Supplementary Material for Tensor Graphical Lasso

(TeraLasso)

1. Supplement outline

This supplement is organized as follows. Sections 2-3 focus on the implemen-
tation and numerical convergence of the Teralasso algorithm and Sections 4-8
focus on theory and proofs of convergence. Section 2 presents the algorithm for
Teralasso with nonconvex regularization and describes additional properties of
the TeralLasso algorithm, including a discussion of the choice of step size, de-
composition of the gradient update, and proof of joint convexity of the objective.
Section 3 presents additional numerical experiments, including convergence of
the nonconvex algorithm, larger scale TG-ISTA convergence experiments, ad-
ditional discussion comparing the fit of the TeralLasso model to the wind speed
data, and a discussion of the geometric differences between the Gemini and
TeralLasso objectives.

We then proceed to the convergence analysis. Section 4 describes properties
of the Kronecker sum and the Kronecker sum subspace Kp, that are needed for
the remainder of the discussion. Proof of the main Frobenius norm theorem and
of the spectral norm theorem are in Section 5, with the concentration bounds
proven in Section 6. Section 7 proves the result on nonconvex regularization,
and Section 8 presents and proves theorems on the geometrical convergence of
the TG-ISTA algorithm. Relevant properties and identities relating to the space
Kp spanned by Kronecker sum matrices are contained in Appendix A, and a
discussion of the case where the diagonal elements of {2 are known is given in
Appendix B.

2. TeralLasso algorithm step size and numerical convergence proofs

2.1. Convergence of nonconvex regularization algorithm

The TG-ISTA implementation of the TeralLasso algorithm for nonconvex reg-
ularizers is shown in Algorithm 2. The primary differences from the /1 regu-
larized case are (a) the addition of the norm constraint, and (b) the use of the
nonconvex regularizer in the gradient computation.
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Algorithm 2 TG-ISTA implementation of TeralLasso with nonconvex regular-
ization
1: Input: SCM factors Sy, regularization parameter p, regularizer g,(-) and
associated ¢,(-), backtracking constant ¢ € (0,1), initial step size (10,
initial iterate Qi = I € K.
2: while not converged do
3:  Compute the subspace gradient Proj. (') =Gl & - & Gi.
Line search: Let stepsize (; be the largest element of {¢’(;}j—1,.. such
that the following are satisfied for \I/';jl = shrinkgm(llffC — (S — Gi +

q,(Vk))):

@ Vi e.. Ui, <k,

(b) Vitle...euii!-o,

©  FUTD < Qe (W) {wiH)).

fork=1,...,Kdo
Composite objective gradient update:

AN

\IJ?'l +— Shrinkg_tp <‘~PZ - Ct(gk -G+ q/p(\llk))) :

7:  end for
8:  Compute next Barzilai-Borwein stepsize (;11,0 via (27) in supplement
2.2.
9: end while
: t+IV K
10: Return {W; 7"} .

2.2. Choice of step size (;

Here we propose a method (25) for selecting the stepsize parameter (; at each
step ¢ that ensures convergence of the algorithm. We follow the approach of
Beck and Teboulle (2009) and Guillot et al. (2012). Since €2; = 0 and the the
positive definite cone is an open set, there will always exist a (; small enough
such that ;11 > 0. We prove geometric convergence when (; is chosen such
that 2,41 > 0 and

F(Qug1) = —log [Qpq| + (S\, Q1) < Qe (g1, Q) (25)
where O, is a quadratic approximation to f given by

Qe (41, ) (26)
_~ 1
= —log || + (S, Q) + (1 — U, VF(Q)) + TQHQHl — %
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At each iteration t, we thus perform a line search to select an appropriate
Gt We first select an initial stepsize (; o and compute the update (19). If the
resulting ;11 is not positive definite or does not decrease the objective suffi-
ciently according to (25), we decrease the stepsize (; to ¢z for ¢ € (0,1) and
re-evaluate if the resulting {2, satisfies the conditions. This backtracking pro-
cess is repeated (setting stepsize equal to ¢/(; where j is incremented) until
the resulting 2,11 satisfies the conditions. Since by construction €); is posi-
tive definite, and the positive definite cone is an open set, there will be a step
size small enough such that the conditions are satisfied. In practice, if after a
set number of backtracking steps the conditions are still not satisfied, we can
always take the safe step

K
G = Ngu(S) = Y minsy .
k=1

As the safe stepsize often leads to slower convergence, we use the more ag-
gressive Barzilai-Borwein step to set a starting (; o at each time. The Barzilai-
Borwein stepsize presented in Barzilai and Borwein (1988) creates an approxi-
mation to the Hessian, in our case given by

Corto = €01 — i
T Q1 — QL V() = V(Qig1))

27

We derive the gradient V f(€);) in the next section. The norms and inner prod-
ucts in (27) and (26) can be efficiently computed factorwise (using the ¥ and
S} only) using the formulas in Appendix A.1.

2.3. Generation of Kronecker Sum Random Tensors

Generating random tensors given a Kronecker sum precision matrix can be
made efficient by exploiting the Kronecker sum eigenstructure. Algorithm 3
allows efficient generation of data following the TeralLasso model.

2.4. Detailed Teralasso Algorithm
Algorithm 4 shows additional details of the implementation of Algorithm 1 in
the main text.

2.5. Decomposition of Objective: Proof of Lemma 4

For simplicity of notation define G to be the projection of 2~! onto the
cone Ky, of positive definite Kronecker sum matrices:

Gi =Gl & &Gl = Proje, (2,).



4

Algorithm 3 Generation of subgaussian tensor X € R%**dx ynder Ter-
aLasso model.

1: Assume 21 =0, @ - - @ Up.

2: Input precision matrix factors ¥), € R%*>% =1, ... K.
3: fork=1,...,Kdo

4: U, A < EIG(Uy) eigendecomposition of Wy.

5: end for

6: v =[v1,...,0p| < diag(A1) & - -- & diag(Ak) € RP.

7: Generate isotropic subgaussian random vector z € RP.

8: T; <—v;1/2zi,fori: 1,...,p.

9:fork=1,...,Kdo

10: X — (I[dlzk:—l] QU ® I[dkﬂ;K})i‘
11: end for
12: Reshape 7 into X € R&xxdx

Using this notation and substituting in (17) from the main text, the objective
(14) becomes

Q11 € arg min {; HQ — <Qt —( (§— Gt)) Hi + ¢ imkpkmfkh,oﬂ}
k

Qek, .
(28)

Expanding out the Kronecker sums, for
=V . .ov, Q=06 -6 Vg,
the Frobenius norm term in the objective (28) can be decomposed into a sum
of a diagonal portion and a factor-wise sum of the off diagonal portions. This

holds by Property b in Appendix A which states the off diagonal factors W,
have disjoint support in €2. Thus,

HQ - (Qt — ¢ (<§1 ~Gh e o (k- G@)) Hi
=[[ (- - a) e (- -6 )
= ‘ diag(2) — (diag(Qt) — Gidiag (5 N Gt)) ij

+ imk Hoffd (\1/1 — (] = Gi(S1 - Gi”) ij
k=1
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Algorithm 4 TG-ISTA Implementation of TeraLasso (Detailed)

1: Input: SCM factors Sk, regularization parameters p;, backtracking constant
c € (0,1), initial step size (1 o, initial iterate Qipit = ¥ & -+ - & V.

2. fork=1,...,Kdo

3: sy, U < Eigen-decomposition of ¥ = deiag(sk)UkT.
= (S _

4 Sk%Sk—Idkt&kk)%.

5: end for

6: while not converged do

7

8

9

{g}le — PI'Oj]Cp (dlag <m>>
fork=1...K do
: Gl « Uydiag(sg)U] .
10:  end for

11: forj=0,1,... do

12: Ct — Cth7().

13: fork=1,...,Kdo _

14: it shrinkapk(‘l/i; — G(Sk — GY)).

15: Compute eigen-decomposition Uydiag(si)Ul = \I!ZH.
16: end for

17: Compute O, ({ T4}, {T}) via (26).
18: it F({TLY}) < Qr, ({WhM),{TL}) as in (26) and min;([s1 & - - @
skli) > 0 then

19: Stepsize (; is acceptable; break
20: end if
21:  end for

22:  Compute Barzilai-Borwein stepsize (;11, via (27)
23: end while

) 1 K
24: Return {¥, 7}~ .

Substituting into the objective (28), we obtain

2

Q41 €arg S%rel}a, {; Hdiag(Q) - (diag(Qt) — Gidiag <§ - Gt])) HF

o3 (4o (31— - 65— 6) [+ Gl
k=1

)

This objective is decomposable into a sum of terms each involving either the
diagonal Q7 or one of the off diagonal factors ¥, . Thus, we can solve for each
portion of {2 independently, giving



1 ~ 2
offd() = arg_min = [loffd(Wy) — offd(W, — (S — GL)|| + el Wkl o

oftd(T},)
(29)
. L. . 3 2
ding(p1) = arg min 5 ’ diag(Q) — diag (Qt —¢ (S . Gt)) HF .
Since the diagonal diag(2) is not regularized in (29), we have
diag(Q41) = diag(Qy) — Gdiag(S — Gy),

ie.

diag(¥};™) = diag(¥}) — (idiag(S — GY,). (30)

This means we can equivalently obtain the solution of the problem (29) by solv-
ing

1 . 2
Ui = arg min H\Ifk — (W}, — ¢(Sk — GZ))HF + Cepr| Vi1 off

completing the proof.
O

2.6. Proof of Joint Convexity
Our objective function is

QI = —log |, & @ Ug|+ (5,01 & - & Ug) + Zpkdk|‘1’k|1,ofr-
%
(31)

We have the following theorem. This theorem proves the joint convexity of the
objective function (31) and the uniqueness of the minimizer €.

THEOREM 6. The objective function (31) is jointly convex in {\Iik}i{:l. Fur-
thermore, define the set A = {{U;;}_ |Q({ U} |) = Q*} where the global

minimum Q* = mingy, yx Q({Y}E ). There exists a unique Q. € ik,
defined in (4), that achieves the minimum of Q) such that

U@ @V =0, V{V}E cA (32)
PROOF. By definition,

U@ @V =V @Iy, + -+ Iy @ Vg (33)
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is an affine function of z = [vec(¥);...;vec(Vk)]. Thus, since log|A| is a
concave function on the space of positive definite matrices (Boyd and Vanden-
berghe, 2009), all the terms of () are convex since convex functions of affine
functions are convex and the elementwise /1 norm is convex. Hence () is jointly
convex in {‘I’k}kK:1 on ICg,. Hence, every local minima is also global. Further-
more, for positive py at least one global minimum must exist since | - |; has a
global minimum at zero.

We show that a nonempty set of {¥)}< | such that Q({¥;}£ ;) is mini-
mized maps to a unique 2 = ¥y & - - - & V. If only one point {¥,}£ | exists
that achieves the global minimum, then the statement is proved. Otherwise,
suppose that two distinct points {Uy 1} | and {¥;2}5 | achieve the global
minimum Q*. Then, for all £ define

\Ilk,a = Oé\I/kJ + (1 — Oé)\I/kQ (34)

By convexity, Q({U»}X ) = Q* forall a € [0,1], i.e. @ is constant along
the specified affine line segment. This can only be true if (up to an additive
constant) the first two terms of () are equal to the negative of the second two
terms along the specified segment. Since

—log |A] + (S, A) (35)

is strictly convex and smooth on the positive definite cone (i.e. the second
derivative along any line never vanishes) (Boyd and Vandenberghe, 2009) and
the sum of the two elementwise ¢1 norms along any affine combination of vari-
ables is at most piecewise linear when smooth, this cannot hold when 2, =
Via®--- @V varies with a. Hence, (), must be a constant {2* with respect
to . Thus, the minimizing 2* is unique and Theorem 6 is established.

g

3. Additional experiments

3.1.  Convergence of nonconvex regularization algorithm
Figure 13 illustrates the convergence of the nonconvex Algorithm 2 (experiment
described more thoroughly in the main text).

3.2. Computational Complexity of TG-ISTA

In Section 8, we show that TG-ISTA reaches the statistical error floor in

2log K + log(s + p) + loglog p — log(n ming my,)

log (1 - 1%)

T=0,

iterations.
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Fig. 13: Geometric convergence of the nonconvex TG-ISTA implementation
of TeraLasso. Shown is the normalized Frobenius norm ||€; — Q*|| of the
difference between the estimate at the tth iteration and the optimal Q*. On
the left are results comparing K = 2 and K = 4 on the same data with the
same value of p (different dj), on the right they are compared for the same
value of dj, (different p). Also included are the statistical error levels, and the
computation times required to reach them. Observe the consistent and rapid
linear convergence rate, with logarithmic dependence on K and dimension dj,.

Each TG-ISTA iteration is also computationally efficient. Due to the repre-
sentation (10), the TG-ISTA implementation of TeralLasso never needs to form
the full p x p covariance. The memory footprint of the proposed implementation
isO(p+ Zle d?) as opposed to the O(p?) storage required by BiGLasso and
GLasso. Since the training data itself requires O(np) storage, the storage foot-
print of the TG-ISTA implementation of TeraLasso is scalable to large values of
p= Hle dj, when the dj, /p decrease in p, e.g. dj, = p'/¥. The computational
cost per iteration is dominated by the computation of the gradient, which is per-
formed by doing K eigendecompositions of size dy, ..., dx respectively and
then computing the projection of the inverse of the Kronecker sum of the result-
ing eigenvalues. The former step costs O(> szl d%), and the second step costs

O(pK), giving a cost per iteration of O (pK + Zszl d%) For K > 1 and
dy/p < 1, this gives a dramatic improvement on the O(p?) = O(Hff:l d?)
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cost per iteration of unstructured Graphical Lasso algorithms (Guillot et al.,
2012; Hsieh et al., 2014). In addition, for K < 3 the cost per iteration is com-
parable to the O(d3 + d3 + d3) cost per iteration of the most efficient (K = 3)
Kronecker product GLasso methods such as Zhou (2014).

Figure 14 shows convergence speeds on various random ER graph estima-
tion scenarios, with the BiGLasso of Kalaitzis et al. (2013) shown for compari-
son. Note that the BiGLasso algorithm only applies when the diagonal elements
of ) are known, so it cannot be considered to solve the general BiGLasso or
TeralLasso objectives. Observe that TeralLasso’s ability to efficiently exploit the
Kronecker sum structure to obtain computational and memory savings allows it
to quickly converge to the optimal solution, while the alternating-minimization
based BiGLasso algorithm is impractically slow. All computation was timed on
a 4-core, 64 bit, 2.5GHz CPU system using Matlab 2016b.

K P dg n Teralasso Runtime (s) BiGLasso Runtime (s)
2 100 10 10 0131 34
2 625 25 10 0147 6.81
2 2500 50 10 0272 161
2 5625 75 10 0401 1690
2 104 100 10 0664

2 | 2.5x10° 500 10 1.62

2 106 1000 10 23.2

2 4 x 10° 2000 10 427

3 10° 100 10 3.52 NA
3 8 x 108 200 10 11.2 NA
3| 1.25 x10% 500 10 32.6 NA
3 1 x 10° 1000 10 70.0 NA
4 107 10 10 281 NA
4 | 1.6x10° 20 10 649 NA
4 | 6.25 x 108 50 10 10.8 NA
4 | 1.00x10° 178 10 88.4 NA
5 | 1.16 x 10° 65 10 124 NA

Fig. 14: Run times for the BiGLasso algorithm (Kalaitzis et al., 2013) and the
proposed TG-ISTA on a K = 2 Kronecker sum model where the ground-truth
edge topology follows a Kronecker sum Erd6s-Rényi graphs for various values
of the total dimension p = dyds with d; = ds. Also shown are TeralLasso
results for K = 3,4, 5, for which BiGLasso is not applicable. Note the 102 -
10* magnitude speed up of TeraLasso (increasing with p), allowing estimation
of billion-variable covariances (10'® elements).

3.3. Convergence rate verification

In this section, we verify that our bounds on the rate of convergence are tight
in the case of /1 regularization. We will hold ||X¢||2 and s/p constant. We set
pr as in Theorem 1. By Lemma 7 in the supplement, this implies an “effective
sample size” proportional to the inverse of the bound on || — Qg 1% /p:

Neg o< (logp)~in mlgn my. (36)
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Fig. 15: Frobenius norm convergence rate for the proposed TeralLasso. Shown
(ordered by increasing difficulty) are results for AR graphs with d; = 40 (top
left), random ER graphs with d; = 10 (top right), d; = 40 (bottom left), and
random grid graphs with d; = 36 (bottom right). For each covariance model, 6
different combinations of dy and K are considered, and the resulting Frobenius
error is plotted versus the effective sample size Nqg (36).

For each experiment below, we varied K and dy over 6 scenarios. To ensure
that the constants in the bound were minimally affected, we held ¥; constant
over all (K, d2) scenarios, and let ¥3 = 0 and d3 = d; when K = 3. We let
dy vary by powers of 2, i.e. da(cg) = 2°da pase Where da pase 1S a constant,
allowing us to create a fixed matrix B and set W9 = Iy, /4, ... ® B to ensure
the eigenvalues of Wy and thus ||¥||2 remain unaffected as da (cg) changes.

Results averaged over random training data realizations are shown in Figure
15 for ER (dj /2 edges per factor), random grid (dj/2 edges per factor), and
AR-1 graphs (AR parameter .5 for both factors). Observe that in each case, the
curves for all scenarios are very close despite the wide variation in dimension-
ality, indicating that our bound on the rate of convergence in Frobenius norm is
tight.

3.4. Additional details for wind speed data experiments

For the wind speed data example in the main text, we first regressed out the
mean for each day in the year via a 14-th order polynomial regression on the
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entire history from 1948-2015. As in the main text, we extracted two 20 x 10
spatial grids, one from eastern North America, and one from Western North
America, with the latter including an expansive high-elevation area and both
Atlantic and Pacific oceans (Figure 9). We compare the TeralLasso estimator to
the unstructured shrinkage estimator, the non-sparse Kronecker sum estimator
(TeraLasso estimator with sparsity parameter p = 0), and the Gemini sparse
Kronecker product estimator of Zhou (2014). Figure 16 shows the estimated
precision matrices trained on the eastern grid, using time samples from January
in n years following 1948. Note the graphical structure reflects approximate
auto-regressive (AR) spatial and temporal structure in each dimension. The
Teralasso estimation is much more stable than the Kronecker product estima-
tion for small sample size n.

Shrinkage Estimate, n=1

0.2
50 0.15
100 0.1
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Fig. 16: Windspeed data, eastern grid. Spatial (K = 2) precision matrix es-
timation, comparing TeralLasso to unstructured and sparse Kronecker product
(Gemini) techniques, using n = 1, 10, and 50. Observe the increasing sparsity
and structure with increasing n, and TeralLasso’s consistent structure even from
one sample up to n = 50. For improved contrast, the diagonal elements have
been reduced in the plot.

To quantify the fit of the estimated precision matrices to the observed wind
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data, we compare to an unstructured estimator in a higher sample regime. Af-
ter training each estimated precision matrix (TeraLasso, Gemini, and ML Kro-
necker Product) on a 30-day summer interval from 1 year, as in the main ex-
periment, we create a sample covariance §test from the same 30-day summer
intervals in the remaining 50 years. We evaluate the precision matrices esti-
mated by TeralLasso, Gemini, and ML Kronecker product using a normalized
Frobenius error metric:

arg min [ = (Siest + 1) ™!/ I(Srest +01) .

If this metric is small, the structured Q is close to the unstructured (§test +
61,)~1, indicating a good fit to the data. The small ridge § is included to en-
sure that the unstructured inverse estimator ( §test +01,)" ! is well-conditioned,
with the minimum taken over § to present the most optimistic view of Gemini
and the ML Kronecker product. The results for each precision matrix are Ter-
aLasso: 0.0728, Gemini: 0.903, and ML Kronecker Product: 0.76, confirming
the superior performance of the TeralLasso estimator.

3.5. Comparison between TeralLasso and Gemini (Kronecker product)
log determinant geometry
In this section, we present further analysis of the relation of the performance of
TeraLasso in this wind data setting to its inherently more robust eigenstructure.
Recall the £1 TeralLasso objective

K
—log| Ty &+ B Uk|+ (S, U1 & BUK)+ > peme Vilron.  (37)
k=1

where my = p/di. The Gemini Kronecker product algorithm Zhou (2014)
uses a similar objective function to estimate the Kronecker product covariance,
which can be shown to be equivalent to

2
—log [W1 ® Wa| + (S, 01 & o) + > pymy| Wil 1 ofr- (38)
k=1

Observe that, for K = 2, the Gemini objective function (38) is the same as in
TeralLasso objective function (37) except for the log determinant term. Figure
17 (a) compares the Kronecker product Gemini estimator to TeralLasso on data
generated using precision matrix ¥y @ Wy, and again on data generated using
the Kronecker sum precision matrix ¥; ® WUo, where W1, U5 are each 10 x 10
random ER graphs (generated as in the main text) with 5 nonzero edges. In all
cases, we used the theoretically dictated optimal ¢; penalty for TeralLasso from
Theorem 1 in the main text and for Gemini from Theorem 3.1 in Zhou (2014).
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Note that both methods perform well in the single sample regime, even under
model misspecification. This apparent symmetricity is very different from the
relation of the ML Kronecker sum (TeralLasso with zero penalty) and the ML
Kronecker product (not directly related to Gemini), whose results on the same
data are also shown in Figure 17 (b). In this case, the ML Kronecker product
performs poorly in the single sample regime, whereas the ML. Kronecker sum
performs well in all regimes, surpassing the ML. Kronecker product method in
the low sample regime even when the data is generated under the Kronecker
product model.

This seems to indicate that the Gemini estimator leverages some of the in-
herent stability of the ML Kronecker sum objective (Teralasso) to solve the
more unstable Kronecker product covariance estimation problem.

10" 10°
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(a) TeraLasso (proposed Kronecker sum) and Gemini (Kronecker product) estimators,
using optimal ¢; penalties, under model misspecification. Note the largely symmetric
performance under model misspecification (TeraLasso on right, Gemini on left).
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0 —&— ML Kron. Product
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(b) Gaussian maximum likelihood estimators under model misspecification. Note the
significant low-sample advantage of our proposed ML Kronecker Sum estimator even
under model misspecification (right).

Fig. 17: Kronecker sum and Kronecker product estimators under model mis-
specification. Left-hand plots were generated using Kronecker sum precision
matrix @ = W; @ Ws, and right-hand plots were generated using Kronecker
product precision matrix 2 = V1 ® U,
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(a) TeraLasso (proposed Kronecker sum) and Gemini (Kronecker product) estimators,
using optimal ¢; penalties, under model misspecification. Note the largely symmetric
performance under model misspecification (TeraLasso on right, Gemini on left).
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(b) Gaussian maximum likelihood estimators under model misspecification. Note the
significant low-sample advantage of our proposed ML Kronecker Sum estimator even
under model misspecification (right).

Fig. 18: Kronecker sum and Kronecker product estimators under model mis-
specification, using the wind data Kronecker sum precision matrix {2 = ¥ dW,
shown in Figure 10 (a). Left-hand plots were generated using Kronecker sum
precision matrix 2 = W; @ Wy, and right-hand plots were generated using
Kronecker product precision matrix 2 = ¥; ® Ws.

To further illuminate the connection between TeralLasso and Gemini, we
now examine the relationship of the geometry of the differing log determinant
terms. Let the eigenvalues of Wy, be denoted as Ay 1,..., A q,, and suppose
that W1 @ --- @ WYk > 0so we can assume all the \;; > 0. Using the properties
of determinants and the additivity of the eigenvalues in a Kronecker sum we
can write

d1 dK
10g’\p1@...@\1;K|:Z... 1og A1, + - + Ak .
=1

’i1:1 Z

Observe that the partial derivative of the log determinant with respect to any one
eigenvalue Ay ;, is o VA o A | < m /A, -

U1yl — 1,0k 1,- -0
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Correspondingly, the log determinant of a Kronecker product is

K dy,
log |V ® - ®@ V| = ka Z log’Ak7ik"
k=1

ip=1

Observe that the partial derivative of the log determinant with respect to any
one eigenvalue Ay, ;, is my/| A, |-

Thus, the geometry of the Kronecker sum log determinant term is signifi-
cantly flatter than the Kronecker product log determinant, especially for larger
K, indicating that the Kronecker sum estimator (Teral.asso) will enjoy more
flexibility when matching the sample covariances than a Kronecker product
method will.

A parallel interpretation can be obtained by recalling that the Kronecker sum
of two sparse graphs is significantly sparser than the Kronecker product of the
same two graphs, as discussed in the introduction of the main text.

4. Identifiable Parameterization of

Observe that for any scalar ¢
APB=ARI+I®B=Al—cl+cl+I®@B=(A-—cl)®(B+cl),

and thus the trace of each factor is non-identifiable, and we can write

U@ OV =Ui14+c1ly,)® - ® Vi +cxly,) (39)
K
:(\111@-"69‘1’K)+<ch> Iy
k=1
:\Ijl@...@\IIK7

where ¢y are any scalars such that Zszl cr = 0.

The following lemma addresses this trace ambiguity, and creates an orthog-
onal, identifiable decomposition of 2 into factors.

Based on the original parameterization

B:Al@@AKa

we know that the number of degrees of freedom in B is much smaller than the
number of elements p?. We thus seek a lower-dimensional parameterization of
B. The Kronecker sum parameterization is not identifiable on the diagonals, so
we seek a representation of B that is identifiable. In the main text, we noted that
diag(B) + offd(A41) @ - - - @ offd(Ak) is identifiable (where offd(A) = A —
diag(A)), but diag(B) cannot be a parameter of the model since not all diagonal
vectors can be expressed as a Kronecker sum. Hence while this diagonal-based
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decomposition is useful for stating identifiable factorwise error bounds, it is
does not truly serve as a parameterization. We show in Lemma 7 that the space
Kp is linearly, identifiably, and orthogonally parameterized by the quantities
~ K
<7’B eR, {Ak € {A € R%xdk|tr(A) = O}}k 1>. Specifically,
LEMMA 7. Let B € Kpand B = A1 @ --- @ Ag € Kp. Then B can be
identifiably written as

B=1pl,+ (A & - & Ag) (40)

where tr(Ay) = 0 and the identifiable parameters (1, {Kk}le) can be com-
puted as

™ = tr(B), Avk = Ak - Lgﬁk)fd . (41)

k

By orthogonality, the Frobenius norm can be decomposed as

K K
~ B ~ 12
1BIE = prd + > mel Aeld = Y me|| 2k, + A
k=1 k=1

noting that

B= (%Ilerﬁl)@---@(%IdKJrﬁK)-

PROOF. Part I: Identifiable Parameterization. Let B € K. By defini-
tion, there exists A1, ..., Ax such that

K
B=A1® -9 A = Zl[dl:k—l] ® Ap, ®I[dk+1:K]

ol
—_

I
M=

(I[dl:k—l] ® (A/f - Tk[dk) ® I[dk+1:}(} + Tklp)

b
Il

1

I
M=

Tk> Ip—l- ((A1 _ledl) PP (AK — TKIdK))'

e
Il

1

where 7, = tr(Ay)/dy. Observe that tr(Ay — 7,14, ) = 0 by construction, so
we can set Ay = Ay — 7,14, , creating

K
B = (ZTk> L+ (4 @ o Ag).

k=1
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Note that in this representation, tr(Zl @D KK) = 0, so letting 75 =
tr(B)/p,

K
B = E Tk
k=1

and (40) in the Lemma results. It is easy to verify any B expressible in the form
(40) is in Kp.

Thus, (75, {Ek}le) parameterizes Kp. It remains to show that this param-
eterization is identifiable.

Part II: Orthogonal Parameterization. We will show that under the linear
parameterization of Kp, by (75, {Ax}_,), each of the K + 1 components are
linearly independent of the others.

To see this, we compute the inner products between the components:

<7'BIp, I[dl:k—l} ® gk@l[dk+1;;<]> = TBmktr(gk) =0
<I[d1:k—1] ® Ak ® I[korl:K]’ I[dl:e—l] ® AZ ® I[dz+1;K]>
= tr (I[dlik,l] ® A ® Iigyyr00) ® AL ® I[dM:K])

J— p 1 A pu—

for all k£ # ¢. We have recalled that by definition, tr(ﬁk) = 0 for all k. Since
all the inner products are identically zero, the components are orthogonal, thus
they are linearly independent. Hence, by the definition of linear independence,
this linear parameterization (7, {Zlk}kK:l) is uniquely determined by B € Kp
(i.e. it is identifiable).

Part II1: Decomposition of Frobenius norm. Using the identifiability and
orthogonality of this parameterization, we can find a direct factorwise decom-
position of the Frobenius norm on Kp,.

By orthogonality (cross term inner products equal to zero)

K
1Bl = 7Ll 7 + D Mgy ® Ak @ Ta,.,, oI5 (42)
k=1
K ~
=pri+ Y mgl Akl
k=1

This completes the first decomposition, representing the squared Frobenius norm
as weighted sum of the squared Frobenius norms on each component.

For convenience, we also observe that given any B € K with identifiable
parameterization

B=r1pl,+ (A ® - & Ag),
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we can absorb the scaled identity into the Kronecker sum and still bound the
Frobenius norm decomposition. Specifically, observe that

b=y () 203 ()

Substituting this into (42),

%w

k=1

K K

1BIF = p7d + > mll Al > Z(f) +kauAkuF

k=1 =1

:kz_: (H I,

SN[ INEY

=

+ Mk\%)

L

where the last term follows because tr(A) = 0 implies that (I, , A) = 0.
Observe that

B ~ B ~
B:(—I A) (71 A),
Kd1+ 1) @ @ KdK-i— K

hence Lemma 7 is proved.
O

The identifiable parameterization of Kp in Lemma 7 will provide a way to
bound the spectral norm relative to the Frobenius norm. This is used to form
the spectral norm bound in Theorem 2.

The following lemma is also used in the proof of Theorem 1 (cf. Proposition
18).

LEMMA 8 (SPECTRAL NORM BOUND). Forall B € Kp,

K+1
1Bll2 </ ————IBllp-

ming my
PROOF. Using the identifiable parameterization of B

B=r1pl,+ (A ® - & Ag),
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and the triangle inequality, we have

K K K
IBllz < Iml + > 1Akl < sl + Y I Akllr < VE +1,| 73+ > 1Akl
k=1 k=1 k=1

K+1 K
<y TR+ A2
— V ming my pT mk” kHF

k=1
K+1
ming my,

1Bl

4.1. Inner Product in K
LEMMA 9 (KRONECKER SUM INNER PRODUCTS). Suppose B € RP*P,
Then for any Ay, € R&»¥% =1, ... K,

K
(B, A1 @ -~ @ Ag) = Y mx(By, Ay).
k=1
PROOF.

<B> A1 DD AK> = <B7 I[dl:kfl] ® Ak ® I[dk‘+1:K}>

my

Z (i,i|k), Ag)
=1

%B (i,i|k), A >
i=1

my (B, A,).

~.

Il
ISRy

=
Il
—

I
M=

e
Il
—

where we have used the definition of the submatrix notation B(7,4|k) and the
matrices By = - - > 2% B(i,i|k). See Appendix A for the notation being used
here. O

5. Proof of Theorems 1 and 2 (/1 regularized case)

Let €g be the true value of the precision matrix €2. Since €2, € Ky and K
is convex, Ag = 2 — Qy € Ky and we can decompose Aq into diagonal and
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Kronecker sum off diagonal components:
Aqg=0—-Qy= diag(AQ) + (Offd(Aq/J) b---D Offd(A\pJ()), 43)

where diag(Aq) = diag(©2 — ) and offd(Ay ) = offd(¥;, — ¥y1). Recall
that the diag(Aq) and offd(Ay ;) terms are all identifiable given Aq € Kp.
Similarly, we can write

Q = diag(Q) + (offd(¥1) @ - - - @ offd(V k))
Qp = diag(Qo) + (Offd(\If(),l) D---D Oﬂd(\I/QK)).
Let I(-) be the indicator function. For an index set A and a matrix M =
[m;;], define the operator P4 (M) = [m;;1((i,j) € A)] that projects M onto
the set A. Let Ay g = Ps, (offd(Ay 1)) be the projection of offd(Ay x) onto

the true sparsity pattern of Wy. Let S be the complement of S, and Ay, g =
Ps: (offd(Ay x)). Furthermore, let

Ag = (Al,S D---D AK7S) and
Age = Ayge@---DAgse

be the projection of A onto the sparsity set S and its complement. Recall
neither S nor S¢ includes the diagonal.
We now provide a deterministic bound on the difference in the penalty terms.

LEMMA 10. Denote by

Ag = Zpkmk(\‘Pk,o + Av k10 — [Whol10f)
%

Then

Ay, > Zpkmk(!Ak,Sc
%

1 |Ak,S|1) (44)

Proof of Lemma 10. By the decomposability of the ¢; norm and the
reverse triangle inequality |A + B|; > |A|; — |BJ1, we have

[Wro+ Awkliof — [Proliof (45)
= [Who + Aksliof + |Ak,se[1 — [Yrol10f
> [Violioff — |Ak,slt + |Ak,selt = [Yrol1,0
> |Ay,se

1— |Ak.s|
since Wy, ¢ is assumed to follow sparsity pattern Sy, by (Al). O

Let Aj be the event that for some constant Cj,

tr§ —tr(X lo
[tr(S) = tr(Zo)| < Col|Zollay | 22 (46)
p pn
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and foreach k = 1, ..., K, denote by A the event such that

lo
< COHEOH2\/ P 47)
mrn

holds for some absolute constant Cy which is chosen such that probability state-
ment in Lemma 11 holds:

max |[Sy, — =)
ij

LEMMA 11. Let A = N& " oAk as in (47), (46). Then P(A) > 1 — 2(K +
1) exp(—clogp).

Lemma 11 is proved in Section 6. Using the definition of event .4, in Section
5.2 we prove the following lemma.

LEMMA 12. Denote by 6,1, = C1 || Xo]|5 logp Then on event A the fol-
lowing holds: for all Aq as in (43)

K

(offd(Ag), S —20>‘ < S mi Al o Su (48)
k=1

where Cy are some absolute constants.
We then have the following lemma, which we prove in Section 5.3.

LEMMA 13. On event A, we have for Aq € Kp,

log p
C1 [|Solly | ——2P— /(K + 1)p |[diag(Aa) |

nmln mp

< m’?X5n,k\/ (K + 1)p ||diag(Aq)|| »

. logp
||20H2Hdlag(AQ)HFm]?x\/£ -

(diag(Ag), S — Zo)

IN

X

where C1 is an absolute constant.
5.1.  Proof of Theorem 1
Let

G(Aq) =Q(Q0 + Aq) — Q(Q) (49)

be the difference between the objective function (10) at 29 + Ag and at €.
Clearly Ag = Q — Qo minimizes G(Aq), which is a convex function with a
unique minimizer on lClﬂo (cf. Theorem 6). Define

T, = {AQ € Kp:Ag=0—0,0,Q €KL, [[Aa]r = Mrn,p} (50)
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where for some large enough absolute constant C' to be specified,

Cl|% 1
Tnp = H OHZ\/ s+p)(K+1 —%BP  Ghere  (51)

n mlnk my
1, 1

M=2¢2 (D) = —or—:
2 max( 0) 2¢3nin(20)7

In particular, we set C' > 9(maxy i V Cy) for C as in Lemma 13.
Proposition 14 follows from Zhou et al. (2010).

PROPOSITION 14. If G(A) > 0 for all A € T, as defined in (50). then
G(A) > 0forall Ain

Vi ={A€Kp: A=Q—0Q0,Q,0 €k, |Allp > Mryp}

for rnp (51). Hence if G(A) > 0 for all A € Ty, then G(A) > 0 for all
AeT,UV,.

PROOF. By contradiction, suppose G(A’) < 0 for some A’ € V,,. Let
Ay = ﬁg’]m' Then Ag = 60+ (1 — 6)A’, where 0 < 1 — 6 = ﬁﬁﬂnp < 1by
definition of Ag. Hence A € 7, since by the convexity of the positive definite
cone Qp + Ag = 0 because Qy = 0 and Qy + A’ = 0. By the convexity of
G(A), we have that G(Ag) < 6G(0) + (1 — 0)G(A’) < 0, contradicting our
assumption that G(Ag) > 0for Ag € Tp,. O

PROPOSITION 15. Suppose G(Agq) > 0 for all Aq € T,. We then have
that

1AqllF < Mry,p.

PROOF. By definition, G(0) = 0, s0 G(Aq) < G(0) = 0. Thusif G(Ag) >
0 on 7y, then by Proposition 14 (section 4.1), Aq ¢ T,UV,, where V), is defined
therein. The proposition results. O

LEMMA 16. Under(Al)-(A3), forall A € Ty, for whichry, p = o < m?ﬂ“)

2

The proof is in Section 5.4.
By Proposition 15, it remains to show that G(Agq) > 0 on 7, under event
A. We show this indeed holds.

LEMMA 17. On event A, we have G(A) > 0 for all A € Tp,.
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PROOF. Throughout this proof, we assume that event .A holds. By Lemma
16, if rp p < \/min/rc my/(K + 1), we can write (49) using the objective (10),

-~ -~

G(Aq) = (0 + Aq, S) —log Qo + Ag| — (Q0, 5) + log [ (52)
+> " prmg [P0 + Awkly o — > prmg [Tr Loff
K K
~ 2
> (A, S) = (Ag, %) + ooz | Aal?
93"
+ Z Pk (Yo + Aw k10 — [Yiol108f)
k
. = -~ 2
= (diag(Aa), 5 —%o) + (offd(A),5 — o) + 553l AallE
9[1Q0113
+ Zpkmkﬂ‘l’k,o + Av ko — [Wkol1,0f) -

k

Ay

We next bound the inner product term under event .A. Substituting the bound of
Lemma 12 and (44) into (52), under event .4, we have by choice of p;, = 9, ,,/cx;
where 0 < ¢, < 1 for all &,

K
> mupr (\‘I’k + Awily o — \‘I’kh,oﬂf) + (offd(Aq), S — o)
=1
K K
> kapk (|Aksel, — [Arsl)) — ka |Aw k) o Ok
k=1 k=1
K K
> > mepr ([Aksel; = 1Bksl) =Y mudn (18kse ], +1Aks];)
k=1 k=1
K
> —2maxpy ;mk |Ak,sly = —2max pg [Aq,s],

For the diagonal part, we have by Lemma 13

(diag(An), S — %) | < O max by /YK + 1| diag(Ao)llx
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we have for all Aq € 7,,, and C" = maxk( ) V1/2C, and for K > 1,

. ~ 2
G (Aq) > (diag(Aq),S — %) *2m]§XPn,k\A9,S!1 9100 HQH ol

2

1
_ ml?x On ke <\/p7\/K + 1||diag(Aq)||p + 2m]?x€— |AQ7S‘1>
k

>

9 log p
S BTN F
T A ) e
( (K + 1)p||diag(Aa) ||z + \/%HA‘?’5”F>
> 2 Agl?
> Q
93 "
log p
A N D) ming My
' (V2VE + 1)+ 5) | Aall ) HZO’2W
= Al 2—0”“20”# o B
T i M

which holds for all Ag € 7T,, where we use the following bounds: for all
K> 1.

V(K + Dp||diag(A0)|  + V2s[|Aaslr < V2V/(K +1)(p+ ) [|Aal

and
" [Solly | B2 K+ D(p+ )~
oll2 n ming mg Mry, p

ol 20" 9
OM (z)mln( ) T 12
91920115

where M = %271(20) which holds so long as C' is chosen to be large enough
in

log p
= Y K+1)———~= -
rmp = C %ol \/(S+p)( * )nminkmk’

For example, we set C' > 9C” = 9(max, (2 =) Vv V2Ch).

Theorem 1 follows from Proposition 15 immediately. O

5.2. Proof of Lemma 12
Assume that the event A of Lemma 11 holds. Using the definition of Aq

(43), the projection operator Projz (-), and letting 75, = (K — 1)@, we
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have
\(offd(Am § - %0)| = l{Aq. Proj_(§ — %)) 53
= |(offd(Aa), (51 — () &+ & (Sk — =) — 71y)
] offd(Ag1) @ - offd(Ag 1), (51 — S @ -+ & (S — ST))]

where we have used the fact that offd(Ag 1) @ - - - @ offd(Ay k) is zero along
the diagonal and thus has zero inner product with I,,. Substituting Lemma 13
and the definitions of subevents under A, we have by (54) and Lemma 9,

K

‘<Oﬁd(AQ),§—Zo>‘ = ka\(OHd(Aq/,k)ysk—z(()k)ﬂ (54)
k=1
< kaz [od(A 1)) - max | 1S — 2]
k=1 2,7=1
1
< ClmlhY CER
mgn’

k=1

5.3. Proof of Lemma 13: Bound on Inner Product for Diagonal

Let AQ = Aq—T7ql,. Recall the identifiable parameterization of Ag (Lemma
7)

AQ:TQIP—F&\I’,I@“'@A\IQK

where 7q = tr(Aq)/p and ﬁ\yk are given in the lemma. We then have tr(ﬁxp,j) =
0 and

K
~ 2
Z Hdiag(A\p,k)Hka +prd = |[diag(Ag) | 7 (55)
k=1
by othogonality of the decomposition. By Lemma 9, we can write
K
. RNG k) Jiae( A
( (diag(Aq), § — o) \ < Y gl (Sp - =, diag(Ag,)) |
k=1
K ~ log p
< ClSolly ) mu [diag(Bu)|
k=1
K ~ log p
< ClISolly Y vy [diagBu )| (/22
k=1
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Moreover, under Ay, we have

~ lo
(ol §=%0) | < Clralvpl|Zolly /=

Summing these terms together, we have

| (diag(20). S~ o) |
logp K
< Colml, 2 (;mm\
logp .
Comax v/dy || Zolly \/ == VE + 1| diag(Aa)]| (56)
log p .
= Comax {4/ [[Yolly | V(K + Dplldiag(Aa) 5

log p
= Coyf e [Bolly o/ (K 4 )p [dias(A0)

= mgxén,k\/ (K +1)p||diag(A)|lx

where in (56), we have used the following inequality in view of (55):

K
(Z Vi |
k=1

d

diag(Bu )|, + |mm€)

IN

ding(Ag i)+ |m|w3) < VK + 1 |diag(Aa) |-

5.4. Proof of Lemma 16
We first state Proposition 18

PROPOSITION 18. Under (Al)-(A3), for all A € T,,

| K+1
. >
Gmin(Q0) > 2Mry, b ming my = 1Al /2 57)

so that Qo + vA = 0,Yv € I D [0, 1], where I is an open interval containing
[0, 1].

PROOF. We first show that (57) holds for A € 7,,. Indeed, by Corollary 8,
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we have for all A € T,

K+1 K+1
ming my ming my
K+1 C log p 1
< —— |2 K+1
C¢max(20) logp (K + 1) 1 1
— (s +p)————F < =Pmin(y) = ————
2 (l)r?nin(zo) ( p) T Mg Mg 2¢mm( O) ¢max(20)

so long as

n(mkin my)? > 2C%k(20)* (s 4+ p) (K + 1) log p

where £(20) = Pmax(20)/Pmin(X0) is the condition number of 3.
Next, it is sufficient to show that Qg + (1 4+ )A > 0 and Qy — €A > 0 for
some 1 > ¢ > (. Indeed, fore < 1,

Gmin(Q0 + (L +)A) > dmin(Q0) — (1 +¢) [|A]
K+1

> ¢min<QO) -2 N
ming my

Mrpp >0

given that by definition of 7,, and (57).

Thus we have that log |29 + vA| is infinitely differentiable on the open
interval I D [0, 1] of v. This allows us to use the Taylor’s formula with integral
remainder to prove Lemma 16, drawn from Rothman et al. (2008).

Let us use A as a shorthand for

1
vec{ AT </ (1 =v)(Qo 4+ vA) 1@ (Q + vA)—ldv> vec{ A},
0
where vec(A) € RP” is Apxp vectorized. Now, the Taylor expansion gives

A
v=0

1 d2
+/0 (1—v)wlog|QO+UA\dv

= (S0, A) —a. (58)

d
log [0 + A] — log || = %bg Q0 + vA|

The last inequality holds because Vg log || = Q71 and Q' = X.
We now bound a, following arguments from (Zhou et al., 2011; Rothman
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et al., 2008).

1 d2
o= / (1= v) 5 log | + vA|do
0 v
1
= vec(A)T (/0 (1—2)(Q+vA)L @ (Q + UA)_ldU)> vec(A)

1
> ||Al[Fbmin </ (1—0)(Qo +vA) @ (Q + vA)ldv> .
0
Now, suppose that
1
®min </ (1 - U)(Qo + UA)_I & (Qo + UA)_ldU>
0
> [0 060+ 0a)

0

1
> min d)mm((Qo—i-vA) )/0 (1 —wv)dv

v€e[0,1]
r . 1 1
= — min =
2 v€E[0,1] ¢?nax(Qo + UA) 2 maXvE[O,l] ¢?nax(QO + UA)

1
> .
a 2(¢max(90) + ||AH2)2
where (57), we have for all A € T,

K+1 K+1 1
[All2 <4/ ———[|Allp =/ ————Mrpp < 5 Pmin(o)
ming mg ming mg 2

so long as the condition in (A3) holds, namely,

n(mkm my)? > 20%K(20)4 (s + p) (K + 1) log p.

Hence,

2

®min (/01(1 —0)(Q +vA) ' ® (Q +vA)” 1d’”> 992 (Q0)

Thus, substituting into (58), the lemma is proved. O

5.5. Proof of Theorem 2: Factorwise and Spectral Norm Bounds
PROOF. Part I: Factor-wise bound. From the proof of Theorem 1, we
know that under event A,

log p

Aq|lt < (K +1 _—
[Ballf < oK + 1)(s+p) P

(59)
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Furthermore, since the identifiable parameterizations of (AZ, Qg are of the form
(41) by construction in Lemma 7)

Q=7L+ U @ - & V)
Qo =10l + (Vo1 &+ @ Vo ),
we have that the identifiable parameterization of Ag, is

Ag=1al,+ (A @ - @ Ag), (60)

where TA = T — 79, Ay = U, — \Tlo,k. Observe that tr(&k) = tr(\flk) —
tr(WO’k) =0.
By Lemma 7 then,

K
127 = prX + D ml| Al
k=1

Thus, the estimation error on the underlying parameters is bounded by (59)

K

~ log p
2 2
A <c(K+1 —_—
pTA+kZ_1mk|| Kl < oK+ )(S+p)nminkmk’
or, dividing both sides by p
K
A 1
Z I kHF <ok +1)2FR_loep 61)
— p  nming mg

1
= (K +1) <8+1> _8P
p

nming mpg
Recall that s = Zk 1 M Sks so Zk 1 2" Substituting into (61)

H2

33l

_ logp
cK+1)(1 62
+ < + Z ) n mlnk mk ( )

From this, it can be seen that the bound converges as the my increase with
constant K. To put the bound in the form stated in the theorem, note that since
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mal,+ (A @ o Af)

~ 2
K
(2 + i 1A 1)
maxp dk

K
L
< (TA +y udlagmk)rb)

k=1

< (K +1) (TAJFZH‘WA@M)

dg

|diag(An)[3 _

maxy dk

Part II: Spectral norm bound. The factor-wise bound immediately implies
the bound on the spectral norm ||Agq||2 of the error under event A. We recall
the identifiable representation (60)

Ao =1l + (A1 @ - @ Ag).

By Property ci in Appendix A and the fact that the spectral norm is upper
bounded by the Frobenius norm,

K K
1Az < 7l + Y I1Akl2 < |7al + ) 1AklF
k=1 k=1

K
SVE+1 | 2+ ) A7

k=1

A
<\/K+1\/maxdk 3+ ZH kHF

logp
K+1 di) [ 1 B
c(K+1) (max L ( + E > \/ e p—

where in the second line, we have used the fact that for a;, elements of a € RX

the norm relation |a||; < v/K||a||2 implies (3"p; |ax|) < VK /S, a3
d

6. Proof of Lemma 11: Subgaussian Concentration

We first state the following concentration result, proved in Section 6.1. Recall
that my, = p/dk.
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LEMMA 19 (SUBGAUSSIAN CONCENTRATION). Suppose thatlogp < myn
for all k. Then, with probability at least 1 — 2 exp(—c’ log p),

lo
(A, S, — SN < CIALSoll2y/ 22
mgn

forall A € R%*% where ¢ is a constant depending on C' given in the proof.

We can now prove Lemma 11.

PROOF. By Lemma 19 we have that event Ay, (47), i.e. the event that

max ‘ Sk — S5,
ij

)

lo
— max |(e;e], 5k — 20| < ClZolla /22
i mg

holds with probability at least 1 — 2 exp(—c’ log p).
Note that E[tr(S)] = tr(X¢). Viewing %tr(Eg) as a1l x 1 covariance factor

since %tr(g) = 1% S, vee(X;)vec(X;)T, we can invoke the proof of Lemma
19 and show that with probability at least 1 — 2 exp(—c’ log p) the event A (46)
will hold. Recall that A = Ay N .A; N --- N Ag. By the union bound, we have

P(A) >1—-2(K +1)exp(—clogp). O

6.1. Proof of Lemma 19
Define a K -way generalization of the invertible Pitsianis-Van Loan type (Van Loan
and Pitsianis, 1993) rearrangement operator Ry (-), which maps p X p matrices
to di x mj matrices. For a matrix M € RP*P we set
Rk(M) = [ mp; ... mmf ], (63)
(1), 15 = vec(M (i, j[F)),

where we use the M (i, j|k) € R%>d subblock notation (see Section 2 in the
main text). Using this notation, we have the following concentration result.

LEMMA 20. Letu € S%~' and £ = vec(I,,,). Assume that x; = Eémzt

where z; has independent entries z; y such that Ez; y = 0, Ezf F= 1, and
2t < K. Let Ay, =S — 3. Then for all 0 < \/;er <%

e2n
P(|uTRk(An)f| > e/mg||2o]l2) < 2exp <_CK4)

where c is an absolute constant and || - ||y, is the subgaussian norm.

PROOF. We prove the lemma for £ = 1. The proof for the remaining k
follow similarly.
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By the definition (63) of the permutation operator R and letting x;(i) =

[xt,(ifl)mﬁrl? s Ty s
Vec(xt(l)xt(l);)i
R1(§) _ %Z VeC(Xt(l):Xt(Q) ) 64)
T veelxe(dy)xa(d)T)T
Hence, i
u R (9)f = Z xI(U @ I, )%y = 711 ; z! Mz, (65)

where M = 21/2(U ® Imk)Elﬂ, U= vec;1 4 ().
Thus, by the Hanson-Wright inequality (Rudelson et al., 2013),

P(lu” Ry (S)f — E[u’ R (5)f]| > 7) (66)
< e emin e )|
XPp cmin s
K| M3 K2|| M|

<2e [ cmin< N T >]
X — )
= £xp K4my || Soll57 K2([Xol|2

since |U @ Iy, ll2 = [|Ull2 < 1and |U ® L, |7 = NU|E I, |17 = ma.
Substituting € = \ﬁHEon

2
P(u” Ry (An)E| > v/ |Soll2) < 2exp (—Kl’f) (67)

for all % < E"KV ™ oje e< K2/m; <Y ;“, since K2 > % by definition.
O

We can now prove Lemma 19.

PROOF. Consider the inner product (A, Sy, — Zék)>

di X dj, matrix. Let

h = vec(A), f = vec(Ipm, xmy,)-

, where A is an arbitrary

By the definition of the factor covariances Sj and the rearrangement operator
R, it can be seen that

1 ~
vec(Sk) = m—kRk(S)f,
(k)

and that similarly by the definition of the factor covariances

1
VeC(E[()k)) = mik‘Rk»(ZO)f
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Hence,
(A, S, — sy = Tik(vec(A), Ri(S — To)f) (68)
1 ~

= —hTRL(S - Xo)f

m
d

= — hie] Ri(S — So)f

Mk =1

by the linearity of the rearrangement operator, the definition of the inner prod-
uct, and the definition of the unit vector e; as the i-th column of the di X d%
identity matrix.

We can apply Lemma 20 and take a union bound over ¢ = 1,... ,d,z. By
Lemma 20,
~ en
P ( el Ry(S — Zo)f| > 6\/mkHEO||2) < 2exp <—CK4>

for 0 < \/:er < % Taking the union bound over all 7, we obtain

A e2n
P (m?X el RL(S — Xo)f| > 6”20“2\/mk> < 2d% exp <—0K4>

2
< 2exp (210gdk — c€KZ> .

Setting ¢ = C' k’% for large enough C' and recalling that my = p/dj, with
probability at least 1 — 2 exp(—c’ log p) we have

~ lo
max e] Ri (S — o)€| < O Zoflov/mriy/ =+

nmy

1o+ and let ¢’ = Clgf — 2. Hence, by (68)

where we assume log p <
1| &

A, S, — S = — | hiel Ry (S — So)f

(A, Sk — 7)) o~ ; ki ( 0)

d2
1 & 5
< —) |hiel Ry(S — 2o)f
< ;le ke ( 0)f|

d2
1 log p

< by h;
< C[Xoll2 i\ h ;

lo
mrn

= C|Zo]|2
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with probability at least 1 — 2 exp(—c log p). The first inequality follows from
the triangle inequality and the last inequality from the definition of h = vec(A)
and |- [;. O

7. Nonconvex Regularizers: Proof of Theorem 3

Recall that the support sets S, S, are the set of nonzero elements of g and ¥y, o,
respectively. Define B to be the set of matrices in X, with support contained in
S, that is

B={Q=V1® - & Vg € Kp|supp(¥) C Sk, Vk}.

The set B is the set of Kronecker sum matrices following the true sparsity pat-
tern of the Kronecker sum Qg = V1o @ --- © Vg .

Note that B is a linear subspace of RP*? since KCp, is a linear subspace and
the intersection of two linear subspaces is a linear subspace. Hence the (L2
norm) projection Projgz : RP*P — B onto B is given by

PI‘OjB(A) = PI‘Ojs(PI'Oij (A)),

where Projg is the linear projection operator projecting RP*? onto matrices in
RP*P with sparsity pattern S, and Proj x,, 18 the previously defined projection
onto Kp defined in Section 2 of the main text. Note that since the sparsity
pattern S is the sparsity pattern of a Kronecker sum matrix in Kp, projection
onto S does not change the Kronecker structure.

By reshaping we obtain the representation

vec(Projg(A)) = Pgvec(A) (69)

where Pg € RP*P’ is the projection matrix associated with the linear subspace
B. Recall that vec(-) is the vectorization operator, and the projection matrix in
linear algebra is UU” where U is an orthonormal basis for the subspace.

We first summarize the proof of Theorem 3.

Proof plan: The proof concept is to apply the primal-dual witness technique
of Loh et al. (2017) to our sparse Kronecker sum precision matrix estimator.
Since the nonconvex graphical lasso proof in Loh et al. (2017) relied on the set
of S sparse matrices being a linear subspace of RP*P, we can simply replace the
sparse subspace in their proof with our sparse Kronecker sum subspace B and
proceed in a similar fashion. The primal-dual witness technique can be briefly
summarized as

(i) Prove the regularized objective function (8) is strictly convex over the
constraint set, so that any zero subgradient point is the unique global min-
imizer.



Supplementary Material for Tensor Graphical Lasso (TeralLasso) 35

(i) Construct a zero subgradient point of the oracle estimator objective func-
tion using Brouwer’s theorem.

(iii) Prove this zero subgradient point Qorade converges to the true (2.

(iv) Prove that the zero subgradient point of the oracle objective is also a zero
subgradient point of the full objective function (8), hence it is the unique
global minimizer and converges to ).

Proceeding with the full proof, we first have the following lemma.

LEMMA 21. Suppose g, is ji-amenable. Then for k = \/% the objective
function (8) is strictly convex over the constraint set.

PROOE. Recall that

V2 (—log|Q| + (S, Q)) = Qo) (70)

which is a deterministic quantity not depending on the data. Hence, for ||Q2||2 <
v/1/p, the minimum eigenvalue satisfies

Auin(V2 (—Tog |2+ (8, 2))) = Amin (22 )7 > £

This implies that — log || + (S, Q) — 211223 is convex for [|Qfl2 < /1/p.
Furthermore, by p-amenability, 215:1 D iz IN([Wklig) + 5 1€2/|% is convex
for 0 € Kp. Therefore, since Kp, is a linear subspace, the complete objective
(8) is convex for [|Q|]2 < 4/1/p and Q € Kp. Since it is convex over Kp, it

is convex over IC?D as well, since ICIﬁ, is the intersection of Ky, and the convex
positive definite cone. O

Since the objective is convex, a point in the subspace K, with zero subgradi-
ent will be the unique global minimum. Our first step will be to construct such
a zero subgradient point.

We will first construct the (unique) oracle estimate where the oracle gives
the support set of €2g. We will then show that this oracle estimate is also a zero-
subgradient point of the objective (8) and therefore its unique global minimizer.

Using the B notation, we can write the oracle estimate as

Qoracle = in — log |Q| + (S, Q). 1
1 argrgglelg og |9 + (S,Q) (71)

Our goal will be to construct a map F' : B — B such that (a) A is a fixed
point of F' if and only if 29 + A is a fixed point of the oracle estimate (71),
(b) F' maps the intersection B N B, (r) of B and the radius-r ¢,,-ball centered
at the origin to itself for some 7, and (c) this r is such that Q@ = Qg + A > 0,
for all A € BN By (r). Then by Brouwer’s fixed point theorem we can show
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that ' must have a fixed point A, in that ball. By construction (a) above, this
fixed point A, will correspond to a fixed point 29 + A* in the oracle estimator
objective, hence the oracle estimate will have £.-ball error less than 7.

For F', we will choose a Newton method step (gradient step preconditioned
by inverse Hessian). Denote the pseudoinverse of a matrix A as Af. We now
write the map £ : B — B given by

F(Ag) := —T'vec (Proj3(§ — (Qo + AS)71)> + vec(Ag)

where Ag € B, and we let I' be the Hessian of the objective function within
B
I'= PB(ZO & 20)733.

The quantity ¥¢ ® Yo is included as it is the Hessian of the objective function
(70). The pseudoinverse is needed since Pp is low rank, making the Hessian
within B low rank.

Clearly if Projz(S — (R0 + Ag)™!) = 0, F(Ag) = Ag and vice versa,
hence Ag is a fixed point of F' if and only if 29 + Ag is a fixed point of the
oracle objective (71). Now

|Asls < dr

since Ag has at most d nonzero entries per row. Hence the matrix 29+ Ag is in-
vertible and positive definite whenever dr < Apin(€20), making F' a continuous
map on B, () N B and satisfying condition (c).

Define the constants kr = ||T'f||o and x5 = ||Zo]|c0, in other words, we
are assuming that the Hessian is well-conditioned in the co-norm sense, which
is possible since Yy has eigenvalues bounded from above and below. We now
show the following lemma by verifying the remaining condition (b) on F' and
applying Brouwer’s fixed point theorem. Several relevant quantities are sum-
marized in Table 1 for convenience.

LEMMA 22. Let r = 2Cokr|| Xol|2(K + 1)4/ #‘fmk where Cy is a con-
stant depending only on the subgaussian parameter of the data and

1 1 1
dr <min q =Amin(Q0), —, ——= ¢ -
> {2 mln( 0)7 2527 4/€F/€%}
Assume the sample size satisfies n ming my > /{% log p. Then under event A as
in Theorem 1 there exists Qoracle € B such that

Hﬁoracle_QOHmax S T, Hﬁoracle_QOH2 S d?“, and PrOjB(S’\_Q—l

oracle) = 0.
TWith Pz = UUT as above (where columns of U form an orthonormal basis for the
subspace B), I' = UUT (3¢ ® 3o)UU” and hence I'" = U (U (3o ® EO)U)_1 uT

since Y is positive definite.
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Variable | Definition
Ln(Q) | —log |+ (S, Q) I Objective function less regularization terms.
g, (%) g,(t) — plt|: Difference between regularizer and /1 penalty.
Ko Set of Kronecker sum matrices with fixed dimensions p = [dy, ..., dk].
B Set of matrices in K, with support contained in S.
Projg(-) | Linear projection operator from RP*? onto .
Ps Projection matrix corresponding to Projgz. Pavec(A) = vec(Projz(A)).
r Pr(Xo ® Xo)Ps: Hessian of L,, within subspace B.
Kr T oo
Ky [Zoll
T t1"(5)—ptlf(20)
e; th unit vector in RP.

Table 1: Selected quantities used in the proof of Theorem 3

PROOF. First, note that ' T'vec(A) = vec(A) for any A € B, since I' is the
projection of the positive definite matrix 3y ® ¥¢ onto the low rank subspace

B.
Suppose Ag € Boo(r). Then
F(vec(Ag)) := —I' {Vec (Proj3(§ - Eg))
+vec (Projg(Zo — (Q + Ag) ™)) + I'vec(Ag) },

hence

P (vee(As))]l <nrlvee (Proja(S - 5o)) [« 72)
+ krl|vec (ProjB(Zo — (Qo + AS)_l)) + I'vec(Ag) |l oos

by the definition of xr and the triangle inequality.
The first term of (72) can be bounded via the concentration inequalities used
for the /1 case. Specifically, note that

k|| vec (Proj3(§ _ 20)) [ (73)
< krl|vec <Proj,Cp(§ - Zo)) Iloo
= rr)|(S1 - SV @ @ (S = B) = 7o Lpllmax
K o~
tr(S — tr(X
S Ar Z HSk - 2g)k)Hmax + w-
k=1

M. Now recall that under event Ay, defined

where we have used 5, = >
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in (47) above,

max |[Sy — =57,
ij

k lo
= max|(ere], Sy = ()| < CollBollay /o,
] mrn

and under event A, defined above in (46),

log p
el < CollSoll2g ) —22.
pn

Hence under event A = U,Ifzo Ag,
logp X o P
g n Z g
pn =V omgn

logp
< Corr o2 (K + 1)m

r
= —. 74

5 (74)

Finally, recall that by Lemma 11 event .4 holds with probability > 1 — 2(K +

1) exp(—clogp).
Moving on to the second term of (72), we apply the matrix expansion

prlvee (Projs(S — £0)) lloe < Cokrl[Zollz

(A+ A=A =) (—A7A) AT (75)
(=1

and note that (since Ag € B implies Pgvec(Ag) = vec(Ag))
I'vec(Ag) = P ((Xo @ Xo)Prvec(Ag))
= vec (Projg (vec™ ((Zo ® o) vec(Ag))))
= vec(Projz(X0AsXo)),

where we have used the fact that for symmetric matrices A, B, vec(ABA) =
(A ® A)vec(B).
We then obtain
vec (Projz(So — (0 + Ag) ™)) + I'vec(Ag)
= vec (PI‘OjB(ZO — (Qo + As)_l - EgAszo))
oo
= vec (ProjB (Z(—EOASVEO)) .
(=2

We have used vec™!(-) to denote the inverse of the vectorization operator.
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Via the triangle inequality and the linearity of the vectorization and projec-
tion operators,

[vec (Projs(Zo — (0 + Ag) 1)) + Tvec(As) o

< T(20A) Toes]. 76
_(ﬁ?gsg\ej( 0A) Xoex| (76)

Now we can apply Holder’s inequality to obtain

6] (S0A) Toer] < [lej (Z0A) " Soll1[A%0]loc
< [10(AL0) 1| max [ Zoex
< |1 ZollT 1A max][Zo
= IS0l & A 1Al max-

Then, using the fact that ||Alj2 < ||Al|e < dr and substituting back into (76),
we have

[vec (Projs(So — (Q0 + Ag) ™)) + Tvee(As) [l

< i K§+1d€—2r€
=2

B H%dT‘Z

1 — kxndr

< 2K3dr.

Since our assumption implies that 2x3,dr? < r, we therefore have that
|F(vee(As)) oo <

under event A. Since F'(Bo () N B) € Boo(r) N B, by Brouwer’s fixed point
theorem (Ortega and Rheinboldt, 1970), F' must have a fixed point Ag. Recall-

ing that A%, Qp € B, we choose ﬁorade = (o + A%. Hence by construction

Hﬁoracle — Qol|max < r and Hﬁoracle — Qpll2 < dr since both matrices have
degree bounded by d. The last equality follows since A% is the fixed point of
F,ie. F(A%) = A%, which can only occur if

vec (Pr0j3(§ — (o + Ag)—l)) —0.
Od

Using this lemma it remains to show that ﬁoracle satisfies the constraints
and is a zero-subgradient point of the complete objective (8), and hence is the
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unique global optimum. Define £,,(2) to be the objective function (8) less the
regularization terms, i.e.

La(@) = —logl0| + (5,0 .

LEMMA 23. The oracle estimate ﬁoracle will be a zero-subgradient point of
the global objective (8) if the inequalities

1
[Vic, £r(€0)|loc < 3P (77)

and

~ N 1
1Qse5(Qs5)" Vi, Ln(Q0)slo0 < 5p (78)

hold, where
o~ 1 ~
Q = / V%pﬁn (Q() + t(Qoracle - QO)) dt.
0

We have denoted Vi f = P,V [f and VZ,Cpf = Px,(V2f)Px, to be the
gradient and Hessian respectively of f projected onto the subspace Ky, (P, is
the projection matrix onto Kp).

~

PROOF. In this proof, for simplicity we write ¢,(€2) to indicate g,(t) =
gp(t) — p|t| applied elementwise to the offdiagonal elements of {):

0 otherwise.

g, ()] :{ 9p(Qij) i Fj

Observe that by construction Vic_q,(Q2) = Vrexrq,(2) = Vg, () for any
Qe Kp.
For the objective (8), the zero subgradient condition is given by

Vi, Ln(Q) = Vg,p(Q) + pZ =0,

where 2 = 8[§|1vog is an element of the subgradient of the off-diagonal /1
norm at 2. Adding and subtracting Vic_ L, (€0) gives

(Vie, La(Q) — Vi, £a(Q0)) + (Vic, £a(Q0) — V,(Q)) + pZ = 0.

By the fundamental theorem of calculus we have (for Q= ﬁoracle) that Vi, ‘Cn(ﬁoracle) —
Vi, Ln(Q0) = Qvec(Qoracle — o), hence

~

@Vec(ﬁoracle - QO) + (VICPEn(QO) - VQp(Qora‘cle)) + ,02: 0.
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Rewriting in block form gives
|: g;i 6%255; :| <§orac1e - QO)

o ([ T TG 1) w0 2] =0

where st is the block of Q corresponding to the elements in S along both
axes, Q Sege 1s the block of Q corresponding to the elements in the complement
of S, etc. After some algebra we obtain a solution

2. = {(Vap(0) — Vi, Lal0)s)

+ @SCS@TSS (VICPLn(QO)S - vq;J<§oraclc)S + P%)} 5
since Vg,(0) = 0 by definition. Now from Lemma 22, under event A
Hﬁoracle - QOHmax < T,

and observe that py > r since we have assumed that n ming my > cod?log p
for some cq large enough. By our assumption that |[$];;| > py + r for all 4, j,
we then have (again under event .A)

Hijln ‘ [ﬁoracle]ij’ > py+r—r=py.

Therefore, using condition (f) of the definition of a (1, ) regularizer, —qu(ﬁorade)s—i-
pzs = 0 and

1Z5¢ [|oo = L H—V/cpﬁn(Qo)Sc + @Scséggvicpﬁn(ﬁo)sﬂoo
< ;|Vlcp£n(Qo)Sc ot ;u@ys@gsvfcpﬁnmomum
< 1V, £l o + 5 1@ Qs Vi, £n()sl
<i4z=1,

where we have applied the assumed inequalities. Since ||Zg¢||o0 < 1, itis a fea-
sible subgradient and therefore 2q;4cle 1S a zero subgradient point of the global

objective function (8).
Od

We now show the inequalities (77), (78) assumed by Lemma 23 hold under
event A. Note that

IV, £0(20) oo = [[Proji, (S = £0)lmax
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and thus by (74), under event A equation (77) holds with p = =

Iir*‘

It remains to show (78) holds with p = r. We will first bound

(V3 £1(0))5e5(VE Ln(0)) b5 (Vie, £ (20) 5]l

and then show that the expression on the left hand side of (78) is close to this
quantity.
First, by the definition of the infinity norm and Py it can be shown that

[P, veo( ) IProjc, (4)llmax
Px = sup ——————— = Ssup - < 2K,
1Pic, lloo acrrer || Allmax Acrrxr || Allmax

(79

where we have used the expression (95) for the elements of the projected matrix
and the fact that an average of a set of elements of A cannot have magnitude

larger than || A||max. Noting that (VQ,CP,L'”(QO))TSS = (I'Mgg,

(V5 £(920))5:5(V &, £0(2)) s (Vi £0(0) 5 100 (80)
< (V& £a(Q0))ses oo - 1T ssloc - 1(Vic, £a(20)s 00

§O<T),
KT
since [|(VE, £n())seslloe < [VE, La(Q0)lloe = [|Pre, (V2La(0)) P, ||, <

1P, 131V £n (20) [l = 1Prc, 126 1Z0@ 0|00 = [|Prc, I3[0 20 < 4K2k3,,
and (77) holds under event A with p = =

Kr*

We now relate the bound in (80) to that required to show (78). Note that

1Qs-5(Qs5) Vic, £a(Q0) 5]l (81)
< (VR La(20))s:5(VE, Ln(90)) 5s5(Vie, £0(20)8) oo + 1E(Vie, £n(Q0)5) oo

r —

<0 (5) + 12Tk o))
RT

where we have defined

= = Qses(@ss) — (V, £a(Q0)5e5(Vi, £n(Q)) -
Now, again invoking (77),

12V, £a(Q0)) loo < [[Ellee - IVic, £n(Q0)slloc < [[EfcO (r) . (82)
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The infinity norm of = can be bounded as

1Zlloo < H (@&s - (V%pﬁn(ﬁo))b’cs> ((@ss)T - (V%pﬁn(%))gs) H

oo

(83)
+ [ @ses = (TR, £0(Q0)5:9)(VE, £a( Q0D |

+ |77, £0@0))ses ((@s9)' = (V3 £a(020)) )|

< 5152 + 8101 (@ss) 1o + B2ll(VF, £a(20))s:5

oo
where we have set

51 = H@SCS — (V%pﬁn(QO))SCS ’00

52 = ”(Q\SS’)T — (VQKPLTL(QO))TSSHOO

First note that by (79)

1(V%, £4(20))ses

oo < (VZ, £n(20)) oo
< HPICp(vzﬁn(QO))PICpHOO
< 1P, 126 1V L (20) 0
<AK?|V2L0 (Q0) |00 < 4K%KE,

and ||(Qss)'|lsc = O(1 + 82) by the definition of d,.
Substituting into (83) gives

1Elloc < O(6102) 4+ O(61) + O(62). (84)
We bound §; and J7 in the following lemma, proved in Section 7.1.
LEMMA 24. Under the conditions of Lemma 22,

51 = O(d?“)
92 = O(dr).

Applying Lemma 24 to (84), we obtain

|1E]loe = O(d*r?) + O(dr) + O(dr) = O(dr)
and substituting into (82)

IE(Vi, L£n(€0)5) |00 = O(dr) - O(r) = O(r),

since dr = o(1) by our assumption that n miny my > cod? log p for some cq
large enough.
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Therefore, substituting into (81) we obtain

1Qs:5(Qs5) Vi, Ln(Q0)sloe = O(r) + O(r) = O(r),

proving the desired condition (78) holds. Hence the conditions of Lemma 23
hold under event A, and ﬁoraale is the unique global minimizer of the complete
objective (8).

The Frobenius and spectral norm bounds follow from the identities

12 — Qollr < V5 + Pl — Q0] max

and R ~
19— Qll2 < dlI2 — Qplmax;

where the latter identity follows by symmetry of €.

7.1.  Proof of Lemma 24: Bound on ¢y, 6,
PROOF. Consider that

1
Q — Vi La(Q) = / Vi L, (QO + t(Qoracte — Qo)> dt — V3 L()
0
1 —~
= P}Cp (/ VQ‘CTL (QO + t(Qoracle - QO)) dt — v2£n(Q0)> PICP-
0
Hence, since || Pk, |loo < 2K by (79),
1Q = V&, £4(20)l|oc

1
< Hp/CpHgo /0 v2£n (QO + t(Qoracle - QO)) dt — v2£n(QO)

o

1
< 4K2 / (QO + t(Qoracle - Q0))_1 & (QO + 7f(QoraLcle - Q0))_1 - Qal X QoldtH
0

1
S 4K2/ H(QO + t(Qoracle - QO))_l & (QO + t<Qoracle - QO))_I - Qal & QEIH dt.
0 )
By Lemma 22, for t € [0, 1],
||QO+t(§oracle_QO)_QO||oo = tHﬁoracle_QOHoo S dHﬁoracle_QOHmax S dr.

We make use of the following matrix inequalities (Loh et al., 2017). For any
invertible A, B € RP*P and matrix norm || - ||,

IA~Y?]|A — B 12
=0(||A A - B|). (85)

|47 =B < 5
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if |[A=Y||||A — BJ| < 1/2. For any A and B matrices of equal dimension we
have

|A® A~ B® Blloo < [[ A~ Bl3, + 2min([|Aflc, | Bllso) - |A — Bl

(86)
Applying (85) we get
A -1
H (QO + t(Qoracle - QO)) - Qal
1112 AN N
S O (HQO Hoo ”QO + t(Qoracle - QO) - QOHOO)
< O(dr),
since || |loo = [|Z0l|co is bounded by ;. Applying (86) to this yields
1Q = V&, £4(0) |0 = O(dr),
which gives
61 = [|Qses — (VR £a(C0)s- (dr)
and R
1Qss — (V&, Ln(20))ssllec = O(dr). (87)

Finally, recall that the projection matrix onto K can be written as UU T
with UTU = I so

52 = [[(@ss)" = (VE,L£a(20)) sl
H (UTQSSU> B (UTVIQCpﬁn(Qo)SSU)_1> U’

o0

By the matrix expansion (75) we then have
(@s3)" — (VE, £a(0))ks
~ -1 —1
- {( T0ss ) (UTV,C L, (QO)SSU) } U’

_ N ¢
[( (UV%, £0(Q0)s5U) 1(UTQSSU—UTv%p£n<Qo)ssU))

. (UTv,%an(QO)SSU)_lﬂ i

=3 (= (VR £a(@u)ks) (@5 — (9, £al@0))ss)) (77, £0(@0)ks)
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We can then use the bound (87) to obtain
62 = (@ss)" — (VE, £a(2)) 5]l

<320 (1Qss — (V& £a(0))s5]1% )
(=1

O( 1Qss — (VZ Ln(Q))s5lloo )
1= [Qss — (VE La())s55 o
= O(dr),

since dr = o(1).
g

8. Numerical Convergence of TG-ISTA
The following theorem shows that the iterates of the TG-ISTA implementation
of TeralLasso converge geometrically to the global minimum:

THEOREM 25. Let pi, > 0 for all k and let Qiniy be the initialization of the
TG-ISTA implementation of TeraLasso (Algorithm 4). Let

1
a = 74 s
> i1 1Skll2 + dipr

and assume (; < a® for all t. Suppose further that Y* is the global optimum.
Then

b= Q%2 + [[Qinit — Q7| F,

G
-
Furthermore, the step size (; which yields an optimal worst-case contraction
bound s((;) is ¢ = Wfib&. The corresponding optimal worst-case contraction
bound is

G
1 L= >

)

9041 -l < max {

}nm —

2
s(¢Q)=1 1+%. (88)
Our proof uses results on the structure of the Kronecker sum subspace to extend
to our subspace restricted setting the methodology that Guillot et al. (2012) used
to derive the unstructured GLasso convergence rates.
We decompose the claims of Theorem 25 into the following two theorems
which we prove separately.

THEOREM 26. Assume that the iterates )y of Algorithm 4 satisfy al =
Q¢ = b, for all t, for some fixed constants 0 < a < b < oo. Suppose fur-
ther that Y* is the global optimum. If (; < a® for all t, then

190 — 2 < max{'l - gl - &} - 21

b2
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Furthermore, the step size (; which yields an optimal worst-case contraction
bound s((;) is ¢ = a*?iib*z' The corresponding optimal worst-case contraction

bound is
2

THEOREM 27. Let pi. > 0 for all k and let Qiniy be the initialization of the
TG-ISTA implementation of TeraLasso (Algorithm 4). Let

1
a= =% ,
2 k=1 [1Skll2 + drpr

b= (12 + [[Qinic — | 7,

and assume C; < a? for all t. Then the iterates Q; of Algorithm 4 satisfy al <
Qy < bl forall t.

Observe that by Theorem 27, the worst case contraction factor (89)

2
S(g) =1- % % 2 K 2
14 ([[2% 12 + [1€unit — 2*[[7)? (Xi=1 15k ll2 + drpr)
scales at most as s(¢) = O(1 — H%) for ||Q2*|2, || Xo||2 of fixed order, since

ISk |l2 ~ ||Xol||2 with high probability.

Let T be the number of iterations required for || Q7 — Q* || < [|Q* — Q| #
to hold, i.e. for the optimization error to be smaller than the statistical error. By
Theorem 1, we require

logp
nming my,

197 — Q*||F < CLK3(s +p) 90)

Using worst case contraction factor s(¢), (90) will hold for 7" such that (with
high probability)

142 nming my,

a2

2T
1
192umie — [/ (1 - ) < CLE2(s+ p)— o —

Taking the logarithm of both sides and using s(¢) = O(1 — #), we have
that the optimization error is guaranteed to equal the statistical error after 7'
iterations, where

2log K + log(s + p) + loglog p — log(n ming my,)

T=0, :
log \1 = 5=
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8.1. Proof of Theorem 26

For convenience, define the Kronecker sum shrinkage operator as
shrink, (A) = shrink, (A") & - - & shrink,,_(A")) 91)

for A= AV@...0AF) ¢ Kyand p = [p1, . . ., px] withall p;, > 0. Note that
shrink; (4) = argminge, {% 10— A%+ K mkpkmzkh,oﬁ}. Since
Zszl mipk|¥|1 o is a convex function on Kp, and since Ky, is a linear sub-
space, shrink_ (-) is a proximal operator by definition.

Recall that we can write the TG-ISTA update (28) using this Kronecker sum
shrinkage operator as

K
Qt+1 = al"géleli,él {; HQ — (Qt — Ct (g— Gt)) Hi‘ + Ct kal)kmjk Loﬂ‘}
v k=1

K
— arg min {; HQ _ (Qt —G (Proj,cp(g _ Q;l)) H; +6 > monl Tl o

Qe
P k=1

= shrink  (Q¢ — GProji, (§ -1,

where S is the sample covariance (3) and S = Proji, (§) is its projection onto
Kp (15).

By convexity in Kp and Theorem 6, the optimal point €27 is a fixed point of
the ISTA iteration (Combettes and Wajs (2005), Prop 3.1). Thus,

Q7 = shrink_, (2} — G:Proji, (S — (25) 7).

Since proximal operators are not expansive (Combettes and Wajs, 2005), we
have

11— 5
- Hshrinkap(Qt — GProji (5 — 1)

—shrink, () — G:Projc, (5 — (25)71))

’

< 19 — GProjie (8 — Y — (€2 — GProjic, (S — () ™)) s
= 1192 + GProjic, () = (2 + GProjie, (25) ™)l
For v > 0 define A : ICIﬁ;, — ICIﬁ;, by
hy(Q2) = vec(Q) + vec(yProjy_ Q).
Since 9071/0Q = Q1 @ Q71
dProji (Q71)

=-PQ e HPT
20 Q- e0™)

}
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where P is the projection matrix that projects vec({2) onto the vectorized sub-
space Kp. Thus, we have the Jacobian (valid for all 2 € ICIu,)

Jp, (@) = PPT —yP(Q '@ Q HPT.

Recall that if A : U C R™ — R™ is a differentiable mapping, then if x,y € U
and U is convex, then if Jj(+) is the Jacobian of A,

[h(z) = h(y)] < P [Jn(cz + (1 = )y)|lllz —yl-
ce|0,

Thus, letting Z; . = vec(c2 + (1 — ¢)Q23), for ¢ € [0, 1] we have

lhe, (z) = he, (y)l < s 1PPT = G P(Ze ® Zi )PS0 = Q| -
ce|0,

By Weyl’s inequality, Amax(Z,c) < max{||Q]], 22|} and
Amin(Zt,e) > Min{ Amin (2t), Amin (25) }-
Furthermore, note that for any Y and projection matrix P
Amax(PY PT) < Mpax(Y).

‘We then have

\PPT — P(Z} @ Z; P < 1L — G 21} ® 2|

gmax{‘l—gé ,

where the latter inequality comes from (Guillot et al., 2012). Thus,

192641 = Qpll e < s(C)lI€2 — Qllr

and s(C):max{‘l— ¢ ¢
as desired. Algorithm 4 will then converge if s((;) € (0,1) for all ¢. The

IR R
minimum of s(¢) occurs at { = completing the proof of Theorem 26.
Od

)

2
- 2+b-2°

8.2.  Proof of Theorem 27
We first prove the following properties of the Kronecker sum projection op-
erator.
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LEMMA 28. Forany A € RP*P and orthogonal matrices Uy, € R ¥ et
U=U,® - ®@Uk € Kp. Then

Projx_(A) = UProjg (UTAU)U™.

Furthermore, if the eigendecomposition of A is of the form A = (U1 ® -+ ®
U)A(U; @ -+ @ Ug)T with A = diag(\1, ..., \p), we have

Proji_(A) = UProjy_ MUT
and
Ain(4) < Ain(Proiie. (4)) < Amas (Projec, (4)) < Amax(A).
PROOF. Recall
Proj_(A) = arg 1&}2& |A - B||% = arg éxéilélp |\UTAU - UTBU||%
since UT AU = A and the Frobenius norm is unitarily invariant. Now, note that
for any matrix B = B1 @ --- ® Bg € Kp,

(U1®..0Ug)'B(Uy ®--- @ Uk)

Mw

(Ul ®---® UK)T(I[dlzk—l] ® By ® I[dk_,_l:K})(Ul Q- UK)

k=1

=

Zl[d1 tk— 1] ® Uk‘ BkUk ® I[dk+1 K}
k=1

= (U BiU1) @ - & (UL BgUk)

€ Kp,

since U,?Idk Up = I4,. Since UTBU ¢ Kp, the constraint B € Kp can be
moved to C = UT BU, giving

Projg, (4) = U(arg min IUTAU - C|p)U”
P €Ky
= U(Projx, (UTAU))UT.

A= (U1 ® - QUg)AU, ®---@Ugk)T, then UT AU = A, completing the
first part of the proof. As shown in Lemma 33, Projy._(A) is a diagonal matrix
whose entries are weighted averages of the diagonal elements );. Hence

min A; < min[Proji_(A)]i; < max[Projic, (A)]i; < max A;.
3 7 3 7

Since Proji._(A) gives the eigenvalues of Proji_(A) by the orthogonality of
U, this completes the proof. O
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LEMMA 29. Let 0 < a < b be given positive constants and let (; > 0.
Assume al < Qy < bl. Then for

Qi1 =M — Ct(Pijicp<§— o)

we have
. (Q ) S 2\/@_CtAmaX(§) lfag\/aéb
min\*6¢4+1/2) < min <CL + %7 b+ %ﬁ) — Ct)\ma)((‘s) O.W.

PROOF. Let UTUT = ) be the eigendecomposition of €2, where I' =
diag(y1,...,7p). Thenall b > 7; > a > 0. Since §; € Kp, by the eigende-
composition property in Appendix A wehave U = U1 ®---® Uk and I" € Kp,
letting us apply Lemma 28:

Qiyr72 =N — Ct(Pl‘OJ/cp(g) — Projic (2;))
— UTU” — ¢(Proje, (8) — UProje (I U™)
= U (T = G(UProji, (S)U — Proji., (171) ) U7
= U (Proj. () = ¢ (Projy., (UTSU) - Projyc, (1)) ) UT
= Projy, (U(F +(¢rt - Q(UT@U))UT>
= PrOjICp(ﬁt—i—l/Q)a

where we set §~2t+1/2 =U( +(¢I 1 - Ct(UTgU))UT and recall the linearity
of the projection operator Projy () (Lemma 33). By Weyl’s inequality,

"+ i — G Amax(8) < Amin (1 /2).

By Lemma 28,

Y1+ /gj - Ct max(s\) < )\min(Qt+1/2)'
Note that the only extremum of the function f(z) = = + % overa <z < bis

a global minimum at x = +/(;. Hence

LG [ ifa <G <b
ai2<bx + min <a + %, b+ %) 0.W.
By our assumption, a < «; < b. Thus
Ao = 4 2V @ Amax(S) ifa<VG<b
minHA1/2) = in (a + %, b+ %) — Gt Amax(S) 0.W.

as desired, completing the proof. O
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We then have the following lemma.

LEMMA 30. For A € ICf, and e = [e1,. .., ex] with e > 0:
K
Amin(A) =~ dyer, < Amin(shrink; (A4))
k=1

PROOF. Since by definition (91)
shrink. (A) = shrink_, AN e ... shrink_ (AF)),

we can use the fact that the eigenvalues of a Kronecker sum are the sums of the
eigenvalues to show

K
Amin (shrink_ ( Z)\mm shrink_ (A(k))).
k=1

We have used the fact that A is positive definite since it is in IC%.
Via Weyl’s inequality and the proof of Lemma 6 in (Guillot et al., 2012),

Amin (shrink (A®)) > Apin(A®) — dyey.

Hence,
K K K
)\min(shrink Z mm ) — Z dkék = Amin(A) — Z dkek
k=1 k=1 k=1
O

8.2.1.  Proof of Theorem 27
To prove the lower inequality in Theorem 27, we show the following.

LEMMA 31. Let p = [p1,..., pK] with all p; > 0. Define

K
X=>_ dpps
k=1

L < V. Assume ol =< Q1. Then ol < Q1 for every

I5l2+x

and let o« =
0< G < a?.

2 t t\ t
PROOF. Since (; < a?, V/{; ¢ o, V'], and min <a+ ey 4 —) =a+ s,
Lemma 29 then implies that

)\min(QtH/z) > min <a + Q b+ gf) _ Ct)\max(g)

=+ % - Ct)\max(g)-
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By Lemma 30,
Amin (2¢41) = Amin (shrinkgtp(QtH/Q))
> Amin(Qe41/2) — Gex
> o+ % - Ct)\max(g) - th'
Hence, since ¢; > 0, Amin(€2:+1) > a whenever
1 ~
Gt < )\maX(S) X> >0
1 ~
- )\max(s) — X > 0
1
1Sl2 + x
O
The upper bound in Theorem 27 results from the following lemma.
LEMMA 32. Let x be as in Lemma 31 and let o = —1—. Let {; < o for

151124
all t. We then have Qy < V' for all t when b’ = ||Q5|[2 + (| Q0 — 5 [| -

PROOF. By Lemma 31, al =< € for every ¢. Since {2, — 17, by strong
convexity al =< 7. Hence a = min{)\min(Qt),)\min(QZ)} > . Forb > a

and ¢; < o?,

Gt
b2 "1a2

max{‘lg

oo

Hence, by Theorem 25 [|Q2; — Q7[|p < [[Q—1 — Q|[F < [[Q0 — Q|- Thus

19¢]l2 — 125 ]2 < 192 = Qpll2 < 1% — Qpllp < [0 — QllF

SO
192l2 < I1€%]l2 + 120 — 25| #-
O

This completes the proof of Theorem 27. O

A. Useful Properties of the Kronecker Sum and /C,,

A.1. Basic Properties

As the properties of Kronecker sums are not always widely known, we have

compiled a list of some fundamental algebraic relations we use.
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(a) Sum or difference of Kronecker sums (Laub, 2005):
cA(A1® - @ Ag) +cp(B1 @ -+ @ Bg)
= (CAAl + CBBl) D (CAAK + CBBK).

(b) Factor-wise disjoint off diagonal support (Laub, 2005). By construction,
if for any k and ¢ # j

[I[dlzkfl] ® Ak ® I[dk+1:Kﬂij 7é 07
then for all £ # k
[I[duq] ® Aé ® I[dz+1:1<]]ij = 0.

Thus,

K K

|A1®- - DAk 10t = Y Hay, ) @oHA(AR)RT g, g1t = > Mkl Aply of-
k=1 k=1

(c) Eigendecomposition: If A = UkAkUkT are the eigendecompositions of
the factors, then (Laub, 2005)

4@ @Ak =1 ® QU)M@ - & AR) (U1 © - @ Uk)"

is the eigendecomposition of A; & --- & Ax. Some resulting identities
useful for doing numerical calculations are as follows:

(i) L2 norm:

K K
”Al b---D AKHQ = max <Z maX[Ak]iia — Z mm[Ak]u>
k=1 k=1

K
<3 A
k=1

(i1) Determinant:

log |41 & - ® Ax| = log |A, & - ® A|

d1 dK
— Z .. Z ]og [Al]ilil + -+ [AK]iKiK
i1=1 ix=1 K terms
K sums

(iii) Matrix powers (e.g. inverse, inverse square root):
(A1®- - -BAR)’ = (U1®- - -QUK) (A& - -®AK) (U1 ®- - -®UK)T.

Since the Ay, are diagonal, this calculation is memory and computa-
tion efficient.
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A.2. Eigenstructure of Q2 € K

Kronecker sum matrices ) € K have Kronecker product eigenvectors with
linearly related eigenvalues, as contrasted to the multiplicatively related eigen-
values in the Kronecker product. For simplicity, we illustrate in the K = 2 case,
but the result generalizes to the full tensor case. Suppose that V1 = Uy A UlT
and Uy = UsAy U2T are the eigendecompositions of ¥; and ¥,. Then by Laub
(2005), if Q@ = ¥y @ Yo, the eigendecomposition of €2 is

Q=T ¥y = (U1 ® UQ)(Al D Ag)(Ul ® UQ)T.

Thus, the eigenvectors of the Kronecker sum are the Kronecker products of
the eigenvectors of each factor. This “block™ structure is evident in the inverse
Kronecker sum example in Section 1 of the main text. The structure of Q! is
discussed further in Canuto et al. (2014).

This eigenstructure representation parallels the eigenvector structure of the
Kronecker product - specifically when 2 = ¥ ® Uy

Q=T ¥y = (U1 &® UQ)(Al ®A2)(U1 &® UQ)T.

Hence, use of the Kronecker sum model can be viewed as replacing the non-
convex, multiplicative eigenvalue structure of the Kronecker product with the
convex linear eigenvalue structure of the Kronecker sum. This additive struc-
ture results in relatively more stable estimation of the precision matrix. As the
tensor dimension K increases, this structural stability of the Kronecker sum
as compared to the Kronecker product becomes more dominant (K term sums
instead of K -order products).

A.3.  Projection onto KCp,

We first introduce a submatrix notation. Fix a k, and choose 7,5 € {1,...my}.
Let By € RILZ dexITizi de and By € RISw dexXTLiZiin 4 be such that [y ®
E»);; = 1 with all other elements zero. Observe that E; ® Ey € R"**"*_ For
any matrix A € RP*P, let A(i, j|k) € R%*% be the submatrix of A defined via

[A(7, j|k)]rs = tr((E1 ® eres @ Ea)A), r,s=1,...,d. (92)

The submatrix A(i, j|k) is defined forall 4,5 € {1,...my}and k =1,... K.
When A is a covariance matrix associated with a tensor X, this subblock cor-
responds to the covariance matrix between the ith and jth slices of X along the
kth dimension.

We can now express the projection operator Projy. (A) in closed form:



A(1,12) A(1,212) A(1,3[2)

A1) AR2R) | AR3Z2)

A(3,1[2) A(3.22) A(3,3[2)

Fig. 19: Submatrix notation (equation (92)). Shown is a 9x9 matrix A, with
K = 2 and d; = do = 3. Displayed are the subblocks corresponding to the
A(i,7|2) and two example A(i,j|1). A(1,1]1) € R3*3 is formed from the 9
red entries, and A(3,2|1) from the nine green entries. The remaining A(4, j|1)
follow similarly according to (92).

LEMMA 33 (PROJECTION ONTO Kp). For any A € RP*P,

tr(A)
p

K —1tr(Ay) K —1tr(Ag)
(a2 I a2z
( TR 4 dl)@ @(AK K de la, ),

Proje (A)=A1® - & Ag — (K - 1) I,

where
1 &
A = — A(i,ilk).
=y A

Since the submatrix operator A(i,i|k) is clearly linear, Proji._(-) is a linear
operator.

PROOF. Since K, is a linear subspace, projection can be found via inner
products. Specifically, recall that if a subspace A is spanned by an orthonormal
basis U, then

Proj 4(x) = UUTx.
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Since K, is the space of Kronecker sums, the off diagonal elements are inde-
pendent and do not overlap across factors. The diagonal portion is more difficult
as each factor overlaps on the same entries, creating an overdetermined system.
We can create an alternate parameterization of Cp:

K
ProleP(A) — /_11 ) AK + TAIp = TAIp + Zl[d1:k_1] X f_lk ® I[dz«+1:z<}
k=1
93)
where we constrain tr(Ay) = 0. Each of the K + 1 terms in this sum is now
orthogonal to all other terms since by construction

Tidye1) @ Ae®T a1 o) Tidren] © Ae @ Ligy, )

= L (A @ 1) (I, ® Ay)) =
dide
(Talp, i, @ Ak @ Lja, ,,.4])

= (Tl ) © Loy @ g,y ) Ty ) © Ak © Tagg i)

= mk<Idk7Ak’> = mktr(Ak) =0
for ¢ # k and all possible Ak,_TA. Thus, we can form bases for the A, and
74 independently. To find the Ay it suffices to project A onto a basis for Ay.
We can divide this projection into two steps. In the first step, we ignore the
constraint on tr(Ay) and create the orthonormal basis

1
V1

forall 7,7 = 1,...d. Recall that in a projection of x, the coefficient of a basis
component u is given by u” x = (u, x). We can thus apply this elementwise to
the projection of A. Hence projecting A onto these basis components yields a
matrix B,/my, € R ¥dx where

P el A —
dkdgtr(Ak)tr(Ae) =0

UI(;J) = I[dl;k—l} ® eie? ® I[dk'*l:K]

Bi; = A g, ®eie] @I . )

1
—
my
To enforce the tr(A) = 0 constraint, we project away from B the one-dimensional
subspace spanned by I, . This projection is given by

p-uB; (94)
dy,
where by construction
d
tr(B) 1 T
dy, - dpmy ;<A7l[d1=k1] ¥ eje; ® I[dk+1zx]>
1 tr(A)
=—(AI,) = ——.
oA ) = —
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Equation (94) completes the projection onto a basis for Ay, so we can expand
the projection /my B back into the original space. This yields a Ay, of the form

A ij = r . .
Al (A Ty, ®ee] @I, ) - S 0=

_ { mLk<A’ layy0) ® eie? ® I[dk+1:K]> i 7

Finally, for 74 we can compute

1 tr(A)
A= (A L) =—>=.
A p< p> »

Combining all these together and substituting into (93) allows us to define
the projection in terms of matrices Ay, where we split the 741, term evenly
across the other K factors. Specifically

Proji_(A4) = A @ @ Ag.

where
~ LA T eel @1 ) i j
mp > Hdik—1] ] ldit1:x] J
Aplij = AR (X
e { m%<A7I[d1;k71] ®eie] @ lg, ) — A : ;A) =] ©)

An equivalent representation using factorwise averages is

where

1 &
A= — A(i,ilk).
k mkz; (i,1|k)

Moving the trace corrections to a last term and putting the result in terms of the
Ay, yields the lemma.

In Algorithm 4 we use an efficient method of computing this projected in-
verse in our setting by exploiting the eigendecomposition identities in Section
A2 O

B. Known diagonal elements (correlation matrix form)

In the case where the diagonal diag({2y) of the precision matrix is known a
priori, the estimation problem becomes easier. For simplicity, we consider the
case that () is in the form of a correlation matrix, i.e. diag(€) = I, noting
this was the setting originally the focus of Kalaitzis et al. (2013).

Note that since the diagonal elements are known, we do not need to estimate
them and indeed can set all the diag(¥;) = 1/K14, . Revisiting the proof
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of Theorem 1, it is easy to show the following corollary, which shows strong
O(\/ (K +1)s—982__) convergence in the case of /1 regularization. This

nming my

replacement of the \/p + s term in rate of Theorem 1 with a /s guarantees
single sample convergence in the sparse setting when ming mg > s.

COROLLARY 1. Suppose the conditions of Theorem 1, and that diag(€y) =
I, is known. Then under event A,

- 20, | o
Q-Q < —— 2 (K+1)s—2—.
” OHF - ¢12nin(20) ( + )Snmink my

Furthermore, event A holds with probability at least 1 —2( K +1) exp(—clog p).

PROOF. Dropping the diagonal term from the proof of Lemma 17, we have
that the /p dependence vanishes, and on event A, we have G(A) > 0 for all
A € 7T, where

T ={Aq € Kp: Ag = — Qo, |Aallp = Mrop}

and

lo
o = ClSollay (5 + 1)1

nming my
The rest of the proof follows by substituting this new value of 7, j, into the
proof of Theorem 1.

C. SCAD and MCP regularizers

The SCAD penalty (Fan and Li, 2001) with parameter a > 2 (giving p =
1/(a — 1)) is given by

plt] , if [t <p
t2— t 2.
gplt) = —E 2 i p < |t < ap (96)
% if ap < |t|

which is linear (as the 1 norm) for small |¢|, constant for large |¢|, and has a
transition between the two regimes for moderate |t|.
The MCP penalty (Zhang et al., 2010) with parameter a > 0 (giving u =

1/a) is given by

||
ap(0) = sign(t)y [ (1 - ;)+dz, ©7)

giving a more smooth transition between the approximately linear region and
the constant region (t > pa).
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