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ABSTRACT

In this thesis, we study two problems concerning the long time behavior of the two

dimensional water waves.

In the first project, we study the motion of the two dimensional inviscid incompressible,

infinite depth water waves with point vortices in the fluid. We show that the Taylor sign

condition ´BP
Bn
ě 0 can fail if the point vortices are sufficiently close to the free boundary,

so the water waves can be subject to the Taylor instability. Assuming the Taylor sign

condition, we prove that the water wave system with point vortices is locally wellposed in

Sobolev spaces. Moreover, we show that if the water waves is initially symmetric with a

certain symmetric vortex pair traveling downwards, then the free interface remains smooth

for a long time, and for initial data of size ε ! 1, the lifespan of the solution is at least

Opε´2q.

In the second project, we rigorously justify the Peregrine soliton from the full water

waves. The Peregrine soliton Qpx, tq “ eitp1 ´ 4p1`2itq
1`4x2`4t2

q is an exact solution of the 1d

focusing nonlinear schrödinger equation (NLS) iBt ` Bxx “ ´2|B|2B, having the feature

that it decays to eit at the spatial and time infinities, and with a peak and troughs in a local

region. It is considered as a prototype of the rogue waves by the ocean waves community.

The 1D NLS is related to the full water wave system in the sense that asymptotically it is

the envelope equation for the full water waves. In this project, working in the framework

of water waves which decay non-tangentially, we give a rigorous justification of the NLS

from the full water waves equation in a regime that allows for the Peregrine soliton. As a

byproduct, we prove long time existence of solutions for the full water waves equation with

small initial data in space of the form HspRq `Hs1pTq, where s ě 4, s1 ą s` 3
2
.
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CHAPTER I

Introduction

1.1 Background

The two dimensional inviscid incompressible infinite depth water waves without surface

tension is described by the free boundary Euler equations (It’s called the water wave equa-

tions)
$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

vt ` v ¨∇v “ ´∇P ´ p0, 1q on Ωptq, t ě 0

div v “ 0, curl v “ ω, on Ωptq, t ě 0

P
ˇ

ˇ

ˇ

Σptq
” 0, t ě 0

p1, vq is tangent to the free surface pt,Σptqq.

(1.1)

Here Ωptq is the fluid region, with a free interface Σptq, such that Σptq separates the fluid

region with density one from the air with density zero. v is the fluid velocity, and P is the

pressure. In the irrotational case, ω ” 0.

The Euler equations and its variants (notably, the Navier and Stokes equations) are the

basic models used by scientists to study the motion of fluids. To understand the evolution

of the fluid, it’s natural to study the fundamental questions of the existence, uniqueness,

regularity, stability, formation of singularity, and asymptotic behavior of solutions of the

water wave equations (1.1). Since the boundary is unknown and the momentum equation and

the boundary conditions are strongly nonlinear, the water wave equations (1.1) pose severe
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challenges for both rigorous mathematical analysis and numerical simulation. Even without

the free boundaries, the closely related Millennium Prize Problem–the global regularity of

the Navier-Stokes equations, is still open.

Because of its physical importance and the great difficulty, the mathematical theory of

water waves has been a fascinating subject that has attracted the attention of scientists for

centuries. For early works, see Newton [48], Stokes[56], Levi-Civita[43], and G.I. Taylor [57].

Nalimov [47], Yosihara[74] and Craig [20] proved local well-posedness for 2d water waves

equation (1.79) for small initial data. In S. Wu’s breakthrough works [69][70], she proved

that for n ě 2 the important strong Taylor sign condition

´
BP

Bn

ˇ

ˇ

ˇ

Σptq
ě c0 ą 0 (1.2)

always holds for the infinite depth water wave system (1.79), as long as the interface is

non-self-intersecting and smooth, and she proved that the initial value problem for (1.79)

is locally well-posed in HspRq, s ě 4 without smallness assumption. Since then, a lot of

interesting local well-posedness results were obtaind, see for example [2], [5], [15], [17], [36],

[42], [44], [49], [54], [76]. Recently, almost global and global well-posedness for water waves

(1.79) under irrotational assumption have also been proved, see [71], [72], [29], [39], [1],

and see also [32] and [33]. More recently, there are strong interests in understanding the

singularities of water waves, see for example [41], [66], [67], [68]. For the formation of splash

singularities, see for example [11][12][18] [19] .

Note that most of the aforementioned works are done in irrotational setting. Also, the

aforementioned works assume that the fluid is at rest at spatial infinity. However, rotational

fluids are commonplace in nature, and there are many important water waves that are not

at rest at 8, so it’s necessary to relax the aforementioned assumptions, which is the goal of

the current thesis. My thesis consists of two projects. The first project concerns the long

time behavior of water waves with non-constant vorticity, more specifically, the long time

2



behavior of water waves with point vortices. The second project concerns water waves with

nonvanishing boundary behavior, in particular, the justification of the Peregrine soliton from

the full water waves.

1.1.1 Background of Project 1 : Rotational water waves

Despite immense progress on Cauchy problem of irrotatoinal water waves, much less

rigorous mathematical analysis have been done for rotational water waves. For vorticity

ω that is a smooth function, Iguchi, Tanaka, and Tani [37] proved the local wellposedness

of the free boundary problem for an incompressible ideal fluid in two space dimensions

without surface tension. Ogawa and Tani [49] generalized Iguchi, Tanaka, and Tani’s work

to the case with surface tension. In [50], Ogawa and Tani generalized the wellposedness

result to the finite depth case. In [15], Chritodoulou and Lindblad obtained a priori energy

estimates of n dimensional incompressible fluid, without assuming irrotationality condition

in a bounded domain without gravity. In particular, the authors introduce a geometrical

point of view, estimating quantities such as the second fundamental form and the velocity of

the free surface. For the same problem as in [15], H. Lindblad proved local wellposedness in

[44]. The local wellposedness of rotational 3d infinite depth, inviscid incompressible water

waves is proved by P. Zhang and Z. Zhang [76]. All the aforementioned existence results for

rotational water waves are locally in time, and under the assumption that the strong Taylor

sign condition holds.

Regarding the long time behavior, the only existing work is [34], in which Ifrim and

Tataru proved cubic lifespan for 2d inviscid incompressible infinite depth water waves when

the vorticity is a constant in the entire fluid domain. Assume the volocity field is pu, vq.

Assume the vorticity is ω “ vx ´ uy ” c, where c is a constant, the main idea of [34] is to

replace the velocity field pu, vq by pu ` cy, vq, then the problem is reduced to irrotational

incompressible water waves, and from which the long time existence is proved. In [8], Bieri,

Miao, Shahshahani, and Wu prove cubic lifespan for the motion of a self-gravitating in-

3



compressible fluid in a bounded domain with free boundary for small initial data for the

irrotational case and for the case of constant vorticity. The case of constant vorticity is

reduced to the irrotational one by working in a rotating framework with constant angular

velocity.

Our goal in the first project is to understand the long time behavior of rotational water

waves with non-constant vorticity. For water waves with non-constant vorticity, there is no

obvious transformation to reduce the problem to the irrotational one, and the study of the

long time behavior of the full water waves with non-constant vorticity requires new ideas.

One way to handle the vorticity is to discretize and assume it takes the form ω «
řN
j“1 ψj,

where each ψj is a bump centered at some point zj P Ωptq. A useful choice of functions ψj is

ψjpzq “ λjδ
´21Bδpzjqpzq, Bδpzjq :“ tz P R2 : |z ´ zj| ď δu, δ small.

Each Bδpzjq is called a vortex patch, and λj is the strength of the vorticity near zj. This

approximation is particular relevant when the fluid is highly rotational in a few small localized

regions. A typical example is the water waves with submerged bodies. In this case, the

vorticity is generated by the submerged obstacles. If the obstacles are sufficiently small,

then we can assume the vorticity is supported at N distinct points, i.e.,

ωp¨, t “ 0q “
N
ÿ

j“1

λjδzjp¨q. (1.3)

Each zj is called a point vortex, with strength λj. The point vortex zj generates a rotational

velocity field
λji

2π

1

z ´ zjptq
. Here, z “ x ` iy, zjptq “ xjptq ` iyjptq, and R2 is identified with

C, i.e., px, yq ÞÑ x` iy, and z ´ zjptq represents the complex conjugate of z ´ zjptq.

The water waves with point vortices describe the motion of submerged bodies, and it’s

believed to give insight to the study of turbulence. We are interested in the following

question:

4



Question I.1. If the interface of the water wave with point vortices is a small perturbation

of the horizontal line initially, will it remain a small perturbation for a very long time? And

how long will it remain small?

In the first project of this dissertation, we’ll give an affirmative answer to Question I.1.

See Theorem I.10 for more details.

1.1.2 Background of Project 2 : the Peregrine soliton

Another important research direction concerns the behavior of the water waves in various

asymptotic regimes, see for example [21][52][4]. The 1d cubic NLS

iut ` uxx “ ´2|u|2u (1.4)

is relevant in the deep water regime. It is completely integrable, and has many exact solu-

tions. The 1d NLS is related to the full water wave system, in the sense that asymptotically

it is the envelope equation for the free interface of the water waves. If one performs multiscale

analysis to determine the modulation approximations to the solution of the finite or infinite

depth 2d water waves equations, i.e., a solution zpα, tq of the parametrized free interface

which is to the leading order a wave packet of the form

W pα, tq :“ α ` εBpX,T qeipkα`γtq pε small, k, γ : constantq, (1.5)

then B solves the 1d focusing cubic NLS. In infinite depth case, X “ εpα` 1
2γ
tq, T “ ε2t, and

γ “
?
k. So the envelope B is a profile that travels at the group velocity 1

2γ
“

dγ
dk

determined

by the dispersion relation of the water wave equations on time scale Opε´1q, and evolves

according to the NLS on time scale Opε´2q.

This discovery was derived formally by Zakharov [75] for the infinite depth case, and by

Hasimoto and Ono [30] for the finite depth case. In [22], Craig, Sulem, and Sulem applied

modulation analysis to the finite depth 2D water wave equation, derived an approximate

5



solution of the form of a wave packet and showed that the modulation approximation satisfies

the 2D finite depth water wave equation to the leading order. In [53], Schneider and Wayne

justified the NLS as the modulation approximation for a quasilinear model that captures

some of the main features of the water wave equations.

The rigorous justification of the NLS for the full water waves was given by Totz and Wu

[63] in infinite depth case, and the justification in a canal of finite depth was proved by Düll,

Schneider and Wayne [25] . See also [35]. All of these works assume the data vanish at spatial

infinity. However, there are many important solitons of NLS that are neither periodic nor

vanishing at8. One such important example is the Peregrine soliton discovered by Peregrine

in 1983 [51], which is defined by

Qpx, tq “ eitp1´
4p1` 2itq

1` 4x2 ` 4t2
q. (1.6)

Plug Q in (1.5), one observes that W a weakly oscillatory periodic wave at the time and

spatial infinity, but W has peaks and troughs at a local region. The Peregrine soliton is

important to the ocean waves because the feature of the corresponding wave packet W is

consistent with the qualitative description of a rogue wave in the ocean. We call the wave

packet corresponding to the Peregrine soliton just by the Peregrine soliton. Indeed, the

Peregrine soliton is conjectured to be one of the mechanisms for the formation of rogue waves

by the ocean waves community, see [55] for more details. In 2010, the Peregrine soliton was

observed in fibre optics [40], which shows that the Peregrine soliton is a nature phenomenon

rather than just a mathematical prediction! Stimulated by this discovery, there have been

a lot of efforts to produce the Peregrine solitons in other backgrounds, for example, in [13],

the authors carried out the first experiment to observe Peregrine-type breather solutions in

a water tank. These experiments suggest the Peregrine soliton is a plausible description of

the formation of rogue waves. So it’s desirable to have a mathematical theory to justify that

the Peregrine soliton can be developed in water waves. Since the motion of the water waves
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is governed by the water wave equations, while the Peregrine soliton is an exact solution of

the NLS, we ask the following question:

Question I.2. Is there any solution zpα, tq to the system (1.81) with its envelope looks like

the Peregrine soliton?

Since the leading order of the envelope of the wave packet W pα, tq “ α`εBpX,T qeipkα`γtq

evolves according to the NLS on time scale Opε´2q, in order to observe the evolution of the

wave packet, the observer must focus on the water waves on time scale Opε´2q. So a more

precise formulation of Question I.2 is as follows:

Question I.3. Is there any solution zpα, tq to (1.81) such that

sup
tPr0,Opε´2qs

}pz ´W, zt ´Wt, ztt ´Wttq} “ opεq? (1.7)

Here } ¨ } denotes some norm.

Since B is neither periodic nor vanishing at 8, the framework in [63] or [25] cannot be

applied to justify the Peregrine soliton from the full water wave equations. In the second

project of this dissertation, we give an affirmative answer to Question I.3. See Theorem I.16

for more details.

1.2 Project 1 : Settings, main results, and strategy

In this project, we investigate the two dimensional inviscid incompressible infinite depth

water wave system with point vortices in the fluid. This system arises in the study of

submerged bodies in a fluid (see for example [14],[24] and the references therein). It’s also

believed to give some insight into the problem of turbulence ([45], chap 4, §4.6). In idealized

situation, such water waves are described by assuming the vorticity is a Dirac delta measure,

i.e., the vorticity is given by ωp¨, tq “
řN
j“1 λjδzjptqp¨q, where each zj P Ωptq, λj P R represents

the position and the strength of the j-th point vortex, respectively. It’s well-known that
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each point vortex zj generates a velocity field
λj
2π

i

z ´ zjptq
, which is purely rotational. We

assume zjp0q ‰ zkp0q, for j ‰ k. Then the motion of the fluid is described by

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

vt ` v ¨∇v “ ´∇P ´ p0, 1q

div v “ 0

curl v “ ω “
řN
j“1 λjδzjptq

,

/

/

/

/

/

.

/

/

/

/

/

-

Ωptq

d
dt
zjptq “ pv ´

λji

2π

1

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zj

zjptq P Ωptq, j “ 1, ..., N

P
ˇ

ˇ

ˇ

Σptq
” 0

p1, vq is tangent to the free surface pt,Σptqq.

(1.8)

Here, z “ x` iy, zjptq “ xjptq ` iyjptq.

Formally, this system is obtained by neglecting the self-interaction of the point vortices:

intuitively, if we pretend that the velocity field v is well-defined at z “ zjptq, then the motion

of the fluid particle zjptq is given by

d

dt
zjptq “ vpzjptq, tq “ pv ´

λji

2π

1

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zj
`
λji

2π

1

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zj
.

We assume that the only singularities of v are at the point vortices, so v ´
λji

2π

1

z ´ zjptq

is smooth, while
λji

2π

1

z ´ zjptq
is not defined at z “ zj. However, since the velocity field

λji

2π

1

z ´ zjptq

ˇ

ˇ

ˇ

z‰zj
is purely rotational around zjptq, it won’t move the center zjptq at all,

which means

d

dt
zjptq “ pv ´

λji

2π

1

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zj
.

For a rigorous justification of this derivation, see [45] (Theorem 4.1, 4.2, chapter 4) for the

fixed boundary case.
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The system (1.8) has attracted a lot of attention from both mathematics and physics

communities, and there have been a lot of numerical study of the system (1.8). See for

example [23], [31], [27], [46], [61], [65] and the references therein for some numerical investi-

gations. However, the rigorous mathematical analysis for water waves with point vortices is

still missing.

1.2.1 Governing equation for the free boundary

It’s easy to see that the system (1.8) is completely determined by the free surface Σptq,

the velocity and the acceleration along the free surface, and the position of the point vortices.

1.2.1.1 Lagrangian formulation

We parametrize the free surface by Lagrangian coordinates, i.e., let α be such that

ztpα, tq “ vpzpα, tq, tq. (1.9)

We identify R2 with the complex plane. With this identification, a point px, yq is the same

as x ` iy. Since P ” 0 along Σptq, we can write ∇P as ´iazα, where a “ ´BP
Bn

1
|zα|

is real

valued. So the momentum equation along the free boundary becomes

ztt ´ iazα “ ´i. (1.10)

Note that the second and the third equation in (1.8) imply that v ´
řN
j“1

λji

2πpz ´ zjptq
q “

v̄`
řN
j“1

λji

2πpz ´ zjptqq
is holomorphic in Ωptq with the value at the boundary Σptq given by

z̄t `
řN
j“1

λji

2πpzpα,tq´zjptqq
. Assume that z̄t `

řN
j“1

λji

2πpzpα, tq ´ zjptqq
P L2pRq. We know that

z̄t `
řN
j“1

λji

2πpzpα, tq ´ zjptqq
is the boundary value of a holomorphic function in Ωptq if and

only if

pI ´ Hq
´

z̄t `
N
ÿ

j“1

λji

2πpzpα, tq ´ zjptqq

¯

“ 0, (1.11)
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where H is the Hilbert transform associated with the curve zpα, tq, i.e.,

Hfpαq :“
1

πi
p.v.

ż 8

´8

zβ
zpα, tq ´ zpβ, tq

fpβqdβ. (1.12)

So the system (1.8) is reduced to a system of equations for the free boundary coupled with

the dynamic equation for the motion of the point vortices:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ztt ´ iazα “ ´i

d
dt
zjptq “ pv ´

1
2π

λji

z ´ zj
q

ˇ

ˇ

ˇ

z“zj

pI ´ Hq
´

z̄t `
řN
j“1

λji

2πpzpα,tq´zjptqq

¯

“ 0.

(1.13)

Note that v can be recovered from (1.13). Indeed, we have

v̄pzq `
N
ÿ

j“1

λji

2πpz ´ zjptqq
“

1

2πi

ż

zβ
z ´ zpβq

´

z̄tpβq `
N
ÿ

j“1

λji

2πpzpβq ´ zjptq
q

¯

dβ. (1.14)

So the system (1.8) and the system (1.13) are equivalent.

1.2.1.2 The Riemann mapping formulation and the Taylor sign condition.

Let n be the outward unit normal to the fluid-air interface Σptq. The quantity ´BP
Bn

ˇ

ˇ

ˇ

Σptq

plays an important role in the study of water waves.

Definition I.4. (The Taylor sign condition and the strong Taylor sign condition)

(1) If ´BP
Bn

ˇ

ˇ

ˇ

Σptq
ě 0 pointwisely, then we say the Taylor sign condition holds.

(2) If there is some positive constant c0 such that ´BP
Bn

ˇ

ˇ

ˇ

Σptq
ě c0 ą 0 pointwisely, then we

say the strong Taylor sign condition holds.

It is well known that when surface tension is neglected and the Taylor sign condition fails,

the motion of the water waves can be subject to the Taylor instability [6],[10],[58],[26],[73].
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For irrotational incompressible infinite depth water waves without surface tension, S. Wu

[69][70] shows that the strong Taylor sign condition always holds provided that the interface

is non self-intersecting and smooth.

For rotational water waves, by constructing explicit examples, we’ll show that the Taylor

sign condition can fail if the point vortices are sufficient close to the interface. We’ll also give

a criterion for the Taylor sign condition to hold. To calculate the important quantity ´BP
Bn

,

we use the Riemann mapping formulation of the system (1.13), which we are to describe.

Let Φp¨, tq : Ωptq Ñ P´ be the Riemann mapping such that Φz Ñ 1 as z Ñ 8. Let

hpα, tq :“ Φpzpα, tq, tq. Denote

Zpα, tq :“ z ˝ h´1
pα, tq, b “ ht ˝ h

´1, Dt :“ Bt ` bBα, (1.15)

A :“ pahαq ˝ h
´1. (1.16)

In Riemann mapping variables, the system (1.13) becomes

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

pD2
t ´ iABαqZ “ ´i

d
dt
zjptq “ pv ´

λji

2πpz ´ zjq
q

ˇ

ˇ

ˇ

z“zj

pI ´HqpDtZ̄ `
řN
j“1

λji

2πpZpα, tq ´ zjptqq
q “ 0.

(1.17)

Here, H is the standard Hilbert transform which is defined by

Hfpαq :“
1

πi
p.v.

ż 8

´8

1

α ´ β
fpβqdβ. (1.18)

Denote

A1 :“ A|Zα|
2. (1.19)
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Since ´BP
Bn

ˇ

ˇ

ˇ

Σptq
“ A1

|Zα|
, it’s clear that the Taylor sign condition holds if and only if

inf
αPR

A1

|Zα|
ě 0, (1.20)

and the strong Taylor sign condition holds if and only if

inf
αPR

A1

|Zα|
ą 0, (1.21)

1.2.2 The main results of Project 1

Our first result is a formula for the quantity A1, from which we show that Taylor sign

condition could fail if the point vortices are sufficient close to the interface. We also use this

formula to find a criterion for strong Taylor sign condition to hold.

Let F be the holomorphic extension of z̄t `
řN
j“1

λji

2π

1

zpα, tq ´ zjptq
in the domain Ωptq.

Theorem I.5. Denote

cj0 :“ pΦ´1
qzpω

j
0, tq, ωj0 :“ Φpzjptq, tq. (1.22)

β0ptq :“ inf
αPR
|Zαpα, tq|, M0ptq :“ }F p¨, tq}8 (1.23)

λ̃ “:

řN
j“1 |λj|

2π
, d̃Iptq :“ min

1ďjďN
inf
αPR
|α ´ Φpzjptq, tq|, d̃P ptq “ min

j‰k
|zjptq ´ zkptq|.

(1.24)

(1) (Formula for the Taylor sign condition ) We have

A1 “ 1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ ´

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj0pα ´ w
j
0q

2

)

, (1.25)

(2) (Failure of the Taylor sign condition) Taylor sign condition could Fail if d̃Iptq is suffi-

ciently small.
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(3) (A criterion for strong Taylor sign condition) If

λ̃2

d̃Iptq3β0

`
λ̃2

d̃Iptq2d̃P ptq
`

2M0λ̃

d̃Iptq2
ă β0, (1.26)

then the strong Taylor sign condition holds.

Part (1) is proved in Corollary II.20, part (2) is proved by examples from §2.3.3, §2.3.4,

and part (3) is proved in Proposition II.25.

We obtain in our second result the locally wellposed in Sobolev spaces of the equation

(1.13), provided that the strong Taylor sign condition holds initially. Let Hs represents the

Sobolev space HspRq, which is define as

Hs
pRq :“

!

f P L2
pRq : ‖f‖2

Hs :“

ż 8

´8

p1` |2πξ|2sq|Ffpξq|2dξ ă 8
)

.

Here, Ffpξq “
ş8

´8
fpxqe´2πixξdx is the Fourier transform of f . If s is a nonnegative integer,

then

‖f‖2
Hs ď

s
ÿ

k“0

∥∥∥Bkαf∥∥∥2

L2
. (1.27)

Decompose zt as

z̄tpα, tq “ f ` p, where p “ ´
N
ÿ

j“1

λji

2π

1

zpα, tq ´ zjptq
. (1.28)

Note that p and pt are determined by zpα, tq and f .

‚ A discussion on the initial data Assume that the initial value for (1.13) is given by

ξ0pαq :“ zpα, t “ 0q ´ α, v0 :“ ztpt “ 0q, w0 :“ zttpt “ 0q, (1.29)

and denote

a0 :“ apt “ 0q. (1.30)
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ξ0, v0, w0, a0 must satisfy

w0 ´ ia0pBαξ0 ` 1q “ ´i, (1.31)

where a0 is determined by

a0|Bαξ0 ` 1| “ |w0 ` i|. (1.32)

v0 satisfies

pI ´ H0qv̄0 “ ´

N
ÿ

j“1

λji

π

1

ξ0pαq ` α ´ zjp0q
, (1.33)

where H0 is the Hilbert transform associated with the curve zpα, 0q “ ξ0 ` α.

Denote

dIptq :“ min
1ďjďN

tdpzjptq,Σptqqu, dP ptq :“ min
1ďi,jďN
i‰j

tdpziptq, zjptqqu. (1.34)

Remark I.6. dIptq represents the distance of the point vortices to the free boundary, the 1I 1

means interface. dP ptq represents the distance among the point vortices, 1P 1 means point

vortices.

Let δ ą 0. Let |D|δ be defined by

F |D|δfpξq “ p2π|ξ|qδFfpξq. (1.35)

Theorem I.7. (The local wellposedness) Assume s ě 4. Assume p|D|1{2ξ0, v0, w0q P H
s ˆ

Hs`1{2 ˆHs, satisfying (1.31), (1.32), (1.33), and

(H1) Strong Taylor sign assumption. There is some α0 ą 0 such that

inf
αPR

apα, 0q|zαpα, t “ 0q| ě α0 ą 0. (1.36)

(H2) Chord-arc assumption. There are constants C1, C2 ą 0 such that

C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď C2|α ´ β|. (1.37)
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Then exists T0 ą 0 such that (1.13) admits a unique solution

p|D|1{2pz ´ αq, zt, zttq P Cpr0, T0s;H
s
ˆHs`1{2

ˆHs
q,

with T0 depends on }pBαξ0, v0, w0q}Hs´1ˆHsˆHs, dIp0q
´1, dP p0q

´1, C1, C2, α0, s, and

inf
tPr0,T0s

inf
αPR

apα, tq|zαpα, tq| ě α0{2. (1.38)

Moreover, if T ˚0 is the maximal lifespan, then either T ˚0 “ 8, or T ˚0 ă 8, but

lim
TÑT˚0 ´

}pzt, zttq}Cpr0,T s;HsˆHsq ` sup
tÑT˚0

pdIptq
´1
` dP ptq

´1
q “ 8. (1.39)

or

lim
tÑT˚0 ´

inf
αPR

apα, tq|zαpα, tq| ď 0, (1.40)

or

sup
α‰β

0ďtăT˚0

ˇ

ˇ

ˇ

α ´ β

zpα, tq ´ zpβ, tq

ˇ

ˇ

ˇ
` sup

α‰β
0ďtăT˚0

ˇ

ˇ

ˇ

zpα, tq ´ zpβ, tq

α ´ β

ˇ

ˇ

ˇ
“ 8. (1.41)

Remark I.8. (H1) is the strong Taylor sign condition. By Theorem I.5, the Taylor sign

condition (1.36) does not always hold. As was explained before, if surface tension is neglected

and Taylor sign condition fails, the motion of the water waves could be subject to the Taylor

instability. In order for the system (1.13) to be wellposed in Sobolev spaces, we need to

assume that the Taylor sign condition (1.36) to hold.

Our third result is concerned with the long time behavior of the water waves with point

vortices. We show that if the water wave is symmetric with a symmetric vortex pair traveling

downward initially, then the free interface remains smooth for a long time, and for initial

data satisfying

}p|D|1{2pzpα, 0q ´ αq, f, ftq}HsˆHs`1{2ˆHs ď ε ! 1,

15



the lifespan is at least δ0ε
´2, for some δ0 ą 0. Define1

pdIptq :“ min
j“1,2

inf
αPR

Imtzpα, tq ´ zjptqu. (1.42)

We make the following assumptions:

(H3) Vortex pair assumption. Assume N “ 2, i.e., there are two point vortices, with posi-

tions z1ptq “ x1ptq` iy1ptqq, z2ptq “ x2ptq` iy2ptq, strength λ1, λ2, respectively. Assume

further that z1ptq and z2ptq are symmetric about the y-axis, i.e.,

x1ptq “ ´x2ptq “ ´xptq ă 0, y1ptq “ y2ptq :“ yptq ă 0,

and assume λ1 “ ´λ2 :“ λ ă 0.

(H4) Symmetry assumption. Assume that velocity field v “ v1 ` iv2 satisfies: v1 odd in x,

v2 even in x, and the free boundary Σptq is symmetric about the y-axis.

(H5) Smallness assumption. Assume that at t “ 0,

}p|D|1{2ξ0, fpt “ 0q, ftpt “ 0qq}HsˆHs`1{2ˆHs ď ε, λ2
` |λxp0q| ď c0ε,

for some constant c0 “ c0psq. We can take c0 “
1

pps`12q!q2
.

(H6) Vortex-vortex interaction. Assume |λ|
xp0q

ě Mε for some constant M " 1 (say, M “

200π).

(H7) Vortex-interface interaction. Assume pdIp0q ě 1. Assume |λ| ` xp0q ď 1.

Remark I.9. Assume (H3)-(H4) holds at t “ 0, then by the uniqueness of the solutions to

the system (1.8), (H3)-(H4) holds for all t P r0, T s when the solution exists.

1We use the notation pdI to distinguish it from dI . Please keep in mind that pdI is not the Fourier transform
of dI .
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Theorem I.10 (Long time behavior). Let s ě 4. Assume (H3)-(H7). There exists ε0 ą 0

and δ0 ą 0 such that for all 0 ă ε ď ε0, the lifespan T ˚0 of the solution to (1.8) satisfies

T ˚0 ě δ0ε
´2. Moreover, there exists a constant Cs only depends on s such that

sup
tPr0,δ0ε´2s

∥∥∥p|D|1{2pzpα, tq ´ αq, fp¨, tq, ftp¨, tqq∥∥∥
HsˆHs`1{2ˆHs

ď Csε. (1.43)

Here, δ0 is an absolute constant independent of ε and s.

Remark I.11. If the initial data is sufficiently localized, then we can prove global wellposed-

ness and modified scattering. A brief discussion of the main idea will be given in §1.2.4. We

will give the full details of the proof in a forthcoming paper.

Remark I.12. The assumption |λ|
xp0q

ěMε ensures that the point vortices travel downward at

t “ 0. In the proof of Theorem I.10, we will show that when |λ|
xp0q

“ Mε, the velocity of the

point vortices is comparable to ε, which is slow in some sense. Theorem I.10 demonstrates

that even if the point vortices moves at an initial velocity as slow as Mε, the water waves

still remain smooth and small for a long time.

Remark I.13. Assumption (H7) implies that the strong Taylor sign condition holds initially.

The assumption pdIp0q ě 1 can be relaxed. To avoid getting into too many technical issues,

we simply assume pdIp0q ě 1. The assumption |λ| ` xp0q ď 1 is not an essential assumption.

We assume this merely for convenience.

Remark I.14. The assumptions (H5), (H6), (H7) do allow xp0q to be as small as we want.

So |λ|
xp0q

can be very large.

A discussion on initial data. We need to show that initial data for this system satisfy the

assumptions of Theorem I.10 exist. As before, denote

ξ0pαq “ zpα, 0q ´ α, z0 “ α ` ξ0, v0 “ ztpα, 0q, w0 “ zttpα, 0q.
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We need ξ0, v0, w0 satisfy (1.31), (1.32), and (1.33). We need also the symmetry condition

Retv0u is odd in α, Imtv0u is even in α, Retξ0u is odd Imtξ0u is even. (1.44)

Denote the Hilbert transform associates to z0pαq by H0. We’ll use the following lemma.

Lemma I.15. Let Imtξ0u be even, Retξ0u be odd. Let f “ f1 ` if2 be such that f1 is odd

and f2 is even. Then RetH0fu is odd and ImtH0fu is even.

Proof. This is proved by direct calculation.

Given ξ0 be such that Retξ0u odd and Imtξ0u even, and given any real valued odd

function f , if we let v0 be such that

v̄0 “
1

2
pI ` H0qf ´

2
ÿ

j“1

λji

2π

1

z0pαq ´ zjp0q
, (1.45)

then by lemma I.15, we have Retv0u is odd and Imtv0u is even, and satisfying the compa-

tiability condition

pI ´ H0qpv̄0 `

2
ÿ

j“1

λji

2π

1

z0pαq ´ zjp0q
q “ 0. (1.46)

1.2.3 Strategy of proof

we illustrate the strategy of proving the main theorems in this subsection. The first two

theorems are more or less routine, while Theorem I.10 requires some new idea of controlling

the motion of the point vortices.

1.2.3.1 The Taylor sign condition: proof of Theorem I.5

We follow S. Wu’s work [69] to calculate the Taylor sign condition. Using Riemann

variables, the momentum equation is written as pD2
t `iABαqZ̄ “ i. Recall that A1 :“ A|Zα|

2.

Multiply pD2
t ` iABαqZ̄ “ i by Zα, apply I ´H on both sides of the resulting equation, then
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take imaginary part. By using the facts

pI ´HqpZα ´ 1q “ 0, pI ´HqpDtZ̄ `
N
ÿ

j“1

λji

2π

1

Zpα, tq ´ zjptq
q “ 0, (1.47)

we obtain

A1 “ 1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ´Im

!

N
ÿ

j“1

λji

2π

´

pI´Hq
Zα

pZpα, tq ´ zjptqq2

¯

pDtZ´ 9zjptqq
)

.

Then use some tools from complex analysis, we obtain (1.25).

To construct examples for which the Taylor sign condition fails, we consider initially still

water waves with its motion purely generated by the point vortices. We are able to derive a

formula for A1 in terms of the intensity and location of these point vortices, from which we

can see that Taylor sign condition could fail if the point voritces are close to the interface.

1.2.3.2 Local wellposedness:proof of Theorem I.24

If there is no point vortices in the water waves, S. Wu observes that one can obtain

quasilinearization of the system (1.13) by taking one time derivative to the momentum

equation. It turns out that this is still true for water waves with point vortices: take Bt on

both sides of pB2
t ` iaBαqz̄ “ i, we obtain

pB
2
t ` iaBαqz̄t “ ´iatz̄α. (1.48)

In (1.28), we decompose z̄t as z̄t “ f ` p, where p “ ´
řN
j“1

λji

2π
1

zpα,tq´zjptq
. A key observation

is that pB2
t ` iaBαqp consists of lower order terms. Apply I ´ H on both sides of equation

(1.48), we obtain

´ipI ´ Hqatz̄α “ g1 ` g2, (1.49)
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where

g1 :“ 2rztt,Hs
z̄tα
zα
` 2rzt,Hs

z̄ttα
zα

´
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

z̄tβdβ. (1.50)

g2 :“
i

π

N
ÿ

j“1

λj

´ 2ztt ` i´ B
2
t zj

pzpα, tq ´ zjptqq2
´ 2

pzt ´ 9zjptqq
2

pzpα, tq ´ zjptqq3

¯

. (1.51)

So atz̄α is of lower order. The quasilinear system

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

pB2
t ` iaBαqz̄t “ ´iatz̄α

9zjptq “ pv ´
λji

2π

1

zpα, tq ´ zjptq
q

ˇ

ˇ

ˇ

z“zjptq

pI ´ Hqpz̄t `
řN
j“1

λji

2π

1

zpα, tq ´ zjptq
q “ 0.

(1.52)

is of hyperbolic type as long as the Taylor sign condition a|zα| ě α0 ą 0 holds. The local

wellposedness is obtained by energy method.

1.2.3.3 Long time behavior: proof of Theorem I.10

To illustrate the idea of studying long time behavior, we begin with the following toy

model.

Toy model: Consider

utt ` |D|u “ upt `
C

pα ` itqm
, p ě 2,m ě 2. (1.53)

for some constant C such that |C| À ε. Define an energy

Esptq “
ÿ

kďs

ż

|B
k
αutpα, tq|

2
` ||D|1{2Bkαu|

2dα. (1.54)
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Then we have

d

dt
Esptq À Esptq

pp`1q{2
` εp1` |t|q´pm´1{2qEsptq

1{2. (1.55)

Assume Esp0q À ε2. By the bootstrap argument, we can prove

Esptq À ε2, @ t À ε1´p. (1.56)

If the nonlinearity is at least cubic, i.e., p ě 3, then the lifespan is at least ε´2.

The water waves: If we can find θ, θ « zt, such that pB2
t ` |D|qθ “ F pzt, |D|z, zttq `

Op 1
pα`it

qmq, where F is at least cubic and m ě 2, then use an argument similar to that for

the toy model, we expect cubic lifespan. Note that the nonlinearity of the quasilinear system

(1.52) is quadratic, so it does not directly lead to lifespan of order Opε´2q. In the irrotational

cases, S. Wu[71] found that the fully nonlinear transform θ :“ pI ´ Hqpz ´ z̄q satisfies

pB
2
t ´ iaBαqθ “ ´2rzt,H

1

zα
` H̄

1

z̄α
sztα `

1

πi

ż 8

´8

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ :“ g.

(1.57)

g is cubic, while a ´ 1 contains first order terms, so pB2
t ` |D|qθ contains quadratic terms,

which does not imply cubic lifespan. To resolve the problem, S. Wu considered change of

variables κ : R Ñ R. She let ζ “ z ˝ κ´1, b “ κt ˝ κ
´1, A “ paκαq ˝ κ

´1. In new variables,

the system (1.13) is written as (with λj “ 0 for irrotational case)

$

’

’

&

’

’

%

pD2
t ´ iABαqζ “ ´i

pI ´HqDtζ̄ “ 0,

(1.58)
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and (1.57) becomes

pD2
t´iABαqθ˝κ

´1
“ ´2rDtζ,H

1

ζα
`H̄ 1

ζ̄α
sBαDtζ`

1

πi

ż 8

´8

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ´ζ̄qβdβ,

(1.59)

where

Hfpαq :“
1

πi
p.v.

ż 8

´8

ζβ
ζpα, tq ´ ζpβ, tq

fpβqdβ. (1.60)

She realized that there exists a change of variables κ such that

pI ´Hqb “ ´rDtζ,Hs
ζ̄α ´ 1

ζα
, (1.61)

pI ´HqpA´ 1q “ irDtζ,Hs
BαDtζ̄

ζα
` irD2

t ζ,Hs
ζ̄α ´ 1

ζα
. (1.62)

So b, A´1 are quadratic. Using this, S. Wu was able to prove the almost global existence for

the irrotational water waves with small localized initial data. The method implies lifespan

of order Opε´2q for nonlocalized data of size Opεq for irrotational water waves.

Assume there are point vortices in the fluid. We use S. Wu’s change of variables, by

taking κ : RÑ R, satisfying that for ζ “ z ˝ κ´1,

pI ´Hqpζ̄ ´ αq “ 0. (1.63)

In new variables, by direct calculation, we have

pD2
t ´ iABαqθ̃ “ Gc `Gd, (1.64)

where θ̃ “ pI ´Hqpζ ´ ζ̄q, A “ paκαq ˝ κ
´1, b “ κt ˝ κ

´1, Dt “ Bt ` bBα. Let F “ f ˝ κ´1,

q “ p ˝ κ´1. We have

Gc :“ ´2rF̄,H 1

ζα
` H̄ 1

ζ̄α
sF̄α `

1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ. (1.65)
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Gd :“ ´2rq̄,HsBαF̄
ζα

´ 2rF̄,HsBαq̄
ζα
´ 2rq̄,HsBαq̄

ζα
´ 4Dtq. (1.66)

pI ´Hqb “ ´rDtζ,Hs
ζ̄α ´ 1

ζα
´
i

π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

. (1.67)

pI ´HqA “1` irDtζ,Hs
BαF

ζα
` irD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ pI ´Hq 1

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(1.68)

To control the acceleration D2
t ζ, we consider σ̃ “ pI ´HqDtθ̃. We have

pD2
t ´ iABαqσ̃ “ G̃, (1.69)

where

G̃ “pI ´HqpDtG` i
at
a
˝ κ´1AppI ´Hqpζ ´ ζ̄qqαq ´ 2rDtζ,Hs

BαD
2
t pI ´Hqpζ ´ ζ̄q

ζα

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

BβDtpI ´Hqpζ ´ ζ̄qdβ
(1.70)

The difficulty:

(1) Gc is cubic, while Gd consists of quadratic and first order terms. Gd is the contribution

from the point vortices. Similarly, b, A´1 contains first order terms due to the presence

of point vortices.

(2) Each term of Gd contains factors of the form
řN
j“1

λj
pζpα,tq´zjptqqk

for some k ě 1. It’s

possible that the point vortices travel upward and get closer and closer to the free

interface. In that case, Gd becomes very large.

(3) The strong interaction between the point vortices could excite the water waves and

make it significantly larger in a short time. Assume two point vortices z1ptq “ ´x `

23



iy, z2ptq “ x` iy, with strength λ1 and λ2, respectively. Then the velocity of z1 is

9z1 “ ´
λ2i

2πpz2 ´ z1q
` F̄ pz1ptq, tq, 9z2 “

λ1i

2πpz2 ´ z1q
` F̄ pz2ptq, tq.

Roughly speaking, if |λ|
2π|z2´z1|

is large, then | 9zjptq| is large. Since

pt “
2
ÿ

j“1

λji

2π

zt ´ 9zjptq

pzpα, tq ´ zjptqq2
,

in general, }pt}Hs could be large as well. Therefore, small data theory does not directly

apply in such situation. Moreover, G̃ contains the term
ř2
j“1

λji

2π

p 9zjq
2

pζpα,tq´zjptqq3
, which is

even worse than pt if 9zjptq is large. In theorem I.10, we do allow | λ
z1´z2

| large. See

Remark I.14.

(4) If the point vortices collide, after the collision, we cannot use the same system to

describe the motion of the fluid anymore, for the reason that the vorticity after the

collision is not the same as that before it, which violates the conservation of vorticity.

The idea: Intuitively, if each point vortices zjptqmoves away from the free boundary rapidly,

with the factor 1
zpα,tq´zjptq

decaying in time at least at a linear rate, then we could overcome

the difficulties (1) and (2). We will show that this indeed is true if (H3)-(H6) holds initially.

To overcome the difficulty (3), we use λ1 “ ´λ2 from assumption (H3), and by direct

calculation, }pt}Hs does not depend on 9z1, 9z2, resolving difficulty (3). Also, although the

term
∥∥∥ř2

j“1
λji

2π

p 9zjq
2

pzpα,tq´zjptqq3

∥∥∥
Hs

could be large at time t “ 0, yet its long time effect remains

small, i.e.,
ż T

0

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

p 9zjq
2

pzpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

dt ď C 1ε,

for some constant C 1 which is independent of |λ|
4πxp0q

. So we are able to overcome the difficulty

of large vortex-vortex interaction, provided that the point vortices keeps traveling away from

the free interface.
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However, the motion of point vortices interferes with the motion of the water waves,

it’s not obvious at all that why the point vortices should escape to the deep water (toward

y “ ´8). Indeed, in some cases, they can travel upwards toward the interface. Recall that

the velocity of zj is given by

9zjptq “ pv ´
λji

2π

1

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zjptq
(1.71)

The point vortices could interact with each other and with the water waves. In general, it’s

not always true that Imt 9zjptqu ă 0 (i.e., travels downward).

In the following, we discuss how the number of point vortices, the sign of λj, and the

strength of |λj| affect the motion of point vortices.

(1) For N “ 1, the motion of the point vortex is hard to predict except for some special

cases.

(2) For N “ 2, λ1 “ λ2. The two point vortices is more likely to rotate about each other

and excite the fluid.

(3) N “ 2, λ1 “ ´λ2 “ λ ą 0. In this case, the point vortices are more likely to move

upward and getting closer and closer to the interface and hence cause the Taylor sign

condition to fail.

(4) N “ 2, λ1 “ ´λ2 “ λ ă 0 and |λ|
|z1´z2|

is relatively large (say, |λ|
|z1´z2|

" ε, where ε is the

size of the initial data), then the point vortices moving straight downward rapidly and

hence the term 1
zpα,tq´zjptq

decays like t´1.

(5) N ě 3. This is far beyond understood. Indeed, even for 2d Euler equations (fixed

boundary) with point vortices, the problem is still not fully understood. When N “ 3,

the problem resembles the three-body problem .

(6) Vortex pairs. With 2N point vortices, denoted by tpzi1, zi2u
N
i“1. Let the corresponding

strength be λi1, λi2, respectively. Assume λi1 “ ´λi2 ă 0. Assume |zi1 ´ zi2| is
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sufficiently small, while different pairs are sufficiently far away from each other. Then

the point vortices travel downward, at least for a short time. It’s likely that the factor

1
zpα,tq´zij

decays linearly in time. So long time existence will not be a surprise. For

brevity, we consider only one vortex pair.

Therefore, from the above discussion, if we assume N “ 2 and λ1 “ ´λ2 ă 0, we expect

that the point vortices keep traveling downward at a speed comparable to its initial speed,

hence

|ζpα, tq ´ zjptq|
´1
“ Op

1

α ` i |λ|
xp0q

t
q, (1.72)

and we can expect to have

pD2
t ´ iABαqθ̃ “ Gc `Op

1

pα ` i |λ|
xp0q

tq2
q,

and

pD2
t ´ iABαqθ̃ “ pB

2
t ` |D|qθ̃ ` cubic`Op

1

pα ` i |λ|
xp0q

tq2
,

hence

pB
2
t ` |D|qθ̃ “ cubic`Op

1

pα ` i |λ|
xp0q

tq2
q.

Similarly, at least formally, we have

pB
2
t ` |D|qσ̃ “ cubic`Op

1

pα ` i |λ|
xp0q

tq2
q.

From the discussion on the Toy model, we expect to prove lifespan of order Opε´2q for small

nonlocalized data of size Opεq.

Let’s summarize our previous discussion in a more precisely way as the following.

Step 1. Change of variables. Let κ be the change of variables such that pI ´ Hqpζ̄ ´ αq “ 0,

where ζ “ z˝κ´1. Then we derive the formula (1.97) for the quantity b and the formula
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(1.98) for the quantity A´ 1.

Step 2. Nonlinear transform. Let θ̃ “ θ ˝ κ´1, σ̃ “ Dtθ̃, where θ̃ “ pI ´ Hqpζ ´ ζ̄q. Then we

derive water wave equations (1.64)-(1.66) for θ̃ and water wave equations (1.69)-(1.70)

for σ̃.

Step 3. Bootstrap assumption. Assume that on r0, T s, we have

}ζα ´ 1}Hs ď 5ε, }F}Hs`1{2 ď 5ε, }DtF}Hs ď 5ε , @ t P r0, T s, (1.73)

where F “ f ˝ κ´1.

Step 4. Control the motion of zjptq. Under the bootstrap assumption (1.73), we show that for

any t P r0, T s,

1

2
ď
xptq

xp0q
ď 2. (1.74)

In another words, the trajectory of the point vortices are almost parallel to each other.

Therefore, we obtain decay estimate

dIptq
´1
“

´

min
j“1,2

inf
αPR
|ζpα, tq ´ zjptq|

¯´1

ď p1`
|λ|

20πxp0q
tq´1, (1.75)

Step 5. Energy estimates. Denote θk “ pI ´HqBkαθ̃, σk “ pI ´HqBkασ̃. Define energy

Eptq “
ÿ

0ďkďs

!

ż

1

A
|Dtθk|

2
`

ż

1

A
|Dtσk|

2
` i

ż

θkBαθk ` i

ż

σkBασk

)

. (1.76)

By energy estimates, use the time decay of 1
ζpα,tq´zjptq

, we obtain control of Dtθ̃ and

Dtσ̃. As a consequence, by bootstrap argument, we show that T ˚ ě δε´2.

Step 6. Change of variables back to lagrangian coordinates and completes the proof.
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1.2.4 A remark on global existence and modified scattering.

If the initial data is suffciently localized similar to those considered by Ionescu & Pusateri

in [39] and Alazard & Delort in [1], then we expect to prove that the system (1.8) (or

equivalently, the system (1.13)) is globally wellposed and there is modified scattering. In

this subsection, we explain why this should be true.

Let’s consider localized initial data of size ε (in weighted Sobolev spaces), with ε small.

Let’s assume the assumptions (H3)-(H7) (The smallness assumption in Sobolev spaces is

replaced by smallness assumption in weighted Sobolev spaces). By Theorem I.10, the system

(1.13) admits a unique solution on r0, δε´2s. For t P r0, δε´2s, the position of the point vortices

zj “ xj ` iyj satisfies

1

2
ď
|xjptq|

|xjp0q|
ď 2, yjptq ď ´

|λ|

20πxp0q
t. (1.77)

Therefore, as long as the growth of the water waves (measured by ζα ´ 1, f, ft) is slow, the

vortex pair will keep travelling downward at a speed comparable to its initial speed, and

therefore the effect of the point vortices will keep small for all time. Indeed, we have

ż T

0

‖Gdp¨, tq‖Hs dt ď C 1ε, (1.78)

for some absolute constant C 1 ą 0 on any time r0, T s on which the solution exists. From this

point of view, the vortex pair is a globally small perturbation of the irrotational flow. If the

initial data is sufficiently localized, then the effect from the vortex pair is also localized, and

a similar argument as in [39] or [1] will give global existence and modified scattering. We’ll

prove this in a forthcoming paper.
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1.3 Project 2 : Settings, main results, and strategy

In Project 2, we aim to rigorously justify the Peregrine soliton from the full water waves.

We consider the two dimensional inviscid incompressible irrotational infinite depth water

waves without surface tension, which is described by the system (1.1) with ω ” 0, i.e.,

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

vt ` v ¨∇v “ ´∇P ´ p0, 1q on Ωptq, t ě 0

div v “ 0, curl v “ 0, on Ωptq, t ě 0

P
ˇ

ˇ

ˇ

Σptq
” 0, t ě 0

p1, vq is tangent to the free surface pt,Σptqq.

(1.79)

It implies from div v “ 0 and curl v “ 0 that v̄ is holomoprhic in Ωptq, so v is completely

determined by its boundary value on Σptq. Let the interface Σptq be given by z “ zpα, tq,

with α P R the Lagrangian coordinate, so that ztpα, tq “ vpzpα, tq, tq, and vt`v ¨∇v
ˇ

ˇ

ˇ

Σptq
“ ztt.

Because P pzpα, tq, tq ” 0, we can write ∇P
ˇ

ˇ

ˇ

Σptq
“ ´iazα, where a :“ ´BP

Bn
1
|zα|

is a real valued

function. So the momentum equation vt ` v ¨∇v “ ´p0, 1q ´∇p along Σptq can be written

as

ztt ´ iazα “ ´i. (1.80)

Since z̄t is the boundary value of v̄, the water wave equations (1.79) is equivalent to

$

’

’

&

’

’

%

ztt ´ iazα “ ´i

z̄t is holomorphic.

(1.81)

Here, by z̄t holomorphic, we mean that there is a holomorphic function Φp¨, tq on Ωptq such

that z̄tpα, tq “ Φpzpα, tq, tq.

29



In this project, we give an affirmative answer to Question 2’. Denote

1`Hs :“ tf “ 1` g : g P Hs
u. (1.82)

Notation. Denote T :“ r´π, πs.

Let f “ f0 ` f1, where f0 P H
s`s0pTq, f1 P H

spRq, where s0 ą 3{2. Define

‖f‖Xs :“‖f0‖Hs`s0 pTq `‖f1‖HspRq . (1.83)

The main result of Project 2 is the following theorem, which gives a rigorous justification of

the NLS with nonzero boundary values at spatial infinity from the full water waves.

Theorem I.16. Let M0 ą 0, s ě 4 and T ą 0 be given. And let k ą 0 be a given integer 2,

B0 P 1`Hs`7pRq. Denote by BpX,T q the solution of the NLS: 2iBT`
1

4k3{2
BXX`k

5{2|B|2B “

0 with initial data BpX,T “ 0q “ B0. Assume that B P Cpr0, T s;Xs`7q. And assume

ζp1qpα, tq “ BpX,T qeiφ, where X “ εpα ` 1
2
?
k
tq, T “ ε2t, and φ “ kα `

?
kt. Then there

exists a constant ε0 “ ε0pk, s,M0, }B
0 ´ 1}Hs`7 , T q ą 0 such that for all ε ă ε0, there exists

initial data pzp¨, 0q, ztp¨, 0q, zttp¨, 0qq to the water wave system (1.81) such that

}pzαp¨, 0q ´ 1, ztp¨, 0q, zttp¨, 0qq ´ εpBαζ
p1q
p0q, Btζ

p1q
p0q, B2

t ζ
p1q
p0qq}Xs´1{2ˆXs`1{2ˆXs

ďM0ε
3{2.

(1.84)

Moreover there exists a constant C “ Cpk, s,M0, T , }Bp0q ´ 1}Hs`7q ą 0 such that for all

initial data satisfying (1.84), the water waves system has a unique solution with

pzαp¨, tq ´ 1, zt, zttq P Cpr0, T ε´2
s;Xs´1{2

ˆXs`1{2
ˆXs

q

2Indeed, we need only k ą 0. However, if k ‰ N, then eikα R Hspr´π, πsq, instead, it is in Hspr0, 2πk sq.
For simplicity, we take k P N. The same argument applies directly to the cases that k ‰ N
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satisfying

sup
0ďtďT ε´2

}pImtzα ´ 1u, zt, zttq ´ εpImtBαζ
p1q
u, ζ

p1q
t , ζ

p1q
tt q}Xs´1{2ˆXs`1{2ˆXs ď Cε3{2, (1.85)

Remark I.17. Theorem I.16 gives rigorous justification of the NLS with nonzero boundary

values at 8 in Lagrangian coordinates. In (1.85), please note that we only justify the

modulation approximation for the imaginary part of zα ´ 1,, i.e.,

sup
tPr0,T ε´2s

∥∥∥Imtzα ´ 1u ´ ε ImtBαζ
p1q
u

∥∥∥
Xs´1{2

À ε3{2. (1.86)

In Theorem III.5 (See §3.10.2), we give a full justification of the Peregrine soliton from full

water waves in a different coordinates. We do not prove

sup
tPr0,T ε´2s

∥∥∥Retzα ´ 1u ´ εRetBαζ
p1q
u

∥∥∥
Xs´1{2

À ε3{2

in the Lagrangian coordinates because there is no good control of the change of variables on

time scale Opε´2q, please see Theorem III.5 and Remark III.52 for the details.

Remark I.18. Let B solves iBT `BXX “ ´2|B|2B. Then

UpX,T q :“
2

?
k5{2

Bp
?

8k3{2X,T q

solves 2iUT `
1

4k3{2
UXX ` k

5{2U |U |2 “ 0.

Applying Theorem I.16 to UpX, 0q “ 2?
k5{2

Qp
?

8k3{2X, 0q gives an affirmative answer to

Question I.3.

Remark I.19. s0 ą 3{2 is of course not optimal. We take s0 ą 3{2 to avoid getting into too

many technical issues.
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1.3.1 Challenges of the problem and the strategy.

1.3.1.1 First difficulty: find a right class of water waves to work with.

Suppose B is the Peregrine soliton, then the wave packet W is nonvanishing. As a

consequence, in order to justify the Peregrine soliton from the full water waves, we need to

show that water waves with nonvanishing data of size Opεq exist on time scale Opε´2q. In

[3], Alazard, Burq, and Zuily proved local wellposedness of (1.79) with nonvanishing data

in Kato’s uniform local space Hs
ulpRq. Their result implies that for initial data of size Opεq,

the lifespan of the solution is at least of order Opε´1q, which is not enough for justifying

the Peregrine soliton. Even though the long time existence has been well-known for periodic

waves and localized waves, to the author’s best of knowledge, for nonvanishing water waves,

no long time existence results with lifespan of the solution longer than the order of Opε´1q

exist, and the analytical tools developed for the vanishing or periodic data cannot be directly

used in this setting.

In order to prove long time existence of the water wave system, one needs to find a cubic

structure for the water wave equations. More precisely, we need to find some quantity θ such

that Btθ « zt and

pB
2
t ´ iaBαqθ “ F, (1.87)

with F consists of cubic and higher order nonlinearities. For water waves with data in Sobolev

spaces, there are two ways of doing this. The first one is the fully nonlinear transform

constructed by S. Wu. In [71], S. Wu considered θ :“ pI ´ Hqpz ´ z̄q and showed that

pB2
t ´ iaBαqθ “ cubic. Here,

Hfpαq “
1

πi

ż 8

´8

zβ
zpα, tq ´ zpβ, tq

fpβqdβ (1.88)

is the Hilbert transform associated with the free interface labeled by zpα, tq. Using this fully

nonlinear transform, S. Wu was able to prove the almost global existence for the irrotational
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water waves with small localized initial data. The method implies lifespan of order Opε´2q

for nonlocalized data of size Opεq in Sobolev spaces. This nonlinear transform is also used

in [72][63][62][39]. See also [32][33] for similar ideas. The second way is to use the normal

form transformation to construct a cubic structure, see for example [1][39][64][38][7]. These

two methods work well for water waves with periodic data or with data in Sobolev spaces.

However, for nonvanishing water waves, such a cubic structure was unclear for both

methods. The first difficulty we confront is to find a right class of water waves that we can

work with. This class of water waves must be non-vanishing at spatial infinity along the

free interface. However, if the water waves have too many activities at infinity, then it’s not

obvious at all that why the water waves should exist for a long time.

1.3.1.2 The idea of resolving the first difficulty: water waves that decays non-

tangentially

Let B be the Peregrine soliton, then the wave packet W can be decomposed as

W “ W0 `W1, W0 “ εeiε
2teiφ, W1 “ α ´ εeiε

2t 1` 8iε2t

1` 4pεαq2 ` 4pε2tq2
eiφ (1.89)

Note that W0 is periodic, W1 ´ α vanishes at infinity, therefore, we consider water waves

which is a superposition of periodic waves and waves which vanish at infinity. Moreover,

since W0 P C
8pTq, we can assume that the periodic waves has more regularity than the

localized waves. This motivates us to work in the function space Xs :“ HspRq `Hs`s0pTq,

where s0 ą 3{2.

Key observation: Although the velocity v is nonvanishing along the free interface, however,

away from the free interface, v can vanish at spatial infinity. In other words, although the

water waves have a lot of activity at spatial infinity along the free interface, however, away

from the interface, the water waves can be at rest at infinity. This observation suggests that,

away from the free interface, the interaction between the periodic waves and the localized
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waves is weak.

To make the above discussion precise, we use the notion of decay nontangentially.

Definition I.20 (Cone). Let z0 P C. Let θ0 P p0, π{2q. Denote

Cθ0pz0q :“
!

z P C :
ˇ

ˇ

ˇ

Repz ´ z0q

Impz ´ z0q

ˇ

ˇ

ˇ
ď tan θ0 & Im z ď Im z0

)

.

That is, Cθ0pz0q is the cone with vertex z0 and angle θ0.

Definition I.21 (Decay nontangentially). Let φpzq be a function in Ωptq. Let z0 P C be a

fixed point. We say that φpzq Ñ 0 nontangentially as z Ñ 8 if for any 0 ă θ ă π{2,

lim
zPΩptqXCθ0 pz0q

|z|Ñ8

φpzq “ 0. (1.90)

Remark I.22. Note that the definition above is invariant if we use different z0. As a conse-

quence, we choose z0 “ 0 and write Cθ0p0q as Cθ0 .

Remark I.23. If φ is a periodic function in Ωptq, and

lim
Im zÑ´8

φpzq “ 0,

then φpzq decays nontangentially.

It turns out that the decay nontangentially is the right setting for nonvanishing water

waves. If we assume the velocity field v decays nontangentially, follow S. Wu’s method in

[71], at least formally (in BMO sense, because the Hilbert transform H maps L8 to BMO),

we can show that the quantity pI ´ Hqpz ´ z̄q satisfies

pB
2
t ´ iaBαqpI ´ Hqpz ´ z̄q (1.91)

“´ 2rzt,H
1

zα
` H̄

1

z̄α
sztα `

1

πi

ż 8

´8

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ :“ g. (1.92)
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Formally, g is cubic, while a´ 1 contains first order terms, so pB2
t ` |D|qθ contains quadratic

terms, which does not imply cubic lifespan. To resolve the problem, we follow S. Wu’s idea

and consider the change of variables κ : R Ñ R such that ζ̄ ´ α is boundary value of a

holomorphic function which decays nontangentially, where ζ “ z ˝ κ´1. Denote b “ κt ˝ κ
´1,

A “ paκαq ˝ κ
´1. In new variables, the system (1.81) is written as

$

’

’

&

’

’

%

pD2
t ´ iABαqζ “ ´i

pI ´HζqDtζ̄ “ 0,

(1.93)

and we have

pD2
t ´ iABαqpI ´Hζqpζ ´ ζ̄q (1.94)

“´ 2rDtζ,H
1

ζα
` H̄ 1

ζ̄α
sBαDtζ `

1

πi

ż 8

´8

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ, (1.95)

where

Hζfpαq :“
1

πi
p.v.

ż 8

´8

ζβ
ζpα, tq ´ ζpβ, tq

fpβqdβ. (1.96)

Moreover, we have

pI ´Hqb “ ´rDtζ,Hs
ζ̄α ´ 1

ζα
, (1.97)

pI ´HqpA´ 1q “ irDtζ,Hs
BαDtζ̄

ζα
` irD2

t ζ,Hs
ζ̄α ´ 1

ζα
. (1.98)

So b, A´ 1 are quadratic. Therefore, at least formally, we have

pB
2
t ` |D|qpI ´Hζqpζ ´ ζ̄q “ cubic. (1.99)

If ζ ´α,Dtζ decay3 at spatial infinity or periodic, then use S. Wu’s method, we could prove

that (1.79) is wellposed on time scale Opε´2q.

3In this paper, by a function f decays at 8, we mean that f P HspRq for some s ě 0, even though it
could be possible that limxÑ8 fpxq does not exist.
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1.3.1.3 The second difficulty

If the water wave is nonvanishing, then it’s difficult to define an energy associated with

(1.94) which still preserves the cubic structure. Indeed, because θ R LqpRq for any q ‰ 8,

we cannot estimate θ in HspRq. If we estimate θ in W s,8pRq, as is explained by Alazard,

Burq and Zuily in [3], there is loss of derivative in such spaces. One might try to estimate

θ in Kato’s uniform local Sobolev spaces as in [3]. Assume tχnu is a partition of unity of

R. One needs to consider the quantity χnθ. It turns out that Pχnθ has first and quadratic

nonlinearities, which are difficult to get rid of.

1.3.1.4 Idea of resolving the second difficulty

To resolve this problem, we note that if ζα´ 1 P Xs, then ζ can be decomposed uniquely

as

ζ “ ω ` ξ1, (1.100)

where ω ´ α is periodic, and ξ1 decays at spatial infinity. Let b0 and A0 be determined by

pI ´Hpqb0 “ ´rD
0
tω,Hps

ω̄α ´ 1

ωα
, (1.101)

pI ´HpqpA0 ´ 1q “ irpD0
t q

2ω,Hps
ω̄α ´ 1

ωα
` irpD0

t qω,Hps
BαpD

0
t qω̄

ωα
. (1.102)

where

Hpfpαq :“
1

2πi
p.v.

ż

T
ωβpβq cotp

1

2
pωpαq ´ ωpβqqfpβqdβ. (1.103)

Denote D0
t :“ Bt ` b0Bα, then ω satisfies

pD0
t q

2ω ´ iA0ωα “ ´i. (1.104)

It has been well known that the periodic water waves with initial data of size Opεq exists on

lifespan of order at least Opε´2q. So it suffices to control ξ1 and Dtζ ´ D0
tω on time scale
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Opε´2q. In BMO sense, we have

ppD0
t q

2
´ iA0BαqpI ´Hωqpω ´ ω̄q “ cubic, (1.105)

where Hω is the Hilbert transform associated with ω, i.e.,

Hωfpα, tq “ p.v.
1

πi

ż 8

´8

ωβpβ, tq

ωpα, tq ´ ωpβ, tq
fpβ, tqdβ. (1.106)

Now consider the quantity

λ :“ pI ´Hζq

´

pI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αq
¯

. (1.107)

Then λ « ξ1. Moreover, we can prove that

pD2
t ´ iABαqλ “ cubic. (1.108)

Since λ is in Sobolev space, we can use energy method to prove the following result:

Theorem I.24. Let s ě 4. Let }pzαp¨, 0q ´ 1, ztpt “ 0q, zttpt “ 0qq}Xs´1{2ˆXs`1{2ˆXs ď ε.

Assume z̄tpt “ 0q P HolN pΩp0qq. Then there exists ε0 “ ε0psq ą 0 sufficiently small and

a constant C1 “ C1psq ą 0 such that for all 0 ď ε ď ε0, the water wave equations (1.81)

admit a unique solution pzαp¨, tq ´ 1, ztp¨, tq, zttp¨, tqq P Cpr0, C1ε
´2s;Xs´1{2 ˆ Xs`1{2 ˆ Xsq.

Moreover,

sup
0ďtďC1ε´2

}pzα ´ 1, zt, zttq}Xs´1{2ˆXs`1{2ˆXs ď Cε, (1.109)

for some constant C “ Cpsq.

To our best knowledge, Theorem I.24 is the first long time existence for nonvanishing water

waves. More importantly, using this long time existence result, we are able to justify the NLS

from the full water waves in a regime that allows for Peregrine solitons, and prove Theorem
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I.16.

1.3.1.5 Rigorous justification of the Peregrine soliton from water waves .

We prove Theorem I.16 through the following steps.

Step 1. Construction of approximate solution.

Let B be a solution to the NLS. Consider interface of the form

ζpα, tq “ α `
8
ÿ

n“1

εnζpnq. (1.110)

By multiscale analysis, we can choose ζpnq, n “ 1, 2, 3 be such that ζp1q “ BpX,T qeiφ

and ζp2q, ζp3q depend on B and φ only. We define an approximate solution ζ̃ to ζ by

ζ̃ :“ α `
3
ÿ

n“1

εnζpnq, (1.111)

then formally4,

|ζ ´ ζ̃| “ Opε4q. (1.112)

Similarly, we approximate Dtζ, D2
t ζ by some appropriate functions D̃tζ̃ , D̃

2
t ζ̃ such that

|Dtζ ´ D̃tζ̃| “ Opε4q, |D2
t ζ ´ D̃tζ̃| “ Opε4q. (1.113)

Denote

r :“ ζ ´ ζ̃ “ r0 ` r1, (1.114)

where r0 is the periodic part of r, and r1 decays at spatial infinity. Denote ξ̃0 the periodic

part of ζ̃ ´ α. Denote

ω̃ “ α ` ξ̃0, ξ̃1 :“ ζ̃ ´ ω̃. (1.115)

4This is in 8-norm sense, i.e., }ζ ´ ζ̃}W s,8 “ Opε4q. In Xs norm, }ζ ´ ζ̃}Xs “ Opε7{2q
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To rigorous justify the NLS from the water waves, we need to control the error r on time

scale Opε´2q.

Step 2. A priori error estimates for the periodic part

For data of the form (3.38), we show that

ppD0
t q

2
´ iA0BαqpI ´Hpqr0 “ fourth order. (1.116)

So we can obtain

sup
tPr0,Opε´2qs

}pBαr0, D
2
t r0, pD

0
t q

2r0q}Hs`s0 pTqˆHs`s0`1{2pTqˆHs`s0 pTq ď Cε3{2. (1.117)

Step 3. A priori error estimates for the vanishing part

Consider the quantity

ρ1 :“ pI ´Hζq

!´

pI ´Hζqξ ´ pI ´Hωqξ0

¯

´

´

pI ´Hζ̃qξ̃ ´ pI ´Hω̃qξ̃0

¯)

. (1.118)

We remind the readers that Hζ̃ and Hω̃ are the Hilbert transforms associated with ζ̃

and ω̃, respectively. We can show that ρ1 « r1.

By exploring the structure of ζ̃, we show that

pD2
t ´ iABαqρ1 “ fourth order. (1.119)

So we can obtain

sup
tPr0,Opε´2qs

}pBαr1, Dtr1, D
2
t r1q}HspRqˆHs`1{2pRqˆHspRq ď Cε3{2. (1.120)

Step 4. In Step 1, we’ve constructed an approximate solution pζ̃ , D̃tζ̃ , D̃
2
t ζ̃q which exists on

time scale Opε´2q. In Step 2 and Step 3, we obtain a priori bound on the energy for
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the remainder r on long time scale Opε´2q. However, since ζ̃ does not in general satisfy

the water wave equations, the wave packet like data pζ̃p0q, D̃tζ̃p0q, D̃
2
t ζ̃qp0q cannot be

taken as the initial data of the water wave equations. Similar to that in [63], we

show that there is initial data for the water wave system that is within Opε3{2q to

the wave packet pζ̃p0q, D̃tζ̃p0q, D̃
2
t ζ̃qp0q. By long time existence of (1.93) with initial

data pBαpζ ´ αq, Dtζ,D
2
t ζq of size ε in Xs ˆ Xs`1{2 ˆ Xs, the solution of the system

(1.93) exists on time scale Opε´2q. The a priori bound on r gives the estimate of the

error between ζ and the wave packet ζ̃ on the order Opε3{2q for time on the Opε´2q

scale. The appropriate wave packet approximation to z is then obtained upon changing

coordinates back to the Lagrangian variable.

1.4 Outline of this thesis

1.4.1 Outline of Chapter 2

In §2.1, we introduce some basic notation and convention. Further notation and conven-

tion will be made throughout the paper if necessary. In §2.2 we will provide some analytical

tools that will be used in later sections. In §2.3, we give a systematic investigation of the

Taylor sign condition. We give examples that Taylor sign condition fails. We also give a suf-

ficient condition which implies the strong Taylor sign condition . In §2.4, we prove Theorem

I.24. In §2.5, we prove Theorem I.10.

1.4.2 Outline of Chapter 3

In §3.1, we introduce some basic notation and convention. Further notation and conven-

tion will be made throughout the paper if necessary. In §3.2 we will provide some analytical

tools and the basic definitions that will be used in later sections. In section §3.3, we sketch

a proof of long time existence of the periodic water waves system, which we will use in later

sections. In Section §3.4, we set up the water waves system with data in Xs, derive formula
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for the corresponding quantities, and then prove long time existence of water waves in the

function space Xs. In Section §3.5, we formally derive NLS with non-vanishing boundary

value at 8 from non-vanishing water waves system that we set up in Section §3.4, and obtain

an approximation ζ̃ to water waves system. In Section §3.6, we derive governing equations

for r0, then we show that r0 remains small on time scale Opε´2q. In Section §3.7, we derive

governing equations for r1, and define corresponding energies that could be used to control

norms of r1. In Section 3.8, we obtain a priori bounds of a list of quantities that appear in

the energy estimates, and in Section §3.9, we obtain energy estimates on time scale Opε´2q.

As a consequence of the energy estimates, we prove our Main Theorem I.16 in Section §3.10.

In the appendix, we show that e´ikα cannot be the boundary value of a holomorphic function

in the region below the curve tωpα, tq “ α ` cptqeikαu.
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CHAPTER II

Long time behavior of 2D water waves with point

vortices

2.1 Notation and convention

Throughout chapter, we assume that the velocity field |vpz, tq| Ñ 0 as |z| Ñ 8 and

zpα, tq ´ α Ñ 0 as |α| Ñ 8. We use CpX1, X2, ..., Xkq to denote a positive constant C

depends continuous on the parameters X1, ..., Xk. Such constant CpX1, ..., Xkq could be

different even we use the same letter C. The commutator rA,Bs “ AB ´ BA. Given a

function gp¨, tq : R Ñ R, the composition fp¨, tq ˝ g :“ fpgp¨, tq, tq. For a function fpα, tq

along the free surface Σptq, we say f is holomorphic in Ωptq if there is some holomorphic

function F : Ωptq Ñ C such that f “ F |Σptq. We identify the R2 with the complex plane. A

point px, yq is identified as x` iy. For a point z “ x` iy, z̄ represents the complex conjugate

of z.

2.2 Preliminaries and basic analysis

Lemma II.1 (Sobolev embedding). Let s ą 1{2. Let f P HspRq. Then f P L8, and

}f}8 ď C}f}Hs ,
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where C “ Cpsq. If s “ 1, we can take C “ 1.

2.2.1 Hilbert transform, layer potentials

Definition II.2 (Hilbert transform). We define the Hilbert transform associates with a

curve zpα, tq as

Hfpαq :“
1

πi
p.v.

ż 8

´8

zβpβ, tq

zpα, tq ´ zpβ, tq
fpβ, tqdβ. (2.1)

The standard Hilbert transform is the one associated with zpαq “ α, which is denoted by

Hfpαq :“
1

πi
p.v.

ż 8

´8

1

α ´ β
fpβqdβ. (2.2)

It is well-known that the following holds:

Lemma II.3. Let f P L2pRq. Then f is the boundary value of a holomorphic function in

Ωptq if and only if pI ´Hqf “ 0. f is the boundary value of a holomorphic function in Ωptqc

if and only if pI ` Hqf “ 0.

Because of the singularity of the velocity at the point vortices, we don’t have pI´Hqz̄t “ 0.

However, the following lemma asserts that z̄t is almost holomorphic, in the sense that pI´Hqz̄t

consists of lower order terms.

Lemma II.4 (Almost holomorphicity). We have

pI ´ Hqz̄t “´
i

π

N
ÿ

j“1

λj
zpα, tq ´ zjptq

. (2.3)

Proof. Since z̄t`
řN
j“1

λji

2πpzpα,tq´zjptqq
is the boundary value of a holomorphic function in Ωptq,

by lemma II.3,

pI ´ Hq
´

z̄t `
N
ÿ

j“1

λji

2πpzpα, tq ´ zjptqq

¯

“ 0,

hence

pI ´ Hqz̄t “ ´
N
ÿ

j“1

pI ´ Hq
λji

2πpzpα, tq ´ zjptqq
. (2.4)
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Since 1
zpα,tq´zjptq

is the boundary value of the holomorphic function 1
z´zjptq

in Ωptqc, by lemma

II.3 again, we have

pI ´ Hq
1

zpα, tq ´ zjptq
“

2

zpα, tq ´ zjptq
. (2.5)

(2.4) together with (2.5) complete the proof of the lemma.

Definition II.5 (Double layer potential).

Kfpαq :“ p.v.

ż 8

´8

Ret
1

πi

zβ
zpα, tq ´ zpβ, tq

ufpβqdβ. (2.6)

Definition II.6 (Adjoint of double layer potential).

K˚fpαq :“ p.v.

ż 8

´8

Ret´
1

πi

zα
|zα|

|zβ|

zpα, tq ´ zpβ, tq
ufpβqdβ. (2.7)

Lemma II.7. Let zpαq be a chord-arc curve such that

β0|α ´ β| ď |zpαq ´ zpβq| ď β1|α ´ β|, @ α, β P R. (2.8)

Then we have

‖Hf‖L2 ď Cpβ0, β1q}f}L2 . (2.9)

‖Kf‖L2 ď Cpβ0, β1q}f}L2 . (2.10)

‖K˚f‖L2 ď Cpβ0, β1q}f}L2 . (2.11)

∥∥pI ˘ Kq´1f
∥∥
L2 ď Cpβ0, β1q}f}L2 . (2.12)

}pI ˘ K˚q´1f}L2 ď Cpβ0, β1q}f}L2 . (2.13)

For proof, see for example [16], [60].
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2.2.2 Commutator estimates

Denote

S1pA, fq “ p.v.

ż m
ź

j“1

Ajpαq ´ Ajpβq

γjpαq ´ γjpβq

fpβq

γ0pαq ´ γ0pβq
dβ. (2.14)

S2pA, fq “

ż m
ź

j“1

Ajpαq ´ Ajpβq

γjpαq ´ γjpβq
fβpβqdβ. (2.15)

We have the following comutator estimates, which can be found in [63], [71].

Lemma II.8. (1) Assume each γj satisfies the chord-arc condition

C0,j|α ´ β| ď |γjpαq ´ γjpβq| ď C1,j|α ´ β|. (2.16)

Then both ‖S1pA, fq‖L2 and ‖S2pA, fq‖L2 are bounded by

C
m
ź

j“1

∥∥∥A1j∥∥∥
Xj
‖f‖X0

,

where one of the X0, X1, ...Xm is equal to L2 and the rest are L8. The constant C depends

on
∥∥∥γ1j∥∥∥´1

L8
, j “ 1, ..,m.

(2) Let s ě 3 be given, and suppose chord-arc condition (3.33) holds for each γj, then

‖S2pA, fq‖Hs ď C
m
ź

j“1

∥∥∥A1j∥∥∥
Yj
‖f‖Z ,

where for all j “ 1, ...,m, Yj “ Hs´1 or W s´2,8 and Z “ Hs or W s´1,8. The constant C

depends on
∥∥∥γ1j∥∥∥

Hs´1
,
∥∥γj∥∥´1

8
, j “ 1, ...,m.

As a consequence of lemma III.18, we have the following commutator estimates.

Lemma II.9. Let k ě 1. Assume zpα, tq satisfies chord-arc condition

C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď C2|α ´ β|, (2.17)
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and zα ´ 1 P Hk´1. Then ∥∥∥rBkα,Hsf∥∥∥
L2
ď C}Bαf}Hk´1 , (2.18)

where the constant C “ Cp}zα ´ 1}Hk´1 , C1, C2q.

Proof. Use

rB
k
α,Hs “

k
ÿ

l“0

B
l
αrBα,HsB

k´l
α

Then use induction to complete the proof.

2.2.3 Some estimates involving point vortices

In this subsection we estimate some integrals involving the point vortices.

Lemma II.10. Assume zpα, tq satisfies the same condition as in lemma II.9. Let k ą 1.

Then
ż 8

´8

1

|zjptq ´ zpβ, tq|k
dβ ď CdIptq

´k`1, (2.19)

where C “ 4C´1
0 `

4Ck´1
1

pk´1qCk´1
0

.

Proof. We may assume that dIptq “ dpzjptq, zp0, tqq.

ż 8

´8

1

|zjptq ´ zpβ, tq|k
dβ

“

ż

|zp0,tq´zpβ,tq|ď2dIptq

1

|zjptq ´ zpβ, tq|k
dβ `

ż

|zp0,tq´zpβ,tq|ě2dIptq

1

|zjptq ´ zpβ, tq|k
dβ

:“I ` II .

Denote

E :“ tβ : |zp0, tq ´ zpβ, tq| ď 2dIptqu.

Since

C0|β ´ 0| ď |zpβ, tq ´ zp0, tq|,
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we have for β P E,

|β ´ 0| ď
2

C0

dIptq.

Therefore

I ď4C´1
0 dIptq

´k`1.

For β P Ec, use the chord-arc condition (2.17), we have

|zpβ, tq´ zp0, tq´ dIptq| ě |zpβ, tq´ zp0, tq|´ dIptq ě
1

2
|zpβ, tq´ zp0, tq| ě

C0

2
|β´ 0|. (2.20)

Also, we have

C1|β ´ 0| ě |zpβ, tq ´ zp0, tq| ě 2dIptq. (2.21)

So

|β| ě
2

C1

dIptq (2.22)

Therefore, for II , we have

II ď
2k

Ck
0

ż

|β|ě 2
C1
dIptq

|β|´kdβ “ 2
2k

pk ´ 1qCk
0

Ck´1
1

2k´1
dIptq

´k`1
“

4Ck´1
1

pk ´ 1qCk´1
0

dIptq
´k`1.

Corollary II.11. Assume zpα, tq satisfies the same condition as in lemma II.9. Given

m ě 2, there exist C “ pk `mq!CpC0, C1,‖zα ´ 1‖Hm´1q such that

∥∥∥∥∥ 1

pzpα, tq ´ zjptqqk

∥∥∥∥∥
Hm

ď CpdIptq
´k`1{2

` dIptq
´k´m`1{2

q (2.23)

In particular, if dIptq ě 1, then we have

∥∥∥∥∥ 1

pzpα, tq ´ zjptqqk

∥∥∥∥∥
Hm

ď CdIptq
´k`1{2. (2.24)
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2.2.4 Basic identities

Lemma II.12. Assume zt, zα ´ 1 P C1pr0, T s;H1pRqq, f P CpR ˆ r0, T sq and fαpα, tq Ñ 0

as |α| Ñ 8. We have

rBt,Hsf “rzt,Hs
ftα
zα

(2.25)

rB
2
t ,Hsf “rztt,Hs

fα
zα
` 2rzt,Hs

ftα
zα
´

1

πi

ż

p
ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq
q
2fβpβ, tqdβ (2.26)

raBα,Hsf “razα,Hs
fα
zα
, BαHf “ zαH

fα
zα

(2.27)

rB
2
t ´ iaBα,Hsf “2rzt,Hs

ftα
zα
´

1

πi

ż

p
ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq
q
2fβpβ, tqdβ (2.28)

For proof, see [71].

Lemma II.13. Let Dt “ Bt ` bBα, then

rD2
t , Bαs “ ´DtpbαqBα ´ bαDtBα ´ bαBαDt (2.29)

rD2
t , B

k
αs “

k´1
ÿ

m“0

”

B
m
α pDtbαqB

k´m
α ` B

m
α pbαB

k´m
α Dtq ` B

m
α pbαrbBα, B

k´m
α sq ` B

m
α bαB

k´m
α Dt

` B
m
α bαrbBα, bsB

k´m´1
α

ı

(2.30)

Proof. It’s easy to see that

rD2
t , B

k
αs “ ´

k´1
ÿ

m“0

”

B
m
α pDtbαqB

k´m
α ` B

m
α pbαDtB

k´m
α q ` B

m
α bαBαDtB

k´m´1
α

ı

“´

k´1
ÿ

m“0

”

B
m
α pDtbαqB

k´m
α ` B

m
α pbαB

k´m
α Dtq ` B

m
α pbαrbBα, B

k´m
α sq ` B

m
α bαB

k´m
α Dt

` B
m
α bαrbBα, bsB

k´m´1
α

ı
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2.2.5 Preservation of symmetries.

The water waves with point vortices preserve the symmetry (H4). Such symmetry is

well-known if there is no point vortex.

Lemma II.14 (Preservation of symmetries). Let Ωp0q P R2 be symmetric about x “ 0. Let

RetF u be odd in x, and ImtF u be even in x at time t “ 0. Suppose the solution to the

system (1.8) exists on r0, T0s. Then RetF u remains odd in x, and ImtF u remains even in

x for all t P r0, T0s.

This is the consequence of the uniqueness of the solutions to equation (1.8).

2.3 Taylor sign condition

In this section we give a systematic study of the Taylor sign condition. We derive the

formula (1.25), and then use this formula to show that the Taylor sign condition could fail

if the point vortices are sufficiently close to the free interface. We also obtain a criterion for

the Taylor sign condition to hold.

2.3.1 The Taylor sign condition in Riemann variables

Recall that z̄t `
řN
j“1

λji

2πpzpα,tq´zjptqq
is holomorphic, i.e., there is a holomorphic function

F pz, tq in Ωptq such that

F pzpα, tq, tq “ z̄tpα, tq `
N
ÿ

j“1

λji

2πpzpα, tq ´ zjptqq
.

So we have

z̄tt “Btz̄t “ Bt

´

F pzpα, tq, tq ´
N
ÿ

j“1

λji

2πpzpα, tq ´ zjptqq

¯

“Fzpzpα, tq, tqzt ` Ft `
N
ÿ

j“1

λjipztpα, tq ´ 9zjptqq

2πpzpα, tq ´ zjptqq2

(2.31)
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Note that

9zjptq “ pv ´
λji

2πpz ´ zjptqq
q

ˇ

ˇ

ˇ

z“zjptq
“ F̄ pzjptq, tq ´

ÿ

k:k‰j

λki

2πzkptq ´ zjptq
(2.32)

Let Φp¨, tq : Ωptq Ñ P´ be the Riemann mapping such that Φz Ñ 1 as z Ñ 8. Let

hpα, tq :“ Φpzpα, tq, tq. Denote 1

Zpα, tq :“ z ˝ h´1
pα, tq, b “ ht ˝ h

´1, Dt :“ Bt ` bBα, (2.33)

A :“ pahαq ˝ h
´1. (2.34)

Use (2.31), apply h´1 on both sides of z̄tt ` iaz̄α “ i, we obtain

Fz ˝ Zpα, tqDtZ`Ft ˝ Zpα, tq `
N
ÿ

j“1

λjipDtZpα, tq ´ 9zjptqq

2πpZpα, tq ´ zjptqq2
` iAZ̄α “ i. (2.35)

Multiply by Zα on both sides of (2.35), and denote

A1 :“ A|Zα|
2,

we obtain

Fz ˝ ZZαDtZ ` Ft ˝ ZZα `
N
ÿ

j“1

λjiDtZZα ´ λji 9zjptqZα
2πpZpα, tq ´ zjptqq2

` iA1 “ iZα. (2.36)

Apply I ´H on both sides of the above equation, then take imaginary parts, we obtain

A1 “ 1´ Im
!

pI ´HqpFz ˝ ZZαDtZq ` pI ´Hq
N
ÿ

j“1

λjipDtZZα ´ 9zjptqZαq

2πpZpα, tq ´ zjptqq2

)

(2.37)

1In §2.5, we also use the notation A, b,Dt. We’d like the readers to keep in mind that they are not the
same. In §2.5, A “ paκαq ˝ κ

´1, b “ κt ˝ κ
´1, Dt “ Bt ` κt ˝ κ

´1Bα.
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Note that

Fz ˝ ZZα “ BαpDtZ̄ `
N
ÿ

j“1

λji

2πpZpα, tq ´ zjptqq
q “ BαDtZ̄ ´

N
ÿ

j“1

λjiZα
2πpZpα, tq ´ zjptqq2

is holomorphic. So we have

pI ´HqFz ˝ ZZαDtZ “rDtZ,HspBαDtZ̄ ´
N
ÿ

j“1

λjiZα
2πpZpα, tq ´ zjptqq2

q

“rDtZ,HsBαDtZ̄ ´
N
ÿ

j“1

rDtZ,Hs
λjiZα

2πpZpα, tq ´ zjptqq2
q

(2.38)

We know that

´ImrDtZ,HsBαDtZ̄ “
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ ě 0. (2.39)

Also,

´

N
ÿ

j“1

rDtZ,Hs
λjiZα

2πpZpα, tq ´ zjptqq2
q ` pI ´Hq

N
ÿ

j“1

λjipDtZZα ´ 9zjptqZαq

2πpZpα, tq ´ zjptqq2

“

N
ÿ

j“1

rDtZ, I ´Hs
λjiZα

2πpZpα, tq ´ zjptqq2
q ` pI ´Hq

N
ÿ

j“1

λjipDtZZα ´ 9zjptqZαq

2πpZpα, tq ´ zjptqq2

“

N
ÿ

j“1

λji

2π
DtZpI ´Hq

Zα
pZpα, tq ´ zjptqq2

´

N
ÿ

j“1

λji

2π
pI ´Hq

9zjptqZα
pZpα, tq ´ zjptqq2

“

N
ÿ

j“1

λji

2π

´

pI ´Hq
Zα

pZpα, tq ´ zjptqq2

¯

pDtZ ´ 9zjptqq

(2.40)
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So we have

A1 “1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ

´ Im
!

N
ÿ

j“1

λji

2π

´

pI ´Hq
Zα

pZpα, tq ´ zjptqq2

¯

pDtZ ´ 9zjptqq
)

“1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ

´

N
ÿ

j“1

λj
2π
Re

!´

pI ´Hq
Zα

pZpα, tq ´ zjptqq2

¯

pDtZ ´ 9zjptqq
)

(2.41)

To get an estimate as sharp as possible for the Taylor sign condition, we’d like to get rid of

the Hilbert transform H in the formula above.

It’s easy to see that, if Z “ α, then
Zβ

pZpβ,tq´zjptqq2
pDtZ ´ 9zjptqq is boundary value of a

holomorphic function in P`, so

´

pI ´Hq
Zα

pZpα, tq ´ zjptqq2

¯

pDtZ ´ 9zjptqq “ 2
Zα

pZpα, tq ´ zjptqq2
pDtZ ´ 9zjptqq

For the general case, we use the following lemma.

Lemma II.15. Let z0 P Ωptq. Then

pI ´Hq
1

Zpα, tq ´ z0

“
2

c1pα ´ w0q
, c1 “ pΦ

´1
qzpw0q, w0 “ Φpz0, tq. (2.42)

Proof. Note that Zpα, tq “ Φ´1pα, tq. So Zpα, tq´z0 is the boundary value of Φ´1pz, tq´z0 in

the lower half plane. Since Φ´1 is 1-1 and onto, Φ´1pz, tq´ z0 has a unique zero w0 :“ Φpz0q,

so 1
Zpα,tq´z0

has a exactly one pole of multiplicity one. For z near w0, we have

Φ´1
pz, tq ´ z0 “ c1pz ´ w0q `

8
ÿ

n“2

cnpz ´ w0q
n, where c1 “ pΦ

´1
qzpw0q ‰ 0. (2.43)
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Therefore, we have 1
Zpα,tq´z0

´ 1
c1pα´w0q

is holomorphic in P´, and hence

pI ´Hqp
1

Zpα, tq ´ z0

´
1

c1pα ´ w0q
q “ 0. (2.44)

Since 1
c1pα´w0q

is holomorphic in P`, we obtain

pI ´Hq
1

Zpα, tq ´ z0

“ pI ´Hq
1

c1pα ´ w0q
“

2

c1pα ´ w0q
. (2.45)

Corollary II.16. We have

pI ´Hq
Zα

pZpα, tq ´ zjptqq2
“

2

pΦ´1qzpΦpzjptqqqpα ´ Φpzjptqqq2
(2.46)

Proof. We have

pI ´Hq
Zα

pZpα, tq ´ zjptqq2
“ ´BαpI ´Hq

1

Zpα, tq ´ zjptq

“ ´ Bα
2

pΦ´1qzpΦpzjptqqqpα ´ Φpzjptqqq

“
2

pΦ´1qzpΦpzjptqqqpα ´ Φpzjptqqq2
.

Corollary II.17. We have

A1 “ 1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ ´

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj0pα ´ w
j
0q

2

)

, (2.47)

where

cj0 “ pΦ
´1
qzpω

j
0q, ωj0 “ Φpzjq. (2.48)

53



2.3.2 A formula for A1 when Zpα, tq “ α, DtZ “
řN
j“1

λji

2π

1

α ´ zjptq

If the point vortices are very close to the interface, then Taylor sign condition can fail. To

see this, we study the special case when Zpα, tq “ α and DtZpα, tq “
řN
j“1

λji

2π
1

α´zjptq
. Since

the integral term of the formula (2.47) is nonlocal, in order to obtain a more convenient form

of (2.47), we use residue theorem to calculate this integral. We’ll use the following formula.

Lemma II.18. Let w1, w2 P P´. Then

ż 8

´8

1

pβ ´ w1qpβ ´ w2q
dβ “

2πi

w2 ´ w1

(2.49)

Proof. w2 is the only residue of 1
pβ´w1qpβ´w2q

in P`. By residue Theorem,

ż 8

´8

1

pβ ´ w1qpβ ´ w2q
dβ “

2πi

w2 ´ w1

.

As a consequence, we have

Corollary II.19. Assume Zpα, tq “ α, DtZ “
řN
j“1

λji

2π
1

α´zjptq
. We have

1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ “

ÿ

1ďj,kďN

λjλk
p2πq2

1

pα ´ zjqpα ´ zkq

i

zk ´ zj
. (2.50)

Proof. We have

DtZpα, tq ´Dtpβ, tq “
N
ÿ

j“1

λji

2π

β ´ α

pα ´ zjqpβ ´ zjq
. (2.51)
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So we have

ˇ

ˇ

ˇ

DtZpα, tq ´Dtpβ, tq

α ´ β

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

N
ÿ

j“1

λj
2π

1

pα ´ zjqpβ ´ zjq

ˇ

ˇ

ˇ

2

“

N
ÿ

j“1

N
ÿ

k“1

λjλk
p2πq2

1

pα ´ zjqpβ ´ zjqpα ´ zkqpβ ´ zkq

(2.52)

Apply lemma II.18, we have

ż 8

´8

1

pα ´ zjqpβ ´ zjqpα ´ zkqpβ ´ zkq
dβ “

1

pα ´ zjqpα ´ zkq

2πi

zk ´ zj
.

So we have

1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ “

ÿ

1ďj,kďN

λjλk
p2πq3

1

pα ´ zjqpα ´ zkq

2πi

zk ´ zj

“
ÿ

1ďj,kďN

λjλk
p2πq2

1

pα ´ zjqpα ´ zkq

i

zk ´ zj
.

Corollary II.20. Assume Zpα, tq “ α, DtZ “
řN
j“1

λji

2π

1

α ´ zjptq
. Then

A1 “ 1`
ÿ

1ďj,kďN

λjλk
p2πq2

1

pα ´ zjqpα ´ zkq

i

zk ´ zj
´

N
ÿ

j“1

λj
π
Re

!DtZ ´ 9zj
pα ´ zjq2

)

. (2.53)

In the following two subsections, we use Corollary II.20 to construct examples for which

the Taylor sign condition fails.

2.3.3 One point vortex: An example that the Taylor condition fails

We have the following characterization. Recall that A1

|Zα|
“ ´BP

Bn
.

Proposition II.21. Assume that at time t, the interface is Σptq “ R, the fluid velocity is

vpz, tq “ λi
2π

1

z ´ z1ptq
, i.e., it is generated by a single point vortex z1ptq :“ xptq ` iyptq. Then
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(1) If λ2

|y|3
ă 8π2

3
, strong Taylor sign condition holds. We have

inf
αPR

A1pα, tq ě 1´
3

8π2

λ2

|y|3
ą 0. (2.54)

(2) If λ2

|y|3
ą 8π2

3
, Taylor sign condition fails, i.e., there exists α P R such that A1pα, tq ă 0.

(3) If λ2

|y|3
“ 8π2

3
, ’Degenerate Taylor sign condition’ holds, i.e.,

A1pα, tq ą 0, @ α ‰ xptq; and A1pxptq, tq “ 0. (2.55)

Remark II.22. The quantity λ2

|y|3
is a measurement of the interface-vortex interaction. λ is the

intensity of the point vortex, and |y| is the distance from the point vortex to the interface.

Proof. Note that

9z1ptq “ 0.

So we have

´

N
ÿ

j“1

λj
π
Re

!DtZ ´ 9zj
pα ´ zjq2

)

“´
λ

π
Re

! DtZpα, tq

pα ´ z1ptqq2

)

“´
λ

π
Re

! 1

pα ´ z1ptqq2
λi

2πα ´ z1ptq

)

“
λ2

2π2

y

|α ´ z1ptq|4
.

(2.56)

Therefore, by Corollary II.20, we have

A1pα, tq “1`
λ2

4π2

1

|α ´ z1|
2

i

´2iy
`

λ2

2π2

y

|α ´ z1ptq|4
.

Without loss of generality, we can assume x “ 0. Setting BαA1pα, tq “ 0, it’s easy to see
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that A1pα, tq admits a unique local minimum at α “ x “ 0. Moreover, it’s easy to see that

lim
αÑ˘8

A1pα, tq “ 1. (2.57)

Therefore, infαPRApα, tq ď 0 if and only if A1p0, tq ď 0.

We have

A1p0, tq “ 1´
λ2

8π2

1

y3
`

λ2

2π2

1

y3
“ 1´

3λ2

8π2

1

|y|3
.

If λ2

|y|3
ă 8π2

3
, then Apα, tq ě Ap0, tq ą 0. If λ2

|y|3
ą 8π2

3
, then A1p0, tq ă 0. If λ2

|y|3
“ 8π2

3
, then

A1p0, tq “ 0, and for α ‰ 0, A1pα, tq ą A1p0, tq “ 0.

2.3.4 Two point vortices: Another example that Taylor sign condition fails

We show that if the point vortices are too close to the interface, then the Taylor sign

condition fails.

Assume that Zpα, tq “ α. Assume DtZ “
ř2
j“1

λji

2π

1

α ´ zjptq
. Assume z1ptq “ ´xptq `

iyptq, z2ptq “ xptq ` iyptq, with xptq ą 0, yptq ă 0, and λ1 “ ´λ2 :“ λ. Let’s calculate

A1p0, tq.

We have

DtZpα, tq “
2
ÿ

j“1

λji

2π

1

α ´ zjptq
“
λi

2π

z1ptq ´ z2ptq

pα ´ z1ptqqpα ´ z2ptqq

Since z1 ´ z2 “ ´2x,

DtZp0, tq “
λi

π

x

x2 ` y2
.

At α “ 0, we have

2
ÿ

j“1

λj
π

1

p0´ zjptqq2
“
λ

π

4xyi

px2 ` y2q2
.
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So

´

2
ÿ

j“1

λj
π

1

p0´ zjptqq2
DtZp0q “ ´

λi

π

x

x2 ` y2

λ

π

4xyi

px2 ` y2q2
“

4λ2x2y

π2px2 ` y2q3
(2.58)

We have

9z1 “
´λi

2π

1

z1 ´ z2

“
λi

4π

1

x
.

9z2 “
λi

2π

1

z2 ´ z1

“
λi

4π

1

x
.

So we have

2
ÿ

j“1

λj
π

1

p0´ zjq2
9zjptq “

λi

4π

1

x

2
ÿ

j“1

λj
π

1

p0´ zjq2
“

λi

4πx

λ

π

4xyi

px2 ` y2q2
“ ´

λ2y

π2px2 ` y2q2
.

So we have

´

N
ÿ

j“1

λj
π
Re

! 1

p0´ zjptqq2
pDtZp0, tq ´ 9zjptqq

)

“
λ2yp3x2 ´ y2q

π2px2 ` y2q3
.

On the other hand, we have

ÿ

1ďj,kď2

λjλk
p2πq2

1

p0´ zjqp0´ zkq

i

zk ´ zj

“
λ2

4π2

1

|z1|
2

i

z̄1 ´ z1

`
λ2

4π2

1

|z2|
2

i

z̄2 ´ z2

´
λ2

4π2

1

z1z̄2

i

z̄2 ´ z1

´
λ2

4π2

1

z2z̄1

i

z̄1 ´ z2

“
λ2

4π2

1

|z1|
2

1

|y|
` 2Re

! λ2

8π2

i

px´ iyq3

)

“
λ2

4π2

1

x2 ` y2

1

|y|
`

λ2

4π2

y3 ´ 3x2y

px2 ` y2q3

“
λ2

4π2

x4 ` 5x2y2

|y|px2 ` y2q3
.
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Therefore, by Corollary II.20, we have

A1p0, tq “1`
λ2

4π2

x4 ` 5x2y2

|y|px2 ` y2q3
`
λ2yp3x2 ´ y2q

π2px2 ` y2q3

“1`
λ2

4π2

x4 ` 5x2y2 ´ 12x2y2 ` 4y4

|y|px2 ` y2q3

“1`
λ2

4π2

x4 ` 4y4 ´ 7x2y2

|y|px2 ` y2q3

(2.59)

So we have

Proposition II.23. Assume that at time t, the interface is Σptq “ R, the fluid velocity is

vpz, tq “
ř2
j“1

λji

2π

1

z ´ zjptq
, where λ1 “ ´λ2 :“ λ. Assume

z1ptq “ ´x` iy, z2ptq “ x` iy, where x ą 0, y ă 0.

If

1`
λ2

4π2

x4 ` 4y4 ´ 7x2y2

|y|px2 ` y2q3
ă 0, (2.60)

then Taylor sign condition fails.

Corollary II.24. Under the assumption of Proposition II.23, if |x| “ |y| and λ2

|y|3
ą 16π2,

then the strong Taylor sign condition fails.

2.3.5 A criterion that implies the strong Taylor sign condition

If the vortex-vortex, vortex-interface interaction is weak, then the Taylor sign condition

holds. Let’s recall that we denote F by

F̄ pz, tq :“ vpz, tq ´
N
ÿ

j“1

λji

2π

1

z ´ zjptq
. (2.61)

We have the following.
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Proposition II.25. Assume infαPR |Zα| “ β0, }F }8 “M0. Denote

λ̃ “:

řN
j“1 |λj|

π
, d̃Iptq :“ min

1ďjďN
inf
αPR
|α ´ Φpzjptqq|, d̃P ptq “ min

j‰k
|zjptq ´ zkptq|.

If

λ̃2

2d̃Iptq3β0

`
λ̃2

2d̃Iptq2d̃P ptq
`

2M0λ̃

d̃Iptq2
ă β0, (2.62)

then the strong Taylor sign condition holds.

Proof. Use formula

A1 “ 1`
1

2π

ż

|DtZpα, tq ´DtZpβ, tq|
2

pα ´ βq2
dβ ´

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj0pα ´ ω
j
0q

2

)

(2.63)

For
řN
j“1

λj
π
Re

!

DtZ´ 9zj

cj0pα´ω
j
0q

2

)

, we have

ˇ

ˇ

ˇ

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj0pα ´ ω
j
0q

2

)
ˇ

ˇ

ˇ
ď

řN
j“1 |λj|

π
max

1ďjďN
|cj0|

´1
p}DtZ}8 ` | 9zj|qpinf

αPR
|α ´ Φpzjq|q

´2

Since Zpαq “ Φ´1pαq, we have BαΦ´1pαq “ Zα and BαΦ´1pαq is the boundary value of

pΦ´1qz. Note that pΦ´1qz never vanishes. By maximum modules principle of holomorphic

functions (apply to 1
pΦ´1qz

),

|cj0| “ |pΦ
´1
qzpΦpzjqq| ě inf

αPR
|Zα| ě β0. (2.64)

Since

Zpα, tq ´ zjptq “ Φ´1
pα, tq ´ Φ´1

pωj0q “ Φ´1
z pz

1
qpα ´ ωj0q (2.65)

for some z1 P P´, so we have

|Zpα, tq ´ zjptq| ě β0|α ´ ω
j
0|. (2.66)
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Therefore,

|DtZ| ď |F | `
N
ÿ

j“1

|λj|

2πβ0

1

|α ´ ωj0|
“M0 `

λ̃

2d̃Iptqβ0

.

similarly,

| 9zjptq| “ |F̄ `
ÿ

k‰j

λki

2π

1

zjptq ´ zkptq
| ďM0 `

řN
j“1 |λj|

2π
d̃P ptq

´1
“M0 `

λ̃

2d̃P ptq
.

So we obtain

|

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj0pα ´ ω
j
0q

2

)

| ďβ´1
0

λ̃

d̃Iptq2
pM0 `

λ̃

2d̃Iptqβ0

`M0 `
λ̃

2d̃P ptq
q

ďβ´1
0 p

λ̃2

2d̃Iptq3β0

`
λ̃2

2d̃Iptq2d̃P ptq
`

2M0λ̃

d̃Iptq2
q.

If (2.62) holds, then

|

N
ÿ

j“1

λj
π
Re

! DtZ ´ 9zj

cj1pα ´ ω
j
0q

2

)

| ă 1.

Then A1 ą 0, so strong Taylor sign condition holds.

In particular, if Zα „ 1, dIptq Á 1, M0 ! 1, and |λ| ! 1, then the strong Taylor sign

condition holds.

2.4 Local wellposedness: proof of Theorem I.24

In this section we prove Theorem I.24, i.e., prove local wellposedness of water waves

with general N point vortices. As was explained in the introduction, our strategy is to

quasilinearize the system (1.13) by taking one time derivative of the momentum equation

pB2
t ` iaBαqz̄ “ i, and then obtain a closed energy estimate.

Recall that we assume

inf
αPR

apα, 0q|zαpα, 0q| ě α0 ą 0. (2.67)
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C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď C2|α ´ β|. (2.68)

Let T0 ě 0, we make the following a priori assumptions:

inf
tPr0,T0s

inf
αPR

apα, tq|zαpα, tq| ě
α0

2
,

1

2
C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď 2C2|α ´ β|, (2.69)

and

sup
tPr0,T0s

}zttp¨, tq}H1 ď 2}w0}H1 . (2.70)

Without loss of generality, we assume T0 ď 1.

Remark II.26. The a priori assumptions (2.69) and (2.70) hold at t “ 0. For 0 ă t ď T0,

(2.69) and (2.70) will be justified by a bootstrap argument.

2.4.1 Velocity and acceleration of the point vortices.

For water waves with point vortices, the motion of the point vortices affects the dynamics

of the water waves in a fundamental way, so we need to have a good understanding of the

velocity and acceleration of the point vortices. We decompose the velocity field v̄ as

v̄pz, tq “ F pz, tq ´
N
ÿ

j“1

λji

2π

1

z ´ zjptq
. (2.71)

So F is holomorphic in Ωptq. We have the following estimate for the velocity and acceleration

of the point vortices.

Lemma II.27. Assume that the assumptions of Theorem I.24 hold, and assume the a priori

assumptions (2.69) and (2.70). Then

| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2 , }ztt}H1 , dIptq
´1, dP ptq

´1, C1q. (2.72)

where

λmax “ max
1ďjďN

|λj|, (2.73)
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and C : pR` Y t0uq6 Ñ R` Y t0u is a polynomial with positive coefficients.

Proof. The main tool is the maximum principle of holomorphic functions.

Estimate 9zj: By (II.27), we have

9zjptq “pv ´
λji

z ´ zjptq
q

ˇ

ˇ

ˇ

z“zjptq
“

ÿ

1ďkďN,k‰j

λki

2πpzjptq ´ zkptqq
` F̄ pzjptqq. (2.74)

Note that F̄ is an anti-holomorphic function with boundary value zt´
řN
j“1

λji

2π

1

zpα, tq ´ zjptqq
,

by maximum principle, we have

|F̄ pzjptq, tq| ď‖F p¨, tq‖L8pΣptqq “

∥∥∥∥∥∥zt ´
N
ÿ

j“1

λji

2π

1

zpα, tq ´ zjptqq

∥∥∥∥∥∥
8

. (2.75)

By Triangle inequality, we obtain

| 9zjptq| ď}zt}8 `

∥∥∥∥∥∥
ÿ

k‰j

λki

2πpzjptq ´ zkptqq

∥∥∥∥∥∥
8

`

∥∥∥∥∥∥
N
ÿ

k“1

λki

2πzpα, tq ´ zkptq

∥∥∥∥∥∥
8

ď}zt}H1 `NλmaxpdP ptq
´1
` dIptq

´1
q.

(2.76)

Estimate :zjptq: Take time derivative of both sides of 9zjptq “
ř

k:k‰j
λki

2πpzjptq´zkptqq
`F̄ pzjptq, tq,

we obtain

:zjptq “ ´
ÿ

k:k‰j

λki 9zjptq ´ 9zkptq

2πpzjptq ´ zkptqq2
` F̄zpzjptq, tq 9zjptq ` F̄tpzjptq, tq (2.77)

The boundary value of Fz is

Fzpzpα, tq, tq “
BαF pzpα, tq, tq

zα
“
z̄tα
zα
´

N
ÿ

j“1

λji

2π

1

pzpα, tq ´ zjptqq2
. (2.78)

63



So

|Fzpzpα, tq, tq| ď‖ztα‖8

∥∥∥∥ 1

zα

∥∥∥∥
8

`NλmaxdIptq
´2. (2.79)

The boundary value of Ft is

Ftpzpα, tq, tq “BtF pzpα, tq, tq ´
BαF pzpα, tq, tq

zα
zt

“Bt

´

z̄t `
N
ÿ

j“1

λji

2π

1

zpα, tq ´ zjptq

¯

´
Bαpz̄t `

řN
j“1

λji

2π
1

zpα,tq´zjptq

zα
zt

“z̄tt ´
N
ÿ

j“1

λji

2π

zt ´ 9zjptq

pzpα, tq ´ zjptqq2
´
z̄tα
zα
zt `

N
ÿ

j“1

λji

2π

zt
pzpα, tq ´ zjptqq2

(2.80)

By maximum principle,

}Ft}8 “

∥∥∥∥∥∥z̄tt ´
N
ÿ

j“1

λji

2π

zt ´ 9zjptq

pzpα, tq ´ zjptqq2
´
z̄tα
zα
zt `

N
ÿ

j“1

λji

2π

zt
pzpα, tq ´ zjptqq2

∥∥∥∥∥∥
8

ď‖ztt‖8 ` }ztα}8
∥∥∥∥ 1

zα

∥∥∥∥
8

}zt}8 `Nλmax}zt}8dIptq
´2
`Nλmax| 9zjptq|dIptq

´2.

By a priori assumption (2.69), for smooth free interface, we have

inf
αPR
|zαpα, tq| ě

C1

2
. (2.81)

Substitute the estimate from the previous lemma for 9zjptq, use Sobolev embedding }f}L8 ď

}f}H1 , we have

|:zjptq| ď
!

NλmaxdP ptq
´2
p}zt}H1 `NλmaxpdP ptq

´1
` dIptq

´1
qq

)

`

!

}ztt}H1 `
2

C1

}zt}H2}zt}H1

`Nλmax}zt}H1dIptq
´2
`Nλmaxp}zt}H1 `NλmaxpdP ptq

´1
` dIptq

´1
qqdIptq

´2
)

`

!

pp}zt}H1 `NλmaxpdP ptq
´1
` dIptq

´1
qq

2

C1

}zt}H2 `NλmaxdIptq
´2
q

)

(2.82)

(Here, the first bracket is the estimate for ´
ř

k‰j
λki 9zjptq´ 9zkptq

2πpzjptq´zkptqq2
, the second bracket is the
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estimate for F̄z 9zjptq, and the third bracket is the estimate for F̄tpzjptq, tq).

In abbreviate form, we write the estimate for 9zjptq, :zjptq as

| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2 , }ztt}H1 , dIptq
´1, dP ptq

´1, C1q. (2.83)

2.4.2 Quasilinearization.

Take time derivative on both sides of z̄tt ` iaz̄α “ i, let u “ z̄t. We obtain

utt ` iauα “ ´iatz̄α “ ´
z̄tt ´ i

|ztt ` i|
at|zα| :“ g. (2.84)

To show that atz̄α is of lower order, we apply I ´ H on both sides of (2.84). Then we have

´ ipI ´ Hqatz̄α “ pI ´ Hqputt ` iauαq

“rB
2
t ` iaBα,Hsu` pB

2
t ` iaBαqpI ´ Hqu.

(2.85)

By lemma II.12,

rB
2
t ` iaBα,Hsu “ 2rztt,Hs

z̄tα
zα
` 2rzt,Hs

z̄ttα
zα

´
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

z̄tβdβ (2.86)

By lemma II.4, we have

pB
2
t ` iaBαqpI ´ Hqu “´

i

π

N
ÿ

j“1

pB
2
t ` iaBαq

λj
zpα, tq ´ zjptq

“
i

π

N
ÿ

j“1

λj

´ 2ztt ` i´ :zj
pzpα, tq ´ zjptqq2

´ 2
pzt ´ 9zjptqq

2

pzpα, tq ´ zjptqq3

¯

(2.87)

65



By (2.83),

| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2 , }ztt}H1 , dIptq
´1, dP ptq

´1, C1q. (2.88)

We rewrite ´ipI ´ Hqatz̄α as

´ipI ´ Hqatz̄α “ g1 ` g2, (2.89)

where

g1 :“ 2rztt,Hs
z̄tα
zα
` 2rzt,Hs

z̄ttα
zα

´
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

z̄tβdβ. (2.90)

g2 :“
i

π

N
ÿ

j“1

λj

´ 2ztt ` i´ :zj
pzpα, tq ´ zjptqq2

´ 2
pzt ´ 9zjptqq

2

pzpα, tq ´ zjptqq3

¯

. (2.91)

Multiply both sides of (III.11) by i zα
|zα|

and take real parts, we obtain,

pI ` K˚qat|zα| “ Rep
izα
|zα|

pg1 ` g2qq, (2.92)

where

K˚fpαq “ p.v.

ż

Re
!

´
1

πi

zα
|zα|

|zβpβ, tq|

zpαq ´ zpβq

)

fpβqdβ. (2.93)

Both g1 and g2 are lower order terms.

Assuming the a priori assumptions (2.69) and (2.70), for 0 ď t ď T0, pI`K˚q is invertible

on L2pΣq, so we have

at|zα| “ pI ` K˚q´1
!

Rep
izα
|zα|

pg1 ` g2qq

)

. (2.94)

By Lemma III.13, we have

}atzα}Hs ď C

∥∥∥∥ izα|zα| pg1 ` g2q

∥∥∥∥
Hs

, (2.95)

for C depends on C1, C2, and }zα ´ 1}Hs´1 .
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So (2.84) can be written as

utt ` a|zα|n
uα
zα
“ g, (2.96)

where

n “
izα
|zα|

, a|zα| “ |ztt ` i| “ |ūt ` i|, (2.97)

and

g :“
z̄tt ´ i

|ztt ` i|
pI ` K˚q´1

!

Rep
izα
|zα|

pg1 ` g2qq

)

(2.98)

Denote 2

A :“ a|zα|, D :“
Bα

zα
. (2.99)

Let k P N. Apply Bkα on both sides of (2.96), we have

pB
k
αuqtt ` AnBkαp

Bα

zα
uq “ Bkαg ´ rB

k
α, AnsDu. (2.100)

We have

rB
k
α, AnsDu “

k
ÿ

m“1

cm,kB
m
α pAnqBk´mα Du, (2.101)

where

cm,k “
k!

m!pk ´mq!
.

So we obtain
$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

B2
t B

k
αu` AnBkα

Bα
zα
u “ gk,

A “ a|zα|

n “ izα
|zα|

“ ūt`i
|ūt`i|

gk “ B
k
αg ´

řk
m“1 cm,kB

m
α pAnqBk´mα Du.

(2.102)

2This A here is not the same as that in §2.3 and §2.5.
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2.4.3 Energy estimates.

Decompose u “ f ` p as in (1.28). Let s P N. With quasilinearization (2.102), we define

the energy Eptq as

Eptq :“
s
ÿ

k“0

!

ż

|zα|
´2k`1

a|zα|
|B
k
αut|

2dα `Re

ż

n|zα|D
k`1fDkfdα

)

(2.103)

Note that f is holomorphic in Ωptq, so is Dmf , for any integer m ě 0. So we have

Re

ż

n|zα|D
k`1fDkfdα “ Re

ż

iBαD
kfDkf “

ż

Ωptq

|∇Dkf |2dxdy ě 0.

So the energy E is positive.

We can bound ut by the energy E. Assume the bootstrap assumptions (2.69) and (2.70),

since a|zα| “ |ztt ` i|, we have

a|zα| ď |ztt| ` 1 ď }ztt}L8 ` 1 ď }ztt}H1 ` 1 ď 2}w0}Hs ` 1. (2.104)

Without loss of generality, we assume C2 ą 1. By the definition of E and the definition

of T , for t P r0, T s, we have

Eptq ě
s
ÿ

k“0

ż

infαPR |zα|
´2k`1

supαPR a|zα|
|B
k
αutpα, tq|

2dα (2.105)

ě

s
ÿ

k“0

p2C2q
´2k`1

2}w0}Hs ` 1

ż

|B
k
αutpα, tq|

2dα (2.106)

ě
p2C2q

´2s`1

2}w0}Hs ` 1
}zttp¨, tq}

2
Hs . (2.107)

So we have

}zttp¨, tq}Hs ď
p2}w0}Hs ` 1q1{2

p2C2q
´s`1{2

Eptq1{2. (2.108)
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Let

Eptq :“ max
τPr0,ts

Epτq. (2.109)

Note that

d

dt
Re

ż

n|zα|D
k`1fDkfdα “

d

dt
Re

ż

izα
|zα|

|zα|
Bα

zα
DkfDkfdα

“Re
d

dt

ż

iBαD
kfDkf

“Re
d

dt

!

ż

iBαD
kuDku´

ż

iBαD
kuDkp´

ż

iBαD
kpDku`

ż

iBαD
kpDkp

)

:“Re
d

dt
pI1 ` I2 ` I3 ` I4q.

(2.110)

Note that

p “ ´
i

2π

N
ÿ

j“1

λj
zpα, tq ´ zjptq

. (2.111)

So we have

ppqt “
i

2π

N
ÿ

j“1

λjpzt ´ 9zjptqq

pzpα, tq ´ zjptqq2
. (2.112)

Observe that

Dm 1

zpα, tq ´ zjptq
“

p´1qmm!

pzpα, tq ´ zjptqqm`1
, (2.113)

Dm 1

pzpα, tq ´ zjptqq2
“

p´1qmpm` 1q!

pzpα, tq ´ zjptqqm`2
, (2.114)

Therefore, for k ě 2, by lemma II.10 and the a priori assumptions (2.69) and (2.70), we

have

}Dkp}L2XL8 ` }BαD
kp}L2XL8 ` }BtD

kp}L2XL8 ` }BtBαD
kp}L2XL8 ď C̃, (2.115)

for some

C̃ “ C̃p}zβ}8, }zt}L2 , }ztt}L2 , dIptq
´1, dP ptq

´1, Nλmax, C1, C2q.

We can take C̃ to be a polynomial with positive coefficients.
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We need to estimate }Dku}L2 as well. Note that for 0 ď t ď T0 ď 1,

}ztptq}Hs ď}v0}Hs `

∥∥∥∥∥
ż t

0

zttp¨, τqdτ

∥∥∥∥∥
Hs

ď }v0}Hs ` t sup
τPr0,ts

}zttpt “ τq}Hs

ď}v0}Hs `
p2}w0}Hs ` 1q1{2

p2C2q
´s`1{2

Eptq1{2

ďCp}v0}Hs , }w0}Hs , C2, Eptqq.

(2.116)

Similarly, we have

}zαptq ´ 1}Hs´1 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , C2, Eptqq. (2.117)

Therefore, under the a priori assumption (2.69), using that Dk “ pBα
zα
qk, we have

}Dku}L2 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , C2, Eptqq, (2.118)

for some polynomial C with positive coefficients.

From (2.115), integration by parts if necessary, we see that

Re
d

dt
pI2 ` I3 ` I4q ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq

´1, Nλmax, C1, C2q

For I1,

Re
d

dt

ż

iBαD
kuDku “ Re i

ż

BαBtD
kuDku` BαD

kuBtDku

“2Re

ż

iBαD
kuBtDku.

We have

BαD
ku “

1

zk´1
α

B
k
αDu`

1

zk´2
α

B
k´1
α p

1

zα
qBαDu` Fk, (2.119)
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where Fk consists of lower order terms. We have

}Fk}H1 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2q. (2.120)

We have also that∥∥∥∥ 1

zk´2
α

B
k´1
α p

1

zα
qBαDu

∥∥∥∥
L2

ďCp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2q.

(2.121)

Similarly, we write

BtD
ku “

1

zkα
BtB

k
αu`

1

zk´1
α

B
k´1
α Btp

1

zα
quα `Gk, (2.122)

where Gk consists of lower order terms, and

}Gk}H1 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2q. (2.123)

Note that

B
k´1
α Btz

´1
α “ ´

Bkαzt
z2
α

`Hk, (2.124)

where Hk consists of lower order terms. So we can obtain

∥∥∥∥ 1

zk´1
α

B
k´1
α Btp

1

zα
quα

∥∥∥∥
L2

ďCp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2q.

(2.125)

Therefore, from the above estimates, we have

2Re

ż

iBαD
kuBtDku “2Re

ż

i
1

zk´1
α

B
k
αDu

1

z̄kα
BtB

k
αu` errork

“2Re

ż

izα
|zα|

1

|zα|2k´1
B
k
αDuBtB

k
αu` errork

“2Re

ż

n
1

|zα|2k´1
B
k
αDuBtB

k
αu` errork,
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where

errork “2Re

ż

iBαD
kuBtDku´ 2Re

ż

n
1

|zα|2k´1
B
k
αDuBtB

k
αu

ďCp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2q.

(2.126)

Observe that

dE

dt
“

s
ÿ

k“0

!

ż

´

|zα|
´2k`1

a|zα|

¯

t
|B
k
αut|

2
` 2Re

ż

|zα|
´2k`1

a|zα|
pB
k
αuttqB

k
αut `

d

dt
Re

ż

n|zα|D
k`1fDkfdα

“

s
ÿ

k“0

!

ż

´

|zα|
´2k`1

a|zα|

¯

t
|B
k
αut|

2
` 2Re

ż

|zα|
´2k`1

a|zα|
pB
k
αuttqB

k
αut ` 2Re

ż

n
1

|zα|2k´1
B
k
αDuBtB

k
αu

` errork

)

“

s
ÿ

k“0

!

ż

´

|zα|
´2k`1

a|zα|

¯

t
|B
k
αut|

2
` 2Re

ż

|zα|
´2k`1

a|zα|

!

pB
k
αuttq ` a|zα|nB

k
αDu

)

Bkαut ` errork

)

“

s
ÿ

k“0

!

ż

´

|zα|
´2k`1

a|zα|

¯

t
|B
k
αut|

2
` 2Re

ż

|zα|
´2k`1

a|zα|
gkBkαut ` errork

)

ď

s
ÿ

k“0

∥∥∥∥∥´ |zα|´2k`1

a|zα|

¯

t

∥∥∥∥∥
8

}Bαut}
2
L2 ` 2

∥∥∥∥∥ |zα|´2k`1

a|zα|

∥∥∥∥∥
8

}gk}L2}B
k
αut}L2 ` errork

(2.127)

It’s easy to obtain the estimate that

}gk}L2 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2, α0q, (2.128)

and ∥∥∥∥∥´ |zα|´2k

a

¯

t

∥∥∥∥∥
8

`

∥∥∥∥∥ |zα|´2k

a

∥∥∥∥∥
8

ďCp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2, α0q

(2.129)
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Then we obtain

dE

dt
ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq

´1, Nλmax, C1, C2, α0q (2.130)

For some polynomial C with positive coefficients. So we obtain

Eptq ď Ep0q

`

ż t

0

Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Epτq, dIpτq´1, dP pτq
´1, Nλmax, C1, C2, α0qds.

(2.131)

Note that Ep0q “ Ep0q. Take sup0ďτďt, we obtain

Eptq ď Ep0q

`

ż t

0

Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Epτq, dIpτq´1, dP pτq
´1, Nλmax, C1, C2, α0qdτ.

(2.132)

Growth of dP ptq
´1, dIptq

´1. To obtain a closed energy estimate, we need also to control

the growth of dP ptq
´1 and dIptq

´1. Recall that dP ptq “ minj‰kt|zjptq ´ zkptq|u, so we have

dP ptq
´1
“ max

1ďj‰kďN

1

|zjptq ´ zkptq|
. (2.133)

Note that

ˇ

ˇ

ˇ

d

dt
|zjptq ´ zkptq|

´1
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

pzjptq ´ zkptqq ¨ p 9zjptq ´ 9zkptqq

|zjptq ´ zkptq|3

ˇ

ˇ

ˇ
ď | 9zjptq ´ 9zkptq|dpptq

´2,

Use (2.83), and control }zt}H2 , }ztt}H1 by E , we obtain

|
d

dt
dP ptq

´1
| ď CpNλmax, dP ptq

´1, E , dIptq´1, C1, C2, α0q. (2.134)

73



To estimate d
dt
dIptq

´1, we estimate d
dt
|zjptq ´ zpα, tq|

´1. We have

ˇ

ˇ

ˇ

d

dt
|zjptq ´ zpα, tq|

´1
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

pzjptq ´ zpα, tqq ¨ p 9zjptq ´ ztq

|zjptq ´ zpα, tq|3

ˇ

ˇ

ˇ
ď | 9zjptq ´ zt|dIptq

´2.

Since | d
dt
dIptq

´1| ď max1ďjďN supα |
d
dt
|zjptq´zpα, tq|

´1|, use (2.83), and control }zt}H2 , }ztt}H1

by E , we obtain

|
d

dt
dIptq

´1
| ď CpNλmax, dP ptq

´1, E , dIptq´1, C1, C2, α0q. (2.135)

Combine (2.132), (2.134), (2.135), we obtain

d

dt

´

dP ptq
´1
` dIptq

´1
` Eptq

¯

ď C, (2.136)

where

C “ Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs , Eptq, dIptq´1, dP ptq
´1, Nλmax, C1, C2, α0q (2.137)

is a polynomial with positive coefficients (the coefficients are absolute constants which do

not depend on Nλmax, dP p0q
´1, dIp0q

´1, E , C1, C2, α0, }Bαξ0}Hs´1 , }v0}Hs , }w0}Hs). So we can

use bootstrap argument to obtain closed energy estimates.

Lemma II.28. Assume the assumptions of Theorem I.24. There exists T0 depends on

Nλmax, dP p0q
´1, dIp0q

´1, ‖pBαξ0, v0, w0q‖Hs´1ˆHsˆHs, Ep0q, C1, C2, α0, s such that for all

0 ď t ď T0,

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

Eptq ` dP ptq´1 ` dIptq
´1 ď 2pEp0q ` dP p0q´1 ` dIp0q

´1q,

}zttp¨, tq}Hs ď 2}w0}Hs ,

C1

2
|α ´ β| ď |zpα, tq ´ zpβ, tq| ď 2C2|α ´ β|

infαPR apα, tq|zα| ě
1
2
α0.

(2.138)
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Proof. Let T0 to be determined. Define

T :“ tT P r0, T0s : p2.69q and p2.70q hold for all 0 ď t ď T u (2.139)

By continuity, T is closed. Moreover, since 0 P T , we have T ‰ H. Let T P T . Then (2.136)

holds on r0, T s. So we have

dP ptq
´1
` dIptq

´1
` Eptq ďdP p0q´1

` dIp0q
´1
` Ep0q `

ż t

0

Cdτ, (2.140)

where C is given by (2.137). Since C is a polynomial with positive coefficients, by taking T0

sufficiently small, T0 depends only on Nλmax, dP p0q
´1, dIp0q

´1, ‖pBαξ0, v0, w0q‖Hs´1ˆHsˆHs ,

Ep0q, C1, C2, α0, s, we have

Eptq ` dP ptq´1
` dIptq

´1
ď

3

2
pEp0q ` dP p0q´1

` dIp0q
´1
q. (2.141)

For t P r0, T s, we have Eptq ď 2Ep0q, so we have by (2.108),

}zttp¨, tq}Hs ď
?

2
p2}w0}Hs ` 1q1{2

p2C2q
´s`1{2

Ep0q1{2 :“M1. (2.142)

Use ztp¨, tq “ ztp¨, 0q `
şt

0
zttp¨, τqdτ , we have

}ztp¨, tq}Hs ď }ztp¨, 0q}Hs ` T0M1 :“M2. (2.143)

Use zαp¨, tq ´ 1 “ zαp¨, 0q ´ 1`
şt

0
zταp¨, τqdτ , we obtain

}zαp¨, tq ´ 1}Hs´1 ď }Bαξ0}Hs´1 ` T0M2 :“M3, (2.144)

and

}zαp¨, tq ´ zαp¨, 0q}8 ď

ż t

0

}ztα}8dτ ď T0M2. (2.145)
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By choosing T0 sufficiently small, we have

sup
tPr0,T s

}zαp¨, tq}8 ď
3

2
}zαp¨, 0q}8 ď

3

2
C2, (2.146)

and

inf
tPr0,T s

inf
αPR
|zαpα, tq| ě

2

3
|zαpα, 0q| ě

2

3
C1. (2.147)

Therefore, since |zpα, tq ´ zpβ, tq| “ |zαpγ, tqpα ´ βq| for some γ between α and β, we have

2

3
C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď

3

2
|α ´ β|, t P r0, T s. (2.148)

Multiply both sides of the equation pB2
t ` iaBαqu “ ´iatz̄α by ūt and integrate in α, then

take real parts, we have

1

2

d

dt

ż

|ut|
2dα “ Re

!

´ i

ż

auαūtdα ´ i

ż

atz̄αūtdα
)

. (2.149)

For 0 ď t ď T , we have

ˇ

ˇ

ˇ
´ i

ż

auαūtdα ´ i

ż

atz̄αūtdα
ˇ

ˇ

ˇ
ď}a|zα|}8

∥∥∥∥uαzα
∥∥∥∥
L2

}ut}L2 ` }atzα}L2}ut}L2 (2.150)

ďCp}w0}Hs ,M1,M2,M3, C1, C2, α0q. (2.151)

Similarly,

d

dt
}ut}

2
9H1 ď Cp}w0}Hs ,M1,M2,M3, C1, C2, α0q. (2.152)

So we have for 0 ď t ď T ,

}utp¨, tq}
2
H1 “ }utp¨, 0q}

2
H1 `

ż t

0

d

dτ
}utp¨, τq}

2
H1dτ ď }utp¨, 0q}

2
H1 ` T0C. (2.153)
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By choosing T0 sufficiently small, we have for 0 ď t ď T ,

}utp¨, tq}
2
H1 ď

3

2
}utp¨, 0q}

2
H1 . (2.154)

Since a|zα| “ |ztt ` i|, we have

d

dt
a|zα| “

pztt ` iq ¨ zttt
|ztt ` i|

“
pztt ` iq ¨ piaztα ` iatzαq

|ztt ` i|
. (2.155)

Using (2.155), it’s easy to obtain

}a|zα|p¨, tq ´ a|zα|p¨, 0q}8 ď T0C. (2.156)

By choosing T0 sufficiently small, we have for 0 ď t ď T ,

}a|zα|p¨, tq ´ a|zα|p¨, 0q}8 ď
1

3
α0. (2.157)

So we have for

inf
tPr0,T s

inf
αPR

a|zα|pα, tq ě
2

3
α0. (2.158)

Combining (2.148), (2.154), and (2.158), together with continuity of these quantities, there

must exist δ ą 0 such that for 0 ď t ă T ` δ,

1

2
C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď 2|α ´ β|,

}utp¨, tq}
2
H1 ď 2}utp¨, 0q}

2
H1 ,

inf
αPR

a|zα|pα, tq ě
1

2
α0.

(2.159)

So r0, T ` δq Ă T q and therefore T “ r0, T0s, provided that T0 is sufficiently small, and T0

depends only on Nλmax, dP p0q
´1, dIp0q

´1, ‖pBαξ, v0, w0q‖Hs´1ˆHsˆHs , Ep0q, C1, C2, α0, s.
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2.4.4 Proof of Theorem I.24.

Uniqueness is obtained by a similar argument as the energy estimate above. For local

existence, one can use iteration method. We refer the readers to S. Wu’s works [69][70] for

details of this iteration scheme. Moreover, if we let T ˚0 be the maximal lifespan, then either

T ˚0 “ 8, or T ˚0 ă 8, but

lim
TÑT˚0 ´

}pzt, zttq}Cpr0,T s;HsˆHsq ` sup
tÑT˚0

pdIptq
´1
` dP ptq

´1
q “ 8. (2.160)

or

lim
tÑT˚0 ´

inf
αPR

apα, tq|zαpα, tq| ď 0, (2.161)

or

sup
α‰β

0ďtăT˚0

ˇ

ˇ

ˇ

zpα, tq ´ zpβ, tq

α ´ β

ˇ

ˇ

ˇ
` sup

α‰β
0ďtăT˚0

ˇ

ˇ

ˇ

α ´ β

zpα, tq ´ zpβ, tq

ˇ

ˇ

ˇ
“ 8. (2.162)

2.5 Long time behavior for small data

In this section we prove Theorem I.10.

2.5.1 Derivation of the cubic structure.

As was explained in the introduction, the main difficulty of studying long time behavior

of the system (1.13) is to find a cubic structure for this system. In [71], S. Wu uses θ :“

pI ´ Hqpz ´ z̄q and shows that pB2
t ´ iaBαqθ is cubic for the irrotational case. We use the
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same θ here. Using lemma II.12,

pB
2
t ´ iaBαqθ “ pI ´ HqpB2

t ´ iaBαqpz ´ z̄q ´ rB
2
t ´ iaBα,Hspz ´ z̄q

“ ´ 2pI ´ HqBtz̄t ´ 2rzt,Hs
Bαpzt ´ z̄tq

zα
`

1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ

“´ 2BtpI ´ Hqz̄t ´ 2rzt,Hs
Bαzt
zα

`
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ.

Decompose z̄t “ f ` p as before, with p “ ´
ř2
j“1

λji

2π
1

zpα,tq´zjptq
. Since pI ´ Hqp “ 2p, we

have

´2BtpI ´ Hqz̄t “ ´2BtpI ´ Hqp “´ 4pt,

and

´2rzt,Hs
Bαzt
zα

“´ 2rf̄ ,Hs
Bαf̄

zα
´ 2rp̄,Hs

Bαf̄

zα
´ 2rf̄ ,Hs

Bαp̄

zα
´ 2rp̄,Hs

Bαp̄

zα

Since f is holomorphic, we have rf,Hsfα
zα
“ 0, and hence rf̄ , H̄s f̄α

z̄α
“ 0, so

´2rf̄ ,Hs
Bαf̄

zα
“ ´2rf̄ ,H

1

zα
` H̄

1

z̄α
sf̄α, (2.163)

which is cubic. So we obtain

pB
2
t ´ iaBαqθ “´ 2rf̄ ,H

1

zα
` H̄

1

z̄α
sf̄α `

1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ

´ 2rp̄,Hs
Bαf̄

zα
´ 2rf̄ ,Hs

Bαp̄

zα
´ 2rp̄,Hs

Bαp̄

zα
´ 4pt.

(2.164)

Denote

gc :“ ´2rf̄ ,H
1

zα
` H̄

1

z̄α
sf̄α `

1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ. (2.165)
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gd :“ ´2rp̄,Hs
Bαf̄

zα
´ 2rf̄ ,Hs

Bαp̄

zα
´ 2rp̄,Hs

Bαp̄

zα
´ 4pt. (2.166)

To control ztt, we consider the quantity

σ :“ pI ´ HqBtθ “ pI ´ HqBtpI ´ Hqpz ´ z̄q.

We have

pB
2
t ´ iaBαqBtpI ´ Hqpz ´ z̄q “BtpB

2
t ´ iaBαqpI ´ Hqpz ´ z̄q ` iatppI ´ Hqpz ´ z̄qqα

“Btg ` iatppI ´ Hqpz ´ z̄qqα.

(2.167)

Here, g “ gc ` gd. Use lemma II.12 ,

pB
2
t ´ iaBαqσ “ pI ´ HqpB2

t ´ iaBαqBtpI ´ Hqpz ´ z̄q ´ rB2
t ´ iaBα,HsBtpI ´ Hqpz ´ z̄q

“pI ´ HqpBtg ` iatppI ´ Hqpz ´ z̄qqαq ´ 2rzt,Hs
BαB

2
t pI ´ Hqpz ´ z̄q

zα

`
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

ppI ´ Hqpz ´ z̄qqtβdβ

:“g̃1 ` g̃2 ` g̃3.

(2.168)

Remark II.29. We have

g̃1 “pI ´ HqBtgc ` pI ´ HqBtgd ` pI ´ HqiatpI ´ Hqpz ´ z̄qα

:“g̃11 ` g̃12 ` g̃13.

(2.169)

Note that g̃11 and g̃3 are obvious cubic or enjoy nice time decay. As one can see later, g̃2 is

cubic as well. Since atz̄α consists of quadratic nonlinearities and terms with sufficiently fast

time decay, as long as the point vortices move away from the interface at a speed which has

a positive lower bound, so pB2
t ´ iaBαqpI´HqBtpI´Hqpz´ z̄q consists of cubic or higher order

nonlinearities, or nonlinearities with rapid time decay, as long as the point vortices move
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away from the interface rapidly.

2.5.2 Change of coordinates.

Note that pa ´ 1qθα involves quadratic nonlinearities, which does not directly lead to

cubic lifespan. To resolve the problem, we use the diffeomorphism κ : RÑ R such that ζ̄´α

is holomorphic, where ζ̄ “ z ˝κ´1. This κ was used in [71][63] for the irrotational case. Here

we need to derive the formulae for b and A for the case with point vortices. Let Ψ be the

holomorphic function on Ωptq such that

ζ̄ ´ α “ Ψ ˝ ζ.

We denote

Dtζ “ zt ˝ κ
´1, A :“ paκαq ˝ κ

´1, b “ κt ˝ κ
´1.

Then

κt “ b ˝ κ. (2.170)

Suppose we know b, then we can recover κ by solving the ODE (2.170).

Recall that in (1.28), we decompose z̄t as z̄t “ f ` p. We denote

F “ f ˝ κ´1, q “ p ˝ κ´1. (2.171)

Since f is the boundary value of the holomorphic function F on Ωptq, we have

Fpα, tq “ F pζpα, tq, tq, (2.172)

In new variables, the water wave system (1.13) can be written as
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D2
t ζ ´ iAζα “ ´i

d
dt
zjptq “ pv ´

λji

2πpz´zjq
q

ˇ

ˇ

ˇ

z“zj

pI ´HqpDtζ̄ `
řN
j“1

λji

2πpζpα,tq´zjptqq
q “ 0

pI ´Hqpζ̄ ´ αq “ 0.

(2.173)

Here, H is the Hilbert transform associates with ζ, i.e.

Hfpαq :“
1

πi
p.v.

ż 8

´8

ζβpβ, tq

ζpα, tq ´ ζpβ, tq
fpβqdβ. (2.174)

To show that (2.173) is a closed system, we need to derive formula for b and A in terms of

the new variable. Once we have shown that this is a closed system, and prove wellposedness

for this system, then in turn, this justifies the existence of such change of variable κ´1.

Moreover, if we let ε0 be sufficiently small, then in new variables, we have at t “ 0,

∥∥∥|D|1{2pζpα, 0q ´ αq∥∥∥
Hs
`‖Fp¨, 0q‖Hs`1{2 `‖DtFp¨, 0q‖Hs ď

3

2
ε. (2.175)

2.5.2.1 Formula for the quantities b and Dtb

Note that

Dtζ̄ “ F ˝ ζ ´
i

2π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

, λ1 “ ´λ2 “ λ, (2.176)

Also, Dtζ̄ can be written as

Dtζ̄ “Dtpζ̄ ´ αq ` b “ DtζΨζ ˝ ζ `Ψt ˝ ζ ` b. (2.177)
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By (2.176) and (2.177), we have

F ˝ ζ ´
i

2π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

“ DtζΨζ ˝ ζ `Ψt ˝ ζ ` b. (2.178)

Apply I ´H on both sides of the above equation, use the fact that

pI ´HqΨt ˝ ζ “ 0, pI ´HqF ˝ ζ “ 0, Ψζ ˝ ζ “
ζ̄α ´ 1

ζα
,

we obtain

pI ´Hqb “´ pI ´HqDtζ
ζ̄α ´ 1

ζα
´ pI ´Hq i

2π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

“ ´ rDtζ,Hs
ζ̄α ´ 1

ζα
´ 2

i

2π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

“ ´ rDtζ,Hs
ζ̄α ´ 1

ζα
´
i

π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

,

(2.179)

where we’ve used the fact that 1
ζpα,tq´zjptq

is boundary value of a holomorphic function in

Ωptqc, so

pI ´Hq 1

ζpα, tq ´ zjptq
“

2

ζpα, tq ´ zjptq
. (2.180)

So b is quadratic plus terms with sufficient rapid time decay, as long as zjptq moves away

from the interface rapidly.

We need a formula for Dtb as well. Use pI ´Hqb “ ´rDtζ,Hs ζ̄α´1
ζα

´ i
π

ř2
j“1

λj
ζpα,tq´zjptq

,

change of variables, we get

pI ´ Hqb ˝ κ “ ´rzt,Hs
z̄α ´ 1

zα
´
i

π

2
ÿ

j“1

λj
zpα, tq ´ zjptq

. (2.181)
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So we have

pI ´ HqBtb ˝ κ “rzt,Hs
Bαb ˝ κ

zα
´ rztt,Hs

z̄α ´ 1

zα
´ rzt,Hs

z̄tα
zα

`
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz̄βpβ, tq ´ 1qdβ `
i

π

2
ÿ

j“1

λjpzt ´ 9zjptqq

pzpα, tq ´ zjptqq2
.

(2.182)

Changing coordinates by precomposing with κ´1, we obtain

pI ´HqDtb “rDtζ,Hs
Bαb

ζα
´ rD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ rDtζ,Hs

BαDtζ̄

ζα

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ̄βpβ, tq ´ 1qdβ `
i

π

2
ÿ

j“1

λjpDtζ ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(2.183)

So Dtb is quadratic plus terms with sufficient rapid time decay, as long as zjptq moves away

from the interface rapidly.

2.5.3 The quantity A

Since BαF “ BαF pζpα, tq, tq “ Fζ ˝ ζζα, we have

Fζ ˝ ζ “
BαF

ζα
. (2.184)

Use D2
t ζ̄ ` iAζ̄α “ i. We have

D2
t ζ̄ “DtpDtζ̄q “ DtF ˝ ζ ´

i

2π
Dt

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

“DtζFζ ˝ ζ `
i

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2

“Dtζ
BαF

ζα
`

i

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(2.185)
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Also,

iAζ̄α “ iA` iABαpζ̄ ´ αq “ iA` iAζαΨζ ˝ ζ “ iA` pD2
t ζ ` iqΨζ ˝ ζ. (2.186)

So we have

iA “ i´Dtζ
BαF

ζα
´

i

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2
´ pD2

t ζ ` iqΨζ ˝ ζ. (2.187)

Apply I ´H on both sides of (2.187), use the fact that pI ´HqFα
ζα
“ 0, pI ´HqΨζ ˝ ζ “ 0,

we obtain

ipI ´HqA “ i´ rDtζ,Hs
BαF

ζα
´ rD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ pI ´Hq i

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2

(2.188)

So we obtain

pI ´HqA “1` irDtζ,Hs
BαF

ζα
` irD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ pI ´Hq 1

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(2.189)

So A ´ 1 is quadratic plus terms with rapid time decay, as long as the point vortices move

away from the interface with a speed that has a positive lower bound.
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2.5.4 The quantity at
a
˝ κ´1

We need a formula for at
a
˝ κ´1 as well. Use (III.11) and (2.90), (2.91), then change of

variables, we obtain

pI ´Hqat
a
˝ κ´1Aζ̄α

“2irD2
t ζ,Hs

BαDtζ̄

ζα
` 2irDtζ,Hs

BαD
2
t ζ̄

ζα
´

1

π

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pDtζ̄qβdβ

´
1

π

2
ÿ

j“1

λj

´ 2D2
t ζ ` i´ B

2
t zj

pζpα, tq ´ zjptqq2
´ 2

pDtζ ´ 9zjptqq
2

pζpα, tq ´ zjptqq3

¯

(2.190)

So at
a
˝ κ´1 is quadratic plus terms with rapid time decay, as long as the point vortices move

away from the interface with a speed that has a positive lower bound.

2.5.5 Cubic structure in new variables

Denote

θ̃ :“ pI ´Hqpζ ´ ζ̄q, σ̃ :“ pI ´HqDtθ̃. (2.191)

We sum up the calculations above, which show that pD2
t ´ iABαqθ̃ and pD2

t ´ iABαqσ̃ consist

of cubic terms and terms with rapid time decay, as long as the point vortices move away

from the interface rapidly. Recall that q “ p ˝ κ´1, so q is given by

q “ ´
2
ÿ

j“1

λji

2π

1

ζpα, tq ´ zjptq
. (2.192)

We have
$

’

’

&

’

’

%

pD2
t ´ iABαqθ̃ “ G

pD2
t ´ iABαqσ̃ “ G̃

(2.193)

where G “ Gc `Gd, with

Gc :“ ´2rF̄,H 1

ζα
` H̄ 1

ζ̄α
sF̄α `

1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ. (2.194)
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Gd :“ ´2rq̄,HsBαF̄
ζα

´ 2rF̄,HsBαq̄
ζα
´ 2rq̄,HsBαq̄

ζα
´ 4Dtq, (2.195)

and

G̃ “pI ´HqpDtG` i
at
a
˝ κ´1AppI ´Hqpζ ´ ζ̄qqαq ´ 2rDtζ,Hs

BαD
2
t pI ´Hqpζ ´ ζ̄q

ζα

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

BβDtpI ´Hqpζ ´ ζ̄qdβ
(2.196)

2.5.5.1 Evolution equation for higher order derivatives

Apply Bkα on both sides of (2.358), we have

pD2
t ´ iABαqθk “ Gθ

k

pD2
t ´ iABαqσk “ Gσ

k ,

(2.197)

where for 0 ď k ď s,

θk “ pI ´HqBkαθ̃, σk “ pI ´HqBkασ̃. (2.198)

Gθ
k “ pI ´HqpBkαG` rD2

t ´ iABα, B
k
αsθ̃q ´ rD

2
t ´ iABα,HsBkαθ̃, (2.199)

and

Gσ
k “ pI ´HqpBkαG̃` rD2

t ´ iABα, B
k
αsσ̃q ´ rD

2
t ´ iABα,HsBkασ̃. (2.200)

2.5.6 Energy functional

Define

Eθ
k :“

ż

1

A
|Dtθk|

2
` iθkBαθkdα. (2.201)

By Wu’s basic energy lemma (lemma 4.1, [71]), we have

d

dt
Eθ
k “

ż

2

A
ReDtθkḠk ´

ż

1

A

at
a
˝ κ´1

|Dtθk|
2 (2.202)
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Define

Eσ
k :“

ż

1

A
|Dtσk|

2
` iσkBασkdα. (2.203)

Then we have

d

dt
Eσ
k “

ż

2

A
ReDtσkG̃k ´

ż

1

A

at
a
˝ κ´1

|Dtσk|
2 (2.204)

Define

Es :“
s
ÿ

k“0

pEθ
k ` E

σ
k q. (2.205)

2.5.7 The bootstrap assumption and some preliminary estimates

To obtain a priori energy estimates, we make the following bootstrap assumption: Let

T0 ě 0, we assume

}ζα ´ 1}Hs ď 5ε, }F}Hs`1{2 ď 5ε, }DtF}Hs ď 5ε, @ t P r0, T0s. (2.206)

Remark II.30. The assumptions of Theorem I.10 imply that the bootstrap assumption holds

at T0 “ 0.

As a consequence of (2.206), we have

Lemma II.31 (Chord-arc condition). Assume the assumptions of Theorem I.10 holds. As-

sume also the bootstrap assumption (2.206), we have

p1´ 5εq|α ´ β| ď |ζpα, tq ´ ζpβ, tq| ď p1` 5εq|α ´ β|, @ t P r0, T0s. (2.207)

Proof.

|ζpα, tq ´ ζpβ, tq| “ |α ´ β ` pζpα, tq ´ αq ´ pζpβ, tq ´ βq|. (2.208)

Note that

|ζpα, tq ´ α ´ pζpβ, tq ´ βq| ď }ζα ´ 1}8|α ´ β| ď 5ε|α ´ β|. (2.209)

So the conclusion follows by Triangle inequality.
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Lemma II.32. Assume the assumptions of Theorem I.10 hold. Assume also the bootstrap

assumption (2.206), we have for ε sufficiently small,

}F p¨, tq}L8pΩptqq ď 5ε, (2.210)

}Fζp¨, tq}L8pΩptqq ď 6ε, (2.211)

|ReF px` iy, tq| ď 6ε|x|, (2.212)

}Ft}L8pΩptqq ď 6ε, (2.213)

}Fζζ}L8pΩptqq ď 10ε, (2.214)

}Ftζ}L8pΩptqq ď 10ε. (2.215)

Proof. For (2.210), by maximum principle, we have

}F }L8pΩptqq “ }F }L8pΣptqq “ }Fptq}8 ď 5ε. (2.216)

By bootstrap assumption (2.206), for ε sufficiently small, we have

}Fζpζpα, tq, tq}8 “

∥∥∥∥BαFpα, tqζα

∥∥∥∥
8

ď
}F}Hs

}ζα}8
ď

5ε

1´ 5ε
ď 6ε. (2.217)

By maximum principle, we have

}Fζp¨, tq}L8pΩptqq ď }Fζpζpα, tq, tq}8 ď 6ε. (2.218)

Note that

DtFpα, tq “ DtF pζpα, tq, tq “ Ft ˝ ζ `DtζFζ ˝ ζ. (2.219)
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So we have for ε sufficiently small (say, ε ă 1{36),

}Ftpζp¨, tq, tq}Hs ď }DtF}Hs ` }DtζFζ ˝ ζ}Hs ď 5ε` 6εp6εq ď 6ε. (2.220)

By Sobolev embedding and maximum principle, we have

}Ftp¨, tq}L8pΩptqq ď }Ftpζpα, tq, tq}L8 ď }Ft ˝ ζ}H1 ď 6ε. (2.221)

Use the fact that ReF is odd, and the estimate }Fζ}H1 ď 6ε, we have

|ReF px` iy, tq| “ |ReF px` iy, tq ´ReF p0` iy, tq| ď }Fζ}8|x| ď 6ε|x|.

Note that

Fζζpζpα, tq, tq “ p
Bα

ζα
q
2F pζpα, tq, tq “

1

ζ2
α

Fαα ´
ζαα
ζ3
α

Fα. (2.222)

For ε sufficiently small, by maximum principle, we have

}Fζζp¨, tq}L8pΩptqq ď
1

infαPR ζ2
α

}F}H3 `
}ζαα}8

infαPR ζ3
α

}F}H1 ď
1

p1´ 5εq2
5ε`

5ε

p1´ 5εq3
5ε ď 10ε.

(2.223)

Maximum principle implies }Ftζ}L8pΩptqq ď }Ftζ}L8pBΩptqq. Since Ftζpζpα, tq, tq “
BαFtpζpα,tq,tq

ζα
,

by (2.219), we have

∥∥Ftζ ˝ ζ∥∥L8 “∥∥∥∥BαFtpζpα, tq, tqζα

∥∥∥∥
L8
ď‖BαFtpζp¨, tq, tq‖8

∥∥∥∥ 1

ζα

∥∥∥∥
8

“
∥∥DtFpα, tq ´DtζFζ ˝ ζ

∥∥
Hs

∥∥∥∥ 1

ζα

∥∥∥∥
8

ď 10ε,

Assume the bootstrap assumption (2.206), we can obtain control of various characteristics
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of the point vortices.

Convention. We use Ks to denote a constant that depends on s. We’ll use Ks „
pps`12q!q2

pps`7q!q2
.

Ks can be different at different places, up to an absolute multiplicity constant. We also use

C to represent an absolute constant.

We’ll need the following lemma. Similar versions of this lemma have been appeared in

[71].

Lemma II.33. Assume the bootstrap assumption (2.206), let f, h be real functions. Assume

pI ´Hqhζ̄α “ g or pI ´Hqh “ g.

Then we have for any t P r0, T0s,

}h}Hs ď 2}g}Hs . (2.224)

We’ll use the following estimate a lot.

Lemma II.34. Assume the assumptions of Theorem I.10 hold. Assume also the bootstrap

assumption (2.206), and assume a priori that dIptq ě 1, 1
2
ď

xptq
xp0q

ď 2, @ t P r0, T0s. Then

we have @ t P r0, T0s,

}q}Hs ď K´1
s εdIptq

´3{2. (2.225)∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

1

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s εdIptq

´5{2. (2.226)

Proof. We prove (2.225). The proof of (2.226) is similar . Let s be a positive integer, we

have

}q}2Hs ď

s
ÿ

n“0

ż 8

´8

ˇ

ˇ

ˇ
B
n
α

2
ÿ

j“1

λji

2π

1

ζpα, tq ´ zjptq

ˇ

ˇ

ˇ

2

dα

Denote fjpα, tq :“
λji

2π
1

α´zjptq
, g :“ ζpα, tq. Then

λji

2π
1

ζpα,tq´zjptq
“ fjpgpα, tq, tq. By chain rule
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for composite functions, we have

B
n
αfjpgq “

n
ÿ

k“1

ÿ n!

pk1q!...pknq!
B
k
αfjp¨, tq ˝ g

n
ź

l“1

´

Blαg

l!

¯kl
, (2.227)

where the second summation is over all non-negative integers pk1, ..., knq such that

$

’

’

&

’

’

%

řn
l“1 kl “ k

řn
l“1 lkl “ n.

(2.228)

So we have

B
n
αq “

n
ÿ

k“1

ÿ n!

pk1q!...pknq!

´

2
ÿ

j“1

B
k
αfjp¨, tq ˝ g

¯

n
ź

l“1

´

Blαg

l!

¯kl
(2.229)

Note that

p

2
ÿ

j“1

B
k
αfjp¨, tqq ˝ g “

2
ÿ

j“1

λji

2π

p´1qkk!

pζpα, tq ´ zjptqqk`1
(2.230)

“
λip´1qkk!

2π

k
ÿ

m“0

z1 ´ z2

pζpα, tq ´ z1ptqqk`1´mpζpα, tq ´ z2ptqqm`1
(2.231)

use z1 ´ z2 “ 2xptq, similar to the proof of lemma II.10, we have

∥∥∥∥∥∥
2
ÿ

j“1

B
k
αfjp¨, tq ˝ g

∥∥∥∥∥∥
L2

ď 100pk ` 1q!|λxptq|dIptq
´3{2. (2.232)

Therefore,

}B
n
αq}L2 “

∥∥∥∥∥∥
n
ÿ

k“1

ÿ n!

pk1q!...pknq!

´

2
ÿ

j“1

B
k
αfjp¨, tq ˝ g

¯

n
ź

l“1

´

Blαg

l!

¯kl

∥∥∥∥∥∥
L2

ď

n
ÿ

k“1

ÿ n!

pk1q!...pknq!

n
ź

l“1

}Blαg}
kl
8

pl!qkl

∥∥∥∥∥∥
2
ÿ

j“1

B
k
αfjp¨, tq ˝ g

∥∥∥∥∥∥
L2
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For l “ 1, we bound Blαg by 1` 5ε. For l ě 2, we bound }Blαg}8 by 5ε. We choose ε small so

that p1` 5εqs ď 2. We bound pk ` 1q! by pn` 1q!. Use the assumption xptq ď 2xp0q. Use

n
ź

l“1

}B
l
αg}

kl
8 ď

n
ź

j“1

p1` 5εqkl ď p1` 5εqs, (2.233)

we obtain

}B
n
αq}L2 ď

n
ÿ

k“1

ÿ n!

pk1q!...pknq!

n
ź

l“1

p1` 5εqkl

pl!qkl
ˆ p100pk ` 1q!|λxptq|dIptq

´3{2
q (2.234)

ď400Spnq|λ|xp0qpn` 1q!dIptq
´3{2, (2.235)

where

Spnq “
n
ÿ

k“1

ÿ n!

pk1q!...pknq!

n
ź

l“1

1

pl!qkl
(2.236)

is called the bell number. We can bound Spnq by

Spnq ď n!. (2.237)

So we have

}B
n
αq}L2 ď 400|λxp0q|n!pn` 1q!dIptq

´3{2. (2.238)

Therefore,

}q}Hs ď

´

s
ÿ

n“0

}B
n
αq}

2
L2

¯1{2

(2.239)

ď

´

s
ÿ

n“0

p400|λxp0q|n!pn` 1q!dIptq
´3{2

q
2
¯1{2

(2.240)

ď400pps` 2q!q2|λxp0q|dIptq
´3{2 (2.241)

ďK´1
s εdIptq

´3{2. (2.242)
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Corollary II.35. Assume the assumptions of Theorem I.10 hold and assume the bootstrap

assumption (2.206), and assume a priori that dIptq ě 1, 1
2
ď

xptq
xp0q

ď 2, @ t P r0, T0s. Then

we have

sup
tPr0,T s

}Dtζ}Hs ď 6ε, @ t P r0, T0s. (2.243)

Corollary II.36. Assume the assumptions of Theorem I.10 hold and assume the bootstrap

assumption (2.206), and assume a priori that dIptq ě 1, 1
2
ď

xptq
xp0q

ď 2, @ t P r0, T0s. Then

we have

}b}Hs ď Cε2 `K´1
s εdIptq

´3{2, @ t P r0, T0s. (2.244)

for some absolute constant C ą 0.

Proof.

pI ´Hqb “ ´rDtζ,Hs
ζ̄α ´ 1

ζα
´
i

π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

.

By lemma II.9 and lemma II.34, we have

‖pI ´Hqb‖Hs ď

∥∥∥∥∥rDtζ,Hs
ζ̄α ´ 1

ζα

∥∥∥∥∥
Hs

`

∥∥∥∥∥∥ iπ
2
ÿ

j“1

λj
ζpα, tq ´ zjptq

∥∥∥∥∥∥
Hs

ďCε2 `K´1
s εdIptq

´3{2.

So we have

}b}Hs ď Cε2 `K´1
s εdIptq

´3{2. (2.245)

Remark II.37. Again, the a priori assumption dIptq ě 1, 1
2
ď

xptq
xp0q

ď 2, @ t P r0, T0s will be

justified by a bootstrap argument.

We need to estimate 9zj and :zj in a more precise way rather than using the rough estimates

in lemma II.27. Let’s first derive the estimate for 9zj, then we use this estimate to control

xptq over time. We use the control of xptq to estimate :zj.
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Lemma II.38. Assume the assumptions of Theorem I.10 and the bootstrap assumption

(2.206), and assume a priori that dIptq ě 1, 1
2
ď

xptq
xp0q

ď 2, @ t P r0, T0s. Then we have

sup
tPr0,T0s

| 9z1ptq ´ 9z2ptq| ď 10ε. (2.246)

sup
tPr0,T0s

| 9zjptq ´
λi

4πxptq
| ď 5ε. (2.247)

sup
tPr0,T0s

| 9z2
1 ´ 9z2

2 | ď 6|λ|ε` 120ε2xptq. (2.248)

Proof. Note that

9z1 “
λ2i

2πpz1 ´ z2q
` F̄ pz1, tq “

λi

4πxptq
` F̄ pz1, tq. (2.249)

Similarly,

9z2 “
λi

4πxptq
` F̄ pz2, tq.

By lemma II.32, we have

| 9z1ptq ´ 9z2ptq| “ |F pz1, tq ´ F pz2, tq| ď 2}F }L8pBΩptqq ď 10ε,

and

| 9zjptq ´
λi

4πxptq
| “ |F̄ pz1ptq, tq| ď 5ε. (2.250)

We have

9z2
j “ p

λi

4πxptq
q
2
` 2

λi

4πxptq
F̄ pzjptq, tq ` pF̄ pzjptq, tqq

2,

By mean value theorem, bootstrap assumption (2.206), lemma II.32, we have

|F pz1ptq, tq
2
´ F pz2ptq, tq

2
| “|pF pz1ptq, tq ` F pz2ptq, tqqFζpx̃` iyptq, tqpz1ptq ´ z2ptqq|

ď120ε2xptq.

(2.251)
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Here, x̃ P p0, xptqq.

By (2.212) of lemma II.32, we have

| 9z2
1 ´ 9z2

2 | “|
2λi

4πxptq
pF pz1ptq, tq ´ F pz2ptq, tqq ` F pz1ptq, tq

2
´ F pz2ptq, tq

2
|

“|
λi

πxptq
ReF pz1ptq, tq ` F pz1ptq, tq

2
´ F pz2ptq, tq

2
|

ď
|λ|

πxptq
}Fζ}8xptq ` |F pz1ptq, tq

2
´ F pz2ptq, tq

2
|

ď6|λ|ε` 120ε2xptq.

Another consequence of the bootstrap assumption (2.206) is the following description of

the motion of the point vortices, which is the key control of this paper.

Proposition II.39 (key control). Assume the assumptions of Theorem I.10 and assume the

bootstrap assumption (2.206), we have

1

2
ď
xptq

xp0q
ď 2, 0 ď t ď T0. (2.252)

Proof. It suffices to prove the case that xptq is increasing on 0 ď t ď T0. The case that xptq

is decreasing follows in a similar way, and other cases are controlled by these two cases.

Denote

T :“
!

T P r0, T0s| 9yptq ď ´
|λ|

20πxp0q
,

1

2
ď
xptq

xp0q
ď 2, pdIptq ě 1`

|λ|

20πxp0q
t, @ t P r0, T s

)

.

(2.253)

Let’s assume F “ F1 ` iF2, where F1, F2 are real (we remind the readers that F is the

holomorphic extension of f . Recall also the notations that z1ptq “ ´xptq ` iyptq, z2ptq “
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xptq ` iyptq, xptq ą 0, yptq ă 0). From the proof of lemma II.38, we have

$

’

’

&

’

’

%

9z1ptq “ F̄ pz1ptq, tq `
λ2i
2π

1

z1ptq´z2ptq
“ F̄ pz1ptqq ´

|λ|i
4πxptq

9z2ptq “ F̄ pz2ptq, tq `
λ1i
2π

1

z2ptq´z1ptq
“ F̄ pz2ptqq ´

|λ|i
4πxptq

.

(2.254)

So we have

9yptq “ ´F2pz2ptq, tq ´
|λ|

4πxptq
. (2.255)

By maximum principle and the bootstrap assumption (2.206), we have

|F2pz2ptq, tq| ď |F pz2ptq, tq| ď }F p¨, tq}L8pΩptqq “ }Fp¨, tq}L8pRq ď 5ε. (2.256)

For M relatively large (we take M “ 200π), at t “ 0, we have |λ|
4πxp0q

ě 200πε
4π

“ 50ε. So we

have

9yp0q “ ´F2pz2p0q, 0q ´
|λ|

4πxp0q
ď ´

9|λ|

40πxp0q
. (2.257)

So 0 P T and therefore T ‰ H. Clearly, by the definition of T , since 9yptq, xptq and pdIptq are

continuous, so T is closed in r0, T0s. To prove T “ r0, T0s, it suffices to prove that if (2.253)

holds on r0, T s with T ă T0, then there exists δ ą 0 such that (2.253) holds on rT, T ` δq.

Let T P T .

By (2.254), we have 9xptq “ ReF pz2ptq, tq. Use (2.212) of lemma II.32, use the fact that

ReF is odd, by mean value theorem, we have

9xptq “ ReF pz2ptq, tq ´ReF p0` iyptq, tq “ Re Fxpx̃` iyptq, tqxptq, (2.258)

for some x̃ P p0, xptqq.

Since

F pz, tq “
1

2πi

ż

ζβ
z ´ ζpβ, tq

Fpβ, tqdβ. (2.259)
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So we have @ t P r0, T0s,

BxF pz, tq “ ´
1

2πi

ż

ζβ
pz ´ ζpβ, tqq2

Fpβ, tqdβ. (2.260)

By Cauchy-Schwartz inequality and lemma II.10, we have

|BxF px̃` iyptq, tq| ď
1

2π

´

ż

1

|x̃` iyptq ´ ζpβ, tq|4
dβ

¯1{2

}ζβ}L8}F}L2

ďCεpdIptq
´3{2, @ t P r0, T0s,

(2.261)

for some absolute constant C ą 0. By direct calculation, we can see that C ď 2. So we

obtain

9xptq ď 2εpdIptq
´3{2xptq. (2.262)

So we have

d

dt
ln
xptq

xp0q
ď 2pdIptq

´3{2ε ď 2p1`
|λ|

20πxp0q
tq´3{2ε, @ t P r0, T s. (2.263)

Then we have for all t P r0, T s,

xptq ďxp0qexp
!

2ε

ż t

0

p1`
|λ|

20πxp0q
τq´3{2dτ

)

ďxp0qexp
!

4ε
20πxp0q

|λ|

)

ďxp0qe2ε 40π
200πε “ e

2
5xp0q ď

3

2
xp0q.

(2.264)

By the continuity of xptq, there exists δ ą 0 such that

sup
tPr0,T`δq

xptq

xp0q
ď 2. (2.265)
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Next we show that by choosing δ ą 0 smaller if necessary, we have

9yptq ď ´
|λ|

20πxp0q
, pdIptq ě 1`

|λ|

20πxp0q
t, @ t P r0, T ` δq. (2.266)

Proof of (2.266): By the definition of T , the bootstrap assumption (2.206), and the fact

that |λ|
xp0q

ě 200πε, we have

9yptq ď 5ε´
|λ|

8πxp0q
ď ´

|λ|

10πxp0q
, @ t P r0, T s. (2.267)

By Fundamental theorem of calculus, we have

yptq “ yp0q `

ż t

0

9ypτqdτ. (2.268)

We have

ζpα, tq ´ zjptq “ζpα, 0q ´ zjp0q `

ż t

0

Bτ pζpα, τq ´ zjpτqqdτ

“ζpα, 0q ´ zjp0q `

ż t

0

Dτζpα, τqdτ ´

ż t

0

bpα, τqBαζpα, τqdτ ´

ż t

0

9zjpτqdτ

(2.269)

So we have

Imtζpα, tq ´ zjptqu “Im
!

ζpα, 0q ´ zjp0q ´

ż t

0

9zjpτqdτ
)

` Im

ż t

0

Dτζpα, τqdτ

´

ż t

0

bpα, τqImtBαζpα, τqudτ.

(2.270)

By Sobolev embedding lemma II.1 and the bootstrap assumption, we have

ˇ

ˇ

ˇ

ż t

0

Dτζpα, τqdτ
ˇ

ˇ

ˇ
ď 6εt, @ t P r0, T s. (2.271)

99



By Corollary II.36 and Sobolev embedding, we have

ˇ

ˇ

ˇ

ż t

0

bpα, τqBαζpα, τqdτ
ˇ

ˇ

ˇ
ď pCε2 `K´1

s εdIptq
´3{2

qp1` 5εqt ď pCε2 `K´1
s εqt. (2.272)

Note that Imtζpα, 0q ´ zjp0qu ě pdIp0q ě 1, ´Imt 9zjpτqu ě
|λ|

10πxp0q
ą 0, so we have for all

t P r0, T s,

Imtζpα, tq ´ zjptqu ě inf
αPR

Imtζpα, 0q ´ zjp0qu ` p
|λ|

10πxp0q
´ 6ε´ pCε2 `K´1

s εqqt

ě1`
|λ|

18πxp0q
t.

(2.273)

So we have

pdIptq “ min
j“1,2

inf
αPR

Imtζpα, tq ´ zjptqu ě 1`
|λ|

18πxp0q
t, @ t P r0, T s. (2.274)

By (2.267), (2.274), the continuity of pdIptq, and the continuity of y1ptq, choosing δ ą 0 smaller

if necessary, we have (2.266).

Since T is both closed and open as a subspace of r0, T0s, so we must have

T “ r0, T0s, (2.275)

which concludes the proof of the lemma.

Because

dIptq “ min
j“1,2

inf
αPR
|ζpα, tq ´ zjptq| ě pdIptq,

we have the following estimate.

Corollary II.40 (Decay estimate). Assume the assumptions of Theorem I.10 and assume
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the bootstrap assumption (2.206), we have @ t P r0, T0s,

dIptq
´1
ď p1`

|λ|

20πxp0q
tq´1. (2.276)

We need to estimate :zj and :z1 ´ :z2 as well.

Convention: From now on, if the domain of t is not specified, we assume t P r0, T0s by

default.

Lemma II.41. Assume the assumptions of Theorem I.10 and assume the bootstrap assump-

tion (2.206), we have @ t P r0, T0s,

|:zjptq| ď 10ε`
6|λ|

xptq
ε. (2.277)

|:z1ptq ´ :z2ptq| ď 220ε2xptq ` εp20xptq `
5|λ|

π
q (2.278)

Proof. Take time derivative of (2.249), we have

:zjptq “ ´
λix1ptq

4πxptq2
` F̄ζpzjptq, tq 9zjptq ` F̄tpzj, tq. (2.279)

We have x1ptq “ ReF pz2ptq, tq. By lemma II.32, we have

|Fζpzjptq, tq| ď }Fζp¨, tq}L8pΩptqq ď }Fζpζpα, tq, tq}8 ď 6ε. (2.280)

By Sobolev embedding and lemma II.32, we have

}Ftp¨, tq}L8pΩptqq ď }Ftpζpα, tq, tq}L8 ď }Ft ˝ ζ}H1 ď 6ε. (2.281)
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Apply lemma II.32 again, we have

|ReF pzjptq, tq| ď 6εxptq.

So we obtain

|:zjptq| ď
|λ||ReF pzj, tq|

4πxptq2
` |Fζpzj, tq|| 9zjptq| ` |Ftpzj, tq|

ď
6|λ|ε

4πxptq
` 6εp

|λ|

4πxptq
` 6εq ` 6ε

ď
6|λ|ε

πxptq
` 10ε.

Here, we assume ε2 sufficiently small such that 36ε2 ď 4ε. We have

|:z1ptq ´ :z2ptq|

“|F̄ζpz1ptq, tq 9z1ptq ` F̄tpz1ptq, tq ´ F̄ζpz2ptq, tq 9z2ptq ´ F̄tpz2ptq, tq|

ď|Fζpz1ptq, tq ´ Fζpz2ptq, tq|| 9z1ptq| ` |Fζpz2ptq, tq|| 9z1 ´ 9z2| ` |Ftpz1, tq ´ Ftpz2, tq|

ď}Fζζ}8|z1 ´ z2|| 9z1ptq| ` |Fζpz2ptq, tq||F pz1ptq, tq ´ F pz2ptq, tq| ` }pReF qtζ}L8pΩptqq|z1 ´ z2|.

By lemma II.32,

}Fζζ}8 ď 10ε, (2.282)

and

}Ftζ}L8pΩptq ď 10ε. (2.283)

Since ReFt is odd in x and ImFt is even in x, by mean value theorem, we have

|Ftpz1, tq ´ Ftpz2, tq| “2|ReFtpz2, tq ´ReFtp0, y, tq|x “ 2|ReFtxpx̃, y, tq|xptq (2.284)

ď2}Ftζ}L8pΩptqqxptq ď 20εxptq. (2.285)
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for some x̃ P p0, xptqq.

So we obtain

|:z1ptq ´ :z2ptq|

ď10εp2xptqqp
|λ|

4πxptq
` 5εq ` p6εq20εxptq ` p10εq2xptq

“220ε2xptq ` εp20xptq `
5|λ|

π
q.

(2.286)

Next, we estimate the quantity
∥∥∥ř2

j“1
λji

2π

9zj
pζpα,tq´zjptqq2

∥∥∥
Hs

, the quantity
∥∥∥ř2

j“1
λji

2π

:zj
pζpα,tq´zjptqq2

∥∥∥
Hs

,

and the quantity
∥∥∥ř2

j“1
λji

2π

p 9zjq
2

pζpα,tq´zjptqq2

∥∥∥
Hs

. These quantities arise from the energy estimates.

Lemma II.42. Assume the assumptions of Theorem I.10 and assume the bootstrap assump-

tion (2.206). Then we have

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

9zj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s ε

|λ|

xp0q
dIptq

´5{2
` Cε2. (2.287)

Proof. Replace 9zj by

9zjptq “
λi

4πxptq
` F̄ pzjptq, tq.

We have

2
ÿ

j“1

λji

2π

9zj
pζpα, tq ´ zjptqq2

“

2
ÿ

j“1

λji

2π

λi
4πxptq

pζpα, tq ´ zjptqq2
` F̄ pz1ptq, tq

2
ÿ

j“1

λji

2π

1

pζpα, tq ´ zjptqq2

`
λipF̄ pz1ptq, tq ´ F̄ pz2ptq, tqq

2π

1

pζpα, tq ´ z2ptqq2

By lemma II.34 (and use the proof of lemma II.34 to estimate the term
∥∥∥ 1
pζpα,tq´z2ptqq2

∥∥∥
Hs

),
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we have∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

9zj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď
|λ|

4πxptq

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

1

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

`

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

1

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

}F }L8pΩptqq

`

∥∥∥∥∥λipF̄ pz1ptq, tq ´ F̄ pz2ptq, tqq

2π

1

pζpα, tq ´ z2ptqq2

∥∥∥∥∥
Hs

ď
|λ|

4πxptq
K´1
s εdIptq

´5{2
`K´1

s εdIptq
´5{2

p5εq `
ˇ

ˇ

ˇ

F pz1ptq, tq ´ F pz2ptq, tq

xptq

ˇ

ˇ

ˇ

∥∥∥∥ λxptq

pζpα, tq ´ z2ptqq2

∥∥∥∥
Hs

ďK´1
s ε

|λ|

xp0q
dIptq

´5{2
`K´1

s ε2dIptq
´5{2

`K´1
s ε2dIptq

´3{2.

Here, we use lemma II.32 to estimate

ˇ

ˇ

ˇ

F pz1ptq, tq ´ F pz2ptq, tq

xptq

ˇ

ˇ

ˇ
ď 12ε, (2.288)

and we use the proof of lemma II.34 to estimate

∥∥∥∥ λxptq

pζpα, tq ´ z2ptqq2

∥∥∥∥
Hs

ď K´1
s εdIptq

´3{2. (2.289)

Since dIptq ě 1, we simply estimate
∥∥∥ř2

j“1
λji

2π

9zj
pζpα,tq´zjptqq2

∥∥∥
Hs

by (2.287).

Lemma II.43. Assume the assumptions of Theorem I.10 and assume the bootstrap assump-

tion (2.206). Then we have

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

p 9zjq
2

pζpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

ď K´1
s ε2 `K´1

s ε
|λ|

xp0q
dIptq

´5{2. (2.290)
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Proof.

2
ÿ

j“1

λji

2π

p 9zjq
2

pζpα, tq ´ zjptqq3
“
λip 9z1q

2

2π
p

1

pζpα, tq ´ z1ptqq3
´

1

pζpα, tq ´ z2ptqq3
q

`
λipp 9z1q

2 ´ p 9z2q
2q

2π

1

pζpα, tq ´ z2ptqq3
:“ I ` II .

We have

|I| “
ˇ

ˇ

ˇ

λip 9z1q
2

2π
2xptq

! 1

pζpα, tq ´ z1ptqq3pζpα, tq ´ z2ptqq
`

1

pζpα, tq ´ z1ptqq2pζpα, tq ´ z2ptq2q

`
1

pζpα, tq ´ z1ptqqpζpα, tq ´ z2ptqq3

)ˇ

ˇ

ˇ
,

and

9z2
1 “ ´

λ2

16π2xptq2
`

λi

2πxptq
F̄ pz1ptq, tq ` pF̄ pz1ptq, tqq

2.

Use the proof of lemma II.34, it’s easy to see that

∥∥∥∥ 1

pζpα, tq ´ z1ptqq3pζpα, tq ´ z2ptqq

∥∥∥∥
Hs

ď pps` 6q!q2dIptq
´7{2 (2.291)

∥∥∥∥ 1

pζpα, tq ´ z1ptqq2pζpα, tq ´ z2ptq2q

∥∥∥∥
Hs

ď pps` 6q!q2dIptq
´7{2 (2.292)

∥∥∥∥ 1

pζpα, tq ´ z1ptqqpζpα, tq ´ z2ptq3q

∥∥∥∥
Hs

ď pps` 6q!q2dIptq
´7{2 (2.293)

Use the assumption that λ2 ` |λxp0q| ď 1
pps`12q!q2

ε and the fact that 1
2
xp0q ď xptq ď 2xp0q,

we have

}I}Hs ď
|λ|xptq

π
p

λ2

16π2xptq2
`

|λ|

2πxptq
ˆ 5ε` 25ε2qpps` 6q!q2dIptq

´7{2

ďK´1
s ε2dIptq

´7{2
`K´1

s ε
|λ|

xp0q
dIptq

´7{2.
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By lemma II.38, we have

}II }H s ď
|λ|| 9z2

1 ´ 9z2
2 |

2π

∥∥∥∥ 1

pζpα, tq ´ z2ptqq3

∥∥∥∥
Hs

ď
|λ|p6|λ|ε` 120ε2xptqq

2π
pps` 6q!q2dIptq

´5{2

ďK´1
s ε2dIptq

´5{2.

Here, we use the assumption

λ2
` |λxp0q| ď c0ε, c0 “

1

pps` 12q!q2
. (2.294)

So we we have ∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

p 9zjq
2

pζpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

ď K´1
s ε2 `K´1

s ε
|λ|

xp0q
dIptq

´5{2.

Lemma II.44. Assume the assumptions of Theorem I.10 and assume the bootstrap assump-

tion (2.206). Then we have

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

:zj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s ε2dIptq

´5{2. (2.295)

Proof. We have

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

:zj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď

∥∥∥∥∥∥
2
ÿ

j“1

λji:z1ptq

2π

1

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

`

∥∥∥∥λip:z1ptq ´ :z2ptqq

2π

1

pζpα, tq ´ z2ptqq2

∥∥∥∥
Hs

:“ I ` II .

106



By the proof of lemma II.34 and by lemma II.41, we have

I ď|:z1ptq|}
2
ÿ

j“1

λji

2π

1

pζpα, tq ´ zjptqq2
}Hs

ďp10ε`
6|λ|

xptq
εq|λxp0q|pps` 6q!q2dIptq

´5{2

ďK´1
s ε2dIptq

´5{2.

By lemma II.34 and lemma II.41, we have

II ď|:z1ptq ´ :z2ptq|

∥∥∥∥ λi2π

1

pζpα, tq ´ z2ptqq2

∥∥∥∥
Hs

ď

´

220ε2xptq ` εp20xptq `
5|λ|

π
q

¯

|λ|pps` 6q!q2dIptq
´5{2

ďK´1
s ε2dIptq

´5{2.

Here, we’ve used the fact that λ2 ` |λxp0q| ď 1
pps`12q!q2

ε. So we obtain

∥∥∥∥∥∥
2
ÿ

j“1

λji

2π

:zj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s ε2dIptq

´5{2. (2.296)

2.5.8 Estimates for quantities involved in the energy estimates.

In this subsection, we derive estimates for various quantities that show up in energy

estimates.
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2.5.8.1 Control }Bαθ̃}Hs by }ζα ´ 1}Hs.

Lemma II.45. Assume the assumptions of Theorem I.10 and assume the assumption (2.206),

for 1 ď k ď s` 1, we have

}B
k
αθ̃ ´ 2Bk´1

α pζα ´ 1q}L2 ď Cε2. (2.297)

Proof. Since pI ´Hqpζ̄ ´ αq “ 0, we have pI ` H̄qpζ ´ αq “ 2pζ ´ αq. Therefore,

B
k
αθ̃ “B

k
αpI ´Hqpζ ´ ζ̄q “ BkαpI ´Hqpζ ´ αq

“B
k
αpI ` H̄ ´ pH̄ `Hqqpζ ´ αq

“2Bk´1
α pζα ´ 1q ´ BkαpH̄ `Hqqpζ ´ αq.

It’s easy to obtain that for 1 ď k ď s` 1,

∥∥∥BkαpH̄ `Hqpζ ´ αq∥∥∥
L2
ď C‖ζα ´ 1‖2

Hs ď Cε2. (2.298)

So we have

∥∥∥Bkαθ̃ ´ 2Bk´1
α pζα ´ 1q

∥∥∥
L2
ď Cε2. (2.299)

So we obtain (3.376).

Corollary II.46. Assume the assumptions of Theorem I.10 and the bootstrap assumption

(2.206), we have ∥∥∥Bαθ̃∥∥∥
Hs
ď 11ε. (2.300)

2.5.8.2 Compare
∥∥∥Dtθ̃

∥∥∥
Hs

with ‖Dtζ‖Hs and ‖Dtσ̃‖Hs with
∥∥D2

t ζ
∥∥
Hs

We need to show that Dtθ̃ and Dtζ are equivalent in certain sense. We have the following:
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Lemma II.47. Assume the assumptions of Theorem I.10 and a priori assumption (2.206),

we have ∥∥∥Dtθ̃ ´ 2pF̄´ qq
∥∥∥
Hs`1{2

ď Cε2. (2.301)

∥∥Dtσ̃ ´ 4pDtF̄´Dtqq
∥∥
Hs ď Cε2. (2.302)

Proof. Recall that Dtζ “ F̄` q̄, where pI ´HqF “ 0, pI `Hqq “ 0. So we have

pI ` H̄qqF̄ “ 2F̄, pI ` H̄qq̄ “ 0.

We have

Dtθ̃ “DtpI ´Hqpζ ´ ζ̄q “ pI ´HqpDtζ ´Dtζ̄q ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

“pI ´HqpF̄` q̄ ´ F´ qq ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

“pI ` H̄qF̄` pI ` H̄qq̄ ´ pH ` H̄qDtζ ´ 2q ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

“2F̄´ 2q ´ pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα
.

(2.303)

It’s easy to obtain that under a priori assumption (2.206),

∥∥∥∥∥´pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

∥∥∥∥∥
Hs`1{2

ď Cε‖Dtζ‖Hs`1{2 ď Cε2, (2.304)

for some absolute constant C ą 0.

By triangle inequality,

∥∥∥Dtθ̃ ´ 2pF̄´ qq
∥∥∥
Hs`1{2

ď

∥∥∥∥∥´pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

∥∥∥∥∥
Hs`1{2

ďCε2.

(2.305)

So we obtain (2.301).
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By (2.303), use

pI ´HqF̄ “ 2F̄´ pH̄ `HqF̄, pI ´Hqq “ 2q, (2.306)

we have

Dtσ̃ “DtpI ´HqDtθ̃ “ DtpI ´Hq
!

2F̄´ 2q ´ pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

)

“4DtF̄´ 4Dtq `DtpI ´Hq
!

´ pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

)

´DtpH̄ `HqF̄.

(2.307)

Therefore,

∥∥Dtσ̃ ´ 4pDtF̄´Dtqq
∥∥
Hs (2.308)

“

∥∥∥∥∥DtpI ´Hq
!

´ pH ` H̄qDtζ ´ rDtζ,Hs
Bαpζ ´ ζ̄q

ζα

)

´DtpH̄ `HqF̄

∥∥∥∥∥
Hs

(2.309)

ďCε2. (2.310)

Corollary II.48. Assume the bootstrap assumption (2.206), we have

∥∥∥Dtθ̃
∥∥∥
Hs`1{2

ď 11ε, ‖Dtσ̃‖Hs ď 21ε. (2.311)
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2.5.8.3 Estimate the quantity at
a
˝ κ´1.

Recall that

pI ´Hqat
a
˝ κ´1Aζ̄α

“2irD2
t ζ,Hs

BαDtζ̄

ζα
` 2irDtζ,Hs

BαD
2
t ζ̄

ζα
´

1

π

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pDtζ̄qβdβ

´
1

π

2
ÿ

j“1

λj

´ 2D2
t ζ ` i´ B

2
t zj

pζpα, tq ´ zjptqq2
´ 2

pDtζ ´ 9zjptqq
2

pζpα, tq ´ zjptqq3

¯

(2.312)

By lemma II.9, the a priori assumption (2.206), we have

∥∥∥∥∥2irD2
t ζ,Hs

BαDtζ̄

ζα

∥∥∥∥∥
Hs

ď C}D2
t ζ}Hs}Dtζ}Hs ď Cε2. (2.313)

∥∥∥∥∥2irDtζ,Hs
BαD

2
t ζ̄

ζα

∥∥∥∥∥
Hs

ď C}Dtζ}Hs}D2
t ζ}Hs ď Cε2. (2.314)

∥∥∥∥ 1

π

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pDtζ̄qβdβ

∥∥∥∥
Hs

ď }Dtζ}
3
Hs ď Cp5εq3 ď Cε2. (2.315)

∥∥∥∥∥∥ 1

π

2
ÿ

j“1

2λjD
2
t ζ

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď }D2
t ζ}Hs

∥∥∥∥∥∥ 2

π

2
ÿ

j“1

λj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

(2.316)

By lemma II.34, we have

∥∥∥∥∥∥ 2

π

2
ÿ

j“1

λj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s εdIptq

´5{2 (2.317)

So we have∥∥∥∥∥∥ 1

π

2
ÿ

j“1

2λjD
2
t ζ

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď }D2
t ζ}Hs

∥∥∥∥∥∥ 1

π

2
ÿ

j“1

2λj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ď K´1
s ε2. (2.318)
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By lemma II.42, we have

∥∥∥∥∥∥
2
ÿ

j“1

λji

π

2Dtζ 9zj
pζpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

ď2}Dtζ}Hs

∥∥∥∥∥∥
2
ÿ

j“1

λji

π

9zj
pζpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

ď12εK´1
s εdIptq

´5{2
ď K´1

s ε2dIptq
´5{2.

(2.319)

By lemma II.43 and lemma II.44, we have

∥∥∥∥∥∥ 1

π

2
ÿ

j“1

λj:zjptq

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

`

∥∥∥∥∥∥ 1

π

2
ÿ

j“1

λj2p 9zjptqq
2

pζpα, tq ´ zjptqq3

∥∥∥∥∥∥
Hs

ďK´1
s ε

|λ|

xp0q
dIptq

´5{2
`K´1

s ε2dIptq
´5{2.

(2.320)

So we obtain ∥∥∥∥pI ´Hqata ˝ κ´1Aζ̄α

∥∥∥∥
Hs

ď Cε2 `K´1
s ε

|λ|

xp0q
dIptq

´5{2. (2.321)

By lemma II.33 and Sobolev embedding, we have

∥∥∥∥ata ˝ κ´1

∥∥∥∥
8

ď Cε2 `K´1
s ε

|λ|

xp0q
dIptq

´5{2. (2.322)

2.5.8.4 Estimate the quantity A.

Recall that

pI ´HqA “1` irDtζ,Hs
BαF

ζα
` irD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ pI ´Hq 1

2π

2
ÿ

j“1

λjpDtζpα, tq ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(2.323)
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By lemma II.9, lemma II.34, lemma II.42, we have

}pI ´HqpA´ 1q}Hs ď}Dtζ}Hs}F}Hs ` }D2
t ζ}Hs}ζα ´ 1}Hs `

1

π
}Dtζ}Hs

∥∥∥∥∥∥
2
ÿ

j“1

λj
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

`

∥∥∥∥∥∥ 1

π

2
ÿ

j“1

λj 9zjptq

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ďCε2 `K´1
s εdIptq

´5{2.

So we have

}A´ 1}Hs ď Cε2 `K´1
s εdIptq

´5{2. (2.324)

Corollary II.49. Assume the assumptions of Theorem I.10 and assume the bootstrap as-

sumption 2.206. For ε sufficiently small, we have

inf
αPR

Apα, tq ě
9

10
, @t P r0, T0s. (2.325)

sup
αPR

Apα, tq ď
10

9
, @t P r0, T0s. (2.326)

2.5.8.5 Estimate the quantity Dtb.

Recall that

pI ´HqDtb “rDtζ,Hs
Bαb

ζα
´ rD2

t ζ,Hs
ζ̄α ´ 1

ζα
´ rDtζ,Hs

BαDtζ̄

ζα

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ̄βpβ, tq ´ 1qdβ `
i

π

2
ÿ

j“1

λjpDtζ ´ 9zjptqq

pζpα, tq ´ zjptqq2
.

(2.327)
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By lemma II.9, lemma II.34, lemma II.42, estimate (2.245), we have

}pI ´HqDtb}Hs

ď

∥∥∥∥rDtζ,Hs
Bαb

ζα

∥∥∥∥
Hs

`

∥∥∥∥∥rD2
t ζ,Hs

ζ̄α ´ 1

ζα

∥∥∥∥∥
Hs

`

∥∥∥∥∥rDtζ,Hs
BαDtζ̄

ζα

∥∥∥∥∥
Hs

`

∥∥∥∥ 1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ̄βpβ, tq ´ 1qdβ

∥∥∥∥
Hs

`

∥∥∥∥∥∥ iπ
2
ÿ

j“1

λjpDtζ ´ 9zjptqq

pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ďC}Dtζ}Hs}b}Hs ` C}D2
t ζ}Hs}ζα ´ 1}Hs ` C}Dtζ}

2
Hs

` }Dtζ}Hs

∥∥∥∥∥∥
2
ÿ

j“1

λj
πpζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

`

∥∥∥∥∥∥
2
ÿ

j“1

λj 9zj
πpζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

` C}Dtζ}
2
Hs}ζα ´ 1}Hs

ďCεpCε2 `K´1
s εdIptq

´5{2
q ` Cε2 `K´1

s ε2dIptq
´5{2

`K´1
s εdIptq

´5{2
` Cε3

ďCε2 `K´1
s εdIptq

´5{2.

By lemma II.33, we have

}Dtb}Hs ď Cε2 `K´1
s εdIptq

´5{2. (2.328)

2.5.8.6 Estimate }G}Hs.

Recall that G “ Gc `Gd, with

Gc :“ ´2rF̄,H 1

ζα
`H̄ 1

ζ̄α
sF̄α`

1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ´ζ̄qβdβ :“ Gc1`Gc2. (2.329)

Gd :“ ´2rq̄,HsBαF̄
ζα

´ 2rF̄,HsBαq̄
ζα
´ 2rq̄,HsBαq̄

ζα
´ 4Dtq :“ Gd1 `Gd2 `Gd3 `Gd4. (2.330)

We rewrite Gc1 as

Gc1 “ ´
4

π

ż

pDtF̄pα, tq ´DtF̄pβ, tqqImtζpα, tq ´ ζpβ, tqu

|ζpα, tq ´ ζpβ, tq|2
BβF̄pβ, tqdβ. (2.331)
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By lemma II.9, we have

}Gc1}Hs ď C}F}Hs}ζα ´ 1}Hs}F}Hs ď Cε3, (2.332)

for some constant C depends on s only. Similarly,

}Gc2}Hs ď C}Dtζ}
2
Hs}ζα ´ 1}Hs ď Cε3.

By lemma II.9, we have

}Gd1}Hs ` }Gd2}Hs ď C}q}Hs}F}Hs ď K´1
s ε2dIptq

´3{2. (2.333)

Similarly,

}Gd3}Hs ď C}q}2Hs ď K´1
s ε2dIptq

´3{2.

Use

Dtq̄ “
2
ÿ

j“1

λji

2π

Dtζ ´ 9zj
pζpα, tq ´ zjptqq2

, (2.334)

by lemma II.42, lemma II.34, we have

}Gd4}Hs ď4}Dtζ}Hs

∥∥∥∥∥∥
2
ÿ

j“1

λj
2πpζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

` 4

∥∥∥∥∥∥
2
ÿ

j“1

λj 9zj
2πpζpα, tq ´ zjptqq2

∥∥∥∥∥∥
Hs

ďCε2dIptq
´5{2

`K´1
s ε

|λ|

xp0q
dIptq

´5{2.

(2.335)

So we obtain

}G}Hs ď Cε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´5{2. (2.336)
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As a consequence,

}pI ´HqG}Hs ď 3}G}Hs ď Cε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´5{2. (2.337)

2.5.8.7 Estimate }pI ´HqrD2
t ´ iABα, B

k
αsθ̃q}L2.

By lemma II.13, we have

rD2
t , B

k
αsθ̃ “´

k´1
ÿ

m“0

”

B
m
α pDtbαqB

k´m
α θ̃ ` Bmα pbαB

k´m
α Dtθ̃q ` B

m
α pbαrbBα, B

k´m
α sθ̃q ` Bmα bαB

k´m
α Dtθ̃

` B
m
α bαrbBα, BαsB

k´m´1
α θ̃

ı

The quantity }Bmα pDtbαqB
k´m
α θ̃}L2 . For 0 ď m ď k ´ 1, k ď s, we have

}B
m
α pDtbαqB

k´m
α θ̃}L2 ď }Dtbα}Hm}B

k´m
α θ̃}Hm (2.338)

Since Dtbα “ BαDtb` bbα, we have

}Dtbα}Hm ď}BαDtb}Hm ` }bαb}Hm ď }Dtb}Hs ` }b}2Hs

ďCε2 `K´1
s εdIptq

´5{2
` pCε2 `K´1

s εdIptq
´3{2

q
2

ďCε2 `K´1
s εdIptq

´5{2.

and since k ´m ě 1, by Corollary II.46, we have

}B
k´m
α θ̃}Hs ď 11ε, (2.339)
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we obtain

}B
m
α pDtbαqB

k´m
α θ̃}L2 ď }Dtbα}Hs}Bαθ̃}Hs ď Cε3 `K´1

s ε2dIptq
´3{2. (2.340)

The quantity Bmα pbαB
k´m
α Dtθ̃q. Similar to the previous case, we have for 0 ď m ď k´1, k ď s,

and assume bootstrap assumption (2.206),

}B
m
α pbαB

k´m
α Dtθ̃q}L2 ď }bα}Hk´1}Dtθ̃}Hk ď Cε3 `K´1

s ε2dIptq
´3{2. (2.341)

The quantity Bmα pbαrbBα, B
k´m
α sθ̃q. We have for 0 ď m ď k ´ 1, k ď s, and assume bootstrap

assumption (2.206),

}B
m
α pbαrbBα, B

k´m
α sθ̃q}L2 ď C}bα}Hs´1}b}Hs}θα}Hs´1 ď Cε3. (2.342)

The quantity Bmα bαB
k´m
α Dtθ̃. We have for 0 ď m ď k ´ 1, k ď s,

}B
m
α bαB

k´m
α Dtθ̃}L2 ď C}bα}Hk´1}Dtθ̃}Hk ď Cε3 `K´1

s ε2dIptq
´3{2. (2.343)

The quantity Bmα bαrbBα, BαsB
k´m´1
α θ̃. We have for 0 ď m ď k ´ 1, k ď s,

}B
m
α bαrbBα, BαsB

k´m´1
α θ̃}L2 ď C}b}2Hs}Dtθ}Hs ď Cε3. (2.344)

So we obtain

}rD2
t , B

k
αsθ̃}L2 ď Cε3 `K´1

s Cε2dIptq
´3{2. (2.345)

The quantity }riABα, B
k
αsθ̃}L2 Use similar argument, we obtain

}riABα, B
k
αsθ}L2 ď Cε3 `K´1

s ε2dIptq
´3{2. (2.346)
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So we obtain

}pI ´HqrD2
t ´ iABα, B

k
αsθ̃q}L2 ď Cε3 `K´1

s Cε2dIptq
´3{2. (2.347)

2.5.8.8 Estimate }rD2
t ´ iABα,HsBkαθ̃}L2

Note that by identity (3.384),

rD2
t ´ iABα,HsBkαθ̃ “ 2rDtζ,Hs

BαB
k
αθ̃

ζα
´

1

πi

ż

´ζpα, tq ´ ζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

BβB
k
β θ̃dβ (2.348)

Clearly, for k ď s, and assume (2.206), we have

∥∥∥∥ 1

πi

ż

´ζpα, tq ´ ζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

BβB
k
β θ̃dβ

∥∥∥∥
L2

ď Cε3. (2.349)

‚ Estimate }rDtζ,HsBαB
k
αθ̃

ζα
}L2 .

rDtζ,HsBαB
k
αθ̃

ζα
is not obvious cubic. However, since Bkαθ̃ is almost anti-holomorphic, and

Dtζ “ F̄ ` q̄, with F̄ anti-holomorphic and q̄ decays rapidly in time as long as the point

vortices move away from the free interface rapidly, we expect this quantity consists of cubic

terms and quadratic terms which decay rapidly. To see this, decompose

B
k
αθ̃ :“

1

2
pI ´HqBkαθ̃ `

1

2
pI `HqBkαθ̃.

Note that for k ě 1,

pI `HqBkαθ̃ “pI `HqBkαpI ´Hqpζ ´ ζ̄q “ ´rBkα,Hsθ̃

“´

k´1
ÿ

m“0

B
m
α rζα ´ 1,HsBαB

k´m´1
α θ̃

ζα
.
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By lemma II.9 and lemma II.45,

}pI `HqBkαθ̃}L2 ď C}ζα ´ 1}Hk}Bαθ̃}Hs´1 ď Cε2. (2.350)

Therefore, by lemma II.9, we have

∥∥∥∥∥rDtζ,Hs
Bα

1
2
pI `HqBkαθ̃
ζα

∥∥∥∥∥
L2

ď Cε3. (2.351)

We rewrite rDtζ,Hs
Bα

1
2
pI´HqBkαθ̃
ζα

as

rDtζ,Hs
Bα

1
2
pI ´HqBkαθ̃
ζα

“r
1

2
pI `HqDtζ,Hs

Bα
1
2
pI ´HqBkαθ̃
ζα

` r
1

2
pI ´HqDtθ,Hs

Bα
1
2
pI ´HqBkαθ̃
ζα

:“ I ` II .

Clearly, II “ 0 . Since

1

2
pI `HqDtζ “

1

2
pI `Hqq̄ ` 1

2
pH ` H̄qF̄, (2.352)

Use lemma II.9, lemma II.34, and similar to the estimate of }Gd1}Hs in §2.5.8.6, we have

∥∥∥∥∥r12pI `Hqq̄,HsBα 1
2
pI ´HqBkαθ̃
ζα

∥∥∥∥∥
L2

ďC}q}Hk}Bαθ}Hk´1 ď K´1
s ε2dIptq

´3{2. (2.353)

It’s easy to obtain ∥∥pH ` H̄qF∥∥
Hs ď Cε2. (2.354)

So we obtain ∥∥∥∥∥rpH ` H̄qF,HsBα 1
2
pI ´HqBkαθ̃
ζα

∥∥∥∥∥
Hs

ď Cε3. (2.355)
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Therefore,

∥∥∥pI ´HqrD2
t ´ iABα,HsBkαθ̃

∥∥∥
L2
ď 3

∥∥∥rD2
t ´ iABα,HsBkαθ̃

∥∥∥
L2
ď Cε3`K´1

s ε2dIptq
´3{2. (2.356)

2.5.8.9 Estimate for
∥∥Gθ

k

∥∥
Ls

.

Collect the estimates from (2.337), (2.347), (2.356), we obtain

∥∥∥Gθ
k

∥∥∥
L2
ď Cε3 `K´1

s ε2dIptq
´3{2

`K´1
s ε

|λ|

xp0q
dIptq

´5{2. (2.357)

2.5.9 Estimate
∥∥∥pI ´HqBkαG̃∥∥∥

L2

Recall that

G̃ “pI ´HqpDtG` i
at
a
˝ κ´1AppI ´Hqpζ ´ ζ̄qqαq ´ 2rDtζ,Hs

BαD
2
t pI ´Hqpζ ´ ζ̄q

ζα

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pDtpI ´Hqpζ ´ ζ̄qqβdβ
(2.358)

2.5.9.1 Estimate ‖DtG‖Hk

DtG is given by

DtG “ pBtgq ˝ κ
´1.
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g “ gc ` gd, and

Btgc “Bt

!

´ 2rf̄ ,H
1

zα
` H̄

1

z̄α
sf̄α `

1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pz ´ z̄qβdβ
)

“´ 2rf̄t,H
1

zα
` H̄

1

z̄α
sf̄α ´ 2rf̄ ,H

1

zα
` H̄

1

z̄α
sf̄tα

´
4

π

ż

pf̄pα, tq ´ f̄pβ, tqq
´

BtIm
! ztpα, tq ´ ztpβ, tq

pzpα, tq ´ zpβ, tqq2

)¯

Bβ f̄pβ, tqdβ

`
2

πi

ż

ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

!zttpα, tq ´ zttpβ, tq

zpα, tq ´ zpβ, tq
´
pztpα, tq ´ ztpβ, tqq

2

pzpα, tq ´ zpβ, tqq2

)

pz ´ z̄qβdβ

`
1

πi

ż

´ztpα, tq ´ ztpβ, tq

zpα, tq ´ zpβ, tq

¯2

pzt ´ z̄tqβdβ

So we have

DtGc “´ 2rDtF̄,H
1

ζα
` H̄ 1

ζ̄α
sF̄α ´ 2rF̄,H 1

ζα
` H̄ 1

ζ̄α
sBαDtF̄

´
4

π

ż

pF̄pα, tq ´ F̄pβ, tqq
´

DtIm
! ζpα, tq ´ ζpβ, tq

pζpα, tq ´ ζpβ, tqq2

)¯

BβF̄pβ, tqdβ

`
2

πi

ż

Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

!D2
t ζpα, tq ´D

2
t ζpβ, tq

ζpα, tq ´ ζpβ, tq
´
pDtζpα, tq ´Dtζpβ, tqq

2

pζpα, tq ´ ζpβ, tqq2

)

pζ ´ ζ̄qdβ

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pDtζ ´Dtζ̄qβdβ

Recall that

gd :“ ´2rp̄,Hs
Bαf̄

zα
´ 2rf̄ ,Hs

Bαp̄

zα
´ 2rp̄,Hs

Bαp̄

zα
´ 4pt. (2.359)

So

Btgd “´ 2rp̄,Hs
Bαtf̄

zα
´

2

πi

ż

´ p̄pα, tq ´ p̄pβ, tq

zpα, tq ´ zpβ, tqq

¯

t
Bβ f̄pβ, tqdβ

´ 2rf̄ ,Hs
Bαp̄t
zα

´
2

πi

ż

´ f̄pα, tq ´ f̄pβ, tq

zpα, tq ´ zpβ, tq

¯

t
Bβ p̄pβ, tqdβ

´ 2rp̄,Hs
Bαp̄t
zα

´
2

πi

ż

´ p̄pα, tq ´ p̄pβ, tq

zpα, tq ´ zpβ, tq

¯

t
Bβ p̄pβ, tqdβ

´ 4ptt.

121



So we have

DtGd “´ 2rq̄,HsBαDtF̄

ζα
´

2

πi

ż

´

Dt
q̄pα, tq ´ q̄pβ, tq

ζpα, tq ´ ζpβ, tq

¯

BβF̄pβ, tqdβ

´ 2rF̄,HsBαDtq̄

ζα
´

2

πi

ż

´

Dt
F̄pα, tq ´ F̄pβ, tq

ζpα, tq ´ ζpβ, tq

¯

Bβ q̄pβ, tqdβ

´ 2rq̄,HsBαDtq̄

ζα
´

2

πi

ż

´

Dt
q̄pα, tq ´ q̄pβ, tq

ζpα, tq ´ ζpβ, tq

¯

Bβ q̄pβ, tqdβ

´ 4D2
t q.

(2.360)

DtGc is cubic, we have

‖DtGc‖Hk ďCsp‖DtF‖Hk‖ζα ´ 1‖Hk‖F‖Hk `‖F‖2
Hk‖Dtζ‖Hk `‖Dtζ‖Hk

∥∥D2
t ζ
∥∥
Hk‖ζα ´ 1‖Hk

`‖Dtζ‖3
Hk‖ζα ´ 1‖Hk ` }Dtζ}

3
Hkq

ďCε3.

DtGd consists of cubic terms or terms with rapid time decay. By (2.335), we have

‖Dtq‖Hk ď Cε2dIptq
´5{2

`K´1
s εdIptq

´5{2. (2.361)

Note that DtGd ` 4D2
t q is at least quadratic. Use lemma II.9, lemma II.34, and similar to

the estimate of ‖Gd1‖Hs in §2.5.8.6, we obtain

∥∥DtGd ` 4D2
t q
∥∥
Hk ď Cε3 `K´1

s ε2dIptq
´3{2. (2.362)

Note that

D2
t q “

2
ÿ

j“1

λji

2π

D2
t ζ ´ :zjptq

pζpα, tq ´ zjptqq2
´

2
ÿ

j“1

λji

π

pDtζq
2 ´ 2Dtζ 9zj

pζpα, tq ´ zjptqq3
´

2
ÿ

j“1

λji

π

9z2
j

pζpα, tq ´ zjptqq3
.

(2.363)
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Use lemma II.42, lemma II.43, lemma II.44, we have

∥∥4D2
t q
∥∥
Hk ď Cε3 `K´1

s ε2dIptq
´3{2

`K´1
s ε

|λ|

xp0q
dIptq

´3{2. (2.364)

Then we have

‖DtG‖Hk ď Cε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´3{2. (2.365)

Therefore,

‖pI ´HqDtG‖Hk ď Cε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´3{2. (2.366)

2.5.9.2 Estimate
∥∥∥2rDtζ,HsBαD

2
t pI´Hqpζ´ζ̄q

ζα

∥∥∥
Hk

The way that we estimate for this quantity is the same as that for rDtζ,HsBαB
k
αθ̃

ζα
. We

obtain ∥∥∥∥∥2rDtζ,Hs
BαD

2
t pI ´Hqpζ ´ ζ̄q

ζα

∥∥∥∥∥
Hk

ď Cε3 `K´1
s ε2dIptq

´3{2. (2.367)

So we obtain

∥∥∥pI ´HqBkαG̃∥∥∥
L2
ď Cε3 `K´1

s ε2dIptq
´3{2

`K´1
s ε

|λ|

xp0q
dIptq

´3{2. (2.368)

2.5.9.3 Estimate rD2
t ´ iABα,HsBkασ̃

Use

rD2
t ´ iABα,HsBkασ̃ “2rDtζ,Hs

BαDtB
k
ασ̃

ζα
´

1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

B
k`1
β σ̃pβ, tqdβ

:“I1 ` I2.
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Clearly,

}I2}L2 ď C}Dtζ}
2
Hk}σ̃}Hk ď Cε3. (2.369)

Note that

rDtζ,Hs
BαDtB

k
ασ̃

ζα
“ rDtζ,Hs

BαB
k
αDtσ̃

ζα
` rDtζ,Hs

BαrDt, B
k
αsσ̃

ζα

The second term rDtζ,HsBαrDt,B
k
αsσ̃

ζα
is cubic, it’s easy to obtain

∥∥∥∥∥rDtζ,Hs
BαrDt, B

k
αsσ̃

ζα

∥∥∥∥∥
L2

ď Cε3. (2.370)

The way that we estimate for this quantity is the same as that for rDtζ,HsBαB
k
αθ̃

ζα
. We obtain

∥∥∥∥∥rDtζ,Hs
BαB

k
αDtσ̃

ζα

∥∥∥∥∥
Hk

ď Cε3 `K´1
s ε2dIptq

´3{2. (2.371)

So we obtain ∥∥∥rD2
t ´ iABα,HsBkασ̃

∥∥∥
L2
ď Cε3 `K´1

s ε2dIptq
´3{2. (2.372)

2.5.9.4 Estimate
∥∥pI ´HqrD2

t ´ iABα, B
k
αsσ̃

∥∥
L2

The way that we estimate this quantity is the same as that for
∥∥∥pI ´HqrD2

t ´ iABα, B
k
αsθ̃q

∥∥∥
L2

.

We obtain ∥∥∥pI ´HqrD2
t ´ iABα, B

k
αsσ̃

∥∥∥
L2
ď Cε3 `K´1

s ε2dIptq
´3{2. (2.373)

2.5.9.5 Estimate for
∥∥Gσ

k

∥∥
L2.

Collect the estimates from (2.366), (2.368), (2.372), (2.373), we obtain

‖Gσ
k‖L2 ď Cε3 `K´1

s ε2dIptq
´3{2

`K´1
s ε

|λ|

xp0q
dIptq

´3{2. (2.374)
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2.5.10 A priori energy estimates

We derive energy estimates in this subsection. We’ll prove the following.

Proposition II.50. Assume the assumptions of Theorem I.10, assume the bootstrap as-

sumption (2.206), we have for all t P r0, T0s,

d

dt
Esptq ď Cε4 `K´1

s ε3dIptq
´3{2

`K´1
s ε2

|λ|

xp0q
dIptq

´5{2. (2.375)

Proof. From (2.202) and (2.204), we have

d

dt
Esptq “

d

dt

s
ÿ

k“0

pEθ
k ` E

σ
k q

“

s
ÿ

k“0

´

ż

2

A
ReDtθkGθ

k ´

ż

1

A

at
a
˝ κ´1

|Dtθk|
2
`

ż

2

A
ReDtσkGσ

k ´

ż

1

A

at
a
˝ κ´1

|Dtσk|
2
¯

(2.376)

By Corollary II.48, we have

}Dtθ̃}Hs ď 11ε, }Dtσ̃}Hs ď 21ε. (2.377)
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By Corollary II.49, (2.322), (2.357), (2.374), we have

d

dt
Esptq ď

s
ÿ

k“0

´

2

∥∥∥∥ 1

A

∥∥∥∥
8

‖Dtθk‖L2

∥∥∥Gθ
k

∥∥∥
L2
`

∥∥∥∥ 1

A

∥∥∥∥
8

∥∥∥∥ata ˝ κ´1

∥∥∥∥
8

‖Dtθk‖2
L2

` 2

∥∥∥∥ 1

A

∥∥∥∥
8

‖Dtσk‖L2‖Gσ
k‖L2 `

∥∥∥∥ 1

A

∥∥∥∥
8

∥∥∥∥ata ˝ κ´1

∥∥∥∥
8

‖Dtσk‖2
L2

¯

ď

s
ÿ

k“0

´

4ˆ 11εpCε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´5{2
q

` 4ˆ pCε2 `K´1
s ε

|λ|

xp0q
dIptq

´5{2
q ˆ p11εq2

` 4ˆ 21εpCε3 `K´1
s ε2dIptq

´3{2
`K´1

s ε
|λ|

xp0q
dIptq

´3{2
q

` 4ˆ pCε2 `K´1
s ε

|λ|

xp0q
dIptq

´5{2
q ˆ p21εq2

¯

ďCε4 `K´1
s ε3dIptq

´3{2
`K´1

s ε2
|λ|

xp0q
dIptq

´5{2.

Here, we simply bound
∥∥ 1
A

∥∥
8

by 1
2
.

Before we use the bootstrap argument to complete the proof of Theorem I.10, we need to

show that the energy Es is equivalent to 4p
∥∥∥Dtθ̃

∥∥∥2

Hs
`‖Dtσ̃‖2

Hs `

∥∥∥|D|1{2θ̃∥∥∥2

Hs
`

∥∥∥|D|1{2σ̃∥∥∥2

Hs
q.

Lemma II.51. Assume the assumptions of Theorem I.10, and assume the bootstrap assump-

tion (2.206). Then we have

ˇ

ˇ

ˇ
Es ´ 4p

∥∥∥Dtθ̃
∥∥∥2

Hs
`‖Dtσ̃‖2

Hs `

∥∥∥|D|1{2θ̃∥∥∥2

Hs
`

∥∥∥|D|1{2σ̃∥∥∥2

Hs
q

ˇ

ˇ

ˇ
ď Cε3. (2.378)

Proof. Recall that

Es “
s
ÿ

k“0

!

ż

1

A
|Dtθk|

2
` iθkBαθkdα `

ż

1

A
|Dtσk|

2
` iσkBασkdα

)

, (2.379)

where

θk “ pI ´HqBkαθ̃, σk “ pI ´HqBkασ̃, θ̃ :“ pI ´Hqpζ ´ ζ̄q, σ̃ :“ pI ´HqDtθ̃. (2.380)
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It’s easy to obtain that

}A´ 1}Hs ď Cε. (2.381)

So

Es “
s
ÿ

k“0

!

ż

|Dtθk|
2
` iθkBαθkdα `

ż

|Dtσk|
2
` iσkBασkdα

)

`Opε3q. (2.382)

We have

θk “ B
k
αpI ´Hqθ̃ ` rBkα,Hsθ̃ “ 2Bkαθ̃ ` rB

k
α,Hsθ̃. (2.383)

So we have

∥∥∥Dtθk ´ 2BkαDtθ̃
∥∥∥
L2
ď

∥∥∥DtrB
k
α,Hsθ̃

∥∥∥
L2
` 2

∥∥∥rDt, B
k
αsθ̃

∥∥∥
L2
ď Cε2. (2.384)

Similarly, we have ∥∥∥Dtσk ´ 2BkαDtσ̃
∥∥∥
L2
ď Cε2. (2.385)

Therefore,

ˇ

ˇ

ˇ

s
ÿ

k“0

ż

p|Dtθk|
2
` |Dtσk|

2
qdα ´ 4p

∥∥∥BkαDtθ̃
∥∥∥2

L2
`

∥∥∥BkαDtσ̃
∥∥∥2

L2
q

ˇ

ˇ

ˇ
ď Cε3. (2.386)

Decompose θ̃ as

θ̃ “
1

2
pI `Hqθ̃ `

1

2
pI ´Hqθ̃ (2.387)

Note that since θ̃ “ pI ´Hqpζ ´ ζ̄q, it’s easy to obtain

∥∥∥∥|D|1{2 1

2
pI `Hqθ̃

∥∥∥∥
Hs

ď Cε2. (2.388)

Then we have
ˇ

ˇ

ˇ

∥∥∥|D|1{2θ̃∥∥∥2

Hs
´

∥∥∥∥|D|1{2 1

2
pI ´Hqθ̃

∥∥∥∥2

Hs

ˇ

ˇ

ˇ
ď Cε3. (2.389)
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Note that ∥∥∥∥|D|1{2 1

2
pI ´Hqθ̃

∥∥∥∥2

Hs

“ i
s
ÿ

k“0

ż

B
k
α

1

2
pI ´Hqθ̃Bk`1

α

1

2
pI ´Hqθ̃dα (2.390)

Use the fact that

pI ´Hqθ̃ “ 2θ̃ ` pH ´Hqθ̃, (2.391)

and use ∥∥∥Bkα|D|1{2pH ´Hqθ̃
∥∥∥
L2
ď Cε2, (2.392)

we obtain
ˇ

ˇ

ˇ

ż

iθkBαθkdα ´ 4}Bkα|D|
1{2θ̃}2L2

ˇ

ˇ

ˇ
ď Cε3. (2.393)

Similarly,
ˇ

ˇ

ˇ

ż

iσkBασkdα ´ 4
∥∥∥Bkα|D|1{2σ̃∥∥∥2

L2

ˇ

ˇ

ˇ
ď Cε3. (2.394)

By (2.384), (2.385), (2.393), and (2.394), we obtain

ˇ

ˇ

ˇ
Es ´ 4

s
ÿ

k“0

!
∥∥∥BkαDtθ̃

∥∥∥2

L2
`

∥∥∥BkαDtσ̃
∥∥∥2

L2
`

∥∥∥Bkα|D|1{2θ̃∥∥∥2

L2
`

∥∥∥Bkα|D|1{2σ̃∥∥∥2

L2

)
ˇ

ˇ

ˇ
ď Cε3. (2.395)

Corollary II.52. Assume the assumptions of Theorem I.10, then

Esp0q ď 17ε2. (2.396)

Proposition II.53. Assume the assumptions of Theorem I.10, there exists δ ą 0 such that

}ζα ´ 1}Hs ď 5ε, }F}Hs`1{2 ď 5ε, }DtF}Hs ď 5ε t P r0, δε´2
s (2.397)

Indeed, we can choose δ to be an absolute constant.
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Proof. Let δ ą 0 to be determined. Let

T :“
!

T P r0, δε´2
s : }ζα ´ 1}Hs ď 5ε, }F}Hs`1{2 ď 5ε, }DtF}H

s
ď 5ε, @ t P r0, T s

)

(2.398)

At t “ 0, we have

}F}Hs`1{2 ` }DtF}H
s
ď

3

2
ε. (2.399)

To obtain estimate of }ζα ´ 1}Hs , use D2
t ζ ´ iAζα “ ´i, we have

ζα ´ 1 “
D2
t ζ ´ ipA´ 1q

iA
. (2.400)

We have D2
t ζ “ DtF̄`Dtq̄, and

Dtq “
2
ÿ

j“1

λji

2π

Dtζ ´ 9zj
pζpα, tq ´ zjptqq2

.

We have

}Dtq}Hs ď Cε2 `K´1
s ε. (2.401)

Use (2.324), we obtain

}ζαp¨, 0q ´ 1}Hs ď }DtFp¨, 0q}Hs ` Cε2 `K´1
s ε ď 2ε. (2.402)

Therefore, 0 P T , so T ‰ H. Since }ζα ´ 1}Hs , }F}Hs`1{2 , }DtF}Hs are continuous in t, we

have T is closed. To prove T “ r0, δε´2s, it suffices to prove that if T0 ă δε´2, then there

exists c ą 0 such that r0, T0 ` cq Ă T .
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Assume T0 P T and assume T0 ă δε´2. By Proposition II.50, we have for any t0 ď T0,

Espt0q “Esp0q `
ż t0

0

d

dt
Esptqdt

ď17ε2 `

ż t0

0

pCε4 `K´1
s ε3dIptq

´3{2
`K´1

s ε2
|λ|

xp0q
dIptq

´5{2
qdt

ď17ε2 ` Cε4T0 `K
´1
s ε3

ż t0

0

pp1`
|λ|

20πxp0q
tq´1

q
3{2dt

`K´1
s ε2

|λ|

xp0q

ż t0

0

pp1`
|λ|

20πxp0q
tq´1

q
3{2dt

ď17ε2 ` Cε4T0 `K
´1
s ε3

xp0q

|λ|
`K´1

s ε2.

Since |λ|
xp0q

ěMε, we have

K´1
s ε3

xp0q

|λ|
ď K´1

s ε3pMq´1ε´1
“ K´1

s M´1ε2 ď
1

2
ε2.

Since T0 ď δε´2, if we choose δ ď C´1, then

Cε4T0 ď ε2.

Therefore we have

sup
tPr0,T0s

Esptq ď 19ε2.

By lemma II.51, we obtain

4
s
ÿ

k“0

!

}B
k
αDtθ̃}

2
` }B

k
αDtσ̃}

2
` }B

k
α|D|

1{2θ̃}2L2 ` }B
k
α|D|

1{2σ̃}2L2

)

ď Es ` Cε3 ď 20ε2. (2.403)

So we have

}Dtθ̃}Hs`1{2 ` }Dtσ̃}Hs ` }|D|1{2θ̃}Hs ď 5ε, (2.404)
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By lemma II.47, we obtain

}F}Hs`1{2 ď K´1
s ε`

1

2
}Dtθ̃}Hs`1{2 ď 3ε. (2.405)

}DtF}Hs ď
1

4
}Dtσ̃}Hs `K´1

s ε ď 2ε. (2.406)

Since ζ̄ ´ α is holomorphic, we have

θ̃ “ pI ´Hqpζ̄ ´ ζq “ pI ´Hqpζ ´ αq “ 2pζ ´ αq ´ pH ` H̄qpζ ´ αq. (2.407)

It’s easy to obtain

∥∥∥∥|D|1{2p´θ̃ ´ 2pζ ´ αq
¯

∥∥∥∥
Hs

“ }|D|1{2pH ` H̄qpζ ´ αq}Hs ď Cε2. (2.408)

By (2.404), we obtain

2}|D|1{2pζ ´ αq}Hs ď }|D|1{2θ̃}Hs ` Cε2 ď 6ε. (2.409)

So we have ∥∥∥|D|1{2pζ ´ αq∥∥∥
Hs
ď 3ε. (2.410)

To obtain control of }ζα ´ 1}Hs , again we use

ζα ´ 1 “
D2
t ζ ´ ipA´ 1q

iA
. (2.411)

It’s easy to obtain

}ζα ´ 1}Hs ď }DtF}Hs ` Cε2 `K´1
s ε ď 3ε. (2.412)

By continuity, we can choose c ą 0 sufficiently small such that

}ζα ´ 1}Hs ď 5ε, }F}Hs`1{2 ď 5ε, }DtF}H
s
ď 5ε, @ t P r0, T0 ` cq (2.413)
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So we must have T “ r0, δε´2s, for some absolute constant δ ą 0.

2.5.11 Change of variables back to lagrangian coordinates

Next, we need to change of variables back to system (1.13). So we need to control κ on

time interval r0, δε´2s. We have

κt “ b ˝ κ (2.414)

So we have

Btκα “ bα ˝ κκα. (2.415)

Recall that

pI ´Hqb “ ´rDtζ,Hs
ζ̄α ´ 1

ζα
´
i

π

2
ÿ

j“1

λj
ζpα, tq ´ zjptq

. (2.416)

So we have

pI ´Hqbα “ rζα,Hsb´ BαrDtζ,Hs
ζ̄α ´ 1

ζα
`
i

π

2
ÿ

j“1

λjζα
pζpα, tq ´ zjptqq2

. (2.417)

Clearly, ∥∥∥∥∥rζα,Hsb´ BαrDtζ,Hs
ζ̄α ´ 1

ζα

∥∥∥∥∥
H1

ď Cε2, (2.418)

and ∥∥∥∥∥∥ iπ
2
ÿ

j“1

λjζα
pζpα, tq ´ zjptqq2

∥∥∥∥∥∥
H1

ď K´1
s dIptq

´5{2ε, (2.419)

for some absolute constant C ą 0. By lemma II.33, we have

‖bα‖H1 ď Cε2 `K´1
s dIptq

´5{2ε. (2.420)

By Sobolev embedding, we have

‖bα ˝ κ‖8 “‖bα‖8 ď‖bα‖H1 ď Cε2 `K´1
s dIptq

´5{2ε. (2.421)
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It’s easy to obtain that

‖καp¨, 0q ´ 1‖
8
ď Cε. (2.422)

So we obtain

καpα, tq ´ καpα, 0q “

ż t

0

κατ pα, τqdτ (2.423)

“

ż t

0

bα ˝ κpα, τqκαpα, τqdτ. (2.424)

Let δ1 ą 0 be a constant to be determined.

T1 :“
!

T P r0, δ1ε
´2
s : sup

tPr0,T s

‖καp¨, tq ´ καp¨, 0q‖8 ď
1

10

)

(2.425)

In particular, if t P T1, then for ε sufficiently small, we have 4
5
ď κα ď

6
5
. Also, T1 is closed.

For T P T1, we have for any t P r0, T s,

ˇ

ˇ

ˇ
καpα, tq ´ καpα, 0q

ˇ

ˇ

ˇ
ď

ż t

0

´

Cε2 `K´1
s dIpτq

´5{2ε
¯

dτ (2.426)

ď

ż t

0

pCε2 `K´1
s p1`

|λ|

20πxp0q
q
´5{2εqdτ (2.427)

ďCε2t`K´1
s

20πxp0q

|λ|

2

3
ε (2.428)

ďCε2t`
1

15Ks

. (2.429)

Here we’ve used the assumption |λ|
xp0q

ě 200πε. Choose δ1 “
1

30C
. Then we have

sup
tPr0,T s

‖καp¨, tq ´ καp¨, 0q‖8 ď
1

20
. (2.430)

Therefore, T1 is open in r0, δ1ε
´2s, we must have T1 “ r0, δ1ε

´2s.

Let δ0 :“ mintδ, δ1u. Since κα ě
3
5

on r0, δ0ε
´2s, we can change of variables back to lagrangian

coordinates and conclude the proof of Theorem I.10.
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CHAPTER III

Justification of the Peregrine soliton from the full

water waves

3.1 Notation and convention

Assume f a function on boundary of Ωptq. By saying f holomorpihc, we mean f is

boundary value of a holomorhpic function in Ωptq. Let h P L2
locpRq, if h is neither periodic

nor vanishing at spatial infinity, then we say that h is nonvanishing.

We use CpX1, X2, ..., Xkq to denote a positive constant C depends continuous on the

parameters X1, ..., Xk. Throughout this paper, such constant CpX1, ..., Xkq could be different

even we use the same letter C. The commutator rA,Bs “ AB ´ BA. Given a function

gp¨, tq : R Ñ R, the composition fp¨, tq ˝ g :“ fpgp¨, tq, tq. We identify the R2 with the

complex plane. A point px, yq is identified as x` iy. For a point z “ x` iy, z̄ represents the

complex conjugate of z.

3.2 Preliminaries

In this section, we define the class of holomorphic functions that are considered in this

paper, and define the function spaces, norms involved. Also, we collect the preliminary

analytical tools such as double layer potential theory, commutator estimates and some basic

identities.
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3.2.1 Two classes of holomorphic functions

We define two classes of holomorphic functions.

(1) Bounded holomorphic functions which decays nontangentially,

(2) Periodic holomorphic functions which approaches 0 as y Ñ ´8.

Periodic holomorphic functions are used to explore the periodic water waves system, while

bounded holomorphic functions which decays non-tangentially is a good setting for water

waves with initial data of the form Xs. For convenience, we introduce the following notation.

Definition III.1. Denote

HolN pΩptqq : “
!

F p¨, tq : Ωptq Ñ C bounded holomorphic, decays nontangentially in Ωptq.
)

(3.1)

Denote

HolPpΩ0
ptqq :“

!

φp¨, tq :Ω0
ptq Ñ C bounded, holomorphic, 2π periodic in Ω0

ptq,

lim
Im zÑ´8

φpz, tq “ 0
)

.
(3.2)

Remark III.2. Let f P L2
locpRq. If f “ Φ ˝ ζ for some Φ P HolN pΩptqq, then we say f P

HolN pΩptqq.

3.2.2 Fourier transform

In this subsection we define the Fourier transform on R and on T :“ r´π, πs.

Definition III.3. Let f P L2pRq, then we Fourier transform of f as

pfpξq “

ż 8

´8

fpxqe´2πixξdx.
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Let g P L2pTq. Then define Fourier transform of f on T, still denoted by pg:

pgpξq :“
1

2π

ż

T
gpxqe´ixξdx.

3.2.3 Function spaces

In this subsection, we define some function spaces that we’ll use in this paper.

Definition III.4. (1) Let s ě 0, we define

Hs
pRq :“ tf P L2

pRq :

ż 8

´8

p1` |2πξ|2qs| pfpξq|2dξ ă 8u,

and we define the norm ‖¨‖Hs by

‖f‖2
Hs “

ż 8

´8

p1` |2πξ|2qs| pfpξq|2dξ.

(2) We define

Hs
pTq :“ tf P L2

pTq :
ÿ

mPZ

p1`m2
q
s
| pfpmq|2 ă 8u,

and we define the norm

‖f‖2
HspTq :“

ÿ

mPZ

p1`m2
q
s
| pfpmq|2.

(3) Let J “ R or T. Without loss of generality, assume s ě 0 is an integer. Define

W s,8
pJq :“ tf P L8pJq :

s
ÿ

m“0

‖Bmα f‖L8pJq ă 8u.

Define the norm

‖f‖W s,8pJq :“
s
ÿ

m“0

‖Bmα f‖L8pJq .

We’ll use the following Sobolev embedding a lot.
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Lemma III.5. (1) If s ą 1{2, and f P HspRq, then f P L8, and

‖f‖L8pRq ď Cpsq‖f‖HspRq .

(2) If s ą 1{2, and f P HspTq, then f P L8, and

‖f‖L8pTq ď Cpsq‖f‖HspTq .

Definition III.6. Let s ě 0. Let s0 ą 3{2 be fixed. Define

Xs :“ tf “ f0 ` f1 : f1 P H
s
pRq, f0 P H

s`s0pTqu. (3.3)

Associate Xs with the norm

‖f‖Xs “‖f0‖Hs`s0 pTq `‖f1‖HspRq . (3.4)

Lemma III.7. Let s ě 0. Then Xs is a Banach space.

Remark III.8. Let f P Xs. The decomposition f “ f0`f1 for f0 P H
s`s0pTq and f1 P H

spRq

is unique.

3.2.4 Hilbert transform and double layer potential

Let ζ “ ζpα, tq be a chord-arc for every fixed time t, we denote the Hilbert transform

associated with ζ by Hζ , i.e.,

Hζfpαq :“
1

πi
p.v.

ż 8

´8

ζβpβq

ζpα, tq ´ ζpβ, tq
fpβqdβ. (3.5)

Remark III.9. We’ll also use the notation Hω,Hζ̃ ,Hω̃ in this paper, represents Hilbert trans-

form associated with ω, ζ̃, ω̃, respectively. We denote H the Hilbert transform associated

with ζpαq “ α.
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The double layer potential operator K associated with ζ is given by

Kζfpαq :“ p.v.

ż 8

´8

Ret
1

πi

ζβ
ζpα, tq ´ ζpβ, tq

ufpβqdβ. (3.6)

The adjoint of the double layer potential operator K˚ζ associated with ζ is defined by

K˚ζ fpαq :“ p.v.

ż 8

´8

Ret´
1

πi

ζα
|ζα|

|ζβ|

ζpα, tq ´ ζpβ, tq
ufpβqdβ. (3.7)

For periodic functions, we use also the following version of Hilbert transform. Let Γptq

be a chord-arc, Γptq “ tωpα, tq : α P Ru, where ω ´ α is periodic. Let Ω0ptq be the region

below the curve Γptq. Define the periodic Hilbert transform associated with Γ as

Hpfpαq :“
1

2πi
p.v.

ż

T
ωβpβq cotp

1

2
pωpα, tq ´ ωpβ, tqqfpβqdβ. (3.8)

Remark III.10. Please note the difference between Hω ad Hp.

The corresponding double layer potential operator Kp is given by

Kpfpαq :“ p.v.

ż

T
Ret

1

2πi
ωβpβq cotp

1

2
pωpα, tq ´ ωpβ, tqqqufpβqdβ. (3.9)

The corresponding adjoint K˚p of Kp is given by

K˚pfpαq :“ p.v.

ż

T
Ret´

1

2πi

ωα
|ωα|

|ωβpβq| cotp
1

2
pωpα, tq ´ ωpβ, tqqqufpβqdβ. (3.10)

3.2.4.1 Characterization of holomorphic functions

For holomorphic functions which decay nontangentially, we have the following description.

Lemma III.11. Let f P HolN pΩptqq. Then Hζf is defined and

pI ´Hζqf “ 0.
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Proof. This is a consequence of Cauchy’s theorem.

We have the following well-known characterization of periodic holomorphic functions.

Lemma III.12. Assume f P L2pTq. Then f P HolPpΩ0ptqq if and only if

pI ´Hpqf “ 0.

We’ll use the following boundedness of Hilbert transform and double layer potential

operators. Suppose that ζ, ω exist on r0, T0s for some constant T0 ą 0, and satisfy the

following chord-arc condition: There exist constants α0, β0, α
1
0, β

1
0 such that for all t P r0, T0s,

α0|α ´ β| ď |ζpα, tq ´ ζpβ, tq| ď β0|α ´ β|, (3.11)

and

α10|α ´ β| ď |ωpα, tq ´ ωpβ, tq| ď β10|α ´ β|, (3.12)

Lemma III.13. Assume ζpα, tq, ωpα, tq satisfy (3.11) and (3.12), respectively. Then there

exist constants C1 “ C1pα0, β0q and C2 “ C2pα
1
0, β

1
0q such that

∥∥Hζf
∥∥
L2pRq ď C1‖f‖L2pRq . (3.13)

∥∥Hpf
∥∥
L2pTq ď C2‖f‖L2pTq . (3.14)

∥∥pI ´Kζq´1f
∥∥
L2pRq ď C1‖f‖L2pRq . (3.15)

∥∥pI ´Kpq´1f
∥∥
L2pTq ď C2‖f‖L2pTq . (3.16)∥∥∥pI ´K˚ζ q´1f

∥∥∥
L2pRq

ď C1‖f‖L2pRq . (3.17)

||pI ´K˚pq´1f ||L2pTq ď C2||f ||L2pTq. (3.18)

Proof. See for example Chapter 4 of [59] for the case on L2pRq. The case on L2pTq can be
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proved in a similar way.

Remark III.14. Because we consider smooth and small solution, indeed we have for real

function f , for ω such that ω ´ α small, an easy calculation gives

∥∥Kpf∥∥HspTq ď Cε‖f‖HspTq .

From this, the boundedness of pI ´Kpq´1 follows immediately.

3.2.5 Some basic identities

For convenience, we record a variant of Lemma II.12 here. The differences between

Lemma II.12 and Lemma III.15 are: First, Lemma II.12 is in lagrangian coordinates, while

Lemma III.15 is in another coordinates. Second, Lemma III.15 holds not only for functions

vanishing at 8, but also for functions in Xs. Nevertheless, the proof of the two lemmas are

the same.

Lemma III.15. Let T0 ą 0 be fixed. Assume Dtζ, ζα ´ 1 P C1pr0, T0s;X
1q, f P X2. We

have

rDt,Hζsf “rDtζ,Hζs
Bαf

ζα
(3.19)

rD2
t ,Hζsf “rD

2
t ζ,Hs

fα
ζα
` 2rDtζ,Hζs

BαDtf

ζα
(3.20)

´
1

πi

ż 8

´8

p
Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq
q
2fβpβ, tqdβ (3.21)

rABα,Hζsf “rAζα,Hζs
fα
ζα
, BαHζf “ ζαHζ

fα
ζα

(3.22)

rD2
t ´ iABα,Hζsf “2rDtζ,Hζs

BαDtf

ζα
´

1

πi

ż 8

´8

p
Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq
q
2fβpβ, tqdβ (3.23)

For proof, see [71].

We also need some commutator identities for periodic functions.
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Lemma III.16. Let T0 ą 0 be fixed. Assume that f P C2
t,xpr0, T0s ˆ Tq. We have

rBα,Hpsf “ rωα,Hps
fα
ωα
. (3.24)

rgBα,Hpsf “ rgωα,Hps
fα
ωα
, @ g P L8pTq. (3.25)

rBt,Hpsf “ rωt,Hps
fα
ωα
. (3.26)

rD0
t ,Hpsf “ rD

0
tω,Hps

fα
ωα
. (3.27)

rpD0
t q

2,Hpsf “rpD
0
t q

2ω,Hps
fα
ωα
` 2rD0

tω,Hps
BαD

0
t f

ωα

´
1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

fβdβ.

(3.28)

rpD0
t q

2
´ iA0Bα,Hpsf “2rD0

tω,Hps
BαD

0
t f

ωα
´

1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

fβdβ. (3.29)

Proof. Note that

Hpfpαq “ ´
1

πi

ż

T
Bβ log sinp

1

2
pωpαq ´ ωpβqqqfpβqdβ

“
1

πi

ż

T
log sinp

1

2
pωpαq ´ ωpβqqqfβpβqdβ.

Using this, we obtain (3.24). (3.25) is proved exactly the same way. (3.26) is prove similarly.

(3.27) is a direct consequence of (3.25) and (3.26).

To prove (3.28), by changing of variable, it suffices to prove

rB
2
t ,Hpsf

“rB
2
tω,Hps

fα
ωα
` 2rωt,Hps

ftα
ωα
´

1

4πi

ż

T

´ ωtpαq ´ ωtpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

fβdβ.
(3.30)
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(3.30) is a direct consequence of (3.26) and the following identity:

rB
2
t ,Hpsf “ BtrBt,Hpsf ` rBt,HpsBtf.

Remark III.17. The identities in lemma III.15 and lemma III.16 hold true in BMO sense.

3.2.6 Basic commutator estimates

We’ll need to use the commutator estimates which we’ve used in Chapter 2. For the

reader’s convenience, we record them in the following. Let m ě 1 be an integer. Define

S1pA, fq “

ż

R

m
ź

j“1

Ajpαq ´ Ajpβq

γjpαq ´ γjpβq

fpβq

γ0pαq ´ γ0pβq
dβ. (3.31)

S2pA, fq “

ż

R

m
ź

j“1

Ajpαq ´ Ajpβq

γjpαq ´ γjpβq
fβpβqdβ. (3.32)

We have the following comutator estimates, which can be found in [63], [71].

Proposition III.18. (1) Assume each γj satisfies the chord-arc condition

C0,j|α ´ β| ď |γjpαq ´ γjpβq| ď C1,j|α ´ β|, (3.33)

where C0,j, C1,j are positive constants and C0,j ď C1,j, 1 ď j ď m. Then both ‖S1pA, fq‖L2

and ‖S2pA, fq‖L2 are bounded by

C
m
ź

j“1

∥∥∥A1j∥∥∥
Xj
‖f‖X0

,

where one of the X0, X1, ...Xm is equal to L2 and the rest are L8. The constant C depends

on
∥∥∥γ1j∥∥∥´1

L8
, j “ 1, ..,m.
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(2) Let s ě 3 be given, and suppose chord-arc condition (3.33) holds for each γj, assume

γj ´ 1 P Hs´1.then

‖S2pA, fq‖Hs ď C
m
ź

j“1

∥∥∥A1j∥∥∥
Yj
‖f‖Z ,

where for all j “ 1, ...,m, Yj “ Hs´1 or W s´2,8 and Z “ Hs or W s´1,8. The constant C

depends on
∥∥∥γ1j ´ 1

∥∥∥
Hs´1

, j “ 1, ...,m.

Let m ě 1 be integer. Define

S̃1pf, gq :“ rg,Hps
fα
ωα
. (3.34)

S̃2pA, fq “

ż

T

m
ź

j“1

Ajpαq ´ Ajpβq

sinp1
2
pωpα, tq ´ ωpβ, tqq

fβpβqdβ. (3.35)

We have

Proposition III.19. Assume ω satisfies the chord-arc condition (3.12). Then

∥∥∥S̃1pf, gq
∥∥∥
HspTq

ď C‖f‖HspTq‖g‖HspTq , (3.36)

∥∥∥S̃2pA, fq
∥∥∥
Hs
ď C

m
ź

j“1

∥∥∥A1j∥∥∥
Hs´1pTq

‖f‖Hs , (3.37)

where the constant C depends on ‖ωα‖Hs´1pTq , j “ 1, ...,m.

Proof. This can be derived from Proposition III.18.

3.3 Water wave system in periodic setting

In this section, we use S. Wu’s method (see ([71], [72]) to give a sketch of proof of long

time existence of water wave system in periodic setting. Long time existence of periodic

water waves is not new, the methods in [71][39][1][32] all imply cubic lifespan for 2d gravity

water waves with small initial data. We use S. Wu’s method to sketch the proof here because
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we need to bound the quantities such as b0, A0, ω ´ α,D0
tω, pD

0
t q

2ω on time scale Opε´2q in

later sections, and also because we need to use this method to prove the remainder term r0

remains small for sufficiently long times. Solution of this periodic water waves system has

the same boundary values at spatial infinity as a water waves system whose initial data is

assumed to be in Xs.

3.3.1 Notation

Recall that D0
t “ Bt ` b0Bα, for some function b0. Dt “ Bt ` bBα. Ω0ptq be the region

bounded above by the graph ω.

3.3.2 Set up of the periodic water waves system

Consider the periodic water waves system

$

’

’

&

’

’

%

ppD0
t q

2 ´ iA0Bαqω “ ´i

ω̄ ´ α,D0
t ω̄ P HolPpΩ0ptqq.

(3.38)

Let κ0 : RÑ R be a diffeomorphism given by

pκ0qt “ b0 ˝ κ0. (3.39)

Then the change of coordinates α ÞÑ κ0pαq brings the system (3.38) back to Lagrangian

coordinates, namely, with pa0Bακ0q ˝ κ
´1
0 “ A0, we have

$

’

’

&

’

’

%

pω ˝ κ0qtt ´ ia0Bαω ˝ κ0 “ ´i

pω ˝ κ0qt P HolPpΩ0ptqq.

(3.40)
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Take Bt on both sides of the above equation, we get :

pB
2
t ´ ia0Bαqpω ˝ κ0qt “ ipa0qtBαω ˝ κ0 “

pa0qt

a0

ia0ωα ˝ κ. (3.41)

Precomposing with κ´1
0 on both sides of the above equation, we obtain,

ppD0
t q

2
´ iA0BαqD

0
tω “ i

pa0qt

a0

˝ κ´1
0 A0ωα. (3.42)

Similar to the derivation of formula for b, A, at
a
˝ κ´1 in [71], we can derive formula

for b0, A0,
pa0qt
a0
˝ κ´1

0 . We give the details for the derivation of formula for b0. Formula for

A0,
pa0qt
a0
˝ κ´1

0 follow in a similar way.

3.3.3 Formula for b0

We have

pI ´Hpqb0 “ ´rD
0
tω,Hps

ω̄α ´ 1

ωα
. (3.43)

Proof. By assumption, ω̄ ´ α “ Φ0pωpα, tq, tq, Dtω̄ “ Ψ0pωpα, tq, tq, where Φ0,Ψ0 P HolP .

We have

D0
t ω̄ “pBt ` b0Bαqpω̄ ´ αq ` b0

“D0
tωpΦ0qω ˝ ω ` pΦ0qt ˝ ω ` b0.

(3.44)

Note that D0
t ω̄, pΦ0qt ˝ ω P HolP , we have

pI ´HpqDtω̄ “ 0, pI ´HpqpΦ0qt ˝ ω “ 0.

Also note that

pΦ0qω ˝ ω “
ω̄α ´ 1

ωα
.
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Apply I ´Hp on both sides of (3.44), we have

pI ´Hpqb0 “ pI ´HpqD
0
tω
ω̄α ´ 1

ωα
“ ´rD0

tω,Hps
ω̄α ´ 1

ω
.

3.3.4 Formula for A0

pI ´HpqpA0 ´ 1q “ irpD0
t q

2ω,Hps
ω̄α ´ 1

ωα
` irpD0

t qω,Hps
BαpD

0
t qω̄

ωα
. (3.45)

3.3.5 Formula for pa0qt
a0
˝ κ´1

0

We have

´ipI ´Hpq

´

A0ω̄αp
pa0qt

a0

q ˝ κ´1
0

¯

“2rpD0
t q

2ω,Hps
BαD

0
t ω̄

ωα
` 2rD0

tω,Hps
BαpD

0
t q

2ω̄

ωα

´
1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

BβD
0
t ω̄dβ.

(3.46)

3.3.6 Local well-posedness

(3.38) is a fully nonlinear system. To prove local well-posedness, one way is to quasilin-

earize this system. In [69], S. Wu showed that for water waves which vanish at infinity, one

can quasilinearize (3.38) by just taking one derivative in time. For periodic case, we have

quasilinearization
$

’

’

&

’

’

%

ppD0
t q

2 ´ iA0BαqD
0
tω “ i pa0qt

a0
˝ κ´1ωα,

D0
t ω̄ P HolPpΩ0ptqq.

(3.47)

By formula (3.43), (3.45) together with Proposition III.19, the system (3.47) is a quasilinear

system. So the local well-posedness can be obtained similar to the work of S. Wu[69]. We

omit the details and state the result as follows:

146



Theorem III.1 (local well-posedness). Let s ě 4. Assume that ωp0q, D0
tωp0q, pD

0
t q

2ωp0q

satify the compatiability condition, i.e., ω̄p0q ´ α,D0
t ω̄p0q P HolPpΩ0p0qq, and

pI ´HPqpA0p0q ´ 1q “ irpD0
t q

2ωp0q,HPs
Bαω̄p0q ´ α

Bαωp0q
` irD0

tωp0q,HPs
BαD

0
t ω̄p0q

Bαωp0q
.

Assume pBαωp0q´ 1, D0
tωp0q, pD

0
t q

2ωp0qq P HspTqˆHs`1{2pTqˆHspTq. Then there is T ą 0

depending on the norm of the initial data such that the water waves system (3.38) has a

unique solution ω “ ωpα, tq for t P r0, T s, satisfying

pωαptq ´ 1, D0
tωptq, pD

0
t q

2ωptqq P Cpr0, T s;Hs
pTq ˆHs`1{2

pTq ˆHs
pTqq. (3.48)

Moreover, if Tmax is the supremum over all such times T , then either Tmax “ 8, or Tmax ă

8, but

lim
tÒTmax

∥∥pD0
tωptq, pD

0
t q

2ωptqq
∥∥
HspTqˆHspTq “ 8, (3.49)

or

sup
α‰β

ˇ

ˇ

ˇ

ωpα, tq ´ ωpβ, tq

α ´ β

ˇ

ˇ

ˇ
` sup

α‰β

ˇ

ˇ

ˇ

α ´ β

ωpα, tq ´ ωpβ, tq

ˇ

ˇ

ˇ
“ 8, (3.50)

or

lim
tÒTmax

inf
αPR

A0pα, tq|ωαpα, tq| ď 0. (3.51)

3.3.7 Long time behavior

We use S. Wu’s method ([71]) to study the long time behavior of periodic water waves with

small initial data. Consider the quantity θ̃0 :“ pI´HPqpω´ω̄q and σ̃0 :“ D0
t pI´HPqpω´ω̄q.

One can show that

∥∥∥Bαθ̃0

∥∥∥
Hs1 pTq

«‖Bαω ´ 1‖Hs1 pTq , ‖σ̃0‖Hs1`1{2pTq «
∥∥D0

tω
∥∥
Hs1`1{2pTq . (3.52)
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Apply lemma III.16, we obtain

ppD0
t q

2
´ iA0qθ̃0

“´ 2rD0
tω,Hp

1

ωα
` H̄p

1

ω̄α
s
BαD

0
tω

ωα
`

1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

Bβpω ´ ω̄qdβ

:“G0,

(3.53)

and

ppD0
t q

2
´ iA0Bαqσ̃0 “ D0

tG0 ` rpD
0
t q

2
´ iA0Bα, D

0
t sθ̃0. (3.54)

Note that

rpD0
t q

2
´ iA0Bα, D

0
t sθ̃0 “ ip

pa0qt

a0

q ˝ κ´1
0 A0Bαθ̃0, (3.55)

which is cubic. So we can prove long time existence. We state the result as follows.

Theorem III.2 (Long time existence). Let s1 ě 6. Let ωp0q, D0
tωp0q, pD

0
t q

2ωp0q satisfy the

compatibility condition as in Theorem III.1. There exists ε0 “ ε0ps
1q ą 0 such that for all

ε ă ε0, if ∥∥pBαωp0q ´ 1, D0
tωp0q, pD

0
t q

2ωp0qq
∥∥
Hs1 pTqˆHs1`1{2pTqˆHs1 pTq ď ε,

then there exists a positive constant C0 “ C0ps
1q such that the solution to (3.38) exists on

r0, C0ε
´2s, and

sup
tPr0,C0ε´2s

∥∥pBαωptq ´ 1, D0
tωptq, pD

0
t q

2ωptqq
∥∥
Hs1 pTqˆHs1`1{2pTqˆHs1 pTq ď 2ε.

As a consequence, use formula (3.43), (3.45), (3.46), and use lemma III.13, we obtain

bounds for b0, A0,
pa0qt
a0
˝ κ´1

0 .

Corollary III.20. With the assumptions in Theorem III.2, there exists C ą 0 independent

of ε and ω such that for all t P r0, C0ε
´2s,

‖b0ptq‖Hs1 pTq `‖A0ptq ´ 1‖Hs1 pTq `

∥∥∥∥pa0qt

a0

˝ κ´1
0

∥∥∥∥
Hs1 pTq

ď Cε2. (3.56)
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In particular, by Sobolev embedding, we have

‖b0ptq‖W s1´1,8pTq `‖A0ptq ´ 1‖W s1´1,8pTq `

∥∥∥∥pa0qt

a0

˝ κ´1
0

∥∥∥∥
W s1´1,8pTq

ď Cε2. (3.57)

Proof. For (3.56), take real part of equations (3.43), (3.45), and (3.46), respectively, then

use (3.18). For (3.57), use lemma III.5 and (3.56).

Another consequence is the following.

Corollary III.21. The quantities Hωpω̄ ´ αq, HωD
0
t ω̄, Hω

ω̄α´1
ωα

and Hω
BαD0

t ω̄

ωα
are well-

defined, and

pI ´Hωqpω̄ ´ αq “ 0. (3.58)

pI ´HωqD
0
t ω̄ “ 0. (3.59)

pI ´Hωq
ω̄α ´ 1

ωα
“ 0. (3.60)

pI ´Hωq
BαD

0
t ω̄

ωα
“ 0. (3.61)

Proof. The functions ω̄´α, ω̄α´1
ωα

, D0
t ω̄,

BαD0
t ω̄

ωα
are in HolN pΩ0ptqq. Then the corollary follows

from lemma III.11.

Remark III.22. Note that in the above corollary, the Hilbert transform is defined by

Hωfpαq “
1

πi
p.v.

ż 8

´8

ωβ
ωpαq ´ ωpβq

fpβqdβ.

For a bounded smooth function f , Hωf does not always define an L8 function. In such

cases, Hωf is interpreted in BMO sense.

Notation Denote

P :“ D2
t ´ iABα, P0 :“ pD0

t q
2
´ iA0Bα.
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3.4 Water waves system with data in Xs

We consider long time existence of non-vanishing water waves system with data of the

form Xs :“ HspRq`Hs1pTq. This is a natural generalization of the current known long time

existence results for water waves. Moreover, if we restrict ourselves to smooth water waves,

then this class of water waves has included many physically relevant situations.

Let pω,D0
tω, pD

0
t q

2ωq be the solution to the periodic water wave system in the previous

section. We consider the class of solutions of water wave system with boundary values ωpα, tq

at α “ ˘8, i.e., we consider

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

pD2
t ´ iABαqζ “ ´i

ζ̄ ´ α, Dtζ̄ P HolN pΩptqq

limαÑ˘8pζ ´ ωq “ 0

limαÑ˘8pDtζ ´D
0
tωq “ 0.

(3.62)

Recall that Dt “ Bt` bBα. b and A cannot be arbitrary. Instead, they are determined by the

water wave system and the constraint that ζ̄ ´ α,Dtζ̄ P HolN pΩptqq. Denote

ζ̄ ´ α “ Φpζpα, tq, tq, Dtζ̄ “ Ψpζpα, tq, tq,

where Φ,Ψ P HolN pΩptqq.

In the following subsections, we derive formula for b, A and at
a
˝ κ´1, etc. The derivation

is almost the same as that in [71], except that we are dealing with functions which are not

necessarily vanishing at 8, and that the formula might hold only in BMO sense.

3.4.1 Formula for b and b0

pI ´Hζqb “ ´rDtζ,Hζs
ζ̄α ´ 1

ζα
, (3.63)
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and

pI ´Hωqb0 “ ´rD
0
t b0,Hωs

Bαω̄ ´ 1

ωα
. (3.64)

Proof. We have

Dtζ̄ “ b` Φt ˝ ζ `DtζΦζ ˝ ζ “ b` Φt ˝ ζ `Dtζ
ζ̄α ´ 1

ζα
.

Since Dtζ̄ ,Φt,Φζ P HN pΩptqq, if we apply pI ´Hζq on both sides of the above equation and

use lemma III.11, we have

0 “pI ´Hζqb` pI ´HζqDtζ
ζ̄α ´ 1

ζα

“pI ´Hζqb` rDtζ,Hζs
ζ̄α ´ 1

ζα
.

So we have1

pI ´Hζqb “ ´rDtζ,Hζs
ζ̄α ´ 1

ζα
. (3.65)

So we obtain (3.63). Use completely the same proof, we have

pI ´Hωqb0 “ ´rD
0
t b0,Hωs

Bαω̄ ´ 1

ωα
. (3.66)

So we obtain (3.64).

3.4.2 Formula for A

Use the water wave system, we have D2
t ζ̄ ` iAζ̄α “ i. Note that

D2
t ζ̄ “ DtDtζ̄ “ DtΨ ˝ ζ “ Ψt ˝ ζ `DtζΨζ ˝ ζ Ψζ “

BαDtζ̄

ζα
. (3.67)

1Note that Hζb and Hωb0 are defined as BMO functions. Moreover, Hζb ´ Hωb0 P HspRq. Similar
properties hold for other quantities such as A,A0.
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iAζ̄α “ iA` iABαpζ̄ ´ αq “ iA` iAζα
ζ̄α ´ 1

ζα
“ iA` pD2

t ζ ` iq
ζ̄α ´ 1

ζα
. (3.68)

Since Ψt,
ζ̄α´1
ζα

P HolN , by lemma III.11, we have

pI ´HζqΨζ ˝ ζ “ 0, pI ´HζqΨt ˝ ζ “ 0, pI ´Hζq
ζ̄α ´ 1

ζα
“ 0. (3.69)

Apply pI ´Hζq on both sides of D2
t ζ̄ ` iAζ̄α “ i, use (3.67), (3.68), and (3.69), we have

pI ´HζqDtζ
BαDtζ̄

ζα
` pI ´HζqipA´ 1q ` pI ´HζqD

2
t ζ
ζ̄α ´ 1

ζα
“ 0. (3.70)

Use (3.69) again, we can write (3.70) in commutator form:

pI ´HζqpA´ 1q “ irDtζ,Hζs
BαDtζ̄

ζα
` irD2

t ζ,Hζs
ζ̄α ´ 1

ζα
. (3.71)

Use completely the same argument, we get a nonlocal version of formula for A0:

pI ´HωqpA0 ´ 1q “ irD0
tω,Hωs

BαD
0
t ω̄

ωα
` irpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα
. (3.72)

Remark III.23. Formula (3.71) implies that A´ 1 is quadratic.

3.4.3 Formula for at
a
˝ κ´1 and pa0qt

a0
˝ κ´1

0

Apply Dt on both sides of pD2
t ` iABαqζ̄ “ i, we have

pD2
t ` iABαqDtζ̄ “ ´i

at
a
˝ κ´1Aζ̄α. (3.73)
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Apply pI ´Hζq on both sides of (3.73), use pI ´HζqDtζ̄ “ 0, we have

´ ipI ´Hζq
at
a
˝ κ´1Aζ̄α

“pI ´HζqpD
2
t ` iABαqDtζ̄

“rD2
t ` iABα,HζsDtζ̄

“2rD2
t ζ,Hζs

BαDtζ̄

ζα
` 2rDtζ,Hζs

BαD
2
t ζ̄

ζα
´

1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

BβDtζ̄dβ.

(3.74)

So we have

pI ´Hζqp
at
a
q ˝ κ´1Aζ̄α

“2irD2
t ζ,Hζs

BαDtζ̄

ζα
` 2irDtζ,Hζs

BαD
2
t ζ̄

ζα
´

1

π

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

BβDtζ̄dβ.
(3.75)

Use the same argument, we get nonlocal version of formula for pa0qt
a0
˝ κ´1

0 :

pI ´Hωqp
pa0qt

a0

˝ κ´1
0 A0ω̄αq “2irpD0

t q
2ω,Hωs

BαD
0
t ω̄

ωα
` 2irD0

tω,Hωs
BαpD

0
t q

2ω̄

ωα

´
1

π

ż

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

BβD
0
t ω̄dβ

(3.76)

3.4.4 Formula for b´ b0

Write b “ b0 ` b1. By (3.63), (3.64), we have

pI ´Hζqb´ pI ´Hωqb0 “´ rDtζ,Hζ
1

ζα
spζ̄α ´ 1q ` rD0

tω,Hω
1

ωα
spω̄α ´ 1q

So we obtain

pI ´Hζqpb´ b0q “ ´ rDtζ ´D
0
tω,Hζs

ζ̄α ´ 1

ζα
´ rD0

tω,Hζ
1

ζα
´Hω

1

ωα
spζ̄α ´ 1q

´ rD0
tω,Hω

1

ωα
spξ̄1qα ´ pHζ ´Hωqb0.

(3.77)
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3.4.5 Formula for at
a
˝ κ´1 ´

pa0qt
a0
˝ κ´1

0

We have

pI ´Hζq

!

Aζ̄α

”at
a
˝ κ´1

´
pa0qt

a0

˝ κ´1
0

ı)

“pI ´Hζq

´

Aζ̄α

´at
a

¯

˝ κ´1
¯

´ pI ´Hωq

´

A0ω̄α

´

pa0qt

a0

¯

˝ κ´1
0

¯

` pHζ ´Hωq

´

A0ω̄α

´

pa0qt

a0

¯

˝ κ´1
0

¯

.

(3.78)

3.4.6 Formula for Dtb1

The idea of deriving formula for Dtb1 is the same as that for b1: find formula for Dtb

and D0
t b0 and then consider their difference. The derivation of formula for Dtb and D0

t b0

are similar to that in S. Wu’s paper (See Proposition 2.7 of [71]). We record the formula as

follows.

pI ´HζqDtb “rDtζ,Hζs
Bαp2b´Dtζ̄q

ζα
´ rD2

t ζ,Hζs
ζ̄α ´ 1

ζα

`
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

pζ̄βpβq ´ 1qdβ.

(3.79)

For the periodic part, we have

pI ´HωqD
0
t b0 “rD

0
tω,Hωs

Bαp2b0 ´D
0
t ω̄q

ζα
´ rpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα

`
1

πi

ż

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

pω̄βpβq ´ 1qdβ.

(3.80)
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Subtract (3.80) from (3.79) , we have

pI ´HζqDtb1

“pI ´HζqDtb´ pI ´HωqD
0
t b0 ` pHζ ´HωqD

0
t b0 ´ pI ´Hζqb1Bαb0

“rDtζ,Hζs
Bαp2b´Dtζ̄q

ζα
´ rD0

tω,Hωs
Bαp2b0 ´D

0
t ω̄q

ζα

´ rD2
t ζ,Hζs

ζ̄α ´ 1

ζα
` rpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα

`
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

pζ̄βpβq ´ 1qdβ ´
1

πi

ż

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

pω̄βpβq ´ 1qdβ

` pHζ ´HωqD
0
t b0

´ pI ´Hζqb1Bαb0.

(3.81)

3.4.7 Formula for A´ A0

By (3.71) and (3.72), we have

pI ´HζqpA´ A0q “irD
2
t ζ,Hζs

ζ̄α ´ 1

ζα
´ irpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα

` irDtζ,Hζs
BαDtζ̄

ζα
´ irD0

tω,Hωs
BαD

0
t ω̄

ωα

` pHω ´HζqpA0 ´ 1q.

(3.82)

Now we have formula for b1, Dtb1, A1. So that we have a quasilinear system. It’s not difficult

to obtain local well-posedness of this quasilinear system. We omit the details and focus on

the long time existence.

3.4.8 A discussion on long time existence

In order to prove long time well-posedness, one idea is to find some quantity ζ with

Dtθ « Dtζ, such that

Pθ “ cubic.
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In [71], S. Wu take θ “ pI ´Hζqpζ ´αq and show that Pθ consists of cubic and higher order

terms. For water waves that is neither periodic nor vanishing at spatial infinity, if we take

θ “ pI ´Hζqpζ ´ αq, then Pθ is still cubic, at least in BMO sense. As was explained in the

introduction, since θ is not in any L2pRq based spaces, it’s difficult to associate Pθ “ cubic

with an appropriate energy which still preserves this cubic structure.

Note however that, given any compatible initial data pζpα, 0q, Dtζpα, 0q, D
2
t ζpα, 0qq be

such that

pBαζpα, 0q ´ 1, Dtζpα, 0q, D
2
t ζpα, 0qq P X

s
ˆXs`1{2

ˆXs,

by Theorem III.2, ωpα, tq, D0
tωpα, tq, pD

0
t q

2ωpα, tq exists on time scale Opε´2q, so we need

only to consider long time existence for ξ1 :“ ζ ´ ω and Dtξ1: and it’s advantageous to do

so, because ξ1pα, tq and Dtξ1pα, tq vanish as α Ñ 8, while ζ ´ α and Dtζ oscillate at 8. It

turns out that PpI ´Hζqξ1 consists of cubic and higher order nonlinearities. So we are able

to prove long time existence in our situation.

3.4.9 Governing equation for ξ1

3.4.9.1 PpI ´Hζqpζ ´ αq

In [71], the key ingredients that S. Wu derived PpI ´Hζqpζ ´ αq are:

pI ´HζqDtζ̄ “ 0, pI ´Hζqpζ̄ ´ αq “ 0, pI ´Hζq
ζ̄α ´ 1

ζα
“ 0, Pζ “ ´i. (3.83)

In our situation, (3.83) is still true, despite that we have non-vanishing water waves at 8.

Use the same derivation as in [71], we have

PpI ´Hζqpζ ´ αq

“ ´ 2rDtζ,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ `

1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβpζ ´ ζ̄qdβ

:“G.

(3.84)
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Similarly,

P0pI ´Hωqpω ´ αq

“ ´ 2rD0
tω,Hω

1

ωα
` H̄ω

1

ω̄α
sBβD

0
tω `

1

πi

ż 8

´8

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

Bβpω ´ ω̄qdβ

:“G0.

(3.85)

3.4.9.2 An equivalent quantity of ξ1

Denote

λ :“ pI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αq. (3.86)

The reason we consider this quantity is that at least formally, we have known PpI´Hζqpζ´ζ̄q

and P0pI´Hωqpω´ω̄q consist of cubic and higher order terms. So the quantity PpI´Hζqpζ´

ζ̄q ´ P0pI ´Hωqpω ´ ω̄q is at least cubic. Moreover, P ´ P0 is quadratic. So Pλ is cubic.

Note that λ might not be holomorphic in Ωptq. To avoid loss of derivatives, we consider

the quantity

θ :“ pI ´Hζqλ. (3.87)

First we derive water waves equation for Pλ, and then we derive PpI ´ Hζqλ. Direct

calculation gives

D2
t ´ pD

0
t q

2
“D2

t ´DtD
0
t `DtD

0
t ´ pD

0
t q

2

“Dtpb1Bαq ` b1BαD
0
t

“pDtb1qBα ` b1DtBα ` b1BαD
0
t .

(3.88)
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Then we have

Pλ “PpI ´Hζqpζ ´ αq ´ P0pI ´Hωqpω ´ αq ` pP ´ P0qpI ´Hωqpω ´ αq

“ ´ 2rDtζ,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ ` 2rD0

tω,Hω
1

ωα
` H̄ω

1

ω̄α
sBαD

0
tω

`
1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ

´
1

πi

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

pω ´ ω̄qβdβ

`Dtb1BαpI ´Hωqpω ´ αq ` b1DtBαpI ´Hωqpω ´ αq

` b1BαD
0
t pI ´Hωqpω ´ αq ´ iA1BαpI ´Hωqpω ´ αq.

(3.89)

So Pλ consists of cubic and higher order nonlinearities. Note that

Pθ “PpI ´Hζqλ

“pI ´HζqPλ´ rP ,Hζsλ.

(3.90)

We have

rP ,Hζsλ “2rDtζ,Hζs
BαDtλ

ζα
´

1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβλdβ. (3.91)

Note that

λ “pI ´Hζqpζ ´ ωq ` pHω ´Hζqpω ´ αq

“pI ´Hζqξ1 ` pHω ´Hζqpω ´ αq

:“λ1 ` λ2.

(3.92)

λ2 is quadratic, so rDtζ,Hζs
BαDtλ2
ζα

is cubic. λ1 is holomorphic in Ωptqc, so rDtζ, H̄ζ
1
ζ̄α
sBαDtλ1

is cubic. So

rDtζ,Hζs
BαDtλ1

ζα
“ ´rDtζ, H̄ζs

BαDtλ1

ζ̄α
` rDtζ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtλ1
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is cubic.

3.4.10 Governing equation for Dtθ.

The nonlinearities PpI´HζqDtθ contains a term of the form D2
t b1, which loses derivatives

in energy estimates. So we consider the quantity

σ “ pI ´HζqrDtpI ´Hζqpζ ´ αq ´D
0
t pI ´Hωqpω ´ αqs.

Denote

χ :“ DtpI ´Hζqpζ ´ αq ´D
0
t pI ´Hωqpω ´ αq.

Remark III.24. If we replace σ by χ, then we’ll lose one derivative in the energy estimates.

The advantage of pI ´Hζq acting on χ is that pI `Hζqσ “ 0, so pI `HζqBασ “ ´rBα,Hζsσ,

which prevents losing one derivative.

We have

PDtpI ´Hζqpζ ´ αq

“DtPpI ´Hζqpζ ´ αq ` rP , DtspI ´Hζqpζ ´ αq

“DtG` rP , DtspI ´Hζqpζ ´ αq.

And we have

P0D
0
t pI ´Hωqpω ´ αq

“D0
tP0pI ´Hωq ` rP0, D

0
t spI ´Hωqpω ´ αq

“D0
tG0 ` rP0, D

0
t spI ´Hωqpω ´ αq.
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So we have

Pχ “PDtpI ´Hζqpζ ´ αq ´ P0D
0
t pI ´Hωqpω ´ αq

` pP ´ P0qD
0
t pI ´Hωqpω ´ αq

“DtG´D
0
tG0 ` pP ´ P0qD

0
t pI ´Hωqpω ´ αq

` rP , DtspI ´Hζqpζ ´ αq ´ rP0, D
0
t spI ´Hωqpω ´ αq

(3.93)

We have

Pσ “ pI ´HqPχ´ rP ,Hζsχ

rP ,Hsχ “2rDtζ,Hζs
BαDtχ

ζα
´

1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβχdβ. (3.94)

Use the same argument as we did for 2rDtζ,Hζs
BαDtλ
ζα

, we can show that 2rDtζ,Hζs
BαDtχ
ζα

is

indeed cubic.

3.4.11 Long time existence

With previous preparations, use standard energy method (similar to those in [71], [63]),

we can complete the proof of Theorem I.24. A minor modification of the argument in §3.7

-§3.9 also gives a proof of Theorem I.24. We omit the details of the proof here.

Remark III.25. In our set up, we need the periodic solution ω to have 3
2
` more derivatives

than the decaying part ξ1. This requirement is of course not optimal. However, it’s enough

for us to justify the Peregrine soliton from the full water waves.

Remark III.26. Theorem I.24 can be interpreted as: Periodic water wave system is stable

under Sobolev perturbation (note that this perturbation is indeed not small relative to the

periodic part).
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3.5 Multiscale analysis and the derivation of NLS from full water

waves equation

Our goal of this section is to formally derive the NLS from full water waves, which is

similar to that in ([63]), except that the water waves we are considering do not vanish at

infinity. The method we use to derive the NLS is the multiscale analysis. Let

α0 :“ α, α1 :“ εα, t0 :“ t, t1 :“ εt, t2 :“ ε2t. (3.95)

Assume that ζ̄ ´ α,Dtζ̄ P HolpΩptqq. Assume ζ can be expanded as a power series of ε, i.e.,

ζ “ α `
ÿ

ně1

εnζpnq. (3.96)

We assume ζp1q is wave packet like, i.e., ζp1q “ Bpα1, t0, t1, t2qe
iφ, where φ “ kα`γt for some

constants k, γ ą 0. We don’t assume B P HspRq. Instead, we assume B “ B0 ` B1, with

B0 “ B0ptq independent of α, and B1 P H
spRq.

Because ζ̄ ´ α is holomorphic, the leading order of ζ̄ ´ α must be close to a holomorphic

function. If B0 ” 0, we the following result:

Lemma III.27 (Propositioin 3.1 in [63]). Let f “ gpεαqe´ikα, with g P Hs`mpRq, k ‰ 0 and

s,m ě 0 be given, assume ε ď 1 and g P Hs`mpRq. Then

‖pI ´ sgnpkqqHqf‖HspRq ď C
εm´

1
2

km
}g}Hs`mpRq,

for some constant C “ Cpsq.

If f is oscillating at 8, we have the following.

Lemma III.28. Let c be a constant and assume f “ ce´ikα`gpεαqe´ikα, with g P Hs`mpRq,

161



k ‰ 0 and s,m ě 0 be given. Assume ε ď 1. Then

‖pI ´ sgnpkqHqf‖HspRq ď C
εm´

1
2

km
}g}Hs`mpRq,

for some constant C “ Cpsq.

Proof. For k ‰ 0, we have

pI ´ sgnpkqHqe´ikα “ 0. (3.97)

Therefore, by lemma III.27, we have

}pI ´Hqf}HspRq “

∥∥∥pI ´Hqgpεαqe´ikα
∥∥∥
HspRq

ď C
εm´

1
2

km
}g}Hs`mpRq. (3.98)

Now we are ready to carry out asymptotic expansion and derive the focusing NLS. As in

[63], we use the following equation to perform multiscale analysis.

pD2
t ´ iABαqpI ´Hζqpζ ´ ζ̄q “ ´2rDtζ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ̄

`
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβpζ ´ ζ̄qdβ :“ G.

(3.99)

So we need to expand every quantity/operator as asymptotic series in ε. These have been

done in ([63]). We expand b, A,G as

b “
ÿ

ně0

εnbpnq, A “
ÿ

ně0

εnApnq, G “
ÿ

ně0

εnGn. (3.100)

Since b and A´ 1 are quadratic and G is cubic, we have

bp0q “ bp1q “ Ap1q “ G1 “ G2 “ 0, Ap0q “ 1. (3.101)
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Expand Hζ “ H0 `
ř

ně1 ε
nHn. Then

H0fpαq “Hfpαq,

H1fpαq “rζ
p1q, H0sBα0f,

H2fpαq “rζ
p1q, H0sfα1 ` rζ

p2q, H0sfα0 ´ rζ
p1q, H0sζ

p1q
α0
fα0 `

1

2
rζp1q, rζp1q, H0ssB

2
α0
f.

(3.102)

See §3.1 in [63] for the derivation of H0, H1 and H2.

3.5.1 Op1q hierarchy

This simply gives

Ap0q “ 1.

3.5.2 ε hierarchy

We have

pB
2
t0
´ iBα0qpI ´H0qζ

p1q
“ 0.

Since ζp1q “ Bpα1, t0, t1, t2qe
iφ, by Lemma III.28, we have

pI ´H0qζ
p1q
“ 2ζp1q `Opε4q. (3.103)

So we have

pB
2
t0
´ iBα0qζ

p1q
“ Opε4q.

Then we get ζp1q “ Bpα1, t1, t2qe
ipkα`γtq, with γ2 “ k. We simply choose γ “

?
k, as what

we expected.
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3.5.3 ε2 level

We need

pB
2
t0
´ iBα0qpI ´H0qζ

p2q
“ ´p2Bt0Bt1 ´ iBα1qpI ´H0qζ

p1q
` pB

2
t0
´ iBα0qH1ζ

p1q.

Note that

pB
2
t0
´ iBα0qH1ζ

p1q
“pB

2
t0
´ iBα0qrζ

p1q, H0sBα0Be
iφ

“ikpB2
t0
´ iBα0qrζ

p1q, I `H0sBe
iφ

“Opε4q.

To avoid secular terms, we choose ζp1q such that

´p2Bt0Bt1 ´ iBα1qpI ´H0qζ
p1q
“ 0.

This is equivalent to

Bt1 ´
1

2γ
Bα1 “ 0.

So we choose B “ BpX,T q, with X “ α1 `
1

2γ
t1 “ εpα ` 1

2γ
tq, T “ t2 “ ε2t. Note that

1
2γ
“

Bγ
Bk

, so B travels at the group velocity.

To choose ζp2q, we use pI ´Hqpζ̄ ´ αq “ 0.

pI ´H0qζ̄
p2q
“H1ζ̄

p1q
“ rζp1q, H0sBα0 ζ̄

p1q

“´ ikrζp1q, H0sB̄e
´iφ

“ikrζp1q, I ´H0sB̄e
´iφ

“´ ikpI ´H0q|B|
2.
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We choose

ζp2q “
ik

2
pI `H0q|B|

2
`
ik

2
|B0|

2
“
ik

2
pI `H0qp|B|

2
´ |B0|

2
q ` ik|B0|

2.

Note that

pI ´H0qζ̄
p2q
“ ´

ik

2
pI ´H0qpI ´H0qp|B|

2
´ |B0|

2
q ´ ikpI ´H0q|B0|

2
“ ´ikpI ´H0q|B|

2.

3.5.4 ε3 level

First, we need to expand b “
ř

ně0 ε
nbpnq. Since pI ´Hqb “ ´rDtζ,Hs ζ̄α´1

ζα
is quadratic,

we have bp0q “ bp1q “ 0. For b2, we have

pI ´H0qb
p2q
“´ rBt0ζ

p1q, H0sBα0 ζ̄
p1q

“´ γkrζp1q, H0sζ̄
p1q
“ γkrζp1q, I ´H0sζ̄

p1q
“ ´γkpI ´H0q|B|

2.

(3.104)

Since bp2q is real, we have

bp2q “ ´γk|B|2.

We need also to expand A “
ř

ně0 ε
nApnq. Clearly, Ap0q “ 1, and Ap1q “ 0. We have

pI ´H0qA
p2q
“ irB2

t0
ζp1q, H0sBα0 ζ̄

p1q
` irBt0ζ

p1q, H0sBα0Bt0 ζ̄
p1q
“ 0.

Since Ap2q is real, we have Ap2q “ 0.

Use exactly the same calculation as in ([63]), we obtain

G3 “ 2k3B|B|2eiφ.
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Then for Opε3q terms, we have

pB
2
t0
´ iBα0qpI ´H0qζ

p3q
“´ pB

2
t0
´ iBα0qp´H

p1q
qζp2q ´ pB2

t0
´ iBα0qp´H

p2q
qζp1q

´ p2Bt0Bt1 ´ iBα1qpI ´H0qζ
p2q
´ p2Bt0Bt1 ´ iBα1qp´H

p1q
qζp1q

´ p2Bt0t2 ` B
2
t1
` 2b2Bt0Bα0qpI ´H0qζ

p1q
`G3

“´ p2Bt0t2 ` B
2
t1
` 2b2Bt0Bα0qpI ´H0qζ

p1q
` 2k3B|B|2eiφ

“´ 2γp2iBT ´ γ
2

BXX ` k
2γB|B|2qeiφ,

where γ
2

“
d2γ
dk2
“ ´ 1

4k3{2
. To avoid secular growth, we choose B such that

2iBT ´ γ
2

BXX ` k
2γB|B|2 “ 0.

So B solves the focusing cubic NLS. So we have

pB
2
t0
´ iBα0qpI ´H0qζ

p3q
“ 0.

From pI ´Hζqpζ̄ ´ αq “ 0, we have

pI ´H0qζ̄
p3q
“Hp1qζ̄p2q `Hp2qζ̄p1q

“rζp1q, H0sBα0 ζ̄
p2q
` rζp2q, H0sBα0 ζ̄

p1q
` rζp1q, H0sBα1ζ

p1q

´ rζp1q, H0sBα0ζ
p1qBα0ζ

p1q
`

1

2
rζp1q, rζp1q, H0ssB

2
α0
ζ̄p1q

“pI ´H0qBB̄X ´ k
2BeiφpI `H0q|B|

2
` k2BeiφH0|B|

2

“´ k2B|B|2eiφ ` pI ´H0qBB̄X .

We choose

ζp3q “ ´
1

2
k2B̄|B|2e´iφ `

1

2
pI `H0qpB̄BXq.
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So we have an approximated solution

ζ̃ “α ` εBpX,T qeiφ ` ε2
!ik

2
pI `H0qp|B|

2
´ |B0|

2
q ` ik|B0|

2
)

` ε3
!

´
1

2
k2B̄|B|2e´iφ `

1

2
pI `H0qpB̄BXq

)

.

(3.105)

To find b3, we have

pI ´H0qb3

“´ rBt0ζ
p2q, H0sBα0 ζ̄

p1q
´ rBt1ζ

p1q, H0sBα0 ζ̄
p1q
´ rBt0ζ

p1q, H1sBα0 ζ̄
p1q

´ rBt0ζ
p1q, H0sBα1 ζ̄

p1q
´ rBt0ζ

p1q, H0sBα0 ζ̄
p2q
´ rBt0ζ

p2q, H0sBα0 ζ̄
p1q
p´Bα0ζ

p1q
q

“iγpI `H0qpBB̄X ´
1

2
B̄BXq ´ 2ik2B̄|B|2e´iφ.

So we have

b3 “ RetiγpI `H0qpBB̄X ´
1

2
B̄BXq ´ 2ik2B̄|B|2e´iφu. (3.106)

We decompose ζ̃ into vanishing part and periodic part:

ζ̃ :“ α ` ξ̃0 ` ξ̃1, ω̃ :“ α ` ξ̃0. (3.107)

where

ξ̃1 “εB1e
iφ
` ε2

ik

2
pI `H0qp|B|

2
´ |B0|

2
q

` ε3
!

´
1

2
k2
pB̄|B|2 ´ B̄0|B0|

2
qe´iφ `

1

2
pI `H0qpB̄BXq

)

.

(3.108)

ξ̃0 “ζ̃ ´ ξ̃1 ´ α “ εB0e
iφ
` ik|B0|

2ε2 ´
1

2
ε3k2B̄0|B0|

2e´iφ. (3.109)
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So ω̃ ´ α is periodic. Also, we decompose b̃ as b̃1 ` b̃0, where

b̃1 “´ ε
2ωkp|B|2 ´ |B0|

2
q ` ε3

!

RetiωpI `H0qpBB̄X ´
1

2
B̄BXq

´ 2ik2
pB̄|B|2 ´ B̄0|B0|

2
qe´iφ

)

.

(3.110)

b̃0 “ ´ε
2
|B0|

2
` ε3 Ret´2ik2B̄0|B0|

2e´iφu. (3.111)

So b̃1 P H
s, and b̃0 is periodic. We choose Ã as

Ã :“ Ap0q ` εAp1q ` ε2Ap2q “ 1.

Notation. Denote
$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ξ “ ζ ´ α,

ξ0 “ ω ´ α, ξ1 “ ξ ´ ξ0,

r0 “ ω ´ ω̃,

r1 “ ξ1 ´ ξ̃1, D̃t :“ Bt ` b̃Bα,

D̃0
t “ Bt ` b̃0Bα,

P̃ :“ D̃2
t ´ iÃBα,

P̃0 :“ pD̃0
t q

2 ´ iÃ0Bα.

(3.112)

And recall that the leading order ζp1q is

ζp1q “ Beiφ :“ ζ
p1q
0 ` ζ

p1q
1 ,

where B “ B0 `B1 solves NLS, B0 is a constant, and B1 P H
s`7pRq.

ζ “ Beiφ, ζ
p1q
0 “ B0e

iφ, ζ
p1q
1 “ B1e

iφ, (3.113)

Because B scales like ε2 in t, in order to observe the modulation of the amplitute, the
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solution ζ must exist on time interval whose length scales like ε´2, i.e., we must have long

time existence for the water waves system.

3.5.5 Well posedness of NLS

Theorem III.3. Let s ě 1. There exists e0 “ e0p‖B1p0q‖Hsq ą 0 such that the cauchy

problem
$

’

’

&

’

’

%

iBt `Bxx “ ´2|B|2B,

Bp0q “ B0p0q `B1p0q “ 1` f, B1p0q P H
spRq.

(3.114)

is locally well-posed on r0, e0s, and satisfies

‖B‖L8t Hs
xpRq

ď Cp‖B1p0q‖HspRqq. (3.115)

For a proof, see for example [28].

Remark III.29. The global well-posedness of (3.114) for B1p0q P H
spRq is still open, due

to the lack of coercive conservation law. In [9], D. Bilman and P.D. Miller presented a

more robust version of the inverse scattering transform that admits the Peregrine solution

in particular and all L1pRq perturbations of the background more generally. Therefore, for

a large class of initial data, (3.114) admits global solutions.

In the following sections, we obtain energy estimates for the remainder terms r0, r1, respec-

tively. With good energy estimates on the remainder terms, we are able to prove existence of

solutions to full water wave equations whose leading term modulated according to the NLS.

3.6 Energy estimate I: r0

Because formally, ζ ´ ζ̃ “ Opε4q, limαÑ˘8pζ ´ ωq “ 0, and ω ´ α periodic, we have

pω̃, D̃0
t ω̃, b̃0, Ã0q approximate (3.38) with error Opε4q, at least formally.

In this section, we obtain a priori energy estimates for the remainder r0. The idea is the
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same as that in [63]: use the facts that P0pI´Hpqξ0 “ cubic and ω̃, D̃0
t ω̃, b̃0, Ã0 approximates

ω,D0
tω, b0, A0 up to ε4, respectively, we derive water wave equations for a quantity which is

equivalent to r0. With these equations, we can then obtain energy estimates for r0 on time

scale ε´2.

Remark III.30. As before, we use the periodic Hilbert transform. The nonlocal Hilbert

transform Hω is used when we estimate the error term r1.

First, let’s derive water wave equation for r0.

3.6.1 Governing equation for r0

We have

ppD0
t q

2
´ iA0BαqpI ´Hpqr0

“ppD0
t q

2
´ iA0BαqpI ´Hpqω̃ ´ 2rD0

tω,Hp
1

ωα
` H̄p

1

ω̄α
sBαD

0
tω

`
1

4πi

ż

T

´ D0
tωpα, tq ´D

0
tωpβ, tq

sinpπ
2
pωpα, tq ´ ωpβ, tqqq

¯2

pω ´ ω̄qpβqdβ

:“G.

We split G as G “ G1 ` G2 ` G3 ` G4, where

G1 :“ ppD0
t q

2
´ iA0BαqpI ´Hpqω̃ ´ ppD̃

0
t q

2
´ iÃ0BαqpI ´ H̃pqω̃. (3.116)

G2 :“ ´2rD0
tω,Hp

1

ωα
` H̄p

1

ω̄α
sBαD

0
tω ` 2rD̃0

t ω̃, H̃p
1

ω̃α
`

¯̃Hp
1
¯̃ωα
sBαD̃

0
t ω̃, (3.117)
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and

G3 :“
1

4πi

ż

T

´ D0
tωpα, tq ´D

0
tωpβ, tq

sinpπ
2
pωpα, tq ´ ωpβ, tqqq

¯2

pω ´ ω̄qpβqdβ

´
1

4πi

ż

T

´ D̃0
t ω̃pα, tq ´ D̃

0
t ω̃pβ, tq

sinpπ
2
pω̃pα, tq ´ ω̃pβ, tqqq

¯2

pω̃ ´ ¯̃ωqpβqdβ,

(3.118)

and

G4 :“pD̃0
t q

2
´ iÃ0BαqpI ´Hpqω̃ ´ 2rD̃0

t ω̃, H̃p
1

ω̃α
`

¯̃Hp
1
¯̃ωα
sBαD̃

0
t ω̃

`
1

4πi

ż

T

´ D̃0
t ω̃pα, tq ´ D̃

0
t ω̃pβ, tq

sinpπ
2
pω̃pα, tq ´ ω̃pβ, tqqq

¯2

pω̃ ´ ¯̃ωqpβqdβ.

(3.119)

3.6.2 Governing equation for D0
t pI ´Hpqr0

We need to derive an equation to control D0
t r0 as well. We consider instead the quantity

σ0 :“ pI ´Hpq

!

D0
t pI ´Hpqpω ´ αq ´ D̃

0
t pI ´ H̃pqpω̃ ´ αq

)

.

We have

ppD0
t q

2
´ iA0BαqpI ´HpqD

0
t pI ´Hpqpω ´ αq

“ ´ rpD0
t q

2
´ iA0Bα,HpsD

0
t pI ´Hpqpω ´ αq

` pI ´HpqppD
0
t q

2
´ iA0BαqD

0
t pI ´Hpqpω ´ αq

“ ´ 2rD0
t ζ,Hps

BαpD
0
t q

2pI ´Hpqpω ´ αq

ωα

`
1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

BβD
0
t pI ´Hpqpωpβq ´ βqdβ

` pI ´HpqrpD
0
t q

2
´ iA0Bα, D

0
t spI ´Hpqpω ´ αq ` pI ´HpqD

0
tG.

(3.120)
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And we have

ppD0
t q

2
´ iA0BαqpI ´HpqD̃

0
t pI ´ H̃pqpω̃ ´ αq

“ ´ rpD0
t q

2
´ iA0Bα,HpsD̃

0
t pI ´ H̃pqpω̃ ´ αq

` pI ´HpqppD
0
t q

2
´ iA0BαqD̃

0
t pI ´ H̃pqpω̃ ´ αq

“ ´ 2rD0
tω,Hps

BαD
0
t D̃

0
t pI ´ H̃pqpω̃ ´ αq

ωα

`
1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

BβD̃
0
t pI ´ H̃pqpω̃ ´ βqpβqdβ

` pI ´HpqppD
0
t q

2
´ iA0BαqD̃

0
t pI ´ H̃pqpω̃ ´ αq

“ ´ 2rD0
tω,Hps

BαD
0
t D̃

0
t pI ´ H̃pqpω̃ ´ αq

ωα

`
1

4πi

ż

T

´ D0
tωpαq ´D

0
tωpβq

sinpπ
2
pωpαq ´ ωpβqqq

¯2

BβD̃
0
t pI ´ H̃pqpω̃ ´ βqpβqdβ

` pI ´HpqppD̃
0
t q

2
´ iÃ0BαqD̃

0
t pI ´ H̃pqpω̃ ´ αq

` pI ´HpqppD
0
t q

2
´ iA0Bα ´ pD̃

0
t q

2
` iÃ0BαqD̃

0
t pI ´ H̃pqpω̃ ´ αq.

(3.121)

Use (3.120) and (3.121), we have

ppD0
t q

2
´ iA0Bαqσ0 “ fourth order. (3.122)

Use alsmost the derivation and the estimates as that in N. Totz and S. Wu’s work ([63]), we

obtain the following theorem.

Theorem III.4. Let s1 ě 6. Let T be given as in Theorem I.16. Let ω̃, b̃0, Ã0 be given as in

Section 5. There is compatible initial data

pωp0q, D0
tωp0q, pD

0
t q

2ωp0qq
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to water waves system (3.38) such that

∥∥∥pωαp0q ´ 1, D0
tωp0q, pD

0
t q

2ωp0qq ´ pω̃α ´ 1, D̃0
t ω̃ptq, pD̃

0
t q

2ω̃ptqq
∥∥∥
Hs1 pTq

ď Cε2, (3.123)

where HspTq :“ Hs1pTq ˆHs1`1{2pTq ˆHs1pTq. Moreover, for all such initial data, there is

a a unique solution pω,D0
tω, b0, A0q to (3.38) on time interval r0, T ε´2s such that

sup
tPr0,T ε´2s

∥∥∥pωα ´ 1, D0
tωptq, pD

0
t q

2ωptqq ´ pω̃α ´ 1, D̃0
t ω̃ptq, pD̃

0
t q

2ω̃ptqq
∥∥∥
Hs1 pTq

ď Cε3{2. (3.124)

Also, there is some constant C “ Cps1q such that

sup
tPr0,T ε´2s

´
∥∥∥b0 ´ b̃0

∥∥∥
Hs1 pTq

`

∥∥∥A0 ´ Ã0

∥∥∥
Hs1 pTq

`

∥∥∥D0
t b0 ´ D̃

0
t b̃0

∥∥∥
Hs1 pTq

¯

ď Cε5{2, . (3.125)

sup
tPr0,T ε´2s

´∥∥∥b0 ´ b̃0

∥∥∥
W s1´1,8

`

∥∥∥A0 ´ Ã0

∥∥∥
W s1´1,8

`

∥∥∥D0
t b0 ´ D̃

0
t b̃0

∥∥∥
W s1´1,8

¯

ď Cε3. (3.126)

3.7 Governing equation for r1

In this section, we derive a governing equation for the remainder term r1. Because we

need to obtain long time energy estimates for the error term (we’ll prove that the error term

r1 has norm Opε3{2q in Sobolev space), the nonlinearities of the equations governing r1 has

to be at least of fourth order. Since pD2
t ´ iABαqr1 is not obviously fourth order, we find

some equivalent quantity of r1 and consider its water wave equation.

3.7.1 Governing equation for r1

Recall that

λ :“ pI ´Hζqξ ´ pI ´Hωqξ0.
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We have shown that Pλ consists of cubic and higher order nonlinearities. Define

λ̃ :“ pI ´Hζ̃qξ̃ ´ pI ´Hω̃qξ̃0.

Because λ̃ approximates λ to Opε4q, we expect

Pλ̃ “ Opε3q, and Ppλ´ λ̃q “ Opε4q.

Also, as we can see later, λ ´ λ̃ is equivalent to r1 in appropriate sense. So it’s natural to

consider Ppλ ´ λ̃q. However, λ ´ λ̃ is not the boundary value of a holomorhpic function

in Ωptqc. There is the trouble of losing derivatives in energy estimates if we use λ ´ λ̃. To

resolve this problem, we consider the quantity ρ1 define by

ρ1 :“ pI ´Hζqpλ´ λ̃q. (3.127)

Then ρ1 is holomorphic in Ωptqc.

We show that Pρ1 consists of fourth and higher order terms. The idea is to take advantage

of the facts that PrpI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αqs is approximated by P̃rpI ´Hζ̃qpζ̃ ´

αq ´ pI ´Hω̃qpω̃ ´ αqs to Opε4q, so their difference would be of order Opε4q.

To be precise, because ζ̃ , b̃ approximate ζ, b to the order of Opε4q, we have pζ̃ , D̃tζ̃ , b̃, Ãq
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satisfy (3.89) to the order of Opε4q, i.e.,

pD̃2
t ´ iÃBαqrpI ´Hζ̃qpζ̃ ´ αq ´ pI ´Hω̃qpω̃ ´ αqs

“ ´ 2rD̃tζ̃ ,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαD̃tζ̃ ` 2rD̃0

t ω̃,Hω̃
1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃

0
t ω̃

`
1

πi

ż

´D̃tζ̃pα, tq ´ D̃tζ̃pβ, tq

ζ̃pα, tq ´ ζ̃pβ, tq

¯2

pζ̃ ´ ¯̃ζqβdβ

´
1

πi

ż

´D̃0
t ω̃pα, tq ´ D̃

0
t ω̃pβ, tq

ω̃pα, tq ´ ω̃pβ, tq

¯2

pω̃ ´ ¯̃ωqβdβ

` D̃tb̃1BαpI ´Hω̃qpω̃ ´ αq ` b̃1D̃tBαpI ´Hω̃qpω̃ ´ αq

` b̃1BαD̃
0
t pI ´Hωqpω̃ ´ αq ´ iÃ1BαpI ´Hω̃qpω̃ ´ αq ` ε

4R,

where ε4R is a known function (in terms of BpX,T q) which satisfies

∥∥ε4R∥∥
Hs ď Cε7{2.

Remark III.31. Throughout this paper, we’ll use the notation ε4R frequently (and sometimes

ε4R1, ε
4R2). It might represent different quantities. However, it always represents a quantity

which is in terms of BpX,T q and ε, and satisfies the estimate

∥∥ε4R∥∥
Hs`7 ď Cε7{2.

So we have

pD2
t ´ iABαqpλ´ λ̃q “ PrpI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αqs

´ P̃rpI ´Hζ̃qpζ̃ ´ αq ´ pI ´Hω̃qpω̃ ´ αqs

` pP ´ P̃qrpI ´Hζ̃qpζ̃ ´ αq ´ pI ´Hω̃qpω̃ ´ αqs

:“
5
ÿ

m“1

R1m.

(3.128)
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where

R11 “´ 2rDtζ,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ ` 2rD0

tω,Hω
1

ωα
` H̄ω

1

ω̄α
sBαD

0
tω

´ 2rD̃tζ̃ ,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαD̃tζ̃ ` 2rD̃0

t ω̃,Hω̃
1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃

0
t ω̃.

(3.129)

R12 “

! 1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ

´
1

πi

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

pω ´ ω̄qβdβ
)

´

! 1

πi

ż

´D̃tζ̃pα, tq ´ D̃tζ̃pβ, tq

ζ̃pα, tq ´ ζ̃pβ, tq

¯2

pζ̃ ´ ¯̃ζqβdβ

´
1

πi

ż

´D̃0
t ω̃pα, tq ´ D̃

0
t ω̃pβ, tq

ω̃pα, tq ´ ω̃pβ, tq

¯2

pω̃ ´ ¯̃ωqβdβ
)

,

(3.130)

and

R13 “Dtb1BαpI ´Hωqpω ´ αq ` b1DtBαpI ´Hωqpω ´ αq

´

!

D̃tb̃1BαpI ´Hω̃qpω̃ ´ αq ` b̃1D̃tBαpI ´Hω̃qpω̃ ´ αq
)

,
(3.131)

and

R14 “b1BαD
0
t pI ´Hωqpω ´ αq ´ iA1BαpI ´Hωqpω ´ αq

´

!

b̃1BαD̃
0
t pI ´Hωqpω̃ ´ αq ´ iÃ1BαpI ´Hω̃qpω̃ ´ αq

)

,
(3.132)

and

R15 “ ε4R. (3.133)

Denote R16 and R17 as follows:

R16 “ ´2rDtζ,Hζs
BαDtpλ´ λ̃q

ζα
, (3.134)
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and

R17 “
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβpλ´ λ̃qdβ. (3.135)

Then by (3.128), lemma III.15, we have

Pρ1 “PpI ´Hζqpλ´ λ̃q “ pI ´HζqPpλ´ λ̃q ´ rP ,Hζspλ´ λ̃q

“pI ´Hζq

5
ÿ

m“1

R1m `R16 `R17.
(3.136)

Note that R16 and R17 are not obvious fourth order, so we need to explore the cancellations

hidden behind when we estimate these terms.

3.7.2 Governing equation for time evolution of r1

We need to control Dtr1 as well. Denote

δ :“ DtpI ´Hζqpζ ´ αq ´D
0
t pI ´Hωqpω ´ αq.

We know that Pδ consists of cubic and higher order terms. Denote

δ̃ :“ D̃tpI ´Hζ̃qpζ̃ ´ αq ´ D̃
0
t pI ´Hω̃qpω̃ ´ αq.

Then because P̃ δ̃ approximates Pδ to Opε4q, and P´P̃ “ Opε3q, we expect Ppδ´ δ̃q “ Opε4q.

However, δ´ δ̃ is not holomorphic in Ωptqc, which would lose derivatives in energy estimates.

So we consider the quantity σ1 :“ pI ´Hqζqpδ ´ δ̃q.

By direct calculation, we have

Pδ “DtG´D
0
tG0 ` pP ´ P0qD

0
t pI ´Hωqpω ´ αq

` rP , DtspI ´Hζqpζ ´ αq ´ rP0, D
0
t spI ´Hωqpω ´ αq.

(3.137)
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and

P̃ δ̃ “D̃tG̃´ D̃
0
t G̃0 ` pP̃ ´ P̃0qD̃

0
t pI ´Hω̃qpω̃ ´ αq ` ε

4R

` rP̃ , D̃tspI ´Hζ̃qpζ̃ ´ αq ´ rP̃0, D̃
0
t spI ´Hω̃qpω̃ ´ αq

(3.138)

So we have

Ppδ ´ δ̃q “Pδ ´ P̃ δ̃ ` pP ´ P̃qδ̃ ` ε4R

“DtG´D
0
tG0 ´ D̃tG̃` D̃

0
t G̃0 ` pP ´ P0qD

0
t pI ´Hωqpω ´ αq

´ pP̃ ´ P̃0qD̃
0
t pI ´ ω̃qpω̃ ´ αq ` rP , DtspI ´Hζqpζ ´ αq

´ rP0, D
0
t spI ´Hωqpω ´ αq ´ rP̃ , D̃tspI ´Hζ̃qpζ̃ ´ αq

` rP̃0, D̃
0
t spI ´Hω̃qpω̃ ´ αq ` ε

4R

:“S1.

(3.139)

Then S1 is fourth order. So we have

Pσ1 “PpI ´Hζqpδ ´ δ̃q

“pI ´HζqPpδ ´ δ̃q ´ rP ,Hspδ ´ δ̃q

“pI ´HζqS1 ´ 2rDtζ,Hζs
BαDtpδ ´ δ̃q

ζα

`
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβpδ ´ δ̃qdβ.

(3.140)

We use equations (3.136) and (3.140) to study the evolution of r1. A first step is to construct

an appropriate energy which controls certain norm of r1, and then show that this control

exists for a sufficiently long time.

3.7.3 Construction of energy

In this subsection, we construct energy for the water wave equations (3.136) and (3.140).

The energy is essentially the same as the energy used by S. Wu in [71] and the energy by N.
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Totz and S. Wu in [63].

First, let’s recall again the basic energy estimates by S. Wu([71]):

Lemma III.32 (Basic lemma, Lemma 4.1 in [71]). Let Θ satisfies the equation

pD2
t ´ iABαqΘ “ G

and Θ is smooth and decays fast at infinity. Let

E0ptq :“

ż

1

A
|DtΘpα, tq|

2
` iΘpα, tqBαΘ̄pα, tqdα. (3.141)

Then

dE0

dt
“

ż

2

A
RepDtΘḠq ´

1

A

at
a
˝ κ´1

|DtΘ|
2dα. (3.142)

Moreover, if Θ is the boundary value of a holomorphic function in Ωptqc, then

ż

iΘBαΘ̄dα “ ´

ż

iΘ̄BαΘdα ě 0. (3.143)

Notations: Denote

ρ
pnq
1 :“ Bnαρ1, σ

pnq
1 :“ Bnασ1. (3.144)

Because ρ
pnq
1 and σ

pnq
1 are not necessarily holomorphic in Ωptqc, if we decompose them as

ρn1 “
1

2
pI ´Hζqρ

n
1 `

1

2
pI `Hζqρ

pnq
1 :“ φ

pnq
1 `Rpnq1

σ
pnq
1 “

1

2
pI ´Hζqσ

pnq
1 `

1

2
pI `Hζqσ

n
1 :“ Ψ

pnq
1 ` Spnq1 .

(3.145)

and define

Enptq :“

ż

1

A
|Dtρ

pnq
1 |

2
` iφ

pnq
1 Bαφ̄

pnq
1 dα. (3.146)

Fnptq :“

ż

1

A
|Dtσ

pnq
1 |

2
` iσ

pnq
1 Bασ̄

pnq
1 dα. (3.147)
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Define the energy as

Eptq :“
s
ÿ

n“0

pEnptq ` Fnptqq. (3.148)

By lemma III.32, each En is positive. σn1 might not be holomorphic in Ωptqc. However, we’ll

show that it is still essentially positive. We’ll show that this energy controls ‖Dtr1‖Hs `

‖pr1qα‖Hs .

3.7.4 Evolution of En and Fn

To show that r1 remains small (in the sense of some appropriate norm), we need to show

that the energy Es remains small for a long time. So we need to analyze the evolution of En

and Fn. Note that

pD2
t ´ iABαqρ

pnq
1 “B

n
αpD

2
t ´ iABαqρ1 ` rD

2
t ´ iABα, B

n
αsρ1

“B
n
αpI ´Hζq

5
ÿ

m“1

R1m ` B
n
αpR16 `R17q ` rD

2
t ´ iABα, B

n
αsρ1

:“C1,n.

(3.149)

Similarly, we derive governing equation for σ
pnq
1 “ Bnασ1. We have

pD2
t ´ iABαqσ

pnq
1 “B

n
αpD

2
t ´ iABαqσ1 ` rD

2
t ´ iABα, B

n
αsσ1

:“C2,n.

(3.150)

By basic lemma III.32, equations (3.149) and (3.150), we have

d

dt
Enptq “

ż

2

A
RepDtρ

pnq
1 C̄1,nq ´

1

A

at
a
˝ κ´1

|Dtρ
pnq
1,n|

2dα

` 2 Im

ż

BtRpnq1 Bαφ̄
pnq
1 ` Btφ

pnq
1 BαR̄pnq1,n ` BtR

pnq
1 BαR̄pnq1

(3.151)
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And

d

dt
Fσ1n ptq “

ż

2

A
RepDtσ

pnq
1 C̄2,nq ´

1

A

at
a
˝ κ´1

|Dtσ
pnq
1 |

2dα. (3.152)

3.8 Bound for some quantities

In this section, we obtain bounds for the quantities which will be used in the energy

estimates in next section. We bound these quantities in terms of an auxiliary quantity Es,

which is essentially equivalent to the energy Es.

3.8.1 An auxiliary quantity for the energy functional and an a priori assumption

The energy functional Es is not very convenient in the energy estimates, so we introduce

the quantity

E1{2
s :“‖Dtr1‖Hs `‖pr1qα‖Hs `

∥∥D2
t r1

∥∥
Hs . (3.153)

Let T0 ą 0, we make the following a priori assumption

sup
tPr0,T0s

Esptq
1{2
ď ε. (3.154)

Remark III.33. We’ll eventually show that on time scale ε´2, Es À ε3 and

Esptq ď CpE ` ε5{2q, (3.155)

therefore,

sup
tPr0,T0s

Esptq À ε3{2, (3.156)

which is much better than (3.154). Since this a priori assumption is easy to justify by a

bootstrap argument, we won’t provide the details for this justification.

We’ll control dE
dt

in terms of Es and ε, then we can obtain energy estimates on a lifespan
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of lengh Opε´2q. For this purpose, we control the quantities appear in the energy estimates

in terms of Es and ε.

Convention. In this and the next section, if not specified, then

0 ď t ď mintT0, T ε´2
u

and the bootstrap assumption (3.154) holds. Here, T is the same as that in Theorem I.16.

3.8.1.1 Consequence of the a priori assumption

Lemma III.34. Assume the bootstrap assumption (3.154). We have

}ζα ´ 1}W s´1,8 ď Cε. (3.157)

Proof. We have

ζα ´ 1 “ pr1 ` r0 ` ζ̃qα ´ 1 “ pr1qα ` pζ̃α ´ 1` pr0qαq.

So we have

‖ζα ´ 1‖W s´1,8 ď‖pr1qα‖W s´1,8 `

∥∥∥r0 ` ζ̃α ´ 1
∥∥∥
W s´1,8

ď Cε. (3.158)

We’ll need to use Lemma II.33. For convenience, we record it as follows.

Lemma III.35. Assume the bootstrap assumption (3.154), let f, h be real functions. Assume

pI ´Hζqhζ̄α “ g or pI ´Hζqh “ g.

Then we have for any t P r0, T0s,

}h}Hs ď 2}g}Hs . (3.159)
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3.8.1.2 The equivalence of ρ1 and r1

Lemma III.36. Assume the a priori assumption (3.154). We have

‖Bαpρ1 ´ 2r1q‖Hs ď CpεE1{2
s ` ε5{2q, ‖Dtpρ1 ´ 2r1q‖Hs`1{2 ď CpεE1{2

s ` ε5{2q. (3.160)

Proof. We have λ :“ pI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αq, and λ̃ :“ pI ´Hζ̃qpζ̃ ´ αq ´ pI ´

Hω̃qpω̃ ´ αq. Recall that ρ1 :“ pI ´Hζqpλ´ λ̃q. So we have

Bαρ1 “BαpI ´Hζqpλ´ λ̃q.

We have

λ´ λ̃ “pI ´Hζqr1 ` pHω ´Hζqpω ´ αq ` pHζ̃ ´Hζqpζ̃ ´ αq ´ pHω̃ ´Hζqpω̃ ´ αq. (3.161)

Denote

γ̃ :“ pHω ´Hζqpω ´ αq ` pHζ̃ ´Hζqpζ̃ ´ αq ´ pHω̃ ´Hζqpω̃ ´ αq. (3.162)

So we have

Bαρ1 “BαpI ´Hζqpλ´ λ̃q (3.163)

“BαpI ´HζqpI ´Hζqr1 ` BαpI ´Hζqγ̃ (3.164)

“2BαpI ´Hζqr1 ` BαpI ´Hζqγ̃ (3.165)

“2Bαr1 ´ BαpI `Hζqr1 ` BαpI ´Hζqγ̃. (3.166)

We are aiming to prove that

∥∥´BαpI `Hζqr1 ` BαpI ´Hζqγ̃
∥∥
Hs ď CεE1{2

s ` Cε5{2. (3.167)

183



For
∥∥BαpI `Hζqr1

∥∥
Hs , we have

pI `Hζqr1 “pHζ `Hζqr1 ` pI ´Hζqr1. (3.168)

The kernal of Hζ `Hζ is of order one, so it’s easy to obtain that

∥∥∥BαpHζ `Hζqr1

∥∥∥
Hs
ď CεE1{2

s . (3.169)

Decompose

r1 “ pζ ´ αq ´ pζ̃ ´ αq ´ pω ´ αq ` pω̃ ´ αq.

Use pI ´Hζqpζ ´ αq “ 0, pI ´Hωqpω ´ αq “ 0, we have

pI ´Hζqr1 “´ pI ´Hζqpζ̃ ´ αq ` pI ´Hζqpω̃ ´ αq ` pHζ ´Hωqpω ´ αq (3.170)

“´ pI ´Hζqpζ̃ ´ αq ` pI ´Hωqpω̃ ´ αq ` pHζ ´Hωqpω ´ ω̃q (3.171)

By the construction of ζ̃ and ω̃, we have

pI ´Hζqpζ̃ ´ αq “ Opε4q, pI ´Hωqpω̃ ´ αq “ Opε4q. (3.172)

Therefore, ∥∥∥BαpI ´Hζqpζ̃ ´ αq ´ BαpI ´Hωqpω̃ ´ αq
∥∥∥
Hs
ď Cε7{2. (3.173)

Since

‖ω ´ ω̃‖W s,8 “‖r0‖W s,8 ď Cε2, (3.174)

and

‖Bαpζ ´ ωq‖Hs ď Cε1{2, (3.175)
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we have ∥∥∥pHζ ´Hωqpω ´ ω̃q
∥∥∥
Hs
ď Cε5{2. (3.176)

So we obtain

‖Bαpρ1 ´ 2r1q‖Hs ď CpεE1{2
s ` ε5{2q. (3.177)

Use similar argument, we have

‖Dtpρ1 ´ 2r1q‖Hs`1{2 ď CpεE1{2
s ` ε5{2q. (3.178)

Corollary III.37. Assume the a priori assumption (3.154), we have

‖Bαρ1‖Hs ď Cε, ‖Dtρ1‖Hs`1{2 ď Cε. (3.179)

3.8.2 Bound b̃, b̃1, b1 and b1 ´ b̃1

From the definition of b̃ and b̃1, we have

∥∥∥b̃∥∥∥
W s,8

ď Cε2, (3.180)

and ∥∥∥b̃1

∥∥∥
Hs
ď Cε3{2. (3.181)

It’s not difficult to bound ‖b1‖Hs by Cε3{2, and therefore
∥∥∥b1 ´ b̃1

∥∥∥
Hs
ď Cε3{2. However, it

turns out that we need a bound better than Cε3{2 for the quantity
∥∥∥b1 ´ b̃1

∥∥∥
Hs

.

Because b̃1 approximates b1 to the order of Opε4q, we have

pI ´Hζ̃qb̃1 “´ rD̃tζ̃ ´ D̃
0
t ω̃,Hζ̃s

¯̃ζα ´ 1

ζ̃α
´ rD̃0

t ω̃,Hζ̃

1

ζ̃α
´Hω̃

1

ω̃α
sp

¯̃ζα ´ 1q

´ rD̃0
t ω̃,Hω̃

1

ω̃α
sp

¯̃ξ1qα ´ pHζ̃ ´Hω̃qb̃0 ` ε
4R,

(3.182)
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where ε4R is a function of b̃1 such that ||ε4B||Hs`7 À ε7{2.

To derive a formula for b1 ´ b̃1, we subtract (3.77) from (3.182). In order to explore the

cancellation relations and obtain good estimates, we group the similar terms together (the

terminology ’similar’ should be clear in the context). We obtain the following

pI ´Hζqpb1 ´ b̃1q “ pI ´Hζqb1 ´ pI ´Hζ̃qb̃1 ´ pHζ̃ ´Hζqb̃1

“´ rDtζ ´D
0
tω,Hζs

ζ̄α ´ 1

ζα
` rD̃tζ̃ ´ D̃

0
t ω̃,Hζ̃s

¯̃ζα ´ 1

ζ̃α
:“ B1

´ rD0
tω,Hζ

1

ζα
´Hω

1

ωα
spζ̄α ´ 1q ` rD̃0

t ω̃,Hζ̃

1

ζ̃α
´Hω̃

1

ω̃α
sp

¯̃ζα ´ 1q :“ B2

´ rD0
tω,Hω

1

ωα
spξ̄1qα ` rD̃

0
t ω̃,Hω̃

1

ω̃α
sp

¯̃ξ1qα :“ B3

´ pHζ ´Hωqb0 ` pHζ̃ ´Hω̃qb̃0 :“ B4

` ε4R :“ B5

´ pHζ̃ ´Hζqb̃1 :“ B6.

To estimate B1, we write B1 as

B1 “´ rDtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃,Hζs

ζ̄α ´ 1

ζα

` rD̃tζ̃ ´ D̃
0
t ω̃,Hζ̃

1

ζ̃α
´Hζ

1

ζα
spζ̄α ´ 1q

´ rD̃tζ̃ ´ D̃
0
t ω̃,Hζ̃

1

ζ̃α
sr̄α

:“B11 `B12 `B13.

The terms consist of B1 are ’similar’. The advantages of writing B1 in this form are:

• EachB1jpj “ 1, 2, 3q contains a factor which is inHs ( therefore L2 estimate is possible).

• Each B1j contains a factor which explores the cancellation relations between the exact

solution and the approximation.
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3.8.2.1 Estimate ‖B11‖Hs

To estimate B11, we rewrite the quantity

Dtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃

“pDt ´ D̃tqζ ` D̃tpζ ´ ζ̃q ´ pD
0
t ´ D̃

0
t qω ´ D̃

0
t pω ´ ω̃q

“pb´ b̃qζα ` D̃tr ´ pb0 ´ b̃0qωα ´ D̃
0
t r0

“pb1 ´ b̃1qζα ` pb0 ´ b̃0qpζα ´ ωαq ` pD̃t ´ D̃
0
t qr0 ` D̃tr1

“pb1 ´ b̃1qζα ` pb0 ´ b̃0qBαξ1 ` b̃1Bαr0 ` pD̃t ´Dtqr1 `Dtr1

“pb1 ´ b̃1qζα ` pb0 ´ b̃0qBαξ1 ` b̃1Bαr0 ´ pb´ b̃qBαr1 `Dtr1

“pb1 ´ b̃1qpζα ´ pr1qαq ` pb0 ´ b̃0qBαξ̃1 ` b̃1pr0qα `Dtr1

“pb1 ´ b̃1qpζ̃α ` pr0qαq ` pb0 ´ b̃0qBαξ̃1 ` b̃1pr0qα `Dtr1.

(3.183)

Use proposition III.18 and estimate (3.158) for ζα ´ 1, we have

‖B11‖Hs

ďC
∥∥∥pb1 ´ b̃1qpζ̃α ` pr0qαq ` pb0 ´ b̃0qBαξ̃1 ` b̃1pr0qα `Dtr1

∥∥∥
Hs
‖ζα ´ 1‖W s´1,8

ďC
´
∥∥∥b1 ´ b̃1

∥∥∥
Hs

∥∥∥ζ̃α ` pr0qα

∥∥∥
W s,8

`

∥∥∥b̃1

∥∥∥
Hs
‖pr0qα‖W s,8 `

∥∥∥b0 ´ b̃0

∥∥∥
Hs

∥∥∥Bαξ̃1

∥∥∥
Hs

`‖Dtr1‖Hs

¯

‖ζα ´ 1‖W s´1,8

ďC
´
∥∥∥b1 ´ b̃1

∥∥∥
Hs
` ε3{2 ` E1{2

s

¯

ε.

Here, we have used (see Theorem III.4)

∥∥∥b̃1

∥∥∥
Hs
ď Cε3{2, ‖pr0qα‖W s´1,8 ď Cε2, }b0 ´ b̃0}W s,8 ď Cε2.
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3.8.2.2 Estimate ‖B12‖Hs.

For B12, we write

D̃tζ̃ ´ D̃
0
t ω̃ “pD̃t ´ D̃

0
t qζ̃ ` D̃

0
t pζ̃ ´ ω̃q “ b̃1Bαζ̃ ` D̃

0
t ξ̃1.

Then by proposition III.18, we have

‖B12‖Hs “

∥∥∥D̃tζ̃ ´ D̃
0
t ω̃

∥∥∥
Hs
‖ζα ´ 1‖W s´1,8

∥∥∥ζ̃ ´ ω̃∥∥∥
W s´1,8

ď||b̃1Bαζ̃ ` D̃
0
t ξ̃1||Hs ||ζα ´ 1||W s´1,8 ||ζ̃ ´ ω̃||W s´1,8

ďCε3{2||ζα ´ 1||W s´1,8

ďCε5{2.

(3.184)

3.8.2.3 Estimate ‖B13‖Hs.

Use proposition III.18, we have

‖B13‖Hs “

∥∥∥∥∥rb̃1ζ̃α ` D̃
0
t ξ̃1,Hζ̃

1

ζ̃α
sr̄α

∥∥∥∥∥
Hs

ďC
∥∥∥b̃1ζ̃α ` D̃

0
t ξ̃1

∥∥∥
W s,8
‖Bαr1‖Hs ` C

∥∥∥b̃1ζ̃α ` D̃
0
t ξ̃1

∥∥∥
Hs
‖Bαr0‖W s´1,8

¯

ďCεE1{2
s ` ε5{2.

Here, we’ve used the estimates

}b̃1}Hs ď Cε3{2, }D̃0
t ξ̃1}W s,8 ď Cε, }Bαr0}W s´1,8 ď Cε2, }D̃0

t ξ̃1}Hs ď Cε1{2. (3.185)

So we have

‖B1‖Hs ď Cε
∥∥∥b1 ´ b̃1

∥∥∥
Hs
` CεE1{2

s ` Cε5{2. (3.186)
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Use the same argument, we show that

‖B2‖Hs ď Cε5{2 ` CεE1{2
s . (3.187)

‖B3‖Hs ď Cε5{2 ` CεE1{2
s . (3.188)

‖B4‖Hs ď Cε5{2 ` CεE1{2
s . (3.189)

For B5, it’s trivially that

‖B5‖Hs ď Cε5{2. (3.190)

And

‖B6‖Hs ď Cε5{2 ` CE1{2
s . (3.191)

By lemma III.35, we have

Lemma III.38. Assume the a priori assumption (3.154), then we have

∥∥∥b1 ´ b̃1

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s . (3.192)

Proof. From the estimates for Bj, j “ 1, ...,m, we have

∥∥∥b1 ´ b̃1

∥∥∥
Hs
ď Cε

∥∥∥b1 ´ b̃1

∥∥∥
Hs
` Cε5{2 ` CεE1{2

s .

For ε small such that Cε ă 1, we have

∥∥∥b1 ´ b̃1

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s . (3.193)
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Corollary III.39. Under the assumptions of lemma III.38, we have

}b1}Hs ď Cε3{2, ‖b‖W s´1,8 ď Cε2. (3.194)

Corollary III.40. Under the assumptions of lemma III.38, we have

‖Dtζ‖W s´1,8 ď Cε. (3.195)

Proof. We write Dtζ as

Dtζ “Dtr1 `Dtr0 `Dtζ̃

“Dtr1 `D
0
t r0 ` pb´ b0qBαr0 ` D̃tζ̃ ` pb´ b̃qBαζ̃ .

(3.196)

So we have

‖Dtζ‖W s´1,8 ď Cε` CE1{2
s ď Cε. (3.197)

3.8.3 Bound Dtb1 and Dtpb1 ´ b̃1q

From the definition of D̃tb̃1, it’s easy to obtain that

∥∥∥D̃tb̃1

∥∥∥
Hs
ď Cε3{2,

∥∥∥D̃tb̃1

∥∥∥
W s,8

ď Cε2. (3.198)

To estimate Dtpb1 ´ b̃1q, we need to derive a formula for Dtpb1 ´ b̃1q. Since Dtpb1 ´ b̃1q is

real, it suffices to estimate pI ´HζqDtpb1 ´ b̃1q. We have

pI ´HζqDtpb1 ´ b̃1q “

´

pI ´HζqDtb1 ´ pI ´Hζ̃qD̃tb̃1

¯

` pHζ ´Hζ̃qD̃tb̃1 ´ pI ´Hζqpb1 ´ b̃1qBαb̃1.

For pI´HζqDtb1, we have a formula given by (3.81). Since b̃1, b̃0, ζ̃, ω̃ approximate b1, b0, ζ, ω
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to the order Opε4q, respectively, we have the following formula for pI ´Hζ̃qD̃tb̃1:

pI ´Hζ̃qD̃tb̃

“rD̃tζ̃ ,Hζ̃s
Bαp2b̃´ D̃t

¯̃ζq

ζ̃α
´ rD̃0

t ω̃,Hω̃s
Bαp2b̃0 ´ D̃

0
t
¯̃ωq

ζ̃α
´ rD̃2

t ζ̃ ,Hζ̃s

¯̃ζα ´ 1

ζ̃α
` rpD̃0

t q
2ω̃,Hω̃s

¯̃ωα ´ 1

ω̃α

`
1

πi

ż

´D̃tζ̃pαq ´ D̃tζ̃pβq

ζ̃pαq ´ ζ̃pβq

¯2

p
¯̃ζβpβq ´ 1qdβ ´

1

πi

ż

´D̃0
t ω̃pαq ´ D̃

0
t ω̃pβq

ω̃pαq ´ ω̃pβq

¯2

p ¯̃ωβpβq ´ 1qdβ

` pHζ̃ ´Hω̃qD̃
0
t b̃0 ´ pI ´Hζ̃qb̃1Bαb̃0 ` ε

4R,

(3.199)

where ε4R satisfies ||ε4R||Hs`7 ď Cε7{2. So we have

pI ´HζqDtpb1 ´ b̃1q :“
6
ÿ

m“1

Fm.

where each Fm are given as follows:

F1 “rDtζ,Hζs
Bαp2b´Dtζ̄q

ζα
´ rD̃tζ̃ ,Hζ̃s

Bαp2b̃´ D̃t
¯̃ζq

ζ̃α

´ rD0
tω,Hωs

Bαp2b0 ´D
0
t ω̄q

ζα
` rD̃0

t ω̃,Hω̃s
Bαp2b̃0 ´ D̃

0
t
¯̃ωq

ζ̃α
.

(3.200)

F2 “ ´rD
2
t ζ,Hζs

ζ̄α ´ 1

ζα
` rD̃2

t ζ̃ ,Hζ̃s

¯̃ζα ´ 1

ζ̃α
` rpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα
´ rpD̃0

t q
2ω̃,Hω̃s

¯̃ωα ´ 1

ω̃α
.

(3.201)
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F3 “
1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

pζ̄βpβq ´ 1qdβ ´
1

πi

ż

´D̃tζ̃pαq ´ D̃tζ̃pβq

ζ̃pαq ´ ζ̃pβq

¯2

p
¯̃ζβpβq ´ 1qdβ

´
1

πi

ż

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

pω̄βpβq ´ 1qdβ `
1

πi

ż

´D̃0
t ω̃pαq ´ D̃

0
t ω̃pβq

ω̃pαq ´ ω̃pβq

¯2

p ¯̃ωβpβq ´ 1qdβ

(3.202)

F4 “ pHζ ´HωqD
0
t b0 ´ pHζ̃ ´Hω̃qD̃

0
t b̃0. (3.203)

F5 “ ´pI ´Hζqb1Bαb0 ` pI ´Hζ̃qb̃1Bαb̃0. (3.204)

F6 “ ε4R (3.205)

3.8.3.1 Estimate ‖F1‖Hs.

We write F1 as

F1 “rDtζ ´ D̃tζ̃ ,Hζ
1

ζα
sBαp2b´Dtζ̄q ` rD̃tζ̃ ,Hζ

1

ζα
´Hζ̃

1

ζ̃
sBαp2b´Dtζ̄q

` rD̃tζ̃ ,Hζ̃

1

ζ̃α
sBαp2pb´ b̃q ´ pDtζ̄ ´ D̃t

¯̃ζqq

´

!

rD0
tω ´ D̃

0
t ω̃,Hω

1

ωα
sBαp2b0 ´D

0
t ω̄q ` rD̃

0
t ω̃,Hω

1

ωα
´Hω̃

1

ω̃
sBαp2b0 ´D

0
t ω̄q

` rD̃0
t ω̃,Hω̃

1

ω̃α
sBαp2pb0 ´ b̃0q ´ pD

0
t ω̄ ´ D̃

0
t
¯̃ωqq

)

“

!

rDtζ ´ D̃tζ̃ ,Hζ
1

ζα
sBαp2b´Dtζ̄q ´ rD

0
tω ´ D̃

0
t ω̃,Hω

1

ωα
sBαp2b0 ´D

0
t ω̄q

)

`

!

rD̃tζ̃ ,Hζ
1

ζα
´Hζ̃

1

ζ̃
sBαp2b´Dtζ̄q ´ rD̃

0
t ω̃,Hω

1

ωα
´Hω̃

1

ω̃
sBαp2b0 ´D

0
t ω̄q

)

`

!

rD̃tζ̃ ,Hζ̃

1

ζ̃α
sBαp2pb´ b̃q ´ pDtζ̄ ´ D̃t

¯̃ζqq ´ rD̃0
t ω̃,Hω̃

1

ω̃α
sBαp2pb0 ´ b̃0q ´ pD

0
t ω̄ ´ D̃

0
t
¯̃ωqq

)

:“F11 ` F12 ` F13.
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The estimates for F11, F12 and F13 are similar, so we give the details of F11 only. We rewrite

F11 as

F11 “rDtζ ´ D̃tζ̃ ´ pD
0
tω ´ D̃

0
t ω̃q,Hζ

1

ζα
sBαp2b´Dtζ̄q

` rD0
tω ´ D̃

0
t ω̃,Hζ

1

ζα
´Hω

1

ωα
sBαp2b´Dtζ̄q

` rD0
tω ´ D̃

0
t ω̃,Hω

1

ωα
sBαp2pb´ b0q ´ pDtζ̄ ´D

0
t ω̄qq

:“F111 ` F112 ` F113.

(3.206)

For F111, use (3.183),

Dtζ ´ D̃tζ̃ ´ pD
0
tω ´ D̃

0
t ω̃q “ pb1 ´ b̃1qpζ̃α ` pr0qαq ` b̃1pr0qα `Dtr1. (3.207)

Use (3.197), (3.192), and Corollary III.39, we have

‖F111‖Hs ďC
∥∥∥Dtζ ´ D̃tζ̃ ´ pD

0
tω ´ D̃

0
t ω̃q

∥∥∥
Hs

∥∥2b´Dtζ̄
∥∥
W s´1,8

ď

∥∥∥pb1 ´ b̃1qpζ̃α ` pr0qαq ` b̃1pr0qα `Dtr1

∥∥∥
Hs

∥∥2b´Dtζ̄
∥∥
W s´1,8

ďC
´

pε5{2 ` εE1{2
s q ` ε5{2 ` E1{2

s

¯

ε

ďCε5{2 ` CεE1{2
s .

(3.208)

For F112 and F113, use proposition III.18, (3.192), (III.39), (3.197), it’s easy to obtain the

estimate

‖F112‖Hs `‖F113‖Hs ď Cε5{2 ` CεE1{2
s . (3.209)

So we obtain the estimate

‖F11‖Hs ď Cε5{2 ` CεE1{2
s . (3.210)

Estimates for F12, F13 are similar to that of F11, we obtain

‖F12‖Hs `‖F13‖Hs ď Cε5{2 ` CεE1{2
s . (3.211)
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So we have

‖F1‖Hs ď Cε5{2 ` CεE1{2
s . (3.212)

3.8.3.2 Estimate ‖F2‖Hs.

We rewrite F2 as

F2 “´ rD
2
t ζ ´ D̃

2
t ζ̃ ,Hζ

1

ζα
spζ̄α ´ 1q ´ rD̃2

t ζ̃ ,Hζ
1

ζα
´Hζ̃

1

ζ̃α
spζ̄α ´ 1q ´ rD̃2

t ζ̃ ,Hζ̃

1

ζ̃α
sBαpζ̄ ´

¯̃ζq

` rpD0
t q

2ω ´ pD̃0
t q

2ω̃,Hω
1

ωα
spω̄α ´ 1q ` rpD̃0

t q
2ω̃,Hω

1

ωα
´Hω̃

1

ω̃
spω̄α ´ 1q

` rpD̃0
t q

2ω̃,Hω̃
1

ω̃α
spω̄α ´ ¯̃ωαq

:“
3
ÿ

m“1

F2m,

(3.213)

where

F21 “ ´rD
2
t ζ ´ D̃

2
t ζ̃ ,Hζ

1

ζα
spζ̄α ´ 1q ` rpD0

t q
2ω̃ ´ pD̃0

t q
2ω,Hω

1

ωα
spω̄α ´ 1q. (3.214)

F22 “ ´rD̃
2
t ζ̃ ,Hζ

1

ζα
´Hζ̃

1

ζ̃α
spζ̄α ´ 1q ` rpD̃0

t q
2ω̃,Hω

1

ωα
´Hω̃

1

ω̃
spω̄α ´ 1q (3.215)

F23 “ ´rD̃
2
t ζ̃ ,Hζ̃

1

ζ̃α
sBαpζ̄ ´

¯̃ζq ` rpD̃0
t q

2ω̃,Hω̃
1

ω̃α
spω̄α ´ ¯̃ωαq. (3.216)

The estimates for F21, F22, F23 are similar, so we give the details of estimates of F21 only. We

rewrite F21 as

F21 :“
3
ÿ

m“1

F21m, (3.217)

where

F211 “ ´rD
2
t ζ ´ D̃

2
t ζ̃ ´ pD

0
t q

2ω ` pD̃0
t q

2ω̃,Hζ
1

ζα
spζ̄α ´ 1q. (3.218)

F212 “ ´rpD
0
t q

2ω ´ pD̃0
t q

2ω̃,Hζ
1

ζα
´Hω

1

ωα
spζ̄α ´ 1q. (3.219)
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F213 “ ´rpD
0
t q

2ω ´ pD̃0
t q

2ω,Hω
1

ωα
spζ̄α ´ ω̄αq. (3.220)

To estimate F211, we rewrite D2
t ζ ´ D̃

2
t ζ̃ ´ pD

0
t q

2ω ` pD̃0
t q

2ω̃ as

D2
t ζ ´ D̃

2
t ζ̃ ´ pD

0
t q

2ω ` pD̃0
t q

2ω̃

“D2
t pξ1 ` ωq ´ D̃

2
t pξ̃1 ` ω̃q ´ pD

0
t q

2ω ` pD̃0
t q

2ω̃

“D2
t ξ1 ` pD

2
t ´ pD

0
t q

2
qω ´ D̃2

t ξ̃1 ´ ppD
0
t q

2
´ pD̃0

t q
2
qω̃

“D2
t r1 ` pD

2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ´ ppD0

t q
2
´ pD̃0

t q
2
qω̃

(3.221)

Lemma III.41. Assume the a priori assumption (3.154). We have

∥∥∥pD2
t ´ D̃

2
t qξ̃1

∥∥∥
Hs
`
∥∥pD2

t ´ pD
0
t q

2
qω

∥∥
Hs `

∥∥∥ppD0
t q

2
´ pD̃0

t q
2
qω̃

∥∥∥
Hs

ďCε5{2 ` Cε
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
.

(3.222)

where

C “ Cp
∥∥D0

tω
∥∥
Hs1 pTq ,

∥∥∥D̃ξ̃1

∥∥∥
HspRq

q

for s1 ą s` 3
2
.

Proof. We have

D2
t ´ pD

0
t q

2
“ DtpDt ´D

0
t q ` pDt ´D

0
t qD

0
t

“Dtpb´ b0qBα ` pb´ b0qBαD
0
t

“pDtb1qBα ` b1DtBα ` b1BαD
0
t .
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So we have

∥∥pD2
t ´ pD

0
t q

2
qω

∥∥
Hs

ď‖pDtb1qBαω‖Hs `‖b1DtBαω‖Hs `
∥∥b1BαD

0
tω

∥∥
Hs

ď‖Dtb1‖Hs‖ωα‖W s,8 `‖b1‖Hs‖ωα‖W s,8 `‖b1‖Hs

∥∥BαD0
tω

∥∥
W s,8

ď

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
‖ωα‖W s,8 `

∥∥∥Dtb̃1

∥∥∥
Hs
‖ωα‖W s,8 `‖b1‖Hs‖ωα‖W s,8 `‖b1‖Hs

∥∥BαD0
tω

∥∥
W s,8

ďCε5{2 ` Cε
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
.

We decompose D2
t ´ pD

0
t q

2 and pD0
t q

2 ´ pD̃0
t q

2 in a similar way. With these decompositions,

the lemma follows easily.

By (3.221), lemma III.41, and proposition III.18, we have

‖F211‖Hs ď Cεpε5{2 ` ε
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
q ď Cε7{2 ` Cε2

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.223)

The estimates for F212, F213 are the same and we obtain

‖F212‖Hs `‖F213‖Hs ď Cε5{2 ` Cε2
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.224)

So we obtain

‖F21‖Hs ď Cε5{2 ` Cε2
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.225)

Similarly, we have

‖F22‖Hs ď Cε5{2 ` CεE1{2
s ` Cε2

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.226)

‖F23‖Hs ď Cε5{2 ` CεE1{2
s ` Cε2

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.227)
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So we obtain

‖F2‖Hs ď Cε5{2 ` CεE1{2
s ` Cε2

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.228)

Similar to the estimates for F1 and F2, we obtain

‖F3‖Hs `‖F4‖Hs `‖F5‖Hs `‖F6‖Hs ď Cε5{2 ` CεE1{2
s ` Cε2

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.229)

So we obtain

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s ` Cε2
∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
. (3.230)

Therefore, ∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s ď Cε2. (3.231)

Since

∥∥∥Dtb̃1

∥∥∥
Hs
“

∥∥∥D̃tb̃1 ` b1Bαb̃1

∥∥∥
Hs
ď

∥∥∥D̃tb̃1

∥∥∥
Hs
`‖b1‖Hs

∥∥∥Bαb̃1

∥∥∥
Hs
ď Cε3{2, (3.232)

we obtain

‖Dtb1‖Hs ď Cε3{2. (3.233)

3.8.4 Bound A1 ´ Ã1

Indeed, recall that Ã1 “ 0. We show that
∥∥∥A1 ´ Ã1

∥∥∥
Hs

can be bounded by Cε5{2`CεE
1{2
s .

Since Ã1 satisfies the formula (3.82) for A1 up to Opε3q, we have

pI ´Hζ̃qpÃ´ Ã0q “irD̃
2
t ζ̃ ,Hζ̃s

¯̃ζα ´ 1

ζ̃α
´ irpD̃0

t q
2ω̃,Hω̃s

¯̃ωα ´ 1

ω̃α

` irD̃tζ̃ ,Hζ̃s
BαD̃t

¯̃ζ

ζ̃α
´ irD̃0

t ω̃,Hω̃s
BαD̃

0
t
¯̃ω

ω̃α

` pHω̃ ´Hζ̃qpÃ0 ´ 1q ` ε3R

(3.234)
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Subtract (3.234) from (3.82), we obtain the following formula for A1´ Ã1. We group similar

terms together and write it in the following manner:

pI ´HζqpA1 ´ Ã1q “ pI ´HζqA1 ´ pI ´Hζ̃qÃ1 ` pHζ ´Hζ̃qÃ1

“

!

irD2
t ζ,Hζs

ζ̄α ´ 1

ζα
´ irD̃2

t ζ̃ ,Hζ̃s

¯̃ζα ´ 1

ζ̃α
´ irpD0

t q
2ω,Hωs

ω̄α ´ 1

ωα
` irpD̃0

t q
2ω̃,Hω̃s

¯̃ωα ´ 1

ω̃α

)

`

!

irDtζ,Hζs
BαDtζ̄

ζα
´ irD̃tζ̃ ,Hζ̃s

BαD̃t
¯̃ζ

ζ̃α
´ irD0

tω,Hωs
BαD

0
t ω̄

ωα
` irD̃0

t ω̃,Hω̃s
BαD̃

0
t
¯̃ω

ω̃α

)

`

!

pHω ´HζqpA0 ´ 1q ´ pHω̃ ´Hζ̃qpÃ0 ´ 1q
)

` pHζ ´Hζ̃qÃ1

` ε4R

:“
5
ÿ

m“1

Km.

Note that we can estimate K1 in exactly the same way as we did for the quantity F211, and

we obtain estimate

‖K1‖Hs ď Cε5{2 ` CεE1{2
s . (3.235)

K2 can be estimated the same way as we did for the quantity F1, and we obtain

‖K2‖Hs ď Cε5{2 ` CεE1{2
s . (3.236)

Estimates for K3, K4 and K5 are straight forward , we have

‖K3‖Hs `‖K4‖Hs `‖K5‖Hs ď Cε5{2 ` CεE1{2
s . (3.237)

So we obtain ∥∥∥pI ´HζqpA1 ´ Ã1q

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s . (3.238)
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Therefore, ∥∥∥A1 ´ Ã1

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s . (3.239)

Corollary III.42. We have

‖A1‖Hs ď Cε3{2. (3.240)

Corollary III.43. Assume the a priori assumption (3.154), then

inf
tPr0,T0s

inf
αPR

Apα, tq ě
1

2
, sup

tPr0,T0s

sup
αPR

Apα, tq ď 2. (3.241)

Proof. We have A “ A0 ` A1. By Theorem III.2, ‖A0 ´ 1‖
8
ď Cε2. By Corollary III.42,

‖A1‖8 ď Cε3{2. Therefore, for ε sufficiently small, we have (3.241).

Definition III.44. Denote L by the quantity

L “rP , DtspI ´Hζqpζ ´ αq ´ rP0, D
0
t spI ´Hωqpω ´ αq

´ rP̃ , D̃tspI ´Hζ̃qpζ̃ ´ αq ` rP̃0, D̃
0
t spI ´Hω̃qpω̃ ´ αq

(3.242)

This quantity arises in the energy estimates in the next section, so we need also to bound

it in terms of Es and ε.

3.8.5 Bound L

We know that:

rP , DtspI ´Hζqpζ ´ αq “
´at
a

¯

˝ κ´1iABαpI ´Hζqpζ ´ αq, (3.243)

where
´

at
a

¯

˝ κ´1 is given by

pI ´Hζq

´

Aζ̄α

´at
a

¯

˝ κ´1
¯

“2irD2
t ζ,Hs

BαDtζ̄

ζα
` 2irDtζ,Hs

BαD
2
t ζ̄

ζα

´
1

π

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

BβDtζ̄pβqdβ.

(3.244)
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Similarly, we have

rP0, D
0
t spI ´Hωqpω ´ αq “

´

pa0qt

a0

¯

˝ κ´1
0 iA0BαpI ´Hωqpω ´ αq, (3.245)

where
´

pa0qt
a0

¯

˝ κ´1
0 is given by

pI ´Hωq

´

A0ω̄α

´

pa0qt

a0

¯

˝ κ´1
0

¯

“2irpD0
t q

2ω,HsBαD
0
t ω̄

ωα
` 2irD0

tω,Hs
BαD

2
t ζ̄

ζα

´
1

π

ż

´D0
tωpαq ´D

0
tωpβq

ωpαq ´ ωpβq

¯2

BβD
0
t ω̄pβqdβ.

(3.246)

For brevity, denote

ψ “
´at
a

¯

˝ κ´1, ψ0 “

´

pa0qt

a0

¯

˝ κ´1
0 .

Let ψ̃ be the approximation of ψ to the order Opε4q, and ψ̃0 the approximation of ψ0 to the

order Opε4q. We have formula for pI ´Hζ̃qψ̃ and pI ´Hω̃qψ̃0:

pI ´Hζ̃q

´

Ã ¯̃ζαψ̃
¯

“2irD̃2
t ζ̃ ,Hs

BαD̃t
¯̃ζ

ζ̃α
` 2irD̃tζ̃ ,Hs

BαD̃
2
t
¯̃ζ

ζ̃α

´
1

π

ż

´D̃tζ̃pαq ´ D̃tζ̃pβq

ζ̃pαq ´ ζ̃pβq

¯2

BβD̃t
¯̃ζpβqdβ ` ε4R1,

(3.247)

and

pI ´Hω̃q

´

Ã0
¯̃ωαψ̃0

¯

“2irpD̃0
t q

2ω̃,HsBαD̃
0
t
¯̃ω

ω̃α
` 2irD̃0

t ω̃,Hs
BαpD̃

0
t q

2 ¯̃ω

ζ̃α

´
1

π

ż

´D̃0
t ω̃pαq ´ D̃

0
t ω̃pβq

ω̃pαq ´ ω̃pβq

¯2

BβD̃
0
t
¯̃ωpβqdβ ` ε4R2,

(3.248)

where ∥∥ε4R1 ´ ε
4R2

∥∥
Hs ď ε7{2.

Denote

θ “ pI ´Hζqpζ ´αq, θ0 “ pI ´Hωqpω´αq, θ̃ “ pI ´Hζ̃qpζ̃ ´αq, θ̃0 “ pI ´Hω̃qpω̃´αq.
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Then

L “ ψBαθ ´ ψ̃Bαθ̃ ´ ψ0Bαθ0 ` ψ̃0Bαθ̃0.

We rewrite L in the following form:

L “pψ ´ ψ0qBαθ ` ψ0Bαpθ ´ θ0q ´ pψ̃ ´ ψ̃0qBαθ̃ ´ ψ̃0Bαpθ̃ ´ θ̃0q

“pψ ´ ψ0qBαpθ ´ θ̃q ` pψ ´ ψ0 ´ pψ̃ ´ ψ̃0qqBαθ̃

` pψ0 ´ ψ̃0qBαpθ ´ θ0q ` ψ̃0Bαpθ ´ θ0 ´ pθ̃ ´ θ̃0qq

:“L1 ` L2 ` L3 ` L4.

The advantage of writing L in this form is that, each Li can be written in the form Li “ yz,

where y P Hs, and z “ z1` z2, where z1 P H
s, and z2 P W

s,8. Note that we cannot estimate

z directly in W s,8, because z1 might lose one derivative.

3.8.5.1 Estimate L1.

First we estimate θ ´ θ̃. We have

θ ´ θ̃ “pI ´Hζqr ` pHζ̃ ´Hζqpζ̃ ´ αq.

Let H˚ζ be the adjoint of Hζ , i.e.,

H˚ζf “ ´ζαH
f

ζ α
.
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Then

Bαpθ ´ θ̃q “pI ´H˚ζ qrα ` pH˚ζ̃ ´H
˚
ζ qpζ̃α ´ 1q

“pI ´H˚ζ qpr1qα ` pI ´H˚ζ qpr0qα

`
1

πi

ż

ζαpζ̃pαq ´ ζ̃pβqq ´ ζ̃αpζpαq ´ ζpβqq

pζpαq ´ ζpβqqpζ̃pαq ´ ζ̃pβqq
pζ̃β ´ 1qdβ

“pI ´H˚ζ qpr1qα ` pI ´H˚ζ qpr0qα :“ Z1 ` Z2

`
1

πi

ż

pr1qαpζ̃pαq ´ ζ̃pβqq ´ ζ̃αppr1qα ´ pr1qβq

pζpαq ´ ζpβqqpζ̃pαq ´ ζ̃pβqq
pζ̃β ´ 1qdβ :“ Z3

`
1

πi

ż

pr0qαpζ̃pαq ´ ζ̃pβqq ´ ζ̃αppr0qα ´ pr0qβq

pζpαq ´ ζpβqqpζ̃pαq ´ ζ̃pβqq
pζ̃β ´ 1qdβ :“ Z4

:“Z1 ` Z2 ` Z3 ` Z4.

We have Z1 :“ pI ´H˚ζ qpr1qα, so

‖Z1‖Hs ď CE1{2
s .

For Z3, use proposition III.18, we obtain

‖Z3‖Hs ď CεE1{2
s .

Use the fact that ||Bαr0||W s,8 ď Cε2, it’s straightforward to prove that

‖Z2 ` Z4‖W s,8 ď Cε2.
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Next we estiamte ψ ´ ψ0, we consider pI ´Hζqpψ ´ ψ0qAζ̄α. Note that

pI ´HζqAζ̄αψ ´ pI ´HωqA0ω̄αψ0

“pI ´HζqAζ̄αψ ´ pI ´HζqAζ̄αψ0 ` pI ´HζqAζ̄αψ0 ´ pI ´HζqAω̄αψ0

` pI ´HζqAω̄αψ0 ´ pI ´HζqA0
¯̃ωαψ0 ` pI ´HζqA0

¯̃ωψ ´ pI ´HωqA0
¯̃ωψ0

“pI ´HζqAζ̄αpψ ´ ψ0q ` pI ´HζqApξ̄1qαψ̃

` pI ´HζqA1ω̄αψ ` pHω ´HζqA0ω̄αψ0.

So we have

pI´HζqAζ̄αpψ ´ ψ0q “ pI ´HζqAζ̄αψ ´ pI ´HωqA0ω̄αψ0

´

!

pI ´HζqApξ̄1qαψ̃ ` pI ´HζqA1ω̄αψ ` pHω ´HζqA0ω̄αψ0

)

For pI ´HζqAζ̄αψ´ pI ´HωqA0ω̄αψ0, subtract (3.246) from (3.244), and then group similar

terms. We have estimated terms of these kinds before, so we omitt the details. We have

∥∥∥pI ´HζqAζ̄αψ ´ pI ´HωqÃ
¯̃ζαψ̃

∥∥∥
Hs
ď Cpε5{2 ` εE1{2

s q. (3.249)

Since ψ̃, ψ0 and A1 are quadratic, it’s easy to show that

∥∥∥pI ´HζqApξ̄1qαψ̃ ` pI ´HζqA1ω̄αψ ` pHω ´HζqA0ω̄αψ0

∥∥∥
Hs
ď Cε5{2. (3.250)

Combined the above estimates, we obtain

||ψ ´ ψ0||Hs ďC||pI ´HζqAζ̄αpψ ´ ψ0q||Hs

ďCpεE1{2
s ` ε5{2q.

(3.251)
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So we have

‖L1‖Hs ď CpεE1{2
s ` ε5{2qpE1{2

s ` ε2q ď Cpε7{2 ` εEsq. (3.252)

The quantities L2, L3 and L4 can be estimated in similar manner, and obtain

‖L2‖Hs `‖L3‖Hs `‖L4‖Hs ď Cpε7{2 ` εEsq. (3.253)

So we have

||L||Hs ď Cpε7{2 ` εEsq. (3.254)

3.9 Energy estimates

In Section 3.7, we derive equations governing the evolution of r1 and Dtr1, respectively,

and define energy for these quantities. In Section 3.8, we obtain aproiri bounds for some

quantities which will be used in energy estimates. In this section, we will obtain bounds for

the energy Es. For this purpose, we estimate the quantity appear in dEs
dt

, and bound dEs
dt

in

terms of Es and ε. Then we obtain

dEs
dt
ď CpE2

s ` εE
3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.255)

Then we show that Es is essentially controlled by Es:

E1{2
s ď CpEs ` ε5{2q. (3.256)

(3.255) and (3.256) will together give the bound

Es ď Cε3 (3.257)

on time scale ε´2.
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3.9.1 Estimate pI ´HζqR11

It suffices to estimate R11. Recall that

R11 “´ 2rDtζ,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ ` 2rD0

tω,Hω
1

ωα
` H̄ω

1

ω̄α
sBαD

0
tω

´ 2rD̃tζ̃ ,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαD̃tζ̃ ` 2rD̃0

t ω̃,Hω̃
1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃

0
t ω̃.

(3.258)

First, we rewrite I :“ ´2rDtζ,Hζ
1
ζα
` H̄ζ

1
ζ̄α
sBαDtζ ` 2rD0

tω,Hω
1
ωα
` H̄ω

1
ω̄α
sBαD

0
tω as

I “´ 2rDtζ ´D
0
tω,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ

´ 2rD0
tω,Hζ

1

ζα
` H̄ζ

1

ζ̄
´Hω

1

ωα
´ H̄ω

1

ω̄α
sBαDtζ

´ 2rD0
tω,Hω

1

ωα
` H̄ω

1

ω̄α
sBαD

0
t ξ1

:“I1 ` I2 ` I3.

(3.259)

And we rewrite II :“ ´2 rD̃t ζ̃ ,Hζ̃
1
ζ̃α
` H̄ζ̃

1
¯̃
ζα
sBαD̃t ζ̃ ` 2 rD̃0

t ω̃,Hω̃
1
ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃0

t ω̃ as

II “´ 2rD̃tζ̃ ´ D̃
0
t ω̃,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαD̃tζ̃

´ 2rD̃0
t ω̃,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζ
´Hω̃

1

ω̃α
´ H̄ω̃

1
¯̃ωα
sBαD̃tζ̃

´ 2rD̃0
t ω̃,Hω̃

1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃

0
t ξ̃1

:“II 1 ` II 2 ` II 3 .

(3.260)
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3.9.1.1 Estimate ‖I1 ` II 1‖Hs

We have

I1 ` II 1 “´ 2rDtζ ´D
0
tω ´ pD̃tζ̃ ´ D̃

0
t ω̃q,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ

´ 2rD̃tζ̃ ´ D̃
0
t ω̃,Hζ

1

ζα
` H̄ζ

1

ζ̄α
´

´

Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα

¯

sBαDtζ

´ 2rD̃tζ̃ ´ D̃
0
t ω̃,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαpDtζ ´ D̃tζ̃q

:“Λ1 ` Λ2 ` Λ3.

Denote

h :“ Dtζ ´D
0
tω ´ pD̃tζ̃ ´ D̃

0
t ω̃q.

We have

rh,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ

“´
2

πi

ż

Imtζpαq ´ ζpβquphpαq ´ hpβqq

|ζpαq ´ ζpβq|2
BβDtζpβqdβ.

(3.261)

Use (3.183),

Dtζ ´ D̃tζ̃ ´ pD
0
tω ´ D̃

0
t ω̃q “ pb1 ´ b̃1qpζ̃α ` pr0qαq ` b̃1pr0qα `Dtr1, (3.262)

and proposition III.18, lemmma III.38, corollary III.39, lemma III.34, corollary III.40, we

have ∥∥∥∥rh,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ

∥∥∥∥
Hs

ď‖h‖Hs‖Im ζα‖Xs´1,8‖Dtζ‖Wn´1,8

ďCpε3{2 ` E1{2
s qε2

ďCpε7{2 ` ε2E1{2
s q.

(3.263)
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So we obtain

‖Λ1‖Hs ď Cpε7{2 ` ε2E1{2
s ` εEs ` E

3{2
s q. (3.264)

Λ2 is a singular integral of the form S2pA, fq, whose kernel is at least of order two. Note

that

∥∥∥D̃tζ̃ ´ D̃
0
t ω̃

∥∥∥
Hs
“

∥∥∥D̃tξ̃1 ` b̃1ω̃α

∥∥∥
Hs
ď

∥∥∥D̃tξ̃1

∥∥∥
Hs
`

∥∥∥b̃1ω̃α

∥∥∥
Hs
ď Cε1{2. (3.265)

By proposition III.18, lemma III.34, corollary III.40, we have

‖Λ2‖Hs ďC
∥∥∥D̃tζ̃ ´ D̃

0
t ω̃

∥∥∥
Hs

∥∥∥Impζ ´ ζ̃qα

∥∥∥
W s´1,8

∥∥∥ζα ´ ζ̃α∥∥∥
W s´1,8

‖Dtζ‖W s´1,8

ďCε7{2.

(3.266)

The same argument gives

||Λ3||Hs ď Cpε7{2 ` ε2E1{2
s q. (3.267)

So we obtain

||I1 ` II 1 ||H s ď C pε7 {2
` ε2 E 1 {2

s q. (3.268)

We estimate I2 ` II 2 and I3 ` II 3 in the same way as we did for I1 ` II 1 , and obtain

‖I2 ` II 2‖Hs `‖I3 ` II 3‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.269)

So we obtain

‖I ` II ‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.270)

So we obtain

||pI ´HζqR11||Hs ď Cpε7{2 ` ε2E1{2
s q. (3.271)
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3.9.2 Estimate pI ´HζqR12

The way we estimate R12 is similar to that of R11. Recall that

R12 “

! 1

πi

ż

´Dtζpα, tq ´Dtζpβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ

´
1

πi

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

pω ´ ω̄qβdβ
)

´

! 1

πi

ż

´D̃tζ̃pα, tq ´ D̃tζ̃pβ, tq

ζ̃pα, tq ´ ζ̃pβ, tq

¯2

pζ̃ ´ ¯̃ζqβdβ

´
1

πi

ż

´D̃0
t ω̃pα, tq ´ D̃

0
t ω̃pβ, tq

ω̃pα, tq ´ ω̃pβ, tq

¯2

pω̃ ´ ¯̃ωqβdβ
)

(3.272)

The idea is again to decompose ζ “ ω` ξ̃1 ` r1 and Dt “ D0
t ` b1Bα to explore the cancella-

tions, and then use Proposition III.18 to obtain appropriate estimates. For example, in the

decomposition we’ll obtain terms like

R121 :“
1

πi

ż

´Dtr1pα, tq ´Dtr1pβ, tq

ζpα, tq ´ ζpβ, tq

¯2

pζ ´ ζ̄qβdβ.

Then we have

||R121||Hs ďC‖Dtr1‖Hs‖Dtr1‖W s´1,8‖Im ζα‖W s´1,8 ď Cε2E1{2
s . (3.273)

Other terms can be estimated in a similar way, and we obtain

‖R12‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.274)

3.9.3 Estimate R13

Recall that

R13 “Dtb1BαpI ´Hωqpω ´ αq ` b1DtBαpI ´Hωqpω ´ αq

´

!

D̃tb̃1BαpI ´Hω̃qpω̃ ´ αq ` b̃1D̃tBαpI ´Hω̃qpω̃ ´ αq
)

(3.275)
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We provide the detail for the estimate of

Dtb1BαpI ´Hωqpω ´ αq ´ D̃tb̃1BαpI ´Hω̃qpω ´ αq.

The estimate for b1DtBαpI ´Hωqpω ´ αq ´ b̃1D̃tBαpI ´Hω̃qpω̃ ´ αq can be obtained in the

same way. We have

Dtb1BαpI ´Hωqpω ´ αq ´ D̃tb̃1BαpI ´Hω̃qpω ´ αq

“Dtpb1 ´ b̃1qBαpI ´Hωqpω ´ αq ` pb1 ´ b̃1qBαb̃1BαpI ´Hωqpω ´ αq

` D̃tb̃1BαpHω̃ ´Hωqpω ´ αq ` D̃tb̃1BαpI ´Hω̃qpω ´ ω̃q

:“J1 ` J2 ` J3 ` J4.

(3.276)

By Theorem III.2, Sobolev embedding, and (3.231), we have

‖J1‖Hs “

∥∥∥Dtpb1 ´ b̃1qBαpI ´Hωqpω ´ αq
∥∥∥
Hs

ď

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hs
‖ωα ´ 1‖W s,8

ďCpε5{2 ` εE1{2
s qε

ďCpε7{2 ` ε2E1{2
s q.

By Theorem III.2, Sobolev embedding, and corollary III.39, we have

‖J2‖Hs ď

∥∥∥b1 ´ b̃1

∥∥∥
Hs

∥∥∥Bαb̃1

∥∥∥
W s,8
‖BαpI ´Hωqpω ´ αq‖W s,8

ďCε7{2.

Estimates for J3, J4 are similar. So we obtain So we have

∥∥pI ´HζqR13

∥∥
HspRq ď Cpε7{2 ` ε2E1{2

s q. (3.277)
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3.9.4 Estimate pI ´HζqR14

Write R14 as

R14 “ R141 `R142,

where

R141 “ b1BαD
0
t pI ´Hωqpω ´ αq ´ b̃1BαD̃

0
t pI ´Hωqpω̃ ´ αq, (3.278)

and

R142 “ ´iA1BαpI ´Hωqpω ´ αq ` iÃ1BαpI ´Hω̃qpω̃ ´ αq. (3.279)

Estimates for these two terms are straightforward, we obtain

∥∥pI ´HζqR14

∥∥
HspRq ď Cpε7{2 ` ε2E1{2

s q. (3.280)

3.9.5 Estimate R16

Recall that

R16 “ ´2rDtζ,Hζs
BαDtpλ´ λ̃q

ζα
. (3.281)

To obtain better estimates, we explore the fact that BαDtpλ´λ̃q
ζα

is almot holomorphic in Ωptqc.

Write R16 as

R16 “´ 2rDtζ,Hζ ` H̄
1

ζ̄α
s
BαDtpλ´ λ̃q

ζα
` 2rDtζ, H̄

1

ζ̄α
sBαDtpλ´ λ̃q

:“R161 `R162.

It’s easy to see that

‖R161‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.282)
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To estimate R162, we write

R162 “´ 2DtζpI ´ H̄ζq
BαDtpλ´ λ̃q

ζ̄α
` 2pI ´ H̄ζqDtζ

BαDtpλ´ λ̃q

ζ̄α

:“R1621 `R1622.

Note that

λ´ λ̃ “pI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αq ´ ppI ´Hζ̃qpζ̃ ´ αq ´ pI ´Hω̃qpω̃ ´ αqq

“pI ´Hζqr1 ` pHω ´Hζqpω ´ αq ` pHζ̃ ´Hζqpζ̃ ´ αq ´ pHω̃ ´Hζqpω̃ ´ αq.

The last three terms are quadratic, and it’s quite easy to see that they are bounded in Hs

by

εE1{2
s ` ε5{2.

So to bound R1621, it suffices to bound ´2DtζpI ´ H̄ζq
BαDtpI´Hζqr1

ζ̄α
. We have

pI ´ H̄ζq
BαDtpI ´Hζqr1

ζ̄α

“pI ´ H̄ζq
BαpI ´HζqDtr1

ζ̄α
´ pI ´ H̄ζq

BαrDtζ,Hζs
Bαr1
ζα

ζ̄α
.

pI ´ H̄ζq
BαrDtζ,Hζs

Bαr1
ζα

ζα
satisfies the estimate

∥∥∥∥∥pI ´ H̄ζ̄αq
BαrDtζ,Hζs

Bαr1
ζ̄α

ζα

∥∥∥∥∥
Hs

ď CεE1{2
s .

And

pI ´ H̄ζq
BαpI ´HζqDtr1

ζ̄α

“pI ´ H̄ζq
BαpI ` H̄ζ̄qDtr1

ζ̄α
´ pI ´ H̄ζq

BαpHζ ` H̄ζ̄qDtr1

ζ̄α
.
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Note that the first term is zero, while the second term satisfies desired estimates. So we have

∥∥∥∥pI ´ H̄ζq
BαpI ´HζqDtr1

ζ̄α

∥∥∥∥
Hs

ď CpεE1{2
s ` ε5{2q.

We can estimate ‖R1622‖Hs in a similar way. So we obtain

‖R16‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.283)

3.9.6 Estimate R17

It’s easy to obtain estimate

‖R17‖H2 ď Cpε7{2 ` ε2E1{2
s q. (3.284)

Since ‖R15‖Hs ď ε7{2, we obtain

∥∥∥∥∥∥pI ´Hζq

5
ÿ

j“1

Rj `R16 `R17

∥∥∥∥∥∥
Hs

ď Cpε7{2 ` εE1{2
s q. (3.285)

3.9.7 Estimate rD2
t ´ iABα, B

n
αsρ1

We have

rD2
t ´ iABα, B

n
αsρ1

“

n
ÿ

m“1

B
n´m
α rD2

t ´ iABα, BαsB
m´1
α ρ1

“

n
ÿ

m“1

B
n´m
α pDtrDt, Bαs ` rDt, BαsDt ` iAαBαqB

m´1
α ρ1

“´

n
ÿ

m“1

B
n´m
α DtpbαBαqB

m´1
α ρ1 ´

n
ÿ

m“1

B
n´m
α bαDtB

m´1
α ρ1 ` i

n
ÿ

m“1

B
n´m
α AαB

m
α ρ1

:“K1 `K2 `K3.

(3.286)
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To estimate K1, we use

B
n´m
α DtpbαBαqB

m´1
α ρ1 “ B

n´m
α pDtbαB

m
α ρ1 ` bαDtB

m
α ρ1q

“

n´m
ÿ

j“1

Cn´m,jpB
n´m´j
α DtbαB

m`j
α ρ1 ` B

n´m´j
α bαB

j
αDtB

m
α ρ1q,

(3.287)

where

Cn´m,j “
pn´mq!

j!pn´m´ jq!
. (3.288)

Write Dtbα “ BαDtb´ pbαq
2. If m ą 1, then use (3.231), corollary III.39, we have

∥∥∥Bn´m´jα DtbαB
m`j
α ρ1

∥∥∥
L2
ď

∥∥∥Bn´m´jα Dtbα

∥∥∥
8
B
m`j
α ρ1||L2

ďp‖bα‖2
Wn´1,8 `

∥∥∥Bn´m´j`1
α Dtb

∥∥∥
8
qE1{2

s

ďCε2E1{2
s .

(3.289)

Similarly, we have ∥∥∥Bn´m´jα bαB
j
αDtB

m
α ρ1q

∥∥∥
L2
ď Cε2E1{2

s . (3.290)

If m “ 1 and j “ 0, then we cannot simply estimate Bn´1
α Dtbα in L8, because if n “ s,

we’ll lose derivatives. To avoid loss of derivatives, we decompose

Dtb “ Dtb1 ` b1Bαb0 `D
0
t b0 “ Dtpb1 ´ b̃1q ` D̃tb̃1 ` b1Bαpb0 ` b̃1q `D

0
t b0.

Then for n ě 3, by corollary III.37, Theorem III.2, corollary III.39, we have

‖Bαρ1B
n
αDtb‖L2

“

∥∥∥Bαρ1pB
n
αDtpb1 ´ b̃1q ` B

n
αD̃tb̃1 ` B

n
αpb1Bαpb̃1 ` b0q ` B

n
αpD

0
t b0qq

∥∥∥
L2

ď

∥∥∥Dtpb1 ´ b̃1q

∥∥∥
Hn
‖Bαρ1‖L8 `‖b1‖Hn

∥∥∥b̃1 ` b0

∥∥∥
Wn`1,8

‖Bαρ1‖L8 `‖Bαρ1‖L2

∥∥D0
t b0

∥∥
Wn,8

ďCε2E1{2
s .

(3.291)
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The quantity Bn´1
α pbαq

2Bαρ1 can be estimated similarly, and we obtain

∥∥Bn´1
α pbαq

2
Bαρ1

∥∥
L2 ď Cε2E1{2

s . (3.292)

So we have ∥∥∥Bn´m´jα DtbαB
m`j
α ρ1

∥∥∥
L2
ď Cε2E1{2

s . (3.293)

We use same argument to obtain

∥∥∥Bn´m´jα bαB
j
αDtB

m
α ρ1q

∥∥∥
L2
ď Cε2E1{2

s . (3.294)

So we obtain

‖K1‖L2 ď Cε2E1{2
s . (3.295)

Estimate K2, K3 in a similar way, we obtain

‖K2 `K3‖L2 ď Cpε7{2 ` ε2E1{2
s q. (3.296)

So we have ∥∥rD2
t ´ iABα, B

n
αsρ1

∥∥
L2 ď Cpε7{2 ` ε2E1{2

s q. (3.297)

So we obtain estimate for C1,n: for 0 ď n ď s,

∥∥C1,n

∥∥
L2 ď Cpε7{2 ` ε2E1{2

s q. (3.298)

3.9.8 Estimate BnαpI ´HζqS1

In this subsection we obtain estimate for the quantity BnαpI ´HζqS1. Since

B
n
αpI ´HζqS1 “ pI ´HζqB

n
αS1 ´ rB

n
α,HζsS1,
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it suffices to estimate BnαS1.

Recall that

S1 “DtG´D
0
tG0 ´ D̃tG̃` D̃

0
t G̃0 ` pP ´ P0qD̃tpI ´Hωqpω ´ αq

´ pP̃ ´ P̃0qD̃
0
t pI ´ ω̃qpω̃ ´ αq ` ε

4R.

3.9.8.1 Estimate
∥∥∥DtG´D

0
tG0 ´ D̃tG̃` D̃

0
t G̃0

∥∥∥
Hs

We have

DtG “´ 2rD2
t ζ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ ´ 2rDtζ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαD

2
t ζ

`
2

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

BβDtζpβqdβ

´
2

πi

ż

|Dtζpαq ´Dtζpβq|
2

pζ̄pαq ´ ζ̄pβqq2
BβDtζpβqdβ

`
4

π

ż

pDtζpαq ´DtζpβqqpD
2
t ζpαq ´D

2
t ζpβqq

pζpαq ´ ζpβqq2
Bβ Im ζpβqdβ

`
2

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβ ImDtζpβqdβ

´
4

π

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯3

Bβ Im ζpβqdβ.

(3.299)
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And

D0
tG0 “´ 2rpD0

t q
2ω,Hω

1

ωα
` H̄ω

1

ωα
sBαD

0
tω

´ 2rD0
tω,Hω

1

ωα
` H̄ω

1

ωα
sBαpD

0
t qω

`
2

πi

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

BβD
0
tωpβ, tqdβ

4

π

ż

pD0
tωpαq ´D

0
tωpβqqppD

0
t q

2ωpαq ´ pD0
t q

2ωpβqq

pωpαq ´ ωpβqq2
Bβ Imtωpβqudβ

´
2

πi

ż

|D0
tωpα, tq ´D

0
tωpβ, tq|

2

pω̄pα, tq ´ ω̄pβ, tqq2
BβD

0
tωpβ, tqdβ

`
2

π

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

Bβ ImtD0
tωpβ, tqudβ

´
4

π

ż

´D0
tωpα, tq ´D

0
tωpβ, tq

ωpα, tq ´ ωpβ, tq

¯2

Bβ Imtωpβ, tqudβ

(3.300)

D̃tG̃ and D̃0
t G̃0 are given similarly: For D̃tG̃, replace Dt by D̃t and replance ζ by ζ̃ in (3.299).

For D̃0
t G̃0, replace D0

t by D̃0
t , and replace ω by ω̃ in (3.300).

‚ Estimate the quantity

S11 :“´ 2rD2
t ζ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ ` 2rD̃2

t ζ̃ ,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαD̃tζ̃

` 2rpD0
t q

2ω,Hω
1

ωα
` H̄ω

1

ω̄α
sBαD

0
tω ´ 2rpD̃0

t q
2ω̃,Hω̃

1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαD̃

0
t ω̃
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Rewrite S11 as

S11 “´ 2rD2
t ζ ´ D̃

2
t ζ̃ ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ :“ S111

´ 2rD̃2
t ζ̃ ,Hζ

1

ζα
` H̄ζ

1

ζ̄α
´

´

Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα

¯

sBαDtζ :“ S112

´ 2rD̃2
t ζ̃ ,Hζ̃

1

ζ̃α
` H̄ζ̃

1
¯̃ζα
sBαpDtζ ´ D̃tζ̃q :“ S113

` 2rpD0
t q

2ω ´ pD̃0
t q

2ω̃,Hω
1

ωα
` H̄ω

1

ω̄α
sBαD

0
tω :“ S114

` 2rpD̃0
t q

2ω̃,Hω
1

ωα
` H̄ω

1

ω̄α
´

´

Hω̃
1

ω̃α
` H̄ω̃

1
¯̃ωα

¯

sBαD
0
tω :“ S115

` 2rpD̃0
t q

2ω̃,Hω̃
1

ω̃α
` H̄ω̃

1
¯̃ωα
sBαpD

0
tω ´ D̃

0
t ω̃q :“ S116.

We give details of estimate of S111 ` S114 only, the estimates for S112 ` S115 and S113 ` S116

are similar. Write S111 ` S114 as

S111 ` S114 “´ 2rD2
t ζ ´ D̃

2
t ζ̃ ´ ppD

0
t q

2ω ´ pD̃0
t q

2ω̃q,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαDtζ

´ 2rpD0
t q

2ω ´ pD̃0
t q

2ω̃,Hζ
1

ζα
` H̄ζ

1

ζ̄α
´

´

Hω
1

ωα
` H̄ω

1

ω̄α

¯

sBαDtζ

´ 2rpD0
t q

2ω ´ pD̃0
t q

2ω̃,Hω
1

ωα
` H̄ω

1

ω̄α
sBαpDtζ ´D

0
tωq

:“M1 `M2 `M3.

To estimate M1, we use (3.221)

D2
t ζ ´ D̃

2
t ζ̃ ´ pD

0
t q

2ω ` pD̃0
t q

2ω̃

“D2
t r1 ` pD

2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ´ ppD0

t q
2
´ pD̃0

t q
2
qω

(3.301)

Denote

q :“ pD2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ´ ppD0

t q
2
´ pD̃0

t q
2
qω.
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We have the rough estimate

‖q‖Hs ď CpE1{2
s ` ε3{2q. (3.302)

Decompose Dtζ as

Dtζ “ Dtr1 `D
0
tω ` b1ωα ` D̃tξ̃1 ` pb´ b̃qBαξ̃1.

Then M1 can be written as

M1 “´ 2rD2
t r1,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαpDtr1 ` b1ωα ` pb´ b̃qBαξ̃1q (3.303)

´ 2rD2
t r1,Hζ

1

ζα
` H̄ζ

1

ζ̄α
sBαpD

0
tω ` D̃tξ̃1q (3.304)

´ 2rq,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαpDtr1 ` b1ωα ` pb´ b̃qBαξ̃1q (3.305)

´ 2rq,Hζ
1

ζα
` H̄ζ

1

ζ̄α
sBαpD

0
tω ` D̃tξ̃1q (3.306)

:“M11 `M12 `M13 `M14. (3.307)

For M11, we have

‖M11‖Hs ďC
∥∥D2

t r1

∥∥
Hs‖Imζα‖W s´1,8

∥∥∥Dtr1 ` b1ωα ` pb´ b̃qBαξ̃1

∥∥∥
Hs

(3.308)

ďCεE1{2
s pE1{2

s ` ε3{2q (3.309)

ďCε2E1{2
s . (3.310)

For M12, we have

‖M12‖Hs ďC
∥∥D2

t r1

∥∥
Hs‖Imζα‖W s´1,8

∥∥∥D0
tω ` D̃tξ̃1

∥∥∥
W s,8

ď Cε2E1{2
s . (3.311)
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For M13, we have

‖M13‖Hs ď C‖q‖Hs‖Imζα‖W s´1,8

∥∥∥Dtr1 ` b1ωα ` pb´ b̃qBαξ̃1

∥∥∥
Hs
ď Cε2E1{2

s . (3.312)

For M14, we have

‖M14‖Hs ď C‖q‖Hs‖Imζα‖W s´1,8

∥∥∥D0
tω ` D̃tξ̃1

∥∥∥
W s,8

ď Cε2E1{2
s . (3.313)

So we have

‖M1‖Hs ďCε
2E1{2

s . (3.314)

M2 and M3 can be estimated similarly, we obtain

‖M2‖Hs `‖M3‖Hs ď Cε2E1{2
s ` ε7{2. (3.315)

So we have

‖S111 ` S114‖Hs ď Cpε2E1{2
s ` ε7{2q. (3.316)

Similarly,

‖S112 ` S115‖Hs ď Cpε2E1{2
s ` ε7{2q. (3.317)

‖S113 ` S116‖Hs ď Cpε2E1{2
s ` ε7{2q. (3.318)

So we have

‖S11‖Hs ď Cpε2E1{2
s ` ε7{2q. (3.319)

We can estimate other quantities in DtG´D
0
tG0 ´ D̃tG̃` D̃

0
t G̃0 similarly, and obtain

∥∥∥DtG´D
0
tG0 ´ D̃tG̃` D̃

0
t G̃0

∥∥∥
Hs
ď Cpε2E1{2

s ` ε7{2q. (3.320)
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3.9.8.2 Estimate
∥∥∥pP ´ P0qD̃tpI ´Hωqpω ´ αq ´ pP̃ ´ P̃0qD̃

0
t pI ´ ω̃qpω̃ ´ αq

∥∥∥
Hs

We have

pP ´ P0qD̃tpI ´Hωqpω ´ αq ´ pP̃ ´ P̃0qD̃
0
t pI ´ ω̃qpω̃ ´ αq

“pP ´ P0 ´ P̃ ` P̃0qD̃tpI ´Hωqpω ´ αq ` pP̃ ´ P̃0qrD̃tpI ´Hωqpω ´ αq ´ D̃
0
t pI ´ ω̃qpω̃ ´ αqs

:“U1 ` U2.

(3.321)

U2 is a known function, it’s easy to obtain that

‖U2‖Hs ď Cε7{2. (3.322)

The operator

P ´ P0 ´ P̃ ` P̃0 “ Dtb1Bα ` b1BαD
0
t ´ D̃tb̃1Bα ´ b̃1BαD̃

0
t

“pb1 ´ b̃1qBα ` D̃tpb1 ´ b̃1qBα ` pb1 ´ b̃1qBαD
0
t ` b̃1Bαpb0 ´ b̃0qBα.

Then it’s easy to obtain

‖U1‖Hs ď Cpε7{2 ` ε2E1{2
s q. (3.323)

So we have

∥∥∥pP ´ P0qD̃tpI ´Hωqpω ´ αq ´ pP̃ ´ P̃0qD̃
0
t pI ´ ω̃qpω̃ ´ αq

∥∥∥
Hs

ďCpε7{2 ` ε2E1{2
s q.

(3.324)
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3.9.8.3 Estimate L

We have obtained estimate for the quantity L in the previous section, we have

pI ´Hζqpζ ´ αq ´ pI ´Hωqpω ´ αq ´ pI ´Hζ̃qpζ̃ ´ αq ` pI ´Hω̃qpω̃ ´ αq

ďCpε7{2 ` ε2E1{2
s q.

(3.325)

Therefore

‖BnαS1‖Ls ď Cpε7{2 ` ε2E1{2
s q. (3.326)

So we have ∥∥BnαpI ´HζqS1

∥∥
Ls
ď Cpε7{2 ` ε2E1{2

s q. (3.327)

3.9.9 Estimate rD2
t ´ iABα, B

n
αsσ1

The way we estimate this term is similar to that of rD2
t ´ iABα, B

n
αsρ1. We omitt the

details. We have ∥∥rD2
t ´ iABα, B

n
αsσ1

∥∥
Hs ď Cpε7{2 ` ε2E1{2

s q. (3.328)

3.9.10 Estimate
∥∥∥´2rDtζ,Hζs

BαDtpδ´δ̃q
ζα

∥∥∥
Hs

Estimates of this quantity similar to that of R16, we have

∥∥∥∥∥´2rDtζ,Hζs
BαDtpδ ´ δ̃q

ζα

∥∥∥∥∥
Hs

ďCpε7{2 ` ε2E1{2
s q. (3.329)

3.9.11 Estimate

∥∥∥∥ 1
πi

ş

´

Dtζpαq´Dtζpβq
ζpαq´ζpβq

¯2

Bβpδ ´ δ̃qdβ

∥∥∥∥
Hs

Estimates of this quantity similar to that of R17, we have

∥∥∥∥ 1

πi

ż

´Dtζpαq ´Dtζpβq

ζpαq ´ ζpβq

¯2

Bβpδ ´ δ̃qdβ

∥∥∥∥
Hs

ďCpε7{2 ` ε2E1{2
s q. (3.330)
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Sum up these estimates

Lemma III.45. We have

∥∥C2,n

∥∥
L2 “

∥∥∥Pσpnq1

∥∥∥
L2
ď Cpε7{2 ` ε2E1{2

s q. (3.331)

3.9.12 Estimate the quantity at
a
˝ κ´1

By (3.75), lemma III.35, corollary III.43, it’s easy to obtain

∥∥∥∥ata ˝ κ´1

∥∥∥∥
L8
ď ε3{2 ` εE1{2

s . (3.332)

3.9.13 Estimate Rpnq1

Recall that

Rpnq1 “
1

2
pI `Hζqρ

pnq
1 “

1

2
pI `HζqB

n
αρ1.

So we have

Rpnq1 “
1

2
B
n
αpI `Hζqρ1 ´

1

2
rB
n
α,Hζsρ1

“
1

2
B
n
αpI `HζqpI ´Hζqpλ´ λ̃q ´

1

2

n
ÿ

m“1

B
n´m
α rζα ´ 1,Hζs

Bmα ρ1

ζα

“´
1

2

n
ÿ

m“1

B
n´m
α rζα ´ 1,Hζs

Bmα ρ1

ζα
.

Decompose ζα ´ 1 “ pr1qα ` pr0qα ` ζ̃α ´ 1. We estimate pr1qα in HspRq while estimate

pr0qα ` ζ̃α ´ 1 in W s,8. By Proposition III.18,

∥∥∥BαRpnq1

∥∥∥
L2
ď

n
ÿ

m“1

∥∥∥∥Bn´m`1
α rζα ´ 1,Hζs

Bmα ρ1

ζα

∥∥∥∥
L2

ďC
´

‖pr1qα‖Hs `

∥∥∥pr0qα ` ζ̃α ´ 1
∥∥∥
W s,8

¯

‖Bαρ1‖Hs

ďCpE1{2
s ` εqE1{2

s .

(3.333)
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We need also to bound BtRpnq1 . We have

BtRpnq1 “´
1

2

n
ÿ

m“1

B
n´m
α Btrζα ´ 1,Hζs

Bmα ρ1

ζα

“´
1

2

n
ÿ

m“1

B
n´m
α

!

rBαζt,Hζs
Bmα ρ1

ζα
` rζα ´ 1,Hζs

Bmα Btρ1

ζα

´
1

πi

ż

pζαpαq ´ ζβpβqqpζtpαq ´ ζtpβqq

pζpαq ´ ζpβqq2
B
m
β ρ1pβqdβ

)

Write Bt “ Dt ´ bBα, then use Proposition III.18 to obtain desired estimates. For example,

the term Bn´mα rBαDtζ,Hζs
Bmα ρ1
ζα

can be estimated as follows

∥∥∥∥Bn´mα rBαDtζ,Hζs
Bmα ρ1

ζα

∥∥∥∥
L2

ď
∥∥BαpDtζ ´D

0
tωq

∥∥
Hn´1 `

∥∥BαD0
tω

∥∥
Wn´1,8‖ρ1‖Hn

ďCpEs ` εE
1{2
s ` ε5{2q.

Similar argument gives ∥∥∥BtRpnq1

∥∥∥
L2
ď CpEs ` εE

1{2
s ` ε5{2q. (3.334)

So we have
ż

BtRpnq1 BαR̄pnq1 dα ď CpE2
s ` εE

3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.335)

3.9.14 Estimate φ
pnq
1

Recall that

φ
pnq
1 “

1

2
pI ´HζqB

n
αρ1.
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We use the rough estimate for φ
pnq
1 : for n ď s, apply Lemma III.36, we have

∥∥∥Bαφpnq1

∥∥∥
L2
“

1

2

∥∥∥∥∥pI ´HζqB
n`1
α ρ1 ´ rζα ´ 1,Hζs

ρn`1
1

ζα

∥∥∥∥∥
L2

ď‖Bαρ1‖Hn

ďCpE1{2
s ` ε3{2q.

(3.336)

3.9.15 Estimate
ş

Bαφ
pnq
1 BtRpnq1

If we use (3.334) and (3.336), then

ż

Bαφ
pnq
1 BtRpnq1 ď

∥∥∥φpnq1

∥∥∥
L2

∥∥∥BtRpnq1

∥∥∥
L2

(3.337)

ďCpE1{2
s ` ε3{2qpEs ` εE

1{2
s ` ε5{2q (3.338)

ďCpE3{2
s ` ε4q, (3.339)

which is not good enough. So we need to explore the cancellation between φ
pnq
1 and BtRpnq1 .

We have

BtRpnq1 “
1

2
BtpI `HζqRpnq1

“
1

2
pI `HζqBtRpnq1 ` rζt,Hs

BαRpnq1

ζα
.

For the second term, we have

ż

Bαφ
pnq
1 rζt,Hs

BαRpnq1

ζα
dα ďpE1{2

s ` ε3{2qppE1{2
s ` εqE1{2

s ε

ďCpεE3{2
s ` ε2Es ` ε

7{2E1{2
s q.
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For the first term, note that

Bαφ
pnq
1 “

1

2
pI ´HζqB

n`1
α ρ1 ´

1

2
rζα ´ 1,HζsB

n`1
α ρ1. (3.340)

We have

ż

rζα ´ 1,HζsB
n`1
α ρ1pI `HζqBtRpnq1 dα ďC‖ζα ´ 1‖W s´1,8‖Bαρ1‖Hs

∥∥∥BtRpnq1

∥∥∥
L2

(3.341)

ďCεpE1{2
s ` ε3{2qpEs ` εE

1{2
s ` ε5{2q (3.342)

ďCpεE3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.343)

We have

ż

pI ´HζqB
n`1
α ρ1pI `HζqBtRpnq1 dα (3.344)

“

ż

pI ´HζqB
n`1
α ρ1pI ´HζqBtRpnq1 dα `

ż

pI ´HζqB
n`1
α ρ1pHζ `HζqBtRpnq1 dα (3.345)

We have

ż

pI ´HζqB
n`1
α ρ1pHζ `HζqBtRpnq1 dα (3.346)

ď
∥∥Bn`1

α ρ1

∥∥
L2‖Imζα‖W s´1,8

∥∥∥BtRpnq1

∥∥∥
L2

(3.347)

ďCεpE1{2
s ` ε3{2qpEs ` εE

1{2
s ` ε5{2q (3.348)

ďCpεE3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.349)

By Cauchy integral formula, we have

ż

pI ´HζqB
n`1
α ρ1pI ´HζqBtRpnq1 ζαdα “ 0
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So we have

ż

pI ´HζqB
n`1
α ρ1pI ´HζqBtRpnq1 dα “

ż

pI ´HζqB
n`1
α ρ1pI ´HζqBtRpnq1 p1´ ζαqdα (3.350)

ď
∥∥Bn`1

α ρ1

∥∥
L2‖ζα ´ 1‖W s´1,8

∥∥∥BtRpnq1

∥∥∥
L2

(3.351)

ďCεpE1{2
s ` ε3{2qpEs ` εE

1{2
s ` ε5{2q (3.352)

ďCpεE3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.353)

So we obtain

dEn
dt

ď CpE2
s ` εE

3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.354)

The estimate of dFn
dt

is almost the same, and we obtain

dFn
dt

ď CpεE3{2
s ` ε2Es ` ε

7{2E1{2
s ` ε5q. (3.355)

Combine (3.354) and (3.355), we obtain

dEs
dt
ď CpεE3{2

s ` ε2Es ` ε
7{2E1{2

s ` ε5q. (3.356)

3.9.16 Control Es in terms of Es

To obtain bound on the energy Es, it’s remaining to bound Es in terms of Es. First, we

make the following reamrk.

Lemma III.46. We have for n ď s,

ż

σ
pnq
1 Bασ

pnq
1 dα ě ´Cpε5 ` ε5{2E1{2

s ` εEs ` E
3{2
s q.
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Proof. We decompose σ
pnq
1 “ Ψ

pnq
1 ` Spnq1 as in (3.145). So we have

ż

σ
pnq
1 Bασ

pnq
1 dα “

ż

Ψ
pnq
1 BαΨ

pnq
1 dα `

ż

Spnq1 BαSpnq1 dα `

ż

Ψ
pnq
1 BαSpnq1 dα `

ż

Spnq1 BαΨ
pnq
1 dα

:“W1 `W2 `W3 `W4.

By lemma III.32, we have W1 ě 0. Similar to the estimate for Rpnq1 and φ
pnq
1 , we have

∥∥∥BαSpnq1

∥∥∥
Hs
ď CpEs ` εE

1{2
s ` ε5{2q. (3.357)

∥∥∥Ψ
pnq
1

∥∥∥
Hs
ď CpE1{2

s ` ε5{2q. (3.358)

The lemma follows directly from the above three equations.

3.9.16.1 Bound
∥∥D2

t r1

∥∥
Hs by ‖Dtr1‖Hs and ‖Bαr1‖Hs

First we derive equation governing D2
t r1. We have by water waves equation

D2
t ζ “ iAζα ´ i, pD0

t q
2ω “ iA0ωα ´ i. (3.359)

D̃2
t ζ̃ “ iÃζ̃α ´ i` ε

4R1, pD̃0
t q

2ω̃ “ iÃ0Bαω̃ ´ i` ε
4R2. (3.360)

where ∥∥ε4R1 ´ ε
4R2

∥∥
Hs`7 ď Cε7{2.

So we have

D2
t ζ ´ pD

0
t q

2ω ´ pD̃2
t ζ̃ ´ pD̃

0
t q

2ω̃q “ iAζα ´ iA0ωα ´ piÃζ̃α ´ iÃ0ω̃αq ` error, (3.361)

with

‖error‖Hs ď Cε7{2.

227



We write left hand side of (3.361) as

LHS of p3.361q “D2
t ξ1 ` pD

2
t ´ pD

0
t q

2
qω ´ pD̃2

t ξ̃1 ` pD̃
2
t ´ pD̃

0
t q

2
qω̃q

“D2
t r1 ` pD

2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ` pD̃2

t ´ pD̃
0
t q

2
qω̃.

(3.362)

Split A “ A0 ` A1, Ã “ Ã0 ` Ã1. We write the right hand side of (3.361) as (omitt the ε4

term)

RHS of p3.361q “iA1ζα ` iA0Bαξ1 ´ piÃ1ζ̃α ` iÃ0Bαξ̃1q

“ipA1 ´ Ã1qζα ` iÃ1Bαr ` ipA0 ´ Ã0qBαξ1 ` iÃ0Bαr1.

(3.363)

By (3.361), (3.362), and (3.363), we obtain

D2
t r1 “ipA1 ´ Ã1qζα ` iÃ1Bαr ` ipA0 ´ Ã0qBαξ1 ` iÃ0Bαr1

´

!

pD2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ` pD̃2

t ´ pD̃
0
t q

2
qω̃
)

(3.364)

By (3.239), decompose ζα “ pr1qα ` pr0qα ` ζ̃α, it’s easy to obtain

∥∥∥ipA1 ´ Ã1qζα

∥∥∥
Hs
ď C

∥∥∥A1 ´ Ã1

∥∥∥
Hs
ď Cε5{2 ` CεE1{2

s . (3.365)

By corollary III.42, we have

‖iA1Bαξ1‖Hs ď‖A1‖Hs‖Bαξ1‖Hs ď ε5{2. (3.366)

By (3.126) and Sobolev embedding, we have

∥∥∥ipA0 ´ Ã0qBαξ1

∥∥∥
Hs
ď

∥∥∥A0 ´ Ã0

∥∥∥
W s,8
‖Bαξ1‖Hs ď Cε7{2. (3.367)
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Obviously, ∥∥∥iÃ0Bαr1

∥∥∥
Hs
ď

∥∥∥Ã0

∥∥∥
W s,8
‖Bαr1‖Hs ď C‖Bαr1‖Hs . (3.368)

By lemma III.41 and (3.231), we have

∥∥∥pD2
t ´ D̃

2
t qξ̃1 ` pD

2
t ´ pD

0
t q

2
qω ` pD̃2

t ´ pD̃
0
t q

2
qω̃

∥∥∥
Hs
ď Cε5{2. (3.369)

Recall that Ã1 “ 0. So iÃ1Bαr “ 0.

Use (3.364), together with (3.365)-(3.369), and recall that E
1{2
s :“ ‖Bαr1‖Hs `‖Dtr1‖Hs `∥∥D2

t r1

∥∥
Hs , we obtain

∥∥D2
t r1

∥∥
Hs ďC‖Bαr1‖Hs ` CεE

1{2
s ` ε5{2 (3.370)

ďCp‖Bαr1‖Hs `‖Dtr1‖Hsq ` Cε
∥∥D2

t r1

∥∥
Hs ` Cε

5{2. (3.371)

Therefore, for ε sufficiently small, we have

∥∥D2
t r
∥∥
Hs ď Cp‖Bαr1‖Hs `‖Dtr1‖Hs ` ε

5{2
q. (3.372)

Now we are ready to bound Es by Es.

Lemma III.47. We have

‖Bαr1‖Hs `‖Dtr1‖Hs ď CpE1{2
` ε5{2q. (3.373)

Proof. Step 1. Show that

‖Dtr1‖Hs ď CpεE1{2
s ` Es ` ε

5{2
`‖Dtρ1‖Hsq. (3.374)
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See the proof of lemma III.36.

Step 2. Show that

‖pr1qα‖Hs ď Cp‖Dtσ1‖Hs ` εE
1{2
s ` ε5{2q.

Use the fact that r̄1 is almost holomorphic, similar to the argument in step 1, we have

‖pr1qα‖Hs ď Cp
∥∥pI ´Hζqpr1qα

∥∥
Hs ` εE

1{2
s ` ε5{2q. (3.375)

To bound
∥∥pI ´Hζqpr1qα

∥∥
Hs in terms of ‖Dtσ1‖Hs plus an error term, consider

U :“ iAζα ´ iA0ωα ´ iÃζ̃α ` iÃ0ω̃α.

Use the fact that Ã “ Ã0 “ 1, we have on one hand,

U “ipζα ´ ωα ´ ζ̃α ` ω̃αq ` ipA´ 1qζα ´ ipA0 ´ 1qωα ´ ipÃ´ 1qζ̃α ` ipÃ0 ´ 1qω̃α

“ipr1qα ` ipA´ A0qωα ` ipA´ 1qξα.

So ∥∥pI ´Hζqpr1qα
∥∥
Hs ď

∥∥pI ´HζqU
∥∥
Hs ` CpεE

1{2
s ` Es ` ε

5{2
q. (3.376)

On the other hand, use water wave equations

pD2
t ´ iABαqζ “ ´i, ppD0

t q
2
´ iA0Bαqω̃ “ ´i,

and the fact that ζ̃ , ω̃ are good approximations:

pD̃2
t ´ iÃBαqζ̃ “ ´i` ε

4R̃, ppD̃0
t q

2
´ iÃ0Bαqω̃ “ ´i` ε

4R̃0,
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with ∥∥∥ε4R̃´ ε4R̃0

∥∥∥
Hs
ď ε7{2.

Denote ε4R :“ ε4R̃´ ε4R̃0. So we have

U “D2
t ζ ´ pD

0
t q

2ω ´ D̃2
t ζ̃ ` pD̃

0
t q

2ω̃ ` ε4R

“DtpDtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃q ` pb´ b0qBαD

0
tω ` pb´ b̃0qBαD̃tζ̃

´ pb´ b̃0qBαD̃
0
t ω̃ ` ε

4R.

We have

∥∥∥pb´ b0qBαD
0
tω ` pb´ b̃0qBαD̃tζ̃ ´ pb´ b̃0qBαD̃

0
t ω̃

∥∥∥
Hs

ďCpεE1{2
s ` ε5{2q.

(3.377)

Denote

Uerror :“ pb´ b0qBαD
0
tω ` pb´ b̃0qBαD̃tζ̃ ´ pb´ b̃0qBαD̃

0
t ω̃ ` ε

4R.

We have

pI ´HζqU “pI ´HζqDtpDtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃q ` pI ´HζqUerror

“DtpI ´HζqpDtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃q

` rDtζ,Hζs
BαpDtζ ´D

0
tω ´ D̃tζ̃ ` D̃

0
t ω̃q

ζα
` pI ´HζqUerror.

(3.378)

Because we want to get estiamtes in terms ofDtσ1, we rewrite pI´HζqpDtζ´D
0
tω´D̃tζ̃`D̃

0
t ω̃q
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as

pI ´HζqpDtζ ´D
0
tω ´ D̃tζ̃ ` D̃

0
t ω̃q

“pI ´HζqpDtξ ´D
0
t ξ0 ´ D̃tξ̃ ` D̃

0
t ξ̃0 ` b´ b0 ´ b̃´ b̃0q

“pI ´HζqDtξ ´ pI ´HωqD
0
t ξ0 ´ pI ´Hζ̃qD̃tξ̃ ` pI ´Hω̃qD̃

0
t ξ̃0

` pHζ ´HωqD
0
t ξ0 ` pHζ ´Hζ̃qξ̃ ´ pHζ ´Hω̃qD̃

0
t ξ̃0 ` pI ´Hζqpb´ b0 ´ b̃´ b̃0q

:“pδ ´ δ̃q ` V1 ` V2,

(3.379)

where

V1 :“ pHζ ´HωqD
0
t ξ0 ` pHζ ´Hζ̃qξ̃ ´ pHζ ´Hω̃qD̃

0
t ξ̃0,

and

V2 :“ pI ´Hζqpb´ b0 ´ b̃´ b̃0q.

We have

‖DtV1‖Hs `‖DtV2‖Hs ď CpεE1{2
s ` Es ` ε

5{2
q. (3.380)

Combine (3.378), (3.379), and (3.380), use the fact that

δ ´ δ̃ “ σ1 ` error,

where the Hs norm of the error is controlled by CpεEs ` Es ` ε
5{2. We obtain

∥∥pI ´HζqU
∥∥
Hs “‖Dtσ1‖Hs ` CpεE

1{2
s ` ε5{2q (3.381)

Combine (3.375), (3.376) and (3.381), we have

‖pr1qα‖Hs ď Cp‖Dtσ1‖Hs ` εE
1{2
s ` ε5{2q. (3.382)
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Step 3. Control ‖Dtσ1‖Hs and ‖Dtρ1‖Hs by Es.

By corollary III.43 and lemma III.46, we have

‖Dtσ1‖Hs `‖Dtρ1‖Hs ď 2Es ` Cpε5 ` ε5{2E1{2
s ` εEs ` E

3{2
s q. (3.383)

Combine (3.374) and (3.382), we obtain

E1{2
s ď CpEs ` εE1{2

s ` ε5{2q.

So we obtian

E1{2
s ď CpEs ` ε5{2q. (3.384)

Combine (3.356) and (3.384), we obtain

dEs
dt
ď Cpε7{2E1{2

s ` ε2Es ` εE3{2
s ` ε5q. (3.385)

By bootstrap argument, we obtain

Proposition III.48. Let s, k, Bp0q, BpX,T q, M0, ζp1q and T be given as in Theorem I.16.

Let ε0 be given. Suppose Esp0q “ M0ε
3. Then there exists a probably smaller ε0 depends on

k, s, T ,M0,‖Bp0q ´ 1‖Hs`7 so that for all 0 ă ε ă ε0 and 0 ď t ď mintT0, T ε´2u, we have

Eptq ď Cε3, for some constant C “ Cpk, s,M0, T , }Bp0q ´ 1}Hs`7q.

3.10 Justification of the NLS from full water waves

In this section, we show that for non-vanishing wave packet-like data, the solution to the

water wave system exists on the Opε´2q time scale, and is well-approximated by the wave
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packet whose modulation evolves according the the 1d focusing NLS. Let’s summarize what

we have done so far:

1. Use the NLS to construct approximate solutions to the full water waves. Let B be

a solution to 1d focusing NLS. We show that there is an approximate solution ζ̃ “

α ` εζp1q ` ε2ζp2q ` ε3ζp3q to the water waves system on time scale Opε´2q such that

ζp1q “ Beiφ.

2. A priori energy estimate of error term. We show that if pζ,Dtζ,D
2
t ζq is a solution

to water waves system, with approximation pζ̃ , D̃tζ̃ , D̃
2ζ̃q, then the remainder term

r :“ ζ ´ ζ̃ satisfies some good energy estimates on time scale Opε´2q.

In the next subsection, we show that there exists initial data pζ0, v0, w0q such that ζ̄0´α and

v̄0 are holomorphic, and pζ0, v0, w0q ´ pζ̃p0q, D̃tζ̃p0q, D̃
2
t ζ̃p0qq “ Opε3{2q in appropriate sense.

3.10.1 Construction of appropriate initial data

In this subsection, we construct initial data to the water waves system which is close to

the approximation pζ̃ , D̃tζ̃ , D̃
2
t ζ̃q. To be precise, we need

(I-1) ζ̄0 ´ α,Dtζ̄0 P HolN pΩp0qq, which is equivalent to

pI ´Hζ0qpζ̄0 ´ αq “ 0, pI ´Hζ0qDtζ̄p0q “ 0.

(I-2) ζ0 “ ωp0q ` ξ1p0q, such that

pI ´Hpqpω̄p0q ´ αq “ 0, pI ´HpqD
0
tωp0q “ 0.

(I-3) The distance between ωp0q and ω̃p0q is small:

‖ωp0q ´ ω̃p0q‖W s1`1,8 ď Cε2.
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∥∥∥D0
tωp0q ´ D̃

0
t ω̃p0q

∥∥∥
W s1,8

ď Cε2.

And the distance between ξ1 and ξ̃1 is also small:

∥∥∥Bαpξ1p0q ´ ξ̃1p0qq
∥∥∥
HspRq

ď Cε3{2.

∥∥∥Dtξ1p0q ´ D̃tξ̃1p0q
∥∥∥
Hs`1{2pRq

ď Cε3{2.

(I-4) A0p0q, pD
0
t q

2ωp0q, D0
tωp0q satisfy the following compatibility condition

pI´HpqpA0p0q´1q “ irpD0
t q

2ωp0q,Hps
Bαω̄p0q ´ 1

Bαωp0q
` irD0

tωp0q,Hps
BαD

0
t ω̄p0q

Bαωp0q
. (3.386)

(I-5) Ap0q, D2
t ζp0q, Dtζp0q satisfy the following compatibility condition

pI ´Hζ0qpAp0q ´ 1q “ irD2
t ζp0q,Hζ0s

ζ̄α ´ 1

ζα
` irDtζp0q,Hζp0qs

BαDtζ̄p0q

ζα
(3.387)

In the following lemma, we show that initial data satisfy (I-1)-(I-5) exist.

Lemma III.49. For sufficiently small ε0 ą 0, there exist ωp0q, ζp0q “ ζ0 such that for all

ε ă ε0, (I1)-(I5) hold.

To prove lemma III.49, we first prove the following.

Lemma III.50. Let ω̃0 “ α` εωp1q ` ε2ωp2q ` ε3ωp3q be such that the ωp1q “ c0e
ikα for some

constant c0, and ωp2q, ωp3q P W s1`1,8pTq. Then there exists ωp0q be such that ωp0q ´ α is

periodic with period 2π,

‖ωp0q ´ ω̃‖W s1`1,8pTq ď Cε2,

and ω̄p0q ´ α “ Φ0pωpα, 0qq, where Φ0 is holomorphic in the domain bounded above by the
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curve ωp0q, satisfying

lim
Im zÑ´8

Φ0pzq “ 0.

In the appendix, we show that if we define Γ :“ tα ` ceikα : α P Ru and Ω0
´ the

domain which is below Γ, then ce´ikα is not holomorphic in Ω0
´. So we cannot simply take

ωp0q “ α ` ceikα.

Lemma III.50 is a direct consequence of the following lemma.

Lemma III.51. Let s1 ě 0 and ε ě 0 be fixed. There exists ε0 “ ε0ps
1q ą 0 be sufficiently

small such that for all ε with 0 ď ε ď ε0, there exists ω such that ω ´ α P W s1`1,8pTq,

satisfying

ω̄ ´ α “ ce´iω, (3.388)

and ∥∥∥ω ´ α ´ c̄eiα∥∥∥
W s1`1,8pTq

ď Cε2, (3.389)

for some constant C “ Cps1q ą 0.

Proof. We prove the lemma by iteration. It suffices to prove the case that s1 “ 0. Let

ω0 :“ α and define

ω̄n`1 “ α ` ce´iωn .

Then ω1 “ α ` c̄eiα. We have

‖ω1 ´ ω0‖8 “ |c| “ ε.
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Then we have

‖ω2 ´ ω1‖8 “|c|
∥∥∥e´iω0

∥∥∥
8

∥∥∥e´ipω1´ω0q ´ 1
∥∥∥
8

“ε

∥∥∥∥∥∥
ÿ

kě1

p´ipω1 ´ ω0qq
k

k!

∥∥∥∥∥∥
8

ďε‖ω1 ´ ω0‖8
ÿ

ně1

‖ω1 ´ ω0‖k´1
8

k!

ďε‖ω1 ´ ω0‖8
ÿ

ně1

εk´1

k!
ď ε‖ω1 ´ ω0‖8

ÿ

ně1

εk´1

pk ´ 1q!

ď2ε‖ω1 ´ ω0‖8 .

From this, we have also that

‖ω2 ´ α‖8 ď‖ω2 ´ ω1‖8 `‖ω1 ´ α‖8 ď ε` 2ε2.

We claim that

‖ωn ´ α‖8 ď ε`
n
ÿ

k“2

p2εqk, (3.390)

and

‖ωn ´ ωn´1‖8 ď 2ε‖ωn´1 ´ ωn´2‖8 . (3.391)

Indeed,

‖ωn`1 ´ ωn‖8 “|c|
∥∥∥e´iαe´ipωn´1´αq

∥∥∥
8

∥∥∥e´ipωn´ωn´1q ´ 1
∥∥∥
8

ďεe2ε‖ωn ´ ωn´1‖8
ÿ

kě1

‖ωn ´ ωn´1‖k´1
8

k!

ďεe2ε‖ωn ´ ωn´1‖8
ÿ

kě1

p2εqk´1

pk ´ 1q!
ď εe2ε‖ωn ´ ωn´1‖8 e

2ε

ď2ε‖ωn ´ ωn´1‖8 .
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So the induction hypothesis is verified, and the claim follows. So

‖ωn ´ ωn´1‖8 ď p2εq
n.

There exists ξ0 P L
8 such that

ωn ´ αÑ ξ0.

It’s easy to show that ξ0 P W
s1`1pTq and ωn´αÑ ξ0 in W s1`1,8pTq. Moreover, if we denote

ω :“ ξ0 ` α, we have ∥∥∥ω ´ α ´ c̄eikα∥∥∥
W s1`1,8

ď Cε2.

So the proof of Lemma III.51 and hence Lemma III.50 is completed.

With lemma III.50, we can prove lemma III.49.

Proof of lemma III.49. Given ζ̃ and ω̃ given by (3.107)-(3.109), by Lemma III.50, there exists

ω0 with ω0´α P W
s1`1,8pTq such that ω̄0´α “ B0p0qe

´iω0 and
∥∥ω0 ´ α ´B0p0qεe

iα
∥∥
W s1`1,8 ď

Cpsqε2. By Lemma III.11, we have

pI ´Hω0qpω̄0 ´ αq “ B0p0qpI ´Hω0qe
´iω0 “ 0. (3.392)

We want to find ζ0 such that

pI ´Hζ0qpζ̄0 ´ αq “ 0. (3.393)

Write

ζ0 “ ω0 ` ξ1p0q.

We want

ξ1p0q ´ ξ̃1p0q “ Opε3{2q. (3.394)
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We simply write ξ1p0q as ξ1 and ξ̃1p0q as ξ̃1. By (3.393), we expect that

ζ̄0 ´ α “ pI `Hζ0qf, (3.395)

for some function f . By (3.394), we expect that f should be closed to ξ̃. It’s easy to see

that we can take

f “
1

2
pξ̃1 ` ω0 ´ αq.

Denote ξ0 :“ ω0 ´ α. Recall that pI ´Hω0qω̄0 “ 0, so we have

1

2
pI `Hω0qξ̄0 “ ξ̄0.

So we have

pI `Hζ0qf “
1

2
pI `Hζ0q

¯̃ξ1 `
1

2
pI `Hζ0qξ̄0

“
1

2
pI `Hζ0q

¯̃ξ1 `
1

2
pI `Hω0qξ̄0 ` pHζ0 ´Hω0qξ̄0

“
1

2
pI `Hζ0q

¯̃ξ1 ` ξ̄0 ` pHζ0 ´Hω0qξ̄0

So (3.395) is equivalent to

ξ̄1 “
1

2
pI `Hζ0q

¯̃ξ1 ` pHζ0 ´Hω0qξ̄0. (3.396)

(3.396) can be solved by iteration: let g0 “ 0, z0 “ α. Assume gn has been constructed,

define zn “ gn ` ω0. Then define gn`1 by

ḡn`1 “
1

2
pI `Hznq

¯̃ξ1 ` pHzn ´Hω0qξ̄0.

Then it’s easy to prove that tgnu defines a Cauchy sequence in Hs`7pRq, given that ξ̃1 P

Hs`7pRq. See lemma 5.1 of [63] for example.
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Use the same argument, we can show that Dtζ̄p0q P HolN , and (1), (2), (3) hold. (4) and

(5) can be proved similarly.

3.10.2 Long time well-posedness

By energy estimates in the previous section and the initial data constructed above, we

can prove the following theorem.

Theorem III.5. Let M0, s, k, Bp0q, T be given as in Theorem I.16. Denote the BpX,T q

the solution of (3.114) with initial data Bp0q, and let ζ
p1q
1 be defined as in (3.113). Then

there is ε0 “ ε0pk, s,M0,‖B1p0q‖Hs`7pRq , T q ą 0 so that for ε ă ε0, there exists compatible

initial data pζ0, v0, w0q to water waves system such that

pζ0, v0, w0q “ pω0 ` ξ1p0q, D
0
tω0 ` pv1q0, pD

0
t q

2ω0 ` pw1q0q,

where pω0, D
0
tω0, pD

0
t q

2ω0q is a compatible initial data for periodic water waves sytem (3.38),

satisfying

∥∥∥pBαω0, D
0
tω0, pD

0
t q

2ω0q ´ εpBαζ
p1q
0 p0q, Btζ

p1q
0 p0q, B2

t ζ
p1q
0 p0qq

∥∥∥
Hs1 pTqˆHs1`1{2pTqˆHs1 pTq

ďM0ε
2,

(3.397)

∥∥∥pBαξ1p0q, pv1q0, pw1q0q ´ εpBαζ
p1q
1 p0q, Btζ

p1q
1 p0q, B2

t ζ
p1q
1 p0q

∥∥∥
HsˆHs`1{2ˆHs

ďM0ε
3{2,

(3.398)

and for all such initial data, there exists a possibly smaller ε0 ą 0 such that the water waves

system has a unique solution ζpα, tq with pBαpζ ´αq, Dtζ,D
2
t ζq P Cpr0, T ε´2s;XsˆXs`1{2ˆ

Xsq satisfying

sup
0ďtďT ε´2

∥∥∥pζαptq ´ 1, Dtζptq, D
2
t ζptq ´ εpζ

p1q
α ptq, ζ

p1q
t , ζ

p1q
tt q

∥∥∥
XsˆXs`1{2ˆXs

ď Cε3{2, (3.399)
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for some constant C “ Cpk, s,M0, T ,‖Bp0q ´ 1‖Hs`7q.

In particular, if we take B to be the Peregrine soliton, then we justify the Peregrine

soliton from the full water waves.

3.10.3 Rigorous justification of the Peregrine soliton in Lagrangian coordinates

Let’s change of variables back the our more familiar lagrangian coordinates. We have

κt “ bpκq. This gives a smooth function κ : RÑ R. Taking k0 smaller if necessary, it’s easy

to show that

‖κα‖W s´1,8 ě 1{2, @ t P r0, T ε´2
s. (3.400)

So κ is a diffeomorphism. Let z “ ζ ˝ κ, a be such that paκαq ˝ κ
´1 “ A, we obtain water

waves equation (1.81), which is in Lagrangian coordinates. We can then obtain estimates

for the remainder term in Lagrangian coordinates.

Remark III.52. In Lagrangian coordinates, ζα ´ 1 becomes zα ´ κα. So we have

zα ´ 1 “ zα ´ κα ` pκα ´ 1q. (3.401)

We have

sup
tPr0,T ε´2s

‖zα ´ κα‖Xs´1{2 À ε3{2. (3.402)

However, it seems that‖κα ´ 1‖Xs´1{2 can be as large as ε1{2 on time scale Opε´2q. So we are

unable to rigorously justify the modulation approximation for Retzα ´ 1u. Please see [63]

for more details.
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APPENDIX A

Holomorphicity of plane waves

Let ζpαq “ α ` ceikα, α P R, c is a small constant, k ą 0, for simplicity, assume k is an

integer. Let

Γ :“ tζpαq : α P Ru.

Then Γ is a graph. Let Ω` be the region above Γ, and Ω´ the region below Γ. On one hand,

it’ easy to prove that

Lemma A.1. α, e´ikα and eikα are holomorphic in Ω`.

On the other hand, we’ll show that eikα cannot be boundary value of a bounded holo-

morphic function in Ω´.

Lemma A.2. If c ‰ 0, then eikα cannot be boundary value of a holomorphic function in Ω´.

Proof. If eikα is boundary value of a holomorphic function in Ω´, then eikα is entire, and so

α is entire. Assume α “ Φpζpαqq, Φ entire. Let Ψpζq “ ζ ` ceikζ . Then Ψ is entire, and

Ψpαq “ ζpαq. So we have
$

’

’

&

’

’

%

Ψ ˝ Φpζpαqq “ ζpαq

Φ ˝Ψpαq “ α.
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Ψ ˝Φ and Φ ˝Ψ are entire, we must have Ψ ˝Φpzq ” z,Φ ˝Ψpzq ” z. So Ψ and Φ are inverse

of each other.

If c ‰ 0, then the function z ` ceikz has an essential singularity at 8 because ceikz does.

By Picard’s theorem, z ` ceikz attains all values in C infinitely many times with at most

one exception. Suppose z0 is this exception, i.e., z ` ceikz “ z0 has finitely many solutions

(possibly none). But then z ` ceikz “ z0 ` 2π has infinitely many solutions. Then

z ´ 2π ` ceikz “ z0 ñ z ´ 2π ` ceikpz´2πq
“ z0.

So z ` ceikz “ z0 has infinitely many solutions, a contradiction.

In particular, z ` ceikz “ 0 has infinitely many solutions. So Ψ is not invertible, contra-

diction.

Lemma A.3. If e´ikα is boundary value of a holomorphic function in Ω´, then eikα is also

holomorphic in Ω´.

Proof. Let e´ikα “ Gpζpαqq, where G is holomorphic in Ω´. Then the zeros of G is a discrete

set, which we denote by S. We’ll show that S “ H. Since ζ “ α ` ceikα, we have

α “ ζpαq ´
c

e´ikα
“ ζpαq ´

c

Gpζpαqq
.

DefineHpζq :“ ζ ´ c
Gpζq

, ζ P Ω´. Then H has boundary value α. So α is boundary value of

a meromorphic function in Ω´, with poles at S.

Note that e´ikHpζpαqq has boundary values e´ikα, and e´ikHpζq is holomorphic in Ω´zS, by

uniqueness extension of holomorphic functions, we must have e´ikHpζq “ Gpζq on Ω´zS.

If S ‰ H, then take z0 P S. Then since Gpz0q is defined, z0 must be a removable

singularity of e´ikHpζq. However, since z0 is a pole of Hpζq, so z0 is an essential singularity

of e´ikHpζq, a contradiction. So S “ H.

So we conclude that α is holomorphic in Ω´, and so eikα is holomorphic in Ω´.
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Corollary A.4. e´ikα cannot be the boundary value of a holomorphic function in Ω´ if

c ‰ 0.
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