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Abstract

This thesis consists of six chapters representing two directions of the author’s graduate
research under the advisement of Jeffrey Lagarias and Michael Zieve. The first direction
studies new connections between the arithmetic statistics of polynomials over a finite field
and the symmetric group representations carried by the cohomology of configuration space.
The second direction, joint with Michael Zieve, studies unlikely intersections of orbits on

curves, culminating in a non-commutative arithmetic dynamical Mordell-Lang theorem.



Chapter 1

Introduction

This thesis consists of six chapters representing two directions of the author’s graduate
research under the advisement of Jeffrey Lagarias and Michael Zieve. Chapters 2, 3, and
4 are revisions of three papers written by the author; the first two of which have been
published and the third of which is currently an arXiv preprint. This line of work evolved
from a paper written with Lagarias [53] into several distinct but related projects. Chapters
5 and 6 are joint work with Zieve which we intend to adapt and submit for publication.
These results have been announced in talks given by both Zieve and the author since 2016,
but this is the first time they have appeared in writing.

Below we briefly summarize the contents of each chapter and highlight their main

results.

1.1 Splitting measures and factorization statistics

Chapter 2 explores the interface between arithmetic statistics and topology. Building on
the work of Church, Ellenberg, and Farb [20], we find a surprising connection between the
expected values of polynomial factorization statistics over a finite field and the symmetric
group representations carried by the cohomology of the space of point configurations in
R3.

Let F, be a finite field with g elements and let Poly ,(F, ) be the set of all degree d monic
polynomials in F,[x]. Each f(x) € Poly,(F,) factors uniquely over F, into irreducible

polynomials. The degrees of the irreducible factors of f(x) form a partition of the degree d



called the factorization type of f(x). A function P : Poly,(F,) — Qis called a factorization
statistic if P(f') depends only on the factorization type of f(x). Thus factorization statistics
may also be viewed as functions on the set of partitions of d or as class functions of the
symmetric group Sy.

Given any topological space X, the ordered configuration space PConf ;(X) is the space
of d distinct labelled points in X. More formally,

PConfy(X) := {(x1, %2, ..., x5) € X9 : x; # Xj}.

The symmetric group S; acts freely on PConf;(X) by permuting coordinates. Thus, by
functoriality, the cohomology H*(PConf;(X), Q) forms a sequence of S;-representation

for each space X.

Theorem 1.1.1. Let P : Poly,(F,) — Q be a factorization statistic and let 1/15 be the
character of the Sg-representation H**(PConf 4(R3), Q). Then the expected value E4(P) of
P on Poly ;(F,) is a polynomial in 1/q given explicitly by

U

3 (Pyk)

k 9
0 4

EP)=— Y P(f)=

T repolyy(F,)

=~
Il

where (P, l//S )= % 2ires, P(O')lﬁs (o) is the standard inner product of class functions of
Sa.

We use generating function techniques to give uniform proofs of Theorem 1.1.1 and
the parallel result for squarefree factorization statistics first shown by Church, Ellenberg,
and Farb [20, Prop. 4.1].

1.2 Liminal reciprocity and factorization statistics

Chapter 3 studies moduli spaces of multivariate irreducible polynomials through their F-
point counts. We show these point counts exhibit several remarkable properties, including

g-adic convergence as the the number of variables in our polynomials tends to infinity.



Let d,n > 1 and let Irry ,(F,) denote the set of all total degree d monic polynomials
in Pq[xl, X2, ..., X,] which are irreducible over F,. We show there exists a polynomial
Mg ,(x) € Q[x] such that

Man(q) = [Irrgu(Fg)l

for all prime powers g. We call the family M ,(x) the higher necklace polynomials. Our

main result in Chapter 3 is Theorem 1.2.1.

Theorem 1.2.1. Letd > 1. The sequence of polynomials M ,(x) converges coefficientwise
as n — oo to a rational function My .(x) € Q(x). Furthermore this limit satisfies the self-

reciprocal functional equation
1
My o(x) = =My, (1_1)’

where My 1(x) is the classic necklace polynomial given explicitly by

1
M (x) = = > ple)xle. (1.1)
eld

We use Theorem 1.2.1 to establish a connection between liminal squarefree factorization
statistics and the general univariate factorization statistics introduced in Chapter 2. As a
consequence we show that the symmetric group representations carried by the cohomology
of point configurations in R? determines the g-adic asymptotics of multivariate squarefree

factorization statistics as the number of variables tends to infinity.

1.3 Cyclotomic factors of necklace polynomials

Necklace polynomials M;(x) play an important role in number theory, combinatorics,
dynamics, and representation theory. In Chapter 4 we introduce and analyze the cyclotomic
factor phenomenon: the observation that for all d > 1 the dth necklace polynomial
Mg(x) := M;1(x) (see (1.1)) is highly reducible over Q with the majority of its irreducible
factors being cyclotomic polynomials. One notable manifestation of the cyclotomic factor

phenomenon in number theory is the following connection to multiplicative relations in



cyclotomic units.

Theorem 1.3.1. Let ®,(x) be the dth cyclotomic polynomial. Suppose that m,d > 1 and
m does not divide d. If My({,) = 0 for all mth roots of unity ¢, then ®4(,) = 1 for all

non-trivial mth roots of unity {,. Equivalently,

(Gn =D =1.
JEZ/(d))*

We show that the cyclotomic factor phenomenon extends in two independent directions:
to the G-necklace polynomials associated to a finite group G and to the higher necklace
polynomials M ,(x) counting multivariate irreducible polynomials over a finite field. This
latter generalization leads to a curious formula for the Euler characteristic of the moduli

space of multivariate irreducible polynomials over R and C.

Theorem 1.3.2. Let d,n > 1, let My,(x) be the higher necklace polynomial, and let y.

denote the compactly supported Euler characteristic. Then

n ifd=1 ap ifd=2*
Xc(Irrd,n(C)) = Md,n(l) = Xc(Irrd,n(R)) = Md,n(_l) =
0 otherwise. 0 otherwise.

wheren = )5 ak 2 is the unique expansion of n as an alternating sum of an even number

of powers of 2.

In particular, Theorem 1.3.2 implies that for each fixed n, My,(+1) = 0 for all but
finitely many d. This gives a geometric explanation for the prevalence of ®;(x) and
®,(x) cyclotomic factors of necklace polynomials and suggests the possibility of a rich

interpretation of this phenomenon more generally.

1.4 Arithmetic dynamical Mordell-Lang

Let K be afield and let f(x) € K(x) be arational function. A general problem in arithmetic
dynamics is to study the algebraic and number theoretic properties of orbits of points
p € PY(K) under iteration of f. In Chapter 5 we prove (in collaboration with Michael

4



Zieve) a conjecture of Cahn, Jones, and Spear [10] on when orbits visit arithmetically

special sets.

Theorem 1.4.1 (Arithmetic Dynamical Mordell-Lang). Let K be a finitely generated field
of characteristic 0. Letu : C — D and f : D — D be finite maps between irreducible
curves defined over K with deg(f) > 2. If p € D(K), then {n e N : f"(p) € u(C(K))} is a

finite union of arithmetic progressions.

In other words, if the orbit of p under f visits the u-image of the K-points on C infinitely
often, then it must do so periodically.

The strategy we employ to prove Theorem 1.4.1 also leads to the following two stability
results in the dynamics of curve endomorphisms. Here we state the results for P! to for

simplicity. See Section 5.6 for a precise statement.

Theorem 1.4.2 (Geometric Eventual Stability). Let K be a field of characteristic 0, let
f(x) and u(y) be rational functions defined over K such that deg(f) > 2. Then there exists
an explicit bound G(d) depending only on d := deg(u) such that for every m > G(d) the
irreducible components of the curve f™(x) = u(y) are all induced from the irreducible

components of f"(x) = u(y) for some n < G(d).

Theorem 1.4.3 (Iterate Decomposition Stability). Let K be a field of characteristic 0O, let
f(x) and u(x) be rational functions defined over K with deg(f) > 2. Then there exists an
explicit bound 1(d) depending only on d := deg(u) such that if u is a left factor of some
iterate f" = uov, then there is an m < I(d) such that f™ = uow for some rational function

w(x).

1.5 Noncommutative arithmetic dynamical Mordell-Lang

In Chapter 6 (also joint with Zieve) we prove a noncommutative generalization of Theorem
1.4.1 which makes a connection to the theory of formal languages. If S := (fi, /5, ..., fg)
is a noncommutative finitely generated semigroup, then elements of S may be viewed as
words in the alphabet {fi, f>, ..., f;}. As such, we may interpret subsets of S as formal
languages. The regular languages are an important and ubiquitous class of languages



informally characterized as those collections of words which can be recognized by a

memoryless finite state machine.

Theorem 1.5.1 (Noncommutative Arithmetic Dynamical Mordell-Lang). Let K be a
finitely generated field of characteristic 0. Let u : C — D be a finite map between
irreducible curves defined over K and let S = (fi, f>, ..., fy) be a finitely generated semi-
group of finite endomorphisms f; : D — D with deg(f;) > 2 for eachi. If p € D(K), then
{weS:wp) eulC(K))} is a regular language.

Languages over an alphabet with one letter f correspond to subsets of N by " < n.
Regular languages over an alphabet with one letter are precisely the finite unions of

arithmetic progressions, hence Theorem 1.5.1 is a proper generalization of Theorem 1.4.1.



Chapter 2

Splitting measures and factorization statistics

In this chapter we use combinatorial methods from the theory of generating functions to
draw a surprising connection between the expected values of arithmetic functions on F,[x],
combinatorial representation theory, and the cohomology of point configurations in R>.
This chapter is a revised version of the author’s paper [52] published in the International

Mathematical Research Notices.

2.1 Introduction

Definition 2.1.1. Let Poly,(F,) denote the set of degree d monic polynomials in F,[x].
The factorization type of f(x) € Poly,(F,) is the partition of d formed by the degrees of
the irreducible factors of f(x) over F,. A factorization statistic P is a function defined on
Poly ,(F,) such that P(f) only depends on the factorization type of f(x). Note that P may
also be viewed as a function defined on partitions of d, or equivalently as a class function

of the symmetric group S,.

Theorem 2.1.2. Let ¢§ be the character of the Sq-representation H**(PConf4(R?), Q)
where PConf 4(R3) is the ordered configuration space of d distinct points in R? (see Section
2.2.) Then the expected value E4(P) of a factorization statistic P on Poly ;(F,) is given by

U

3 (P,yk)

k b
0 4

EP)=— Y P(f)=

T repolyy(F,)

=~
Il



where (P, ws) = % 2ires, P(O’)l//fj(O’) is the standard inner product of Q-valued class

Jfunctions of the symmetric group Sg.

Theorem 2.1.2 asserts that the expected value of any factorization statistic P on
Poly ,(FF,) may be expressed as a polynomial in 1/g with coefficients determined by the
representation theoretic structure of the cohomology of a configuration space in a way
that is uniform in g. This result provides a bridge between the arithmetic statistics of
polynomials over a finite field and the combinatorial topology of the space PConf 4(R?).

As one application of Theorem 2.1.2 we deduce the following structural description of

the total cohomology of PConf4(R?) from a simple probabilistic argument.

Theorem 2.1.3. For each d > 1 there is an isomorphism of Sy-representations

d-1
P H*(PConfy(®?), Q) = @S], @.1)
k=0

where Q[S;] is the regular representation of S.

Theorem 2.1.3 is known, from other perspectives, to follow from the Poincaré-Birkhoft-
Witt theorem [75, Pg. 56]. We explore consequences of Theorem 2.1.3 through examples
in Section 2.3.

As asecond application of Theorem 2.1.2 we deduce the asymptotic stability of expected
values from the representation stability of the family H**(PConf4(R?), Q) of symmetric

group representations.

Definition 2.1.4. Let x;(f) be the number of degree k irreducible factors of f € Poly ,;(F,).
Then a character polynomial P is a factorization statistic given by a polynomial in the xj
forj > 1.

Theorem 2.1.5. Let P be a character polynomial. Then

. _\ (P
}gmm—; p




where the limit is taken 1/q-adically (or equivalently, coefficientwise in the formal power
series ring Q[[1/q1,) and (P,y*) := limg_c0 (P, ws) is the stable multiplicity of P in ws
(see Section 2.2.4.)

The connection between expected values of factorization statistics and the symmetric
group representations H2*(PConf4(R?), Q) is made through a probability measure on the
symmetric group. Given a partition A + d, let v(1) denote the probability of a random
element of Poly,(F,) having factorization type A. The function v is called the splitting

measure. We prove Theorem 2.1.6 using a generating function argument in Section 2.2.

Theorem 2.1.6. Let WS be the character of the Sq-representation H**(PConf4(R?), Q)
where PConf 4(R3) is the ordered configuration space of d distinct points in R3 (see Section
2.2.) Then for all d > 1 and partitions A + d we have

d-1 ,k
1 ¢
v() = — ) L,
iz 4
where 7 := []j5 j™m;! when A = (1™M2m ... and l//fj(/l) is the value of the character

ws on any element of the symmetric group Sy with cycle type A.

Church, Ellenberg, and Farb [20] connect the first moments of factorization statistics
on the set Polyf,f(Pq) of squarefree monic degree d polynomials to the symmetric group
representations carried by the cohomology of configuration space through their rwisted
Grothendieck-Lefschetz formula for Polyzf(Fq).

Theorem 2.1.7 ([20, Prop. 4.1]). Let ¢§ be the character of the S;-representation
H*(PConf4(C), Q) where PConf 4(C) is the ordered configuration space of d distinct points
in C. Let Polyfif(IFq) denote the set of squarefree monic degree d polynomials in Fy[x].

Then for any factorization statistic P,

d-1 k k
(=1)*(P, ¢%)
> PhH=q') ——%, (2.2)
FePoly'l(F,) = 9



where (P, ¢§) = % 2ires, P(O‘)(ﬁZ(O') is the standard inner product of Q-valued class

Jfunctions of the symmetric group Sg.

They derive the first moment formula (2.2) from the Grothendieck-Lefschetz trace

2

formula for étale cohomology with “twisted coefficients.” Lagarias and the author [53]
use Theorem 2.1.7 to establish a representation theoretic interpretation of the squarefree
splitting measure v*', where v*{(1) is the probability of a random squarefree polynomial

having factorization type A.

Theorem 2.1.8 ([53, Thm. 1.2]). Let )(5 be the character of the Sgi-representation
H*(PConf4(C)/C*,Q) (see Section 2.2.2.) Then for all d > 2 and partitions A + d

we have

vi) = —
W= :

1 dz_z (=D x50
= 4
where z := [];51 j"™m;! when A = (1"™2"2--.), and /\/5(/1) is the value of the character

)(5 on any element of the symmetric group Sq with cycle type A.

We give a new proof of Theorem 2.1.8 using the same method as for Theorem 2.1.6
and derive Theorem 2.1.7 as a consequence. Our proofs of Theorem 2.1.2 and Theorem
2.1.7 do not use algebraic geometry or the Grothendieck-Lefschetz trace formula.

The use of generating functions in the study of factorization statistics is not new.
Church, Ellenberg, and Farb [20] use L-functions to compute the stable limits of expected
values of squarefree factorization statistics. Fulman [34] uses cycle index series to derive
the asymptotic formulas for first moments of squarefree factorization statistics given in [20]
without using representation theory or cohomology. Chen [17, 16] further develops these
methods in the more general setting of an arbitrary affine or projective variety V defined
over IF,. Carlitz [13] uses zeta functions to compute the expected values of several specific
factorization statistics.

Our main innovation is connecting factorization statistics of polynomials to the coho-
mology of configurations in R? in a way parallel to the connection established by Church,
Ellenberg, and Farb [20] between factorization statistics of squarefree polynomials and
the cohomology of configurations in C = R?, and providing a unified generating function

method to derive both results.

10



There have been other generalizations of Theorem 2.1.7 from squarefree polynomials to
all polynomials. Gadish [35, Sec. 1.3] and Hast, Matei [45] both study expected values of
functions defined on the set of all polynomials; their functions depend on both the degree
of the irreducible factors and their multiplicities. We call these weighed factorization
statistics. Gadish [35, Cor. 1.4] shows that the expected value of a weighted factorization
statistic P on Poly ,(F,) matches the expected value of P on S, viewed as a class function.
Stated geometrically, the expected values of weighted factorization statistics on degree
d polynomials correspond to the cohomology of R? as an Sy-representation, while the
expected values of our factorization statistics correspond to the cohomology of PConf ;(R?)

as an S;-representation.

2.1.1 Further questions

Church, Ellenberg, and Farb’s étale cohomology approach to Theorem 2.1.7 illustrates a
clear geometric connection between squarefree factorization statistics and the cohomology

of ordered configurations in C. To summarize, we start with the map of schemes
PConf4(A') — Confz(AD), (2.3)

which sends an ordered configuration of d points to its counterpart in the unordered
configuration space Confy(A'). The symmetric group S; acts freely on PConfy(A!) by
permuting points in the ordered configuration, and the map in (2.3) is the quotient by
this action. The FF,-points of Conf,(A') are in natural correspondence with squarefree
polynomials of degree d, and the C-points of PConf4(A') give us the manifold PConf 4(C).
The Grothendieck-Lefschetz trace formula connects point counts over finite fields with
the étale cohomology of the scheme; general comparison theorems between cohomology
theories relate the étale cohomology to the singular cohomology of the manifold PConf ;(C).

The map (2.3) is unramified, simplifying the application of the Grothendieck-Lefschetz

trace formula. The corresponding map of schemes in the case of all polynomials is

(A" — sym,(AD),

11



which is highly ramified. Gadish [35] adapts the étale cohomological perspective to
handle ramified covers. This geometrically natural extension leads Gadish to a twisted
Grothendieck-Lefschetz formula for weighted factorization statistics [35, Thm. A (1.2)].
Our factorization statistics extend those on Polyz,f(Fq) in a way that is combinatorially
natural but is difficult to manage from the algebro-geometric perspective. This results in
a surprising connection to the cohomology of ordered configurations in R? for which we

have no geometric account.

Question 2.1.9. Is there a geometric explanation for the connection between factorization

statistics on Poly,(F,) and the cohomology of PConf;(R?)?

Church, Ellenberg, and Farb deduce their twisted Grothendieck-Lefschetz formula
from a more general result relating factorization statistics on quotients of complements
of hyperplane arrangements to the étale cohomology of said complements. Note that
PConf;(C) may be interpreted as the complement of the braid arrangement, consisting of
the hyperplanes z; = z; for all i # j. Given a collection of linear forms L defined over Z
in d variables which is stable under the natural action of S, let A;(L) be the complement
of the hyperplane arrangement determined by the vanishing sets of the linear forms. Let

B4(L) denote the scheme-theoretic quotient of A;(L) by the action of S,.

Theorem 2.1.10 ([20, Thm. 3.7]). Let P be a factorization statistic. If € is a prime coprime
to q and T[]; is the character of H e]fl(Ad(L), Qy), then

d
P(f) = Y (-D(P, 7h)g"™*.
feB(L)qa(Fy) k=0

Given that our generating function method provides a new proof of the special case Theorem
2.1.7, we ask:

Question 2.1.11. Can our methods be adapted to give a new proof of Theorem 2.1.10?

The key to answering Question 2.1.11 is to find explicit product formulas for the cycle
index series of the family of representations given by the étale cohomology analogous to

those used in our proof of Theorem 2.2.2. Such formulas may be known, but not to us.

12



2.2 Representation theoretic interpretation of splitting measures

Let g be a prime power, let d > 1 be an integer, and let Poly ;(F,) be the set of monic degree
d polynomials in F,[x]. The subset of squarefree polynomials is denoted Poly?, (Fq) -
Poly,(F,). Every polynomial f € Poly,(F,) has a unique factorization into irreducible
polynomials over F,. The degrees of the irreducible factors of f form a partition [f] of
the degree d which we call the factorization type of f. Recall that the number of degree d

irreducible polynomials in F,[x] is given by the necklace polynomial

M(q) = Z u(e)g?e.

e|d

The total number of monic degree d polynomials over F, is |Poly,(F,)| = g?, while
the total number of squarefree polynomials is [Poly’; (Fq)l = g% — g% for d > 2 (see, for
example, [78, Prop. 2.3].) Given apartition A + d we define, we define the splitting measure
v(4) to be the probability of an element f € Poly,(F,) having factorization type A, and
similarly define the squarefree splitting measure v*{(2) for f € Poly, (]Fq) If A is a partition,
then m; = m;(A) is the number of size j parts of A. In other words, A4 = (1™12™23"...),

Thus, using unique factorization we can express the splitting measures explicitly by

. M;(q) N S Mj(q))
V) = |Polyd<Fq>|n(( )) = o (Fq>|n( m |

jz1

where

m m! m

((x)) :: x(x+Dx+2)---(x+m-1) :(x+m—1).

Note that (:1)) counts the number of subsets of size m chosen from an x element set with

repetition.

Remark 2.2.1. The squarefree splitting measure was first defined by Lagarias and Weiss in
[56] and subsequently studied by Lagarias [55] and Hyde and Lagarias [53]. The splitting

measure v is studied from a statistical point of view in [2], although not by that name.

Both splitting measures are rational functions in g for each partition A, and furthermore
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both are polynomials in 1/¢ (this is clear for v(1) and is shown for v*{(2) in [53, Prop. 2.4].)
Recall that the partitions A + d parametrize the conjugacy classes of the symmetric group
S4. Thus the splitting measures may be viewed as polynomial-valued class functions on
S4. Our first result Theorem 2.2.2 gives an interpretation of the coefficients of the splitting
measures in terms of the representation theory of the symmetric group.

We review some terminology and notation. If y is a character of the symmetric group
Ss and A is a partition of d, we write y(A) for the value of y on any element o € S; of
cycle type A. This is well-defined since characters are constant on conjugacy classes. Let

z, be the number of permutations in S; commuting with an element o= € S; of cycle type

A, then
= n]m’mj'
j=1

The rank of a partition A + d is tk(1) := 25 mj — 1 = d — £(4), where {(4) is the number
of parts in A.
2.2.1 Higher Lie representations

Given a positive integer d, let {; be a faithful one-dimensional complex representation of
the cyclic group Cy4. Viewing C,; as a subgroup of the symmetric group S, generated by a
d-cycle, the dth Lie representation Lie(d) is defined as

. S
Lie(d) := Indd’}{d.
For a partition A + d, the higher Lie representation Lie, is defined as

Lie, := Ind;i ® Lie(j)®"®W,
=1

where Z, is the centralizer of a permutation with cycle type A. Finally, for 0 < k < d let

Lies = GB Lie,.

rk(d)=k

Liefi be the S;-representation

14



2.2.2 Configuration spaces

Given a topological space X, let PConf,(X) be the space of ordered configurations of d

distinct points in X,
PConfy(X) := {(x1, X2, ..., xq) € X% : x; # x; wheni # j}.

The symmetric group S, acts freely on PConf;(X) by permuting the coordinates. Thus the
singular cohomology H*(PConf4(X), Q) is, by functoriality, an Sy-representation for all
k > 0. Sundaram and Welker [88, Thm. 4.4 (iii)] show for & > O that for every odd n > 3

H""Dk(PConf4(R"), Q) = Liek,

as Sy-representations (see [48, Sec. 2.3] for a discussion of this result in language closer

to our presentation.) For the sake of concreteness we specialize to the case n = 3,
H**(PConf,(R?), Q) = Lie".

If X = C, then the unit group C* acts on PConf;(C) by simultaneously scaling all
coordinates; this action commutes with S, hence there is a well-defined S;-action on the
quotient PConf ;(C)/C. Thus H*(PConf,4(C)/C*, Q) is an Sy-representation for all k > 0.

We now come to our first main result.

Theorem 2.2.2. Let l/ls and )(i,‘ be the characters of the Sy-representations Liefl =
H**(PConf4(R?), Q) and H*(PConf4(C)/C*, Q) respectively.
1. For d > 1 and each partition A + d,

d-
1 A
=L Wi )
=
2. For d > 2 and each partition A v+ d,
d-2 k
1 1 A
o L Z( Yox <>.
9 B
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Remark 2.2.3. This representation theoretic interpretation of the squarefree splitting mea-
sure was first shown in [53, Thm. 5.1] using the twisted Grothendieck-Lefschetz formula
for squarefree factorization statistics of Church, Ellenberg, and Farb [20, Prop. 4.1]. We
prove Theorem 2.2.2 using generating functions, leading to a new proof of the twisted
Grothendieck-Lefschetz formula for squarefree factorization statistics in Theorem 2.2.8.

The representation theoretic interpretation of the splitting measure v(1) appears to be new.

Proof. 1. For each integer j > 1 let p; be a formal variable. If 4 = (1"™2"-...) is
a partition, let py := [];5; ij . Hersh and Reiner [48, Thm. 2.17] state the following

identity of formal power series

M;(q)
Sy g e =[] e

d>0 /lrd j=1

where M;(q) = % Y H(i)g/!" is the jth necklace polynomial and y* is the character of
Liefl (see Remark 2.2.4 for a discussion of the equivalence of 2.4 and [48, Thm. 2.17].)

Recall the following version of the binomial theorem for formal power series,

(=) =20

d>0

where (7)) = m(m+1)(m+;!)"'(m+d_l). Expanding the right hand side of (2.4) with t = 1/q

gives

)M i(q)

ST T

j=1m;>0 "

S L S

azoard \ 4 jx1

=0,

d>0 A-d

l‘1(1—101/%

Jz
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Comparing coefficients of p, we conclude that

&

1
22

k)

1) =
v(d) 7

=~
Il

2. The derivation of the formula for v*'(1) starts with another formal power se-
ries identity from [48, Thm. 2.17]. Let ¢Z be the character of the S;-representation
H*(PConf4(C), Q). Then

> Z Z 50" par? = [ (1 + (=1 pje M0,
d=0 ard j=1
The substitutions ¢t +— —f and g — —g simplify this to
> Z Z( Dfgh (g pard = | [0+ pjt)ye). (2.6)
d=0 ard j=1
By the binomial theorem, the right hand side of (2.6) expands witht = 1/q as

[la<piaro=[1 3 (%07) 2

j=1 j=1m;j=0 J

Mj(q) .
S S TT() ) @

s\ >l

= Z Z (1- 5 vSf(/l)p/l.

d>0 ard

Let )(5 be the character of the S;-representation H*(PConf,(C)/C*, Q). Hyde and
Lagarias [53, Prop. 4.2, Thm. 4.3] showed that

H*(PConf4(C), Q) = H*(PConf4(C)/C*, Q) & H* 1(PConf,4(C)/C*,Q),

as Sq-representations from which it follows that ¢* = y& + 41
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Note that H~!(PConf4(C)/C*, Q) = H !(PConf4(C)/C*, Q) = 0. Therefore

G (- 1)k¢du> 1 S DRy (ﬂ)+)(d ()

e

%k=0 _é
-2 (_1\k 1 _1k+l k/l
_ 11 3 ( )k()+( )k+)l(d() 2.8)
-4 g q
:“<1>’< )
k=0

Multiplying the degree d > 2 term of (2.7) by — 1 glves

1S EDE )

Z o Z pa= Z v(pa.

Trd “A k=0 q T

Finally, comparing coeflicients of p, we conclude that for d > 2

d-2 (1\k k
S =L ED .
=0 q

0 £
Remark 2.2.4. The generating functions used in the proof of Theorem 2.2.2 are stated in
terms of symmetric functions in [48]. To convert between their notation and ours one

should interpret the formal variable p; as the j symmetric power sum, and then our formal

power series identity becomes an identity of symmetric functions.

Hersh and Reiner cite several sources for the origin of these generating functions. A
derivation of the identity for the higher Lie characters may be found in [43, Thm. 3.7],
although the characters are not called by this name there. The generating function for
the cohomology of configurations in C is derived in [11, Cor. 4.4] with notation similar
to ours but stated in a way that does not explicitly connect it with configuration space.
Both product formulas result from a plethystic decomposition of the respective families of

representations.
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2.2.3 Factorization statistics and the cohomology of configuration space

A factorization statistic P is a function defined on Poly ,;(F,) such that P(f) only depends
on the factorization type of f € Poly,(F,). Equivalently, P may be viewed as a function
defined on the set of partitions of d or as a class function of the symmetric group S;. Any

class function P may be interpreted as a factorization statistic.

Example 2.2.5. 1. Consider the polynomials g(x), i(x) € Polys(F3) with irreducible fac-

torizations
g(x) = (x+ D(x* +1) h(x) = (x + D(x = D> =x+1).

The factorization type of g(x) is the partition (13 2!) and the factorization type of A(x)
is (123'). Note that the factorization type does not detect the multiplicity of a specific
factor so that x> and x(x + 1) both have the same factorization type (12).

2. Let R(f) be the number of F,-roots of f(x) € Poly,(F,). Then R(f) depends only on
the number of linear factors of f(x), hence is a factorization statistic. Referring to the
two polynomials above, R(g) = 3 and R(h) = 2.

3. For k > 1, let x;(f) be the number of degree k irreducible factors of f € Poly,(F,),
then x; is a factorization statistic. As a function on partitions xi(1) = my(A) is the
number of parts of A of size k. Note that R = x;. The ring Q[xy, xy, . . .] generated by
the functions x; for k > 1 is called the ring of character polynomials. We return to
character polynomials in Section 2.2.4 when discussing asymptotic stability.

4. Say a polynomial f(x) has even type if the factorization type of f(x) is an even partition.
In other words, suppose A = (11223 ... )) is the factorization type of f(x) and define
sgn(4) by

sen(d) = | [(=nmu,
j>1

then f(x) has even type if sgn(1) = 1. The indicator function ET defined by

ET(f) = f(x) has even type

0 otherwise,
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is a factorization statistic. Thus ET(g) = 0 and ET(h) = 1. O

Let E4(P) denote the expected value of a factorization statistic P on Poly,(FF,) and let
E;f(P) denote the expected value of P on Polyzf(IF"q). More precisely,

Py — L P(f)
|Poly ;(F,)| f€Poly,(Fq)
1
| Oyd( q)' fePolys(Fy)

Example 2.2.6 (Quadratic excess). This example is inspired by [20, Pg. 6]. Define the
quadratic excess Q(f) of a polynomial f(x) € F,[x] to be

Q(f) = #{reducible quadratic factors of f(x)}
— #{irreducible quadratic factors of f(x)},

where both counts are considered with multiplicity. Note that Q(f) depends only on
the number of linear and irreducible quadratic factors of f(x). For instance, if g(x) =

x2(x + 1)(x* + 1)* € F3[x], then g(x) has 3 linear factors and 4 irreducible quadratic factor,

on()-f] -

The table below gives the expected value E;(Q) for small values of d.

hence

d | Eq«Q)

4 §+%+q—23

5 %+%+%+q—24
2 4,4 3

160 g1q£::qi3:Cli41q£+£+§+§+i
9 ¢ ¢ ¢ ¢ ¢ ¢

Table 2.1: Expected values of quadratic excess.
We note a few remarkable features of these expected values. For each d, E;(Q) is a
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polynomial in é of degree d — 1 with positive integer coefficients; one should expect the
coeflicients to be rational numbers, but both the positivity and integrality are not a priori
evident. Evaluating the polynomial E;(Q) at ¢ = 1 gives the binomial coefficient (‘21)
The coefficients of E;(Q) appear to stabilize as d increases with a clear pattern emerging
already for d = 10, suggesting that the expected values E;(Q) converge coefficientwise as
d — oo.

All of these observations are deduced as consequences of Theorem 2.2.7 in Section
2.3.1. O

Our second main result gives an explicit expression for the expected value E;(P) of a
factorization statistic in terms of the ordered configuration space of d distinct points in R3.
If P and Q are Q-valued class functions on Sy, let (P, Q) denote their standard S;-

invariant inner product

(P.Q) := % D, P@)Q@) =) %AQW.

’ €Sy Ard

Theorem 2.2.7. Suppose P is a factorization statistic and d > 1. If 1//5 is the character of
the S;-representation Liefl =~ H?*(PConf4(R3), Q), then

lp,
Ed(P):Z< l//d

k=0

Proof. Since factorization statistics depend only on the factorization type of a polynomial,

the expected value E;(P) may be written in terms of the splitting measure as

EP) == S P =Y Py,

9" fepoly,(F,) ard
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Then Theorem 2.2.2 implies,

Eq(P) = ) PQv(Y)

Ard

m@¢u>
‘ZOZ 3

Ard

L P(/l)wd(ﬂ)
o (Z )

Ard

o
Q

k=

Church, Ellenberg, and Farb [20] relate the first moments of factorization statistics on
squarefree polynomials to the ordered configuration space of d distinct points in C. Let ¢§
be the character of H¥(PConf4(C), Q) as a representation of Sy. In [20, Prop. 4.1], Church
et al. show that

d-1
D P =D (NP el (2.9)
fePolyj{(Fq) k=0
Dividing by |Poly}, (Fq)l — g% gives the expected value, but also changes the

coeflicients on the right hand side. The calculation (2.8) in the proof of Theorem 2.2.2
shows that the identity (2.9) is equivalent to Theorem 2.2.8 below.
We give a new proof of [20, Prop. 4.1] using Theorem 2.2.2.

Theorem 2.2.8. Suppose P is a factorization statistic and d > 2. If )(5 is the character of
the Sy-representation H*(PConf4(C)/C*, Q), then

d-2 -1 k P,
E:lf(p) — Z M
k=0

Proof. The proof is parallel to that of Theorem 2.2.7. First note that

ES(P) = ﬁ Z P(f) = Z P (),

fePolys(F,) Ard
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and then use Theorem 2.2.2 to conclude

ES(P) = Z POSE()

Ard

3 (- 1)"P(/1))( (1)
=Y Z ‘

/U—d

= (=D

9“ \4

= (=D¥(P, ij)
C[k

P(O)x ()
Z _Aa

2

k=

l\)O

Il
O

k=

o

Remark 2.2.9. The étale cohomological approach to Theorem 2.2.8 taken in [20] connects
squarefree polynomials over F, with the configuration space of points on the affine line.
The geometric perspective seems to break down in the case of Theorem 2.2.7: There is
no apparent correspondence between configurations of distinct points in R® and monic
polynomials over FF,. It would be interesting to know of a geometric explanation for the
relationship between the representations H**(PConf4(R?), Q) and the expected value of

factorization statistics on Poly,(F,).

2.2.4 Asymptotic stability

Church [19, Thm. 1] showed that for all k¥ > 0 and n > 2 the families of symmetric group
representations H*(PConf ;(R"), Q) are representation stable. We do not require the details
of representation stability (the interested reader should consult [21],) only the following
fact [20, Sec. 3.4] which we take as a black box: If P is a factorization statistic given by
a character polynomial (see Example 2.2.5 (3)) and A, is a sequence of S;-representations
with characters @y which exhibit “representation stability,” then the sequence of inner
products (P, ;) is eventually constant. In that case we write (P, a) for the limit of (P, a)
as d — oo.

Church, Ellenberg, and Farb use the representation stability of H*(PConf;(C), Q) to
prove Theorem 2.2.10. Recall that ¢f1 is the character of the S,-representation H*(PConf ;(C), Q).
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Theorem 2.2.10 ([20, Thm. 1]). Let P be a factorization statistic given by a character
polynomial and write (P, ¢*) for the limit of (P, ¢§) as d — oo. Then

— g g

fePolyl(Fy)

Church’s theorem implies that for each k, H**(PConf4(R?), Q) is representation stable.
Hyde and Lagarias showed that H*(PConf,4(C)/C*, Q) = Bix(Ily) as Sy-representations
where Bi(I1g) is the rank-selected homology of the partition lattice. Hersh and Reiner
[48, Thm. 1.8] showed that S (I14) is representation stable. Therefore we deduce the
asymptotic stability of expected values from Theorems 2.2.7 and 2.2.8.

Theorem 2.2.11 (Asymptotic stability of expected values). Let P be a factorization statistic
given by a character polynomial (see Section 2.2.5 (3).) Then

. S Pyt . o (DA
Jim Ed(P):Z< d ) Jim E;f(P):Z( ) <k 0,

where the limits are taken 1/qg-adically (or equivalently coefficientwise in Q[[1/q].)

2.2.5 Constraint on E;(P) coefficients

Theorem 2.2.12 below identifies the total cohomology of PConf,(R?) with the regular

representation Q[Sy].

Theorem 2.2.12. For each d > 1 there is an isomorphism of Sy-representations

d

P H*(PConfy(R*), Q) = Q[S4) (2.10)

-1
k=0

where Q[S;] is the regular representation of S.
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Proof. Let p be the character of @{_) H2*(PConf4(R?),Q). Then

where 1//5 is the character of H>*(PConfy(R?), Q). It suffices to show that p is equal to the
character of the regular representation, that is

d\ A=[19
p(A) =
0  otherwise.

By Theorem 2.2.2 we have

1 S vk
1) =— :
V( ) o) ;) qk

where v is the splitting measure defined by
1 Mj(q)
w=g11%)

Let v; denote the splitting measure evaluated at ¢ = 1. Then v{(4) = %U. On the other
hand, M;(1) = 0 for j > 1 and M (1) =10

—1d
S B

=1 J 0 otherwise.

Since zj14) = d! the result follows. O

Corollary 2.2.13 will be used in Section 2.3 to explain a common phenomenon that

arises in expected value computations for factorization statistics.

Corollary 2.2.13. Suppose P is a factorization statistic defined on Poly ;,(F,) which, viewed
as a class function of Sy, is the character of an Sy-representation V. Let E (P) be the

expected value of P on Poly ;(F,).
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1. E4(P) is a polynomial in 1/q of degree at most d — 1 with non-negative integer
coefficients.
2. The evaluation of Eq(P) at g = 1 is E4(P)g=1 = dimV = P(19).

Proof. 1. Recall that the inner product { y, ) of characters is the dimension of the vector
space of maps between the corresponding representations, hence is a non-negative integer.
Thus if P is an Sg-character then Theorem 2.2.7 implies that

d-1 P, k
pap) = 3 L0,

= 4

has non-negative coeflicients.

2. The inner product of class functions is bilinear. Therefore, by Theorem 2.2.12

d-1 d-1
Eg(P)g=1 = D (P.yk) = (P, D 0k) = (P, Xreg).
k=0 k=0

It follows from the general representation theory of finite groups that (P, xyez) = dimV.
Therefore,
Eq(P)y=1 = dimV = P(1%). O

Remark 2.2.14. The proofs of both Theorem 2.2.12 and Corollary 2.2.13 make use of
evaluations at ¢ = 1. Lagarias [55] and Hyde and Lagarias [53] studied properties
of the squarefree splitting measure at ¢ = 1 viewed as another example of phenomena
associated with the non-existent field with one element [F;. In Section 4.6 we show how the
g = 1 evaluations are naturally associated with properties of the splitting measure over the
complex numbers C. From this perspective, Theorem 2.2.12 is equivalent to the fact that
the splitting measure over C is entirely concentrated on the totally reducible polynomials.
Similarly, Corollary 2.2.13 says that the expected value of a factorization statistic P on
Poly ,(C) is simply the value of P on the partition (1¢) corresponding to a totally reducible
polynomial.

26



2.3 Examples

Theorems 2.2.7 and 2.2.8 form a bridge connecting polynomial factorization statistics on
the one hand and representations of the symmetric group and cohomology of configuration
spaces on the other. Translating information back and forth across this bridge leads to an
interesting interplay between these structures. In this section we first revisit the example
of quadratic excess Q to see how our results explain the properties of E;(Q) observed
in the introduction. We finish with some results on expected values and the structure of
H?*(PConf 4(R?), Q) using the constraint provided by Theorem 2.2.12.

2.3.1 Quadratic excess

Recall the quadratic excess factorization statistic Q from Example 2.2.6: Q(f) is defined
as the difference between the number of reducible versus irreducible quadratic factors of

f- Rephrasing this in terms of partitions, if x (1) is the number of parts of A of size k, then

X1 (/1)) _ (Xz(/l))'

Qu):( , |

Let Q[d] be the permutation representation of the symmetric group with basis {e}, e, . . ., €4}
and consider the representation given by the second exterior power A% QI[d]. This repre-
sentation has dimension (‘21) with a natural basis given by {¢; Ae; 1 i < j}.

If o € S, is a permutation, then the trace of o on A\ Q[d] is
Trace(o) = #{{i,j} : o fixesi and j} — #{{i, j} : o transposes i and j}
_ (1) (x@)
2 1
= Q(0).

Thus Q, viewed as a class function of S, is the character of A2 Q[d]. It follows from
Corollary 2.2.13 that the coefficients of E;(Q) are non-negative integers summing to
(g) = dim A% Q[d]. The coefficientwise convergence of E;(Q) follows from Theorem

2.2.11. The 1/g-adic limit of E;(Q) as d — oo is a rational function of ¢, which explains
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the simple pattern emerging in the coefficients of E;(g). In particular, using [16, Cor. 10]

we compute,

2IS
+

2.3.2 Identifying irreducible components
Theorem 2.2.12 gives a constraint on the cohomology of PConf ;(R?),

d-1
H*(PConfy(R*), Q) = Q[S4],
k=0

where Q[S,] is the regular representation of the symmetric group. The regular repre-
sentation of S, is well-understood: the irreducible representations of S; are indexed by
partitions A + d, each irreducible S, is a direct summand of Q[S;] with multiplicity
f1:=dimS,. Thus Theorem 2.2.12 tells us that the irreducible components S, of Q[S,]
are distributed among the various degrees of cohomology on the left hand side of (2.10).
Theorem 2.2.7 implies that the filtration of the regular representation given by Theorem
2.2.12 completely determines and is determined by the expected values of factorization
statistics on Poly,(F,;). We use Theorem 2.2.12 to identify the degrees of some of the
irreducible S;-representations in the cohomology of PConf4(R?).

2.3.3 Trivial representation

Let1 := Sp4) be the one-dimensional trivial representation of S;. The character of the trivial
representation is constant equal to 1. Interpreting the trivial character as a factorization

statistic we have E;(1) = 1 and Theorem 2.2.7 implies

1=E41) =
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Comparing coefficients of 1/¢* we conclude that (1, 1/12) = 1 and (1, w§> =0for k > 0.
Hence, 1 is a summand of H°(PConf,(R?), Q). On the other hand, PConf,(R?) is path
connected so H*(PConf,(R?), Q) is one-dimensional. Thus

H°(PConf4(R?),Q) = 1, (2.11)

and H*(PConf4(R3), Q) has no trivial component for k > 0.

Recall that the characters y, of the irreducible representations S, of S; form a Q-basis
for the vector space of all class functions. If P is a factorization statistic, then there are
a, (P) € Q such that

P = Z a(P)xa

Ard
where y, is the character of the irreducible representation S,. In particular if a(P) :=
a[d](P) is the coeflicient of the trivial character in this decomposition, then we have the

following corollary.

Corollary 2.3.1. If P is any factorization statistic and if a|(P) is the coefficient of the trivial

character in the expression of P as a linear combination of irreducible S;-characters, then
ai1(P) = lim E4(P).
g—0
Hence ai(P) = 0 if and only if the expected value of P approaches 0 for large q.

2.3.4 Sign representation

Let Sgn,; := Sj4) be the one-dimensional sign representation. The character of Sgn,
is sgn (1) = (=1)?~‘@, or equivalently sgn,([j]) = (=1)/~! for a partition [j] with one
part of size j and then sgn,; extends multiplicatively to partitions with more than one part.

Viewing sgn, as a factorization statistic Theorem 2.2.7 implies

d-1 k

<Sgnd,¢’ >

E (sgny) = g —kd.
= 4
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On the other hand, Corollary 2.2.13 tells us that (sgn,, :,05 ) = 1 for exactly one k and is O

otherwise—which value of k is it?

Theorem 2.3.2. For each d > 1,
Ey(sgn) = —
d(sgny) = ——=.
gld/2]

Hence H*\4/2(PConf 4(R3), Q) is the unique cohomological degree with a Sgn,; summand.

We prove Theorem 2.3.2 in Chapter 3 using liminal reciprocity which relates factoriza-
tion statistics in Poly ;(F,) with the limiting values of squarefree factorization statistics for

Fy[x1, x2, . . ., x,] as the number of variables n tends to infinity.

Remark 2.3.3. Recall that the Liouville function A(f) is defined to be —1 if f is irreducible
and extended multiplicatively. Note that A(f) = (—=1)¥sgn,(f). Carlitz [13, Sec. 3]
computed the expected value of the Liouville function on Poly,;(F,) using zeta functions,
and Theorem 2.3.2 may also be deduced from his result. See the announcement [12, Pg.
121] for a clear statement of his result. We thank Ofir Gorodetsky for bringing this work

to our attention.

Theorem 2.3.2 has a surprising consequence for the even type factorization statistic.
Recall that the even type factorization statistic ET is defined by ET(f) = 1 when the fac-
torization type of f is an even partition and ET(f) = 0 otherwise. Thus the expected value
E4(ET) is the probability of a random polynomial in Poly ,(FF,) having even factorization
type. One might guess that a polynomial should be just as likely to have an even versus

odd factorization type. However, notice that
ET = %( 1 + sgn)
as class functions of S;. It follows by the linearity of expectation that
E4(ET) = 5(E4(1) + Eq(sgn)) = 5(1 + ﬁ)

The leading term of this probability is 1/2 as we expected, but there is a slight bias toward a

polynomial having even factorization type. This bias traces back to the sign representation
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and the degree of cohomology in which it appears. For comparison we remark that in
the squarefree case the probability of a random polynomial in Polny(Fq) having even
factorization type is exactly

ES(ET) = 4,

matching our original guess.

2.3.5 Standard representation

Let Q[d] be the permutation representation of S;. The irreducible decomposition of Q[d]
is

Q[d] = 1 & Std,
where Std := Sj4_1 1] is the (d — 1)-dimensional standard representation of S4. Let R be
the character of Q[d]. If o € S, then R(o) is the number of fixed points of o acting on
the set {1,2,...,d}; hence R(1) = x;(4) is the number of parts of A of size one. Viewed

as a factorization statistic, R(f) counts the number of F,-roots of f with multiplicity.

Theorem 2.3.4. Let R(f) be the number of F-roots with multiplicity of f € Poly ,(F,).
Then the expected value E;4(R) of R on Poly 4(F,) is

-5 1 1 1 1
1 =1+t S+ =+t (2.12)
1 - 9 ¢ q q

Eq(R) =

It follows that the multiplicity of Std in H**(PConf4(R?), Q) is I for 0 < k < d.

Proof. First note that

ER) == S R =Y mm,

9" fepoly,(F,) ard

where v is the splitting measure. In the course of proving Theorem 2.2.2 we derived the
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following formal power series identity,

1 Mj(Q)
J

d>0 Ard j>1

Consider the effect of the operator p; 3%1 on (2.13). On the left hand side we get

0
Py Z Z v()pa = Z Z xi(A)v()pa.
Pl 430 wa d>1 Ard
On the right hand side we have

N P l_[( 1 )MJ(Q): Mi(q)p l_[( 1 )MJ’(Q)
opr 1 i\1-pj/qg/ q(1=pi/q) 31 \1=pj/a’

j=1

Now substitute p; > #/ for all j to arrive at

2.2, M@y = 3 Ea(Ryr,

d>1 Ard d>1

on the left and

Mi(g)t 1 M;(q) ~ P ( 1 )Mj(q)
q(1 —t/q)g(l —tf'/q-") 1-1/q 1—[ 1—(t/q)

j>1
o 1
C1-t/g 1-t

on the right, where the last equality is a consequence of the cyclotomic identity (see Chapter

4 Section 4.4):
1 —gt isl 1-¢
Therefore,
d t 1
Z Ea(R)t" = - . (2.14)
d>1 —t/q 1-t
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Expanding the right hand side of (2.14) gives

1
t 1 1 1, =22\,
. = l’ = t.
1_t/q 11 1_tdz“21qd_1 dzl(l_ )

Comparing coefficients of ¢ we conclude that

E4(R) =

The assertions about the multiplicity of Std in H**(PConf4(R?), Q) follow from Theorem
2.2.7 and (2.11). O
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Chapter 3

Liminal reciprocity and factorization statistics

This chapter is a revised version of the author’s paper [51] to appear in the journal Algebraic

Combinatorics.

3.1 Introduction

Let F, be a field with g elements. How many irreducible polynomials of degree d are there
in Fy[x1, x2,...,x,]? Let My,(q) denote the number of irreducible monic! polynomials
in Fy[x1, x2, .. ., x,] of total degree d. When n = 1, M, 1(q) is given by the dth necklace
polynomial
Ma(q) = %ezldlu(e)qd/e, 3.1
where u is the number theoretic Mobius function. When n > 1 there does not appear to
be a simple formula for M, ,(g) analogous to (3.1). In Lemma 3.2.1 we show that M, (g)
is a recursively computable polynomial in g for all » > 1. The table below gives the low
degree terms of M3 ,(q) for small n.
The table suggests that the sequence of polynomials M3,(q) converges coefficientwise

as the number of variables n increases. We prove this to be the case.

Theorem 3.1.1. Let M, (q) be the number of irreducible degree d monic polynomials in
Fylx1, x2, ..., x,]. Then My,(q) is a polynomial in q and for each d > 1 the sequence of

!By monic in a multivariate polynomial ring we mean an [y -orbit of polynomials under scaling.
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—gq—%q2+%q3—q5—1§q6+---
—34 =30+ ¢ +34° g + ...

N NN RN =S
|

%q—%q2+%q4+2q5+%q6+2q7+...
-39 —39"+59"+39°+39° +5q" + ...
—%q—%q2+%q4+%q5+3q6+13—4q7+...

Table 3.1: Low degree terms of M3 ,(q).

polynomials My,(q) converges coefficientwise (that is, with respect to the g-adic topology)

in the formal power series ring Q[ q]| to the rational function

dfe
Md,w<q>:=—§zﬂ<e>(l ! ) .

1
eld q

In particular M .(q) satisfies the functional equation,
Mioo(q) = =My, (1_%) (3.2)
q
Furthermore the rate of convergence of My ,(q) is bounded by the congruence

Myn(q) = Mgo(q) mod ¢"*'.

The fractional linear transformation g +— 1_% is an involution, hence (3.2) is equivalent
q

to
Mg(q) = _Md,OO(_l_ll)'
q

This functional equation relating irreducible polynomial counts in one and infinitely many

variables is the first instance of a phenomenon we call liminal reciprocity.
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3.1.1 Liminal reciprocity for type polynomials

Let Polyd,n(IFq) denote the set of monic polynomials in F,[x, x2,...,x,] of total de-
gree d. Since the polynomial ring Fy[x1, x, ..., x,] has unique factorization, each
f € Poly,,(F,) has a well-defined factorization type. The factorization type of a poly-
nomial f € Poly,,(F,) is the partition A + d given by the degrees of the F-irreducible
factors of f.

Remark 3.1.2. The factorization type of a polynomial does not record the multiplicities of
factors, only the degrees of the irreducible factors. For example, the polynomials x> and

x(x + 1) both have factorization type (1?) since they each have two linear factors.

Definition 3.1.3. If A I d is a partition, then the A-type polynomial T) ,(q) is the number
of elements in Poly, ,(F,) with factorization type A. Similarly the squarefree A-type
polynomial ijn(q) is the number of squarefree elements in Poly , ,(F,) with factorization
type A. The type polynomials may be expressed in terms of M, ,(g) as
M;n(q) f M;n(q)
T/l,n(CI) = (( ’ Tj (q) = ’ ,

ﬂ mj() " H m;()
where m;(2) is the number of parts of A of size j, (*) := Lx(x = 1)+ (x —m + 1) is the
usual binomial coefficient, and () := Lx(x + 1)+ (x + m — 1). Recall that (¥) counts
the number of subsets of size m in a set of size x and (:1) counts the number of subsets of
size m with repetition in a set of size x.

It follows from Theorem 3.1.1 that the coefficientwise limits
Tieo(q) = lim Tan(g) TYo(q) := lim T3 (q)

converge to rational functions. Our next result is a version of liminial reciprocity for type

polynomials.

Theorem 3.1.4 (Liminal reciprocity). Let A be a partition and let {(A) := ). ;51 m;j(A) be
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the number of parts of A. Then the following identities hold in Q(q),

Tiolq) = (<1 T (17 )
q

1) = (1) ()
q

These identities are involutive in the sense that we can swap the co and 1 subscripts to
get equivalent statements. The new feature appearing in Theorem 3.1.4 is the relationship
between squarefree polynomials and general polynomials of a given factorization type.
This connection is closely related to Stanley’s combinatorial reciprocity phenomenon [85]
(see Section 3.1.3.)

3.1.2 Liminal first moments of squarefree factorization statistics

A function Q defined on Poly , ,(F,) is called a factorization statistic if Q(f) depends only
on the factorization type of f. In Chapter 2 we expressed the first moments of factorization
statistics on the set of univariate polynomials (n = 1) in terms of the cohomology of point
configurations in R3 viewed as a representation of the symmetric group. See Section 3.3
for precise definitions. Note that Polysdf,n(Fq) denotes the subset of squarefree polynomials
in Poly,, ,(FF,).

Theorem 3.1.5 ([52, Thm. 2.2, Thm. 2.3]). Let Q be a factorization statistic, and let l//S, ¢fl
be the characters of the Sy-representations H**(PConf4(R?), Q) and H*(PConf ;(R?), Q)

respectively. Then

d-1
M D> o =) v
k=0

fePoly, 1(Fy)

d-1
@ D 0 =D (-0 ¢ka"

fePoly | (Fy) k=0

where (Q, R) = % 2ires, Q(T)R(7) is the standard inner product of class functions on Sg.

The squarefree case (2) of Theorem 3.1.5 is due to Church, Ellenberg, and Farb [20,
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Prop. 4.1]. The general polynomial case (1) was shown by the author [52] using different
methods which also led to a new proof of the squarefree case. Theorem 3.1.5 provides
a bridge between the arithmetic and combinatorics of factorization statistics on one hand
and the geometry and representation theory of configuration spaces on the other.
Numerical experiments suggest there are not direct analogs of Theorem 3.1.5 for
polynomials in n variables with n > 1. However, an analog does emerge in the liminal

squarefree case.

Theorem 3.1.6. Let Q be a factorization statistic, and let 0'5 be the character of the

Sq-representation
d-1

sk .= (P Sen, ® HY (PConfy(R?), ©)°). (3.3)
=k

For each n, the first moment ), FePoly! (F,) O(f) is a polynomial in g and

Soo 1 —qg)?
" fePoly)  (Fy) (-

d-1
lim > 0(f)= 1 D DM e,
k=0

where the limit is taken coefficientwise in Q[ q].

Remark 3.1.7. By considering arbitrary factorization statistics Q our results also determine

higher moments of Q, as the kth moment of Q is the first moment of ok.

Since the limit in Theorem 3.1.6 is taken coefficientwise, the representation theoretic
interpretation of first moments manifests for sufficiently large n. For example, let L be the
linear factor statistic where L(f) is the number of linear factors of f. The following table
shows the first moment of L on Polygfn(IFq) scaled by (1 — ¢)°.

From this table and the convergence bound in Theorem 3.1.1 we conclude that

_q-4¢>+3q¢° + 0(q")
D e

fePolyy, (Fy)
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(1- Q)3 ZfePolyifn(]Fq) L(f)

q- qu + 10q3 — 10q4 + 5q5 — q6
q—4q2+2q3+7q4—6q5—3q6+2q7+q8+q9—q10

-3 438 — G 178 —64° 385 +3° —q T+ g2+ ¥ — 4"
-3 438 — ¢ +74°— 64" =3¢ +3¢T g%+ ¢+ 40 —¢
=4 137 - +7q =645 =3¢ +3¢" -2+ B + 7 —¢

21
28

N AW = I

Table 3.2: First moments of linear factor statistic.
It then follows from Theorem 3.1.6 that
(Liogy=1 (Lo3y=4 (L o3)=3.

Note that these inner products are positive integers: this reflects that L, viewed as a class
function of the symmetric group, is the character of the standard permutation representation.

Remark 3.1.8. The table above also illustrates a higher stability in the coefficients. For

n+2 is 7 in the numerator of the first moment of L for all

example, the coefficient of ¢
n > 2. Since these exponents grow with n, these terms vanish in the limit as n — oo.
This phenomenon persists more generally; it could be an interesting direction for future

investigation.

Liminal reciprocity gives a new method to compute the expected values of factorization
statistics for univariate polynomials. As an example application we compute the expected

value of the sign function sgn,, where sgn (1) = (=1)d-t,

Proposition 3.1.9. Let d > 1.
1. The expected value E;,1(sgn,) of the sign statistic on the set Poly; |(F,) is given by

1 1
Eqi(sgng) = 5—— sgn,(f) = ——77-
d Pd,l(q) fEPO%:I (Fq) ¢ qLd/ZJ

2. The limiting expected value E;foo(sgnd) of the sign statistic on the set Polyflfn(Fq) as
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n — oo is given by

ESf (sgn ) = llm
d, o d

] Ld/2]
Z Sgnd(f):(l_l) )
q

fePoly)  (Fy)
where the limit is taken 1/q-adically.

Proposition 3.1.9 (1) is equivalent to a result of Carlitz arrived at by other means. See
Remark 2.3.3.

3.1.3 Related work

Carlitz [14, 15] studied the asymptotic behavior of M, ,(q) for n > 1. In the language of
this paper his main result is as follows.

Theorem 3.1.10 ([14, Sec. 3.]). Ford,n > 1, letmg,, := deg My,(q). Thenmgy,, = (d;”)—l

and the sequence Mg,(q)/q™"" of polynomials in 1/q converges coefficientwise in Q[é]]

to

li Md,n(q) 1
m =

n—oo qmd,n 1 - 1

This work was subsequently refined and extended in [7, 22, 49, 92, 93]. Our Theorem
3.1.1 may be interpreted as a determination of the g-adic asymptotics of M, ,(q) asn — co.
In other words Carlitz studied the limiting behavior of the leading terms of M, ,(q) and we
study the limiting behavior of the low degree terms. Recently Weiyan Chen [18] showed
that the convergence of the high and low degree terms of M, ,(q) reflects stability in the
cohomology of Irr, ,(C), the space of degree d irreducible polynomials in n-variables over
C.

The liminal reciprocity identities (Theorem 3.1.1 and Theorem 3.1.4) were discovered
empirically. We would be interested to know of a geometric or combinatorial interpretation
of these results. The proof of liminal reciprocity for type polynomials (Theorem 3.1.4)
passes through a well-known example of Stanley’s combinatorial reciprocity [85, EX.
1.1]. Combinatorial reciprocity is a family of dualities between related combinatorial

problems which concretely takes the form of functional equations similar to our liminal
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reciprocity identities. However, the precise relationship between liminal and combinatorial
reciprocity remains unclear. Finding more examples of liminal reciprocity may shed light
on this phenomenon.

The relationship between the liminal first moments of squarefree factorization statistics
and representations of the symmetric group parallels our results in Chapter 2. Church,
Ellenberg, and Farb [20] connect first moments of squarefree factorization statistics for
univariate polynomials and the cohomology of point configurations in R? with their twisted
Grothendieck-Lefschetz formula for squarefree polynomials. They deduce the asymptotic
stability of first moments (as d — o0) as a consequence of representation stability. We
extend this connection to general univariate polynomials in Chapter 2. However, this
connection does not extend to liminal first moments; the representations 25 does not
exhibit representation stability.

The results in Chapter 2 are expressed in terms of expected values of factorization
statistics. In this chapter we focus on first moments as they lead to a cleaner statement
for Theorem 3.1.6. The only difference between expected values and first moments of
factorization statistics is whether or not one divides by the “total mass” of the space of
polynomials considered. This difference is simply a factor of ¢¢ for general univariate
polynomials, but is more subtle for squarefree polynomials and multivariate polynomials
as it affects the family of characters given by the coefficients. The equivalence between
Theorem 3.1.5 (2) and Theorem 2.1.2 follows from [53, Prop. 4.2]. Alternatively, Theorem
3.1.5 (2) appears as stated in [20, Prop. 4.1].

In Chapter 4 we study the vanishing of the polynomials M, ,(g) at roots of unity and
the relation of M ,(g) to geometry. For a field K let Irr,,,(K) denote the collection of all
K-irreducible monic polynomials of total degree d in K[x, x2,...,x,]. If K = Ror C,
then Irry ,(K) has a subspace topology from the projective space structure of all non-zero
monic polynomials of degree at most d. We show that the values of M;,(q) at g = +1

compute the compactly supported Euler characteristics of these spaces.

Theorem 3.1.11 ([50]). Let d,n > 1 and let x. be the compactly supported Euler charac-

teristic, then
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noifd=1
Xc(Irrd,n(C)) = Md,n(l)

0 otherwise.

o
@) = My = {47

0 otherwise.

wheren = ) ;59 a2k is the unique expression of n as an alternating sum of an even number

of powers of 2.

3.1.4 Acknowledgements

The author thanks Weiyan Chen, Nir Gadish, Ofir Gorodetsky, Jeff Lagarias, Bob Lutz,
John Stembridge, Phil Tosteson, Michael Zieve, and the referee for helpful conversations

and suggestions on [51].

3.2 Polynomial factorization statistics

Let F, be a finite field. Recall that we define a monic polynomial in F,[x1, x, ..., x,] as
an IF'”q(—orbit of polynomials under scaling. Let Poly, ,(F,) be the set of all total degree
d monic polynomials in Fy[x1, xp, ..., x,]. For each m > 1 let Poly’:l” 2(Fg) <€ Poly, ,(F,)
be the subset of those polynomials with all factors of multiplicity at most m. There is a

filtration
Poly¥  (F,) := Poly, ,(F,) € Poly,(F) € Poly (Fy) ... C Poly,,(F,).

where Polyf{n(]Fq) is the set of the squarefree polynomials.

Recall that Fy[x1, xo, . . ., x,] every element of Poly,,; ,(F,) has a unique factorization as
a product of irreducible monic polynomials. The factorization type of f € Poly, ,(F,) is
the partition of d given by the degrees of the F,-irreducible factors of f. If A is a partition
of d, then let Poly , ,(F,) denote the set of all f € Poly, ,(F,) with factorization type 4. For
m > 1, let Poly, (Fy) := Poly} (F,)NPoly, ,(F,). If A = (d) is the partition with one part,
let Irrg,»(Fy) := Poly, ,(Fy) be the set of monic, irreducible, total degree d polynomials.
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Lemma 3.2.1 shows that the cardinality of each of the sets just defined is given by a
polynomial in the size of the field g.

Lemma 3.2.1. Forany d,n > 1,
1. |P01yd’n(IFq)| = Pi,(q), where
q(d;n) - q(d+g_l) (d+n—1) q(d;,fl_l) -1
I =g\ n J——.

Pd,n(q) =

2. My,(q) := |Irrg,(Fy)| is a polynomial in q with rational coefficients.
3. For every partition A + d,

Pol F = n = J i

IPoly 1, (Fy)l = Ta(g) ﬂ (( -l

[Poly, ()l = T35 (q) = | | (AZ’E%))
J

jzl

where () == (""" _1) is the number of subsets with repetition of size m chosen from

an x element set.

Proof. (1) There are q(d;n) polynomials in n variables of degree at most d. Hence there
are q(d;n) - q(dTl) polynomials in n variables of degree exactly d. Taking orbits under

scaling, the total number of degree d monic polynomials in n variables is

o) - g5

|POIYd,n(FCI)| = q-— 1

(2) We proceed by induction on d to show that M, ,(q) is a polynomial in g. If d = 1, then

all polynomials are irreducible, hence
qn+1 —q

Ml,n(‘l) = |Irr1,n(Pq)| = |POIYI,n(Pq)| = 1

Suppose our claim were true for all degrees less than d > 1. By unique factorization, the
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total number of polynomials with factorization type A is

. _ Mn(Q) ))
.(q) := |Pol = | | / ) 3.4
fanla) = [Polspa{Eal =1 (( m;(1) G

Counting elements on both sides of the decomposition

PO]Yd,n(PCI) = I_I POly/Ln(F‘I)’
Ard

gives

Pup(q) = Man(q) + ) Tin(q):
A-d

1#(d)
If A # (d), then all parts j of A are smaller than d, which by our inductive hypothesis

implies that M; ,(q) is a polynomial for all such j, hence so is T ,(g). Thus

Man(q) = Pan(q) - Z Tan(q) € Qlq].

Ard
A#(d)

Finally, (3) follows from equation (3.4) and (2). O

The definitions of the polynomials appearing in Lemma 3.2.1 are collected here for

convenience.
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Definition 3.2.2. Let d,n > 1 and A + d, then
=g
=q
g-1 q-1
Myn(q) = TIrrgn(Fy)| = |Polyy) ,(Fy)l

Tan(9) := [Poly,,(Fp)l = | | (( M;n(9) ))

je1 \mi(4)

+n-1

d+n—l)q(dn—l ) — 1

Pd,n(Q) :

T7,(q) == [Poly? (F,)|

sf _ 7l . sf _ M;n(q)
T = Thio) = Pa 1 = [ ] ()
P2, (q) := [Polyl}, (Fy) = > T7.(q),

Ard

where d represents degree, n the number of variables, and m the maximum multiplicity of

a factor.

There is a well-known formula going back to Gauss and Schonemann for M, 1(q) given

by counting elements in F a4 by the field they generate (see, for example, [78, Cor. 2.1],)

1
Ma,(q) = - D He)gle. (3.5
eld

The value of M, (k) for an integer k > 1 has a combinatorial interpretation as the number
of aperiodic necklaces made with beads of k colors. For this reason, M, (q) is known
as the dth necklace polynomial. There is no apparent analog of (3.5) nor a necklace
interpretation for M, (k) when n > 1. Instead M, ,(q) may be computed recursively as in

the proof of Lemma 3.2.1:

n+1

—4q

Ml,n(CI) = Pl,n(Q) = 1

-1
Md,n(CI) = Pd,n(q) - Z T/l,n(CI)-
Ard
A#[d]
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Our next result shows that all the polynomials listed in Definition 3.2.2 converge
coefficientwise to rational functions in the ring of formal power series Q[[¢]] as the number
of variables n tends to infinity. Recall that coefficientwise convergence in Q[ ¢] is equivalent
to convergence with respect to the g-adic topology. All coefficientwise limits are taken

with respect to the g-adic topology.

Theorem 3.2.3. Let d > 1. Then,

1. The sequence Py,(q) converges coefficientwise in Q[ q] to

-1 g=1

_1
Pieo(q) = lim Pya(q) =1 '
0 d>1.

2. For m > 1 the sequence P! (q) converges coefficientwise in Q[ q] to

m . m k
Po(q) = lim Pyl.(q) = (L_) d=(m+ )k
q
0 d#0,1 modm+ 1.

In particular, if m = 1, then

L4 ]

Piu@ = ()

3. For all partitions A + d and m > 1 the sequences Mqu(q), Tan(q), and T7' (q)

converge coefficientwise in Q[ q] to rational functions as n — co. Furthermore,

it
J

j=1

S M ',OO(Q))

T3 (¢) = | | / .
/l,oo(q) = ( m](/l)
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Proof. 1. By Lemma 3.2.1

d+n-1 q(dt:fIl) — 1
Pun(q) = CI( " )T-
For d = 1 this simplifies to
qn+1 -q
Pinlq) = ———-
Since lim,—,o, ¢" = 0 in Q[ ¢]), it follows that
n+l _ 1
Pio(g)=1lim I ——9-__9 —__—

If d > 1, then lim,,_,c0 (d+;'_1) = co. Thus
(d+:—l)q(d'+’f;l) -1 ~0

Pie(q) = lim ¢ o

2. Consider the generating functions

Z(T0 1) = ) PRt = ) > T (@),

d=0 d>0 A-d
Z(T1) = ) Pal@t” = Y > Tualg)t”.
d>0 d>0 Ard

The binomial theorem allows us to formally exponentiate 1 + ¢ or ﬁ by any element

a € R of a binomial ring? in R[] by

(1+0)*:= Z (Z)td,

d=0

() =2 ()

d=0

2A binomial ring R is a commutative ring with no additive torsion which is closed under taking binomial
coeflicients (see [25].)
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The following product formulas follow by unique factorization in Fy[x1, x2, . . ., x,],

Z(T,, 1) = l_[(l w1 M) = l_[

j=1 i>1

1 Mj,n(q)
Z(Tn,t):l—[(l_ﬂ.) .

1 — fm+1)j\Min(@)
=)

Hence Z(T,,t) = Z(T,, t"*")Z(T™", t). The coefficients of t? for d > 0 in this identity are
polynomials which converge g-adically in Q[ g]| as n — oo. Taking a limit ¢-coefficientwise

as n — oo, (1) implies that

1= Lot = Z(To, 1) = Z(To ™ Z(T0, 1) = (1= ™) Y PR (g
K 1 d>0

Comparing coefficients we conclude that

PZ1+m+l,oo(Q) = 1— lPZ,loo(q)
q
for all d > 0, together with the initial values
Pyo(q) =1
1
Plol@) = -7
q

Pj(q)=0forl <d <m.

Therefore (2) follows by induction.
3. It suffices to prove that for every d > 1 the sequence M, ,(g) converges g-adically to a

rational function, the other claims follow by the explicit formulas given in Definition 3.2.2

and continuity. Recall the recursive formulas for M ,(¢) used in the proof of Lemma 3.2.1.
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Foralld,n > 1,

Ml,n(q) = Pl,n(q)

Man(@) = Pan(@ = D | | ((A:féq))))
J

Ard  j>1
A#[d]

Taking coefficientwise limits as n — oo using (1) we have

1
Mio(q) = Preo(q) = T
T q
% ﬂ m;(d)
A#[d]
It follows by induction that M, «(qg) is a rational function of ¢ for all d > 1. O

There is a surprising relationship between the number of irreducible polynomials in
one variable M, 1(q) and the limit M, (q) of the number of irreducible polynomials in
n variables as n — oo, which gives us an explicit formula for M, .(q). This relationship

takes the form of an involutive functional equation we call liminal reciprocity.

Theorem 3.2.4 (Liminal reciprocity). Forall d > 1,
Mio(q) = —Md,l(l_%)-
q

More explicitly,

1 dfe
Myoo(q) = ——Zu(e)( ) .

_1
eld q
We make use of the following well-known lemma. See Theorem 4.4.2 in Chapter 4 for

a proof and more discussion.

Lemma 3.2.5. For any binomial ring R and any sequence ag € R for d > 0 such that

ap = 1 there exists a unique sequence b; € R for j > 1 such that the following identity
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holds in R|[t].

St =[1(25]

d>0 j=1

Proof of Thm. 3.2.4. Recall the generating function Z(7}, t) used in the proof of Theorem

3.2.3(2), o
1 J»n\q
2@t = Y Paalan’ = [ | (1 - ﬂ.) .

d=0 j=1

Theorem 3.2.3 (1) implies that the z-coefficientwise limit as n — oo is simply

] l_l 1 Md,oc(q)
1- —Iil= ( ) (3.6)
" d>1 I =
When n = 1, P;1(q) = ¢¢ and thus
1 1 Mg,1(q)
— = Z(T ’[ = 37
= = 20 ]—[(l_td) (3.7)

d>1

Substituting g +— 1_% and taking reciprocals in (3.7) gives
q

Comparing exponents with (3.6) and using the uniqueness of Lemma 3.2.5 we conclude
that

Maeo(q) = =M, (1_%) O
q

Remark 3.2.6. The identity (3.7) is known as the cyclotomic identity [63]. It also arises

as the Euler product formula for the Hasse-Weil zeta function of AI(IFq) (see Chapter 4
Section 4.4.)

The rate of g-adic convergence of M, ,,(¢) may be determined from the proof of Theorem
3.24.
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Corollary 3.2.7. Forall d,n > 1,
Md,n(‘]) = Md,w(q) mod qn+1-

Proof. Recall that
B (d+fI1) _ 1
d+n-1 n
Pa(q) = ¢
qg-1

Since (d+Z_1) >n+1ford > 2 and

Pi,(q) = = - mod ¢""",
q- 1

it follows that

> Pun(gi® = 1= Lrrmod g™,
d>0 K

Thus

d>1 d>0
=1- ﬁt mod ¢"*!
q
( 1 )Md,oo(Q) |
= mod ¢"*
_4d
st VIt
Therefore by Lemma 3.2.5,
M.(q) = Myo(g) mod g™+ O
Remark 3.2.8. Notice that the fractional linear transformation g — 1_% is an involution.

Thus Theorem 3.2.4 is equivalent to !

Mya(q) = —Md,oo(l%)-

1
q
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This is the sense in which we consider Theorem 3.2.4 a “reciprocity.”

Our next result combines Theorem 3.2.4 with the combinatorial reciprocity identity

RS

to deduce a striking relationship between factorization statistics of polynomials whenn = 1
and n = oo.

Theorem 3.2.9 (Liminal reciprocity). For any partition A, let {(1) = ;> m;j(4) denote
the number of parts of A. Then

T/ifoo(q) = (=)', (_1_11 )
q

Th(q) = (—I)Z(A)Tj,fl(l_ll)'
q

Proof. Theorem 3.2.3 (3), Theorem 3.2.4, and the combinatorial reciprocity identity (3.8)
imply that

@ =] | (Mj ’w(q))

m;(A)

o (-Mfwl(ﬁ))
m;(4)

=1 |(-1yW Mj’l(ﬁ)

jz1 nm;(4)

= (-7 ().
q

The second identity follows from a parallel computation noting that (3.8) is equivalent to

(2)-crfs) u

52



The liminal reciprocity identity

1) = (1) ()
q

relates the limiting number of squarefree polynomials with factorization type Ain F,[x1, x2, . .

as n — oo to the number of polynomials F, [x] with factorization type A with no restrictions
on factor multiplicity. This relationship is, to us, mysterious. It would be interesting to
find a conceptual explanation for this relationship between infinite and one dimensional

factorization statistics.

3.3 Liminal first moments of squarefree factorization statistics

A factorization statistic is a function Q defined on Poly ; ,(F,) such that Q(f) only depends
on the factorization type of f € Poly,,(F,). Equivalently, O is a function defined on the
partitions of the degree d, or a class function of the symmetric group S;. In Chapter 2 we
determined explicit formulas for the first moments of factorization statistics on Poly ; ; (F,)
and Polyf{l(]Fq) in terms of the characters of symmetric group representations carried by
the cohomology of point configurations in R3.

If X is a topological space, then ordered configuration space of d points in X is defined
as

PConfy(X) := {(ai, az, ...,aq) € X% : a; # aj}.

The symmetric group S, acts on PConf;(X) by permuting the labels of points, and thus
the singular cohomology H*(PConf4(X), Q) is a linear representation of S  for each coho-
mological degree k.

Theorem 3.3.1 combines Theorem 2.2.7 with liminal reciprocity to express the limiting
first moments of squarefree factorization statistics in terms of characters of symmetric

group representations.

Theorem 3.3.1. Let Q be a factorization statistic, and let 0'5 be the character of the

Sq-representation
d-1

sk = (P Sgn, ® HY (PConfy(R?), ©)°). (3.9)
j=k
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Then .
im0 = g DD @b
k=0

1
fePoly)  (Fy) (

Theorem 3.3.1 follows from the following representation theoretic interpretation of
the liminal squarefree type polynomials ijw(q). Recall that for a partition A the liminal

squarefree type polynomial ijm(q) is defined by
TSf . l TSf
,Loo(q) T nl_)rl;lo /l,n(q)’

where Tj’fn(q) is the number of monic squarefree polynomials in Fy[x1, xo, . . ., x,] with

factorization type A.

Theorem 3.3.2. Let A + d be a partition, and let 0'[’1‘ be the character of the Sy-
representation Zfi defined in (3.9). Then

d-1
1
Ti(q) = —— Y (-DFok(g’™,
/I,oo(q) Z/l(l _ q)d kZO( ) d( )q

where zy := []j5; jm-/‘(’l)mj(/l)! is the number of permutations in S; commuting with a

permutation of cycle type A.

Proof. Let /% be the character of the Sy-representation H**(PConf4(R?), Q). In Theorem
2.1.6 we showed that for all partitions A + d,

d—1
1 _
Toi(g) = — § wh gk
S
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Thus, Theorem 3.2.9 gives
(10T, ()
q

| 4= o | \4
J
= 20wl )

q

T3 (q)

1
za(1 -

S ng“d“)%(ﬂ)qd ’Z( 1)"( )
Z/l(l — q)d Z(— )k( Z ( )sgnd(/l)(pd(ﬂ))

zﬁa— ) Z( Do (g™, 0

T Z( DDyl (g (g - 1)

We now prove Theorem 3.3.2.

Proof. Since Q depends only on factorization type, the limiting first moment of Q may be

rewritten as

im o 0() = lim Y 0T (@) = Y QT (9).

fEPOny{n(Fq) Ard Ard

Then Theorem 3.3.2 implies

d-1
S 0T () = 3 ——— Y DOk
(1 —g)*

Ard Ard 4

Z Q(/I)O';,( (/l) qd_k

Ard <A
d-1
=G D =DXQ, kg O
k=0
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The coeflicients of Tﬂs’fl (g) also have representation theoretic interpretations, which
suggests that we might hope for a version of Theorem 3.3.2 for the limiting first moments
of factorization statistics on Poly; ,(F,). However, computations show that the coefficients
of T).-(q) are determined by virtual characters, unlike those of ijoo(q).

In Chapter 2 we pose the question of finding a geometric interpretation of Theorem
2.2.7 which explains the connection between the configuration space PConf,(R?) and
factorization statistics of degree d polynomials over IF,. Furthermore, we would like a
conceptual interpretation of Theorem 3.3.2, be it geometric or combinatorial. The family
of representations ZC’; is unfamiliar to us; we collect some of their basic properties in

Proposition 3.3.4.

3.3.1 Example

We demonstrate the liminal reciprocity identity of Theorem 3.2.9 by computing the ex-
pected value of the sign statistic sgn; on degree d univariate polynomials Poly ,, (F,) and
the limiting expected value of sgn,; on squarefree degree d polynomials Polyi{oo (Fy).

Let sgn, be the sign character of S;. Note that sgn,(1) = (-D4(=1)", where
{(A) = Xj>1mj(4) is the number of parts of 1. Recall that Py,(q) = [Poly,,(F,)| and

P (q) = |Polyy, (Fy)l.

Proposition 3.3.3. Let d > 1.
1. The expected value E,,1(sgn,) of the sign statistic on the set Poly, |(F,) is given by

1 1
Eg1(sgny) := ——— sgn,(f) = ——5.
Y Paiq) fePoél(Fq) ¢ gld/2l

2. The limiting expected value Ecsl,foo(sgnd) of the sign statistic on the set Polyz,f,n(Fq) as

n — oo is given by

sf 1
E; (sgn,) := nhm

* —% P (q)
N7

] Ld/2]
Z Sgnd(f):(1_1) ;

fePoly (Fy) q
where the limit is taken g-adically.
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Proof. 1. Since sgn,(f) depends only on the factorization type of f we have

DL seng(f) =D sen()Tu(g),

fePoly, ,(F,) Ard

Theorem 3.2.9 gives the identity

D OTu(g) =T ()

q

from which we deduce for each d > 1

D sen()Tui(g) = Y (-DU=D)PT(g)

Ard Ard

- Z(—l)dem(ﬁ)

Ard

= 0P ()
q

Theorem 3.2.3 (2) tells us

dil
-t

Pl = ()
Thus,
. seng(T() = P () = 42

Ard

Since Py1(q) = g% and d — | (d + 1)/2] = | d/2] it follows that

1 1
Eg1(sgny) = —— sgn(f) = -
Y Pai(q) fepo%l(Fq) gld/?l

2. Foreachn > 1,

ESf ,(sgny) = ! Z sgng(f) =

sf
d,n(Q) fePolys] (Fy)

D sen(T3 (g).

PSf()/u-d
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Taking a limit as n — oo,

X 1
Ef (sgny) = D sen (DTH(q).

PZfoo(q) Ard

Theorem 3.2.9 gives us
D19 = T (1 ).

q

Therefore,

D sen (DT (@) = D (=D} (q)

Ard Ard

= 20T ()

Ard

_ (_1)d(ﬁ)d.

,00

Since P (q) = (1) (= )" and d = (@ + 1)/2] = La)2 lude th
doo\d) = T an |(d +1)/2] = |d/2] we conclude that
q

1
ES (seng) = ——— Y sgn (DTS (g) = (
¢ Pi(@) Z § !

ld/2]
)
q
3.3.2 The S;-representations 2";

Theorem 3.3.1 relates the limiting first moments of factorization statistics on squarefree
polynomials with a family of symmetric group representations 25. Recall that
d-1 ,
i J
sk = B Sgn, ® HY (PConf 4(R?), @)°®).

j=k

We conclude with Proposition 3.3.4 which records some observations about the represen-

tations 25'

Proposition 3.3.4. Let 0% be the character of £%. Then
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1. The dimension of 2§ is

S a (i
<k
dlmzd:Z[d_i](l._k),
i=k

where [':l’] is an unsigned Stirling number of the first kind (see below for a definition.)

2. The representation

QU

-1
%4

k

has dimension 2d — 1)!! := 2d - 1)2d - 3)---3 - 1.

3. 22 is isomorphic to the regular representation Q[Sy].

I
o

Remark 3.3.5. The sequence dim 25 appears as A088996 in the Online Encyclopedia of
Integer Sequences [84].

Proof. 1. The dimension of a representation is given by evaluating its character on the
identity, hence
Y keyd
dimX; = o, (19).

Theorem 3.3.2 implies that

d-1
1

sf _ § _1\k ko1dy,d-k

T(ld),oo(q)— d'(l—q)d k:()( 1) O-d(l )q .

On the other hand, we may compute T(Slf a) (q) directly as

Mao(q)\  (~ToT
S d,o0 -1
Tauto = ("57) = ()

The unsigned Stirling numbers of the first kind are defined as the coefficients in the

expansion of a binomial coeffcient (),

X 15 k| 4| a-k
(d) = a2 [d—k]x |
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Thus,

d—i
; 1
T (@) = d,Z( )[ ]( 1)
1 d i i
= i )d2< )[ ]d (1-9)
d-1 i
1)+ d~(i-j).
S - q>d§,0< : [ ]()
Let k =i — j and write the sum in terms of i and & to get
k SIK: I d—k
Tl ® = i )dZ( 1) ;[d_i](l._k) 9",

Comparing coefficients in our two expressions for T( 1400 (g) we conclude that

S d i
dim 3 = of(19) = ) [d_i] (i_k).
i=k

(2) Let ws be the character of H**(PConf,(R?), Q). Then using the definition of Zs

and switching the order of summation we have

d—-1 d-1 d . d-1 j J ) d—-1 o
> okad) Z( )wd(l = Z(k)wz,ud):szwz,(ld).
k=0 k=0 j=k j=0 k=0 j=0

Note that by Theorem 2.2.2 (1),

§ 0D Tan@ ﬂ(‘l +d- 1). (3.10)

g ! q?\ d

~
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Evaluating (3.10) at g = % implies

d-1 1
2yt = 2dd!(dd 2) =(Q2d-1)2d-3)---3-1=(2d - .

=0

~

Therefore dim D{_, =% = (24 - 1)!1.

3. By definition we have

d-1

%9 = Sgn, ® () HY (PConfy(R%), Q).
j=0

In Theorem 2.2.12 we showed that

d-1

P 1 (PConf (7%, Q) = QIS

J=

where Q[S;] is the regular representation. The claim follows from

Sgn, ® Q[Sy4] = Q[S4].
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Chapter 4

Cyclotomic factors of necklace polynomials

This chapter is a revised version of the author’s preprint [50].

4.1 Introduction

The dth necklace polynomial M;(x) for d > 1 an integer is defined by

1
My(x) = 7 Z u(e)xd/e, 4.1)
eld

where p is the number theoretic Mobius function. Necklace polynomials arise naturally
in number theory, combinatorics, dynamics, geometry, representation theory, and algebra.
For example, if g is a prime power and F,, is a finite field with g elements, then M,(q) is
the number of F,-irreducible monic polynomials of degree d in F,[x]; if K > 1 is a natural
number, then M,(k) is the number of aperiodic necklaces of length d one can make with
beads in k colors. See Section 4.2 for a more interpretations of necklace polynomials.

We begin with the observation that necklace polynomials are highly reducible over Q.

Example 4.1.1. Letd =3-5-7 = 105, then

Mips(x) = 1%(}6105 x4 —x)

= fFOCH+ D2+ x+ D2 —x + D2 + D(x + D(x = Dy,
where f(x) € ﬁZ[x] is an irreducible polynomial of degree 92.
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With only one exception, the low degree irreducible factors of M,;(x) in Example 4.1.1
are cyclotomic polynomials. Recall that the mth cyclotomic polynomial ®,,(x) is the
Q-minimal polynomial of a primitive mth root of unity. Below we have an explicit formula

for @,,(x) which is useful for computations,

Op(x) = [ [ = 1y,

nlm

This preponderance of cyclotomic factors of M;(x) is not isolated to specific choices of d,

it occurs to some extent for all d.

Example 4.1.2. There are irreducible, non-cyclotomic polynomials f(x), g(x), h(x) €
%Z[x] with degrees 3,210, 708 respectively such that

Mip(x) = %(xlo - x> = x?+x)
= f(x) D6 - Dy - Dy - Dy - x
Mass(x) = 73 — 6 = x4 1)

=g8(x)  Dpg - Dy - Dy - Dy - Dg - D5 - Dy - Py - x
Maai(x) = (71— 67 2057 294 194 13 3y

= h(x) - Dy - Dig - D1y Dy - Dg - Dy - D3 - Dy - Py - x.

In this chapter we study the cyclotomic factors of necklace polynomials, the way this
phenomenon extends to generalizations of necklace polynomials, and how it connects
number theory, combinatorics, and geometry. We begin with a conjecture on which our

subsequent work is predicated on. Recall the factorizations

xX"=1= HCDn(x) xX"+1= rl D,(x).
nlm n|2m

ntm

Conjecture 4.1.3. If ©,,(x) divides M, (x) for some m,d > 1, then either x™ — 1 divides
My(x) or m is even and x™'? + 1 divides My(x).

Conjecture 4.1.3 implies that it suffices to study factors of M;(x) of the form x™ + 1.
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Toward that end our first result is Theorem 4.1.4.

Theorem 4.1.4. Let m,d > 1 be integers.
1. If p is a prime dividing d such that p = 1 mod m, then x™ — 1 divides M (x).

2. If x™ — 1 divides Mj(x), then x™ — 1 divides Mg, (x) for all e > 1.
3. If x™ + 1 divides My(x), then x™ + 1 divides M.(x) for all odd e > 1.

4. If c is the squarefree part of d (c is the product of all distinct prime factors of d),
then all cyclotomic factors of My(x) are induced from cyclotomic factors of M.(x)
(see Definition 4.2.11.) In other words, it suffices to determine the cyclotomic factors
of My(x) for d squarefree.

5. If x™ — 1 divides M;(x), then m divides ¢(d), where ¢ is the Euler totient function.

4.1.1 Minimal cyclotomic factors

Theorem 4.1.4 reduces us to the case where d is squarefree with at least two prime factors
such that x”* + 1 does not divide M,(x) for any proper factor ¢ of d. Say x™ + 1 minimally
divides M;(x) if x™ + 1 divides M;(x) and does not divide M,(x) for any proper divisor e
of d.

Theorem 4.1.5. Let m > 1 be an integer.
1. Let d = pq for distinct primes p and q.
(a) There are no m such that x™ — 1 minimally divides My(x). That is, if x™ — 1
divides mpy(x), then x™ — 1 divides either M,(x) or My(x).

(b) x™ + 1 minimally divides My(x) if and only if p, q # 1 mod 2m and

pq =1+ mmod 2m

p = q+ mmod 2m.
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For example, if p = m—1 mod 2m and g = —1 mod 2m, then x" + 1 minimally
divides M, (x).

2. If d = pqr for distinct primes p, q, r such that p,q,r # 1 mod m and

p’=¢*>=r’>=1modm

pqr = 1 mod m,

then x™ — 1 minimally divides M ;(x).

Example 4.1.6. Let m = 15. Then the prime factors of d = 11 - 19 - 29 = 6061 satisfy the

congruences in Theorem 4.1.5 (3), hence xB -1 minimally divides Mgy (x). In fact

6061 _ 551 319 x209

X - X - 9

Mio61(x) =gge7(x +x2 4+ 1+ x -y
=f(x)- (x5 = 1) - @gp - D30 - Dog - D - Dyg - D1y - Dy

c D1 - Dg - D7 - Og - Dy - O3 - x,

where f(x) is an irreducible, non-cyclotomic polynomial of degree 5964.

It would be interesting to know the extent to which minimal x* + 1 divisors of necklace
polynomials can be classified into infinite families cut out by congruences.
4.1.2 Differences of necklace polynomials

After clearing denominators, the differences between necklace polynomials often have

cyclotomic factors.

Example 4.1.7. There is an irreducible, non-cyclotomic polynomial f(x) € Z[x] of degree
83 such that

91 Moy (x) — 6Me(x) = x°1 — x1? — %7 — 3%+ %% + 2

= f(x) - Ds5(x) - Pa(x) - Dy(x) - x7.
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This implies, for example, that 91 My ({5) = 6Mg({s) for any Sth root of unity {s. Note that
®5(x) is not a common divisor of Mo (x) and Mg(x).

In line with Conjecture 4.1.3 we expect these cyclotomic factors to be accounted for by
factors of dM,(x) — eM,(x) of the form x™ + 1. Theorem 4.1.8 identifies the source of this
phenomenon. Say integers d and e are primewise congruent modulo m if

el ,e2

d=p\'p,

ey e

..pik e:ql qz ..qle;k

for some k£ > 1 and primes p;, g; such that p; = ¢; mod m for each i.

Theorem 4.1.8. Let d, e > 1 be integers. If d and e are primewise congruent modulo m,
then
dMy(x) = eM,(x) mod x™ — 1.

Example 4.1.9. Returning to Example 4.1.7, note that 91 = 7-13 and 6 = 2 -3 are

primewise congruent modulo 5. Hence x> — 1 divides 91 My (x) — 6Mg(x).

4.1.3 Mahler algebra and functional equations

Our main tool for analyzing cyclotomic factors of necklace polynomials is an algebra
of operators we call the Mahler algebra. The Mahler algebra, denoted ¥, is the ring
freely generated as an additive abelian group by symbols [m] for m € N subject to the
multiplicative relations [m][n] = [mn]. Equivalently ¥ is the monoid ring Z[N*] where
N* is the multiplicative monoid of natural numbers. We name ¥ after Mahler because of
the role these operators play in the study of Mahler equations (see [68].)

There is an action of ¥ on polynomials given by [m] f(x) := f(x™). Every polynomial

in f(x) = z=0 arx* € Z[x] has a unique expression as f(x) = [f]x where
d
[f1:= ) alk] € ¥.
k=0

The operator [M,] associated to the necklace polynomial M;(x) factors in ¥ according to

the prime factorization of d.



Theorem 4.1.10. Suppose that d = 1—[ p°r is the prime factorization of d. Then
pld

M) = Zoldl = 5 [ [1p1 = 1T e w.
pld

The factorization of [M] is equivalent to the necklace polynomials satisfying a family
of functional equations studied by Metropolis and Rota [63] (see Section 4.1.4 below.)
Theorem 4.1.11 demonstrates a sense in which the cyclotomic factor phenomenon should

be associated more generally to the operator ¢[d] € V.

Theorem 4.1.11. Let R be any commutative ring and let f(x) € R[x] be a polynomial.
1. If x™ — 1 divides My(x), then

x™ = 1 divides p[d]f(x) := Z ule) f(xY).

eld

2. If x™ + 1 divides M;(x) and f(x) is an odd polynomial, then

x™ + 1 divides ¢[d]f(x) := Z u(e) f(xY).

eld

Example 4.1.12. In Example 4.1.2 we saw that x2% — 1 divides M3s3(x). It follows for any
polynomial f(x) that

x%2 — 1 divides ¢[243]f(x) = f(x*3) = fF(x®) = F(x'N) + f(x).

4.14 Cyclotomic factors of O (x) — 1

The operator [ f] associated to a polynomial f(x) typically does not factor in ¥. Fac-
torizations of [f] correspond to functional equations satisfied by f(x). For example,
the factorization of [M,] given in Theorem 4.1.10 is equivalent to M,(x) satisfying the

following relations (see Theorem 4.2.7.) Let p be a prime integer.
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1. If p does not divide d, then
1 p
Map(x) = I;(Md(x ) = My(x)).

2. If p divides d, then
1
Mgp(x) = I;Md(xp )-

Cyclotomic polynomials satisfy a multiplicative version of the same identities. Again let
p be a prime integer.

1. If p does not divide d, then
Dy(xP)

Dy(x)

(de(x) =

2. If p divides d, then
D gp(x) = Dy(xP).

These identities are equivalent to

log ®4(x) = p[d]log(x — 1).

Thus Theorem 4.1.11 suggests that cyclotomic factors of M;(x) should also divide log @ ;(x),
or equivalently ®4(x) — 1. This does not follow formally from Theorem 4.1.11 since

log(x — 1) is not a polynomial, however we recover the following result along these lines.

xm—1
x—1

Theorem 4.1.13. Suppose that m,d > 1 are integers and x™ — 1 divides M (x), then
divides ®4(x) — 1.

Example 4.1.14. In Example 4.1.6 we showed that x'> — 1 divides Mgg1(x). Thus Theorem
4.1.13 implies that xxlsf_ll divides ®gpe1(x) — 1. Hence if {5 is any non-trivial 15th root
of unity and Jeo61 is a primitive 6061th root of unity, then the following product identity
holds in @,

[ @s—&e) = Peoe(zis) = 1. (4.2)

gcd(k,6061)=1

Since gcd(15,6061) = 1 the difference ¢ {5 - {6"061

to 6061. Hence (4.2) is a non-trivial relation satisfied by these units.

is an algebraic unit for each k coprime
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4.1.5 Trace formula

A cyclotomic factor ®@,,(x) of M,(x) is equivalent to the vanishing M;({,,) = O for any
primitive mth root of unity m. Although M;(x) vanishes at only finitely many roots of
unity, Theorem 4.1.15 shows that M;({,) is approximately zero (in a sense) for all but

finitely many m.

Theorem 4.1.15. Let m,d > 1 and let Try, : Q({,) — Q be the Q-linear trace map (where
Tr,, (@) is the sum over the orbit of a under Gal(Q(Z,)/Q).) Then
1. The trace of My(¢y,) is given by

u(m/d)  when d divides m

T (Ma(4m)) =
otherwise.

2. If d does not divide m and M;(¢,,) is rational, then M () = 0.

3. In particular we have the following evaluations of My(£1),

-1 d=1
1 d=1

My(1) = My(-1)=1 1 d=2
0 otherwise,
0 otherwise.

Since M;(x) = x, the trace computation in Theorem 4.1.15 specializes when d = 1 to

the well-known formula for the trace of a primitive mth root of unity ¢,

T () = pu(m).

We view Theorem 4.1.15 as a generalization of this classic identity. The evaluations of

My(+1) in Theorem 4.1.15 (3) are given geometric interpretations in Section 4.6.

4.1.6 G-necklace polynomials

Aspects of the cyclotomic factor phenomenon extend to two independent generalizations

of the necklace polynomials M,(x): the G-necklace polynomials Mg(x) associated to
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a finite group G, and the higher necklace polynomials M ,(x) enumerating irreducible
polynomials in a multivariate polynomial ring over .

Let G be a finite group and let X be a finite set. An X-coloring of G or a G-necklace
with X colors is simply a function from G to X. The group G acts on X9, the set of all
X-colorings of G. A primitive G-necklace is an element of X¢ with trivial stabilizer. If
the set X has x elements, then the total number of orbits of primitive G-necklaces with X
colors is given by a polynomial M(x) in x called the G-necklace polynomial. An explicit

formula for Mg(x) is given by

1
M — H |G|/|H|’
G(x) Gl HEQGH( )x

where u(H) is the value of the Mobius function of the subgroup lattice of G on the interval
of subgroups between 1 and H (see Section 4.3.)

When G = C; is the cyclic group of order d, a Cz-necklace reduces to the usual notion
of a necklace of length d and Mc,(x) = My(x). Hence Mg(x) is a natural generalization
of M;(x). For certain classes of groups G the polynomials Mg(x) exhibits a cyclotomic

factor phenomenon similar to the cyclic case.

Example 4.1.16. Let Dy be the dihedral group with 20 elements. Then Mp,,(x) factors

over Q as
Mp,,(x) = %(xzo —11x"0 + 10x° — x* + 11x% = 10x) = f(x)(x? + D(x + D(x — D)x,

where f(x) € Z[x] is an irreducible, non-cyclotomic polynomial of degree 15.

Dress and Siebeneicher [24] introduced the G-necklace polynomials in the course of
constructing an isomorphism between the G-necklace algebra and the G-Burnside-Witt
ring. Oh [71] studied the G-necklace polynomials in depth, generalizing the functional
identities for the classic necklace polynomials M;(x) to G-necklace polynomials.

Oh’s results provide new insights into these functional equations, highlighting their
relation to the structure of the group G. When G is solvable we show that Oh’s functional
equations for M(x) translate into a product formula for [ M] in the Mahler algebra. This

factorization of [M¢] gives rise to cyclotomic factors of Mg(x).
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Theorem 4.1.17. Suppose G is a finite group with subgroup K and a chain of normal
subgroups
K=N0<1N1<...Nk<1Nk+1 =G

such Ni+1/N; is cyclic of prime order p;. Let c; be the number of non-trivial subgroups
H C Ny such that NN H = 1.
1. Let Mg(x) be the G-necklace polynomial, then

k

(] Tt = 1) M),

i=0

Mg(x) =

[G: K]

2. Ifci = 1, then xPi~1 — 1 divides Mg(x). If G is solvable and K = 1, then co = 1 and
this implies that Mg (x) has cyclotomic factors.
3. Ifci > 1, then xPi~' — 1 divides |G|Mg(x) in Z/(c; — 1)[x].

Example 4.1.18. The dihedral group D¢ has a cyclic normal subgroup Cjg < Dyg of index

2 and there are 10 non-trivial subgroups in Do which intersect trivially with Cjo, hence
1 1 )
Mpyy(x) = 5([2] = 1011 Mio(x) = Z(Mio(x7) = 10Mi0(x)).

On the other hand, Mp,,(x) = %90[10] %(x2 —10x), so Theorem 4.1.11 implies that Mp,,(x)
is divisible by x — 1 whenever M(x) is. Note that x> + 1 divides Mo(x) but not Mp,,(x);

this is due to %(x2 — 10x) not being an odd polynomial.

4.1.7 Higher necklace polynomials

Let F, be a finite field and let Irry ,(F,) be the set of monic, F,-irreducible, total degree d
polynomials in Fy[x, x2, . . ., x,,]. By amonic polynomial in a multivariate polynomial ring
we mean an Fi; -orbit of polynomials under scaling. Since F,, is finite, Irry ,(F,) is a finite set.
In Chapter 3 we constructed a polynomial M ,(x) € Q(x) such that M,(q) = [Irry,(Fy)|
for any prime power g. For d,n > 1 we call M,,(x) the higher necklace polynomials.
The first (implicit) reference to M, ,(x) we have found is due to Carlitz [14, 15] who
studied the asymptotic behavior of M, ,(x) as n — oco. In Chapter 3 we analyzed the
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x-adic asymptotic behavior of M,,(x), showing that M, ,(x) converges coefficientwise as
n — oo to a simple rational function related to the classic necklace polynomial M;(x) in a
surprising way.

When n = 1 the higher necklace polynomials reduce to the classic case M, (x) =
My(x). If n > 1, then there is no known explicit formula for M,,(x) analogous to the
simple expression (4.1) for My(x). Furthermore [M;,] € ¥ does not appear to factor
in the same way as [My] and [M] do, which we used to explain the cyclotomic factor
phenomenon in those cases. Nevertheless we observe that M ,(x) does generally have
cyclotomic factors for d,n > 1.

For each fixed n > 1, instead of seeing many different cyclotomic factors of M ,(x)
as we vary d, we see the same factors for all but finitely many d. When n = 1 the only
cyclotomic factors that divide M;(x) for all but finitely many d are ®;(x) = x — 1 and
®;,(x) = x + 1. Theorem 4.1.19 below demonstrates this phenomenon.

Let b,n > 1 be integers. A balanced base b expansion of 7 is an expression
n=0b" - b2+ bR — bR - B

where i is even and k1 > ky > k3 > ... > k; > 0 is a decreasing sequence of integers and
the coeflicients on the right hand side alternate between +1. Equivalently, n has a balanced

base b expansion if all of the base b digits of nare 0 or b — 1,
n=GB-Db"+b-Db2+ ... +(b-1)bb.

In that case, the balanced base b expansion of n is gotten by expanding each (b — 1)b* =

b**1 — b* and collecting coefficients.

Theorem 4.1.19. Let d,n > 1 and suppose p is a prime such that n has the balanced base

p expansion

n= arp*.

m
k=0
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Let £, be a primitive pth root of unity. Then

ar ifd=pk

0 otherwise.

Md,n(gp) =

If n has a balanced base p expansion, then xP — 1 divides Mg ,(x) for all but finitely many
d.

Example 4.1.20. If n = 104, then n has the balanced base 5 expansion
104 =5 -5"+5-1.
Therefore, if {5 is a primitive 5th root of unity, then

1 d=5,125
Mgi04(L5)=9-1 d=1,25

0 otherwise.

Hence M 104(x) is divisible by ®s(x) for all but finitely many d.

The lack of functional equations or explicit formulas for M ,(x) requires us to use
another method to analyze cyclotomic factors of M, ,(x). The following “combinatorial

Euler product formula” gives an indirect way to study the higher necklace polynomials.

Theorem 4.1.21. Let P, ,(x) € Q[x] be the polynomial such that P,(q) is the number of

total degree d monic polynomials in Fy[x1, x2, . . ., x,], namely

x(d;n) _ x(d+;l—l

Pd,n(x) = Y1

Then for each n > 1 the following identity holds in the ring of formal power series with

coefficients in Q| x],
J 1 Mj,n(x)
Pj.(x)t" = - ,
Z d.n(X) n(l—ﬂ)

d>0 j>1
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where exponentiation by M ,(x) on the right hand side is defined by the binomial theorem,

(=) =2 ()
where () := fx(x + 1)+ (x +d - 1).

When n = 1 we have P;1(x) = x? and Theorem 4.1.21 specializes to the well-known

cyclotomic identity [63, Sec. 5],

Therefore Theorem 4.1.21 is a generalization of the cyclotomic identity.

4.1.8 Geometric interpretations

We interpret the values My, (+1) geometrically as Euler characteristics of the spaces of
irreducible polynomials over R and C. For any field K let Irr;,(K) be the space of all
monic total degree d irreducible polynomials in K[xq, xp,...,x,]. When K = R or C,
Irry,(K) inherits a topology from its inclusion in the projective space Poly_, ,(K) of all

degree at most d monic polynomials in n variables.

Theorem 4.1.22. Let d,n > 1 and let . be the compactly supported Euler characteristic,
then

n o ifd=1 ap ifd =2F
Xc(Irrd,n(C)) = Md,n(l) = Xc(Irrd,n(R)) = Md,n(_l) =
0 otherwise. 0 otherwise.

where n = Y50 ax2¥ is the balanced base 2 expansion of n.

Example 4.1.23. Suppose n = 13. The balanced binary expansion of 13 is

13=24-22+2-1.
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Hence Theorem 4.1.22 implies

1 d=2,16
xeIrrg3(R) ={-1 d=14

0 otherwise.

Theorem 4.1.22 suggests that the singular cohomology of Irr, ,(R) depends in a subtle
way on the additive structure of the parameter n. It would be interesting to determine the
cohomology of this space.

When n = 1 we can use our understanding of the irreducible polynomials in C[x] and
R[x] to compute M;(+1) geometrically (see Corollary 4.6.8.) In particular since there are
no irreducible polynomials in C[x] or R[x] with degree d > 2 it follows that M,(x1) = 0
for all such d. This gives an interpretation of the cyclotomic factors ®@;(x) and ®,(x) of
necklace polynomials M;(x). We would be interested to know interpretations, geometric

or otherwise, of the values M ,(¢,) for m > 2.
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4.2 Necklace polynomials

Recall that the dth necklace polynomial is defined by

1
Mq(x) = = > u(e)x?le. (4.3)
eld
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Necklace polynomials play an important role in several areas of mathematics. Below we

list some examples familiar to us.

1.

If x = k is a natural number, then M;(k) counts the number of primitive necklaces
formed with d beads in k possible colors. A necklace (a coloring of a cyclically ordered
set) not invariant under any proper rotation is called primitive. This interpretation
of M,(k) gives necklace polynomials their name. Metropolis and Rota [63, Pg. 95]
attribute this interpretation of M (x) to the French colonel Moreau [65]; the M in the

notation is presumably in his honor.

If x = g is a prime power, then M;(g) is the number of irreducible monic polynomials
in IF,[x] of degree d. This interpretation was found by Gauss [37, Pg. 611] and later
independently found by Schonemann [80, Sec. 48, Pp. 51-52].

. A Lyndon word in a totally ordered alphabet with ¢ letters is a word that is lexicograph-

ically minimal among all of its cyclic permutations. The number of Lyndon words of
length d formed from ¢ letters is M;(€). See Berstel and Perrin [5, Sec. 4.2].

If x = g is a natural number, then Witt [95, Satz 3] showed that M;(g) is the dimension
of the degree d homogeneous component of the free Lie algebra on g generators. In this
context (4.3) is sometimes called Witt’s formula [5, Pg. 1005]. Reutenaur [76, Thm.
4.9, Thm. 5.1] gave a combinatorial proof of this result by constructing an explicit basis

for the free Lie algebra from Lyndon words.

. If f(x) € C[x] is a generic degree m polynomial, then the total number of length d

periodic orbits of f(x) under iteration is M;(m). See Silverman [81, Rmk. 4.3].

Metropolis and Rota [63] derived functional equations satisfied by M;(x) and used them
to construct the necklace ring Nr(R) from any commutative ring R. They proved [63,
Prop. 1, Pg. 114] that Nr(R) is isomorphic to W(R) the ring of big Witt vectors of R

whenever R is a binomial ring (see Section 4.4.)
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Despite the prevalence of necklace polynomials, the observation of their reducibility
and cyclotomic factors seems to have been overlooked. In this section we initiate the study
of the cyclotomic factor phenomenon. We found several equivalent ways to approach this
problem, all fundamentally reducing to the functional equations discovered by Metropolis

and Rota [63]. We reinterpret these relations using the Mahler algebra defined below.

4.2.1 The Mahler Algebra

The Mahler algebra YV is the Z-algebra generated by symbols [n] for n > 0 subject to
the multiplicative relations [m][n] = [mn]. The Mahler algebra is canonically isomorphic
to the monoid algebra Z[N*], where N* is the multiplicative monoid of natural numbers.

There is a natural ring endomorphism action of ¥ on polynomial rings given by

[n]f(x) := f(x").

Thus Z[ x] is a WY-module and furthermore a W-algebra. For example, if @ = 3[2]+5[7] € ¥
and f(x) € Z[x] is a polynomial, then

af(x) = B2] + 5[7])f(x) = 3£(x*) + 5£(x").

Observe that Z[x] is cyclic as a ¥-module since if f(x) = Z{:O a;x', then

J
i=0

) =1 = ( Y ailil)x.

Note that [1] = 1 but [0] # 0 in ¥ since [0] f(x) = f(x*) = £(1) while 0f(x) = 0.

Our terminology is inspired by the Frobenius operators in the theory of Witt vectors.
Metropolis and Rota [63] construct the necklace ring Nr(Z) as a combinatorial model of
the integral Witt vectors W(Z). In this model they show that the nth Frobenius operator 7]
(which they denote F,,) acts on the dth necklace polynomial M;(x) by [n]M4(x) = Ma(x").
The ¥ in the notation for the Mahler algebra is a reference to the Adams operations i,

which are the name for the Frobenius operators in the context of K-theory. We adopt this
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notation following Borger [8, Eq. (4.3.1)].

If m,n > 0 are integers, then x”* — 1 divides x™" — 1. Let (x™ — 1) be a principal ideal
in Z[x], then ¥(x™ — 1) C (x™ — 1). Hence Z[x]/(x™ — 1) inherits a ¥-module structure.
Similarly, if # is odd, then x™ + 1 divides x™" + 1 (and this can fail if n is even.) Let podd
be the subalgebra of ¥ generated by [n] for n odd. Then W°%(x” + 1) € (x™ + 1) and
thus Z[x]/(x™ + 1) inherits a ¥°%-module structure. We now construct simpler models for
these modules to facilitate our analysis.

Let W[m] denote the quotient of ¥ as a W-module by “congruence modulo m inside
brackets.” That is [a] = [b] in ¥[m] if and only if @ = b mod m. This quotient is clearly
Y-equivariant since multiplication happens within brackets and preserves congruences. If

a, B €V, then we suggestively write
a = B mod [m]

when @ = 3 in W[m]. We caution that ¥[m] is not the quotient of ¥ by the principal ideal
generated by [m]. To see the difference note that [2] = [7] mod [5], but [5] does not divide
the difference [2] — [7] in . Next define ¥[m]. to be the ¥°4-module defined as the
quotient of W[2m] by the relation [b + m]| = —[b] for all b > 0. The restriction of the action
to P4 avoids unintended consequences: if we multiply the identity [+ m] = —[b] by [2],
then we get

—[2b] = [2b + 2m] = [2b] = 2[2b] = 0.

On the other hand, as a ¥°%-module, ¥[m]. has no additive torsion. If @, 8 € P, then we
write

a = B mod [m].

when a = B8 in ¥[m].. Note that although ¥[m]. is only a ¥°%-module, there is an
element [b] € W[m].. for all integers b > 0. The restriction comes in when we consider
the multiplicative action of W. For example, [6] is an element of ¥[10]. and in this
module we can write [6] = [3][2] with the understanding that the product comes from the
multiplicative action; in this case [2] is an element of ¥[10], and [3] € ¥°%. On the other
hand, we technically cannot write [6] = [2][3] since [2] is not an element of ¥°4d.
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Proposition 4.2.1. Letm > 1.
1. The map a w— ax defines an isomorphism between Y|m]| and Z[x]/(x™ — 1) as
Y-modules.
2. The map a w— ax defines an isomorphism between Y[m]. and Z[x]/(x™ + 1) as
Podd_snodules.

Proof. 1. To show the map is well-defined it suffices to observe that for all b > 0,

[b+m]x = x""" = x” = [b]x mod x™ — 1.

If @ € ¥ maps to the kernel of @ — a@x in the quotient ¥ — W¥[m], then

n n

ax = (x" = 1)( Z akxb") = Z ap(xPtm — xbey,
k=0 k=0
Thus @ = };_,ar([br + m] — [br]) which implies @ = 0 mod [m]. Hence the map
Y[m] — Z/[x]/(x™ + 1) is both injective and surjective, therefore an isomorphism.
2. To show this map is well-defined, first note that Z[x]/(x™ + 1) is naturally a quotient
of Z[x]/(x*™ — 1). Then by (1) it suffices to observe that for all b > 0,

[b+m]x = x""" = —x? = —[b]x mod x™ + 1.

The proof that the kernel is trivial follows just as the previous case with a change of

sign. |

Corollary 4.2.2. Letm > 1 and let « € P.
1. If @ = 0 mod [m], then x™ — 1 divides a f(x) for all f(x) € Z|[x].
2. If @ = 0 mod [m]s, then x™ + 1 divides a f(x) for all odd polynomials f(x) € Z[x].

Proof. Let[f] € ¥ be such that f(x) = [ f]x.
1. If @ = 0 mod [m], then by Proposition 4.2.1 (1) a f(x) mod x™ — 1 corresponds to
a[f] € Y[m]. Since ¥[m] is a ¥-module, we have

alf] = [fl(@) = [f]0 = 0 mod [m].
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Thus x™ — 1 divides a f(x).

2. If @ = 0 mod [m]., then by Proposition 4.2.1 (2) a f(x) mod x™ + 1 corresponds to
a[f]in W[m].. In this case, we can only express [ f] as [ f] multiplied by « if [ f] belongs
to P44, which is equivalent to f(x) being an odd polynomial. In that case the calculation

proceeds as above and we conclude that x™ + 1 divides a f(x). O

Example 4.2.3. Proposition 4.2.1 may seem abstract, but in practice it simply gives us
a convenient shorthand for detecting factors of the form x” + 1. For example, let o =
[10]-2[7]+[4] € Y. Then by reducing modulo 3 inside brackets we see that @ = 0 mod [3].
Hence x3 — 1 divides o f(x) = f(x'0) = 2f(x7) + f(x*) for all polynomials f(x).

Example 4.2.4. Corollary 4.2.2 (2) can fail if f(x) is not an odd polynomial. For example,
if m = 2 then @ = [2] + [0] satisfies @ = 0 mod [2].. since

[2] = [0 +2] = —[0] mod [2]..
If f(x) = x3, then
af(x)= (2] +[0Dx* = x%+ 1 =0 mod x* + 1,
but if f(x) = x2, then
af(x)= (2] +[0])x* = x* + 1 0 mod x* + 1.

Recall that the dth necklace polynomial M,(x) is defined by

1
My(x) = y Z u(e)xdle. 4.4)
eld

Let Sy(x) := dMy(x) € Z[x]. The denominator of M (x) plays no role in the factorization
of this polynomial and adds unnecessary clutter, so we work with S;(x) for simplicity. In

the literature S;(x) is called the dth cyclic polynomial [63, Pg. 97].
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Let ¢[d] denote the operator [S;] € ¥. Equation (4.4) gives us the explicit formula
gld]:= > ple)ld/e).
eld

Recall the classic identity [69, Pg. 195, (4.1)]

w(d) = ) ple)d/e), (4.5)

eld

where ¢(d) is the Euler totient function of d, defined as the number of multiplicative units

in Z/(d). The multiplicativity of the Mdbius function allows us to factor (4.5) as

()= [pr - pr~!

pld

where the product is over prime divisors of d and e, is the maximum multiplicity of p as a
divisor of d. Since the Frobenius operators are multiplicative, it follows that ¢[d] factors

similarly.
Proposition 4.2.5. Let d > 1 and let [d] := [Sa] = Xjq 1(e)[d/e] € ¥. Then
eldl = | [p1-1p™1
pld

Proposition 4.2.5 justifies the notation ¢[d] for [S;]. Note that ¢[d] # [¢(d)]. In
Section 4.2.2 we combine this factorization of ¢[d] with Corollary 4.2.2 to characterize
factors of My(x) of the form x™ + 1, which conjecturally account for all cyclotomic factors
of necklace polynomials (see Conjecture 4.2.9.) While discussing the connection between

the identity (4.5) and necklace polynomials we record one related observation.

Proposition 4.2.6. Let d > 1 and let M/ (x) denote the derivative of My(x), then

(d) 1
M) =22 =T 1--
d d 1;{[ p
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Proof. Taking the derivative of (4.4) we have

M0 == 3" (el

eld
Evaluating at x = 1 gives
ry = _ ¢(d)
M(1) = — %} ue)dfe) = ==, 0

The factorization of ¢[d] given in Proposition 4.2.5 is equivalent to S;(x) satisfying a
family of functional equations. These identities were discovered by Metropolis and Rota

[63, Thm. 3] who proved them combinatorially using necklace interpretation of M (x).

Proposition 4.2.7. Let d > 1 and let p be a prime.
1. If p does not divide d, then

Sap(x) = Sa(x") = Sa(x).

2. If p divides d, then
Sap(x) = Sa(xP).

Proof. (1) If p does not divide d, then ¢[dp] = ([p] — [1])¢[d]. Hence

Sap(x) = eldplx = ([p] — [1Deld]x = ([p] = [1DSa(x) = Sa(x") = Sa(x).

(2) If p divides d, then ¢[dp] = [p]¢[d]. Hence

Sap(x) = ¢ldplx = [pleld]x = [p]Sa(x) = Sa(xP). O

Our proof of Proposition 4.2.7 shows that, more generally, if f(x) = [f]x and [f] =
[g][h] factors in P, then f(x) satisfies the functional equation f(x) = [g]h(x).

The two functional equations given in Proposition 4.2.7 are closely related to functional
equations satisfied by cyclotomic polynomials. In particular, let d > 1 and let p be a prime,
then
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1. If p does not divide d, then
D,4(x")

Dy(x)

q)dp(x) =

2. If p divides d, then
D gp(x) = Dy(xP).

We return to this connection between necklace and cyclotomic polynomials in Proposition
4.2.28.
Theorem 4.2.8 applies Corollary 4.2.2 to show that the cyclotomic factor phenomenon

for M4(x) is associated more generally to the operator ¢[d].

Theorem 4.2.8. Let f(x) € Z[x] be a polynomial.
1 If x™ = 1 divides My(x), then x™ — 1 divides ¢[d]f(x) = X¢ja u(e) f(x4/e).

2. If x+1divides My(x) and f(x) is an odd polynomial, then x™ + 1 divides ¢[d]f(x) =
el t(e) f(xU).

4.2.2 Cyclotomic Factors

Recall that the mth cyclotomic polynomial ®@,,(x) € Z[x] is the monic polynomial defined
by
() 1= ]_[(xm/” — yH),

nlm

Equivalently ®,,(x) is determined by the identity

X" —1= ]_[ D,(x). (4.6)

nlm

Since x*" — 1 = (x™ — 1)(x™ + 1) it follows from (4.6) that

xX"+1= n Dy, (x).
nlm
2nfm
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We conjecture that cyclotomic factors of M (x) may be accounted for by factors of the

form x™ + 1.

Conjecture 4.2.9. If ©,,(x) divides M;(x) for some m,d > 1, then either x™ — 1 divides
My(x) or m is even and x™'? + 1 divides My(x).

We have computationally verified Conjecture 4.2.9 for 1 < m < 300and 1 < d < 5000.
Example 4.2.23 shows that the x/2 + 1 factors are necessary since ®g(x) divides Miq(x)
but x¢ — 1 does not.

The goal of this section is to study the pairs of integers (m, d) such that x™ + 1 divides
M(x). If Conjecture 4.2.9 holds, then these factors account for all cyclotomic factors of
necklace polynomials.

Proposition 4.2.10 shows that for a fixed m, the set of all d such that x™ + 1 divides

M(x) is closed under scaling.

Proposition 4.2.10. Let m,d > 1.
1. If x™ — 1 divides M (x), then x™ — 1 divides Mg.(x) for all e > 1.
2. If x™ + 1 divides Mj(x), then x™ + 1 divides My.(x) for all odd e > 1.

Proof. 1. Our assumption that x”* — 1 divides M,(x) is equivalent ¢[d] = 0 mod [m].
Proposition 4.2.5 implies that ¢[d] divides ¢[de] in ¥, hence ¢[de] = 0 mod [m]. Thus
Corollary 4.2.2 (1) implies x™ — 1 divides M .(x).

2. Similarly x™” + 1 dividing M4(x) is equivalent to ¢[d] = 0 mod [m].. If e is odd, then
olde]/¢[d] € P°U. Since ¥[m]. is a ¥°%-module it follows that ¢[de] = 0 mod [m]..
Thus Corollary 4.2.2 (2) implies x™ + 1 divides Mg,(x). O

Our next result further allows us to reduce to the case when d is squarefree.

Definition 4.2.11. If f(x) € Z[x] is a polynomial, then we say a cyclotomic factor @,,(x)
of f(x¢) is induced from f(x) if ®,(x) divides f(x) for some n > 1 and ®,,(x) divides
D, (x°).

Proposition 4.2.12. If c is the squarefree part of d, then all cyclotomic factors of My(x)

are induced from cyclotomic factors of M.(x).
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Proof. Let f(x)be apolynomial. We claim that all cyclotomic factors of f(x™) are induced
from f(x). If ®,,(x) divides f(x¢) and ¢, is a primitive mth root of unity, then f({¢) = 0.
Hence £, is a root of f(x). Suppose that {5, is a primitive nth root of unity, then ®,(x)
divides f(x). Furthermore ®,,(x) divides ®@,(x¢).

If ¢ is the squarefree part of d, which is to say that c is the product of the distinct prime

factors of d, then Proposition 4.2.5 implies that

eldl = | [Ipr1-1p™"1 = | |lp " 10p] - [1]) = [d/clglel.

pld pld

Hence Sy(x) = [d/c]Sc(x) = Se(x?/¢). Tt follows that all cyclotomic factors of M(x) =

éSd(x) are induced from cyclotomic factors of M, (x). O

Proposition 4.2.14 shows that x™ — 1 factors of M;(x) only depend on the prime factors

of d up to congruence modulo m.
Definition 4.2.13. Say positive integers d and e are primewise congruent modulo m if

€] €2

d=p|'p,

ey ey

ol e=dley gy

for some k£ > 1 and primes p;, ¢; such that
1. pi = g mod m for each i,
2. pi # pjand g; # g; foreachi # j.

Proposition 4.2.14. Let m,d, e > 1. If d is primewise congruent to e modulo m, then

Sa(x) = S.(x) mod x™ — 1.

Proof. If d and e are primewise congruent modulo m, then ¢[d] = ¢[e] mod [m]. It
follows from ¢[d] = [Sy4] and Proposition 4.2.1 that S;(x) = S.(x) mod x™ — 1. O

Example 4.2.15. If d and e are primewise congruent modulo m, then d = e mod m, but

primewise congruence is strictly stronger. Theorem 4.2.14 requires primewise congruence.
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For example, if m = 6 then 7 = 25 mod 6 but S7(x) = x” — x = 0 mod x% — 1 while
Srs(x) = x% — x> =x—x> £ 0mod x° - 1.

Remark 4.2.16. Suppose p is a prime and dj is a sequence of natural numbers such that
dy is primewise congruent to dj,; modulo p* for all X > 1. Then Theorem 4.2.14 implies
that the sequence Sy, (x) converges in the projective limit &iLnZ[x] / (xl’k — 1). This limit
can be interpreted as an “analytic function on pth power roots of unity,” (see Habiro [41].)

We save the study of these limits for future work.

The next result gives a simple necessary condition for x” — 1 to divide My(x).
Proposition 4.2.17. If x™ — 1 divides M (x), then m divides ¢(d).

Proof. Consider the Z-module map ¥[m] — Z/(m) determined by [a] +— a for all a € N.
Proposition 4.2.5 implies that ¢[d] +— ¢(d) under this map. Since x™ — 1 dividing
My(x) is equivalent to ¢[d] = 0 mod [m], it follows that ¢(d) = 0 mod m is a necessary

condition. O
Example 4.2.18. Let d = 15 and m = 8. Then ¢(15) = 8, but

Sis(x)=xP =X =P +x=x"-x - +x 2 0mod x* - 1.

Hence m dividing ¢(d) is not a sufficient condition.

4.2.3 Minimal cyclotomic factors

Proposition 4.2.10 implies that cyclotomic factors of M (x) are inherited by M. (x). We
say that x™ + 1 minimally divides M (x) if it divides M;(x) but not M,(x) for any e
dividing d. In this section we initiate the study of minimal cyclotomic factors. The first

case to consider is when d = p is prime.

Proposition 4.2.19. Let m,d > 1.
1. If d has a prime factor p such that p = 1 mod m, then x™ — 1 divides M (x).
2. x™ =1 minimally divides M,(x) for a prime p if and only if p = 1 mod m.
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Proof. 1. If p = 1 mod m, then [p] = [1] mod [m] and thus ¢[d] = 0 mod [m] by
Proposition 4.2.5.
2. Since Sy(x) = xP — x = x(xP~1 — 1) we see that x™ — 1 divides Sy(x) if and only if

m divides p — 1, which is to say that p = 1 mod m. |

Example 4.2.20. If d = 35 = 57, then Proposition 4.2.19 implies that M35(x) is divisible
by

=1 =D04x) - Dp(x)- @1(x) and  x°—1 = Dg(x) - D3(x) - Da(x) - D1 (x).
In fact we have
M3s5(x) = f(x) - @g(x) - Pa(x) - P3(x) - Po(x) - Py (x) - x,

where f(x) € %Z[x] is an irreducible, non-cyclotomic polynomial of degree 26.

Proposition 4.2.21. Let m > 2.

1. If p and q are distinct primes, then there are no m for which x™ — 1 minimally divides

Mpy(x).
2. If p and q are distinct primes and x™ + 1 minimally divides M,,(x), then p,q %

1 mod 2m and

pq =1+ mmod 2m

p =q+mmod 2m

For example, if p = m — 1 and q = 2m — 1 are prime then they satisfy the above
congruences.

3. If p, q, r are distinct primes such that

pPP=¢*=r’=1modm

pqr = 1 mod m
p,q,r # 1 mod m,
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then x™ — 1 minimally divides M4, (x).

Proof. 1. If x™ — 1 divides M,,(x), then ¢[d] = [pg] — [p] — [¢] + [1] = 0 mod [m]. By
considering the signs of the coefficients of ¢[d] we see that either p or ¢ must be congruent
to 1 mod m. If p = 1 mod m, then x™ — 1 divides M, (x), similarly for ¢, and thus in either
case x™ — 1 does not minimally divide M, (x).

2. If x™ + 1 minimally divides M,,(x), then ¢[d] = [pq]—[p]—[q]+[1] = 0 mod [m]..
If p or ¢ were congruent to 1 mod 2m, then x”* + 1 is not a minimal divisor. Therefore, the
only way for ¢[d] = 0 mod [m].. is for pg = 1+m mod 2m so that [pg]+[1] = 0 mod [m].,
and for p = ¢ + m mod 2m so that [p] + [¢] = 0 mod [m]..

3. Similar to the analysis in the previous two cases one can check that these congruences

do imply that ¢[d] = 0 mod [m] and force x™ — 1 to be minimal. O

Remark 4.2.22. For a fixed m, Dirichlet’s theorem on primes in arithmetic progressions
[57, Pg. 167] implies that if we can find classes in Z/(m)* which satisfy the congruences
in Proposition 4.2.21, then there will be infinitely many primes in those residue classes.
Hence, in general, classifying the d which are a product of k distinct primes such that x" + 1
minimally divides M (x) reduces to solving a single congruence equations in Z/(m)*.

Example 4.2.23. If m = 3, then for any prime p = 5 mod 6 the primes 2 and p satisfy the
congruences of Proposition 4.2.21 (2). Hence if p = 5, it follows that x> + 1 = ®g(x)-D2(x)

minimally divides M;o(x). In fact
Mip(x) = (X7 + x% = 1) - Dg(x) - Py(x) - Po(x) - Dy(x) - x.

Example 4.2.24. Let m = 15. Then 4, 11, 14 € Z/(15)* satisfy the congruence conditions
in Proposition 4.2.21 (3). The primes 11, 19, 29 fall into these congruence classes, hence
x> — 1 minimally divides M,;(x) when 6061 = 11-19 - 29.

Example 4.2.25. Proposition 4.2.21 provides the first families of examples of minimal
cyclotomic factors but is far from exhaustive. If m = 10 and p, ¢, r = 3, 13, 19, then these
primes do not satisfy the congruences of Proposition 4.2.21 (3) but one can check that
x1% + 1 minimally divides My (x) where d = 741 =3 - 13- 19.
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In would be interesting to know the extent to which all minimal cyclotomic factors can
be classified into families defined by congruences as in Proposition 4.2.21. We leave this

for future work.

4.2.4 Local cyclotomic factors of necklace polynomials

The product formula for ¢[d] allows us to determine when x”* — 1 divides S;(x) modulo a
prime ¢. Note that this is equivalent to ¢ dividing Sz(x) modulo x™ — 1.

Theorem 4.2.26. Let m > 1 and suppose that a mod m has multiplicative order dividing
£~ for some prime € and k > 1. If d has at least jt* distinct prime factors p such that

p = a mod m, then ¢/ divides Sy(x) mod x™ — 1.

Proof. Proposition 4.2.5 gives the factorization

eld] = [ [(p"11p] - [1]).

pld

Our assumption on the divisors of d implies that ¢[d] has a factor of ([a] — [1])/ “ modulo
p p ¥

[m]. Reducing coefficients modulo £ we see that
(lal - [1D" = [a™] - [1] = 0 mod ¢.

Hence ([a] — [1])‘7]( is divisible by ¢ in W[m]. Therefore S;(x) = ¢[d]x is divisible by £/
modulo x” — 1 by Corollary 4.2.2 (1). O

Example 4.2.27. Letm = 3and £ = 2. Considerd = 2-5-11-17-23-29 = 1247290. All six
of the prime factors of d are congruent to 2 mod 3 which has multiplicative order 2. Hence,
in the notation of Theorem 4.2.26, j = 3 and it follows that 2° divides S;(x) mod x> — 1.
If w is a primitive 3rd root of unity, then we can also conclude that S;(w) is divisible by 8

in Z[w]. The divisibility of Theorem 4.2.26 is not sharp; for example,

Sy(x) = 2°(x = x?) mod x° — 1.
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Recall that
Dy(x) = ]—[(xd/e — )H©,

eld

Taking logarithms we get
log @,(x) = ¢[d]log @1(x) = ¢[d]log(x - 1). (4.7)

Proposition 4.2.8 shows that cyclotomic factors of M,(x) imply cyclotomic factors of
@ld] f(x). This result does not directly apply to log ®4(x) = ¢[d] log(x—1) since log(x—1)
is not a polynomial; convergence issues arise when trying to define the quotient of the power

series ring by x” — 1. Nevertheless, we recover the following result.

xm
X

Proposition 4.2.28. Suppose that m,d > 1 and x™ — 1 divides M (x), then
Dy(x) - 1.

_11 divides

Proof. If ¢ is the squarefree part of d, then ®4(x) = ®.(x%/¢) and it follows that all
cyclotomic factors of ®4(x) — 1 are induced (in the sense of Definition 4.2.11) from
cyclotomic factors of ®.(x) — 1. Therefore, by Proposition 4.2.12, it suffices to prove the
result for d squarefree.
Proposition 4.2.1 implies that x™ — 1 dividing M,(x) is equivalent to ¢[d] = 0 mod [m].
Thus
0= meld/el= ) nala] mod [m]

eld 0<a<m

=), He).

eld
d/e=a mod m

where

Therefore n, = 0 for each 0 < a < m. Note that if @ = b mod m, then

xt—1 xbP-1 dx’”—l
= mo .
x—1 x—-1 x-1
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Consider the product formula for ®,(x) with d > 1,

d/e_l /"(e)
X
O e N [ e

eld eld

where the last equality follows from 3, ; p(e) = O whenever d > 1. Reducing modulo

m__
-1 we have
x—1

% -1 ule) x4 -1 ng xm -1
v=[1 1 (E5) =11 (55) =ime 5 o
0<a<m eld 0<a<m
d/e=a mod m

Example 4.2.29. In Example 4.2.24 we showed that x!> — 1 divides Mgog1(x). Theorem
4.2.28 implies that 2= divides ®goe1 (x) — 1.

x—1

Example 4.2.30. Since log(x — 1) is not an odd power series we should not expect factors
of M;(x) of the form x™ + 1 to correspond to factors of ®;(x)— 1. For example, in Example
4.2.23 we showed that x> + 1 divides M;((x), while ®;((x) — 1 factors as

Dro(x) =1 = (% + D(x = Dx.

Theorem 4.2.28 may be interpreted as giving explicit relations between algebraic units

in cyclotomic extensions. If x:__ll divides ®;(x) — 1, then

1—[ (Zm—fff) =1,

ac(Z/(d))*

where ¢, and {; are primitive m and dth roots of unity respectively. For more on cyclotomic
units and their relations see Washington [94, Chp. 8] and Sinnott [83].

4.2.5 Trace of My(,)

We conclude this section with a computation of the trace of M;({,), where ¢, is a
primitive mth root of unity. Let Tr,, : Q({,,) — Q be the Q-linear trace function defined by
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Trp(@) := 2 gecaai,) o) (@) Then we define T(d, m) for positive integers d,m > 1 by

T(d’ m) = Trm(Md(gm)) € Q.

Note that T(d, m) is independent of the choice of primitive mth root of unity £, since the
trace is invariant under the action of Galois, which is transitive on primitive mth roots of

unity.

Theorem 4.2.31. Forall m,d > 1 we have

u(m/d)  when d divides m
T(d,m) := Tr,(Mg(4m)) =
otherwise.,

where u is the standard Mobius function.
Our proof of Theorem 4.2.31 uses results stated in Section 4.4.

Proof. The cyclotomic identity (see Theorem 4.4.3) is the following product formula for

formal power series with coefficients in Q[x],

1 ( 1 )Md(x)
— _ ’
1— xt >l 1-—1¢

Substituting x = ZX for each k gives

1 1 1
T—m [ 1= zk [ n(m

0<k<m 0<k<m d>1

)Md(é’,’;)
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Switching the order of the product we have

1 1\ Zoskem Ma(Zy)
1= 1 -
o\ el Tre(Ma(&e)
11—
1\ ZemT(de)

-

Lemma 4.4.2 allows us to compare exponents on both sides of this equation to conclude
that

> 1(d,€) = 6am,

elm
where 0,4,, = 1 if and only if d = m and 0 otherwise. Applying Mobius inversion gives

our conclusion,

u(m/d)  when d divides m
T(d.m) = ) ulm/e)dse = 0

elm 0 otherwise.

Since M;(x) is defined over Q, if M;({,,) = O for some primitive mth root of unity
{m» then M;(x) must vanish at all primitive nth roots of unity. Thus, if Tr,,(M4({y)) # 0
it follows that M4({,,) # 0. This provides a minor obstruction for cyclotomic factors of

necklace polynomials.

Corollary 4.2.32. If d is a divisor of m such that m/d is squarefree, then My({y,) # 0, or
equivalently ®,,(x) does not divide My(x).

Proof. 1f m/d is squarefree, then

Trn(Ma(Gm)) = p(m/d) # 0.

Therefore My(&,) # 0. O

Theorem 4.2.31 shows that M,;(Z,,) approximately vanishes for all but finitely many d

93



where it presents an obstruction. Corollary 4.2.33 gives a simple vanishing criterion from
Theorem 4.2.31.

Corollary 4.2.33. If d does not divide m and M ((,,) is rational, then My({,,) = O.

Proof. 1If M;(¢,) were rational, then Tr,,(My(&y)) = @(m)My(Ly,). On the other hand,
Theorem 4.2.31 implies that Tr,,(M (<)) = 0. Hence My(,,) = 0. O

In particular when m = 1,2 the values of M;(+1) are necessarily rational. Theorem

4.2.31 specializes in that case to give the following computation.

Corollary 4.2.34. Let M;(x) be the dth necklace polynomial. Then,

-1 d=1
1 d=1
My(1) = My(-1)=49 1 d=2
0 d>1. 0 452
> 2.

We compute the evaluations M;(+1) in two other ways as Corollary 4.4.4 and Corollary
4.6.8. Itis, of course, easy to compute M;(+1) directly from the explicit formula for M;(x)
(see Lagarias [55, Lem. 2.2] where this evaluation is used in his construction of the z-
splitting measure.) These alternative computations of M;(+1) each offer a new perspective,

and in the case of Corollary 4.6.8 a surprising geometric interpretation.

4.3 G-Necklace Polynomials

For any finite group G there is a polynomial Mg(x) called the G-necklace polynomial such
that if G = Cj is the cyclic group of order d, then M¢,(x) = My(x) is the classic necklace
polynomial. In this section we show that the cyclotomic factor phenomenon studied in
Section 4.2 for M (x) extends to Mg(x) for all solvable groups G. Our main result is
Theorem 4.3.2 stated below.

4.3.1 Constructing Ms(x)

Let X be a finite set and let X be the set of functions from G to X, or equivalently
X-colorings of G. The group G acts on f € X% by (g - f)(a) := f(g~'a). For each
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subgroup K C G we define Sgx(X) € X© to be the set of colorings with stabilizer
K. If K is a subgroup of G, then the subset of all X-colorings of G with stabilizer
containing K correspond naturally to X-colorings of the right cosets K\G. Thus we have

the decomposition G-sets,

XK\GE I_I S(;’H(X).
KCHCG

If X has x elements, then Mobius inversion with respect to the subgroup lattice of G [86,

Prop. 3.7.1] implies that |Sg x(X)| is a polynomial in x = |X| which we denote Sg x(x),

Sex(x)= ) p(K H)IH, (4.8)
KCHCG

where u is the Mobius function of the subgroup lattice of G. When K = 1 is the trivial
subgroup we write Sg(X) := Sg,1(X) and

Sa(x) = Sg1(x) = > p(H)xIOH) 4.9)

HCG
where u(H) := u(1,H). Let Mg(X) denote the set of G-orbits of elements in Sg(X).
The elements of Ms(X) are called primitive G-necklaces. Then by the orbit-stabilizer

theorem,

Mo (x) = |Mg(X)| = |—(1;|SG(X)-

Mg (x) is called the G-necklace polynomial. When G = C; is the cyclic group of order d,
(4.9) specializes to the formula for M;(x)

1 . 1
M - H [CdH] - _ d/e — M .
%) = 1o chcd u(H)x y %y(e)x a(x)

Hence the G-necklace polynomials generalize the classic necklace polynomials and Sg(x) =
|G|Mg(x) generalizes Sy(x) = dMy(x).

Dress and Siebeneicher [24] introduced the G-necklace polynomials in the course of
constructing an isomorphism between the G-necklace algebra and the G-Burnside-Witt

ring. In their work G is allowed to be any profinite group, but for simplicity we restrict
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to finite groups. Oh [71] studied the G-necklace polynomials in depth, generalizing the
functional identities (Theorem 4.2.7) established by Metropolis and Rota [63] for the classic

necklace polynomials M (x) to the G-necklace polynomials Mg(x).

Example 4.3.1. Let G = S3 be the 3rd symmetric group. If we divide an equilateral
triangle into six regions by connecting each edge to the opposite vertex, then S3 acts
freely and transitively by reflections on the regions. Hence an X-coloring of the regions
gives an element of X53. The figure below illustrates 2-colorings of S3 with stabilizers
H =1,((12)), ((123)) respectively. Recall that the Mobius function of a poset P is defined

Figure 4.1: Primitive 2-colorings of S3.

so that for each interval [a, c] in P we have ), ;. t(a, b) = O unless a = ¢ in which case
u(a,a) = 1. These conditions uniquely determine y if P has finite intervals. Using (4.9)

we compute

1
Ms,(x) = g(x6 —3x> = x% + 3x).

Therefore there are 7 = Mj,(2) primitive 2-colorings of S3. Representatives of these

colorings are depicted below.

A A AN A

Figure 4.2: All primitive 2-colorings of S3.
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4.3.2 Cyclotomic factors of Ms(x)

Recall the Mahler algebra ¥ defined in Section 4.2.1 as the Z-algebra generated by [m]
for m € N such that [m][n] = [mn]. Theorem 4.3.2 shows how an expression of G as a
solvable extension of a subgroup K corresponds to a factorization of [Sg] in ¥ and hence

to a functional equation relating S;(x) and Sk (x).

Theorem 4.3.2. Suppose G is a finite group with subgroup K and a chain of subgroups
Kf:Ab<Ah<...Nk<A&+1=(;

such that Niy1/N; is cyclic of prime order p;. Let c; be the number of non-trivial subgroups
H C Niyy suchthat NN H = 1.
1. Let SG(x) be the polynomial defined in (4.9), then

k
So(x) = ([ Jipil - ail]) k().
i=0

2. If ¢; = 1 for some i, then xP~' — 1 divides Sg(x). If G is solvable and K = 1, then

co = 1 and this implies that Sg(x) has cyclotomic factors.

We first prove Lemma 4.3.3. This result, due to Oh [71, Thm. 3.6], generalizes an
identity for M,(x) first proved by Metropolis and Rota [63, Thm. 3].

Lemma 4.3.3. If K C G is a subgroup, then

Sk = X Sau(x).
KnH=1

Proof. The result follows by counting the elements of the restriction Resg(X G) with trivial
stabilizer in two ways.
First note that as a left K-set G decomposes into [G : K] copies of K corresponding to

the right cosets K\G. Hence we have the K-set isomorphisms,
ReS[G((XG) ~ (XK)[G:K] ~ (X[G:K])K.
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Therefore the number of elements of Resg(X Gy = (XIOKNK with trivial stabilizer is, by
definition, Sk (x[GK]).

On the other hand, if f is an element of X G with stabilizer H, then the stabilizer of f
in ResIG((XG) is K N H. Thus

Sk(OK) = 3" S u(x). 0
KNH=1
Proof of Theorem 4.3.2. 1. Applying Lemma 4.3.3 to G = N;;; with subgroup K = N; we
have

Sy, (xP7) = Z SNy H(X),

N;nH=1
hence

SNt (%) = S (") = > S (x). (4.10)
NiNnH=1
H+#1

Since N; <« N;;1 is a normal subgroup with cyclic quotient of prime order, any nontrivial

subgroup H C N;41 such that N; N H = 1 must be cyclic of order p;. By (4.8) we have

SNi+1,H(X) = Z u(H, J)X[NMIJ].

The second isomorphism theorem for groups [57, Pg. 17] implies that the interval of
subgroups between H and N, is isomorphic as a lattice to the subgroups of N; and that
[Nis1 : J] = [N;, N; 0 J]. Hence

St () = Y (DN = 5y ().

1CJCN;

If ¢; is the number of nontrivial subgroups H C N;; such that N; N H = 1, then (4.10)
simplifies to
SN (x) = Sn, (xP7) = ¢iSn.(x) = ([pi] = ci[1DSn; (%),

where [p;] — ¢;[1] € ¥ is an element of the Mahler algebra. The product formula then

follows by induction on i.
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2. If ¢; = 1, then the factor [p;] — ¢;[1] in the product formula for Sg(x) vanishes in
¥[p; — 1]. Hence by Corollary 4.2.2 (1) it follows that x”~! — 1 divides Sg(x). If G is
solvable and K = Ny = 1, then N; is the only nontrivial subgroup of N; and Ny N N; = 1.
Hence ¢y = 1 and Sg(x) is divisible by x?i~! — 1.

(3) This follows from (2) after reducing the coefficients in ¥ modulo ¢; — 1. O

Example 4.3.4. If G = Cpe is cyclic of order p® withe > 1 and 1 = Ng<Nj<... <N, = Cpe
is a composition series, then each p; = p and ¢; = 0 for all i except ¢p = 1. In this case
Theorem 4.3.2 (1) simplifies to Proposition 4.2.5,

Sc,e(¥) = ([p1= [P~ Dx = ¢[p©lx.

Example 4.3.5. If G = Dy, is the dihedral group of order 2d, then the cyclic group C;<D»g4
is a normal subgroup of index 2. There are d elements of order 2 in D,; not contained in
Cg4, hence Theorem 4.3.2 (1) implies that

Sps0(x) = (12] = d[11)Su(x) = Sa(x?) = dSa(x) = ) u(e)(x**/° = dx/°).
eld

Corollary 4.2.2 (1) implies that x™ — 1 divides Sp,,(x) whenever x” — 1 divides S;(x).
This does not hold for factors of S;(x) of the form x™ + 1 since 2 is even. For instance, in
Example 4.2.23 we saw that x3 + 1 divides S1o(x), but

Spy(x) = 2% = 11x1% 4+ 10x° — x* + 11x% = 10x = f(x)(x* + D(x + 1)(x = Dx,

where f(x) is an irreducible, non-cyclotomic polynomial of degree 15; hence Sp,,(x) is

not divisible by x> + 1.

Example 4.3.6. If G = Qg is the quaternion group, then Qg has a cyclic normal subgroup

N of order 4 such that there are no nontrivial subgroups of Qg which intersect N trivially.
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Thus Theorem 4.3.2 (1) and Proposition 4.2.5 imply that
Sos(x) = [2]84(x) = x® — x* = x*(x? + D(x + D(x - 1).

Example 4.3.7. If G is a finite abelian group, then G is a direct product of cyclic groups
[58, Thm. 8.2],
G =Cy XCygy X+ XCy,.

Combining Theorem 4.3.2 (1) and Proposition 4.2.5 we find that

Sc(x) = pldi]plda] - - - ¢ldi]x,

hence if x™ — 1 divides Sy, (x) for some i, then x” — 1 divides Si(x) by Corollary 4.2.2.

4.3.3 Mobius function of a solvable extension

Combining the explicit formula for Sg(x) in (4.9) with the functional equations in Theorem
4.3.2 (1) we derive a relation between the value of the Mdbius function of a group K and
of a solvable extension G of K. An essentially equivalent version of this formula appears
in Hawkes, Isaacs, Ozaydin [47, Cor. 3.4]. They attribute this formula to Gaschiitz [36],

however we were unable to find a reference to it in his paper.

Theorem 4.3.8. If G is a group with normal subgroup K such that G/K is solvable with
composition series
1 =Ny<Ny<...<«<Niy =G/K,

such that [Niy1 : N;| = p; is prime with c¢; non-trivial subgroups H C N;.| such that
N;NH =1, then
u(G) = (=)' coer - - crp(K).

Proof. Recall the formula (4.9) for Sg(x),

Sa(x) = ) u(H)IH,

HCG
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The coefficient of the linear term of Sg(x) is u(G). On the other hand Theorem 4.3.2 (1)
gives the relation
k
So) = ([ o1 = el 1) 8.
i=0

Comparing linear terms on each side of this equation we get
1(G) = (- ey - - crp(K). O
When G is solvable and K = 1 Theorem 4.3.8 simplifies to
w(G) = (=) coer - ey,

which appears in [47, Cor. 3.4].

4.4 Combinatorial Euler Products

Our main tool for the results in Sections 4.5 and 4.6 is a product formula for unital formal
power series which we call the combinatorial Euler product. In this section we review
the existence and uniqueness of combinatorial Euler products (Lemma 4.4.2); discuss
their relation to number theory, combinatorics, and Witt vectors; and apply them to the

evaluation of necklace polynomials (Corollary 4.4.4.)

4.4.1 Existence and uniqueness

Definition 4.4.1. A commutative ring R is called a binomial ring if
1. R is torsion free as an abelian group (ma = 0 withm € Z and a € A implies m = 0
ora =0,) and
2. Foreacha € Randn >0, (%) = La(a-1)(a-2)---(a-n+1)€R,

Binomial rings were defined by Philip Hall [42] in his study of nilpotent groups.
See Elliott [25] for an overview and further references on binomial rings. Examples of
binomial rings include any localization of Z, any Q-algebra, and the ring of integer valued

polynomials in Q[x].
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Let
((x)) = %x(x+l)(X+2)---(x+n—l):(X+Z_1)_

n

Recall that (z ) counts the number of subsets of size n chosen from a set of size x with
repetition. The second condition of a binomial ring is equivalent to (Z) € Rforeacha € R
and n > 0 by the combinatorial reciprocity identity (see Stanley [85],)

((i)) - (—1)"(_nx). 4.11)

Let R be a binomial ring and let A(R) := 1 + ¢R[[¢]] be the set of unital formal power
series with coeflicients in R. We use (fl)) to define an exponential action of R on certain

elements of A(R). In particular,

(i) =%

n>0

By (4.11) this identity is equivalent to the binomial theorem.
Lemma 4.4.2 is well-known in the context of formal power series, symmetric functions,
and the theory of Witt vectors but is typically not stated in the generality which we

technically require.! We prove it here for completeness.

Lemma 4.4.2. For any binomial ring R and any sequence a; € R for d > 0 such that

ap = 1 there exists a unique sequence b; € R for j > 1 such that the following identity

holds in A(R). ,
1 J
Zadtd:n(l_ﬂ.) . (4.12)

d>0 j=1

Furthermore (4.12) is equivalent to

ad:Zbﬂ

Ard

IMetropolis and Rota [63, Sec. 6, Prop. 1] mistakenly state this result for an arbitrary commutative ring;
the correct version in terms of binomial rings appears in Elliott [25, Prop. 10.1].
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where for a partition A = (1™2™2 .. .)

-1l2)

Proof. The right hand side of (4.12) expands as

() =TI () =% %

j=1 j=1 m=0 d=0 Ard

We show by induction on d that there exists a uniquely determined sequence b; such that

foralld > 1,
ag = Zb/l.
Ard

For d =1 there is only partition A and thus a; = b;. Now suppose that d > 1 and that we

have shown b; is uniquely determined for j < d. Then

bd:ad— Zb/l.

Ard
A#(d)

If 2 # (d), then all parts of A have size j < d hence b, is uniquely determined by our
induction hypothesis. O

We call (4.12) the combinatorial Euler product factorization of the series f(¢) =
> 450 aqt®. This terminology was chosen to highlight a useful analogy which we discuss

below.

4.4.2 Combinatorial Euler products in number theory

Classically an Euler product refers to a factorization of a Dirichlet series associated to

prime ideals in a ring of integers. The essential example is the Euler product for the

1 1
as)::Z;:Dl_

n>1

Riemann zeta function,

=
P
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If V is a variety defined over a finite field F,, then the Hasse-Weil zeta function ¢y () € A(Z)
associated to V is defined by

d
Gv(1) = exp (Z |V<qu>|%) = > 1Sym“(V)(By)l¢*,

d>1 d>0

where Sym“(V) is the dth symmetric power of V. The Euler product for /y(¢) takes the

1 \MW)
ao=[1(=)

j=1

form

where M;(V) is the number of transitive Frobenius orbits on V(E) with size j. This Euler

product is an example of a combinatorial Euler product and is our motivation for the name.

4.4.3 Combinatorial Euler products in combinatorics

The combinatorial aspect of the combinatorial Euler product relates in part to an analogy
between integers and partitions discussed in the paper [39] by Granville and further elab-
orated in the book [3] by Arratia, Barbour, and Tavaré: Just as every integer has a unique
prime factorization, every partition has a unique “factorization” as A = (1”2”2 ...). The
“primes” in this setting are the natural numbers j > 1. The analog of the Riemann zeta

function is the partition generating function; its combinatorial Euler product decomposition

> o =[] {1=5).

d>0 jz1

is the well-known identity

where p(d) is the number of partitions of d.

4.4.4 Necklace rings and Witt vectors

For any commutative ring R Grothendieck [40] defined a ring structure on the unital formal
power series A(R). The addition in A(R) is multiplication f(r) & g(¢) := f(¢)g(¢) and the
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product is uniquely determined by

Lot
l—at 1-=bt  1-abt

where a,b € R. The ring A(R) is isomorphic to the ring of big Witt vectors W(R). See
the unpublished notes of Lenstra [59] for a nice proof that A(R) forms a ring with these
operations and that A(R) is canonically isomorphic to W(R) as it is classically defined.
Metropolis and Rota [63, Sec. 6, Prop. 1] use the combinatorial Euler product formula
to give an isomorphism between A(Z) with Grothendieck’s ring structure and the necklace
ring Nr(Z). Dress and Siebeneicher [24] give a combinatorial construction of the necklace
ring Nr(Z) as the Burnside ring of almost finite C-sets ﬁ(C ), where C is the infinite cyclic
group. A set X with an action of C is called an almost finite C-set if for each subgroup
C/ of C, the set M;(X) of orbits with stabilizer C/ is finite. Then the Burnside ring of
almost finite C-sets is the complete topological ring generated by classes [X] for each

isomorphism class of almost finite C-set X with relations
[XuY]=[X]+[Y] [X xY] = [X][Y]

when X and Y are almost finite C-sets. If [j] € ﬁ(Z) represents the class of the transitive

C-set with j elements, then each [X] € ﬁ(Z) has a unique expression as

[X]= ) IM;(X)IJ].

=1

The isomorphism between ﬁ(C) and A(Z) is given by

NIV
(X1— | | (1 - ﬂ.) , (4.14)

bringing us again to a combinatorial Euler product.
There is a close connection between this interpretation and the Euler product formula
for the Hasse-Weil zeta function: if V is a variety over [, then V(Fq) is an almost finite

C-set, where the cyclic action is given by the Frobenius automorphism of V. Hence

105



[V(Fq)] € ﬁ(Z) and the map (4.14) sends [V(Fq)] to Ly (t).

4.4.5 Cyclotomic identity

The necklace polynomials M,(x) arise in relation to an important combinatorial Euler

product formula known as the cyclotomic identity.

Theorem 4.4.3 (Cyclotomic identity). The following identity holds in A(Q[x]),

1 1
1—xt_n(1—tf
j=1

When x = ¢ is a prime power, Theorem 4.4.3 reduces to the Euler product formula for

)Mj(x)

Hasse-Weil zeta function of A! over [F,. One may interpret this formula as an expression of
the unique factorization of polynomials in F,[x] into irreducibles. There are many proofs
of the cyclotomic identity from different perspectives including number theory [78, Pg.
13], combinatorics [63, Sec. 5], and Lie theory [77, Lem. 3.2].

We close this section by applying the uniqueness of combinatorial Euler products

(Lemma 4.4.2) to give a second computation of the values My(+1) forall d > 1.

Corollary 4.4.4. Let M (x) be the dth necklace polynomial. Then,

-1 d=1
1 d=1

M,y(1) = My(-1)=3 1 d=2
0 otherwise,
0 otherwise.

Proof. 1. Evaluating the cyclotomic identity at x = 1 we have

On the other hand, by Lemma 4.4.2 we can compare exponents on both sides of this
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equation to see that
1 d=1
0 d>1.

My(1) =

2. Evaluating the cyclotomic identity at x = —1 we have

1 1
I_-I-t:l—[(l—tj

The left hand side can also be written

11—t 1\ 1
l+r 1-2 \1-¢ 1-22]"

Comparing exponents with Lemma 4.4.2 we conclude

-1 d=1
My(-1)=4 1 d=2 O

0 otherwise.

In Section 4.5 we generalize the cyclotomic identity to a one parameter family of
identities associated to the higher necklace polynomials M, ,(x). Our proof of Corollary
4.4.4 generalizes to the evaluation of higher necklace polynomials at certain roots of unity,

including +1 (see Theorem 4.5.6.)

4.5 Higher Necklace Polynomials

Let K be a field and consider the polynomial ring K[xy, x, . . ., x,] in n variables.

Definition 4.5.1. A monic polynomial is a K*-orbit of non-zero polynomials in K[ xy, xp, . . ., X, ].
Let Poly, ,(K) be the space of total degree d monic polynomials in K[x1, x2, . . ., x,]. Let
Irrg,,(K) C Poly, ,(K) be the subspace of K-irreducible polynomials.

In this section we study Poly , ,(K) and Irry,(K) when K = [ is a finite field. Section
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4.6 considers these spaces when K = R or C. To keep track of the subscripts d and n note

that d stands for the degree of the polynomials and » stands for the number of variables.
If K = F, is a finite field, then Irry,(F,) is a finite set. In Chapter 3 we showed that

the cardinality of Irry,(F,) is a polynomial in g with rational coefficients. Note that n = 1

corresponds to the space of univariate polynomials and in that case |Irrg 1 (F,)| = Ma(q).

Definition 4.5.2. Suppose that d,n > 1.
1. Let Ps,(x) € Q[x] be the polynomial such that for any prime power ¢

Pan(q) = [Poly,,(Fy)|.

2. The higher necklace polynomial M ,(x) is the polynomial with rational coefficients

such that for any prime power ¢,

Md,n(CI) = |Irrd,n(Fq)| .
The polynomial P, ,(x) is given explicitly by

NUSENCY

Pd,l’l(x) = X — 1 s

(4.15)

(see Lemma 3.2.1.) When the number of variables is n = 1 the higher necklace polynomials

specialize to the classic necklace polynomials

1
My (x) = Ma(x) = ~ Z u(e)x?e. (4.16)
eld

When n > 1 there is no known explicit formula for M ,(x) analogous to (4.16). This makes
it challenging to study the higher necklace polynomials directly. Instead we approach

M, (x) indirectly using the following family of combinatorial Euler products.

Theorem 4.5.3. For each n > 1 the following identity holds in A(Q[x]) := 1 + tQ[x][[],

1 Mj,n(x)
> Paaey = ] (1 - ﬂ.) . (4.17)

d>0 j=1
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Proof. This identity is equivalent to F,[x1, x2, .. ., x,] having unique factorization. More
explicitly, for each partition A = (172" .. .) of d define P, ,(x) by

i M,n(x)))
Pya(x) = ! :
(%) H(( s

The degrees of the F-irreducible factors of a polynomial f* € Poly, ,(FF,) form a partition
A + d which we call the factorization type of f. Thus P, ,(q) is the number of elements of
Poly,, ,(F,) with factorization type A. Since every element of Poly , ,(F,) factors uniquely

into F,-irreducibles, we have for each prime power ¢

Pan(q) = ) Pan(@)- (4.18)

Ard

Lemma 4.4.2 shows that (4.18) is equivalent to

d 1 Mj,n(Q)
ZPd,n(q)t :n(l—tj) .

d>0 j=1

Finally, since this holds for all prime powers ¢ the identity must hold as polynomials in

X. O

Theorem 4.5.3 appears in the proof of Theorem 3.2.3 where we used it to study the
x-adic convergence of M, ,(x) for d fixed as n — oco. The advantage of Theorem 4.5.3 is
that it allows us to study the implicitly defined polynomial sequence M, ,(x) by way of the
explicitly known polynomial sequence P ,(x). When n = 1, P;,(x) = x¢ and Theorem
4.5.3 specializes to the classic cyclotomic identity (Theorem 4.4.3.)

The cyclotomic factor phenomenon studied for M;(x) in Section 4.2 extends, in part,
to the entire family M, ,(x) of higher necklace polynomials. When n > 1 the polynomials
M, ,(x) do not appear to satisfy functional equations similar to those satisfied by M;(x)
and Mg(x). This is reflected in the fact that for each fixed n > 1 we see fewer distinct

cyclotomic factors as d varies. Our main result for this section is Theorem 4.5.6.

Definition 4.5.4. Let b > 2 and n > 1 be integers. A balanced base b expansion of 7 is
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an expression
n=0b" — b+ b* - PR B

where i is even and k1 > kp > k3 > ... > k; > 0 is a decreasing sequence of integers and
the coeflicients on the right hand side alternate between +1 with an equal number of each
sign. Equivalently, n has a balanced base b expansion if all of the base b digits of n are 0
orb-1,

n=0b-Db"+B-1)b2+...+(b-1)bY.

In that case, the balanced base b expansion of n is gotten by expanding each (b — 1)b* =
b**! — b* and collecting coefficients. Not every n > 1 has a balanced base b expansion,

but when they do exist they are unique.

Example 4.5.5. Every positive integer has a balanced base 2 expansion. For example the

balanced base 2 expansion of n = 13 is
13=2%-22+2"-1.

Theorem 4.5.6. Let p be a prime and let n > 1 be an integer such that

n= Zakpk

k>0

is the balanced base p expansion of n. If {, is a primitive pth root of unity, then

ar ifd = pF

0 otherwise.

Md,n(é/p) =

Thus it follows that ®,(x) divides My ,(x) for all but finitely many d > 1 whenever n has a

balanced base p expansion.

Before proving Theorem 4.5.6 we prove two lemmas. If m > 0 is an integer, let

X" -1
[m]y = 7 =" el x4 1
x_

110



Lemma 4.5.7. If { is a non-trivial nth root of unity, then [m]; depends only on m modulo

n.

Proof. If { is a nontrivial nth root of unity, then
[l ="'+ "2 40+ 1=0.

If m = an + b, then

p XM -1 x"—1 xb -1
x"-1 x-1 x—1
:xb[a]xn[n]x+[b]x-

=X

Evaluating at x = { gives
[m]; = [b];. O

Lemma 4.5.8 is known as Lucas’ congruence, due to Edouard Lucas [61]. See Fine

[32] for a quick proof.

Lemma 4.5.8. If p is a prime and

m= akpk + ak_lpk_l +...+a1p+a

n= bkpk + bk_lpk_l +...+bip+ by

are the base p expansions of the natural numbers m and n (without assuming the leading

coefficients are non-zero), then

()= Gl () e

We now prove Theorem 4.5.6.
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Proof of Theorem 4.5.6. The polynomial P,,(x) may be expressed as

L

n
Suppose that n has a balanced base p expansion and let { be a non-trivial pth root of unity.
Then by Theorem 4.5.3,

d+n d+n-1
x( n ) — x( n )
Pd,n(x) = Y1 =

X

1 Mj,n({)
> Paan =] (1 - ﬂ.) . (4.20)

d>0 j>1

We evaluate M, ,({) by expressing the left hand side of (4.20) as a combinatorial Euler

product in another way and then using the uniqueness of Lemma 4.4.2. Towards that end,
let Q(t) € A(Q(Z)) be defined by
d+n
n

O
(d+Z— I)L) y

<.

¢

d>0

8

Then by (4.19)

Zpd,n(g)td = Z (

>0 d>0 4
~ d+n) 4 (d+n—l)] I
- 49—t t
;) ( L Ve dZZI n ¢
= Q(1) — tQ(1)
= (1 -00@).

Next we determine the coefficients of Q(). Say positive integers d and n are p-complementary
if there is no p* with a non-zero coefficient in the base p expansions of both d and n. If d
and n are not p-complementary, suppose p* is the smallest power of p common to the base
p expansions of d and n. Then the coefficient of p* in d + n is 0 since

1. The coefficient of p* in n is p — 1 by our assumption that z has a balanced base p

expansion.
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2. The coefficient of p* in d is at least 1.
3. The minimality of k implies there are no carries for smaller power p in the sum.
Thus Lucas’ congruence (Lemma 4.5.8) implies that if d and n are not p-complementary,

then
(d +n

)EOmodp
n

since the factor corresponding to p* will be 0. Therefore, if d and n are not p-complementary,

)

Suppose d and n are p-complementary. Then for each k, the coefficient of p* in the

then by Lemma 4.5.7 we have

=0.
4

base p expansion of # is either 0 or p — 1 by the assumption that »n has a balanced base p
expansion. In the first case the factor corresponding to p* in Lucas’ congruence is (‘g‘) =1
where dj, is the coefficient of p* in the base p expansion of d. In the latter case, note that

if 0 < a < p, then

( a ): 0 ifa<p-1 4a1)

p=1) |1 ifa=p-1

Then Lucas’ congruence and (4.21) imply that when d and n are p-complementary,

(d+n

n

d+n
n
Combining these calculations we have
d+n
) =
0 =) ( i )

d>0
The existence and uniqueness of base p expansions of natural numbers is equivalent to the

)Elmodp.

Hence by Lemma 4.5.7,

= 1.
4

T Z <.

14 d is p-comp.
ton
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following product formula,

k+l
where the factor of 1 ;pk contributes to the coefficient of ¢ precisely when d is not

p-complementary to pk Ifn=(p-Dph+(p-Dp+...+(p-1)p* is the base p

expansion of n, then

k-

1 5 1=
_ d _
o) = Z 4 _l—fl__lll—ﬂ’k’“.

d is p-comp.
ton

Therefore

s 1— pki 1 ag
D Pan0! = (1=000) = [ | 7= - (1 t,,k) ’
- j=1 -

d>0

where n = aep’ + ar_1p"' + ... + aip + ao is the balanced base p expansion of n. The
uniqueness of combinatorial Euler products (Lemma 4.4.2) implies that M« ,({) = a; and

M, ,(¢) = 0 when d is not a power of p. O

For a fixed n there are finitely many primes p for which n has a balanced base p
expansion. Theorem 4.5.6 tells us that for each such prime p there are only finitely many
d such that M,({,) # 0 for {, a primitive pth root of unity. The only prime p for which
n = 1 has a balanced base p expansion is p = 2 and this reflects the fact that M;1({,) = 0
for all but finitely many d if and only if p = 2 (Corollary 4.4.4.)

For any integer m > 1 we have [m]p = 1. Thus (4.19) implies P,;,(0) = O for all
d,n > 1, hence M;,(0) = 0. Setting x = 1 gives [m]; = m, hence by (4.19)

pu= 57 (7 () - )
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Therefore

S ratot = 3 (5= )

d>0
Thus M, ,(1) = nand M,,(1) = 0 for d > 1. We record these computations in Proposition

4.5.9. In Section 4.6 we interpret the values of M, (+1) as Euler characteristics.

Proposition 4.5.9. Foralld,n > 1, M;,(0) = 0 and

n ifd=1
Md,n(l) =
0 otherwise.

We finish this section with a result on the family of formal power series

Zn(x,1) 1= )" Pan(x)!

d>0

appearing in the generalized cyclotomic identity.

Theorem 4.5.10. Ifn > 1, then the formal power series

Zu(x,1) = ) Pan(x)t

d>0

is a rational function in t with coefficients in Q[ x| if and only if n = 1. However, for every

root of unity £, Z(Z, t) is a rational function in t with coefficients in Q(Z).

Proof. When n = 1 the series Z,(x, t) specializes to

Zl(x, l) =

1—xt

If n > 1 and Z,(x,t) were a rational function in ¢ with coefficients in Q[x], then the
coefficient of ¢ in Z,(x,) would have leading term x°¢ for some constant ¢c. However,
(4.15) shows that Py, (x) has leading term of the form x°?" which for n > 1 implies that
Z,(x, t) is not rational.
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If x = £ is an mth root of unity, then

(d+n) (d+n—1)]
n n ¢
and by Lemma 4.5.7 the values of P,,({) only depend on (d;”) and (d+;‘_l) modulo m.

Hence the values of P;,({) are periodic as functions of d. All formal power series with

4

Pd,n({) =

periodic coeflicients are rational. O

4.6 Necklace values as Euler characteristics

Recall from Definition 4.5.1 the space Poly,, ,(K) of all total degree d monic polynomials in
K[x1, x2, . .., x,] and the subspace Irr, ,(K) of K-irreducible polynomials. When K = R or
C the space Poly,; ,(K) has a natural topology inherited from the ambient projective space
of all monic polynomials in K[xy, x2, .. ., x,| with degree at most d, and thus Irry,(K) C

Poly,, ,(K) inherits a subspace topology.

Definition 4.6.1. Say a topological space X is tame if the compactly supported singular
cohomology H¥(X, Q) (see Hatcher [46, Pg. 243]) is defined for all k > 0 and vanishes for
all but finitely many k. If X is tame, then the compactly supported Euler characteristic
Xe(X) is

xe(X) := Y (=1)F dimg HE(X, Q).

k>0
When K = R or C, the space Irry,(K) may be constructed from projective spaces by
cut-and-paste relations and is therefore tame. The main result of this section is Theorem
4.6.2 which shows that y.(Irrz,(K)) when K = R or C is given by Mg, (£1).

Theorem 4.6.2. Let d,n > 1 and let My, (x) be the higher necklace polynomial as defined
in Definition 4.5.2. Then

n o ifd=1 ap ifd =2F
Xc(Irry ,(C)) = My ,(1) = xe(Irrgn(R)) = Mg,(—1) =
0 otherwise. 0 otherwise.

where n = ;5 ai2X is the balanced binary expansion of n (see Definition 4.5.4.)
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Remark 4.6.3. When one has a space V which can be defined over any field K such that
the size of V(FF,) is given by a polynomial F(x) evaluated at x = g, one hopes that the
compactly supported Euler characteristic of V(K) when K = R or C should be given by
evaluating F(x) at x = 1. If V is a variety defined over Z this heuristic can be made
precise by working with the Grothendieck ring of varieties (see Farb, Wolfson [29, 30, 31]
or Vakil’s notes [90].) Theorem 4.6.2 shows that this is the case for the space Irry,,
although Irr;, is not a variety or even constructible in the Zariski topology, which presents
a technical difficulty.

We first prove several lemmas. Lemma 4.6.4 describes the geometry of the space

Polyd’n(K ).

Lemma 4.6.4. Let K be a field. Then forall d,n > 1,
1. If Poly_,,(K) is the space of all non-zero monic polynomials in K[xy, x, .. ., X,]
with degree at most d, then Poly_, ,(K) = P(d;n)'l(K ). The space Poly_;_, ,(K) sits
naturally inside of Poly_, ,(K) and Poly ; ,(K) is the complement,

Poly,y,,(K) = B3~ (x) \ B2 )1 (k).

2. If A is a partition, let mj(A) denote the number of parts of A of size j. Unique

factorization of polynomials over a field gives the decomposition

Poly, (K) = | [ | Sym™Wtrr; (k).

Ard j>1

Proof. 1. Consider the K-vector space spanned by all monomials in n variables of degree
at most d. By the classic stars-and-bars counting argument this space has dimension (dZ").
The projectivization of this vector space is, by definition, the space of all non-zero monic

polynomials of degree at most d in K[xy, x2, . . ., x,]. Hence Poly_, ,(K) = P(dzn)‘l(K ).

2. This follows immediately from the fact that any finitely generated polynomial ring

over a field has unique factorization. O

Remark 4.6.5. Some caution is needed when interpreting the symmetric powers in Lemma
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4.6.4 (2). That is, Sym™(Irrs,(K)) should not be interpreted as (Sym™Irry,)(K) in the

sense of scheme theory. For example, the irreducible degree one polynomials over K

1

correspond to points on the affine line Irr; 1 (K) = A!'(K); on one hand Sym?A! is a scheme

defined over Z and as such is isomorphic to A2, hence (Sym?Irr;  )(R) = A%(R) is the space
of all degree 2 monic polynomials over R. However SymZ(IrrLl(R)) is the collection all

reducible quadratic polynomials of the form (x — a)(x — b) with a, b € R.

Theorem 4.6.6, due to MacDonald [62], allows us to compute the Euler characteristic
of a symmetric power of a space X in terms of the Euler characteristic of X. See Vakil’s

notes [90, Thm. 2.3] for a nice one line proof.

Theorem 4.6.6 (MacDonald). If X is a tame space, then so is Sym™ X and

sy = (40).

Equivalently, in A(Z) we have

1 Xe(X)
Z)(C(Syde)td = (—) .

d>0 -1

Finally Lemma 4.6.7 recalls some important well-known properties of the compactly
supported Euler characteristic (see [90].) Note that property (2) fails for the non-compactly

supported Euler characteristic.

Lemma 4.6.7. Suppose that X and Y are tame spaces. Then
L xe(XUY) = xe(X) + xe(Y),

2. xe(X XY) = xe(X)x(Y),
3. xc(R)=-1and x.(C) =1,

4. IfK =R or C, then y.(P""1(K)) = (1] y.x)-
Proof. The first three properties are well-known. To compute the Euler characteristic of
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projective space we use
PN K)= K" UK"?u. . uKU L,
where 1 = K is the one point space. Taking y. when K = R or C we have
X" HK)) = xe(K)'™ 4 xe(K)'™ 4 xe(K) + 1= [n] k) O

We now prove Theorem 4.6.2.

Proof of Theorem 4.6.2. Let K = R or C. Then by Lemma 4.6.4 (2), Lemma 4.6.7, and
MacDonald’s Theorem 4.6.6 we have

xe(Poly,(K)) = > | | xe(Sym™ (Irr; ,(K)))

Ard j>1
_ Z 1—[ ((Xc(lrrj,n(K)) )) .
Ard j>1 nj

Lemma 4.4.2 implies that this is equivalent to

1 Xc(lrrj,n(K))
=

D xePoly,, (KNt = | |

d>0 j=1

On the other hand, Lemma 4.6.4 (1) and Lemma 4.6.4 show that

xe(Poly g, (K)) = xBUH) 1 (K)) — x5 )1 (K))

(n+d) (n+d— 1)
LA PA09) n

= Pan(xc(K)).
The generalized cyclotomic identity (Theorem 4.5.3) gives

P 1 Mj,n(Xc(K))
S Pasre® = [ | (1 . ﬂ.) .

d>0 j=1

Xe(K)
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Hence by the uniqueness of combinatorial Euler products we conclude that forall d,n > 1,

Xc(lrrd,n (K)) = Mg p (Xc (K)).

Our result then follows from Lemma 4.6.7 (3), Proposition 4.5.9, and Theorem 4.5.6. O

4.6.1 Geometric computations of necklace values

Theorem 4.6.2 gives a geometric interpretation of M, ,(+1). When n = 1 this leads to a

“geometric computation” of M;(+1).

Corollary 4.6.8. Let M;(x) be the dth necklace polynomial. Then,

~1 ifd=1
1 ifd=1

My(1) = My(-1)=1 1 ifd=2
0 otherwise.
0 otherwise.

Proof. 1. Theorem 4.6.2 implies that M;(1) = y.(Irrg1(C)). Since C is algebraically
closed, there are no C-irreducible polynomials of degree d > 1. Hence My(1) = 0
for d > 1. On the other hand, every degree one polynomial is irreducible and thus
Irry ;1 (C) = C. Therefore M;(1) = x.(C) = 1.

2. Theorem 4.6.2 implies that M;(—1) = y.(Irrg1(R)). Since C/R is a degree 2 exten-
sion and C is algebraically closed, it follows that there are no R-irreducible polynomials of
degree d > 2. Thus My(—1) = x.(Irrz1(R)) = O for d > 2. As noted above, Irr; ;(R) = R
and thus M(-1) = y.(R) = —1.

Finally, there is a homeomorphism Poly, ;(R) = R? given by x> + bx + ¢ — (b, c) and
Irro 1 (R) corresponds to the open subspace b*> — 4c¢ < 0 with Euler characteristic 1. Hence
Ms(-1) = x(Irr1(R)) = 1. O

As another example of this type of argument consider the space of degree 1 irreducible
polynomials Irry,(K). The space of monic linear polynomials is P" minus a point P°

corresponding to the constant monic function 1. Since every degree 1 polynomial is
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irreducible, we have

xe(lrr1,(©)) = xe(P"(C)) = x(BUC) = (n+ 1) = 1 = n.

This agrees with Proposition 4.5.9 where we found that M ,(1) = n. On the other hand

I+ (=1)" { 0 ifniseven

Xe(lrrip(R)) = xe(B"(R)) = xe(BO(R)) = —— I ifnisodd
- 1I n 1S 0dd.

This agrees with the evaluation of M ,(—1) from Theorem 4.5.6 since the coefficient of 1
in the balanced binary expansion of n is 0 if n is even and —1 if n is odd.

Theorem 4.6.2 connects the evaluation of M,,(x) at the second roots of unity to the
geometry of the space Irry ,(K) of irreducible polynomials. When n = 1 our understanding
of these spaces for K = R or C gives a geometric reason for cyclotomic factors @,,(x)
of My(x) with m = 1,2. It would be interesting to know if there is some geometric or
otherwise “motivic” explanation for the rest of the cyclotomic factors of M;(x).
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Chapter 5

Arithmetic dynamical Mordell-Lang

All results in this chapter were obtained in collaboration with Michael Zieve. A co-authored

paper is in preparation.

5.1 Introduction

Suppose that X is a quasiprojective variety with an endomorphism f : X — X. The
dynamical Mordell-Lang conjecture asserts that if the f-orbit of a point p € X visits a
subvariety Y C X infinitely often, then it must do so periodically. More precisely we have

the following conjecture proposed by Ghioca and Tucker [38, Conj. 1.7].

Conjecture 5.1.1 (Dynamical Mordell-Lang). Let X be a quasiprojective variety defined
over C, let f be an endomorphism of X, let p € X(C), and letY C X be a closed subvariety.
Then the set {n : f"(p) € Y(C)} is a finite union of arithmetic progressions.

Conjecture 5.1.1 is an analog (of the cyclic case) of the Mordell-Lang theorem from
arithmetic geometry—a seminal result due to Faltings [26, 28]. Several special cases have
been established but the full conjecture remains open; we refer the reader to Bell, Ghioca,
and Tucker [4] for a comprehensive overview of the dynamical Mordell-Lang conjecture
and the state of progress up to 2016.

When X is an algebraic curve, a closed subvariety Y C X is a finite set of points. In that
case Conjecture 5.1.1 degenerates to the simple fact that if the orbit of a function f visits a

finite set infinitely often, then it must do so periodically. However, Cahn, Jones, and Spear
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conjectured [10, Conj. 1.6] thatif X = D is a curve defined over a finitely generated field

K of characteristic 0 and if the subvariety Y is replaced by the image of the K-points of

a finite map u : C — 9D, then a non-trivial arithmetic version of Conjecture 5.1.1 should

hold. Our main result settles their conjecture.

Theorem 5.1.2 (Arithmetic Dynamical Mordell-Lang). Let K be a finitely generated field

of characteristic 0. Suppose C and D are irreducible curves with finite maps u : C — D
and f : D — D defined over K. Ifdeg(f) = 2 and p € D(K), then {n : f*(p) € u(C(K))}

is a finite union of arithmetic progressions.

Remark 5.1.3. Several comments on Theorem 5.1.2:

I.

An arithmetic progression is a subset of the natural numbers of the form a + bN
for some a,b € N. A singleton is considered to be an arithmetic progression with

common difference 0.

. By an irreducible curve we mean a smooth geometrically irreducible projective

algebraic variety of dimension 1. Some of our constructions produce singular and
reducible curves, for example by taking fiber products of finite maps, but in that case
we can replace each singular irreducible component curve with its normalization as

we only really need to consider the curves up to birational equivalence.

. Finitely generated fields of characteristic 0 include all number fields and function

fields of algebraic varieties defined over Q. The finitely generated hypothesis is used
exactly once in our proof to invoke Faltings’ theorem relating the genus of a curve to

its K-rational points. In Example 5.5.3 we show that this hypothesis is necessary.

. The deg(f) > 2 assumption is also necessary. If C,D = P!, u(x) = x?, and

f(x) = x + 1, then {n : f(0) € u(P'(Q))} = {m? : m € N} is not a finite union of

arithmetic progressions.

. The Riemann-Hurwitz formula implies that an irreducible curve O with an en-

domorphism of degree at least 2 must have genus g(9) < 1 (see Lemma 5.3.2.)
Furthermore the assumption that 9 has a K-rational point, namely p € D(K),

implies that O is isomorphic over K to the projective line P! or an elliptic curve &.

Remark 5.1.4. Two notes on related work:
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1. Cahn, Jones, and Spear [10, Thm. 1.2] prove Theorem 5.1.2 in the case where
C,D =P'andu : P! — P! may be expressed in coordinates as u(x) = x™ form > 1.
Furthermore they classify the rational functions f(x) for which L := {n : f"(p) €
u(P'(K))} is infinite, providing detailed descriptions of L in each case. Their proof
passes through their analysis of all situations where L is infinite. Our approach to
Theorem 5.1.2 shows that L is a finite union of arithmetic progressions without first
giving a complete census of the possible structure of L. In Section 5.1.2 we discuss
some progress towards describing the structure of L.

2. Our proof of Theorem 5.1.2 was announced in a talk by Zieve [96] at the Workshop on
Interactions between Model Theory and Arithmetic Dynamics in 2016. In early 2018
Pakovich [73] presented another proof. Pakovich’s approach appears to be related
to ours but is formulated in the language of orbifolds, making a direct comparison

challenging.

5.1.1 Iterated fiber products

Our strategy for proving Theorem 5.1.2 is to first translate the problem into one of the
dynamics of iterated fiber products. Suppose C and O are irreducible curves defined over
afield K withamapu : C — D and an endomorphism f : D — D. Taking fiber products
of the map u with iterates f" gives a sequence u, : C, — D of branched covers of D,
where C, := C X, s« O and u, is the natural projection. Note that C, may be reducible;

see Section 5.2 for background on fiber products.

C < C < G < Cs <
R
Z)<f Z)<f Z)<f Z)<f

We view this as a dynamical system where u, : C, — D is the nth iterate of f on
u:C — D. Theorem 5.1.2 essentially reduces to showing that u has a finite orbit under
iterated fiber products with f whenever the f orbit of p visits u(C(K)) infinitely often

in a nontrivial way. Thus we are interested in the dynamics of iterated fiber products of
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branched covers u : C — D.

Theorem 5.1.5 shows that the dynamical behavior of u under iterated fiber products is
dictated by the sequence of genera g(C,). Recall that a critical value of amapu : C — D
is a point p € D(K) with a ramified pre-image. Let V := U,=0 Vi where V, is the set of
critical values of u,. Given g € C(K), let e,(g) denote the ramification index, or local

degree, of u at g. For each point p € V and n > 0, define m,, by

my :=sup lem e, (q).
n>0 geu,' (p)
Note that if m, < oo, then m,, is the largest ramification index over p under the Galois
closure of any u,, with n > 0 (see Lemma 5.3.7.) We say that the map u is f-stable if C, is

geometrically irreducible for all n > 0.

Theorem 5.1.5. Let K be a field of characteristic 0, and letu : C — D, f : D — D be
finite maps between irreducible curves defined over K such that deg(f) > 2. Suppose that
u is f-stable.
1. Ifthe genus g(C,) is greater than 1 for any n > 0, then the set of all critical values V
is infinite and g(Cpyi) > deg(f)* — 1.
2. Otherwise the genus g(C,) is at most 1 for all n > 0 and

(a) V contains at most 4 points.

(b) 21—,,3732.

pev
(c) If v, : G — D is the Galois closure of u, : C, — D, then the genus g(G,) is

at most 1 for all n > 0.

Remark 5.1.6. Theorem 5.1.5 extends some previous work of Pakovich [74]. Pakovich
[74, Thm. 3.1] gives a lower bound for the genus of a fiber product of rational functions
assuming irreducibility of the fiber product. Translating his results from the language of
orbifolds, they imply that if g(C,,) > 1 for some m > 0, then g(C,,+,) tends to infinity as
n — oo, which also follows from our Theorem 5.1.5 (1). Pakovich’s [74, Thm. 3.1] implies
that if u and f are rational functions such that u is f-stable and all C, have genus 0, then
the Galois closure of u has genus at most one; this is part of our conclusion in Theorem

5.1.5 (2¢). The main innovation of Theorem 5.1.5 is the uniform bound on ramification for
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all iterates u,, which is essential for our proof of Theorem 5.1.2.

Thus, if u is f-stable, then either the genus of C, grows exponentially and the maps u,,
together have infinitely many critical values, or the genus of C, is at most one and the maps
u, share a total of 4 critical values with tightly constrained ramification. In the latter case
we appeal to topology to show these are precisely the maps with finite orbit under iterated
fiber product with f.

Theorem 5.1.7. Let K be a field of characteristic 0, and letu : C — D, f : D — D be
finite maps between irreducible curves defined over K such that deg(f) > 2. Suppose that
u is f-stable and that the genus g(C,) is at most 1 for all n > 0. Then u has a finite orbit
under iterated fiber product with f. In particular, for some k,{ there is an isomorphism

h : Crr¢ — Cy defined over K such that uy o h = uj¢.

Another consequence of Theorem 5.1.5 is a result on the structure of semiconjugates,
generalizing a result of Pakovich on semiconjugate rational functions [72, Thm. 1.1]; see
Section 5.3.4.

Theorem 5.1.8. Let K be a field of characteristic 0 and suppose that C and D are
irreducible curves defined over K together with maps u, f, g for which the following diagram
commutes,

C+—¢C

g

D%Z)

If deg(f) = 2, then there exists a decomposition u = vy o vy o -+ o v with v; : C; = Ci_

and maps g; : C; — C; with go = f and gy = g such that

C+——¢C
u| iz
Ci-1 <g7 Ci

is a fiber product diagram and each v; has Galois closure with genus at most 1.
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In particular, if u has irreducible fiber product with f, then u has Galois closure of

genus at most 1.

5.1.2 Arithmetic progression bounds and stability

Given Theorem 5.1.2, one would like to characterize the arithmetic progressions comprising
L:={n: f"(p) € u(C(K))}. Theorem 5.1.9 shows these arithmetic progressions may be

bounded in terms of deg(u) alone.

Theorem 5.1.9. Let K be a finitely generated field of characteristic 0 and let u : C — D
and f 1 D — D be finite maps between irreducible curves defined over K. Let deg(f) > 2
and let d := deg(u). For each p € D(K) the set L := {n : f"(p) € u(C(K))} can be
expressed as a finite union of arithmetic progressions j + kN such that,

1. There are at most d distinct positive common differences.

2. Each common difference k is bounded by
k < K(d) := d¥d?".
3. Each minimal value j in a non-trivial arithmetic progression is bounded by
j<(d-1J(d)+K(d),

where J(d) = (d! — 1)(d!'® + 10g,(170d! — 84).

An important component of the bound K(d) from Theorem 5.1.9 comes from the

following result of independent interest.

Theorem 5.1.10 (Geometric Eventual Stability). Let K be a field of characteristic 0, let
u:C - Dand f: D — D be finite maps between irreducible curves defined over K
such that deg(f) > 2. Then there exists a bound G(d) depending only on d := deg(u) such
that for every m > G(d) the restriction of u,, : C,, — D to each K-irreducible component
of Cy, is f-stable.

Furthermore G(d) is given explicitly by

G(d) = (d - 1)(d! = 1)(d!?® + log,(170d! — 84)).
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Remark 5.1.11. Jones and Levy [54, Conj. 1.2] conjectured that for a rational function
f(x) € K(x) with deg(f) > 2 and any b € K not pre-periodic under f, the K-irreducible
factorization of (the numerator of) f”(x)— b would eventually stabilize in the sense that for
some m > 1 all irreducible factors of f”*"(x) — b are gotten by composing the irreducible
factors of f™(x) — b with f"(x). They call this phenomenon eventual stability. Theorem
5.1.10 asserts the same conclusion with b € K replaced by a finite map u. In particular,
if f(x) and u(y) are rational functions, then Theorem 5.1.10 says that the K-irreducible
factorization of (the numerator of) f"(x)—u(y) eventually stabilizes. Thus Theorem 5.1.10
may be viewed as a geometric eventual stability result. In Lemma 5.2.6 we show that a
soft version of this stability follows easily from degree considerations; the main content of

Theorem 5.1.10 is the bound on the onset of stability in terms of the degree of u alone.
A closely related result shows that if an iterate of f has a decomposition " = u o v,

then the left factor u first arises for an iterate bounded explicitly in terms of deg(u).

Theorem 5.1.12 (Iterate Decomposition Stability). Let K be a field of characteristic 0, let
u:C - Dand f : D — D be finite maps between irreducible curves defined over K
such that deg(f) > 2. Then there exists a bound S(d) depending only on d := deg(u) such
that if u is a left factor of some iterate f" = u o v, then there is an m < S(d) such that
f™ = u ow for some finite map w : D — C.

Furthermore, S(d) is given explicitly by
S(d) = (d = 1)(d"?® +10g,(170d — 84)).

Remark 5.1.13. We expect the bounds in Theorems 5.1.9, 5.1.10, and 5.1.12 to be far from

sharp. Our main point is that there exist bounds depending only on deg(u).

These results appear in Section 5.6.

5.2 Iterated fiber products and reduction to the stable case

In this section we review fiber products of curves and introduce the dynamical system of
iterated fiber products of a branched cover under an endomorphism of the base. The section

culminates with Theorem 5.2.8 which reduces Theorem 5.1.2 to an essential geometric case.

128



5.2.1 Curves and fiber products

For this chapter we define an irreducible curve C over a field K to be a smooth projective
variety of dimension 1 over K. If K(C) is the function field of C, then this is equivalent
to the field extension K(C)/K having transcendence degree 1. There is a well-known
dual equivalence between the category of transcendence degree 1 field extensions of K
(or equivalently finite extensions of K(x)) and the category of irreducible curves [44, Cor.
6.12] extending the correspondence C +— K(C).

The category of irreducible curves lacks some desirable features. For example, the
fiber product of two branched covers of smooth curves is potentially reducible with singular
components. As we are only interested in curves up to birational equivalence, the singular
components may be replaced with their normalizations. Reducibility is a more fundamental
issue. Under duality this is equivalent to the fact that the tensor product of two field
extensions of K is not necessarily a field. Nevertheless, if the extensions are separable,
then their tensor product is a product of separable field extensions [89, Lem. 00U3]. Thus
we formally define a (reducible) curve over K as the dual of finite product of finite degree
field extensions of K(x). In practice we consider a reducible curve to be a finite union of

irreducible curves.

Definition 5.2.1. Suppose A, B, C are curves defined over a field K together with maps
f:A—>Candg: B — C. The fiber product A x¢ B is the universal curve defined over

K together with maps to A and B making the following diagram commute.

AL Axe B

fl lf (5.1)

C+—— 8

The fiber product, together with its maps to A and B is unique up to unique isomorphism.

Remark 5.2.2. Fiber products are characterized by a universal property which is usually
formulated set theoretically as saying A X¢ B is the set of all (p,g) € A X B such that
f(p) = g(g). Since we are working with smooth curves, our fiber product is actually the

normalization of the proper fiber product. This makes the uniqueness of the universal
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property of fiber products fail in the following way: if p and g are critical points of f and
g respectively, then there may be several points on the normalization of the fiber product
which project onto (p, g). The precise situation is described by Abhyankar’s lemma (see
Theorem 5.3.4.) When we appeal to the universal property of fiber products in this chapter

we only ever use the existence.

When discussing fiber products we emphasize the maps over the curves. For example,
in the situation of (5.1) we would describe A X¢ B as the fiber product of f and g and
sometimes write A X, B when we wish to emphasize the maps involved.

Example 5.2.3. Suppose A, B,C = P! and let f,g : P! — P! be given in coordinates
by rational functions f(x), g(y). Then the fiber product of f and g is the normalization
of the irreducible components of the curve f(x) = g(y). For example, if f(x) = x> and
g(y) = y?, then the fiber product of f and g is the reducible curve x> = y?. The irreducible

components in this case are x = y and x = —y which are both isomorphic to P'.

Lemma 5.2.4. If A X¢c B is a fiber product as in (5.1), then deg(f) = deg(f) and
deg(g) = deg(g).

Proof. This is clear from the geometric interpretation of fiber products. Algebraically this
is equivalent to the assertion that if 7' and G are finite dimensional A-algebras, then F ®4 G
is a finite dimensional G-algebra and [F ®4 G : G| = [F : A]. O
5.2.2 Iterated fiber products

Suppose C and D are irreducible curves with finite mapsu : C - D and f : D - D
defined over K. For n > 0 we define u,, : C,, — D by the fiber product diagram,

DW@.

That is, C, = C X, D. In this situation we say u, is the fiber product of u with f".
Note that u,, is well-defined up to an automorphism of C, defined over K. The universal
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property of fiber products implies that u,, : C, — 9 may also be defined recursively as the

fiber product of u,_; with f,

Cr1 <— Gy
D % D.

We view this as a dynamical system where u, : C, — D is the nth iterated fiber product
of u with f.

Definition 5.2.5. If u and f are as defined above, then we say that u is f-stable if C, is
geometrically irreducible for all » > 0. If all C, are K-irreducible but not necessarily

geometrically irreducible, then we say u is arithmetically f-stable.

Lemma 5.2.6. Let K be a field of characteristic 0, and letu : C — D and f : D — D
be finite maps between irreducible curves defined over K. If deg(f) > 2, then there exists
a constant m such that the restriction of u,, to each K-irreducible component of C,, is

arithmetically f-stable.

Proof. The degrees of the restriction of u,, to the K-irreducible components of C, form a
partition A, of deg(u,,) = deg(u). Note that A, is a refinement of 4, and 4, # 4,,+1 exactly
when the restriction of u, to some irreducible component has a reducible fiber product
with f. Since there are only finitely many refinements of a given partition, it follows that
the sequence A, is eventually constant. Let m be the first index such that 4,,, = 4,, for all
n > 0, then the restriction of u,, to each K-irreducible component of C,, is arithmetically
f-stable. O

Remark 5.2.7. In Theorem 5.6.10 we show that the m in Lemma 5.2.6 may be bounded

explicitly in terms of deg(u).

Theorem 5.2.8 reduces our main result Theorem 5.1.2 to the case where u is f-stable.

Theorem 5.2.8. If the conclusion of Theorem 5.1.2 holds for all u which are f-stable, then
it holds for all u.

Proof. If u : C — D is a finite map and p € D(K), then the universal property of fiber
products implies that n € L, := {n : f"(p) € u(C,(K))} if and only if there is some
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g € C(K) such that f"(p) = u(q) if and only if p € u,(C,(K)). Thus if m > 0 and
V1, V2, . .., Vg are the restrictions of u,, to the K-irreducible components of C,,, then L, is
the union of a finite set and Uf‘zl m + L,,. Hence it suffices to prove for some m > 0 that
each L,, is a finite union of arithmetic progressions.

Let m be the constant given by Lemma 5.2.6. If v : C, — 9D is a K-irreducible
component of C,, which is not geometrically irreducible, then C,(K) is finite; any K-point
must lie on the intersection of the geometrically irreducible components of C,, which is
a finite set. Thus L, can only be infinite if p is pre-periodic under f, in which case L, is
plainly a finite union of arithmetic progressions. Hence the only irreducible components
of C,, which potentially contribute infinitely many integers to L, are those v : C, — D
which are f-stable. Therefore it suffices to prove that L, is a finite union of arithmetic

progressions for f-stable maps u. |

5.3 Stable case

In this section we analyze the dynamics of f-stable maps u under iterated fiber products.
Theorems 5.3.3 and 5.3.9 show there is a dichotomy based on the genera of the sequence
of curves C,: either the genera grow exponentially with n or all C, have genus at most 1.
In the latter case we show that the ramification of the iterates u,, is uniformly constrained.
We end the section with Theorem 5.3.10, an application of these results to the structure of

semiconjugates.

5.3.1 The Riemann-Hurwitz formula

If C is a smooth irreducible curve defined over C, then C(C) may be viewed as an oriented
topological surface homeomorphic to a sphere with g(C) “handles” attached; this number
g(C) is called the genus of C. The genus is defined algebraically over any characteristic
0 field as the dimension of the vector space of holomorphic differentials on C or as the
dimension of the Jacobian variety of C. The genus g(C) of an irreducible curve C governs
both the arithmetic and geometry of C. Theorem 5.3.9 shows that the behavior of # under

iterated fiber products with f is largely determined by the genera of the curves C,,.
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If u: C — D is amap of curves, then a critical point of u is a point ¢ € C(K)
with ramification index e,(g) > 1. The image of a critical point p = u(q) is called a
critical value. Geometrically the ramification index e, (g) is the local degree of u in a small
neighborhood of ¢. For example, if u : P! — P! is the map defined in coordinates by
u(x) = x¢, then e,(g) = 1 if ¢ # 0,0 and e,(q) = d for g = 0, co. The ramification index
can be defined algebraically in several equivalent ways. For example, if O(D), is the local
ring of functions on O which are regular at p, then O(C), is naturally an extension of
O(D), and the ramification index e,(g) is the normalized valuation of the maximal ideal
of O(D), in O(C),. See Stichtenoth [87, Sec. 3.1] for more background.

A fundamental tool for analyzing maps between irreducible curves is the Riemann-
Hurwitz formula. Note that if C is a curve defined over a field K, then we write “q € C” as
an abbreviation for ¢ € C(K). As a general rule we will only specify the field over which

the point is defined when the point is K-rational.

Theorem 5.3.1 (Riemann-Hurwitz). Let K be a field of characteristic 0 and letu : C — D
be a finite map between irreducible curves defined over K. If y(C) := 2 — 2g(C) is the

Euler characteristic of C, then

X(C) = deg)x(D) - ) eulq) — 1.

qeC
Proof. See Hartshorne [44, Cor. 2.4]. O

Lemma 5.3.2 records several well-known consequences of the Riemann-Hurwitz for-

mula for later reference.

Lemma 5.3.2. Let K be a field of characteristic 0.
1. Ifu: C — D is a finite map of irreducible curves, then g(C) > g(D).
2. If f : D — D is an endomorphism of an irreducible curve D with degree deg(f) >
2, then D has genus at most 1.
3. Ifu: C — D is a finite map between irreducible genus I curves, then u is unramified

and Galois.
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Proof. 1. Since x(C) := 2 — 2g(C), we can express the Riemann-Hurwitz formula as

§(0)~ 1= d(g(D)- )+ %qezcem) -1,

Since the genus is a non-negative integer, it follows that g(C) > g(D).

2. The Riemann-Hurwitz formula implies that

(deg(f) - Dx(D) = > eplg) - 1.

qeD

Since the right hand side is non-negative and deg(f) — 1 > 0 it follows that y(D) > 0
which by y(D) =2 —2g(D) implies that g(D) =0 or 1.

3. If C and D have genus 1, then y(C) = y(D) = 0 and the Riemann-Hurwitz formula
implies that e,(¢g) = 1 for all ¢ € C. For a proof that u is Galois see Silverman [82, Thm.
4.10 (o)]. O

5.3.2 Unbounded genus

Theorem 5.3.3 shows that in the f-stable case, if any iterate of u has genus larger than 1,

then the genera grow exponentially in the orbit of # under iterated fiber products with f.

Theorem 5.3.3. Let K be a field of characteristic 0, letu : C — D and f : D — D be
finite maps between irreducible curves defined over K. Let V,, C D be the set of critical
values of u, and letV := | J, V,,. Suppose dy := deg(f) > 2 and u is f-stable. If g(Cy,) > 1
for some m > 0, then

1. g(Cusn) = d;ﬁ + 1.

2. Vil = (deg(ﬁ)d}

3. V is infinite.
Thus if g(Cy,) is bounded, then g(C,,) < 1 for all m > 0.

Proof. Suppose g(C,,) > 1.
1. Let ﬂ : Cu+n — Cy, be the map parallel to " in the fiber product of u,, with
f". Note that deg(f,) = deg(f) = d + by Lemma 5.2.4. Applying the Riemann-Hurwitz
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formula to f;, gives

2(8(Cnen) = 1) = 2(C) = D+ Y ef(q)— 12 2d].
q€Cmin
Hence g(Cpin) — 1 > d?.
2. Since D is assumed to be irreducible with an endomorphism of degree at least 2,
Lemma 5.3.2 (2) implies that g(D) < 1. Recall that 3. ¢,-1(,) eu(q) = deg(u) for any finite
map u and p € D, hence e, (q) < deg(u) for all n > 0. Riemann-Hurwitz applied to u,,

gives us

2(8(Cn) = 1) = 2(8(D) = D+ D eu, (@)~ 1
qeD

< Z eum+n(Q)_1

qEVm+n
< (deg(u) = D[Vipsnl-

From (1) it follows that

Vintn| 2 ( dy. (5.2)

1)
deg(u) — 1
3. SinceV = |J,, V, and d > 2, taking a limit of (5.2) asn — oo shows that V is infinite. O

5.3.3 Bounded genus

We next consider the case when u is f-stable and all C, have genus at most 1. Theorem
5.3.6 and Corollary 5.3.8 are general results on the constraints derived from u having a
small genus fiber product with a high degree map. Theorem 5.3.9 applies these constraints
in a dynamical setting.

Consider the fiber product diagram,

A # A Xc B
i / 17 (53)

C—— 8
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The universal mapping property of fiber products implies that points r € AX¢ B correspond
to pairs of points p € A and ¢ € B such that f(p) = g(¢). Abhyankar’s lemma determines
the ramification of 4 := fog = go f atapoint (p, g) € A x¢ B in terms of the ramification
indices e¢(p) and e,4(q).

Theorem 5.3.4 (Abhyankar’s lemma). If r € A Xy, B corresponds to a pair (p, q) and
h:= fog=go f, then the ramification index of r under h is

en(r) = lem(e(p). eg(q))-

Proof. See, for example, Stichtenoth [87, Thm. 3.9.1]. O

Remark 5.3.5. A consequence of Abhyankar’s lemma is that the number of points on the
normalization of the fiber product of f and g projecting to p and g is gcd(ef(p), €4(q)).
This accounts for the failure of uniqueness of the universal property of fiber products for

smooth curves.

For each d > 1, let By 4 denote the set of all maps u : C, — O with deg(u) = d where
C, is an irreducible curve such that if ¥’ : C; — D is the fiber product of u with f, then

C,, is irreducible of genus at most 1. If p € D and u € By4, then define m), by

my,:= sup lem e,(q).
u€By 4 geu!(p)
Theorem 5.3.6. Let K be a field of characteristic Oandlet f : D — D be an endomorphism
of anirreducible curve D defined over K suchthatdy := deg(f) > 2. LetVy 4 := Uuesy g Vu
where V, is the set of critical values of u € By 4. Suppose d satisfies 1 < d < dy/2, then

1 2dy-2
Zl——,gd L (5.4)
bV P T
Furthermore, Vy 4 is finite with
Vil < ddy -4
PV 2 od

Proof. Since f : O — D is an endomorphism of degree dy := deg(f) at least 2, the
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genus of O is at most 1 by Lemma 5.3.2 (2). If D has genus 1, then so must all C, for
u € By . Finite maps between genus 1 curves are unramified by Lemma 5.3.2 (3). Thus
Vt,q is empty and our claim is immediate.

Now suppose that O has genus 0. Riemann-Hurwitz applied to f gives

2;-2= Y eflg)-12 > > eflg)-1= ) di—If"' @) (55
9€D P€Vr.a gef~(p) PEVr.a
We claim that for each critical value p € V; 4,

dr -1\l (df —Zd)(l - mi) (5.6)

14

For each p € V¢4 and u € By 4 let my,, be defined by

mp, = lem e, (q).
qeu!(p)
Then m;, = SUP,ep, , Mp.u- Suppose that g € f~1(p). If u € By,4 and ef(q) is not divisible
by m,,, then Abhyankar’s lemma implies that g is a critical value of u’ : C, — D, the fiber
product of u with f. Since g(C;) < 1 by the definition of By 4, Riemann-Hurwitz bounds

the size of V,,, the set of critical values of «’, by

Vil < " ewlq) =1 =2d+2(3(C))— 1) < 2d.
q€C;,

Hence m,,, divides e¢(g) for all but at most 2d points g € f ~I(p). Therefore, for u € B f.do

ds—2d
mp,u

If~'(p)] < 2d +

Since this holds for all u € By 4, we have

dr —2d
1 ()] < 2d + L=
my
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and (5.6) follows. Combining (5.5), (5.6), and our assumption that dy — 2d > 0 gives

2dp-22 Y (W—Zd)(l—%):cz:f__zzz > 1—%.

PE€Vf.a P PEVf.a P
Since m;, > 2 for each p € Vy 4 it follows that
2d; -2 1 Vrdl 4dy -2
> l-— > —— = |Vs4| < . O
dy—2d 2, m, = 2 Vel < 4 2a
pEVf’d

Theorem 5.3.6 shows that the collection of all maps u of a given degree having an
irreducible fiber product with f of genus at most 1 share a small set of common critical
values with uniformly constrained ramification. For d = deg(u) fixed, the upper bound
in (5.4) approaches 2 from above as dy — oco. In Corollary 5.3.8 we show that if dy is
sufficiently large with respect to d, then all such maps u have Galois closure with genus at

most 1.

Lemma 5.3.7. Let u : C — D be a finite map between irreducible curves and let
v : G — D be the Galois closure. Then for each p € D, the ramification index of v
at any point r € v_'(p) is

en(r) =mpyy = lcrln e.(q).
geu'(p)

Thus the critical values of v are the same as the critical values of u.

Proof. This is easiest to see in the language of fields. The Galois closure of K(C)/K(D) is
the compositum of all the conjugates of K(C). The set of ramification indices over a point
p € D is the same in all conjugates of K(C), and the common ramification index in the
Galois closure is the least common multiple of this set by Abhyankar’s lemma (Theorem
5.3.4.) Note that this implies that any point p € 9 which is not a critical value of u will
not be a critical value for the Galois closure of v. O

Corollary 5.3.8. Let K be a field of characteristic 0, let f : D — D be an endomorphism
of the irreducible curve D defined over K. If d > 1 and dy := deg(f) > 170d — 84, then

L Spev = ar <2

’ —
14
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2. Vyq has at most 4 elements,

3. Ifv: G — D is the Galois closure of u € By 4, then G has genus at most 1.
Proof. 1. The inequality dy > 170d — 84 is equivalent to

2dy -2 1
<2+ —.
dr—2d 42

Thus by Theorem 5.3.6 we have

A well-known computation implies that if a sum of this form with ), positive integers

is less than 2 + ﬁ, then it is at most 2 (see, for example, Miranda [64, Lem. 3.8 (c)].)

Therefore, .
> -—<2
PEVya M
2. Since mj, > 2 for each p € Vy 4, it follows that 1 — ”}1,) > % Hence Vy 4 has at most 4
points.

3.Ifu e Bfgandv : G — D is the Galois closure of u : C — D, then Lemma 5.3.7
implies that m,,, is the common ramification index of each point g € v (p) for p € D.

Therefore, by Riemann-Hurwitz applied to v we have

2(3(G) — 1) = —2deg(v) + ) eulg) — 1
q9€G

:deg(v)(—2+ZI— ! )

m
peD bt

Sdeg(v)(—2+ Z l—i)

m
pEVf,d r

<0.

Hence g(G) < 1. O
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We now apply Theorem 5.3.3 and Corollary 5.3.8 to the iterates of « under f when u
is f-stable.

Theorem 5.3.9. Let K be a field of characteristic 0 and suppose that u : C — D
and f : D — D are finite maps between irreducible curves defined over K such that
dy = deg(f) = 2. Let mp := sup, lem ¢,-1(,) €u,(q). If uis f-stable and g(Cy) < 1 for all
n > 0, then

1. 'V :=U,>0 Va has at most 4 points where V), is the set of critical values of uy,

2. Ypey 1 - ml—p <2

3. Foreachn > 0, u, has Galois closure v, : G, — D with g(G,) < 1.

Proof. Let d := deg(u). Since u is f-stable with g(C,) < 1 for all n > 0 we see that for
eachm > 1, u, € Bymg forall n > 0. If m > log,(170d — 84), then dy > 2 implies that
deg(f™) > 170d — 84. Thus m, < m, with m), := SUP,reB m 4 Mpa’ for all p € V. Thus by
Corollary 5.3.8 we have

hence V has at most 4 points and each u,, has Galois closure v, : G, — D with g(G,) <
1. O

5.3.4 Semiconjugates

Before proceeding with the proof of our main result we give an application of Theorem
5.3.9 to the structure of semiconjugates. Recall that endomorphisms f : D — D and
g : C — C are called semiconjugates if there is a finite map u : C — D such that the

following diagram commutes,

O
O

<
<

S
S

VR B
%
In other words, f, g, and u satisfy the functional equation u o g = f o u. Theorem

5.3.10 shows that if we have a semiconjugation uo g = f ou and deg(f) > 2, then u factors
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into a composition of maps # = vi o v o --- o v; such that each v; has Galois closure of

genus at most 1.

Theorem 5.3.10. Let K be a field of characteristic O and suppose that C and D are
irreducible curves defined over K together with maps u, f, g for which the following diagram

commutes,
c<t ¢
l l (5.7)

D%Z)

If deg(f) = 2, then there exists a decomposition u = vy o vy o --- o v withv; : C; — Ci_
and maps g; - C; — C; with go = f and gx = g such that for each i, either there is some
map h for which g; = hov; and gi—; = v; o h or

o e —
v,-\L \Lv,-
Ci1 455 G

is a fiber product diagram and v; has Galois closure with genus at most 1.
In particular, if u has irreducible fiber product with f, then u has Galois closure of

genus at most 1.

Proof. We proceed by induction on deg(u). Since f has degree at least 2 it follows that
g(D) < 1. Hence if deg(u) = 1, then u is Galois and an isomorphism so g(C) = g(D) < 1.
Now suppose that deg(u#) > 1 and that our conclusion holds for all u with smaller degree
and all maps f with degree at least 2.

If the fiber product of u with f is irreducible, then the universal property of fiber
products implies that (5.7) is a fiber product diagram. Therefore, in this case, u is fixed by
f under iterated fiber product. Hence u is f-stable and C,, = C has genus at most 1 for all
n > 0. Then Theorem 5.3.9 implies that # has Galois closure with genus at most 1.

If the fiber product of u with f is reducible, then (5.7) factors through some irreducible

component v : C; — D of the fiber product. It follows that u = vi o w; and g = hy o wy
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forsome w; : C — C; and b : C; — C.

c (317
[

D

A

If deg(v) = 1, then without loss of generality we can suppose that v is the identity and
thus w; = u. Therefore g = hyou and f = u o hy.
Now suppose that deg(vy) > 1. Setting g| := wy o h; the following diagram commutes

Since v; and wy have degree strictly smaller than u and deg(g;) > 2, it follows from our

induction hypothesis that they each have the desired decomposition. O

As a special case of Theorem 5.3.10 we deduce a result of Pakovich for semiconjugate

rational functions. We state Pakovich’s result in language consistent with this chapter.

Theorem 5.3.11 ([72, Thm. 1.1]). Suppose that u(x), g(x), f(x) € K(x) are rational
Sfunctions such that deg(f) > 2 and u o g = f o u, then either the fiber product of u and f

is reducible or the Galois closure of u has genus at most 1.

5.4 Finite orbits from topology

Recall that a finite map u# : C — D between irreducible curves may be interpreted as a

branched cover of . Theorem 5.4.2 uses the topology of branched covers of curves to
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show that if u is an f-stable with an orbit of bounded genus, then u has a finite orbit up to
isomorphism over K.

Ifu:C — Dis f-stable with g(C,) < 1 for all n > 0, then Theorem 5.3.9 implies
that there is a subset V C O with at most 4 points such that the critical values of each
u, are contained in V. Branched covers of a curve D(C) with critical values in a set V
are determined topologically by permutation representations of the fundamental group of
D(C)\ V. This correspondence may be transferred from C to any algebraically closed field
K of characteristic 0 using standard methods.

Suppose v : C, — D and w : C, — D are branched covers defined over a field K.
We say that v and w are isomorphic over an extension L/K if there is an isomorphism
h : C, — C, defined over L such that w o h = v. If v and w are isomorphic over
an extension L but potentially not over K, then we say w is a twist of v split over L.
If L/K is a Galois extension, then to each twist w of v split over L we may associate
a function ¢,, : Gal(L/K) — Aut(v) called a 1-cocycle which represents an element
of the first (non-abelian) group cohomology of Gal(L/K) valued in Aut(v) and denoted
HY(Gal(L/K), Aut(v)).

Lemma 5.4.1. Suppose u : C — D is a finite map defined over K and L/K is a finite
Galois extension.
1. If v and w are twists of u split over L, then v is isomorphic to w over K if and only if
they determine the same cohomology class in H' (Gal(L/K), Aut(u)).
2. HY(Gal(L/K), Aut(x)) is finite and thus there are finitely many K-isomorphism

classes of twists of u split over L.

Proof. 1. See Appendix 5.8 for a proof of this claim and for a general overview of
non-abelian first group cohomology and its relation to twists.

2. Since Gal(L/K) and Aut(u) are finite groups, there are finitely many possible 1-
cocycles, hence H'(Gal(L/K), Aut(x)) is finite. It then follows from the previous claim
that there are finitely many twists of u split over K. |

As noted above, twists and non-abelian first group cohomology are discussed further
in Appendix 5.8. We also refer the reader to Silverman [81, Sec. 4.7, 4.8].
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Theorem 5.4.2. Let K be a field of characteristic 0, letu : C — D and f : D — D be
finite maps between irreducible curves defined over K. If deg(f) > 2, u is f-stable, and
g(Cy) < 1 forall n = 0, then u has a finite orbit under iterated fiber product with f up
to isomorphism over K. In particular, for some j, k with k > 1 there is an isomorphism

h: Cjyx — Cj defined over K such that uj o h = uj .

Proof. Since u is f-stable with g(C,) < 1 for all n > 0, Theorem 5.3.9 (2) implies that
there is a set V C Z)(E) with at most 4 elements such that the critical values of u, are
contained in V for all n > 0. Choose some embedding K < C so that we may consider D
as a curve over C. If V' C D(C) is any finite subset of points, then the degree d irreducible
branched covers v : C — 9D with critical values contained in V’ correspond to sets of d
elements with a transitive action of the fundamental group of D(C) \ V’ (see, for example,
Volklein [91, Chp. 4]). Since this fundamental group is finitely generated, there are finitely
many such transitive actions. Therefore there are finitely many C-isomorphism classes of
branched covers in the f orbit of u. Each such branched cover descends uniquely up to
?—isomorphism to a cover defined over K [91, Thm. 7.9], hence u has a finite f orbit up
to K-isomorphism.

Say uj = uji over K with j > 0 and k > 1. This isomorphism is defined over some
finite Galois extension L/K. Thus u has a finite f orbit over L. For each £ > 0, uj k¢ is
a twist of u; split over L. Lemma 5.4.1 implies there are finitely many such twists. We

conclude that u has a finite orbit over K. O

5.5 Arithmetic Dynamical Mordell-Lang

Recall the following seminal result due to Faltings.

Theorem 5.5.1 (Faltings [27, Thm. 3]). Let K be a finitely generated field of characteristic
0 and suppose C is an irreducible curve defined over K. If C has infinitely many K -rational

points, then g(C) < 1.

We now prove our main result.
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Theorem 5.5.2. Let K be a finitely generated field of characteristic 0, letu : C — D and
f D — D be finite maps between irreducible curves defined over K. If deg(f) > 2 and
p € D(K), then {n : f"(p) € u(C(K))} is a finite union of arithmetic progressions.

Proof. By Theorem 5.2.8 it suffices to prove the result when u is f-stable. Let L = {n :
f"(p) € u(C(K))}. If L is finite, then we have nothing to show since a singleton is an
arithmetic progression with common difference 0. If p has a finite f orbit, then any periodic
iterate f/(p) in u(C(K)) with period k contributes j + kN to L. Thus, in this case, L is
clearly a finite union of arithmetic progressions.

Finally suppose that L is infinite and p has an infinite f orbit. Then for each n > 0
there are infinitely many points ¢ € D(K) such that f"(g) € u(C(K)). It follows that the
fiber product C, has infinitely many K-rational points. Thus g(C,) < 1 for each n > 0 by
Faltings’ theorem.

Therefore u is f-stable and g(C,) < 1 for all n > 0 and hence Theorem 5.4.2 implies
that u has a finite orbit up to isomorphism over K. Since fiber products are only defined
up to isomorphism over K we may suppose that u; = u;, for some j > 0 and k > 1.
Recall that the universal property of fiber products tells us that n € L if and only if
p € uy(Cy(K)). Thus L may be expressed as the union of a finite set and finitely many

arithmetic progressions with common difference k. O

Example 5.5.3. The assumption that K is finitely generated is necessary. Consider the

polynomial f(x) = x(x — 1) + 1 = x> — x + 1. It follows by induction that
m—1
e =1+ r@.
k=0
Hence gcd(f™(2), f*(2)) = 1 when m # n. The polynomial f(x) has a fixed point modulo
4 at—1and f(2) = 3 = —1 mod 4. It follows that f(2) is not a square in Q for any m > 0.

Consider the field K generated over Q by +/ f™*(2) for m > 0. This field is not finitely

generated since all pairs of iterates of 2 are coprime. Furthermore, if u(x) = x2, then

{n: f"(2) € w(P'(K))} = {m* : m > 0},
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which is not a finite union of arithmetic progressions. Therefore K must be finitely
generated for the conclusion of Theorem 5.1.2 to hold. However, this hypothesis is only

invoked when we appeal to Faltings’s theorem.

Remark 5.5.4. The sequence s, = f"(2) considered above is known as Sylvester’s sequence.
This sequence s, and the polynomial f(x) were studied from an arithmetic dynamical point
of view by Odoni [70].

Example 5.5.5. Let K = Q and let u, f : P' — P! be the rational functions given in

coordinates by

X—x+1

x3-2x2+x-1

2
u(x) =~ o0 =12 | - e
X X

If p = 2 € P'(Q), then we claim that
L:={n: ") € u(P(Q)} =1+ 3N.

The common difference of 3 comes from the period of u under iterated fiber product with

f. If u; and u; are the rational functions

X2

x2+1

u(x) =1+ x2 ur(x) =

b

then one may check that there are rational functions /;(x) such that u;(h;(x)) = f(ui+1(x))
fori = 0, 1,2 where ug(x) = u(x) = —x? and the subscripts are considered modulo 3. Thus
u has period 3 under iterated fiber product with f. Since f(2) = —g(2)*> = u(g(2)), it
follows that f1*3%(2) € u(P'(Q)) for all k > 0. This is equivalent to p € u;(P'(Q)), and in
fact p = 2 = u1(1). On the other hand, neither ug(x) = —x? = 2 nor ux(x) = x;‘—il =2hasa
solution in P1(Q). Hence p = 2is notin uo(P'(Q)) or u»(P'(Q)) and therefore 3k, 2+3k ¢ L
for any k > 0.
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5.6 Bounds on arithmetic progressions and stability results

Theorem 5.6.11 below bounds in terms of d := deg(u) alone the minimal value, com-
mon difference, and number of distinct common differences of arithmetic progressions
comprising {n : f"(p) € u(C(K))}. On our way to that result we deduce several others
demonstrating stability phenomenon arising in the dynamics of iterated fiber products.

Throughout this section we make frequent reference to the following assumption.

Assumption 5.6.1. Let K be a field of characteristicOandletu : C - Dand f : D — D
be finite maps between irreducible curves defined over K such that deg(f) > 2 and
d := deg(u).

Theorem 5.6.2 shows that if sufficiently many iterates of u are geometrically irreducible

with genus at most 1, then all iterates must be.

Theorem 5.6.2. Suppose Assumption 5.6.1. There is a function M(d) of d := deg(u) such
that if m > M(d) and the fiber product of u with ™ is irreducible with g(C,,) < 1, then u
has a finite orbit and C, is irreducible with genus g(C,) < 1 for all n > 0. In particular,

the following function will suffice,
M(d) := d'* +10g,(170d — 84).

Proof. Let m = mq + m; where my > d!* and m; > log,(170d — 84) are integers and
suppose that the fiber product of u with f0*" is irreducible with genus at most one. Since
deg(f™) > 170d — 84, Corollary 5.3.8 implies that there is a set V C D of at most 4 points
such that for each 0 < k < mg the map u; has degree d and the critical values of u; belong
toV.

Degree d branched covers of O with critical values contained in V are determined up
to isomorphism over K by a transitive action of the fundamental group 71 (D \ V) on a set
with d elements. If D has genus 0, then this fundamental group is free on three generators;
if O has genus 1, then V is empty and the fundamental group has two generators. Since
permutation representations are determined by choosing an element of the symmetric
group S, for each generator, there are no more than d!? such representations in either case.

Therefore there is some ng > 0 and n; > 1 with ng + n; < d!? such that Uy, is isomorphic
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tO Uyy+n, OVET K. That is, u has a finite orbit under iterated fiber product with f over K,
which implies that C, is irreducible with g(C,) < 1 for all n > 0. From Theorem 5.4.2 we
conclude that 1 has a finite orbit. O

5.6.1 Orbit bounds

Theorem 5.4.2 implies that if u is f-stable and g(C,) < 1 for all n > 0, then u has a
finite orbit over K. Corollary 5.6.6 bounds the size of the orbit in terms of d. This bound
has a geometric and arithmetic component which we treat in that order. The geometric

component of this bound follows immediately from the proof of Theorem 5.6.2.

Corollary 5.6.3 (Geometric Orbit Bound). Suppose Assumption 5.6.1. If u has a finite
orbit under iterated fiber product with f, then the orbit has at most d!* elements up to

K-isomorphism.

To bound the size of the orbit of u up to isomorphism over K we need a bound on the
number of twists of u in an orbit under iterated fiber products. We show that the number
of such twists is bounded in terms of deg(u) in Theorem 5.6.5.

Remark 5.6.4. The map u may have infinitely many distinct twists over K. For example,

for each squarefree integer a the map u, : P' — P! given in coordinates by u,(x) = ax? is
an infinite family of distinct twists over Q. Thus the content of Theorem 5.6.5 is that only

finitely many distinct twists arise in an orbit under iterated fiber products with f.

Theorem 5.6.5 (Arithmetic Period Bound). Suppose Assumption 5.6.1. Suppose that u is
fixed under iterated fiber product with f up to isomorphism over K. That is, there is an
isomorphism h : C, — C defined over K such that u o h = uy. Then the orbit of u up to

. . 3
isomorphism over K has at most d** elements.

Proof. Our assumption that u is fixed under fiber product with f over K implies that C
is irreducible with genus at most 1 by Theorem 5.3.9. An isomorphism between two
irreducible curves of genus at most 1 is determined by its value at 3 points. If we choose 3
points in Cy, then the functional equation u o & = u; implies that for each point ¢ the image

h(g) must be one of the at most d fibers of u over u;(g). Therefore there are at most d° such
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isomorphisms. If G := Gal(K/K), then since u and u; are defined over K it follows that
G acts on the set of isomorphisms /4 satisfying u o h = u;. We conclude that 4 is defined
over a field of degree at most d°, hence has Galois closure L/K of degree at most d°!.

As L splits u; as a twist of u, it must split all u,,. The number of such twists is bounded
by the size of the first non-abelian group cohomology H'(Gal(L/K), Aut(u)), which in turn
is bounded by the number of functions from Gal(L/K) to Aut(u). Galois theory implies
that |Aut(u)| < d. Thus the number of twists in the orbit of u under iterated fiber product
with f is at most dd, O

Corollary 5.6.3 and Theorem 5.6.5 combine to give the following bound on the size of
the orbit of u.

Corollary 5.6.6 (Orbit Bound). Suppose Assumption 5.6.1. If u has a finite orbit under f,

. 3 . .
then the orbit has at most d1>d®" elements up to isomorphism over K.

Example 5.6.7 shows that in general the dependence on the size of the orbit on d :=
deg(u) cannot be improved. However we expect the explicit bounds given above to be far

from sharp.

Example 5.6.7. Let d > 2 and suppose that a € K is such that the smallest positive power
of a which is a dth power in K is d itself. Note that if K is a finitely generated field
of characteristic 0 then such an element a always exists. Let u,(x) := bx? for b € KX
and let i(x) be any non-constant rational function in K(x). If f(x) := a~'xh(x)¢ and
g»(x) = xh(abx?) then f(x) has degree at least 2 and

foua = a ' (abx¥)h(abx®)? = b(xh(abxd))d = up 0 gp.

We claim that for any b € K* the fiber product of u; and f is irreducible. If not, then by
Fried’s Theorem (see Theorem 5.6.9 below,) u;, and f must have non-trivial left composition
factors with the same Galois closure. Any left composition factor of uy(x) = bx? must
have the form bx¢ for some divisor e of d, and all such maps are Galois. Therefore f has
a left composition factor of the form bx¢, which implies that e divides the ramification

index of f over 0. However, from the explicit expression f(x) = a~'xh(x)? we see that
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that the ramification index of f over O is congruent to 1 modulo d, hence is coprime to
d—a contradiction.

Thus u is the fiber product of up, and f for any b € K*. In particular, the fiber product
of uy(x) = x¢ with " is uz(x) = a"x. By our assumption on a it follows that d is the

primitive period of u;(x) under iterated fiber product with f.

5.6.2 Iterate Decompositions

Theorem 5.6.8 shows that if some iterate f” decomposes as u o w, then the left composition

factor u must first occur in a decomposition of f™ with m bounded in terms of deg(u).

Theorem 5.6.8 (Iterate Decomposition Stability). Suppose Assumption 5.6.1. Suppose
that u is a left composition factor of some iterate of f. Then there exists a function S(d)
depending only on d := deg(u) such that f™ = u o v for some m < S(d) and finite map
v:D — C. Furthermore, S(d) = (d — 1)M(d) will suffice, where

M(d) := d'* +10g,(170d — 84).

Proof. Suppose m > (d — 1)(d!® + 1log,(170d — 84)) is the smallest positive integer for
which there exists a map v : © — C such that f* = u o v. Observe that the functional
equation f™ = u o v is equivalent to the fiber product of # with f” having an irreducible
component isomorphic to D.

C+— D

| b

DD

For 0 < k < m let C; denote the irreducible component of the fiber product of u with
fk through which v factors and let u; : Cx — D be the restriction. So C,, = D and
u, = 1. Then deg(uy) forms a weakly decreasing sequence of positive integers starting at
d = deg(up) = deg(u) and ending at 1 = deg(u,,) = deg(1) with 1 appearing for the first

time as deg(u,,) by the minimality of m. Thus there are at most d — 1 distinct values in this
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sequence and some value d’ > 1 must appear at least

m = dml > d1 + log,(170d — 84)

consecutive times. If uy is the first map with degree d’, then the fiber product of u; with
™ is irreducible with genus at most one. But then Theorem 5.6.2 implies that the fiber
product of u; with f" is irreducible for all n > 0, which contradicts deg(u,,) = 1 < d'.
Therefore m < (d — 1)(d!? + log,y(170d — 84)). O

Theorem 5.6.9 is due to Fried, although Fried does not state the result in this language.
In Appendix 5.7 we prove this result as stated here and discuss how it relates to Fried’s

original formulation.

Theorem 5.6.9 (Fried [33, Prop. 2]). Let K be a field and suppose that f : A — C and
g : B — C are finite maps between irreducible curves defined over K each with degree
at least 2. If the fiber product D of f and g is reducible, then there is a decomposition
f=/fiofrand g = g1 o g» with deg(f1),deg(g1) > 2 such that

1. f1 and g have the same Galois closure.

2. The fiber product Dy of fi and g is reducible.

3. The induced map from D to D is bijective on irreducible components. In other
words, for each irreducible component of D, there is exactly one component of D
mapping onto it under the naturally induced map.

5 A—D
e et l
A —— D,y

ﬁl l 5
K

C#Bl

As discussed in Section 5.1.2, Theorem 5.6.10 (2) may be interpreted as a geometric

version of the eventual stability phenomenon introduced by Jones and Levy [54].

Theorem 5.6.10 (Geometric Eventual Stability). Suppose Assumption 5.6.1.
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1. There exists a function G(d) depending only on d := deg(u) such that if m > G(d)
and the fiber product of u with f™ is irreducible, then C, is irreducible for all n > 0.
Furthermore, G(d) := S(d!) will suffice, where

S(d) := (d — 1)(d"® + log,(170d — 84)).

2. If m > (d — 1)G(d), then the restriction of u, : C, — D to each irreducible

component of Cy, is f-stable.

Proof. Suppose that m > G(d) is the smallest positive integer such that u and f™ have
a reducible fiber product. Then Theorem 5.6.9 implies that there are decompositions
u=ujouyand f = f; o f> such that

1. deg(u1), deg(f1) > 1,

2. uy and f; have the same Galois closure.

3. The fiber product of u; and f; is reducible.
Since u; and f; have the same Galois closure we see that

deg(f1) < deg(uy)! < d!.

Theorem 5.6.8 asserts there is some m’ < S(d!) = G(d) for which f; is a left composition
factor of ™. Therefore the fiber product of u with f™ factors through the fiber product
of u; with f and hence is reducible. This contradicts the minimality of m.

Therefore if m > G(d) and the fiber product of u and f™ is irreducible, then the fiber
product of u and f” is irreducible for all n > 0.

Suppose m > (d — 1)G(d) and that the restriction of some irreducible component of
uy is not f-stable, which is to say that some iterate is reducible. Arguing as in the proof
of Theorem 5.6.8 we see there must be some ny < m and n; > G(d) such that the fiber
product of the restriction of u,, to an irreducible component with ™' is irreducible. But
then the above argument shows that the fiber product with all iterates of f are irreducible,

which is a contradiction. O
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5.6.3 Bounds on arithmetic progressions

The results from this section culminate in Theorem 5.6.11 where we apply them to bound

the arithmetic progressions arising in Theorem 5.5.2.

Theorem 5.6.11. Let K be a finitely generated field of characteristic 0 and letu : C — D
and f : D — D be finite maps between irreducible curves defined over K. Let deg(f) > 2
and let d := deg(u). For each p € D(K) the set L := {n : f"(p) € u(C(K))} can be
expressed as a finite union of arithmetic progressions j + kN such that,

1. There are at most d distinct positive common differences.

2. Each common difference k is bounded by
k < K(d) := d¥d?".
3. Each minimal value j in a positive arithmetic progression is bounded by
Jj <(d-1)G(d)+ K(d),

where G(d) is as in Theorem 5.6.10.

Proof. 1. The proof of Theorem 5.2.8 shows that the eventual periods of restrictions of
u, to f-stable components may be taken as the non-trivial common differences k. Since u
has degree d, there are at most d distinct irreducible components of each C,. Thus there
are at most d positive common differences.

2. Since k # 0 may be chosen as the eventual periods of restrictions of u, to f-stable
components, it suffices to bound the finite orbits of these restrictions. Corollary 5.6.6
implies that k < d13dd,

3. The minimal value j in each non-trivial arithmetic progression is at most mgy + m;
where my is the smallest integer for which the restriction of u,,, to all irreducible components
is f-stable and m; is the maximal size of a finite orbit of one of these restrictions. Theorem
5.6.10 gives us my < (d — 1)G(d) and Corollary 5.6.6 gives m; < K(d). O
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5.7 Appendix: Fried’s Theorem

Fried proves the following theorem in [33, Prop. 2]:

Theorem 5.7.1 (Fried). Let K be a field and let f(x),g(y) be polynomials defined over
K with non-vanishing derivatives. Then there exist polynomials fi(u), g1(v), f2(x), g2(y)
defined over K such that

f=hoht
g§=81°8

and the field extensions K(u), K(v) of K(t) formed by adjoining roots of fi(u) —t and

g1(v) — t to K(t) have the same Galois closure. Furthermore, if
i) - 16) = [ [ e
i=1
is an irreducible factorization over K, then
f@)—g@)=fﬁhdﬁ0%gAW)
i=1

is an irreducible factorization over K. That is, h;(f>(x), g2()) is irreducible over K for

each i.

Theorem 5.7.1 is a powerful tool for studying the reducibility of separated variable
polynomials like f(x) — g(y), which arise as defining equations for fiber products. For
example, Bilu and Tichy [6, Thm. 8.1] use Fried’s theorem in their determination of all
polynomials f(x), g(y) such that f(x) = g(y) has infinitely many integral solutions. In this
appendix we formulate and prove Fried’s theorem in a more general setting. We end by
showing how both Fried’s original result Theorem 5.7.1 and our Theorem 5.6.9 follow as

specializations.
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G-Sets and Fried’s Theorem

Galois theory gives a unifying perspective on the categories of algebraic extensions of a
field K and of branched covers of an irreducible curve C: both are equivalent to the category
of transitive G-sets for some group G. In the former case G is an absolute Galois group,
and in the latter case G is a fundamental group. Theorem 5.7.3 below is a formulation
of Fried’s theorem in the setting of G-sets, which may then be translated through Galois
theory into more familiar algebraic and geometric settings.

Let G be a group. Recall that a G-ser X is a set on which G acts by permutations. For
g € G and x € X we write gx for the image of x under g. If X and Y are G-sets, then
a G-map f : X — Y is a function which is “G-linear” in the sense that f(gx) = gf(x).
Together G-sets and the G-maps between them form a category.

If N < G is a normal subgroup and Y is a G-set, then we can quotient Y by the action
of N to get a G-set NY defined by NY := {Ny : y € Y}. Since N is normal, NY inherits
a G-action and the map g : Y — NY sending g : y — Ny isa G-map. Wecall N <G a
normal stabilizer of Y if N fixes every point in Y. The largest normal stabilizer Ny of Y is
the Galois group of Y. Note that N C Ny iff N is a normal stabilizer of Y.

If G acts transitively on a set Z, we say Z is irreducible, and otherwise reducible. Given
an irreducible G-set Z and a G-map f : Y — Z, we say Y is a G-set over Z. If Y is over Z,
and N is a normal stabilizer of Z, then f : Y — Z factors as f = go p, where p: Y — NY
is the projection defined above and g : NY — Z is defined by g(Ny) = Nf(y) = f(y).

Suppose f : X — Y is a G-map. Then every orbit of X is mapped onto an orbit of
Y, giving us a well-defined function from the orbits of X to the orbits of Y. We say f is
injective, surjective, or bijective on components if the induced function on orbits has the
respective property. These three properties are stable under composition.

If X and Y are G-sets over Z withmaps f : X — Z and b : Y — Z, then the fiber
product X Xz Y is defined in the usual way by

XxzY :={(x,y) e X XY : f(x) =g}

The fiber product is a G-set with natural projections to X and Y.
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Lemma 5.7.2. Let X and Y be G-sets over Z, and let N be a normal stabilizer of X. If

p : Y — NY is the natural projection, then 1x X p is bijective on components.

X ¢ XxzNY &2 x5, v
Z NY — Y

Z
Y og

Proof. Since 1y and p are both surjective, their product is surjective on components. We
check that 1x X p is injective on components. Suppose (xi, y1), (x2, y2) € X X Y are points
whose image under 1y X p lie in the same component. Then there exists a g € G such that

g (x1, Ny1) = (x2, Ny2).

Hence g - x; = xp and g - Ny; = Ny;. So there exists n € N for which gn - y; = y,. Since
N is a normal stabilizer for X, we have

gn-xy=g-x1=Xx.

So gn - (x1,y1) = (x2, y2) implying that (xy, y;) and (xp, y») are in the same component of
XxY. |

If f:Y — ZisaG-map, then for each y € Y, there is an inclusion of stabilizer groups
Gy € Gy(y); we call the index [G(y) : Gy] the degree of f at y, denoted deg,(f). The
degree depends only on the irreducible component of y. We define deg(f) to be the sum
of the degrees of f on each irreducible components of Y. The degree of f is the size of
any fiber, hence the name. We say Y is finite over Z if f : Y — Z has finite degree and
denote it by |Y/Z| when f is implicit.

Theorem 5.7.3 (Fried for G-sets). Let X,Y, Z be G-sets such that X and Y are finite over
Z. Then there exist G-sets U and 'V finite over Z and surjective G-maps

p:X—-U
q:Y -V
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such that
1. U andV have the same Galois group.

2. Themap px q: X xXzY — U Xz V is bijective on components.

X < XXzY

|

Z+—— v /

Proof. We proceed by induction on the sum of degrees |X/Z| + |Y/Z|. Let Nx and Ny
be the Galois groups of X and Y respectively. If Nx = Ny, then we are done with X = U
and Y = V. So suppose Ny € Ny. Letr : Y — NxY be the natural map. Observe that
INxY/Z| < |Y/Z|; otherwise Ny is a normal stabilizer of Y, which implies Nx C Ny.
Lemma 5.7.2 shows that 1 X r : X Xz Y — X Xz NxY is bijective on components. By
induction, the conclusion holds for X and NxY. The result follows since bijectivity on

components is stable under composition. O
Corollary 5.7.4 reflects how we use Theorem 5.7.3 in practice.

Corollary 5.74. Let X,Y,Z be G-sets such that X and Y are irreducible and finite over
Z. If X Xz Y is reducible, then the U and V provided by Theorem 5.7.3 both have degree

greater than 1 over Z.

Proof. We prove the contrapositive. If V has degree 1 over Z, then V = Z. Thus
U %Xz V = U isirreducible. Since p X g : X Xz Y — U Xz V is bijective on components it
follows that X X, Y is irreducible. ]

Translation to Field Theory

Let K be a field. Under the Galois theory correspondence, finite degree field extensions
of K correspond to finite transitive G-sets for G the absolute Galois group of K. The
subcategory of transitive G-sets is not closed under fiber products, making it an unsuitable

setting for Fried’s theorem. The Galois correspondence extends to the full category of
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G-sets if we replace algebraic field extensions of K with étale K-algebras. Recall that an
étale K-algebra is a finite product of separable field extensions of K. See Lenstra [60] for
an account of this expanded Galois theory following Grothendieck.

Given an étale K-algebra A/K, the set of K-algebra maps Homg (A, K*°P), where K*°P
is a separable closure of K. inherits an action of G = Gal(K*®?/K) by post-composition.
This function A — Homg (A, K*°P) extends naturally to a contravariant functor giving one
direction of the Galois correspondence. In the other direction it suffices to say how to
construct a field extension from a transitive G-set X: choosing a point x € X, let H be
the stabilizer of x and let L/K be the fixed field of H in K*°P. Different choices of point
in X give isomorphic extensions with different embeddings in K*®. Since the Galois
correspondence is a dual equivalence, disjoint unions of G-sets correspond to products of
K-algebras and products of G-sets correspond to tensor products of K-algebras.

Let A/K be a finite étale algebra over K. The degree of A/K is the dimension of A
as a K-vector space. We say A is irreducible if A/K is a field extension; otherwise A is a
product of field extensions and we call A reducible. If A = []:Z, L; is a decomposition of A
as a product of field extensions L;/K, then the Galois closure of A/K is the product of the
Galois closures of each L;/K. The spectrum of an étale K-algebra is a finite set comprised
of the spectra of the field factors of A. That is, if A = [T, L;, then

m
Spec(A) = |_| Spec(L;).
i=1

Recall that a map of K-algebras f : B — A induces a map f* : Spec(A) — Spec(B). We
say that f is injective, surjective, or bijective on components if the corresponding dual map
on spectra has the respective property as a function of finite sets.

Applying the Galois correspondence to Theorem 5.7.3 yields Theorem 5.7.5.

Theorem 5.7.5 (Fried for K-algebras). Let A and B be finite étale K-algebras. Then there

are finite étale K-algebras C and D and injective K-algebra maps

i:C—> A
j:D— B
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such that
1. C and D have the same Galois closure.

2. Themapi® j:C Qg D — A®k B is bijective on components.
Likewise, we have a translation of Corollary 5.7.4.

Corollary 5.7.6. Let A and B be finite field extensions of K. If A g B is reducible, or
equivalently if A and B are not linearlly disjoint over K, then the field extensions C and D
provided by Theorem 5.7.5 both have degree greater than 1 over K.

Neither Theorem 5.7.3 nor Theorem 5.7.5 is stated in the language used by Fried. To
recover his version of the result we apply Theorem 5.7.5 with K(¢) as our ground field,
where K is a field and 7 is transcendental over K. Given a rational function f(x) € K(x)
with non-vanishing derivative, K(x) is the separable field extension of K(¢) formed by
adjoining a root of f(x) —t. If x,y,t are transcendental and algebraically independent
over K, then for rational functions f(x) and g(y) with coefficients in K and non-vanishing
derivatives we get two finite, separable field extensions K(x)/K(t) and K(y)/K(t); the
tensor product K(x) ®k(;) K(y) is an étale K(t)-algebra presented over K by

K[x, y]

K(x) ®k() K(y) = m

The irreducible factors of the numerator of f(x)— g(y) correspond to the fields in a product
decomposition of this K(r)-algebra.

Theorem 5.7.7 (Fried). Let K be a field and f(x), g(y) be non-constant rational functions
over K. Then there exist rational functions fi(u), f>(x), g1(v), g2(y) with coefficients in K

and a decomposition

f=hef
8§ =81°42

such that
1. The field extensions K(u)/K(t) and K(v)/K(t) have the same Galois closure, and
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2. Ifhi(u, v) are the irreducible factors of the numerator of fi(u)—gi(v), then h;( f>(x), g2(y))

have irreducible numerators.

Proof. We apply Theorem 5.7.5 to find fields U € K(x) and V C K(y) with the same
Galois closure of K(¢). By Liiroth’s theorem [87, Prop. 3.5.9], we may write U = K(u) and
V = K(v) for transcendentals u, v. Then t € K(u), K(v) implies there are rational functions
fi(u) and g;(v) such that t = fi(u) in K(u) and t = g;(v) in K(v). Similarly, u € K(x) and
v € K(y) give us u = fo(x) and v = g»(y) in the respective fields. From ¢t = f(x) in K(x)
and r = g(y) in K(y) respectively, the functional decompositions follow.

Then the two claims follow from Theorem 5.7.5 and the discussion beginning this

section. O

Remark 5.7.8. Fried stated his version of the result with f and g polynomials. Since a
polynomial f(x), viewed as endomorphisms of P!, is a rational function with a totally
ramified point, the same must be true for any composition factors of f. Hence, after a
linear change of coordinates, we may assume that any decomposition of a polynomial has
polynomial factors. Theorem 5.7.7(2) then has a cleaner statement, since we then simply
refer to the irreducible factors without specifying the numerator.

Finally, Theorem 5.6.9 follows either by translating Theorem 5.7.3 through the Galois
correspondence for branched covers of curves or by translating Theorem 5.7.5 through the

algebro-geometric duality.

5.8 Appendix: Twists and Non-Abelian Group Cohomology

In this appendix we review first non-abelian group cohomology and its relation to twists in
a general setting.

Suppose G is a group acting functorially on a groupoid G. That is, for each g € G
and isomorphism i : X — Y we get an isomorphism ¥ : X — Y¥, and the action
respects composition. The essential family of examples to keep in mind is when G is
a groupoid of objects “defined over” an algebraic closure K with algebraic morphisms
and G := Gal(K/K); in that case the absolute Galois group acts naturally on objects and

morphisms. Following this example we say an object or morphism is defined over K when
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it is fixed by G. In an abstract setting K does not refer to a specific field, this is just a
useful expression to keep us grounded (Neukirch uses similar terminology in his abstract
development of class field theory [67].)

Let us furthermore suppose that every object and morphism in G has a finite index
stabilizer in G. Intuitively this corresponds to all objects and morphisms being defined
over some finite extension of K. If X and Y are objects defined over K and isomorphic in
G but potentially not isomorphic over K, then we say Y is a twist of X. If i : X — Y is an
isomorphism, then by our assumption i is defined over some finite extension L/K and we
say that this twist is split over L.

We are interested in classifying the twists of a given object X in G defined over K.
Suppose Y is defined over K and i : ¥ — X is an isomorphism. Thus G fixes X and Y and
acts on the isomorphisms between them. Let Aut(X) denote the automorphism group of
X in G. We define a function i : G — Aut(X) by i(g) := i¢ o i~!, which we suggestively

write as i(g) = i$~!. This is equivalent to 7(g) making the following diagram commute.

X

/ (5.8)

Y i(g)
\

The function 7 satisfies the following cocycle condition for all g, h € G,

X

lA(gh) = lA(g)h o lA(h) (or equivalently jgh=1 _ jgh=h g ;h-1 )

To see this relation first note that the diagram (5.8) uniquely determines i and then express
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i(gh) in two ways:

i(gh)

i(g)

v

i8h X

~

Suppose j : Z — X is another twist of X and k : Y — Z is an isomorphism defined over
K, which is to say that ¥ and Z define essentially the same twist of X. Then £ := jokoi~!
is an automorphism of X making the following diagram commute:

~.

1]

e

Since k is fixed by the action of G it follows that for all g € G the following diagram

commutes.
X

\

(g
(5.9

\

x%x
N

\

X

Thus j(g) = €8 0i(g) o £~ forall g € G. Conversely, ifi : ¥ — X and j : Z — X are
twists and there exists an automorphism ¢ € Aut(X) for which (5.9) holds, then it follows
that jofoi : Y — Z is fixed under the action of G, hence is defined over K. We call
such an automorphism ¢ a coboundary from i to j. The existence of a coboundary between

cocycles determines an equivalence relation on cocycles which we call a first cohomology
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class.

Define H'(G, Aut(X)) to be the collection of all first cohomology classes. Note that we
are not assuming that Aut(X) is abelian and thus H'!(G, Aut(X)) does not have a natural
group structure. When Aut(X) is abelian, these constructions simplify to the more familiar
definitions of group cohomology (see Brown [9].) Our discussion above shows that K-
isomorphism classes of twists of X give rise to distinct first cohomology classes. A simple
observation which we employ in Sections 5.5 and 5.6 is that if G and Aut(X) are finite

groups, then there are finitely many possible cocycles, hence H'(G, Aut(X)) is finite.
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Chapter 6

Noncommutative arithmetic dynamical
Mordell-Lang

The results in this chapter were obtained in collaboration with Michael Zieve. A co-

authored paper is in preparation.

6.1 Introduction

In Chapter 5 we proved an arithmetic analog of the (cyclic) dynamical Mordell-Lang
conjecture (Conjecture 5.1.1). We refer to this as the cyclic case of dynamical Mordell-Lang
as it pertains to the action of a cyclic semigroup (f) on a variety X. A proper dynamical
generalization of the Mordell-Lang conjecture should consider the action of more general
semigroups of endomorphisms on X. Bell, Ghioca, and Tucker pose Question 6.1.1 as one
possible generalization of Conjecture 5.1.1. They note several cases where Question 6.1.1

has an affirmative and negative answer.

Question 6.1.1 ([4, Qu. 3.6.0.1]). Let X be a quasiprojective variety defined over C and
let S = (fi, /..., fg) be a finitely generated semigroup of commuting endomorphisms
of X. If p € X(C) and U C X is a subvariety, then is it true that {(ni,ny,...,ng) :

a0 AR fgng (p) € U(C)} is a finite union of sets of the form d + B, where 4 € N¢ and
B C N¢ is a subsemigroup?

Our main result in this chapter is Theorem 6.1.2, a noncommutative semigroup gener-

alization of Theorem 5.1.2. To formulate the conclusion we need the notion of a regular
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language from theoretical computer science. Let A := {ay, ay, ..., a,} be a finite set and
let A* := (aj,a,...,ag) be the free noncommutative semigroup generated by A. Then
elements of A* are simply words formed from the alphabet A. A (formal) language over
Ais a subset £ C A*. Regular languages are a simple and fundamental class of formal
languages which may be informally characterized as those languages £ recognized by
a finite state machine without memory (see Section 6.2 for a formal definition.) If D
is an irreducible curve and S := (fi, /5, ..., fg) is a finitely generated (noncommutative)
semigroup of endomorphisms f; : D — D, then subsets of S may be interpreted as formal

languages over the alphabet { fi, f, ..., f}.

Theorem 6.1.2 (Noncommutative Arithmetic Dynamical Mordell-Lang). Let K be a
finitely generated field of characteristic 0, let u : C — D be a finite map between irre-
ducible curves defined over K, and let S = (fi, f>, .. ., f,) be a finitely generated semigroup
of endomorphisms f; : D — D, such that deg(f;) > 2 for all i. If p € D(K) is a point,
then {w € S : w(p) € u(C(K))} is a regular language.

Remark 6.1.3. Languages over an alphabet with one letter f are equivalent to subsets of
the natural numbers by f" < n. In Example 6.2.7 we show that a regular language over
an alphabet with one letter is equivalent to a finite union of arithmetic progressions. Thus

Theorem 6.1.2 is a proper generalization of Theorem 5.1.2.

We refer the reader to Chapter 5 for background on curves, fiber products, and twists.

6.2 Regular languages and finite automata

Let A = {aj,ay, . .., a,} be an alphabet and recall that a formal language is a subset £ C A*
of the free noncommutative semigroup generated by A. The class Reg of regular languages
is defined recursively as the smallest set of languages such that every finite language is in
Reg and if £, £ and L, are in Reg, then

1. The union £; U £, is in Reg,

2. The concatenation £ L := {wwy : w; € L;}is in Reg, and

3. The Kleene star L* := 50 L" = {wiw2---w, : w; € L} is in Reg.
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A regular language may also be defined as the collection of all words matching a regular
expression. Regular expressions are defined recursively as any expression e which is either
a word in A* or

1. eis adisjunction e = ej|e; where ey, e> € Reg,

2. e is a concatenation e = eje; where eq, ex € Reg, or

3. eis a Kleene star e = e] where e € Reg.
A regular expression e should be interpreted as a pattern describing a language £(e) of all

words w € A* which match the pattern e.

Example 6.2.1. If A := {a, b} is our alphabet, then e := a(a|b)b* is a regular expression
describing the language of all words that start with an a, followed by either an a or b, and

then followed by any number of b’s,
L(e) = {aa, ab, aab, abb, aabb, . . .}. 6.1)

A useful way to define a formal language is to construct a “machine” that recognizes
the language. A deterministic finite automata or DFA over the alphabet A is a machine
modelled by a finite directed graph with vertices interpreted as states and such that for each
letter a € A and each state ¢, there is exactly one directed arrow labelled by a from ¢ to
another state (or possibly back to g.) Every DFA M has a distinguished start state and a
set of accept states. An example of a DFA over the alphabet A = {a, b} is shown below.
The start state is labelled and the accept state is the distinguished state on the right.
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start — b

a,b

We think of M as a machine which processes words in A*. Givenawordw = aja, - - - ay
we begin at the start state of M and use letters in w as instructions for which state to transition
to. If when we are on an accept state when we finish processing w, then we say that M

accepts w and otherwise not.

Remark 6.2.2. A word w can be read from either the left or right end and when defining
an automata. Whether a language is regular does not depend on the direction in which it is
read, although this is not immediately clear [1, Cor. 4.3.5].

The collection of all words accepted by M is called the language of M and denoted
L(M). Returning to the DFA M shown above, we see that the word w; = aabb is accepted
by M while wy = baab is not. Furthermore, the language of M is precisely the regular
language L(e) from (6.1). The following fundamental result shows that regular languages

are exactly the languages accepted by finite automata.

Theorem 6.2.3 (Kleene’s Theorem). If M is a DFA, then L(M) is a regular language and
if L is a regular language, then there is a DFA M such that L = L(M).

Proof. See Allouche and Shallit [1, Thm. 4.1.5]. m]

Kleene’s theorem allows us to show a language L is regular by explicitly constructing
a deterministic finite automata which accepts L. However, in practice the determinism of

a DFA can be cumbersome to work around. A non-deterministic finite automata or NFA is
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a DFA where there can be multiple directed arrows with any given label emanating from
each state. Words are processed by an NFA N by following all possible paths with the
appropriate edge labelings; the word is accepted if any one of those paths ends at an accept
state. The added flexibility of non-determinism can significantly improve the efficiency of
the automaton recognizing a language, but the overall class of languages recognized is the
still the regular languages.

The Pumping Lemma is an essential tool in the study of regular languages. Given a

word w = ajay . . .ap we write |w| := ¢ for the length of w.

Lemma 6.2.4 (Pumping Lemma). If L is a regular language, then there is a constant
P > 0 called the pumping length of L such that for any word w € L with |w| > P we may
factor w as w = xyz where

L [y| >0,

2. |xy| <P,

3. xy"z e L foranyn > 0.

Proof. See, for example, [1, Lem. 4.2.1]. O

Lemma 6.2.4 says that in a regular language L every sufficiently long word w contains
a subword y which may be removed or repeated any number of times to obtain another

word in L.

6.2.1 Reinterpretation of finite automata

Regular languages are typically associated with computer science but have appeared several
times in connection with pure mathematics. For example, in the positive characteristic
version of the Skolem-Mahler-Lech theorem [23], in the Grobner theory of representations
of combinatorial categories [79, Sec. 5], and in the description of the algebraic closure of
formal power series rings in positive characteristic [1, Chp. 12]. Proposition 6.2.5 gives
another characterization of regular languages which explains why we should expect to see
this concept commonly in a pure mathematical context. If S is a semigroup, then an S-set

is a set on which § acts by endomorphisms.
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Proposition 6.2.5. Let S be a finitely generated semigroup and let M be a finite S-set. If
p € Mand U C M is a subset, then {w € S : w(p) € U} is a regular language over the
alphabet of generators of S.

Proof. A finite S-set M with a choice of an element p € M and a subset U C M is
equivalent to the data required to specify a DFA with start state p and accept states U.
More precisely, if we let the elements of M be our states, then for each generator f of S
and g € M we include an arrow from g to f(q) labelled f. If w is a word in the alphabet of
generators and g € M, then w(q) is the state we arrive at by following the transitions from
the letters of w one at a time (read from the right.) The language accepted by this DFA is
{w € S :w(p) € U} is regular by Kleene’s theorem. O

Remark 6.2.6. The proof of Proposition 6.2.5 shows that DFAs are essentially equivalent to
finite S-sets with a choice of starting and accepting elements. This representation theoretic
perspective extends to other variants of DFAs. For example, an NFA is equivalent to a
finite dimensional B-linear S-representation N where B := {0, 1} is the Boolean semiring

together with a starting vector v € N and an accepting dual vector a* € N*.

Example 6.2.7. Suppose our alphabet consists of one letter A = { f} and let S := A* = (f).
A language over A is equivalent to a subset of N by f” < n. Note that a finite S-set is
equivalent to a finite set M with a function f : M — M. Since every ¢ € M has a finite
orbit under f it follows that a regular language over A is equivalent to a finite union of

arithmetic progressions.

6.3 Noncommutative arithmetic dynamical Mordell-Lang

In this section we prove Theorem 6.3.6. Along the way we deduce several intermediate
results of independent interest. Theorem 6.3.1 characterizes the language of all words in a
finitely generated semigroup of endomorphisms of projective space which map a point p

into a finite set.

Theorem 6.3.1. Let K be a field of characteristic 0 and let S := (fi, fo,..., fy) be a

finitely generated semigroup of endomorphisms f; : P* — P" of projective space defined
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over K such that deg(f;) > 2 for alli. If p € P"(K) and U C P*(K) is a finite set, then
{w e S:w(p) e U} isaregular language.

We require Lemma 6.3.2, due to Moriwaki, which asserts the existence of height

functions on projective space over any finitely generated field K of characteristic 0.

Lemma 6.3.2 (Moriwaki [66]). If K is a finitely generated field of characteristic O, then
there exists a height function i : P"(K) — Rsq such that,
1. For any endomorphism f of degree d and point p € P"(K) there is a constant Cy
depending only on f such that

h(f(p)) = dh(p) + Cy.

2. Forany b > 0 there are finitely many points in P"(K) with height less than b.

Proof of Thm. 6.3.1. The finite set of generators of S, the finite set U C P*(K), and the
point p are all defined over some finitely generated subfield K’ of K and thus every element
of S and the full orbit of p under S is defined over K’. Therefore without loss of generality
we may assume that K is a finitely generated field. Since regular languages are closed
under union it also suffices to prove the result when U consists of a single point g.

Let h be a height function on P*(K) as in Lemma 6.3.2. Since S is finitely generated,
there are constants » > 0 and ¢ > 1 such that for each generator f; of S, if r € P"(K) and
h(r) > b, then h(fi(r)) > ch(p). Let B C P"(K) be the set of all points with height larger
than b. Then S(B) C B and the complement of B is a set of bounded height hence is finite.

The exponential growth of heights in B under S implies that A := S~!(¢) N B, the set
of all elements in B which map to g by some word in S, is finite. Let M be the finite
set theoretic quotient of P"(K) given by equating all elements in B \ A. This quotient is
S-equivariant, hence M is a finite S-set. It follows from Proposition 6.2.5 by interpreting

p and ¢ as elements of M that L = {w € S : w(p) = ¢} is a regular language. O
Theorem 6.3.3 is the noncommutative semigroup generalization of Theorem 5.4.2.

Theorem 6.3.3. Let K be a field of characteristic 0 and let S := (fi, f>, . . ., f,) be a finitely

generated semigroup of endomorphisms f; : D — D of an irreducible curve D with genus
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at most 1 defined over K such that deg(f;) > 2 for all i. For each d > 1 there is a finite
subset V. C D with size depending only on d and g, and a finite set M of K-isomorphism
classes of finite maps v : C, — D such that,

1. Ifu: C, — D is a finite map with deg(u) < d such that the fiber product of u with
awordw € S of length € > log,(2d) is irreducible with genus at most 1, then u is
ramified over V.

2. Ifu : C, — D is a finite map ramified over V with deg(u) < d for which the fiber
product of u with some w € S has an irreducible component u,, : C, — D with

genus at most 1, then the K-isomorphism class of u,, belongs to M.

Proof. 1. If D has genus 1, then any irreducible component of a fiber product with genus
at most 1 must also have genus 1 and thus be unramified by Lemma 5.3.2. In this case we
can take V := 0.

Now suppose that D has genus 0. Let £ > log,(2d) be an integer. The Riemann-
Hurwitz formula implies that there are at most 4 points ¢ in 9 for which f; has at most 1
unramified pre-image: each such g contributes at least %
of

toward the right hand side

2deg(f) -2 = ) deg(f) - 1 (@)].

qeD

Let A; be the set of all such points for f;, and let V be the union of the set of images of
Uigzl A; under all words in S of length at most €. Note that |V| is bounded in terms of ¢ and
g the number of generators of S.

Suppose that u : C, — D has deg(u) < d and that the fiber product u,, : C,, —» D
of u with some word w € S of length ¢ is irreducible with genus at most 1. If g is a
critical value of u not contained in V, then by construction ¢ must have at least 2¢ > 24
unramified pre-images under w. Abhyankar’s lemma (Theorem 5.3.4) implies that each of
these unramified pre-images is a critical value of u,,. However, Riemann-Hurwitz implies
that u,, has at most 2 deg(u,,) < 2d critical values. Hence all the critical values of u must
belong to V.

2. This proof has a geometric and arithmetic part. We first obtain a finite set M
satisfying the conclusion over K (the geometric part) and then use this to construct a finite

set M for which the conclusions holds over K (the arithmetic part.)
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As discussed in Section 5.4, there are finitely many K-isomorphism classes of irre-
ducible branched covers u : C, — D with degree at most d and critical values contained
in the finite set V. Let My denote this finite set of isomorphism classes.

Let M be the set of all K-isomorphism classes of finite maps v : G, — D which are
the restriction to a genus at most 1 component of a fiber product of u € My with a word
w € § of length at most d¢. Recall that ¢ is defined to be an integer satisfying £ > log,(2d).
Then M is finite with size bounded in terms of d and g.

We claim that for any u € My and w € S, if the fiber product u,, : C,, :— D has
an irreducible component with genus at most 1, then it is K-isomorphic to an element of
M. We prove this by induction on the length of w. If |[w| < d¢, then this holds by the
definition of M. Suppose m := |w| > d{ and that the claim is true for all shorter words. If
w = fi\fi -+ fi,, Where each f;; is a generator of S, then let uy : Cx — D be the restriction
of the fiber product of u with f;, f;, - - - f;, to the irreducible component C; mapped onto by
Cy.

O

C < C < C

3 <
u uy MZ\L u3\L
D <
S fi4

Z Z Z
\ﬁl Z)\fiz D\ﬁ3

—_

S

Then each C; has genus at most 1 and the sequence of degrees deg(uy) is weakly
decreasing. The degrees decrease less than deg(u) < d times; if each degree occurred no
more than ¢ times then that would imply m < d¢. Hence there is some v; with k£ > 0 and
a subword w’ of w with length ¢ for which the fiber product of vy with w’ is irreducible
with genus at most 1. It follows that v; belongs to My. Therefore u,, is a component of
the fiber product of u; with the word f;, ., f;,., - - - f;,, which is shorter than w. Hence our
inductive hypothesis implies that u,, is K-isomorphic to an element of M. This concludes
the geometric part of the argument.

Suppose that u is isomorphic to an element of My and defined over K. Let M, be the
set of K-isomorphism classes of restrictions to genus at most 1 components in the S-orbit
of u under iterated fiber products. We aim to show that M,, is finite. To that end we first

prove Claim 6.3.4.
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Claim 6.3.4. For each K-isomorphism class « in M and v € « defined over K, the S-orbit

of v contains finitely many K-isomorphism classes contained in «.

With v and « as above define £, to be the language of all words w € S such that
v € k. If w € L,, then since v,,» € M for all initial subwords w’ of w and M is finite, it
follows from Proposition 6.2.5 that £, is a regular language. Let P be the pumping length
of L, provided by Lemma 6.2.4. Now consider the collection of all words wg, w; such
that [wow1| < P and vy, = vy, Over K. Since S is finitely generated there are finitely
many such words and therefore there exists a finite Galois extension L/K over which all
the isomorphisms vy, = vy, are defined.

We prove by induction on the length of a word that v,, = v over L forall w € L,. If
w € L, has length at most P, then setting wo = 1 and w; = w we have by definition of L
that v, = v over L. Suppose for induction that w € L, has length larger than P and that our
claim has been shown for all shorter words. Lemma 6.2.4 gives a factorization w = xyz
where |xy| < P and xz € L. Letting wop = x and w; = y we see that the isomorphism
Vyy = vy is defined over L. Thus taking fiber products with z we have v,, = vy, = v,
over L. Since xz € L, is strictly shorter than w, our inductive hypothesis implies that
vy = v over L. Composing these isomorphisms shows that v,, = v over L, completing our
induction.

Therefore every element of the S-orbit of v in « is a twist of v splitover L. As L/K is a
finite Galois extension and Aut(v) is a finite group, there are finitely many twists of v split
over L (see Appendix 5.8.) This concludes the proof of Claim 6.3.4.

Letting X := M,, Y := M, and r : X — Y be the restriction to E-isomorphism classes
map, Claim 6.3.4 shows the hypotheses of Lemma 6.3.5 hold. We conclude that M := M,

is finite, finishing our proof. O

Lemma 6.3.5. Let S be a finitely generated semigroup, let X and Y be S-sets with'Y finite,
and letr : X — Y be an S-equivariant map. If for each y € Y and x € r~'(y) the orbit of
x visits r~\(y) finitely many times, then the S-orbit of each x € X is finite.

Proof. It suffices to prove the result when S is a finitely generated free semigroup. The
advantage of a free semigroup is that each w € S has a well-defined length |w|. Fix an

element x € X. Our assumption implies that once an orbit of x visits a fiber 7~!(y),
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there are only finitely many possibilities for the orbit to subsequently visit the same fiber.
Therefore it is enough to show there exists an absolute bound ¢ such that for each y € Y
and each z € r~!(y) in the S-orbit of x, there exists a word w € S with length |w| < € such
that z = wx. Since there are finitely many words of bounded length, this implies the orbit
of x is finite.

We proceed by induction on the number of r-fibers visited in traversing from x to z. If
only one fiber is visited on our way from x to z, then r(x) = y = r(z); since Sx N r~(y) is
finite, there is some £; and a word w € § with length at most ¢; such that z = wx. Now
suppose that for any z in the S-orbit of x which can be reached after visiting at most m fibers
of r, there is some ¢, such that there exists a word w € § with |w| < ¢, and z = wx. There
are finitely many words of length at most ¢, and therefore finitely many z; which may be
reached by a word of length £, + 1. For each such z; let y; = r(z1); if 20 € Sz1 N r~'(y1),
then there is a shortest word w such that wz; = z5. Let b be an upper bound on the length
of these shortest words as we vary over all such z;. If z is in the S-orbit of x and may be
reached after visiting m + 1 fibers of r, then there is some zy and z; such that

L r(z1) = r(2),

2. zo can be reached after at most m fibers of r, and

3. z1 = azp for some generator a of S.

It follows that there is a word w € S with |w| < €,+1 := {,, + 1 + b such that wx = z,
completing our induction. As Y is finite, there are at most n := |Y| fibers visited by the

orbit of x may visit, hence £ := £, proves our claim. O
We now turn to the proof of our main result, Theorem 6.3.6.

Theorem 6.3.6 (Noncommutative arithmetic dynamical Mordell-Lang). Let K be a finitely
generated field of characteristic 0, let u : C — D be a finite map between irreducible
curves defined over K, and let S = (fi, f>,..., f) be a finitely generated semigroup of
endomorphisms f; : D — D, such that deg(f;) > 2 for alli. If p € D(K) is a point, then
{w e S :w(p) e u(C(K))} is a regular language.

Proof. Let V and M be the finite sets provided by Theorem 6.3.3. Let N be the set of
all K-isomorphism classes of restrictions to irreducible components of fiber products of

elements of M with generators of S which do not belong to M. Since M is finite and S is
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finitely generated, N is also finite. If v : C, — D represents a class in N, then C,(K) must
be finite; if C,(K) were infinite, then Faltings’ theorem implies that C, has genus at most 1
and thus v would belong to M.

If w(p) € u(C(K)), then the universal property of fiber products implies there is a
K-point g on some component v : C, — D of the fiber product of u with w such
that v(g) = p. Thus either v belongs to M and w is a word in the regular language
{weS:u,:C, — D hasagenus at most | component} or w factors as w = xyz such
that

1. xis a word such that u, : C, — D has a component v; belonging to M,

2. yisagenerator of S and the fiber product of v; with y has a component v, : C,, — D

belonging to N, and

3. zis a word such that z(p) is an element of the finite set v2(C,,(K)).

For a fixed vi € M, the language of all such words x is regular since M is finite. For
a fixed vo € N Theorem 6.3.1 implies (after choosing some projective embedding of D)
that the language of all such words z is regular since v»(C,,(K)) is finite. As M and N are
finite, together these observations imply that {w € S : w(p) € u(C(K))} is a finite union of

regular languages, hence is regular. O

Example 6.3.7. Let K = Q and let S = (f,g) where f(x) = 3x* and g(x) = 9x3. If
u(x) = 27x% and p = 1 € P'(Q), then £ = {w € S : w(1) € u(P'(Q))} is the regular

language accepted by the following deterministic finite automata M.
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8

For example w; = fgf and wo = fg? belong to L (reading words from the right) and

wi(1) = 321 = u(3%)
wa(1) = 3% = u(3%).

To see that £ = L(M), note that every element in the orbit of p = 1 is a power of 3.

Thus the orbit intersects the image of u(x) = 27x% precisely when its 3-adic valuation is

congruent to 3 mod 6. If vs is the 3-adic valuation and ¢ € P!(Q), then we have

v3(f(q)) = v3(3¢*) = 4v3(q) + 1
v3(g(q)) = v3(9¢°) = 3v3(q) + 2.

The DFA above encodes the action of the linear functions f : v — 4v+landg : v — 3v+2

on residues modulo 6. Our states are labelled by residues of the 3-adic valuation modulo
6.

As a corollary of Theorems 6.3.1, 6.3.6, and general properties of regular languages

we deduce a more robust version of our main result. Given an irreducible curve 9 defined
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over a finitely generated field K of characteristic 0, define the algebra of K-constructible
subsets of D(K) as the smallest collection of subsets containing the images u(C(K)) of
maps u : C — D (both constant and finite) defined over K and closed under intersection,

union, and complements.

Corollary 6.3.8. Let K be a finitely generated field of characteristic 0, let U be a K-
constructible subset of an irreducible curve O, and let S = (fi, f>,. .., f;) be a finitely
generated semigroup of endomorphisms f; : D — D, such that deg(f;) > 2 for all i. If
p € D(K) is a point, then {w € S : w(p) € u(C(K))} is a regular language.

Proof. If U is the image of a constant or finite map, then the result follows from Theorem
6.3.1 and Theorem 6.3.6 respectively. It is well-known that the family of regular languages
is closed under union, intersection, and complement. Thus the conclusion holds for all

K-constructible sets U. O
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