algorithm 5 Rectangular Embedding
Input: Z = [Z,, -, Zyn|" € Cinxnr where Z; € CV*M,

Input: Target dimension N’ and M’ such that N'M' > NM.
. Draw S uniformly from all subsets of {1,---, N'M'} with size N'M' — NM.

1
2. fori=1,---,s

4. Construct 2/ € RV'M by setting 2/[S] = 0 and 2/[S¢] = vec(Z;).
5. Reshape 2/ to Z! € CN'*M',

6. end for

7

. return: Return Z’' = [Z],--- , Z!]"

Algorithm 6 Rectangular Embedding FCF
Input: Z = [Z,, -+, Zy]" € Cyyxps where Z; € CN*M,

Input: Target dimension N’ and M’ such that N'M' > NM

1. Apply Algorithm 5 to Z and get Z'.

2. Apply Algorithm 2 to Z' = [Z],--- , Z}]" and get the estimated mixing matrix
A

3. Compute X = (ﬁfl ® In)Z such that Z = (ﬁ@ IN)X\.

4. return: A and 5(\
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Algorithm 7 Spectrogrm Embedding FCF
Input: Z = [Z,, -+, ZN]" € Cyun where Z; € C¥V,

Input: Necessary parameters for spectrogram

1. For each Z;, for i = 1,--- s, compute the spectrogram Z..

2. Apply Algorithm 2 to Z' = [Z],--- , Z}]* and get the estimated mixing matrix
A.

3. Compute X = (A~! ® Iy)Z such that Z = (A ® Iy)X.

4. return: A and 5(\
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B.3 Independent Component Factorization

We would like to numerically compare FCA with ICA, and begin by providing
a summary of the ICA algorithm. Given data whose components are rectangular
matrices, we first vectorize them and then apply ICA. We once again perform a
whitening process (see Algorithm 8) and solve an optimization problem.

Here, we present Algorithm 9 whose optimization problem is based on the em-
pirical (scalar) kurtosis ¢4(-) or the empirical (scalar) negentropy g() We call
them kurtosis-based ICF and entropy-based ICF respectively. Given a centered and

whitened vector # € RY its empirical kurtosis ¢;(z) can be expressed as

1 1 LY
AN 2: 4 }: 2
C4(£L') = T - €T; — (? 2 l'z> . <B33)
The negentropy £(x) is defined as
E(x) = h(g:) — h(z), (B.34)

where h(x) denotes the entropy of random variable x (see (B.6)) and g, denote the
Gaussian random variable with the same mean and variance as x. It is used as
a measure of distance to normality. The empirical negentropy &| (x) involves the
empirical distribution of z, which is computationally difficult. Fortunately, it can
also be expressed as a infinite sum of cumulants. Thus in practice, £ (x) can be
approximated by a finite truncation of that sum [43, Theorem 14 and (3.2) pp. 295].

In the simulation of this paper, we adapt the following approximation (see Section

5 of [71]):

. 2
~ 1 /(1 1
E(z) = — (f § x?) + E/c‘4(ac) = also cumulants (B.35)
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Algorithm 8 Reshape and whitening
Input: Z =[Z,,---, Zy]" € Cyywn where Z; € Cyyns.

1. For z = [z, , 2], where z; = vec(Z;), Compute p, = mean(z,2) and 2 =
z = 1

3. Compute C = ﬁggH and the eigenvalue decomposition RC = UX2U7.

4. Compute y =UX'U"z.

5. return: y, X, U.

Algorithm 9 Prototypical ICF
Input: Z = [Zl, s ,Zn]T € Cynxnmr where Z; € Cyxmr

1. Compute y, 3, U by applying Algorithm 8 to Z.

2. Compute

ﬁ\/:arg min F. wThy),
WeO(n) Z ( )

where F(-) is equal to —|¢(-)| for kurtosis-based ICF or —&(-) for entropy-based ICF.
3. Compute A = USUTW and X = (421\*1 ®IN)Z.
4. Sorting components of X by kurtosis or entropy. Permute the columns of A

correspondingly.

5. return: A and 5(\
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