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ABSTRACT

Given a smooth, complex projective variety X, one can associate to it numerical
invariants by taking holomorphic Euler characteristics of natural vector bundles on
the moduli spaces of stable maps to X. The study of these invariants is called
quantum K -theory. Since K-theory is closely related to representation theory, it is
natural to revisit quantum K-theory from the representation theoretic point of view.
One of the important concepts in representation theory is level. In this thesis, we
introduce the notion of level in quasimap theory and refer to it as the level structure.

This thesis consists of two parts. In the first part, we define level structures in
quasimap theory as certain determinant line bundles over moduli spaces of quasimaps.
By twisting with these determinant line bundles, we define K-theoretic quasimap in-
variants with level structure. An important case of this construction is quantum
K-theory with level structure. We study the basic properties of level structures and
show that quantum K-theory with level structure satisfies the same axioms as the
ordinary, i.e., Givental-Lee’s, quantum K-theory. In the genus-0 case, the invariants
are encoded in an important generating series: the J-function. We characterize the
values of the J-function in quantum K-theory with level structure. As an application

of this characterization, we prove a mirror theorem for toric varieties. One surprising

vii



finding is that the mirrors of some of the simplest examples are Ramanujan’s mock
theta functions.

In the second part, we study the Verlinde/Grassmannian correspondence, which
is a K-theoretic generalization of Witten’s result [82]. It relates the Verlinde algebra,
a representation theoretic object, with the quantum K-invariants of the Grassman-
nian with level structure. To prove this correspondence, an important observation is
that the Verlinde invariants and quantum K-invariants of the Grassmannian can be
defined using the same gauged linear sigma model but with different stability con-
ditions. In this thesis, we study the d-stability condition, for 6 € Q.. In particular,
we construct the moduli spaces of -stable parabolic N-pairs and prove that they
are equipped with canonical perfect obstruction theories. Using virtual structure
sheaves, we define Verlinde type invariants over these moduli spaces and prove that

they do not change when we vary 9.
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CHAPTER I

Introduction

More than a decade ago, quantum K-theory was introduced by Givental and
Lee [28, 53] as the K-theoretic analog of quantum cohomology. Its recent revival
stems partially from a physical interpretation of quantum K-theory as a 3D-quantum
field theory in the 3-manifold of the form S' x ¥ (see [47, 48]). Because of this
mysterious physical connection, the B-model counterpart of quantum K-theory is
g-hypergeometric series, itself a classical subject. The above connection was re-
cently confirmed by Givental [34] as the mirror of the so-called J-function of the
permutation-equivariant quantum K-theory.

Classically, K-theory is more closely related to representation theory, comparing
to cohomology theory. It is natural to revisit quantum K-theory from the representa-
tion theoretic point of view. In fact, a variant of quantum K-theory was already stud-
ied by Aganagic, Okounkov, Smirnov and their collaborators [5, 6, 51, 60, 61, 63, 70]
in relation to quantum groups. One of the predominant features of representation

theory is the existence of an additional parameter called the level. A natural ques-



tion is whether it is possible to extend the current version of quantum K-theory to
include this notion of level. The primary goal of this thesis is to answer this question
affirmatively in the context of quasimap theory. We first explain the motivation for
level structures in quantum K-theory. Then we characterize quantum K-theory with
level structure in genus zero. In the study of mirror symmetry of this new theory, we
see the surprising appearance of Ramanujan’s mock theta functions in some of the
simplest examples. After that, we give a generalization of Witten’s result relating

Verlinde numbers and quantum K-invariants of Grassmannians with level structures.

1.1 Motivation

Our motivating example is an old physical result of Witten [82] in the early ’90s
which relates the quantum cohomology ring of the Grassmannian to the Verlinde
algebra. Early explicit physical computations [27, 46, 80| indicate that they are
isomorphic as algebras, but have different pairings. In [82], Witten gave a conceptual
explanation of the isomorphism, by proposing an equivalence between the quantum
field theories which govern the Verlinde algebra and the quantum cohomology of
the Grassmannian. His physical derivation of the equivalence naturally leads to a
mathematical problem that these two objects are conceptually isomorphic (without
referring to the detailed computations). A great deal of work has been done by
Agnihotri [7], Marian-Oprea [55, 56, 57|, and Belkale [10]. However, to the best of
our knowledge, a complete conceptual proof of the equivalence is missing.

Assuming a basic knowledge of quantum K-theory, a key and yet more or less



trivial observation is that invariants of Verlinde algebras are K-theoretic invariants.
To be more precise, let X be a smooth projective variety. Suppose that ﬂ%k(X ,B)

is the moduli space of stable maps to X. Quantum cohomology studies integrals of

[
My (XB)1e

where [M, (X, )] is the so-called virtual fundamental cycle and « is a “tautolog-

the form

ical” cohomology class. In quantum K-theory, we replace the virtual fundamental

cycle by the wvirtual structure sheaf Ovmir 5" We also replace the integral by the

g,k(X

holomorphic Euler characteristic

X(ﬂg,k(*}g ﬁ)? E® Ovﬂirg,k(xﬂ))’

where F is some natural K-theory class on /ngk(X , ). For the Verlinde algebra,
the relevant moduli space is the moduli space of semistable parabolic U(n)-bundles
U(n,d,\) on a fixed genus g marked curve (C,py,--- ,px) with parabolic structure
at p; indexed by A,,. Here A = (A, 1,...,A,x) is the collection of insertions. Let [
be a non-negative integer. The parabolic structures \,, correspond to elements V)
in the level-l Verlinde algebra V;(U(n)). A new ingredient is a certain determinant
line bundle, denoted by det, over the moduli space U(n,d,A). The level-l Verlinde

algebra calculates the holomorphic Euler characteristic
<VD¢>\17 e 7a>\k>;\![€ﬂinde = X(U(n7 d7 A)u detl)-

Based on the above description, the Verlinde algebra is clearly a K-theoretic

object, and we should compare it with the quantum K-theory of the Grassmannian



with an appropriate notion of levels. Let Bung be the moduli stack of principal
bundle over curves. Let 7 : €ygyp,, — Bung be the universal curve and let P —
CBun,, be the universal principal bundle. Given a finite-dimensional representation

R of G, we consider the inverse determinant of cohomology
detg := (det Rm.(% x¢ R)) .

It is a line bundle over Bung. Suppose X = Z J G is a GIT quotient. Let Q° be
the moduli stack of e-stable quasimaps to X = Z J G (see Section 2.2). Then there
is a natural forgetful morphism p : Q¢ — Bung. We define the level-I determinant
line bundle as

DR = 1 (detg)".

We will often refer to D! as the level structure. In general, when X is a smooth
complex projective variety, but not a GIT quotient, one can still define determinant
line bundles over the moduli space of stable maps M, (X, 3) as follows. Let R be
a vector bundle over X. Let 7 : C — M, x(X,3) be the universal curve and let
ev : C — X be the universal evaluation map. We define the level-l determinant line
bundle as

D' := (det RW*(eV*R))_l

This definition agrees with the previous one when X is a GIT quotient (see Definition
I1.4 and Remark I1.5).
With the above definition of the level-l determinant line bundle D?!, we can

define the level-l quantum K-invariants and quasimap invariants by twisting with



DRI (see Chapter I11). The ordinary quantum K-theory, i.e., Givental-Lee’s quantum

K-theory, corresponds to the case [ = 0.

1.2 Mirror theorem and mock theta functions

One of the main results of this thesis is a toric mirror theorem for quantum
K-theory with level structure, in the same style as the recent work of Givental
(30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

Let X be a smooth complex projective variety and let R be a vector bundle over
X. When X = 7 )/ G is a GIT quotient, we assume R is of the form (Z x R) J G,
with R a finite-dimensional representation of G. By abuse of terminology, we refer
to the vector bundle R as the “representation” R. Let () be the Novikov variables.
We fix a M-algebra A which is equipped with Adams operations W%, i = 1,2,.... Let
{¢a} be a basis of K°(X)® Q and let {¢*} be the dual basis with respect to the

twisted pairing
(u, )" = x(u®@v® (detR)™"), where u,v € K°(Z | G)® Q.

Let ¢ be a formal variable and let t(q) be a Laurent polynomial in g with coefficients
in K°(X)®Q. The permutation-equivariant K-theoretic J-function J§_(t(q), Q) of

level [ and representation R is defined by

¢ R,1,Sk
T (t(g),Q) =1 —q +t(q) + ZZQ%”<1 — ot ,t(L)>

a B#0 0,k+1,8

Here (>§,§lff s denotes the permutation-equivariant quantum K-invariants of level

[ and L denote the cotangent line bundles. The J-function jéil can be viewed as



elements in the loop space K defined by
K = [K°(X) @ C(q)] ® C[Q]],

where C(q) denotes the field of complex rational functions in ¢q. There is a natural
Lagrangian polarization K = K, & K_, where K, consists of Laurent polynomials
and K_ consists of reduced rational functions regular at ¢ = 0 and vanishing at

q = oo. We denote by £§i the range of j;z’ol, ie.,

L = Ugger, T (t(q),Q) € K.

Due to the stacky structure of the moduli space of stable maps, the J-function
jslil(t(q), @), as a function in ¢, has poles at roots of unity. The main technical tool
is a generalization of Givental-Tonita’s adelic characterization of points on the cone
Egi with the presence of level structure, i.e., we describe the Laurent expansion
of jéil at each primitive root of unity in terms of certain twisted fake quantum
K-theory. The precise statement is rather technical, and we present it in Theorem
IV.5. When [ = 0, the determinant line bundle D! is trivial, and we recover the
ordinary quantum K-theory. The adelic characterization of the cone in the ordinary
quantum K-theory was introduced in [41], and its generalization to the permutation-
equivariant theory is given in [31]. The proofs of all these results are based on
application of the virtual Kawasaki’s Riemann-Roch formula to moduli spaces of
stable maps (see Section 4.1).

Let Lg, denote the range of the permutation-equivariant big J-function in or-

dinary quantum K-theory (i.e., with trivial level structure). As an application of



Theorem IV.5, we prove that certain “determinantal ” modifications of points on

Ls_ lie on the cone E?O’i of quantum K-theory of level [.

Theorem I.1. If

= > JECQﬁ

BEEf(X

lies on Lg_, then the point
Z IBQBH ~Big(Bit1) 61/2)
BEEM(X
lies on the cone Egi of permutation-equivariant quantum K-theory of level [. Here,
Eff(X) denotes the semigroup of effective curve classes on X, L; are the K -theoretic

Chern roots of R, and [3; := fﬂ (L

In Theorem IV.17, we give explicit formulas for level-l (torus-equivariant) I-

functions of toric varieties. Moreover, we prove the following toric mirror theorem.

Theorem 1.2. Assume that X is a smooth quasi-projective toric variety. The level-l
torus-equivariant I-function (1—q) I of X lies on the cone Egi in the permutation-

and torus-equivariant quantum K -theory of level | of X.

In the study of toric mirror theorems for quantum K-theory with level structure,
a remarkable phenomenon is the appearance of Ramanujan’s mock theta functions.
We first establish some notations. Denote the standard representation of G' by St and
its dual by St”. When G = C*, any n-dimensional representation of G is determined

by a charge vector (ay,...,a,) with a; € Z: a C*-action on C" can be explicitly



described by
A (z,.00 x,) = (A2, ..., A% 2y,),  where A € C*,

In the following propositions, we consider GIT quotients C" J/ C*, and we refer to

the C*-actions by their associated charge vectors.

Proposition 1.3. Consider X = C ) C* = [(C\0)/C*]|, where the C*-action is the
standard action by multiplication. The C*-equivariant K-ring Kc«(X) is isomorphic
to the representation ring Repr(C*). Let A € Kc«(X) be the equivariant parameter
corresponding to the standard representation. For the C*-representations St and St”,

we have the following explicit formulas of the equivariant small I-functions

n(n—1)I1
IStl _ 1+Z q 2 an7
@~ A1) (0 AT
qn(7L+1)l
]’St — 1 2 n
(0,Q) = +Z 1- 1)1 - g2 )..(]__)\—lqn)Q’

n>1

By chosing certain specializations of the parameters, we obtain Ramanujan’s mock

theta functions of order 3

n2

Ist,lil 2’ __ = 1+ q ,
X (¢°, Q) 1,Q=q ;(1+q2)(1+q4)---(1+q2n)

n2

IStll 1 q
(q Q)= 7.Q=q9 — +Z (1—q) 1_q3)__,(1_q2n—1)’

n(n—1)

(
ISt,l:l 2 _ = 1 q




and Ramanujan’s mock theta functions of order 5

n2

ISt,l:2 ’ _ = 1+ q )
Y (4 Q) =10 Z;(L+®ﬂ+@%~.u+qﬂ

2n?
X (q ,Q)|A—q,Q—q +; 1_q 1_q3),,_(1_q2n—1)7
n(n+1)
75tV 1=2 PPN q
X0 Qheren =14 ) A gy
2n2+2n

I)S(PV’ZZQ(an)b\:q,Q 1= 1+Z m—1\"
mll—ql—Q) (1 =g 1)

Proposition 1.4. Let ay and ay be two positive integers which are coprime. We
consider the target X,, ., = [(C*\0)/C*] with charge vector (ay,as) and a line bundle

= [{(C?\0) x C} /C*] with charge vector (ay,as,1). Let A\; and Xy be the equivariant
parameters. For the C*-representations St and St”, we have the following explicit
formulas of the equivariant small I-functions

I3 (4,Q)

n(n—1)1
2

p" q
=1+ - — Q"
Z 1 _ a1>\ q (1 _ pal)\l qaln)(l _ ag/\2 1q> . (1 _ pa2)\2 lqazn)

n>1

StVv,1
Iy, (0,Q)

l n(n+1)I

prq 2 n
=1+ E .
(1— al)\ q) - (1 —pu)y qam)(l _paz)\;lq)...(l _paz)\Q—lqazn)Q
By choosing (a1, as) = (1,1) and certain specializations of the parameters, we obtain

the following four Ramanujan’s mock theta functions of order 3:

n2

q
B Qlpernnmro0 = 143 7 : :
1,1 n>1 1+q>(1+q>>
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St, 1=2
IX1 ) (Qa Q)|p:1,)\1:1%\/§’i,)\2=1%‘/§’i7@=q

n2

q
=1+ 7
Z1—q+q)(1—q 2Hqt) - (I—gq"+ ™)

n>1
1 St 9 q2n2+2n
PR (q ,Q)| =1,A1=X2=¢1,Q=1 — )
(1—q)? X1, p=LAi=X=¢"1,Q ; (1—=q)(1—¢q3)---(1—qg2>nt1))2
Q)
(tqrq) ¥ D hmrn—mtplig e 2iodiig 0o
B Z q2n2+2n
n>0 +q+q 1+q3+q6),_,(1+q2n+1+q4n+2)

Proposition 1.5. Let a and b be two positive integers which are coprime. We con-
sider the target X, —» = [{(C\0)xC}/C*] with charge vector (a, —b) and a line bundle

= [{(C\0) x C x C}/C*] with charge vector (a,—b,1). Let A and u be the equivari-
ant parameters of the standard (C*)*-action on X, _y. For the C*-representation St,

we have the following explicit formula for the equivariant small I-function

St, [
[ a, b(q)
_ nn=Dl=bn(n-1) _ B
et (1= p" A 1q)(1 — p"A—1g2) - (1 — prA—1gon)

In particular, we have order 7 mock theta functions

n2

St,1=3 q
—’Xt2 1 (q Q>|p—1>\ 1,u=q,Q=—¢> 1+Z 1_qn+1

—_ A2n)’

2 ) (1 — g2m)

q qn2
_[)S(t, l,:3<Qa Q)|p=1 A=q~,u=q,Q=—q* — Z )
1—q 7271 nzl(l_qn)"'(l_qn )

1 QNQ_H
—[)S(t’ l_:3<Qa Q)|p=1 A=q~u=q,Q=—¢> — Z )
L e ]
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It is interesting that we can recover Ramanujan’s mock theta functions using only
very simple targets.

One of the attractive features of quantum K-theory is the appearance of g¢-
hypergeometric series as mirrors of K-theoretic J-functions. Recall the definition

of the g-Pochhammer symbol
(a;q)n = (1 —a)(1—aq)--- (1 —ag"™") forn >0,

and (a;q)o := 1. A general ¢-hypergeometric series can be written as

n n(n—1)

[(—1)g™ e,

_ (al; Q)n C (ar; Q)n z
0= ,ZZZO (B1; D+ (Bs; D (€5 D

For the quantum K-theory of level 0, i.e, Givental-Lee’s quantum K-theory, we only
see special g-hypergeometric series of the form

n

(3 @)n ()0 2
; (Br;@)n - (Bs; ) (650

The level structure naturally introduces the term

n(n—1)

[(—1)rg™ e,

Proposition 1.6. Consider the target X1 _1 := O(—1)5, = [{(C*\0)xC"}/C*] with
the charge vector (1,1,---,1,—1,—1,--- ,—1). Let p = [{(C*\0) x C" x C}/C*] be a
line bundle with charge vector (1,--- 1, =1, -+ —=1,1). Let Ay, -+, Ag, fi1, "+ , fbr

be the equivariant parameters of the standard (C*)**"-action on X1,_1. Then the



12

equivariant small I-function has the following explicit form

St,I=1+s
I ™ (a)
- - (p,ula Q)n T (p,ur; Q)n nn=1) 4o
=1+ (=" | [(pp:) "pt+oin—= Q (g z ).
a; 11 (PG Dn - (AT G D

Hence we can recover the general q-hypergeometric series by setting p = 1,\;'q =
Bispy = a;j,Q = (=) 2 [, .

Recall that Gromov-Witten theory (of Calabi-Yau varieties) is related to quasi-
modular forms. Mock modular forms are another class of modular objects, which are
different from the quasi-modular forms. Yet, they share some common properties.
The above mirror theorems suggest an exciting possibility that the natural geometric

home of mock modular forms is quantum K-theory with non-trivial level structures.

1.3 Verlinde/Grassmannian correspondence

As mentioned in Section 1.1, Verlinde invariants are K-theoretic invariants in the
theory of semistable parabolic vector bundles. Hence they should be compared with
a version of quantum K-theoretic invariants of Grassmannians, instead of cohomo-
logical Gromov-Witten invariants. For this purpose, we introduce the level structure
to quantum K-theory mentioned in the previous section.

With the appropriate choice of the level structure in quantum K-theory, we formu-
late a K-theoretic version of Witten’s conjecture. We first introduce some notations.

Let [ be a non-negative integer. Recall that as a vector space, the Verlinde alge-

bra Vj(gl,(C)) of level [ is spanned by a basis {V)}iep,, where A = (A1,...,\,)
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is a partition such that satisfies A\; > --- > X, > 0. The set P; consists of all
partitions A with n parts such that A\; < [. There is a geometric construction of
the Verlinde numbers. Let C' be a smooth curve of genus ¢, with k£ marked points
Py, e Let T = {p1,...,pr} be the set of marked points. We assign a partition
Ap = (Ap1,---, Apx) to each marked point p € I. Let U(n,d,\) denote the moduli
space of S-equivalence classes of parabolic vector bundles of rank n and degree d,
with parabolic type determined by the assignment A = (\,),es (see Definition VI.2).
There exists an ample line bundle ©,, called the theta line bundle, over U(n,d, \).

The GL Verlinde number with insertion \ is defined by
Vg, Vg o9 = x (U (n, d, A), ©,).

We consider a variation of the quantum K-invariants defined in the previous
section. We choose one more marked point zy € C' which is disjoint from the mark-
ings in I. Let M (Gr(n, N),d) denote the graph space which is a moduli space

parametrizing families of tuples

((C/7$67p,17 A 7p;£)7E7 8’ w)?

with (C", z(, p}, ..., D)) a k+ l-pointed nodal curve of genus g, E a locally free sheaf
of degree d on (', s a section of E ® OF, satisfying a certain stability condition,
and ¢ : C" — C a morphism such that ¢([C"]) = [C], p(zf) = zo and @(p) = p;.
The stability condition on s ensures there are well-defined evaluation maps ev; :

Mc(Gr(n, N),d) — Gr(n, N). Let S be the tautological vector bundle over Gr(n, N)
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and let £ = S be its dual. A partition A € P; also determines a vector bundle K, (.5)
on the Grassmannian Gr(n, N), for any N. Here, K, denotes the Weyl functor
associated to A (see [81, §2.1]). By abuse of notation, we denote K,(S) by V). Let
7 C — Mc(Gr(n,N),d) be the projection map. Let & be the universal vector

bundle over the universal curve C. We define the following line bundle:

D' = det(&y)° © (det R (€)™,

where e is an integer and &, is the restriction of £ to the distinguished marked point
zo. Let e = (1 —g) + (Id — |A])/n, where [A] = >, 'Ap;. If e is an integer, we define

the quantum K-theory invariant of Gr(n, N) with insertions Vi, ,...,Vy, by

e 1,Gr(n,n+1)
(det(E) [V, s s Va, )

= X(HC(GTO% ) d) Oj\l/ic Gr(n,N),d) ® D' ® <®z 1eV Vi ))

where OVMHC (Cr(n.N).d) is the virtual structure sheaf. If e is not an integer, the Verlinde
invariant is defined as zero.

We propose the following K-theoretic version of Witten’s conjecture:

Conjecture 1.7 (Verlinde/Grassmannian Correspondence). Up to an explicit mir-
ror map, the GL Verlinde invariants (Vs , ... ,V,\pk>lg’\frhnde can be identified with
the quantum K-invariants (det(E)°|Vy,. .. V,\pk>lGr D for d > n(g — 1) and

/\plv"'7/\pk e P,

In the spirit of Witten’s work, we prefer a non-computational proof of the above

conjecture. Also, to obtain the mirror map, we need a deep understanding of the
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geometry of the moduli spaces defining these two invariants.

Remark 1.8. Witten’s original argument covers quantum cohomology which is a 2D
quantum field theory in physics. Quantum K-theory is thought to be a 3D quan-
tum field theory (see a physical derivation in [47]). In this sense, our version of
Verlinde/Grassmannian correspondence is new in physics. It would be interesting to

give a physical derivation.

Our approach is by following Witten’s strategy to lift the problem into the gauged
linear sigma model (GLSM) of the Grassmannian. The GLSM of the Grassmannian
depends on two stability parameters € and ¢ (see the precise definitions in Section
5.1 and Section 6.2). The e-stability concerns about the stability of sections of the
GLSM, while d-stability concerns about the stability of bundles. When we vary € or
9, the moduli space undergoes a series of wall-crossings. When ¢ is sufficiently large
(denoted by € = 00), we recover quantum K-theory of the Grassmannian. When ¢
is sufficiently close to zero (denoted by = 0+), we recover Verlinde’s theory.

In this thesis, we will only discuss d-wall-crossings. We leave the study of e-
wall-crossings for future research. For technical reasons (see Remark VI.30), we
require the partitions to be from a subset P; C P; consisting of all partitions A
with n parts such that \; < [. For a generic value of § € Q,, we denote by

e 1,6,Gr(n,n+l1)
(det(E) IV,\ y V)‘Pk>

Cud the d-stable GLSM invariant with an ordinary in-

ppo e

sertion det(£)® and parabolic insertions Vi, , ..., Vy, , where A, € Pj (see Definition

VI.44). When ¢ = 0+, the GLSM moduli space admits a morphism to U(n,d, \).
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This morphism is generically a projective bundle, if d > n(g — 1) and the open
subset Ug(n,d, ) C Uc(n,d, A) of stable vector bundles is non-empty. Therefore, it
allows us to recover the GL Verlinde numbers from (6 = 04)-stable parabolic GLSM

invariants. More precisely, we prove (see Theorem VI.46) the following

Theorem 1.9. Suppose that d > n(g — 1), U*(n,d,\) # 0 and X\,, € P for i =

1,...,k. Then
1,Verlinde e 1,6=01,Gr(n,N
(Vigy s+ -3 Vay )00 = (det(B)°|Va, ..., Vo, deng - Erm ™),

When n = 1, the moduli space of d-stable parabolic GLSM data does not depend
on 0 (see Remark VI.8). When n = 2, we analyze the geometric wall-crossing of the
0-stable parabolic GLSM moduli spaces. This will allow us to prove the following

0-wall-crossing result.

Theorem 1.10. Assume n < 2. Suppose that N > n+1,d > 29 —2+k, and d is
generic. Then,

<det(E)6|V/\ V)‘pk >l,5,Gr(n,N)

Cd

o
is independent of J.

The higher rank d-wall-crossing problem is much more complicated and we leave
it for future research.

Remark 1.11. The material in this thesis is the result of collaborative work with

Yongbin Ruan, and appears also in the preprints [65] and [66].
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1.4 Outline

This thesis consists of two parts: in the first part, we develop the general theory of
lever structures in quasimap theory, and prove a toric mirror theorem; in the second
part, we focus on the case when targets are Grassmannians, and prove some J-wall-
crossing results towards understanding the Verlinde/Grassmannian correspondence.

In Chapter II, we introduce the notion of level in the K-theoretic quasimap theory
and establish its main properties. In particular, we show that quantum K-theory
with level structure satisfies the same Kontsevich-Manin axioms as Givental-Lee’s
quantum K-theory.

In Chapter IIT We define the K-theoretic quasimap invariants with level structure
and their permutation-equivariant version. We introduce an important generating
series of genus zero invariants: the permuation-equivariant J-function.

In Chapter IV, we focus on the genus zero theory. The range of the permuation-
equivariant J-function is a cone in a certain infinite-dimensional symplectic vector
space. We characterize this cone of level [. As an application, we compute the K-
theoretic toric I-functions of level [, and prove a toric mirror theorem for quantum
K-theory with level structure. In the study of mirror symmetry of some of the
simplest examples, we see the surprising appearance of Ramanujan’s mock theta
functions.

In Chapter V, we study the Verlinde/Grassmannian correspondence. We intro-

duce the gauged linear sigma model (GLSM) of Grassmannians, and treat the case
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of rank 2 d-wall-crossing in the absence of parabolic structures. We aim to give the
reader a general idea of the strategy.

In Chapter VI, we construct the moduli spaces of d-stable parabolic GLSM /stable
pairs. When the degree is small, the moduli spaces are not smooth and this was
considered to be a major difficulty in the '90s. With the modern technique of virtual
structure sheaves, we can define Verlinde-type invariants using these moduli spaces.
When the stability parameter ¢ is sufficiently small, we recover Verlinde invariants.

At the end, we prove the general d-wall-crossing result in the rank 2 case.

1.5 Notation and conventions

We introduce some basic notations in K-theory. For a Deligne-Mumford stack
X, we denote by Ky(X) the Grothendieck group of coherent sheaves on X and by
K°(X) the Grothendieck group of locally free sheaves on X.

For a flat morphism f: X — Y, we have the flat pullback f*: Ky(Y) — Ko(X).
For a proper morphism g : X — Y, we can define the proper pushforward f,
Ko(X) = Ko(Y) by

= Z "[R"f.F).
For a regular embedding 7 : X — Y and a cartesian diagram

X — Y

L

X —Y
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one can define the Gysin pullback i' : Ko(Y') — Ko(X') by
iF) = Y (1) [Tor} (F, Ox)],
where Tor} (F,Ox) denotes the Tor sheaf.
Let E be a vector bundle. We define the K -theoretic FEuler class of E by
A (EY) = Z(—w’ N EY.
Throughout the paper, we consider the rational Grothendieck groups Ko(X)g :=

Ko(X)®Q and K°(X)g := K°(X) ® Q.



CHAPTER II

Level structure and quasimap theory

2.1 Determinant line bundles

In this section, we briefly review the construction of determinant line bundles.
Let X be a Deligne-Mumford stack. Let £ be a locally free, finitely generated Oy

module. We define the determinant line bundle of £ as
det(€) := A2kE) g,

where A’ denotes the i-th wedge product. In general, let F* be a complex of coherent
sheaves on X which has a bounded locally free resolution, i.e., there exists a bounded

complex of locally free, finitely generated Oy modules G* and a quasi-isomorphism
g* — F°.
We define the determinant line bundle associated to F* by
det(F*) := ®@,det(G")1".
We summarize some basic properties of this construction in the following propo-

sition.

20
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Proposition II.1. Let F be a complex of coherent sheaves which has a bounded
locally free resolution. Then

1. The construction of det(F*) does not depend on the locally free resolution.

2. For every short exact sequence of complexes of sheaves which have bounded lo-

cally free resolutions
0 F 5g 5n o,
we have a functorial isomorphism

i(a, B) : det(F*) @ det(H®) = det(G*).

3. The operator det commutes with base change. To be more precise, for every

(representable) morphism of Deligne-Mumford stacks
g: X =),
we have an isomorphism
det(Lg*) = g*det.

In the case when X is a scheme, the above proposition is proved in [50]. Note
that these properties are preserved under flat base change. Therefore they hold for

stacks as well.

2.2 Level structure in quasimap theory

In this section, we first recall the quasimap theory for nonsingular GIT quotients
introduced in [19]. Then we define the level structure in this setting and discuss its

generalizations in orbifold quasimap theory.
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Let Z = Spec(A) be a complex affine algebraic variety in C" and let G be a
reductive group acting on it. Let 8 : G — C* be a character determining a G-
equivariant line bundle Ly := Z x C. Let Z°(f) and Z*°(f) be the stable and
semistable loci, respectively. Throughout the paper, we assume Z°(0) = Z%°(0)
is nonsingular. Furthermore, we assume that G acts freely on Z°(f). It follows
that the GIT quotient Z J/, G is nonsingular and quasi-projective. For simplicity,
we drop 6 from the notation of the GIT quotient. The unstable locus is defined
as Zys = Z — Z*°(0). Recall that we can identify the G-equivariant Picard group
Pic%(Z) with the Picard group Pic([Z/G]) of the quotient stack [Z/G] by sending

an G-equivariant line bundle L to [L/G]. Let § € Homgy(Pic®(Z2),Z).

Definition I1.2 ([19]). A quasimap is a tuple (C,py, ..., pg, P,s) where

e (C,p1,...,px)is a connected, at most nodal, k-pointed projective curve of genus
9,

e P is a principal G-bundle on C,

e s is a section of the induced fiber bundle P x¢ Z on C such that (P,s) is of

class f3, i.e., the homomorphism
Pic“(Z) = Z, L — degy(s*(P x¢ L)),

is equal to .

We require that there are only finitely many base points, i.e., points p € C such

that s(p) € Zus. An element § € Homg(Pic®(Z),Z) is called Lg-effective if it can
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be represented as a finite sum of classes of quasimaps. We also refer to 3 as a curve

class. Denote by E the semigroup of Lg-effective (curve) classes.

A quasimap (C,py,...,pk, P,s) is called prestable if the base points are disjoint
from the nodes and marked points on C. Given a rational number € > 0, a prestable

quasimap is called e-stable if it satisfies the following conditions

1. welog ® Ly is ample, where we jog = wc(Zle pi) is the twisted dualizing sheaf
of C' and

LQ = u*(P XaG LQ) =P Xa C@.

2. el(z) <1 for every point x in C' where
[(z) := length, (coker(u*T) = Oc¢).

Here J is the ideal sheaf of the closed subscheme P X Z,s of P xXg Z.
Let @ ,(Z/)G,B) = {(C,p1,- -, pr, P, s)} be the moduli stack of e-stable quasimaps.
It is shown in [19] that this stack is a separated Deligne-Mumford stack of finite type
and it is proper over the affine quotient Z/.,5G := Spec(A%). When Z has only
local complete intersection singularities, the e-stable quasimap space Q5 ,(Z / G, )
admits a canonical perfect obstruction theory.

Remark 11.3. There are two extreme chambers for the stability parameter e.

1. (e = oo)-stable quasimaps. One can check that when (g,k) # (0,0) and € >

1, the quasimap space Qf,(Z / G, () is isomorphic to the moduli space of



24

stable maps M, x(Z / G,3). When (g, k) = (0,0), the same holds with ¢ > 2.

Therefore when e is sufficiently large, we denote the e-stable quasimap space by

~(Z )G, B) =M (Z )G, D)

and refer to it as the (¢ = oo)-theory.

. (e = 0+)-stable quasimaps. Fix 5 € E. For each € € (0, m], the e-stability is
equivalent to the condition that the underlying curve C' of a quasimap does not
have rational tails and on each rational bridge, the line bundle Ly has strictly
positive degree. Since we need to consider different § at the same time, we

reformulate the stability condition as
Welog @ Ly is ample for all € € Q.

Quasimaps which satisfy the above stability condition are referred to as (e =

0+)-stable quasimaps.

To define the level structure, we introduce some notation first. Let 9, ; be the

algebraic stack of pre-stable nodal curves and Bung be the relative moduli stack

Bung LN M, i

of principal G-bundles on the fibers of the universal curve €, — 9, ;. The mor-

phism ¢ is smooth. There is a forgetful morphism which forgets the section s

Q5 x(Z | G, B) = Bung
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Let 7 : C%ungyk — Bung be the universal curve which is the pullback of €, along
¢. Let q?s — €agun, , be the universal principal G-bundle. We denote by 7 : Cyp —
cx(Z J G,B) the universal curve on the quasimap space. Let P — Cyj be the

universal principal bundle given by the pullback of @ — CBuny -

Definition II.4. Given a finite-dimensional representation R of G, we define the

level-I determinant line bundle over Q¢ ,(Z / G, ) as
(2.1) DR .= (det R (P x¢ R)) !

Alternatively, one can define D®! to be the pullback via u of the determinant line

bundle (det R, (P x¢ R))fl on Bun, .

Remark I1.5. The definition mentioned in the introduction is the second one. It
is conceptually better in the sense that it does not depend on the different moduli
spaces over ‘Bun, . In our case, these moduli spaces are the e-stable quasimap spaces

x(Z ) G, B) for different e. However, Bung is an Artin stack, and it is technically
more difficult to work with it. Formally, we will use the first definition as the working

definition.

Remark 11.6. Note that in Definition I1.4, the bundle P xs R is the pullback of
the vector bundle [Z x R/G] — [Z/G] along the evaluation map to the quotient
stack [Z/G]. Therefore, given a vector bundle R on X, we can use (2.1) to define

a determinant line bundle over the moduli space of stable maps M, (X, ), even

L According to [19, §6.2], Rm«(P xg R) has a two-term locally free resolution. Therefore, we can take the deter-
minant of this complex.
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when X is not a GIT quotient. To be more precise, let 7 : C — mw(X, B) be the
universal curve and let ev : C — X be the universal evaluation map. We define the

level-l determinant line bundle as
D = (det R, (eV*R))fl.

We will often abuse the notation by referring to the vector bundle R as the “repre-

sentation” R.

The above construction can be easily generalized to orbifold quasimap theory. To
be more precise, suppose the target can be written as [Z*/G]. Now, we do not assume
G acts freely on the stable locus Z*(#). Therefore [Z°/G] is in general a Deligne-
Mumford stack. The quasimap theory for such orbifold GIT targets is established
n [15]. According to [15, Section 2.4.5], we still have universal curves and universal
principal G-bundles over moduli spaces of e-stable orbifold quasimaps. Therefore the

level-I determinant line bundle can still be defined using (2.1).

2.3 Properties of level structure in quasimap theory

In this section, we study the level-l determinant line bundle in the case = 0 and
its pullbacks along some natural morphisms between moduli spaces of quasimaps. An
important property of the level structure D is that it splits “correctly” among nodal
strata (see Proposition I1.9). In the following discussion, we assume X = 7 / G is a
GIT quotient so that moduli spaces of quasimaps are defined. When X is a smooth

projective variety, but not a GIT quotient, the same results hold for determinant
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line bundles defined in Remark I1.6. In fact, the arguments used in the proofs are

identical for both cases.

2.3.1 Mapping to a point

Assume that 5 = 0. Then any quasimap is a constant map and the morphism

stabXxev

CR(X,0) == My x X

is an isomorphism. Here stab : Q;’k(X ,0) — Mg,k denotes the stabilization mor-
phism of source curves of quasimaps, and ev : Q¢ , (X,0) — X denotes the constant

evaluation morphism. Let P be the principal G-bundle Z° — X = 7 // G.

Lemma I1.7. The universal bundle P over the universal curve C = C 4, x X is equal
to m3(P), where Cyy, is the universal curve over My and my : Cyp x X — X is the

second projection.

Proof. In general, there is an evaluation map from the universal curve C to the
quotient stack [Z/G] and P is the pullback of P along this map. The lemma follows
from the observation that the evaluation map is given by the second projection

in this case. O

Corollary IL.8. Let R := P xg R be the associated vector bundle on X and let

7:Cyx — Mgy be the canonical morphism. We have

DR’Z _ (/\rk(R)g(Rlﬂ_*Oég’k X R))l ® (/\rk(R) R)_l.
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Proof. By Lemma I1.7, we have P xg R = 73(R). Therefore the pushforward
Rm,(73(R)) is equal to O KR — Rlﬂ*(’)ggk X R via the projection formula.

Note that tk(R'm.OF ) = g. O

2.3.2 Cutting edges

For i = 1,2, we denote by evy, : Qf , (X, ;) — X the evaluation morphism at

the last marking. Consider the cartesian diagram

gk1<X Bl) XX ng,‘g(X ﬂQ) —> ngl(Xaﬁl) X Q;,kg(X7ﬁ2)

l levkl Xevk2

X A y X x X,

where A is the diagonal embedding of X. Let C and C’ denote the universal curves

over Q¢ ;. (X, B1) xx Qf ks (X, B2) and Q4 ki (X, B1) x Qb ks (X, B2), respectively. Let

P and P’ be the universal principal G-bundles over C and C’, respectively. We

DRl X DRl and

can define level structures DQZ o (X)X, (X,62) Q5 (X,B1) Q5 . (X,62)

DE: gl 0 (X)X 25, (X.52) using (2.1). The following proposition shows that the level

9:k2

structure splits “correctly” among nodal strata.

Proposition I1.9. Let x : Qf , (X, 1) Xx Q5 (X, B2) — C be the section corre-

sponding to the node. Then we have

% (R, R, R, * =l
(2.2) ©*(Dg MDY (x.4m) = Dot (XB)xx Qs o (X x.5) @ det (2 (P x¢ R))

gk1( B1) gkz gkl

Proof. Consider the following commutative diagram

d*C’ b s C

\ s

Q;,kl(Xa 51) Xx Q;,kg(Xa 52)
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Notice that C is obtained by gluing along two sections of marked points of ®*C’. For
any locally free sheaf F on C, we have a short exact sequence (the normalization
exact sequence)

0—=>F = pp"F =z, 2" F — 0.
It induces the following natural isomorphism
(2.3) det(Rm, (p.p*F)) " = det(Rm.(F)) ' @ det(Rm, (z.2* F)) .
Note that
det(Rm,(p.p*F)) ' = det(Ra,(p*F))™' and det(Rr,(z.,2*F)) " = det(z*F)".
Now take F = P xXg R and F' = P’ X R. Finally, the lemma follows from the fact

that p*F = ®*F', equation (2.3), and cohomology and base change. O

2.3.3 Contractions

Fix ¢1, g2 and kq, ko such that ¢ = g1 + g2 and k = k1 + k3. We denote the basic
gluing maps by
T Mgl,k?l-‘rl X M927k2+1 — M%ka
q: Mg—l,k—i—? — Mg,k'

Let k' be a non-negative integer. Let k' = (k{,..., k], ;) and 8 = (B1,..., Bmy1) be

partitions of k" and f3, respectively. For simplicity, we denote by Q¢ ., g the fiber

product

;1,k1+k’1+1(X7 51) XX Q(E),2+/k:§3 (X, BB) XX - Q(e),2+k;n+1(X7 Bmﬂ) XXQZQ,k2+k'2+1<X> 52)

~
m—1 factors
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Let st : QF 4, (X, 8) = My be the morphism defined by forgetting the (quasi)map
and the last & markings, then stabilizing the source curve. Consider the following

commutative diagram.

|—| Qm kB Qg k—i—k’(Xa 6)

! J+

-— - r
Mg1,k1+1 X Mg2,k2+1 7 Mg,k

Here the disjoint union is over partitions of the set of &’ marked points of size k',

and partitions 3 of 8. The above commutative diagram induces a morphism

Vo, |_| Qm KB _) 91 k1+1 X M92 k2+1) ><M & Q;,k—l—k’(Xa ﬁ)

Using the same argument as in the proof of [53, Proposition 11], one can show that
the virtual structure sheaves satisfy
m+1 vir _ .V myvir
PR DY Og ., =790 (xp
m K.B
Let Cy 41 and Cp, g 5 be the universal curves on Qf ;. (X, B) and Qfm@’,ﬁ’ respec-
tively. Let Py rip and P, s be the corresponding universal principal G-bundles.

The level structures D!

o (xp and Dge can be defined using (2.1). To prove
g, kJrk, El

mk:/

that quantum K-theory with level structure satisfies the same axioms as Givental-

Lee’s quantum K-theory, we need the following proposition.

Proposition I1.10. We have

DE = (rpp) DR :
mk’B ( m7&7ﬁ) ng+k’( 7/8)



31

Proof. The proposition follows from the following cartesian diagram and cohomology

and base change.
Cog' g — Coporw

| l

rm,k’,ﬁ
;,k—l—k’ (X7 B)

€
m.k',B

2.4 K-theoretic field theory

In [53], Lee proved that ordinary quantum K-theory satisfies certain Konservich-
Manin axioms. If a theory satisfies those axioms, we refer to it as a K -theoretic field
theory. We show that quantum K-theory with level structure is also a K-theoretic
field theory.

Let ﬂg,k be the moduli stack of k-pointed stable curves of genus g. It is a smooth
Deligne-Mumford stack of dimension 3g — 3 + k. Moreover, the stack ﬂg,k has reso-
lution property (see, for example, [2]). Therefore, the two K-groups K°(M, ) and
Ko(M,},) are isomorphic. We denote them by K(M,). Since M, has nontrivial

stacky structure, its K-group is not isomorphic to its cohomology. Instead, we have
K(Mg,k) ®C= H*Uﬂg,ka C),

where Iﬂg,k is the wnertia stack of ﬂ%k. It would be a very interesting problem to
study the ”tautological K-ring”.
Recall that there are several canonical morphisms between different moduli spaces

of curves.
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Forgetful Morphism: Let
T Mygir — My
be the morphism forgetting the last marked point. Here, we assume that 2¢g —
2 4+ k > 0. Furthermore, 7 is isomorphic to the universal curve.

Gluing tree: Let

Poree : Mgy k41 X Mgy ka1 = Mgiigs by +ks

be the morphism induced from gluing the last marked point of the first curve

and the first marked point of the second curve.
Gluing loop: Let
Ploop * Mg,k+2 — Mg-i—l,k:
be the morphism induced from gluing the last two marked points.

Suppose H is a finite-dimensional QQ-vector space with a non-degenerate pairing
(,):HxH— Q[[Q]]. Once and for all, we choose a basis ¢, = 1,--+ ,dim H.

Denote the metric by 7, := (¢,, ¢,) and its inverse matrix by n**.

Definition I1.11. A K-theoretic field theory is a collection of Q-linear maps
Qg H* — K (M1)ol[Q]

satisfying the following properties:

C1. The element g, is Si-equivariant, where the action of the symmetric group Sy

permutes both the copies of H and the marked points of Mg,k.
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C2. Let g = g1 + 9o and k = k; + k. Then Qg ,, satisfies the splitting property

(2.4) Prree g, (a1, ag, . .., ag)

= Z Qghkl-‘rl (ab ceey Ay ¢u) nqugz,kTH(Qsm Ay 415 -+ - ak)
JTRY

for any aq,...,a, € H.

C3. We require

(25) pikoop Qg’k<(l1, as, ... 7ak> = Z Qg—l,k+2 (al, ag, ..., 0y, ¢#7 §bl,) nul/
K,

for any ay,...,a; € H.

Example I1.12. Suppose that X is a smooth projective variety. Denote by E the
semigroup of effective curve classes in Hy(X,Z). Let M, (X, ) denote the moduli
space of stable maps to X of degree 5. Lee constructed in [53] a virtual structure

sheave OY
() M, .

(X.8)° Let H = K(X)g. Define the so-called quantized metric

(a1, a2) = Z QBX(MO,Q(Xv ), Ovmirm(xﬁ) ®evi(ar) ® evZ(ag)).

BeE
When d = 0, we obtain the Mukai pairing x (X, a; ® as). Let

st : Mg’k(X, ﬁ) — M%k

be the stabilization morphism defined by forgetting the map and then stabilizing the

source curve. Define

k
Qg,k<a17 R ’ak> = Z Qﬁst* (Ovmirg’k(X,B) X (®ev;‘(az)))
=1

BEE
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for ai,...,a, € H.

According to [53, §4.3], we have the following theorem.

Theorem II1.13. Q,; defines a K-theoretic field theory with the quantized metric
<.7 >

Similar to the case of cohomological field theories, we can define the shifted K-
theoretic field theories. However, there is more than one definition of the shift. Here,

we focus on two of them: the ordinary shift and the symmetrized shift. Suppose

t =>.t;Q" is a formal power series, where ¢; € H for all i. Let
ft™ : Mg,ker — M%k

be the forgetful morphism which forgets the last m marked points.

1. We define the ordinary shift of €, ; by

1
O plar, - a) = A Qen(ar, - ag 1)

m>0

for ay,...,a, € H. Again, according to [53, §4.3], 2} , forms a K-theoretic field

theory with the shifted metric

<G17a2>t
1 24+m
d AA vir * * *
= > Q%X(Mo,um(x,5),0%%(&5)@evl(a1)®ev2(a2>®®evi(t)).
BEE,m>0 ) i=3

2. We define the symmetrized shift of (), ; as follows. Note that

k+m

k
0% x5 ® Revi(a) @ ) evi(t)
=1

i=k+1
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is Sp,-equivariant. Therefore, it descends to a K-theory class on the stack
ﬂq;ﬁm(X, B)/ Sy, where S, acts on Mg rim(X,3) by permuting the last m

markings. By abuse of notation, we still denote the stabilization morphism by
st My ram(X, 8)/Sm = Myxim/Sm.-
The forgetful morphism ft™ factors through the following morphism:
65 - My prm/Sm — Mg

We define the symmetrized shift of €, 5 by

k+m
Qitlar - a) = Y QUEETst(OF  ,©Qevi(a)® Q) evi(h))
BEE,m>0 i=k+1
and the symmetrized paring by
(as, a2>f <
24+m
= D QX (Mosim(X,B)/Sm, O v o) @ eviar) @ evi(as) @ Q) evi (1))
BEE,m>0 i=3

Proposition I1.14. ij,j’t forms a K -theoretic field theory with the pairing (-, -)2>.

Proof. Axiom C1 is obviously satisfied. The splitting properties in axioms C2 and
C3 follow essentially from the properties of virtual structure sheaves proved in [53,
§3]. We sketch the proof of the splitting property (2.4). The proof of the splitting
property (2.5) is similar.

The key property of virtual structure sheaves that we need to prove (2.4) is dis-

cussed in Section 2.3.3. We recall the setup in the quantum K-theory here. Let
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m = (mo,...,my) and B = (B, ..., ;) be two (s+1)-tuples of non-negative integers

such that » ;m; =m and ), 8; = 8. Let M, g denote the following stack

Mgh/ﬁ-i-l—i-mo (X7 BO) XX MO,Q—!—ml (X7 51) XX ... M0,2+ms_1 (Xa Bs—l)

TV
m—1 factors

XX Mgg,k2+l+ms (X7 /88)7

Consider the following commutative diagram

H Ms,m,@ S— ﬂg,k—i—m(*Xva 6)

(2.6) l l

v v Ptree v
Mgl,k1+1 X M927k2+1 EEEE— Mg,k

where the disjoint union is over all s > 1, partitions of the set of m markings of size m,
and partitions 3 of 3. The horizontal arrows in (2.6) are given by boundary maps and
the vertical arrows are compositions of stabilization morphisms and forgetful mor-
phisms. Let M denote the fiber product (M, g, 11 X Mgy 5yi1) X1, , M pim(X, B).

The commutative diagram (2.6) induces a morphism

v, [[M. = M.

s>1

According to [53, Proposition 11], we have

s+1 vir ! vir
(27) Z<_1) qu* Z O,/\/ls,m£ - ptree<omgﬂk+m()(ﬁ))'
m,B

s

Note that the virtual structure sheaves Oxi,fs " and (’)Vmir are S,,-equivariant.

g,k+m(X76)

Hence, (2.7) can be viewed as an equality over M /S,,. Consider the following com-
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mutative diagram.

(I Moms)/Sm —— M /Sy —————— Mypim(X,5)/Sm

(2:8) | |-

Ptree

Mg, gy 11 X Mgy gy 1 > Mgk

Then

k+m

k
p:;(reeﬂ-* (Ovﬂirg’ker(X”B) ® ® er(az‘) ® ® eV;( (t))
=1 i=k+1
k+m

k
= Piree (O, oy m(x.8) @ Qevi(a) ® Q) evilt)
=1 i=k+1
k+m

k
= ()L (0N, @ @ evi(a) © Q) evilt)
s m,3 B i=1

i=k+1
k k+m

= Z(—l)s—s—lW;/( Z O/V\i/;s,m,g ® ®evzk (a;) ® ® evi(t)).

m,f i=1 i=k+1

It is easy to see that we have the isomorphism:

(HMSW) /Sa=]] (Msvmﬁ/(smo x ...Sm5)>,

where the disjoint union of the LHS is over all s > 1, partitions of the set of m
markings of size m, and partitions 8 of 8, while the disjoint union of the RHS is
over all s > 1, partitions m of m, and partitions 3 of 3. The splitting property (2.4)
follows from the above computation and the cutting edges axiom of virtual structure

sheaves (see [53, Proposition 7]).

]

Example I1.15. Suppose that X =V // G is a GIT quotient, where V' is an affine

variety with at most l.c.i. singularities and G is a complex reductive group. We



38

assume that the stable locus V* coincides the semistable locus V**. Let Qf (X, )
be the moduli space of e-stable quasimaps discussed in Section 2.2. Let O'* denote
the virtual structure sheaf of Q;,k(X , ). Given a finite-dimensional representation
R of G and an integer [, one can define the level structure D?! by formula (2.1).

Let st : Qf (X, 8) — M, be the stabilization morphism. We define

k k+m
Qs ay,ap) = Y QUtst (O @ D @ (R evi(a) @ (X) evi(t))
BEE,m>0 i=1 i=k+1
and the level-l quantized metric by
(a1, az)y="
24m
= Z QdX(Qg’%m(X, B)/Spm, O @ D @ evi(ar) ® evi(as) ® ® evj(t)).
BEE,m>0 i=3

We often omit R from the notation if there is no confusion.
The following theorem follows from the same argument as in Proposition I1.14

and the splitting property of D®! proved in Proposition I1.9.
Theorem I1.16. Qgsjj’R’l’t’e defines a K -theoretic field theory with the pairing (-, -)5>>"e.

Remark 11.17. Suppose X is a smooth projective variety which is not necessarily a
GIT quotient. Given a vector bundle R over X, we can still define a determinant
line bundle D! over the moduli space M x(X, 3) of stable maps by Remark I1.6.

Then Theorem II.16 still holds for level structures defined in this way.



CHAPTER III

Quantum K-invariants with level structure

3.1 K-theoretic quasimap invariants with level structure

In this section, we first briefly recall Givental-Lee’s quantum K-theory. Then we
define K-theoretic quasimap invariants with level structure.

The quantum K-theory or K-theoretic Gromov-Witten theory was introduced by
Givental-Lee [28, 53]. Let X be a smooth projective variety and let M, (X, 3) be
the moduli space of stable maps to X. The moduli space is known to be a proper
Deligne-Mumford stack (see for example [9]). In particular, for any coherent sheaf
£ on Mgvk(X ,3), we can consider its K-theoretic pushforward to the point Spec C,

i.e., we can take its Euler characteristic

where h'(€) := dime H (M, (X, B), E).
From the perfect obstruction theory, Lee [53] constructed a virtual structure sheaf

O € Ko(Myx(X, B)), where Ko(M, (X, ) denotes the Grothendieck group of

39
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coherent sheaves on M, (X, 3). The virtual structure sheaf O has the following
properties:
1. If the obstruction sheaf is trivial and hence ﬂg,k(X ,3) is smooth, then O'" is

the structure sheaf of M, (X, 3).

2. If the obstruction sheaf Obs is locally free, then OV = >~ (—1)" A’ Obs". Here

A?Obs” denotes the i-th wedge product of the dual of the obstruction bundle.

Since we assume X to be smooth, the Grothendieck group of locally free sheaves
on X, denoted by K°(X), is isomorphic to the Grothendieck group of coherent
sheaves Ky(X). We denote both of them by K (X). Suppose that E; are K-theory
elements in K (X) and let L; denote the i-th cotangent line bundles. The K -theoretic

Gromov-Witten invariants are defined by
<ElLl117 e 7EkL§€k>g,k,,8 = X (Mg (X, B), H eviE; @ LY ® o),

where ev; : M, (X, 3) — X are the evaluation morphisms at the i-th marking. Note
that K-theoretic Gromov-Witten invariants, or quantum K-invariants, are closely
related to K-theoretic field theories discussed in Section 2.4. In fact, we obtain
quantum K-invariants by taking the holomorphic Euler characteristic of the coho-
mological field theory €, ;. discussed in Example III.3.

Let E C Hy(X,Z) be the semigroup generated by effective curve classes on X.
We define the quantum K-potential of genus 0 by

F(t,Q) : tt +ZZ )o,k,8

k=0 BEE
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where t € K(X)g := K(X)® Q and (t,t) := x(t ® t) is the Mukai pairing. Let
6o = Ox, 1,02 ... be a basis of K(X)g. One can define the “quantized” pairing on
K(X)q by

(03, 05)) := Fij = 01,0, F (8, Q).

In the following discussion, we assume X can be represented as a GIT quotient
Z J G. As mentioned before, the moduli space of stable maps M, x(Z J G, 3) can
be identified with Qf ,(Z / G, ) for large e. According to [19], for general ¢, the
e-stable quasimap space Q;k(Z J G, ) is proper and it admits a two-term perfect

obstruction theory, assuming Z has only lci singularities. Hence by the result in [53],

one can construct a virtual structure sheaf O on Q¢ (Z J G, ).

Definition II1.1. The K-theoretic quasimap invariants of level | are defined by

Z)GR,le

<E1Ll11, ce e 7EkL§€k>g,k,ﬂ

— X( ;,k(Z // G7/8>’HGV:E’L' ® Liz ® Ovir ®'DR’Z) c Z,
where E; € K(Z | G) ® Q.

We shall usually suppress Z // G from the notation if there is no confusion. Note

that these invariants are all integers.
3.2 Quasimap graph space and J*'*-function
In this section, we first recall the definition and properties of the e-stable quasimap

graph space. Then we define an important generating series J7'¢ of K-theoretic

quasimap invariants of level [.



42

Given a rational number € > 0, the quasimap graph space, denoted by Qg;k(Z /

G, B), is introduced in [19]. It is the moduli space of the tuples

(C,x1,...21), Pyu, ),

where ((C,x1,...x1), P,u) is a prestable quasimap, satisfying el(z) < 1 for every
point x on C, and the new data ¢ is a degree 1 morphism from C to P'. The curve
C' has a unique rational component Cy such that ¢|¢g, : Cop — P! is an isomorphism
and the complement C/Cy is contracted by . The ampleness condition imposed on

the tuples is modified to:

wm(z Z; + Z y;) ® Ly is ample,

where ; are marked points on C'\ Cy and y; are the nodes C'\ Cy N Cy. It is shown
in [19] that the quasimap graph space is also a separated Deligne-Mumford stack
which is proper over the affine quotient. Moreover, when Z has only lci singularities,
the canonical obstruction theory on the graph space is perfect. Similarly, we can
define the level-l determinant line bundle Dgé on QG (7 J G, B) using the universal
principal G-bundles over its universal curve.

There is a natural C*-action on the graph spaces. Let [xg, ;] be homogeneous
coordinates on P!, and set 0 := [1,0] and oo := [0,1]. We consider the standard

C*-action on P':

(31) t- [Io,l‘l] = [tl‘o,l‘l], vt e C*.
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It induces an action on the e-stable quasimap graph space QG ,.(Z /G, 3) by rescaling
the parametrized rational component. According to [18, §4.1], the C*-fixed locus can
be described as

(QG5(Z 1 G.B)" =TT Fiaiy.

where the disjoint union is over all possible splittings

g=091+g2, k=ki+ky, B=p+/P

with g;, k; > 0 and f3; effective. In the stable cases, an e-stable parametrized quasimap
(C,x1,...,xx), Pu,p) € FgQ1 ,f;g; is obtained by gluing two e-stable quasimaps of
types (g1, k1, 81) and (g, ko, 32) to a constant map P* — p € Z J/ G at 0 and oo,

respectively. Therefore, the component F;l k1 g ! is isomorphic to the fiber product

g1, k1+0(Z//G 51) XZ)G ng k2+o(Z// G 52)

over the evaluation maps at the special marked points . When one of the components

at 0 or co is unstable, we use the following conventions.

1. For the unstable cases (g1, k1, 51) = (0,0,0) or (0, 1,0) (and likewise for (gz, k2, 52)),

we define
QoreZ [ G0):=2Z |G, Q142 ) G.0):=Z G, eve=1Idgc.

2. For the unstable cases (g1, k1,51) = (0,0,3;) with 51 # 0 and € < we

_L
B1(Lg)’

denote by
Qoo+e(Z | G, B1)o
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the moduli space of quasimaps (C' = P!, P,u) such that u(z) € P x¢g Z* for
r # 0 € P and 0 € P! is a base point of length $81(Lg). Similarly, we define
Qoo+e(Z )| G, B2) to be the moduli space of quasimaps whose only base point

is of length 5(Ly) and located at co. Using these definitions we have

Fogcfﬁil 2 Q0o Z ) G, B1) X216 Qoore(Z [ G, B2)o

for k> 1 and e < . Similarly we have

B2 ( 0)
F;,Sg; = Qoore(Z | G, Br1)o Xzpa Lgrre(Z | G, B2)

for k> 1 and e < VVheng-/{—Oande<m1n{ﬂ1 T, ) We have

5 (Lg)? Bz(Le

F(%)g; =~ Qoore(Z [ G, B1)o Xzp6 Loo+e(Z | G, B2)oo

We denote by R the vector bundle Z x¢ R — [Z/G] and its restriction to Z J/ G.

We define the twisted pairing on K(Z jJ G)g by
(3.2) (u,v)" = x(u@v® (det R)™"), where u,v € K(Z | G)qg.

Let {¢,} be a basis of K(Z JJ G)g and let {¢*} be the dual basis with respect to
the above twisted pairing (-, ). Let t = >, t'¢; € K(Z J) G)g. We define the

TR _function of level | to be

R,l,e
(3.3) jR“(tQ)—l—qutJrZ Z Q—¢a< i t,...,t> 1

#(0,0),(1,0) —ql’ 0,k+1,8

1In Ciocan-Fontanine-Kim’s convention, the J-function starts at 1. The definition given here agrees with Givental’s
convention in which the J-function starts at the dilaton shift 1 — q.
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In the above summation, the quasimap moduli spaces are empty when k = 0,5 #
0,5(Lg) < 1/€, and the unstable terms are defined by C*-localization on the graph
space QG ((Z /| G, ). To be more precise, we consider the fixed point locus Fy s :=
Qoot+e(Z | G, B)o of the C*-action. The unstable terms in (3.3) are defined to be
-0 Y &R0y eee)e () )
a  B#0,B(Lg)<1/e 0.8
where Np, , is the virtual normal bundle of the fixed locus Fy s in QGgo(Z / G, 3)
and A*Ny = 37, (—=1)' A" Ny, is the K-theoretic Euler class of Np, ,. Here the trace
of a C*-equivariant bundle V', when restricted to the fixed point locus, is a virtual
bundle defined by the eigenspace decomposition with respect to the C*-action, i.e.,
we have
tre« (V) = q' V(i),

where ¢t € C* acts on V(i) as multiplication by #'.

For 1 < € < 0, i.e., the (¢ = 0o)-theory, (3.3) defines J-function in the quantum

Rleo or simply (-)®! to denote quantum

K-theory of level [. In this case, we use (-)
K-invariants of level [. Following Givental-Tonita [41], we introduce the symplectic

loop space formalism. Recall that E denotes the semigroup of Lg-effective curve

classes on Z J/, G. The Nowikov ring C[[Q]] is defined as

ClQ = {>_ csQ?|cs € C}.

BeE

Here the completion is taken with respect to the m-adic topology, where m denotes
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the maximal ideal generated by nonzero elements of E. We define the loop space as
K:=[K(Z ] G)@Cg)] @ ClQll,

where C(q) is the field of complex rational functions in ¢. By viewing the elements
in C(q) ® C[[Q]] as the coefficients, we extend the twisted pairing (-, ) to K via

linearity. There is a natural symplectic form €2 on K defined by

(3.4) Q(f, 9) = [Resg—o + Resqoo](f(Q)y(q‘l))R’ldjqq, where f,q € K.

With respect to €2, there is a Lagrangian polarization K = K. @& K_, where

Ky =[K(Z)G)®Clg,q J@C[[Q]] and K- ={f € K[f(0) # oo, f(c0) = 0}.

As before, let {¢,} be a basis of K(Z | G)g and let {¢*} be the dual basis with
respect to the twisted pairing (-, -)f!. Let t(q) = Z” jgbzq] € K. be an arbitrary

Laurent polynomial. We define the big J-function of level | to be the function

TB(t(q),Q) : Ki — K given by

R,l,00

B
TM(), Q) =1—q+t(@+>_ > %¢a<1f“qL,t(L),...,t(L)>

a  (k,B)#(0,0),(1,0)
Define the genus-0 K -theoretic descendant potential of level | by

0,k+1,8

(3.5) FE(t, Q) - Z R 107 rirane
We can identify the cotangent bundle T*ICJr with the symplectic loop space K via the

Lagrangian polarization and the dilaton shift f — f + (1 —q). Then J%! coincides

with the differential of the descendant potential up to the dilaton shift, i.e., we have

T =1—q+t(q) +dF(t,Q).
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In the case [ = 0, the above fact is proved in [41, §2]. The same argument works for
arbitrary .
For (e = 0+)-stable quasimap theory, the definition (3.3) gives the Z-function of

level [ of Z )| G:

(¢, Q) = T (t,Q)/(1 — q)
1 S (R0, v e (2P ) )er
0.8 FOB “ tI'(c* A* NV

1—q a B0 Fo,

Qﬁ . gba R,l,e=0+
P> )ﬂ¢<<1—q><1—qL>’t""’t> |

a k>1,(k,8)# 0.k+1.8

where t € K(Z )] G)g.

3.3 Permutation-equivariant quasimap K-theory with level structure

Givental [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] introduced the permutation-
equivariant quantum K-theory, which takes into account the S,,-action on the moduli
spaces of stable maps by permuting the marked points. The definition can be easily
generalized to incorporate the level structure.

Let A be a A-algebra, i.e. an algebra over Q equipped with abstract Adams
operations W* k =1,2,.... Here ¥ : A — A are ring homomorphisms which satisfy
UrPs = U™ and W' = id. We often assume that A includes the Novikov variables,
the algebra of symmetric polynomials in a given number of variables, and the torus

equivariant K-ring of a point. We also assume that A has a maximal ideal A, and
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is equipped with the A, -adic topology. For example, we can choose

A= QHNhN%HHQ]HA(:)tv7Aﬁ]7

where N; are the Newton polynomials (in infinitely or finitely many variables) and
@ denotes the Novikov variable(s). The parameters A; denote the torus-equivariant
parameters. The Adams operations ¥ act on N, and @ by V" (N,,) = N,,, and
UT(QP) = QP respectively. We assume their actions on the torus-equivariant pa-
rameters are trivial.

Similar to the “ordinary” quasimap K-theory with level structure, we define the
loop space by

K :=[K(Z | G)®A&C(q).

As before, it is equipped with a symplectic form defined by (3.4), and it has a
Lagrangian polarization

K=K, &k

where K, is the subspace of Laurent polynomials in ¢ and K_ is the subspace of
reduced rational functions which are regular at ¢ = 0 and vanish at ¢ = oc.

Consider the natural Si-action on the quasimap moduli space Q¢ ,(Z / G, 8) by
permuting the £ marked points. Notice that the virtual structure sheaf OQ;,k( Z)G.B)
and the determinant line bundle D®! are invariant under this action. Therefore we
have the following Si-module

[6(L), - (L)) s = D (D)™ H™OF (7)6.8 © DM @, t(L:)),
g;k,8 9,

m
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for t(q) € K.

Definition II1.2. The correlators of the permutation-equivariant quasimap K-theory

of level [ are defined by

R,le,S vir
(B(L),-- o 6(L)) 0 = T (OB (26,0 © D™ @ t(L0)),

where 7, is the K-theoretic pushforward along the projection

m: [QL(Z ) G,B)/Sk] — [pt].

Remark 111.3. When the A-algebra A is chosen to be Z[[Q)]], we refer to the invariants
as the symmetrized invariants. The pushforward map in Definition II1.2 carries

information only about the dimensions of the Sj-invariant parts of sheaf cohomology

[t(L),... ’t(Lﬂg,kﬁ‘ We refer to [37, Example 4] for more details.

For the permutation-equivariant quasimap K-theory, we also consider the J¢-

function, and define the cone Lg_ to be the range of the J*°-function.

Definition III.4. The permutation-equivariant K-theoretic J¢-function of Z J G of
level [ is defined by

(3.6)

T&(t(g), Q) = 1—q+t(q)+> >
T (k)£(00),(1,0)

¢a R,l,e,Sk .
() o
q 0,k+1,8

where the unstable terms in the summation are the same as those in (3.3).

Note that in the above definition of permutation-equivariant J-function, we do

not need to divide each term by k!
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Definition III.5. We define the Givental’s cone Lgi as the range of jR’l’oo, 1

Lol = U Tab(t(q), Q) C K.

t(g)e+

Remark I11.6. In the ordinary, i.e. permutation-non-equivariant, quantum K-theory,
the range of the J-function is a cone which coincides with the differential of the
descendant potential (up to the dilaton shift). Therefore the range of the ordinary
K-theoretic J-function is a Lagrangian cone in the loop space K. However, in
the permutation-equivariant theory, it is explained in [35] that the cone £§i is not

Lagrangian.

3.4 The level structure in equivariant quasimap theory and orbifold
quasimap theory

When Z // G is not proper, one can still define the equivariant quasimap invari-
ants if Z / G has an additional torus action such that the the fixed point loci in
the quasimap moduli spaces are proper. It is explained in [19, §6.3] how to define
cohomological quasimap invariants via virtual localization. Similarly, one can define
equivariant K-theoretic quasimap invariants (with level structure) for noncompact
GIT targets using the K-theoretic virtual localization formula (see [64, §3.2]). With
this understood, we define the J"-function of equivariant K-theoretic quasimap
invariants of level [ using (3.3). Its permutation-equivariant generalization is straight-
forward.

If we do not assume G acts freely on the stable locus Z°, then the target X :=

[Z° /@] is naturally an orbifold. For such orbifold GIT targets, a quasimap is a tuple
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((Cyxq,...,2%), [u]) where (C,xy,..., ) is a k-pointed, genus g twisted curve (see
[4, 84]) and [u] is a representable morphism from (C,xzq,...,zx) to X. We refer
the reader to [15, §2.3] for the details of the e-stability imposed on those tuples.
We denote by Qf (X, 3) the moduli stack of e-stable quasimaps to the orbifold X.
It is shown in [15, Theorem 2.7] that this moduli stack is Deligne-Mumford and
proper over the affine quotient. Furthermore if Z only has l.c.i. singularties, then

¢ x(X, 3) has a canonical perfect obstruction theory. Let C — Qf (X, ) be the
universal curve. The universal principal G-bundle P — C is defined as the pullback
of the principal G-bundle Z — [Z/G] via the universal morphism [u] : C — [Z/G].
In the orbifold setting, we can still define the level-I determinant line bundle D?!
using (2.1).

According to [15, §2.5.1], there are natural evaluation morphisms
evi 0 Q0 (X, 8) = L,X, ((C,ay,...,2x), [u]) — [u],, fori=1,... k.

Here I, X denotes the rigidified cyclotomic inertia stack of X which parameterizes
representable maps from gerbes banded by finite cyclic groups to X. Let L; be the
universal cotangent line bundle whose fiber at ((C,x; ..., xx), [u]) is the cotangent
space of the coarse curve C of C' at the i-th marked point z;. For non-negative integers
l; and classes E; € K°(I,X) ® Q, we define the K-theoretic quasimap invariants of

level [ as

X,R,l,e

<E1Ll11, o 7EkL§€k>g,k,,3

=x( (X5 0), HGV?Ei QL0 ® DRJ)_
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When ¢ = oo and [ = 0, this definition recovers the K-theoretic Gromov-Witten
invariants of X defined in [78].

In the orbifold setting, one can still define the quasimap graph space QGy (X, 3)
(see [15, §2.5.3]). The definition of the determinant line bundle D! over the graph
space is straightforward. We choose a basis {¢,} of K°(I,X) ® Q. Let {¢?} be the

dual basis with respect to the twisted pairing (-, <) on K°(1,X) ® Q given by
(u,0) = X ([, X, u® v @ det (I, R)).

Here 7 is the involution induced by (z,g) + (x,¢9') and I, R is a vector bundle over
I_MX such that the fiber over (x, H), with H C Aut z, is the H-fixed subspace of R,.
With all the notations understood, it is straightforward to adapt the definition of
cohomological orbifold quasimap J ¢-function [15, Definition 3.1] to the (permutation-

equivariant) K-theoretic setting.



CHAPTER IV

Characterization of genus-0 theory, mirror theorem, and
mock theta functions

4.1 Adelic Characterization in quantum K-theory with level structure

In this section, we focus on quantum K-theory, i.e., (¢ = oo)-quasimap theory.
We first recall the (virtual) Lefschetz-Kawasaki’s Riemann-Roch formula. This is
the main tool in analyzing the poles of the J-function. We give an adelic character-
ization of points on the cone E?i in Theorem IV.5. As an application of the adelic
characterization, we prove that certain “determinantal ” modifications of points on
the cone Lg  of level 0 lie on the cone Egi of level {. This result will be used
in the proof of the toric mirror theorem in Section 4.2. We assume in this section

that X is a smooth projective variety which is not necessarily a GIT quotient. The

determinant line bundle D! is defined as in Remark I1.6.

4.1.1 Virtual Lefschetz-Kawasaki’s Riemann-Roch formula

To understand the poles of the generating series of the permutation-equivariant

quantum K-invariants, we recall the Lefschetz-Kawasaki’s Riemann-Roch formula in

53



54

[38].
Let h be a finite order automorphism of a holomorphic orbibundle £ over a com-
pact smooth orbifold M. The (super)trace of h on the sheaf cohomology H*(M, E)

can be computed as an integral over the h-fixed point locus IM" in the inertia

orbifold I M:

(4.1)
tr; B tr; B
a2 (13 E Y [ e BE )
h ( ) X tr;l N* N}/Mh [TM*] ( M ) tI‘E N* N]v/\/lh

We explain the ingredients of this formula as follows. By definition, we can choose
an atlas of local charts U — U/G(z) of M. The local description of the inertia
orbifold IM near x € M is given by [[] .4, U?/G(2)], where U9 C U denotes the
fixed point locus of g. The automorphism % can be lifted to an automorphism h
of the chart U9. We denote by (U9)" the fixed point locus of & in U9 Then the
local description of the orbifold IM" is given by [[] ,(U? ) /G(x)]). We refer to the
connected components of IM" as Kawasaki strata. Near a point (z, [g]) € IM", the
tangent and normal orbiford bundles 77, and Ny are identified with the tangent
bundle and normal bundle to (U9)" in U, respectively. In the denominator of the
right side of (4.1), A*NY i := > 0i50(=1)" A" N}, is the K-theoretic Euler class of

the normal bundle Nj. The trace bundle trj I is the virtual orbifold bundle:

try Fi=> A\F),
A

where F) are the eigen-bundles of h corresponding to the eigenvalues \. Finally, td

and ch denote the Todd class and Chern character.
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By choosing h to be the identity map, we obtain the Kawasaki’s Riemann-Roch

formula [49] from (4.1):

tr,
4.2 E) = /%M, —92— .
(4:2) WM ) = e (1, e

When M is no longer smooth, Tonita [76] proved a virtual Kawasaki’s formula: under
the assumption that M has a perfect obstruction theory and admits an embedding
into a smooth orbifold which has the resolution property, Kawasaki’s formula still
holds true if we replace the structure sheaves, tangent, and normal bundles in the
formula by their virtual counterparts. According to [2], the moduli stacks of stable
maps to smooth projective varieties satisfy the assumptions of Tonita’s theorem. In
the next subsection, we apply the virtual Kawasaki’s Riemann-Roch (KRR) formula

to My x(X, 8)/Sk to study the poles of the J-function.

4.1.2 Adelic characterization

In this subsection, we first recall the adelic characterization [31] of the cone Lg_
in the level-0 permutation-equivariant quantum K-theory. Then we generalize it to

describe points on the cone £§i of level [.

The level-0 case

In the level-0 case, i.e., Givental-Lee’s quantum K-theory, the permutation-equivariant

invariants are defined as

(t(L), ... 6L 5= x(Myu(X, B)/Sk, 0%t x) @izt 8(Li)),
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where t(q) is a Laurent polynomial in ¢ with coefficients in K°(X) ® Q. This is a
special case of Definition I11.2 with e sufficiently large and [ = 0. The J-function is
defined as

Sk

Tt @ =1-0rt@+Y Y Q) o
(0,0),(1,0)

a (k,B)#(0,0), 0,k+1,8

Here {¢,} and {¢?} are basis of K°(X) ® Q dual with respect to the Mukai pairing

(Qba, ¢b) = X(¢a ® ¢b)

Recall the definition of the loop space K from Section 3.2:
K = [K°(X) ® C(g)] ® C[[Q]].

With respect to the symplectic form (3.4) with [ = 0, there is a Lagrangian polariza-
tion K = K, & K_, where K consists of Laurent polynomials in ¢ and K_ consists
of reduced rational functions in q. The Givental’s cone L5 C K is defined as the
image of Js_ : Ky — K.

To study the poles of the series Js__(q), we apply the virtual KRR formula to the
stack M 141(X, 3)/Sk, where the symmetric group acts on the last k markings. By
the virtual KRR formula, each term in the J-function can be written as a summations
of fake Euler characteristics over the Kawasaki strata. Note that the Kawasaki strata
parametrize stable maps with prescribed automorphisms, i.e., equivalence classes of
pairs (C, f, h), where (C, f) is a stable map to X and h is an automorphism of the

map. Here, h is allowed to permute the last & markings, but it has to preserve the
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first marking (with the insertion 1/(1 —¢L)). Denote by 7 the eigenvalue of h on the
cotangent line to the curve at the first marking.

There are two types of Kawasaki strata. Over the Kawasaki strata with n = 1,
the input tr,(1/(1 —¢L)) in the fake Euler characteristics becomes 1/(1 —¢L), where

1 — L is nilpotent. From the finite expansion

1_qL Zq _ z+1’

we see that the contributions to the J-function from the Kawasaki strata with n = 1

have poles at ¢ = 1.
Over the Kawasaki strata where 17 # 1 is a primitive m-th root of unity, the
insertion tr,(1/(1—¢L)) in the fake Euler characteristics becomes 1/(1—gnL), where

1 — L is nilpotent. By considering the finite expansion

q7l
1—q77L_Z qnz—i-l’

we see that they contribute terms with possible poles at the root of unity n=! to the

J-function. We refer the reader to [31] for a nice diagram cataloging all the strata.
For each primitive m-th root of unity 1, we denote by Js_(t)(, the Laurent

expansion of the J-function in 1 — ¢gn and regard it as an element in the loop space

of power ()-series with vector Laurent series in 1 — gn as coefficients:

0= K00 | ;=1 - ] | @ clal

The contributions from the untwisted sector of M (X, 8)/S}, in the virtual KRR

formula are called the fake K-theoretic Gromov-Witten (GW) invariants. More
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precisely, they are defined by

k
(L), .. t(L))e = / TT ch(t(Lo) Td(T),

[(Mo,k(X.B)Vr ;5
where [M, (X, 8)]"" is the virtual fundamental class of the moduli space and TV
is the virtual tangent bundle of M, (X, ). We define the J-function in the fake

quantum K-theory by

jfake : IC_1|_ — ICIJ

B
Trake(®(@), Q) :=1—q+t(@)+> > %¢< f“qL,t(L),...,t(L)>

1
a  (k,B)#(0,0),(1,0)

Here the input t(q) belongs to
KL = K(X)[[1 - q]] ® C[[Q]]-

Denote by Lqre C K! the range of the series 7, take- The negative space KL of the
polarization is spanned by ¢%"/(1 — ¢)*™ a = 1,...,dim K°(X)q, k¥ = 0,1,....
The input t(q) of Jfake can be obtained from the projection of Jrae to IC}r along
L.

In [31], Givental gives the following adelic characterization of the values of Js__ (t):

Theorem IV.1 ([31]). The values of Js. (t) are characterized by the following re-
quirements:

1. Js_ (t) has possible poles only at 0, 0o, and roots of unity;

2. Js..(t)q) lies on Lyape;
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3. for every primitive root of unity n of order m # 1,

A (Ty
Tenlhp(a/" 1) €\
- X
WiTY Wiy )
. X VX N (T (6)).
X eXpZ <Z(1 _ n—zqz/m) Z(l _ qzm) (‘7‘5 ( )(1))

where W™ is the m-th Adams operation on K°(X)q which acts on line bundles
as L+ L™, A {(EY) =>_.(=1)'A"E" is the K -theoretic Euler class of a vector

7

bundle E, and T,,(f) is the space described in Definition IV.2 below.
We recall the following definition from [77].
Definition IV.2. Let f be a point on L. and let T'(f) be the tangent space to
L ke at £, considered as the image of a map S(¢,Q) : KL — K. We extend the
Adams operations from K°(X)g to K! by ¥™(q) = ¢™ and U™(Q) = Q™. Let U
be the inverse of U™, acting as ¢ — ¢"/™ and Q — Q™. We define the space T,,(f)

to be the image of the conjugate of S(q, Q):
U™ o S(q,Q) o W lC_l|r — K

Remark TV.3. As explained in [77, Remark 5.6], the explicit operator in condition
(3) of Theorem IV.1 can be written as a composition [0, (I, The definitions of the

operators [J, and [J,, are given in Proposition IV.10.

The general case of level [
Let R be a vector bundle over X. According to Remark II.6, the level structure

DL is defined as

DR’Z = (det Rkﬁ)il,
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where Ry 3 := Rm.(ev*R) is the index bundle, m : C — M, (X, 3) is the universal
curve, and ev : C — X is the universal evaluation morphism. To state the adelic
characterization theorem of the cone Egi in the permutation-equivariant quantum

K-theory with level structure, we introduce the fake invariants of level [
k

($(L), ... . t(L)5re™ = / [ ch(t(L:) TA(T™™) ch(D™),

[Mo,x (X8 ;21
and the fake J-function of level [

fake,R,l

B
T (60).Q) = 1-grt(@rY Y %¢a<1 faqL,t<L>,...,t<L)>
i

a (k,8)7#(0,0),(1,0 0,k+1,8

Here {¢*} is the dual basis of {¢,} with respect to the twisted pairing
(u, )™ = x(u®@v® (det R)™).

Denote by Eﬁlke C K' the range of the series J, flfl’,ie. Based on the relationship [29]
between gravitational descendants and ancestors of fake quantum K-theory, one can
show that E?gfke is an overruled Lagrangian cone. We refer the reader to [41, §3] for

more details.

Convention IV.4. We will consider various twisted theories, in which the pairings
are usually different. In particular, the dual bases {¢*} which appear in the defini-
tions of various J-functions may not be the same. To relate J-functions in different

theories, we need to regard them as elements of the same loop space. This is achieved
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by rescaling the elements in loop spaces. For example, there is a rescaling map

(£ ()™) = (KY (1)),
E— E® (detR)™"?

which identifies the loop space in fake quantum K-theory of level [ with that in fake

quantum K-theory of level 0.

One of our main results is the following adelic characterization of values of the

big J-function in quantum K-theory of level [, generalizing Theorem IV.1.
Theorem IV.5. The values of jéil(t) are characterized by the following require-
ments:

1. jéil(t) has possible poles only at 0, oo, and roots of unity;

2. ji;l(t)(l) lies on ,C?C’lee;

3. for every primitive root of unity n of order m # 1,

m A1 (T
jéil(t)(n)(ql/ /n) € %
- X
Ty Ty ) Rl 7R
X ex - — — = ‘ va j ) t ,
pz (Z(]. — n_qu/m) Z(l _ qzm) ( Soo( )(1))

i>1

where the space T, (f) is defined as in Definition IV.2 but starting with a point
Rl
fe Ly

The proof of Theorem IV.5

We follow the proofs of [41] and [77]. The first requirement in Theorem IV.5 is

obviously satisfied. For the second condition, we apply the virtual KRR formula
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to the J-function. Let T(q) be the sum of t(¢) and all contributions in jéil(t)
which are regular at ¢ = 1. According to Proposition 11.9, the level structure D!
splits “correctly” over nodal strata. With this understood, the following proposition

follows from an argument identical to the one given in [77, Proposition 5.2].

Proposition IV.6. We have

R, Rl
Ts. (t(@)a) = Tar(T(9))
as elements in K. In particular, it shows that jéil(t)(l) lies on the cone E?(;l,w.

Before we move on to prove the third condition in Theorem IV.5, we characterize
the cone E?jke of fake quantum K-theory of level [ in terms of the cone L ¢4 of level
0. This characterization will be needed later in the proof of Theorem IV.5.

Note that the fake quantum K-theory is a version of twisted cohomological Gromov-
Witten theory. The machinery of twisted cohomological Gromov-Witten invariants
was introduced in [22], and generalized in various directions in [75, 79]. Let H be

the loop space of the cohomological GW theory of X
H o= H"(X,C) [z, 2] [[Q]].
It is equipped with a natural symplectic form Qg on H given by

QH(f,g) = Reszzo(f(—z),g(z))dz,
where the pairing (,) is the Poincaré pairing. With respect to Qpy, there is a La-

grangian polarization H = H, & H_, where

Moo= (X O, He = ZH (X, C)][Q])



63

Inside H, one can define an overruled Lagrangian cone Ly by the image of the
cohomological big J-function. Since we will not use the explicit description of Ly in
this paper, we refer the reader to [22] for the basic definitions in the cohomological

GW theory.

Convention IV.7. Throughout this subsection, we identify X! with H via the Chern

character

qch : K' — A,

E — ch(E), g — €.

Hence K-theoretic insertions (e.g., ¢, and L) in the correlators of twisted coho-

mological theories should be understood as their Chern characters (e.g., ch ¢, and

chL).

By definition, the fake quantum K-invariants are obtained from the cohomological
invariants by inserting the Todd class Td(T"") of the virtual tangent bundle TV.

According to [20], the virtual tangent bundle can be written as
(4.3) T = m(ev*Tx — 1) — (L) — 1) — (mi.0z)"

in K°(Mgx(X,8)). Here, i : Z — C is the embedding of the nodal locus. The three
parts correspond respectively to: (i) deformations of maps to X of a fixed source
curve, (ii) deformations of complex structure and configuration of markings, and

(iii) smoothing the nodes.
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It is proved in [21] that the cone Lyfqe (of level 0) is given explicitly in terms of
EHI

th([’fake) = A£H7

where the loop group transformation A is the Euler-Maclaurin asymptotics of the

infinite product

Chern roots = of T'x r=1

Here, A acts on H by the pointwise multiplication, and it is determined only by the
Todd class of the first summand in the expression of TV*. The second and third
summands in (4.3) are respectively responsible for the changes of the dilaton shifts
and the polarizations between H and K'. We refer to [20] for the details.

The fake quantum K-invariants of level [ are obtained from those of level 0 by
inserting one more class ch(D!). Its effect on the Lagrangian cone is described in

the following proposition.

Proposition IV.8. Under the identification z = log q, we have the following identity

chy, R
e - o 1(222)

in the loop space (K*, (,)).

Proof. Recall that the level structure D?! is defined as a certain power of the deter-

minant of the index bundle Ry s = Rm.(ev*R). Note that

(4.4) ch(D™') = exp(— 1 - chi(Ryz)).
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According to [22], the cone of a theory twisted by a general multiplicative character-

istic class of the form

exp( Z S; Chi(Rk”@))

>0

is obtained from the cone of the untwisted theory by applying the operator

Bom —
exp( Z 32m_1+i(2—:n)!chi(7€) . 22 1).
m,i>0

Here the Bernoulli numbers Bs,, are defined by

t t Bom
=1+-+4 =,
1—et * 2 Z (2m)!
m>1
and the operator acts on H by the pointwise multiplication. For the twisting class

(4.4), we have s; = —[ and s; = 0 if i # 1. By applying the above result, we obtain

the corresponding loop group transformation:

(1R bl )

Note that the cone L4, being overruled, is invariant under multiplication by func-
tions of z. Therefore, we can ignore the second summand in the exponent of the

above operator. O

Now let us prove the third condition in Theorem IV.5. Let  # 1 be a primitive
root of unity of order m. The Kawasaki strata in M ;1(X, 3)/S, which contribute
terms with poles at ¢ = 77! to the J-function are called the stem spaces in [41]. We
give a brief description of stem spaces here, and we refer the reader to [41, §8] for

more details. Let (C’; f, h) be a point in these strata. Consider the unique maximal
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subcurve C'; C C’ containing the first marking where the m-th power h"™ acts as
the identity. Here we also require that the nodes between components in C are
balanced, i.e., we require the eigenvalues of h on the two branches of a node in C'y
are inverse to each other. Hence the subcurve C, is a chain of P!, on which h acts as
multiplication by 7. There are only two smooth points on C'; which are fixed by h:
the first marking on the first component, and one more on the last component. The
second point is called the butt in [41]. The butt can be a regular point, a marking,
or a node in C’. The automorphism h acts on the cotangent space at the butt by
n~!. The other marked points and unbalanced nodes on C are cyclically permuted
by h. We denote by C' the quotient of C'y by the Z,,-symmetry generated by h.
The quotient curve C' together with the induced quotient stable map is called a stem
in [41]. Note that a stem curve can carry unramified marked points, coming from
symmetric configurations of m-tuples of markings on the cover, or nodes, coming
from m-tuples of symmetric nodes on the cover, where further components of C’,
cyclically permuted by h, are attached.

One of the key observations in [41] is that the data (C,,C, f) also represents a
stable map to the orbifold X/Z,, = X x BZ,, in the sense of [14] and [3]. There-
fore, the contributions with poles at ¢ = n~! in the KRR formula for the J-function
can be expressed as cohomological integrals over the moduli space of stable maps to
X x BZ,,, twisted by the Todd classes of the traces of the virtual tangent and normal

bundles of the Kawasaki strata, and the Chern class of the trace of the level structure
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DRI To be more precise, we introduce some notations first. Let Mf,f;(n) denote
the stem space. It parametrizes stems of degree , which are quotient maps by the
Zm-symmetry generated by g. Here g acts by n and n~! on the cotangent lines at the
first and last markings of the covering curve, respectively. The only markings on the
covering curve fixed by h are the first and last markings. Note that the stem space
is a Kawasaki stratum in Mo x42(X, mB). According to [41, Proposition 5], the
stem space ﬂé}f;(n) is isomorphic to the moduli space ﬂéﬁg’ﬂ(g, 1,...,1,g7% of
stable maps to the orbifold X/Z,,. Here, the sequence (g, 1,...,1,¢7!) indicates the
sectors where the evaluation maps land. We also consider the stem space ﬂgﬁ}fﬂ(n)
parametrizing stems whose butts are regular points. Similarly, we have an isomor-
phism between ﬂgf,ﬁl(n) and Mé,ﬁrf’ﬁ(g, 1,...,1).

For simplicity, we denote the stem space mgfﬁl(n) by M. Modelling on the
contributions in the virtual KRR formula applied to the stack M,z 1(X, 3)/Sk, we

define the correlators in the stem theory of level [ by

¢ stem, R, evig - Hf: evit(L;) - tr, DR
<1—qW¢(L),---,t(L) = | td(T)ch | — 2 o '

0,k+1,8 M]vir (1 — qLi/m) . trg( A* Nvﬂ)

Here [M]"" is the virtual fundamental class of the moduli space Mgf,ﬁ_zg’ﬁ(g, L...,1)

of stable maps to X/Z,,, and Ty and Ny are, respectively, the virtual tangent and
normal bundles to M, considered as a Kawasaki stratum in Mg,mkH(X ,mf). The
line bundle L, is formed by the cotangent spaces of stem curves at the first markings,
while L}/ "™ corresponds to the cotangent line bundle of the covering curves (see [41,

§7] for the explanation). From the definition, we see that the stem theory of level
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is a type of twisted cohomological GW theory of X x BZ,,.

Before we investigate the stem theory further, let us recall some basic facts about
the GW theory of the orbifold X x BZ,,. In this case, the Lagrangian cone of the
cohomological GW theory of X x BZ,, is the product of m copies of the Lagrangian
cone of the GW theory of X. It lies inside the product of m copies of the Fock space
H. We refer to each copy of the Lagrangian cone as a sector. These sectors are
labeled by elements of Z,, = {1,g,...,9™ '}.

The following proposition relates the Laurent expansion of 7. i;l(t) at g =n"1to

generating series in stem theory.

Proposition IV.9. Let dt(q) be the contributions in jéil(t) which are regular at
q=n"", i, 0tlq) = 1—q+t(q)+t(q), where t(q) is the sum of all the contributions

from Kawasaki strata Mé(,ﬁrl(f) with & #n. Then

stem,R,l

mf
T =0+ Y e (o T T )

a (k,B)#(0,0) 0,k+2,8

where

1. the evaluation morphisms at the marked points land in the twisted sector of BZ,,

labeled by the sequence (g,1,...,1,g71),

2. T(L) = U™ T(L), where U™ acts on cotangent line bundles L — L™, elements

of K°(X)q, and Novikov variables Q° — Q™”,

3. T(q) is the input point of Jéil(t)(l), i.e., it is determined by

1—q+T(q) = (T (t)w),-
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where (- -+ )4 denotes the projection along KX to K.

Proof. Proposition I1.9 shows that the determinant line bundle D factorizes “nicely”
over nodal strata. With this in mind, the argument of [41, Proposition 2] applies here
with one slight change: when determining 'T(q), we do not impose the same condition
t(¢) = 0 as in [41, Proposition 2]. This is because in the permutation-equivariant

theory, we are allowed to permute marked points. O]

Proposition IV.9 shows that the Laurent expansion ji;l (t)( of the J-function

-1

around ¢ = 1~ can be identified with a tangent vector to the cone of stem theory

of level {:

ST RS, T = ot(q"/™)

stem, R,
+> ) %¢“<1_qﬁ;L1/m T’(L),...,T'(L),at(Ll/m)> ,
o (k,B)#(0,0) 0542,
after replacing gn with ¢*/™ and Q° with Q™ (but not in 6t). Here the input point
T'(q) is obtained from T(q) by replacing Q® with Q%™ and it belongs to the sector
labeled by 1. The tangent vector 6.7°%!(5t, T) belongs to the sector labeled by g—*.
Now let us study the stem theory of level [ using the formalism of twisted cohomo-
logical GW theory of X x BZ,,. It follows from the definition that the stem theory

of level [ is obtained from the untwisted cohomological Gromov-Witten theory of

X/BZ,, by twisting the following classes:

(4.5) 6(Tyep) /e (r, (A" Ni7))
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and
(4.6) ch(tr, D).

The trace in the first twisting class (4.5) is computed in [41, §8], and the effects
of this twisting class on the Lagrangian cone and the genus zero potential of the
untwisted theory are also studied in [41, §8]. We summarize them in the following

proposition.

Proposition IV.10 ([41]). The effects of the twisting class (4.5) on the Lagrangian

cone and the genus zero potential of the untwisted theory are described as follows:

(i) The sectors labeled by 1 and g~ are rotated by the operators O,, and O, respec-

tively. These two operators are the Fuler-Maclaurin asymptotics of the infinite

ZT; d Ty — Tz

Dm ~ H (\/ 1 — e—ma; E 1— e—mmi—l—rmz)’
Z; ad T, — Tz

Dn ~ H (\/ 1 — e ];[1 1— n—T€—$i+TZ/m>’

where xz; are the Chern roots of the tangent bundle Tx.

products

(1) The dilaton shift changes from —z to 1 — q™.

(111) There are changes of polarizations of symplectic loop spaces. More precisely, in

the sector labeled by 1, the negative space of the polarization is spanned by

QU (" /(1 — )™,
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1

whereas in the sector labeled by g~ , it is spanned by

¢aqk/m/(1 . ql/m>k+1'

We compute the second twisting class (4.6), and describe its effect on the La-
grangian cone. Let p be the universal family of stem curves. By abuse of notation,
we still use ev to denote the universal evaluation morphism from the universal family
of quotient curves to X/Z,,. Let C,; be the topologically trivial line bundle on X/Z,,
on which g acts as multiplication by n°. According to a simple argument in [77], the

trace of the index bundle Rm,(ev*R) can be expressed as

m—1

try (Rm.(ev'R)) = Z n' Rp.(ev* R ® C,).

1=0

For simplicity, we denote Rp.(ev* R ® C,:) by R;. Then we have

m—1 —1
chtr, DR = ch (det Z n' 7_21)
i=0

(4.7) = nij exp ( —1 (Z log(n) chg R; + chy R) )

Proposition IV.11. Twisting by the class (4.6) rotates the sector labeled by the

wdentity of the Lagrangian cone of X X BZ,, by

D,, = exp< — ml(Ch2 R))
z

The sector labeled by g=' is rotated by the same operator D,,.
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Proof. The proof is based on the orbifold quantum Riemann-Roch theorem developed
in [79]. Let E be an orbifold vector bundle over X x BZ,,. Consider a general twisting

class

exp(z s chy p. (ev" E)).

J=0

According to [79, Theorem 1], it corresponds to the rotation by the following operator

(A)j41-nz"t  ch; EO
exp(Zsj(Z J+n! + J2 .

>0 n>0

Here A, is an operator which acts on all sectors. The restriction (A,)|x i of A, to

the sector labeled by ¢’ is defined by

m—1

(An)l(ngi) = Z Bn(%)ch EZ(T)’

r=0
where E" (respectively E©) is the subbundle of the restriction of E to (X, g) on

2mir/m (vespectively 1). The notation (A,); denotes

which ¢ acts with eigenvalue e
the degree j component of the operator A,,. The Bernoulli polynomials are defined

by

" tet®
B, (r)— = )
Z (z) n! et — 1

n>0

In our case, the twisting class is given by (4.7). Let bmi denote the symplectic
transformations corresponding to the i-th factor of the twisting class (4.7), restricted
to (X,g71). For each i € {0,...,m — 1}, the operator A, in the definition of DW- is
given by

(An)l(x,g-1) = Bn(%) chR.
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By the orbifold quantum Riemann-Roch theorem, the operator Dn,z‘ equals

h ' h ' By (i h h
exp<—l10g(n)(c 1R+Bl(i) ch0R> —l(c 2R+Bl(i)ch1 R—i—MZ) S 1R)
z m z m 2 2

Let D, = H;n:_ol D, ;. To simplify the expression of D,, we use the fact that nlog(n) =

0 if n is an integer divisible by m. Keeping this in mind, we obtain

. h h h
Dn:exp(—l<mC22R+C i + 2 ORlog(n))).

12m° 6
Note that the factor exp(—I(zchyR/(12m) + log(n) chy R/6)) in D, is a scalar z-
series and thus it preserves the overruled Lagrangian cone. We can drop it and obtain
the operator D,,.
For the sector labeled by the identity, we denote by f)m, the restriction of the
operator corresponding to the i-th factor of the twisting class (4.7). It is easy to
check that

(An)|(X,1) = Bn(O) Ch R,
and the operator Dmi equals

h h h
exp( —illog(n) (C ;R) - ml(C iR + 2 102Rz>>.

Let Dy, = [1' Dmi- Again by using the fact that nlog(n) = 0 if m|n, we can

simplify the operator D,, to

( (Cth Cho R ) )
exp | —ml + z]].
z 12

We can drop the second term in the exponent because it is a constant z-series.
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The above discussion can be summarized in the following proposition.

Proposition IV.12. qch 6 754! (5t, T) lies in the tangent space
0,0, (Tzew O Doy L)
to the cone of the stem theory of level | at a certain point T'. The input T satisfies
qch(l —q"+ T(q)) = [Z“”L,

where |- -+ |4 denotes the projection along the negative space of the polarization of the

sector labeled by 1.

Proof. The argument of [77, Proposition 5.8] applies here. We briefly explain the
relation between the application point Z® and the input T. Note that the application
point Z™ lies on the Lagrangian of the stem theory of level [ in the sector labeled by
1. According to Proposition IV.10 (ii), the new dilaton shift is 1 — ¢”. This explains

the equality in the proposition. O

To prove the third condition in Theorem IV.5, we need to identify Tz, D,, Ly

with 7, (Ts. (t)(1)). We first show that

Proposition IV.13.

ach™ (O Do L) = L.

m

Here, the Adams operation U™ qets on K -theory classes of X and q by V™ (q) = ¢,

but not on the Novikov variables ().
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Proof. Tt is proved in [41, Proposition 9] that qch™'(0,, Lx) = ¥™Lare. In that
proof, one needs to extend the action of the Adams operator ¥ on cohomology

classes via the Chern isomorphism:
ch(¥™(ch™" a)) = mie/2q,

By Proposition IV.8, we have ijke = D1Lqke. We conclude the proof by noticing

that U™ (D) = D,,. m

Let T(q) be the input point of 7 ﬁ,ﬁe(’i‘(q)) determined by

1—q+T(q) = (T ®)w), -

where (--- )4 denotes the projection along K to K}. Let T’(q) be the input point

of 7t such that
(4.8) V(T (T(9))) = ™ (T'(q)).

We claim that U™(T(q)) = T'(¢). This equality holds because according to Propo-
sition IV.10 and Proposition IV.13, the operation U™ K1 — K! identifies the cone
Efjke with the cone [J,, D,,, Ly, the polarization of the fake quantum K-theory with
the polarization in the sector labeled by 1 of the stem theory, and the old dilaton
shift 1 — ¢ with the new one 1 — ¢™. Therefore U™ must also map the input point
’i‘(q) of the fake J-function to the input point T’(¢) of Z". Recall from Proposition

IV.9 that we have U™ (T(q)) = T(q). Then it follows from the definitions of ¥ and

U™ that T'(q) is obtained from T(q) by replacing @Q° with Q%/™.
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By differentiate the relation (4.8), we get

v (f<q) t2 %¢< P (L), (L), f(L)>fake’R’l)

0,k+2,8
~ 6 Fmg, S
= U"f(g) + > %\Dm¢<1_q—fm T/(L),...,T(L), \pmf(L)>

stem,R,l

0,k+2,8

The RHS is a tangent vector in Tz, D,,Lx along the direction of dt’ := \Tlmf(q).
The LHS becomes ¥™ 0 S(q, Q) o W1/™(5t") after we replace Q° with Q™ (including
such a change in T but excluding it in f(q)). This concludes the proof of Theorem

IV.5.

Remark TV.14. When the target X is an orbifold, the adelic characterization of points
on the cone L of the ordinary, i.e., permutation-non-equivariant, quantum K-theory
is developed in [78]. In this case, the Lagrangian cone £ has different sectors, and
each sector corresponds to a connected component of the rigidified inertia stack 7, uX.
Let f: C — X be an orbifold stable map. Here C' is an orbifold curve with possible
orbifold structures at the marked points and nodes. Let f : C' — X be the map

between coarse moduli spaces. There is a short exact sequence
1 - K — Aut(f) — Aut(f) — 1.

The kernel K consists of automorphisms of C' — X that fix C — X. These auto-
morphisms are referred to as “ghost automorphisms” in [1], and they arise from the
stacky nodes of the source curve.

To analyze poles of K-theoretic J-functions in the orbifold setting, we still apply

the virtual KRR formula to the moduli space of orbifold stable maps. In this case,
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there are extra contributions from twisted sectors corresponding to ghost automor-
phisms. The key observation in [78] is that once we add the appropriate contributions
from ghost automorphisms in the definition of fake K-theoretic GW invariants, the
formalism of adelic characterizations carries over to the orbifold setting. We refer the
reader to [78, Definition 3.1] for the precise definition of fake K-theoretic invariants
and [78, Theorem 4.1] for the adelic characterization in the orbifold and permutation-
non-equivariant setting. We only mention that if we restrict to the untwisted sector
of the cone £, the main theorem in [78] specializes to Theorem IV.1.

The generalization of [78, Theorem 4.1] to the permutation-equivariant setting is
straightforward: we only need to change the application point of the tangent space in
[78, Definition 4.3] from J;(0) to the Laurent expansion (Jge(t))1 of the J-function
at ¢ = 1. Since the determinant line bundle splits “correctly” among nodal strata,
we can also generalize [78, Theorem 4.1] to permutation-equivariant quantum K-
theory with level structure. In this paper, we focus on recovering examples of mock
theta functions. For this purpose, we only need to consider the untwisted sector of
Lagrangian cones of orbifold targets. Once we make this restriction, the statement

of the adelic characterization is the same as in Theorem IV.5.

4.1.3 Determinantal modification
In this subsection, we use the adelic characterization to prove Theorem 1.1 which

gives us a way to obtain points on ,Cgi by making certain “determinantal” modifi-

cations to points on the level-0 cone Lg_ .
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Let us restate Theorem I.1.

Theorem IV.15. If

= > JECQB

BEEf(X

lies on Lg_, then the point

= 3 [BQﬁH i (B 1)8/2)!

BEEM(X)

lies on the cone Egi of permutation-equivariant quantum K-theory of level [. Here,
Eff(X) denotes the semigroup of effective curve classes on X, L; are the K -theoretic

Chern roots of R, and [3; :== fﬂ (L

Proof. Suppose I = 35 pax) I5QP is a point on Lg_. Let I be its “determi-
nantal” modification Y, IsQ° [T, (L; BigBiBi=1)/ 2) According to Convention IV .4,
we compare different cones in the same loop spare K!. In particular, Ef e and the
tangent space in Theorem IV.5 are viewed as subspaces of K. Therefore, to show

IR lies on £ we need to work with the series after the rescaling
IR = (det R) /217

We denote by [, and [ the Laurent expansions of I and [ IR in 1 — qn, respec-
tively. Let Q1,...,Q, be the Novikov variables. Let p; be the degree 2 cohomology
classes corresponding to @;, and let P, = e P € KY(X). We denote by L; the
K-theoretic Chern roots of R. In other words, we have ch L; = €', where [; are
cohomological Chern roots of R. We write [; as a linear function f;(p1,...,p,) in

terms of the basis py,...,p,.



79

It is clear that 17! satisfies the first condition in Theorem IV.5. Now, we check
the second condition. It follows from the Lemma in the proof of [22, Theorem 2]
that the operator

b~ oo (l ( (filps — 2Q00,)" | filps - szﬁQj)))

i=1

preserves Lqre. Define d; = (c1(p;), B) to be the components of the degree 5. By a

simple computation, one can show that

TJew (l((fxpj ;szj>)2 p Al zdj>))exp( . l(hf s eh;R))
—ew(i( T+ R )t [Ty,

It follows that

(4.9) (Q - I))/Q = exp(l (Cth/Z))[Rl

where Q = [1Q:. Since the LHS lies on Lyguke, we conclude that the Laurent
expansion of TR at g = 1 lies on the cone Eﬁlke = exp( — l(ch2 R/z))ﬁfake.
Now we check the third condition. Suppose the tangent space to L.k at I(1) is

given as the image of a map

S(q.Q): KL = K.
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Then by (4.9), the tangent space to ,C?(;lke at f(l’)l is given as the image of a map

Ch2 R

S’(q,Q):exp(—l( ))CDOS(q,Q):IC}r—HCl.

Here we use the fact that the Novikov variables are contained in the A-algebra and
hence they preserve tangent spaces.

Recall from Definition IV.2 that the space Ty, (/1)) is defined as the image of a
map

U™ o S(q,Q) o W/m . KL — K

Then T,f’l(fg’)l) is given as the image of

Um0 §(q,Q) 0 WM = U o exp( - Z(Chm))@ 0 (g, Q) 0 W/
z

:exp(—ml(ChiR))\If’”o@oS(q,Q) o yl/m

— Dm o™ (\I/m o S(Q,Q) o \Ifl/m)7

where ®™ := U™(P) is given as follows

(@) — }jexp (l<(f@-(mpj — 2Q;00,))" | fimp; — szan)))'

2mz 2
Here we use the fact that the Adams operation W™ acts on the degree two classes z

and p; as multiplication by m, and its action on the differential operator zQ),;0Q); is

trivial!. This shows that Trf’l(f(%l) = D, @™ (T (1(1)))-

By the assumption, we have

Iop(@"™/n) € 0,0, T (L))

I This is because ¥™(2Q;0Q;) = sz;”é?QT =2Q;0Q)j;.
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Then

m m [ 7 [ —P1 7 !
[Rl( Yy =S ) (™ ) QﬂH B g BB/ (2m) (B 1)Bi/2)
B

(4.10) = exp< —ml (Ch2 R

)) (@@ L)) (a"™ /1) /@

By an elementary computation using the fact that m - log(n) = 0, one can show

that for any series f in ¢ and @), we have

(4.11) (®(F)) (4" /n) = "Dyt ("™ /),

where the operator D, is defined by

- Fi(10g(m)Q;0Q;) m —1 fi(mp; — 2Q,0,
:H Xp( ( fi(log(n)(Q;0Q;)%) + ( (g 09%) (mp; = 2Q5%,) ).
=1 m 2
Here the substitution ¢ ~ ¢'/™/n corresponds to the change z + z/m — log(n) in

the expression of ®.

It follows from (4.11) that (4.10) equals
(4.12) (D@D, (Q - 1,(¢"™ /1)) /@ € D@D, 0,0, T (L1y).

Since all the operators above have constant coefficients (i.e. independent of @), they
commute. We claim that D, preserves T, (/1)). This is because by definition, we

have

Dy To(Iy) = Dy ¥™ 0 S(q, Q) o WV/™KCL.

Let

D, = Hexp - i (108(n)(Q,0Q,)?) + £ (108 (1)2,02,) /2))
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and
n

Dyo = [[exp(I( = (m = 1) fi(mp; — 2Q;0q,)/(2m)))

=1

be the two factors of D,. Then it is easy to check that the first factor D, ; commutes
with U™ o S(g,Q) o ¥¥/™ and hence preserves Tn(I1y). The second factor D o

satisfies the commutation relation:

2P = Hexp(l( —(m—1)f; (pj - szan)/@m))).

According to [41, Corollary 1], the second operator on the RHS preserves the tangent
space S(q,Q) o U/mKL . Therefore we have shown that the space T, (1)) is D,-

invariant.

We can further simplify the space on the RHS of (4.12) as follows

DmCDm'DnDnD:anm(Iu)) = qu)mDnD;lenTm(I(l))
= Dy ®"0,0, T (L))
= D, ®" 0,0, (™) DT (I))
= 0,0, (T (15):

This concludes the proof.

]

Remark TV.16. Suppose the target is an orbifold. As explained in Remark IV.14, the
adelic characterization of points on the untwisted sector of the Lagrangian cone of

X is the same as the one given in Theorem IV.5. Using the same proof as above, we



83

can show that if I is a point on the untwisted sector of Lg_, then the determinantal

modification ™! lies on the untwisted sector of Cg‘o’i.

4.2 Toric mirror theorem and mock theta functions

In this subsection, we first explicitly compute the (torus-equivariant) small I-
functions with level structures for toric varieties, using quasimap graph spaces. Then
we use torus localization to prove a toric mirror theorem (Theorem 1.2), following
Givental [33]. In the study of quantum K-theory with non-trivial level structures, a
remarkable phenomenon is the appearance of Ramanujan’s mock theta functions.

Let M = Z" be a n-dimensional lattice and let N be its dual lattice. For every
complete nonsingular fan ¥ C N, we can associate a n-dimensional smooth pro-
jective variety Xy. We denote by (1) the set of 1-dimensional cones in ¥. Let
m = |3(1)]. Each p € X(1) determines a Weil divisor D, on Xy and the Picard

group of Xy is determined by the following short exact sequence:
(4.13) 0— M — Z*Y - Pic(Xy) — 0.

Here the inclusion is defined by m — > ,(m, p)D,. Now let us describe the quo-
tient construction of Xy. Since Pic(Xy) is torsion free, we choose an integral basis
{L1,..., L} of it, where s = m —n. Then the inclusion map in (4.13) is given by an
integral s x n matrix () = (Q,,) which is called the charge matrix of Xy. Applying

Hom(—, C*) to the exact sequence (4.13), we get an exact sequence.

1-G— (C)Y 3 NeC -1,
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where G := Hom(Pic(Xy),C*) = (C*)*. The first map in the above short exact
sequence defines the following G-action on C>()
(4.14) t(Zpyse s o) = (HtaQa”zpl, e Htf“f’mzpm>,

a=1 a=1
where t = (t1,...,ts) € (C*)*. By choosing an appropriate linearization of the trivial
line bundle on C* (see e.g., [23], Chapter 12), the semistable and stable loci are
equal. We denote this linearized trivial line bundle by Ly, and the stable loci by
U(Y). Let 2, be the coordinates in C*™). We define a subvarity

Z(%) ={(z) e C*V[[[ 2 = 0,0 € T}.
pLo

Then we have

U(x) =C*N\Z(%).

The toric variety X is the geometric quotient U(X)/G. Let P be the principal G-
bundle C*) — [C*W /G]. Let ; : G — C* be the projection to the i-th component
and let R; be the characters given by t = (¢1,...,t) = [[[_, taQapj for 1 < j < m.
Then the line bundles L; and O(—D,,) are the restrictions of the associated line
bundles of P with the characters m; and R;, respectively, to X.

Note that Xy admits a 7™ := (C*)*W-action. We denote by P; and U, the
T™-equivariant line bundles corresponding to L; and O(D,), respectively. In the

T™-equivariant K-group K%, (Xs)®Q, we have the following multiplicative relation:

)

U, = [[ P79 A;0
=1
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where A, are the generators of Repr(7™) corresponding to the projection to the
component labeled by p.

Now let us compute the (7T™-equivariant) small /-function of Xy, with level struc-
tures, using the quasimap graph space. Let 8 € Homg(Pic®(C>"), Z) be an Ly-
effective class. According to [17, Lemma 3.1.8], a point in the quasimap graph space

QG87€0+(XE, B) is specified by the following data

((Cuplu <o 7pk>7 {7)1|Z = 17 ) S}? {up}pGE(l)u QO),

where

e (C,p1,...,ps)is a connected, at most nodal, curve of genus 0 and p; are distinct

nonsingular points of C,
e P; are line bundles on C of degree f; := B(L;),

e u, c I'(C,L,), where L, is defined by

L, =P %

7 9

e ¢ : C — P!is aregular map such that ¢,[C] = [P!].

The stability conditions are discussed in Section 3.2. In the case when (g, k) =
(0,0), we have C = P! and P; = Op(f;). The line bundles £, are isomorphic
to Op (37, [iQip) = Om(B,), where 3, := B(O(D,)). Therefore, a point on
QGHy " (Xx, B) is specified by sections {u, € D(P', Op(8,))|p € £(1)}. We choose

coordinates [z, 7] on P! and consider the standard action C*-action defined by (3.1).
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Let Fy be the distinguished fixed point locus parametrizing quasimaps whose degrees

are concentrated only at 0. According to [17, §7.2], we have the identification
() D,cCXs
{r|B,<0}

(4.15) (Zp xgp) — (%)y

where (z,) are the coordinates on Xy.

Let R be a character of G = (C*)® defined by t -2z = [[,_, t;’z where r; € Z.

=1 "1
Recall that the small /-function of Xy of level [ and representation R is defined by

Rl 8 tI'(C*DR’l .
M@ =1+ LR @x(Fevion s () )
(C*

a B#0 Fo/QG
It is not difficult to check that under the identification (4.15), we can identify the

virtual normal bundle N}ir/QG in K°(Fy) with

Bp—1
(4.16) }%r/QG = Z Z O |F0 ® C* Z Z O ‘Fo ® Cl?
{p| Bp>0} i=1 {pl Bp<0} i=1

where C, denotes the representation of C* on C with weight a € Z. Let P be the
universal principal G-bundle on Fy x P! C Xy; x P'. Then the associated line bundle
P X R can be identified with ®¢_| L7 ® Op1(Sr), where g := > ;_, i fi. We denote
the line bundle ®¢_, L!* by R. Let 7 : Fy x P! — F; be the projection. When 8 > 0,
we have
DR = det ' R, (R @ O (BR))
= det™ (R @ R'1.(Om (BR)))

(4.17) = R @ Cipyy gy j2-
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When Bz < 0, a similar calculation shows that we have the same formula D! =
R (CZ/BR(/BR'FD/Q'
We give the explicit formulas of the (torus-equivariant) small I-functions of toric

varieties in the following proposition.

Proposition IV.17. The small I-function of a toric variety X, of level I and char-

acter R is given by

0 .
Ig) =1+ Z OF R16r f5rBr1)/2 H . O(_DPW’)
BEEH(X) pex(l Hj-—oo( - O(=D,)¢’)

and its equivariant version is given by

Y

0 _ j
e =14 S QPR g T jm ool = Up ')
BEEM(X) peX(1) H]*—oo( Up qj>

Here R = ®{_,L;"" is the line bundle associated to the character R, and R =
s P and U, are the equivariant line bundles corresponding to R and O(—D,),

respectively.

Proof. The proposition follows easily from (4.16) and (4.17). Note that one factor

R~ in (4.17) disappears due to the change of pairings (see Convention IV .4). O

By extending Givental’s localization argument in [33] to the setting with level

structure, we prove a toric mirror theorem. Now let us restate Theorem I.2.

Theorem IV.18. Assume that Xy is a smooth quasi-projective toric variety. Let
I74(q) be the level-l torus-equivariant small I-function given in Proposition IV.17.
Then the series (1 — q)I™¢(q) lies on the cone ER’l’eq in the symmetrized torus-

equivariant quantum K-theory of level | of Xx.
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Proof. For simplicity, we denote by I the I-function 1% of Xy. Let {¢a}ac xzm be
the fixed point basis of K%, (Xyx) and let {¢“} be the dual basis with respect to the
pairing (3.2). For each fixed point «, we denote by J(a) C (1) the cardinality-s
subset such that a equals the intersection N,¢ ) D,. Write I = Yool @p,. We
denote by U,(a) and R(«) the restrictions of U, and R to the fixed point a, re-
spectively. For p € J(a), we have U,(a) = 1. Hence I® can be explicitly written

as

g1y Y R T (= Ua)e)

BEEM (Xx) HpEJ(a) Hj:l(l —¢) p¢J(@) Hjifoo(]' = Upla) ¢)
Here Eff'(Xs) denotes the semigroup of effective curve classes 8 such that 5, > 0.
The terms with 8, < 0 disappear because there is a factor (1 —¢°) in the numerators.
We first observe that for the point target, the cone ng;R,l of level [ coincides
with the cone L2 of level 0. This is because in the case of the point target, the
determinant line bundle D! is always topologically trivial (with possible equivariant
weights). Combining this observation with the fact that the level structure D?! splits

“nicely” among nodal strata, we can extend the argument in [30] to prove that a point
f=> ¢, lies on Egi’eq if and only iff the following are satisfied:
1. When expanded as meromorphic functions with poles only at roots of unity,
£ lie on the cone ﬁg’; in the permutation-equivariant quantum K-theory of
the point target space.

2. Away from ¢ = 0, oo, and roots of unity, f® may have at most simple poles at

q=U,(a)"V™ p¢& J(a),m=1,2,..., for generic values of Ay,...,A,. The
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residues satisfy the following recursion relations

dg  ¢°Qm
Res. o FEO ()L = (p) 1/my
esq—UP(a) / f (q) q Cap(m) f ( ( ) )
Here Cy,(m) = A_1(Tp Moo (X5, mdy,)) - (R(ar) "m0 qmdgp(mdgp“w)l, where

(a) T, denotes the virtual tangent space to the moduli space at the point p
represented by the m-multiple cover of the one-dimensional orbit connecting
a and p. The explicit formula of the equivariant weights of the K-theoretic
Euler class A_;(7},) is given in [33].
(b) dq, denotes the degree of the one-dimensional orbit connecting a and p.
(c) dg, = (dap, c1(R)).
We want to show that (1 — ¢)I satisfies (1) and (2). It is proved in the main

theorem? of [33] that the series

= Q° [T (1= Uy(a) ¢
7@ =1 j
' BeE%(:XE HPEJ H (1= ¢) gE];([a) ij—oo( = Up(a) ¢9)

represents a value of J&' (t(¢),Q)/(1 — q), ie., (1 — @)@ lies on the cone cy .

Note that I(® is obtained from I(© ) by a “determinantal” modification. Therefore,
it follows from Theorem I.1 that (1 — ¢)I(® lies on £5™ = L% .
To prove (1—q)I(® satisfies the second condition, we rewrite R(a) P ¢lPr(Brt1)/2

as

[T . (R@) )"
1. (R(a) )’

2In [33], the I-function is defined to sum over all 8 € Z™. However, the same argument works if we restrict the
summation to curve classes in the semigroup Eff(Xy).

(4.18)
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Note that for all j, we have R(a) = R(B)A~%», where A = U,(a). Hence at q =

)\—1/m7

The formula (4.18) is equivalent to

BRfmdg 1 l
R(a)—mldR mldgp(md§p+1)/2nj=—oo P(R(ﬁ) qj)

o I . (RG) o)

at ¢ = A"Y/™. Combing the above equivalence with the result on page 10 of [33], we

obtain

_ deap ¢o¢
1 —qgm\ Cop(m)

(1—q)I(q) (1—q)1"(q),

which is equivalent to the residue formula in Condition (2).
Since I is defined over the A-algebra Z[AT, ..., AX][[Q]], it takes value in the

symmetrized theory (see Remark II1.3). O

When Xy is projective, we may pass to the non-equivariant limit in Theorem

IV.18 to obtain

Corollary IV.19. When Xy, is a smooth projective toric variety, the level-l small
I-function I given in Proposition 1V.17 lies on the cone £§i in the symmetrized

quantum K-theory of level I.

We denote by St and StV the standard representation and its dual representation
of C*. As corollaries of Theorem IV.17, we give proofs for Proposition 1.3-1.5 and

L.6.
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Proof of Proposition I.3. Let the target be X = (C\0)/C* where the action is the

standard action. Then the Proposition follows directly from the Theorem IV.17. [J

Proof of Proposition 4. Let the target be X, ., = (C*\{(0,0)})/C* with charge
vector (ai,as). As mentioned in Remark IV.14 and Remark IV.16, we only con-
sider the untwisted component of the orbifold /-function and its formula is given by

Theorem IV.17. O

Proof of Proposition I.5. For positive integers a, b, we consider X, _, = {(C —0) x
C}/C* with charge vector (a, —b). Let A, u be the generators of Repr((C*)?) corre-
sponding to the first and second projections of (C*)? onto its factors. From Theorem

IV.17, the untwisted component of the orbifold I-function is given by

B p"q (1—p P A =putgh)---A—putg") .,
_1+Z (_a>\1)(_a)\1) ( pa)\lan) Q

n>1
n(n=1)i=bn(bn-1) .. -
=1—|—Z(—1)b”pnl b2 3 (1= pPu) (1 — pugt) - - (1 — pbug® 1)Qn
n>1 (1 =paX~tg)(1 —peA=tg?) - (1 — peA—igom) '

]

Proof of Proposition I.6. We consider the target O(—1)5", = X3 _1 = {(C* —0) x

C"}/C* with the charge vector (1,1,--- ,1,—1,—1,---,—1). It follows from Theorem
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IV.17 that

St,1=1
le 1+S<Q)

-1, -1

_1_'_2@” nl "(" L p lul ,Q) (p 2o 7Q)
n>1 (p)\l q; q) . (p)\s 1QaQ)n

n s)n plul’q)n(p:U’MQ)n
=1+ (ppug)pt1+m 2
; 11 (PG Dn - (PAT G D

Q" (q

n(n—1)
2

)1+s—7".



CHAPTER V

The GLSM of Grassmannians and wall-crossing

The Grassmannian can be expressed as a geometric invariant theory (GIT) quo-
tient M,y / GL,(C), where M,y denotes the vector space of n x N complex
matrices. For any GIT quotient, we can construct a gauged linear sigma model
(GLSM) which recovers the nonlinear sigma model (physical counterpart of GW-
theory) at one of its limit. In Witten’s physical argument, he obtained the gauged
WZW model (physical counterpart of Verlinde’s theory) at another limit. A math-
ematical theory of the GLSM has been constructed by Fan-Jarvis-Ruan [25] where
the parameter in the GLSM is interpreted as stability parameter e. Recently, Choi-
Kiem [16] introduces several more stability parameters for abelian gauge group. To
simplify the notation, we postpone the introduction of parabolic structures to the
next chapter. Throughout the rest of the chapter, we fix a smooth curve C' of genus

g > 2 and a marked point xy € C.

93
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5.1 The GLSM of Grassmannians and its stability conditions

The GIT description of the Grassmannian gives rise to a moduli problem of the
GLSM data

(C',zp, B, s € HY(E' ® OF), ¢)

where C” is a genus g (possibly) nodal curve, E is a vector bundle of rank n and
degree d on C’, and ¢ : C" — C'is a morphism of degree one (i.e., p([C']) = [C])
such that p(z() = z9. A point z € C' is called a base point if the N sections s do
not span the fiber of £ at z.

To obtain proper Deligne-Mumford stacks, we need to impose certain stability
conditions on the GLSM data. There are several choices and we focus on two of
them: e-stability and d-stability. Roughly speaking, e-stability condition is imposed
on the N sections s and d-stability is imposed on the bundle F.

5.1.1 e-stability

In general, one can impose the e-stability condition on the GLSM data for any

¢ € Q.. In this paper we are only interested in two cases: ¢ = oo and € = 0.

Definition V.1. (1) The data (C’,z(, E, s, ) is called (e = co)-stable if s defines a
stable map into Gr(n, N) = M,«n // GL,(C). Namely, s has no base point.

(2) The data (C', E, s, ) is called (e = 0")-stable if s defines a stable quotient
into Gr(n, N) = M,«xn / GL,(C). Namely, (i) the base point of s is different from

nodes and the marked point xg; (ii) there is no rational tail (an irreducible component
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which is of genus zero and has exactly one node on them); (iii) the degrees of E on
rational bridges (irreducible components which are rational and carries exactly two

special points, markings or nodes) are positive.

For € = 04 or oo, we denote by Mg, (Gr(n, N),d) the moduli space of e-stable
CGLSM data (C", z}), E, s, ). According to [67], the moduli stack Mg, (Gr(n, N), d) is
a proper Deligne-Mumford stack with a canonical perfect obstruction theory. Hence,

€ Ko(Mg(Cr(n, N),d)).

it admits a virtual structure sheave Ovﬂirz (Gr(n.N).d)

In this thesis, we focus on §-wall-crossings, which will be introduced in the next
subsection. The study of the relation between (§ = oo)-invariants and (e = 0+)-
invariants, and the relation between (e = 0+)-invariants and (¢ = oo)-invariants is

work in progress [67].

5.1.2 {-stability

It turns out that the GLSM with J-stability has been studied much early under
the name of stable pairs. Its moduli space is constructed using geometric invariant
theory (GIT). In the following discussion, we only consider the fixed marked curve
(C, xp).

Suppose that F' is a vector bundle on C'. The rank and degree of F' are denoted
by r(F') and d(F), respectively. We define the slope of F' as u(F) := d(F)/r(F).

Recall the definition of Bradlow N-pairs and its stability conditions.

Definition V.2. [11] A Bradlow N-pair (E, s) consists of a vector bundle E of rank
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n and degree d over C, together with N sections s # 0 € H(E ® OY). A sub-pair
(E',s') C (E,s),
consists of a subbundle ¢ : E' — E and N sections s’ : O — E’ such that

Los' =5 scH(F' ®0Y), and

=0 s¢H(E ®O0Y).
A quotient pair (E”,s”) consists of a quotient bundle ¢ : E — E” with s” = qos.

We will focus on the case N > n. The slope of an N-pair (E, s) is defined by

n(E,s) = pu(E) +
where 0(s) =1 if s # 0 and 0 otherwise.

Definition V.3. Let 6 € Q.. A Bradlow N-pair of degree d is d-semistable if for

all nonzero sub-pairs (E',s") C (E,s), we have
w(E',s'") < u(E,s).
An N-pair (E, s) is 0-stable if the above inequality is strict.

Lemma V.4. Suppose ¢ : (F1,s1) — (E2, $2) is a nonzero morphism of -semistable
pairs. Then p(Ey, s1) < p(Ea, s2). Furthermore, if (Ey,s1) and (Es, s3) are §-stable
pairs with the same slope, then ¢ is an isomorphism. In particular, for a §-stable
pair (E,s) with s # 0, there are no endomorphisms of E preserving s except the

identity, and no endomorphisms of E annihilating s except 0.
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Proof. The proof is standard (cf. [54, Lemma 7)), and we omit the details. O

Lemma V.5. Let (E,s) be a §-semistable parabolic N-pair of rank n and degree d.
Assume that u(E,s) > 2g—1+4§. Then H'(E) =0 and E is globally generated, i.e.,
the morphism

H'(E)® Oc — E
18 surjective.

Proof. Tt suffices to show that H'(E(—p)) = 0 for any point p € E. Indeed, if
H'(E(—p)) = 0, the lemma follows from the long exact sequence of cohomology

groups for the short exact sequence:
0— E(—p) > E— E,—0.

Now suppose H'(E(—p)) # 0. By Serre duality, we have H'(E(—p)) = (H*(EY &
we(p)))Y, where we is the cotangent sheaf of C. Therefore a nonzero element in
H'(E(—p)) induces a nonzero morphism ¢ : E — wc(p). Let L be the image sheaf
of ¢. Since L is a subsheaf of we(p), we have d(L) < 2g — 1. Let s” be the induced
N sections of L. It follows that u(E,s) >2g —1+0 > d(L) + 0(s")J, contradicting

the d-semistability of (E, s). O

The stability parameter 0 is called generic if there is no strictly d-semistable N-
pair. Otherwise, 0 is called critical. We also refer to the critical values of § as walls.

An N-pair (E, s) is called non-degenerate if s # 0. For a generic ¢, the moduli space
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of non-degenerate d-stable N pairs M(SC(Gr(n, N),d) can be constructed using GIT

(see [74, §8] and [54]). Furthermore, there exists a universal N-pair

CEROAR

M(Gr(n,N),d)xC =&

over the universal curve mg(Gr(n, N),d) x C.

Example V.6. According to [11, Proposition 3.14]', if § > (n—1)d, all §-semistable
pairs (F,s) are d-stable and the stability condition is equivalent to having the N
sections s generically generating F. In other words, the moduli space of d-stable
pairs is the Grothendieck’s Quot scheme when ¢ is sufficiently large. In this case, we
denote it by Mg (Gr(n, N),d). The Grothendieck’s Quot scheme Mg (Cr(n, N), d)
is a fine moduli space for the functor that assigns to each scheme T the set of
equivalent morphisms S : OX, , — E such that E is locally free, for every closed
point z of T', the restriction F |cx {2} has rank n and degree d, and the restriction of

the morphism S|cx (s} is surjective at all but a finite number of points.

A standard argument in deformation theory (cf. [54, §5]) shows that the Zariski

tangent space of Mé(Gr(n, N),d) is isomorphic to the hypercohomology
H'(End(E) - E® OY).

For simplicity, we denote the i-th hypercohomogy of the complex End(E) — E® O

I The stability parameter 7 in [11] is related to § by d 4+ § = nT.
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by Hi~!, for i = 0,1,2. We have the following long exact sequence:

0— H' = HYEnd(E)) — (HY(E))Y — H°

— HY(End(E)) — (HY(E))N — H' — 0.

If (E,s) is d-stable, then by Lemma V.4, the map H°(End(E)) — (H°(E))V is
injective. Therefore H™! = 0. In general, the hypercohomology group H!' is not zero,
and hence the moduli space is not smooth. Nevertheless, we can still show that it is

virtually smooth. The following proposition is a special case of Proposition VI.35.

Proposition V.7. For a generic value of d € Q., the moduli space of non-degenerate

d-stable N -pairs Mac((}r(n, N),d) has a perfect obstruction theory.

The following corollary follows from Proposition V.7 and the construction in [53,

§2.3].
Corollary V.8. There exists a virtual structure sheaf

vir Wil
O3 crmnray € KoM (Gr(n, V), d)).

for the moduli space of d-stable N -pairs Méc(Gr(n, N),d)

When there is no confusion, we will simply denote the virtual structure sheaf of
M..(Gr(n, N),d) by O,

Let 7 : Mé(Gr(n, N),d)xC — ﬂg(Gr(n, N),d) be the projection map and let £
be the universal bundle over mg((}r(n, N),d)xC'. Consider the derived pushforward

Rm.(€) = [R'7.(€) = R'm.(E)]. A two-term locally free resolution of R, (€) can be
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easily obtained as follows. Let O(1) be an ample line bundle on C. Since the family

of -stable N-pairs is bounded, there exists a surjection
B — &(m) =0,

for m > 0. Here B is a trivial vector bundle. The kernel, denoted by A, is also a

vector bundle on méc((}r(n, N),d) x C, and we have a short exact sequence
0— A(—m) — B(—m) - & — 0.

Note that R°m.(A(—m)) = R°m.(B(—m)) = 0. Therefore, the following two-term

complex of vector bundles
R'7.(A(-m)) — R'7.(B(—m))

is a resolution of Rm,(E).
Denote the rank of R'm,(A(—m)) and R'm.(B(—m)) by r4 and rp, respectively.
Recall from Section 2.1 that we define the inverse determinant line bundle of coho-

mology by
(det R (€)) " = N\ R'm(B(—m)) @ ( \ R'm(A(=m))) ™.

This line bundle does not depend on the choice of the locally free resolutions of
Rm.(E). As before, we refer to it as the level structure.
Let E denote the dual of the tautological bundle on Gr(n,N). The following

definition is motivated by Corollary VI.46.
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Definition V.9. Let e = [(1 — g) + Id/n. If e is an integer, we define the level-

K-theoretic d-stable N-pair invariant by
(det(E)*)2 N — \ (Me(Gr(n, N), d), O*F @ det(€,,)° @ (det Rr.(€)) ),

where &, denotes the restriction. If e is not an integer, we

=¢& ’M%(Gr(n,m,d) {20}

define (det(E)e%ilGr("’N) to be zero.

5.2 Rank-two -wall-crossing in the absence of parabolic structures

In this section, we prove Theorem V.11, which is the special case of Theorem 1.10
in the absence of parabolic structures. The stability parameter § is a critical value
if (d —9)/2 € N;. We study how the moduli space mg(Gr(n, N),d) changes when
the stability parameter § crosses a wall and prove a wall-crossing theorem.

Let i be a half-integer such that 6 = 2i is a critical value. Note that i € (0,d/2).
A d-semistable vector bundle must split £ = L & M where L, M are line bundles
of degrees d/2 — i and d/2 + i, respectively, and s € H'(L ® OF). Let v > 0 be
a small real number such that 2i is the only critical value in (2i — v,2i + v). For
simplicity, we denote by Mfd the moduli spaces M?iy(Gr(Q, N),d). Let W;fd be
the subscheme of M, parametrizing (2i + v)-pairs which are not (2i — v)-stable.
Similarly, we denote by W, the subscheme of M, which parametrizes (2i —v)-pairs
which are not (2i + v)-stable. The subschemes Wfd are called the flip locu.

Let (£, s) be an N-pair in W; ;. It follows from the definition that there exists a
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short exact sequence

0O—-L—FE—M—Q0,

where L, M are line bundles of degree d/2 — i and d/2 + i, respectively, and s €
HY(L® OF) (cf. [74, §8]). Notice that L and M are unique since L is the saturated
subsheaf of £ containing s. Similarly, for a pair (£, s) in W;“ ;- There exists a unique

subline bundle M of E of degree d/2 + i which fits into a short exact sequence:
0O—+M—FE—L—0.

Let £ be a Poincaré bundle over Pic’?7'C' x C' and let p : Pic?/?7'C' x C' —
Pic?/?7C be the projection. If d/2—i > 2g—1, then we have R'p.L = 0. Hence U :=
(R, L)Y is a vector bundle. We define Z; 4 := PU x Pic’?™C’. Let M be a Poincaré
bundle over Pic¥?*'C' x C. Notice that HO(Pic’?7'C,EndU) = H(Pic¥/?7'C' x
C,UY@LRON) = HY(PUXC, Opy(1)@L&ON). Therefore there exists a tautological
section of £ ® OF;, where £ := Opy(1) ® L£. This tautological section induces an
injection a : ML — M ® OF,. We denote by F the cokernel of a. By abuse
of notation, we use the same notations M and L to denote the pullbacks of the
corresponding universal line bundles to Z; 4 x C. Let 7 : Z; 4 x C — Z; 4 be the

projection. The flip loci Wfd are characterized by the following proposition.

Proposition V.10 ([11, 74]). Assume d/2 —i > 29 — 1. Let V', = R'n.(F) and

Via= R'mt,(M™L). Then we have

Wi, 2 P(V5y).
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Let q4 - Wfd — Zi q be the projective bundle maps. Then the morphisms Wfd — Mfd
are reqular embeddings with normal bundles qu;Fd ® OW_:td<—1). Moreover, we have

the following two short exact sequences of universal bundles:

(5.1) 0= L — S[\W;dxc — (M® OW{,d(_l) — 0,
(5.2) 0 =@ M® Oy (1) = 5f‘wj,dxc =L —0,

where Sf are the universal bundles over Mfd and Gy : Wfd X C = Zjqgx C are the

projective bundle maps.

Theorem V.11. Suppose that N > 2+ 1, d > 2(g9 — 1) and 6 is generic. Then

(det(E)e)lgffr@’N) is independent of §.

By abuse of notation, we denote by m the projection maps M?fd xC — Mfd. To

prove Theorem V.11, we need the following lemma.

— £ e 1) + _ ot
Lemma V.12. Let D; y = det(&; )°® (det Rmo(E7)) ', where &, =&, |Mfdx{x0}.

1,20 1,20

Then
1. the restriction of D; _ to a fiber of P(V;,) is O(il), and

2. the restriction of D; . to a fiber of P(V;) is O(—il).
Proof. The lemma follows easily from the short exact sequences (5.1) and (5.2). O

Proof of Theorem V.11. We prove the claim by showing that the invariant does not

change when 0 crosses a critical value 2i. The proof is divided into two cases:
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Case 1. Assume that d/2 —i > 2g — 1. Then ./\/lfd are smooth. According to

Theorem 3.44 of [11], we have the following diagram.

M, M,
where p4 are blow-down maps onto the smooth subvarieties Wfd = P(Vfd), and the
exceptional divisor A4; 4 C ﬂ@d is isomorphic to the fiber product 4; 4 = P(V;,) X z,,
xP(Vy)-
Since py are blow-ups with smooth centers, we have (qi)*([omd]) = [OMfd]'
Let D; 1 be the line bundles defined in Lemma V.12. It follows from the projection
formula that

(5.3) X(Mz:{:dv D;+) = x(Mia,pi(Di+)).

We only need to compare p, (D; ) over //\L,d. Notice that the restriction of Oy, ,(A;q)

to A; g is (’)P(Wd)(—l) ® (’)P(V'-d)(—l). Therefore, by Lemma V.12, we have
p(Di-) = pL(Di)(—ilAia).

For 1 < j <il, we consider the following short exact sequence:
(5.4)

0= L (Diy)(—jAia) = P1(Dis)(—=(—1)Aia) = P1(Diy)®04, ,(=(j—1)Aiq) — 0.

Define L; 4 := (M¢, ® (det Rm,M)™") @ (LS, ® (det Rm,. L)), where M, and L,

denote the restrictions of M and £ to Z; 4 x{zo}, respectively. Then by Lemma V.12,
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the restriction of D; 4 to A, 4is £; ® (’)]P,(Vgrd)(—li). By taking the Euler characteristic

of (5.4), we obtain

X(Mia, P (Di ) (= (G — 1 Aia)) — x(Mia, 0 (Di 1) (—j Aia))

Let ny = N(d/2+i+1—g)—2i—1+g be the rank of V;;. A simple calculation shows
that n, > Iz when [ < N —2. Hence every term in the Leray spectral sequence of the
fibration P"+~! — A, 4 — P(V;,) vanishes, which implies that X(/f\;l/i,d,pi (D;-)) =
X(ﬂi,d,pi(Di,Jr)) when d/2 — i > 2g — 1. This concludes the proof of the first case.

Case 2. When d/2 —i < 2g — 1, the moduli spaces ./\/lfd are singular. We can
choose a divisor D = x1 + - - -+ xp where xq,...,x; are distinct points on C', disjoint
from TU{zo}. Assume k is sufficiently large such that d/2—i+k > 2g—1. By Lemma
VI.39, there are embeddings ¢p : ./\/li[d — Mfd Lon- Let &+ and &L be the universal

vector bundles on M;td x C and /\/lfcd 4o X €, respectively. According to Proposition

V140, we have ¢p.( ot ) = A1 (((EY)p)N), where (£1Y)p denote the restrictions
i,d

(2

of the dual of £} to M, X D. Let D} = det((£})q,)¢ ® det(Rm.(EL))™" be the
determinant line bundle on ./\/lfd 4or- According to Corollary VI.49, to show that
X(M;y,Di-® Oﬁzd) = XM, Diy ® O'ind)’ it suffices to show that
X (M o Dim @ A1 (((EX))™)) = X (M gyop: Di @ A (((E)D)Y))-
By abuse of notation, we denote by pi the blow-down maps from ./f\/lv@dJrgk to

M;,tdwk- Let py : Mvi,d+2k x C — /\/llz-7tcl+2,C x C' be the base change of py. By a
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straightforward modification of the proof of [73, Proposition 3.17], one can show
that p* (") is an elementary modification of p* (£) along the divisor A; 44or. More

precisely, we have the following short exact sequence
(5.5) 0—p*(E) = Pi(EL) ® O(Ajaian) = to(L ® (O(Ajarar))) — 0,

over /i/lv,;7d+2k x C. Here ¢ : A; giop — .K/lv@dﬂk is the embedding. Applying the

functor Hom(—, O) to (5.5), we obtain
(5.6) 0= p(EY) ® O(=Ajazor) — pE(EY) = 1t (LY) — 0.
Recall that (£Y)p = @Y (EY)a,. Then it follows from (5.6) that

PE (A ((E)) = 1= p ((E%)a,) + " (det (£7)s,)
= 1= ((EV)a) ® O(=Asayar) — te(LY,)
+ p’ (det (E7))a,) @ O(—A; gy2k)
= 1= O(=Aigsan) — (L))
+ P (A1 ((EY)ar) ® O(=As ay28)
= (1= L) + P A (EN):) © O(—Auayar)

in KO(/Wi,de). Notice that

(5.7) PL(A-1((E1)2)) @O(=Asasar) = Py (A-1((€F)2)) — 1 (" (DL (A1 ((EX)a)))).

Using the short exact sequence (5.2), we obtain the following equality in K O(Mvi,dwk):
(5.8)

PO (EN)2)) = 1= MY, @ Ops (1) = LY, + MYLY, © Opys (1),
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By combining (5.6), (5.7) and (5.8), we obtain

(5.9) " (A((EM)2)) = P2 (A1 ((EY)z) + 12 (M = L3) @ Oppyr (1))

+
Vi d+2k

By taking the N-th power of both sides of (5.9) and then taking the product of all

1 <1<k, we get

(5.10) - (A (E)0)Y) = 5 A1 ((EY)p)Y) + tala).

Here « is an explicit K-theory class of the form

kN
o = Z (67 X OP(V;,FdJr%)(_m)’

m=1

where «,, are explicit combinations of vector bundles whose restrictions to a fiber

of P(V/ ;) are trivial. To obtain (5.10), one needs to use the excess intersection

formula
L*L* F=F X (1 - OAi7d+2k(_Ai,d+2k)> for I' € KO(Ai7d+2k).

By Lemma V.12, we have p* (D; _) = p’.((D; ,)(—il A g12r). Then it follows from
the exact sequence (5.4) that

il
(511)  p*(D;_) =pi(Di,) + Z (B @ Oppr (=) in KY(Mayon).
=1

i,d+2k

Here 8 = L a2k ® Op(v;d)(il — j), whose restriction to a fiber of P(V};, ;) is trivial.

By combining (5.10) and (5.11), we get

kN+il

P (D, @A ((E)0)Y) = P (Dl @A(END)Y) + Y (1 ® Oppye, ().
j=1
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where the restrictions of 7; € K°(A; ay2x) to a fiber of P(V},,,,) are trivial.

The rest of the argument is similar to the one given in the proof of the first case.
Let ny = N(d/2+k+i+1—g)—2i—1+g be the rank of V', ,,. A simple calculation
shows that n, > il4+ kN when [ < N —2and d > 2(g—1). For 1 < j < kN +il, we

have X('yj ® OP(W )(— ])) = 0 because every term in the Leray spectral sequence

i,d+2k

of the fibration P+~ — A, 4,01 — P(V; 449:) vanishes. This concludes the proof of

the second case.



CHAPTER VI

Parabolic structure and the general /-wall-crossing

In this chapter, we introduce the parabolic structure to the GLSM. In this new
setting, the parabolic structure can be viewed as K-theoretic insertions. An interest-
ing aspect of this construction is that the parabolic structure intertwines with the

stability condition.

6.1 Irreducible representations of gl,(C)

In this section, we recall some basic facts about the representations of gl,,(C).
Let gl,,(C) be the general linear Lie algebra of all n x n complex matrices, with

[X,Y] = XY —YX. We have the triangular decomposition
gl,(C)=hen" @n,

where b is the Cartan subalgebra consisting of all diagonal matrices and n™ (resp.,
n~) is the subalgebra of upper triangular (resp., lower triangular) matrices. Let

h* = Hom(h,C) and let hj be the real subspace of h* generated by the roots of

109
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~

gl,(C). We fix an isomorphism b = R"™ such that the simple roots a; can be
expressed as

;=€ — €1, for1<i<n-—1.

Here {e;} is the standard basis of R". The fundamental weights w; € b are given by
w; =e1+ -+ e, for1 <i<n.

Consider the set

n—1
P+:{)\:Zmiwi+mnwn|mieZZOfor1§i§n—1andmn€Z}.
i=1

An element \ in P, is called a dominant weight. A dominant weight A\ can also be

expressed in term of the standard basis {e;} as follows:
A=Aer + -+ Apen,

where \; € Z and A\; > --- > \,. In the following discussion, we will denote a
dominant weight A by the partition (Ai,...,\,). If a partition A = (Aq,..., )
satisfies A, > 0, one can identify it with its Young diagram, i.e., a left-justified shape
of n rows of boxes of length Ay, ..., \,.

There is a bijection between the set P, of dominant weights and the set of iso-
morphism classes of finite-dimensional irreducible gl,(C)-modules. More precisely,
for each dominant weight A\, one can assign a unique finite-dimensional irreducible
gl,,(C)-modules V). Here V) is generated by a unique vector v, (up to a scalar) with

the properties nt.vy = 0 and H.vy = A(H)v, for all H € . The gl,,(C)-module Vy
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is called the highest weight module with highest weight A and the vector vy is called
the highest weight vector. Given a gl,(C)-module V', we denote its dual by V.

Fix a non-negative integer [. We denote by P; the set of dominant weights A\ =
(A1, ..., An) such that

[>M 2> 2> 20.
To a partition A € P;, we associate the complement partition A\* in P;:
Nl >l=MN, > >1—=X >0.

Given a partition A, we define |[A| = >""" | A;, which is the total number of boxes in
its Young diagram.

Now we recall a geometric construction of the highest weight gl (C)-modules.
Given a partition A = (A1,...,A,) in P;. Let (r1,...,7%) be the sequence of jumping
indices of A (ie. 1 > A =+ =Xy, > N1 = - =\ > ...). We define a
sequence of non-negative integers a = (ay, ..., ax), where a; =1 — A\, for 1 <j <k.

For 1 < j <k, we introduce positive integers
dj = aj+1 — Clj.

Here ajyq is defined to be [. Define a sequence m = (my,...,my), where m; =

r; — ri—1. We denote by Fl,, the flag variety which parametrizes all sequences
C'=V12V2--2Vi 2 Vi1 =0,

where V; are complex linear subspaces of C* and m; = dimV; — dim V},, for all

1 < j < k. The k-tuple m is referred to as the type of the flag variety Fl,,. Let Q); be
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the universal quotient bundle over Fl,, of rank r; = Zgzl m;, for 1 < j < k. Notice
that )y is the trivial bundle of rank n over Fl,,. We define the Borel-Weil-Bott line

bundle Ly of type A by
k

L)\ = ®(det Qj)dj.

j=1
Lemma VI.1. If X\ is a dominant weight, then the following holds:

1. Hi(Fln, L) =0, if i > 0.
2. The gl,,(C)-module H°(F1,,, Ly) is isomorphic to Vy'.

Proof. The proof is similar to that of [62, Proposition 6.3] and we briefly recall it
here. We denote by F1 the complete flag variety parametrizing complete flags in C”.
For i = 1,...,n, we define ij = d;, and d; =0ifi £ myq,...,mg Let Q; be the
universal quotient bundle over FI of rank 7, for 1 < ¢ < n. According to the Borel-
Weil-Bott theorem for gl,,(C) or GL,(C) (see, for example, [81, Chapter 4] ), we have
Hi(FL, @™ (det Q;)%) = 0, if i > 0, and the gl,(C)-module H°(FL, @7, (det Q;)%)
is the dual of the highest weight representation V). Consider the surjective flat
morphism

h:Fl— Fl,.

For any point z € Fl,,, the fiber h~!(z) is a product of flag varieties. In particular,
the fibers are smooth and connected. By [43, III 12.9], we have h.(Og) = Opy,.
Notice that the anticanonical line bundle of a product of flag varieties is ample. By

the Kodaira vanishing theorem, we have

H'(h " (z),Op-1(z)) =0, for any z € Fl,,, and i > 1.
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The Grauert’s theorem [43, ITT 12.9] implies that R'h.(Op) = 0 for ¢ > 0. The
lemma follows from the projection formula and the following relation:

h*(é)(det Qi)@) = é(det Q).

=1 =1

6.2 Parabolic N-pairs and §-stability

In this section, we generalize the notion of Bradlow N-pairs to parabolic Bradlow
N-pairs, which can be viewed as parabolic GLSM data to the Grassmannian. We
define the stability condition for parabolic N-pairs and it intertwines with parabolic
structures. We fix a fixed smooth curve C of genus ¢, with one distinguished marked
point xy and k distinct ordinary marked points py,...,pg. Let I = {p1,...,px} be
the set of ordinary marked points. Throughout the discussion, we assume g > 1.
This assumption is not essential and the case ¢ < 1 will be discussed in Remark
VI.29.

We first give a brief review on parabolic vector bundles.

Definition V1.2. A parabolic vector bundle on C'is a collection of data (E, { f, }per, @)
where

e [/ is a vector bundle of rank n and degree d on C.

e For each marked point p € I, f, denotes a filtration in the fiber E, := E|,

Ey=E1p 2 Ep 22 Epp 2 Eiprap = 0.
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e The vector a = (a,)per is a collection of integers such that
ap = (a1p, .. ), 0 < ar, <agy <--- < agp <l

For p € I and 1 < ¢ < [,, the integers a;, are called the parabolic weights
and m;, = dimE;, — dim E;;;, are called the multiplicities of a;,. Let m, =
(Mip,...,my,p) and let m = (my)per. The pair (@, m) is referred to as the parabolic
type of the parabolic vector bundle £. The data f, can be viewed as an element
in the flag variety Fl,, (E,) of type m,. Define r;, := Z;Zl mj, = dim E,/E; 11,

for 1 < i < l,. Denote |a,| := S Mipaip and |a| == > ;[ay|. We define the

parabolic degree of E by

and the parabolic slope by

where r(FE) = rank E.

Suppose F' is a subbundle of £ and () is the corresponding quotient bundle. Then
F and @) inherit canonical parabolic structures from E. More precisely, given a
marked point p, there is an induced filtration {F; ,}; of the fiber F},, which consists of
distinct terms in the collection { FNE; , };. The parabolic weights a; , of I are defined
such that if j is the largest integer satisfying F; , C Ej,, then define a; , = a;,. If F'is
a locally free subsheaf of E' but not a subbundle, one can define the induced parabolic

structure on F' in the same way. For the quotient bundle ¢ : £ — (@), we define a
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filtration {Q;,}; of @, by choosing distinct terms in the collection {q(F;,)}:;. The
parabolic weights a;, of @ are defined such that if j is the largest integer satisfying
q(Ejp) = Qip, then define a, = a;,. Wecal 0 = F — F — @ — 0 an ezact
sequence of parabolic vector bundles if it is an exact sequence of vector bundles, and
F and G have the induced parabolic structures from F. One can check that the

parabolic degree is additive on exact sequences, i.e., dpar(E) = dpar(F) + dpar(Q).

Definition VI.3. Let (E,{f,}per,a) and (E',{f,}per,a’) be two parabolic vector
bundles. A morphism ¢ : F — E’ of vector bundles is said to be parabolic if the
restrictions ¢, satisfy ¢,(F;,) C Ej,,, whenever a; > a}, and strongly parabolic if

¢p(Eip) C B}, whenever a; > af

Suppose 0 — F R RN @ — 0 is an exact sequence of parabolic bundles. Then
by definition ¢ and 7 are parabolic homomorphisms. We denote by ParHom(E, E')
and SParHom(E, E') the subsheaves of Hom(E, E’) consisting of parabolic and
strongly parabolic homomorphisms, respectively. The spaces of their global sec-
tions are denoted by ParHom(F, E') and SParHom(E, E’), respectively. There are
two natural skyscraper sheaves K pr and SKg g supported on the set of marked

points I such that

0 — ParHom(E,E') — Hom(E,E") = Kg g — 0,

0 — SParHom(E, E') — Hom(E,E') = SKg g — 0.

!/

i p» respectively. Ac-

Let m;, and m; , be the multiplicities of the weights a;, and a
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cording to [12, Lemma 2.4], we have

(6.1) X(Kpp) = Z Mip Myjp
pel
(ivj)GTP
where T}, = {(i, j)|aip > aj,}. Using a similar argument to that of [12, Lemma 2.4],

one can show that

SKEE/ = E mipMjp

pel
(1,5)€STp
where ST, = {(i,j)lai, > d},}. When E = E', we denote by Parénd(E) the
subsheaf of parabolic endomorphisms.

In [83], Yokogawa introduced an abelian category of parabolic O¢-modules which
has enough injective objects. It contains the category of parabolic vector bundles
as a full (not abelian) subcategory. Hence, one can define the right derived functor
Ext'(E, —) of ParHom(E, —). The following lemmas show that the functors Ext’

for parabolic bundles behave similarly to the ordinary Ext functors for locally free

sheaves.
Lemma V1.4. /83, Lemma 3.6, Proposition 3.7] If E and E' are parabolic vector
bundles, then there are canonical isomorphisms
1. Ext'(E, E') 2 H'(ParHom(E, E')).
2. Serre duality: Ext'(E, E' @wc(D)) = H'(SParHom(E', E))Y, where we is the
cotangent sheaf of C and D = Zpelp.

Lemma VL.5. /83, Lemma 1.4] The group Ext'(E", E') parametrizes isomorphism

classes of extensions of (E", {f) }per,a”) by (E',{f,}per, ).
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Now let us define parabolic Bradlow N -pairs.

Definition VI.6. A parabolic Bradlow N-pair (E,{E;,},a, s) consists of a parabolic
vector bundle (E,{f,}yer,a) of rank n and degree d, together with N sections s €

H°(E ® OX). A parabolic sub-pair
(E',s") C (E,s),
consists of a parabolic subbundle ¢ : £’ < E and N sections s’ : O — E’ such that
Los’ =5 scHY(E' ®O0Y), and
=0 s¢H(F ®O0Y).
A quotient pair (E”,s") consists of a quotient parabolic bundle ¢ : £ — E” with
s" =qos.

We shall abbreviate the parabolic N-pair (E,{E;,},a,s) as (£, s) when there is
no confusion. We define the parabolic slope of a parabolic N-pair by

00(s)
r(E)’

fipar (B, 8) = pipar (E) +
where 0(s) =1 if s # 0 and 0 otherwise.

Definition VI.7. Let § € Q.. A parabolic N-pair of degree d is d-semistable if for

all sub-pairs (E',s') C (F,s), we have
Mpar(Ela 5/) < ptpar(E, ).

A parabolic N-pair (E, s) is d-stable if the above inequality is strict.
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Remark VI.8. Suppose that the rank n is 1. Then according to Definition VI.7, any

parabolic N-pair is stable with respect to all values of §.

Remark VI.9. Note that a parabolic N-pair (£,0) is (semi-)stable if £ is a (semi-
)stable parabolic vector bundle. We will focus on non-degenerate parabolic pairs,
i.e., pairs (F,s) with s # 0.

In the following, we list some basic properties of d-stable and semistable parabolic
N-pairs, parallel to the corresponding results for N-pairs without parabolic struc-

tures.

Lemma VI.10. Suppose ¢ : (E1,s1) — (Ea,s2) is a nonzero parabolic morphism
of 0-semistable pairs. Then ppar(E1, 1) < fipar(Ea, s2). Furthermore, if (Ey, s1)
and (Es, s9) are d-stable parabolic pairs with the same parabolic slope, then ¢ is
an isomorphism. In particular, for a non-degenerate d-stable parabolic pair N -pair
(E,s), there are no parabolic endomorphisms of E preserving s except the identity,

and no parabolic endomorphisms of E annihilating s except 0.
Lemma VI.11 (Harder-Narasimhan Filtration). Let (E,s) be a parabolic N -pair.

There exists a canonical filtration by sub-pairs

O§<F1,51)§(F2752)C"'§<Fm>5m):(Ea5)

=

such that for all i we have
1. (gr;, 8;) := (Fi, s:)/(Fi_1, 8i_1) are 6-semistable.

2. ﬂpar(gria gi) > ﬂpar(ngla §i+1)'
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Proof. Notice that the parabolic slope i, is additive on short exact sequences of
parabolic N-pairs. The proof is the same as the proof of the existence and uniqueness
of Harder-Narasimhan filtration of a pure sheaf (see for example the proof of [45,

Theorem 1.3.4]). O

Lemma VI.12 (Jordan-Hélder Filtration). Let (E,s) be a 0-semistable parabolic

N-pair. A Jordan-Hélder filtration of (E, s) is a filtration
0 _,C«_ (Ghsl) -,C«- (G27S2) _,C«_ e _,C«_ (vasm) = (E73)

such that the factors (gr;, s;) == (F;, ;) /(Fi—1, si—1) are §-stable with slope pipa(E, s).

Moreover, the graded object gr(E,s) := @gr; does not depend on the filtration.

Proof. The proof is standard. See for example the proof of [45, Proposition 1.5.] in

the case of semistable sheaves. O

For §-semistable parabolic N-pairs of rank n and degree d, we have the following

boundedness result.

Lemma VI.13. Let (E,s) be a §-semistable parabolic N-pair. Suppose that
Ppar(E,8) > 29 — 1+ ||+ 0.
Then HY(E) =0 and E is globally generated, i.e., the morphism
H'EY® O¢ — E

18 surjective.
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Proof. The proof is similar to that of Lemma V.5. It suffices to show that H*(FE(—p)) =
0 for any point p € E. Suppose H'(E(—p)) # 0. By Serre duality, we have
HY(E(—p)) = (H°(EY @ we(p))Y, where we is the dualizing sheaf of C'. Therefore a
nonzero element in H'(E(—p)) induces a nonzero morphism ¢ : F — wc(p). Let L
be the image sheaf of ¢. Since L is a subsheaf of wa(p), we have deg(L) < 2g — 1.
Let s” be the induced N sections of L. It follows that pipa(E,s) > 29— 1+ || +6 >

dpar(L) + 6(s”)d, which contradicts the d-semistability of (£, s). O

Corollary VI1.14. Fix the rank n, degree d and the parabolic type (a,m). The family
of vector bundles underlying §-semistable parabolic N -pairs of rank n, degree d and

parabolic type (a,m) on a smooth curve C' is bounded.
Proof. Let O(1) be a locally free sheaf of degree one on C. By Lemma VI.13, we
have H'(E(m)) = 0 if

m + fpar(E,5) > 29 — 14 || +6.

The boundedness of §-semistable pairs follows from [45, Lemma 1]. O

The following lemma shows that for a bounded family of parabolic N-pairs, the

family of the factors of their Harder-Narasimhan filtrations is also bounded.

Lemma VI.15. Let T be a scheme of finite type. Suppose S : OF, o — € is a flat
famaily of parabolic N -pairs over T' x C'. For any closed point t € T, we denote by

{(grl, s!)}i the Harder-Narasimhan factors of (€, S;), where & = E|speckpyxc and Sy
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is the restriction of the N sections to the fiber over t. Then the family {(grl, st)}iter

18 bounded.

Proof. The proof is identical to that of Lemma 9 in [54] for N-pairs without parabolic

structures. O

6.3 GIT construction of the moduli stack of )-stable parabolic N-pairs

In this section, we show that the moduli stack 9" (Gr(n, N),d, a) of parabolic
N-pairs is an Artin stack, locally of finite type. For a generic value of § € Q, (see
Definition VI.19), we prove that the substack mpcar’é(Gr(n, N),d,a) parametrizing
non-degenerate d-stable parabolic N-pairs is a projective variety. In fact, we will
construct it using geometric invariant theory (GIT). Throughout the discussion, we
fix the degree d, rank n, parabolic weights ¢ = (a;,) and their multiplicities m =

(myp)per, where m, = (m; ).

Definition VI.16. Let T" be a scheme. A family of parabolic N-pairs (&, {f,},S)
over T is a locally free sheaf £, flat over T', together with a morphism of sheaves
Oy = Eon T x C and a section f, of the relative flag variety Fl,, (£|rxqp) of
type m,, for each p € I.

An isomorphism (&, {f,},S) — (£',{f,},S") of families of parabolic N-pairs over

T is given by a parabolic isomorphism & : £ — &£’ such that ®(S) = 5.

Let M (Gr(n, N),d,a) be the groupoid of parabolic N-pairs of rank n, degree

d and type (a,m). Let Buny"(d,n,a) be the groupoid of parabolic vector bun-



122

dles with the same numerical data. It is easy to see that Bun"(d, n,a) is a fiber

product of flag bundles over the moduli stack of vector bundles Bung(d,n). The
moduli stack Bungs(d,n) is a smooth Artin stack (see, for example, [44]). There-
fore, Buny" (d, n,a) is also a smooth Artin stack. There is a representable forgetful
morphism ¢ : MY (Gr(n, N),d,a) — Bunl"(d,n,a). Let € be the universal vector
bundle over Bung(d, n,a) x C and let 7 : Bung" (d, n,a) x C' — Bunl’(d, n,a) be

the projection. Let w be the relative dualizing sheaf of 7, which is just the pullback

of the cotangent sheaf we of C' along the second projection to C.

Proposition VI.17. There is a natural isomorphism of Bung” (d, n, a)-stacks
M (Gr(n, N),d,a) = Spec Sym (R, ((¢V)Y @ w)).
In particular, ME (Gr(n, N),d, a) is an abelian cone over Bung (d,n, a).
Proof. The same arguments given in the proof of [68, Proposition 1.8] apply here. [

Corollary VI.18. The moduli stack of parabolic N -pairs M (Gr(n, N),d, a) is an
Artin stack and the forgetful morphism q : M (Gr(n, N),d,a) — Bun’(d, n,a) is

strongly representable.

Definition VI.19. A value of § € Q. is called generic if there is no strictly 9-
semistable N-pairs. Otherwise, § is called critical. A critical value of § is also called
a wall.

——par,d

Let My " (Gr(n, N),d, a) be the substack of My (Gr(n, N), d, a) which parametrizes

non-degenerate d-stable N-pairs (£, s). In the following, we will use GIT to give
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. ——bar,é .
an alternate construction of Mg, (Gr(n, N),d,a), modeled on the construction of

moduli spaces of (semi)stable pairs given in [54].

The semistability condition of parabolic N-pairs can be described in terms of
dimensions of global sections. We fix an ample line bundle O(1) on C' of degree
one. For any locally free sheaf E on C, we define E(m) := E® O(1)®™. If E is
a parabolic vector bundle, there is a natural parabolic structure on E(m). Given a
non-degenerate parabolic N-pair (F, s) of degree d, rank n and parabolic type (a, m),
we define

J d4+nm |a| ¢
= +

r(E) n nl  n

Har (1) = fipar (B (m)) +

Before we describe the GIT construction, we recall the special cases for curves of
the Le Potier-Simpson estimate and a boundedness result due to Grothendieck. The
Le Potier-Simpson estimate allows us to give uniform bounds for the dimension of
global sections of a vector bundle in terms of its slope. We refer the reader to [45,
Theorem 3.3.1] and [69, Corollary 1.7] for the general theorem in higher dimensions.
Suppose the Harder-Narasimhan filtration of a vector bundle F with respect to the

ordinary slope pu is given by
0CECEC - CE=E

Define fimax(F) = p(E1) and pmin(F) = p(Ex/Ex—1). Denote [t], := max{0,t} for

any real number t.

Lemma VI.20 (Le Potier-Simpson). Let C' be a smooth curve. For any locally free
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sheaf F' on C, we have

S [,umax(F) +C}+a
where r(F') = rank F' and the constant ¢ .= r(F)(r(F)+1)/2 — 1.

The following lemma is on the boundedness of subsheaves. We refer the reader to

[45, Lemma 1.7.9] for the general results

Lemma VI.21 (Grothendieck). Let C' be a smooth curve and let F' be a locally free
sheaf on C. Then the family of subsheaves F' C F with slopes bounded below, such

that the quotient F'/F' is locally free, is bounded.

Let (E, s) be a non-degenerate parabolic N-pair. In the following discussion, we
will always denote a sub-pair of (F,s) by (E’,s’), with the induced parabolic type
/

a’. Similarly, we will always denote a quotient pair of (£, s) by (E”,s”), with the

induced parabolic type a”.

Lemma VI1.22. There exists an integer mg such that for any integer m > my, the

following assertions are equivalent.
(1) The parabolic N-pair (E,s) is stable.

(2) For any nontrivial proper sub-pair (E',s'),
W(E (m)) +6(s)8 _a
r(E") r(E")l

< luf)ar(m) + 1 - g.

(3) For any proper quotient pair (E",s") with r(E") > 0,

h%E%m»+9@U5+ |a
r(E") r(E")

l/’

> :u(spar<m) + - g.
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d-semistability can be characterized similarly by replacing < by < in (ii) and (iii).

Proof. (1) = (2): By Lemma VI.14 and Lemma VI.15, there exists a constants p such
that pmax(E) < p. Let (E',s’) be a proper nontrivial sub-pair and let v = pipn (E").
It follows from Lemma VI.20 that there exists a constant ¢ depending only on n such

that

hO(E'(m))

(6.2) )

1 1
g(1—5)[u+m+c]++ﬁ[y+m+c]+.

Let A > 0 be a constant satisfying d + n(1 — g) + nm > n(m — A). Since there are
only finite many choices for 8(s")d/r(E’) and |a|/r(E")l, it is possible to choose an

integer 1 such that

1 1 0(s)0  |d| 5 lal
. 1= )t — a2
(6.3) ( n)u+nVO+c+ r(E") +7’(E’)l < +n+ nl

Enlarging my if necessary, we can assume that @+ m + c and v+ m + c are positive.

Therefore
1 1 1 1

(64) (A= ptmtdit-prmtdi=01-)p+-vi+mte
n n n n

If v < vy, then it follows from (6.2), (6.4) and (6.3) that

hO(E'(m)) + 0(s")d6 |d| 5 lal
a a0 lal
(B TrEy ST AT T

- d+n(1—g)+nm+§+ |a|

n n nl

= lj’(spar(m> +1-— g.
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If v > vy, then by Grothendieck’s Lemma VI1.21, the family of such E’ is bounded.

Enlarging my if necessary, we have
W(E'(m)) = x(E'(m)) = d(E') + r(E'Ym + r(E')(1 - g)

for all m > my. By the d-stability of (E,s), we have

hO(E’(m)) +0(s)d |a| 5
+ = E. . Y+m+1-— +1—gq.
r(E") r(E")I Ppar (B, 8') +m g < “par(m) g

(2) = (3): Consider the short exact sequence
0—>E —-FE—E"—0.

There exists an my € N such that for all m > mg, we have H'(E(m)) = 0. It
follows that H'(E”(m)) = 0. Suppose (h°(E'(m)) + 0(s')8)/r(E") + |d'|/(r(E")l) <
(i (m)+1—g. Since pu(E'(m)) < hO(E'(m))/r(E"), we have iper(E', ') < pipar(E, 5).

It follows from the additivity of the parabolic d-slope of pairs that

Mgar(m)_'_l _gzﬂpar(Eas) +m+1—g

< pipar (B, 8" +m+1—g

_ hO(E"(m)) +0(s")0 | |a"|
r(E") r(EMl

(3) = (1): Suppose that (E,s) is not stable. Let (E”,{f]},s") be a quotient pair of
(E, s) such that

Hpar<E”= 3//) < Mpar(Ev S)
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There exists an mg € N satisfying for all m > mg, H'(E(m)) = 0. Let E' be
the kernel of the quotient morphism £ — E”. Then by the long exact sequence of
cohomology groups associated to 0 — E' — E — E” — 0, we have H'(E"(m)) = 0

and hence h°(E"(m)) = d(E") +r(E")(1 — g). It follows that

hO(E"(m)) + 0(s")d || L
ey ey e B EmA g

S,upar(Eas)—i_m—i_l_g
= :uf)ar(m) +1- g,
which contradicts the hypothesis. Therefore, (E, s) is d-stable.
The equivalence of three assertions for d-semistability can be proved similarly. [
By Lemma VI.14 and Lemma VI.15, there exists an my € N such that for any m >
mo and any d-stable parabolic N-pair (F, s), the following conditions are satisfied.

1. E(m) is globally generated and has no higher cohomology. Similar results hold

for their Harder-Narasimhan factors.
2. The three assertions in Lemma VI.22 are equivalent.

We fix such an m. Let (E,s) be a d-semistable N-pairs. Then the vector bundle E

can be realized as a quotient
q: H'(E(m)) ® Oc(—m) - E
and the section s induces a linear map

¢ : H(Oc(m))™ — H*(E(m)).
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Let V be a fixed complex vector space of dimension dim(V') = P(m) where P(m) :=
\(E(m)) = d+ mn+n(1 - g).
After fixing an isomorphism between H°(E(m)) and V, we have the following

diagram.
K —— H°(Oc(m))"Y @ Oc(—m) —=» O}

ls L

V®0Oc(-m) —L— FE
Here K denotes the kernel of the evaluation map ev : H°(O¢(m))¥N@0c(—m) — OF.
Let
P = P(Hom(H’(Oc(m))™,V))
and let
Q = Quotz*(V @ Oc(—m)).
be the Grothendieck’s Quot scheme which parametrizes coherent quotients of V' ®

Oc(—m) over C of rank n and degree d. Notice that the spaces P and @) are fine

moduli spaces with universal families

(6.5) HY(Oc(m))N @ Op = V @ Op(1)
and
(6.6) V @ Oc(—m) — E.

Here Op(1) denotes the anti-tautological line bundle on P. By abuse of notation, we
will still denote by Op(1) and & the pullbacks of the corresponding universal sheaves

to @ xPxC.
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We consider the locally closed subscheme
ZCQxP

consisting of points ([q], [¢]) which satisfy the following properties:
e F is a locally free.
e godoL=0.
e The quotient ¢ induces an isomorphism V' — HY(E(m)).

Let p € I be a marked point. We denote by Fl,, the relative flag varitey of locally-
free quotients of £, := g\ZX{p} of type my, = (mip) (cf. [42, 82]). Let 7, : Fl,,, — Z be

the projection. There exists a universal filtration of 7;(&,) by coherence subsheaves

7T;Z(‘S’p) =Fi1p 2 2 "rlp,p 2 ]:lerLp =0

such that the universal quotient bundles Q; ,, := W;(g’p) /Fit1,p are locally free of rank

i
Tip = Zj:l Myjp-

Let R be the fiber product

R::Flmm XZ"'XzFl

My, )

where pq,...,pr are the ordinary marked points. By abuse of notation, we still
denote by Q;,, the pullback of Q,, to R. A J-semistable parabolic N-pair (E,s) can
be represented by a point ([q], {[f,]},[¢]) in R. There is a natural right SL(V)-action
on ) x P given by

(la], [9Dg = (g0 gl [g7" 0 0])
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for g € SL(V') and ([¢], [¢]) € @ x P. It is easy to see that Z is invariant under this
SL(V)-action. Notice that the natural right SL(V)-action on V ® O¢(—m) induces
a right SL(V)-action on & via the universal quotient morphism V ® O¢(—m) — &.
Therefore, SL(V') also acts on the relative flag variety Fl,,,, for p € I and the universal
quotient bundles Q,, have natural SL(V')-linearizations.

Pick a sufficiently large integer ¢ such that ¢ > m and we have the following

embedding

Q = Quotz(V @ Op(—m)) — Cr(V @ H(Oc(t —m)), xt),

[q:V x Oc(—m) — E] = [H(q(t)) : V @ H*(Oc(t —m)) — H°(E(t))].
For such a ¢, there is a SL(V')-equivariant embedding

T:R—=Gr(V® HY(Oc(t —m)), xt)

x [AGr(Virip) x -+ x Gr(V,ry, 1)} x P,

pel

(lal ALf1} [0]) = (H(a(0))) {Ep/ Bag, - By/ By} [4]),

where x; = x(E(t)) and r; , = 2321 m;, =dim E,/E;; ,. For simplicity, we denote
Gr(V @ H°(Oc(t —m)), x¢) by G; and Gr(V,r;,) by G;, for 1 <j <[, —1.

Let R be the closure of T(R) in G; x [Le{Gipx: XGip1,} xP. Let Og, (1) and
Og,, (1) be the canonical ample generators of the Grassmannians. Let Op(1) be the
anti-canonical line bundle on P. Notice that the ample line bundles Og, (1), Og, (1)

and Op(1) all have standard SL(V')-linearizations. For positive integers a;, as and
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bjp, forpe I, 1 <j<l,—1, we consider the SL(V')-linearized line bundle
L = Og,(az) W {pgjoﬁj,p(bj,p)} 5 Op(as).

We study the GIT stability condition of G; x [[,c;{G1, X -+ X Gy—1,} x P with
respect to L. Let A : C* — SL(V) be a one parameter subgroup. For any closed
point z € R, we denote by o, : SL(V) x {2} — R the orbit map. The morphism
0, o A extends to a morphism ¢ : A! — R. Notice that g(0) is a fixed point of the
C*-action. Suppose any element x € C* acts on the fiber L|y0) by multiplying z"

for some w € Z. Then we define the Hilbert-Mumford weight
pE(z,\) = —w.

By the Hilbert-Mumford criterion, a closed point z € R is stable (semistable) with re-
spect to L if and only if uZ(z, A) > 0 (respectively u’(z, A) > 0) for all one parameter
subgroups of SL(V'). Now let us compute p*(z, A) for a point z = ([q], {[f,]}, [¢]) € R.
A one parameter subgroup A induces a C*-action on V. Let w; < wy < --- < wg be

the weights of this C*-action. Then there exists a filtration
OZ%C‘/IC‘/QC"'CVS:‘/;

such that V;/V;_; is the isotypic component of weight w; € Z. We denote by i(¢)
the smallest i such that im¢ C V;. Define w(¢) = w;s). Consider the ascending
filtration of £ by

Fi = q(V; ® Oc(—m)).
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Note that Fy = E. Let gr, = F;/F;_1. Notice that the family of subsheaves £’ C E
of the form ¢(V' ® Oc(—m)) for some subspace V' C V is bounded. We can pick

large enough ¢ such that we also have
(6.7) H'(Fi(t)) =0 and H'(gr;(t))=0, forl<i<s.

Denote @, == E,/Eji1, for 1 < j <1, —1. Let ¢j, : V — Qj, be the surjective
maps induced by V ® O¢(—m) — E. We consider the ascending filtrations of Q;,,
by
j-’p =q;p(V;), forl<i<s.
Define Q?ﬁp =0. Let Té’p = dim Qé,p' Note that 73, = r,.
Suppose F'is a coherent sheaf on C'. Then its Hilbert polynomial is defined as the
polynomial Pr(t) := x(F(t)) =r(F)t+d(F)+r(F)(1—g) in t. An explicit formula

for X (2, \) is given in the following lemma.

Lemma VI1.23.

ML(Z7 )‘) = alw(gb) — Q2 Z wy (PFz(t) - PFifl(t))

1<i<s
_ ) St i—l)
Z Z vaPw’L(TJ,p Tip )
pel  1<i<s

1<j<ip—1

Proof. The Hilbert-Mumford weight satisfies that

LiXLy

plrhe = b 4 pte,

Hence we can compute pO%:@) (2, ), 02 (2 X), and p©(@2)(z, \) separately.
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First, we calculate the contribution from Op(ay) to u”(z,\). Let {€’}, be a basis

of V;. Then we can write ¢ as
o =D o e, € (H(Oc(m)™) @V,
where ¢¢ € (H°(Oc(m)N))V. By definition, i(¢) is the largest i such that ¢ # 0 for
some v. Since an element in SL(V) acts on V' as its inverse, the contribution from
Op(ay) to u®(z,\) is
arw(e).

Second, we consider Og, (az). According to [45, Lemma 4.4.3], we have

z—0

lim [q] - A(v) = €D H' (gr:(t)) € Gu.

The fiber of Og, (1) at the limiting point is

X(E(®)) s

A D Here).

The weight of C*-action is

Z w;h® (gr; (1)) = Z w; (P, (1) — Pr,_, ().

Therefore, the contribution from Og,(as) to u”(z, \) is

S

—ay »_wi(Pr(t) = Pr,_,(t)).

=1

Finally, it follows easily from the computations of [59, Chapter 4, §4] that the

contribution to u*(z,A) from Og,  (b;,) is

- Z bjpwi(dim Q') — dim Q%1).

1<i<s
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Lemma VI.24. Let z = ([q], {[f,]}, [#]) € R be a point with the associated parabolic
N-pair (E,s). For sufficiently large t such that (6.7) holds, then the following two

conditions are equivalent.
(1) z is GIT-stable with respect to L.
(2) For any nontrivial proper subspace W C V', let F = q(W @ O(—m)). Then

a1

(6.9 PF<t>>—(ew<¢> dimW) p(y) dm W

as ~ dimV dim V

bj,p dlmW w
‘T X ey )

pel 1<j<lp—1 2
where 7“% = dimg;,(W) and Oy (¢) =1 if im¢ C W and 0 otherwise.
GIT-semistablity can be also characterized by replacing > by > in equation (6.8).
Proof. (1) = (2): Suppose z is GIT-stable with respect to L. Let h = dim W. We
consider the one parameter subgroup give by
zh=Pmiq,
AMz) = ;

2" id pmy—

where A\(z) acts on W by multiplying #"~"(™) and its compliment by multiplying z".

If im ¢ C W, then by the Hilbert-Mumford criterion and Lemma VI.23, we have

0 < u*(2,\) = a1(h — P(m)) + ayP(m) Pp(t) — ayh P(t)

+ Z Z bip (T%P(m) — rj,ph).

pel 1<j<l,—1
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Since dim V' = P(m), the above inequality is equivalent to

aq dim W dim W
Pet)> 21— Pt
F()>a2( dimV) ) Gy

dim W
PP (]pdllrrrrllV TJV;)

pel 1<]<zp—1

If im¢ ¢ W, then

0 < p*(2,\) = arh + ayP(m) Pr(t) — axhP(t)
+ Z Z bip (T%P(m) - rj7ph),
pel 1<j<l,—1

which is equivalent to

ap {dim W dim W
Pe(t) > =2 < dimV) +P®) dim V'

dim W
22 <“’d1:iv TJVZ)

pel 1<]<z,,—1

(2) = (1): Tt follows from inequality (6.8) that

dimV dimV

s—1

+Z Z ]lia]{?(;(le — w;) dim‘/;)

pel 1<5<l,—1

=33 by ( g(wwl — w;) Té,p)

pel 1<j<l,—1

=2 2 b, =)

pel  1<i<s
1<i<lp—1

J2 s—1
pE (2, \) > aqws — agw P(t) + (aQ. ®_ ,al ) Z(wiﬂ —w;) dim V;
i=1

=0.
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Here we use the fact that

s—1
(wiy1 —w;)dimV; = wy dim V
i=1

since A is a one parameter subgroup of SL(V'). Therefore z is GIT-stable. [
Let I denote the number of ordinary marked points. To relate GIT-(semi)stability
with 0-(semi)stability, we make the following choice:

a; = nl(t —m)d,as = P(m)l + |a| + 6l — nZalM,

pel

and

bip=(aj41p —ajp)n(t—m) forl1<j<I[,—1

Let

L = Og,(az) B { X O, , (b;,)} K Op(ar)

pel,j
be the polarization.

We fix a sufficiently large ¢ such that
1. (6.7) holds;

2. (6.8) holds if and only if it holds as an inequality of polynomials in t.

Corollary VI.25. If ([q], {[f,]},[¢]) € R is GIT-semistable, then
H(q(m)) : V — H(E(m))

is injective and E is torsion free.
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Proof. 1t is straightforward to check that the coefficient of ¢ on the RHS of the
inequality (6.8) equals

‘ [dim W + Oy (¢)61 — Zpef Zlgjglp—1(aj+1,p - ayyp)r%
[dimV +[a| + 16 —n)  cra,, '

n

Let W be the kernel of H%(g(m)) : V — H°(E(m)). Then G = q(W @ O(—m)) =
0. The LHS of the inequality (6.8) is zero, while the coefficient of ¢ on the RHS of

the inequality is greater than or equal to

nl dim W
LdimV +a| +16 —nd> cran,,

It follows that W = 0.

Let T be the torsion subsheaf of E. Since V' — E(m) is surjective, it is easy to
show that H°(T'(m)) C V as subspaces in H°(T'(m)). Let W = H°(T(m)). Suppose
W # 0. Then the coefficient of ¢ on the RHS of the inequality (6.8) is positive
because

Yo > (g —agp)ry <D (a,, —ay)rly, < 1dimW.

pel 1<j<l,—1 pel

Here we use the fact that a;, , — a1, < [. We get a contradiction because the LHS of

(6.8) is a constant. Therefore we must have W = 0 and F' = 0. O

Proposition V1.26. Let ([q], {[f,]}, [¢]) be a point in R and let (E,s) be the corre-

sponding parabolic N-pair. Then the following are equivalent.
(1) ([a], {[f,]},[¢]) is GIT-(semi)stable with respect to L.

(2) (E,s) is 0-(semi)stable and q induces an isomorphism V = H°(E(m)).
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Proof. (1) = (2): Let z = ([¢], {[f,]}, [¢]) be a GIT-semistable point in R, where
q:V ®O(—m) — E is a quotient. According to Corollary VI.25, F is locally free
and ¢ induces an injection V < H°(E(m)). Let 7 : E — E” be a quotient bundle.

Denote by K the kernel of 7. We have an exact sequence 0 - K — E — E"” — 0.

Let W =V N H°(K(m)). Then
(6.9) WO(E"(m)) = hO(E(m)) — h%(K (m)) > dim V' — dim W

Let FF = gq(W ® O(—m)). Since F' is a subsheaf of K, we have r(F) < r(K) =
r(E) — r(E"). By comparing the coefficients of ¢ on both sides of inequality (6.8),

we have

(6.10)

n—r(E") zr(F)
ndim W . IdimV + [a| — nzpel Ay,,p
dimV  IdimV +[a|+16 —n)  c a,,
nld
[dimV +[a| + 16 —n ) rar,p

+ 0w (9)

Aji1p — jp Cdim Wy
DS "TdimV [ +16—ny, a, (TM’ dim V Tﬂ'*’) '

pel 1<j<l,—1

Let a” = (ay)per and @’ = (a;,)per be the induced parabolic weights of £ and the
kernel K, respectively. It is not difficult to show that the following hold:
Z (@j+1p — ajp)rjp = nay,, — |ap|, and
1<j<ip—1

D (@10 — i)y, < (n—r(E"))ay,, — lay).

1<j<ip—1
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Then it follows from inequality (6.10) that

nldim W
6.11 —r(E") =
(6.11) n—r( )—zdimV+!Q\+l5—”Zp€f“lp’p
nld
+ 0w (9)

ldimV +|a| +10 —=n"  ra,,

nla| —n(n —7r(E")) 3 c; a,p
[dimV + |a| +16 —n ) cran,,

Notice that |a| = |d/| + |a”|. Then we can rewrite inequality (6.11) as

dimV —dim W + (1 — 0w (¢))o la| dimV +4§  |a
. > —.
(6.12) r(E") * r(EM — n * nl

Note that if 6(s”) = mos = 0, then im ¢ C W and hence 1 — 0y (¢) = 0. Therefore
0(s") > 1 — 0w (¢). Combining (6.12) and (6.9), we have

W(E"(m)) +6(s")6  _la"|  P(m)+3  |a|

>
r(E") r(E"M ~ n nl

According to Lemma VI.22, the pair (E, s) is semistable.

Let z = ([q], {[f,]},[¢]) be a GIT-stable point. Suppose (E,s) is not stable.
Then by the previous discussion, (F,s) is strictly semistable. Then there exists a
destabilizing sub-pair (E',s"). Let W = H°(E'(m)) C H°(E(m)) =2 V. It is clear
that 6(s") = 0w (). We have

hO(E'(m)) +0(s')0 ~ |d'|  P(m)+0 g
(B rEY T T . T

By an elementary calculation, one can show that the RHS of the inequality (6.8) is
equal to P (t). It contradicts with the fact that z = ([q], {[f,]}, [¢]) is GIT-stable.

(2) = (1): If (E,s) is stable and ¢(m) induces an isomorphism between global
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sections. For any nontrivial subspace W C V' let F' = ¢(W ® O(—m)) and let (F,s’)
be the corresponding sub-pair. If (F,s’) = (E,s), then inequality (6.8) obviously

holds. Thus we assume that (F,s') is a proper sub-pair. By Lemma VI.22, we have

The above inequality is equivalent to

|d'| + Lh°(F(m)) + 0(s")ol — r(F) > el alp,p.

1 F
(6.13) r(F) >n LdimV 46l + |a| —n " o, p

Notice that dim W < h(F(m)), which follows from the following commutative dia-

gram.
W —— HY(F(m))
V —— H(E(m))

By combining the inequality (6.13), dim W < h°(F(m)) and

Z Z (aHLp - am%ﬁ; = _’@/‘ +7(F) Zalpam

pel 1<j<l,—1 pel
we obtain

Ldim W +6(s")ol — > Zgjgp—l(ajﬂ,p — ajp)Ty
[dimV + 6l +|a| —nY e an,, '

r(F)>n

It implies that the leading coefficient of Pg(t) is great than the leading coefficient
of the polynomial on the right hand side of (6.8). Therefore, ([g], {[f,]}, [¢]) is GIT-
stable.

Assume (E, s) is strictly d-semistable. We need to show that the corresponding

point ([q], {[f,]}, [¢]) is GIT-semistable. Choose any nontrivial subspace W € V. Let
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F =q(W ®O(—m)) and let (F,s’) be the corresponding sub-pair. Since all these F’
are in a bounded family, we can assume h°(F(m)) = x(F(m)). As discussed in the
previous case, if (F,s") = (E, s) or (F,s’) is not a destabilizing sub-pair, we are done.
Therefore, we assume (F, s') is a destabilizing sub-pair such that dim W = h°(F(m))

and
|| + L dim W + 6(s")6l — r(F) X2 er i, p
IdimV + 60+ |al —nd can,,

r(F)=n
This shows that the coefficients of ¢ on both sides of the inequality (6.8) are equal. A
tedious but elementary computation shows that the constant terms of the left hand
side of (6.8) is also equal to the constant term on the right hand side. This concludes
the proof. We leave the details to the reader.

O

Recall that a value of 6 € Q. is called critical, or a wall if there are strictly

0-semistable N-pairs.

Lemma VI1.27. For fized d,n and parabolic type (a,m), there are only finitely many

critical values of 9.

Proof. Tt suffices to show that the destabilizing sub-pairs form a bounded family.

The same arguments used in [54, Proposition 6] work here. O

Theorem VI1.28. If§ is generic, the moduli groupoid mpcar’é(Gr(n, N),d,a) of non-
degenerate §-stable parabolic N -pairs is isomorphic to R /. SL(V). In particular, it

18 @ projective variety.
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Proof. The proof is standard. See for example the proof of [54, Theorem 1]. ]

Remark VI1.29. The GIT construction of the moduli space ﬂgar’é(Gr(n,N),d,g)
also works in the case g < 1. However, for some choices of the parabolic type (a, m),
the moduli space Mgar’é(Gr(n, N),d,a) is empty when the stability parameter § is
sufficiently close to zero. This is because by definition, when ¢ is sufficiently close to
zero, the underline parabolic vector bundle E of a J-stable pair (E,s) is parabolic
semistable (see Section 6.5), and the moduli space U(n,d,a,m) of S-equivalence
classes of semistable parabolic vector bundles may be empty for some parabolic
types (a,m) (cf. [12, §5]). In this paper, we only consider parabolic types (a,m)

par,d

such that M " (Gr(n, N),d, a) is nonempty for all generic 6.

Remark VI.30. In the definition of the parabolic data, we assume that the last
parabolic weight a;, , is less than [. In the case a;,,, = [, the (coarse) moduli space of
S-equivalence classes of semistable parabolic sheaves is constructed in [72]. However,
there are some differences in this new case. According to [72, Remark 2.4], when
ai,, = 1, a strictly semistable parabolic sheaf can have torsion supported on the
marked point {p}. In the GIT construction of the moduli space in the case a;,, =1,
a point corresponding to a stable parabolic sheaf is strictly GIT semistable (see [72,
Proposition 2.12]). In the setting of parabolic N-pairs, if a;, , = [, all values of  are
critical values and the GIT construction discussed in this section does not produce

a fine moduli space. Therefore we only consider the case a;,, < [ in this paper.

par,d

The universal parabolic N-pair S : OV — & over M "~ (Gr(n, N),d,a) x C can
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be constructed using GIT. To be more precise, we have a morphism
HY(Oc(m)N @ O @ Oc(—m) — € @ Op(1)

over R x C, induced by the universal families (6.5) and (6.6). By the definition of

R, the morphism above induces N sections
S:HYON)N @0 =08 = €2 0(1).

Let 2 be a point in R. By Lemma VI.10 and Lemma 4.3.2 in [45], the only stabilizers
in SL(V') of z are the x,,-root of unity, where x,, = dim(V'). They act oppositely on £
and Op(1). Therefore, by Kempf’s descent lemma (c.f. [24, Théorem 2.3]), £ @ Op(1)
descends to a bundle £ on mgar’a(Gr(n, N),d,a) x C, with N sections S € H°(£ ®

OY) induced by S. Moreover, the tautological flags of £ | ® Op(1)

M (Gr(n,N),d,a) % {p}

descend to the universal flags of £| for p € I. We denote by

M (Gr(n,N) da)x {p}’
(&€,{f»},S) the universal parabolic N-pair over ﬂgar’a(Gr(n, N),d,a) x C.
Example VI.31. When /¢ is sufficiently large, the stability condition stabilizes. More

precisely, we have the following lemma.

Lemma VI1.32. Let dpoy = d + |a|/l. Suppose 6 > (n — 1)dyar. Then there is
no strictly 6-semistable parabolic N-pair. Furthermore, a parabolic N-pair (E,s) is

d-stable if and only if the N sections generically generate the fiber of E on C.

Proof. The proof is a direct generalization of the proof of Proposition 3.14 in [11] for

N-pairs without parabolic structures. We first show that if (E,s) is d-semistable,
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then s : ON — FE generically generate the fiber of £ on C. Suppose s does not
generically generates the fiber of E, then it spans a proper subbundle £’ C F.
Denote the induced quotient pair by (E”,{f]},s"), where £” = E/E" and s" = 0.

Then

dpar (E) + 6

/’Lpar(E”7 S”) = Npar(E”) S dpar(-E”) S dpar(E) <
n

= :upar(Ea s)

which contradicts with the d-semistability of (E, s).

We conclude the proof by showing that if s : OY — FE generically generates the
fiber of F, then (E,s) is d-stable. Let E’ be a proper subbundle (equivalently, a
saturated subsheaf) of E. Then s ¢ H°(E' ® OX) because s generically generates
the fiber of E. Hence, pipar(E’, ") = fipar(E’). We only need to show that dp,,(E') <

dpar(E). If this holds, we have

dpar (E) + 6

Mpar<El, 3,) = :U’par(E,) < dpar(E,) < dpar<E) < n

- ,upar(E7 3)7

and it implies that (E, s) is d-stable. To prove dpa(E') < dpar(E), we consider the
underlying parabolic bundle (£, {f,}) of the parabolic N-pair. Suppose the Harder-
Narasimhan filtration of (E, {f,}) with respect to the parabolic slope of parabolic

bundles is given by

0C (B, {fa}) C (B2, {f2}) S+ € (B {f;}) = (E.{f,})

Here (Ey,{f}}) is the maximal destabilizing parabolic subbundle of (E,{f,}). For

all subbundle £/ C E, one has fipar(E') < fipar(E1). Hence we only need to show
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that dpar(E1) < dpar(F). Consider the exact sequence
0— Ey1—E— E/Ex_1—0.

Since N sections generically generate the fiber of E, the bundle E/E)_; has non-
trivial sections. Thus dya (E/Eg—1) > 0. By the properties of the Harder-Narasimhan
filtration, we obtain pipay(Fi/FEi—1) > ppar(E/Ek—1) > 0 for i < k. By induction, we

assume that dp,(E/E;) > 0 for ¢ < m. Then from the exact sequence
0—E./En1— FE/E,— E/E,_1—0,

it follows that dpu(E/En) = dpar(Em/Em-1) + dpar(E/Erm—1) > 0. In particular, it

shows that dp., (E/E1) > 0 and hence dpar (E1) = dpar(E) —dpar(E/ E1) < dpar(E). O

Let Mg(d,n, N) be the Grothendieck’s Quot scheme which parametrizes quo-
tients O — Q — 0, where @ is a coherent sheaf on C of rank n and degree d. Let
0 —- F — OY — Q — 0 be the tautological exact sequence of universal bundles
over Mg(d,n, N) x C. We denote by & = FY. Let I = {py,...,px} be the set
of marked points and let Fl,, (E,,) be the relative flag variety of type m,,, where

Epi = ElRg(amN)xpiy- We define

Flquot = Flin, (&) XMo(dnk) " XMg(dn.k) XFl, (Epy)-

By Lemma VI.32, the moduli space of -stable parabolic N-pairs is isomorphic to

Flquot when § > (n — 1)dpa,.
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6.4 Perfect obstruction theory

In this section, we show that for a generic value of §, the moduli space of o-
stable parabolic N-pairs M?‘“"s((}r(n, N),d,a) has a canonical perfect obstruction.
We construct a virtual structure sheaf on the moduli space and discuss its basic
properties.

The following proposition follows from Proposition VI.17 and the same argument
as in [68, Proposition 1.12].

Proposition VI.33. The morphism q locally factorizes as the composition of a closed
embedding followed by a smooth morphism.

Let 92 (Gr(n, N),d,a) = M 2 Bun"(d,n,a) be a local factorization of the
forgetful morphism ¢ : MM (Gr(n, N),d,a) — BunZ"(d,n,a). Denote by T the
ideal sheaf of MM (Gr(n, N),d,a) — M. Let Q be the relative cotangent sheaf

of M — Bunl(d,n,a) and let L, be the cotangent complex of the morphism gq.

Then the truncated cotangent complex 7>_1 L, is isomorphic to [Z ’smgar(c;r(n, N)da) —

Qe (Ge(n,v) )]

Let € be the universal bundle over MY (Gr(n, N),d,a) x C. Let
7 ME(Gr(n, N),d,a) x C — MZ(Gr(n,N),d, a)
be the projection and let @ be the relative dualizing sheaf of 7.

Proposition VI1.34. There is a canonical morphism

E* = Ra((EVYN @o[l]) = L,
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which induces a relative perfect obstruction theory for q : imgar’é((}r(n,]\f),d, a) —

Bun" (d,n,a).

Proof. The same arguments used in [68, Proposition 2.4, Proposition 2.6] work here.

]

Proposition VI.35. The relative perfect obstruction theory E® — 7>1L, induces an

absolute perfect obstruction theory on ﬂpcar’(s((}r(n, N),d,a).

Proof. For simplicity, we denote the smooth stack Buny”(d, n,a) by B. Consider
ﬂgar’é((}r(n, N),d,a) & B — SpecC.
We have a distinguished triangle of cotangent complexes

Lg¢*Lg — L — L, — Lq¢"Lgpll].

TP (Gr(n,N),d,a)

By Proposition VI.34, we have a canonical morphism ¢ : £* — L, which induces the
relative perfect obstruction theory for ¢. We define F'* to be the shifted mapping

cone C(f)[—1] of the composite morphism:
f:E*— L, — Lq¢"Lg[l].

By the axioms of triangulated categories, we have a morphism F'* — Lﬂgm,a (Cr(n.N).d.a)’

The moduli stack B = Bung(d,n,a) is a fiber product of flag bundles over
the moduli stack of vector bundles Buny"(d,n,a). Therefore, Buny" (d,n,a) is
smooth and the cotangent complex Ly is isomorphic to a two-term complex con-

= 0 because the moduli

1
centrated at [0,1]. Also note that H (ngar,é(Gr(n7N)7 d@))
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space ﬂgar’é(Gr(n, N),d,a) is a scheme. Then it is straightforward to check that

this induces a perfect obstruction theory on mpcar’é(Gr(n, N),d,a). O

Remark VI1.36. Let Ty be the tangent complex of B, dual to Lg. By the definition

of F'*, we have a distinguished triangle
F* — E* — Ly Lg[l] — F*[1].
By taking its dual, we have
L;Tg[-1] = (E®)" — (F*)" = L;Tg.
It induces a long exact sequence of cohomology sheaves

0— H'L:Tp[-1]) — H'((E*)") — H*((F*)Y) —
(6.14) — H'(L;Tg[-1]) = H' ((E*)Y) = H'((F*)") — 0.

par,0

Let z = (E,s) € Mg (Gr(n,N),d,a) be a closed point and let t = [E] € B.
The fiber of the locally free sheaf H'(L:Tg[—1]) at z is isomorphic to Ext'(E, E)
and the fiber H°(L;Tg[—1])|. is isomorphic to the infinitesimal automorphism group
Ext’(E, E). The fiber H'((E*)¥)|. can be identified with (IHP(E))N for i =0,1. Let
H' = H (Parénd(E) — E @ OY) be the hypercohomology groups, for i = 0,1. We
have the following long exact sequence of hypercohomology groups

(6.15)

0 — H°(Parénd(E)) — (HY(E))Y — H" — H'(Parénd(E)) — (H'(E))Y — H' — 0.
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Comparing with (6.14), we can identify the stalks H'((F*)")|. with the hypercoho-

mology groups H’, for ¢ = 0, 1.

Corollary V1.37. If the degree d is sufficiently large such that pipa(E,s) > 2g—1+

|I| + 9. Then the moduli space Mgar’(s((}r(n, N),d,a) is smooth.

Proof. If pipe(E, s) > 2g —1+|I|+ 6, then by Lemma VI.13, we have H'(E) = 0. It
follows from the long exact sequence (6.15) that the obstruction space H! vanishes.
Therefore, the moduli space is smooth. O

Corollary VI.38. For generic 6, the moduli space of §-stable parabolic N -pairs

mgam(Gr(n, N),d,a) has a virtual structure sheaf

——7par,d

Omgar,é(Gr(n’N)’d’g) E KO(MC (GI‘(TL, N), d, Q))

Proof. The corollary follows from Proposition VI.35 and the construction in [53, §2.3].
We describe an equivalent construction here. By Proposition VI.35 and Definition

2.2 in [64], one can define a virtual pullback:
-5
¢ : Ko(B) = Ko(Mg(Gr(n, N),d)).
The virtual structure sheaf is defined as

Opers =¢'(0s),

(Gr(n,N),d,a)

where Og is the structure sheaf of B. O

The following lemma shows that there are natural embeddings between moduli

spaces of stable parabolic N-pairs of different degrees.
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Lemma VI1.39. Let D be an effective divisor whose support is disjoint from the
set I of ordinary markings. If (E,s) is a d-(semi)stable parabolic N -pair, then
so is (E(D),s(D)). Here s(D) is defined as the composition OY — ON(D) =
E(D). Conversely, if ¢ vanishes on D and (E,s) is §-(semi)stable, then so is

(E(=D),s(=D)).

Proof. The lemma follows easily from the the fact that for any vector bundle F', we

have

fpar(F(D)) = deg D + pipar(F).

Let dp be the degree of D. Lemma VI.39 shows that there is an embedding

par,d

(6.16) ip i MO (Gr(n, N), d, @) — Mo (Gr(n, N),d + ndp, a).

——par,d . :
In fact, we can choose D such that M. " (Gr(n, N),d, a) is the zero locus of a section

of a vector bundle on ./\_/lgar’g(Gr(n, N),d 4+ ndp,a). Suppose that D is the sum of

dp distinct points xy,...,24, on C. Let & and £ be the universal bundles over

——7par,d

mgar’(s(Gr(n,N),d, a) X C and My " (Gr(n,N),d + ndp,a) x C, respectively. We

par,d

define a vector bundle £p on My, " (Gr(n, N),d + ndp, a) by

dp
SD - @51’,7
=1

where &,, ==& |mgar,6 (Cr(n.N) dtndp.a)x {z:) denotes the restriction of the universal bun-

dle £ to the point x;.



151

Proposition VI.40. There is a canonical section Sp € HO(EEN), induced by the
universal N-pair S : ON — &, and the image of p is the scheme-theoretic zero
locus of Sp. Moreover, we have the following relation between the virtual structure

sheaves:

OLH ar == )\7 5\/ oN OLIT ar
LD+ s 1(( D) )® s

c  (Gr(n,N),da) (Gr(n,N),d4+ndp,a)

par,d

in Ko(Mg ~(Gr(n, N),d + ndp, a)).

Proof. The canonical section Sp is defined by the restrictions of the universal N-pair

to {z;}, i.e.,
Sp = (S|ﬂ%‘“’5(Gr(n,N),d+ndD,g)X{xi})iel'
Suppose Z is the zero-scheme of Sp. Then the restriction of the universal N-pair to
Z x C' factors:
0% e % Elzxc(=D) = Elzuc.
By Lemma VI.39, the section S’ defines a family of stable parabolic N-pairs over
Z x C. Hence S’ induces a morphism Z — Mlg”"s((;r(n, N),d,a) which is inverse to
tp. This proves the first part of the proposition.
For simplicity, we denote by My and M g nq4,, the moduli spaces ﬂgar’é(Gr(n, N),d,a)
par,

and Mg " (Gr(n, N),d + ndp, a), respectively. Consider the following commutative

diagram.

__ D __
Md c > Md-l—ndD

q lq

Bun" (d, n,a) —— Bunl"(d + ndp,n,a)
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The morphism ¢ is defined by mapping a parabolic bundle E to E(D). Notice
that it induces an isomorphism between Bunly (d,n,a) and Buny (d + ndp,n,a).

Therefore, we can identify these two moduli stacks of parabolic vector bundles by ¢

and use B to denote both of them. Consider the morphisms
Mo 2 Mo, 5 B,

Let ¢ = qotp. Let m: C x Myynay, — Maina, and 7 : C x My — My be the
projection maps. By abuse of notation, we denote by ¢p the embedding of C' x My
into C' x Md+ndp' By Proposition VI.34, we have two relative perfect obstruction

theories

E* = Rr((EVYN @uw[l]) = L,

and

E" = Rrl (&N @w[l]) = Ly.

Here w is the pullback of the dualizing sheaf of C' to the universal curve via the

projection map. Consider the following short exact sequence
0=& = 1HE—Ep—0,
where &p = @fi’l E.,. It induces a distinguished triangle
(Rr.(1pE™)" = (ReL((EN)" = (€5) 1] = (Rrl(€™)) " [1].
By Grothendieck duality and cohomology and base change, we have (R, (c5EN)) V=

L¢;E® and (R, ((5’)N))V = E'*. By the axioms of triangulated categories, we obtain
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a morphism

(€p) 1] = Lup,

and the following morphism of distinguished triangles.

LipE* —— B —— (EN)V[1] —— LupEC[1]

! l | |

Ly Ly —— Ly > L > Loy Ly[1]

LD

over M. Tt follows from the long exact sequences in cohomology that (E5)V[1] —

L,, is a perfect obstruction theory for tp. Recall that O = ¢'Og and (’)Vmird =

L
b Mandp,

(¢)'Oyp. By the functoriality property of virtual pullbacks proved in [64, Proposition
2.11], we have

! vir __ (Vir
LDOW(HMD = OMd’

Let Og, : MdJrndD — EgN be the zero section embedding. Consider the following

Cartesian diagram.

J— ‘D R
Mg ——— Matnay,

| [

Md+ndD — 5D

Using the fact that virtual pullbacks commute with push-forward, we obtain

vir _ ! Vir
LD*OMd = OgDSD*OMdJrndD'

Note that Sp. = O¢,, ., since the two sections are homotopic. The proposition follows

from the excess intersection formula in K-theory (c.f. [26, Chapter VI]). O
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6.5 (0 =0")-chamber and Verlinde type invariants

When ¢ is sufficiently close to 0, the stability condition stabilizes. We refer to it
as the (0 = 0%)-chamber. The theory of the GLSM at (6 = 01)-chamber is related
to the theory of semistable bundles in an explicit way. We describe this connection
in this section.

We first consider the case without parabolic structures. We assume the genus of
C'is greater than 1, i.e., g > 1. Let d, be the smallest critical value. For § € (0,0.),
we denote the moduli space of d-stable parabolic N-pairs by M?(Gr(n, N),d). It

is not difficult to check for 0 < § < 4,
o If (E,s) is a 0-stable pair then E is a semistable bundle.

e Conversely, if E is stable, then (E,s) is d-stable for any choice of nonzero
s€ H'(E @ OYF).
Let Uc(n, d) be the moduli space of S-equivalence classes of semistable vector bundles
of rank n and degree d (cf. [52]). From the analysis above, we have a forgetful
morphism
g Mo (Gr(n, N, d) — Us(n, d),

which forgets N sections. Let [E] € Uc(n,d) be a closed point where E is a stable
bundle. Then (E, s) is d-stable for any nonzero N sections s. Hence the fibre of g over
[E] is PHY(E). If d > n(g — 1), then any bundle £ must have non-zero sections by
Riemann-Roch. Therefore the image of the forgetful morphism ¢ contains the non-

empty open subset U&(n,d) C Ugx(n,d) parametrizing isomorphism classes of stable
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vector bundles. Note that HOCJF(Gr(n, N),d) is proper and Ug(n,d) is irreducible.
Hence we have shown that ¢ is surjective if d > n(g — 1).

In the case (n,d) = 1, there are no strictly semistable vector bundles and the
moduli space U(n,d) is smooth. Moreover, there exists a universal vector bundle
£ — U(n,d) x C such that for any closed point [E] € U(n,d), the restriction &|cx (g
is a stable bundle of degree d, isomorphic to E. Note that the universal £ is not
unique since we can obtain other universal vector bundles by tensoring £ with the
pullback of any line bundle on U(n,d). Let p : U(n,d) x C — U(n,d) be the
projection map. Using the same arguments as in the proof of Lemma V.5, one can
show that R'p, € = 0 if d > 2n(g — 1). In this case, p,€ is a vector bundle over

U(n,d). Let P((p.€)®N) be the projectivization of (p,&)®N.

Proposition VI.41. [11, Theorem 3.26] Suppose (n,d) = 1 and d > 2n(g — 1).

Then we have an isomorphism
Me! (Gr(n, N), d) = P((0.€)*V),

Moreover, the above identification gives an isomorphism between the universal N -
pair (€,5) and (¢*(£) ® O(1), S"), where S' is induced by the tautological section of

the anti-tautological line bundle O(1) on the projective bundle P((p.E)®YN).

Similar results hold for moduli spaces of d-stable parabolic N-pairs, when ¢ is
sufficiently small. Let 6, be the smallest critical value. When 0 < 6 < ., we have
o If (E,{f,},s)isad-stable parabolic N-pair then (£, {f,}) is a parabolic semistable

bundle.
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e Conversely, if (E,{f,}) is stable, then (E,{f,},s) is 0-stable for any non-zero

choice of s € H'(E @ OF).

Let U(n,d, a, m) be the moduli space of S-equivalence classes of semistable parabolic
bundles of rank n, degree d and parabolic type (a,m). For § € (0,6,), we denote

the moduli space of d-stable parabolic N-pairs by ﬂgar’OJr(Gr(n, N),d,a).

Theorem VI.42. Suppose jipar(E) > 29 — 14 |I| and there is no strictly semistable
parabolic vector bundle in U(n,d,a,m). Then for 0 < § < d4, we have an isomor-
phism

MO (Gr(n, N), d, a) = P((p.€)®Y),

where p : CxU(n,d,a,m) — U(n,d,a, m) is the projection map. Moreover, the above

identification gives an isomorphism between the N-pairs (€,S) and (¢*(£)®0(1),5"),

where 8’ is induced by the tautological section.

Proof. The proof is identical to the proof of Theorem VI.41. O

6.5.1 Verlinde invariants and parabolic GLSM invariants

We first recall the definition of theta line bundles over moduli spaces of S-equivalence
classes of semistable parabolic bundles. Then we generalize it to the moduli space
of d-stable parabolic N-pairs.

Recall that I = {py,...,px} is the set of ordinary marked points. Let P; C P; be
the subset of partitions A = (A1,...,\,) satisfying Ay < I. Let A = (Ap, ..., Ap),

where Ay, = (A1,,,.-+, A\up;) 18 @ partition in P}, for 1 < i < k. For each partition
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Ap, 0 € 1, let rp, = (r1p,...,7,,) be the sequence of jumping indices of A, (i.e.
I>XMNp=-=NMp >N ptip == Ay p > ... ). For 1 <@ <Ay, let myy, =
Tip—Ti-1p. We define the parabolic weights a, = (a1, ..., a,p) by a;, = 1—1=X,

for 1 < j <1,. The assumption )\, € P ensures that a;, ,, < 1. Let a = (a,)per and
m = (my,),er be the parabolic type determined by A. In the following discussion, we
will denote the parabolic type by A.

Let U(n,d,A) denote the moduli space of S-equivalence classes of semistable
parabolic vector bundles of rank n, degree d and parabolic type A. We recall the
construction of U(n,d,\) and we will use the same notations as in Section 6.3. The
family of semistable parabolic vector bundles is bounded. Therefore there exists a
sufficiently large m € N such that for any semistable parabolic bundle (E, {f,}), it
can be realized as a quotient ¢ : H°(E(m)) ® Oc(—m) — E. Let V be a vector space
of dimension X, := x(E(m)). Define an open subset Z' C Quoti*(V @ Oc(—m))
which consists of points [¢] such that the quotient sheaf F is locally free and ¢ in-
duces an isomorphism V' = H°(E(m)). For each marked point p € I, we consider

the restriction of the universal quotient sheaf gp = & | zx{p}- Let Fl,, denote the flag

bundle of &, of type m, = (m;,). Define T to be the fiber product

Given a parabolic type A, one can choose a SL(V)-linearized ample line bundle L’

such that the moduli space of semistable parabolic vector bundles of type A is the
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GIT quotient

U(n,d,\) =T /,, SL(V)

where T%° denotes the open semistable locus in 7.
We assume that

ld—|Al =0 modn.

Recall that d;j, = a1, — a;p for 1 <0 <[, where a;, 41, := [ — 1. Let éi’p be the

universal quotient bundle of rank 7; , = 22:1 m;, over Fl,,.. Set

!
o ld — Zpé[ 2ic1 dipTip
n

+1(1—yg).

Notice that Zi”:l diprip =n(l—1)—|a,| = |A\y|. Let 7 : T'x C' — T be the projection
to the first factor. Let x¢ € C be the distinguished marked point which is away from
I. Following [62], we consider the following line bundle over T"

O = (det R ()™ @ (X) Lim, © (det E,,)°

pel

where f)mp are the Borel-Weil-Bott line bundles defined by

by

. 4,

Lim, = () det Q5.
=1

The calculation in the proof of [62, Théoreme 3.3] shows that Oz descends to a line
bundle ©y — U(n,d, \). Global sections of O, are called generalized theta functions
and the space of global sections H°(©,) is isomorphic to the dual of the space of
conformal blocks (cf. [8] and [62]). The GL Verlinde numbers are defined to be Euler

characteristics of the type x(U(n,d, ), 0,) (see [58]).
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The following lemma shows that we can define similar theta line bundles on the

moduli spaces of parabolic N-pairs.
Lemma V1.43. Let & be the universal bundle over Mpcar’o+(Gr(n, N),d,A\) x C and
let q : Mgar’w((}r(n, N),d,A\) = U(n,d,\) be the forgetful morphism. Then we have
the following identification

q*Ox = (det RW*(E))_Z ® ® Ly, ® (det &,)°,

pel

where Ly, are the Borel-Weil-Bott line bundles defined by

lp
d;
Ly, = Q) det Q7.
i=1

Proof. By definition, ©) is the descent of ©f = (det Rm(g))_l ® Q,er L, ®
(det gxo)e. Let ¢ : R — T be the flag bundle map, which is in particular flat.

Then we have

§*(0¢) = (det Rr.(£)) " @ (R) Lin, ® (det &, )°

pel
= (det Rm.(€ © Op(1))) ™ @ { Q) Lin, ® Op(1)} ® (det &, ® Op(|M, )",
pel
which descends to (det R, (€ ))_l ® Q,er Lim, @ (det £,)°, u

Parabolic N-pairs can be viewed as parabolic GLSM data. We give the following

definition of parabolic GLSM invariants.
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Definition VI.44. For a generic value of ¢ and partitions \,,, ...\, € P, we define

the d-stable parabolic GLSM invariant with insertions V3, ,..., Vi, by

e 1,6,Gr(n,N
(det(E)°|Vay, s Va, )iy (n.N)

par,d

= x(Mg"(Gr(n, N),d, A), (det Rr.(€)) ™ @ ) Ly, ® (det &, )°).

pel

In the (6§ = 0+)-chamber, to relate the parabolic GLSM invariants with GL

Verlinde numbers, we recall the following result from [13].

Lemma VI.45. [13, Theorem 3.1] Let f : X — Y be a surjective morphism of
projective varieties with rational singularities. Assume that the general fiber of f is

rational, i.e., f~1(y) is an irreducible rational variety for all closed points in a dense

open subset of Y. Then f.[Ox] = [Oy] € Ko(Y).

Let U&(n,d,\) C Ug(n,d,\) denote the (possibly empty) open subset which

parametrizes isomorphism classes of stable vector bundles.

Corollary VI.46. Suppose d > n(g—1) and U&(n, d, \) is non-empty. Then the (6 =
0-+)-stable parabolic GLSM invariants are equal to the corresponding GL Verlinde

numbers, i.e.,
(det(B)[Va,, ., Va, deoy "N = x(U(n, d, A), ©y).

Proof. According to [71, Theorem 1.1], the moduli space U(n,d, A) is a normal pro-
jective variety with only rational singularities. Let [E] be a closed point in U(n, d, \),

where F is a stable parabolic bundle. Then the fibre of q over [E] is PH°(E). When
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d > n(g — 1), any bundle £ must have non-zero sections by Riemann-Roch. There-
fore the image of the forgetful morphism ¢ contains the non-empty open subset
Ug(n,d,\) C Uc(n,d,)\). Since /V%Jr(Gr(n, N),d) is proper and Ugs(n,d,\) is irre-
ducible, the morphism ¢ is surjective. Then the corollary follows from Lemma VI.43,

Lemma VI.45 and the projection formula. O
Remark V1.47. It follows from [72, Proposition 4.1] that U&(n, d, A) is non-empty if

(6.17) (n—1)(g— 1)+|%| >0,

where |I| is the number of marked points. This condition is automatically satisfied
when g > 2. When g = 1, we require |I| to be non-empty. Therefore, inequality

(6.17) is a primarily a condition for the genus 0 case.

We end this section by studying the relation of parabolic GLSM invariants with

respect to the embedding (6.16).

Lemma VI1.48. Let £ and &' be the universal bundle over ﬂgar’é(Gr(n,N),d +

——7par,0

ndp,A) x C and My " (Gr(n,N),d,\) x C, respectively. Denote the corresponding

Borel-Weil-Bott line bundles by Ly, and L’)\p, respectively. Let Dy = (det R, (5’))4@

R,er Ly, ® (det &) and Dy = (det R, €)' ® Qper L, @ (det E,)¢ be the

corresponding determinant line bundles. Then
[/*D’DdJrnk- = Dd X ((det gxo)kl (059 (det ED)il) .
Proof. Consider the short exact sequence

0—=E& —=1HE—Ep— 0.
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Then we have

tpdet R, (€) = det R, (£') @ det Ep

and
* . / * . /
LDL)\p — L)\p, LDSIEO — g

xo*©

This concludes the proof. O

Corollary VI.49. We have

XMy, Dy @ OF ) = X(Mayndps Daynap @ A1 (EH)T @ OFf ).

Matndp

Proof. Using the same argument as in the proof of [72, Theorem 3.1], one can show
that (det £,,)" @ (det £p)~! and the trivial sheaf O are algebraically equivalent. The

corollary follows from Proposition VI.40 and Lemma VI.48.

6.6 Parabolic )-wall-crossing in rank two case

In this section, we prove Theorem I.10 in the rank two case. According to Remark
V1.8, when n = 1, the moduli space of d-stable parabolic N-pairs is independent of
0. In fact, by Theorem VI.42, the moduli space of d-stable parabolic N-pairs of rank
1 is isomorphic to a projective bundle over U(1,d,a,m) for all §. Therefore, the
0-wall-crossing is trivial in the rank one case.

Let us restate Theorem 1.10 in the rank 2 case.
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Theorem VI1.50. Assume n = 2. Suppose that N >2+1,d>2g—2+k, and J is
generic. Then,

(det(E)|Va, .., Vi, s @)
is independent of 0.

The proof of the above theorem is very similar to the one given in Section 5.2. We
fix the degree d and the parabolic type a. For a critical value d., the underlying vector
bundle of a strictly J.-semistable parabolic N-pair (F,s) must split: £ = L& M
where L, M are line bundles of degrees d’ and d”, respectively, and s € H*(L @ OY).
Let o' and d¢” be the induced parabolic structures on L and M, respectively. Then

the following equalities hold:

@ _ d+9. g

/ — —_

(6.18) d+&+l 5 +%,wd
s ld’l  d+d. | al
(6.19) d+77_ 5 o

Since L has non-zero sections, we have d’ > 0. The equality (6.18) implies that

_2’
5c<d+M§d+k‘,

where k = |I] is the number of ordinary marked points.
Let v > 0 be a small real number such that . is the only critical value in
[0, — v, 6. + v]. For simplicity, we denote by ./\/lj{c (resp., My, ) the moduli space
par,0c—v

mgar’écw(Gr(n, N),d,a) (resp., Mg (Gr(n,N),d,a)). Let Wy be the sub-

scheme of M} parametrizing (d. 4 v)-pairs which are not (d. — v)-stable. Similarly,
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we denote by Wj_ the subscheme of M which parametrizes (6. — v)-pairs which are
not (0. + v)-stable.

Let (E,s) be an N-pair in Wy . It follows from the definition that there exists a
short exact sequence

0O—-L—FEF—M—Q0,

satisfying the following properties:

1. L, M are line bundles of degree d’ and d”, respectively, such that d' + d” = d.

2. s € H(L ® OF).

3. d'+0.+1|d|/l = (d+6.)/2+ |a|/(2]), where ¢ is the induced parabolic structure
on L. Equivalently, we have d” + |a"|/l = (d + 0.)/2 + |a|/(2]), where a” is the
induced parabolic structure on M.

Notice that L and M are unique since L is the saturated subsheaf of F containing

s. Similarly, for a parabolic pair (£, s) in Wgt. There exists a unique sub line bundle

M of E of degree d” which fits into a short exact sequence
0O0—+M-—=FE—=L—0.

Here s ¢ H°(M ® OY) and the degree d” satisfies d” + [a"|/l = (d+.)/2 + |a|/(2]).

Let Ly be a Poincaré bundle over Pic? C' x C' and let p: Pic?C x C — Pic?C
be the projection. If d > 2¢g — 1, the higher derived image R'p,Ls = 0. Let
U = (R%,Ly)N. We define Zy := PU x Pic?' C. Let Mgy be a Poincaré bundle

over Pic?’C' x C. Note that H°(Pic? C,EndU) = H'(Pic? C x C,UY @ Ly @ ON) =
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HO(PU x C,Opy(1) ® Ly ® ON). The identity automoprhism of U gives rise to
a tautological section of Ly ® O, where Ly = Opy(1) ® L. This tautological
section induces an injective morphism g : Mg L' — Mg ® ON. Let @’ and o
be parabolic weights such that (6.18) and (6.19) hold. Let Ly, and Mg» o be the
unique parabolic line bundles corresponding to L4 and Mg, respectively. Note that

we have an injection
v ,P(I’I“'HOm(,Cd/,a/, ./Vld//’a//) — 7‘[0’17’L(,Cd”a77 ./\/ld//ﬁ//).

Let f be the composition goi. Denote by Fy o the cokernel of f. Let 7 : ZyxC — Zy
be the projection. By abuse of notation, we use the same notations Mg ,» and Ly o/
to denote the pullback of the corresponding universal line bundles to Zy x C.

The flip loci ng are characterized by the following proposition.

Proposition VI.51. Assume (d —06)/2 —k > 29— 1 for 6 € [0, — v,d. + v|. Let
V—t,a’ = RO’]T*(‘Fd/ﬂ/) and V_’,a’ = RIW*(PGTHOm(Md//ﬂ//’,Cd/@/)). Then the ﬂlp loci
W, is a disjoint union UW,, ., where (d', a') satisfies (6.18) and W, is isomorphic

to

o = PVaw)-

1%

Similarly, the flip loci Wgt is a disjoint union LUW} ,, where W} , is isomorphic to
+ ~ +
W ' al = P(Vd’,a’)'

Let gy : Wi/ﬂ, — Zg be the projective bundle maps. Then the maps Wi,ya, — ./\/lfgtc

are reqular embeddings with normal bundles qftVf,a,(—l). Moreover we have the
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following two short exact sequences of universal bundles

(6.20) 0 —)(?*_,Cd/’a/ — 56_C|Wd_’,a’><c — quMd”,a” ® OW_ (—1) — 0,

d’,a’

(6.21) 0 —)gi./\/ld//ﬂ// &® OWI, a/(l) — S&E‘Wj, XC — (jiﬁd’,a’ — 0,

where Ei are the universal bundles over ./\/l(;ic and G4+ : Wja, x C — Zy x C are the

projective bundle maps.

Proof. The proposition is a straightforward generalization of [73, (3.7)-(3.12)]. We
sketch the proof here. By definition, we have tautological extensions of parabolic

vector bundles

0 —)(jiﬁd/ﬂ/ — gd_,@, — (ji./\/ldujau X OW* (—1) —0

d’,a’

(v
,a

0 %QiMd”,a” & OW;; /(1) — (c::lr — i]viﬁd/’a/ — 0

over ]P’(Vd_, a,) and IP’(V; a,), respectively. By the universal properties of W3 . the

tautological extensions induce injections ij’a, — /\/li. Next, we show that these

injections induce the following exact sequences:

(6.22) 0= TP(Vy ) — N Vi (1) =0,

! ql
,a

(6.23) 0—=TP(Vy ) — TMHP(V; ) = Vo w(=1) = 0.

Let (E,s) be a point in the image of W, ,,. Let (L, s') be the destabilizing sub-pair
and let M be the corresponding quotient line bundle. By Corollary VI.37, the moduli

spaces /\/lfi are smooth. The tangent space of M at (E,s) can be described by the
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hypercohomology

H' (Parénd(E) — E @ OF).

By using the standard deformation argument, one can show that the tangent space

T E,S)P(Vc?,a/) is given by the hypercohomology
H' = H'( ParHom(M, E) & Oc — L ® OF).

Here the first component of the morphism is the composition ParHom (M, E) —
Hom(M, E) — O¢ LNy ® O} and the second component of the morphism is given
by s’. The vanishing of the hypercohomology groups H® and H? of the complex
ParHom (M, E) — L ® O can be obtained by studying the long exact sequence of

hypercohomology groups

0— H° — H(ParHom(M, E)) & C — (H°(L))N —

— H' — H' (ParHom(M, E) ® O¢) — (H' (L)) — H? — 0.

Here HY(ParHom(M, E)) = 0 because E is a nonsplit extension of M by L and
H°(ParHom (M, L)) = 0. The morphism from C to (H°(L))" is injective since it is
multiplication by ¢. Therefore H° = 0. It follows from the assumption (d—4§)/2—k >
2g — 1 that d’ > 2¢g — 1 and hence H'(L) = 0. Therefore H? = 0.

The short exact sequence (6.22) follows from the hypercohomology long exact

sequence of the following short exact sequence of two-term complexes.

0 -+ 'Par?-[om(/\/ld/gau,éj’a,(—l)) ®0 » Pargnd(gd_,’a,,gd_,,a,) > ParHom(Ly o, Marar(—1)) - 0

| | J

0— Ed’,a’ & ON 5(;,’11, ® ON _—> Md//’a//(—l) & ON — 0
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One can prove the short exact sequence (6.23) similarly. By using the standard
deformation argument, one can show that the tangent space T{ E,S)P(V(;a/) is given

by the hypercohomology
H' = H'( ParHom(L,E) ® Oc — E @ OF).

Here the first component of the morphism is defined by sending the n sections of L
to n sections of £ and the second component of the morphism is defined by s. Then
(6.23) follows from the hypercohomology long exact sequence of the following short

exact sequence of complexes.

0~ Par?—[om(ﬁd/@r, gt,a’) 0O > Pargnd(gj,a,, 5;70/) - ’P(IT}[Om(Md//ﬂH(l), »Cd’,a’) >0

| I |

0 —— &, 00N — & @OV » 0 ' 0

To prove Theorem VI.50, we need the following lemma.

Lemma VL52. Let D, . = (det Rm,(£1)) " ® @,c; L, @ (det (5)4,)°. Then
1. the restriction of Ds,. - to a fiber of P(V, ) is O(16./2), and
2. the restriction of Ds, 4 to a fiber of P(Vy ) is O(—10./2).
Proof. By (6.20), the restriction of (&5 ), to a fiber of P(V, ) is O(—1) and the

restriction of det R, (&) is O(x(M)), where x(M) = d” +1— g is the Euler charac-

teristic of M. The restriction of Ly, = Q| det QZZP is O(=(I=1) +ay|). So Dy

’
,a
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restricts
O(—e +x(M) =) (1 =1~ ay])
pel
—2(l -1
:O(—dl L 5 Jk+lal +ld"—k(l—1)+|a"|)
10,

~o(5)

Assertion (2) can be proved similarly. O

Proof of Theorem VI.50. The proof is similar to the proof of Theorem V.11. We
only sketch it here.

Case 1. We assume that (d —9)/2 — k > 2g — 1 when ¢ is sufficiently close to d..
Then Mj are smooth. By using similar arguments as in the proof of [73, (3.18)],
one can show that there exists the following diagram.

M,
M;, Ms,
Here pi are blow-down maps onto the smooth subvarieties ij,a/ = ]P’(Vja,), and
the exceptional divisors Ay o C /f\/lvdga/ are isomorphic to the fiber product Ay o =
PVawr) X2 XP(Vir)-
Since p4 are blow-ups in smooth centers, we have (pi)*([(’)/q&c]) = [(’)Mi]. By the

projection formula, we have

(6.24) X(ME D5, 1) = X(Ms,, pi(Ds, ).
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We only need to compare p (D;, 1) over Mvgc. Note that the restriction of O4, ,(Ag )

tO Ad/,a/ iS OP(V;; a/)(_l) ® OP(V_

d’,a’

y(—1). Therefore by Lemma VI.52, we have

[0
(D) = (D)~ ),

where A5, = Z( &) Ag . For 1 < j <16./2, we have the short exact sequence

(6.25) 0= pi(Ds.i)(—jAzar) = P3 (Dot ) (= — 1) Azrar)

= P4 (Ds.+) ® Oy (= — 1) Agr ) = 0.
Define

Dd’ .a

:(det Rﬂ;(ﬁd/’a/) ® det R?T*(Md/,a/))_l X ® z/)\p X (det (Ed’,a/)xo ® det (Md/,a/)xo)e.

pel

Then by Lemma VI.52, the restriction of D; + to Ay o is @d/7a/ ® (’)P(V+ )(—l5c/2).
d’,a’

By taking the Euler characteristic of (5.4), we obtain

X(Mi,, 0% (Ds, ) (— (G — 1) Aa ) — x(Ms,, % (Ds, 4 ) (—jAarar))

16

=X (Ad’,a/a 2~7d',a' ® Op(v;, ) ( -5 TJ- 1) ® OIP’(V_

, .16,
5 d,)a,)(j — 1)> forl1 <j < 5

Let nf, , be the rank of V ,. By using the Riemann-Roch formula and (6.1), one
d',a ,a Yy g

can easily show that
n;/ﬂ/ = N(d// =+ 1 — g) — (d// — dl —+ 1 — g) -+ ma’,a”;

where m v is the number of marked points p such that a;, > a;. A simple cal-

culations shows that n, > [d./2 when | < N — 2. Hence every term in the Leray
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spectral sequence of the fibration Pnj’ﬁa’fl — Ay — P(V;ya,) vanishes. It implies
that x(Mi, Ds, 1) = x(Ms,, pi(Ds,.+)) when (d —6)/2 — k > 2g — 1.

Case 2. When (d —4.)/2 — k < 2¢g — 1, the moduli spaces /\/li are singular. As
before, we choose a sufficiently large integer ¢ such that (d—¢)/2—k+t > 2g—1 when §
is sufficiently close to d.. Let D = x1+- - -+x; be a divisor, where x; are distinct points

on C away from I U {zo}. We denote the moduli spaces Mpcar’aciy((}r(n, N),d,a)

and mgar’%iy((}r(n, N),d+ 2t,a) by ./\/l(id and Mi7d+2t, respectively. Let &4 and

&L be the universal vector bundles on Mi’ 4 X Cand J\/lgcm arot X C, respectively. By

Lemma VI.39, there are embeddings ¢p : M?{c 4 Mf;[ d42¢ Such that L*(Ojv\i/ll“i ) =
) cy Se,d

A1 ((EY)p) ® Oz e’ By Corollary VI1.49, it suffices to show that

XM aya D= @ A1 (((€2)0)™)) = X (MG, g D @ A (((EX)0)Y)).

The above equality can be proved using the same argument as in the proof of Case

2 in Theorem V.11. We omit the details. O



BIBLIOGRAPHY

172



[1]

2]

BIBLIOGRAPHY

Dan Abramovich, Alessio Corti, and Angelo Vistoli. Twisted bundles and admissible covers.
Comm. Algebra, 31(8):3547-3618, 2003. Special issue in honor of Steven L. Kleiman.

Dan Abramovich, Tom Graber, Martin Olsson, and Hsian-Hua Tseng. On the global quotient
structure of the space of twisted stable maps to a quotient stack. J. Algebraic Geom., 16(4):731—
751, 2007.

Dan Abramovich, Tom Graber, and Angelo Vistoli. Algebraic orbifold quantum products. In
Orbifolds in mathematics and physics (Madison, WI, 2001), volume 310 of Contemp. Math.,
pages 1-24. Amer. Math. Soc., Providence, RI, 2002.

Dan Abramovich, Tom Graber, and Angelo Vistoli. Gromov-Witten theory of Deligne-
Mumford stacks. Amer. J. Math., 130(5):1337-1398, 2008.

Mina Aganagic, Edward Frenkel, and Andrei Okounkov. Quantum g¢-Langlands correspon-
dence. Trans. Moscow Math. Soc., 79:1-83, 2018.

Mina Aganagic and Andrei Okounkov. Quasimap counts and Bethe eigenfunctions. Mosc.
Math. J., 17(4):565-600, 2017.

Sharad Agnihotri. Quantum cohomology and the Verlinde algebra. Ph.D. Thesis, University
of Ozford, 1995.

Arnaud Beauville and Yves Laszlo. Conformal blocks and generalized theta functions. Comm.
Math. Phys., 164(2):385-419, 1994.

Kai Behrend and Yuri I. Manin. Stacks of stable maps and Gromov-Witten invariants. Duke
Math. J., 85(1):1-60, 1996.

Prakash Belkale. Quantum generalization of the Horn conjecture. J. Amer. Math. Soc.,
21(2):365-408, 2008.

Aaron Bertram, Georgios Daskalopoulos, and Richard Wentworth. Gromov invariants for
holomorphic maps from Riemann surfaces to Grassmannians. J. Amer. Math. Soc., 9(2):529-
571, 1996.

Hans U. Boden and Yi Hu. Variations of moduli of parabolic bundles. Math. Ann., 301(3):539-
559, 1995.

Anders S. Buch and Leonardo C. Mihalcea. Quantum K-theory of Grassmannians. Duke Math.
J., 156(3):501-538, 2011.

173



[14]

174

Weimin Chen and Yongbin Ruan. Orbifold Gromov-Witten theory. In Orbifolds in mathematics
and physics (Madison, WI, 2001), volume 310 of Contemp. Math., pages 25-85. Amer. Math.
Soc., Providence, RI, 2002.

Daewoong Cheong, Ionut Ciocan-Fontanine, and Bumsig Kim. Orbifold quasimap theory.
Math. Ann., 363(3-4):777-816, 2015.

Jinwon Choi and Young-Hoon Kiem. Landau-Ginzburg/Calabi-Yau correspondence via wall-
crossing. Chin. Ann. Math. Ser. B, 38(4):883-900, 2017.

Tonut, Ciocan-Fontanine and Bumsig Kim. Moduli stacks of stable toric quasimaps. Adv. Math.,
225(6):3022-3051, 2010.

Ionut Ciocan-Fontanine and Bumsig Kim. Wall-crossing in genus zero quasimap theory and
mirror maps. Algebr. Geom., 1(4):400-448, 2014.

Tonut Ciocan-Fontanine, Bumsig Kim, and Davesh Maulik. Stable quasimaps to GIT quotients.
J. Geom. Phys., 75:17-47, 2014.

Tom Coates. Riemann-Roch theorems in Gromov- Witten theory. PhD Thesis, University of
California, Berkeley (2003).

Tom Coates and Alexander Givental. Quantum cobordisms and formal group laws. In The
unity of mathematics, volume 244 of Progr. Math., pages 155-171. Birkhauser Boston, Boston,
MA, 2006.

Tom Coates and Alexander Givental. Quantum Riemann-Roch, Lefschetz and Serre. Ann. of
Math. (2), 165(1):15-53, 2007.

Igor Dolgachev. Lectures on invariant theory, volume 296 of London Mathematical Society
Lecture Note Series. Cambridge University Press, Cambridge, 2003.

J.-M. Drezet and M. S. Narasimhan. Groupe de Picard des variétés de modules de fibrés
semi-stables sur les courbes algébriques. Invent. Math., 97(1):53-94, 1989.

Huijun Fan, Tyler J. Jarvis, and Yongbin Ruan. A mathematical theory of the gauged linear
sigma model. Geom. Topol., 22(1):235-303, 2018.

William Fulton and Serge Lang. Riemann-Roch Algebra, volume 277. Springer-Verlag, New
York, 1985.

Doron Gepner. Fusion rings and geometry. Comm. Math. Phys., 141(2):381-411, 1991.

Alexander Givental. On the WDVV equation in quantum K-theory. Michigan Math. J.,
48:295-304, 2000.

Alexander Givental. Symplectic geometry of Frobenius structures. In Frobenius manifolds,
Aspects Math., E36, pages 91-112. Friedr. Vieweg, Wiesbaden, 2004.

Alexander Givental. Permutation-equivariant quantum K-theory II. Fixed point localization.
preprint, page arXiv:1508.04374, Aug 2015.



[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

175

Alexander Givental. Permutation-equivariant quantum K-theory III. Lefschetz’ formula on
Mo /Sy and adelic characterization. preprint, page arXiv:1508.06697, Aug 2015.

Alexander Givental. Permutation-equivariant quantum K-theory IV. Dg-modules. preprint,
page arXiv:1509.00830, Sep 2015.

Alexander Givental. Permutation-equivariant quantum K-theory V. Toric g-hypergeometric
functions. preprint, page arXiv:1509.03903, Sep 2015.

Alexander Givental. Permutation-equivariant quantum K-theory VI. Mirrors. preprint, page
arXiv:1509.07852, Sep 2015.

Alexander Givental. Permutation-equivariant quantum K-theory VII. General theory. preprint,
page arXiv:1510.03076, Oct 2015.

Alexander Givental. Permutation-equivariant quantum K-theory VIII. Explicit reconstruction.
preprint, page arXiv:1510.06116, Oct 2015.

Alexander Givental. Permutation-equivariant quantum K-theory I. Definitions. Elementary
K-theory of My ,/S,. Mosc. Math. J., 17(4):691-698, 2017.

Alexander Givental. Permutation-equivariant quantum K-theory IX. Quantum Hirzebruch-
Riemann-Roch in all genera. preprint, page arXiv:1709.03180, Sep 2017.

Alexander Givental. Permutation-equivariant quantum K-theory X. Quantum Hirzebruch-
Riemann-Roch in genus 0. preprint, page arXiv:1710.02376, Oct 2017.

Alexander Givental. Permutation-equivariant quantum K-theory XI. Quantum Adams-
Riemann-Roch. preprint, page arXiv:1711.04201, Nov 2017.

Alexander Givental and Valentin Tonita. The Hirzebruch-Riemann-Roch theorem in true
genus-0 quantum K-theory. In Symplectic, Poisson, and noncommutative geometry, volume 62
of Math. Sci. Res. Inst. Publ., pages 43-91. Cambridge Univ. Press, New York, 2014.

Alexander Grothendieck. Techniques de construction en géométrie analytique. V. Fibrés vec-
toriels, fibrés projectifs, fibrés en drapeaux. Séminaire Henri Cartan, 13(1):1-15, 1960-1961.
talk:12.

Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York-Heidelberg, 1977. Graduate
Texts in Mathematics, No. 52.

Jochen Heinloth. Lectures on the moduli stack of vector bundles on a curve. In Affine flag
manifolds and principal bundles, Trends Math., pages 123-153. Birkhduser/Springer Basel AG,
Basel, 2010.

Daniel Huybrechts and Manfred Lehn. The geometry of moduli spaces of sheaves. Cambridge
Mathematical Library. Cambridge University Press, Cambridge, second edition, 2010.

Kenneth Intriligator. Fusion residues. Modern Phys. Lett. A, 6(38):3543-3556, 1991.

Hans Jockers and Peter Mayr. A 3d Gauge Theory/Quantum K-Theory Correspondence.
preprint, page arXiv:1808.02040, Aug 2018.



[48]

[49]

[50]

[51]

[52]

[53]
[54]
[55]

[56]

[57]

[58]

[59]

176

Anton Kapustin and Brian Willett. Wilson loops in supersymmetric Chern-Simons-matter
theories and duality. preprint, page arXiv:1302.2164, Feb 2013.

Tetsuro Kawasaki. The Riemann-Roch theorem for complex V-manifolds. Osaka J. Math.,
16(1):151-159, 1979.

Finn Faye Knudsen and David Mumford. The projectivity of the moduli space of stable curves.
I. Preliminaries on “det” and “Div”. Math. Scand., 39(1):19-55, 1976.

Peter Koroteev, Petr P. Pushkar, Andrey Smirnov, and Anton M. Zeitlin. Quantum K-theory
of Quiver Varieties and Many-Body Systems. preprint, page arXiv:1705.10419, May 2017.

J. Le Potier. Lectures on Vector Bundles, volume 54 of Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, 1997. Translated by A. Maciocia.

Yuan-Pin Lee. Quantum K-theory. I. Foundations. Duke Math. J., 121(3):389-424, 2004.
Yinbang Lin. Moduli spaces of stable pairs. Pacific J. Math., 294(1):123-158, 2018.

Alina Marian and Dragos Oprea. Counts of maps to Grassmannians and intersections on the
moduli space of bundles. J. Differential Geom., 76(1):155-175, 2007.

Alina Marian and Dragos Oprea. The level-rank duality for non-abelian theta functions. Invent.
Math., 168(2):225-247, 2007.

Alina Marian and Dragos Oprea. GL Verlinde numbers and the Grassmann TQFT. Port.
Math., 67(2):181-210, 2010.

Alina Marian and Dragos Oprea. GL Verlinde numbers and the Grassmann TQFT. Port.
Math., 67(2):181-210, 2010.

D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of Ergebnisse
der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)].
Springer-Verlag, Berlin, third edition, 1994.

Andrei Okounkov. Lectures on K-theoretic computations in enumerative geometry. In Geome-
try of moduli spaces and representation theory, volume 24 of IAS/Park City Math. Ser., pages
251-380. Amer. Math. Soc., Providence, RI, 2017.

Andrei Okounkov and Andrey Smirnov. Quantum difference equation for Nakajima varieties.
arXiv e-prints, page arXiv:1602.09007, Feb 2016.

Christian Pauly. Espaces de modules de fibrés paraboliques et blocs conformes. Duke Math.
J., 84(1):217-235, 1996.

Petr P. Pushkar, Andrey Smirnov, and Anton M. Zeitlin. Baxter Q-operator from quantum
K-theory. preprint, page arXiv:1612.08723, Dec 2016.

Feng Qu. Virtual pullbacks in K-theory. Ann. Inst. Fourier (Grenoble), 68(4):1609-1641, 2018.

Yongbin Ruan and Ming Zhang. The level structure in quantum K-theory and mock theta
functions. arXiv e-prints, page arXiv:1804.06552, Apr 2018.



[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

177

Yongbin Ruan and Ming Zhang. Verlinde/Grassmannian Correspondence and Rank 2 §-wall-
crossing. preprint, page arXiv:1811.01377, Nov 2018.

Yongbin Ruan and Ming Zhang. Verlinde/Grassmanian Correspondence and e-Wall Crossing.
In preparation.

Giorgio Scattareggia. A perfect obstruction theory for moduli of coherent systems. arXiv
preprint arXiv:1805.00869, 2018.

Carlos T. Simpson. Moduli of representations of the fundamental group of a smooth projective
variety. I. Inst. Hautes Ftudes Sci. Publ. Math., (79):47-129, 1994.

Changjian Su, Gufang Zhao, and Changlong Zhong. On the K-theory stable bases of the
Springer resolution. preprint, page arXiv:1708.08013, Aug 2017.

Xiaotao Sun. Degeneration of moduli spaces and generalized theta functions. J. Algebraic
Geom., 9(3):459-527, 2000.

Xiaotao Sun. Factorization of generalized theta functions revisited. Algebra Collog., 24(1):1-52,
2017.

Michael Thaddeus. Stable pairs, linear systems and the Verlinde formula. Invent. Math.,
117(2):317-353, 1994.

Michael Thaddeus. Geometric invariant theory and flips. J. Amer. Math. Soc., 9(3):691-723,
1996.

Valentin Tonita. Twisted orbifold Gromov-Witten invariants. Nagoya Math. J., 213:141-187,
2014.

Valentin Tonita. A virtual Kawasaki-Riemann-Roch formula. Pacific J. Math., 268(1):249-255,
2014.

Valentin Tonita. Twisted K-theoretic Gromov-Witten invariants. Math. Ann., 372(1-2):489—
526, 2018.

Valentin Tonita and Hsian-Hua Tseng. Quantum orbifold Hirzebruch-Riemann-Roch theorem
in genus zero. arXiv e-prints, page arXiv:1307.0262, Jun 2013.

Hsian-Hua Tseng. Orbifold quantum Riemann-Roch, Lefschetz and Serre. Geom. Topol.,
14(1):1-81, 2010.

Cumrun Vafa. Topological mirrors and quantum rings. In Essays on mirror manifolds, pages
96-119. Int. Press, Hong Kong, 1992.

Jerzy Weyman. Cohomology of vector bundles and syzygies, volume 149 of Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 2003.

Edward Witten. The Verlinde algebra and the cohomology of the Grassmannian. In Geometry,
topology, & physics, Conf. Proc. Lecture Notes Geom. Topology, IV, pages 357-422. Int. Press,
Cambridge, MA, 1995.

Koji Yokogawa. Infinitesimal deformation of parabolic Higgs sheaves. Internat. J. Math.,
6(1):125-148, 1995.



	DEDICATION
	ACKNOWLEDGEMENTS
	ABSTRACT
	Introduction
	Motivation
	Mirror theorem and mock theta functions
	Verlinde/Grassmannian correspondence
	Outline
	Notation and conventions

	Level structure and quasimap theory
	Determinant line bundles
	Level structure in quasimap theory
	Properties of level structure in quasimap theory
	Mapping to a point
	Cutting edges
	Contractions

	K-theoretic field theory

	Quantum K-invariants with level structure
	K-theoretic quasimap invariants with level structure
	Quasimap graph space and JR,l,-function
	Permutation-equivariant quasimap K-theory with level structure
	The level structure in equivariant quasimap theory and orbifold quasimap theory

	Characterization of genus-0 theory, mirror theorem, and mock theta functions
	Adelic Characterization in quantum K-theory with level structure
	Virtual Lefschetz-Kawasaki's Riemann-Roch formula
	Adelic characterization
	The level-0 case
	The general case of level l
	The proof of Theorem IV.5

	Determinantal modification

	Toric mirror theorem and mock theta functions

	The GLSM of Grassmannians and wall-crossing
	The GLSM of Grassmannians and its stability conditions
	-stability
	-stability

	Rank-two -wall-crossing in the absence of parabolic structures

	Parabolic structure and the general -wall-crossing
	Irreducible representations of gln(C)
	Parabolic N-pairs and -stability
	GIT construction of the moduli stack of -stable parabolic N-pairs
	Perfect obstruction theory
	(=0+)-chamber and Verlinde type invariants
	Verlinde invariants and parabolic GLSM invariants

	Parabolic -wall-crossing in rank two case

	BIBLIOGRAPHY

